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Abstract

The theory of the Weyl-Titchmarsh m function for second-order ordinary differential operators is generalized
and applied to partial differential operators of the form —A + g(x) acting in three space dimensions. Weyl
operators M (z) are defined as maps from L(S;) to L?(S;) (S; = unit sphere in R?) for exterior and interior
boundary value problems, and for the partial differential operator acting in L?>(R3), with the standard Weyl—
Titchmarsh m function recovered in the special case that ¢ is spherically symmetric. The analysis is carried
out rather explicitly, allowing for the determination of precise norm bounds for M operators and for the proof
of higher dimensional analogues of a number of the fundamental results of standard Weyl-Titchmarsh theory.
(© 2004 Elsevier B.V. All rights reserved.

1. Introduction

The theory of the Weyl—Titchmarsh m function, with its associated limit point/limit circle analysis
[4,7,9,10,12,18,19] has led to important contributions over the years to our understanding of the
spectral properties of second-order ordinary differential operators. This paper is devoted to extending
this theory so that it applies to partial differential operators in three space dimensions.

For an ordinary differential expression t = —d?/dx? + g(x), with g assumed real and integrable
over any bounded subinterval of [a,00), the corresponding Dirichlet m function may be
defined by

(1.1)
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where f(-,z) is any nontrivial solution in L?*((a,0)) of the Schrodinger equation

& f(nz)

dx?

for complex spectral parameter z. Here we have assumed limit point case at infinity [10]. We shall
also assume Imz > 0.

The function m is a Herglotz function (analytic in the upper half-plane, with positive imaginary
part). The (unique) Borel—Stieltjes measure u defined by the Herglotz representation [2] of m pro-
vides a complete description of the spectral properties of the Dirichlet operator H = —d?/dx* + g(x)
in L?((a,00)), in the sense that A is unitarily equivalent to a multiplication operator in L>(R;dpu).

Algebraically in terms of m, one may define a one-parameter family of m functions {m,}
(0 <o < m), with o labelling a family of real boundary conditions at x = a; & = 0 corresponds
to the Dirichlet m function and o = /2 to the Neumann m function, for which m,, = —1/m(z).

One may also define for N > a an m function m”™(z) (or, more generally m)(z)) for the finite
interval @ < x < N. The function m™(z) is defined in the same way as m(z), except that the L?
condition on f is replaced by a real boundary condition to be satisfied by f at the endpoint x =N
of the interval [a,N]. One of the results of the Weyl theory is that, for arbitrary real boundary
condition at x=N and fixed z€ C*, m"(z) lies on a circle ¥" in C*, and that as N increases {%"}
defines a nesting family of circles which converge in the limit N — oo (in the limit point case) to
the single point m(z).

In view of the importance of Weyl theory to the analysis of ordinary differential operators, and
the wide range of applications of these ideas (see for example [11] for a recent analysis of the
Schrodinger operator for ¢ € L>(RT)), it seems appropriate to look for ways in which an m func-
tion can be defined for partial differential operators. The main purpose of the present paper is to
construct an operator-valued Herglotz function M (z), together with related families of M operators
corresponding to various boundary conditions on bounded or unbounded subsets of R3, for the dif-
ferential expression T = —A + ¢g(x), where A is the Laplacian operator in three dimensions and ¢ is
a real-valued potential function. A guiding principle of the analysis is that the theoretical framework
which we present should as closely as possible reflect the one-dimensional theory of m functions
in the special case that g is spherically symmetric. Thus for g(x) = ¢(|x|) one may verify that the
eigenvalues of the Dirichlet M operator coincide (apart from an additive constant) with the respec-
tive values of the Weyl-Titchmarsh m function for the sequence of one-dimensional problems for
potential g(x)+ Z(£ + 1)|x|™2 (£ =0,1,2,...).

In this paper we develop a theoretical framework for the construction and analysis of Weyl M(z)
operators for partial differential expressions —A + g(x) in three dimensions of space, for a general
class of potentials ¢, and without assumption of spherical symmetry. The theory which we present
is broadly in line with the abstract construction of Weyl operators in terms of a boundary triple (see
[14,8] and further references therein), though we differ from this in some respects and our approach
is more explicit, allowing precise and detailed estimates of appropriate limits and norms. Given any
closed symmetric operator 7' in Hilbert space, having equal deficiency indices, one may construct
a boundary triple {#,Iy,I'1}, where # is an auxiliary Hilbert space and I'y,I"; are operators
(called “boundary operators” in the relevant literature) mapping from the domain of 7* to s and
satisfying Green’s identity. In this paper, we take for the auxiliary Hilbert space # = L*(S)), where
S; = {x€R’ : |x| = 1} is the unit sphere in R*. In that case we can define M(z) operators as

+q(x)f(x,2) =z f(x,2), (1.2)
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mappings from L*(S;) to L?(S;) associated with the operator —A + g(x). M(z) can be defined in
terms of solutions of boundary value problems both for the exterior domain Q = {x : |[x| > 1} and
the interior domain Qy = {x : |x| < 1}.

For the exterior problem a natural choice of T is the minimal operator —A + g(x) in L*(Q)
(that is, T is the closure of —A + ¢g(x) on C3°(R2)), and I' operators can be defined in terms of
traces of functions. Since in that case 7* is the maximal operator —A + g(x) in L?(Q), these traces
are not defined on the whole of the domain D(7*) of 7%, and we have to specify an appropriate
function space, a subset of D(7*), on which traces can be evaluated. (Here we differ from the
precise definition of the term boundary triple as stated for example in definition (2.1) of [8], while
adhering to the basic idea behind the concept.) A possible choice of the function space might be
the Sobolev space H*(Q), but a better foundation for an L? theory of Weyl operators is obtained by
taking the space 2,(L2) considered by Beals and others [6,5,13]. For a precise definition of 2,(Q)
and related spaces, see Section 2 below.

In addition to the M operator for exterior and interior domains, the M operator for —A + ¢g(x) in
the whole space L?>(R*) can be defined as a mapping from L?(S;) to L*(S)), and may be expressed
algebraically in terms of the respective exterior and interior operators. All these operators, as well
as a related family of M operators defined subject to a variety of boundary conditions on S;, may
be regarded as some version of an appropriate Dirichlet to Neumann (or Neumann to Dirichlet)
map. This map being nonlocal, we make extensive use of the Beals theory of closed differential
operators subject to nonlocal boundary conditions. The analysis may be regarded as the study of
a particular analytic family of Steklov—Poincaré operators, modified through the use of nonlocal
L?-type boundary conditions.

There is a close analogy between the Weyl—Titchmarsh m function for a differential operator on
a bounded interval @ < x < N and the M operator M“(z) for —A + g(x) for a bounded exterior
domain Qz={x:1 < |x| <R} in R’. Here M“(z) is defined subject to a Neumann condition on the
inner surface S; and the superfix 4 labels a linear operator from L?(Sg) to L?*(Sg) which describes
the outer boundary condition on the surface Sg = {x : |[x| =R}. Comparison with Weyl theory in one
dimension suggests that M“(z) will converge to M(z), the Weyl operator for the exterior unbounded
domain €2, in the limit as R — oo, and indeed we are able to prove such a result, where the limit is
interpreted as a strong limit in the space L*(S;). We defer to a later paper further discussion of the
analogue in R3 to the Weyl limiting circles, and of the role of Weyl operators in spectral analysis,
for which see [8,17].

