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Abstract

Mixed linear models are used to analyze data in many settings. These models have in most cases
a multivariate normal formulation. The maximum likelihood estimator (M LE) or the residual
MLE (REML) are usually chosen to estimate the parameters. However, the latter are based
on the strong assumption of exact multivariate normality. Welsh and Richardson (1997) have
shown that these estimators are not robust to small deviations from the multivariate normality.
This means, in practice, that a small proportion of data (even only one) can drive the value of

the estimates on their own.

We present some of the most used models in the analysis of variance. We introduce the mixed
linear model formulation and see that in most cases it is possible to extract independent sub-
vectors of observation. The structure of the covariance matrix is derived for a great variety of
models. Since the model is multivariate, we propose in this thesis a high breakdown multivari-
ate robust estimator for very general mixed linear models, that include, for example, covariates.
This robust estimator belongs to the class of S-estimators (Rousseeuw and Yohai 1984) from
which we can derive the asymptotic properties for inference. We also use it as a diagnostic
tool to detect outlying subjects. We derive the estimating equation defining the high break-
down estimator and we describe how it can be computed via a simple iterative algorithm. We
study the behavior of the robust estimator through an extensive simulation study. It is com-
pared to the maximum likelihood estimator under a great variety of configuration implying
different models, different contamination patterns and different samples size. We also discuss

the advantages of this estimator and illustrate its performance with the analysis of four datasets.

We also consider robust inference for multivariate hypotheses as an alternative to the classical
F-test by using a robust score type test statistic proposed by Heritier and Ronchetti (1994)

and study its properties by means of simulations and real data analysis.



Résumé

Les modeles lin. mixtes sont utilisés pour analyser les données issues de recherches dans de
nombreux domaines des sciences humaines et sociales. Pour estimer ces modeéles et tester des
hypotheéses, nous proposons dans ce travail une approche dite robuste qui protége les analyses
de bias potentiels dus a la présence dans les échantillons d’une minorité de données atypiques.
Nous partons d’une formalisation multivariee de ces modeles et proposons un estimateur ro-
buste appartenant a la classe des estimateurs S (Rousseeuw et Yohai 1984) dont nous dérivons
les fonctions de scores ainsi que les propriétés asymptotiques pour l'inférence. Nous pouvons
également 1’utiliser comme outil de diagnostique afin de pouvoir détecter de potentielles valeurs
extrémes. Les avantages de cet estimateur ainsi que son comportement sont illustrés au travers

d’une étude de simulation ainsi que par l’analyse de quatre jeux de données réels.

Basée sur cet estimateur, une partie inférence robuste est également développée. Nous pro-
posons une alternative robuste au test classique de Fisher. Il s’agit d’un test du score robuste
proposé par Hériter et Ronchetti (1994). Le comportement de ce test est étudié aux moyens de

simulations ainsi que de jeux de donnée réels.
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Chapter 1

Introduction

Statistics is concerned with the variability that is inevitably present in any sets of data. The
traditional method for isolating the sources of variability in a set of measurements is known as
the analysis of variance. It has long been used in statistics and provides a simple and optimal
description of a complete data set by means of models characterized by a certain number of pa-
rameters. Its purpose is to determine the extent to which the effect of an independent variable,
often called a factor, is a major component of the variability. The partition of the variability is

summarized in what is known as an ANOVA table.

Historically, the original work of Fisher (1925) is at the beginning of the development of the
analysis of variance. Fisher’s description of the analysis of variance methodology was based
on sums of squares of differences among observed means. In the recent decades, the trend has
been to present many of the ideas behind the analysis of variance in terms of what are called
nowadays linear models and more particularly that class of linear models which is called fixed
effects models. Variations among data can be studied through different classes of linear models,
those known as random effects models and also those called mixed effects models, which are
models that have mixed features of fixed and random models. In general, data analysis using
mixed linear models is closely related to the classical analysis of variance, but this is not always
true for linear and random effects models. To have a thorough history of the development of
the analysis of variance or to have a good documented bibliography on the subject, consider

the excellent survey of Sahai, Khuri, and Kapadia (1985).



Considering a more standard terminology, an ANOVA model is also defined through an exper-
imental design. An experimental design refers to a plan for assigning subjects to experimental
conditions. Such designs involve a certain number of specifications such as the determination of
the experimental conditions (independent variable) to be used, the measurements (dependent
variables) to be recorded and the nuisance variable that must be controlled. Of course, those
designs are also defined through the statistical hypothesis that are made about the parameters
and the population from which the subjects are drawn. Given the choices made about the
design and the statistical hypothesis, the model will be referred to as a fixed, random or mixed
effects model. In this work, the terms model and design will be used indifferently. For a review

of the various designs used in the statistical literature see e.g. Kirk (1982).

In this work we consider more particularly designs that involve repeated measurement of the
same group of individuals. Such design is called a repeated measures design. More specifically,
when separate groups of individuals are studied, the number of individuals required is some
multiple of the combined levels of each factor that is introduced. With repeated measures,
rather than randomly assigning the individuals to the various conditions, the same individuals
can be measured at all levels. The advantage of such studies is that differences in measures
cannot be attributed to individual characteristics (for example, motivation, intelligence). An-
other advantage is that we need fewer individuals, the same individual being measured at all
levels. In either case, the design is termed as repeated measures, because the same individuals
are measured on a number of occasions corresponding to each treatment level. It is also referred

to as randomized block design, with each individual designated as a “block”.

Repeated measures studies have been introduced in virtually all behavioral and social sciences:
psychology, medicine, education, sociology, political science, economics, business and industry.
There are many research hypotheses that can be tested using repeated measures designs, such
as hypotheses that compare the same subjects under different treatments, or those that follow
performance over time. Repeated measures designs are quite versatile and are called by many

different names. For example, a one-way repeated measures ANOVA model may be known



as a one factor within-subjects ANOVA model, a treatments-by-subjects ANOVA model, or
a randomized blocks ANOVA model. A two-way repeated measures ANOVA model may be
referred to as a two factors within-subjects ANOVA model, a two-way ANOVA model with
repeated measures on both factors, a multiple treatments-by-subjects ANOVA model. In fact,
repeated measures designs are special cases of the randomized complete block design wherein

each subject is considered to be a block and is observed under all treatment levels.

Actually, the first insight of this work was to develop a robust estimator for designs involving
repeated measurements only. We will see that the results of this research are applicable not
only to repeated measures models but also to other kind of models. As long as it is possible
to write the corresponding models as a multivariate normal model with constrained covariance
matrix, we can apply the robust method we propose. These models belong to the class of
mixed linear models and include, for example, hierarchical or multilevel models (random nested
models), longitudinal data (repeated measures) and others. The aim of this research is thus to
investigate robust procedures for ANOVA models which can be described as multivariate nor-
mal with constrained covariance matrix and to propose new robust inference tools. In terms of
robustness, most of the proposals in the field of ANOVA (or mixed linear models) are based on
a weighted version of the corresponding log-likelihood function. Welsh and Richardson (1997)

present a survey of the various robust methods developed so far.

Here we propose a different approach that we hope will improve the performance of the robust
estimators especially in terms of breakdown point (see later). It starts from a reformulation of
the models as multivariate normal distributions. For example, consider the one factor within-

subject ANOVA model given by the following structural equation
Yig = p+Aj+ 8 +&i i=1,.,n j=1,..,1

where y;; is an observation for subject i at treatment level j, 4 is the grand mean, A; is a
fixed effect for the jth treatment levels and EézlAj =0, s; is a random variable that explains

the random effect of the ith subject on the response variable y;; and ¢;; is a residual error



term. We suppose that the unobservable random variables s; and ¢;; are independent and have
independent N(0,02) and N(0,02) respectively. An equivalent multivariate formulation of the
model is given by

yvi=p+es;+e i=1,...n

where y; = [yil,m,yil]T, =+, pu+ A ..., u+ N7 e is a vector of ones of length [ and

g = [ei1, ...Eu]T. Given the assumptions on s; and €;;, the y; are independent multivariate

normal N(u, ¥) random variables with
Y =02 + 02,

with J; being the [ x [ matrix of ones. For other models, the covariance matrix X has always a
particular structure (see Chapter 2). The problem is then reduced to the estimation of g and X
and our aim is to propose a robust estimator for a structured or constrained 3. We can say that
the covariance matrix 3 is constrained to have a particular structure given the assumptions on

the structural model and we will use this structure in the definition of our robust estimator.

Estimating the parameters in mixed linear models is only a first step into inference. Therefore
in a second part of our research, we will also consider robust testing for comparing treatment
levels or in other words the elements of the mean vector. Fisher (1925) developed the widely
used F-test. Unfortunately, the F-test is known as being not robust to small deviations such
as extreme observations (see for example Braun and McNeil, 1981). It is true however that
the robustness of the classical F-test is still a subject of research. While it can remain stable
in presence of misspecified models, it can break completely in some other cases. As we will
see later, there are two main reasons that affect the robust properties of the F-test. To our
knowledge, no formal robustness study has been done in the repeated measures settings and we
will show that small amounts of extreme observations can considerably bias the decisions taken
on the basis of the F-test. With this idea in mind, we adapt a robust testing procedure based
on the results of Heritier and Ronchetti (1994), who propose robust versions of the classical
Wald test, score type test and likelihood ratio test for general parametric models. Since those

results are asymptotically true and since the data sets encountered in practice are usually rather



small, we will also investigate the small sample properties of the robust tests.

This work is organized as follows. In Chapter 2 we present some of the most used models in
the analysis of variance. We introduce the mixed linear models formulation and see that in
most cases it is possible to extract independent subvectors of observation. The structure of the
covariance matrix is derived for a great variety of models. In Chapter 3 we review both the
classical and robust methods of estimation that exist so far. The estimating equation defining
the high breakdown estimator are derived in Chapter 4. We describe how it can be computed
via a simple iterative algorithm. In Chapter 5, we study the behavior of the robust estimator
through an extensive simulation study. It is compared to the maximum likelihood estimator un-
der a great variety of configuration implying different models, different contamination patterns
and different samples size. Robust inference is developed in Chapter 6 and analyzed through
a simulation experiment in Chapter 7. Chapter 8 analyzes four data sets using classical and
robust estimators. In Chapter 9, we summarize the questions that have been left open during
the course of this work and suggest different directions for further research. Finally, Chapter

10 concludes.



Chapter 2

Models formulation

In this chapter, we review some of the most used designs in analysis of variance through the
mixed linear models formulation. Indeed, the mixed linear models formulation has the advan-
tage of being very flexible for complex ANOVA designs. We present the formulation of mixed
linear models as multivariate normal distribution with constrained covariance matrices. We ex-
plore different kinds of models and see that in each case it is always possible to extract random

independent subvectors that are multivariate normal.

2.1 mixed linear models

mixed linear models can be expressed generally by the regression type equation

y=Xa+ZB+e¢ (2.1)

where y is the N— vector of all measurements (observations), X is a N x ¢p design matrix
for the fixed effects component «, a gg-vector of unknown fixed effects, Z is the N x ¢ design
matrix for the random effect vector 3 and € is the N-vector of independent residual errors. 3

can actually be partitioned into a series of r sub-vectors,

B=[61.83,...8;1" (2.2)

We have that



We suppose that for each 3;

var(B;) = O'?Iqj

with g; being the number of elements in 3;. Moreover

cov(B;,Byr) =0 j#j"

and similarly

cov(B,e) =0

Using (2.4)-(2.6), the covariance structure of 3 is

2
Ullth

021
D =wvar(B) = 2

Then partitioning Z in submatrices as in (2.2) i.e.

7 =[Z1,Zs, ..., Z,]

with each submatrix Z; of dimension N X g;, (2.1) becomes
T
y=Xa+ ) Z;3;+¢€
j=1

Hence,

10

2
Or IQT

(2.3)

(2.4)

(2.8)



T
V =var(y) = ZDZ" + 621y = Z%J?Z]Z;‘-F +02Iy
]:
A useful extension of this formulation is to treat € just as another 3;, say By, and incorporate
it into (2.8) by defining
Bo=¢, Zo=1Iy, and o2=02

and so we have

IS
y = Xa + szﬂj (2.9)
=0
and
T 2 T
V= 3Lz, (2.10)
]:

We assume that all the gg + r + 1 effects are identifiable and concentrate on models for which

we can write

V = diag(%;) (2.11)
with ¥; = 3 Vi = 1,...,n. For such models, we have an equivalent multivariate formulation
for (2.1) which is

yi~ N, ) (2.12)

with y; the p-vector of independent observations obtained by partitioning y according to the
covariance structure in (2.11) and g = xa with x a p X g matrix obtained by partitioning X
according to the covariance structure in (2.11). The case in which p = p; = x;a, i.e. with the

presence in the model of covariates, will also be discussed. We can actually write

,
Y= ZJ?ZJ-Z;F (2.13)
=0

with z; being the design matrices that define the structure of each block of V.

11



Most of the well-known models can actually be written as in (2.12) with a covariance matrix

defined with (2.13) and we now present in detail some of them.

2.2  One factor within-subject ANOVA model

We begin with a simple repeated measures model with only one experimental factor that is
usually termed as one factor within-subject ANOVA model. It is not of great interest in practice
but has the advantage of being simple, easy to describe and theoretically interesting. There
are actually two possible models and we will define them by means of structural equations.
The first model, which is called Model I, expresses the response variable as a function of the
fixed experimental factor and a random factor “subject”. For the second model, Model II,
the response variable is a function of the fixed experimental factor, a random factor “subject”
and an interaction random factor which represents the interaction between the subject and the
experimental factor. We treat here the case where the model is balanced i.e. all y;; for all ¢

and j are observed.

2.2.1 Model I

The one factor within-subject ANOVA model can be written as
Yij = Mj + si +€ij i=1,..,n j=1,..1 (2.14)

where y;; is the response of subject 7 at treatment level j. There are [ levels for the experi-
mental factor (in this case p = [) and [ measurements on n subjects are taken on the response
variable. p; is a fixed effect for each level j of the experimental factor and s; is a variable that
represents the random effect of the ¢th subject on the response variable. The unobservable ran-
dom variables s; and ¢;; are supposed independent and have independent N (0, 02) and N(0,0?)

respectively Vij.

Usually, in the literature, an alternative formulation of model (2.14) is proposed. This model

can be written as

12



Yij = p+Aj+si+ ey (2.15)

where p is the overall mean and J; is the fixed effect deviation from the overall mean p for level
(or treatment) j. We need Zé-:l)\j = 0. The mean p; in the structural model (2.14) is related
to p and \; with

= HAF A

Here we will use formulation (2.15). Given the assumption on s; and €;5, it follows that the y;;

are jointly normally distributed with mean p + A; and

ol+o? i=1lj=k
cov(Yij, yix) = § o2 i=0Lj#k

0 otherwise

The equivalent multivariate formulation is obtained by making n [-vectors of observations y;
which we can write as
yvi=p+es;+e i=1,...,n (2.16)

with p = vec(p + Aj). The y; are then independent multivariate normal N(p,X) random

variables with

Y = war(y:) = var(es; +€;) = eef o + 021, (2.17)
o24+02 o2 ... o2
o2

= o2 +02 =

To match the notation of (2.13) we can write

13



,
Y= g sz-zjz;‘r =021, + 02,
=0

with z; = e; and zg = I;. Note that p can also be expressed as p = xa. Using the constraint

Zé‘:lAj = 0, the fixed effect vector « is defined as

o = [, A1y Ay oy N1) T (2.18)
and hence the design matrix x is
e I
x=| '+ (2.19)
1 —e;{l

Finally, in the mixed linear models formulation, we have

vy = (epx)a+ (I, 0e)8+¢ (2.20)

= Xa+7Zg

where y is a nl-vectors of responses, € is a nl-vectors of residual errors, and ® is the Kronecker
product. We have 8; = (s1,...,5,)7, Z1 = I, ® e}, so that Z;ZT = (I, @ &) (I, ®el)T. It
follows that E(y) = Xea, and that

V = var(y) =1, ®1)0’L,(1, @ 1,)T + %1,

= U?(In ®J) + Ug(In L) =1, ® (O’?J[ + a?Il)

2.2.2 Model I1

Suppose now that we have to following structural model

Yij :u+)\j+si+()\s)ij+6ij i=1,..,n j=1,..1 (2.21)

14



where y;;, pu, A; and s; are defined as before. We suppose here that there is an interaction
between the random effect of the model (i.e. the subject) and the fixed experimental factor. A
new random variable (As);; is thus included in the model. The unobservable random variables
Siy €ij» (A8);; are supposed independent and have independent N (0, 02) , N(0,02) and N(0,03,)

respectively.

