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Quantum networks allow in principle for completely novel forms of quantum correlations. In
particular, quantum nonlocality can be demonstrated here without the need of having various input
settings, but only by considering the joint statistics of fixed local measurement outputs. However,
previous examples of this intriguing phenomenon all appear to stem directly from the usual form
of quantum nonlocality, namely via the violation of a standard Bell inequality. Here we present
novel examples of “quantum nonlocality without inputs”, which we believe represent a new form of
quantum nonlocality, genuine to networks. Our simplest examples, for the triangle network, involve
both entangled states and joint entangled measurements. A generalization to any odd-cycle network
is also presented. Finally, we conclude with some open questions.

I. INTRODUCTION

Bell’s theorem is arguably among the most important
results in the foundations of quantum theory [1]. It also
had a major influence on the development of quantum
information science [2], and led recently to the so-called
device-independent paradigm [3-6].

In his seminal work, Bell demonstrated that two dis-
tant observers, performing local measurements on a
shared entangled state, can establish strong correlations
which cannot be explained in any physical theory satisfy-
ing a natural principle of locality. These nonlocal quan-
tum correlations can be demonstrated experimentally us-
ing Bell inequalities. Recently, long-awaited loophole-
free tests of quantum nonlocality were finally reported,

a C
P L
@) —ser >—)

()
1 4
b

/

4

FIG. 1. The triangle network features three observers (green
circles), connected by three independent bipartite sources (red
ovals). Here the sources distribute local variables (i.e. shared
randomness).

providing the basis for the implementation of device-
independent quantum information protocols [7-9].

An interesting direction is to understand quantum non-
locality in scenarios involving more than two observers.
The standard approach to this problem (referred to as
multipartite Bell nonlocality) considers three (or more)
distant observers sharing an entangled state distributed
by a common source, and leads to interesting new effects;
see e.g. [10] for a review. This represents the simplest
generalization of quantum nonlocality to the multipartite
case, and most of the concepts and tools developed for
bipartite nonlocality can generally be directly extended
here.

Recently, a completely different approach to multipar-
tite nonlocality was proposed [11-13], focusing on quan-
tum networks. Here, distant observers share entangle-
ment distributed by several sources which are assumed
to be independent from each other. By performing joint
entangled measurements (such as the well-known Bell
state measurement used in quantum teleportation [14]),
observers may correlate distant quantum systems and
establish strong correlations across the entire network.
Typically, each source connects here only a strict sub-
set of the observers. It turns out that this situation is
fundamentally different from standard multipartite non-
locality, and allows for radically novel phenomena. As
regards correlations, it is now possible to witness quan-
tum nonlocality in experiments where all the observers
perform a fixed measurement, i.e. they receive no in-
put [12, 13, 20-23]. This effect of quantum nonlocality
without inputs is remarkable, and radically departs from
previous forms of quantum nonlocality.

So far, however, all known examples of quantum nonlo-
cality without inputs can be traced back to standard Bell
inequality violation. This naturally leads to the question
of whether completely novel forms of quantum nonlocal-
ity, genuine to the network configuration, could arise.
Here we address this question, by presenting an instance
of quantum nonlocality in the triangle network, which we



argue is fundamentally different from previously known
forms of quantum nonlocality. In particular, our con-
struction crucially relies on the combination of shared
entangled states and joint entangled measurements per-
formed by the observers. We present several generaliza-
tions of our main result, in particular to any cycle net-
work featuring an odd number of parties. We conclude
with a discussion and comment on the main open ques-
tions.

II. SCENARIO AND MAIN RESULT

We consider the so-called triangle quantum network
sketched in Fig. 1. It features three observers (Alice,
Bob and Charlie). Every pair of observers is connected by
a (bipartite) source, providing a shared physical system
(represented e.g. by a classical variable or by a quantum
state). Importantly, the three sources are assumed to be
independent of each other. Hence, the three observers
share no common (i.e. tripartite) piece of information.
Based on the received physical resources, each observer
provides an output (a, b and ¢, respectively). Note that
the observers receive no input in this setting, contrary
to standard Bell nonlocality tests. The statistics of the
experiment are thus given by the joint probability distri-
bution P(a,b, c).

Characterizing the set of distributions P(a,b,c) that
can be obtained from physical resources (in particular
classical or quantum) is a highly non-trivial problem.
The main difficulty stems from the assumption that the
sources are independent. This makes the set of pos-
sible distributions P(a,b,c) non-convex, and standard
methods used in Bell nonlocality are thus completely un-
adapted to this problem. Strong bounds on the limits of
classical correlations are thus still missing, which in turn
renders the discussion of quantum nonlocality in the tri-
angle network challenging.

Here we follow a different approach in order to present
instances of quantum nonlocality in the triangle network.
Specifically, we first construct explicitly a family of quan-
tum distributions Pg(a, b, ¢), using both entangled quan-
tum states (distributed by each of the three sources),
and entangled joint measurements performed by each ob-
server. Then we show that these quantum distributions
cannot be reproduced by any “trilocal” model, i.e. a lo-
cal model “a la Bell” where all three sources are assumed
to be independent from each other. Formally, we prove
that

Po(a,b,c) £ (1)
/ da / ap / dvP4(alB,7) Ps (b, 0) Pe(clar, B)

where @« € X, 8 € Y and v € Z represent the
three local variables distributed by each source and
Py(alB,7), Pe(bly, ), Po(c|a, B) represent arbitrary de-
terministic response functions for Alice, Bob and Charlie.

Our proof does not rely on the violation of some Bell-type
inequality, but is based on a logical contradiction. More
precisely, we first identify a certain number of necessary
properties that any trilocal model should have in order
to reproduce Pg(a,b,c), and then show that these prop-
erties cannot all be satisfied at the same time.

Let us now construct explicitly our quantum distribu-
tions Pg(a,b,c). Each source produces the same pure
maximally entangled state of two qubits,

1
|1p“y>,awgW = |¢Q>BQCQ = ‘me’BA;s = E(\O()) + |11>)~

Note that each party receives two independent qubit sub-
systems; for instance Alice receives subsystems Ag and
A,. Next, each party performs a projective quantum
measurement in the same basis. In the following, we use
the basis (a set depending on one real parameter u) given
by

) = 101)
) = [10)

[X0) = ©00) +v|11)
X1) = v[00) —u|11) (2)

with u? +v?2 =1 and 0 < v < u < 1. For Alice, we label
it {|¢a)a,a,} for ¢a € {1, ], x0,x1} and adopt similar
notations for Bob and Charlie. Remark that only two
out of the four states in that basis are entangled. The
statistics of the experiment are given by

Po(a,b,¢) = | ($al (06] (bl [105) [¥a) [¥6) 17,

where we did not specify the Hilbert spaces supporting
the states. Note that when evaluating Pg(a,b,c), one
should be attentive to which Hilbert space support each
state and measurements.

