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Floquet scattering theory of quantum pumps
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We develop the Floquet scattering theory for quantum mechanical pumping in mesoscopic con-
ductors. The nonequilibrium distribution function, the dc charge and heat currents are investigated
at arbitrary pumping amplitude and frequency. For mesoscopic samples with discrete spectrum we
predict a sign reversal of the pumped current when the pump frequency is equal to the level spacing
in the sample. This effect allows to measure the phase of the transmission coefficient through the
mesoscopic sample. We discuss the necessary symmetry conditions (both spatial and temporal) for

pumping.

PACS: 72.10.-d, 73.23.-b, 73.40.Ei

I. INTRODUCTION

Quantum charge pumpingﬂﬂ is presently of consider-
able interest. An experiment by Switkes et al. m demon-
strated that a phase coherent mesoscopic system sub-
jected to a cyclic two parameter perturbation can pro-
duce a directed current.

Coherent quantum pumping is a consequence of the in-
terference of energetically different traversal paths made
possible by an oscillating scatterer. The ratio of the oscil-
lation frequency w to the inverse time taken for carriers
to traverse ample 7. lﬂdeﬁnes the operational regime
of a pum . Brouwert gave an elegant formulation
of adiabatic (w < 77, 1) quantum pumping that is based
on the scattering matrix approach to low frequency ac
transport in phase coherent mesoscopjc systems devel-
oped by Biittiker, Thomas, and Prétred. This approach
leads naturally to E@eﬂletrical description of adiabatic
quantum pumping The theory predicts that the
charge pumped during a cycle depends on the area en-
closed by the path in the scattering matrix parameter
space. A less formal but more physical picture of an
adiabatic quantum pump appeals to both quantu
chanical interference and photon assisted transport.

The same proces important for a nonadiabatic
(w > TT pumpﬁi@ﬁ These discussions emphasize
the energetics of the carrier traversal process.

It is the purpose of this work to develop a theory that
permits the description of both adiabatic and nonadia-
batic regimes on the same footing and allows a simple
physical interpretation. To this end we extend the ap-
proach of Ref to the case of large frequencies and
large pump plitudes. We apply the Floquet scat-
tering theor;@ which deals with the scattering matrix
dependent on two energies (incident and outgoing). This
approach leads to expressions for the quantities of in-

terest in terms of the side bands of particles exiting the
pump. The side bandstd correspond to particles which
have gained or lost one or several modulation quanta hAw.
This approach is complementary to dlscuss1onElEﬁi on
the scattering matrix dependent on two time

The paper is organized as follows. In Sec.ﬂ the gen-
eral approach to the kinetics of quantum pumps based
on the Floquet scattering theory is presented. In Sec.
we apply the general results to the adiabatic case. In
Sec.m we calculate the Floquet scattering matrix for a
particular model - an oscillating double barrier potential
- and present the results of numerical calculations of the
pumped charge and the heat currents in both adiabatic
and nonadiabatic regimes. We conclude in Sec[V].

II. GENERAL APPROACH

We consider scattering@*@*ﬂ of an incoming flow of
electrons with energy E at a scatterer that oscillates in
time with frequency w.

During the interaction with the oscillating scatterer@
electrons can gain or lose energy quanta fiw. Hence the
outgoing state is characterized by the set of energies E,,,
n=0,+£1,4+2, ..

E, = F + nhw. (1)

This is a Floquet state.

Accordmg to the Floquet theorem the energy ladder
Eq. ( glves the fﬁ@et of possible energies for outgoing
particles (see e.g., Thus to describe scattering due
to an oscillating scatterer we can use the Floquet scat-
tering matrix Sp. The matrix element Sgog(En, E) is
the quantum mechanical amplitude for an electron with
energy E entering the scatterer through lead (8 to leave
the scatterer through lead o having absorbed (n > 0) or
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emitted (n < 0) energy quanta |n|iw. The Greek let-
ters «, 3, number the leads connecting the sample to N,
reservoirs.

We remark that the negative values E,, < 0 correspond
to bound states near the oscillating scatterer. These
states influence scattering into the propagating (F,, > 0)
states but they do not directly contribute to the current.

Current conservation implies that the submatrix S’g)
of the Floquet scattering matrix (corresponding to prop-
agating modes only) is a unitary matrix

SIS _ g 5wt _ )

In particular, if a current with flux 1 and energy F enters
the scatterer through lead @ then current conservation
implies

Y D ISras(Ea, E)? = 1. 3)

a E,>0

Another useful condition follows from the fact that if all
incoming propagating (E, > 0) channels are full then
each outgoing channel has also to be full:

YD ISrap(E Ea)l® = 1. (4)

B En>0

Note that usually the Floquet energy E is determined
within the interval 0 < F < hw. However, for our prob-
lem, it is convenient not to reduce the discrete set of F,,
to this interval and to keep E as the actual energy of
incident (or outgoing) particles.

