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1 Introduction

The number of spanning trees of a finite graph is an interesting invariant which arises in many
various fields. A spanning tree is an efficient way to connect a set of nodes such as computers,
telephone lines, railroads, fiber-optic cable, cities, without redundancy in the network and in an
economical way. While studying electrical resistor networks, Kirchhoff established in 1847 the matrix
tree theorem relating the number of spanning trees in a graph to the determinant of the associated
combinatorial Laplacian [18]. A graph can represent an electrical network, that is, the edges represent
the wires and the vertices the junctions at which the wires are connected with one another. The
number of spanning trees of the corresponding graph measures the network reliability and is related
to the effective resistances of the network, see for instance [3, [7, 27]. Spanning trees are also of
interest in theoretical chemistry, as a graph can represent the connectivity of atoms that constitute
the conjugation network of an unsaturated molecule. The number of spanning trees of such labelled
molecular graphs gives the complexity of a molecular structure and enables to classify them, as the
most complex structure possesses the highest number of spanning trees, see [8, [17, [23]. Spanning trees
also appear in graph theoretical problems, such as counting Hamiltonian walks [11], can sometimes
enumerate the dimer coverings of a graph [16] and as a special value of the Tutte polynomial [1, 29].
The number of spanning trees is as well interesting in statistical physics. It corresponds to the limit
g — 0 of the partition function of the g-state Potts model [14] [30]. Spanning trees have applications
in quantum field theory as well since they are related to the Feynman graph polynomials which define
the integrand of a Feynman integral [6]].

Considering an increasing sequence of graphs converging in some sense to some infinite graph,

one can study the asymptotic behaviour of the number of spanning trees. The rescaled logarithm of
the lead term of it is referred as the tree entropy by Lyons [20]. This quantity is also of interest in
physics in the calculation of the thermodynamic limit in different lattices, such as square, honeycomb
and triangular lattices [26]. As we study the next terms in the asymptotic development of the number
of spanning trees, interesting terms appear such as the regularized determinant associated to the
limiting object, see [24].
One type of graphs, circulant graphs, are of particular interest as they appear in various contexts, see
for instance [19} 22]. They are also known as multi-loop networks. In this thesis we mainly consider
circulant graphs which have first generator equal to 1, that is, they begin with a cycle. It turns out
that this is not too restrictive since for a given circulant graph, if one of his generators is relatively
prime to the number of vertices, then it is isomorphic to a circulant graph with first generator equal
to L.

Below we define a graph and its related notions, then state the matrix tree theorem, its proof and
an example to illustrate it. In the following sections, theta functions, heat kernels, inversion formulas
and spectral zeta functions are discussed. In the last section, we briefly describe the results obtained
in the thesis.

1.1 Graphs

Following Serre’s definition [25], a graph G consists of a set of vertices V(G), a set of edges E(G)
and two maps

E(G) — V(G) x V(G) E(G) — E(G)
e — (ofe), t(e)) er— e
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such that for all edge e € E(G), € = e, € # e and o(e) = t(e). The edge € is called the inverse edge of
e, the vertices o(e) and t(e) are respectively the origin and the terminus of e. An orientation of the
graph G is a subset E(G) of the edge set E(G) such that E(G) = E(G) UE(G),, where the union
is disjoint. The couple (V(G),E(G)) with an orientation E(G),; and a map E(G), — V(G) x V(G)
defines an oriented graph. Two vertices vi,va € V(G) are said to be adjacent if there exists an edge
e € E(G) such that vi = o(e) and vy = t(e). Let n € Ny3 and {ix}}_; C {1,...,Card(E(G))}. The
graph G contains an n-cycle if there exists a sequence of n edges ey, ... e, such that t(e;, ) =ol(ei,,,)
for all k € {1,...,n—1}, and t(e;,) = o(ey,). An n-path is defined similarly without the condition
t(ei, ) = o(ey,). A graph is connected if any two vertices are the extremities of at least one path. A
tree is a connected graph without cycles. A spanning subgraph of G is a couple (V(G),F(G)) with
the same vertex set as G and such that F(G) C E(G). A spanning tree is thus a spanning subgraph
of G without cycles. The combinatorial Laplacian on G defined as an operator acting on the space
of functions f: V(G) — R is given by

Acflv) =) (f(v) —f(t(e))).

ecE(G):
o(e)=v

The combinatorial Laplacian has a matrix representation given by the difference of the degree matrix
and the adjacency matrix, namely Ag = Dg — Ag. Let n denote the cardinal of the vertex set V(G).
These matrices are n x n matrices with rows and columns indexed by the vertices vi,...,vy of G.
The degree of a vertex v € V(G) is defined by

deg(v) = Card{e € E(G) such that o(e) = v}.

The degree matrix Dg = (Dj;) is defined by Di; = deg(vi) and Dy = O for i # j. The adjacency
matrix Ag = (Ayj) is defined by

Ay = —Card{e € E(G) such that o(e) =v; and t(e) = vj}.

In this thesis, we mainly consider three types of graphs that we describe below, namely hypercubic
lattices, discrete tori and circulant graphs.

e Letny,...,nq be non-zero positive integers. The d-dimensional hypercubic lattice L(ny,...,nq)
is defined by the d-fold cartesian product of the ni-path graphs fori=1,...,d.

Figure 1: The 2-dimensional lattice L(11,7).

e A d-dimensional discrete torus is defined by the quotient Z4/AZ% where A is a d x d invertible
integer matrix with nearest neighbours connected.
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Figure 2: The discrete torus Z/nZ x Z/|logn|Z with n = 43.

e Tet 1l < vy < < va < [n/2] be integers. The circulant graph C! generated by the set
' ={y1,...,va} on n vertices labelled by the elements of Z/nZ is the 2d-regular graph such
that each vertex v € Z/nZ is connected to v —vy; mod n and to v +y; mod n, for all

ie{l...,d}.
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Figure 3: Examples of circulant graphs.

1.2 Matrix tree theorem

In 1847, Kirchhoff established the matrix tree theorem which relates the number of spanning trees to
the determinant of the combinatorial Laplacian. We follow the proof given in [13].

Theorem 1.1. Let G be a connected labelled graph. Then all cofactors of the Laplacian matrix Ag are
equal and their common value is the number of spanning trees in G, T(G). More precisely, we have that

. det*Ag
R ]

where det* Ag is the product of the non-zero eigenvalues of the Laplacian.

To show the matrix tree theorem we need the two following results:
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Lemma 1.2 (Cauchy-Binet theorem). Let A be a k X n matrix and B a n x k matrix with k < n. Then

det(AB) = ) _ det(A(])) det(B(])) M
J

where | = (j1,-.-,jx), 1 < j1 < -+ < jx < n runs through all such multi-indices, A(]) denotes the
matrix formed from A using columns | and B(]) denotes the matrix formed from B using rows | in that
order.

Lemma 1.3. Let A be an m X n matrix such that the row sums and column sums of A are all zero,
then all cofactors of A are equal.

This result can be shown using Cramer’s rule. Considering the equation AX = 0 we have that
X =(1,...,1) is a solution by hypothesis. Let B be the submatrix consisting of the first n—1 columns
and rows of A and consider the system (BY); = Ai,, where Aj, i =1,...,n— 1, are the elements
of the last column of A, then Y = (—1,...,—1) is a solution. Using this solution in Cramer’s rule
gives the equality between all cofactors of the last row of the matrix A. This procedure can be done
for any row of A which gives the equality between all the cofactors of A.

Proof of the matrix tree theorem. Assume that G has no multiple edges and no loops. Let [V(G)| =p
and [E(G)| = q. Since G is connected, for every v; € V(G), i =1,...,p, there exists a y; € E(G),
j=1,...,q, such that vi = o(y;) or vi = t(y;). Let N be the p x q incidence matrix of G defined by

| 1 ifvi=oly;) or vi = t(y;)
Nij = { 0 otherwise ) @)

Let E be the p x g matrix obtained from N by replacing one of the two ones by —1 in each column of
N. Then we have that Ag = EE". Indeed, (EE");; = ZEZI E?. = deg(vi) and for i #j, (EET)U =-—1
if vi and v; are adjacent, and O otherwise. Let H be a spanning subgraph of G with p vertices and
p —1 edges. From the submatrix of E corresponding to H, we remove an arbitrary row, that we call
the k-th, which corresponds to the vertex vi. This forms a square matrix, F, of order p — 1.
Suppose H is not a tree, thus it is disconnected since he has p vertices and p — 1 edges. So there
exists a component of H which does not contain vi. Each column of F represents an edge of H and
has exactly one 1 one —1 and O elsewhere. So the sum of the rows corresponding to the vertices of
this component is the O-row because they must all have a 1 and a —1 in their columns since they are
connected to each other. These rows are thus linearly dependent and so det(F) = 0.
Suppose now that H is a tree. We relabel the edges and vertices in the following way. Let w; # vy
be an endpoint of H and let y; € E(G) be such that o(y;) = u;. Let ug # vy be an endpoint of
H — 1wy and yz € E(G) such that o(yz) = uz. We continue relabelling in this way with w; being an
endpoint of H—{uy,...,u;_1} and y; € E(G) being such that o(yi) = u; until the last vertex left is
Vi. So we obtain a new matrix F’ which is lower triangular since u; cannot be connected to y; with
j > 1 by construction and with 1 or —1 on the diagonal. Thus, |det(F’)| = |det(F)| =1 because F' is a
permutation of rows and columns of F.
Let Ey be the (p—1) x g matrix obtained from E without his first row. Let Ag(i]j) denote the Laplacian
matrix where row 1 and column j are removed. To evaluate the first cofactor of the Laplacian, Ly,
given by

Ly = (=1 det(Ag (1)) = det(E(E]),
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we apply Cauchy-Binet theorem, that is

L= (det(E(]))*
J

with ] = (ji,...,jp—1) such that 1 < j; < --- < jp—1 < q. The (p —1) x (p — 1) matrix E;(])
corresponds to the matrix F preVLously defined with determinant equals to +1 or O depending on
whether the corresponding graph is a spanning tree or not. As a consequence, the sum over all the
possibilities gives the number of spanning trees of G. The equality between all cofactors comes from
Lemma since the sum of all the rows and columns of L is 0. Thus,

T(G) =Ly
where Lij, i,j = 1,...,p, denote the cofactors of Ag. The cofactors can be expressed in terms of
the eigenvalues of the Laplacian. Let A, i =0,...,p — 1, denote the eigenvalues of Ag. Since G is

connected, the Laplacian has exactly one zero eigenvalue, Ay = 0. The characteristic polynomial of
the Laplacian, x(t), is given by

X(t) =tlt—=A) - (t=Apa) =7 +.. 1P~ 1H>\ @)
Denote by Agi, i =1,...,p, the columns of Ag and by I}, i =1,...,p, the canonical vectors of RP,
such that (I7); = 8ij. Let fix, k > 1, denote a polynomial in t which can be factorised by t*. By
developing the characteristic polynomial with respect to the columns Ag i, i=1,...,p, we get

(1) = det(tT — Ag)
=det[thh —Ag1,tly —Ago,... V1 — Ag)p]
=tdet [N, thy —Agg,... i1 — AG,p] —det [Ag,1,tT —Ag g, .. Gty — AG»P]
— t(—det [Ty Agg, ..., tTy — Ag.pl + 1)
— (tdet [AGJ, Iy, .. .,tFp — AG,‘p] —det [AGJ,AG,z, ... ,tFp — Ag)p”

P
1)p71 Z det [Agyl, RN AG,i—l, I3, AG,H—I) - ,A(;yp} t+fe
i=1

1P 1Z 1 det(Ag (1))t + fee.

Since all cofactors are equal, it comes
X(t) = (=P~ 'pLijt + fpo. )

By identifying the coefficient in t in equations () and (), it follows that
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Example. To illustrate the matrix tree theorem, we consider the following graph on 95 vertices.

0 1

4 3

Figure 4: The butterfly graph.

The Laplacian matrix associated to the butterfly graph is

2 -1 -1 0 O

-1 2 -1 0 O
A= -1 -1 4 -1 -1
0o 0 -1 2 -1

O 0 -1 -1 2

with eigenvalues given by 0,1,3,3,5. As a consequence of the matrix tree theorem, there are 9
spanning trees that we enumerate in the figure below.

0 1 0 1 0 1
2 2 2

4 3 4 3 4 3

0 1 0 1 0 1
2 2 2

4 3 4 3 4 3

0 1 0 1 0 1
2 2 2

4 3 4 3 4 3

Figure 5: The 9 spanning trees of the butterfly graph.

In this thesis, we study the number of spanning trees in the previously mentioned graphs in section
[d] The matrix tree theorem expresses it as a product of n terms, n being the number of vertices of
the graph. Therefore as n grows, it becomes difficult to estimate it. In the following section we define
the theta function of a graph which contains the spectral information and establish theta inversion
formulas relating it to the modified I-Bessel function, see [9} [10} [15]].
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1.3 Theta functions, heat kernels and theta inversion formulas

Let Ak, k=0,1,...,n — 1, be the eigenvalues of the combinatorial Laplacian on a graph G with n
vertices. The theta function of G is defined by

By considering the heat equation below we can express the theta function in terms of a series of
modified I-Bessel functions,
(Ag + 0)f(t,x) = 0.

The heat kernel Kg(t,x) is the unique bounded solution to the heat equation such that Kg(0,x) =
So(x) for all x where 8 is the delta function, that is d9(0) = 1 and d¢(x) = O for x # 0. Hence it
can be written as

Kg(t,x) = e 146 50(x).

Denote by ¢y, k =0,1,...,1—1, the orthonormal eigenvectors of the combinatorial Laplacian. The
delta function is expressed in the eigenbasis as

Z d)k)

implying that the heat kernel is given by

n—

Z D (0) b (x).

Following [15], we solve the heat equation on the discrete line Z and on the discrete n-cycle Z/nZ.
Heat kernel on Z

On Z, the heat equation is
(Az +0¢)Kz(t,x) =0

where the combinatorial Laplacian is given by
Azf(x) = 2f(x) — (f(x — 1) + f(x + 1)).
We solve the heat equation by Fourier transform. Let g(t,w) =} ., Kz(t, x)e™*®. We have
Azg(t,w) = Y (2Kz(t,x) — (Kz(t,x — 1) + Kz(t,x +1)))e™® = (2 — 2cos w)g(t, w).
XEZL
The Fourier transform of the heat equation is thus
(2—2cosw)g(t,w) + 0¢g(t,w) =0, ¢g(0,w)=1,

which is solved by g(t,w) = e~ (27205 @)t Ag a consequence, the heat kernel on Z is given by

1 (™ . 1 7T ) .
Kz (t,x) = 27‘[J' glt,wle *¥dw = %e_ZtJ elteos we—ixw g, — e 2t (2t)
7T

—7TT
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where I is the modified [-Bessel function of order x given by

_1
T2

L (t)

7T
J et @ cos(wx)dw.
—7

Heat kernel on Z/n7Z

The heat kernel on the n-cycle is n-periodic in x, that is
Kz/nz(t,x +n) = Kz mz(t, x).

Thus it is given by

Kzmz(t,x) = ) Kymz(tyx+kn) =e ) Loy (20).
= =

On the other hand, since the n-cycle is the Cayley graph of the group Z/nZ with generators —1 and
1, the eigenvectors of the Laplacian are given by the characters

Xk(x) = eZ™Rx/n K —0,1,...,n—1,

with corresponding eigenvalues Ay = 2 — 2 cos(2ntk/n), k = 0,1,...,n — 1. Thus the heat kernel can
be expressed as
1 n—1 o )
KZ/nZ(tyx) _ E l;)e (2 2cos(27‘rk/n))t627ukx/n_

As a consequence of the two derivations of the heat kernel on Z/nZ, we deduce

-1

1« (o ; _

E Z e (2 2cos[27rk/n))t627nkx/n —e 2t Z Ix+kn(2t)-
k=0 keZ

By letting x = 0 gives the the beautiful theta inversion formula on Z/nZ,

-1

1% :

E Z 67(272c05(27tk/n))t _ 672t Z Ikn(2t).
k=0 keZ

Theta inversion formula on Z/nZ X --- X Z/ngZ

Let A = diag(ny,...,nq) be a diagonal matrix with positive integer coefficients. Let k = (ky,...,kq),
X = (X1,...,%q) € ZY/AZ? and kn = A~k. The eigenvectors of the Laplacian on the discrete torus
Z4/AZ4 are given by

gk/\(x) _ eZTci(k/\‘x>
where (-,-) denotes the usual inner product. Denote by e;, i = 1,...,d, the canonical basis of Z<.
Since each vertex x € Z4/AZ? is connected to his nearest neighbours, that is x is adjacent to x — e;
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and to x+e;, foralli=1,...,d, the eigenvalues on Z4¢/AZ< are obtained by applying the Laplacian
on the eigenvectors gy, (x):

d
M =2d—2) cos(2mki/n;) where k € Z/AZA.
i=1
On the other hand, the heat kernel on the cartesian product of graphs is the product of the heat
kernels on each graph. Thus, the theta inversion formula on Z4/AZ¢ is

d
eZd/AZd (t) _ Z e~ (2d—2 3 &, cos(2mki /ni))t _ e—Zdt Z Hnilkini(2t)-

kezd /AZ4 kezd i=1

More generally, on a d-dimensional discrete torus Z4/AZ% where A is a d x d invertible integer
matrix non-necessarily diagonal, the theta inversion is stated in [10, Proposition 5] as

Ozajpza(t) = ) e PAT2ELLcosmlt — g Ale 24t YT Hlyl (21) 5)

veA*Z4d /7.4 yeAZd i=1
where A*Z4 is the dual lattice of AZ<¢ defined by
AZY ={y € RY(x,y) € Z4, vx € AZY).

Theta inversion formula on the circulant graph Cj> Y

Ya

The circulant graph CY Y4 is the Cayley graph of the group Z/nZ with generators —y; and vi,
i=1,...,d, thus the eigenvectors of the Laplacian are the characters

Xk(X) _ eZka/n’ k=0,1,...,n—1.

Consequently, the eigenvalues are given by

d
Me=2d—2) cos(2nkyi/n), k=0,1,...,n—1
i=1

In the special case of circulant graphs with first generator equal to 1, one can show that Cr =
{L,v1,...,Ya_1} is isomorphic to the discrete torus Z4/ArZ¢ where Ar is the following matrix

Tl‘*Yl A

/\ =
o Lo ’

I4-1 being the identity matrix of order d — 1. From the theta inversion formula on the discrete torus
, we deduce the theta inversion formula for CTr1

n—1

Gc,:(t) _ Z o (2d—2cos(2mk/n) —25 ¢ teos(2myik/m))t

d

=ne? Y Lyosaiae, @] [y,

(Kiy... ka)€ZD i=2
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1.4 Spectral zeta function

Let Ay, k > 0, denote the eigenvalues of the Laplace-Beltrami operator Ay = — Zgzl 0%/ ax% on a
d-dimensional manifold M. The theta function, also called the partition function in [28]], is defined
for R(t) > 0 by

Om(t) =) et
k=0

The spectral zeta function on M is defined as the Mellin transform of the theta function and converges
for R(s) > d/2
1 (= < dt
tnls) = gy | @m0 e = 3
0 Ak £0
It can be shown that the spectral zeta function admits a meromorphic continuation to the whole

complex plane and is analytic at 0, see [28]. Consequently, one can define the regularized determinant
of Ay as

1
AL

log det* A = —C)4(0).

1.5 Results

Below, we summarise the results obtained in this thesis.

e In Asymptotics for the number of spanning trees in circulant graphs and degenerating
d-dimensional discrete tori, page we extend the method from [9] to two other types of
graphs. First we derive asymptotics for the number of spanning trees in a sequence of circu-
lant graphs Cl{y"""”*1 which improves the results in [3, 12]. The second part of the paper
concerns a sequence of d-dimensional discrete tori Z9/AZ42, with A a positive integer matrix,
when |det Al tends to infinity but with dimensions not all growing at the same rate. In [9]],
the sequence of discrete tori considered Z4/A,Z9, A, being a d x d integer matrix, is such
that det A, — oo and An/(det An)/4 — A € SL4(R) as n — oco. In the present work, this
condition does not hold anymore.

e In A formula for the number of spanning trees in circulant graphs with non-fixed generators and

discrete tori, page |50, we consider circulant graphs of the form Cl’?lm""’yd*m, where 1 < y1 <
K Yd1 S Lﬁ/ are integers. We derive a closed formula for the number of spanning trees
as a product of 3 values of a function of the eigenvalues on the subgraph CEI""Y‘H. This
improves a result from [32]. The technique used here is also applied to d-dimensional discrete
tori Z4/AZY, where A is the diagonal integer matrix A = diag(ay,...,xq_1,n), which leads
to a formula of a product of det(A) terms of a function of the eigenvalues on the subgraph
Z971/AZ91 where A = diag(«y,...,xq_1). These formulas are interesting when n is larger
than the other parameters of the graphs. As a consequence of these results, the tree entropy of
these sequences of graphs is derived.

e In Spanning trees in directed circulant graphs and cycle power graphs, page [59] we find closed
formulas for the number of spanning trees in directed circulant graphs with generators depend-
ing linearly on the number of vertices, that is égglnﬂ”'”’yd*lwrp. This improves the results

from [31], and partially answers an open question posed in [2]. In the second part of the paper,

we derive a formula for the number of spanning trees in the n-th and (n — 1)-th power graphs

of the Bn-cycle as a product of |/2] terms.
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e In Asymptotics for the determinant of the combinatorial Laplacian on hypercubic lattices, page
we compute asymptotics for the determinant of the Laplacian on a sequence of d-dimensional
orthotope square lattices as the number of vertices tends to infinity. This is done by expressing
the theta function of these graphs in terms of the theta function of d-dimensional discrete tori
and then using the asymptotics results from [9]. We also compute asymptotics for the number
of spanning trees in the quartered Aztec diamond.

e In Low temperature ratchet current, page [P0} we give an explicit expression for the low tem-
perature ratchet current in a multilevel system and its limit as the number of states goes to
infinity. The calculation is reduced to evaluating the number of spanning trees in a directed
graph, which is given by the Tutte matrix tree theorem. This problem is a continuation of [21]
where the authors found numerical values for the ratchet current while in this work we derive
a formula which is consistent with numerics.

e In A formula for the energy of circulant graphs with two generators, page we give a formula
for the energy in circulant graphs Chy. This problem has interesting applications in theoretical
chemistry, see for example [4].
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Asymptotics for the number of spanning trees in
circulant graphs and degenerating d-dimensional
discrete tori*

Justine Louis

1 December 2014

Abstract

In this paper we obtain precise asymptotics for certain families of graphs, namely circulant
graphs and degenerating discrete tori. The asymptotics contain interesting constants from num-
ber theory among which some can be interpreted as corresponding values for continuous limiting
objects. We answer one question formulated in a paper from Atajan, Yong and Inaba in [1] and
formulate a conjecture in relation to the paper from Zhang, Yong and Golin [23]. A crucial
ingredient in the proof is to use the matrix tree theorem and express the combinatorial Lapla-
cian determinant in terms of Bessel functions. A non-standard Poisson summation formula and
limiting properties of theta functions are then used to evaluate the asymptotics.

1 Introduction

The number of spanning trees of a finite graph is an interesting invariant which has many ap-
plications in different fields such as network reliability (for example see [9]), statistical physics
[18], designing electrical circuits; for more applications see [10]. In 1847 Kirchhoff established the
matrix tree theorem [15] which relates the number of spanning trees T(G) in a graph G with [V(G)|
vertices to the determinant of the combinatorial Laplacian on G by the following relation

1 *

where det™ A is the product of the non-zero eigenvalues of the Laplacian on G.

