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Abstract
In this paper we suggest a simple algorithm for merging the traffic of a main road with on-ramp traffic for collaborative

Connected and Autonomous Vehicles (CAVs). The main asset of the algorithm being that most values can be formally

computed, we quantitatively express the global impact of the merging strategy on the input and output flows of the merging

area. For instance, how platoons emerge, their lengths, the space between them and their traffic patterns. We refer to the

literature for all local aspects of synchronisation of cars. Here we simply assume that cars can execute the merging

algorithm which requires that the cars are aware of a sequence number and operates following the sequence. Our analysis

focuses on saturated flows and the control of collective behavior.

Keywords Lane merging � Autonomous vehicles � Kinematic waves � Maximal traffic flow � Platoons formation �
Collective behavior

1 Introduction

A classical problem in traffic control is the lane merging

problem where there is a infinite traffic pattern on a

mainstream lane that has to be merged with some exoge-

nous traffic coming from an on-ramp, see Fig. 1. All of us

know this configuration as a potential bottleneck leading

mainstream cars to stop.

This paper deals with this problem in the context of

Autonomous and Connected Vehicles (CAVs). The merg-

ing strategy can then make use of some knowledge about

the traffic patterns and coordinate the vehicles by

exchanging messages. We do not discuss the communica-

tion protocols here, we refer to Zhu et al. (2022) and ref-

erences therein as well as some other works cited in

Section 2.

Autonomous cars are driven by a regulator which

gathers information (head-tail distance to the next car, car

on the side, speeds, etc.) and sets the speed of the car

accordingly. In this work we assume the regulator func-

tioning in two modes: 1. Car-following and, 2. Merging.

Themergingmode is the subject of this paper.Wepresent a

simple algorithm to merge two lines of cars. We do not claim

that the algorithm is optimal but it has the great quality of

leading to close form expressions for the values of interest.

Besides computing the time needed tomerge two lines of cars

we are interested to understand the impact of the merging on

the traffic pattern and in particular howoften it can be repeated

(to compute a flow of cars on-ramp). We also consider the

impact of an on-ramp on previous and successive on-ramp.

Merging two lines of cars generate traffic waves that may

impede merging at some distant points of the road.

The car following algorithm that we consider is sup-

posedly among the simplest ones (Newell 2002). We

assume that the flows of cars on the mainstream and on-

ramp are initially saturated meaning that the head-tail

distances between cars is such that a car copies the action

of the next car (when the next car decelerates/accelerates at

time t it decelerates/accelerates at time t þ 1), see (Cohen

et al. 2022, 2023) for a discussion of how such pattern

emerges.

& Pierre Leone

pierre.leone@unige.ch

Bastien Chopard

Bastien.Chopard@unige.ch

Luka Lukic

Luka.Lukic@etu.unige.ch

1 Computer Science Department, University of Geneva,

Geneva, Switzerland

123

Natural Computing (2025) 24:879–893
https://doi.org/10.1007/s11047-025-10049-2(0123456789().,-volV)(0123456789().,- volV)

http://crossmark.crossref.org/dialog/?doi=10.1007/s11047-025-10049-2&amp;domain=pdf
https://doi.org/10.1007/s11047-025-10049-2


Generally, a saturated flow is distinguished by the fact

that there is a car leader in front of the line of cars whose

speed is free and the following cars called trailing cars

whose speeds depend on the speed of their leading cars.

Formally, if the leader car is 0, the following ones 1; 2; . . .

we denote vnðtÞ the speed of car n at time t it holds that

v0ðtÞ is free and

vnðtÞ ¼ vn�1ðt � 1Þ: ð1Þ

The group composed of the leader and the trailing cars is

called a platoon (Charlottin et al. 2024), see Fig. 2. A

trailing car can become a leader if its speed decreases

below the speed of its leading car. Reciprocally, a leader

car can become a trailing car if it joins the last car of the

next platoon, i.e. two platoons merge.

Notice that only a platoon leader can start the merging

algorithm and it is needed that it can accelerate sufficiently

without merging with the next platoon.

The traffic from the on-ramp comes by group of N/2 cars

(N always assumed even) with a similar traffic pattern as on

the mainstream lane.

The global picture of the merging strategy to include a new

group ofN/2 cars requires first that the cars on themainstream

decelerate from the cruise speed vmax to speed vwhen arriving

to the merging area. Then, on-ramp traffic is merged and

finally cars accelerate to the cruise speed vmax, see Fig. 3.

2 Related works

In this section we refer only to merging strategies with

CAVs. In particular we do not consider works that try to

understand the real traffic patterns due to the human dri-

vers, or make statistical analysis due to the lack of control

on the traffic patterns, see for instance (Sicheng Sun et al.

2021; Guzmán et al. 2015).

One important assumption that we make is that the cars

have the ability to adopt a given traffic pattern. For the cars

in the main road this means that they move at the same

speed v and head-tail distance d ¼ v. This follows from the

car-following speed regulator of Cohen et al. (2022, 2023)

with the possibility of managing precisely the head-tail

distance with communications. The same traffic pattern is

also required for the incoming cars from the on-ramp.

The recent review (Zhu et al. 2022) presents a relevant

panel of strategies for the coordination of CAVs. We dis-

cuss some strategies here with the aim of making clear how

our approach is different. In this work we focus on the

design of a speed regulator leading to a vehicle based

model of the traffic We aim at the design of a regulator that

takes as input the road conditions and output the action a

car follows and at the analysis of the traffic dynamics

induced by the regulator. An alternative is to model traffic

with continuous model and expressing the dynamics as

differential equations with constraint laws (Rios-Torres and

Malikopoulos 2016; Newell 1993; Lighthill and Whitham

1955; Daganzo 2006; Bayen et al. 2022; LeVeque and

Leveque 1992).