Because of Eq.(f) we can express the annihilation op-
erator b for outgoing particles in the lead « in terms of

annihilation operators a f élcoming particles in leads
6=1,2,...,N, as followstd

ba(B) =" Y Sras(E, En)ag(En). (5)

B En>0

The operators a,(F) obey the following anticommuta-
tion relations

[a},(E), as(E")] = 6apd(E — E').

Using Eqgs.()) and () we see that the operators ba(E)
obey the same relations.

Note that above expressions correspond to single
(transverse) channel leads and spinless electrons. For the
case of many-channel leads each lead index («, §, etc.)
includes a transverse channel index and any repeating
lead index implies implicitly a summation over all the
transverse channels in the lead. Similarly an electron
spin can be taken into account.

Now we calculate the distribution function f©“)(E),
= < bl (E)bo(E) > for electrons leaving the scatterer
through the lead a. Here < ... > means quantum-
statistical averaging. Taking into account Eq.(f]) we ob-
tain

ENE) =2 Y |Skas(E. By
B E,>0

_ ©)
X [(,m) (E,).

Here f5")(E,) = < a};(E)ag(E) > is the distribution
function for electrons entering the scatterer through lead

B.
A. Directed charge currents

Using the distribution function féout)(E) for outgoing
particles and fém) (E) for incoming ones we can find t

directed current I, in the lead « far from the scatterer

oo

=5 [aE{fom - om). o

0

The current directed from the scatterer towards the reser-
voir is positive by definition. Substituting Eq.(f]) into
the above equation, using Eq.@), and making the shift
FE — E — nhw we find

In=%[dEY > |Srap(En, E)?
0 B En>0

(8)
x (£5(E) = 187 () -

Here ) ., means a sum over those n (positive and
negative) for which E, = E + nhw > 0.

Another useful representation for the directed current
can be obtained if we use Eq.(fJ) and make the shift
E — FE — nhw in fc(;’“t) (E) in Eq.([). As a result we
obtain

Ia:%:fodEZ 5

B#a En>0

{|SF,aﬁ(En, E)IQfg") (E) 9)

= ISk pa(Bu BRI (B)}

(From this expression for the directed current it follows
that only transmission « # [ (not reflection oo = 3) con-
tributes to the current. In addition Eq(g) can help us to
consider the effect of time reversal symmetry (TRS) on
the pumped current.

On the one hand, the time reversal t — —t (TR) in-
terchanges incoming and outgoing channels

[Sas(En, B = Spga(E, Ey).

Hence if the TRS is present then Eq(ﬂ) reads



I8 = ¢ [dEf(E) 3 %
0 ﬁ;éa E,>0 (10)

(lSF,aﬁ(EmE)F - |SF,aﬁ(E7En)|2) :

In the above equation (in accordance with the usual
pump setup) we suppose that incoming electrons in all
the channels are described by the same Fermi distribu-
tion function with temperature 7' and electrochemical
potential p:

fi(E) = !

1+ exp (%)

Generally, the Floquet scattering matrix elements for
transmission with incident energy E to E,, is not equal
to the transmission from F, to E,

SF,QB(Ena E) 7& SF,Ozﬁ(E7 En)

(From this we can conclude that even a pump with TRS
can generate a directed current. If these two scattering
amplitudes are not equal, there exists the ibility of
empty states deep below the Fermi surfacel . In this
case interaction and inelastic effectstd can be expected to
be especially important.

However, if the scattering matrix is energy indepen-
dent on the scale of the order of hw

SF)QQ(En, E) ~ SF)QQ(E),

then the scatterer with TRS can not produce a dc cur-
rent. The last circumstance is especially important for
the adiabatic case w — 0, since the adiabatic scattering
matrix Eq.([Ld) satisfies the above condition.

On the other hand, in general, the nonstationary case
is without TRS and the oscillating scatterer can, in prin-
ciple, generate a current. In particular, if two parame-
ters of the scatterer oscillate in time with the same fre-
quency w but with phase lag Ay then the time reversal
implies the reversal of the sign of Ap. Thus for a pump
with Ap # 0 the scattering problem is without TRS (the
time reversal symmetry is dynamically broken) and such
a scatterer can produce a dc current. This effect was
used f Er generating a dc current in adiabatic quantum
pumps

fo(E) =

B. Directed heat currents

By analogy with Eq(ﬂ) we find the directed h
rent I o flowing in lead a away from the scatterer
(we suppose that all the reservoirs are at the same elec-
trochemical potential p)
IE',a = % de(E_/L)
’ (11)

< {7l (B) - £ (B)

With the distribution function for outgoing particles
fleut) from Eq.(H) we get

a:%fdfazz )

B En>0
X|Sras(Bay E)E (£5(B) = 5" (En))

Note that if all the reservoirs are at the same macroscopic
conditions (electrochemical potential, temperature, etc.)
then the heat flow Ig o (at any lead « = 1,2,...,N,) is
directed from the scatterer to the reservoirtd. That dif-
fers strongly from the charge current I, given by Eq.(§)
which, if it exists, can be directed either from the reser-
voir to the scatterer (at some lead) or vice versa (at an-
other lead).

