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2Dipartimento di Scienze Fisiche, Informatiche e Matematiche,

University of Modena and Reggio Emilia, IT-41125 Modena, Italy
3Centro S3, CNR-NANO Istituto Nanoscienze, IT-41125, Modena, Italy

4Materials Science Division, Argonne National Laboratory, Lemont, Illinois 60439, USA
5Department of Physics, University of Chicago, Chicago, Illinois 60637, USA

6Department of Quantum Matter Physics, University of Geneva, CH-1211 Geneva, Switzerland
(Dated: September 24, 2024)

Superconductivity in few-layer semiconducting transition metal dichalcogenides (TMDs) can be
induced by field-effect doping through ionic-liquid gating. While several experimental observations
have been collected over the years, a fully-consistent theoretical picture is still missing. Here we
develop a realistic framework that combines the predictive power of first-principles simulations with
the versatility and insight of Bardeen-Cooper-Schrieffer gap equations to rationalize such experi-
ments. The multi-valley nature of semiconducting TMDs is taken into account, together with the
doping- and momentum-dependent electron-phonon and Coulomb interactions. Consistently with
experiments, we find that superconductivity occurs when the electron density is large enough that
the Q valleys get occupied, as a result of a large enhancement of electron-phonon interactions.
Despite being phonon-driven, the superconducting state is predicted to be sensitive to Coulomb
interactions, which can lead to the appearance of a relative sign difference between valleys and thus
to a s+− character. We discuss qualitatively how such scenario may account for many of the ob-
served physical phenomena for which no microscopic explanation has been found so far, including in
particular the presence of a large subgap density of states, and the sample-dependent dome-shaped
dependence of Tc on accumulated electron density. Our results provide a comprehensive analysis of
gate-induced superconductivity in semiconducting TMDs, and introduce an approach that will likely
be valuable for other multivalley electronic systems, in which superconductivity occurs at relatively
low electron density.

I. INTRODUCTION

Gate-induced superconductivity at the surface of semi-
conducting transition metal dichalchogenides (TMDs)
has been discovered 10 years ago, in pioneering experi-
ments on ionic gated transistors based on exfoliated MoS2
crystals [1, 2]. Subsequent work [3–6] showed that su-
perconductivity occurs in the majority of the commonly
studied semiconducting TMDs (WS2, MoSe2), starting
at different, but comparable, values of accumulated elec-
tron density. The maximum critical temperature in the
different compounds is also comparable, and reaches up
to Tc ≃ 11 K in MoS2 at 1014 electrons/cm−2 [1, 7]. The
occurrence of gate-induced superconductivity in semicon-
ducting TMDs is therefore a robust phenomenon, that
manifests itself in a similar way in the majority of com-
pounds in this class [8], including atomically thin sam-
ples [6, 7, 9–11]. Despite its experimental robustness, the
nature of the gate-induced superconducting state remains
currently unknown.

A number of facts have been established experimen-
tally. The in-plane critical magnetic field, for instance,
significantly exceeds the Pauli limit [5, 12], a consequence
of the very strong spin-orbit interaction present in semi-
conducting TMDs [13–15] that causes the spin of the elec-
trons forming Cooper pairs to point in the direction nor-
mal to the layers. This implies that superconductivity
is of the Ising type [16], and that electron pairs have to
form in a superposition of singlet and triplet states. It has

also been established that the onset of the gate-induced
superconducting state coincides with the filling of elec-
tronic states in the Q-valleys [17, 18]. Interestingly, in
thick layers of common semiconducting TMDs, the con-
duction band edge at the Q-point is located at an energy
lower than that of the band-edge at the K-point [19, 20],
but in transistor devices the large perpendicular electric
field that accompanies electron accumulation deforms the
conduction band. This deformation causes the band-edge
at the K-point to be shifted to lower energy than that at
the Q-point already at rather low electron density (typ-
ically, lower than ≃ 1013 cm−2), and experiments [17]
correlating the evolution of normal state transport with
the occurrence of superconductivity indicate that gate-
induced superconductivity first occurs when both the K-
and Q-valley are populated (note that intercalated MoS2
bilayer devices show superconductivity of different na-
ture already at lower density, with only the K/K’ and
valley occupied). It has also been concluded from gate-
dependent Raman spectroscopy experiments [21] that a
very large enhancement of the electron-phonon coupling
strength takes place in transistors of all the investigated
semiconducting TMDs when the Q-valley starts to be
populated by electrons. Experiments therefore strongly
suggest that the transition to the gate-induced supercon-
ducting state is driven by electron-phonon coupling.

Additional experiments providing useful indications –
albeit with less clear-cut microscopic implications– have
also been reported. For instance, the critical tempera-
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ture of the gate-induced superconducting state appears
to exhibit a dome-like shape as a function of accumulated
electron density n, reaching a maximum at an optimal
value of n, before decreasing for larger electron accumu-
lation. Details, however, seem to depend on the material
and on the specific experiment reported. In some cases
the “dome” is unambiguously present (e.g., in MoS2 [1])
whereas in others it is less pronounced, i.e., it is less clear
whether Tc actually decreases or just tends to saturate
(e.g., for the highest mobility WS2 monolayers [6, 11]).
Systematic tunnelling conductance measurements have
been performed on MoS2 transistors and have shown a
large sub-gap density of states, with the zero-bias tunnel-
ing conductance scaling linearly with temperature down
to T ≪ Tc [22]. Such a behavior is incompatible with the
presence of a fully gapped superconducting state, and
suggests that gate-induced superconductivity has uncon-
ventional character. Whether this behavior is common
to all TMDs is however not yet established, as controlled
tunneling conductance measurements have so far been
performed exclusively on MoS2.

Our goal here is to investigate theoretically the nature
of the superconducting state by combining first princi-
ples calculations with Bardeen-Cooper-Schrieffer (BCS)
theory [23], to rationalize the experimental observations.
Semiconducting TMDs are particularly well-suited to im-
plement such a strategy, because a large body of work has
already been done to analyze their normal state prop-
erties in terms of ab-initio calculations [24–27], and to
compare results to experiments [28, 29]. This past work
has established that all important aspects of the low-
energy band structure of common semiconducting TMDs,
its dependence on perpendicular electric field, and details
of the electron-phonon and Coulomb interactions in the
presence of accumulated electron density are correctly
captured by first principles calculations, with an overall
excellent quantitative agreement. It should therefore be
expected that ab-initio simulations also allow capturing
the key ingredients needed to describe the gate-induced
superconducting state, namely the multivalley structure
of these materials, the strong and strongly momentum
dependent electron-phonon interaction, and Coulomb re-
pulsion.

Taking into account these ingredients at a sufficient
level of detail is important because most earlier attempts
to describe gate-induced superconductivity in semicon-
ducting TMDs were based on too drastic approxima-
tions. Examples include early work that largely over-
estimated Tc by only considering the effect of electron-
phonon interaction [30, 31], or phenomenological models
that included exclusively Coulomb repulsion to analyze
the possible occurrence of unconventional superconduc-
tivity [32, 33]. Typically, this early work only consid-
ered states in the K and K’ valley, which –as we now
understand– is not appropriate to explain experimental
results. Over the years, more refined models–even gen-
eralized to hole-doping [34, 35]–have been introduced,
for instance including spin and density fluctuations [36],

employing quantum Monte Carlo [37] or using a valley-
dependent µ-parameter to include Coulomb repulsion ef-
fects [38], but still with limited agreement with exper-
iments. Very recently, a first-principles approach [39]
based on a momentum resolved Migdal-Eliashberg the-
ory [40, 41] and including anharmonic effects [42] has
been applied to the case of TMDs [43], but with a treat-
ment of Coulomb repulsion that misses the crucial role
of non-local interactions in 2D [44] and multivalley ef-
fects [45].