One type of graphs, so-called circulant graphs, also known as loop networks, has been much
studied. Let 1 < v1 < --- < va < |[n/2] be positive integers. A circulant graph CHV Y is
the 2d-regular graph with n vertices labelled 0,1,...,n — 1 such that each vertex v € Z/nZ is
connected to v+vy; mod n for all 1 € {1,...,d}. Figure 1 illustrates two examples. The problem
of computing the number of spanning trees in these graphs can be approached in several ways.
One of the first results, proved by Kleitman and Golden [16], see also [4] and [20], states that
T(CL’Q) = nF?l, where F,, are the Fibonacci numbers. Boesch and Prodinger [5] computed the
number of spanning trees for different classes of graphs with algebraic techniques using Chebyshev
polynomials. Zhang, Yong and Golin [21, 23] used this technique for circulant graphs. The same
authors showed in [22] that the number of spanning trees in circulant graphs with fixed generators

*published in Annals of Combinatorics, 19(3):513-543, 2015. The author was supported in part by the Swiss NSF grant
200021 132528/1.
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satisfies a recurrence relation, that is T(C>~Y4) = TLag1 where a, satisfies a recurrence relation
of order 2¥¢~L This was also proved combinatorially later by Golin and Leung in [11]. They
extended their method to circulant graphs with non-fixed generators in [12]. In [1], Atajan, Yong
and Inaba improved the order of the recurrence relation for a,, and found the asymptotic behaviour
of an, i.e. an, ~cd™, where c and ¢ are constants which are obtained from the smallest modulus
root of the generating function of a,. They again improved this in [2] by finding an efficient way
of solving the recurrence relation of a,.

0 1

Figure 1: The circulant graphs Ch? and Ch?.

In this work we are interested in studying the asymptotic behaviour of the number of spanning
trees in circulant graphs with fixed generators and in d-dimensional discrete tori. This will be
done by extending the work of Chinta, Jorgenson and Karlsson in [6] and [7] to these cases. In
their papers, the authors developed a technique to compute the asymptotic behaviour of spectral
determinants of sequences of discrete tori Z%/A,Z% where A, is a d x d integer matrix such
that det A, — oo and An/(det An)/¢ — A € SL3(R) as n — oco. The two families of graphs
which will be considered here do not satisfy this condition. An important ingredient is the theta
inversion formula (see Proposition 2.1 below) which relates the eigenvalues of the combinatorial
Laplacian to the modified [-Bessel functions. The method then consists in studying the asymptotics
of integrals involving these Bessel functions. In the first part of this work we apply it to the case
of circulant graphs with fixed generators. We will prove the following theorem:

Theorem 1.1. Let C';l be a circulant graph with n vertices and d generators independent of n given
by T'={l,v1,...,Ya-1}, such that 1 < y; < --- <va-1 < | 5], and let det* Acr. be the product of
the non-zero eigenvalues of the Laplacian on CL. Then as n — oo

> t
logdet*Acr = nJ (e t —e 2dtl(2t,.. ., 2t))dT +2logn —loger + o(1)
0
d—1
i=1

where cr =1+ Y | v? and

1

Ig(2t,...,2t):%

s
J e?t(cosw—b—zid;l cos(yiw))dw
—T7T

is the d-dimensional modified 1-Bessel function of order zero.

The function IE appearing in the lead term is a generalization of the 2-dimensional J-Bessel
function in [17] and will be defined in section 2.4.
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Theorem 1.1 can be compared to Lemma 2 of Golin, Yong and Zhang in [13] where they find the
lead term of the asymptotic number of spanning trees. With our method we derived also the second
term of the asymptotic. These are consistent with numerics given in [22, 1] by these authors. In
particular, this answers one of their open problems stated in the conclusion of [1] that asks whether
we can find out the exact value of the asymptotic constants. Indeed we show that
=L
cr
Let A be a d x d invertible diagonal integer matrix. In the second part of this work we
extend the method used in [6] to study, in two different cases, the asymptotic behaviour of spectral
determinants of a sequence of d-dimensional degenerating discrete tori, that is, the Cayley graphs
of the groups Z4/A,,Z% with respect to the generators corresponding to the standard basis vectors
of Z4. In the first case, it is degenerating in the sense that d — p sides of the torus are tending
to infinity at the same rate while p sides tend to infinity sublinearly with respect to the d —p

sides. More precisely, let i, i =1,...,p, and Bi, i =1,...,d — p, be positive non-zero integers
and a, be a sequence of positive integers, the matrix A, considered is then given by A, =
diag(a(an, ..., Xpan, PN, ..., Pa—pn). In the first case, a, goes to infinity sublinearly with

respect to n, that is
Qn
— > 0asn— oo.
n
In the second case, the size of the p sides of the torus stay constant (a, = 1 for all n) while
the d — p other sides go to infinity at the same rate. The matrix considered, denoted by /\On, is

therefore given by AY = diag(e,. .., &p, BN, .., Ba_pn). Figure 2 illustrates an example.
ﬂﬂm‘-_nk‘“&
LT

\\
Vi

T TS
LTINS

A
Vg’

Figure 2: The discrete torus Z/nZ x Z/|logn|Z with n = 43.
Let M be an r X 1 invertible matrix. We define the spectral or Epstein zeta function associated to
the real torus R"/MZ", for R(s) > /2 by
1 -
Crrymzr(s) = s Z (k"M 1K),
kezZr\{0}

It has an analytic continuation to the whole complex plane except for a simple pole at s = 1/2.
The regularized determinant of the Laplacian on the real torus R"/MZ" is then defined through
the spectral zeta function evaluated at s = 0 by

IOg det*ARr/Mzr = _Cﬂ%r/MZr (O).
From now on, the matrices A, B and A will denote:

A =diag(ay,...,xp), B =diag(B,...,Ra—p), A=diaglo,...,xp,B1,...,Ba—p)-
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We will prove the two following theorems.

Theorem 1.2. Let det” Aga /Anza be the product of the non-zero eigenvalues of the Laplacian on
the discrete torus 79 /AL Z%. Then as n — oo

logdet*Aza /p, za = nd7PaP det(A)cqg — ( n

n

d—p
) (At A (@2 (/2) 4 01)
where cq is the following integral

oo
Ca = J (et —e 2 p(20)9) %.
0

We recall the special values for the gamma function for odd d, I'(d/2) = (d—2)!!\/mt/2(d-1/2,
and for even d, I'(d/2) = (d/2 — 1)L

Theorem 1.3. Let det™ Aya /A0 za be the product of the non-zero eigenvalues of the Laplacian on
the discrete torus 7. /A% 7. Then asn — oo

det(A)—1

° dt
log det*Aza /p0 za = n4P det(B) J (e*t —Ip(2t)d Pe (2(d=P)+A; )t) =
0

j=0
+2logn — Cga—p spza—v (0) +0(1)

where Aj, j = 0,1,...,det(A) — 1, are the eigenvalues of the Laplacian on ZP /AZP given by

P
Al =12p—2) cos(2mji/o) 1§ = 0,1,...,0 — 1, for i=1,...,p}

i=1

The second term in Theorem 1.2 is new in the asymptotic development which comes from the
degeneration. In Theorem 1.3 the terms are similar to the usual ones appearing in the asymptotic
behaviour of spectral determinants (see [6] and [7]). As mentioned above the last term is the
logarithm of the spectral determinant of the Laplacian on the real torus R¢~P/BZ%~P where p
dimensions are lost because of the degeneration of the sequence of tori. Indeed one can rescale
the discrete torus by dividing the number of vertices per dimension by n. Therefore the d-

dimensional sequence of discrete tori converges in some sense to the (d — p)-dimensional real
torus R4=P/BZ4~P,

Example. To illustrate Theorem 1.2 we consider the graphs 73 /AnWZ3 where

logn] 0 O
An = 0 n 0
0 0 n

Then as 1 — oo

211
log det*A23//\n23 = anz I_lOngJ — <®) <%C(3) + 0(1)) .

This work is structured as follows. In subsection 2.1 we define the combinatorial Laplacian, and
then the spectral zeta function and the theta function in subsection 2.2. In subsection 2.3 we
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recall some results on modified [-Bessel functions and in the next subsection we define the d-
dimensional modified I-Bessel function which will be used in the computation of the asymptotics
for the circulant graphs. In the two next subsections we recall some upper bounds on modified
I-Bessel functions and briefly describe the method used in [6]. In section 3 we show Theorem
1.1 and compare the results with other papers. In section 4 we treat the case of the degenerating
sequence of tori, show Theorems 1.2 and 1.3 and give some examples. In the last section we

formulate a conjecture on the number of spanning trees in Cé;‘f, forn > 2.

Acknowledgements: The author gratefully thanks Anders Karlsson for valuable discussions,
comments and a careful reading of the manuscript. The author also thanks Fabien Friedli for
useful discussions. The author is grateful to the referees for useful comments.

2 Preliminary results

2.1 Laplacians

We define a d-dimensional discrete torus to be the quotient Z4/MZ9 where M is an invertible
d x d matrix with coefficients in Z and a d-dimensional real torus by the quotient R4/CZ¢ where
C € GL4(R). Let C* be the matrix generating the dual lattice of CZ¢ defined by

C*Z4 ={y € RY(x,y) € Z, Vx € CZ%}
where (-, ) is the usual inner product, which satisfies the two following conditions:
e span(C) = span(C*)
e C'C*=1

The eigenfunctions of the Laplace-Beltrami operator —Z;izl 0%/ asz on the real torus are given

by ¢(x) = exp(2mi(y,x)), for some p € RY, with the condition that the opposite sides of the
parallelogram generated by CZ9 are identified. So for all x € RY we have ¢p(x + CZ4) = ¢p(x).
Hence exp(2mi(u, CZ%)) =1 and therefore (u, CZ%) € Z if and only if p = C*m for m € Z%. It
follows that the eigenvalues are given by

Am = (21211 = (2m)2|C*m|? with m € Z4. o))

Let V(Z9/MZ9) be the set of vertices of the torus Z9/MZ4 and f : V(Z4/MZ94) — C. The
combinatorial Laplacian on Z4/MZ9 is defined by

Aga jpzaf(x) = Z(f(x) —f(y))
y~x

where the sum is over the vertices adjacent to x.
Recall Proposition 5 of [7]:

Proposition 2.1. Let A, with v € M*Z%/Z%, be the eigenvalues of Aza,mza. The following
formula holds for t € Rxg

det(M)] Y e 24Ty, (20) ... Ty, (2) = ) et

yeMZ veM=zd /74

where 1, is the modified 1-Bessel function of order yj.
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2.2 Spectral zeta function and theta function

In this section we define the spectral zeta function and the theta function and give the relations
that will enable us to compute the asymptotics in sections 3 and 4.
Let {Aj}j>0 be the eigenvalues of the combinatorial Laplacian, respectively the Laplace-Beltrami
operator, on a discrete torus, respectively a real torus, T, with A9 = 0. The associated theta
function on T is defined by
> eht @)
j

It will be denoted by 61 (t) when T denotes a discrete torus and by ©1(t) when T denotes a real
torus. The relation in Proposition 2.1 is then called the theta inversion formula on Z4/MZ4. The
associated spectral zeta function on a real torus T is defined for RR(s) > d/2 by

Gals) =Y

70 )

It is related to the theta function through the Mellin transform:

o0
Grs) = gy | @0 —ne
where the —1 in the integral comes from the fact that the zero eigenvalue is kept in the definition
of the theta function, and where I'(s) = fgo e 't%dt/t is the gamma function.

Let M € GL4(R) be a matrix. By splitting the above integral one can show that the zeta function
admits a meromorphic continuation to s € C (see section 2.6 in [6]). By differentiating Cga pza
and evaluating at s = 0, one has

1
d
Chonaze(0) = [ (o aaz(1) = en(M)lfamt) /%) 7701
2 ° d
o L CU R ICRPVIEEE S @)

In section 3 a limiting torus will be the circle S! = R/Z. In this case it is convenient to split the
integral at cr. The spectral zeta function is defined for fR(s) > 1/2:

1 [ Ldt
Loils) = Ws)L (@s:(t) — e <

L Lo Ypedt, 1) e
_@L <®Sl(t)_\/4ﬂt>t t +F(s) Jo ( 4mt l)t t

1 [ Ldt
* i | @90 -ne

_ SR PP S T (O
=, <®Sl(t) 4m>t £ T(s) (m(s_l/z) :

1 [ Ldt
+ e Lr((@y[t) —De

This defines a meromorphic continuation of (g1 to the whole complex plane, hence the limit of
(si(s) at s = 0 exists. Near s = 0 the gamma function behaves as 1/T(s) = s + O(s?). Therefore

, e 1 dt 1 , e dt
a(0) = Jo (@sl (t) — m) T \/?Cr —logcer +T'(1) + Lr (Ogt(t) — UT @)
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As mentioned in the introduction, we notice that for a real torus T the regularized determinant of
the Laplacian, det” At, is defined by the following identity (for more details see [19]):

log det* At = —;(0).

Let s € C with R(s) > d/2, and M = diag(my,...,mq) be a positive diagonal matrix. Using (1),
the zeta function can be rewritten as
1 1

Cramza($) = s > —_—. ®)
(4r?)* (Kiy... ka ) €Z4\{0} (X k%/m%)

Let { be the Riemann zeta function. In the case of the circle R/BZ the eigenvalues of the Laplacian
are given by A; = (2m)%(j/B)? for j € Z, so the spectral zeta function is related to the Riemann
zeta function by

Crypz(s) = 2(B/2m)*°C(2s).

Using the special values of the Riemann zeta function ((0) = —1/2 and ¢’(0) = —(1/2) log(2n),
the derivative evaluated at zero is given by

Ciypz(0) = 4log(B/2m)C(0) + 4C'(0) = —2log B. ©)
In particular for the unit circle S! = R/Z, one has

C51(0) =0. 0]

2.3 Modified I-Bessel functions

Let I, be the modified I-Bessel function of the first kind of index x. For positive integer values of
x, I (t) has the following series representation

e t/2 2TL+X
Z ®
foard nrn+1+x)
and the integral representation
1 7T
I (t) = — J et <250 cog(0x)do.
2 )_

For negative values of x we have that I (t) = [_,(t) for all t.
From Theorem 9 in [14] which is a special case of Proposition 2.1, we have the theta inversion
formula on Z/mZ, that is, for every integer m > 0 and all t,

m—1

1
e—t § Ikm(t) _ e (I—cos(27j/m))t . )
m
kEZ j=0

The two following propositions give some results on the asymptotics of the I-Bessel function. The
first result has been proved in [6].

Proposition 2.2. Let b(n) be a sequence of positive integers parametrised by n € N such that

b(n)/n — B >0 asn — oo. Then for any t > 0 and non-negative integer k > 0, we have

lim b(n)e72“2t1b(n)k(2n2t) = Lef(ﬁk)z/(u)

n—oo VAt
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Proposition 2.3. Let an be a sequence of positive integers tending to infinity sublinearly with respect
ton. Then we have that
lim ane Z“tZIa c(2n?t) = 1.

n—oo
kEZ

Proof. From the theta inversion formula on Z,

an—1

_9n? AN (s 2
ane 2an?t z Iank(ant) =1+ z e—4sin’(mj/an)n’t
keZ j=1
If a,, is even,
an—1 an/2—1

Z e—4sin2(7rj/an)n2t — e—4n2t +2 Z e—4sin2(7t)'/a“)n2t
- =1
If a,, is odd,

an—1 (an—1)/

§ 6745111 (715 /an )M _2 § 74sm n]/an]nzt.

Since e — 0 as n — oo both cases behave the same, so we only treat the case where a,, is
odd. Using the fact that sinx > x/2 for all x € [0,71/2], we have

—4n?t

(an—1)/2 (an—1)/

E 745111 (ﬂ)/an)n t < § 7712j2tn2/a2n

j=1 j=1
N 1

— 7T ]tn /a _
Z € e7'[2t'rL2/c1%1 -1 —0
j=1
since n/a, — 0o as N — oo. O

Proposition 2.4. For all x > 2,
< —t —xt dt
(e7t—e *'Ip(2t)) - = argcosh(x/2).
0
Proof. Setting x =0 in (8), we have

It follows

Lety = 1/x? with y < 1/4, so the above is equivalent to the following sum Zn>1 y*(2n—1)!/(n)2
Let Cp = CZ /(n+1) = (2n)!/(n+1)!n! be the Catalan numbers, n. > 0, where Cr =m!/nl(m—
n)! is the binomial coefficient. The generating function of the Catalan numbers is given by

> Cayt %. (10)
n=0 Y
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The integration over y of the above leads to

Z ncj:lynﬂ =log(1+ /1 —4y) — \/1— 4y + constant.
n=0

Taking the limit y — O on both sides gives the constant =1 —log 2. Hence,

Cn i1 (2n—2)! |
ZnJrly _y+Z (n!)2 Y

n>0 n>2

=log(14+/1—4y) — /1—4y +1—1log2.

Let &pn = Cnog/m = (2n—2)I/ ()% n > 2, and o = 1, and let g(y) = log(l + vI—4y) —
v1—4y +1—1log2. So the previous equation can be written as

D amy™ =gly).

n->l1

So (10) is equivalent to

D nony™ ! =g'(y).

n>1

Finally,

2n—1)!
> B = X n = "

n->l1 n-l1
=2y E nocnynflf E any™
n>l1 n>1

=2yg'(y) —gly)

2
—log(—=2 ).
Og<1+w/71—4y)

Writing the above in terms of x gives for all x > 2,

o0
J e*Xt(Io(Zt)—l)%=log%+log(x— x2 —4).
0

Notice that the above is the generating function of the Catalan numbers, and therefore is equal to

log(3_ >0 Cnx—2M).
Using the following integral identity for all x € C with R(x) > 0

J (et —e) % =logx
0

one has
*° t Vx2—4
J (1 =log <X+;> = argcosh(x/2).
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2.4 d-dimensional modified I-Bessel function

Let m,pi,...,pa be positive integers. By analogy with the two-dimensional J-Bessel function
defined in [17] we define the d-dimensional modified I-Bessel function of order m, Ihi P4 (uy, ...,

Uq), by the generating function eXiiuicos(Pit) thay is

eZ _ uqcos(pit § IPbeoPd (1, Sug)et™t

m=—o0o

In our computation we will only need 1 = ... = ug = 2n’t so we set Uy = ... =Ug = u. We

have
1 (" d -
[PLoPa(y 1) = %J Z HIW (u)el(ziﬂ Hipi*m)tdt'
T (uayennyita ) €24 11
d
The integral is non-zero only for Z pipi = m. Let (wyy...,1a) = (My,..., Mq) be a particular
i=1
solution, then the set of solutions is given by

HIZMI_Zpiki» pi=Mi+piki, i1=2,...,d, kg ..., kg €Z.
So we have

[PheoPa(y o u) = Iv,—s
(kzy.. kq)€ZAT!

1 zpl i I IIM +p1k

Let T = {1,7v1,...,Ya—1} be a set of integral parameters, and k; € N. We set M; = nky,
Mg =...=Mg=0,p1 =1 pi =vi-1, 1 =2,...,d, then the d-dimensional modified I-Bessel
function of order nk; and parameters set I is given by

— 1LYy Yan _
Inkl( e u) = L (uy...,u) = E | Ty ik 1+1 | | I, (u

(kz2y...,kq)€Z!

which has the integral representation

1 (™ ) d—1 ) s
Inkl( oy u) — % Jﬁﬂ eu(cos w+y ] cos('ylw)) e inkw dw. (11)
Since I_, (u) = I, (u), notice that
Iy w) = I (). 12)

2.5 Upper bounds for I-Bessel functions

Recall Remark 4.2 in [6]: For all t > O the following upper bound holds:
0 < ne ™tp(n?t) < Ct V2 13)

for some positive constant C.
Recall Lemma 4.6 in [6]:
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Lemma 2.5. Fix t > 0 and non-negative integers x and ng. Then for all n > ng, we have the
uniform bound

ot nox/2 x —Tox/2
0< \/the’“ZtInX(nzt) < ( 0 ) = <1+ —) <L

X+ nopt not

2.6 Method

The method developed in [6] consists in studying the asymptotic behaviour of the Gauss transform
of the theta function evaluated at zero in order to obtain the product of the Laplacian eigenvalues.
This leads to the two following theorems which are adapted from Theorem 3.6 in [6]. They express
the logarithm of the determinant of the combinatorial Laplacian on the corresponding discrete
torus in terms of integrals of theta and [-Bessel functions. The study of the asymptotics of these
integrals will therefore lead to the asymptotic behaviour of the number of spanning trees.

In the case of the circulant graph we have:

Theorem 2.6. We have the identity

10g< 1 Aj) —nZh 4+ Her
A0

where

° dt
Ig :J (eit—efzdtlg(Zt,...,Zt)) T
0

and

0 t
Her = 7J (6cr (B) —me 24 IG(2t,...,2t) —1+e ) d?
0

And in the case of the diagonal discrete torus we have:
Theorem 2.7. We have the identity
P
log ( T Aj) = det(An)Z =+ HA
Aj#£0

where

o0

I;(Xt}ifl — J e*t — e*ZdtI()(zt)d*P Z H Ik{ ®ian (Zt) T
’ (Kiy...,kp )EZP i=1

and

9] P dt
Ha, :_L O, (1) —e " p(2) P Y Hlkman(zt) —le™t | = 9
(Kiy.neykp ) EZP i=1
3 Asymptotic behaviour of spectral determinant on circulant
graphs

3.1 Computation of the asymptotics

Let 1 < vy < - < va1 < |n/2] be positive integers and C!. denote the circulant graph where
I'={l,v1,...,Ya_1} is the set of generators. In this work we only consider circulant graphs with
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s 6 0 | 2 3 4 5| 6 0
3 4 si 6| o 1| 2 3| 4 5
1 2| 3| 4 5|6 0 1 2 3
6f o 1| 2| 3/ 4| 5 6 o 1

Figure 3: The lattice ( (7) _12 )ZZ.

first generator equals to 1. In this case one can verify that Cl. is isomorphic to the d-dimensional
discrete torus Z4/ArZ% where Ar is the following matrix

n‘*ﬁ/l . TYa-t

Ar =
0 Lot

where I4_; is the identity matrix of order d — 1. Indeed, all the points on the lattice ArZ? are
identified according to the numbers, where the nearest neighbours are connected to each other.

Denote by e, i =1,...,d, the canonical basis of 7Z4. Then 0 € Z9 is connected to e; and —e; for
i=1,...,d. For v € Z/nZ, all the points ve; + ArZ% are identified to v. Hence 0 is connected
to 1. Since —e; = (n —1)e; — Arey, O is connected to n — 1. Using that ei;; = yie; + Areii1,
i=1,...,d—1, 0 is connected to y; for all i =1,...,d — 1. Finally, —eiy; = —vie1 — Areit1,
i=1,...,d—1, so that O is connected to —y; mod n, for all i = 1,...,d — 1. Similarly, all
v € Z/nZ are connected to v £ y; mod n for all i = 1,...,d. Therefore the quotient Z4/ArZ4

with nearest neighbours connected to each other is isomorphic to the circulant graph Crrl. Figure
3 illustrates the lattice corresponding to the circulant graph C%‘Z represented in Figure 1. The fact
that the matrix is almost diagonal simplifies the expression of the theta function. Indeed from
Proposition 2.1 the theta function on CrrL is given by

d
2
Ocr (n*t) =ne 24t ) Inkl,zﬁmkm(znﬂt)Hlki(znzt).