As before we can use a multivariate formulation to get

Vi :u—l—elsi—i—()\s)i—i—ei 1=1,...,n (2.22)

and (As); = [(A8)ij, ..., (As)a])?. The y; are then independent multivariate normal N(p,X)

random variables with

ag + ag + ois Ug a?
o
Y = (2.23)
i o o+ ol + 03, |

Note that it is clear from (2.23) that o3, cannot be separated form (02 + 03,), so that model
II cannot be estimated. In other words, the interaction effect is confounded with the residual

errors. This is not necessary the case with models that include more fixed effects.

2.3 Within-subject ANOVA models with more than one factor

As we want to use the particular covariance structure of the different models (either model I or
model II) we now enlarge the analysis to more complex models. Suppose we have a structural
equation following the model II but this time with two fixed effects factors A and ~ with

respectively [ and g levels, that is

Yijk = 1+ Aj 4+ + ()\'y)jk +s; + ()\S)ij + (’ys)ik + Eijk (2.24)

15



withi=1,..,n, j=1,..,0and k =1,...,¢ (hence in this case p = gl). For the parameters to

be identifiable, we need
A =0, B v, =0 and X/, %¢  (My)r = 0.

Note that an alternative model is given by (2.24) in which the random interaction (As);; and
(7vs)ir are omitted. The unobservable random variables s;, €5, (As);; and (7ys);; are independent
and have independent N(0,02) , N(0,02), N(0,03,) and N(O,a%s) respectively. Using the

formulation given in (2.12) we have that the y; are multivariate normal N(u,¥) with

p = vec(p + Aj + g, + (A7) k) Vi

p can also be defined as g = xa. An example of the structure of x and « is given below.

For the covariance matrix, define

51:(317~--75n)T Z,=1,®ey
Ba = ((As)11:(AS)19,-- s ()‘S)nl)T =1, ®e
Bz = ((¥8)11, (¥8)125- - (VS)ng)T Z3=1,0e®],

so that ZQZg =I,®L,®J, and Z3Z§F =1, ® J; ® 1, and therefore

S =0ldg+03, L®Jy) +03, (J L)+ olly

with z;1 = ey, zo = I; ® ey and z3 = ¢, ® 1.
To get an idea of the structure of the covariance matrix ¥ and xa, suppose now that [ = 2 and

g = 2. Then X would have the form

with

16



03 07 04 O3
and
o] = a? + afg’ + U%\S + 035
Jg = J?—i—a%s
a% = ag—i-ais
o2 = o2

For the fixed effect vector g = xa, one would get
T
a = [, A1, 71, (A7)

and

1 -1 -1 1

Note that in this case the interaction variance o3, and O’%S can be separated from the residual

variance.
The general structure of the covariance matrix remains actually the same when the number of

fixed effects increases. Take a model with three fixed effect factors A , v and (. One would get

for example the (rather undigest) structural equation,

Yijkm = LN+ Ye+Com+ (A7) e+ (AC) jm+ () kem+ (AYE) jm + i+ (A8)ij + (78) ik +(CS)im+Eijkm

17



withi=1,..,n j=1,...,land k=1,...,9, m=1,...,h and we deduce that

p=vec(p + N+ 75 + G + Ok + A jm + (YO km + (M) jkm) Vi

e can also be written as g = xa with the structure of x and a depending of [, g and m. The

covariance matrix has the form

D) :Unglq + U?\s L ® ng) + U%s(']l @I ® Jq) + Ugs(ng ® Iq) + JgIglq

Suppose that each factor has two levels, one gets the following covariance matrix 3

[E1] [Zo] [Z3] [
5 [Z2] [Z1]  [Z4]  [E3]
Es] [Z4]  [Zd] [Z]
| [Zd [Bs] [Zo] [E4] ]
with
2 2 2 2 2 2 2 2
o3 of oj o3 o5 o3 o3 o7
and

of =0l+oi+o3,+ol, o, oF=o0r+ol +0l,
05 =02+ 03,402, of = 0%+ 02,

03 =03 + 03, + 07, 08 = 0} + a¢,
aiza?+a§\s a%zag

We can see that for classical repeated measures models (having only crossed within-subject

factors), the block structure of the covariance matrix 3 remains always the same.

18



2.4 Multilevel models

In a multilevel model or random nested model, the random factors are only nested in random

ones, leading to models of the type
Yijk = f0 A+ si T Vi) T+ Eigky;

with p+Aj,7 =1,...,1 the fixed effect, and s;,4 = 1,...,n and v,k = 1,..., g-n the random
effects. The distributional hypothesis on s;, ;) and €;(x); are N(0, o2), N(0, 03) and N(0,02)
respectively. A simple example is the case in which ¢ measures are taken on each subject i and
each experimental condition j. With this model, we have that p = e;®@vec(n+A;), j=1,...,1,
Z,=1,%eq,Z=1,®e ®I,, so that

S =0ldg+02 (I @1+ 01y

For example, suppose that j =2 and ¢ =2 then ¥ would have the form

by by
R )
(o] [%4]
with
a?—i—a%%—ag a?%—a?/ ag ag
Z]1 = ) 22 =
a§+a?y og—l—o’%ﬂ—ag Jg Ug

2.5 Hierarchical models

Until now, we have only presented models in which each level of a factor is combined with every
level of another factor. Hierarchical models are models where only some levels of a factor are
combined with the levels of another factor. More formally, suppose that we have two treatments
A and v with respectively [ and g levels. In the language of experimental design, if each level
of treatment -y appears with only one level of treatment A, v is said to be nested in A. Experi-
mental designs with one or more nested treatments are particularly well suited for research in

the behavioral and medical sciences, education and industry. Consider an example in education
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in which two types of instruction materials (treatment levels A\; and \g) are to be evaluated
using students in four classes (treatment levels v;,74,75 and 7,). Two classrooms are randomly
assigned to one type of programmed material. For obvious reasons, all children in a particular
classroom are subject to the same type of material. We assume that each classroom contains
the same number of children. Each classroom «;, appears with only one level of instruction

material. Thus treatment 7 is nested in A.

One can also extend the models so as to include covariates. For example, we have the typ-
ical experiment in which a measure is taken from n; samples of type j = 1 and ns samples of
type j = 2, and in each sample the measure is taken on g “objects". For example, the “objects"
can be rats, the samples cages, ni of which are given treatment j = 1 and treatment j = 2 to
the no others. This type of design is called a nested design. The covariate is here a dummy

variable for the type of treatment. The corresponding model can be written as
Yigh = 1o+ Mi(3) + 750 + €5i00)

with

p+ AJi(5) the fixed effect and v;(;y,i = 1,...n (n = n1 +ng), with k = 1,...,g-n. We then
have
pi = e (1 Mi(5) = €0 ® (1, Ji(7)) (1, )" = xiex

B1 = (V1(1)s - s Vi(na)s V2(ma+1) - - -5 Vo)) Z1 = I @ €4 and therefore

2 2
Y =o03d,+oc]

Note that the structure of ¥ is the same as with the one factor within-subject ANOVA model,
the difference lies in the mean that depends on the “sample" which plays here the role of ob-

servation.
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A more complicated example is a design reported by Fellner (1986) and also analyzed by
Richardson and Welsh (1995) on the content of one type (j = 1) of metallic oxide measured in
ny = 18 lots and another type of metallic oxide (j = 2) measured in ny = 13 other lots. Two
samples were drawn from each lot and duplicate analyses were then performed by each of two

chemists randomly selected for each sample. The model is

Yijkim = 1+ Ai(5) +750) + 0560 + E5600w)) T Eiikem)))) (2.25)

with p+ AJ;(j) the fixed effect and v;(;y,i = 1,...n (n = n1 +n2) the random effect due to the
lot, d;(i(x)), k =1,...,2n, the random effect due to the sample and ik L =1,...,4n, the

random effect due to the chemist. We then have

p; = es (1 + Ai(4)) = es ® (1, Ji(5)) (1, M) = xiex

and Z1 =1,Res, Zo =1, ®ey, Z3 =1, 14 Q ez, so that

Y= U%Js + 0%12 ® Jy +U§I4 ® Js —I—a?Ig

Thus the parameters to be estimated are the means for each type of metallic oxide and the
variances respectively associated with lots, samples and chemists. Suppose that we have 248
observations. We then can make n =31 independent sub-vectors y; of size 8. To give a better
idea of the structure of each independent subvector y; = [yi111, --- yiggg]T, the sub-vector y; is

defined as
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Y111 11
Y1112 I 1
Y1121 I 1
Y1122 _ 1
Y1211 N 1 0
Y1212 I 0
Y1221 10
| Y22 I 10 |

[ 1 0

1 0

0 1

0 1

0 0

0 0

0 0

0 0

The covariance matrix 3 is given by

var(yi) =

3
r=

1

with

21

"

A
0 0
0 0
0 0
0 0
1 0
10
0 1
0 1

02z,2] +0%lg =

§111
§112

5121

122

b))

22

Y1t

+13g

21
b))

—_ =
= o O O O

o o o O
—_

€1111
€1112
€1121
€1122
€1211
€1212
€1221

£1222

Yo
b))

012




_ 2 2 2 2
oy = 0,+o)+o5+o;

2 2 2 2
oy = 0,+0)\+0;
2 2 2

03 = O‘A/—I-O‘/\

3 = o

2.6 ANCOVA Models

In psychology, ANCOVA models denote ANOVA models with covariates (like a pre-measurement).
As an example consider the model in which a covariate is added to a within-subject ANOVA

model as in (2.15) for each level of the within-subject factor, i.e.
Yij = B+ Njij + 75 + si + €ij (2.26)

with @+ Ajzi; +7; the fixed effect and s; the random effect. The parameter v; is added when
it is supposed that the intercepts of the regression lines are different. Similarly, one could add

the constraint of equal regression slopes with A\; = A Vj. We then have

H; = vec (/-L—i_ )‘JXZJ +7j) = [eladiag ($13> 7Il] (/~1'7)‘1a .. '7Al771> v 7’Yl)T

= X,

and Z; = I,, ® e, so that
Y =023+ 0.

Here, the primary goal of this research is to define a robust estimator for mixed linear models.
In this chapter we have seen that it is possible to extract independent multivariate normal
N(p, ) vectors of observations y; for some of the well-known mixed linear models, so that a
robust estimator based on the multivariate normal model N (u, ¥) with constrained covariance

matrix can be used for the estimation of the parameters.
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Chapter 3

Estimation of mixed linear models

3.1 Classical estimators

The purpose of analysis of variance is to test differences in means for statistical significance.
This is accomplished by analyzing the variance, that is, by partitioning the total variance into
the component that is due to the random error and the components that are due to differences
between means. Another classical approach to the estimation of the variance components is the

maximum likelihood approach.

Suppose that we observe a response variable y;; described through the structural equation
(2.15). The analysis of sources of variability between observations and the grand mean proceeds
with estimation of each component of the structural equation. Hence, the grand mean is
estimated by g.. = (ln)*lzg.;lzg.:lyij. The effect of each level of the treatment factor A; is
estimated by the difference between each treatment’s level mean and the grand mean §.;— ..
with 7.; = n_lEﬁzlyij .The effect of each subject s; is estimated by the difference between each
subject’s mean and the grand mean g;. — ¢.. with g;. = l_lzézlyij . This component, between-
subjects, reflects differences among the subjects. Random errors, €;;, would be estimated by
Yij —¥i., the difference between a score and the subject’s mean. This component, within-subjects,

reflects variability within each subject. The simple estimators of o2 and o2 are obtained by
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n—lZ:1 l
1 n l
22 _ = )2 2
08 n(l— 1) ;;(yj Y ) (3 )

These estimators are unbiased estimators of the variance components. For other types of
structural equation it is always possible to proceed with the classical computation of the various
sums of squares that can become quite tedious when the complexity of the design increases.
We will not pursue this issue here, and consider the maximum likelihood to derive estimates

for the various parameters.

3.1.1 Maximum likelihood estimator

As we have said, when the models become more complicated, it is more convenient to use the
multivariate formulation used in mixed linear models. Recall that we can write a mixed linear

models as

y =Xa+Z3 (3.3)
with Z3 partitioned as
Bo
B s
738 = [ZU7Z17Z27"'7Z7‘] . = ZOZJIB] (34)
: j=
L Br

where 3; is the vector for random factor j, and By, = € and Zg = Iy. The number of level for

random factor j is denoted by ¢;. Recall that the random effects 8, have the properties

E(B;) =0 and war(B;) = 0?1,

with 03 = 2 and
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cov(B;,Byr) =0 for j #j"

Thus

var(B) =D
with D defined in (2.7).
Using these assumptions we know that
E(y) = Xa
and
V =var(y) = i%)a?szjT (3.5)
j=

Given that y ~ N(Xe, V), the likelihood function is

—3(y—Xe)"V~ (y-Xa)
exp 2
L= L Vly)= e (36)
(2m) Y [V}

where [V| stands for the determinant of V. The log-likelihood

1 1 1 _
log L = I(ex, V]y) = =5 Nlog(2m) — 5 log [V| = S(y — Xa)'V7l(y - Xa) (3.7)

2 included in V. To maximize

Recall that the unknown parameters are o and Ug,a%, vy OF

l(a, V]y), we differentiate (3.7), first with respect to o which yields (for rules of matrix differ-
entiation, see Graybill, 1983)

8l(e, Vy)

5o =XI'v-ly - XTVv1Xa (3.8)

Second, differentiating (3.7) with respect to 0? with
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_ g7
do? ZiZ;
J
gives for j =0,...,7
dl(a, V 1 1
w = 5t (V'Z2]) + Sy - Xa) V22V y - Xa) (3.9)
o4

J
Equation (3.9) is a complicated function of the variance components. Hence expressions for
the solutions have to be obtained numerically, usually using either an iteratively reweighted
least squares or a Newton-Raphson procedure. In the mixed linear theory this problem has
been extensively studied and numerous algorithms have been developed (see e.g. Jennrich and

Schluchter, 1986 or Lindstrom and Bates, 1988).

3.1.2 REML in the general mixed linear models

Patterson and Thompson (1971) introduced restricted maximum likelihood estimation (REML)
as a method of estimating variance components in the context of unbalanced incomplete block
designs. REML is often preferred to maximum likelihood estimation because it takes into
account the loss of degrees of freedom in estimating the mean and hence produces unbiased
estimating equations for the variance parameters. Alternative and more general derivations of

REML are given by Harville (1977).

As for the maximum likelihood estimator we first define the REML in the case of the general
mixed linear models. Rather than using the data vector y directly, REML is based on linear
combinations of elements of y, chosen in such a way that the resulting model does not contain
any fixed elements. This arises from starting with a set of values 7y where the vectors k" of

size 1 x N are chosen so that kTy = k" Xa+ kTZu contains no term in a, i.e. so that

E'Xa =0 (3.10)

Hence
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The differentiation with respect to aj2- gives for j =0,...,r

6ZR(a7 \4 ’y)

do2

1 1
= —5tr(PZ;Z]) + 53" PZ,Z;V 'Py (3.13)
J

with (see Kathri, 1966),

P = K(K'VK) 'K”

The transformation of y into K”'y is not suitable for a multivariate normal formulation. Indeed,
for example, in the one factor within-subject ANOVA model, X =€, ® I; (¢ = ) then M =
Iy—(e, ®I) (e, ®I;))" and (-)T is the Moore-Penrose inverse. It is clear that it is not possible
to recover a structure like in (2.12) from the REML formulation, so that we won’t pursue this
route here. In terms of robustness, Richardson and Welsh (1994) have shown that the REML

is not robust and hence have proposed a robust version (see later).

3.2 Robust estimators

Robust statistics is an extension of parametric statistics, taking into account that parametric
models are only approximation of the reality. It is concerned with the behavior of statis-
tical procedures (tests, estimators,...) under small model deviations. Moreover, robust sta-
tistics must provide statistical procedures which are reliable and reasonably efficient under
deviations from the assumed parametric models. We define a few basic concepts developed
in robust statistics that will be used in the present work. We first define a local concept,
namely the influence function. It measures the asymptotic bias caused to an estimator by an
infinitesimal amount of contamination at some particular point. This local concept is com-
plemented by a global notion, the breakdown point which measures the maximal proportion
of contamination that an estimator can tolerate without taking arbitrarily large values. For
example, Maronna (1976) showed that robust estimator based on a weighting scheme that
is not redescending (no weight of zero) fails to be robust in high dimension. This happens
because for such estimators, their breakdown point is at most 1/(p + 1), p being the dimen-

sion of the data. When working in high dimension it is therefore crucial to consider high
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breakdown estimators. An estimator can be robust in the infinitesimal sense i.e. to have a
bounded influence function but not in the global one i.e. to have a low breakdown point.

For more details and formulae on robustness measures, see e.g. Hampel et al. (1986).