A clever strategy is proposed in Milanes et al. (2011),

Huang et al. (2019) to turn a car-following regulator to a

solution of the lane merging problem, the virtual car fol-

lowing. The idea is to map the cars on the other lane to the

current lane and let the car-following regulator regulate the

distances. Once the distances are large enough merging

occurs safely. In our approach we leverage communica-

tions between cars to shorten the safety distances. Indeed,

we assume that a trailing car is aware of the evolution of

the leading car speed and the reaction time is reduced to 0.

The regulator, that control the car’s motion, makes use of

this only during the merging process.

Another important concept in the literature is themerging

sequence. Given the traffic on the two lanes it amounts to

choosing the order of the cars on the final single lane. In

Linghui et al. (2019) the authors suggest to use a genetic

algorithm to compute the optimal merging sequence given a

traffic configuration with a complex fitness function. In

Fig. 1 Illustration of the lane

merging problem at on-ramp

Fig. 2 Three platoons, the leader of each platoon can accelerate since the head-tail distance with the last trailing car of the next platoon is large

enough, i.e. its speed is free
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Ntousakis et al. (2016) the authors assume a given merging

sequence and coordinate the vehicles accordingly. In Petig

et al. (2018) the authors assume a very simplified model and

prove optimal and approximation results.

Some papers consider successive on-ramps and off-

ramps to a motorway (Chen et al. 2017; Lin et al. 2012).

This is a problem we address as well in this paper. The

vehicle based model we use suggests that access from

different on-ramps need to be synchronized. Indeed,

merging cars at an on-ramp leads to a wave of decelerating

cars that propagates upstream. When this waves passes an

on-ramp, it prevents the merging of cars.

In general, the optimization parameters are varied: fuel

consumption, average speed in the merging area, total

speed of all vehicles, passenger comfort, safety require-

ments (Zhu et al. 2022).

Model predictive scheme is proposed in Cao et al.

(2015) for the computation of the optimal merging

sequence. Here, the traffic is constraint by communication

to a known pattern.

In this work we assume that cars coordinate their

motions to reach a particular configuration illustrated in

Fig. 4 and the merging algorithm is applied from this

configuration. Actually, once the configuration is reached

the regulators change the functioning mode from car fol-

lowing to merging (regulators take advantage of commu-

nications for synchronization). The merging sequence, see

Fig. 10, describes the order of accelerating cars and the

order of the cars in the final line.

Notice to finish that for many works, the problem is

solved locally. This means that the focus is on the coor-

dination of vehicles to let one pass before or behind

another. The problem amounts to avoiding collision. We

refer to these works for this local synchronization and

consider the problem globally. Indeed, our strong

assumptions on the traffic patterns leads to global under-

standing of the merging strategy on the traffic at large

scale.

3 Presentation of the problem

In this article we consider the problem of On-Ramp lane

merging. We assume that we have one target lane on which

traffic flows and whose traffic has to be merged with

incoming traffic coming from an On-Ramp. As illustrated

in Fig. 4 we assume that the cars are located at discrete

positions of the roads, move at discrete times t ¼ 1; 2; . . .
and occupy the two lanes by pairs.

The lane merging problem can be seen as a problem of

making room in one lane to insert new cars. Our approach

consists in making room by first decelerating the speed

before the merging point and then accelerate to a maximal

speed vmax. Actually, the speed vmax is the cruising speed

that cars adopt before and after merging. We denote v

ðv\vmaxÞ the speed at which the cars arrive at the merging

point.

For the road we distinguish the main road which accepts

the incoming traffic and the on-ramp from which cars enter

the main road, see Fig. 1. We restrict our analysis to spe-

cial traffic patterns. On the main road cars moves at the

same speed v equal to the head-tail distance d , i.e. v ¼ d

(this corresponds to a maximal flow traffic pattern, or what

we call saturated, see Cohen et al. 2022, 2023). On-ramp

Fig. 3 The different road sections. A: cars cruise at speed vmax. B: cars decelerate to speed v. C: cars apply the merging algorithm and accelerate.

D: cars cruise at speed vmax

Fig. 4 The lane merging problem. Two lanes have to merge. Up is the target lane. In the initial conditions, cars are assumed to move at the same

speed with head-tail distance equals the speed. Such a preconditioning phase is achievable with CAVs
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are the cars to be merged. For the merging algorithm we

first consider a total of N cars. This is illustrated in Fig. 4.

We analyze the merging of the N cars (N/2 on the main

road and N/2 on-ramp) then we analyze the impact of the

merging process on the traffic pattern on the main road.

Usually, local strategies for lane merging are investigated

and it is hard to have the impact of this local perturbation to

the global traffic pattern.

Our approach is relevant because the restriction to par-

ticular traffic patterns combined with deterministic merg-

ing strategy makes possible the computation of precise

quantities. For instance, the required length Lf which rep-

resents the length of the ramp is easily seen to be Lf ¼
N
2
ðvþ 1Þ � v where v is the speed of the car (using that for

the head-tail distance d it holds that d ¼ v) and the car

length is 1. More complex measures are (see Fig. 4 for a

graphical interpretation)

• The time Nt needed before vehicles reach a maximum

flow1.

• The length Lc necessary to the application of the

merging lane algorithm.

• What is the achievable flow after merging? The flow

being an average measure we need to describe the

traffic dynamic over a long period of time to measure it.

The approach we follow here is that we start by

merging N/2 cars with the mainstream and then

compute how fast the algorithm can be repeated with

another batch of N/2 cars on the ramp. The achievable

flow is measured as the number of merged cars by time

unit.