We now state the main result of this letter:

Theorem 1. The quantum distribution Pg(a,b,c) can-
not be reproduced by any classical trilocal model (in the
sense of Eq. (1)) when u?,, < u? < 1, where u?

max max =
—34+(9+6v2)*/3
RN 0.785

We now sketch the proof; all details are given in Ap-
pendix A. The main idea is that the quantum distribu-
tion Pg(a,b, c) features a certain number of specific con-
straints. Indeed, one has that

Pola=1,b=1) = Pala=l,b=1)=0  (3)

Symmetric relations are obtained by permuting the par-
ties. Also, the number of parties that have an output in
X = {xo0,x1} must be odd. Moreover, introducing the
notation ug = —v; = w and vg = u; = v (such that
Ixt) = ut |00) + v |11)) we have that

1 1
PQ(XlaTa\l/) = guzQ’ PQ(XM\La T) = gva (4)

1
Po(xi X5, Xk) = g(uiujuk + vz‘UjUk)Q (5)
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FIG. 2. Step 1 shows that any trilocal model compatible
with the quantum distribution Pg(a, b, ¢) must have a specific
structure. Specifically, for each source, the classical variable
set can be divided into two equal weight (i.e. P(a € Xy) =
... = 1/2) disjoint subsets containing all output information
on the coarse grained distribution where x = {xo0, x1} group
together two outputs. For instance, when o € Xy, 5 € Y1 and
v € Zop, the outputs must be a =] for Alice, b = x for Bob,
¢ =/ for Charlie. Note that the ordering is important.

and similar relations by permuting the parties. These
four properties are essentially all we need. Indeed, for
some specific choice of the measurement parameter wu,
no trilocal model can be compatible with all these four
constraints at once. We prove by contradiction, assuming
a trilocal model, in two successive steps where we identify
conditions that this trilocal model reproducing Pg(a, b, ¢)
should fulfill, to finally arrive at a contradiction.

Step 1. Here we consider the coarse graining of the out-
put set {1, 4,x = {xo0,x1}}. We show that the sources
sets can be partitioned in two subsets of equal weight
X=X X, Y=Y1UY,,Z=2y107Z, such that upon
receiving § and vy, Alice outputs (i) a =1 if she receives
B €Yy and vy € Zy, (ii) a =\ if she receives 3 € Y and
Y € Zy, (iit) a = x otherwise (similarly for Bob, Charlie,
see Fig. 2).

Proof. See Appendix A, it relies on (3),(4) and (5). O

Step 2. Let us introduce the following probability distri-
bution

q(i,j,k,t) == (6)
4p(a‘ = Xl)b: Xj,C= ka(aaﬁa’y) c (XtathZt))~

The following marginal distributions of q(4, j, k,t) satisfy:
. . 1
Q(la.ja k) = Z q(la.77 k7 t) = §(uiujuk> + Uivjvkr)27 (7)

t
1
qli,t =0) = zqu(z',j,k,t =0) = ;uj, (8)
75

and similar constraints on q(i,t = 1), q(j,t) and q(k,t).

Proof. From Step 1, one can see that all parties output
x iff (o, 8,7) € (X,Y:,Z¢) with ¢t = 0 or ¢t = 1. This
ensures that ¢(i,7, k,t) is properly normalized. (7) is
straightforward from (5). (8) can be deduced from Step
1 and the fact that Alice’s output must be independent
of « (see App. A for a more detailed proof). O

At this point we arrive at a contradiction. Indeed,
if a trilocal model existed, one should be able to define
a distribution ¢(3, j, k,t) that is compatible with all its
marginals, in particular those marginals discussed above.
However, this is not possible for all values of the param-
eter u (which quantifies the degree of entanglement of
measurement Yo, Y1), specifically when 0,785 ~ u2,, <
u? < 1. This concludes the proof.

A natural question is whether the distribution Py is
trilocal when u? < u?_, . In Appendix D we show that
this is the case, by constructing an explicit trilocal model
for u? = w2, (up to machine precision). We conjecture
that Pg remains trilocal up to u? < u2,,,. Note that this
can be proven for the case u? = 1/2. Here the trilocal
model is obtained from Step 1, with x replaced by a
uniformly random choice between x(o and x;.

Before entering a more general discussion about the
implications of Theorem 1 and some natural open ques-
tions, we now briefly present several generalizations of
the result.

III. GENERALISATIONS

The first extension considers the same scenario as in
Theorem 1, with the difference that all sources now pro-
duce the same general entangled two-qubit pure states
Ao [00) + Ap|11) where A2 + A2 = 1. We consider the
same measurements (2). In this case, Theorem 1 can be
extended, with the condition that umax(Ao) Su < 1 (see
Appendix A for details). Interestingly, the lower bound
Umax (Ao) takes its lowest value for non-maximally entan-
gled states (Ao = 4/2/3). In this case, we find umax(Ao) =

2/3, implying that the projective joint measurement
must feature non-maximally entangled states.

A second generalization considers the triangle network
with higher dimensional quantum systems. Specifically,
all three sources now produce a maximally entangled
two-qutrit state, ie. |¢3) = (]00) + [11) + [22))/V/3.
Each party performs the same joint entangled projec-
tive measurement, with nine outcomes, labeled by a €



{0, LiX&XLX;X&X%J{%} for Alice. The projectors
are on the states

|0) :=00), |I):=[11), [2):=]22),
) = 01) +n2102) + i 12),
[x) = 0% [10) + 120 20) + 52" [21).

where the coefficients {n{*, n9% ni?} and {ni° n2° n?'}
are real and chosen such that the nine vectors form an
orthonormal basis. Similarly to Theorem 1, one can show
that for an appropriate choice of these parameters, the
resulting quantum distribution is incompatible with any
trilocal model (see Appendix B).