Focusing on monolayers, we formulate a realistic model
of multi-valley effects within the simplest BCS ap-
proach, by employing ab-initio techniques to analyze the
momentum-resolved electron-phonon and Coulomb inter-
action as a function of accumulated electron density. The
results of this analysis are used to determine the interac-
tion coupling constants for intra-valley and inter-valley
processes responsible for electron pairing, which are sub-
sequently included in the BCS equation for the critical
temperature. Such an approach represents a sensible ap-
proximation at the electron densities reached by elec-
trostatic gating, which are much smaller than those of
common metallic superconductors (and which therefore
result in relatively small Fermi surfaces). It is particu-
larly effective, as it allows important physical effects to
be captured while keeping the formalism simple, which
greatly facilitates their interpretation.

We find that the superconducting transition is driven
by the large enhancement of the electron-phonon interac-
tion strength that occurs when the Q-valleys start to be
populated, in agreement with both existing Raman spec-
troscopy experiments [21] (which directly probe electron-
phonon interaction) and Tc measurements [1–7, 17] (the
value of Tc that we obtain are comparable to the experi-
mental ones). We further find that –even though super-
conductivity is driven by electron-phonon interaction–
Coulomb repulsion can profoundly affect the nature of
the superconducting state, as it can cause a sign change
in some of the intervalley interaction coupling constants.
When that happens, the relative sign of the order param-
eter in different valleys become opposite and the super-
conducting state acquires an s+− character. Our model
therefore supports an unusual scenario, in which s+− su-
perconductivity occurs despite the dominant interaction
driving superconductivity being electron-phonon attrac-
tion. We discuss qualitatively how –in actual devices–
such scenario may account for some of the observed phys-
ical phenomena for which no microscopic explanation has
been found so far, such as the presence of a large sub-
gap density of states, and the sample-dependent dome-
shaped dependence of Tc on accumulated electron den-
sity.

The paper is structured as follows. In Sec. II we first
introduce the key quantities and ingredients entering the
theoretical model and their evaluation from first prin-
ciples. The model predictions concerning gate-induced
multivalley superconductivity in semiconducting TMD
monolayers are then presented in Sec. III. Finally, in
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Sec. IV we summarize the main findings and discuss their
implications towards the interpretation of existing exper-
iments.

II. MODEL

This work focuses on semiconducting TMD single lay-
ers. In this section, we first describe the rich electronic
structure of those monolayers and then propose a BCS-
like model for superconductivity adapted to their mul-
tivalley character. This model is able to capture how
the interplay between electron-phonon attraction and
Coulomb repulsion determines the pairing within and be-
tween valleys. It is then reported how those two compet-
ing interactions are computed from first-principles sim-
ulations, as a function of momentum and doping (i.e.
Fermi level).

A. Multivalley structure of TMDs

Semiconducting TMD monolayers display a rich elec-
tronic structure, with multiple valleys [27] and a distinct
spin texture [14, 46], both in the valence and in the con-
duction bands. In the following we shall consider mainly
electron doping, and we thus focus on the lowest conduc-
tion states that are occupied by electrons upon gating.
In Fig. 1 we show the corresponding bottoms of the con-
duction bands across the hexagonal Brillouin zone (BZ),
as computed in the case of WS2 by density-functional-
theory (DFT) simulations (see Sec. VI for more details).
Multiple valleys are present, whose structure is further
enriched by a sizable spin-orbit coupling that, combined
with the lack of inversion symmetry, gives rise to a net
spin splitting. The spin polarization is essentially orthog-
onal to the layers, with spin up and spin down states rep-
resented respectively in blue and red in Fig. 1. Although
results are illustrated with the specific case of WS2, the
valley and spin structure is quite general and applies to
all the TMDs considered here (MoS2, MoSe2, WS2, and
WSe2), with only the quantitative details for the energy
separation between different valleys and different spins
varying [19, 26].

The lowest energy conduction states are located
around two high-symmetry points at the opposite BZ ver-
tices, typically denoted as K and K’, giving rise to two
inquivalent valleys (the other BZ vertices being equiva-
lent by a reciprocal lattice vector translation). The spin
splitting in these valleys is small and opposite at K and
K’ because of time-reversal symmetry. At K/K’, the
splitting has different signs for W-based and Mo-based
TMDs, but spin-split bands cross in Mo-TMDs relatively
close to the band edge because they have different effec-
tive masses, resulting in the same spin ordering of the
bands sufficiently far from the BZ vertices in the energy
range relevant for this study. Additional valleys appear
higher in energy, approximately located midway between

K

K’

Q

Q’

FIG. 1. Spin and valley structure of WS2. Opposite spins
are projected on opposite sides of the valleys. We assume
independent spin channels and consider only one spin (blue)
in the model. We group the 3 Q (or Q’) valleys that are
degenerate in energy. Note that only two non-equivalent K
points are represented, such that all states of the first BZ are
represented once and only once.

the BZ vertices and the BZ center Γ, around six inequiv-
alent k-points typically denoted with the letter Q (or less
frequently Λ). For these valleys the spin splitting is much
larger and alternates in sign in a way that is consistent
with the three-fold symmetry and time-reversal invari-
ance. Overall, we thus have four distinct band edges,
corresponding to the K and Q points for the two spin po-
larizations, giving rise to a total of 16 pockets, as shown
in Fig. 1: 4 = 2×2 arising from spin-up and down states
around K and K’ and 12 = 2×6 associated with opposite
spins at the six Q valleys.

Given that Coulomb interaction does not flip spin and
spin-conserving electron-phonon interactions are much
stronger than the spin-flipping ones even in the presence
of spin-orbit coupling in TMDs [47], the spins of individ-
ual electrons comprising Cooper pairs are assumed to be
conserved during scattering. The spin-orbit interaction
in these materials is of Ising type, with an out-of-plane
spin-quantization axis. Opposite spin pairing is expected
to be favored energetically due to the time-reversal sym-
metry, which ensures that there is an equal energy part-
ner with an opposite spin and momentum available for
each electron (Note that this pairing is neither singlet
nor triplet, but rather a linear combination of them [48].
In this context, spin-up and spin-down channels can be
considered to be equivalent and independent. In the fol-
lowing we shall therefore focus on a single channel and
we identify Cooper pairs by just one of the partners, that
we take to be spin up, i.e. we consider the blue valleys in
Fig. 1.

For what concerns the BZ corners, we thus have a val-
ley at K and one at K’, with the same spin but different
energies. The six Q valleys with spin up can be separated
into two groups that lie at different energies, as shown in
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Fig. 1. The valleys within each group are related by the
three-fold rotation symmetry, which enforces their degen-
eracy. In the following we shall consider superconducting
solutions where this rotation symmetry is preserved, so
it is convenient to pool together valleys within a given
group into a single set. The lowest three valleys, which
form a triangle that points towards the K’ point, will
be called Q, while the upper three, pointing towards the
K point, will be denoted Q’ (the choice of prime nota-
tion will become clear when discussing electron-phonon
interactions). The superconducting gap equations will be
written assuming that the electronic states belong to one
of these four valleys: K, K’, Q, and Q’.

The relevance of these four valleys depends on the dop-
ing level, which can be efficiently tuned in semiconduct-
ing TMDs using electrostatic gating [18, 49–51]. Mimick-
ing experiments, the doping density (and Fermi energy)
will thus be the main external parameter that we tune
in our simulations. At low doping, only the K/K’ valleys
are occupied. With increasing density also the Q valleys
start to get populated. The precise value for the onset of
Q occupation with density does not affect qualitatively
the present analysis and we do not claim to be predictive
as this onset depends on the energy difference between
the K and Q valleys, which is not known precisely at a
quantitative level [52] (large variations in the values are
reported in both experiments and DFT simulations). At
even larger density, the Q’ valleys could also be occu-
pied. However, the energy difference between Q and Q’
is generally large and it is unlikely that electrons visit the
Q’ valleys in existing experiments, i.e., it is unlikely that
the Q’ valley can be populated at the maximum density
accumulated by ionic gating. Q’ states are nevertheless
kept in the model for completeness.