The paper is organized as follows. In Section 2, we define the spaces Z,(Q) and 2,(Qy); these are
spaces of functions g which are locally of class A2 and which have L? boundary values },g,y,0g/0n
and yrg,yr0g/0n onto the spherical surfaces S; and Sg, respectively. We construct and estimate
various extension maps from L2(S;) and L*(Sz) to Z;(2z). In Section 3, we introduce the Weyl
operator M4(z) for —A + ¢ in L?(Qg), subject to Neumann condition on S; and nonlocal condition
of type yz0f/0n = Aygf on Sg. M*(z) is bounded (even compact) from L*(S;) to L*(S;), and
analytic in z for z€ C*, with ImM“(z) = 0. ||M*(z)|| is bounded uniformly as the operator 4 is
varied. We prove an identity M4(z)=y(T4 —z)~ 'y}, thus expressing the M operator in terms of the
resolvent of the operator 74 = —A +¢(x), subject to the given boundary conditions, and of the trace
operator y; associated to S;. We also define Weyl operators My (z) for —A + ¢ in L*(Qg), subject
to conditions on both bounding surfaces (B-type condition on S; and A-type condition on Sg), and
we prove identities, bounds and basic properties of these operators, including norm continuity in 4.
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In Section 4, we define the Weyl operator Mp(z) for —A + ¢ in L*(R2), where Q = {x : |x| > 1},
and prove the strong convergence of M (z) to Mp(z) in the limit as R — oo. (This is an analogue
of the result that m"(z) — m(z) in the one-dimensional Weyl theory.) We then introduce a Weyl
operator mg(z) for —A + ¢ in L*(Q), subject to Dirichlet condition on S;; mg(z) is the inverse of
—My(z) (where My(z) is the operator Mp(z) for B=0) and is the most direct analogue of the Weyl-
Titchmarsh function m(z) for second-order ordinary differential operators on a semi-infinite interval.
An identity mo(z)=(y,0/0n)(Tp, —z)~'(y10/0n)* is proved, expressing my in terms of the resolvent
of the operator 7p, =—A+¢, subject to Dirichlet boundary conditions on S;; this identity is a higher
dimensional analogue of formulae known to hold in the one-dimensional problem [2]. The Weyl op-
erator mo(z) is unbounded from L?(S;) to L*(S;), but bounded from H'!(S;) to L*(S;). We may
refer to My(z) as the Neumann M operator and mg(z) as the Dirichlet M operator for the exterior
problem.

Finally, in Section 5, we define the Weyl operator M(z) for T = —A + ¢ in L*(R?), in terms of
a version of the Steklov—Poincaré operator for the surface S;. We prove an identity expressing I
in terms of the resolvent of 7', and the inverse m of 91 in terms of the resolvent of the domain
decomposed operator = —A + ¢, with Dirichlet boundary conditions on S;. Both 9i(z) and m(z)
can be expressed algebraically in terms of interior and exterior M operators, in parallel with similar
results which can be obtained by domain decomposition methods in the case of ordinary differential
operators.

The extension of Weyl theory which we present here provides a theoretical framework for the
analysis of Schrodinger operators in L2(R?), as well as exterior and interior boundary value problems.
A number of authors, including Brasche et al. [8] and Naboko [17] have shown how the study of
boundary behaviour in z of Weyl operators can be used as a tool in spectral analysis. A further
result, by the present authors, is the discovery of a higher dimensional analogue of the Weyl family
of nesting circles, in which solutions of the Schrodinger equation at complex spectral parameter are
characterized as belonging to a nesting family of convex subsets of Hilbert space. These, and other
related developments, will be the subject of a forthcoming paper.

2. Extension maps

For R > 0 let Sg={x € R’ : |x| =R} be the sphere of radius R centred at x=0, and for R € (1, ]
let Qg be the region Qg = {x € R*: 1 < |x| < R}. We shall frequently denote the unbounded region
Q. simply by Q. We write || - ||s, for the norm in L?(Sk) and || - ||g, for that in L2(Qg).

If A denotes the Laplacian and ¢ is a complex function on Q, then Ag is well defined as a
distribution on C§°(Q2). We also denote by 0g/0n the radial derivative (in the sense of distributions)
of g, in the direction of increasing radial coordinate. We say that g has L?> boundary value on S; if
lim, 0, g(x + en,) exists as a strong limit in L?(S;), where n, (= x) is the outward normal to S|
at the point x € S;. Similarly, if 1 <R < 0o, g has L? boundary value on Sy if lim, . g(x — en,)
exists as a strong limit in L?(Sg), with x € Sz and n, = x/|x|.

Following [5,13], define 2;(£2z) to be the set of functions g: 2z — C such that

(i) g and Ag belong to L*(Qg),
(ii) both g and 0g/0n have L? boundary values on S; as well as on S if R < oco.
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We note the inclusions H?(Qz) C Z(Qz) C H'(Qg). Each of these is a proper inclusion, and in
fact one may go further [6] and show that %;(Qz) C H>?(Qy).

Condition (i) characterizes the domain of the maximal Laplacian operator in L*(Qz), that is the
domain of the adjoint of the operator A defined on C§°(£2g). This domain is much larger than
21(Qg) (functions ¢ in the domain of the maximal Laplacian need not have L? boundary values on
the boundary of Q, either for g or for dg/0n). However, if g satisfies (i), then ¢ is locally of class
H?, in the sense that g € H*(G) for every open set G whose closure lies in Qg, where H%(G) is
the Sobolev space W22(G) [1].

Condition (ii) involves the Sobolev trace operators y, (restriction to the sphere S, of functions
defined on 2, 1 < p <R < o). For any s > %, 7, 1s bounded as an operator from H°(Qg) to
H*"Y2(S,) and compact from H*(Qg) to H*'27%S,) if ¢ > 0. Since Z;(Qr) C H'(Qg), the
L*-boundary values on S; and Sp of g€ %,(Qz) are just y;g and 7zg, respectively. The inclu-
sion Z;(Qr) C H*?(Qz) shows that 0g/on € H'?(Qz) if g € 2,(Q2z). We shall continue to use the
notation y,0g/0n for the L?>-boundary values of 0g/0n in this case, even though the Sobolev trace
operators 7, are not defined on the whole of H'2(Qg).

If 0g/on has an L? boundary value on S (or Sg), then a simple argument implies the existence
of a boundary value for g as well. Hence it would be sufficient, in (ii) above, to require only that
0g/0n have L? boundary values. One can also show (though we shall not require this result) that
0g/0x; (i =1,2,3) has L?>-boundary values for all g € Z;(Qz).

Remark 1. If R = oo there is no need to require in (ii) the existence of the L?> boundary values
at infinity. In fact if g and Ag belong to L*(Q) (hence g€ H*({x : |x| > 2}), then [|7,g||s, and
7,0g/0nl|s, converge to zero as p — oo (this follows from the fact that, for h€ H'(R?) one has
lim_,o0|[7,h||s, = 0; the preceding relation is trivial for & € Cg°(R?), and for general # in H'(R?)
it follows from the density of C§°(R*) in H'(R?) and the following bound on 7, as an operator
H'(R*) — L*(S,) (see e.g., Eq. (5) of [3]):

sup ||yl mey—r2s,) < 4 (2.1)
p>1

It will be convenient to use the following norm on %;(£2):
of of
1/l =/ llae + 1A S llx +

ARr. TR,
with ||yg0f/0n||s, =0 for R = co.

: (2.2)
Sk

S

The construction of operators M (z) in Section 3, as well as subsequent estimates of convergence,
are greatly facilitated by the use of extension maps. Typically, an extension map on L*(S;) will
be a right inverse of the mapping which takes g€ 2,(Qz) into y,0g/0n € L*(S;). The existence
of such extension maps is known (see for example [6]). Here we will need to carry out rather
explicit constructions of extension maps appropriate to spherical surfaces, for which in particu-
lar precise norm estimates can be determined in terms of the radial parameter R. An indica-
tion of the kind of result that is needed is provided by the following lemma. Further on, in
Lemmas 2-4, we present other results on extension maps that will be used in certain later
arguments.
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Lemma 1. Let R€[2,c].

(a) For each B = 0 there exists a bounded linear map E(ﬂ) (L2(S1) = 21(Qr) such that E(ﬁ)v =0

in the region {x : |x| =2} and yla/anE(ﬁ)v—vfor each v € L*(S)), and such that the following
norm estimates are satisfied for some constant cy:

IEP 2050y ancom < c1V/1+ B YRE[2,00], (2.3)
1
B — )]
I E ]| = (171 E) HLZ(SI)—>L2(S1) < m (2.4)
E(ﬁ) is compact as an operator L*(S)) — L*(Qg), with
2t ||L2(SIHL2(QR) <L (2.5)

(b) For each B =0, yE\P maps LX(Sy) into H'(Sy) and is compact as an operator from L*(S)
to H(Sy) for 0 <s < 1.