Before presenting our algorithm and delving to the analysis

we propose a rough analysis of some aspects of the prob-

lem. We consider two flows (number of cars passing per

time units) entering the merging area:

– The flow on the main road which is v
ðvþlÞ, cars move at

speed v with head-tail distance d ¼ v, l is the length of

the cars and we assume l ¼ 1 in the following.

– The flow on-ramp is generated by letting pass N/2 cars

each time period P, see Fig. 5. This means a flow of N
2P.

The flow out of the merging area is the sum of the two

flows and is bounded by the flow of cars at maximum

speed, i.e. vmax=ðvmax þ 1Þ. Hence,
v

vþ 1
þ N

2P
\

vmax
vmax þ 1

¼) N

2P
\

vmax � v

ðvmax þ 1Þðvþ 1Þ ð2Þ

So we have that the on-ramp flow decreases with v indi-

cating that a small entry speed v allows a larger on-ramp

flow. This is confirmed by our analysis, see for instance the

results in Fig. 19.

We described the merging problem as a problem of

making room. This is illustrated by the following simple

analysis. The N cars at speed v on the two lanes entering

the merging area, the zone C in Fig. 3, span a length of

N=2ðvþ 1Þ � v cells. Indeed, there are two lines of N/2

cars and the head-tail distance between cars is d ¼ v. We

consider only the leader of the merging algorithm and the

last car to accelerate.

The leader starts accelerating from v to vmax and then

stays at speed vmax for x (to be determined) time units,

covering a distance of

y ¼ ðvþ 1Þ þ . . .þ ðvmax � 1Þ þ xvmax;

in vmax � v� 1þ x time steps. During this period the last

car do the same but starting by x time units at speed v

before accelerating, hence covering a distance

z ¼ ðvþ 1Þ þ . . .þ ðvmax � 1Þ þ xv:

At the end of the period, the distance between the leader

and last car is N
2
ðvþ 1Þ � v� zþ y. We compute x such

that this distance is large enough to let the last car accel-

erates to vmax (hence stabilizing the length of the resulting

platoon). Because all the cars in the resulting platon are at

speed vmax the length of the platon must be at least

Nðvmax þ 1Þ � vmax see Fig. 6, hence

N

2
ðvþ 1Þ � v� zþ y ¼ Nðvmax þ 1Þ � vmax:

Solving for x leads to

Fig. 5 The flow on-ramp,

bunches of N
2
cars are merged

with the mainstream flow with a

time period P

1 In the sense that the traffic pattern follows the long-term dynamic

d ¼ vmax as defined and shown to be a recurrent pattern in Cohen et al.
(2022, 2023)
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x ¼ N

2

�
1þ vmax þ 1

vmax � v

�
� 1

Therefore the number of time steps for the last car to exit

the zone C (after reaching the maximal speed) is bounded

by xþ ðvmax � v� 1Þ, leading to

Number of time steps � N

2

�
1þ vmax þ 1

vmax � v

�
þ vmax � v� 2

ð3Þ

This bound does not consider the time needed for manag-

ing the cars between the first and the last and assume the

reached traffic pattern is optimal (the head tail distance d is

constant equal to vmax), see Fig. 6. We observe that the

multiplying factor of N grows as v increases. This again

leads to the conclusion that a small entry speed is favor-

able. Here, it reduces the time spent in zone C. Interest-

ingly, our detailed analysis leads to the bound (8) that

shows the same asymptotic behavior as N grows.

4 Informal presentation of the merging
algorithm

In the previous section, we have considered only themerging

of N/2 cars on-ramp with N/2 cars on the main road. We

illustrate the merging algorithm using Fig. 7. In this fig-

ure are represented some speed profiles at times t ¼ 0;Nt;P

(defined below). On the x-axis are the road positions and on

the y-axis the speed of the cars on the mainroad at this

position. The point M is the merging point, at which regu-

lator’s car switch from car following to merging.

We denote time t ¼ 0 the time at which the merging

algorithm starts. Cars arriving at the merging point M

reduce their speed from vmax to v, v being the speed of the

cars on the on-ramp. This speed profile will propagate

upstream2. This means that the trailing cars all decrease

their speed to v and the position at which this happen goes

backward on the road. This is illustrated by the arrow

pointing backward (() on Fig. 7. This can be made precise

by leveraging the description of the car-following model

given by (1). We introduce xnðtÞ the position of the n� th

car at time t. It is known that xnðtÞ � xnþ1ðtÞ � 1 ¼ vnðtÞ þ
k , where3 k� 0 is a constant of the motion (it is our

assumption that the flow is synchronized), see (Cohen et al.

2022, 2023). Hence, if at time t the n� th car decelerates

vnðtÞ ¼ vnðt � 1Þ � 1 at position xnðtÞ, the ðnþ 1Þ � th car

decelerates at time t þ 1, vnþ1ðt þ 1Þ ¼ vnðtÞ at the position
xnþ1ðt þ 1Þ ¼ xnþ1ðtÞ þ vnðtÞ ¼ xnðtÞ � 1� k\xnðtÞ.
Notice that the speed of the propagation of the wave

depends on the distances between the cars (the constants k).

In the following it is assumed that k ¼ 0 corresponding to a

maximum flow and a wave propagation speed of 1.

Then, after the merging point, cars accelerate and the

two lines are merged. To make room, the first car accel-

erates back to vmax and the trailing cars accelerate first to

vmax � 1 to make room4 and finally to vmax when the dis-

tance with the leading car is large enough. This process

stops at time t ¼ Nt when the N cars executing the merging

algorithm are at speed vmax, see the middle of Fig. 7. In the

following we call this period of time from t ¼ 0 to t ¼ Nt

the Phase I, see also Fig. 15. Notice that at time Nt the cars

upstream to the N cars executing the merging algorithm are

at speed less than vmax. At time Nt the last of the N cars

accelerate to vmax and the cars upstream starts to accelerate

later depending on the head-tail distances. This is crucial.