B. Basic aspects of multiband SC and microscopic
interactions

We now describe our approach to modeling supercon-
ductivity. The Ising spin-orbit interaction guarantees
that for every electron with momentum-spin (k, σ) there
is also an electron with the same energy at (−k,−σ).
These electrons can form zero-momentum Cooper pairs
via a weak coupling instability, in a way directly anal-
ogous to the standard BSC superconductivity. What
makes the situation nonstandard in TMDs is that there
are multiple Fermi surfaces–controlled by the doping level
selected by the voltage applied to the ionic gate–such
that the superconducting order parameter may vary both
within each one of them and even more among them.
Given that these Fermi surfaces are rather small relative
to the Brillouin zone size, we can use a simplified descrip-
tion where each Fermi pocket has a unique value of the
order parameter, ∆v (v is the valley index).
Different ∆v are connected to each other by the self-

consistent BCS gap equations. These equations gener-
alize the standard BCS equations for a single band [53]

and have the form [45, 54]

∆v = Mvw∆w. (1)

In general, the matrix M depends both on tempera-
ture and the order parameters ∆v themselves, M =
M(T,∆v). Setting temperature to zero leads to a non-
linear system of equations for the order parameter in
the ground state; setting ∆v to zero in M yields a lin-
earized equation in the order parameters that allows
to compute the superconducting transition temperature,
det[M(Tc)− 11] = 0.
Graphically, the matrix M can be represented as de-

picted in Fig. 2. Individual coupling matrix elements in-

FIG. 2. Multivalley superconductivity is modeled via a ma-
trix containing the average interactions between electrons in
different valleys.

clude, for a pair of valleys vw, the competition between
phonon-mediated attraction (Gvw) and Coulomb repul-
sion (Cvw).

Mvw = ln

[
ωeff
vw

kbTc

](
Gvw − Cvw

)
Gvw =

〈∑
k′∈w

∑
ν

g2kk′,ν

ωq,ν
δ(ε′ − εF )

〉
k∈v

(2)

Cvw = α×

〈∑
k′∈w

V (q = |k′ − k|)δ(ε′ − εF )

〉
k∈v

with v, w ∈ {K,K ′, Q,Q′}. Mvw represents an average
matrix element for a Cooper pair scattering between val-
leys v and w, all near the Fermi level εF . A constituent
electron of momentum k and energy ε scatters to state
k′ = k + q (ε′) either via phonons or Coulomb interac-
tion. ⟨f(k)⟩k∈v stands for the average of f over k mo-
menta in v at εF . However, very minimal dependence on
the choice of k ∈ v was found, as shown in methods, due
to the fairly small Fermi surfaces. In practice, one refer-
ence state k ∈ v is picked from the ε = εF iso-energetic
line. The matrix M is computed for each material at
various carrier concentrations by evaluating from first-
principles the phonon and the Coulomb components of
M as described in the Sect. II C and IID. In particular,
we compute the electron-phonon matrix element gkk′,ν ,
which describes the coupling between a phonon of mode ν
at momentum q and frequency ωq,ν with two electronic
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states at k and k′ = k + q. To account for Coulomb
scattering, we compute the screened Coulomb potential
within the isotropic approximation,

V (q) =
2πe2

qϵ(q)
, (3)

where q = |q| and ϵ(q) is the dielectric function in the
static approximation. It includes screening by itinerant
electrons (See Sect. IID for details), and offsets the at-
tractive interaction provided by phonons. Within the
BCS treatment, it thus comes in with the same energy
range of integration and therefore the same logarithmic
prefactor as the attraction G.
There is a possibility of a more accurate Eliashberg-

type treatment [41] that allows for fully frequency depen-
dent order parameter, up to the electronic band-width
frequencies, which can be adapted to a first-principles ap-
proach [39, 55]. In that case, the bare Coulomb interac-
tion is taken as unscreened and the screening is generated
automatically in the course of solving the frequency de-
pended Eliashberg equations for the normal and anoma-
lous Greens functions and self-energies [56]. Our ap-
proach is more qualitative and simple: we assume that
the dominant pairing is due to phonons, which defines
the relevant frequency window around the Fermi level,
while the Coulomb interaction is taken as electronically
screened. For the latter we take advantage of the first
principles methods as well; this allows us to be material-
specific not only as far as the electron phonon interaction
is concerned, but also for the Coulomb (pseudo)potential.
The limitation of our approach is that is only justifiable
if phonon-mediated attraction is the dominant pairing
mechanism.

To uncover the role of Coulomb interaction, we intro-
duce a scaling factor α. It allows us to gradually turn on
the Coulomb repulsion and explore how the nature of su-
perconductivity changes with the interaction strength. In
practice, the scaling factor α can approximately capture
the dependence of Coulomb on the dielectric properties
of the surrounding substrate/ionic liquid.

Each Mvw has its own effective phonon (“Debye”) fre-
quency under the logarithm, which corresponds to the
energy of the typical phonons at the momenta involved
in the inter- or intra-valley transitions. In practice we
average over the phonon frequencies weighted by their
coupling to the electrons:

ωeff
vw =

∑
k′∈w,k∈v

∑
ν

∫ g2
kk′,ν
ω ω δ(ε′ − εF )∑

k′∈w,k∈v

∑
ν

∫ g2
kk′,ν
ω δ(ε′ − εF )

(4)

The superconducting transition is signaled by the ap-
pearance of a non-zero solution in the linearized (i.e.
∆ → 0) system of equations; it corresponds to the tem-
perature for which the matrix M develops a unit eigen-
value. The corresponding eigenvector represents the rela-
tive signs and sizes of the order parameter in the different
valleys. For a purely attractive interaction, by Perron-
Frobenius theorem, all components ∆v of the eigenvector

with the largest eigenvalue have the same sign. This cor-
responds to the standard s-wave state, adjusted for the
fact that there is Ising spin orbit coupling. However, the
elements of M can change sign for some valley pairs if the
Coulomb repulsion exceeds the phonon-mediated attrac-
tion. In this case, the largest eigenvalue (the highest tran-
sition temperature) can have an eigenvector with both
positive and negative elements, implying an order pa-
rameter that has different signs on different Fermi sheets.
This would indicate the formation of a s± state.
The added value of the approach described above is

that it provides a good compromise between complexity
and accuracy. Electron-phonon interactions are highly
dependent on both the magnitudes and the relative an-
gles between momenta. In relatively crude estimations of
superconducting properties, these interactions are aver-
aged over all Fermi surfaces and combined into a single
λ parameter [9, 30, 57]. The absence of valley resolu-
tion then limits the physical insight into the multival-
ley aspect of the coupling mechanisms. In more sophis-
ticated estimations, the full momentum dependency is
retained within the Eliashberg framework [43] (see also
[58, 59] in other families of TMDs). While quantita-
tively more complete, the size and complexity of the
resulting momentum-dependent order parameter makes
it difficult to draw qualitative conclusions. Also, the
role of different phonons can become obscured. Here,
we retain only the principal momentum structure of the
couplings in the superconducting problem by averaging
over valleys. This level of coarse-graining is found to
be simple enough to provide physical insight, and de-
tailed enough to understand the underlying multivalley
mechanisms. Furthermore, we have the full momentum
and energy dependence of the couplings and can iden-
tify the phonons leading to dominant couplings within
a given valley pair. Concerning the Coulomb repulsion,
most works simply use a constant parameter [31, 57], µ.
This is not satisfactory, as already demonstrated by ear-
lier works that do account for the variation of µ between
intra- and inter-valley processes [38]. Recognizing the im-
portance of the momentum dependence of interactions,
here we treat the Coulomb repulsion on the same footing
as phonon-mediated attraction, defining a momentum-
dependent interaction and summing it on the Fermi sur-
face.