(¢) O :=nEY maps LX(S)) onto H'(Sy). Q is invertible, and its inverse Q=" is bounded as an
operator from H'(S)) to L*(S)).

Proof. The surface spherical harmonics {Y,,}, defined on the sphere S;, form an orthonormal basis
of L*(S)) (here /=0,1,2,... and m is an integer running from —¢ to +/). For v € L*(S;) we write
0=, @m¥im 50 that [[0[[3 =32, asm|>. We take EP of the form

E%ﬁ)v _ Z a/mlﬁ;,g)(X) (2.6)
‘m

for x € Qg, where the functions lp(ﬂ ) are to be defined. The general idea is to make w(ﬁ ) an approx-
imation to a solution of the Laplace equation in Q. Explicitly we take

(B)
%‘LMDIZAwL (2.7)

where now o = x/|x| and w(‘" is given as a function of r = |x| for | <r <R by

yO () = —n(r)r~' /(1 +//) for £ > B,
nr)r' =" —r=")  for £ < p.

lﬁ/ﬂ)( )=

(2.8)

Here #:R — R is a smooth nonincreasing function satisfying #(¢) = 1 for ¢t < 3 and 5(¢t) =0 for

4
t>1 7> S0 that the support of w(ﬁ ) is contained in Q.
Noting that |W '(r)| < r~’, we have

. I
IW%@Z/hMWst/ Yir< <. 2.9)
1 S -1]

Hence

IEV )3, = Z\aml D13, < Ilvl3, (2.10)
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which implies (2.5). The compactness of Egﬁ ) as a mapping from L%(S;) to L2(Qg) is a consequence

of the fact that |[y\”|2, = ¢(1/2¢) for £ — cc.
For / = f we have

R B)
lAYDIR, = / [dz*”f ) A1 gy, >] o
1 r

dr?

2 1l / 2 2
2/ t
/ L (7) n(r)ir] r 2 dr < const/ P2 dr < coms < const.
1

(147)
For / < f we find

d2yP (41
dfz(r) e T [ T =/ < const(/ + 1)r~"
r
which leads to the bound
£+ 1)
Ay (ﬁ)HQR < const (‘2;__ i| < const(f + 1).

So
|AEP |}, = er 1AYP 13, < const(B+ Dlv]3.- 2.11)

The existence of an L? boundary value on Sy for a/anEgﬁ )b is trivial, since Eiﬁ )b vanishes in a

neighbourhood of Si (R > 2). To see that é/anEgﬁ )b has v as its L? boundary value on S;, we
observe that

The convergence of this quantity to zero, as p — 1+, is obtained from the Lebesgue dominated
convergence theorem by observing that lim,_, ;. @(f )=0 for each / and that \@;ﬂ )| < 1+ for every
¢ and for 1 < p < 2.

The estimates given above lead to bound (2.3), whereas (2.4) is easily obtained by noting that
WP =1/(/ + 1)< 1/(B+1) for /> and that P(1) =0 for / < f. From the standard
characterization of H'(S)) (see for example [15]) and from the fact that lﬁ;ﬂ )(1) =0(/7") for £ —
00, one gets that ylEEﬂ ) maps boundedly from L?(S;) to H'(S;). The compactness of the embedding
H'(S;) = H*(S)) (0 < s < 1) then implies the second result of (b).

In the case f =0 we have t//(o)(l): —1/(1 4+ 7) for each / = 0, so that

EOVp= -5 4 2.13
Vi v Z/—i—l ( )

2

Py Doy [ 0 :
2 — Lo 1 al? =D |8 (0) Jasml (2.12)

0
Egﬁ)v— v 5
p p =

Vo n

Si ‘m

The assertions made in (c) are straightforward consequences of (2.13). [J

Remark 2. Lemma 1(a) shows that, given any v € L(S)), there exists g € Z,(Q) for which y,0g/0n=
v. From Lemma 1(c) one sees that, given any w € H'(S)), there exists g € Z;(Qz) for which y;g=w.
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The map F' from w to g is given by F :EEO)Q”, where O = ylEEO). F is bounded from H'(S)) to
D1(Qr).

In the case § # 0, y1E§ﬁ ) maps boundedly into, but not onto, H#'(S;). The main purpose of
the construction of the one-parameter family {Eiﬁ )} of extension maps is to show that a bounded
extension map Egﬁ) can be found for which ylEgﬁ) has arbitrarily small norm as an operator from
L*(Sy) to L*(S;). This consequence of Lemma 1 will be needed in Lemma 2.

In later developments we shall need a generalization of the extension operators obtained in Lemma
1, more precisely bounded mappings: F:L*(S)) — 2:(Qg) satisfying (y,0/0n — By,)Fv = v for
all v€L*(S;), where B is a fixed bounded operator in L?(S;). The operators given in Lemma 1
correspond to the special case B = 0.

Lemma 2. Let B be a bounded operator in L*(S)) and R €[2,00]. There exists a bounded linear
map Fy:L*(S)) — 21(Qr) such that Fiv =0 in the region {x : |x| = 2} and (y,0/0n — By;)Fiv=v
for each ve L*(S)). Fy is compact as an operator L*(S;) — L*(Qg), and y,F, is compact as an
operator L*(S;) — H*(Sy) for 0 < s < 1. Furthermore, the following norm estimates are satisfied,
for some constant ¢ independent of R and of B:

1F 1l 2= anon) < v/ 1+ [B]] VR E[2,00], (2.14)
1F 1|22 )2 00) < 25 (2.15)
171 F 1 205y —r20sy) < 2- (2.16)

Proof. Let O, = ylEiﬁ) with f = 2||B|| and with E}ﬁ) as in Lemma 1. By (2.4) we have
1BOI | 25y 12¢s1) < ||BII(1 +2|B)"" < 1, so that I — BQ, is invertible (here / denotes the iden-
tity operator in L*(S;)). We set Fj = Egﬁ)(l — BQ))~!, with again the choice B = 2||B||. Since
710/onEu = u for arbitrary u € L2(S), we have, for arbitrary v € L2(S)):

0 0 _ _

N Fio=y 5 B~ B 'v=(~B0) "0,
on on

whereas By Fiv = BO;(I — BQ;) 'v. These two equations imply that (7,0/0n — By,)Fjv = v. The

remaining statements of the lemma are straightforward consequences of the results of Lemma 1. O

Analogous results to those of Lemmas 1 and 2 may be obtained in the case of extension op-
erators from L?(Sg) to Z;(Qg). Here it will be important to derive operator norm bounds which
are independent of R. We summarize the main conclusions of this analysis in the following two
lemmas.

Lemma 3. For each R€E[2,00) there exists a bounded extension map Eg:L*(Sg) — 2,(Qg) satis-
fying Exv=0 near S, and y0/0nEgv=0 for all v € L*(Sg), and such that the norms of Eg: L*(Sg) —
21(Qr) and of yrEg : L*(Sg) — L*(Sg) are bounded by a constant which is independent of R.
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Proof. We proceed along similar lines to the proof of Lemma 1. For v€L?(Sz) we write
v=">",, am¥rm, where |03, = [ [0()*R*dw=R*}",, |asm|*. Now define Ex by

(Er0)(x) =Y arm¥sm(x)

‘m
for x € Q. We take
R
X
qum(x) = lp/’-()!‘ |) Y/m(w)9

where @ = x/|x| and ¥ is given as a function of » = |x|, for 1 <r <R and R > 2, by

R? (+1
N~ (%) for / > R,

R(r —R)p(R—r) for £/ <R.

Wi(r) = (2.17)

and n(y)=1 for

Here n:R — R is a smooth nondecreasing function satisfying #(y) =0 for y < %

y =i and ¢(y)=n2 - y).
In the case / > R, the L?>(Qz) norm of ¥, is given by

R R* (R 242
1¥2mllc, = / PR dr < 25 / (%) e
1 / 1 R

R R?
< 5 < =
/220 +3) 2
For / < R the support of ¥,, is contained in the region {x : R — 1 < |x| < R}, and again one finds
Hlp/mH?zR < Rz/z-
For / > R, noting that the support of #’ is contained in interval (1,2), we have

2 PR N 1" / 2
8%l = [ 55 (5) 0o+ 2¢ + D ePar
l 4
R3
20+ 1
In the case / < R one obtains

R
1A, = R /

R—1

< const R>.