(K1y...,ka)EZA i=2
Rewriting it in terms of the d-dimensional modified [-Bessel function defined in section 2.4 we
get
Ocr (n’t) = ne2dn’t Z ILy, (2n%t, ..., 2n%t).
KiEZ
A circulant graph is the Cayley graph of a finite abelian group, so the eigenvectors of the Laplacian
on CI are the characters

xj(x) = ¥ /m 5 =0,1,...,n— 1
By applying the Laplacian on the characters, we obtain the eigenvalues

d—1
Aj =2d —2cos(2mj/n) —2 ) cos(2myij/n), j=0,1,...,n—1.

i=1
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Therefore, by definition of the theta function (2) it can also be written as

3

ecg (n2t) _ o (2d—2cos(27j/n)—2 S 47 cos(2myij/n))n?t

I
=}

3

e —A4(sin®(7j/m) +Z{l llsm (nyi]’/n])nzt‘ 15)

(=}

j=
Proposition 3.1. With the above notation we have for all t > 0,

lim Oc¢r (let) = Ogi(crt)
n—oo n

where Og: is the theta function on the circle S' = R/7Z given by

Osi(t) = F Z e

Proof. From the theta inversion formula on Z/mZ (Theorem 10 in [14]) we have for any z € C,
and integers x and m > 0,

Z Ix+km(Z) — a eCOS(ZT{]/m)Z+27‘[1]X/m. 16)

k=—o00

3

-
Il
=)

Using the expression of the theta function in terms of I[-Bessel functions, it follows that for all
n>1landt>0,

n—1 d
|ecr (n2t)| _ ‘ne72dn2t § 1 e2n t cos(27j/n)—27ij Zld 1Y1 Kit1/n | | Ik 211 t)|
n
TL
(k.. ka)€ZA71 =0 i=2
d n—1
| | e—ZnZtI 2Tl 't E e—2n t(l—cos(27j/n))
i=2 ki E€Z j=0
n—1 1
< e787r ctj? < § efc t)
S l—ect

I
=}

j

where ¢’ > 0. In the second inequality we used the fact that for all v € [0, 7, (1 —cosv)/v2 > c,
with ¢ =1/2—7%/24 > 0,and e ' ), I (t) =1
It follows that

lim Ocr (n*t) = )  lim me “2antr (9n?t.. ., 2nt). a7

n—oo n—oo
KIEZ

Let k; > 0. From the integral representation of the d-dimensional [-Bessel function we have

inky
27Tk1 Jfﬂnkl

Since (1—cosv)/v? > ¢ > 0 for all v € [0, 7], we have that

eiw 72n2t(dfcos(w/(nk1))f d llcos(ylw/(nkl)))dw.

ne 2dvtlL (2n?t,...,2n%) = e

d—1

n?(d — cos(w/(nki)) — Y cos(yiw/(nki))) > ¢ (w/ki)®
i=l1
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for all w € [0, 7tnkq]. Hence for all n > 1,

7ink, %)
—2dn?tqT 2 2 —2tcw?/K? 1 —2tcw?/K? _ 2
L (2t ... 2nt)| < —— tdw < —— tdw =14/ —.
\ne nkl( n-t, y 4TU )| ok, J_nnkl e w 27k J_OO e w ot
We also have that
da—1 c
lim n*(d — cos(w/(nki)) — Y cos(yiw/(nki)) = —-(w/ki)%.
n—oo — 2
i—
So by the Lebesgue dominated convergence Theorem, we have for all k; > 0
, 1 [ .
nlglgo ne—Zdnztﬂr‘Lkl (2n2t) ey 2n2t) _ Fkl Jﬁ e—cl«twl/kf e dw
=L e, (18)

vAamcert

Let k; = 0. From the integral representation of the d-dimensional [-Bessel function we have

vieat
neiQd“ZtIg(Zth, s 2nt) = %J' e~ 2n*t(d—cos(w/m)=3 () cos(viw/m)) g4y,

—7tn

With the same argument as in the case k; > 0 we can apply the Lebesgue dominated convergence
Theorem and we get

1 o0
nh_l?go neiZd“Ztlg(ant, s 2n?t) = %J e—ertv gy
S 19)
© Amert
Putting (18) and (19) in (17) and using (12), the result follows. O

Proposition 3.2. With the above notation we have

1
t
lim J (6cr (n%t) — ne’Zd“ztIg(ant, .. .,2n2t))dT

n—oo 0

1
= JO (@sl(Crt) — \/%Crt) %

Proof. For a given positive integer k; > 1, let Dy, denote the following set

a—t
Dy, ={(kz,..., ka) € Z* " : nk; — Z'Yiki+1| <nky/2}

i=l1

and let Dy, = 7471\ Dy, denote the complement of Dy,. From the theta inversion formula we
have

Ocr (n%t) — ne’Zd“ZtIS(ant, oo 2n%t)
) oo d
—2dn’t 2 2
=2ne %Mty > Likie s 8ty (2070) [ (2n?y)
ki=1 (kg,...,kq ) €24 i=2

[e'S) d

=2ne 2mt § oo+ Y sy @) [T,

ki=1 L (kg,...ka)€DE, (Kayeoryka) €DK, i=2
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Since the modified Bessel function Iy is decreasing in the index k [8], for (ko,...,kq) € Dy,
2 2 2
Iner?;‘ Yiki+1(2n ‘t) = I\nklf ?;I%kwl‘(Zn t) < Inkl/2(2n t).

Using that e 2n’t 2 ez Ix(2n2t) =1, it follows that

d oo

o . 2

2dn’t § § Inkl_zgjyikm@nzt) | |Iki(2n2t) < 2ne2dnt § Lo, s2(2n%t).
1=2

ki=1 (kz,...,ka)EDE, )

Using Lemma 2.5, for all n > ng the above is less or equal than

—nok/4 2 1
< “ < 2(4 n()/4tn0/471/2. 9
\[Z< 4n0t> \ﬂ(1+1/(4not))no/41 v2(4no) 20)

For (kg,...,ka) € Dy,, we have

d—1

nk1
Ink; — ZYi|ki+1|| S5
i=1
Since 1 <vy; < - <va_1, it follows that
d—1
le,l
— <) vilkipl <va-i(d—1) max [k
2 — ie{2,...,d}
so that 5
nKq
max |ki| > ——7——. 21
ie{z,...,d}‘ i 2(d—1)ya1 @D

Let Sgq_1 denote the set of permutations of {2,...,d}. By ordering the k;’s in the second summation
we obtain

o d
2
Zne ™ty Y gy eyae, @00 ] [T (20
i=2

ki=1(kz,...,ka)€Dy,

— |2n672dn2t i Z Z

ki=10€Sq 1 (k2,..ska) €Dy,
ko)< <lkeg(a)l

d

+ Z I“kﬁZ?—zYc(i)ch(i)(ant) Hlkc(i)(znzt”
(k2,...,ka) €DK, i=2
ko (2)|==lko(a)l

Using inequality (21) and the fact that Iy is decreasing in k, we have

Lo o) (2n%0) = T, )1 (2n%0) < Loy 2(a-1)y o) (20%1)
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hence the above is less or equal than

oo
o 2
2ne *" Y Lu/aia-tya o) (20%0)

k=1
z —2n’t Z 2
X Z (|€ Inkl*Z{lzzYU(ijﬂkc(i)(zn t)]
0€Sa—1 (Kg(2),--rKo(a—1))ELI2 ko(a)€EZ

d—1
«[Te ", ., (2n2t)). 22)
1=2

Using the theta inversion formula (16) with m = ys(q)—1 and x = nk; — Zf:_;yg(i),lkg(i), we
have that

—on’t 2
le Z InkI*ZEl:z'Yo(i)flk(r(i)(2n t)]
Ko(a)€EZ

1 Yo(a)y-1—1
— | efznzt(lfcosuﬂk/')/u(d)—l))+27T1'-k(nk1*z{l;21'Yo(i)—lko(i))/'Y(r(d)—l‘ <1
E <L
Yo(d)-1 =

Putting the above in (22) and using that e nt ZkeZ I (2n%t) =1, the second summation is less
or equal than

o0
2
2ne 't § Lk, /(20d—1)yq_ (20%1)(d —1)!
ki=1

< \/i(d —1)!(4(d — l)ydilno)no/(‘l(d*l)yd gno/(4(d—=1)ya—1)—1/2 23)

for all n > ng, where we used Lemma 2.5 in the second inequality. Inequalities (20) and (23)
together lead to

Ber (n?t) —ne 24Vt (2n?t, ..., 2n%t)|
< V2(4ng)/ M0/ A2 /904 D1(A(d — 1)y q_imng)™/ (Ad-DYa—) gno/ (4d—Dya-1)-1/2

which is integrable on (0,1) with respect to the measure dt/t for all n > ng = 2(d — )yq_1+ L
The proposition then follows from the Lebesgue dominated convergence Theorem and from the
pointwise convergence. O

Recall the following lemma from [6]:

Lemma 3.3. For n € R, we have the asymptotic formula
! 7n2t dt !
(e —1)T:F(1)—210gn+0(1) as n — oo.
0
Proposition 3.4. With the above notation we have that

e d *° d
limJ (Oc (n2t)71)7tzj (@si(ert) ~1) <.

n—oo 1 1
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Proof. From Proposition 3.1 we have for all t > 0, the pointwise limit

lim ecr (n t) —1=0si(crt) — 1.

n—oo
From (15) we have

n—l1

Gcr(nt —1+Zei4“n (7j/n)n
j=1

d—1
2t e —4sin®(mryij/n)n’t
i=1
Since the product on i is smaller than 1, we have

n—1 [n/2]
ecr (n2t) <1+ Z e—4sm (mj/m)n%t __ =142 Z e—4sm (mj/m)n’t
j=1 j=1

Using the elementary bound
sin(mx) > mx (1 — 7x%/6) > cmx
for all x € [0,1/2], where ¢ =1 —m%/24 > 0, we have
[n/2] oo

20y 74cz7t2]2t —djt _ 2 2 —dt
Ocr (nt) 1<2j; <2) e V= < e

—_

for all t > 1, where d = 4c?n® > 0. Since it is integrable on (1,00) with respect to the measure
dt/t, the proposition follows from the Lebesgue dominated convergence Theorem. O

Proposition 3.5. With the above notation we have

li ro ne 297t (an2t ... 2n?t) — e _ 1
1m e .
i), oLemh t  Jmer
Proof. By definition, we have
d
I (2n%t, ..., 2n%) = > Losaiyi, (2n®t) ] ] I (2n*t).
(kz,....ka)€Z4! i=2

From Lemma 2.5 we have the uniform upper bound

1
—2n’t 2
ne n? 1 Zd1yk+1(2nt)<ﬁ‘
Hence 1
ne’Zd“ZtIg(ant, oo 2n?t) < e 't Z I (2n?t))¢

KEZ \/ﬁ

which is integrable on (1,00) with respect to the measure dt/t. By the Lebesgue dominated
convergence Theorem it follows that

lim nefz‘inztlg (2n?t,...,2n%t)—

J‘” dt r’ 1 dt 1
n—oo Jy T t | VAmert t - Jmer
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Since ffo efnztdt/t converges to zero as 1 — oo, putting Lemma 3.3 and Propositions 3.2, 3.4
and 3.5 together in Theorem 2.6 leads to the asymptotic of the Hcr term as n — oo:

Hep =2logn— [ 1056 - )¢ 0= [ @) -1 + 1+ ol
" 0 Vamt t cr Ver
Using equation (4) we can then rewrite:
Her =2logn — (5 (0) —loger +o(1) as . — oo.
Since ¢ (0) = 0 (7) we get
Her =2logn—loger +0o(l) asn— oo
and so
log det*Acr = nJ:o(eft —e 2t (2t,.. .,2t))% +2logn —loger +0(l) asn — oo

which proves Theorem 1.1.

3.2 Asymptotic number of spanning trees and comparison of the results

Notice that in the trivial case d = 1, the cycle has n spanning trees so logdet* Ac,, = logn?. On
the other hand, from Proposition 2.4

° dt
J (et —e 2I(2t))— =0
0 t
and so the right hand side of the asymptotic development is 2logn. Therefore the theorem is
verified in this particular case.

From Kirchhoff’s matrix tree theorem and Theorem 1.1, the number of spanning trees in the circu-
lant graph CI with T'={1,vy,...,vq_1} is asymptotically given by

T(Ch) = I enZi+o) a6 n s oo, (24)

e
cr
The lead term can be rewritten as

> t © t
IE:J (e*tfe*ZdtIg(Zt,...,Zt))dT:log(Zd)+J e*Zdt(lflg(Zt,...,Zt))dT.
0 0

From the integral representation of Ig (11) and writing the exponential as a series one has

o0 dt 1 (™ > gn (™ < dt
—2dt r _ —2dt i n n
L e (1—10(2t,...,2t))T——%J0 e nZln!J'ﬂ(cosw—i—izlcos(ylw)) dwt™ =
1 & 11 R
= ?Z?EJ ) cosw—l—Zcos(yiw))“dw
n=1 i=1
_1 JW log (1 _cosw ri COS(WW)) dw
2 ) _, d

1 d—1
2
= J log(sin®(tw) + Z sin?(my;w))dw + log =.
0 i=1 d
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Hence the lead term is given by

1 d—1
Ig :log4+J log(sin?(7tw +Zb (rryiw))dw
0 i=1

which corresponds to Lemma 2 of [13].
As mentioned in the introduction, the authors show in [22] that the number of spanning trees in
a circulant graph is given by

T(CY»Yd) =na?

where a, satisfies a recurrence relation which behaves asymptotically as cd™ for some constants
¢ and ¢ which can be determined numerically. Comparing with (24) it follows that

1
cZ=—
cr

which is numerically verified with the values in Table 1 in [22]. This answers to one of the
questions asked in the conclusion of [1].

4 Asymptotic behaviour of spectral determinant on degener-
ating tori

We consider the sequence of d-dimensional discrete tori described in the introduction. For sim-
plicity, we denote by 8, the theta function associated to Z¢/A,Z%. 1t is given by

Aj

where

P d—p
Ajlj=o,1,...,det (An)—1 = 12d — 2 Z cos(2mm; /(o an)) — 2 Z cos(2mm{/(Bin)) :
=1 i

m;=0,1,...,ian —Li=1...,pand m{ =0,1,...,in—1,i=1,...,d — p}

are the eigenvalues of the combinatorial Laplacian on Z¢/A,Z¢. From the theta inversion formula
on Z4/ALZ% (Proposition 2.1) we have for all t > 0

e/\rl (H Xiane - Z Ikoc-lan (Zt > <H Blne x Z IkB n 2t ) (25)

kEZ kEZ

4.1 Computation of the lead term when a, grows sublinearly with respect
ton
Let cq be the integral below. A numerical estimation of it is discussed in section 7.2 of [6].

Cq = J' (eft — eiZdtI (21’,) ) dt
0 t
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The lead term of logdet™ Agza a, za in Theorem 2.7 is given by

o P dt
(e’t — eizdt Io(2t) d-—p Z H Iki xiQn (Zt)) T

(Kiy.errkp ) EZP i=1

oo P dt
= det(An)ea — det(An) | e 204 Tg(20)7 [T tement20 ) 5
0 (Kiyeeykp )EZPA{0} \i=1

det(/\n)Ifi“"}?zl = det(An) J
0

n\4P =
—ndra declAlea — (1) detl®)] " Jlan, it

n 0
where in the last equality the integration variable t is changed into a?lt and J(an,t) is given by
1 —2a%t 2.\4P ? —2a%t 2
J(an,t) = T (ane n Io(2ant)) Z H (ociane n Iki“ia“(Zant)> .
(Ki,...,kp )EZP\{0} i=1

From Proposition 2.2 we have that

; —2a’t 2., 1
nlgrgo ane Ip(2at) = i
and ) o .
lim oiane 2%t o q, (2051) = ———e *iki/(40)
n—oo 47Tt
From the definition of the zeta function (5), we have that
{oo]
o D M =L T v
0 (47'[‘t)d/2 t td/2 ( P (kaZ)d/z
(K1, kp )EZP\{0} (K1y.ykp ) EZP {0} i=1 M

= (4m) /%1 (d/2)Cap ja 120 (4/2).

So as n — oo,
r, J(an, t)dt = det(A)(470)Y21(d/2)Cap a1z (d/2) + o(1).
0

The exchange of the limit as n goes to infinity with the integral over t can be justified using the
same argument as in the proof of Proposition 4.2 below on (0,1) and Lemma 4.3 with inequality
(13) on (1,00). Hence as 1 — oo the lead term behaves as

d—
det(An)Z8 1 = n9=PaP det(A)eq — <a1> ’ (det(A](47t)d/2F(d/2)CRp aize (d/2) + 0(1)) .

Remark. To find one more term in the asymptotic development we would need to show that one
can exchange the limit as n — oo with the integration over t of

a? (J(an,t) — (4)Y21(d/2) Cgp A 120 (d/2)).

We were not able to do that. One way of proving this is to find an upper bound of the above
for all n which is integrable over t on (0,00) and apply the Lebesgue dominated convergence
Theorem. This means that we need a sharp integrable upper bound of e tI,(t). To the best of our
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knowledge, the best upper bound of e~tI, (t) is given in [3] and is not sharp enough. Assuming
that one can exchange the limit with integration, the asymptotic development would be as n — oo:

logdet*Aza p, za = n4Pal det(A)cq

d—
(&) " det(A) (4m) 2 [r(d/chRp/Am (4/2)

an

1

+ ( —(d+4)T(d/2+ Digp jn 170 (d/2+1)
4 LI

+3T(d/2+3) > xia—%cm/,\(x)q/% (d/2+1)

i=1

o))

Xi=0

i=l,...,p

where A(x) is the diagonal matrix A(x) == diag(xq,...,Xp).

4.2 Computation of the lead term when a, is constant

When a,, =1, the lead term is given by

(e’t—e’z‘itlo(2t)d’p 3 ﬁlkm(m))%.

(Kiy.enykp )EZP i=1

o0
det(An)ZL 1 = det(Ay) J
0

From the theta inversion formula (9) we have for i=1,...,p
xi—1
ocieth Z Iki(xi [Zt) — Z 67(272cos(27't]i/061]]t.
ki€Z j1=0
Hence
. det(A)—1 dt
dCt(/\n)IgX‘}‘:l =n97P det(B) J (e’t — Io(gt)d*pef(z(dfp)ﬂ,-)t) =
= 0
where

P
Al =12p—2) cos(2mji/a) 1§ = 0,1,..., 0 — 1, for i=1,...,p},

i=l1

j=0,1,...,det(A) — 1, are the eigenvalues of the Laplacian on ZP /AZP.

4.3 Asymptotic behaviour of the second term

In this section we compute the asymptotics of the Ha, term when a,, indifferently goes to infinity

sublinearly with respect to n or is constant. To do this we change the integration variable t into
2 .

n°t in (14)

) P
dt
HM:*J (eAn(th)fdet(me*”““lo(2n2t)d*P > ||Ikimn(Zn?t)—He*““)—.
0 iy t
(Kiyeenpkp ) i=1
czP
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Proposition 4.1. With the above notation, we have for all t > 0,

lim 9/\“ (nzt) = ®Rd p/BZd—P (t)

n—oo

Proof. The theta function (25) with the change of variable is given by

P d—p
A, (n°t) = (H arane MY Ikocia"(ant)> (H pine 2ty Ikﬁm(ant)> :
i=1 i=1

KEZ keZ

From Proposition 2.3 we have that

P
. _ 2
lim | |(xiane it E Tioia, (2n%t) =1
n—oo
i=1 kez

and from Proposition 2.2 we have

d—p d—p

lim H BineiznZtIkBin(anE) _ H &e*(ﬁik]z/ut)'

n—oo 4t
i=1 i=1

The proposition follows if we can exchange the limit with the sum. This can be justified in the

same way as the proof of Proposition 5.2 in [6]. O

Proposition 4.2. With the above notation, we have that

1 p
2 dt
. 2 —2dn?t 2,\d— 2
lim J (GA“(n t) —det(An)e Io(2n°t)¢~P E | | Ik aia, (21 t)) ¢

n—oo [, !
(Kiy.enykp )EZP i=1

det(B) ) dt
s

1
= JO <®Rd7p/BZd*P (t)— W

Proof. From Propositions 4.1, 2.2 and 2.3 we have the pointwise convergence:

P
lim 0, (n%t) —det(An)e 20" o(2n?) 4P Y J]lkwan (2n%0)
o (Kiyeonolop ) EZP i1
B det(B)
= ®Rd p/BZCI P (t) - W.

We have

. P
On, (n%t) —det(An)e 24 (2?04 P Y [T laan(2n%)
(Kiyeenykp JEZP i=1

P ) d—p )
= ( Z H O(i(lneiznztlki“.lan (2n2t)) ( Z H Bineznztlkigin(ant)> .
(ki (

~kp)€EZP i=1 Kiyeerka—p) i=1
€z P\{0}

The first product of the above can be bounded using Proposition 2.3. Indeed we have that for all
i=1,...,p there exists an n; o such that for all n > ny o

—2n’t 2
oiane " Z I ian (20°1) <
ki EZ

N w
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The second product can be rewritten in d—p sums with exactly r of the ki which are non-zero and
d—p —r which are zero. Since the (ky,.. .,kd,p) = 0 is taken off the sum, we have 1 <1 < d—p.
Let np = maxigigp Ni,0- From inequality (13) and Lemma 2.5 we have that for t > 0 and all
n = ng the above is less equal than

d—p T oo Biki —noBiki/2
24P det(B) Y cOP T @2 S <1+ b
0
r=1

im1 k=1
d—p T 1
<24 Pdet(B) ) CE P laR)2 _
; 1]1 (14 Bi/(2not)™P /% —1
d—p T
< 9d—p det(B) Z cd-p—ry—(d=p)/2 (H(Bi/(gno))noﬁiﬂ) Mo minigi<a—p Bi/2,
r=1 i=1

Hence if we choose ng = 2(d—p)/ minjcica—p Bi+1 the above is integrable on (0,1) with respect
to the measure dt/t. The proposition then follows from the Lebesgue dominated convergence
Theorem. O

We now study the convergence of the integral over (1,00). The theta function can be written
as the product of two theta functions, that is

e/\n (nzt) = ediag(ﬁln,...,(ﬁd,pn) (nzt)edi.ag(oqan,...,cxp an) (nzt)-
The first theta function can be bounded using Lemma 5.3 in [6] that we recall below.