III. ADIABATIC APPROXIMATION

In this section we use the above formalism to investi-
gate the limit of adiabatic scattering.

The general physical notion of adiabaticity applied
to the scattering problem of interest here is as follows:
Let us suppose that the time independent problem is
described by the scattering matrix So(E, X1,...,Xn)
which depends on the energy E of incident electrons and
a set of parameters X;, i = 1,2,...,N. Next assume
that the parameters X; vary in time: X; = X;(¢). Then
we can say that the nonstationary scattering problem is
adiabatic if scattering of particles incident with energy
E can be described via the scattering matrix Sy with
time-dependent parameters X;(t)

Sad(E, t) =

So(E, X1(t),...,Xn(t)). (13)

This approximation is adequate if the scattering matrix
changes only a little while an electron interacts with the
scatterer. In other words, the characteristic time scale
for the change of parameters X; is much larger than the
traversal time 7.

An analogous criterion can be formulated concerning
the energy dependence of the scattering matrix. To this
end we consider the adiabatic problem when the param-
eters change periodically in time: X;(t) = X;(t + 27 /w).
In this case we can expand the adiabatic scattering ma-
trix into the Fourier series

ad E t Z SOn —inwt7 (14)

n=—oo

where



R 27w )
Som(E) =2 [ dteinet
0 (15)

xSo(E, X1(t),..., Xn(t)).

The Fourier harmonics Sy, define the amplitudes of side
bands for particles traversing the adiabatically oscillat-
ing scatterer with initial incident energy E. Thus we
can construct the adiabatic Floquet scattering matrix as
follows

Sr.ad(En, E) = Spai(E, E_y) = So.n(E). (16)

The adiabatic Floquet scattering matrix consists thus
for each incident energy of a block of dimension of
(2N, Nmaz)? where N, is the number of leads and naz
is the maximum number of side bands needed for an ac-
curate description of the quantities of interest.

The above equation allows us to formulate the follow-
ing adiabaticity criterion:. If the Floquet scattering ma-
trix Sp changes only a little when the energy F changes
by nmazhiw then the adiabatic approximation can be ap-
plied and Sp ~ Spqq. Note that because of Eq(@) the
same criterion can be applied to the scattering matrix
So(E).

Let us now calculate the directed charge current I,4
and a heat flow Ig 44 in the adiabatic limit. Substitut-
ing Eq.(Lf) into Eq.(§) we find the current flowing in
lead o under an adiabatic change of parameters (we put

Fm = fo):

ew e dfo(E
laaa =52 [ dE (-252)
(17)
x %:anso,aﬁ,n(E)P-

We see that the current 1,4 is due to photon-assisted pro-
cesses (the current depends on the intensity of side bands
which is proportional to [So ap.n(E)[?). Therefore even
in the ”adiabatic” limit pumping is, strictly speaking, a
nonadiabatic phenomenon.

Note that formally Eq. ([[7) is obtained for iw < kpT.
However it gives the correct answer (in the adiabatic
limit) for an arbitrary ratio of the frequency w to the
temperature 7.

Using Eq.([[4) we can rewrite Eq.([[]) as follows

27 /w oo
Lugo =g [ dtde(_%fEE))
v (1)
< (P08, 0)

ac

This is Brouwer’s formulaB. We emphasize that Eq.([L7)
and Eq.([[§) express a (nonadiabatic in nature) pumped

current in terms of the scattering matrix Sy for a ” frozen”
scatterer with time-dependent parameters (see Eq.([[3)).

This is correct if the scattering matrix Sy can be taken

to be energy independent on the scale of the order of
NmazRw. The last conclusion is correct irrespective of
the amplitude of the oscillating parameters. But n,,qz
might very well depend on whether one is in the weak
amplitude limit or in the strong amplitude limit.

Next consider the heat flow Ig 44, produced by the
adiabatically oscillating scatterer in the lead a. Sub-
stituting the adiabatic scattering matrix Eq(@) into

Eq.([[2) we find

o0

Toate =} [ 4SS |Soaan(n+ P

(eJr "F‘T“’) sinh( 27;;‘3“’71 )

x cosh( k]; = ) +cosh ( 227’3""7“ ) ’

At zero temperature (or if the temperature T is less than
the relevant energy scale for the scattering matrix S’O) the
above equation can be greatly simplified. In this case the
heat flow can be expressed in terms of an on-shell, time-
dependent adiabatic scattering matrix So(u, t):

27w
h
IE,ad,a = _STWZ f dt
0

2 & ~
(25051

[e7e%

%ﬂs expression coincides with that given by Avron et al.
In the adiabatic limit it is possible to express the quan-
tities of interest in terms of the stationary scattering ma-
trix. This permits the very general and useful expres-
sions discussed in this paragraph. In contrast, in the
non-adiabatic case, the information contained in the sta-
tionary scattering matrix is by definition not sufficient.
As a consequence, in order to address the non-adiabatic
case, we have now to consider a very specific example.