< const

(¢ +1 :
[(r —R)P"(R—r)—2¢'(R—r) — %(r —R)Q(R—r)| dr

< const R>.

The extension property yz0/0nEgv=1v follows from the fact that d/dr[y/2(r)/r]=1 at r =R, and Ezv
vanishes in a neighbourhood of §;. Hence, using expression (2.2) for the norm on Z;(Qz), we can
estimate the norm of Ex as a mapping from L?(Sg) to 2,(Qz) and deduce that indeed this norm is
bounded by a constant independent of R.

The bound on the norm of yrEg: L*(Sg) — L*(Sg) follows on using [yX(r)/r| <1 atr=R. O

Just as in the case of Lemma 1, the norm of yzEr may be taken to be arbitrarily small, as shown
by the following result.
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Corollary. For each R€[2,00) there exists a one-parameter family {E,(f )}, p =1, of bounded
extension maps from L*(Sg) to 2,(Qr) satisfying E,(f)v =0 near S, and yr0/0nEgv = v for each
v € L*(Sg) as well as the following norm estimates (with ¢ independent of R):

|’E1(€ﬁ)”L2(Sle)—>@1(Q1e) < Cﬂza (218)

IED |25y 200 < 1, (2.19)
1

||VRE1(eﬂ)|| = ||VRE1(?/})||L2(SR)—>L2(SR) < 5 (2.20)

The proof proceeds as in the proof of Lemma 2, except that, in definition (2.17) of /X, we replace
the criteria / > R and / < R by / > iR and / < iR, respectively.

Lemma 4. Let R€[2,00) and A a bounded operator in L*(Sg). There exists a bounded linear map
Fr:L*(Sg) — 2/(Qr) such that Frv =0 near S; and (yp0/0n — Ayg)Frv = v for all v € L*(Sg) and
such that, for some constant c¢ independent both of A and of R:

1FR || 250021 (20) < (1 + [|14]1%), (2.21)
1 F Rl 2(s0)—1200) < 25 (2.22)
1vRF Rl 250y 12(50) < 2- (2.23)

Proof. Let QR:yRE,(f) with f=1+2||4] and E,(f) as in the corollary to Lemma 3. Then, by (2.20):

1 1
||AQR||L2(SR)—>L2(SR) < ”AHI—FTM < E

By proceeding in analogy with the proof of Lemma 2, one finds that F := El(zﬁ )(1 — AQOg)~! has
the required properties. [J

3. M operators for exterior bounded regions

To define M(z) for the region Qr = {x : 1 < |x| < R}, with 2 < R < co, we impose a boundary
condition on the outer boundary surface Sz. Let 4 be a bounded operator on L?(Sk), having positive
imaginary part in the sense that (2i)~!(4 — 4*) = Im4 > 0, where A* is the adjoint of A4.

A function g € %,(Qg) is said to satisfy the 4 boundary condition on Sy if yz0g/0n = Ayrg. As
in the case of the function m(z) in one dimension, the operator M(z) will be defined in terms of
the boundary behaviour of appropriate solutions of the Schrodinger equation with complex spectral
parameter z. Here we rely on the following lemma, where we suppose for simplicity that ¢ is
bounded on Qp, and real.
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Lemma 5. Suppose Imz > 0, and let A be bounded on L*(Sy), with positive imaginary part. Then
given arbitrary v € L*(S), there exists a unique function f € %,(Qr) satisfying

—Af+qf—zf=0 (3.1)
together with the boundary conditions
0
TR aff =Arf, (3.2)
n
0
1 Tf = (3.3)
on

Proof. Note that, for f € ;(Qz), the fact that f is locally H? implies that one can interpret (3.1)
in the sense of distributions. However, in general the solution of (3.1)—(3.3) need not belong to
H?(Qg). We shall construct explicitly the solution f of the Schrddinger equation, in terms of a
Schrddinger operator T4 acting in L2(Sg).

(i) We define 74 = —A + ¢, with domain in L*(Qz) given by D(T*) = {g € 2,(2z) : y10g/0n=0,
720g/0n=Ayrg}. Thus T4 is defined subject to Neumann boundary condition on S} and 4 boundary
condition on Sg;. The results of Beals and others, [6,5,13], which allow A4-type boundary conditions,
imply that 74 is a closed operator in L?(Sz), with adjoint given by (74)* = T4, where T4 is
defined as for 74, but with 4* boundary condition yz0g/0n = A*yzg.

Now with h € D(T*), integrate over Qp the identity

V - (hNh — hVh) = hAh — hAh,

and apply the divergence theorem. (Since h € HZ.(Qr), we can apply the divergence theorem first of
all for the region 1+¢ < |x| < R—¢, and then take the limit ¢ — +0.) Noting that 4 and 0/4/0n have
L? boundary values on S, and Sg, and using the boundary conditions for 4 on these two surfaces,
this leads to

1 _0h  Oh 1 ~0h  Oh
A _ 2 _ _ _
Im ((T* — z)h,h)q, =Imz|h|g, + T /SR <h . han> ds % Js (han h6n> ds

1
yRh, (A — A* Yyrh)s, = Imz||h|[3,. (3.4)

=1mz Al + 5

In particular 74 has no eigenvalue in the upper half-plane.

A similar argument shows that 74" has no eigenvalue in the lower half-plane. Hence the null space
of (T4)* —z is {0}, so that the range of 7“4 —z is dense in L?>(Qz). Since T4 is closed, the resolvent
operator (74 —z)~! is defined on the whole space L2(Qr) and satisfies ||(74 —z)~'|| < 1/Imz as a
consequence of (3.4) (here the norm of the resolvent is an operator norm on L?(Qz)).

(ii) Given any v € L*(S)), let g = EEO)U € 21(22g), where Eio) is as in Lemma 1. Then Ag,
qg € L*(Qg), and y,0g/0n = v, yrg = yr0g/on = 0 (since ¢ vanishes in a neighbourhood of Sy).
We define

f=—(T"-2)""(-Ag+q9 —zg9) +g. (3.5)
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Then

(—A+q—z2)f=—(T"—z)(T" —2) " (-Ag +q9 — z9) + (—Ag + g9 — zg) = 0.

For any h € L*(Qg), both (T4 —z)~'h and ¢ (trivially) satisfy the 4 boundary condition on Sg; hence
so too does f. Since (T4 — z)~'h will satisfy the Neumann condition on S;, we have 7,0 f/0n =
y10g/0n = v.

Thus f satisfies (3.1)—(3.3). It remains to show that f € &;(Qy) satisfying these three equations is
unique. But the difference between any two solutions of (3.1)—(3.3) will belong to £;(Qz) and satisfy
(3.1), together with the 4 boundary condition on Sz and Neumann condition on S;. This difference
must be the zero function, otherwise 7 would have eigenvalue z in the upper half-plane. [

We now make the following definition.

Definition 1. Given any R€[2,00) and any bounded linear operator A:L*(Sgz) — L?(Sz) with
ImA > 0, the operator M“(z) (M operator in the region Q subject to Neumann boundary con-
dition on S; and 4 boundary condition on Sg) is defined as an operator from L*(S;) to L*(S;), for
any z€ C*, by

MA(z) = —w, (3.6)

where w =7y, f and f is the unique solution, in Z;(Q2g), of

0 0
—Af+Qf—Zf=0,VRi=AVRf, Vli:U- (3.7)
on on
Thus M“(z), acting in L*(S;), maps the boundary value on S; of 0f/0n to minus the boundary
value of f, for solutions of (3.1) subject to 4 boundary condition on Sg.