C. Phonon-mediated attraction

The quantities needed to estimate the phonon-
mediated attraction Gvw from first-principles are the val-
ues of the squared electron-phonon coupling divided by
the phonon frequency, g2kk′,ν/ωq,ν , at the Fermi level and
between states in valleys v and w. As we have recently
shown [21, 52], and will confirm in this section, the im-
portant feature of electron-phonon interactions in TMDs
is the activation of strong intervalley KQ and intravalley
KK couplings when carrier density is increased enough
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FIG. 3. Electron-phonon interactions between states at the Fermi level for MoS2 at a high electron doping of n = 2 1014 cm−2.
a0 is the Bohr radius. An initial state ki (black star) is picked in one of the 4 valleys and the strength of the phonon-mediated
interaction

∑
ν g

2
ki,kf

/ωkf−ki,ν is computed for final states kf = ki + q at the Fermi level. Here the Fermi level crosses all 4
valleys, but at lower doping that might not be the case.

to occupy the Q states.

Here we consider the case of high doping, when the
Fermi level crosses all valleys such that all scattering
transitions are present. The values of g2kk′,ν/ωq,ν be-
tween states at the Fermi level are shown in Fig. 3 for
MoS2, although similar results are obtained for all other
TMDs. Differently from what is typically done in the lit-
erature, this is computed by including doping explicitly.
This is achieved by performing density functional theory
simulations (DFPT) in a field-effect set up that allows for
doping [60] and constructing a model that takes into ac-
count the unusual dependency of screening on the valley
occupations [21, 52], as detailed in Methods.

To identify the most relevant couplings, Fig. 3 shows∑
ν g

2
ki,kf

/ωkf−ki,ν for initial states ki in the different

valleys as a function of the possible final states kf on the
Fermi surface. For an initial state in K (main panel), in-
travalley KK and intervalley KQ couplings are stronger
than KK’ or KQ’ by nearly an order of magnitude. More-
over, the couplings are rather uniform when considering
final states within a given valley, which justifies the ap-
proximation of dealing with valley-averaged quantities on
the Fermi surface.

The other smaller panels in Fig. 3 show the same quan-
tity but for initial states in different valleys. This high-
lights the symmetry in the pairs of strongly coupled val-
leys. While the main panel showed that states in K
mostly couple to the K and Q valleys, we can now see
that states in K’ mostly couple to the K’ and Q’ valleys.
Inversely, states in Q (Q’) are mainly coupled to K (K’).
We can now rationalize the prime notation as a pairing of
strongly phonon-coupled valleys (Q with K and Q’ with
K’). QQ’ (and Q’Q) couplings are also strong in the case
of MoS2. However, the carrier density necessary to reach

the Q’ valley is not likely to be achieved experimentally.
The most relevant result is thus the predominance of in-
travalley (KK and K’K’) and intervalley (KQ and K’Q’)
couplings with respect to intervalley KK’.

The origin of the strong intravalley KK and K’K’ cou-
plings is the A1 optical phonon mode, corresponding to a
breathing mode involving the out-of-plane movement of
the chalcogens. As shown in [21, 52], the strong electron-
phonon coupling of this mode is not screened by free
carriers in the conduction band when the Fermi level is
above the Q valley.

The origin of the strong KQ (and K’Q’) coupling is a
particularly large interaction with the zone border lon-
gitudinal acoustic phonon around the q = M point.
This applies to all the TMDs studied here. This mode
is characterized by in-plane displacements of the tran-
sition metal combined with out-of-plane displacements
of the chalcogens (see, e.g. phonon visualizer in [61]).
This seems to maximize the variations in the angle of
the bonds between transition metal (Mo, W) and chalco-
gens (S, Se). The K and Q valleys correspond to out-
of-plane and in-plane orbitals [62], respectively. Strong
variations of the bond angle are consistent with strong
coupling between in- and out-of-plane orbitals, and tran-
sitions between K and Q valleys.

This strong coupling comes with a doping-dependent
softening of the LA phonon at q = M that is not in-
cluded in the above results. More precisely, the softening
starts when Q is occupied, then gradually increases with
doping [43]. The softening is difficult to evaluate accu-
rately for different temperatures and dopings, especially
due to anharmonic effects [43]. Here, this softening will
be approximately included by applying a uniform 30%
reduction to the corresponding phonon frequency. This
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corresponds to the result of the anharmonic calculations
in Ref. [43] for MoS2 at n ∼ 1014 cm−2 where supercon-
ductivity is typically found. This only impacts our results
when Q is occupied, and we note that the softening could
very well be more pronounced at higher dopings.

Fig. 3 shows electron-phonon couplings at a high elec-
tron doping of n = 2 × 1014 cm−2. For completeness, it
is useful to describe the low doping case, when the Q and
Q’ valleys are not yet crossed by the Fermi level. In that
situation, the only relevant couplings involve the K and
K’ valleys. Comparing with their respective high dop-
ing values, the KK’ coupling is similar whereas the KK
coupling is significantly weaker. In fact, KK and KK’
couplings are comparable at low doping. A more quan-
titative study of doping dependence is performed in Sec.
IIIA.

The data showed in Fig. 3 can be collected to recon-
struct the matrix elements Gvw upon averaging over the
initial states in valley v and summing over final states
in valley w, Eq. (2). In practice, as already mentioned,
the limited variation with initial state within a valley
(see also Fig. 8) makes the averaging procedure not nec-
essary, in favor of taking just one representative initial
state. On the other hand, the sum over final states at
the Fermi level is indeed performed. We use a triangular
integration technique [63] rather than replacing the Dirac
deltas δ(ε′ − εF ) by some finite-width distribution which
would imply the need for convergence studies.

D. Coulomb repulsion

The main ingredient to obtain the Coulomb repulsion
contribution Cvw from first principles is the screened
Coulomb interaction V (q) between states at the Fermi
level in valleys v and w. We compute this quantity as
a function of the momentum transfer between an initial
and a final state, q = |kf − ki|, as in Eq. (3), that is as
the bare Coulomb potential divided by the macroscopic
static dielectric function ϵ(q) of the doped TMD. The lat-
ter is obtained within the random-phase approximation
(RPA), assuming the independent particle susceptibility
to be the sum of contributions from the neutral material
and from the extra free carriers [52]. Concerning the lat-
ter contribution, we are mostly interested in the metallic
screening effects when q is small enough to correspond to
intravalley transitions. At large momenta, we assume the
dielectric function to be dominated by interband transi-
tions, i.e. those that make up the dielectric function of
the neutral material. Those assumptions are reflected
in the choice of a simple complementary error function
to model the wavefunction overlaps in the calculation of
the free carriers contribution, see App. VIB 2. Further-
more, we assume an isotropic dielectric function. Since
the Fermi surfaces of all valleys are roughly isotropic,
this is a good approximation for small momenta corre-
sponding to intravalley transitions. It is also a good
approximation at larger momenta where the interband

contributions are assumed to be dominant.
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FIG. 4. Momentum and doping dependency of the static,
screened Coulomb interaction in electron-doped MoS2. a0 is
the Bohr radius. The color bar shows the Fermi level, with
the bottom of the K’ valleys as a reference. The position of
the valleys are indicated.

Fig. 4 shows results for the static screened Coulomb
interaction V (q) for different Fermi levels, i.e. different
doping concentrations. Intra- and intervalley processes
are characterized by a very different momentum depen-
dence. At small q, relevant for intravalley scattering, and
in particular for q < 2kF –with kF being the Fermi wave
vector– there is a strong momentum dependence that
arises from the metallic screening associated with free
carriers. On the contrary, in the regime of large momen-
tum typical of intervalley processes, and in particular for
q > 2kF , the screened interaction is slowly varying with
q, with a behaviour that is reminiscent of 3D dielectric
screening, as indeed at large momentum 1/q is smaller
than the thickness of the 2D layer.
A distinct behaviour between intra- and inter-valley

processes is found also for what concerns the doping de-
pendence. Intravalley coupling is very sensitive to doping
as in the long wavelength limit the screened Coulomb po-
tential V (q → 0) is inversely proportional to the density
of states (DOS), as captured already by the Thomas-
Fermi approximation. At low doping, only the K/K’ val-
leys are occupied, with a relatively small DOS. On the
contrary, at high doping also the Q valleys get occupied,
with a much larger DOS (both because of the higher de-
generacy and an heavier effective mass), with a significant
suppression of the screened interaction. The suppression
associated with metallic screening extends to finite q but
still within the Fermi surface, with a flattening of V (q)
and a reduction of Coulomb repulsion. Intervalley in-
teractions characterized by large momentum transfer q
are not affected by metallic screening, and the Coulomb
repulsion is doping-independent.