Most of the work about robustness in the variance components estimation and/or repeated
measures analysis has been done through the mixed linear models. There is an extensive
literature about robust analysis of variance in mixed linear models. A review of the various
methods can be found in Stahel and Welsh (1997) and in Welsh and Richardson (1997). Several
different robust procedures are proposed but most of them are based on the maximum likelihood
principle. In fact, most of these methods propose the use of a robustified log-likelihood instead
of the classical log-likelihood objective function. To robustify the log-likelihood, one can for
example replace the quadratic function in the log-likelihood by a slower growing one, see Huggins
(1993a, 1993b) and Huggins and Staudte (1994). Another solution is to modify the estimating
equations rather than the likelihood itself, see Richardson (1997). Richardson and Welsh (1995)
propose two robust versions of the restricted maximum likelihood estimator in the general mixed
linear models. All these methods are based on the fact that variance component models are
based on an additive decomposition of variability into several components. Rocke (1983) states
that this decomposition is a particular property of the variance which is not shared by other
measures of spread. This is natural when the estimators are derived by modifying definitions
of this form but other methods of defining estimators can be used as well. In particular, an
estimator can be defined by the algorithm used to compute it and by modifying the algorithmic
definition of such estimators to construct robust estimator. Rocke (1983) proposes an estimator

of this type.

3.2.1 Estimation by maximizing a robustified likelihood

A general method for obtaining robust estimators is to define a robustified likelihood by replac-
ing the quadratic function in (3.7) by a slower growing one in the sense that it has bounded
derivatives. In the context of mixed linear models, Huggins (1993a) and Huggins and Staudte

(1994) propose using
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KX =0 (3.11)

Harville (1977) refers to k'y for k' satisfying (3.11) as being an “error contrast”: its expected

value is zero,

T

Ek'y) =k Xoa =0

The maximum possible number of linearly independent error contrasts k! is N — v where
v = rank(X). For example, a particular set of N — v linearly independent error contrast is
given by KTy where K is a (N —v)x N matrix whose rows are any N — v linearly independent

rows k' of the matrix M = I — X(X7X)"X".
For KTX = 0, we then have the model

Ky ~ N(0,K' VK)

The REML equations can be derived from the ML equations (3.9), in which the terms are

transformed. Indeed by making use of the transformation by KT, we replace

y by KTy Z by KTZ
X by KTX =0 V by KTVK

so that tr(V*IZjZ;F) in (3.9) becomes

tr(KTVK) 'K7Z;Z; K] = y K(KTVK) K'Z;Z/K(K"VK) 'Ky (3.12)

Finally, let Lg be the likelihood function of K™y and define the log-likelihood I as

1 1 1 T _
ln(@, V|y) =log L (@, V ly) = ~5 (N—r)log(2m)~ ; log K" VK|~ (y"K(K VK) 'K'y)
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p(V2(y = Xa)) + (k1/2) log | V| (3.14)

instead of (3.7), where p is suitable non-negative function, k; = Ev(z)z with z ~ N(0,1) and
¥(z) = p'(z). Welsh and Richardson (1997) refer to estimators obtained this way as Robust
ML I estimators. The robustness properties of p-function depend on their derivatives ¢. In the
mixed linear models context, both ¢(z) and 21 (z) need to be bounded. Function 1 that satisfy

this condition are said to be redescending. Example of such p functions are the Tukey biweight

z —ZKJZQ z K
I (O

0 otherwise

or the Hampel piecewise linear

z 2| < K1

K1 k1 < |z < ko
Y(z) =

(k3 — 2)k1/(k3 — K2) ke < 2| < K3

0 2| > k3

as well as others (see Chapter 4).

From (3.14), we deduce that the robust MLI estimators satisfies the equations

XTV12p(V 12 (y — Xa)) = 0 (3.15)

1 1
—klitr(V_lziZ;fF) + §V_1/2(y — Xa)"VRZ 2TV (VT (y — X)) = 0 (3.16)

fory = 0,..,7

However, Welsh and Richardson (1997) showed that the influence function of the robust ML I

estimator is bounded in « if 9 is a bounded redescending function but not in X.
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3.2.2 Estimating equations approach

While it is attractive to construct robust procedures by modifying likelihoods, much greater
flexibility can be achieved if the estimating equations rather than the likelihood are modified.
Welsh and Richardson (1997) define a very general class of estimators which they call the

estimating equation estimator as the solution of

XV 24, (VH2(y — Xa)T) = 0 (3.17)

and

—k%tr(V‘lszjT) + %wv—l/?(y — X))V P2, 2TV 12, (VIR (y - X)) =0

(3.18)
where ko = E[¢(2)1Yy(2)] with z ~ N(0,1). The estimating equation estimator with 1y =
1 = 1y is called Robust ML II in Richardson and Welsh (1995). If ¢y = ¥y and ¥,(z) = z,
we obtain the Robust ML I estimator. In general there is no likelihood function which has
(3.17)-(3.18) as its derivatives with respect to a and the o2, but this is outweighed by the
increased flexibility in constructing the estimating equations. For example, Richardson (1997)
introduced bounded influence versions of the estimating equation estimators that are analogous
to the bounded influence estimators of Mallows, Andrews, Hill and Ryand and Schweppe for
the linear regression model (see e.g. Hampel et al., 1986, p. 347). The bounded influence

estimating equation estimators are defined by the estimating equations

XW V2 (V204 (y — Xa)T) =0 (3.19)

and

1 1 _ _ _ _
ka5 tr(V 1zjzf)+5¢1(v V20U (y — Xa))W, VT 12Z, 2TV 2W 14, (V20 (y — Xa)T =0
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Richardson’s estimators (1997) have ¢y = ¢, = ¥y , Wo= W; and Up= U;. The definition
for Wy, W1, Uy and U; depends on the choice of the estimator. For example, for Mallows
estimator Uy = U; = I and for Andrews estimator, Richardson (1997) set Wg = W; =1.

3.2.3 B-optimal estimator

An alternative to the approach based on estimating equations is to construct B-optimal esti-
mators as defined by Hampel et al. (1986). These estimators have minimum variance subject
to a bound on the sensitivity at the core model and an attractive optimality property. Stahel
and Welsh (1997) developed B-optimal estimation for the one factor ANOVA model (2.14) but
with p constant over all level [ of the fixed effect. This model has the important simplifying
characteristic that the parameters p, 02 and 75 = o2 + 02/l are orthogonal. It turns out that

B-optimal estimating equations (treating each parameters separately) for o2, 74 and y are :

(i w) (g —p)ot—(1-1) k) =0
2.0 2 D) 2

n

)2 . —
Zw( (yl “)\é s 1) _ ks) =0
1=1

S (i — w2/ ) = 0
1=1

where 1 is the univariate Huber 1) function with tuning constant k, 7; is the mean of the
it subvector of y, k. and ks are suitable consistency corrections. Stahel and Welsh (1997) also
discussed a modification of B-optimal estimator that let the tuning constant « in the function v
tend to zero. This has the effect of replacing means with medians and the resulting estimators
may be termed “most B-robust”. It is more complicated to obtain B-robust estimators for
more complex models, as it is not necessarily possible to find sets of orthogonal parameters.
However, Welsh and Richardson (1997) propose a general formulation for this type of estimator

based on the general procedure given in Hampel et al. (1986).
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3.2.4 Robust versions of the restricted likelihood estimator

Richardson and Welsh (1995) present two modifications of the REML. Starting from

tr(PZ;27) = (y — Xa)' V'Z,Z2T V7l (y — Xa) for j = 1,..,7 (3.20)

they propose a two-stage robustification procedure. The first stage of robustification is to
replace v in (3.20) with o, a robust estimate of a. They suggest for the estimation of e, to

use a robust weighted least squares estimate, which minimizes

p[V 2 (y - Xa,)] (3.21)

i.e. the solution of

XTIV 1 2yly — Xa,)] = 0 (3.22)

The second stage is to apply v functions and consistency corrections on (3.20). Richardson and

Welsh (1995) give two different proposals :

Robust REML proposal I solve for j =0, ...,7 :

{V*W(y ~Xa,\V'Z,Z] V12V (y - Xa,)) - kl”’(PZjZJT)} =0 (3.23)

N =

Robust REML proposal II solve for j =0,...,7 :

1
5 {zp(V*W(y -~ Xa,) TV 22TV PV Ry — Xay)) - kzgtr(PZjZJT)} =0 (3.24)

As for the method by solving estimating equation, there is no associated robust restricted
likelihood for (3.23) and (3.24). Richardson and Welsh (1995) argue that it is not a drawback
since we have gained the flexibility of using separate estimating equations for the fixed effects

and variance components.
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3.2.5 Rocke’s method

All of the above procedures are presented in terms of an optimization problem or a fixed point
equation which needs to be solved. Rocke (1983) constructed robust estimators of the variance

components by constructing robust pseudo observations. Consider the model

Yij = b+ N+ si+ g fori=1,..,n, j=1,.,1

Rocke proposed to construct robust pseudo observations ¢;; which are used in place of the
original observations to compute robust analysis of variance estimates o2 and o2. The robust
pseudo observations are constructed from an M-estimator of p1, A; and s; (treating s; as a fixed
effect) and ag which are denoted fi, S\j, §; and &g. The algorithm computes robust estimates §

and &2 of the location and scale of §; and defines pseudo observations Uij by

Jig = i+ Aj + 5+ ksostb((3; — 8) /Gp) + keoet)(Bi5/52)

where &;; = yij — L — S\j — §; and ks and k. are correction factors associated with the M-
estimator of s and e respectively. v is a bounded function on, for example the Huber function
Y.(z) = zmin(1, ¢/ |z|) with a suitable constant c¢. For ks and k., Rocke used the constants
given by Huber (1981, p.174). Rocke’s algorithm and some modifications of it are discussed in
Stahel and Welsh (1997). But as Welsh and Richardson (1997) argue, there are considerable

difficulties in extending the method to more complex models.

3.3 Some remarks

Recall that an estimator can be robust in the sense to have a bounded influence function (as
it is the case for the robust estimators of Richardson and Welsh) but not in the global sense
if the amount of contamination is greater than its breakdown point. For example, Welsh and
Richardson (1997) state that their procedures are likely to have very low breakdown point. It
is therefore important to also consider robust estimators that have a high breakdown point
especially when working in high dimensions. We will propose a robust estimator based on an

S-estimator of multivariate location and scale that is known to have a high breakdown point.
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Chapter 4

High breakdown multivariate
estimator of location and

constrained scale

4.1 Introduction

As presented in section 3.2, robust estimators for mixed linear models proposed until now are
based on robustified likelihood functions or estimating equations. We propose instead to follow
another approach, based on considering the data as multivariate normal with a covariance ma-
trix constrained through the model. Hence, our robust estimators and the resulting tests are
an extension of robust estimation of multivariate location and scale in which the structure of

the covariance matrix is constrained.

In the unconstrained case, i.e. when the covariance matrix is not patterned, the statistical liter-
ature proposes several robust estimators of multivariate location and scale such as the minimum
covariance determinant (MCD) (Rousseeuw and Leroy, 1987), S-estimator (Rousseeuw and
Yohai, 1984) or Huber’s M-estimator (Kent and Tyler, 1991). All of these estimators have good
robustness properties, especially concerning their breakdown point. To our knowledge, nothing

has been done about the robust estimation of covariance matrices when they are constrained
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to have a particular structure.

Here we propose to define an S-estimator when the covariance matrix is structured. S-
estimators were introduced in the framework of multiple regression and where shown to have
good robustness properties in high dimension. Davies (1987) investigated existence, consistency,
asymptotic normality and breakdown point of multivariate S-estimators. It is also known (Lop-
uhaé, 1989) that an S-estimator of multivariate location and scale can be found by an iterative
procedure. To ensure that the estimator does not yields estimates that are biased by data
contamination, it is also necessary to start the iterative procedure of the S-estimator with a
good robust starting point (Woodruff and Rocke, 1994). We suggest adapting a high breakdown

estimator proposed by Maronna and Zamar (2002) as starting point.

4.1.1 Constrained S-estimator

An S-estimator of location and scale is defined through a p function having the following

properties (Rousseeuw and Yohai, 1984)
(1) pis symmetric, continuously differentiable and p(0) =0
(2) there exists ¢ > 0 such that p is strictly increasing on [0, ¢] and constant on [¢, 00)

(3) Eslp]/p(c) = € where ® is the standard normal and €* is the desired breakdown point
(usually set to 1/2)

An S-estimator of multivariate location and scale is defined as the solution for u and ¥ which

minimize |X| subject to

n 'y p {\/(Yi — ) TSy, - u)} =n""y p(d;) = bo (4.1)
i=1 i=1
where p is a function with the above properties and which usually satisfy
E\2lp(di)] = bo

bo is the parameter chosen in order to determine the desired breakdown point. The breakdown

point is given by the ratio of by to the maximum of p (see Lopuhad and Rousseeuw, 1991).
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Therefore by is usually computed for a chosen breakdown point €* and a p function by means
of
by = e*mémxp(di)

We propose here to derive expressions for the location and scale estimating equations of the
S-estimator for mixed linear models. Let y; be the response variable following a multivariate

normal distribution with N(u, ¥). Suppose that the covariance matrix 3 is of the form

,
Y= %U?ijf with zg = I, and of = o2 (4.2)
J:

where the z; are the design matrix associated with each random effect.

Now recall that a multivariate S-estimator for g and X is defined through the following min-
imization problem : minimize |¥| under the constraint given in (4.1). We can then write the
Lagrangian I' as

I =log(S) +A[;, 3 p(d:) ~ bo

S|

Solving the Lagrangian yields the following equations (using %(yi —wI'E Yy —p) =
—257}(yi — p) and 3% log(|Z) = ”(53_15%2))

0o?
J

or 2\ _
o~ n ;U(di)g Nyi—pm)=0 (4.3)
or -1 T AL Ty —1 Ty —1
97 = tr(X7 2,z ) — on Z:lu(dz)(yZ —p) Xz B (yi—p) =0 (4.4)
j i=
with u(d;) defined as
u(d) = —plds)/d; = () d
(3 8d1p ( (2 (2 (A
From (4.3) we get
1 n
LS () i ) =
i=1



so that

Alternatively, if p; = x;c, (4.3) becomes

T
L 2\ 2
<gg> oL _ _2A > u(d) 2 %! (y; — xia) = 0

which reduces to

-

—1

n

o= [Z u(di)X?E*lxi u(di)xiTzflyi
=1 =1

(4.5)

(4.6)

(4.7)

The following step is to find an expression for the variance components a?. To do so, we first

isolate A in equation (4.4). Using the properties of the trace,

so that

1 _
A= 2l Su(aya
Using (4.8) in (4.4) yields
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bz = 0B ) — [ @) | L Do)ty — Sl 3| =0
so that
1T 1 o] 1 & 1, Ts—1
tr(X 25z ) = [n Zu(dl)dz] [n ;pu(dl)(yZ —p)Ezz X (yi — H)] (4.9)

In order to be able to solve equation (4.9) through an iterative procedure, we have to sort out

the variance components 0?. We rewrite the left part of equation (4.9) as

T
tr(E_lzszT) = tr(E_lzjz;fFZ_lz) :tr(E_lzjz]TE_lkz:oaizkzg)
T
= Ztr(Eilzjzjrﬁflzkzg)ai (4.10)

k=0

Using an alternative formulation we can rewrite equation (4.9). Indeed, define

M; = E_lzjz;r and So = [03,...,02]T
and let
Q = ﬁr(Mij)]j,k:O,...,T (4.11)

so that equation (4.10) becomes
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d 0<d< M

9,

agPlde M) =y(die, M)y d(1—(EM)?)? M<d<M+e
0 d>M+c
1 0<d< M

(dse, M)/d=u(die, M) ¢ (1—(EM)2)2 M<d<M+c (4.13)
0 d>M+c

where the parameter ¢ and M can be chosen to achieve the desired breakdown point and ARP.
When M = 0, the translated biweight p-function reduces to the Tukey’s biweight. When ¢ = 0,

one gets the least winsorized squares (see Rocke 1996) given by

d2/2 0<d<c

p(d;c) =
/2 d>c
0 d 0<d<ec
—pld;e, M) =(d;c, M) =
9d 0 d>c

1 0<d<ec

0 d>c

w(d;C,M)/d:’LL(d;C,M) =

We can now define a rather general algorithm to compute the constrained S-estimator. Given
a starting point a and Sg, a chosen breakdown point €* and an ARP value 7, the algorithm is

as follows. First the constants ¢ and M are found by solving

e*mc?xp(d;c,M) = Exg[p(d;c,M)],

M+c = /()11 -m);
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with

1 _ _
U= | )i - 0= e = v )
7=0,...,7

We can now define an expression for the variance components O'? given by

%:[1iu@mﬂlqlu (4.12)
=1

A usual choice for the function p is Tukey’s biweight (Beaton and Tukey 1974). Rocke (1996)
argues that Tukey’s p function fails to downweight outliers with large distances in high dimen-
sions. This is measured by using the concept of asymptotic rejection probability (ARP) which
can be interpreted as the probability of an estimator, in large samples under a reference distri-
bution, to give a null (or nearly null) weight. Although the ARP should be small for sake of
efficiency, it is useful to be able to downweight points that are very improbable under the null
model. Rocke (1996) shows that the ARP of the S-estimator based on the biweight function
tends to 0 as the dimension p rises. This means that points lying far away from the center
of the data are not downweighted when p is large. Therefore he proposes a modified biweight

estimator, namely the TBS (for translated biweight S-estimator), defined through,

d%/2 0<d<M
M?/2
—M?(M4 — 5M?c? + 15¢4)/30c*
+d%(0.5 + M*/2¢* — M?/c?)
p(die, M) =< +d3(4M/3¢% — 4M3/3c*) M<d<M+c
+d*(3M?/2¢* — 1/2¢2)
—4AMd® /5c* + db /64

| M?/2+ e(5¢+ 16M)/30 d>M+c
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The constrained S-estimator of & and Sg is computed through an iterative procedure by simul-

taneously solving

n 1 L
ot — [Z u(df))xiTZ_lxi] Zu(dﬁt))xiTE_lyi
2 i=1

n -1
{0 = @ |1 S| v
i=1
We will call the resulting constrained S-estimator using the T'BS, the CTBS. Finally, note
that to compute the CT'BS, Rocke (1996) actually rescales the distances by a factor k, i.e.
d;/k, with

o) (4.14)
VO3 Ha/(n+1)

where d,) denotes the g-th ordered distance, and ¢ = [(n + p + 1)/2]. By doing so, Rocke

k=

(1996) scales the Mahalanobis distances so that since k varies with the dimension p, the desired

breakdown point is maintained.