Remark 3. In the same manner, if .o/ is a bounded linear operator in L?(Sz) with Im.oZ <0, one
can associate to each ¢€C™(Im¢ < 0) an operator M- S(E):L*(S;) — L*(S)) defined as follows:
M7 (&) maps the boundary value (on §) of 0 7/on to minus the boundary value of f, for solutions
f of —A f +q f -z f = 0 subject to .7 boundary condition on Sz. We shall use this on various
occasions, with ¢ =2z (Imz > 0) and o/ = 4" (Im4 > 0), i.e., for z and 4 as in Definition 1. So,
for € L*(S;), we have M4 (2)d = —ylf where f is the unique solution, in Z;(Qy), of

s s s of . of .
—Af+qf—zf=0,yR—f=Ava, vl—fzv. (3.8)
on on

Now let / and f be as in (3.7) and (3.8), respectively. Then

V-(fVf— fVf)=0. (3.9)
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We can integrate this identity over Qz to obtain

<VRJ;,“/Raaf> _<7Raaf>VRf> :<V1faylaaf> —<V1%f,?1f> .
n/s, n 5 n/s n 5

Using the boundary conditions for f and f , the left-hand side of this equation becomes
VRS APR )se — (A*9r fr 78 f)s, = 0, and the right-hand side is (5, M“(z)v) — (M4 (2)3,v).

We may deduce that M4 (2) = [M“(z)]* (adjoint of M“(z) as an operator on L*(S))). Since both
M*(z) and MA*(Z_) are defined on the whole of L*(S)), it follows from the closed graph theorem
that these two operators are bounded. In fact, much more can be shown. The following theorem
implies that the bounds on their norms are independent both of R and of the boundary operator A.

Theorem 1. Suppose q is bounded on Q. Then the operator M*(z) is norm bounded from L*(S;)
to L*(Sy), with bound ||M*(z)|| < ¢, where ¢ = c(z,q) depends on z and q but is independent of
both R and the boundary operator A. More precisely:

1+«
|MA(2)]| :1+(1+K)cf{ - 1} (3.10)
Imz
with ci as in Lemma 1 and x = sup,.cq |q(x) —z|.
Proof. We follow the notation of the proof of Lemma 5. For v € L?(S)), let g :Ego)v, h=—-Ag+

99 —zg and f = —(T* = 2)"'h + g. Since [[1E |25, 2y < 1 and [EY s, 020 < €1 by
Lemma 1, one has the following bounds (with x as in (3.10)):

gl <lolls. hlla, <cr (1 +lols, G
1+«
170y < (s +1) ol (.12)

Now, for arbitrary b € L*(Qy), set ¢=(T4 —2)~! b, so that € satisfies Neumann boundary condition on
S1 and A* boundary condition on Sg. Then f* and ¢ satisfy, respectively, the equations A f'=(q—z)f
and At = (g —z)¢t — b, from which follows the identity

V.- -(Vf — fVe)=tAf — fAE= [h.

Integrating over Qz (i.e., over the region 1+ ¢ < |x| < R — ¢, followed by the limit ¢ — +0) and
using the divergence theorem, we have

0 il 9
(0, f)ox = <VRE,VR Of;> — <VR an’VRf> - <V1&V1 a£> .
Sk Sk s,

Here the first two inner products on the right-hand side cancel, because of the 4 boundary condition
for f and the 4™ boundary condition for €, and we are left with

(0, Nae = —((T* —2)""h,0)s,, (3.13)
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where we have substituted the L?> boundary value for 0 f/dn on S;. So, by taking into account (3.12),
we have

(T =2)7"'blls, = sup [T —2)""'h,v)s|

llvlls, =1

< sup ([bllgellf Nl

[lolls, =1
14+x
< Il { s+ 1}
This implies that
. 1+x
”VI(TA —Z) lHLZ(QR)—>L2(51) < ¢ { Imz =+ 1}~ (3.14)

A similar argument, starting from the identity for V - (tV f — f V), with ¢ = (74 —z)~'h and with
f as in (3.8), leads to the bound

_ 1+«
I9(T* = 2) 1HL2(QRHL2(51) < { Iz + 1}. (3.15)

Now, from the definition of M“(z), we have
MAzw=—pnf=n(T"—2)"h—1yg (3.16)
which leads to bound (3.10) by using (3.11) and (3.15). O

From (3.13) we see that the mapping from v to f is just the adjoint of the map —y(T4" —Z2)~!,
which is bounded from L?(Qz) to L*(S;). Thus

f==n(T*" - T (3.17)
Since M4(z)v = —y, f, we have for M“(z) the closed expression
MA(z) =n[p(T* —2)7 ', (3.18)

which we may write formally as
MA(z) = (T —2)" 1y}, (3.19)

It is clear that the norm of the operator M*"(2), defined in Remark 3, also satisfies bound (3.10),
and that the mapping from ¢ to f determined by (3.8) is as follows

f=-n(T" =271 (3.20)
Corollary.

(a) MA(z) maps L*(S;) into H'(S)).
(b) MA(2) is compact as an operator L*(S;) — L*(S)).
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Proof. (a) If f is as in the preceding proof, we have f € %,(Qz) C H>*(Qz). Since y; maps
H3?(Qz) into H'(S)), the result follows. (See Section 4 for an alternative proof applicable to the
M operator for unbounded regions.)

(b) The operator M“(z), being bounded, is closed from L*(S;) to L?(S;), hence also from L?(S;)
to H'(S). It follows (closed graph theorem) that M“(z) is bounded as a map from L%(S)) to H'(S)).
Since H'(S;) is compactly embedded in L*(S;), we see that M4(z) : L*(S)) — L?(S;) is compact. [J

Remark. It will be shown later that in fact M“(z) maps L*(S)) onto H'(S)).

The following proposition confirms for M“(z) the two basic properties of positivity of imaginary
part, and analyticity in z.

Proposition 1. Let ze C*.

(a) M“(z) has strictly positive imaginary part:
Im (v, M(z)v)s, >0 VYov #0 in L*(S)). (3.21)

(b) dM4(z)/dz exists as lim.._,. [M*(z")—M*(2)]/(z' —z) (limit in operator norm) and thus defines
a bounded operator in L*(S)).

Proof. (a) Let v € L*(S;) be arbitrary. Define f as before (e.g., in the proof of Lemma 5), so that
910 f/0n=v and —7; f = M“(z)v. From the divergence theorem, we have

i - of  of of  Lof
(z—-2) ngfdx_/sR (fan_fan> dS_/sl (fan_ an) ds.

Hence
0
Im <v,MA(z)v)S] =Im <V1f:?16f>
n/s

=1Imz||f[[3, + (=/, (AmA)yr f)s, = Imz|| f][3,, > 0.
If Im (v, M(z)v)s, = 0, then || f|lq, = 0, hence f =0 and thus v = 7,0 f/on = 0.
(b) It is straightforward to use (3.18) to evaluate the derivative dM“(z)/dz through a limiting
argument, and we have
dMA(z)
dz
We have seen that both factors on the right-hand side have finite norm, implying that dM“(z)/dz is

bounded from L*(S;) to L*(S;). (The dependence of the norm on z is such that ||dM“(z)/dz|| has a
bound of order 1/Imz in the limit as z approaches the real axis.) []

=[n(T* —2)~ (1" - 2)7'" (3.22)

We note the following identity which is obtained by using (3.17) and (3.20):

CdMAE) N\
<v, o U>sl ={f, o (3.23)
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Part (a) of Proposition 1 implies that the operator M“(z) is invertible. We write m?(z) for minus
its inverse : m(z)=—[M"(z)]~'. The operator m?(z) is unbounded in L*(S;), with domain contained
in H'(S1). A more specific description will be given at the end of Section 4.

We now consider the definition and properties of M operators with respect to a pair 4,8 of
boundary operators, with 4 acting on L? of the outer surface S; as before, and B acting on L? of
the inner surface S;.

Definition 2. Given any R € [2,00) and bounded linear operators 4 : L2(Sg) — L*(Sg), B : L*(S)) —
L*(S1) with Im 4 > 0, Im B < 0, the operator M (z) is defined as an operator from L*(S;) to L*(S;),
for any ze C*, by

Mz = —w, (3.24)
where w =y, f and f is the unique solution, in Z,(Q), of

—Af4+qf —zf=0 (3.25)
subject to the boundary conditions Y0 f/0n = Ayr f (A boundary condition on Sg) and

n L Byur=w (3.26)

Thus M3 (z) maps y,0f/0n — By, f to the boundary value (on S;) of f, for solutions of (3.25)
subject to A4 boundary condition on Si. The special case B = 0 corresponds to M“(z) previously
defined.