IV. CHARGE AND HEAT FLOWS PRODUCED
BY AN OSCILLATING DOUBLE BARRIER

To apply the general formalism of Sec.ﬂ beyond the
adiabatic approximation we investigate a simple model E
It is a one-dimensional scatterer consisting of two delta
function barriers oscillating with frequency w and located
at x = —L/2 and x = L/2.

To calculate the Floquet matrix we consider scatter-
ing of electrons with energy E coming from x = —oo.
The time-dependent Schrédinger equation for an electron
wave function ¥(z,t) reads



2D — (2, 1) W (2, 1),

ﬁ(I,t) = _%6722 + V(Iat)v
2m O, (21)

V(z,t) =Vi(t)o(z + &) + Va(t)o(z — %),

Vi(t) = Vi + 2Vh; cos(wt + ;)1 =1, 2.

Appendix A gives the exact solution of this model. We
now use this solution to calculate the charge current flow-
ing through (as well as the heat current flowing from) the
oscillating double barrier potential (see Eq.(21)) connect-
ing two reservoirs with the same temperature T'= 0 and
electrochemical potential u. We use the units 2m = h =
e = 1. To be definite we consider the current Iy (Ig 1)
flowing to the left (zr — —o0). The currents are calcu-
lated, using Eq.(§) and Eq.([d) with the Floquet scat-
tering matrix determined as shown in Appendix A. We
compare these currents with the adiabatic currents I,q,1
and Ig 441 using the Brouwer formula Eq(@) and its
analog Eq.(R().

_ For reference we write down the scattering matrix
So(E) which we need to calculate the adiabatic currents:

R eikL 5 + 2% s1n(kL) 1
So=—% . (22)
1 £+ 25 sin(kL)
Here £k = 1/%—7;1E; pj = ij/hQ (J = 1,2), 5 =

(1= A)e kb A =1 4 B2 (e*l — 1) 4 j2fP2 Of
interest is a comparison of the exact Floquet scattering
matrix and adiabatic theory in the limit of small and
large frequencies. Furthermore, it is interesting to com-
pare the symmetry conditions for pumping for the two
theories.

A. Adiabatic limit: w — 0

JFrom our calculations it follows that in the limit of
w — 0 the adiabatic current 1,4 gives a good approxima-
tion for the pumped current irrespective of the amplitude
of the oscillating potentials Vy;. However the criterion of
adiabaticity depends strongly on the ratio V4;/hw.

As we have seen, the adiabatic approximation is valid
if the scattering matrix Sy is energy independent on the
scale of the order of n,, . iw. Here nyq. (specified below)
is the number of side bands with noticeable amplitude ex-
cited by the oscillating scatterer. Let us denote by dE' the
energy scale over which the scattering matrix Sy changes
significantly. For example, close to a resonance JF is of
the order of the width § of a resonance. Then the adia-
batic approximation is valid if 1,4 hw < JE. Hence the
larger the number 1,4, of excited side bands the smaller
the frequencies for which the adiabatic approximation is
valid.
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FIG. 1. Relative change of the pumped current
[Iod — I(w)]/Iaa as a function of the pump frequency w for
three values of an oscillating potential Vi1 = Vi2 = 0.02 (solid
line); 1 (dotted line); and 2 (dash-dotted line) close to the
transmission resonance. The frequency is measured in units
of the width of the resonance § = 0.339. The parameters are:
L =2m; p=24.167; Vo1 = Vo2 = 20; 1 - w2 = w/2. We use
the units: 2m =h =e = 1.

As it is well known@ the number n,,q, of excited side
bands depends on the ratio of the amplitude of the os-
cillating potential V3; to the frequency w. In the small
amplitude limit V7; — 0 only the first side bands are ex-
cited: Myee = 1. But for strong pumping the number
Nmaz 1S large and the adiabatic approximation is valid
only at smaller frequencies. As a consequence for a given
finite frequency w the deviation of the actual pumped
current I(w) from the adiabatic one I,4 increases with
increasing pumping amplitude. This fact is illustrated in
Fig..

Before concluding this subsection we would like to em-
phasize the following. For strong pumping the adiabatic
approximation is still valid at sufficiently small frequen-
cies despite the excitation of a large number of side bands.
The Fourier harmonics of the scattering matrix Sy define
the amplitudes of side bands for strong (Eq.([Ld)) as well
as for weaktd adiabatic pumping. Thus the scattering
matrix Sy completely defines the kinetics and, in par-
ticular, the quantum statistical correlation properties of
an adiabatic pump. The current noise of a weak (small
amplitude) pump was considered in Ref. @ The noise
in a strong amplitude adiabatic pump will be presented
elsewhere.