Note that to compute the d; and hence the weights u(d;), one needs to reconstruct from Sp,

the covariance matrix 3 by using ¥ = Z;':o a?zszT and from «, the mean vector g by using
p = xa. Finally, we can use the mahalanobis distances as a diagnostic tool to detect outlying

observations.

It should be noted that Wellmann (2000) defines an S-estimator for what he called a “one way
random effects model” (similar to the model with structural equation (2.14) but where the p’s
are constant over all levels /) analogous to an S-estimator for multivariate location and scale.
Wellman (2000) uses two useful results of Searle et al. (1992, p. 443). If the covariance matrix
Y. is of the form Ugll + 02J; then

=] = o2 Mo+ 102
1 o2

> = (- —=2-3J
a§<l 02+ lo? l>
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Using these two results, he restates the minimization problem (4.1) as an S-estimation of

multivariate location and scale which minimize o2"~!(02 + lo2) subject to

an [CECECERI AT 15)

2 2 2
lop oz +los

We cannot use such a procedure because there is no explicit generalized definition for the

determinant and the inverse of the various constrained covariances > when the models become
more complicated.
4.1.2 The maximum likelihood estimator for constrained covariance matrix

To compute to maximum likelihood estimator for constrained covariance matrix, we can also

use an analogous procedure as for the CT'BS. Let [ be the log-likelihood defined as

n n 2 _
l=§ln|2!—§;(yi—u)TZ Yyi — w) (4.16)
Solving (4.16) with respect to p and 0? gives
oL n 1
— = n X (y;i—p)=0 4.17
o = " T (4.17)
oL o1, Ty TG Ts—1,  Ty—1
902 5”’(2 zjz;) — B} 21 (yi—p) X722, 57 (yi — ) = (4.18)
J =

From (4.17) we get an expression for the vector of fixed effect

1 n
w=1 3y, (4.19)
=1
When considering p; = x;a, an alternative to (4.19) is given by

L
x; XY

n 1
o= [Z xiTE_lxi]
1

i=1

1

and, using the same arguments as in the robust case, (4.18) leads to
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T n
kZ tr(S7 228 72 o, = [Zl(yz' — )" z2] Sy — p)]j=0,.r =0

Let Q be defined as in (4.11) and

n
Unre= Y (yi — ) S 2z £ (yi — p) (4.20)
i=1 G=0,...

so that an iterative expression for the vector of random effect variances is given by

Sure=Q 'Uyrr (4.21)

4.1.3 Starting point for the constrained robust estimator

It is important that the starting point of the iterative procedure of the C'T'B.S be also robust.
To do this, one usually uses another robust high breakdown estimator as starting point. In this
research, we choose to modify the Minimum Covariance Determinant, M C D of Rousseeuw and
Leroy (1987) and the orthogonalized Gnanadesikan-Kettenring (OGK) estimator proposed by
Maronna and Zamar (2002) to constrained covariance matrix. We first present the two estima-

tors and then how we constraint them.

A natural choice is to use the M CD (Rousseeuw and Leroy 1987) estimator as starting point
for the S-estimator. The objective of the M CD estimator is to find h observations (out of n)
whose covariance matrix has the lowest determinant. The M CD mean estimator is then the
sample mean of those h points, and the M CD covariance estimator is their sample covariance
matrix. One difficulty is that the M C'D requires a decision on h. One way is to choose a value
of h that provides the maximum breakdown point. In this case, the minimal value of h is given

by Rousseeuw and Leroy (1987) :

n+p+1

R s

where |z| denotes the integer part of z. But this is also the choice that gives the largest ef-

ficiency loss. In terms of computation of the MCD estimator, several algorithms have been
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proposed. One of the most recent is the Fast-MCD of Rousseeuw and Van Driessen (1999).

Here we propose to adapt it when the covariance matrix is constrained.

A key idea of the Fast-M CD algorithm is the fact that starting from any approximation to the
MCD, it is possible to find an approximation with a lower determinant. Indeed, Rousseeuw
and Van Driessen (1999) observed that from a subset Hj of size h in which p, ¥ and the
Mahalanobis distances are computed, one can create a subset Hpyq by taking among the n
observations the h ones with the smallest Mahalanobis distances with the property that the
determinant of ¥ based on Hy1 is smaller. Each step is called a C-step and can be defined

more formally as follows. Consider the subsample Hy, of size h and put

If |Xg| # 0, calculate the distances

a(i) = /(v — 1) TS5 i — )

and form a new subset Hyiq by choosing the h point with the smallest distances di. Then

|Xkt1| < |Eg|with equality only if gy = py, and Xpq = X, .

Another robust estimator of multivariate location and scale has been proposed by Maronna
and Zamar (2002) called OGK. Maronna and Zamar (2002) base their OGK on the robust
estimator for covariances oj;, proposed by Gnanadesikan and Kettenring (1972) which is very

simple to compute and much more faster than the M CD estimator.

Define a multivariate variable Y = (Y71, ...,Y},) that has supposedly generated the sample y;,
i=1,..,n at hand. For a pair of random variables (i.e. p = 2) the OGK estimator is defined
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as
1

2 2
1 (005 +Y3)" — o (¥ = 2)°)
where o() is a standard deviation function applied on its argument. A robust estimator for o,
is obtained when o() is a robust function. When p > 2, the covariance matrix X is estimated
by replacing all its elements by all pairwise estimates. It is known that such an estimator may

produce non positive definite matrices. To overcome the lack of positive definitness, Maronna

and Zamar (2002) propose an estimator defined by the following four steps:

1. Let D = diag (0 (Y}))|
X = (X17---7XP)

i=1,p and define x; = D7 ly;,i = 1,...,n, i.e. realizations from

2. Compute the matrix G = (u;) with

F(o(X) + Xe)? = o(X; - X)2) Ak (4.22)
1

j=k
3. Decompose G as G = EAET with A =diag(\1,...,\,)

4. Define z; = ETx;, i.e. realizations from Z = (Z1,..., Zp) and A = DE. The estimator of
3 is ATAT with I’ = diag <a (Zj)Q) |
j:

A location estimator for p is given by Av with v = (m (Z;))|,_, _,» m() being a (robust) mean
function. The procedure can be iterated by replacing G in step 2 by ETE” until convergence.

For o() and m(), Maronna and Zamar (2002) propose the following functions

m(Y) = %lfuf (4.23)
and ;
o= 20 0 (M) (420
with
ma (M)
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and

o(Y)o = MAD(Y)

018

2
)2> lz] < ¢
0 otherwise

and

p. () = min (22, ¢?)

Maronna and Zamar (2002) propose to use the values of ¢l = 4.5 and ¢2 = 3. Moreover, they
argue that to improve the efficiency of the OGK, one could use it as a hard rejection tool in

that a reweighted estimator is used with

1 (yi— pocx)” otk (Vi — Boax) < x2(-9)

0 otherwise

w; =

Note that this strategy is also used most of the times with the M CD but with the quantile
0.975 (instead of 0.9) of the x2.

To constraint the OGK and the MCD estimator we propose a rather “ad hoc” procedure.
Let Xog (respectively X,,cq ) be the robust unconstrained covariance matrix obtained with the
OGK or the MCD. A constrained covariance matrix ¥ (4.2) is obtained by taking the mean
of the equal elements in the covariance matrix X,;, (respectively 3.4 ). For example, with
model (2.14), the covariance matrix is patterned as in (2.17). In this case, the estimator for
a% will be the mean of the diagonal elements of X4 (respectively Ymed ) and the estimator
for 02 the mean of the off-diagonal elements. For the maximum likelihood estimator (M LE)
we proceed in the same way. Note that for the M LE this procedure produces the same esti-
mates as (4.20) and (4.21) when there is no missing data. This may not be the best method for
constraining a covariance matrix but recall here that we are interested in estimating a starting
point for the more general constrained S-estimator. More research is needed to propose a better

starting point.
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Figure 4-1: constrained estimators without contamination

To compare the estimates for 3 given by the OKG, MCD and M LE we performed a small sim-

ulation study. Suppose that the true underlying distribution of the data is normal multivariate

with (the values for p and ¥ are taken from a real example given in Griden (1992))

24
24
24
24

36.28
29.78
29.78
29.78

29.78
36.28
29.78
29.78

29.78
29.78
36.28
29.78

29.78
29.78
29.78
36.28

(4.25)

We generated 500 samples of size n = 200. We created small model deviations by generating

(1 —¢)% of the data from the multivariate normal distribution with parameters given in (4.25),

and €% from a multivariate normal distribution with the same covariance matrix, but with a

shifted mean p = [48 24 24 24]. This type of model deviation produces so-called shift outliers

(see e.g. Woodruff and Rocke, 1994). Figure 4-1 presents the estimates distribution for the

diagonal and off-diagonal element of the constrained covariance matrix 3 when there is no

contamination. We see that all three estimators are not biased.
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Figure 4-2: constrained estimators with 5% contamination

Figure 4-2 corresponds to the simulation with 5% of data contamination. We see that with
contamination, the constrained M CD estimator and the constrained OGK estimator are not

biased, whereas the maximum likelihood estimator is biased for the diagonal element of 3.

4.1.4 An algorithm procedure for the constrained S-estimator

The solutions of the constrained S-estimator are found via an iterative procedure as described
in the above section. Below is the pseudo-code of the algorithm used to compute the constrained

estimator.

e Given a model, define the design matrices z; to get the structure of the covariance matrix

and the matrices x; that define the mean vectors p;, so that

s
Y= g a?zjz;fp and p; = x;00
j=0

e Compute the starting point of the constrained estimator either with the constrained M C' D

estimator or the OGK estimator, that is
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Hi start and Estart

e Compute the constrained estimator through the following iterative procedure :

1 Compute the mahalanobis distances dl(l) = \/ (Vi = start) T E a1 (¥i = Bstart)

2 Compute the different weights u(dil)) and u(all(~1))(al£1))2

3 Compute the fixed effects parameters

o= | S u@ s ] S ud s

1

-1,
? -

(2

4 Compute the random components vector

-1
%”Z[lzu@”m#W} QU = (0§12 (o)2, o (012

5 Using the design matrices z;, build up the constrained matrix
—~ ()
1 2(1 T
»M = Zaj 27,
§=0

6 Compute the mean vectors p,

u§1)= Xia(l)

7 Compute some convergence criterion. If the conditions of the criterion are met, stop,
(1)
(2

puting dZ@) , the weights u(dl(?)) and u(all(?))(df;m)2 then p?, S(()z), »(). Repeat the

otherwise put f; gure = My > Bstart = 2 and start again at point 1 by com-

procedure until convergence.

4.1.5 Concluding remarks

Finally, it should be stressed that although the framework of this paper is mixed linear models,

the C'TBS can actually be used for any model in which the covariance matrix can be written

o1



as in (2.13). In fact the matrices zjz;‘-F are simply the derivative of 3 with respect to one of the

27

9

s. For example, if the only constraint imposed on the covariance matrix 3 is the constraint of
symmetry then we will get p(p+1)/2 zjz;‘-F design matrices representing the various derivatives
of ¥ with respect to the p(p + 1)/2 non redundant O'?. In this case, applying the algorithm for
the CT BS with these design matrices will yield the same matrix 3 as the one computed using

the formula described in Lopuhad (1989), that is

S u(d) (yi — ) (yi — )7
> u(di)d;

>

Of course with unconstrained matrices there is no real interest in using the CT BS algorithm
since it is more computational intensive than the simple iterative procedure described in Rocke

(1996).
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Chapter 5

Simulation study for the CT'BS

estimator

The aim of this simulation study is to compare the behavior of the C'T'BS against the maximum
likelihood estimator under different kinds of models and data contamination. We first analyze
the behavior of the C'T'B.S: Estimation of the mean vector and of the various variance compo-
nents will be analyzed thoroughly. This will be done by displaying the bias distribution (using
boxplots) of the different estimates. We also study the behavior of the robust estimator in
terms of breakdown point properties. Finally, we investigate how the robust estimator behaves

in small sample situations.

We tried different amounts of contamination such as 2%, 5% and 10% but we present only the
2% case. As it will be shown below, the M LE is already seriously biased with as little as 2% of
contamination, so that higher percentages are not informative. On the other hand, the CT BS
is not biased with as much as 10% of data contamination as the empirical breakdown study will
show. We note that the C'T'BS estimator was always computed using the constrained OGK

estimator as starting point. The values of m and €* for the CT BS estimator are 0.01 and 0.5.
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5.1 One factor ANOVA model with repeated measures

The first model we are interested in is the simple one factor within-subject model defined

through the following structural equation

Yij = b+ Aj + 8i + €ij i=1,.,n j=1,..,1

Recall that we need Eé-:lAj = 0 and that the random variables s; and ¢;; are independent and
have independent N (0,02) and N (0,02) respectively Vij. We showed in Chapter 1 that we can
rewrite this model in a multivariate formulation and that the y; are then multivariate normal
N(p,X) with g = vee(u + ;) Vi and with a covariance matrix of the form ¥ = ¢2J; + o21;.
That means that besides the mean vector, we have two variance components to estimate o2
and 2. For our simulation, suppose that we want to study the reaction of subjects in four
experimental situations (I = 4). Each of the n subject is observed under each experimental
situation and, for example, a reaction time to some task is recorded. We also suppose that

sufficient time is allowed between the experimental situation to avoid any interaction effect.

The values for pp and X are

[ 94 ] [ 496 94 94 94 |
24 04 496 94 94
p= , M= (5.1)
24 04 94 496 94
| 24 | 94 94 94 496 |

sothat u =24, \; =0Vj =1,...4, 02 = 9.4 and 02 = 49.6 — 9.4 = 40.2. 1000 samples of size
n = 100 were generated . Figure 5-1 presents the bias’ distribution of the mean and variance
components estimators (CTBS and M LE) without model contamination. One can see that

the C'T'BS is not biased and appears to be, as expected, slightly less efficient than the M LE.

To create a small model deviation (1 — €)% of the data were generated from the multivariate
normal distribution with parameters given in (5.1), and €% from a multivariate normal distri-

bution with the same covariance matrix, but with a shifted mean p = [48 24 24 24]. In other
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words, pu+ A1 = 48 so that, p = 30, A\; = 18 and A\; = Ay = A\3 = —6.

This type of model deviation produces so-called shift outliers (see e.g. Woodruff and Rocke,
1994). In Figure 5-2 are presented the bias’ distribution of the mean and variance components
estimators (CTBS and M LE) with e = 2% of model contamination. Whereas the CT BS is not
affected by the model deviation, the M LFE for the corresponding mean and the error variance

are completely biased by only 2% of the data.