The proof of the existence and uniqueness of My (z) and of its properties when B # 0 involves
arguments similar to those of the first part of this section. We define the operator T3 in L*(Qz) as
—A + q subject to 4 boundary condition on Sz and B boundary condition on S} : T4 = —A + ¢
with domain D(T4) = {g € 21(Q2r) : yr0g/0n = Ayrg, y10g/0n = Byig}. T4 is a closed operator with
adjoint (T4 )* = T4 . We use the extension operator F; from Lemma 2 and set, for given v € L*(S)):

g=Fyv, h=-Ag+qg—z9, [f=—(Tf—2)"'h+g (3.27)

Recalling that g vanishes in a neighbourhood of Sz, we may conclude that f satisfies the conditions
of Definition 2. Uniqueness of f follows from the observation that 74 can have no eigenvalues in
the upper half-plane.

In view of Definition 2, we now have

Mg‘(z)v:yl(Tg’ —z)_lh—ylg. (3.28)
For later use we observe that, with ¢ as in Lemma 2 and x as in Theorem 1:
1lle, < [e(1 + [[BID" + 2x]|lv]|s;. (3.29)

Theorem 2. Suppose q is bounded on Q. Then the operator Mj(z) given in Definition 2 is norm
bounded from L*(Sy) to L*(Sy), with bound ||MZ(z)| < c(1+ ||B||), where ¢ =c(z,q) is independent
of R and of the boundary operators A and B.

Proof. The proof follows closely the arguments of that of Theorem 1, with F instead of EEO) (hence
with ¢(1 + ||B||)"? instead of the constant c;); the function f € Z;(Qz) is here defined, for given
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§€L*(S)), to be the solution of (—A +¢g —2) /=0 subject to A* boundary condition on Sg and the
condition 9,0 f/0n — B*y; f =¥ on S;. One obtains in particular that

M3(z)=nln(T5 — )T, (3.30)
written formally as M7 (z) =y(T4 —z)"'yt. O
We mention that the estimate of ||M#(z)|| is optimal in the sense that with zero potential and
fixed z and R, a sequence {B,} of boundary operators can be found for which the norm of Mé‘”(z)
increases linearly with ||B,||, as n is increased.

For arbitrary bounded B, one can express the operator My (z) in terms of M“(z). To do this, note
that, with f* given as in Definition 2, y, f = —M“(z)y,0f/0n is in the range of M“(z), and we have

(042 + B = (MA@ Bl S = By f =

Here v € L*(S;) is arbitrary and we may deduce that the range of (M“(z))~' + B is the whole of
L*(S)). Moreover the operator (M“(z))~' + B is invertible since, if [M“(z))~! + Blu = 0 for some
u € L*(Sy), then

(M*(z)*Bu,(M*(z))"'u + Bu)s, = (u, B*u)s, + (Bu, M"(z)Bu)s, = 0.
Since Im B* > 0 and Im M“(z) > 0, this implies that u=0. So we have the following result for the

M operator with boundary operators on both S; and Sk.

Proposition 2. The operator Mi(z), given by Definition 2, is related to M*(z) by
Mj(2) = [(M*(z)"" +B]™' =[ - m'(z) + B] " (3.31)

We derive a result on continuity of M7 (z) as a function of the boundary operator 4 (Lemma 6).
We first show that there is a constant ¢ = ¢(z, ¢) independent of R and of the boundary operators 4,
B such that

17R(T5" = 2 2@y —r2se) < (1 + [|4]1%). (3.32)
For the proof, let v € L?(Sz) and define fz in Z;(Qz) by
fo=—(T§ = 2)""hx + g

where gr = Frv and hr = —Agr + qgr — zgr, With Fp given by Lemma 4. Note that gz vanishes in a
neighbourhood of S;. Then f satisfies —A fg + ¢ fr —zfr =0, subject to the B boundary condition
on S; and the condition (yz0/0n — Ayg) fr = v on Sg. By proceeding as in the derivation of (3.13),
one obtains the following identity, for each b € L?(Sg):

(b, frYor = (T —2)7'h, V)5,

Estimate (3.32) now follows since, by (2.21), we have || fz||o, < const(1 + ||4]|*)||v]|s,-
By a similar argument one also finds that

lyr(T5 — 2)71HL2(QRHL2(SR) < c(1+ [|4IP). (3.33)
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Lemma 6. The operators M3 (z) are norm continuous with respect to the boundary operator on
the outer surface:

1M (2) = My ()| < el + AP+ [[4'1H)A + 1BIDI|4 — 4", (3.34)
where the constant ¢ = c(z,q) depends on z and g, but is independent of R and of the boundary
operators A, A' and B.
Proof. (i) For arbitrary b, b’ in L?(Qg), set €= (T4 —Z)~'h, ¥ = (T4 —2z)~'h/, and observe the
identity

V- (¥VE—EVE) =t —'h.
On integration over Q2 and applying the divergence theorem, one then obtains

(0,(T§ —2)""0 —(T§ —2)7"'b)q,

= (e g T =2 T =27

Sk
A% ==l (U —1yp/
—(r(Tp- —2) b,z 87(TB —2z)" b)s
=(r(Tg =20, (A = A (T —2)""b)s,.
By virtue of (3.32) and (3.33), this leads to

(T —2)7" = (T = 2) lgan s izan < cz@)(1 + [|4IH)A + 4|14 — 4. (3:35)
(ii) Now, for each A4, consider the operator $4 = —[y (T4 —Z)~'1* : L*(S;) — L*(Qr) associating
to ve L*(S)) the function f4 = —(T§ —z)"'h + g introduced in (3.27). Then
15" = $"Yllg, = (T3 = 2)"'h = (T3 —2)""hlq

<SITF =2 = (T8 — 22w - 2w 1Al o

By using (3.35) and (3.29), we now get
I6SY* = (S| = (T =)' = 9(T3" =D @n—r2sn
< ez @)1+ A+ |41+ 1BID 2|4 — 4]

Since M7 (Z)o = y|(T{ —2) 'h+ g with g = Fv and h = (—A 4+ q — 2)g (so that ||i||q, satisfies
(3.29)), we see that |M4. () — M{. (2)| is bounded by the r.h.s. of (3.34). To complete the proof,
it suffices to observe that M§(z) = [M4 ()]*. O

Lemma 6 shows that M (z) is norm continuous in 4, for fixed B and z. If we consider a sequence
{4,} of boundary operators on Sg, such that ||4,|| — oo as n — oo, it might be expected that the
corresponding M operators converge to the operator Mé)R(z) subject to Dirichlet boundary condition
on Si (defined by a minor modification of Definition 2, in which the 4 boundary condition is
replaced on Sz by the Dirichlet boundary condition yz f = 0). The following lemma, the proof of
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which will be given elsewhere, presents a modified version of this result, in which the condition
A, — oo is interpreted in a special way.

Lemma 7. Let R€[2,00) and let {4,} be a sequence of bounded boundary operators from L*(Sg)
to L*(Sg), with Im A, > 0. Let d(A,) be the distance, in the complex plane, between R* and the
numerical range of A, (defined as the set (v,A4,v)/||v||* as v is varied over L*(Sg)), and suppose
that d(A,) — oo as n — oo. Then Mg”(z) converges in norm to MBDR(Z) in the limit n — oo, for
each ze C™.

4. M operators for exterior unbounded region

It is now straightforward to extend our definition of M(z) operators to cover the case of an M
operator for the exterior region Q={x : |x| > 1}, subject to a boundary condition at the inner surface
S1. For simplicity, we assume the potential function g(x) is bounded for x € 2.

Definition 3. Given any bounded linear operator B : L*(S;) — L*(S;) with Im B < 0, the operator
Mp(z) : L*(Sy) — L*(S;) is defined for any z € C* by

Mp(z)v = —w, (4.1)

where w =9, f and f is the unique solution, in Z(Q), of —Af 4+ qf — zf =0, subject to the
boundary condition y,0f/0n — By, f = v.

Thus the definition of Mp(z) is similar to that of M (z), except that there is now no outer boundary
and the solution f of the Schrodinger equation is defined for x in the infinite region €.