B. Large frequency limit

At large frequencies w > § (where J is the width of
a resonance) the pumped current I differs considerably
from the adiabatic one I,4.
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FIG. 2. The adiabatically pumped charge 0Qu.q =

27 loq/w (in units of an elementary charge e) during a period
(left panel) and the adiabatic heat current Ig qq (in units
of hw?/(4m)) (right panel) as a function of the Fermi en-
ergy p. The parameters are: L = 200m; Vo1 = Voo = 20;
V11 = V12 = 10; Y1 - P2 = 71'/2.

It is known that for a doukﬁﬁ)arrier structureat w — 0
the pum dc current I,4BEd and the generated heat
flow Ig o484 show a resonance-like behavior as a function
of the Fermi energy 4 (see Fig]). The pumped current
and heat peak when the Fermi energy is close to the
transmission resonance. This is because in the adiabatic
limit only the particles close to the Fermi level contribute
to the charge (Eq.([Lg)) and energy (Eq.(Rd)) transfer.

With increasing pumped frequency w > § the particles
within a wider energy interval come into play. The depen-
dence on the Fermi energy is smoothed away. However a
resonance-like dependence on the frequency w arises.

In Fig. we depict the dependence of the charge §Q)
= (27)I/w pumped during a cycle on the frequency w.
The pumped charge peaks when the energy quantum hw
equals one (or several) level spacings A of a double bar-
rier structure. In the example used for numerical cal-
culations the level spacing A near the Fermi energy is
constant with good accuracy. The smaller peaks corre-
spond to many (n = 2,3, ...) photon processes for which
nhw =mA (m = 1,2,...). We see that the single photon
processes dominate over the many photon processes.

FIG. 3. The charge Q = 2nI/w pumped during a cycle
as a function of the frequency w (in units of the separation
A = 0.0417 between the transmission resonances). The Fermi
energy is p = 17.423. The parameters are the same as in
Fig.2.

At arbitrary (nhw # mA) but large (hw > §) fre-
quencies, due to interference (inside the double barrier
structure) only the main component (n = 0) of the Flo-
quet state Eq.@) has a significant amplitude between
the barriers. This component corresponds to the eigen-
function of the time independent problem (with barriers
Vo1 and Vp2). The side bands (n # 0) do not participate
in the transmission through the system (more precisely,
their contribution is small). As a result the pumped cur-
rent is greatly reduced compared to the adiabatic case.
It should be noted that in the adiabatic case the side
bands do contribute to the transmission since for w < 9§
they lie at the same transmission resonance as the main
component.

On the other hand at some particular values of a fre-
quency hw = mA the substates ¥y (k = 1,2,3,...) of
the Floquet state Eq@) become large and additional
channels for the transmission through the system open
up. This leads to the increase of the pumped charge (see
main peaks in Figf]).

Interestingly, as shown in Fig.ﬁ), the pumped current
reverses sign as a function of frequency. These sign rever-
sals can be understood in the following way: If two po-
tential barriers oscillate then the pump effect arises aEa
consequence of an interference between two amplitudest.
The first amplitude A; corresponds to particles which
propagate through the double barrier structure and ab-
sorb (emit) the energy quantum fw (or several quanta
nhw) at the first barrier. The second amplitude Ay cor-
responds to the same propagation with absowion (emis-
sion) at the second barrier. As it is knownf# the adia-
batically pumped current is an odd function of the phase
difference of the oscillating potentials Ap = ¢1 - @2 (see
Eq.(R1))). In fact this is the phase difference of the two
amplitudes A; and As. In the nonadiabatic case there
exists an additional contribution coming from the spatial



phase difference
Agow ~ (kl — kg)L

Thus at large frequencies the pumped current depends
on the sum Agp + Ag,.

To clarify the appearance of Ay, let us consider par-
ticles with energy E going from the left to the right and
absorbing the quantum hAw. The amplitude A; corre-
sponds to particles which absorb an energy hw close to
the left barrier (V7) and traverse the system at energy
FE + hw. Hence k1 ~ vV E + hw. On the other hand the
amplitude Ay corresponds to particles which absorb an
energy hw close to the right barrier (V2) and thus tra-
verse the system at energy F. They thus propagate with
wave vector ko ~ VE. Because k; # ko there is a phase
difference Ay, between the amplitudes A; and A3. Note
that in the adiabatic case (i.e., at w — 0) Ay, vanishes.

Now we show that in the case under consideration the
phase difference Ay, is at the origin of the sign reversal
of the pumped current at consecutive peaks (see Fig.).
Close to the m*" main peak of I(w) the frequency is deter-
mined by Aw ~ mA. Taking into account that only the
particles with energy close to the resonance contribute to
the transmission and mainly single photon processes are
important we can estimate A, as follows. If the am-
plitude A; corresponds to the propagation through some
resonance (say Fji,,) then Ay corresponds to the propa-
gation through the resonance Fj. At the [** transmission
resonance it is k() L = I the additional phase difference
is Ay, = mm. Thus the sum Ay + A, changes by 7 as
we pass from one peak tg another (Am = 1) thus giving
rise to the sign reversaltd.