Indeed, the merging algorithm can be restarted only when

all the cars upstream are at maximal speed vmax.

At the end of phase I, N/2 cars have merged with the

mainstream flow. The algorithm should be repeated to

merge successive batch of cars on-ramp. This repetition

Fig. 6 Merging two lines needs

to make room, illustration. At

the top, the initial configuration,

two parallel lines of N/2 cars at

speed v and head-tail distance

d ¼ v. At the bottom, the

optimal final configuration, the

N cars in a single line at

maximal sped vmax and head-tail

distance d ¼ vmax

2 This is similar than a wide moving jam in the three-phase traffic

theory (Kerner 2021).

3 The distance between two cars is the number of free slots between

them.
4 Notice that this speed profile is a bit different than the one we

consider to compute the lower bound (3).
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requires that cars on the zone C after the merging point M,

see Fig. 3, are all at maximal speed since our merging

algorithm requires that the leading car accelerates to vmax.

At time t ¼ Nt we observe on the middle of Fig. 7 that the

cars following the N merged cars are at speed vmax � 1. The

following cars are cars coming from the mainstream flow.

With our merging algorithm it takes P� Nt time units

before all the cars after the merging pointM are at maximal

speed vmax. This period of time between t ¼ Nt and t ¼ P is

covered by what we call Phase II and Phase III in the rest of

the paper, see also Fig. 15. The duration of phases II and III

are estimated in Sections 6.1 and 6.2. The estimate for P is

given by (14) and for Nt by (8).

In summary at time t ¼ P the merging algorithm can

restart and a new batch of N/2 cars from on-ramp merged

with the mainstream flow.

From the global point of view, we observe that there is a

traffic pattern that propagates upstream, the traffic pattern

on the bottom on Fig. 7 of length Pþ 2d where cars move

at speed v. This traffic pattern will interact with traffic

incoming from an on-ramp upstream, preventing cars to

apply the merging algorithm (since cars maybe forced to

stay at speed v instead of accelerating to vmax). This shows

that the access from different on-ramps to the mainstream

lane should be coordinated. This is illustrated by Fig. 8

In terms of platons, an on-ramp maybe seen as dividing a

stream into platoons. As shown on the top of Figs. 7 and 8 the

car that starts the merging algorithm decreases its speed from

vmax to v and then accelerates back to vmax, the car surrounded

by red inFig. 9.The car in front of it continues at speed vmax. In

the end an empty region of length vmax þ ðvmax � vÞ2 occurs
between the two platoons, see Fig. 9. Indeed, the speed of the

car leading the merging algorithm follows the sequence

vmax � 1; . . .; v; vþ 1; . . .; vmax while the car in front of it

continues at speed vmax. The speed differences increase the

distance between the two cars by ðvmax � vÞ2 (initially the

distance is assumed to be vmax).

On the newly created platons a speed profile of the form

of the one depicted on the bottom of Fig. 7 propagates

upstream.

As we emphasize in this Section, the description of the

creation and gathering of platoons as well as the propa-

gation of speed profiles is mandatory to a deep under-

standing of the global traffic patterns. Now we focus on the

detailed description of a merging algorithm and the anal-

ysis of the dynamic of more global mechanisms is post-

poned to subsequent works.

5 Algorithm

We consider a section of the road composed of the target lane

n1 and the second lane n2 of size L2 2 N, see Fig. 4 and (4).

Vehicles on lane n2 mustmove onto lane n1. In this sectionwe

donot considerupstreamcarsonn1,we restrict our attention to

the N cars involved in the merging algorithm. We represent a

configuration at a time t on the road in the following way:

n1 f:::3:::::::::5:::::::::5::::::

n2 f::2:::::4:::::::::::
ð4Þ

where a point . denotes an empty cell and a number

denotes the speed of a vehicle present in that cell.

5.1 Initial conditions

The description of the algorithm is limited to the cars

involved in the merging algorithm. The cars upstream are

assumed to be driven by the car-following speed regulator,

i.e. they maintain the head-tail distance d ¼ v with the

leading car, and are discussed later in Section 6. The speed

v is imposed by the algorithm but its value is not yet

specified. It is when a car enters one of the section n1 or n2
of the road that the regulator switches to the merging mode

and applies the algorithm we describe in this section.

M cars at speed

e
mit

Fig. 7 Some speed profiles at

times t ¼ 0; nt;P. On the x-axis

is the road positions, on the y-

axis the speed of the cars on the

mainroad. The distance d is the

distance between the last car at

speed vmax and the leader at

speed v,
d ¼ ðvmax þ vþ 1Þðvmax � vÞ
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We assume that cars are coordinated to an initial con-

figuration5 in which the vehicles are at equal speed and

distance. For example, with N ¼ 8 then we can have the

following configurations:

A
1:1:1:1:::::::::::::::

1:1:1:1:::::

�
B

2::2::2::2::::::::::::

2::2::2::2::

�
ð5Þ

Given the initial condition, a merging sequence is defined

(Fig. 10). For example, for configuration A the exit order

is:

leading to a final configuration

::8:::7:::6:::5:::4:::3:::2:::1::::::

where all cars move at speed vmax with head-tail distance

d ¼ vmax. We denote by qa the sequence number of car a.

5.2 Description of the algorithm

Algorithm 1 works as follows. First, time t is set to 0 at the

initial configuration (a traffic pattern like (5). Let a be a

vehicle and qa its index in the merging sequence. If t is less

than qa, then a maintains its current speed va ¼ v. If t is

equal to qa, then va increases by one unit. If, in addition, its

position is even, then a changes lanes. Note that the

vehicles on lane n2 always have an even index in the

merging sequence. Finally, if t is greater than qa, then there

are three different cases.