To verify the existence of f in the above definition, we use the extension operator F,:L*(S;) —
21(2) constructed in Lemma 2 (with R = 00). The solution f demanded by Definition 3 is given
by

f=—(Tsg—2)""h+y, (4.2)

where g=Fv, h=—Ag+qg—zg and Ty is the Schrodinger operator —A +¢ in L?(£2), with domain
consisting of all functions in %(Q) satisfying B boundary condition on S;. Again uniqueness of f
follows from the fact that 73 has no eigenvalues in the upper half-plane.

For z € C*, Mp(z) is analytic with strictly positive imaginary part. As an operator from L*(S;) to
L*(S)), Mp(z) is compact and norm bounded, with

[Mp(2)[| < c(z.)(A + [[B]). (4.3)

Proofs of these results follow the same arguments as before, and are actually simpler since we
do not need to take into account a boundary condition at the outer surface.

We now consider a family {4(R)},<r<oo of boundary operators. Each A(R) is bounded from
L*(Sg) to L?>(Sg) and has ImA(R) > 0. We take B to be bounded from L?*(S;) to L?*(S;), with
ImB < 0. Then for each R >2 and ze€ C*, the operators Mg(R)(z) and Mp(z) are defined and
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bounded from L2(S;) to L(S;), and we consider the question: in what sense (if any) does M;®(z)
converge to Mp(z) as R — co? To answer this question, we shall need the following lemma.

Lemma 8. Assume that |[A(R)||12(s,)—12(s) 1S bounded by a constant independent of R. Then

s =limy (T —2)™ = (T —2) 7", (4.4)
R—00

Eq. (4.4) requires some clarification, since the operators T;(R) and Tp do not act in the same
space. Let h € L2(Q) be of bounded support and suppose that the support of b is contained in the
region {x : |x| < Ry}. Then for any R > Ry, we interpret h (more correctly the restriction of ) to Qz)
as an element of L?(Qz). In that case we can make sense of both yl(TA(R) z)7'p and y,(Tz—z)"'h
as elements of L?(S;), and (4.4) should be taken to mean that

s — lim (T —2)"'h = 31(Tp —2)7'h (4.5)
R—o00
for all h of bounded support which are square integrable over Q.

By a continuity argument, using estimates for [|7,(75 " —z)~"|| and ||y;(T5 —z)~"|, one could

deduce that

s—1limy (T3 —2) ' yrg = y1(T5 —2)'g
R—00
for all g € L?(Q), where yz denotes the orthogonal projection in L?(Q) with range L?(Qg).

Proof. We denote by £, :L*(S;) — Z,(Qz) the extension operator associated, as in Lemma 2, to
the boundary operator B*, i.e., satisfying (y,0/0n — B*y)EF o = ¢ for all #€L*(S;). F,# vanishes
outside the ball {x : |x| <2}, and F, satisfies the norm bounds (2.14)—(2.16).

For given ¢ € L? (S]) we set §=F 7, 6——Ag+qg~—z§ and f = (TA(R)* Z)"'g+ . Then f
satisfies —Af +¢f —zf =0, with (yla/an — B*yl)f =¥ and A(R)* boundary condition on Sk.

Using the norm bound (3.32) on yR(T B _ £)~1, and noting that R — ||[4A(R)| is assumed

bounded, we may deduce that ||z f]|s, is bounded uniformly in R by const||5]s,, for R > 2, and we
have an identical bound for ||yz0/0nf||s,, due to the 4(R)* boundary condition of f.

Now take h € L*(Q2), such that the support of h is contained in Qp for all R sufficiently large.
Setting € = (T AR) _ z)~'h and integrating over Qg the identity V - (EV / — fVE)=hf, we find, on
using the boundary conditions for £ and f :

(0, Mow=— (8, 8)s, = —(n(T5"° —2)7'0,8)s,. (4.6)

We can integrate over Qz the same identity, with this time € = (73 — z)~'h, to obtain in this case

(0, f)ee=—(n(Ts —2)7"0,8)s, + <VR(T3 —2)" b,k ZZ>
Sr

<VR —(Ts —z) ', VRf> (4.7)

Sr
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Subtracting (4.7) from (4.6) now leads to

(T =277 = (T = 27,805, = G e (T =), s

57
- <VR(TB —z)"'h, 7k 8£> .
Sr

We have seen that |yzf]s, < const|||s,, ||[yz0f/0n|s, < const||d|s,. Moreover, by Remark 1 in
Section 2, both ||yz0/0n(Ts — z)~'b||s, and ||yz(Ts — z)~'h]|s, converge to zero in the limit as
R — oo. Hence it follows that limg_, Hyl(Tg(R) —z) ') —(Ts —z) 'hlls, =0. O

Lemma 8 is the principal ingredient in the proof of convergence of M operators for the region
Qg, in the limit R — oo, to M operators for the exterior unbounded region.

Theorem 3. Suppose that q is bounded on Qg. Let B be fixed (ImB < 0) and suppose that
SUpg = |[A(R)|| < oo. Then Mg(R)(z) converges strongly to Mp(z) in the limit as R — oo, for
each ze C".

Proof. Let v L?(S;) be arbitrary. We use the extension operator F; from Lemma 2 to construct
the solution fz in Z2;(Qz) of —Afr + qfr — zfr = 0 subject to y,0/0nfr — By fr = v and the
A(R) boundary condition on Sg. Explicitly we have fr = —(T, ;j“*) —z)"'h + g, where g = Fjv and
h=—-Ag+qg — zg.

We keep the extension operator F; fixed and regard g, with g(x) =0 for |x| > 2, as an element
of 2(Q). Then we can use the same functions g and /4 to construct the solution f in Z;(L2) of
~Af +qf —zf =0, subject to y,0f/dn — By, f = v. Explicitly this gives f = —(T3 —z) 'h +g.
Hence

My (@)= (T3 —2)"'h =g,

Mg(z)v=7y1(Tp —z)"'h — 1g.

The conclusion of the theorem now follows from Lemma 8. O

By using estimates required for the proof of Lemma 8, one may also show that M, é) ®(z) (Dirichlet
boundary conditions on Si) converges strongly to Mp(z) in the limit as R — oo.

In what follows, we shall be particularly interested in the operator My(z), i.e., the operator Mp(z)
in the case B=0. Thus My(z) is the M operator for the exterior region 2, with Neumann boundary
condition at the surface S;.

Since the range of ylEgo) is H'(S)) and the resolvent of the Neumann Schrodinger operator maps
into H%(Q), it follows that My(z) maps into H;(S;). We shall find that in fact My(z) maps onto
H'(S)), so that its inverse (denoted by —mq(z)) will be an operator from H'(S)) to L*(S;). Below
we introduce mygy(z) by an alternative method and then relate it to My(z).

Definition 4. The operator my(z): H'(S;) — L*(S)) is defined for any z€ C* by
mo(z)w = v, (4.8)
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where v =17,0f/0n and f is the unique solution, in %;(Qz), of —Af +qf —zf =0, subject to the
boundary condition y; f = w.

As previously, one may construct the solution f explicitly, through the use of an appropriate
extension operator F : H'(S;) — 2;(Q). Let Q:ylEEO) and F:Ego)Q_1 as in Remark 2 of Section
2. F is bounded from H'(S)) to 2;(Q) and satisfies y, Fw=w for all w € H'(S)). For fixed w € H'(S})
we set g=Fw, h=—Ag+qg—zg and f=—(Tp, —z) 'h+g, where Tp, = —A +q in L*(Q), with
Dirichlet boundary condition on Sj.

Noting that ,0/0n(Tp, —z)~" is bounded from L*(Q) to L?(S;) and that y,0/0nF =, a/anE§°)Q—1:
O~ ! is bounded from H'(S)) to L?(S;) (see Lemma 1), we find that m(z) is bounded from H'(S;)
to L?(S;) (though unbounded as an operator in L?(S;)). Similar estimates for other versions of the
Steklov—Poincaré operator as a mapping from H' to L? spaces can be found in the literature; see
for example [16, Chapter 4]. Also, setting v = y,0/0nf, we see, by comparing with Definition 3,
that My(z)v = w. Hence my(z) = —[My(z)]~', and the range of My(z) is the entire space H'(S)).