A third generalization explores networks beyond the
triangle. Specifically, we prove a generalization of Theo-
rem 1 for any N —cycle network, with N being odd. Here
all N sources produce a maximally entangled two-qubit
state, and all parties perform the same joint measure-
ment, as in Eq. (2). We show that for any N, the quan-
tum distribution is incompatible with any N-local model
(i.e. a straightforward generalization from Eq. (1)) when
the measurement parameter u goes asymptotically to 1.
Our approach cannot be directly adapted to even cycles.

IV. DISCUSSION

We presented novel examples of quantum nonlocality
without inputs, mainly for the triangle network. We be-
lieve that these examples represent a form of quantum
nonlocality that is genuine to the network configuration,
in the sense that it is not a consequence of standard forms
of Bell nonlocality. These examples fundamentally differ
from the one presented by Fritz in [13], relying on the
violation of a standard bipartite Bell inequality. Let us
first briefly review it.

Fritz’s example can be viewed as a standard Bell test,
embedded in the triangle network. Consider that Alice
and Bob share a two-qubit Bell state, with the goal of vi-
olating the CHSH Bell inequality. Testing the CHSH in-
equality requires of course local inputs for both Alice and
Bob. Although the triangle network features no explicit
inputs, here effective inputs are provided by the two ad-
ditional sources: the source connecting Alice and Charlie
(resp. Bob and Charlie) provides a shared uniformly ran-
dom bit, which is used as Alice’s (resp. Bob’s) input for
the CHSH test. All parties output the “input bits” he
receives. The correspondence between these outputs en-
sures that Alice’s (resp. Bob’s) output only depends on
the source she (resp. he) shares with Charlie. Finally, Al-
ice and Bob both additionally output the output of their
local measurement performed on the shared Bell state.
If this quantum distribution could be reproduced by a
trilocal model, it would follow that local correlations can
violate the CHSH inequality, which is impossible.

Let us comment on some significant differences be-
tween Fritz’s construction and our example of Theorem

1. First, our construction has a high level of symmetry
(all sources distribute the same entangled state and all
measurements are the same) with only four outputs per
party. In particular, it involves an entangled state for
each source, whereas the example of Fritz requires en-
tanglement for only one source (it can be symmetrized,
but at the cost of adding new outputs). Moreover, our
construction appears to rely on the use of joint measure-
ments with entangled eigenstates, while Fritz’s model
uses only separable measurements. Hence Fritz’s con-
struction could be obtained from PR-boxes [28]. As the
equivalent of joint measurements does not exist for PR-
boxes [29, 30], we believe that our example cannot be
obtained from PR-boxes.

Note that all the above arguments are only based on
qualitative and intuitive arguments. We have no formal
proof that in order to obtain the distribution Pg(a, b, ¢)
one actually requires all states to be entangled and/or
joint entangled measurements. In fact, even formalizing
the problem is difficult, any progress in this direction
would be interesting. An idea would be to use the no-
tion of “self-testing” [26], for instance by proving that
all shared quantum states must be two-qubit Bell states
and/or that all local measurements must feature specific
entangled eigenstates [31, 32].

Another important aspect of our construction that
must be discussed is noise tolerance. As such, Theorem
1 clearly applies only to the exact quantum distribution
Pg(a,b,c), i.e. in the noiseless case. The trilocal set be-
ing topologically closed, it is clear that Pg(a,b,c) must
have a certain (possibly very weak) robustness to noise:
when adding a sufficiently small amount of local noise
to Pg(a,b,c), one should still obtain a quantum distri-
bution that is incompatible with any trilocal model. A
promising method would be to consider the qutrit exam-
ple, the proof of which involves the Finner inequality that
allows in principle for the presence of noise. However we
did not succeed in obtaining reasonable noise tolerance
of our result so far. Other methods could also help, such
as the “inflation” technique [18] . This could provide a
nonlinear Bell inequality violated by our example.

The possibility of generating randomness from quan-
tum nonlocality without inputs is a further interesting
question. In particular, it seems very likely that our
quantum distribution Pg(a,b,c) contains some level of
intrinsic randomness. It would be interesting to see
how this randomness could be quantified in a device-
independent manner (still assuming independence of the
sources).
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interesting possibility to explore.
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Appendix A: Proof of main result

In this section, we provide a complete proof of Theorem 1. We directly prove the generalized result where the shared
sources are non maximally entangled states: Alice, Bob and Charlie now share general two-qubit pure entangled states
|9) = Ao |00) 4+ A1 |11) where Ao, A; are real and A2 + A\? = 1. The measurement performed by the parties are as in

the main text, namely projective in the basis

1) =[01) IX0) = o |00) +vo |11)
1) = [10) IX1) = w1 [00) + vy [11) (A1)
with real number v = ug = —vi, v = u; = vg, u> +v? = 1. For symmetry reason, we assume w.l.o.g. that

O<v<u<l.

The global quantum state shared by the parties is given by

lWapc) = A3 [000000) + A% [111111) + A2X; (]100001) 4 [000110) + |[011000)) + AgAZ (|]100111) + [111001) + [011110))
= A% (u|xo) +v |X1>)®3 + A} (v]xo) —u |X1>)®3 + /\3A1 (U(|T¢ xo) + [ xo 1) +Ixo T8) +o(td x1) + L xa 1)
+xa 1)) + AAT (W[4 x0) + 1 x0 4) + [xo 419) = a([41 xa) + [T xa 4) + [xa 41)))-

From this last equation, we can determine a certain number of crucial properties of the distribution Pg(a, b, c). First,
note that the number of parties that output x (i.e. either xo or x1) must be odd. Second, we observe that

Po(a=t,b=1) = Po(a =|,b=|) = 0.

Moreover,

Pola=1,b=]) =Po(b=t,c=]) = \A} and Pg(c=|,a=1)= I\

(A2)

(A3)



We have other similar relations by permuting the parties. Finally, we have that
Po(xis Xj» Xn) = (Nguiwjur + Afvivjo)?. (A5)
We can now prove the following generalization of Theorem 1:

Theorem 1. There exists no trilocal model reproducing Pg(a, b, c), whenever uZ,, (No) < u? < 1 (see Fig. 3), where
Umax (o) @8 implicitly defined by the constraint:

33U — Auv?)? — 3ur (A + A8) + 2008 + (A3u® + A30%)2) + A5 + (Ado® — X3u?)2 > 0. (A6)

The proof of Theorem 1 follows from two steps. We first assume, by contradiction, that a classical 3-local strategy
exists. In Step 1, we consider the behavior for which the two outputs xg, x1 are grouped into a single output x.
We show that in that case, one only needs one bit of information about each of the local hidden variables to find
the outputs. Using this restriction and exploiting relations (A4), (A5), Step 2 shows that those restrictions can be
exploited to compute marginals of a probability distribution grouping outputs and hidden variables. For a good choice
of measurement basis, those marginals are incompatible.

