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Characterizing the nonlocal correlations of particlesthat never interacted

C. Branciard, N. Gisin, S. Pironio
Group of Applied Physics, University of Geneva, 20 rue dedlE-de-Médecine, CH-1211 Geneva 4, Switzerland
(Dated: November 6, 2009)

Quantum systems that have never interacted can becomecatinloorrelated through a process called en-
tanglement swapping. To characterize nonlocality in tlistext, we introduce local models where quantum
systems that are initially uncorrelated are described lopuelated local variables. While a pair of maximally
entangled qubits prepared in the usual way (i.e., emitteh fa common source) requires a visibility close to
70% to violate a Bell inequality, we show that an entangled peitegated through entanglement swapping will
already violate a Bell inequality for visibilities as low 88% under our assumption.

It is natural to expect that correlations between distant pa by the joint probability distributiorP(a, b, ¢|z, y, z). An en-
ticles are the result of causal influences originating irirthe tanglement swapping experiment is clearly a particulae cas
common past — this is the idea behind Bell's concept of lo-of this scenario, where Bob’s measurement corresponds to a
cal causalityml]. Yet, quantum theory predicts that measur Bell measurement entangling Alice’s and Charles’s pasicl
ments on entangled particles will produce outcome correla- Under the usual assumption, the tripartite distribution
tions that cannot be reproduced by any theory where each sepXa, b, c|z, y, z) would be said to be local if it can be writ-
arate outcome is locally determined by variables corrdlate ten in the factorized form
the source. This nonlocal nature of entangled states can be
revealed by the violation of Bell inequalities. P(a,b,clz,y, 2)

e emarable s bl quantum leTClone e — o\ p(a) Pl P VP )
able that particles that never directly interacted can bkso ) S ) o
come nonlocally correlated. This is possible through agssc where the variabla with dlstrlbunon_p()\) describes the joint
called entanglementswappir@ [2]. Starting from two indepe state of the three systems according to the Iocallr_nlodel, and
dent pairs of entangled particles, one can measure joingy o £(@l,A), P(bly, A), P(c|z, ) are the local probabilities for
particle from each pair, so that the two other particles bego €aCh separate outcome given

entangled, even though they have no common past history. N OUr scenario, however, they are two separate souices

The resulting pair is a genuine entangled pair in every aspeca_nd So. It it_thus natural to assume that the local model as-
and can in particular violate Bell inequalities. signs two different statel; and s, one to each source, and

Intuitively, it seems that such entanglement swapping ext© consider instead of(1) the decomposition

periments exhibit nonlocal effects even stronger thaneluds
usual Bell tests. To make this intuition concrete and toyfull
grasp the extent of nonlocality in entanglement swappinrg ex = / d\1d\2 p(A1, A2) P(alz, A1) P(bly, A1, A2)P(c|z, A2).
periments, it seems appropriate to contrast them with the pr

dictions of local models where systems that are initially un the|ocal response function for Alice now depends onlyon
correlated are described by uncorrelated local variadle& e one of Charles only ok, while the one of Bob depends
is the idea that we pursue here. To precise it further consideyn poth \, and),. So far, the decompositionis] (1) afd (2)
the general scenario depicted below. are equivalent becaugé); , \2) could be different from zero
only when\; = Xy = X to recover[(l). We now introduce

P(a,b,c|z,y, 2) (2)

x y z

\ l / our basic assumption: since the two sourSgsand .S, are
S S supposed to be independent and uncorrelated, it is natural t
n Y assume that this property carries over to the local moded. Th
/ | \ variables\; and\, should therefore be independent and their
a b c joint distributionp(\1, \2) factorize:
p(A1,X2) = p1(A1)p2(A2). (3

A sourceS; sends particles to Alice and Bob, and a sepa-

rate sourceb, sends particles to Charles and Bob. All partiesWe refer to models satisfying this independence assumption
can perform measurements on their system, labelgdndz as “bilocal” models, since they aim at explaining the cael
for Alice, Bob and Charles respectively, and they obtain outtions P(a, b, ¢|z, y, z) with two independent sources of local
comes denoted, b, andc, respectively. Bob’s measurement variables.