The screened Coulomb interaction is then summed
over possible final states on the Fermi surface for a
given valley to obtain the Coulomb matrix elements Cvw
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through Eq. (2).

III. RESULTS

The procedure outlined above to compute Gvw and
Cvw is repeated for different doping concentrations and in
different materials. The linearized form of Eq. (1) is then
solved to find the corresponding Tc, and from the eigen-
states we gain information on the nature of the super-
conducting state. However, before illustrating the main
results, it is important to stress that the gap equations
depend on the value of the α parameter, which tunes
the relative strength of Coulomb repulsion and phonon-
mediated attraction. The model in Sect. II is intended to
describe phonon-driven superconductivity, with Coulomb
repulsion as a perturbation. The starting point is thus
α = 0, corresponding to the complete neglect of Coulomb
interactions. In that case the gap equations are fully de-
termined by phonon attraction and any superconducting
solution found in this regime is obviously purely phonon-
driven. This is still true for finite but small values of
α. In the opposite limit of large α, all Cvw matrix ele-
ments eventually become larger than the corresponding
Gvw, meaning that the valley couplings are all repulsive,
and the gap equations, as written in Eq. (1) assuming a
dominating phonon attraction, fail to be valid.

We thus restrict our investigations to a maximum
value of α = 0.3. Although there are small variations
among TMDs, this roughly corresponds to the point
where the strongest phonon-mediated coupling (GKQ) is
half compensated by the Coulomb repulsion (MKQ =
GKQ − αCKQ ∼ GKQ/2), while the second strongest
(GKK) is fully compensated (MKK ∼ 0), all other el-
ements of M being already negative. Note that those
criteria only make sense when Q is occupied, but as we’ll
see, that is a necessary condition for superconductivity
anyway, even for α = 0. The Coulomb repulsion was
simply computed from the screened Coulomb interaction
for single-layer TMDs in vacuum. One may consider its
reduction by 0 ≤ α ≤ 0.3 as including the contribution
from a dielectric environment. In particular, in the com-
mon case of an ionic gate, the liquid’s highly polarizable
ligands are very close to the layer, closer than the aver-
age distance between the added carriers in the conduction
band.

In the following we set α = 0.2 when studying the dop-
ing dependence of the interaction matrix elements. The
observed trends are actually robust for a wide range of
α > 0.05, and α = 0.2 is simply chosen to make the ef-
fects of Coulomb repulsion quantitatively obvious, with-
out reaching the maximum considered as the threshold
for validity (α = 0.3). The solutions to the gap equa-
tions are then investigated for different doping levels
and at 5 representative values in the entire range of α
(= 0, 0.05, 0.1, 0.2, 0.3).

A. Doping dependence of interaction matrix
elements
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FIG. 5. Evolution of the intervalley phonon-mediated attrac-
tion, Coulomb repulsion, and their difference with electron-
doping in MoS2. The horizontal axis shows when the Fermi
level crosses the bottom of each valley. The values of the
Fermi levels and carrier densities corresponding to each point
can be found in Fig. 6. Here, the tuning prefactor α for the
Coulomb repulsion is set at 0.2. Only active couplings–i.e.
between valleys that are populated at that Fermi energy–are
reported.

The matrix elements of Eq. (2) describe phonon-
mediated attraction and Coulomb repulsion. Fig. 5 re-
ports representative results for the case of MoS2, for
α = 0.2, showing the relative importance of those two
contributions as a function of doping. For simplicity, we
plot only the matrix elements with K as a first index.
Those, along with the symmetry of the electron-phonon

and Coulomb interactions (
g2
kk+q

ωq,ν
and V (q)) with respect

to valley indices, are enough to describe the trends for
the full matrix.

The top panel of Fig. 5 shows the evolution of GK,K ,
GK,K′ , GK,Q, and GK,Q′ as a function of the Fermi en-
ergy. At low doping, the Fermi level does not cross the Q
valley, such that only matrix elements involving K and K’
can be non-zero. Those are finite but very small (< 0.01)
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on the scale of Fig. 5.

Interestingly, however, intravalley KK (and K’K’) cou-
pling becomes strong as Q is occupied, with an enhance-
ment by more than an order of magnitude. This is the
consequence of the peculiar multivalley screening effect
discussed earlier by some of us [21, 52]. In particular,
electron-phonon coupling is dominated by the A1 phonon
mode. The corresponding coupling mechanism can be
thought of as a shift in energy of the K and Q valleys
following the periodic phonon displacement pattern and
out-of-phase with one another. The relative amplitude of
the K and Q shifts are such that the charge density per-
turbations associated to each valley, opposite in sign, are
equal in amplitude. Thus, they compensate each other.
With a net charge density perturbation that vanishes,
the screening from the conduction band electrons also
vanishes when Q is occupied, leading to a large electron-
phonon coupling.

Intervalley KQ scattering is obviously present only
when doping is high enough for the Fermi level to cross
the Q valley. Once active, it is an order of magnitude
stronger than the others. We have verified numerically
that, as expected from symmetry, primed valleys K’ and
Q’ also couple strongly to each other. The appearance
of the large phonon-mediated couplings discussed earlier,
which follow the prime notation, thus coincides with the
occupation of the Q valley.

The middle panel of Fig. 5 reports analogous results for
Coulomb coupling matrix elements CK,K , CK,K′ , CK,Q,
and CK,Q′ , with the aforementioned choice of α = 0.2.
The intervalley (KK’) component is only slightly depen-
dent of the Fermi level location. This is consistent with
the constant V (q) in Fig. 4 associated to a slight increase
of the density of states as the Fermi level increases. The
intravalley component CKK instead gradually decreases
with doping, from a factor of two above the interval-
ley CKK′ to slightly below it. When the doping level
is increased so that also the Q valley is occupied, the
suppression of CKK is slightly accelerated. More im-
portantly, intervalley couplings to the Q valley become
active, and they are significantly larger than the other
matrix elements. This is because the main ingredient de-
termining the relative magnitude of the matrix elements
from valley to valley is the DOS in the final valley w.
In particular, the larger DOS of Q and Q’ makes Cv,Q

and Cv,Q′ matrix elements significantly larger. Impor-
tantly, the Coulomb matrix elements are not sensitive
to the primed/unprimed distinction between the valleys.
Not only KK and KK’ matrix elements have comparable
orders of magnitude, but also KQ and KQ’ components
have similar values.

Plotting Gvw − Cvw in the bottom panel of Fig. 5
highlights some interesting features of the competition
between phonon-mediated attraction and Coulomb re-
pulsion. Indeed, some elements of M change sign as a
function of doping. At small carrier concentration, the
matrix elements are either null when the corresponding
intervalley transition is not on the Fermi surface, or small

and negative when Coulomb repulsion dominates. As Q
is occupied, both GKQ and GKK increase strongly, over-
coming the Coulomb repulsion and leading to positive
MKQ and MKK elements. As we will see in the next sec-
tion, superconductivity emerges around those conditions.
Phonon-mediated attraction does not overcome

Coulomb repulsion for all valley pairs: MKK′ and MKQ′

remain negative. Strong phonon-mediated couplings fol-
low the prime notation, while the Coulomb repulsion is
similar among and between primed and unprimed valleys,
and varies mostly according to the density of states asso-
ciated with the second valley index. As a result, we ob-
serve different outcomes of their interplay in different val-
ley pairs. In particular, once Q is occupied, phonon me-
diated attraction systematically prevails among primed
or unprimed valleys, while the KK’ coupling remains re-
pulsive. The KQ’ coupling is also negative when active,
although it is less relevant in practice since the Q’ valley is
unlikely to be occupied in typical experiments. The main
effect of introducing Coulomb repulsion is thus to invert
the sign of the valley couplings where phonon-mediated
attraction is weak, while keeping the couplings attractive
between the most strongly phonon-coupled valleys.
The pivotal sign inversion of the KK’ coupling, illus-

trated here with α = 0.2, actually happens over a broad
range of values of α, starting already from α ∼ 0.05 (de-
pending on the TMD and doping level). This is ulti-
mately due to the KK’ phonon-mediated attraction being
quite weak for any doping level. For values of α above
the chosen threshold of 0.3, the dominance of phonon
mediated attraction is challenged even for KK and KQ
couplings, a regime which is beyond the scope of this
work. As we will see in the next section, the dominance
of KK and KQ phonon-mediated attraction as a function
of doping, i.e. when Q is occupied, and the possible co-
existence of attractive and repulsive couplings between
different valley pairs are the key features to understand
the onset and nature of superconductivity in TMDs.