Step 1. We consider the coarse graining of the output set {1, 1, x = {xo0,Xx1}}. The sources sets can be partitioned
in two subsets

X =X Xy, Y=Y, 1IY, Z=7Zy17, (A7)

(with P(Xo) = P(Yo) = P(Zo) = A3, P(X1) = P(Y1) = P(Z1) = \}), such that the sets from which the local variables
«, B and 7y are taken determine all outputs. More precisely, Alice answers

(i) a =1 iff she receives B € Yy and v € 73,
(ii) a =] iff she receives B € Y1 and v € Zy,
(iii) a = x otherwise,
and similarly for Bob and Charlie (with a direct orientation of the cycle, see Fig. 2).
Proof. Let us define the sets

Xo ={a| Iy st. b(y,a) =1}, X5 ={a]| Iy st b(y,a) =1},

o
Xo={a| 3B st. c(e, B) =1}, X{={a|3B st c(a, ) =},

={8| Jast. cla,8) =}, Y1 ={B|3a st c(a,p) =1},
Yo ={8|3y st a(B,y) =1}, Y{={B]|3yst alB,y)=l}
Zo={v |38 st.a(B,y) =}, Zi={y|3B st alB,y) =1},
Zh ={v | 3a s.t. b(v,a) =1}, Z7={v | 3a s.t. b(y,a) =]}

Note that (A2) directly implies that:
XoNnX;=XNX; =g, YonY, =Y NY; =o, ZoNZy=ZyNZy = 0. (A8)

We also have X = XU X;. By contradiction, assume o* ¢ XU X;. Then, for all 38,7, b(v, a*) #1 and ¢(a*, §) #7.
As the number of x is odd, with (A2), we deduce that for all 8,7, a(5,7v) #| which is absurd, as Alice answers |
sometimes. With similar proofs, considering (A8), we obtain:

XoI X, =X,11X, =X, YoIIY] =Y/ 11y, =, ZoZ, =212, = Z. (A9)

Next, we show that ¢ = Xo N X;. The proof goes also by contradiction. Assume that o* € Xg N X;: there exist
v1,7v2 such that b(v1,a*) =] and b(ya, ) =1. Take any 5 € Y. As b(y1,a*) =], by (A2), we have c(a*, ) #].
Similarly, as b(ys, @*) =1 we have c(a*, 8) #1. Hence c¢(a*, 8) = x. As the number of x is odd, we can conclude with
(A2) that a(8,v1) =T and a(B,72) =}. Consider now any o € X. As a(8,71) =T, with (A2), we have ¢(«, ) #1.
As a(B,7y2) ={, with (A2), we have ¢(«, 8) #]. Hence c¢(a, ) = x. Remember this is valid for any a, §. As in the
setup Charlie does not answer x all the time, this is a contradiction, which finishes the proof. With Similar proofs
and considering (A9), we obtain:

Xo=X), X=X, Yo=Y, Y=V, Z=2, Z =2. (A10)



Hence:
a(B,y) =t iff BeYy =Y,y € Zi =271, a(B,v) =l ff BeVr =Y,y Z = 7],
b(v,a) =1 iff vy € Zo = Z),a € X1 = X7, b(v,a) =) iff y€Z1 =27],a € Xg = X|,
cla,B) =1 iff a € Xg=X|, €Y, =Y/, cla,B) =) iff ae X1 =X|,0€Yy=Y].

It remains now to compute the probabilities of the different subsets. Note that:

P(a=1,b=]) = P(Xo)P(Yo)P(Z1)

P(c=l,a=1) = P(X1)P(Yo)P(Z1)

P =t,c=|) = P(X1)P(Yo)P(Z)
)\

0)P
Using (A3) we can conclude that P(Xg) = P(Yy) = P(Zy) = A3 and P(X;) = P(Y1) = P(Z1) = A}, which finishes
the proof of Step 1. O

Step 2. Let us introduce
q('L,j,k,t) ::p(a:Xi7b:vac: Xka(aaﬂ77) € Xt X }/;f X Zt|(0[,,8,’}/) c XO X YO X ZOUXl X 1/1 X Zl)

1
)\6 AGp( Xi7b:vac:Xka(aaﬂ7’Y) eXt XY;: X Zt) (All)

q(i,j,k,t) is a probability distribution. Moreover, the following marginal distributions of q(i, j, k,t) satisfy:

)\ wu Uk + Advv50p )2

q(i, j, qu,kt 0 JA%JF;? i) (A12)

>\o 2 , A,
t=20 t=1) = : A13
( ) )\8+>\6 7, q(l) ) )\8_'_)\?1}7, ( )

3 )\6 2 . A? 2
q(j,t =0) 2)\6 I u;  q(jt=1)= m%‘ (A14)

S N

k,t=0 ul kt=1)= v3 A15
( ) )‘8 +>\6 Q( > ) /\8 +>\6 ( )

Proof. The parties all answer x iff («, 3,7) are either in Xg x Yy X Zy or in X; X Y7 X Z;. Hence ¢(i, j, k,t) is a
probability distribution.

(A12) follows directly from Eq. (A5). As q(4,, k,t) is a probability distribution, (A13) can be deduced from (A11)
and the fact that Alice’s answer is independent of the value of «:

1 1 P(Xp) Ao

it = = 36 6 = Xis s M X,Y,Z = Xis s M X,Y,Z )
q(i,t =0) /\8+)\?p(a Xis (@, B,7) € (Xo, Yo, Z0)) = NN P(X )p(a Xis (@, B,7) € (X1, Y0, Z9)) = N ag

where we used (A4) and the fact that P(Xo) = A2 and P(X;) = A\? for the last equality. We can compute q(i,t = 1),
(A14) and (A15) in a similar manner. O

We are in position to conclude the proof. Indeed, the marginal conditions given above are incompatible when wu is
chosen to be large enough, as given in Fig. 3. We have:

Step 3 (Theorem 1.). There exists no trilocal model reproducing Pg(a, b, c), whenever u2,,. (Ao) < u® < 1 (see Fig. 3),
where Umax(Ao) ts implicitly defined by the constraint (A24).