If the shift of the mean is applied on more than one mean component, the M LE of the subject
variance is also affected. In Figure 5-3 are presented the bias’ distribution of the mean and
variance components estimators (CTBS and M LE) with e = 2% and contaminated model with

w4+ A =p+ A3 =48

CTBS MLE

1|

0
0

[
[“‘
[

CTBS MLE

10
10

-10
-10

Figure 5-1: Bias distribution of the parameter’s estimators for the one factor within-subject
model, without data contamination
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Figure 5-2: Bias distribution of the parameter’s estimators for the one factor within-subject
model, with 2% of data contamination on one mean (u + A\ = 48)
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Figure 5-3: Bias distribution of the parameter’s estimators for the one factor within-subject
model, with 2% of data contamination on two means (u+ A1 = p + A3 = 48)

5.2 Two factors within-subject ANOVA model

Here we are interested in a model of the form

Yijk = 1+ Aj 7+ (A7) + 80 4 (As)ij + (v8)in + i

with ¢ = 1,..,n j = 1,..,0 and & = 1,...,9. We need Eézl)\j = 0, Eizlfyk = 0 and
Eézlﬁizl(/\’y)jk. The unobservable random variables s;, €;;, (As);; and (vs);; are indepen-
dent and have independent N(0,0%) , N(0,02), N(0,03,) and N(0,02,) respectively. Using the

formulation given in (2.12) we have that the y; of size gl are multivariate normal with

p = vec(p+ Aj + g, + (M) k) Vi
and
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S=0lg+03, L@y +02, (3 1) + ol

1000 samples of size n = 100 were generated from the multivariate normal distribution with

parameters

24 70 16 14 10

24 16 70 10 14
l“l’ = s 2 =

24 14 10 70 16

24 10 14 16 70

so that = 24, \j = v, = (M) = OVj = 1,2,k = 1,2, 07 = 10, 03, = 6, 02, = 4 and
ag = 50. Figure 5-4 presents the bias’ distribution of the mean and variance components
estimators (CTBS and M LE) without model contamination. Figures 5-5, 5-6 and 5-7 show
the bias’ distribution of the mean and variance components estimators (CTBS and MLE)
with 2% of model contamination, with respectively p+ A1 = 48, u+ A1 = p+ X2 = 48 and
1w+ A1 = p+ v, =48 as contamination models. As with the previous model, we can conclude
the following: the CTBS is unbiased for all parameters with or without contamination, the
MLFE of the means are biased for the corresponding contaminated means, and depending on

the type of contaminations, one or some of the variances are also seriously biased.
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Figure 5-4: Bias distribution of the parameter’s estimators for the two factors within-subject

ANOVA model without data contamination
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Figure 5-5: Bias distribution of the parameter’s estimators for the two factors within-subject
ANOVA model with 2% of data contamination (u + A\ = 48)
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Figure 5-6: Bias distribution of the parameter’s estimators for the two factors within-subject
ANOVA model with repeated measures with 2% of data contamination (u+ A1 = p+ A2 = 48)
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Figure 5-7: Bias distribution of the parameter’s estimators for the two factors within-subject
ANOVA model with 2% of data contamination (u 4+ A\ = pu + v, = 48)
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5.3 Hierarchical models

We consider here a hierarchical model with three nested random factors similar to the one

presented in section 2.5

Yighim = 1+ AJi(F) + Y6y + 056k + Sik@)) + EikUm)))

with the y; multivariate normal N(u;, ) with

p; = es (1 + Ai(4)) = es ® (1, Ji(4)) (1, M) = xiex

and

Y =02Js+ 05 @Iy + 0y ®Jg 4 0713

1000 samples of size n = 100 were generated from the multivariate normal distribution with

the following parameters u = 15, A =0, O’?Y =2, 0(2; =2, ag =1,0%2=3and

Figure 5-8 presents the bias’ distribution of the mean and variance components estimators
(CTBS and M LE) without model contamination. Figure 5-9 shows the bias’ distribution of the
mean and variance components estimators (CTBS and M LE) with 2% of model contamination
with A = 15. Again, the CTBS is unbiased for all parameters with or without contamination,
the M LE of the means are biased for the corresponding contaminated means and the subject

variance is also seriously biased.
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Figure 5-8: Bias distribution of the parameter’s estimators for a hierarchical model with four
random factors, without data contamination

5.4 Breakdown analysis

In this subsection, we study the breakdown properties of the C'I'B.S, for the different models and
the different model contaminations analyzed previously. We study the bias of the C'T'B.S when
the amount of contamination increases up to 15%. Figure 5-10 shows the bias’ distribution
of the mean and variance components C'T'BS estimator for the one factor within-subjects
ANOVA model, with model contamination p 4+ Ay = p + A3 = 48. Figure 5-11 shows the
bias’ distribution of the mean and variance components C'I'B.S estimator for the two factors
within-subject ANOVA model, with model contamination p+ Ay = g+, = 48. For the nested
model and other model contaminations, we found similar results. One can see that the CT BS
can withstand up to 10% of contamination for the subject error, and even more for the other
parameters. This doesn’t prove that the empirical breakdown point is 10% since not all types
of contamination have been considered, but the simulation study shows that the behavior of
the CT BS is very satisfactory: for a very small efficiency loss, the C'T'BS can withstand up to

10% of model deviation.
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Figure 5-9: Bias distribution of the parameter’s estimators for a hierarchical model with four
random factors, with 2% of data contamination (A = 15)
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Figure 5-10: Bias distribution of the CT BS for the one factor within-subject ANOVA model
for different amounts of data contamination of type p 4+ Ay = pu + A3 = 48.
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5.5 Small sample behavior study

Until now the size of the simulation’s samples were all set to n = 100. The choice of a relatively
large size was motivated by the fact that we were primarily interested in the robustness aspect
of the estimator and not in any asymptotic effect that might affect the results. However, a large
size may be suitable from a theoretical point of view but in practice, one often encounters data

sets of much smaller size.

Therefore, we explore the behavior of C'T'BS in small sample situation. The idea is to detect if
there is any potential bias when working in small samples. The data sets are not contaminated
since it might interfere with the potential bias due to size. Again we analyze the one factor
within-subject ANOVA model, the two factors within-subject ANOVA model and a hierarchical
model. The chosen size are n = 20 and n = 10. In the graphics we compare the results with
the maximum likelihood for information purpose only. The number of simulated data sets in

each case is 500.

The first model is the one factor within-subject ANOVA model. For n = 20, the results are dis-
played in Figure 5-12. The mean vector is clearly not biased. The variance of the mean vector
is greater with n = 10 than with n = 100 (see Figure 5-1). For the two variance components,
results between the classical and robust estimator are of the same order and both estimators
estimate correctly the variance components. Dividing the sample size by two doesn’t change

the results (see Figure 5-13) and there is no real difference between n = 20 and n = 10.

To continue to illustrate the behavior of the C'T'BS estimator in small samples, we choose to
simulate under the two factors within-subject ANOVA model. Again the sample sizes are set
to n = 10 and n = 20. The aim is here to see if the number of parameters to estimate has an
impact on the potential bias. Figures 5-14 and 5-15 show the bias distribution for n = 20 and
n = 10 respectively. The same commentary we made for the one factor within-subject ANOVA
model are applicable here. The mean vector is clearly unbiased for the CTBS estimator and

there is more variability for the variance components.

68



CTBS MLE

© p— ©
< I —_ — < —_— = — =
~ : : ~

0
0

¥ N j— — -
@ © —
m+ m+l, m+1 4 m+l, m+l m+l, m+l m+l,
CTBS MLE
o o
™ ™ 7
o (=]
N N7
o o
— — 7

-20 -10 O

-20 -10

|8
iR Rl
38 B

I

Figure 5-12: Bias distribution of the one factor within-subjet ANOVA model with n = 20.
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Figure 5-13: Bias distribution of the one factor within-subjet ANOVA model with n = 10.
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Figure 5-14: Bias distribution of the two-factors within subject ANOVA model with n = 20.
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Figure 5-15: Bias distribution of the two-factors within subject ANOVA model with n = 10.
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Finally, the last model we consider is a hierarchical model with 4 random factors. With this
model we encountered numerical problems when computing the CT BS estimator in small sam-
ples. The first problem was a convergence one in that the algorithm fails to converge after a
very large number of iterations and the second one was some inversion matrix computational
problems (in fact, during the iterative procedure, the covariance matrix is not positive definite
anymore). To get an idea of the frequencies of this type of numerical problem, the CTBS
converged 500 times over 542 with data sets of size n = 20 and about 500 times over 612 with
n = 10. This means roughly that for 8% and 20% of the data sets, the algorithm to compute
the CTBS did not converge. In fact this problem arises only with a hierarchical model with 4
random factors. When we lower the number of random factors to 3 or 2, these computational

problems disappear.

Figure 5-16 displays the bias distribution for n = 20. The fixed effects p© and A are not biased
and the variability of their distribution is comparable between estimates.The same can be said
about the estimates of the variance components. Figure 5-17 gives the bias distribution for
n = 10. The interpretation remains the same as with n = 20.

In conclusion, with this small sample simulation study, we have seen that the CT' BS estimator
remains stable when working in small dimensions. It is not biased down to a size of n =10
and the loss of efficiency is acceptable when compared to the maximum likelihood estimator.
However, there is still some computational (or programming 7) problems that have to be

addressed in further research.
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Figure 5-16: Bias distribution of the hierarchical model with 4 random factors, n = 20.
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Chapter 6

Robust Inference

In classical ANOVA (with repeated measures or not) the primary goal is to test for the para-
meters. This is usually done by stating an hypothesis that descibes the test we are considering.
Two cases can be considered. In the first case, we are interested in hypotheses involving only
two parameters (or equivalently one sign of equality). This is what is called univariate hypoth-
esis. To test such hyptoheses, one uses the t-test. However, the application of the t-test is
limited and in the multivariate case, i.e. when considering hypotheses involving more than two
parameters, we consider a generalization of the i-test, the F-test. As for the ¢-test with the
student distribution, one uses the F' distribution to test an hypothesis about the parameters of
the population. This is usually done by creating an F-ratio. This ratio is formed by the vari-

ous variance components and its form depends on the structural equation that defines the model.

In our case the need for robust testing is obvious. We cannot robustly estimate the parameters
of a model and leave unchanged the usual procedures to test hypothesis about the parameters.
Here we will use the results of Davies (1987) and Heriter and Ronchetti (1994). The latter
propose robust versions of the Wald, score and likelihood ratio type tests for general paramet-
ric models and study their properties (asymptotic distributions, influence functions,...). The
robust tests they propose are the natural counterpart of the corresponding classical tests ; see

for instance Silvey (1975) or Rao (1973).

In their article, Heriter and Ronchetti (1994) suggest that the purpose of robust testing is
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twofold. First, the level of a test should be stable under small, arbitrary departures from the
null hypothesis. This is what they call robustness of validity. Second, the test should still
have a good power under small arbitrary departures from specified alternative (i.e. robustness
of efficiency). Heriter and Ronchetti (1994) explored the effect of contamination on the level
and power of tests and showed that these effects are functions of the influence function of the
underlying estimator. It means that a robust test, as a robust estimator, is able to deals with
slightly misspecified models. When the data have not been generated exactly from the assumed
models, robust testing procedures are by definition not (or very little) influenced by these model

deviations.

6.1 Robust Inference for the univariate case

We propose here a univariate robust inference for the fixed effects. Such hypotheses can be
described by means of contrasts. A contrast c¢ is a linear combination of parameters a such
that ¢’ a = 0. For example, suppose that we have a one factor within-subject ANOVA model
with three levels. Our goal is to test for differences among elements of the mean vector p. In

terms of hypothesis, it is given by

Hy : Al—X=0 (6.1)

H1 : )\1—A27é0

We know that for the one factor within-subject ANOVA model, the fixed effect vector « is
defined as a = [, A1, Ao]?. A contrast ¢ for hypothesis (6.1) is thus given by ¢ = [0,1, —1] so

that ¢’ a = 0.
Simple robust inference for the contrasts can be performed using the asymptotic results on

MLE and S-estimators with the multivariate normal model. Indeed, for the M LE, we have

that var(p) = %E, and for an S-estimator, we have that (see Davies, 1987 or Lopiihaa, 1989)

7



var(p) = ;T}%E where

o = e (v

o = wl(-D)uns Lo

with p the dimension of w, p’ (respectively p”’) the derivative (respectively the second derivative)
of p with respect to d, and the expectations are taken at the standardized p-variate normal
distribution ®. The values e; and ey depend on p (and the value of its parameters) and p.
They can be obtained by Monte-Carlo simulations. Table 6.1 presents the values for e1/e3 = e

for different p, when p is the translated biweight with ¢* = 0.50 and 7 = 0.01.

Table 6.1: ey /e3 for the translated biweight with €* = 0.50 and = = 0.01 with 1000000 replicates
for the Monte-Carlo simulations

P 2 3 4 ) 6 7 8 9 10
e1/e3 | 1.5204 | 1.3920 | 1.2706 | 1.1994 | 1.1515 | 1.1164 | 1.0933 | 1.0739 | 1.0610

For both estimators, the covariance can be estimated by using the corresponding estimate for

3. In the case were pp = x;a¢ as in (2.25), we have that
e, I 1
EZ‘, = ; var (x;@) = HXTvar ()X
with X7 = [Xili=1, - We then deduce that
var (@) = e(XX7)7'xzx” (xx7) "
n -1 n n -1
= e <Z XZTXZ'> ZXiTEXi (Z xiTXi) (6.2)
=1 =1 i=1
Note that for the MLE, e =1 and (6.2) is equal to
n -1
(Z xlTEIXZ)
i=1
We can then use contrasts to compute p-values. For example, a p-value associated to the hypoth-
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esis Hy : A\; = Mg in the one factor within-subject ANOVA model (2.15) with v = [p, A1, Ao, ..., A_1]T

e—1 I
(and hence x; = ) is obtained from the normal distribution with mean 0 and

T
1 —ej_;

variance estimated by

n -1 5 n -1
ec? E x!'x; E x!'3x; E x!'x; c
i=1 i=1 i=1

with the contrast defined as ¢ = (0,1, —1,0,0, )T In Chapter 8, we will use these results to

test contrasts with real data sets.

6.2 Robust multivariate tests

More generally, we are interested in testing the null hypothesis that ¢ (< p) linearly estimable
functions of the vector of parameters a are zero. Denote by a’ = (a{l), a{z)) the partition of
the vector a into p — ¢ and g components and by A;;,4,7 = 1,2 the corresponding partition
of p X p matrices. Through a linear transformation for the parameters, this problem can be

reformulated in testing

Hy : a = ap where ao) = 0, ag(1) unspecified

Hi @ o) # 0, o) unspecified

The tests that Heriter and Ronchetti (1994) consider rely on M-estimators defined as

> W(yi,a) =0 (6.3)
=1

with asymptotic covariance matrix

H=M'KM 7T

where
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M - - [ Slyara) (6.4
K = /w(y,a)w(yya)TdFa(y) (6.5)

(for validity conditions, see Heriter and Ronchetti,1994). Note that for consistent M-estimates,

one can write (6.4) as

M = /w(y,a)sT(y,a)dFa(Y)

where s(y, ) is the score function of model Fy(y).

In practice, the asymptotic covariance matrix H can be estimated with

M= (v @) (i) (6.6)
i=1

K = > vy ) (v ) (67)
=1

In the context of mixed linear models, we are interested in testing multivariate hypothesis in
the fixed effects a. The CTBS estimator of a (ignoring the estimator for ), can also be seen

as M-estimators with v defined as

Y(y, o) = u(d) (xT271xa — xTzfly) . (6.8)

Note that in Lopiithaa (1989) it is shown that S-estimators of a and ¥ are asymptotically
independent.

As in classical likelihood inference, there are three classes of tests that can be considered : Wald
type tests, score (or Rao) type tests and likelihood ratio type test. Here we consider score and

likelihood ratio type tests.

For an M-estimator, a score (or Rao) type test is based on the test statistic

R2=7r'c'z,
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where

1 n
Zn=—> v{yna®)y

=1

o is the M-estimator in the reduced model, i.e. the solution of the equation

Zd)(yi, aw)(l) = 0 with a‘é) =0
=1

C = Mo.1)H(22)M{3 1 (6.9)
is a ¢ X ¢q positive definite matrix,
M22.1) = M(22) — M(21)M(111)M(12) (6.10)

and M and H are computed using o®.
Heritier and Ronchetti (1994) show that, under Hy, the statistic nR2 is asymptotically Xg‘

When ¢(y, a) = s(y, &) the test is the classical score or Rao test.

A likelihood ratio test is defined by a test statistic of the form

52= 23" Iolys @) — plys, )] (6.11)
=1

a and o are the M-estimator in respectively the full and reduced model. With S-estimators
however, the likelihood ratio test cannot be used. Indeed, the S-estimator is the solution that

minimize the determinant of the covariance matrix under the constraint that

e plV/ (di/k] = bo (6.12)

The constraint (6.12) does not depend on the model (full or reduced) and it implies that the

statistic S2 will always be equal to zero. We will therefore consider here only the score type test.