might correspond to a joint measurement on the two systems Even though the local variables and \, are initially in-

that he receives from each source. The correlations betweatependent, once conditioned on the joint measurement re-
the measurement outcomes of the three parties are describsdlt of Bob they will bear enough correlations to reproduce
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non-trivial correlations between Alice’s and Charles’stsyn.  locally by Alice can always be thought of as being included
These correlations, however, are much weaker than those thia the shared variable). In the case of a finite number
can be established through joint measurements in quantunf possible measurement inputs and outputs, there is a finite
theory. We introduce below a (quadratic) Bell inequalitgtth number of such deterministic strategies correspondingito a
is satisfied by all bilocal correlations, but which is viddtby =~ assignment of an output, to each of Alice’sN possible in-
guantum correlations. As we will see, our inequality simpli putsz. We thus label each of these strategies with the string
fies the requirements for the demonstration of quantumness it = «; ... ay and denote the corresponding response func-
entanglement swapping experiments. tion P, (a|z). Similarly, the response functiod¥b|y, A1, \2)
Restricted classes of local models with independent ssurceand P(c|z, \2) can also be taken deterministic. We label the
were considered irl [3,] 4] within the context of the detec-associated strategigsand~y and the corresponding response
tion loophole. But apart from these exploratory works|ditt functionsPs(bly) and P, (c|z).
was known about how nonlocality is induced through mea- Let A}fm denote the set of pair\;, \2) specifying the
surements on independent quantum systems. Beyond its fustrategiesy, 3, and~ for Alice, Bob, and Charles. Defining
damental interest, nonlocality is also known to play a keygasy = [[yi2 dAid\a p(A1, X2), Eq. [2) can then be rewrit-
role in several quantum information protocol$ [5, 6], andten as o
measurement-induced correlations are at the basis of quan-
tum repeaters [7] and measurement-based quantum computal (@, b, clz,y,2) = > qapy Palalz) Pa(bly)Py(clz) (4)

tion ﬂE]. One of our contribution is to introduce a theoratic B,y
framework to address broadly the role of nonlocality in suci\N-

ith > 0 and = 1. So far we have not
contexts. daBy = > apy dopy

o , o used the independence conditibh (3), ddd (4) corresponds to
Befo_re _en_tenng in the d(_ata|ls of our results, it '_“'ght b_ethe well-known decomposition of local correlations as a-con
worth justifying further our independence assumption.silt i vex sum of deterministic strategies, where the weights,

strictly Spef’;\king an assumption, rather than somethin_grwhi can be understood as the probabilities assigned by theesourc
follows logically from locality. Indeed, some events in the to the strategies, 3, and-.

common past of the sourcés and.S; could in principle have Let us now defin _ _ and
influenced, in a way that is perfectly in accord with locality U oy ) zf:ﬁ qahﬁ ;1'\1(1; 726’\71%5 7\’2
= Y .5 dop- Using the fact thah %, = (A} x A2) N

both A; and\; such that they wind up correlated, in violation Ky ) ) o i
of @3). However, an assumption similar d (3) is actually-hid A5 » @S follows from[(2), the independence conditioh (3) im-

den in any standard Bell-type experiment. In order to deaive plies that
Bell-type inequality, one needs (in addition to the prenuike
local causality) an assumption having to do with the measure
ment settings being “freely chosen”. What this means inpracConversely, any correlatio®(a, b, c|x,y, z) satisfying [4)
tice is that the measurement settings are determined by-a raand [$) can be written in the forni](2). Indeed, since
dom mechanism thatis considered independent of the variabl,, = ¢.¢,, we can writegagy, = GaGyqgjay- IN-
A describing the particle source. Seen from this perspectiveserting this expression ifJ(4) and defining, ,(bly) =
the assumption that the laser sources in the quantum rando® ; ¢, P5(bly), we then find thatP(a,b,c|z,y,2) =
number generators used to choose the measurement settings, _ g.q, Pu(alz)Pa , (bly) P, (c[2), which is clearly of the
in a standard Bell experiment [9] are independent of ther laseform (2). We thus conclude that a tripartite correlationiie-b
source generating the entangled photons is not much ditferecal if and only if it admits the decompositiol (4) with the re-
from the assumption that the two laser sources (which may bstriction [3).
of different brands, assembled in different parts of theldyor ~ The bilocal set that we have just characterized is clearly
and powered by different electrical supplies) used in aarent contained in the local set. The extremal points of the local
glement swapping experiment are independent. Of course wset, corresponding to deterministic strategies, are dlse b
cannot exclude in principle that such apparently independe cal, but a mixture of deterministic strategies is not nemess
sources are significantly correlated. But, quoting Behjst ily bilocal due to the non-convex constraifi (5). Therefore
way of arranging quantum mechanical correlations would bene cannot use standard Bell inequalities to distinguishsen
even more mind-boggling than one in which causal chains gérom the other. As we will see below, however, correlations
faster than light. Apparently separate parts of the worldibo  can be shown to be non-bilocal usingn-linearinequalities
be deeply and conspiratorially entanglda” [1]. (or joint sets of linear inequalities). Note that while dkci
Characterization of the bilocal set.We start by giving ing if a given set of correlations is local can be convenientl
a characterization of the set of bilocal correlations whih solved using linear programming, deciding if a correlati®n
more handy for analytical and numerical purposes than theilocal is a quadratically constrained problem which is muc
definition [2) and[(B). First note that without loss of gener-more difficult to handle numerically. However, standaregén
ality the local response functioR(a|x, A1) of Alice can be  and semidefinite relaxations can be used to deal with the non-
taken to be deterministic, i.e., such that it assigns a umiqulinear constraint{5). We describe in__[10], a linear reléat
measurement outputto every inputr (any randomness used of (§) which works well on many instances.