Proof. Let us introduce a new probability distribution ¢, the symmetrization of ¢ over i, j, k:
Q(l’]7 k7t) = 6 (q(23]7 k’t) Jr q(]? k’ Z7t) + q(k’Z’]7t) + q(Z7 k7]7t) J’» Q(k7]723t) Jr q(j77/7 k7t)) * (A16)
Clearly, g still satisfies the same constraints as ¢ given in Step 2. Let &;ji := ¢(4,7,k,t = 0) — (¢, 4, k,t = 1). We have

(ﬂivja k,t= 0) = (6(17]7 k) + gmk) ) ‘j(iajv k,t = 1) = % ((j(z,j, k) - gijk) . (A17)

N | =
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FIG. 3. Values of the squared measurement parameter 12, as a function of the squared degree of entanglement A3 of the shared
states, for which the quantum distribution Pg(a, b, c) can be proven to admit no trilocal model. Note that in this plot we also
considered u < v.

For simplicity, we write § := £oo0, 1 = §100 = o010 = 001, &2 = {110 = 101 = &o11 and &3 := &£111. Hence, with
(A12), we can write the marginals

- 1 Auuiup + Avvv,)2 1 [ ASu2 4 N2
q(kut:()):Z(( - : . ! ) +€’iji =3 0k 1 k Zgzjk

2 £ A+ A9 2\ A5+
]
ikt =1) = EZ (Nusujug, + Nvivop)® ein) = 1 Muj + Afvi 25
qglr,t = - 2 — )\8 + )\? ijk - 2 )\(6) + )\6 ijk )
As 325 &ijo = &0+ 286 + &2, D25 Gin = &1 + 26 + &3, we deduce
Au2 — A6y A0
fo—w—zfl—&:lﬂ—m—Q&—& (AlS)
A802 — \6y2 A8
b=t — & —26= 0 - —u? — & —26. (A19)
A+ A9 A5+ XS

We have the positivity conditions

(Adud + \3v3)2 & ()\Ov - Au)? &

0<¢q(0,0,0,1) = —=, 0<¢(1,1,1,0) = - A20
hence
)\6 )\3 3 )\3 3\2 )\6 )\3 3_)\3 3\2 2
5227142* 1+( %u +6 10) 7251, €2§ 0+( 06 6IU) 7175717 (AQ]‘)
(AG + AY) 2(A0 + A1) 22
leading to

2005 + (Agud 4+ A303)2) + 2§ + (Adv3 — Aju?)?

& >u?— 308 7 30) (A22)
Finally, we use the positivity condition
0<§(0,0,1,1) = (Agu® (:g_ﬁig)v )’ % (A23)
to get
33U — Auv?)? — 3ut (NG + X&) + 2008 + (A3u® + A30%)2) + A5 + (A3o® — X3u?)2 > 0. (A24)

This last inequality implicitly defines umax(Ao), which is plotted in Fig. 3. O



Appendix B: Generalisation to qutrits

In this section, we state and give the proof of a generalization of the previous example to the qutrit case.

Now Alice, Bob and Charlie share two-qutrit maximally entangled states |1)) = %(|00> + |11) + |22)). Each party

performs the same joint entangled measurement, with nine outcomes denoted by k € {6, 1,2, XL Xj} with ¢,j5 = 0..2.
The corresponding eigenstates are given by

0) := [00), |1):=11), [2):=[22),
K ) = 01 + 2% 02) + 9 12),

xt) = 0l [10) + 520 20) + 2" [21),

>}i:0“2 and

%>}i:0~2 each form an orthonormal basis. This implies that the n—matrices are both orthonormal, meaning that

XZT> etc.

where the coefficients {n{*, 792,712} and {n}°, n?°, n?

their inverse matrices are their transposed matrices and therefore [01) = >, n*!

The global quantum state shared by the parties is given by

[Yapc) = 3f(!0>,4!0>3\0> +[DADp Do+ 1241205120
+10) , 101) 5 [10) . + [0) , [02) 5 [20) . + |1) , [12) 5 [21)
+[10) 4 [0) 5 [01) & + [20) 4 [0) , 102) ¢ + [21) 4 1) 112) ¢
+101) 4 [10) 5 [0), +102) 4 [20) 5 |0) . + 112) 4 [21) 5 | 1),
+ 1), 110) 5 [01) ¢ + [2) , 120) 5 [02) ¢ + |2) , 121) 5 [12) ¢
+101) 4 [T) 5 1100 +102) 4 [2) 5 120) + [12) 5 [2)  [21)
+110) 4 [01) 5 [1), + 120) 4 [02) 5 [2) , + 121) 4 [12) 5 |2)
+101) 4 [12) 5 |20) o + [10) 4 [02) 5 [21) - +[02) 4 [21) 5 [10) -
+120) 4 [01) 5 [12) ¢ +[12) 4 [20) 5 [01) o + [21) 4 [10) \02>c)
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1 - ~ - ~ - ~ ~ ~ ~
Wane) = === (10),4 105 10)c + 1) 4 [1) 5 [ + 120, 2) 5 126
33
0 P10, x| ) et D) k),
7.k
+ ) "+ nn) [0), x£>c xﬁ>A+m§2n?1 1), x£>c xf>A
k.1
+ ) "+ nn°) [0),, x?>A x§> +0 2 1), x3> xj>
i B A B
10,01 |7 4 T 20, 02 21,12y |5 + T
+ Dm0 x5 ) Xk + @0 0 ) 12) 0 ]x5) Xk )
.k
+) ot 1), xi>c 3>A+(ni°n?2+niln}2) 12), xt>c x§>A
k.1
> (D ) )+ @ i) ) [ W)
4,7
01,12, 20 | 1t T + 10, 02,21 [ 1 T +
+Z;€m ;i xi>A Xj>B xk>c+m i xi>A Xj>B Xk>c,
2,7,
02, 21,10 |t + + 20, 01,12 | 4 T T
+2€m 7 xi>A xj>B xk>c+m Y i xi>A xj>B Xk>c,
Z¥D
12, 20, 01 | T + T 21,10, 02 |, 4 + T
+2€m 3%, xi>A xj>B xk>c+m ;g xi>A xj>B Xk>c,)‘
5,75

From this last equation, we can determine a certain number of crucial properties of the distribution Pg(a,b,c). We
observe that

3
Big — Py(0,0,0) = \/Po(a = 0)Po(b = 0) Po(c = 0) (;) . (B1)
Moreover,
for i # j, Po(a =1,b=j) =0 (B2)
p(b=0,cexy) =0 (B3)
plcext,a=2)=0 (B4)

We have other similar relations by permuting the parties. Finally, we have that

. 1 2 ~ 1 2
~ 1
Pola=x},b=1j,c=0) = g5 (0" n}" +n*n}°)>. (B6)

We now can prove the following Theorem:

),

Theorem 2. For some choice of {

Xf>}, the quantum distribution Pg(a,b,c) is incompatible with any trilocal
model.