Lemma 4.3. Let -
eabs(t) =2 Z 67Cj2t
j=1

with ¢ = 4m?(1—72/24)%. Let ng be a positive integer. Then for any t > 0 and n > ny we have the
bound

d—p
2
ediag(ﬁln,.“,[&d,pn)(nzt) < H (1 + ei4n0t + eabs(t/(4f’%))) .

i=1

It is easy to verify that similarly the second theta function can be bounded by the following
- P
ediag(oqan,...,ocpan) (nZt) < (1 +e 4t + eabs(t)) . (26)

Therefore it follows that 0, (n?t) —1 is dt/t-integrable on (1,00). So by the Lebesgue dominated
convergence Theorem we can exchange the limit and integral. Hence the following proposition is
proved:

Proposition 4.4. With the above notation we have that

lim J (eAn(nZt) - 1) % :J (@Rdfp/BZd,p (t) — 1) %

n—oo 1 1

Proposition 4.5. With the above notation we have that

oo P
: —2dn’t 2.7d—p 2, dt 2 det(B)
nlg%o L det(An)e Ip(2n“t) E | I Ik, aia, (21°1) C = Ao @
(kiy..,kp)€EZP 1=1
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Proof. Combining (13) with (26) we have
) P
det(An)e 2™ o(2n* )P Y [ Tkiaran (20%1) < CE P2 (14 e 4 0, (1))P
(Kiyeonykp ) €EZP i=1

for some constant C > 0, which is dt/t-integrable on (1, 00). The result follows from the pointwise
convergence and from the Lebesgue dominated convergence Theorem. O

Since ffo efnztdt/t — 0 as n — oo, the asymptotic of the Ha, term then follows from Lemma
3.3, Propositions 4.2, 4.4 and 4.5:

1
. det(B) dt
Fon, =2logn Jo (QW"’/BZ“ = W) T
e dt 2 det(B)
_Jl (@Rdfp/gzdfp(t)—l) T+ dfp (47‘[)(‘1—P)/2 +O(1) as n — oo.

Rewriting it in terms of the spectral zeta function with the help of equation (3) yields
Ha, =2logn — Cgap pgza—»(0) +0(1) as n — oo. 27

The calculation of the lead term in section 4.2 together with equation (27) gives Theorem 1.3. For
the case where a,, grows sublinearly with respect to n, the error in the lead term, (n/a,)4 Po(1),
is bigger than the H term (27), therefore the asymptotic is given by

d—p
log det*Aga p za =9 PaP det(A)cq— <l> (det(A) (4m)/21(d/2) G /2120 (4/2) + 0(1))

an

as n — oQ.

4.4 Examples

The following examples are here to illustrate the general formula and to highlight the interesting
constants appearing in some particular cases. In the examples below, «; and (3; denote non-zero
positive integers.

4.4.1 Example with p=1and d =2

Let A,, = diag(xan,pn) be a sequence of diagonal matrices where a, grows sublinearly with
respect to n. In [6] the authors showed that co = 4G /7 where G is the Catalan constant. Then as
n— oo

4
log det™Agz /50 = nanocﬁ?G - al (Ef + 0(1)> .

4.4.2 Example with p =1 and any d

Let A = diag(an, Bin,..., Ba—in) be a sequence of diagonal matrices where a,, grows sublin-
early with respect to n. Then as n — oo

d—1
log det*Agza /7o =14 a, det(A)cq — <1> (

n

Br-- Pa1 2
B B 2 ra2u@ + o)

where ( is the Riemann zeta function.
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4.4.3 Example with a,, constant and p=d —1

Let AY = diag(oy,...,xq 1, N) be a sequence of diagonal matrices. From (6), —CD'Q/BZ(O) =
2log 3. Using Proposition 2.4 one has as n — co

det(A)—1
As
log det™Aza p0 za =N Z argcosh (1 + é) +2logn+2log B + o(1)
j=0
where

d—1
{}\j}j :{Z(d—l)—ZZCOS(ZTK]l/(Xl) 2].120,1,...,061—1, fOTizl,...,d—l},

i=1

j=0,1,...,det(A) — 1, are the eigenvalues of the Laplacian on Z3~1/AZd1L,

4.4.4 Example with a,, constant, p=1and d =3

Let /\% = diag(«, p1m, Ban) be a sequence of diagonal matrices. From section 6.3 in [6], we have
that

7C]§2/diag([51,|32)22 (O) =2 log(BZH(IBZ/Bl)Q)

where 1 is the Dedekind eta function defined for z € C with J(z) > 0 by
n(z) _ erriz/l'z H(l - eZninZ)‘
n=1

Hence as n — oo

a—1 oo ) dt
log det™Ags /0 73 = n?BiBo2 Z J (eft —Ip(2t)%e (672 COS(ZT{]/“)M) ry

j=0 "0
+2logn + 2log(Ban(iB2/B1)*) + o(1).

Using the special value of M at z = i, n(i) = T'(1/4)/(2m%/4), one has for the special case
1 = P2 =: B the asymptotic behaviour as n — oo

a—1

oo
log det*Azs//\('JlZs _ lef)z ZJ (eft _ Io(zt)267(672cos(?nj/oc)]t)
j=0"0

+ 2logn + log (BT (1/4)*/(167°%)) + o(1).

E
t

5 A comment on circulant graphs with non-fixed generators*

In [13, 23] the authors considered circulant graphs with non-fixed generators. In [13] they computed
the lead term of the asymptotic number of spanning trees. It is conceivable that the techniques used
here could be extended to improve their result and compute the second term. In [23] they computed
the exact number of spanning trees in C}g}} for § €{2,3,4,6,12} via Chebyshev polynomials, but

*At the time of reviewing this paper, this conjecture has been proved and will appear in a forthcoming paper.
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were not able to generalize to other values of 3. We propose a conjecture for the case 3 = 5:
For alln > 2,

Sn 5

n (9\/5+\/7018\/5>n+ <9f5+\/7o18\6>“+1¢5
1 1

Cl,n _
(ChY) .

<9+f+\/7o+18 ) (9+f+\/70+18 ) V5

2

Notice that the coefficients in the formula can be expressed in terms of integrals involving modified
I-Bessel function. Indeed, let

7P = J (et — emzzmeostemk/B g, (24) ) %, k=1,...,p L
0

Then from Proposition 2.4, the above can be rewritten as
1L,n n n]5 7n]5 1 n] n]
TG =5 (e e 1+§(1—\f5) theig g L1+ v3)
5 1
X ( i e 4 1+f) <e“13+e*“4+§(1—\/§)> :

Therefore for other values of 3 the general formula might have the form

p—1
(Chm) = %H( el 4 e nIf +%) for all n > 1,
o

where fx{i are coefficients which are not known for 3 > 7
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A formula for the number of spanning trees in circulant
graphs with non-fixed generators and discrete tori*

Justine Louis

15 December 2014

Abstract

We consider the number of spanning trees in circulant graphs of fn vertices with generators
depending linearly on n. The matrix tree theorem gives a closed formula of 3n factors, while we
derive a formula of 3 —1 factors. Using the same trick, we also derive a formula for the number
of spanning trees in discrete tori. Moreover, the spanning tree entropy of circulant graphs with
fixed and non-fixed generators is compared.

1 Introduction

A spanning tree of a connected graph G is a connected subgraph of G without cycles with the
same vertex set as G. The number of spanning trees in a graph G, T(G), is an important graph
invariant and is widely studied. It can be computed from the well-known matrix tree theorem due
to Kirchhoff (e.g. see [1]). Let G be a graph on n vertices labelled by vi,...,vn. The adjacency
matrix A of G is defined by the n x 1 matrix in which (A);; = 1 if vi and vj; are adjacent and
(A)i; = O otherwise. The degree matrix D is defined by the n x n diagonal matrix in which the
diagonal element (D)i; is the degree of the corresponding vertex vi. In this paper we only consider
2d-regular graphs, so that D = 2dI,,, where I, is the n x n identity matrix. The combinatorial
Laplacian matrix Ag of a 2d-regular graph on n vertices G is defined by

Ag = 2dI,, — A.
The matrix tree theorem states that 1
T(G) = — det*Ag 1
n

where det® Ag denotes the product of the non-zero eigenvalues of the Laplacian on G. In this
paper we prove closed formulas for T(G) for two types of graphs in terms of eigenvalues of the
Laplacian on a subgraph of G. The formulas are particularly interesting when the number of
vertices is larger than the other parameters of the graph.

Let 1 <y < -+ < va < [n/2] be positive integers. A circulant graph C10 Y is the 2d-
regular graph with n vertices labelled 0,1,...,n —1 such that each vertex v € Z/nZ is connected
to v+y; mod n for all 1 € {1,...,d}. The first type of graphs studied is the circulant graph with
the first generator equal to one and the d —1 others linearly depending on the number of vertices,
that is C};’Xm""’w*m, where 1 < y1 < -+ < va-1 < |B/2] and B are integers. Two examples

*published in Bulletin of the Australian Mathematical Society, 92(3):365-373, 2015. The author was supported in part
by the Swiss NSF grant 200021 132528/1.
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are illustrated in Figure 1 below. It is known that the number of spanning trees in circulant
graphs with n vertices satisfies a linear recurrence relation with constant coefficients in n, this
has been shown by Golin, Leung and Wang in [4]. For § € {2,3,4, 6,12}, closed formulas have
been obtained by Zhang, Yong and Golin in [8] where the authors used techniques inspired from
Boesch and Prodinger [2] using Chebyshev polynomials. As noted in [8] this method does not
work for other values of 3. In section 2, we derive Theorem 2.1 in a simple way which gives a
closed formula for all integer values of 3. This gives an answer to an open question in [3] and [8]
and proves the conjecture stated in [6]. The second type of graphs studied is the d-dimensional
discrete torus defined by the quotient Z4/AZ¢<, where A is a diagonal integer matrix, with nearest
neighbours connected. In the last section, we deduce the tree entropy for a sequence of non-fixed
generated circulant graphs and compare it to the one with fixed generators.
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Figure 1: Examples of circulant graphs.

Acknowledgements: The author thanks Anders Karlsson for encouraging and helpful discussions
and support. The author also thanks the anonymous referee for useful comments which improved
the quality of the paper.

2 Spanning trees in circulant graphs with non-fixed genera-
tors

Let V(G) be the set of vertices of a graph G and f: V(G) — R a function. To derive the eigenvalues
of the Laplacian it is more convenient to use the variant definition of the combinatorial Laplacian
defined as an operator acting on the space of functions, that is

Acf(x) = Y _(f(x) = f(y))

y~x

where the sum is over all vertices adjacent to x. Since the circulant graph leg:f“"”’yd ™ is the
Cayley graph of the group Z/BnZ, the eigenvectors of the Laplacian are given by the characters

Xk(x) = eZTdKX/(Bn)a k=0,1,...,pn—1,
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where x € Z/BnZ. Therefore the eigenvalues are given by (see also [1, Proposition 3.5])

d—1
A = 2d — 2cos(2mk/(Bn)) —2 Y cos(2nkym/B), k=0,1,...,pn—1 @)

m=1

Theorem 2.1. Let 1 < y; < -+ < va_1 < |B/2] be positive integers and w = 2(d — 1) —
221‘1::11 cos(2nkym/B), k = 1,...,p — 1, be the non-zero eigenvalues of the Laplacian on the

circulant graph CE"""“*‘. For all n € Ny, the number of spanning trees in the circulant graph

Lyim,enYa am - .
CB‘TI‘H’ Y- s given by

B—
n,... 711. n mn n
T(CpymYat =51 | (/2410 1 /4 + i) ™+ (/21— /i /4 + i) " —2 cos(2mk/B) ).
k=1

Remark. It would be interesting to see if this pattern appears in other types of graphs, that is,
the number of spanning trees could be expressed in terms of the eigenvalues of the Laplacian on
a subgraph of the original graph.

Proof. Applying the matrix tree theorem (1) to the graph C mn, ©Ya™ “with eigenvalues given by
(2), gives
Bn—1 d—1
T(CLYIMYamimy o ! 2d — 2 cos(2mk/(Bn)) — 2 ) cos(2mkym/B)
pn [3 cos cos(27ky m .
m=1
Since there are n spanning trees in the cycle CL, we have
1 n—
= H (2 — 2 cos(2mk/n)). ®3)
k=1
The product over k =1,...,n — 1 can be split as a product over multiples of B, that is k = fk’
with k' =1,...,n—1, and over non-multiples of 3, thatis k =k’ +1p with k' =1,...,p—1and
1=0,1,...,n—1. The product over the multiples of 3 reduces to equation (3), so it follows that
o Bt d—1
T(CRUm Y = 3 H (Zd 2 cos(2mk/(Bn)) —2 ) cos 27'ckym/f5))
B’(k m=1
B—1n—1 d—1
n
= (Zd —2cos(2r(k+18)/(Bn)) —2 ) cos(2m(k + IB)ym/B)>

B k=1 1=0 m=1

n B—1n-1 d—1

E (2 cosh(Argcosh(d — Z cos(2mtkym/B))) — 2 cos(2nk/(Bn) + 27‘[1/n)). 4)

k=11=0 m=1

We now evaluate the product over 1 by the following calculation

—_

n—1

3

(2cosh® — 2cos((w + 2ml)/n)) = e ™° (e?® —2cos((w 4+ 27l)/m)e® 4+ 1)
-0 1=0

—

_ ei[w+27‘(l)/n)(ee _ e*i(erZTrl)/n). )
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i(w+2ml)/n
0

The complex numbers e and e~ H(@+2m/n for 1 = 0,1,...,n—1 are the 2n roots of the

following polynomial in e
2

e?™® _2em® cosw +1=0.
Therefore the product (5) is equal to
e ™0 (e?m0 —2em0 cosw + 1) = 2cosh(nB) — 2 cos w.

Using this relation in (4) with 8 = Argcosh(d — Z lcos(ZTtkym/[S)) and w = 27k/, we have

B— d—1
T(C}a’ﬁ‘n""'y“*ln = % H (2 cosh(n Argcosh(d — Z cos(2mkym/B))) — 2cos(27rk/[3)). 6)
k=1 m=1

The theorem then follows by expressing the formula in terms of the eigenvalues on CY"""Y“*1

and from the relation Argcoshx = log(x + vx2 —1) for x > 1. Indeed, writing p, = 2(d —1)—
22;11:11 cos(27kym/B), we have that

B—1
T(Clézlm"”’y‘i*m) = % (2 cosh(n Argcosh(1 + uy/2)) — ZCOS(Zﬂk/B))
k=1
B—1
% H ZCosh (nlog(l+ ux/2 + M)) — 2cos(27tk/[3))
=1
[5 1
= & LT (/2 1 (i /o ™ o (/2 1= /44 i)™ — 2 cos( 2tk /B)).

~
|
LR

O

Remark. The techniques used here to derive Theorem 2.1 might not be generalisable to circulant
graphs with two or more fixed generators. As an example, to compute the number of spanning
trees in the graph C}s’?{yn we would need to find a closed formula for the product

:

(2 cosh 0 — 2 cos((w + 27tl)/n) — 2 cos(2(w + 27l) /1))
1

where 6 = Argcosh(3 — cos(2mtky/B)) and w = 27tk/B. We were not able to do that.

Il
=)

Examples. This formula reproves Theorems 4, 5, 6, 8 and corrects a typographical error in Theo-
rem 7 in [8]. For example, [8, Theorem 3] states that

- % [( T/4+\/3/4)%™ + (\/T/4 — \/3/4)%" + 1}2

which is a particular case of the formula with d =2, vy =1, B = 3 and ux = 2 — 2 cos(271k/3),
k = 1,2, being the non-zero eigenvalues on the cycle Cé. As another example, [8, Theorem 8]
states that

T(Céﬁ“ﬁn :%[ 11/4 + 2n+(\/ﬂ*\/7/74)2n71}2[(\/§+1)n+(\@71)n}2
<[ 3/4)2“+w774—¢374)2n+1]2

which is a particular case with d = 3, y; =2,y = 3, p = 6 and pux = 4—2 cos(27k/3)—2 cos(mk),
k=1,...,5, being the non-zero eigenvalues on the circulant graph C%3.
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»Yd—1m yYd—1

Remark. We emphasize that the circulant graph Cg By consists of n copies of Cj"

which are embedded in the cycle C! n- This explams the eigenvalues on CE"“"“*I appearing in

the formula.

3 Spanning trees in discrete tori

In this section we establish a formula for the number of spanning trees in the discrete torus

Z4JAZS, where A = diag(oy,...,0q_1,1) is a diagonal matrix with positive integer coefficients,
with nearest neighbours connected. Let k = (ki,...,ka), x = (X1,...,%xa) € ZY/AZ? and kp =
A~'k. The eigenvectors of the Laplacian are given by

Ticn (X) — eZﬂi(k/\,x)
where (-, ) denotes the usual inner product. Denote by ei, i = 1,...,d, the canonical basis of
74, Since each vertex x € Z9/AZ4 is connected to his nearest neighbours, that is x is adjacent
to x —e; and to x + e, for all i = 1,..., d, we obtain the eigenvalues on Z%/AZ< by applying the

Laplacian on the eigenvectors g , (x):

d—1
Ak =2d—2 Z cos(2mk /a;) — 2 cos(2mka/n) where k € Z4/AZS,
i=1

The formula given in the following theorem is interesting when n is larger than det(A). It improves
the asymptotic result given in [6, Example 4.4.3].

Theorem 3.1. Let A = diag(oy,...,xq_1) and {we}e = {2(d—1) — 221 1 cos(2mki/ai) 1 ki =
0,1,...,—1Li=1,...,d—1(kq,..., ka_1) Z0L L =1,...,det(A)—1, be the non-zero eigenvalues
of the Laplacian on Z471/AZ%1. For all n € N, the number of spanning trees in the discrete

torus Z4 JAZ4 is given by
( He/2+ 14\ /ud/d+ o)™ + (e/2+1— /13 /4 + )" — 2) -

Proof. From the matrix tree theorem, we have

det(A)—1
©(Z4/AZS) =

=1

d—1oai—1 n—1

T(Z24/AZ2) = H 1T 11 <2d 22008 (27k; /3 2cos(27tkd/n)>

i1 ;=0 kq=0
(K1y-.0ska)#0

xi—1 n—1

d—1 d—1
det H H H (2 cosh(Argcosh(d — Z cos(2mki/xi))) — 2 COS(Zﬂkd/n)>

=1 ki=0kq=0 i=1
kl, ka—1)#0
n et d—1
= H H 2 cosh(n Argcosh(d Zcos (27ki/q))) —
det(A) i=1k{=0 i=1
(klwnvkdfl)?éo

where the second equality comes from equation (3) and the third equality comes from the same
trick as in the proof of Theorem 2.1,

n—1
H (2 cosh © — 2 cos(27k/n)) = 2 cosh(nB) —
k=0
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The theorem then follows by expressing the formula in terms of the eigenvalues on Z4~1/AZd~!
and from the relation Argcoshx = log(x + vx2 —1), for x > 1. O

4 Spanning tree entropy of circulant graphs

For a sequence of regular graphs G, with vertex set V(G ), one can consider the number of
spanning trees as a function of n. Assuming that the following limit exists

z= lim 10gT(Gn)
nooo [V(Gp)l '

it is sometimes called the associated tree entropy [7]. From Theorem 2.1, the tree entropy for the
non-fixed generated circulant graph Cp ‘y‘n’ 2Ya™ asm — oo, denoted by zZnF(B; Y1y .- -5 Yd 1),
is given in the following corollary.

Corollary 4.1. Let 1 < vy < --- < va—1 < |[B/2] and B be positive integers. The tree entropy of

the circulant graph C 3 ‘ym’ oYaT a5 n — oo is given by

a1
ZNF(Bs Y1y - ey Yat) =5 Z Argeosh(d — ) cos(2mkym/B))
m=1
_ (" 15 Mict g2t dt
_L (et rs Ze lo(2t)

where W = 2(d —1) — ZZm 1cos(2rkym/B), k = 0,1,...,B3 — 1, are the eigenvalues of the
Laplacian on the circulant graph CYI’ ©Yat and 1y is the modified 1-Bessel function of order zero.

Proof. Let fy == Argcosh( +w/2) >0, k =1,..., — 1. From equation (6), the number of

spanning trees in Cg ’ym’ oYa-T i given by
n i
T(Cumr Yy = B enfx 4 e e 2 cos(2mk/B))
k=1
n . B
- Benii’; T+ e 2% — 2 cos(2mk/B)e ™).
k=1

We have that
lim log(1+4 e 2™« —2cos(2nk/Ble ™*) =0, fork=1,...,p —1.
n—oo

Hence
—1

(1+ e 2 —2cos(2rk/Ble ™) = e°W as n — oo.
1

>

=
Il

vyln» -»Ya—1m

Therefore, the asymptotic number of spanning trees in C is given by

CI»YITM---‘Yd m n nZE;llArgcosh(dfzdmﬂlcos(27rkym/|3))+o(1]

T(Can ) =—e as m — oo.
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This shows the first equality. The second equality comes from [6, Proposition 2.4] which expresses
the Argcosh in terms of an integral of modified I-Bessel function: for all x > 2,

ro(eft — eiXtIo(Zt))$ = Argcosh(x/2).
0

O

Y1, Ya—1m -»Yd—1
n

As mentioned in section 2 the circulant graph CIB’ consists of n copies of CE""

which are embedded in the cycle CL n- This structure is reflected by the appearance of the term
GCEI ,,,,, va_1(t)e2tIp(2t) in the asymptotic formula, where ecgl ,,,,, va(t) = E;é e Mt is the

theta function on CEP Y and e 2t1y(2t) is the typical term appearing in the asymptotics of
the number of spanning trees in the cycle. Indeed, the tree entropy on the cycle is (see section 3.2
in [6])
<o _ dt
Zeyete = | (et e MIg(20) =0,
0

Consider the sequence of circulant graphs C}gﬁ’ym"”’y“*’" when n — oo with zne(B; L, vy - - -

Ya—1) denoting the corresponding tree entropy. In the following proposition we show that it is
greater than the one of fixed generated circulant graphs.

Proposition 4.2. For all positive integers Y1, ...,Ya, there exists an integer B > 2 such that for all
B >B,

ZNF(B;I)‘YI) oo )‘Yd—l) > ZF(LYI) T )Yd)
where z¢(1,v1,...,Ya) is the tree entropy of the fixed generated circulant graph Chyv-va,

Proof. By letting 3 — oo in the corollary, the sum over the Laplacian eigenvalues converges to a
Riemann integral, so that

. R _ dt
ﬁlgn (B LYy ..oy Yaot) :J (et—e z(d““IO(Zt)I%)‘Y"""“*‘(2t,...,2t))T
S 0

LytyeesYa—1
where I

section 2.4 in [6])

is the d-dimensional modified [-Bessel function of order zero defined by (see

1

oYY (2, 20) = o

us
J e2tlcos w3 L7 cos(ymw)) gy,
—7T

It can be expressed in terms of a series of modified I-Bessel functions

d—1
LytyeorYa
[YoroYat(2t,...,2t) = > Iy a1y, (2) [T 5 (2v).
(K1yeeeyka—1)€EZITL i=1
On the other hand, from [6, Theorem 1.1], the tree entropy of the fixed generated circulant graph
CRY>Y4 a5 n — oo is given by

*o - dt
zFu,vl,---,vd):J (7t —e Aty (2t ., 20)) =
0
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where
d
YoYi2t,...,2t) = ) Iya Lo (20 [ [T (20)
(k1y...,ka)EZS i=1
d—1
> Io(2t) > Ity (20) [T (20
(Kiyeeyka—1)€ZI! i=1
= Ip(20)IgY" Y4 (2t,...,2t), V> 0.
Therefore

ﬁh_)néoZNF(ﬁ;layb e )ydfl) > ZF(LYI) .. -)’Yd)'
O

Related to this comparison between fixed and non-fixed generated circulant graphs one might
wonder, for example in the simplest case of Clﬁ’ﬁ, how taking limits first in 3 then in n would
compare to taking limits first in n then in (3. From [5, Lemma 5] and by letting 3 — oo in [5,

Theorem 4], one easily sees that for all positive integers yi,...,Yd—1
. ) lOgT(C?’LI""‘Yd) ' . logT(CIB’Km’""v‘i’m)
lim lim ————— = lim lim
Ya—00 N—00 n B—00 N—00 pn

which by definition is

lim zp(yy,...,va) = lim zne(B5yy .-y Ya—1)-
Y a—00 B—o0

In the particular case of d = 2 it shows that the limits over n and 3 commute, that is,

log T(Ck™ log T(CL™
lim lim M = lim lim M

—oo n—0o0 n n—oo f—oo [311

which does not seem obvious a priori.
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Spanning trees in directed circulant graphs and cycle
power graphs*

Justine Louis

10th July 2015

Abstract

The number of spanning trees in a class of directed circulant graphs with generators depend-
ing linearly on the number of vertices fn, and in the n-th and (n — 1)-th power graphs of the
Bn-cycle are evaluated as a product of [3/2] —1 terms.