Jay = qaly - %)
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Application to entanglement swappingWe now illustrate  lowing correlation term between Alice and Charles’ outputs
how the bilocality constraint restricts the set of posstdae-  conditioned on Bob’s output:
lations on a simple example inspired by the standard ergang|
ment swapping protocol. The sourcgsand.S, send pairs of Ey(xz) = Z Py(aclzz) — Z Py(aclzz).  (7)
particles in the singlet stat@~) = (|01) — |10)) /v/2. Bob a®e=bo adezbo
performs a Bell state measurement on the two particle he r
ceives, with four possible outpubs= byb; = 00,01,10,11
corresponding to the four Bell statg™), [¢T), |¥~), and
|®), respectively. Depending on Bob’s result, Alice and
Charles’s particles end up in the corresponding Bell stide.
check whether the entanglement swapping succeeded, we as- _
sume that Alice and Charles can perform one out of two mea- I= zb: Pb) Z Ey(wz)- ®
surementz, z € {0,1} with binary outputsa,c¢ € {0,1}
on their system. This is sufficient, e.g., to test the CHSHWe quantify the deviation from the expected uncorrelated re
inequality ] (or more precisely, for each state preparedsults when: & z # b, through
by Bob, a different version of the CHSH inequality corre-
sponding to a relabeling of the inputs and outputs). This E= mgxwég%14|P(b)Eb(m)|- 9)
scenario is characterized by the probabiliteg(abc|xz) =
Py (b) Py (aclzz), where Pg,(acjzz) denote the correla- For Py, one getd = 2andE = 0. Note that there exist bilo-
tions seen by Alice and Charles conditioned on Bob’s outpugal correlations which also reach the value: 2, for instance,

b, and where for convenience we omitted Bob’s inpsince  the deterministic point defined by = 00, 8 = 00,y = 00, or
he is assumed to make a single, fixed measurement. the correlationd’- introduced above. For these correlations,

We are interested in the robustnesshof to the admixture F = 4 andE = 1, respectively. The linear expressidrcan-
of white noise, quantified by the maximalke [0, 1] such that not therefore be used as a standard Bell inequality to ttst bi
Pg(v) = vPg + (1 — v)Pg is bilocal, wherePr denotes the  cality. However, as we prove below, the following quadratic
distribution with completely random outcomes. The quagntit inequality
v can also be interpreted as the experimental visibility ef th
final entangled pair shared by Alice and Charles.