B. Superconducting solutions

With the G and C matrices computed, the linearized
form of Eq. (1) is solved for all four TMDs considered
here (MoS2, MoSe2, WS2, and WSe2), at different car-
rier concentrations, and for four representative values of
α (0.0, 0.05, 0.1, 0.2, 0.3) within the range discussed
above. The critical temperature Tc is found as the low-
est temperature for which Eq. (1) allows for a non-trivial
solution. We only look for solutions with a finite and ex-
perimentally relevant Tc > 10−4 K. The behavior of Tc

as a function of doping and the nature of the solution is
determined by the interplay between attractive phonon-
mediated and repulsive Coulomb interactions. This in-
terplay is different for each pair of valleys within the mul-
tivalley Fermi surface, and strongly depends on doping.
A summary of all corresponding results is reported in
Fig. 6.
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FIG. 6. Critical temperature as a function of Fermi level (with respect to the bottom of K valley) for the four TMDs, for
different values of the prefactor to Coulomb repulsion, α . The top axis indicates the electrostatic doping level corresponding
to each point. Markers indicate the type of solution found. The Q and Q’ valleys of MoS2 have been lowered by 100 meV with
respect to the DFT results.

1. Onset of superconductivity

There are several robust features common to all TMDs
studied here. The onset of a critical temperature above
the chosen threshold for experimental significance (> 0.1
mK) systematically coincides with the Fermi level cross-
ing the bottom of the Q valley. This is true whatever
the value of the tuning parameter for the Coulomb re-
pulsion, α. This holds in spite of the variations in the
carrier density at which Q is reached, i.e. it does not de-
pend on the energy of the bottom of the Q valley with
respect to the K and K’ valleys. Clearly the emergence
of phonon-driven superconductivity is triggered by the
activation of KQ and the enhancement of KK couplings
as the Q valley is occupied.

Once the Q valley is occupied, we find a fairly constant
Tc of a few Kelvins for all TMDs. This value is maximal
in the absence of Coulomb repulsion (α = 0) and gradu-
ally decreases as α is turned on, in a similar way for all
TMDs. For the maximal value of α = 0.3, Tc is decreased
by an order of magnitude.

The precise value of Tc and its doping-dependence are

quite sensitive to the softening of the LA phonons at
q = M, which is delicate to evaluate ab initio, notably
due to anharmonic effects [43]. Indeed, the associated
phonon-mediated coupling between the K and Q valleys
is very large and drives the superconductivity. As al-
ready mentioned, for this work we simply apply a 30%
reduction of the LA(M) frequency, based on the results of
Ref. [43]. Realistically, one expects a doping-dependent
softening, starting from the occupation of the Q valley
and steadily increasing, likely past the 30% used here,
with a corresponding increase in Tc. Nevertheless, we
expect the current treatment to give a good estimation
in the relevant doping range n = 1013−1014 cm−2. Most
importantly, it is sufficient to understand the underlying
physics.

Thus, despite variations in their chemical composition,
electronic bands and phonon properties, all the semi-
conducting TMDs considered here consistently display
phonon-driven superconductivity with a Tc on the order
of a few Kelvins, the onset of which systematically coin-
cides with the occupation of the Q valley.
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the superconducting solution as a function of the Coulomb
prefactor α, in MoS2. The electron doping is fixed and corre-
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2. Emergence of exotic solutions

While superconductivity is driven by electron-phonon
interactions, the Coulomb repulsion plays an important
role. Interestingly, even at small tuning parameter α,
it modifies the coupling between valleys significantly
enough to change the nature of the superconducting solu-
tions, as characterized by the eigenvector ∆v correspond-
ing to a unit eigenvalue in the linearized gap equation (1).
Its components provide information on the relative sign
and magnitude of the superconducting order parameter
in each valley. In Fig. 6, this is illustrated by a switch
from filled to empty markers, used to denote qualitatively
different solutions. This consistently happens for all fi-
nite values of α considered.

To investigate further the change in the nature of the
solution, Fig. 7 shows the components ∆v as a func-
tion of α. Doping is chosen to correspond to the stan-
dard experimental conditions in which superconductiv-
ity is observed, when the Fermi level is about ∼ 10 meV
above Q. For α = 0, all components of ∆v are positive.
The K valley dominates, followed by Q, while K’ has
a small but positive contribution. For fairly small val-
ues of α ≲ 0.05, the K’ component goes through zero
then changes sign. This coincides with the change of
sign for the GKK′ − CKK′ matrix elements mentioned
before. The K and Q components stay positive. Conven-
tional phonon-driven superconductivity corresponds to a
positive order parameter in all valleys, as obtained for
α = 0. The introduction of Coulomb repulsion thus sys-
tematically leads to the appearance of exotic solutions,
i.e. an eigenvector with components of different signs,
which corresponds to the order parameter changing sign
for electrons in different valleys. Note, however, that the
solutions we find do not break the point-group symmetry
(s-wave), which in conventional superconductors, such as
lead or aluminum, ensures robustness with respect to dis-
order [64].

A necessary (but not sufficient) condition for the ex-
istence of those exotic solutions is to have coexisting at-
tractive and repulsive elements in the matrix M . The
strength of Coulomb relative to the phonon-mediated in-
teraction determines the sign of the coupling between
each pair of valleys. Depending on momentum, doping,
and α, the repulsive Coulomb term Cvw overcomes the
phonon-mediated term Gvw in some but not all of the
matrix elements. Due to their strong phonon-mediated
coupling, K and Q valleys remain attractively coupled.
The opposite-sign channels are made up of (KQ) and
(K’Q’). Those channels are attractive within themselves,
but repulsive between each other. This corresponds to a
pairing parameter that has opposite signs in the K and
K’ valleys. The Q (Q’) valley shares the sign of the K
(K’) valley, although with a smaller magnitude.
Going back to Fig. 6, note that in the peculiar case of

WSe2 where the Q valley is reached before the K’ valley,
the standard solutions persists for all values of α when Q
is occupied but K’ is not. This is consistent with K’ (and
Q’ when applicable) being the negative channel. Exotic
solutions only emerge once K, K’ and Q are occupied.

3. Summary of the results

The main findings of this work with respect to the
current understanding of superconductivity are twofold.
First, while the onset of superconductivity at Q valley
occupation was already anticipated [11, 17, 18, 21], the
underlying physical mechanism is unambiguously clar-
ified and shown to be robust. Second, we propose a
novel paradigm for the nature of superconductivity, with
a phonon-driven mechanism leading to exotic solutions
in the presence of Coulomb repulsion.
The emergence of exotic solutions is an important re-

sult because their properties differ from the standard so-
lutions, leading to different implications for experimen-
tal observations. The sign change in the order parameter
while going between different valleys allows the system
to take advantage of the intervalley Coulomb repulsion,
which can dominate the phonon-mediated attraction for
large enough α. The overall superconducting state is still
fully gapped; however, such a state with sign-changing
order parameter is more fragile against atomic-scale dis-
order. That is because disorder can scatter electrons be-
tween regions with different gap signs, thereby reduc-
ing Tc and introducing a finite density of states near the
Fermi energy [65, 66].

IV. COMPARISON/IMPLICATIONS FOR
EXPERIMENTS

The results of the theoretical analysis presented above
are in overall agreement with the main experimental re-
sults reported on different semiconducting TMDs, and
provide clear indications to explain aspects of the exper-
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iments that are currently not understood. In this Section
we discuss experimental observations in the context of the
framework provided by the theoretical model discussed in
the paper.