Again, the proof of Theorem 2 follows from two similar steps. In Step 1, we consider the behavior for which the outputs
{XI} and {xf} are grouped together into two outputs x and x*. We show that in that case, one only needs one trit of
information about each of the local hidden variables to find the outputs. Using this restriction and exploiting relation
(B5), (B6), Step 2 shows that those restrictions can be exploited to compute marginals of a probability distribution
grouping outputs and hidden variables. For a good choice of measurement basis, those marginals are incompatible.

Step 1. We consider the coarse graining of the output set {0,1,2,x",x*}. The sources sets can be partitioned in
three subsets

X =XoIX; Xy, Y=Y 1Y, 1IY,, Z =7y 1071 1 2Zs, (B7)
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(with P(Xg) = --- = P(Z3) = 1/3) such that the sets from which the local variables o, 5 and 7 are taken determines
all outputs. More precisely, Alice answers

(i) a =i if she receives B € Y; and v € Z;, fori € {0,1,2},
(ii) a = x" if she receives B € Y; and v € Zj, with j < k,
(iii) a = x* if she receives 3 € Y; and v € Zy, with j > k,
and similarly for Bob and Charlie (with a direct orientation of the cycle).

Proof. We first recall the Finner inequality. It is shown in [23] that any probability distribution admitting a classical
model (it is also valid for a quantum or a “boxworld” model) satisfies the Finner inequality. More precisely, considering
outputs for each party called 0 here after, we have

P(000) < \/PA(0)Pg(0)Pc(0). (B8)

The equality condition is obtained iff there exist three subsets Xg C X,Yy C Y, Zy C Z such that A answers 0 iff
B € Yy,y € Zy, B answers 0 iff v € Zy,a € Xy and C answers 0 iff « € X, 8 € Y. In that case P4(0) = p(8 €
Yo)p(v € Zo), Pp(0) = p(v € Zo)p(a € Xo), Pc(0) = p(a € Xo)p(B € Yo). o

In our case, (B1) shows equality in the Finner inequality for the outputs (0,0,0), hence we can introduce the
corresponding sets Xy, Yy, Zg. Similarly, sets X1,Y1, Z1, X5, Y5, Z> can be introduced. Each of these sets have a
probability 1/3, and (B2) implies that they are disjoint. Hence we have (B7) and (i). Moreover, if a € Xg, 5 € Y1,
(B3) implies that c(a, 8) € xT. If a € X1, 3 € Y, (B4) implies that c(a, 3) € xT. Lastly, if a € Xy, 3 € Ys, (B3) (as
well as (B4)) implies that c(a, 3) € xT. Hence, by symmetry, we have (ii) and (4ii). O

Step 2. Let us introduce

q(i.j.t) ==pla=xl,b=x},c=0,7€ Z]a € Xo,B € Yo,y € Z1 U Zy)
33

Ep(a—xl,bzxj,cza’yezt) (B9)

q(i,7,t) is a probability distribution. Moreover, the following marginal distributions of q(i, j,t) satisfy:

. o 1
a(i ) =Y _a(i.g.t) = S +nf*n)%, (B10)
t
. 1 , 1
q(i,t =1) =§(77?1)2, qi,t =2) = 5(77?2)2, (B11)
. 1 . 1
q(j,t=1) = 2(17}0) . q(jt=2) = 2(72]20) : (B12)

Proof. Note that when a € Xo,3 € Yo,y € Z1 U Zy, we get a € xT,b € x*,¢ = 0. Thus q(i,7,t) is a probability
distribution.

(B10) follows directly from (B6). As ¢(i, j,t) is a probability distribution, (B11) can be deduced from Step 1, (B10)
and the fact that Alice’s answer is independent of the value of «:

33 33

5p(a=x}c=fm€ Zy)) = Ep(a=x§7a6Xoyﬂ€Yo,v€Zl)
3

L)
—
.
~
|
—_
~—
|

33 ~ 1 2
?p(a:XI7a€X17B€Y07A/€ZI) p( vab:]-) 5(771 )

The other marginal is simply given by
1 1 1
q(it =2) = q(i) —qli,t =1) = 5 ((77?1)2 + (77?2)2) —5 ) =5 ()",

where we used in the second equality that >, (77]1-0)2 =3 (77]20) = 1and }3; 77" = 0 due to orthonormality.
This proves (with symmetric arguments) Step 2. O
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We are in position to conclude the proof. Indeed, all we need now is to solve a Linear Programming problem. More
precisely, the question is:

For all {n?1,n%2 112} and {ni° n2° n?1} such that the {‘xl >} and

a probability distribution ¢(i, j,t) (linear conditions of positive coefficients summing to one) such that the marginal
conditions (which are linear) (B10), (B11) and (B12) are satisfied? In the following, we only exhibit one example for
which this problem admits no solution, obtaining the following:

X; >} form an orthonormal basis, does there exist

Step 3 (Theorem 2.). Consider

Xg>:%|01> f|02>+7|12 ‘x \[uo \[|20
ﬁ>:§@mw77wm 22 [xd) yﬁM) ¢|m
) = Szl -2 12), k) = 21y

and ‘X;>7 i> chosen such that the { XI>} and

reproducing the corresponding Pg(a, b, c).