Since the above results are only asymptotically true, the size of the data sets can play a con-
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siderable role in terms of accuracy of the distribution of the robust test statistics. As a size
too small can cause the distribution of the statistic to shift from the asymptotic one and hence
yield to the wrong decision. We will therefore also investigate the effect of small samples in
testing in a simulation study (see Chapter 7).

Consider now the following example. Suppose that in the one factor within-subject ANOVA
model with e = [, A1, ..., \_1]7, we want to test globally the fixed effect factor, i.e.

Hy @ A =..=X_1= 0, pu unspecified

Hy : one of the \; # 0, u unspecified

To compute the test statistics R2, one can use the following iterative steps. At the ith iteration,

1. Compute the vector of fixed effects

_ln
& =

> uldi)x{ 37 y;
1

u(d;)xl =7 1x;
1 i

-

)

2. Constraint & by replacing the corresponding elements in the vector by zero (e.g. &* = [4,0, ...

3. Compute the Mahalanobis distances dY and the weights u(dy’) using ¥ = x&*

%
4. Using the new weights u(d¥), start again at step one and iter until convergence.

5. Compute

Z u(d;) (xTZflx&“ - XTZ*Iyi)(Q)

6. Compute
R2 =7zI'c'z,

The matrix C is the asymptotic covariance matrix of Z,, given in (6.9). In the following Chapter,

we will study the behavior of the robust score test under various models.
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Chapter 7

Simulation study for the robust

score type test

In this Chapter we study the robust version of the score test in the setting of mixed linear
models. We propose the application of the robust and non-robust score type test to different
models. The interest here is twofold. First we want to study the robustness (or non-robustness)
of the tests when the data are contaminated. We will see that in the case of contaminated data
sets, the robust score test outperforms its classical counterpart. Second, the effect of the sample
size will also be investigated. Indeed, it is well known (see for example Gallant, 1987) that the
asymptotic xﬁ distribution for score type test does not really hold for small or moderate sample

sizes.

The idea here is to compare the theoretical levels of the tests, which are fixed a priori, and
the experimental ones given by the simulations. If the test behaves well, one can expect small
differences between those two levels. To be fair in our comparison, we also included the classical
F-test. This is by far the most used test in the mixed models or ANOVA settings and it is
known to be even exact under normality. The models we studied are the simple one factor
within-subject ANOVA model which is easy to compute and gives a good appreciation of the
robust score type test. Second we propose to study a two factors within-subject ANOVA model

and finally a model with data generated from a hierarchical model with one covariate.
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7.1 One factor within-subject ANOVA model

Recall that such model is given by the equation
Yij = b+ Aj+ 8 + &4

Values for the model’s parameters are =24, \; =0Vj =1,...4, 02 =9.4 and ag =40.2. In
this case a = [u1, A1, A2, A3]7 and the hypothesis is stated as

Ho : A1, X2, A3 = 0, p unspecified

Hy : A1, A2, A3 # 0, p unspecified

For this model the F-test is given by the ratio

where ;\j and 62 are the restricted maximum likelihood estimates. The ratio follows a Fisher

distribution with (I — 1) and (I — 1) x (n — 1) degrees of freedom.

10000 samples of size 100, 20 and 10 were generated under the null hypothesis. The percentages
of contamination e are 0%, 2%, 5% and 10%. For each test we recorded how many times the
tests were rejected at the theoretical levels of 1%, 5% and 10% and reported those values in the

tables below.

When there is no contamination the only parameter of interest is the size of the data set. For
a value of n relatively large, one can expect a good behavior of those three tests. Indeed, as it
can be seen in Table 7.1, when the size is set to n = 100, all tests perform well and are very

close to each other.

However, as shown in Table 7.2, when we lower the sample size to n = 20, both the classical
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and robust score tests fail to approach the theoretical level of 1 percent with values equal to
0.28 and 0.25 percent respectively. With 5% and 10% levels, the xﬁ distribution still holds
for both tests, being slightly too conservative at 5%. On the contrary, we see clearly that as
expected the classical F-test is not influenced by the size of the data set. With a size of n = 10,
clearly the x§ distribution is not a good approximation for the score type tests. At levels of 1%
and 5% the tests are too conservative and completely fail to approximate the theoretical levels

(see Table 7.3). The classical F-test performs well.

We now proceed with contaminated data sets. The contamination method is the same as
the one used in Chapter 5. To create a small model deviation, (1 — €)% of the data were
generated from the multivariate normal distribution with parameters given in (5.1), and €%
from a multivariate normal distribution with the same covariance matrix, but with a shifted
mean p = [48 24 24 24]. More precisely, the shape of the mean vector is obtained by letting
p+A1 = 48 so that a = [30, 18, —6, —6]7. The results presented here are obtained with n = 100.
With different samples sizes, the results are similar. Table 7.4 contains the results we get when
the contamination level is set at 2%. The results clearly show that the robust version of the
score type test is not influenced by data contamination. It outperforms the classical score test
which is very sensitive even to a small amount of contamination. Even if it fails to accurately
approximate to true theoretical level, the F-test gives better approximation than the classical
score test but is also clearly influenced by a small contamination. We also tried with 5%
percent of contamination (see Table 7.5). The robust score test is not influenced by outliers.
The classical score test and the F-test are clearly influenced. At levels of 5% and 10%, both

empirical levels are very far away from the theoretical levels.

With this simple model we have seen that the robust score test clearly outperform the classical
one in that it is resistant to small levels of data contamination. When contaminating more
than one mean, the results of the two non-robust test statistics worsen. For example, with 5%
of contamination and two means contaminated, the F'-test reject 39.5 percent of the time the

null hypothesis at the 1% level.
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Table 7.1: Proportion of times Hy is rejected at different levels with n = 100.

Table 7.2: Proportion of times Hy is rejected at different levels with n = 20.

Table 7.3: Proportion of times Hy is rejected at different levels with n = 10.

Table 7.4: Proportion of times Hy is rejected at different levels with n = 100 and contamination

,u+)\1=48.

Table 7.5: Proportion of times Hy is rejected at different levels with n = 100 and contamination
w4+ A =48.

e=0%

actual levels

1% 5%  10%

classical scores
robust scores
F-test

0.8% 4.8% 10.3%
0.8% 4.9% 9.8%
0.8% 54% 10.6%

e=0%

actual levels

1% 5%  10%

classical scores
robust scores
F-test

02% 4.3% 10.3%
02% 4.3% 10.4%
1% 5.2% 9.4%

e = 0% actual levels
1% 5% 10%
classical scores | 0% 2.2%  9.9%
robust scores | 0% 2.1%  9.9%
F-test 1.1% 5% 9.9%

e=2% actual levels

1% 5% 10%
classical scores | 3.1% 14% 22.4%
robust scores 1.2% 52% 10.9%
F-test 1.9% 9.4% 17.4%

e =5% actual levels

1% 5% 10%
classical scores | 6.8% 47% 54.9%
robust scores 1.5% 51% 11.1%
F-test 3.3% 37.9% 49.5%
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7.2 Two factors within-subject ANOVA model

The second model we propose to study is a model that implies two fixed factors (see 2.24).
This kind of model is more interesting than the one factor within-subject ANOVA model since
it allows us to test for more than one factor and to test for the interaction. We choose each

factor A and v to have 3 levels. Thus the vector « is of the form

o =, A1, A2, 71, V2, (A’Y)u ) ()\7)12 ) ()\7)21 ) ()\7)22)T

As before, we test using the classical and robust score type tests and the F-test. The form of

F-test depends on the hypothesis we want to test. For

Ho = A A2 = 0, 171,72, (M)115 (M1 (M)a1 5 (A7) gy unspecified (7.1)

Hy o+ A A2 #0, 0y172, ()11 (M)125 (A)a1 5 (Ay)ge unspecified

the F-statistic is A2
nY A/ (1—1) + g63%,
-2

for

Hy : 71,79 = 0, py A1, Az, ()"7)11 ) ()"7)12 ) (/\'7)21 ) (/\7)22 unspecified (7'2)

Hy ot 91,72 70, 0 A, Ay (M) 115 (M) 195 (AY)a1 5 (7)o unspecified

the F'-statistic is

and for
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Ho © (M)11 AM)19 (Mg, (MY)eg = 0, 1, A1, A2, v1, 7o unspecified (7.3)

Hiot (A1 (M) 12 (A1 s (AMY)ag # 0, i A1, A2, 71,7, unspecified
the F'-statistic is

n (M) /(= 1)(g — 1)

A2
O¢

in which the estimates are the REM L estimates. The procedure of simulation is the same as
the one with the one factor within-subject ANOVA model. We generated 10000 samples under
the null hypothesis and recorded the proportion of times the null hypothesis was rejected at
different levels. We considered samples of size n = 100 and n = 20. The parameters for the
multivariate normal distribution are p = 24, A\j = v, = (/\’y)jk =0Vj=1,3k=1,3, 02 =5,
03, =3, O’%S =4 and 02 = 2. We first present the results without contamination for the three

hypotheses. Then in a second part we will study the influence of data contamination on the

level of the tests.

For the first hypothesis (see 7.1) and without contamination all three tests behave nicely (see
Table 7.6) when the sample size is relatively large (n = 100). For smaller data sets (n = 20),
the results for the score type tests are slightly influenced by the sample size, especially at a
low level (see Table 7.7). Since there are more parameters to estimate than in the one factor

within-subject ANOVA model, the results for the score tests are slightly worse.

Table 7.6: Proportion of times Hy (7.1) is rejected at different levels with n = 100.

e = 0% actual levels

1% 5% 10%
classical scores | 0.9% 4.8% 10.2%
robust scores | 0.9% 4.9% 9.8%
F-test 1.1% 5% 10.1%

However with n = 10 both score tests are clearly influenced by the sample size, especially at

1% and 5%. We tried different values for n between 10 and 20 and we found that for n = 15
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the score tests remain acceptable at a level of 5%. Results are shown in Table 7.8. For the two
remaining hypotheses we only present the results for n = 100. With n = 20 and 15 we found
similar results as with hypothesis (7.1). Results for the second hypothesis (7.2) are presented
in Table 7.9. They are very similar as the ones from the first hypothesis. When n is sufficiently
large the x2 distribution is a good approximation for the score type tests but not really when
n gets smaller. Table 7.10 presents the results for the third hypothesis (7.3). The conclusions

remain the same.

We now study the consequences of contaminated data on the tests. As we will see, the results
of the tests differ under different contamination patterns. Given a certain pattern of contami-
nation, the different tests will be more or less influenced. To illustrate this, we contaminated
the models with respectively u+ A1 = 48, p+ A\ = p+ Ao =48 and p+ A = p+ v = 48.
Like before the percentages of contamination are 2%, 5% and 10%. Only the results with 2%
are presented here. Higher percentages do not change the results (for all three tests) but only

deepen the difference between the robust and classical tests.

Tables 7.11- 7.13 present the results with u+ A = 48. As expected, for null hypothesis (7.1) the
classical tests are clearly influenced by this kind of data contamination. The robust score test
remains stable at all theoretical levels whereas the two non-robust tests are not. On the other
hand, for hypotheses (7.2) and (7.3) no test is influenced by this type of data contamination.

With g4+ A1 = p+ A2 = 48 as model contamination, things are slightly different (see Tables 7.14-
7.16). Once again the robust score test is not influenced by the presence of data contamination.
The novelty is that for hypothesis (7.2), the classical tests are also influenced and in the same
proportion as hypothesis (7.1). On the other hand, the classical tests for hypothesis (7.3) are
not influenced. For contamination type p+ A; = p+y; = 48, the results are resumed in Tables
7.17 through 7.19. As with the two other contamination models, the robust score test is not
influenced. However, for the three hypotheses (7.1), (7.2) and (7.3), the classical score test or
the F-test are influenced. The difference with the other type of data contamination is that

with this kind of model contamination, classical tests are also influenced for hypothesis (7.3).
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Table 7.7: Proportion of times Hy (7.1) is rejected at different levels with n = 20.

e = 0% actual levels

1% 5% 10%
classical scores | 0.2% 3.9% 10.1%
robust scores | 0.4% 4.1% 9.9%
F-test 1.1% 51% 9.5%

Table 7.8: Proportion of times Hy (7.1) is rejected at different levels with n = 15.

e = 0% actual levels
1% 5% 10%
classical scores | 0.9% 4.1% 9.9%
robust scores | 0.9% 5.1% 9.8%
F-test 1% 5% 10%

Table 7.9: Proportion of times Hy (7.2) is rejected at different levels with n = 100.

e = 0% actual levels
1% 5% 10%
classical scores | 0.9% 5.1% 9.9%
robust scores | 0.9% 5.1% 9.8%
F-test 1% 5% 10%

Table 7.10: Proportion of times Hy is (7.3) rejected at different levels with n = 100.

e = 0% actual levels
1% 5% 10%
classical scores | 0.9% 5.1% 9.9%
robust scores | 0.9% 5.1% 9.8%
F-test 1% 5% 10%

Table 7.11: Proportion of times Hy (7.1) is rejected at different levels with n = 100 and

contamination p 4+ Ay = 48.

e=2% actual levels

1% 5% 10%
classical scores | 3.1% 11.7% 22.9%
robust scores 1.1% 4.9%  9.9%
F-test 21% 92%  19%
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Table 7.12: Proportion of times Hy (7.2) is rejected at different levels with n = 100 and
contamination p 4+ Ay = 48.

e = 2% actual levels

1% 5% 10%
classical scores | 0.9% 4.7% 10.2%
robust scores | 1% 5% 9.8%
F-test 1.2% 5% 10.4%

Table 7.13: Proportion of times Hy (7.3) is rejected at different levels with n = 100 and
contamination p 4+ Ay = 48.

e=2% actual levels

1% 5% 10%
classical scores | 0.8% 4.8% 9.8%
robust scores | 0.8% 4.9% 10.1%
F-test 1.1% 5.1% 10%

Table 7.14: Proportion of times Hy (7.1) is rejected at different levels with n = 100 and
contamination p 4+ Ay = p + Ay = 48.

e =2% actual levels

1% 5% 10%
classical scores | 8.1% 20.4% 30.3%
robust scores | 0.9% 5.1%  9.8%
F-test 6.5% 18.1% 28.2%

Table 7.15: Proportion of times Hy (7.2) is rejected at different levels with n = 100 and
contamination p + A\; = p + Ay = 48.

e = 2% actual levels

1% 5% 10%
classical scores | 0.9% 21% 31.1%
robust scores | 0.8% 5.2%  9.9%
F-test 6.3% 17.4% 27.5%
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Table 7.16: Proportion of times Hy (7.3) is rejected at different levels with n = 100 and
contamination g+ Ay = p + Ay = 48.

e =2% actual levels

1% 5% 10%
classical scores | 0.9% 4.8% 9.9%
robust scores 1% 4.9% 10%
F-test 1.1% 4.9% 9.9%

Table 7.17: Proportion of times Hy (7.1) is rejected at different levels with n = 100 and
contamination p+ Ay = p+ vy = 48.

e=2% actual levels

1% 5% 10%
classical scores | 3.1% 15% 24.9%
robust scores | 0.9% 5.1%  10.3%
F-test 2.8% 14.3% 21.8%

Table 7.18: Proportion of times Hy (7.2) is rejected at different levels with n = 100 and
contamination g + A1 = p + 9 = 48.

e =2% actual levels

1% 5% 10%
classical scores | 4,7% 18.2% 24.9%
robust scores | 0.8% 5.2%  9.8%
F-test 2.4% 13.4% 23.9%

Table 7.19: Proportion of times Hy (7.3) is rejected at different levels with n = 100 and
contamination p+ Ay = pu + v, = 48.

e =2% actual levels

1% 5% 10%
classical scores | 5.1% 19.8% 27.4%
robust scores | 0.9% 5.1%  9.4%
F-test 4.2% 13.1% 25.8%
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The comments we can make about robust testing in the two factors within-subject ANOVA
model are twofold. First, as for the one factor within-subject ANOVA model, the score type
tests (both the classical and the robust) are quite sensitive to the size of the data sets. One
has to be cautious about the fact that as the complexity of the model rises the number of
parameters to estimate increases and one needs a suitable size to get a good approximation of
the score test distribution. Second, when we concentrate only on the robustness aspect of the
tests, the robust score type test perform well under any kind of contamination. This is not the

case for the two other tests.