To derive an identity for mo(z), we can follow the proof of Theorem 1 up to Eq. (3.13), with
T4 replaced by Tp, and Q replaced by ©, to obtain

0 o
(b, /o= <V1 7,0 = %) lfJ,W> (4.9)
n s,
for arbitrary w € L*(S;). So the mapping from w to f is the adjoint of the map y,0/0n(Tp, — )",
which is bounded from L?(Q) to L*(S;). Since my(z)w = 7,0 f/0n, we now have

0 0 "
mo() = 5 [”/1 —(Tp, —2) 1} , (4.10)

which we write formally as
0 _ o\
mo(z) = (Vl 6n> (Tp, —z) : (“/1 an> .

5. 91(z) operator associated to a Schrodinger operator in L2(R?)

In Section 4, we considered the definition and some of the main properties of M(z) operators for
the exterior unbounded region Q. In particular we have defined, for z € C*, the operator My(z) :
L*(S;) — L*(S;) with Neumann boundary condition at the surface ).

The same ideas and methods can be applied to the theory of M operators for the interior bounded
region Qp = {x : |x| < 1}. Here we define 2;(£2y) to be the set of functions g: €y — C such that
g, Ag belong to L*(€y), with Ag defined in the sense of distributions, and both g and dg/0n have
L? boundary values on S;. We shall denote by Z;(R>\ ;) the set of functions g:R*\ S; — C,
such that the restriction of g to 2y belongs to Z;(£2y) and the restriction of g to 2 belongs to
2,(Q). For functions g € 2;(R3\ S;) we distinguish between the boundary values 7{ g, 77 0g/0n with
g considered as an element of Z;(€) and the boundary values y, g, y; 0g/0n with g considered as
an element of %;(Qy). Note that dg/0n is always a derivative in the direction of increasing radial
coordinate. We suppose that g(x) is bounded for x € €.
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The operator M{™(z) (M operator for the interior region €, with Neumann condition on S;) is
defined for z € C" as the mapping from y,0//0n to y; f for solutions f in Z,(Qy) of —Af +qf —
zf =0. (Note that in contrast to the definition of My(z), we map y,0f/0n to y; f rather than —y, f;
this ensures that M{™(z) will have strictly positive imaginary part.) Previous arguments can easily
be adapted to show that M{"(z) is a compact operator from L?(S;) to L*(S)), with range equal to
H'(S)).

We seek to combine algebraically the operators Mi™(z) and My(z) to construct an M operator for
the entire space R3. To do so, we make use of the following lemmas.

Lemma 9. Suppose g € Z1(R3\S}) is such that y[ g=y g and y; dg/dn=y] dg/dn. Then g € 2,(R*) =
H?*(R?).

Proof. We must show that Ag € L?>(R?), where Ag is interpreted as a distributional derivative, with
test functions from C3°(R*). For 0 < & < 1, we denote by &, the region %, ={x : [x| < 1 —¢e}U{x :
x| > 14-¢}. For arbitrary ¢ € C5°(R?), integrate over ., the identity V-(¢Vg—gVP)=pAg—gAg,
and apply the divergence theorem to give

| (gg_ga;’) s | <gg_gaa¢> s

From the assumptions regarding the L? boundary values of g and 0g/0n and the fact that ¢ is a
C®° function, it follows that the two boundary integrals, over spheres of radius 1 + ¢ and 1 —
respectively, cancel in the limit ¢ — +0. Hence, on taking this limit, we have [(A¢,g)| < const||q§||
where now both inner product and norm are in Z?(R?). This shows that Ag € L*(R3). O

Lemma 10. Suppose q(x) is bounded for x € R*, and let z € C*. Then, given arbitrary v € L*(S)),
there exists a unique function f in 21(R®\ Sy) satisfying

—Af4+qf—zf=0 in QUQ (5.1)

together with the conditions 7| f =~ f and y{0f/on — 73 f/on=v.

Proof. Let T be the self-adjoint Schrodinger operator —A +¢ in L*(R?). Recall that D(T)=H?*(R?).
The uniqueness of the function f in the Lemma is easily verified, since by Lemma 9 the dif-
ference between any two distinct solutions for f would belong to H?*(R*) and hence would be an
eigenfunction of 7 with complex eigenvalue.
To prove the existence of a solution for f, we construct an extension operator E:L*(S;) —
21(R*\ S)) having the properties that, for arbitrary v € L*(S)),

_ 0 _ 0
7] Ev =y Ev, (ﬁ 3, " ﬁn) Ev=v. (5.2)
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Explicitly, we can take £ as in the definition of EEO) (see Lemma 1 and Egs. (2.6), (2.7)), with Eq.
(2.8) now replaced by

. ,1(r)r/+l

for r <1
2011 >

/(0)(7") = },I(r)jf/ (53)
— for r > 1

and where n: R — R is a function of class Cj° satisfying #(y) =0 in a neighbourhood of y =0
and #(y) =1 in a neighbourhood of y = 1.

Note that £ is bounded from L?(S;) to 2;(R?\ S}), where in the image space we use the norm
. Moreover O = ﬁEE is bounded from L?*(S;) to H'(S)), and hence
compact as mapping from L*(S;) to L*(S)).

The function f to satisfy Lemma 10 is now given by f = —(T —z)"'h + g, with g = Ev and
h=—-Ag+qg—zg. U

Definition 5. For z € C*, the operator 9(z): L*(S)) — L*(S;) is defined by
M(z)v = —w, (5.4)

where w =7 f and f is the unique solution, in Z,(R*\ S}), of —Af 4+ ¢f —zf =0 subject to the
conditions

_ d 9
Wf=nf VT% -7 Iy (5.5)

The following theorem provides an explicit expression for 9i(z).

Theorem 4. Suppose q(x) is bounded for x € R, and take z € C*. Then

M) =nly(T -2 (=T —2)""9)). (5.6)

M(z) is bounded for fixed z € C*, with strictly positive imaginary part, and is analytic in z (in
operator norm). 9(z) is given, in terms of the interior and exterior M operators, by

M(z) = [(Mo(2))™" + (M™(2))"'17" = ~[mo(z) + mg" ()]~ (5.7)

Proof. Let .%, be as in the proof of Lemma 9. Take h € L>(R?) arbitrary, and let J be as prescribed
by Definition 5. With €= (7 —2)~'h, we may integrate over .%, the identity V- (EVf — fVE)= fh
and take the limit ¢ — 40. On using the boundary conditions for f at the surface S, this leads to
the result

<b’f>R3:< P f> <V1 t rwels f> <V1{3a3’1+%£>s1 +<V1?,?1 Z>Sl

- —<’))1(T _Z-)i h=U>Sl'

Hence the mapping from v to —f is the adjoint of (T —Z)~!. Since 9(z) maps from v to —y?—Lf,
Eq. (5.6) follows. The remaining properties of $(z) are proved as in previous sections.
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Note that a function w € L*(S;) will belong to the range of M(z) if and only if w is in the
intersection of the respective ranges of M{"(z) and My(z). Hence range 90(z) = H'(S;), which is
also the domain of (My(z))™" + (M{™(z))~".

With f as above we have

0
(M=) M = (Mol £ =77 L
int —1 int -1, — — af
(M @)Y "M =~ (M) = 7 o
Hence
[(Mo(2) ™" + M I = GF —97) L =0

on
and we have verified Eq. (5.7). O

Corollary. For each z€ C*, 9(z) maps L*(S;) onto H'(S)), and is a compact map from L*(S))
into L*(S)).

Proof. Define an operator m(z), the inverse of 9M(z), which sends yli f to y;0f/0n—y{0f/dn for
solutions in Z;(R*\ Sy) of —Af +qf —zf =0 satisfying 7 f =7, f. We can then follow similar
arguments as for mg(z), using an extension operator EQ; ! instead of E%O)Q_1 and replacing the
Dirichlet resolvent for the exterior region by a direct sum (4 —z)~! of Dirichlet resolvents for the
interior and exterior regions, respectively. As for m(z), one can prove that m(z) maps from H'(S;)
onto L(S;), and the results of the corollary follow as before. [

The operator m(z) is given formally by the expression

d 01"
m(z) = (y] — D F C z)”! {(ﬁ - V?)an} - (5.8)
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