– If va is less than vmax � 1 then va increases by one unit.

– If va equals vmax � 1 and the head-tail distance with the

leading car is smaller (� ) than va, then va stays

constant.

– If va equals vmax � 1 and the head-tail distance with the

leading car equals va þ 1, then va increases by one unit.

It is useful to note that the number of steps a stays at speed

vmax � 1 is seen in Appendix Proposition 1 to be

bqa
2
cðvþ 1Þ þ 1 ð7Þ

with qa the position in the merging sequence.

Fig. 8 The propagation of the wave of decelerating cars upstream

prevents the merging algorithm to be started on a 2nd on-ramp located

upstream. To restart the merging algorithm it is necessary to let the

wave pass. From top to Bottom: The leading car starts the merging

algorithm by changing its speed following the sequence

vmax ! v ! vmax. Next, the merging is finished. Next, The wave

propagates and prevents the merging to be applied at the 2nd on-

ramp. Last, The merging can start at the second on-ramp

Fig. 9 Top: A continuous stream of cars composing a platoon cars

move at speed vmax. Bottom: After one car started and executed the

merging process, thus decelerating to speed v and then accelerating to

vmax. On the figure the leader car is back at speed vmax and the

following cars are still accelerating. We observe two platoons

5 Using a strategy similar to one described in Section 2.
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We point out that after merging the cars accelerate to

speed vmax and head-tail distance reaches d ¼ vmax. An

example can be shown in Fig. 11.

5.3 Time needed to reach a maximum flow

It is relevant to ask how the number of vehicles N influ-

ences the time Nt necessary to execute Algorithm 1. The

algorithm stops when the last car involved in the merging

process gets to the maximal speed vmax. For further refer-

ence we call this car last. In Fig. (11) at time 9 last is

boxed. We determine the following formula proved in

Appendix Proposition 2

NtðN; v; vmaxÞ ¼ N
�
1þ vþ1

2

�
þ vmax � v ð8Þ

5.4 Required lane’s length

We denote Lc the length on lane n2 necessary to allow all

vehicles on this lane, among N vehicles in total, to change

lanes. The value of Lc is important since related to sizing

the road.

In the example of Fig. (11), vehicles on lane n2 never go

further than position marked with an x in the following

Figure:

1:1:::::::::::::::::::::::::::

1:1x::::::::::::::::

Then we have that Lc ¼ 1.

In general, for N[ 1, we have that:

LcðN; vÞ ¼ N
2
ðv� 1Þ þ v

: ð9Þ

Indeed, it is the last car that requires the longest road length

before changing lane. It changes lane after spanning a

distance Nv. The result follows because the last car starts a

distance N
2
ðvþ 1Þ � v before the merging point.

6 Repeating the merging algorithm

In this Section we address the computation of how many

cars can be merged with a one lane saturated traffic pattern

as the time goes. Algorithm 1 shows how merging N/2

cars. The question now is how soon Algorithm 1 can be

repeated, i.e. how frequently batches of N/2 cars can be

merged with the incoming flow.

Fig. 10 The exit order

1: if t < qa then
2: ṽa = va
3: else if t == qa then
4: if qa % 2 == 0 then
5: a.changeLanes()
6: end if
7: ṽa = va + 1
8: else
9: if va < vmax − 1 then
10: ṽa = va + 1
11: else if va == vmax − 1 then
12: if qa! = 1 and d(a, b) < vmax then � b is the leading car of a
13: ṽa = va
14: else
15: ṽa = va + 1
16: end if
17: else
18: ṽa = va
19: end if
20: end if

Algorithm 1 Algorithm for vehicles at equal speed and distance with v 2 ½½1; vmax � 2��
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The example in Fig. 11 has to be completed to take into

account the upstream flow of cars entering continuously the

merging area, see Fig. 12.

When comparing Fig. 12 to Fig. 11, we observe at time 2

and 5 the appearance of upstream cars in the mainstream.

This stream is composed of cars at speed 1 (in general v) and

head-tail distance 1 (d ¼ v). What is important to notice at

time 5 is that the car on the merging point cannot accelerate

because of the cars downstream that apply the merging

algorithm and are stuck at speed 2 (in general vmax � 1). This

prevents the merging algorithm to start again. Indeed, the

first car of the merging sequence accelerates regularly to

speed vmax (which is not possible here), see Fig. 13.

In Fig. 13 we see that when the merging algorithm

finishes at time 9, the last car that participates to the

merging algorithm (represented in a box) is at maximal

speed 3, but it is followed by a line of cars at lower speed

(in general vmax � 1). To restart the merging algorithm

requires to wait for all these cars get to speed vmax.

Before turning to the analysis of the performance of

Algorithm 1 we describe the traffic dynamics as plotted in

Fig. 15. In this figure we see the states of the cars on road as

themerging algorithm is run until the time it can be run again.

There, N ¼ 6 car participating to the merging process. We

plot in magenta the last such car and for further reference we

denote it by last. The cars plotted on red are the ones not yet

in themerging area. Such carsmove at speed v and there is an

infinite number of them coming upstream.

In the figure there are 3 phases to be distinguished.

Phase I correspond to the execution of Algorithm 1 as

described in Section 5.2. We see that at the end of this

phase the 6 cars involved in the merging process are at

maximal speed, the cars are represented by squares instead

of dots when their speed is maximal (vmax).

We observe that at the end of phase I there are cars

behind last that are in the merging area but cannot accel-

erate to vmax. Repeating Algorithm 1 requires to wait that

there is no constraint on the acceleration for these cars.