X1¢>} form an orthonormal basis. There exists no trilocal model

Proof. Following Step 2, we find:

q(i=0,j=0)=5/12, q(i=0,j=1)=0, q(i=0,j=2)=0,
oli = 1§ = 0) = 1/60, di=1]=1)=2/5 di=1=2=0,
gli=0,t=1)=1/6, gli=1,t=1)=1/6, gli=2,t=1)=1/6,
g(i=0,t=2) = 1/4, gli=1,t=2) = 1/4, gli=2,t=2) =0,
q(j =0,t=1)=1/5, q(j =1,t=1) = 3/10, g =2t = 0,
a(j = 0,t = 2) = 3/10, g =1t=2)=1/5, G(j=21=2) =

Let M, for t = 1,2, be the 3 x 3 matrix whose (i, j)-th entry equals ¢(7, j,t) (for 0 < 4,5 < 2). Then the i-th row sum
of M; equals ¢(i,t), its j-th column sum is ¢(j,t) and the (7, j)-th entry of My + My equals ¢(i, ). Since ¢(j = 2) =0,
the last column of both M, M; is zero. Also, since ¢(¢ = 0,j = 1) = 0, the (0, 1) entry of both M, M; is zero. Finally
since ¢(i = 2,t = 2) = 0 the last row of M5 vanishes. Given these the other entries of M5 will be determined uniquely;
since there is only one non-zero entry in the second column of Ms, we must have [Ms]1) = q(j = 1,t = 2) = 1/5.
By similar reasons the other two non-zero entries of My can be determined. Moreover since My + Ms is known, M;
can also be found. We obtain:

: 00 %00
— 1 1 — 1
Ml— —13*0507 MQ— %50

We see that this implies that ¢(i = 1,5 = 0,k = 1) = —1/30 is negative, which is absurde, hence we have Theorem
2. O

Appendix C: Generalisation to odd-cycle networks

We now give a generalization of Theorem 1 to any odd-cycle network. Here, we consider N odd and parties
Aj, ..., Ay sharing maximally entangled qubit states in a cycle. The measurement performed by the parties are as in
the main text, namely projective in the basis

1) = |01) Ix0) = 0 [00) +vo [11)
1) = [10) Ix1) = u1(00) + vy [11) (C1)
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with real numbers u = ug = —v1, v = vg = uy, u3 +v3 = 1.
Let Pg(aq, ..., an) be the corresponding probability distribution. It satisfies several properties. First, note that the
number of parties that output x (i.e. either yo or ;) must be odd. Second, we observe that

Pqolay =1, ar+1 =1) = Po(ax =}, ap41 =}) = 0. (C2)

Finally, we have that
Palxir b o 1) = o, (3)
Po(a1 = Xiy 502 = Xigs -+, ON = Xin) = QLN(uiluiz ce Uiy VL Vi .viN)2, (C4)

with other similar relations by permuting the parties. We have the following
Theorem 3. For u asymptotically close to 1, there exists no N-cycle classical model reproducing Pg(a, ...,an).

The proof, in two steps, is similar to the one of Theorem 1. We first assume, by contradiction, that a classical
N-local strategy exists. In Step 1, we consider the behavior for which the two outputs x¢, x1 are grouped into a single
output x. We show that in that case, one only needs one bit of information about each of the local hidden variables
to find the outputs. Using this restriction and exploiting relations (C3), (C4), Step 2 shows that those restrictions
can be exploited to compute marginals of a probability distribution grouping outputs and hidden variables. For a
good choice of measurement basis, those marginals are incompatible.

We note o*~! € X¥~1 and of € X" the two sources placed just before and after party Ay, where the order is
defined by a positive orientation of the cycle (where the indices are defined modulo N, see Fig. 4).

Step 1. We consider the coarse graining of the output set {1,4,x = {xo0,x1}}. The sources sets can be partitioned
i two subsets

Xk = xF1 Xy, (C5)

(with P(X}) = P(X¥) = 1/2), such that the sets from which the local variables {a*} are taken determines all outputs.
More precisely, Ay answers

(i) ap, =1 if she receives o1 € XF™" and o € XF,
(i) ar =\ if she receives a*~* € XF~1 and o € Xk,
(iii) ar = x otherwise.
Proof. Tt can be proven similarly to the proof of Step 1 of Theorem 1. O
Step 2. Let us introduce
q(il7i27"'aiNat) ::p(al = Xi1r @2 = Xigs---, AN = X2N7(V1 S k S N7ak S Xf)

(V1<I< N,ale X)) or (W1 <1< N,ol € X{)) (C6)

= 2N*1p<a1 = Xiy, 42 = Xigs -+, AN = Xin, (V1 <k < N o € th)) (Cn)
q(i1,i2,...,in,t) is a probability distribution. Moreover, the following marginal distributions of q(i1,i2,...,iN,t)
satisfy:
o . 1 2
q(ll, 12,... ,ZN) = 5(’1},1'17_1,1'2 e Ug —+ Vi Vig v v - UiN) (08)
. 1 ) 1
Q(Zkat = 0) = iu?’“ Q(Zkvt = 1) = évzzk (Cg)

for1<k<N.
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Proof. (C4) direclty implies (C8).
To prove (C9), we consider for simplicity the case in which & = 1. We have

q(i1, t =0) = > qliryin, .- in,t =0) =2Y""p(a; = x;,,V1 <k < N : aF € X§)
12,23, 0y iNG{O,l}
= 2N_1p(a1 = xi,,V(k odd,l even, 1 <k, < N):a" e X}t ol X{)
=2N"1p(a; = x4, V(k odd,l even, 2 < k,l < N):ap =}, a; =1)
2

— 2N71i 2

1
2Nu'i1 = 5“’ 17

where we used that A; is independent from the sources which are not connected to him in the third equality, and

(C3) for the last. Fig. 4 shows this step for the pentagon scenario. Similarly, we have q(ix,t = 0) = %ufk and
FIG. 4. Assigning os to X§s and X¥s in the pentagon scenario (N = 5) to calculate g(i1,t = 0).
q(ik,tzl):%vfk for1<k<N. O

We now prove the theorem

Step 3 (Theorem 3.). For w asymptotically close to 1, there exists no N-cycle classical model reproducing
Po(aq,...;an).