1 Introduction

In this paper we study the number of spanning trees in a class of directed and undirected circulant
graphs. Let 1 < vy < --- € yq < Ln/ 2J be positive integers. A circulant directed graph, or
circulant digraph, on n vertices generated by vyi,...,Yqa is the directed graph on n vertices labelled
0,1,...,n—1 such that for each vertex v € Z/nZ there is an oriented edge connecting v to v+ymn

mod n for all m € {l,...,d}. We will denote such graphs by E)?'J’“"Yd. Similarly, a circulant
graph on m vertices generated by vi,...va, denoted by Ck>~ Y4, is the undirected graph on n
vertices labelled 0,1,...,n — 1 such that each vertex v € Z/nZ is connected to v £y, mod n for
all m € {l,...,d}. Circulant graphs and digraphs are used as models in network theory. In this
context, they are called multi-loop networks, or double-loop networks when they are 2-generated,
see for example [7, 8]. The number of spanning tree measures the reliability of a network.

The evaluation of the number of spanning trees in circulant graphs and digraphs has been widely
studied, were both exact and asymptotic results have been obtained as the number of vertices
grows, see [2, 6, 11, 12, 13] and references therein. In [3, 5], the authors showed that the number
of spanning trees in such graphs satisfy linear recurrence relations. Yong, Zhang and Golin
developed a technique in [13] to evaluate the number of spanning trees in a particular class of

double-loop networks Cp’gnﬂj. In the first section of this work, we derive a closed formula for
these graphs, and more generally for d-generated circulant digraphs with generators depending
linearly on the number of vertices, that is ?E’;’m+p’“"yd*m+p where P,Yiy...,Yd_1, B, 1 are
positive integers. This partially answers an open question posed in [2] by simplifying the formula
given in [2, Corollary 1].

In the second section we calculate the number of spanning trees in the n-th and (n —1)-th power
graphs of the fn-cycle which are the circulant graphs generated by the n, respectively n — 1, first
consecutive integers, denoted by Cj,, and C“;l respectively, where 3 € N>o. As a consequence,
the asymptotic behaviour of it is derived. Cycle power graphs appear, for example, in graph
colouring problems, see [9, 10].

The results obtained here are derived from the matrix tree theorem (see [1, 4]) which provides a

*arXiv:1507.02990. The author was supported in part by the Swiss NSF grant 200021 132528/1.
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closed formula of a product of 3nn—1 terms for a graph on 31 vertices. Our formulas are a product
of [$/2] —1 terms and are therefore interesting when n is large. In both cases, the symmetry of
the graphs is reflected in the formulas which are expressed in terms of eigenvalues of subgraphs
of the original graph. This fact was already observed in [12].

Acknowledgements: The author thanks Anders Karlsson for reading the manuscript and useful
discussions.

2 Spanning trees in directed circulant graphs

Let G be a directed graph and V(G) its vertex set. A spanning arborescence converging tov € V(G)
is an oriented subgraph of G such that the out-degree of all vertices except v equals one, and the
out-degree of v is zero. We define the combinatorial Laplacian of a directed graph G as an operator
acting on the space of functions defined on V(G), by

Agfx) = ) (f(x) —f(y)) )

Yy: X—y

where the sum is over all vertices y such that there is an oriented edge from x to y. Equivalently,
the combinatorial Laplacian can be defined as a matrix by A; = D™ — A, where D™ is the out-
degree matrix and A is the adjacency matrix such that (A)ij is the number of directed edges from
ito j. Let T (G,v) denote the number of arborescences converging to v. The Tutte matrix tree
theorem (see [1]) states that for all v € V(G),

T (G,v) = det Ag ,,

where det Aav is the v-th cofactor of the Laplacian A obtained by deleting the row and column
of Ag corresponding to the vertex v. For a regular directed graph G, we define the number of
spanning trees in G, T(G), by the sum over all vertices v € V(G) of the number of arborescences
converging to v, that is

T(G)= ) T (Gv).

veV(G)

Notice that we could have defined the number of spanning trees by the sum over all vertices
v € V(G) of the number of spanning arborescences diverging from v.

By symmetry, all cofactors of the Laplacian of a directed circulant graph are equal and are equal
to the product of the non-zero eigenvalues of the Laplacian divided by the number of vertices.
Therefore we have that

V(G
t(G6) = J] M
k=1

where A, k = 1,...,|V(G)|, denote the non-zero eigenvalues of the Laplacian of G. The non-

»Yd

zero eigenvalues of the Laplacian of the directed circulant graph C - are given by (see [4,

Proposition 3.3])

d
Me=d—) emrmb/m k=1, . n-1
m=1
This can also be derived by noticing that the eigenvectors are given by the characters xx(x) =
e?mikx/n 1 —0,1,...,n—1, and then applying the Laplacian (1) on it.
In this section, we establish a formula for the number of spanning trees in directed circulant graphs
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_)

E)E“ generated by I' = {p,yim + p,...,va_1m + p} and in the particular case of two generators
CE’J“W. Figure 1 illustrates a 2 and a 3 generated directed circulant graphs. We denote by
e =d—1-Y 31 e2mvmk/B } —1 ... B—1, the non-zero eigenvalues of the Laplacian on the

- _
directed circulant graph C "¢ and by i = 2(d—1)—2 > 4 cos(2mymk/B), k=1,...,B—1,
the non-zero eigenvalues of the Laplacian on the circulant graph CE“'"’”*‘. Let A be a statement

and 8 be defined by
S — 1 if A is satisfied
A7) 0 otherwise )

-
@ CMwithn=5 (b) CHnHL2nl iy n = 5

Figure 1: Examples of directed graphs

Theorem 2.1. Let 1 < vy < -+ < va—1 < P and p, n be positive integers. For all even n € N39
H

such that (p,n) = 1, the number of spanning trees in the directed circulant graph C En’ where

I'={p,ym+mp,...,Ya—1n + p}, is given by

=T _ pn—1(1 __ (_1)]3 _1\Ym n
(Ch.)=nd (1 85 cven o (1+ Z_l( 1 ) )
[B/2]—1 d—1 .
mem(2mpk <Z :1 Sln(27wmk/f5)>)
X 1—2|/1——| cos|—— +nArct m
g < i ( p & d— /2
i |2
= )
and for odd n € N3y,
. . (—1) d—1 "
T(C};n) = ndﬁ 1(1*5[3 even?(l+ Z(fl)ym) )
m=1
[B/2]—1 d—1 .
e (2mpk T4 sin(2mymk/B)
1-2 d— 2)1—— —_— Arct m
X H ( sgn(d —ny/ )’ 1 cos( B +n rcg< a2

k=1
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where [x] is the smallest integer greater or equal to x, |.| denotes the modulus and we set sgn(0) = 1.
The number of spanning trees in Crn is zero if either (p,n) =1land B, p, ym, m=1,...,d—1,
are all even or either (p,n) # L.
H
Proof. From the Tutte matrix tree theorem, the number of spanning trees in C If;n is given by
o Bn—1 a—1
( C[I;n) _ H (d— e2mipk/(Bn) _ Z eZm(vanrp)k/(Bn))‘
k=1 m=1
By splitting the product over k = 1,...,n — 1 into two products, when k is a multiple of f3,

that is k = 1p with L = 1,...,n — 1, and over non-multiples of P, that is, k = k/ + B with
k'=1...,p—1land I’ =0,1,...,n—1, we have

n—1 B—1n—1 d—1
H . . . . ’
T( C I[;n) — (d o deZﬂlpl/n) H (d o (1 + Z eZTnymk/B)627npk/(|3n)627np1 /n). (2)
1=1 k=11/=0 m=1
We have that
n—1

n—1
(d— deZnipl/n) _ dnfl H(l_ eZﬂipl/n) — ndnilﬁ(p,n)zl-
1 1=1

I
R

This equality comes from the fact that H{;l(l — e27Pl/M 5 the number of spanning trees of the

_)
directed graph CRh, which is isomorphic to the directed cycle on n vertices if (p,n) = 1, and is
not connected if (p,n) # 1. Therefore the product is equal to NO(p n)—i.
Hence, if (p,n) # 1, we have

(CL ) =0.

Let p be relatively prime to n. Using that the complex numbers 2™/ 1=0,1,...,n—1, are the
n non-trivial roots of unity, we have for all x,

—1
(x — e2™P/my —x1 1, 3)

3

l

Il
<)

since (p,n) = 1. Equivalently we have,

—_

n—

(1—xe™itp/my — 1 x™,

I
(=}

Using this identity in (2) enables to evaluate the product over 1/, it comes

p—1 d—1
= N 1 . .
1(Chy) =ndfm 1| |(1——dn(1+ E eZiymk/Byn p2mipk/By @)
k=1 m=1

For odd B we write the product over k, k = 1,...,8 — 1, as a product from 1 to (f —1)/2,
and for even 3 we write it as a product from 1 to 3/2 — 1 and add the k = 3/2 factor

which is given by 1 — (—1)P(1 + Zi;ll(—l)"m)"/d“. Writing the above expression in terms of
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—1 - .
we=d—1-— anzl e2m™ymk/B it comes

= —1)P
W(Cha) = na (1= 8 cen 0 (14 Y (1))
m=1
/211 . .
X H (1= (1= pe/d)™e*™ PR/ BY(1— (1 -y /d)"e 2TPR/P)
k=1
a-1
_ pn—1(1_ (=P _1)Ym
=nd (1 55 even an (14_%1( 1) ) )
[B/2]-1
X H (1—2[1 — i /d|™ cos(2mpk/P + npy) + |1 — e /d*™) (6))
k=1

where ¢y is the phase of the complex number 1 — . /d such that 1 — . /d = |1 — i /dje?®x. We
have

1 dl 2\ 1/2
1—we/dl = 2 ((d=m/2)? + ( ) sin(2mymk/p))")
m=1

and

d=me/2 oo Tosin@mymk/B)
d— ]’ ld — pl

Therefore for k such that d — /2 # 0, the phase is given by

PR sin(27wmk/f5)> e

cos P =

©

= Arct
P & < d—mni/2

where € = 0 if sgn(d —nx/2) = 1 and € € {—1,1} if sgn(d —nx/2) = —1. For k such that
d —nk/2 = 0, we take the limit as d —nx/2 — 0 in (6), with € = 0. The theorem follows by
putting equation (6) into equation (3).

When B, p and ym, m = 1,...,d — 1 are all even, the directed circulant graph E)rn is not
connected and therefore the number of spanning trees is zero, this is reflected in the formula. [

In the following theorem we state the particular case on two-generated directed circulant graphs.

Theorem 2.2. Let 1 <y < 3 and p, n be positive integers. For odd (3 and all n € N3 such that

Yn+p
n

_)
(p,n) = 1, the number of spanning trees in the directed circulant graph CH is given b
P g g B g V

(B—1)/2
T(?Egnw) =n2pn-1 H (1 — 2cos(2n(p +yn/2)k/B) cos™ (rryk/B) + cosz“(n’yk/[?)))
k=1

and for even 3, if v or p is odd, then

B/2—1
T(?Eg““’) =n2fntovee TT (1 — 2 cos(27t(p +yn/2)k/B) cos™ (rryk/B) + Coszn(m/k/ﬁ))
k=1

=
: ; PyYn+p
The number of spanning trees in C Bn

either (p,mn) # L.

is zero if either (p,n) =1 and B, p and vy are all even or
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Proof. From equation (4) it follows
- b
T( CE,&/n—O—p) — nzﬁnfl H(l _ e27ti(p+yn/2)k/ﬁ cos"(m/k/[:’))).
k=1

For odd {3, we have

(B—1)/2

T(?E,‘g/n+p) _ TL2[37171 H (1 o eZni(eryn/Z)k/B COSn(T(’Yk/B))
k=1
% [1 _ e*ZTri(eryn/Z)k/[S cos™ (TE’Yk/B))
(B—1)/2
=n2kn-1 H (1—2cos(2m(p + yn/2)k/B) cos™ (mryk/B) + cos?™ (mryk/B)).
k=1

For even f3, the factor k = 3/2 is added:

‘ 0 if p and vy are even
1 — emi(p+yn/2) cos™(my/2) = 1 ifyis odd
2 otherwise

Tryntp | i
For even {3, p and v, the graph C Bn is not connected and therefore the number of spanning
trees is zero. Therefore if p or v is odd, we have

B/2—1
T(E)E,Tz/n—o—p) — n26n71+6y cven H (1 o eZni(p+yn/2]k/B COSn(T[‘Yk/f)))
k=1
% [1 _ e*ZTti(eryn/Z)k/[S cos™ (7[’)/](/[3))
B/2—1
= 2P oven T (1 2cos(2n(p +yn/2)k/B) cos™ (mryk/B) + cos”™ (myk/B)).
k=1

O

Ex_a}mples. Consider the case when p = 3 = 3 and vy = 2. It follows from Theorem 2.2 that
T( Cgf”*g) =0 if n is a multiple of 3, otherwise,

T(E)g’f“”) =281 — 2 cos(2mn/3) cos™(27/3) + cos®™ (27/3))
=n (281 — 22 cos(mn/3) + 27

as stated in [13, Example 4.(iii)]. As another example, consider the case when p = 2, y = 5 and
B = 6. From Theorem 2.2, for even n, T( Cé’f”*z) =0, and for odd n,
T(?gﬁ"”) = n2" (1 — 2 cos(2m(2 + 51/2)/6) cos™(57/6) + cos®™ (57/6))
x (1 —2cos(47(2 4 51n/2)/6) cos™(107t/6) + cos®™ (107/6))
- 3(23“ 492130/ (o6(mtn /6) — 2273 /2 gin (7 /6) + 6™)

x (25™ — 22132 cog(mn/3) + 2" 13T/ 2 gin (i /3) + 2M).
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3 Spanning trees in cycle power graphs

The k-th power graph of the n-cycle, denoted by CE, is the graph with the same vertex set as
the n-cycle where two vertices are connected if their distance on the n-cycle is at most k. It is
therefore the circulant graph on n vertices generated by the first k consecutive integers. In this
section, we derive a formula for the number of spanning trees in the n-th and (n — 1)-th power
graphs of the Bn-cycle, where p € N>3. As a consequence we derive the asymptotic behaviour of
it as n goes to infinity.

The combinatorial Laplacian of an undirected graph G with vertex set V(G) defined as an operator
acting on the space of functions is

Acf(x) =) (f(x) — f(y))
Yy~x

where the sum is over all vertices adjacent to x. The matrix tree theorem [4] states that the number
of spanning trees in G, T(G), is given by

IV(G)|-1 Ak
T(G) = 2ik=L Tk
V(G)I
where A, k = 1,...,[V(G)| — 1, are the non-zero eigenvalues of Ag. The eigenvectors of the

Laplacian on the circulant graph C}g'ﬁ"“ are given by the characters xyi(x) = e27ikx/(Bn) | —

0,1,...,pn — 1. Therefore the non-zero eigenvalues are given by

AMe=2n—2) cos(2nkm/(Bn)), k=1,...,pn—1.

m=1

—1

Similarly, the non-zero eigenvalues on CI’;{’" are given by

n—1
AMe=2(n—1—2) cos(2nkm/(pn)), k=1,...,pn—1

m=1

Figure 2 below illustrates two power graphs of the 24-cycle.

14
7

=S
A“\‘““\!
\\‘

11’,;

v,

77
g

;

a8
N/

@ C5 ®) Cy

Figure 2: 8-th and 7-th power graphs of the 24-cycle
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Theorem 3.1. Let p > 2 be an integer and pw, = 2—2cos(2nk/B), k =1,..., B —1, be the non-zero
eigenvalues of the Laplacian on the (3-cycle. The number of spanning trees in the n-th power graph
of the Bn-cycle an for B > 3, is given by

B(n+1) pn
( gn)z%nﬁﬂ (1+%) (1—(2n+1)"#)"

b2 .9 [ TN+ 1k . n+1
X H sin® [ ———— —n Arcsin
ot B VA2 /iy +2n +1
where [x| denotes the smallest integer greater or equal to x. For 3 = 2, it is given by
T(Cy,) = (2n) 214 1/n)™.

The number of spanning trees in the (n — 1)-th power graph of the pn-cycle C“;l, for B > 3, is
given by

2{3(n+1) 1 pn
©(Chy) = npn-2 (1 ) (—DP —(2n—D" P

(2p)> Con
[B/2]—1
I sin? mn—1k , n—1
X 11 sin ( B n Arcsin <\/4n2/uk—(2n—l)>>.

For 3 =2, it is given by
T(Cyh = 2™ 21— 1/m)"™.

Remark. We emphasise that in the cycle power graphs Cg;l and an there are [3 copies of
n-cliques as subgraphs of the original graph. This fact appears in the formula by the factor
nkn—2 — (n“*z)ﬁnt*l) since the number of spanning trees in the complete graph on n vertices
is n" 2,

Proof. We prove the theorem only for the first type of graphs C3,,. The proof of the second type
Cg;l is very similar to the first one. The matrix tree theorem states that

pn—1 n
T(Ch,) = (Tln g (2n72n§1c05(2ﬂkm/(ﬁn))).

Lagrange’s trigonometric identity expresses the sum of cosines appearing in the above formula in
terms of a quotient of sines:

o _ sin((n+1/2)27k/(Bn))
2%1 cos(2nkm/(Bn)) = () —1.
Hence,
1 pn—1
T(Chyn) = B H (sin(rk/(Bn))) ' ((2n + 1) sin(7k/(Bn)) — sin(mk/(Bn) + 27k/B)).
k=1

Using that there are fn spanning trees in the Bn-cycle, that is [Tln 52; Y(2—2cos(2nk/(pn))) =

Bn, it follows that

pn—1 Bn
[ sin(mk/(Bn) = Tt @

k=1
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For the second factor, as in the proof of Theorem 2.1, we split the product over k =1,...,fn —1
into two products, first when k is a multiple of 3, that is k =13 with L =1,...,n—1, and second
when k is not a multiple of B, that is, k =k’ + 1B with k' =1,...,p—1land ' =0,1,...,n—1
The product over the multiples of 3 reduces to

n—1

H 2nsin(ntl/n) =n".

1=1

We have
2[3n71nn B—In—1
T(Ch,) = T kH:l 111((2n + 1) sin(tk/(pn) + mil/n) — sin(rtk/(Bn) + 7il/n + 2nk/B). (8)

The difference of sines in the above product can be written as

(2n+1) sin(7tk/(pn)+7l/n)—sin(7tk/(Bn) +7nl/n+27k/B) = |z | sin(t(n+1)k/(Bn)+ 0 +7l/n)

©
where )
2 = 2n cos(mk/B) — i(2n + 2) sin(7tk/B) = |zi|e*O*.
Let wy = (n+ 1)k/(Bn) + Ok, we have
n—1 n—1
HSID Wi +7T1/Tl n 1 (wr+ml/n) _ e—i(wk+7tl/n))
1=0 1=0
1 n—1
_ : e*iwknewi(nfl)/‘z (e2iwk o e*27‘til/n)
BAE [1
sin(wsmn)
"ot 1

where in the last equality we used equation (3). Putting equations (8), (9) and (10) together yields

2[511 1 nn -1 n
H(Chn) = T Z”sm [+ 1k/B + 0.
=1

Notice that for even (3, the phase of zg /5 is 85,9 = —7/2, so that sin(n(n +1)/2 +nbg2) = 1
For f =2, z; = —2(n 4+ 1)i, hence

T(CR) = (2n)2"2(1 + 1/m)".

For 3 > 3, we have

2n+[3—2nn B—1 [B/2]—1
( gn)zw(nmm [ sin(m(n+1Dk/B +n6)sin(m(n+1)(B —k)/B+nbp ).
k=1 k=1

For 1 < k < [B/2] — 1, the phase of zy is 0k = — Arcsin((2n + 2) sin(7k/B)/|zx|). The phase of
zp_x satisfies
cos0g_x = —cos Oy, sinOpg_j = sinOy

so that, 0g_x = 7 — 0. The modulus of zy is given by

lzil = (2n +1)% +1—2(2n + 1) cos(2rk/B))Y? = (4n? + (2n + 1)y )2
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where p =2 — 2cos(2nk/B), k = ., B —1, are the non-zero eigenvalues of the Laplacian on

the B-cycle. We have sin(ntk/pB) = ui/Z/Z. Hence for 1 < k < [B/2] — 1, the phase is given by

Ox = — Arcsin((n +1)/1/4n? /g + 2n +1). Therefore

2n+[3 20 B-1 [B/2]—1 Dk 1
T(Chy) = lek\ H sin? nin + Dk —n Arcsin (n+D .
Ko B VAN /iy +2n +1
an
The product of the modulus of zy is given by
—1
(2 1
lekl ”+ ) H(2n+1+ 1/(2n + 1) — 2 cos(2mk/B))"?
k=0
2 1)B/2
_ Cnt+ P ;‘n) (2 cosh(p Argcosh(n +1/2 +1/(4n + 2))) — 2)"/2
2n+1)8 _
:%(1—(%“) ) 12)
where the second equality comes from the identity (see [12, section 2])
p—1
] [(2cosh® — 2 cos(2mk/n)) = 2 cosh(BO) —
k=0
Putting equality (12) into (11) gives the theorem. O

Remark. We point out that the proof above could not be easily applied to other powers of the
Bn-cycle, like Cﬁn , where p > 2 or p < —1, because in this case zi defined in equation (9)
would also depend on 1 and the phase Oy of zx cannot be easily determined. As a consequence,
the product over 1 cannot be evaluated in the same way as it is done in the proof. It would be
interesting to find a formula for this class of more general circulant graphs.

From Theorem 3.1, we derive the asymptotic behaviour of the number of spanning trees in the
n-th, respectively (n — 1)-th, power graph of the fn-cycle as n — oo.

Corollary 3.2. Let 3 € N>g. The asymptotic number of spanning trees in the n-th and (n —1)-th
power graphs of the pn-cycle Cg, and CE;I as n — oo is respectively given by

2bn
T(Chn) = §n6n72(66/2 +0o(1))
and
nety _ 2P s pe
©(Cpn) = %n (e +o(1)).

Proof. By observing that for all k € {1,...,[B/2] —1},

1 -1
lim nt =sin(mk/p) and lim = sin(mk/B)

nooo \ /An?/py + 2n + 1 n—o0 \/4n2/uk —(2n—1)

where px = 2 — 2cos(27k/p) and using relation (7) the corollary is a direct consequence of
Theorem 3.1. O
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Asymptotics for the determinant of the combinatorial
Laplacian on hypercubic lattices*

Justine Louis

30th July 2015

Abstract

In this paper, we compute asymptotics for the determinant of the combinatorial Laplacian
on a sequence of d-dimensional orthotope square lattices as the number of vertices in each
dimension grows at the same rate. It is related to the number of spanning trees by the well-
known matrix tree theorem. Asymptotics for 2 and 3 component rooted spanning forests in these
graphs are also derived. Moreover, we express the number of spanning trees in a 2-dimensional
square lattice in terms of the one in a 2-dimensional discrete torus and also in the quartered
Aztec diamond. As a consequence, we find an asymptotic expansion of the number of spanning
trees in a subgraph of 7% with a triangular boundary.