These are Phase II and III. Actually, after last accelerates

the cars behind start to accelerate one after the other and

Algorithm 1 can be repeated when the car entering the

merging area can accelerate straightaway.

Analysing Phases II and III requires to understand the

speed at which the wave of accelerating cars move. It

happens that in Phase II the speed is 1 (cell per unit time) -

this is plotted as slope1 - and in Phase II it is ðvmax � 1Þ=v
(cells per unit time)—this is plotted as slope2, see Equa-

tion 13. This is due to the fact that in Phase II the cars

move while preserving the invariant that the head-tail

distance equals the speed. Hence, if a car accelerates at

position x the following car accelerates at position x� 1, it

Fig. 11 Example of execution

of the merging algorithm with

vmax ¼ 3, v ¼ 1 and N ¼ 4. At

time 9 the algorithm stops when

all cars involved in the merging

algorithm gets to maximal

speed. The last one is boxed at

time 9. For further reference we

call it last. Notice that last stays
at speed 2 (=vmax � 1) 5 time

units as predicted by (7), i.e.

q4 ¼ 5

Fig. 12 Example of Fig. 11 completed to include the incoming flow in the merging area. The merging point is underlined. Algorithm 1 can

restart at the time when cars arriving at this point can accelerate to vmax without restricted by cars down stream at lower speed

Fig. 13 The cars upstream to last (boxed in the figure) cannot

accelerate to vmax as they enter the merging area. Hence, Algorithm 1

cannot be restarted
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results a wave of acceleration that moves the road back-

ward at speed one. In Phase III the pattern is different as

illustrated in Fig. 16.

The time to complete phases I, II and II are respectively

given by Equations (8), (11), (13).

This is also illustrated in Fig. 14. We observe that some

cars stay at speed vmax � 1 for some times, waiting for the

head-tail distance to get large enough (Fig. 15). This prevents

the merging algorithm to be restarted since this would

require that the leading car accelerates up to speed vmax.

6.1 Duration of phase II

It is crucial to understand the traffic patterns of the line

of cars behind the last car in the merging sequence. We

denote last for further reference this car.

First, at the time when last accelerates it is at distance

Nv� N

2
ðvþ 1Þ þ v ¼ N

v� 1

2
þ v; ð10Þ

from the merging point i.e., it starts at distance N
2
ðvþ 1Þ �

v with a sequence of N steps at speed v. At this time there

are

k ¼ v� 1

vþ 1

�N
2
þ 1

�

cars between last at the merging point which are all at

speed v and distance6 d ¼ v.

Because last starts accelerate at distance N v�1
2

þ v from

the merging point it will last N v�1
2

þ v steps before cars

enter the merging area and are able to accelerate (the wave

of acceleration goes back with one distance unit per time

unit because d ¼ v). During this period the flow of cars

entering is v=ðvþ 1Þ, hence it will be

k0 ¼ k þ ðN v� 1

2
þ vÞ v

vþ 1
ð11Þ

cars behind last whose head-tail distance will always equal

the speed.

6.2 Duration of phase III

At the time when cars enter the merging area and accel-

erate the traffic pattern changes. Actually, when the cars

enter at speed v there are v� 1 cars entering successively

(at times 1; 2; . . .; v� 1 and the v-th car enters at time

vþ 1. Hence when the car’s speed stabilize at vmax � 1

there will be v� 1 head-tail distances d ¼ vmax � 1 fol-

lowed by one with d ¼ vþ 2þ 2ðvmax � v� 2Þ, see

Fig. 16 for an illustration with vmax ¼ 5, v ¼ 2.

For this traffic pattern the wave of accelerating cars

progresses upstream at speed ðvmax � 1Þ=v. Notice this is

faster than 1 the speed of the wave when d ¼ v.

We denote dend the distance from the merging point to

last (the one boxed in Fig. 13) when the merging algorithm

stops, i.e. the position where the speed of last increases

from vmax � 1 to vmax. The wave of accelerating cars starts

at this point up to the merging point. The algorithm can

restart when the wave meet the cars accelerating from the

merging point (at distance ðvþ vvmaxÞðvmax � vþ 1Þ=2
from the meeting point). This distance is

d0end ¼ dend � ðvþ vvmaxÞðvmax � v� 1Þ=2

.

It can be shown, see Proposition 3 in Appendix that

dend ¼ N
ðv� 1Þ

2
þ vþ ðvþ 1Þ þ :::þ ðvmax � 2Þ

þ ðN
2
ðvþ 1Þ þ 1Þðvmax � 1Þ

d0end ¼
N

2

�
v� 1þ ðvþ 1Þðvmax � 1Þ

�
þ v:

ð12Þ

and the time to reach this configuration is given by (8).

The wave of accelerating car starts from dend and goes

back k0 unit distance in the first k0 time unit because the

speed of the wave is 1 since d ¼ v between the k0 cars. The
remaining distance is d0end � k0 that the wave crosses at

speed ðvmax � 1Þ=v for a time

v

vmax � 1

�
d0end � k0

�
: ð13Þ

Hence, the algorithm can restart after

P ¼ Nt þ k0 þ v
vmax�1

�
d0end � k0

�
: ð14Þ

6 Solve kðvþ 1Þ ¼ N v�1
2
þ v� 1, see (10).

Fig. 14 The x-axis is the road positions and on the y-axis the car

speeds. We observe that until time t ¼ 50 there are cars stuck at speed

vmax � 1 waiting for extra inter-distance. This prevent the restart of

the merging algorithm
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This estimation is numerically validated and results are

reported in Fig. 17. Interestingly the three term entering

(14) are linear function in N with the slopes increasing with

vmax. This can be observed in Fig. 18. Notice how Phase II

and III are important contributions to the term P. This

shows that the coordination of the cars for merging (Phase

I) is certainly an important topic to ensure good perfor-

mance. However, The impact on the traffic pattern (Phase

II and III) of the merging is more important. As a first

conclusion one are drawn to think that controlling the

traffic entering the merging area seems a promising and

mandatory approach.