Proof. Let &;,:,..i, be real numbers such that

. . 1
q(i1,i2,...,in,t =0) = 5((ui1ui2 ...uiN)2 F Uiy Uiy« Wi Viy Vig -+ - Vi +§i1’i2mi1\7) (C10)

From q(i1,42,...,in) = q(i1,42,...,in,t = 0) + q(i1,42,...,in,t = 1) and Eq.(C8) we have
o . 1 2
q(Zl,ZQ, N ,ZN,t = 1) = *((Uil’l)b . -UiN) + Uiy Uiy« - Ujp Vi Vg oo - Vi — 51'11'2.._1‘]\]) (Cll)

2

Using (C9) and the fact that u3 + u? = v +v? = 1 and ugvg + uyv; = 0 we find that

Z §ivig..in = 0, Vip €{0,1} (C12)
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We define:

T . 1 . : .
Q(217227"'72N7t):ﬁ Z q(la’(l)7za(2)7"'7ZU(N)7t)

oGy

S . 1 . . .
f(zlaZQa"'azN7t):m Z g(ZU(I)aZG(Q)y"'aZU(N)7t)a

oce6GN

where & is the set of permutations of 1, ..., N. Note that § and £ are also probability distributions satisfying (C10),
(C11), and (C12). Let Sq be the set of all blnary strings of length N with d number of one (|Sg| = ( )) By definition
of § we have §(r,t) = G(s,t) for r,s € Sy. We call it Qu(t). In a similar manner, we define £4(t) = £(s,t) for s € Sy.
From (C10) and (C11), for all 0 < d < N we have:

1

Qa(0) = 5 (V=D 4 (1) + &)
1
Qd(l) — 2( 2(N d) 2d+( )duNUN _gd)
As we assume these probabilities come from a local hidden variable model, there should exist &, ..., &N s.t. Qq(t) >

0, VO<d<N, te{0,1}. Hence, we have:

p2(N=d),2d 4 (_1)duNUN > £, > —u2(N-d)y2d _ (_1>duNUN

We consider v = € and u = v/1 — €2 and an asymptotically small € > 0. The Nth-order approximation (in terms of ¢)
of these bounds implies

for 0 <d< (N —1)/2: (—=1)%N > ¢, (C13)
for (N4+1)/2<d<N: &> (-1)41eN, (C14)

as N is odd. Let M = (N —1)/2. From (C12) we have

. (2M>§O N (2M>51 N <2J2\J>£2 T (;%)&M =0,
r, = (23\4)51 + (2]1”)52 + (2]2”> St (;]\Aj) Sam1 =0

We now consider linear combination of these two last equations. Consider

o=m—on=- S (V)= (M) 3 () (e e

i=0 j=M+1

where we take the convention (2]%/%_1) = (Q_M) = 0. Consider now some g > 0, > 0 such that
2M 2M 2M 2M
- > d — > 0. 1
Cor = (ita)pzo e ()= (S =0 ©
This clearly exists (e.g. for 8, almost equal as (2]&4) > (]3[1\_/[1))7 and impliesfor 0 <i < M and M +1 <53 <2M+1,

()= ()pz0 ma (7))o= ()20
1 7 Jj—1 J

Now, by using the inequalities (C13) and (C14) in (C15) we have:

[ S ()= (200 35 e () (1)) o

7 j=M+1

2M+1

(B ) B ) o (B () B ()] oo

Jj= M+1 1= 1=
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Hence, we have
0> (v - B)AY +O(N ), (c17)

where

1= () 5 o ()= o ()

=0 i=M+1

Hence for N =1 (mod 4), A < 0, and for N =3 (mod 4), A > 0. Considering 5 > v for N =1 (mod 4), and 8 <
for N = 3 (mod 4), such that (C16) is satisfied (which always exists), we have (y — 5)A > 0, (C17) does not hold for
sufficiently small € > 0. Therefore we obtain a contradiction, which proves Theorem 3. O

Appendix D: Trilocal model

Here, we construct a trilocal model for the quantum distribution Pg(a, b, c) considering maximally entangled states

9 —3+4(9+6v2)/3

for the sources (i.e. A2 = A} = 1/2) and measurements given by u? = u2 = 2(916V3)1/3

. That is, the measurement

parameter is chosen as to saturate the bound given in Theorem 1.
The constraint (A12), (A13), (Al4), (A15) over ¢(i, j, k,t) found in Step 2 write:

q(i,j, k) = %(uiujuk + vvv1)?, (D1)
it =0)= 20, alit=1)= 50l (02)
W1 =0)= 5, aGit=1)= 2% (03)
q(k,t=0) = %uﬁ, qk,t=1)= %vz (D4)

For a trilocal strategy satisfying Step 1, we write Py = {po(¢,J, k)} (resp. P1 = {p1(i,7,k)}) the output distributions
obtained when the hidden variables are uniformly taken in the sets Xy, Yy, Zy (resp. X1,Y1,Z1). Of course, when a
trilocal strategy satisfying Step 1 exists and gives Py, the distribution ¢(7, j, k, t) given by q(4, 7, k,t) = 1/2 p.(4, j, k)
satisfies (D1), (D2), (D3), (D4).

Conversely, assume we have Py = {po(¢,7,k)} and P, = {p1(i,7,k)} such that q(i,5,k,t) = 1/2 p.(i, 4, k) satisfies
those four equations. Then it can be seen easily (by computing the output distribution) that the strategy where each
party outputs as follows:

1. 1, | according to Step 1.
2. according to the strategy for Py when they receive local variables in sets with same subscript 0,
3. according to the strategy for P, when they receive local variables in sets with same subscript 1,

is a valid strategy which gives Pg.
We now show that this is feasible for the case u? = u?2,,,. There, it is sufficient to consider symmetric ¢ (in our

notations, ¢ = ¢). The constraints derived on ¢ in Appendix A indicate that ¢(0,0,0,1) = ¢(0,0,1,1) = ¢(1,1,1,0) =
0. Hence we introduce the following symmetric strategies for P;, t = 0, 1:

e For t = 0 the local variables take value in {0, 1,2}, with distribution kg, 1, k2 where k1 = (1 — u?

max)/(20) and
ko =1 — kg — k1. A party outputs y; if and only if he receives the trits 0,1 or 1, 0.

e For t = 1 the local variables take value in {0, 1}, with distribution 79,7y with 7, = 1 — 79. A party outputs xo
if and only if he receives the trits 0,1 (i.e. 0 from the left and 1 from the right).

Using the symbolic computation software Mathematica, we see that there exist kg, 79 such that the corresponding
Py = {po(i,j,k)}, P = {p1(4,],k)} are such that with q(i, 7, k,t) = 1/2 p:(4, j, k), q satisfy the four equations (D1),
(D2), (D3), (D4). For t = 0 we where not able to analytically simplify the expressions and our claim rely on numerical
approximation. For ¢ = 1, our claim can be verified analytically.
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