1 Introduction

In this paper we study the asymptotic behaviour of the number of spanning trees in a discrete
d-dimensional orthotope square lattice and in the quartered Aztec diamond. Let L(n,...,ng)
denote the d-dimensional orthotope square lattice defined by the cartesian product of the d path
graphs P, 1=1,...,d, where nj, i =1,...,d, are positive non-zero integers. We set n; = xin,
i=1,...,d, and write indifferently n; or x;n throughout the paper. By rescaling the distance
between two vertices on the lattice L(ny,...,ngq) with a factor of 1/n, the limiting object as n
goes to infinity is a d-dimensional orthotope of size o X - -+ X g, that we denote by Kg:
Kaq =10, 040 x -+ x [0, xq[.

The volume of Kq is
d
Vél = H 4.
i=1

Let m € {l,...,d — 1} and let Sq denote the symmetric group on {l,...,d}. An m-dimensional
face of Kq is defined by

{(x1y...yxa) Eid‘ H{iq}gzl € Sq such that Xig € [0, (Xiq}) g=1...,m
and Xig G{O,oqq}, q:m+1,,d}

The volume of the sum of all the m-dimensional faces of Kq is given by

Vi =2am oy ﬁociq.

I<ii<--<im<d g=1

*arXiv:1507.08652. The author was supported in part by the Swiss NSF grant 200021 132528/1.
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For example, VlCl is the perimeter and VZd the area of Kgq.

Asymptotics for the determinant of the combinatorial Laplacian on graphs have been widely stud-
ied, see for example [2, 3, 5, 9, 11]. It is related to the number of spanning trees of a graph G,
denoted by T(G), through the matrix tree theorem due to Kirchhoff (see [1])

1 .
T(G) = V(G det*Ag
where det” Ag is the product of the non-zero eigenvalues of the Laplacian on G and [V(G)| the
number of vertices in G. In [2], the authors developed a technique to compute the asymptotic
behaviour of spectral determinants of the combinatorial Laplacian associated to a sequence of
discrete tori. The technique consists in studying the asymptotic behaviour of the associated theta
function which contains the spectral information of the graph. Consider a graph G with vertex set
V(G). For a function f defined on V(G), the combinatorial Laplacian is defined by

Acf(x) =) (f(x) — f(y))

y~x

where the sum is over all vertices adjacent to x. Let {Ax}x denote the spectrum of the Laplacian
on G. The associated theta function is defined by

bc(t) = ) e ™.

keV(G)

To compute the asymptotic behaviour of spectral determinants on a sequence of d-orthotope square
lattices, we express the associated theta function in terms of the theta function associated to the
discrete torus with twice vertices at each side of the torus. This can be done because of the
similarity of their spectrum. We then use the asymptotic results from [2]. The formula obtained
relates the determinant of the Laplacian on the discrete lattice L(ny,...,ng) to the regularized
determinant of the Laplacian on the rescaled limiting object, which is the real d-dimensional
orthotope Kq, and to the ones on the m-dimensional boundary faces of Kq, m = 1,...,d — 1.
Moreover, we compute asymptotic results for the number of rooted spanning forests with 2 and 3
components.

We will prove the following theorem.

Theorem 1.1. Given positive integers «;, 1 =1,...,d, let det” Al («m, ..., xqn) be the product of the
non-zero eigenvalues of the Laplacian on the d-dimensional orthotope square lattice L(oyn, ..., xqmn).
Then as n — oo

L o dt
log det* AL (oym,...,qn) = CaVand — ) T (J (1— e*“)d*me*?mtlo(m)mT) vinm
m=1 0
d
+(2-2"Ylogn+ ) Y logdet Ag, xooxan,,
m=11<ij<--<i, <d

L 3 CR (1™ log(4m) + o(1)

where det” Ax; x-xai,, iS the regularized determinant of the Laplacian on the m-orthotope
&4, X --- X &4, with Dirichlet boundary conditions. The constant cq is

ca= [ et ez
0 t
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where 1 is the modified I-Bessel function of order zero.

Notice that the limiting object K4 can be decomposed into a disjoint union of m orthotopes,
m € {0,1,...,d}. More precisely, let otj, X- - - X &4, {iq}gnzl c{1,...,d}, denote the m-dimensional
orthotope of side lengths o, ..., &, which is open in R™. Then

d
Kd:{O}UI_I LI Ky X oo XX -

m=11<ij< - <ip<d

This decomposition is reflected in the theorem by the appearance of the sum over this decomposition
of the logarithm of the regularized determinant of the Laplacian on the m-dimensional faces,
m=1...,d

By expressing the eigenvalues of the Laplacian on the square lattice L(mny, n2) in terms of the one
on the two-dimensional discrete torus 72 / diag(an,ZnQ)Zz, we derive a relation, which is stated
below, between the number of spanning trees on these two lattices.

Theorem 1.2. Given positive integers 1y, Mg, let T(L(ny,ng)) denote the number of spanning trees
on the rectangular square lattice 1(mny, ) and T(T(2ny, 2n3)) the number of spanning trees on the
discrete torus 72 /diag(2ny, 2ny)Z%. We have

25/47(T(2ny, 2n)) 4
(nung)V/4((3 + 2v2)™ — (3 — 2v2)™)1/2((3+ 2v/2)™ — (3 — 2v/2)n2) /2

In [9], Kenyon computed asymptotics for spectral determinants on a simply-connected rectilin-
ear region in R2. Here we compute it in the particular case of a triangular region. More precisely,
we consider the quartered Aztec diamond of order n, denoted by QAD,, which is the subgraph of
72 with nearest neighbours connected induced by the vertices (ki, ko) such that k; + kg < n and
ki, kg = 0. Figure 1 illustrates QADy7. In [4], Ciucu derived a relation between the characteristic
polynomials of the rectangular square lattice and of the quartered Aztec diamond using combina-
torial arguments. From this one can deduce a relation for the number of spanning trees. In the
second part of this work, we present an alternative approach for it. Consequently, we derive the
asymptotic behaviour of it, stated in the following theorem, which shows that it is related to the
regularized determinant of the Laplacian on the triangle with Dirichlet boundary conditions.

T(L(ngyng)) =

Figure 1. Quartered Aztec diamond of order 7.

Theorem 1.3. Let T(QAD,,) denote the number of spanning trees in the quartered Aztec diamond
of order n. Then as N — oo

2 3 23
log(t(QAD,,)) = ?an —log(2+V2)n — 1 logn + log det* A + 5 log2 + o(1)

where G is the Catalan constant and det™ A is the regularized determinant of the Laplacian on the
right-angled isosceles unit triangle with Dirichlet boundary conditions.
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1.1 Regularized determinant

Let M be a Riemannian manifold with or without boundary and let Ayq be the Laplace-Beltrami
operator associated to M. If M has a boundary we associate Dirichlet boundary conditions to Aps.
Denote by {Ar}x the eigenvalues of Apq. The spectral zeta function associated to M is defined for

R(s) > dim M/2 by
1
m(s) = Z s

Ar£0 K
It admits a meromorphic continuation to the whole complex plane (see for example [13] for M with
a boundary and [2] for the case where M is a torus). The regularized determinant of Ayq can then
be defined by
log det*Apm = —p(0).

1.2 Preliminary result

We prove the following lemma which will be useful in the next section to invert relations between
theta functions. Throughout this paper, we set an empty summation to be one by convention.

Lemma 1.4. Let {iq}q>1 be an increasing sequence of positive integers. Let {nq}q>1 be a sequence
of positive integers and {ni,}q>1 a subsequence of it. Let f,g : N<N — R be two sequences of
variadic functions such that for all | € Ny,

1
f(niy, ...,y ) = Z Z gMay, .. yNa, ). @
k=0 ap<---<ag
{ag}g_iClialgs

Then the following inversion formula holds: for all 1 € N>,

g(nin”wnil):Z(_l)lik Z f(nap"'vnak)-

k=0 a<---<ag
{aq)§_1Cliatq_

Proof. Let 1 € N3;. From relation (1) between f and g, we have

> (—p-F > (M- -0y m5,)

k=0 ji< <
Ga)k i Clial

k
(71)17]( Z Z Z g(nan---anam)

I
M-

k=0 ji1<---<jk m=0 L’11<~~~<L‘1mk
. . T .
{Jq}ﬁ,lchq}},,1 {aq};:1C{)q}q:1
1 k
_ § -k § § §
- (_1) g(nal) sy nam) (2)
k=1 m=1 j1<---<jx ar<--<am

Gals_ Cliqly s faatiaiClialgos
where in the second equality we used that

1

1
Y-tk Y 1= (-pttck=0

k=0 i< <jx k=0
Gtk Cliqhh
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from the binomial theorem, where CF = 1/(k!(l —k)!). For 1 > k > m, the double summation
can be rewritten in one summation as

> > o=aw > ®

j1<-<jx al<...<amk j1<<jm
. . m s . .
(GaYeoiCliqty— {@alqg=iClalg GatiiCliaty o

Thus (2) is equal to

1 k
DRy o Y gy,eemy,)

k=1 m=1 1< <Jm
GalriClialy

l-m

1
Z Z 1 m— ka Z g(nj],...,njm):g(ﬂm---»“h)

m=1 k=0 1< <jm

{Jq} 1 C{iq }

where the second equality comes from the fact that the only non-zero term in the summation over
m is when m =1 from the binomial theorem. O

Remark. If we set f(ny,,...,n;, ) =fi and g(ny,...,ny, ) = gk for all 1,k € N3, we recover the
standard binomial inversion:

1 1
fu=) Cfgxifand only if g =) (—1)" *Cffy, for all L € N3y,
k=0 k=0

with fo = Jo = 1.

Acknowledgements: The author thanks Anders Karlsson for suggesting this problem to her and
for valuable discussions. She also thanks Larry Glasser for pointing reference [6] to her.

2 Asymptotic number of spanning trees in the d-orthotope
lattice

2.1 Theta function
The eigenvalues of the Laplacian on the square lattice L(ny,...,nq) are given by (see [5])

d
{)\IE}kZO,l‘..”Nfl = {Zd -2 Z COS(T[ki/Tli), ki = 0, 1, ceey Ny — 1, fori= 1, ey d}
i=1
where N = Hid:1 ni. The d-dimensional discrete torus of size 2ny x --- X 2ng is defined
by the quotient Z4/diag(2ny,...,2n4)Z% with nearest neighbours connected. We denote it by
T(2ny,...,2n4). The eigenvalues of the Laplacian on T(2ny,...,2n4) are given by (see [12])

d
Moy, 2ano1 ={2d =2 ) cos(mki/ni), ki =0,1,...,2n; — 1, fori=1,...,d}.
i=1
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Notice that {ALh C {A] k.

The theta function on the d-orthotope lattice L(my,...,ng) is given by
n;—1 ng—1
eL(n N Z Z o (2d— 25 & cos(mki/mi))t
Tyeeey d
=0  kq=0
and on the discrete torus T(2ny,...,2n4) by
2n;—1 2ngq—1
eT(an an Z Z e (24— 23 3 cos(mk; /i)t
=0 ka=0
Therefore by expressing the theta function on the d-orthotope square lattice L(ny,...,ngq) in terms
of the one on the torus T(2ny,...,2n4), one can deduce the asymptotic behaviour from the results
obtained in [2].
Let [a,b] denote the set of successive integers {a,a + 1,...,b}. In the theta function on
L(ni,...,nqa), the summation is over the discrete d-orthotope [O,m; — 1] X -+ x [0,ng — 1]
that we denote by Jq, while for the torus T(2ny,...,2n4) it is over the discrete d-orthotope
[0,2n;—1] x- - - %[0, 2n4—1], denoted by J4. We decompose J4 as a disjoint union of l-dimensional
faces, L = 0,1,...,d. The O dimension is the point 0 € Z<, we call it the root of J4. For

1€ {l,...,d—1}, the l-dimensional faces are defined by a subset of Z¢, (k1,...,ka) C Jq. such that
El{iq}gzl € Sq such that ki, € [l,ni, —1], g=1,...,land ki, =0, g =1+1,...,d. We call the
d-dimensional face the interior of J4 where no coordinate is zero, that is [1, n;—1] x- - - x [1, ng—1].
For example, in the 2 dimensional case, Jo decomposes as:

IZ :{O}Ll ([[1,'[11—1}] X {0}) L ({0} X [[1,1’12 —1]]) L ([[1,1’11 —1]] X [[I,Tlg —lﬂ)

In the theta function of the torus T(2ny,...,2n4), the summation is over 2¢ copies of J4, namely:

Ja= | ] Ua+(ey... eq))

ei€{0,mi}
i1,...,d

where the unions are disjoint. Figure 2 illustrates the decompositions of J4 and Td in the case
d=2.

e O O © e O O O e o o o
@ o o o @ o o o @O o+ o o
@) J2 ® J2

Figure 2: J and TZ with n; = 4 and ng = 3. The big black dot is the root of Jg, the small black
dots are the two 1-dimensional faces and the white dots are the interior of Js.
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Let define the theta-star function on the lattice L(ny,...,ni ), with 1 <1 <--- <1i; < d, by
the following expression

nil—l n-ll—l .
« o —(21-23 ' . cos(mki/mi))t
eL(nil\-n\nil)(t) = Z e (4 i=1ig
ki=1 ki =1
where the summation is over the interior of the l-orthotope of size my, X --- X my,, that is, the

ki’s start at 1 instead of O for all i € {ij,...,11}. Therefore the theta function is related to the
theta-star function by the relation

d
eL(“l»---»“d)(t) = Z Z e}i(nil,...,nil)(t)‘ (4)

1=0 1<iy< - <i 1 <d

To evaluate the theta function on T(2ny,...,2n4) we sum over the roots of the 29 discrete
orthotopes Jq4, the l-dimensional boundary faces of Jq and the interior of J4. Summing over the
roots of the J4’s means that for all i =1,...,d, k; is either O or n;. There are C; = d!/(j!(d—j)!)
number of ways to take j of the ki’s to be zero. In this case the corresponding exponential term of
the theta function is e 4(4=1)t, The term 1 = 0 is then the sum of all the possibilities:

d
Clle4d=00t — (1 4 414,
=0

Then for each l-dimensional boundary face of J4, where 1 € {1,...,d — 1}, there are d — 1 of the
ki’s which are either O or ni, this positions the l-dimensional face in Td. For this 1, there are CL,I
number of ways where j of the ki’s are zero and the exponential term is then e~ 4d=1=9)t " And we
sum over the interior of the l-dimensional face L(ny,,...,ny,), where 1 <1i; < --- < iy < d, which
is by definition the theta-star function 07 (Mtgpererm,) (t) with a factor of 2" since this configuration

iy

appears 2! times. So for 1 €{l,...,d — 1}, we have

o

-1

—4(d—1—j Lo+
Cl_ e ( i)t Z 2 eL(mp_._’ml)(t).

1<i<-<iy<d

I
o

Finally we sum over the interior of J4, that is, when all the ki’s are greater or equal to one, which
appears 29 times. This gives the | = d term

24907 1).

Tlxw-»ﬂd)(

The theta function on T(2ny,...,2n4) is then the sum over the l-dimensional faces of the 29
orthotopes J4:

4 /14t
Oy, zms) (1) =205 (—2 ) Y O
1=0 1<i<--<ii<d
which is equivalent to

d
(1) %0ran,ono(t) =) 2'1+e™)70 3 0 ()
1=0

ISij<<i1<d



77

By setting

f(ny,...,na) = (1+e ) 01120, 2na(t) and g(ny,...,ny, ) =2 (1+e *)7t0F

(Migyeesmyy) (t)

in Lemma 1.4, it comes

O nyem ) (V=271 (F1=e™™™ % By om0
m=0 1< <jm

Galty 1C{1q}q 1

From the above relation and relation (4), the theta function on the d-orthotope square lattice is
expressed in terms of the theta function on the d-dimensional torus:

el_[nl,...,nd Z Z Z 2- 74t)1 Z eT(anl,...,Zn]-m)(t)~

1=0 1<iy<-<i; <d m=0 J1<-<jm
(a)ioiCliaty—

Rewriting the double multi-index summation in one summation using (3), we have

1
OLiny,...nqa)(t) = Z Z Cimo Y (—1—ett-m Z 07 (2ni,,..02ni,) (1)

1=0 m=0 I<ii<--<im<d

Therefore the theta functions are related by

d
1 _
el_(n[,...,nd 7d Z 1_ € 4t Z eT(Znil,...,Zn-lm)(t)- (5)
m=0

ISi< - <im<d

2.2 Preliminary calculation

Let {7\}})':0,”,)1\1,1 be the eigenvalues of the combinatorial Laplacian on the square lattice
L(ny,...,nq). For small t > 0, the theta function on the torus O7(2ny,,...2n,,,) behaves as

B7(2n om0 () =27 (T i, Je ™ o20™ = O(), t 0. ©®)
=1

We follow the method derived in [2]. From relation (3) and the behaviour of the theta function at
small t > 0 (6), we start by writing the theta function on the lattice L(ny,...,nq) as

—4t

. d 1—e d—m
Y e Nt Zl (T) e Mt (2t)mVanm
m=

j#0

d 17 ei4t d—m y 4
eL(nl,...,nd)(t) - Z (T) e mtIo(Zt)meTLm —1f,

m=1

to ensure the convergence of the integral of the Gauss transform that will appear below. By taking

the Gauss transform of the above, that is, multiplying by 2se~5"t and then integrating with respect
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to t from zero to infinity, we have

§ 2s Ed d,.m * —s2t 1— e_4t o —2mt m
m = an 2s e T e 10(2‘[] dt
) S ; — 0

+ 2s Z J e—s t(l e—4t)d
m=1 0
! 0 (t) ! v nme—2mty (gfym : C™)dt
X 9d Z T n2nig ) Y T g mh € 0 gd-d
1I<ii<-<im<d
+J e*SZt((lf 74t 2d+ Z Cm 74t d— m]dt @
0
For m € {l,...,d}, define the functions Z§, and H4, . such that
o0 2 1—e 4t d-m
651'1‘111(5) = ZSJ e st (T) e 2y (2t)™dt ®)
0
and
o0 2
OsHo (s) = ZSJ e S t1—eMt)dm
0
1 1 d 72mt m 1 m
| 5a Z 7 (2n,,....2n0p) (1) — T - Van™ Io(2t)™ — ZTCd dt.
I<i<-<im<d
©)
Equation (7) can then be written as
2s d 1, (® _o
> T " Z VAN I (s) + D M L (s) + z—szJ e S H(2—e 14 —29)at. (10)
j£0 m=1 0

By integrating over s equations (8) and (9) we get

a C b (s242ant dt
Z3(s) = | et e 20

and for m # d,

Id (S) _ 1 J'oo(l _ ef4t)d7mef(sz+2m)t1 (Zt)mg
m - 4d7m 0 0

Hils) == | e tam ety
0
1

1 d —2mt
x (27 > OTeni,,. . on, ) (B) = gam Ve T Lo (20T — 54 Cm -

ISi<-<im<d
By integrating equation (10) above we get

d

1 (= dt
HG n(s) = _7J (€ (Or(2my,....2ma) (1) — VE(20) D24 (20) — 1) + e7)

dt

d d
Z log(s? +7\jL) = Z vinmzd (s)+ Z H%‘n(s) +Z Ck(—2) *log(s? + 4k) + constant. (1)

§#£0 m=1 m=1 k=1



79

The asymptotic behaviour of the functions Z% and Hg , as s — oo determine the constant of
integration. We have

Z4(s) = 2logs +o(1) and T3 (s) = o(1) for m # d as s — oo

and

Hg)n(s) = f% logs 4+ o(1) and anm(s) =o(l) form#dass— oo
and

Zlog(s2 —I—?\]!‘) =2(N—1)logs+o(1) as s — co.

j£0
Therefore, equation (11) as s — oo yields

1
2(N—1)logs +o(1) =2Nlogs — -7 logs + 55— (1—2%) log s + constant + o(1)

1
9d—1
implying that the constant is zero. Evaluating equation (11) at s = 0 gives the logarithm of
the product of the non-zero eigenvalues of the Laplacian on the d-dimensional square lattice
L(T‘Ll, e ,Tld)l

d—1 d d
log (HA}) =caVind+ ) VAZI(Om™+ Y HE (0)+ > CH(-2) Flog(4k)  (12)
j#0 m=1 m k=1

where

o0
ca :J (et — e2aty 20y 4
0 t

2.3 Asymptottc expansion

By expanding (1 — Zd o CK_ L (—D)ke 4kt in ’Hf}l’n(O), it can be rewritten as
HS, o (0) = Z ck_
o0 e dt
—akt —2t —t
x Z. . (e (Or2nyy . 2ne,) () — [ [ (2o ne ™ To(2t)) 1) +e7) =,
1I<yy<--<im<d q=1
for all m =1,...,d, where the e~ t term is added to make the integral converge. It can be added
since Zd o C A(=1F =0 for m=1,...,d—1 By splitting the sum over k we have
d
D Hpal0)=
m=1
1< oo o dt
—5a ). D J (Or2ny e zni) () = [ [ (201 ne ™ To(26) — 1+ €)==
m=11<i; < <im<d 9 q=1
1 d d—m 0o m dt
— 53 > (€ (0112 nnzne,, ) () — [ [ (2o ne*To(20)) 1) + &) .
m=1 k=1 I<ij<-<im<d 9 q=1
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From [2, Theorem 5.8], the asymptotic behaviour as n — oo of the k = 0 term is given by

1 & o m dt
~5d Z Z J (O1(2n,,...,2n,0) (B — H(Zociqnefztlo@t)) —1+ e’t)T

m=11<ij<<im<d

d
1
== Z—d Z Z (2 lOng — CDIQ’“/di.ag(?OCil,.--,ZOCim A (0)) + 0(1)

m=11<ij<---<ijm <d

After a change of variable t — nZt, the sum over the non-zero k's can be split as
d—1d—k

S D10 MED M BNE L

k=1m=11<ij<--<in<d

1 2 2 dt 1 2 2. dt
X J e 4kn t(eT(Znil,...,Zn-‘m)(nZt) — | |(2cxiqne_2“ tIo(2n2t)))—t —l—J (et _ e kn t)—t
0 0
q:l

% akn’t 2 dt
+| e (O1(2n,,. 2, (M) — UT
1

e 2 2, T 2 dt
+ J (et — g dknt H(zcxiqne*h tlo(znzt)))T . 13)
1 q-1
From the propositions in [2, section 3], the first, third and fourth integrals tend to zero as n — oo.
The second integral tends to

oo dt
J (et — e 4 == = log(4k).
0 t

The limit as n — oo of (13) is then

d—1d—k 1 d—1
> CrCh n(—1D)*log(4k) = ~54 ck(29* —1)(=1)* log(4k).
k 1 m=1 k=1

Therefore, the ’an)n(O) term together with the constant term of equation (12) behave as

d d
1 1 1
<2 - 2d71) logn — 9d Z Z CRm/dLag(Zcxll, 20;, )z ( Toa ; )* log(4k)

m=11<i;<-<ip<d
as n — oo.
We will now express the derivative of the spectral zeta function on the m-dimensional real torus
R™/diag(2a,, ..., 24, )Z™, that is C]f{m/diag(miwmmim)Zm, in terms of the derivative of the
spectral zeta function on the m-dimensional orthotope of size o, X --- X &4, . The eigenvalues of
the Laplace-Beltrami operator with Dirichlet boundary conditions on the m-dimensional orthotope
of size oy, X --- X oy, are given by

m k: 2
Ne=7) <(X—q> with k = (ki ..., ki, ) € (N)™
q=1

So that the spectral zeta function on the m-dimensional orthotope of size o, X --- X o4, with
Dirichlet boundary conditions, denoted by Coc-llx~--xaxim’ is given by

m ki 2
C(xilxmxocim(s):% Z Z( .q)