7 Analysis of the flows

Using the estimate (14) we can compute the flow after the

merging point. Indeed, after a period P, N/2 cars are added

to the flow. In total there are v
vþ1

Pþ N
2
cars in the main road

for a period P. This leads to a flow of v
vþ1

þ N
2P. This total

flow can be compared to the flow on-ramp. This is shown

in Fig. 19. We observe that increasing the speed of the cars

entering the merging area increases the flow out of the

merging area but, unexpectedly, reduces the flow coming

from the on-ramp.

Interestingly, the on-ramp flow does not change much

with the maximal speed vmax. Indeed, the term P of equa-

tion (14) can be rewritten

P ¼ vmax þ
v

ðvþ 1Þðvmax � 1Þ þ . . .

where the . . . are terms independent of vmax. The contri-

bution of vmax is of the order of vmax. In the conditions of

Fig. 18 this contribution is negligible. In the conditions of

Fig. 15 there are vmax ¼ 12 for P ¼ 45. In general, the

impact of vmax on the flow given by N
2P vanishes as

N increases.

The contribution of the number of cars N to the term P is

linear, this can be seen on the formulae and in Fig. 18.

The contribution of the initial speed v to the term P is

more complex. If we assume that N is large enough to

neglect terms with a factor 1
N, the on-ramp flow N

2P can be

written

Fig. 15 Plot of the execution of Algorithm 1 until a new batch of cars

can be merged with N ¼ 6, v ¼ 2 and vmax ¼ 12. In red are the cars

before entering the merging area. Cars plotted with a square are the

ones at speed vmax. Phase I corresponds to the execution of

Algorithm 1. The last car involved in the merging algorithm (referred

as last in the text) is plotted in magenta. Phase II and III correspond to

the acceleration phase of the cars behind last. At the end of phase III

the cars entering the merging area accelerate continuously to vmax and
a new batch can be merged

Fig. 16 Traffic pattern when the cars enter the merging area. Because

the cars are allowed to accelerate only on the merging area (in red) the

traffic pattern is irregular. If the entering speed is 2 there is one in

three cars that does not accelerate straight after the leading car. The

distance with the leading car will no longer equal the speed but

vþ 2ðvmax � v� 2Þ þ 2, see Section 9.2
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N

2P
¼ 1

2þ 3vþ v2
:

For v ¼ 1; 3; 5 we get N
2P � 0:16; 0:023; 0:009 respectively,

that are values close to what can be measured in Fig. 19.

8 Conclusion

The analysis conducted in this paper shows that the per-

formance of merging algorithms in a global setting

involves many aspects of the traffic pattern dynamics that

are not easy to grasp all together. But, from the point of

view of optimizing the process it is mandatory to under-

stand the global process. If our analysis does not lead to a

comprehensive rule of thumb we believe it is relevant in

showing a way to analyze the problem. Moreover, our

approach allows us to consider the merging of batches of

cars and the conditions to repeat the process.

Our analysis leads to relevant conclusions. In particular, it

shows that it is important to control the speedof the cars arriving

to the merging area. This speed v should be as low as possible.

Notice that Equation (9) leads to the same conclusion since the

length of the double road infrastructure increases with v.

From a technical point of view, the derivation of the

estimate (14) shows that it is possible to express the speed

of the front wave of acceleration/deceleration of traffic

patterns. These speeds are functions of the head-tail dis-

tances between the cars. This is an improvement with

respect to Cohen et al. (2022, 2023).

As for limitation, our model should consider the more

realistic situationswhere cars occupymore than one cell. This

is paramount since it makes possible to consider realistic

acceleration. Moreover, it is important to add this new

parameter and seewhether it reinforces or not our conclusions.

We mention that we do not assert that Algorithm 1 is

optimal. Actually, before doing its complete analysis it was

not clear in what respect this algorithm should be opti-

mized. This paper suggests that what should be optimized

is the period P given by (14).

Fig. 17 Numerical validation of

(14), the results of simulations

are compared to the bound (14)

Fig. 18 Plot of the 3 summands

entering (14), for vmax ¼ 15.

Top Left: Execution time of

Algorithm 1 Nt , see (8)

corresponds of the duration of

Phase I. Top Right:

Equation (11). Corresponds to

the duration of Phase II Bottom:

Equation: (13) corresponds to

the duration of Phase III. Phase

I, II, and III are illustrated in

Fig. 15
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From an heuristic point of view, to optimize Algorithm 1

we may exploit the fact that more than one car at a time can

increase its distance. Thismay lead to the factor 1=ðvmax � vÞ
in Equation (3) that multiplies N and is missing in (8). More

generally, formalizing the problem as an optimization

problem for solution would be as well relevant. We will

consider such directions for further works.

Finally, we qualified this work as global to stress that we

quantify the impact of the lane merging algorithm on input

and output flows. However, we are still some steps back

from the global picture as shown in Fig. 3. We do not

discuss the impact of the slowing area B before the merging

lane that leads to a wave of cars slowing down upstream. In

particular in our context of saturated traffic it is likely that

the area A of cars at cruise speed cannot settle and the area

B spread upstream. It is relevant as well to see how the

traffic from many successive on-ramps can be synchro-

nized. We keep this for further works.

Appendix

Proofs of (7), (8), (12).

Proposition 1 When car a applies Algorithm 1 it stays at speed

vmax � 1 for

bqa
2
cðvþ 1Þ þ 1;

where qa is the number of a in the merging sequence, see

(3).