E 4
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FIG. 4. The heat current I (in units of hw?/(47)) as a

function of the frequency w. The parameters are the same as
in Fig.3.

In addition interference inside the double barrier struc-
ture manifests itself as a resonance-like dependence of the
heat production (see Fig.[f). We can see that Ip(w) con-
tains additional peaks at iw = (m + $)A. This fact

emphasizes the striking difference between the processes
which are Esponsible for charge pumping and for heat
productiontd.

C. Quantum pumping and broken symmetry

Our results show that the symmetry of the scattering
problem is important for the pump effect.

The quantum pump effect arises due to the different,
interfeﬁg excitation histories of carriers traversing the
sampletd. To ”extract” directed currents from the uni-
form environment the left-right symmetry (LRS) for car-
riers traversing the sample needs to be broken. There
are, at least, two ways to break the LRS. The first one
is breaking the spatial symmetry (SS). The second one is
breaking the time reversal symmetry (TRS).

We restrict our considerations to systems which in the
absence of the time-dependent perturbations needed for
pumping are in an equilibrium state. In particular this
means that without the presence of magnetic fields (etc.)
the system is time reversal invariant. Note that the time
independent scattering problem is insensitive to the pres-
ence (absence) of the spatial symmetry of the scatterer
(in the sense that the transmission probability is invari-
ant under the spatial inversion x — —x irrespectively of
the SS of the scattering potential).

Interestingly, the symmetry conditions for pumping de-
pend on the frequency. In the adiabatic limit w — 0
(see Sec.T])) the scattering problem is fully characterized
by the scattering matrix So. In contrast to the conduc-
tance, adiabatic pumping is sensitive to the symmetry
of the scattering matrix. To have an adiabatic pumping
effect we need to break both the spatial symmetry and
the time-reversal symmetry.

It is important to distinguish the symmetry of the
equilibrium problem and the symmetry of the full prob-
lem. In the adiabatic case, the symmetry of the time-
independent problem is irrelevant: What matters, is that
the system in presence of perturbations breaks both the
spatial symmetry and the time reversal symmetry. In
many examples (for instance the two barrier problem con-
sidered above) it is not possible to break the time-reversal
symmetry without at the same time breaking the spatial
symmetry. However, examples which are spatially sym-
metric and have broken time-reversal invariance can be
constructed. For instance, we could consider the problem
of two barriers oscillating in synchronism and as a sec-
ond perturbation which oscillates with a phase lag choose
the potential between the two barriers. This would be an
example of a two parameter problem which does not gen-
erate a pumped current. The important point we would
like to emphasize is that the symmetry conditions for the
non-adiabatic pump are different.

In the strongly nonadiabatic limit the scattering
problem is described by the Floquet scattering matrix



S’F(E(OM),E“")) dependent on both the incident (™)
and outgoing E(°“Y) energies. In general, the Floquet
scattering matrix is sensitive to the spatial symmetry of
the scatterer. If the scattering problem is without SS
(i.e., when the scattering potential is not invariant under
the change x — —x) then

|SF1aﬁ(E(0ut),E(in))|2
7& |SF.ﬂa(E(out),E(in))|2,

and the oscillating scatterer can pump a dc current (see
Eq.(fl)). Thus to obtain a pump effect in the strongly
nonadiabatic limit there are, at least, two possibilities.
Either the spatial symmetry or the time reversal symme-
try (or both SS and TRS together) have to be broken.
The role of spatial symmetry breaking for the nonadia-
batic pump effect was emphasized in Ref. .

The above reasoning is illustrated in Fig.ﬂ where the
dependence of a pumped current on the frequency is
shown for three generic situations. First, two potentials
oscillate with the same amplitude but out of phase (solid
line). In this case the perturbation breaks both the spa-
tial symmetry and the time reversal symmetry. Second,
only one potential oscillates (dotted line). The TRS is
present but the SS is dynamically broken. The system
is able to pump a dc current like in the previous case.
Third, two potentials oscillate in phase and with the same
amplitudes (dash-dotted line). Now both the TRS and
SS are preserved and the system under consideration does
not exhibit a directed current.
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FIG. 5. The charge Q) pumped during a cycle as a func-

tion of the frequency w. Three cases are presented: (i) two
potentials Vi1 = Via = 10 oscillate out of phase 1 - w2 =
/2 (solid line); (ii) only single potential oscillates: V11 = 10,
Vi2 = 0 (dotted line); (iii) two potentials Vi1 = Viz = 10 os-
cillate in phase ¢1 = 2 (dash-dotted line). The parameters
are the same as in Fig.3.

V. DISCUSSION AND CONCLUSION

In this work we have developed the Floquet scattering
matrix approach to parametric pumping in phase coher-
ent mesoscopic systems of noninteracting electrons. We
have calculated the distribution function, the dc current
and the heat flow at arbitrary pumping amplitudes and
frequency.