7.3 Hierarchical model

As for the simulation study for the C'T'BS, the model we consider is a model with four random

factors. Recall that the parametrization of this model is given by

pi = es(u+ i) =es®(1,7:(5) (1N = xiex

Y = 2l + 3@+ 05l ® Iy + 0215

with p = 15, A = 0, U% = 2, O'% = 2, O'g = 1 and 02 = 3. In terms of fixed effect, the only

possible test we can do for this type of model is given by

Hy : X\ = 0,u = unspecified (7.4)

H; : X\ # 0, = unspecified

It is worth mentioning that hypothesis (7.4) will always have this form regardless of the model
complexity. Indeed, for hierarchical models, there will always be only one fixed effect, the others
being nested in it and considered random. It is clear that one can use a simple t-test for hy-
pothesis (7.4). The idea here is also to propose the robust score type test as a robust alternative
to the t-test. The simulation parameters are the same as for the two previous models, that is
n = 10, 20 and 100 and € = 0%, 2%, 5% and 10%. As before, we first investigate the size’s effect

without contamination. The results are very similar to those for the one factor within-subject
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ANOVA model. With small samples, the score type tests (both classical and robust) do not

behave very well. The results are presented in Tables 7.20-7.22.

Table 7.20: Proportion of times Hy (7.4) is rejected at different levels with n = 100.

e = 0% actual levels

1% 5% 10%
classical scores | 0.9% 4.9% 9.9%
robust scores | 0.8% 5.1% 10%
F-test 1% 5% 9.9%

Table 7.21: Proportion of times Hy (7.4) is rejected at different levels with n = 100.

e = 0% actual levels

1% 5% 10%
classical scores | 0.3% 4% 9.9%
robust scores | 0.4% 4.1% 10.1%
F-test 0.9% 4.7% 9.8%

Table 7.22: Proportion of times Hy (7.4) is rejected at different levels with n = 100.

e = 0% actual levels

1% 5% 10%
classical scores | 0% 2% 9.9%
robust scores | 0% 2.1% 9.8%
F-test 1% 4.8% 9.8%

As expected, when the data are contaminated with model contamination A = 15, the robust
score type test is not influenced whereas the classical score type test and the F-test are. Table
7.23 presents the results with 2% of contamination. Raising the percentage of contamination

until 10% doesn’t change the results for the robust test.

The simulations performed on this model do not bring any new informations. The robust score
type test is robust to small model deviations but n must be sufficiently large for the x3 distri-

bution to be accurate.
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e =2% actual levels

1% 5% 10%
classical scores | 2.8% 13.1% 21.8%
robust scores | 0.9% 4.8%  10.1%
F-test 1.9% 8.9% 18.1%

Table 7.23: Proportion of times Hy (7.4) is rejected at different levels with n = 100 and
contamination A = 15.

In fact with this model the interest lies elsewhere. We know that for any hierarchical model,
there always will be only one fixed effect. However, the number of nested random effects can
vary considerably and the possibility to test these effects is more than legitime since they are
often the parameters of interest. We have already said that we don’t consider applying testing
procedures to the random effects as a good solution. In conclusion, this legitimates the need to
pursue other ways of research to propose a mean to test for the random effects. In the last part

of this thesis, we suggest that this can be done by applying robust model selection techniques.
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Chapter 8

Data analysis

In this Chapter we analyze 4 data sets in order to study the impact on the analysis of the use of
robust methods when compared to classical ones. For each data set, we perform a graphical data
analysis to detect if there are any outliers or influential observations. In each case, we compute
the M LE and the CT BS and corresponding standard errors for the fixed effects. The REM L
gave similar results which are not presented here. We also could provide standard errors for the
variance component estimates, but since the samples are relatively small, the asymptotic normal
theory is not suitable in these cases. We compute the robust score type test and compare it to
the F-test. As a diagnostic tool, we also provide a scatter plot of the Mahalanobis distances
d; estimated using respectively the M LE and the CTBS. These graphics will reveal which

observations are considered as outliers and/or influencial observations.

8.1 Electrode resistance data

Berry (1987) analyzed the data from an experiment in which five types of electrodes were applied
to the arms of 16 subjects and their resistance measured. The experiment was designed to see
whether all five electrode types performed similarly. The model is the one factor within-subject
ANOVA model (2.15) with [ = 5. If we look at the interaction plot (see Figure 8-1) of the 16
readings we notice that two measures (electrodes of type 2 and 3) taken on subject 15 are much
larger than the others. The experimenter decided that the reason for the two large readings on

a subject (subject 15) was the excessive amount of hair on the subject’s arm (see Berry, 1987) .
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Figure 8-1: Figure 16 : Interaction plot for the skin resistance data
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Table 8.1 presents the M LE and CTBS estimates and standard errors for the raw data (di-
vided by 100). The mean vector estimate is fr = [1.81,2.87,2.58,1.50,1.37] for the M LE and
f=1[1.55,2.14,1.77,1.46, 1.19] for the CTBS. One notices that the mean resistance estimate is
larger for the M LE in general and in particular for electrodes of type 2 and 3. This difference
is certainly due to the two extreme measurements observed in the interaction plot. The latter

also probably explain the large difference in the residual error variance estimate &3.

In Figure 8-2 is given the scatter plot of the Mahalanobis distances computed with the M LE
and the C'T'BS respectively. The horizontal and vertical dotted lines correspond to the 0.975
quantile on the x3 distribution, to detect outlying observations. When both the MLE and
CTBS detect an extreme observation, it is considered as an outlier and when only the CT BS
detects an extreme observation, it is also considered as influencial. On the interaction plot
8.1, observation number 2 corresponds the the second highest response. Here the C'T'BS es-

timator detects observations 15 as an extreme outlier and observation 2 as an influential outlier.

We turn now to testing the following multivariate hypothesis of equality of means resistances

given by

Hy : M=X=X3=X=0 p unspecified (8.1)

Hy @ M #FXMF#FA3F# M #0 u unspecified

The classical F-ratio test statistic is 3.1455. When compared to an F' distribution with degrees
of freedom 4 and 60, we find a p-value of 0.020 so that the test is significant. We can conclude
that there is a difference between the 5 electrode types. The robust test statistics R? is 7.396.
When compared to a x? with 4 degrees of freedom, we find a p-value of 0.116. The test is hence
not significant. Observations 15 and 2 seem to have an influence on the M LE’s estimates and

consequently on the F-test.

To limit the influence of potential outlying observations, Berry (1987) actually proposed to use
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MLFE CTBS
Parameter Estimate S.E. Estimate S.E.

" 2.03  0.3306 1.628 0.2638
A1 —-0.21 0.3239  —0.068 0.2553
A2 0.84 0.3239 0.512  0.2553
A3 0.55 0.3239 0.142 0.2553
M —0.53 0.3239  —0.158 0.2553
o2 1.329 1.087

o? 2.098 0.711

Table 8.1: Estimates and standard errors for the M LE and the CTBS (bold values are for
significant parameters at the 5% level) for the skin resistance data.

12

Robust Mahalanobis Distances

T T T T T
0 10 20 30 40

Mahalanobis Distances

Figure 8-2: MLE and C'T'BS Mahalanobis distances for the skin resistance data
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Figure 8-3: Interaction plot for the skin resistance data (with log(y + 32) transformation).

a log(y + ¢) (c = 32) transformation of the data. An interaction plot of the transformed data
is presented in Figure 8-3. Graphically, the log transformation has the effect of minimizing
the potential outliers. In the scatter plot of the Mahalanobis distances (see Figure 8-4 ) the
CTBS detects observation no 15 as an extreme outlier but not observation 2. We analyzed the
transformed data and the results are presented in Table 8.2. The overall mean, the contrasts
and the variance components are found smaller when using the C'I'B.S. We obtained an F-ratio
test statistic of 2.87 corresponding to a p-value of 0.030 and a robust score type test statistic
R? of 6.94, corresponding to a p-value of 0.139. In conclusion, reading 15 seems to have a
considerable influence. Berry (1987) analyzed this dataset with subject 15 deleted. In this
case, the F-test is significant when performed on the original data (p-value of 0.044) and it is

not significant when performed on the transformed data (p-value of 0.1).
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Table 8.2: Estimates and standard errors for the M LE and the CTBS (bold values are for
significant parameters at the 5% level) for the skin resistance data (with log(y + 32) transfor-

mation)

MLE CTBS

Parameter Estimate S.E. Estimate S.E.

n 5.1925 0.1269 5.1415 0.1259
A1 —0.0719 0.1166 0.0148 0.1136
Ao 0.3156 0.1166 0.2712 0.1136
A3 0.1535 0.1166 0.0915 0.1136
A —-0.2176 0.1166 —0.2178 0.1136
o2 0.2033 0.1683

o2 0.2719 0.2150

Robust Mahalanobis Distances
10
1

12

Figure 8-4: M LE and CTBS Mahalanobis distances for the skin resistance data (with log(y +

32) transformation).
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8.2 Semantic priming data

The study of semantic and associative priming in picture naming is well known in psychology
(see e.g. Alario, Segui and Ferrand, 2000, Holcomb and McPherson, 1994). The data we have
come from an experiment in which 16 young subjects had to decide as quickly as possible if a
target (object’s drawing), which appeared after a prime (action of a pantomime), was a real
object or not. There were 3 different real objects of interest (a hammer, a saw, a screwdriver)
and 3 different types of item (related, neutral, unrelated). For each combination of real object
and type of item, five measures (time to decide if the object was real or not) were taken, of which
the first one (trial) and the errors (wrong object decision) were discarded , and the means of the
remaining were taken as the response variable. The underlying hypothesis is that the reaction
time is shorter when there is a link between the priming and the object (i.e. in the related
item). The data have been collected at the university of Geneva (see Moy and Mounoud, 2003).
The model used to analyze these data is given in (2.24) with A;,j = 1,2,3 the object effect
and 7v;, k = 1,2, 3 the item type. Interaction plots for each factor and the interaction are given
in Figures 8-5, 8-6 and 8-7. Figure 8-5 suggests that observations 3 and 16 seem higher than
the others. It means that the subject variance for these two observations will probably be also
higher. The same comments can be made about Figure 8-6. Again, measure for observation
3 and 16 are higher that the others. Finally, Figure 8-7 suggests that there is an interaction

between the two factors.

Table 8.3 gives the estimates for the M LE and the CTBS and the standard errors for the
fixed effects (bold values are for significant fixed effects at the 5% level). In Figure 8-8 is given
the scatter plot of the Mahalanobis distances computed with the M LE and the C'T'BS respec-
tively. One can see that the CTBS and the M LE detect one outlier and the CTBS detects
two influencial observations. The influence on the estimates is quite substantial. Indeed, the
mean reaction times are generally smaller and the error and subject variances are also a lot
smaller with the robust approach. The consequence is that the effect of the object is not found
significant with a classical approach, whereas it is found significant with a robust approach. In
this case, because of the presence of influencial outliers, the variance components are overesti-

mated and bias inference on the contrasts. Note that with both analyses the effect of the type
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Figure 8-5: Interaction plot for the factor Object for the semantic priming data set
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Figure 8-6: Interaction plot for the factor Item for the semantic priming data set
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Figure 8-7: Interaction plot for the interaction for the semantic priming data set
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Figure 8-8: M LE and C'T'BS Mahalanobis distances for the semantic priming data.
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MLFE CTBS
Parameter Estimate S.E. Estimate S.E.

1 448 122 430 7.6
A\ 7 4.0 9 42
A2 -3 40 -6 4.2
o -19 4.0 -16 4.8
¥s 11 4.0 11 4.8
M1 7 54 5 4.7
Mg -7 54 —2 47
NYa1 -7 54 0 4.7
Mg 5 5.4 -2 47
o2 2222 649
ags 43 158
o2, 49 261
o? 1035 733

)

Table 8.3: Estimates and standard errors for the M LE and the CTBS (bold values are for
significant parameters at the 5% level) for the semantic priming data.

of item is significant.

We also tested for each factor and for the interaction, using the F-test and the robust score

type test. Results are presented in Table 8.4

The classical F-test and the robust score type test give similar results for the three hypotheses.

In this example, the presence of possible outlier doesn’t seem to influence the results of the tests.

With this type of data, one can also consider a log transformation, although in this domain
one usually prefers the original scale, mainly for interpretation reasons. Interaction plots for
the transformed data are given in Figures 8-9, 8-10 and 8-7. Comments are the same as for the
raw data. In that case, the estimates for the M LE and the CTBS and the standard errors for
the contrasts are given in table 8.5. The scatter plot of the Mahalanobis distances is given in
Figure 8-12. One can see that there are 3 outliers detected only by the C'I'BS, but they do not
seem to be influencial since the estimates are quite similar with the two analyses. The tests on
the factors and the interaction for the classical and robust tests give the same result as with

the raw data (not presented here).
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Classical F-test

F-stat dfl df2 p-val
Item 1.20 2 30 0.30
Object 1.63 2 30 0.19
Item:Object | 0.48 4 60 0.74
Robust score type test

F-stat df p-val
Item 1.63 2 0.44
Object 3.32 2 0.19
Item:Object | 1.70 4 0.79

Table 8.4: Results for the classical F-test and the robust score type test for the semantic priming
data.

MLE CTBS
Parameter Estimate S.E. Estimate S.E.
m 6.097 0.0247 6.060 0.0167
A\ 0.020 0.0084 0.023 0.0094
A2 —0.010 0.0084  —0.013 0.0094
o0 —0.043 0.0089 —0.037 0.0105
Yo 0.027 0.0089 0.027 0.0105
M1 0.017 0.0112 0.013 0.0105
Mo —-0.013 0.0112  —0.010 0.0105
NYa1 —-0.013  0.0112 0.000 0.0105
Mg 0.007 0.0112  —0.003 0.0105
o? 0.0091 0.0031
o3, 0.0002 0.0007
o2, 0.0004 0.0012
o2 0.0045 0.0037

Table 8.5: Estimates and standard errors for the M LE and the CTBS (bold values are for
significant parameters at the 5% level) for the semantic priming data (log transformed)
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Figure 8-9: Interaction plot for the factor Object for the semantic priming data (log-
transformed).
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Figure 8-10: Interaction plot for the factor Item for the semantic priming data (log-
transformed).
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Figure 8-11: Interaction plot for the interaction for the semantic priming data (log-transformed).

30

20

Robust Mahalanobis Distances
15

T T T
5 10 15

Mahalanobis Distances

Figure 8-12: MLE and CTBS Mahalanobis distances for the semantic priming data (log
transformed data).
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8.3 Metallic oxide data

This data set originate from a sampling study designed to explore the effects of process and
measurement variation on properties of lots of metallic oxide (Bennett, 1954). Two samples
were drawn from each lot. Duplicate analyses were then performed by each of two chemists,
with a pair of chemists randomly selected for each sample. This model corresponds to a hi-
erarchical model similar to the one presented in (2.25). Type is considered fixed with type 1
(j = 1) measured in n; = 18 lots and type 2 (j = 2) measured in ne = 13 other lots. Lot,
sample and chemist are considered random. Thus the parameter to estimate are the two means
corresponding to type 1 and type 2 and the variances corresponding respectively to lots, sam-
ples, chemists and residual. This data set has already been considered by Fellner (1986) and
analyzed by Richardson and Welsh (1995). An important assumption here is that the two types
of metallic oxide have the same covariance matrix (i.e. the same variance components) though
possibly different means. Table 8.6 presents the estimates and standard errors for the M LE
and the CTBS. The CTBS gives higher estimates for the mean components (i.e. p and p+ \)
than the M LE. For the variance components, the CT BS provides generally smaller estimates
than the M LE. The consequence is that the standard errors for the fixed effects are smaller
with the CTBS. However, the effect of the type of metallic oxide is found significant with
both analyses. In Figure 8-13 is given the scatter plot of the Mahalanobis distances computed
with the M LE and the CTBS respectively. Both the M LE and C'T'BS detect observations
24 and 30 (and maybe 17) as outlying, but the CT'BS also detects observation number 25 as
influencial. The difference between the M LE and CTBS estimates is then certainly due to
this last influencial observation. It should be stressed that Richardson and Welsh (1995) found

not the same, but similar results with their robust method.
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Estimate (S.E.)