A first essential point of our model, is that it predicts
that robust superconductivity occurs when the Q-valleys
start to be populated with electrons, and that electron-
phonon interaction is the main driving force for the su-
perconducting transition. Both the role of Q-valley fill-
ing and of electron-phonon interaction have been estab-
lished by experiments over the last few years. Piatti et al.
[17] first and D.D. Ding et al. [11] later have performed
gate-dependent transport measurements (respectively on
MoS2 multilayers and WS2 monolayers), showing that
the onset for superconductivity indeed corresponds to fill-
ing of the Q-valley. In independent Raman spectroscopy
measurements on monolayers of different semiconducting
TMDs performed as a function of electron density [21],
it was further shown that populating the Q-valley with
electrons leads to a drastic increase in the strength of
the electron-phonon coupling. This drastic increase –
reproduced by our simulations and discussed here in Sec-
tion IIIA– is indeed the mechanism driving superconduc-
tivity. We conclude that both the assumptions underly-
ing our model, and the result of our calculations are fully
consistent with experiments, and provide a microscopic
explanation for the key aspects of the gate-induced super-
conducting transition that are common to the different
TMDs investigated. Indeed, not only our calculations
show that the superconducting transition is brought into
an experimentally accessible range of critical tempera-
tures when the Q-valley is filled, but also they give a
range of critical temperatures for the different TMDs that
matches the order of magnitude observed experimentally.

The second important conclusion of our model is
that superconductivity –despite being driven by electron-
phonon interaction– has a s+− character –i.e., an order
parameter with different sign in the different populated
bands/valleys– due to the non-negligible role of electron-
electron interaction. We argue that the s+− nature of
the superconducting state is essential to interpret differ-
ent aspects of the experimental results that are currently
not understood. That is because in a s+− state disorder
has very different physical effects as compared to conven-
tional superconducting states (even multiband ones), in
which the order parameter has the same sign everywhere
on the Fermi surface. The situation has been summarized
in detail by Mazin and Schmalian [67], in their review of
pnictide superconductors (many of which are also consid-
ered to host a s+− superconducting state) that we follow
here to guide our discussion.

How disorder affects s+− superconductors depends
strongly on the nature and the density of defects present
in the system. Strong and short-range disorder poten-
tials (such as those caused by atomic vacancies) introduce
sub-gap states, without strongly affecting the supercon-
ducting transition temperature. This is theoretically pre-
dicted to happen up to rather large densities of defects,

sufficient to suppress the ”hard” gap of the pure mate-
rial by filling it with states at all energies (all the way to
E = 0, i.e. at the Fermi energy). The situation is dif-
ferent for weak, long-range disorder potentials, such as
those caused by inhomogeneity in a background charge
distribution (e.g., as the one generated by spatial fluc-
tuations in the density of dopants, in a common doped
semiconductor). In s+− superconductors, such weak and
long-range disorder potentials suppress the critical tem-
perature and eventually kill superconductivity.

For gate-induced superconductivity in TMDs, both
types of disorder are normally present. Chalcogen vacan-
cies, which are unavoidably present in semiconducting
TMDs with densities that depend on the specific com-
pound, naturally lead to strong, short-range potentials.
In MoS2, for instance, it is common to have up to 1013

cm−2 Sulfur vacancies; in other TMDs the density of
these vacancies is likely smaller, but still sizable. Based
on the general behavior of s+− superconductors discussed
above, these chalcogen vacancies create sub-gap states
and can explain why a large density of states (DOS) at
sub-gap energies has been observed in experiments on
MoS2 , which would not be possible to explain in terms
of a usual fully gapped s-wave superconducting state. To
substantiate more this conclusion, it will be important in
the future to measure the sub-gap DOS in other TMDs
with lower density of chalcogen vacancies, or to find ways
to correlate the sub-gap DOS with the density of these
vacancies.

Weak long-range disorder, instead, originates from po-
tential fluctuations associated to variations in the density
of ions in the ionic liquid used for electrostatic gating.
In a conventional s-wave superconductor, these potential
fluctuations would have no important physical effect, but
in a s+− they can suppress Tc and weaken the supercon-
ducting state. We believe that this may be the reason
for the superconducting dome that is seen in some ex-
periments. Indeed, in some case (e.g., MoS2), a dome
with consistent properties has been reported in experi-
ments by different groups, on identical kinds of devices.
In other experiments, however, whether a dome is present
or not seems to depend on the quality of the devices in-
vestigated (as measured, for instance, by the value of
the electron mobility). In particular, in WS2 monolay-
ers, devices realized on hBN substrates exhibit larger Tc

and no dome (data are compatible with a saturation of
Tc), whereas in devices with the WS2 monolayer in direct
contact with a SiO2 substrate the critical temperature is
lower, and a clear dome-shaped dependence on electron
density is observed. The latter experiments –as well as
a comparison of reported data (see figure in Calandra’s
paper)– suggest that the dome-like dependence of Tc on
electron density is an extrinsic phenomenon. This is con-
sistent with the predictions of our model, namely that in
the absence of disorder Tc approximately saturates upon
increasing electron density, once the Q-valley starts to be
populated, and that the dome may be understood as an
extrinsic effect due to weak, long-range disorder due to
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the s+− nature of the superconducting state.
In summary, known experimental facts are consistent

with all basic aspects of the behavior predicted by our
model and the s+− nature of superconductivity provides
a scenario that allows us to rationalize phenomena that
were so far difficult to understand theoretically.

V. CONCLUSION

We develop a model of superconductivity in semi-
conducting TMDs that is sophisticated enough to cap-
ture the momentum dependency of phonon-mediated
and Coulomb interactions within a complex multival-
ley structure, yet simple enough to draw clear physical
insight. We find systematic, robust results that apply
to all the TMDs studied here, i.e. electron-doped MoS2,
WS2, MoSe2, and WSe2. We find that superconductiv-
ity is phonon-driven, with a doping-dependent onset cor-
responding to strong electron-phonon interactions being
activated as the Q valley is occupied. In particular, zone
border acoustic phonons mediate a strong coupling be-
tween K and Q valleys, while intravalley couplings are
enhanced by a vanishing screening of the zone center A1

mode. While phonons drive the emergence of supercon-
ductivity, Coulomb repulsion plays a crucial role as it is
shown to change the nature of the superconducting solu-
tion. In particular, the introduction of Coulomb repul-
sion, even relatively weak, leads to exotic s+− solutions
where the order parameter changes sign between valleys.
All robust experimental facts currently reported in the
literature are consistent with the results of our model,
and the emergence of s+− solutions explains some as-
pects that were puzzling up to now. The physical insight
gained on the nature and mechanism of superconductiv-
ity in TMDs can be used to better control it. For exam-
ple, one could imagine tuning the Coulomb repulsion via
dielectric engineering of the environment to cross over
from standard to exotic superconducting solutions. The
model is also general enough to draw conclusions on dif-
ferent systems. First, for hole doping of the same TMDs,
we can expect similar qualitative conclusions with the Γ
valley playing the role of the Q valleys. The fact that
the Γ valley is much more difficult to reach with hole
doping would then explain the lack of experimental evi-
dence for superconductivity on the hole side. Finally, a
similar modelling procedure can be applied to other mul-
tivalley 2D materials, leveraging the general strength of
intervalley electron-phonon coupling to unveil new super-
conducting systems.
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VI. APPENDIX

A. Multivalley gap equation

In this section we elaborate on our treatment of super-
conductivity. It is a simple generalization of the standard
BCS treatment (see for instance [68]). The standard BCS
gap equation is:

∆(k) =
∑
q

W (q)
∆(k − q)

Ek−q
tanh

Ek−q

2kBT
. (5)