The Floquet scattering matrix describes naturally the
existence of the side bands E, = E + nhw of parti-
cles leaving the pump. These side bands correspond to
nonequilibrium particles generated by the pump which
carry the heat from the oscillating scatterer to the reser-
voirs and (under spme conditions) transfer charge be-
tween the reservoirstd. If the pumping amplitude is small
only the first (n = £1) side bands are excited. But for
strong pumping the number of excited side bands is large:
Nmaz > 1. This number together with the frequency de-
fines the energy scale n,,q.hw characteristic of the pump
problem. In particular this is important for the analysis
of the conditions under which the adiabatic approach to
pumping is valid. If the scattering matrix is energy in-
dependent on the scale of the order of n,,q,hw then the
adiabatic approximation can be applied. In this case the
elements of the Floquet scattering matrix are given by
the corresponding Fourier components of the stationary
scattering matrix Sy (see Eq.([Ld)) with parameters taken
to be dependent on time.

The existence of the pump effect is directly related to
the symmetry of the scattering problem. In the adia-
batic case (w — 0) only a scatterer without spatial and
time reversal symmetry can produce a directed current.
This conclusion applies irrespectively of the (stationary)
spatial symmetry of the scatterer. On the other hand
in the nonadiabatic case (at large pumping frequency)
to achieve pumping we need a scatterer with either bro-
ken spatial or time reversal symmetry. Hence at large
operating frequencies even the scatterer with a single os-
cillating parameter can shﬁz a pump effect if only the
spatial symmetry is brokenkd.

To emphasize the main physics underlying pumping
we have considered an exactly solvable model. Namely
a one-dimensional scatterer consisting of two oscillating
delta-function barriers Eq.(R])) separated by a distance
L.

If two barriers oscillate out of phase (broken TRS) the
basic process leading to the pump effect is an interference
of two quantum mechanical amplitudes. These ampli-
tudes A; and As corresponds to particles which traverse
the scatterer in the same direction but gain (or lose) a
modulation energy in the viciniy either of the first or of
the second barrier, respectivelytd. This becomes clearer
at large frequencies w because of the following. When the
energy quantum fw equals one (or several, say m) level
spacing A of a double barrier structure the pumped cur-
rent peaks (see Fig.E). The particles with energy close to



the resonance of a double barrier structure give the main
contribution to the pump current. Thus the amplitudes
A; and Aj correspond to traversal of the system through
different (say, (I +m)* and I*") resonances. This gives
rise to an additional phase difference Ay, = (k1 — k2)L
between the amplitudes A; and As. For the resonant
double barrier considered here the phase difference be-
tween consecutive resonances is 7w and thus Ay, = mm.
As a result the consecutive peaks of the pumped current
have opposite sign (see Fig.f]).

We conclude that if the time reversal symmetry is bro-
ken (i.e., Ay # 0), the nonadiabatic pumped current
contains direct information on the phase of the trans-
mission coefficient through the mesoscopic sample. We
emphasize that here we have a single-connected geometry
in contrast with the case where the mesoscopic sample (a
quantum dot) is embedded in one arm of the rin;ﬁ.

We have also considered the effect of a spatial asym-
metry. If only one potential (say, V1) oscillates then the
spatial symmetry is (dynamically) broken. In this case
the (nonadiabatic) pump effect arises because the proba-
bility for exciting side bands |Sg a(Ey, E)|* depends on
the direction (i.e., on the order of indexes v and ) (see
Eq(E)) The particles going from the left to the right
first absorb (emit) the energy nfiw = E, — E and then
pass through the double barrier structure (at energy E,,).
Thus the corresponding probability is

|SF21(En, B)]? ~ T(Ey,).

Here T'(FE) is a transmission probability. On the other
hand the particles going from the right to the left pass
the system before they absorb (or emit) the energy in the
vicinity of the oscillating barrier 1. Hence we have

|Spa2(En, E)|? ~ T(E).

Thus the pumped current Eq(g) depends on the differ-
ences T'(E) — T(E + nhw).

Note that for a system with equidistant spectrum (that
is the case under consideration) the transmission prob-
ability T'(F) is periodic in energy F with the period of
A. Hence if hw = mA then it is T(F) =~ T(F + hiw) and
the current is close to zero in accordance with Fig] (a
dotted curve; m = 3).