104
Kipyeoo ki 21 \ q=1 ta

—Ss

m
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The spectral zeta function on the real torus R™/diag(20,, ..., 2a4, )Z™ is given by

—S

1 =k, \C
i
CRm/diag(Zoc-ll,.“,Zocim )Z'“(S) = (27_[)25 Z Z < q >

Xi
(Kipseskip JEZ™\{0} \ q=1 q

The spectral zeta functions are then related by

m
C]R"‘/di.ag(Zocil,.u,Zocim)Z‘“(S) = Zzl Z Cocj]x---xocjl(s)-
1=1

Ji<---<ju
)Y iClighl,

Summing the above over all ig, g =1,...,m and over all m, m =1,...,d, gives

a
1
7d Z Z CR™ /diag(2acs, .. 201, )2 (S)

m=11<i;<<im<d

1 & i
P D M D NS

1I<ij<-<im<d 1=1 J1<---<ji1
{jq};:1cﬁq}?:1

1 d m
= 9d Z Z CESLT Z Coc-l1><-»-><ociL (s)
m=1 1l=1

1<i<--<iy<d

d
= Z Z C(xilxmxcxim (S)

m=11<ij<---<i<d

where in the last equality we exchanged the sums over m and l and used the fact that

ng:l C‘&l:ll = 29-1 By expressing the derivative of the spectral zeta function evaluated at

zero in terms of the regularized determinant of the Laplace-Beltrami operator on m-dimensional

orthotopes, m = 1,..., d, with Dirichlet boundary conditions, we have
1 & d
!/ . *
Zid Z Z Z’R"‘/diﬂg(zail,...,ZOLim)Z‘“ (0) = — Z Z logdet AO(iIX"'XOCim'
m=11<i< - <im<d m=11<i; < <im<d

Putting everything together gives the asymptotic behaviour of the determinant of the Laplacian on
the d-dimensional square lattice L(n,...,nq)

| o0 dt
log det* At (aym,...,qn) = CaVgnd — > yEE=m (J (1— e*4t)d*me*2mt10(2t)m7) vdnm
0

m=1

d
+(2—-2"%logn + Z Z logdet*Acxilx,,,Xocim
m=l11<ij< <im<d

d

1

+5q > Cr(=1)™log(4m) + o(1)
m=1

as n — oo. Notice that in the bulk limit the lead term is the same as in the case of the torus

but lower order terms are deducted; for each m-dimensional face, m = 1,...,d — 1, a term
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proportional to Vfranm is deducted. This can be explained by observing that in the torus case we
have a periodic lattice while for the d-dimensional hypercubic lattice the periodicity is substituted
by free boundary conditions. Spectral determinants of the limiting d-dimensional orthotope and
each of its m-dimensional faces, m =1,...,d —1, also appear. Moreover the last constant term is
new in the development. The terms in Vﬁlnm appearing from the boundary effect can be written
in the following way:

o 1— ef4t d— m672mtI 2t C J et — e7(2k+m)tI H)m) =,
JO ( ) of Z N o™ <

These integrals are denoted by J.,(2k + m) in [6] by Glasser and are related to the Mahler
measure of the hypercubic polynomial P(xgy...,Xm) =4k +2m + Z).”;l(xj + xj_l) by the relation
m(P) =log2 + Jm(2k + m). In [6], Glasser calculates these integrals in terms of hypergeometric
functions for m = 2 and 3. For m = 1, one explicity has

d—1

1 [ t 1

TMJ (1—et)d-le 2 (Zt)i e 1ZC —1)*log(2k + 1+ 2v/k2 +
0

(see [11, Proposition 2.4]).

Example. Consider the two dimensional rectangular grid oyn X agn. The volume of the limiting
rectangle of size & X oz is V22 = &g with perimeter V12 = 20 + 20t9. From Theorem 1.1 it comes

4G 1 3
log det™ Ay (ayn,aom) = V2 2_ 3 log(1+4 V2) Vin 4+ = 9 logn + log det™ Ay, x o

1
+logdet* Ay, + logdet* Ay, — 1 log2 + o(1)

as n — oo, which is equivalent to the formula derived in [3, section 4.2].

2.4 Asymptotic number of rooted 2- and 3-spanning forests

In this section, we derive asymptotics for 2 and 3 component rooted spanning forests in d-orthotope
square lattices. Let Nﬁ denote the number of rooted k-spanning forests on L(ny,...,ng) which is
given by the k-th power in s? of the characteristic polynomial:

l_ILI ni—l1 2
L S
1 (M+3).
j=0

Following [5], by expanding the above in powers of (s/n)?, one finds that N& and N¢ are related
to Nld by

Ny _ Zi g N L[ /Ng Z_ZL
Nd T Nd 2 Nd (AL)2
1 j#£0 ) 1 1 j£0 '

The number of rooted spanning trees Nld is related to the number of unrooted spanning trees
T(L(ny,...,ngq)) by the relation

N = (ﬁni)T(L(nl, vy Ma)).
i=1
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Recall that from equation (11), we have that

a d a
Z log((s/n)* +Af) = Z vanmzd (s/m) + Z HE, o (s/m) + Z CK(—2)*log((s/n)? + 4k)
§7£0 m=1 m=1 k=1

where -

a _ —t  _—((s/n)%+2d)t a,dt
Zg(s/m)=1| (e " —e Ip(2t) )T'
0
We have
lim Z$(s/n) = cq.
n—oo

For d > 3,

o 2 dt  s?
lim n?(Z3(s/n) —cq) = lim nZJ (1—e (/M e 2dt o) d =2 — 2w,
n—oo n—oo 0 t 2

where Wy is the so-called Watson integral for the d-dimensional hypercubic lattice

Wy = J e~ 9ty (t)4dt.
0

In [8], Joyce and Zucker introduced the generalised lattice Green function defined by

. 1 o k—1_,—wt d
Ga(mk,w) = g L t e ilt[llm(t)dt
where n = {ny,...,ng} is a set of non-negative integers, w > d, k > 0 and T is the gamma
function. Here the lattice Green function will only appear with n = 0, hence we denote it shortly
by Ga(k,w). In [8], numerical evaluations of the integrals cq and Wy are computed and also in
[2] for cq and in [7] for Wq and Gq(1,w).

For d > 5,

o0 2 t
lim (n*(Z¢(s/n) —cq) —n%s?W4) = lim n4J <1 e (s/myt %t) e’ZdtIO(Zt)ddT
n—oo

n—oo 0

s4
= —%Ga(2,d).

Continuing in this way, we arrive at the following expansion for Z$(s/n) as n — oo

[(d—1)/2]

2k
d—rd d k+1_d—2k S
n4Zd(s/n) = cqn® + kZ:l (=1)*tn @Gd(k, d) +o(n). 14)

Recall that for m € {1,...,d —1},

e dt
Irclll(s/n) _ J (1 _ ef4t)dfmef[(s/n)2+2m)t10(2t)mT.

_4d7m 0
We have
lim Z4 (s/n) =74 (0).

n—oo
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Similarly as for m = d, we obtain as n — oo

nmzd (s/m) =% (0n™
[(m—1)/2] 2k

1 k. m—2k S * —2tyd—m ,—mt k—1
+ﬁ Z (—D)*n™ @L (I—e Y Me ™ ()™t dt + o(n).
1s)
The above integral can be expressed in terms of the generalised lattice Green function:
1 Oo 2t\d k—1
— 1— e 2tyd—me—mt ()Mt t= K, 2
(k—l)!Jo( e Y e o(t) d ZC m(k,m+21).
Putting equations (14) and (15) together gives the expansion for d > 3
d—1 L(a—-1)/2] 2k
2 L d dzd k+1y/d d—2k
Zlog((s/n) +A1) =Vicand+ ) VAT (O™ + ) @Q—l) VEGa(k,d)n
j#0 m=1 k=1
_1\k d—1 1 oo
Fhap X Ve [T e ey gnetar) + o
m=2k+1
where 8q>4, =1 if d > dp and O otherwise.
For d = 3,
2
3 log((s/m)? +AF) = Viezn® + VPZH(0)n + VEZH(0)n? + %vgwgn +o(n)
j#0
with the special values (W3 is given in [8])
1
73(0) = E1og (17 +2V2)(5—2V6)) and W5 = m(\/§—1) (T(1/24)T(11/24)) .
For d > 4,
d—1
Zlog((s/n)2 +7\jL) Vicand + Z vazd (0™
i#0 m=1
s2 e O
+ 5 <V§ded2 — Z vdnm—2 Jam L (1— eZt)dmemtlo(t)mdt>
m=3
4 d—1 )
+ 5 [ =855 VEG4(2, AN + 5as6 > vinmt ! J t(1— e 2t)d—me M, (1) ™dt
8 d —= 4d m 0

+ (terms in s* with k > 3) 4+ o(n)

as n — oo.
On the other hand, the formal expansion of Z]. £0 log((s/n)% + 7\}) gives

2 1
3 log((s/m)2 + A1) = log <H7\L> ( )y A

j#0 j#0 p>1 j#0
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By identification of the terms in s?

ford=3,asn — o

, we find the asymptotic number of rooted 2-spanning forests

and for d > 4, we have

1 ve vé 1 (®
- = wadnd — 7mnm4d7m J (1—e 24 me ™ (t)™dt 4 o(n®)
j#0 "I m=3
so that
% R V! 1 (>
Ng = %ded — Z Tmnm4d—m J (1—e 24 me ™ (t)™dt + o(n3) | N{
m=3 0

where N{i is asymptotically given by Theorem 1.1. By identification of the terms in s, we find that
as n — oo

1
1 om9
2y

so that the asymptotic number of rooted 3-spanning forests for d = 4 is given by

N ((fowuzng _VsVi
) 8 8

oo

W4Tl7 J

(1—e 24 3ty (1)3dt + o(n7)> N, as n — oo.
0

Remark. It would be interesting to find the next terms in the development. For the 2-dimensional
case, we would need to find the asymptotic development as n — oo of the following integral

o0 , dt
J nz(l—e’(s/“)zt)e"‘tIo(Zt)zT.
0

In [3], the authors computed the asymptotic development of Zj 40 log((s /M)?4\;) in the case of the
torus with other techniques. To generalise their result to higher dimensions with our techniques,
for example in the 3-dimensional case, we would need to find the asymptotic development of

o 2 dt
J (31 —e /MY —nszt)e_GtIO(Zt)ST
0

as 1 — oo. This would enable us to derive asymptotics for the number of rooted k-spanning
forests with k > 4.

2.5 Spanning trees in two-dimensional square lattices

In the two-dimensional case, one can derive an exact relation between the number of spanning
trees on the rectangular square lattice n; X ng and the one on the torus of size 2n; x 2ng. The
product of the non-zero eigenvalues on T(2ny,2ng) is given by

2n;—12ny,—1

det* At ong = [ [ ] (4 2cos(mki/ny) — 2cos(mka/n2)).
k1:0 k2:0
(k1,k2)#0
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The product over ki, kg is a disjoint union of products over four squares of size n; x ng. We split
this product as a product over the 0, 1 and 2 dimensional faces of the squares. It comes

n—1 ng—1
det* At(an, 2ny) = 4%8 [ [ (2 — 2cos(mky/m1))? [ ] (2 — 2 cos(mkz/ns))?
k=1 ko=1
n—1 ng—1
x [ (6~ 2cos(mki/ni))? [ ] (6 —2cos(mka/n2))?
ki=1 ko=1
n—1ng,—1
X H H(4—2cos(7'ck1/n1) — 2 cos(mkg/ng))%. 16)
ki=1 ko=1

On the other hand, the product of the non-zero eigenvalues on the square lattice L(ng, ng) is given
by

n;—1 ng—1

det* ALy = [ | J] (4~ 2cos(mki/ny) — 2 cos(mka/ms)).

k]:() k2:0

(k1,k2)#0
By splitting the above product as a product when k; = 0, then kg = 0, then 1 < k; <y —1,
1< ke <mg—1, we get

n;—1 ng—1
det* At nyny) = | [ (2—2cos(mki/m)) | ] (2 — 2cos(mky/ny))
k=1 k=1
n—1Iny—1
X H H(4—2<:os(7tk1/n1) — 2 cos(mkg/M2)). 17)
k=1 kg=1

Using the matrix tree theorem and putting the following identities coming from relations for
Chebyshev polynomials of the second kind

n—1 n—1 - B N
(2 —2cos(mk/n)) =n and H(G_Zcos(ﬂk/n)) _ (3+2V?2) (3—2v2) ’
k=1 k=1 42

in equations (16) and (17), it follows that

25/47(T(2ny, 2ny)) /4

T(L(ny,ng)) = (un2)Y4((3 + 2v/2)™ — (3 — 2v/2)M)V/2((3 + 2v/2)m — (3 — 2/2)ne)1/2”

Remark. It would be interesting to see if one could generalise the above relation to higher dimen-
sions. It could not be done in the same way as it is done above. More precisely, when splitting
the product in 3 dimensions as a product over 0, 1, 2 and 3 dimensional faces, one would need
for example to evaluate the following product

ni—1lny—1

H H (8 — 2 cos(mky /1) — 2 cos(mky/N2))

ki=1 ko=1

appearing for the 2-dimensional face defined by ks =ngand k;=1,...,nq—1L ko =1,...,n9— 1.
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3 Asymptotic number of spanning trees in the quartered Aztec
diamond

3.1 A relation between the number of spanning trees on the quartered
Aztec diamond and on the square lattice

In [4, 10], the authors showed that the number of spanning trees in the quartered Aztec diamond
of side length n is given by

T(QAD,) = [] (4—2cos(mki/n) —2cos(mky/n)).

O<ki<ko<n

The product of the non-zero eigenvalues on the square grid of side n is given by

n— n—1

det* ALy = H H (4 — 2 cos(mtky/m) — 2 cos(mtky/n)).
k= k =0
(k1,k2)#0

By splitting this product as a product when k; = 0, then kg = 0, then k; = kg, kj =1,...,n—1,
then k; < ko and ko < kg, we have

n—1 n—1
det* Apnm) = | [(2—2cos(mk/n))* | [ (4 — 4 cos(mk/n))
k=1 k=1

X H (4 — 2 cos(mky /n) — 2 cos(mky/n))2.
1<k <ko<n—1

From the matrix tree theorem, it follows that

(L(n, n))l/2

T(QAD,,) = NG 18)
3.2 Asymptotic expansion
From (18), we have
1 N n 3 1
log(T(QADy)) = 3 log det™ A () — 3 log2 — 3 logn + 3 log 2 (19)

where the asymptotic behaviour of log det™ AL(n’n) is given by

1 log2+o0(1) (20)

> Jogm — f,(0) ~2{(0) — |

4G
log det™ Ay (n n) = 711 —2nlog(1+Vv?2) + 3

as n — oo.
Consider the right-angled isosceles triangle with the sides of same length equal to 1. The eigen-
values of the Laplace-Beltrami operator with Dirichlet boundary conditions are given by

M = (k¥ +%3), with k = (ki, ko) € (N*)? and k; > ko.

The associated spectral zeta function with Dirichlet boundary conditions, denoted by Ca, is then
given by

1 1
&A(S):@ Z 7(k%+k%)s'

1<ko <k
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The spectral zeta function on the unit square with Dirichlet boundary conditions is given by

1 1 .
Gixi(s) = R kl%>lm =20a(s) +27°C(s).

The spectral zeta function on the unit interval with Dirichlet boundary conditions is related to
the Riemann zeta function by (i(s) = (2/72%)(2s) with special values in 0, {(0) = —1/2 and
C'(0) = —(1/2)log(2m). Thus we have that ({(0) = —2log2. By differentiating the above and
evaluating in s = 0, we get

Cix1(0) =204 (0) —log 2. @1

Putting (19), (20), (21) together and writing the derivative of the spectral zeta function in O in terms
of the regularized determinant of the Laplace-Beltrami operator on the right-angled isosceles unit
triangle with Dirichlet boundary conditions, that is

CA(0) = —log det*An,

gives the asymptotic behaviour of the number of spanning trees on the quartered Aztec diamond,
namely

2G 3 23
log(T(QAD,,)) = 7n? —nlog(2+v2) — 7 logn +log det*Ap + g log2+ o(1)

as n — oQ.
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Low temperature ratchet current”

Justine Louis

Sth August 2015

Abstract

In [3], the low temperature ratchet current in a multilevel system is considered. In this note,
we give an explicit expression for it and find its numerical value as the number of states goes
to infinity.

1 Introduction

In this note, we compute the stationary ratchet current in the large system size limit. In [3], the
authors derive a formula for the occupation of a general multilevel system at low temperature. As
an application, they consider a continuous time version of Parrondo’s game at low temperature (see
[4]) and give an expression for the ratchet current. We consider a multilevel system determined
by a finite number of states. The set of all states is denoted by K. The ratchet is modelised by
two rings of N states. In the present section, we recall the definitions and results from [3, section
3] and in the next section we give an explicit expression for the ratchet current using the Tutte
matrix tree theorem and find its limit as the number of states goes to infinity. The states on the
outer ring are denoted by (0,1) and on the inner ring by (1,1), where i = 1,...,N. The energies
are denoted by Ei, i=1,...,N and are such that E; < --- < En. The transition rates on the outer
ring are given by

7\((1) 0)) (1 +1, O)) = eB(EiiEiH)/Z» )\((1 +1 0)) (1) O)) = eB(EiHiEi]/Z
where f3 is the inverse temperature. On the inner ring, the transition rates are constant and equal

to one, that is,

The two rings are connected with transition rates constant equal to one,
A((i,n), (i,1—n)) =1, where n =0,1.
The zero-temperature logarithmic limit denoted by ¢(x,y) is given by
. 1
d(x,y) = lim —logA(x,y).

B—o0 B
The zero-temperature logarithmic limit of the escape rates of state x is denoted by I'(x) and given
by

1
Mx) = — lim E1c>g(§x(x,y)) = —max b(x,y).

*arXiv:1508.01189. The author was supported in part by the Swiss NSF grant 200021 132528/1.
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The logarithmic-asymptotic transition probability is given by e PU%Y) where
U(x,y) = —T(x) — d(x,y).

We have U(x,y) > 0 for all x,y € K. The smaller U(x,y) is, the larger is the probability of
transition from state x to state y. Hence, the set of preferred successors of x is defined by

{y e K[U(x,y) =0}

When U(x,y) = 0, the probability of transition from x to y is high. Thus we consider the directed
graph KP defined by the vertex set K and edge set {(x,y) | U(x,y) = 0} where (x,y) indicates an
oriented edge from x to y. The digraph KP is represented in Figure 1 below. The low temperature
asymptotic of the stationary occupation is given in the following theorem from [3]:

(O,N-1) 0,3

0.1)

Figure 1: The directed graph KP.

Theorem ([3, Theorem 2.1]). There is € > 0 so that as f — oo,

p(x) = A(X)QB(F(X)—B(X))H + O(e_ﬁe))

1
Z
with

O(x) ::meum;) for U(T):= >  Ulyy’) and
(va')elr?i

A = > ] alyy)=e®

TeM(x) (y,y’)e€Tx

where the last sum runs over all spanning trees minimizing U(7Ty) (i.e. T € M(x) if ©(x) = U(Tx)),
and a(x,y) are the reactivities, which are the sub-exponential part of the transition rates A(x,y).
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Here all the reactivities are constant equal to one, a(x,y) =1 for all x,y € K. In the present
case, for all x € K, there exists an in-spanning tree 7y in KP, so that U(7y) = 0, and therefore
O(x) = 0. Let D be the set of states for which I'(x) = 0, it is given by D = {(1,0), (i,1),1 =
1,...,N}. We denote f~ g if f =g+ O(e P€) as B — oco. For x € D, we have p(x) ~ [M(x)|/Z,
where |M(x)| is the number of in-spanning trees in KP. For x ¢ D, the stationary distribution is
exponentially small since from the theorem it is given by p(x) ~ [M(x)|ePT™)/Z, with I'(x) < 0.
The stationary ratchet current in the clockwise direction is given by

]R = ]((1’+ 1)0)) (170)) +J((1+1)1)) (1)1))) for i= 1)"‘?N)

where j(x,Y) = Ax,y)p(x) — Ay, x)p(y).
Fori=1,

Jr =i((2,0),(1,0)) +j((2,1), (1,1)).
On the outer ring, we have j((2,0), (1,0)) = A((2,0), (1,0))p(2,0) — A((1,0), (2,0))p(1,0) with
A((1,0),(2,0)) ~ 0, A((2,0),(1,0)) = e!F+FIB/2
p(2,0) ~ Weﬁ”w = L;’O)'e*(EZ*EUB/Z,

so that j((2,0), (1,0)) ~ |M(2,0)|/Z.
On the inner ring, we have j((2,1), (1,1)) = A((2,1), (1,1))p(2,1) — A((1,1), (2,1))p(1,1) with

M2, (1L,1) =AUL Y, (2,1) = 1,
M(2,1 M(1,1
pl2,1) = MU g gy o~ MLDL

so that j((2,1), (1,1)) = (IM(2,1)] — IM(1,1)|)/Z. The ratchet current is thus given by
1
Jr = — (IM(2,0)] + M(2,1)] = IM(1, 1))

Considering converging arborescences, the Laplacian matrix of a directed graph is defined by
L =D —A where D is the diagonal out-degree matrix and A = (Ayj) is the adjacency matrix such
that Ayj is the number of directed edges from 1 to j. The rows and columns of L are indexed by the
vertices of the graph. Here, we index it first by the states on the outer ring then the ones on the
inner ring, that is (1,0),(2,0),...,(N,0), (1,1),(2,1),...,(N,1). The Tutte matrix tree theorem
(see [1]) relates the number of spanning arborescences converging to x in KP to the cofactors of
the Laplacian det Ly . Let x € K. Then for all y € K,

IM(x)| = (=1)**Y det Ly, .
In particular, for y = x, we have |M(x)| = det Ly. Therefore we have
1
]R ~ g(det L(gyl) + det L(z)o) —det L(l,l))-

The Laplacian matrix is given by
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B is the N x N matrix such that all coefficients are zero except B(y¢),(1,1) = —1, the matrix Id is
the N x N identity matrix and C is the following circulant matrix

3 -1 —1

2 Calculation of the ratchet current
From [3], the numerator of Jr is given by
det L(g‘l) + det L(Z,O) —det L(l,l) =detBn_1—2det Bny_9o —2

where By is the N x N tridiagonal matrix with 3 on the diagonal and —1 on the two off-diagonals
which satisfies the recurrence relation det By = 3det By — det Bny_g with det By = 3 and
det By = 8. By solving the associated characteristic equation, it comes

53ﬁ<3x/5)’“+5+3\/5<3+\/5>‘“.

detBn =—35 2 10 2

The normalisation factor is given by

z=) > I My2~) Mx)I=) detL,.

xeK Tx (y,z)€Tx x€D x€D

The sum is over the states inh D since the contribution of the states which are not in D is
exponentially damped. Therefore we have

N
Z ~detLi) + ) detLiy). M
i=1

We have
det L(I,O) =det C.