Proof The proposition is true for qa ¼ 1 because the first car

accelerates from v to vmax one speed unit per time unit. Let us

consider car with qa ¼ 2. At the time a accelerates it is at speed vþ 1

and distance 0 from the leading car which is at speed vþ 2, see the

example (11). It takes vmax � v� 2 time steps for the leading car to

reach speed vmax (observe that vmax � v). At this time a is at distance

vmax � v� 2 from the leading car and at speed vmax � 1. It stays vþ 1

more time units at speed vmax � 1 before the distance is vmax and a

accelerates to vmax. In total, awas vþ 1þ 1 ¼ b2
2
ðvþ 1Þ þ 1 time units

at speed va. Let us consider the next car qa ¼ 3 andwewill see how the

formula generalizes. a accelerates one time units after the leading car

and always ensures that va ¼ d, i.e. the speed of a, va, equals the

distance with the leading car. Hence it stays at speed vmax � 1 the same

number as the leading car, which is what the formula says. This is true

for all cars with qa odd. Finally, for qa ¼ 4 the same argument than the

one for qa ¼ 2 applies and the car stays at ðvmax � 1Þ, ðvþ 1Þ time units

more than the leading car. This argument holds for all cars with qa
even. h

Proposition 2 The merging Algorithm 1 takes

Nt ¼ N þ vmax � vþ N

2
ðvþ 1Þ ¼ N

�
1þ vþ 1

2

�
þ vmax � v

before the last car reach speed vmax.

Proof The last car has merging sequence number N. It stays at speed

v for N time steps, then increases its speed to vmax staying N
2
ðvþ

1Þ þ 1 at speed vmax � 1. In total we get the given expression for

Nt. h

Proposition 3 The expression for dend the distance of the last car

involved in the merging sequence at the time its speed reaches vmax
from the merging point is given by

dend ¼ N
ðv� 1Þ

2
þ vþ ðvþ 1Þ þ :::þ ðvmax � 2Þ

þðN
2
ðvþ 1Þ þ 1Þðvmax � 1Þ:

Proof In Proposition 2 we count the number of time steps the last

car is involved in the merging process. Similarly, we can count the

distance spanned. It is Nv for the N first steps followed by the

acceleration and stays at speed vmax � 1. This leads to

Nvþ ðvþ 1Þ þ . . .þ ðvmax � 2Þ þ vmax � 1þ . . .þ vmax � 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
N
2
ðvþ1Þþ1

:

ð15Þ

We conclude by noting that the last car starts a distance
N
2
ðvþ 1Þ � v ahead from the merging point, hence this has

to be subtracted from (15). h

Fig. 19 Left: The total flow

after the merging area v
vþ1

þ N
2P.

Right: The flow on-ramp N
2P
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Speed of waves of accelerating cars

We consider the traffic pattern where an infinite line of cars

move at speed v with head-tail distance d ¼ v between the

cars like in following Figure where v ¼ 2.

:2::2::2::2::2::2::2:::::::::::::::::

If the leading car accelerates from speed v to vmax, here

vmax ¼ 4 this leads to the following configurations.

:2::2::2::2::2::2::3:::::::::::::::::

2::2::2::2::2::2::3::: 4 :::::::::::::

::2::2::2::2::2::3::: 4 ::::4::::::::::

:2::2::2::2::2::2::: 4 ::::4::::4::::::::::

We observe that the positions at which the cars reaches

speed vmax ¼ 4 goes upstream 1 cell per time unit. This is

general and due to the fact that the head-tail distance d ¼ v

and the distance counts the number of unoccupied cells

between the cars. The speed of the wave of accelerating

cars is then 1 cell per time unit.

In the case where the distance d ¼ vþ k we observe that

we have the configuration (with v ¼ 2, k ¼ 1, vmax ¼ 4)

:2:::2:::2:::2:::2:::2:::2:::::::::::::::::

Which leads to

:2:::2:::2:::2:::2:::2:::3:::::::::::::::::

2:::2:::2:::2:::2:::2:::3:::: 4 :::::::::::::::::

::2:::2:::2:::2:::2:::3:::: 4 :::::4:::::::::::::::::

2:::2:::2:::2:::2:::2:::: 4 :::::4:::::4:::::::::::::::::

We observe that the condition d ¼ vþ k is invariant.

Hence, at the time the leading car reach speed vmax, the

trailing car follows at speed vmax � 1 and distance

vmax � 1þ k. It follows that after the position update the

trailing car reach a position which is vmax � 1þ k �
ðvmax � 1Þ ¼ k cells behind the position the trailing car was

when it reached speed vmax. Hence, the speed of the

accelerating wave is k þ 1.

In the situation described by (16) there are v� 1 suc-

cessive head-tail distances equal to d ¼ v and 1 at distance

vþ 2ðvmax � v� 2Þ þ 2 ¼ vmax � 1þ k with

k ¼ vmax � v� 1. This last one leads to an acceleration of

k þ 1 ¼ vmax � v. Hence in average the speed is ðvmax �
1Þ=v cells per unit time.

To end, we show that in the situation described by (16)

the long distance is given by vþ 2ðvmax � v� 2Þ þ 2. The

long distance occurs because one trailing car does not

accelerate straight after the leading car but one time unit

later. The leading car speeds are of the form ðvþ 1Þ ðvþ

2Þ . . . ðvmax � 1Þ ðvmax � 1Þ ðvmax � 1Þ for (vmax � vþ 1)

time units. The trailing car speed are of the form

v v ðvþ 1Þ . . . ðvmax � 1Þ. Hence, between the two cars the
distance increases by 2ðvmax � v� 2Þ þ 2 and the total

distance is then vþ 2ðvmax � v� 2Þ þ 2.
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