We have presented a scattering theory of quantum
pumping based on the Floquet theorem. This approach
allows a description of the kinetics of both adiabatic and
nonadiabatic quantum pumps. In particular the quan-
tum statistical correlation properties (noise) can be con-
sidered in analegy with the weak amplitude adiabatic
quantum pumptd. The investigation of noise is especially
important in t ggext of quantized (i.e., noiseless)
charge pumpin* £d and will be presented elsewhere.
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VI. APPENDIX A: OSCILLATING DOUBLE
BARRIER. AN EXACT SOLUTION

In this Appendix we determine the Floquet scattering
matrix of the Schrédinger equation () of two oscillat-
ing delta function potentials located at © = —L/2 and
x = L/2. To find the Floquet matrix we consider scat-
tering of electrons with energy F coming from z = —cx.
To solve (R1) we use the Floquet functions method@.
Since the Hamiltonian H depends on time, the system
has no stationary eigenstates. However, the Floquet the-
orem tells us that because the Hamiltonian is periodic in
time the eigenstates of Eq.(R]) can be represented as a
superposition of wave functions with energies shifted by
nhw:

Uplo,t) = B0 S (et (23)

n=—oo

Away from the points x = —L/2 and « = L/2 the func-
tions v, (x) are a superposition of plane waves

Yn(x) = ane*n® 4 p,e"Hn (24)
where

2m

with Re[k,] > 0 and Im[k,] > 0. At ¢ = —L/2 and
x = L/2 we have the boundary conditions

Up(—£ —0,t)=Vp(-% +0,0),

Up(L-0,t)=Tg(%+0,0),

0¥ g (x,t) _ O0¥gp(zt)
ox m:—%—i—O ox w:—%—o
(25)
2 L
= 3V ()VE(-3,1),
a\PE(I,t) _ a\I/E(:E,t)
Oz L ox _L
m77+0 177—0

= 32 Voa (W E(5,1).
In the case under consideration (i.e., when an electron

with energy E comes from x = —o0) the functions v, (z)
are

P (z < 0) = §,,0e*7 + R, e~ 0t
P (0 <z < L) = Apettn® + B e ne, (26)

Yy (z > L) = T etn®.



Here the coefficients R,, and T, for propagating modes
(for which E,, > 0) are the amplitudes of reflection from
or transmission through the double barrier system ab-
sorbing (n > 0) or emitting (n < 0) an energy |n|hw,
respectively.

Substituting Eq.(23) and Eq.(2§) into the boundary
conditions Eq.(2J) we obtain

R, = (An - 571,0) ekl + By,
_ (27)
T, = A, + B,e—iknL.

where the coefficients A,, and B,, are subject to recursive

equations. It is convenient to represent these equations
in a matrix form
A
—ikge ko3 )

o () ool
:am< >+a4< ).

Here we have introduced the matrices

Ap
By

An—l
Bn—l

An—i—l
Bn+1

. ik L ik L
R (ikn — por)en 2 —poreiFnz

U, = , (29)
. L . ik L
—poge’n2 (iky — poz)e 2
prieire=knn s pyjeivreibnii

Dot = . (30)
p12ei5026i7€n+1% p12ei<ﬂ26—ikn+1%
plle*itple*iknflé plle*iwleiknflé

Iy = , (31)
p126_i§026ik}n71% pl2e_i¢2€_ikn71%

where the parameters are: p;; = Vijm/h2, i = 0,1,

ji=1,2.

To solve the equation (R§) we have generalized the
method used in Ref. for a single oscillating delta-
function potential.

First of all we consider Eq(@) at n > 0. We suppose
that there exist matrices Xn such that

(1) (k1)

Then substituting the above constraint into Eq.(2§) we

obtain a simple recursive equation for the matrices X,
(n>0)

Ap
B,

Anfl

By, (32)

~ ~ ~ -1
Xn = (Un - Dn+1Xn+1>

A (33)

Using these matrices we can express all the coefficients
Ay, By, (n>0) in terms of Ag and By only
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An
B,

Ao

5 (34)

(1)t (). o0

R Further we consider n < 0 and introduce the matrices

O ()(a)

The corresponding recursive equation for the matrices Y,,
is

)_xm”m

Ap
B,

An+1

BnJrl (35)

¥, = (Un - An_lYn_l)fl Doy (36)

Using these matrices we express the coefficients A,,, B,
(n < 0) in terms of Ay and By:
> , n<O0.

( (

As a final step we consider Eq(@) at n = 0. After simple
manipulations we find the coefficients Ag and By:

(

An
B,

Ao

5 (37)

>_m”y1

Ao

N A N N —1
B ) - (U0 — DX, — Lly,l)

Thus, using the solutions of the recurrent equations
Eq.(B3) and Eq.(B) we can calculate all the coefficients
A, B, (see Eq.(B4), Eq.(B7), and Eq.(Bg)). Note that
in each particular case we need to take into account only
the limited number |n| < nNnq. of side bands and thus
we can put Xnmawﬂ ~ (0 and ?—nmam—l ~ 0.

The coefficients R,, and T, can be calculated with
the help of Eq(@) For the propagating modes (E,
E+nhw > 0) of interest here, these coefficients determine
the elements of the Floquet scattering matrix

(38)
ikoe_iko 3
x( .

|SF11(En, B)|? = ’Z—z|Rn|2,

(39)
1Sr21(Bn, E)* = 2Tl
Here the indexes 1 and 2 correspond to the left and right
reservoirs, respectively. To obtain the matrix elements
SF22 and Sg 12 we need to solve the same problem with
plane waves coming from the right.
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