Method H A 0120t Ggamplo Ughcmist Ug

MLE 3.85625 —0.79375 565 .043 .032 .043
(0.1826328)  (0.2820253)

CTBS 3.9318973 —0.4017356  .097 .012 .040 .036

(0.09964693)

(0.15387677)

Table 8.6: Estimates and standard errors for the M LE and the CTBS (bold values are for
significant parameters at the 5% level) for the metallic oxide data
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Figure 8-13: M LE and C'T'BS Mahalanobis distances for the metallic oxide data
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8.4 Orthodontic data

The data come from an othodontic study on 16 boys and 11 girls between the ages of 8 and 14
years and were originally reported by Pothoff and Roy (1964). Pinheiro, Liu and Wu (2001)
also analyzed these data using a robust estimator based on the multivariate ¢ distribution (see
also Welsh and Richardson, 1997 and Lang, Little and Taylor, 1989). The response variable is
the distance (in millimeters) between the pituitary and the pterygomaxillary fissure, which was
measured at 8, 10, 12 and 14 years for each boy and girl. Figure 8-14 presents the scatter plots
of the data with individual least squares fits for the simple linear regression model. It reveals
that slope for subject M13 is larger that the other estimated slopes. Overall, it seems that the
responses for the boys vary more than those for the girls. Moreover, the plot suggests that two
observations on subject M09 are outliers. These potential outliers are also detected in Figure

8-15 that present the residuals plots by gender.

Because both intercept and slope seem to be different between subjects and the within-subject
variation is larger among boys than girls, Pinheiro et al. (2001) suggest that a potential model

for these data is

Yije = Bo + Bt + (Bog + Bgt) Ji(§) + Yoi + Vit + €ije

with y;j; the response for the ith subject (i = 1,...,27) of sex j (j = 1 for boys and j = 2 for
girls) at age t = 8.10, 12, 14,

a dummy variable for sex. There o = (,6’0, B1, Bogs ,Blg)T are the fixed effects and vy, v1;, €i5¢ the

2

o o2. This model is actually

random effects with zero mean and respective variances of J%O, o
a random slope and intercept model. The multivariate formulation is given by p; = x;a with
x; = (e4,e4J;(j), t,tJi(§)) and t = (8,10,12,14)", and covariance X = O',QYOJ4 + aglttT + o21y.

Table 8.7 presents the M LE and C'T'BS estimates and standard errors for the parameters.

The estimates show that the slopes and the difference in slopes between boys and girls are
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Figure 8-14: Orthodontic growth patterns in 16 boys (M) and 11 girls (F). Lines represent the
individual least square fits of the simple regression model.
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smaller with a robust approach. With both analyses there is no significant difference in the
intercept between boys and girls. The error variance with a robust approach is smaller, whereas
the intercept and slope variances are larger. In the scatter plot of the Mahalanobis distances
(Figure 8-16) the CT'BS and the M LE detect observations no 20 and 24 (corresponding to
the 9th and 13th boy) as outlying. These observations are certainly the cause of the difference
found in the estimates. It should be noted, that Pinheiro et al. (2001) also find the same

outliers.

MLE CTBS
Parameter Estimate S.E. Estimate S.E.
By 16.34 1.139 17.24 1.037
Bog 1.03  1.480 0.14 1.347
B4 0.78 0.096 0.70 0.086
Big —-0.30 0.125 —-0.22 0.112
a5 2.336 2.812
o 0.007 0.012
o? 1.894 1.032

Table 8.7: Estimates and standard errors for the M LE and the CTBS (bold values are for
significant parameters at the 5% level) for the orthodontic data
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Figure 8-16: M LE and CT BS Mahalanobis distances for the orthodontic data
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Chapter 9

Extensions

In this Chapter, we briefly explore some other research fields that are of interest in the context
of robust estimation and testing in the mixed models. This is by no means an exhaustive list

but we consider that those domains are the more interesting and important ones.

The first question is how to deal with missing data or, as it is often referred in the mixed
model literature, incomplete design. In many cases the classical analytical techniques cannot
be used, either because some observations are missing or because the design is unbalanced for
some other reason, for example, the presence of time varying covariates. There is a large lit-
erature both in ANOVA and in mixed linear models about how to handle the problem (see
e.g. Jennrich and Schluchter, 1986 and Laird, Lang and Stram, 1987) and numerous specific
solutions have been developed. Laird, Lange, and Stram (1987) consider the EM algorithm
(Dempster, Laird and Rubin, 1977) for both maximum likelihood and restricted maximum like-
lihood estimation in a general repeated measures setting using a multivariate normal model
with linear covariance structure. Because the EM algorithm is a very general iterative method
for computing maximum likelihood estimates with incomplete data, it has often been used
in this particular setting. For example Jennrich and Schluchter (1986) describe generalized
EM algorithms for computing restricted and unrestricted maximum likelihood estimates and
Newton-Raphson and Fisher scoring algorithms for computing maximum likelihood estimates.
Our idea is to adapt the work of Cheng and Victoria-Feser (2002) and Copt and Victoria-Feser
(2004) which propose an adaptation of the EM algorithm to the S-estimator defined by Rocke
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(1996).

We considered in this work general testing procedures for the fixed effects but neglected testing
for the variance components. A reasonable alternative would be to rely on model selection
techniques. Some well-known classical model selection procedure are Mallow’s C), (Mallows,
1973) and Akaike Information Criterion (Akaike, 1973 ). Model selection is very important
in statistics and is considered as a key component in any analysis. Classical model selection
procedures are based on classical estimators and tests and it is obvious that when dealing
with robust estimators, one wants to use robust model selection techniques, see, for example
Ronchetti and Staudte (1994), Sommer and Huggins (1996) and Ronchetti (1997). For the
robust Akaike criterion of Ronchetti (1997) we will most likely face the same problem encoun-
tered when we tried to implement the robust procedure of testing based on the likelihood ratio
test. Another possibility could be to adapt the robust version of the Mallow’s C,, (Ronchetti
and Staudte, 1994). Another direction is the use of cross-validation and other resampling
techniques as model selection procedures. Ronchetti, Field, and Blanchard (1997) propose to

robustify a least squares selection procedure based on cross-validation proposed by Shao (1993).

For testing fixed effects, we have used score type tests that are valid asymptotically. However
when working with small sample size, the Xg distribution fails to approximate the true distribu-
tion of the test statistic yielding confidence levels far more conservative than they should be. An
idea could be to obtain test for small samples based on saddlepoint approximation. Even if the
saddlepoint approximation is derived from an asymptotic expansion, it is often very accurate in
small sample. It is known that saddlepoint techniques are useful tools to derive very accurate
approximation of densities and tail probability. More particularly Hampel (1973) described
these techniques as small asymptotic approximation. Since their introduction in statistics (see
Daniels 1954), they have been used successfully in a great variety of fields. Recent examples
that are of interest here can be found in Ronchetti and Welsh (1994), Ronchetti, Field, and
Blanchard (1997) and more particularly in Robinson, Ronchetti, and Young (2002). In this
paper, they consider test statistics suggested by the saddlepoint approximation and show that

this statistic is analogous to the likelihood ratio test in the parametric case.
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The next extension concerns generalized linear models (see for example McCullagh and Nelder,
1989 or Breslow and Clayton, 1993). In these models the unobserved effects are modelled by the
inclusion of random effect in the linear predictor of the generalized linear model. Generalized
linear mixed models are a natural combination of both mixed linear models as presented in
this work and generalized linear models. As such, they are of considerable interest in practice
due to their great applicability. They enable the accommodation of nonnormality distributed
responses and specification of a possibly non linear link between the mean of the response and
the predictors. Unfortunately it is not possible to apply the procedure proposed here to the
generalized linear context. In fact, the assumption of normality is a necessary condition for the

CTBS estimator and hence restrains its use to normal data.

In what follows, we present more in detail what could be the extensions for the C'T'BS es-

timator to deal with missing data.

9.1 Incomplete Design

We have seen that the statistical literature contains several proposals for high breakdown es-
timators of the mean and covariance in multivariate data when it is suspected that the data
contain outliers or extreme observations. When there are missing data, Little and Smith (1987),
Cheng and Victoria-Feser (2002) and Copt and Victoria-Feser (2004) propose different solutions.
The ER algorithm of Little and Smith (1987) is based on a combination of the EM algorithm
for missing data and a robust estimation step based on an M-estimator. However, the ER al-
gorithm as originally proposed suffers from a lack of robustness in some cases, especially in high
dimensions. Cheng and Victoria-Feser (2002) propose two alternatives to avoid this problem.
The first one is to provide the F R algorithm with a high breakdown estimator as starting point
of the iterative procedure. In this case, the chosen high breakdown estimator is the M CD esti-
mator, modified to handle missing data. The other solution is to base the estimation step of the
E'R algorithm on a high breakdown estimator. They consider an adaptation of the translated

biweight S-estimator to the case of incomplete data. More recently Copt and Victoria-Feser
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(2004) adapted the OGK estimator proposed by Maronna and Zamar (2002) to the case of

missing data and used it as a starting point for an adapted S-estimator.

Besides the fact that researchers are often confronted with missing data in practice, the need for
an estimator able to deal with missing data in the mixed model setting is important. Consider
the two factors within-subject ANOVA model. If for any reason, a subject does not respond to
one (or more) factor’s combinations, the entire observation has to be deleted. For example, the
original semantic priming data has 24 observations of which 9 had one or more missing values
and had to be removed.

Technically speaking, let y; = [y[Tm.],y[an]]T so that a distinction is made between the observed
(oi) and the missing (mi) data. We suppose that the data are missing at random (see Rubin,
1976), a sufficient condition for correct likelihood-based inferences. Most known estimators of

mean and covariance with missing data fall in the class proposed by Cheng and Victoria-Feser

(2002), i.c.

1 R
=Y wl(p-3:) = 0 (9.1)
=1
3wl (3 - w G- wT =€) = 0 9.2)
=1
where
Yij if y;; is observed

QZJ . . . .
E [ywl Yioi]s K 2} if Yij 18 MISSINg

Yij if y;; is observed

Himi) + Z[moz']z[;l,i] (Yoi] = Hpoi) if yij is missing
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and

0 if y;; or y;;, is observed
cov [ Yij, Yik| Yioi)s #4- ] if yi; and y;y, are missing
0 if y;; or y;; is observed
_ 1 Yij Yik . (94)
X mmi — 2[moi]2[—ooi]2[omi] if y;; and y;;, are missing
where for example X,,; denotes the partition of 3 corresponding to the observed part of y;,

etc. The different estimators are actually defined through the data weighting system given by

w!, w? and w] in (9.1) which in turn also depends on the parameters u and ¥ (see below). To
compute the estimators, one can use an iterative procedure in which, given the current values
for p and 3, the y;, C; and the weights are first computed by (9.3) and (9.4), and then updated

by
1 — 1 —
p o= nz;wg‘yi n;wf (9.5)
1= 1=

/ [711 Zn: wfl (9.6)

For example, the classical M LE is obtained when w! = w} = w? = 1 Vi, and (9.5) and (9.6)

i

z = [:L > wl(i - w)(i - )" - C)
=1

define the EM algorithm. To construct a high breakdown estimator of mean and covariance
matrix when some are missing, Cheng and Victoria-Feser (2002) propose two strategies to adapt
the S-estimator of Rocke (1996) to incomplete data. The resulting estimator which is called
the ERTBS is then defined through (9.5) and (9.6) with

wi = (doi/k)/ (doi/k) , (9.7)
wl = puwl, (9.8)
w! = (doi/k)*w! (9.9)
where
T
2 = (yM - H[m]) E[Oiﬂ (y [oi] — l"[oi]) (9.10)

is the squared Mahalanobis distance corresponding to the observed part of y;. v is the function
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that defines the translated biweight S-estimator proposed by Rocke (1996) given in (4.13) and
k is given in (4.14). Moreover, if the case 7 is uncontaminated, the data are normal and missing
values are missing at random, then (9.10) is asymptotically Xlzh" p; is the number of variables
present for obervation i. The Wilson-Hilferty transformation of the chi-squared distribution
yields (d?/p;)Y/3 ~ N(1 —2/(9pi),2/(9p;)). Little and Smith (1987) therefore also proposed a

probability plot of

(df/pi)"/* — 1 +2/(9p:)
2/(9pi)

versus standard normal order statistics, that should reveal atypical observation.

Zi = (9.11)

To modify the M CD for missing values, Cheng and Victoria-Feser (2002) propose the following
procedure. Recall that the Fast-MCD algorithm search through a certain number of subset
Hj, the one with the smallest determinant. If for any subset Hj there are missing values, one
compute ;. and X with the EM algorithm. The Mahalanobis distances are also changed as
in (9.10) and standardized using the Wilson-Hilferty transformation. To extend the OGK to
the case of missing data, Copt and Victoria-Feser (2004) propose to impute the missing values
by means of the y in (9.3) obtained by the EM algorithm, i.e. with g and 3 estimated by
(9.1) where all weights are equal to 1. The reason is that the EM algorithm is very fast, and
although it leads to biased estimates of u and ¥ and therefore of the imputed values 7, this
shouldn’t affect the resulting OGK. Indeed, the OGK downweights extreme observations in
(4.23) and (4.24), and these observations can be extreme because of either the observed values

or the imputed ones.

What we propose to do is to adapt the robust estimator to the case of missing data using the
procedure introduced by Cheng and Victoria-Feser (2002). For the M CD and the OGK with
missing data, simply compute these estimators using their modified version and then constraint
them using the procedure described on page 34. For the C'T'BS itself an analogous idea as the
one proposed by Cheng and Victoria-Feser (2002) could be to use the modified version (9.10)

of the mahalanobis distances and to add an FE-step for computing ¥; and C;.
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Chapter 10

Conclusion

In this thesis we have proposed a high breakdown estimator for very general mixed models,
derived the asymptotic variances of the possible contrasts and applied a more general robust
procedure of testing. This procedure was then successfully applied through an extensive sim-
ulations study to various models, some including covariates and real data issued from various
research fields. We showed that a robust analysis can give another insight to the analysis of real
data. As many before, we advocate the use of robust statistical procedures because real data
are frequently plagued by extreme observations and the parametric models used are only ap-
proximately valid. We want to use and promote robust methods in mixed linear models because
we believe that they constitute safer alternative than the classical ones (maximum likelihood,
generalized least squares,...). The procedures presented here offer the advantage of taking into

account the possible model misspecifications and/or the occurrence of atypical observations.

We started by presenting some of the most used models. To do so, we used the mixed linear
models formulation which is more complete and flexible than the one used with traditional
ANOVA. In particular we saw that in most cases, it is always possible to extract independent
subvector of observation y;. We also derived the structure of the covariance matrix 3 for a

great variety of models.

We then defined a high breakdown estimator for constrained covariance matrices. We developed

a multivariate S-estimator of location and scale, namely the CT BS for translated biweight S-
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estimator for constrained covariance matrices, and derived the estimating equations so that it
can be implemented in a relative straightforward manner. We proposed two ad-hoc modifica-
tions for the constrained M C'D and the constrained OGK estimator used as starting point for
the iterative procedure of the CTBS’s algorithm. In future research we would like to improve
the constrained starting point. We also stressed the fact that the CT BS can actually be used

for any model in which the covariance matrix can be written as in (2.13).

We then focused on the problem of robust testing. We proposed an application of the robust
score type test of Heritier and Ronchetti (1994) and derived its form in the context of mixed
linear models. We have seen that robust likelihood ratio test cannot be proposed in this case,
due to the shape of the objective function the S-estimator has to minimize but further work
remains to be done in this domain to find a way to overcome this difficulty. We also derived
the asymptotic variances of the possible contrasts, applicable to simple robust inference for the

contrasts.

To illustrate the performance of our robust estimator and testing procedure, we performed an
extensive simulation study. We compared the behavior of the CT'BS estimator against the
maximum likelihood estimator with different kinds of models, some including covariates. To
produce small model deviations, we created shift-outliers and explored the estimates’s distri-
butions of the mean vector and the various variance components. We have shown that the
CTBS is robust to data contamination at the cost of a small efficiency loss compared to the
maximum likelihood estimator. We also studied the breakdown properties of the C'T'BS for the
different models and the different types of contamination. Moreover, we performed a simulation
experiment to study the behavior of the C'T'BS in small samples and saw that in this case, it

also remains unbiased.

The behavior of the robust score type test for the C'T'BS estimator was also analyzed through
an extensive simulation study. As benchmark, we also computed the F' statistic, which is
commonly used in practice and to be fair in our comparison with its natural counterpart, the

classical score type test. We noticed that for n relatively large, the robust score type test
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performed well in that the empirical levels matched the true ones. The classical tests are, on
the other hand, far too conservative in the presence of small amounts of data contamination.
We also noticed that with small sample sizes the score type tests (robust and classical) are too

conservative.

Finally, we illustrated the performance of classical and robust estimation and testing on dif-
ferent real data sets. We analyzed four data sets in order to see the impact on the analysis
of the robust method when compared to the classical one. We showed that a robust analysis
can give another insight to the analysis of the data. A diagnostic tool was also provided by
means of a scatter plot of the Mahalanobis distances estimated using the M LE and the CT BS

respectively. These graphics help reveal atypical observations.
This concludes this thesis. We hope that this work will be helpful to many researchers and

convince them that robust methods do not only remain theoretical concepts but are of real and

valuable interest in practice.
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