The circulant matrix C has eigenvalues given by p; = 3 — 2cos(2nj/N), j = 0,1,...,N —1 (see
[2]). Hence

z

detLo) = [ [ (8 —2cos(2mj/N)) = U%_;(V5/2)

-
I
=}

where Uy is the Chebyshev polynomial of the second kind. Thus

3+v5\"  /3-v5\"
detL(l)o):< +2\F> +< 2\[) —2.

@

From the Tutte matrix tree theorem, the cofactor (—1)N*tdet Li,1) is equal to the number of
converging arborescences to (i,1) and is equal to the cofactor of the Laplacian where row (i,1)
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and any column is removed. Since the only non-zero element of B is in column indexed by (1,1),
we choose to remove that one, so that

IM(,1)] = (=) NFIFMNFD et T gy gy = (=1 det C iy, 1) ®3)

since A is lower triangular. On the other hand, by adding to the first column of C all the other
ones, we have

1 -1 ~1
1 3 N
detC=| _q - -.. = (=) det Ci 1), (1,1)- )
S
1 -1 3

Putting equations (1), (2), (3) and (4) together, we have

3+\6)N+2(3—\/5>N_4.

Z ~2detC =2
¢ < 2 2

Up to exponentially small corrections e P€, the ratchet current is given for all N by

(PR () )

10 2 10 2 S 2

_5 ‘53“5 (3 ‘2‘@>N2 - 2) /(2((3 +VE)/2)N +2((3— VB)/2)N — 4)-

As a consequence, in the large system size limit the current saturates and has the following limit

1 1

N TR = 5 =

Acknowledgements: The author thanks Anders Karlsson for suggesting this problem to her.
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A formula for the energy of circulant graphs with two
generators®

Justine Louis

10th August 2015

Abstract

In this note, we derive closed formulas for the energy of circulant graphs generated by 1 and
Y, where ¥ > 2 is an integer. We also find a formula for the energy of the complete graph
without a Hamilton cycle.

Let 1 < y; < --- < yq be integers. The circulant graph CY"~Y¢ generated by y1,...,yq on 1
vertices labelled 0,1,...,n —1, is the 2d-regular graph such that for all v € Z/nZ, v is connected
to v+vyi mod n and to v—y; mod n, for all i =1,...,d. The adjacency matrix A = (Aj;) of
a graph on m vertices is the n X n matrix with rows and columns indexed by the vertices such
that Ajij is the number of edges connecting vertices i and j. Let Ax, k = 1,...,n, denote the
eigenvalues of the adjacency matrix. The energy of a graph G on n vertices is defined by the sum
of the absolute value of the eigenvalues of A, that is

n

E(G) =) -

k=1

The energy of circulant graphs and integral circulant graphs is widely studied, see for example
[4, 5, 6, 7]. It has interesting applications in theoretical chemistry, namely, it is related to the
mi-electron energy of a conjugated carbon molecule, see [2]. In the following theorem, we give a
formula for the energy of circulant graphs with two generators, 1 and v, vy > 2. The formula is
interesting as n is larger than .

Theorem. Let Dy, (x) denote the Dirichlet kernel. The energy of the circulant graph C%f is given by
E(Ch?) =4 (Dns6)(2/1) + Dy /6) (471/1)) .
Fory = 3, the energy of the circulant graph Chy is given by
[v/2]-1 [v/2]—-2
2mm 2mm
E(Cy) =4 ) D Di@inn/@qy+1) <T) - D uinny/@y-1))) (?)
me{l,y} 1=0 1=0

where | x| denotes the greatest integer smaller or equal to x and [x] denotes the smallest integer
greater or equal to x.

*arXiv:1508.02348. The author was supported in part by the Swiss NSF grant 200021 132528/1.
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Proof. The adjacency matrix of a circulant graph is circulant, it follows that the eigenvalues of
CkY are given by Ay = 2cos(2mtk/n) + 2 cos(2myk/n), k = 0,...,n— 1, (see [3]). The energy of

CRY is then given by
n—1

E(CLY) =2 ZIcos(ZTck/n) + cos(2myk/n)|.
k=0
Let v = 2. The two roots of the equation cosx + cos(2x) = 0 for x € [0,7] are /3 and . We
write the energy as

m/2]-1
E(CRY) =444 )  |cos(2mk/n) + cos(4mk/n)|
k=1
[n/6] n/2]-1
=4+4 Z (cos(27tk/n) + cos(47k/n)) — 4 Z (cos(27k/n) + cos(47k/n)).
k=1 k=|n/6]+1

The sum of cos(kx) over consecutive k’s can be expressed in terms of the Dirichlet kernel, namely

sin((n +1/2)x)

Dn(x) =1+2) cos(kx) = o~

k=1
As a consequence,
m
2 ) cos(kx) = Dy (x) — Dn(x).
k=n-+1

The energy of Ch? is thus given by
E(CR?) = 4D |y /6) (27/1) 4+ 4D | 6 (47/1) — 2D [ 27 -1(27/1) — 2D [ 271 (47/M).

The formula then follows from the fact that for odd n, D;,_1)/2(2rm/n) = 0 for m = 1,2, and
for even n, D,y 5_1(2n/n) =1 and Dy, j9_1(4m/n) = —1.

Let v > 3. For odd v, the y solutions of the equation cosx + cosyx = 0 for x € [0, 7] are given in
the increasing order by t/(y+1),t/(y—1),3n/(y+1),3n/(y—1),..., (y=2)t/(y—1),yrt/(y+1).
For even y, they are given by 7t/(y+1),7t/(y—1),3n/(y+1),3n/(y—1),..., (y=3)/(y—1), (y—
1)7t/(y+1), . Let n be odd. We split the sum over k of cosines to group the positive terms together
and the negative terms together. The energy is given by

(n—1)/2
E(ChY)=4+4 Z |cos(2mtk/n) + cos(2myk/n)|
k=1
[n/(2(v+1))]
=444 ) (cos(2mk/n) + cos(2myk/n))
k=1
[v/2]=2  [(21+3)n/(2(v+1))]
+4 ) > (cos(27tk/n) + cos(2myk/n))

1=0  k=[(2l+D)n/(2(y—1))]+1
[y/21-1  [(2W)n/@2(v—1)]
—4 Z Z (cos(27k/m) + cos(2mtyk/n)). )
1=0 k=[(2l+1)n/(2(y+1))]+1
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Writing the above relation in terms of Dirichlet kernels, it comes

E(CR) =2 ) (Dnjiy ) 2mm/mn)
me{l,y}
[v/2]-2
+ Z (D @48)m/2(v+1))) (2mm/1) = D (2141)n/ (2(y—1)) | (270m/1))
1=0

[v/2]-1
— Z (D\_(21+1)n/(2[y71))j(27Tm/n)_DL(21+1)n/[2(y+1))j(27Tm/n)))- )

1=0
Hence
[v/2]-1
ECR) = ) (4 D) Di@uman)(2mm/n)
me{l,y} 1=0
[v/2]-2
—4 Z D @urin/2(v—1) (2mm/n) — 2Dy 9] (27Tm/n)>~ )
1=0

The formula follows from the fact that D, /9)(2tm/n) = 0 for m = 1,y.
Let n be even. As for the case when n is odd, we write the energy as follow

n/2—-1
E(CRY) =4(1+ 8y 0aa) +4 ) lcos(2mk/n) + cos(2mryk/n)|
k=1

where 8 oqq =1 if v is odd and O otherwise.
For even v, relations (1), (2) and (3) hold. The theorem then follows from the fact that
D, 2(2m/n) = —1 and D, /2(27ry/n) = 1. For odd vy, we have

[n/(2(v+1))]
E(CRY)=8+4 >  (cos(2nk/n) + cos(2myk/n))
k=1
[v/2]1-2  [(21+3)n/(2(v+1))]
+4 Z Z (cos(2mk/n) + cos(2mryk/n))

1=0 k=|(2l+1)n/(2(y—1))|+1
fv/21-2  [(2l+Dn/(2(v—1))]

-4 ) > (cos(27tk/n) + cos(2myk/n))
1=0 k=|(21+1)n/(2(y+1))]+1
n/2—1
—4 Z (cos(2mk/n) + cos(2mtyk/n)).

k=[(2[v/2]-Dn/(2(v+1))]+1
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Expressing it in terms of Dirichlet kernels, it comes

E(Chy) =442 Z (Dl_n/(Z(y+1))J (27tm/n)
me{ly}
[v/2]-2
+ D (Dieusim/eiy+n) (2mm/n) = Dy (2iy-1) (2mm/n))
1=0

[v/2]-2

— Y (Dieumn/er-n) (2mm/n) = Dieun ey ) (2im/n)
1=0

— D21 (2mom/m) + D21y /21-1m/ 2(v+1))) (27”“/“))-

The theorem follows from the fact that Dy, 5 _1(2tm/n) =1 for m =1,7. O

A graph is called hyperenergetic if his energy is greater than the one of the complete graph

Kn. The eigenvalues of K;; are given by n —1 and —1 with multiplicity n — 1, so that his energy
is given by E(K) =2(n—1).
The figure on the left below shows how the energy of Cl{y grows with respect to n for y = 8. We
see that it is not hyperenergetic and that the energy grows more or less linearly with respect to n.
The figure on the right shows the energy of Cl{y with fixed n as y varies. We observe that the
energy stays more or less constant independently of y.

260
250
240;
230

220,

20 40 60 80 100 10 20 30 40 50 60 70

(a) Energy of Chs (crosses) and of Ky, (circles) with () Energy of Ci%}; with respect to y
respect to .

Figure 1: Energy of circulant graphs.

As a consequence of the theorem, we can carry out the sum of the Dirichlet kernels when the
number of vertices is proportional to 2(y — 1)(y + 1).

Corollary. Given integersy > 3 and o > 1, the energy of the circulant graph C;’z(yin (y+1) is given
by
E<C1,y ) —4 ¥ sin(mm([y/2] +1/(2x(y —1))/(y + 1)) sin([y/2]mm/(y + 1))
Zaly=1(v+D) sin(rmm/(2a(y — 1) (y + 1)) sin(mm/(y + 1))

me{l,y}
_sin(mm([y/2] =1+ 1/(2aly +1)))/(v = 1)) sin(([y/2] = Dm/(y — 1)))
sin(mm/(2a(y — 1) (v +1))) sin(mm/(y — 1)) ’
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Proof. Let a > 1 and K > 0 be integers. The sum over k of Dirichlet kernels of index (2k + 1)a
is given by

K
sin((2k+ 1)a+1/2)x
D .
Z (2k+D)a g sin(x/2)

By multiplying the summation by sin(ax)/sin(ax) and using the trigonometric identity
2sin0sin ¢ = cos(0 — ) — cos(0 + ¢), it comes

Z D (x) = cos(x/2) —cos(((ZK +2)a+1/2)x)  sin(((2K +2)a + 1)x/2) sin((K + 1)ax)
(2k-+1) - 2sin(x/2) sin(ax) sin(x/2) sin(ax) )

The corollary then follows by applying the above relation first with a = x(y — 1), K = [y/2] — 1,

second with a = a(y +1), K= [y/2] —2, and x = 2tm/n, m € {1, v} O

In [1], the author considered the graphs K,, —H where K;, is the complete graph on n vertices
and H is a Hamilton cycle of K;, and asked whether these graphs are hyperenergetic. In [7], the
author showed that the energy of K,, — H is given by

n—1
E(Kn —H) =n—3+ ) [1+2cos(2mk/n)|
k=1

and that as n goes to infinity, it is hyperenergetic. In the following proposition we give a formula
for it for all n > 3.

Proposition. For all n > 3, the energy of K., — H is given by

E(Kn—H) = 2(n—3—(|2n/3] an/SJ))+25m((LH/3J +1/2)27t/n) —sin((|2n/3] +1/2) 27’(/n)

sin(7t/n)
Proof. We have

n-1 Ln/3) 12n/3]

D It+2cos(2rk/n)| = Y (14 2cos(2nk/n))— Y (1+2cos(2mk/n))
k=1 k=1 k=[n/3]+1

n—1
+ ) (1+2cos(2mk/n))
k=|2n/3]+1

ZTL—3—2(\_2TL/3J — I_TL/SJ) +2DL“/3J (27‘[/71.) _2D|_2T1/3J (27‘[/11)
+ Dn_1(27t/n).

Since Dy, _1(27t/n) = —1, the proposition follows. O
By elementary analysis, one can show that E(K,, — H) — 2(n — 1) is increasing in n. As a

consequence, we find that K, — H are hyperenergetics for all n > 10. This has been previously

found in [7].

References

[1] R. Balakrishnan. The energy of a graph. Linear Algebra Appl., 387:287-295, 2004.



100

[2] R. Balakrishnan and K. Ranganathan. A textbook of graph theory. Universitext. Springer, New
York, second edition, 2012.

[3] Norman Biggs. Algebraic graph theory. Cambridge Mathematical Library. Cambridge University
Press, Cambridge, second edition, 1993.

[4] Simon R. Blackburn and Igor E. Shparlinski. On the average energy of circulant graphs. Linear
Algebra Appl., 428(8-9):1956-1963, 2008.

[5] Aleksandar Ili¢ and Milan Basi¢. New results on the energy of integral circulant graphs. Appl.
Math. Comput., 218(7):3470-3482, 2011.

[6] Igor Shparlinski. On the energy of some circulant graphs. Linear Algebra Appl., 414(1):378-382,
2006.

[7] Dragan Stevanovi¢ and Ivan Stankovi¢. Remarks on hyperenergetic circulant graphs. Linear
algebra and its applications, 400:345-348, 2005.



101

8 Summary

In this thesis we study the number of spanning trees in some classes of graphs. This is made possible
by the famous matrix tree theorem established by Kirchhoff in 1847 which states that the number of
spanning trees in a finite graph is given by the product of the non-zero eigenvalues of the combina-
torial Laplacian of the graph divided by the number of vertices. We study circulant graphs with fixed
generators, that is, Cayley graphs of Z/nZ, for which we obtain precise asymptotics as the number of
vertices grow. More precisely, a circulant graph generated by vyi,...,Yyq on n vertices, which are la-
belled by 0,1,...,n—1, is the 2d-regular graph such that each vertex v € Z/nZ is connected to v+y;
mod n and to v—7y; modn for all i € {1,...,d}. The lead term of the log-asymptotic behaviour
of the number of spanning trees in these graphs has been found in 2010 by Golin, Yong and Zhang
while in the present work we derive the constant term. In 2010, Chinta, Jorgenson and Karlsson
derived the asymptotic behaviour of the number of spanning trees in d-dimensional discrete tori,
which can be seen as quotients Z9/A,,Z¢ with nearest neightbours connected, where A is a d x d
integral matrix such that A, /(det A, )/ converges in SL4(R) as n goes to infinity. Considering the
theta function associated to the discrete torus, which contains the spectral information of the graph,
they establish a theta inversion formula expressing it in terms of modified [-Bessel functions. The
study of its asymptotics provides the result. In our work, we adapt these techniques to two different
cases. First, one can show that circulant graphs with first generator equals to 1 are isomorphic to
d-dimensional discrete tori Z4/ArZ< for some matrix Ar. But in this case the condition on the con-
vergence of the lattice does not hold anymore, so that previous results cannot be applied. The other
case considered is a sequence of d-dimensional degenerating discrete tori. They are degenerating in
the sense that d — p sides of the tori are tending to infinity at the same rate while the p other sides
tend to infinity sublinearly with respect to the d —p sides. Again, the condition on the convergence
of the lattice is not satisfied. As a result, the lead term in the asymptotics is the same as in the
case of non-degenerating tori, but lower order terms are deducted. In the particular situation where
the p sides stay constant instead of converging sublinearly to infinity, the regularized determinant
of the Laplacian on a limiting (d — p)-dimensional real torus appears in the constant term of the
asymptotic development. Furthermore, the results on d-dimensional discrete tori enable to derive
asymptotics for the number of spanning trees on d-dimensional orthotope square lattices. Indeed, the
spectrum of the combinatorial Laplacian on this lattice is a subset of the one on the corresponding
d-dimensional discrete torus with twice vertices at each side of the torus. As a consequence, the
theta function on the orthotope square lattice can be expressed in terms of the one on the torus.
Asymptotically, the lead term appearing is the same as in the case of the torus, but lower order terms
corresponding to free boundary conditions are deducted. More precisely, for each m-dimensional
face, m=1,...,d — 1, a term proportional to the m-volume of the orthotope is deducted. As in the
case of the torus, regularized determinants of the Laplacian on limiting objects appear, namely real
m-orthotopes with Dirichlet boundary conditions, for m € {1,...,d}.

Other results obtained in this thesis concern closed formulas for the number of spanning trees in
directed and non-directed circulant graphs where the generators vary, that is, they linearly depend
on the number of vertices. In the case of non-directed circulant graphs on (3n vertices, the set of
generators is given by {1,yn,...,ya_in}, where vi, i=1,...,d—1, and B are integers. In the case
of directed circulant graphs on 3n vertices, the generators are p,yin +p,...,Ya—in +p. We also
derived formulas for the n-th and (n — 1)-th power graphs of the Bn-cycle. As a result, the number
of spanning trees in these graphs can be expressed in terms of the eigenvalues of the Laplacian on a
subgraph of the original graph. The formulas obtained are products of [$/2] —1 terms and therefore
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are interesting when m is large.

The problem of counting the number of spanning trees also arises in statistical mechanics in evaluat-
ing low temperature ratchet current. Maes et al found in 2014 a numerical estimation for the current
while we found an exact expression for it.

Finally, we considered the energy of circulant graphs with two generators. The energy of a graph
is defined as the sum of the absolute value of the eigenvalues of the adjacency matrix of the graph.
Closed formulas are obtained for circulant graphs with generators equal to 1 and vy, for v € Nx,.
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9 Résumé

Dans cette these, nous étudions le nombre d’arbres couvrants dans différentes classes de graphes.
Ceci est rendu possible grace au célebre théoreme établi par Kirchhoff en 1847 (matrix tree theo-
rem) énoncant que le nombre d’arbres couvrants d'un graphe fini est égal au produit des valeurs
propres non-nulles du Laplacien combinatoire du graphe divisé par le nombre de sommets. Dans
un premier temps, nous étudions les graphes circulants a générateurs fixes, a savoir, des graphes
de Cayley du groupe Z/nZ, pour lesquels nous obtenons un résultat précis sur le comportement
asymptotique a mesure que le nombre de sommets croit. Plus précisément, un graphe circulant a n
sommets, dénotés par 0,1,...,n — 1, engendré par vyi,...,yq est le graphe 2d-régulier oli chaque
sommet v € Z/nZ est connecté & v+vy; mod n et & v—vy; mod n, pour tout i € {1,...,d}. En
2010, Golin, Yong et Zhang ont calculé le terme principal du comportement log-asymptotique du
nombre d’arbres couvrants dans ce type de graphes tandis que dans notre travail nous dérivons le
terme constant. En 2010, Chinta, Jorgenson et Karlsson ont développé une méthode pour calculer le
comportement asymptotique du nombre d’arbres couvrants dans une suite de tores discrets en d di-
mensions, ou, de maniére équivalente, de quotients de Z9/A,Z< avec plus proches voisins connectés,
olt A, est une matrice d x d a coefficients entiers telle que An/(det An)Y/9 converge dans SLq(R)
lorsque n tend vers linfini. En considérant la fonction theta associée au tore discret, qui contient
l'information spectrale du graphe, ils établissent une formule d’inversion theta exprimant celle-ci en
termes de fonctions de Bessel modifiées dont U'étude du comportement asymptotique permet d’établir
le résultat. Dans notre travail, nous adaptons ces techniques a deux différents cas. Premierement,
il est possible de démontrer que les graphes circulants dont le premier générateur est égal a un sont
isomorphes & un tore discret d-dimensionnel Z9/ArZ4, pour une certaine matrice Ar. Cependant
dans ce cas, la condition de convergence du réseau n'est plus satisfaite, impliquant que les résultats
précédents ne peuvent étre utilisés. L’autre cas que nous considérons est une suite de tores discrets
d-dimensionnels dégénérés. Ils sont dégénérés dans le sens que d —p cotés de ces tores tendent vers
linfini a la méme vitesse, alors que les p autres cotés tendent vers linfini de maniere sous-linéaire
par rapport aux d — p cotés. A nouveau, la condition de convergence du réseau n'est pas satisfaite.
En résultat nous nous apercevons que le terme principal qui apparait est le méme que dans le cas
des tores discrets non-dégénérés, mais des termes d'ordres inférieurs sont déduits. Dans la situation
particuliere ol les p cotés des tores restent constants au lieu de converger sous-linéairement vers
l'infini, nous avons pu déterminer des termes supplémentaires dans le développement asymptotique,
laissant apparaitre comme terme constant le déterminant régularisé du Laplacien sur un tore réel (ou
continu) (d — p)-dimensionnel limitant. De plus, les résultats sur les tores discrets d-dimensionnels
permettent de dériver le comportement asymptotique du nombre d’arbres couvrants sur des orthotopes
d-dimensionnels a réseau carré. En effet, le spectre du Laplacien combinatoire sur ce réseau est
un sous-ensemble de celui sur le tore discret d-dimensionnel correspondant ayant deux fois plus de
sommets a chaque c6té du tore. En conséquence, la fonction theta sur le d-orthotope a réseau carré
peut étre exprimée en termes de celle sur le tore discret. Asymptotiquement, le terme principal appa-
raissant est le méme que pour les tores discrets mais des termes d'ordres inférieurs sont soustraits,
ceci étant dii aux conditions de bord libre. Plus précisément, pour chaque face m-dimensionnelle,
m =1,...,d — 1, un terme proportionnel au m-volume de lorthotope est déduit. Comme dans le
cas du tore discret, des déterminants régularisés du Laplacien sur des objets limitant apparaissent, a
savoir, des m-orthotopes réels avec des conditions de bord de Dirichlet, pour m € {1,...,d}.

Dans cette these, nous avons également obtenu des formules exactes concernant le nombre d’arbres
couvrants de graphes circulants orientés et non-orientés ou les générateurs varient, c’est-a-dire dépen-
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dent linéairement du nombre de sommets. Dans le cas des graphes circulants non-orientés a fn
sommets, l'ensemble des générateurs est donné par {1, yn,...,yqgmhou vy, i=1...,d—1 et B
sont des entiers. Dans le cas des graphes circulants orientés a 3n sommets, les générateurs sont
Py YN+ P,...,Ya—1n + p. Nous avons également obtenu des formules pour la n-ieme et la (n —1)-
ieme puissance du cycle a fn sommets. En résultat, il s'avére que le nombre d’arbres couvrants
dans ce type de graphes s’exprime en termes des valeurs propres du Laplacien combinatoire sur un
sous-graphe du graphe d’origine, ceci reflétant la symétrie du graphe. Les formules obtenues sont des
produits de [B/2] —1 termes et sont donc intéressantes pour n grand.

L’évaluation du nombre d’arbres couvrants apparait également en mécanique statistique dans l'évalua-
tion du courant de cliquet (ratchet current) a basse température. En 2014, Maes et al. ont donné une
estimation numérique pour le courant, alors que nous en avons dérivé une expression exacte.
Finalement, nous avons étudié l’énergie des graphes circulants a deux générateurs. L’énergie d'un
graphe est définie comme la somme des valeurs absolues des valeurs propres de la matrice d’adjacence
du graphe. Nous avons obtenu des formules pour les graphes circulants ayant pour générateurs 1 et

Y, ol Yy € N)g.
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