Here Ek =
√
ε2k +∆2

k is the Bogoliubov quasiparticle
energy. The gap function ∆(k) corresponds to the pair-
ing between spin-up electrons with momentum k, and
spin-down electrons with momentum −k. The interac-
tion W (q) is assumed to be operational only within a
window of energies ±ωD around the Fermi level (In BCS,
this is because the phonon-mediated interaction is attrac-
tive below the phonon characteristic phonon frequency,
and decays rapidly above that frequency).
If the gap function can be assumed to be momentum-

independent, ∆, the equation for the superconducting
transition temperature Tc becomes

∆ =
∑
q

W (q)
∆

Ek−q
tanh

Ek−q

2kBTc

≈ ∆ ln

[
ωD

kBTc

]〈∑
q

W (q)δ(εk+q − εF )

〉
k∈FS

(6)

In our case, there are several symmetry-unrelated Fermi
sheets, which in general will have different gap functions.
For spin-up electrons, we label them K, K ′, Q, Q′ (see
Fig. 2). Thanks to the time-reversal symmetry, for spin-
down electrons, the pockets have the same shape but are
reflected as k → −k. Note also that there are three
symmetry related Q and Q′ Fermi surfaces, but only one
K and K ′. Given that all these Fermi sheet are much
smaller than the size of the Brillouin zone, we can safely
assume that within each Fermi pocket the gap function
can be well approximated by just a single value, ∆v.
These gap functions combine into a matrix gap equa-

tion that describes their couplings,

∆v ≈
∑
w

∆w ln

[
ωvw

kBTc

]〈 ∑
q,k+q∈w

W (q)δ(εk+q − εF )

〉
k∈v

.

(7)
Since there are three distinct symmetry-related Q and

Q′ pockets, it is conceivable that the order parameter
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could have a non-zero angular momentum. However,
that would imply that the K and K ′ pockets remain
non-superconducting. This is not energetically favorable;
thus, we assumed that all Q (and Q′) pockets have the
same value of gap function. Consequently, there are four
distinct values of the gap, which leads to the system of
four equations, Eq. 1 and Fig 2. Both the interacting
strength and the attraction frequency cut off for every
pair of valleys are chosen based on the first principles
simulations, which we describe next.

B. First-principles simulations

1. Electron-phonon interactions

The electron-phonon coupling matrix elements are ob-
tained using the method described in Ref. [52], starting
from the same ab initio simulations (the results of which
were provided there). We report some aspects of this
method here for completeness. Some repetition of the
content of Ref. [52] is inevitable.

The ground state and phonon properties of each semi-
conducting TMD (MoS2, MoSe2, WS2, WSe2) are simu-
lated within density functional (perturbation) theory us-
ing the quantum ESPRESSO package[69, 70]. The full
simulation is only performed at one carrier concentration
of n = 5× 1012 cm−2, on the relaxed structures. We use
norm-conserving, fully-relativistic pseudopotentials with
Perdew-Burke-Ernzerhof (PBE) functionals [71] from the
pseudo-DOJO library [72], with kinetic energy cutoffs of
50 (WS2), 70 (MoS2) or 80 (WSe2, MoSe2). We use 2D
boundary conditions and symmetric gates to induce dop-
ing [60]. The electronic momentum grid is non-uniform,
with a sampling ranging from 12× 12 to 96× 96 around
the Fermi surface. The electronic occupations follow
the Fermi-Dirac distribution taken at room temperature,
with a Fermi level such that the carrier density in the
conduction band is n = 5 × 1012 cm−2. The electron-
phonon coupling matrix elements involve initial and final
electronic momenta, assumed to be confined within a cer-
tain energy window, from the bottom of the conduction
band up to around 0.3 eV above, as represented in Fig.
1. Final states are sampled on a 120 × 120 Monkhorst-
Pack grid, while the initial states are sampled on a grid
twice as coarse. The phonon momenta to compute are
obtained by linking initial states to final states. The
electron-phonon coupling matrix elements at other car-
rier densities are evaluated using the model of Ref. [52].
Notably, this accounts for the variations in free-carrier
screening of the intravalley electron-phonon interactions.
Indeed, as shown experimentally and explained qualita-
tively in Ref. [21], the occupation of both K and Q valleys
leads to a suppressed screening and thus an enhancement
of the intravalley electron-phonon couplings in TMDs.
We then modeled and quantified this peculiar screening
mechanism as a function of Fermi level and valley occu-
pations in Ref. [52]. Standard free-carrier screening is

also accounted for. We effectively end up with a model
of electron-phonon interactions as a function of both the
Fermi level and the relative position of the Q(Q’) valleys
with respect to the K valleys.
Note that the position of the Q valley for MoS2 in

the calculations of Ref. [52] was fairly high (> 0.2 eV).
For convenience, and since we do not claim nor aim for
accuracy in the relative positions of the valleys, the Q
and Q’ valleys of MoS2 were lowered by 0.1 eV.
The phonons that significantly couple at the Fermi

level are : intravalley LA, TA, LO, and A1, as well as
intervalley zone border acoustic phonons. As the cou-
pling between valleys of opposite spins is at least an or-
der of magnitude smaller than same-spin couplings, it
is neglected. On the one hand, standard free-carrier
screening increases with doping, diminishing the strength
of field-mediated, small-momenta (intravalley) couplings
like Fröhlich and piezoelectric interactions. On the other
hand, the screening of intravalley coupling to the A1 and
LA modes can counter-intuitively decrease as a function
of doping when both K and Q types of valleys are occu-
pied. The couplings are then enhanced.
We do not compute the phonon softening coming from

the occupation of the Q valley. The phonon frequencies
are those obtained with only the K valleys occupied. It
has been shown that the LA(M) phonon softens signifi-
cantly when the corresponding electronic transitions are
allowed, i.e. when the Fermi level crosses the Q valley.
According to anharmonic phonon calculations in multi-
layer MoS2 [43], we can expect the LA mode to soften at
M. The frequency decreases as a function of carrier con-
centration and potentially vanishes, leading to a charge
density wave. The computation of a realistic softening
value is challenging and out of scope here. Our objective
here is more the description of the nature of the solu-
tions and the understanding of the mechanisms behind.
We simply apply a 30% softening of the LA(M) mode
when Q is occupied.
Eq. 2, describes the couplings (phonon-mediated at-

traction or Coulomb repulsion) between different valleys.
The final states are summed on the arrival valley w. In
principle, one would average on the initial states at the
Fermi level in v. Fig. 8 shows the matrix elements Gvw

and Cvw for all initial states sampled in the irreducible
wedge of the Brillouin zone. Plotted as a function of
the Fermi-level, we obtain well defined lines of minimal
widths. This indicates that those quantities are mostly
dependent on the energy of the initial state and not so
much on its momentum. This justifies the procedure of
simply picking an initial state at the Fermi level rather
than averaging over all states at the Fermi level.

2. Screened Coulomb interaction

To evaluate the dielectric function of the doped sys-
tem, we simply sum the irreducible response functions
associated to the neutral material χ0

neut and the added
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FIG. 8. Matrix elements of phonon-mediated attraction and Coulomb repulsion for all initial states ki of energy εi in the
irreducible wedge of the Brillouin zone, showing negligible angular variations of the matrix elements.

electrons in the conduction band χ0
cond. The former is

extracted from DFPT on the neutral material as in Ref.
[73, 74]. The latter is computed from the band structure
as:

χ0
cond(q) =

∑
n

∫
d2k

(2π)2
nFD
εnk

− nFD
εnk+q

εnk − εnk+q
| ⟨unk|unk+q⟩ |2

(8)

where nFD
εnk

is the Fermi-Dirac occupation for electronic
state k of energy εnk. The wavefunction overlaps are note

computed. In general, it is 1 for q → 0 (same electronic
state), and decreases as |q| increases. It is expect to be
much smaller than 1 for intervalley transitions, e.g. when
q ∼ M, such that χ0

cond(q) becomes smaller for |q| larger
than the size of the valleys. We assume the contribution
from χ0

cond(q) to be negligible with respect to χ0
neut, and

use a simple complementary error function to model the
wave-function overlaps, with a threshold roughly corre-
sponding to the size of the valleys: 0.3 bohr−1.
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