If Alice and Charles use the measurement settings optim
for the CHSH inequality, given byy = o,, 1 = 0., 20 =
(00 +0.)/V2, andz, = (0, — 0.) /V/2, no improvement
is obtained over the usual locality condition, i.e., we fdun
that the quantum correlations become bilocal for a vigipili
v = 1/2, the same point at which they also become local.
Using the characterization defined by (4) ad (5), we Iookeqh
numerically for other choices of measurement settings for A
ice and Charles and the best noise resistance that we fou
isv = 1/2 and is obtained fory = 29 = (0, + 0.)/V2,

1 =21 = (0p — az)/\/i. The corresponding correlations
observed by the three parties are givenRy(b) = 1/4 for

qhspired by the propertie§](6) d?,, we introduce the fol-
lowing combination that quantifies the high degree of carrel
tions expected between Alice’s and Charles’s outcomes when
TdHz=0b

xHz=b

I<1+FE? (10)

% satisfied by all bilocal correlations and is violated bg th
quantum pointPy, since we find2 > 1 + 0. Intuitively, I
correspond to a Bell inequality whose bound is not fixed for
the entire bilocal set, but depends on how much the outputs
are uncorrelated when® z # by, as quantified by.
The noisy pointPy (v) yieldsI(v) = 2vandE(v) = 0 and
us violate[(ID) whenever > 1/2 (see Fig[dL). On the other
’ﬁjnd'PQ(U) is bilocal whenv < 1/2 [14]. Our inequality

s detects optimally the resistance to noise of the p@int

Proof of [10). Let P be a bilocal probability distribution
with decomposition[(4), where = agaq, 8 = BoB1, v =

all b, and ~vo0y1- Let us define the following weights (whefig = ay® 1
1/2 ifa®c=bpandx &z =by and similarly for the other indices):
Popp(aclzz) = 0 fa®c#byandz®z=10b; (6) ,
1/4 otherwise Qagarfobron = (daoas,fobiomn T dagas,GobrFom

. . . . 5 _ o 4’
For instance, if Alice and Charles end up in tide") state, Flagar o aom T s o o)/

" o / /
corresponding td = 00, they obtain perfectly correlated Zeoe1,8081,70m = (daoas,foBrom + Yapas,BoB1,7170
. _ / /
results if they performed the same measurements, and com 0, 00805170 T Qs o, Bopr o)/ 4
pletely uncorrelated results otherwise. The above correla
tions are local as they can be decompose®@s= (Pc +  The “depolarized” correlation™” = »_ . q.5 PaPsP,

Pc)/2 whereP and P are defined in term of deterministic is then also bilocal, i.e.q,, = q¢.¢). Moreover, P”
strategies a¥’c = %Zaﬁoﬁl Poa Py, Plaspy)(awp,) @and is such that!” = I and ” < E. Due to the sym-

Po = %Zaﬁoﬁl Plawsy) (a@p101) Lot Plaoso) (a@fo@-1)- metries imposed through the above equations, the weights
They are not bilocal, however, as we now show. dnp-, depend on only 4 parameters, which we choose to be

A quadratic Bell inequality for bilocality. Let us firstde- " = Top—arr S = Qoogeryyst = qgozmaoal:ooﬁm:oo and
fine, for a given probability distributio®®(abc|zz), the fol-  u = G5 _5 1,001=01,40—01 (With Obvious notations, the
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I, _ inputs? Do we gain by letting Bob choose between two or

2 more measurements, e.g., between two Bell state measure-
ments in different bases? Can bilocality be violated for vis
ibilites lower thar33%, corresponding to a final noisy singlet
pair that is separable? This last question is not completely
trivial at first sight: a setting where the sour§ge produces a

° Pr singlet stateS, theseparablestatep = (|42, +2)(+2, +2|+

|+, —z)(+x,—=2|)/2, where Bob performs a standard Bell

r measurement, Alice measures in tag + 0.)/+/2 bases and
Charles always measures in théasis generates correlations
that are non—bilocam6]. This shows that a Bell measurégmen

‘ ‘ ‘ ‘ can correlate independent systems in ways that are even more
! 0 ' E astonishing that one would “quantum naively” think. From
this perspective, it would be interesting to characteriee t
class of states (including separable states) that are iorab
when correlated through Bell measurements.

FIG. 1. Two-dimensional slice of the correlation space,alihion-
tains the points’g, Pc, Pc and Pr defined in the text [this is pre-
cisely the slice that contains all the depolarized cor@tatP” in- The present work raise many other questions. In particular,
troduced in the proof o{(10); they can indeed be writterPds= the condition[(B) can be straightforwardly extended to niode
XPc +YFc + (1 - X —Y)Pg]. The square delimits the local - yjith 5, independent sources. How do suetocal models dif-
polytope in this slice. All these local correlations can eproduced fer from bilocal ones? How does their tolerance to noisesscal
in quantum theory with two independent sources. They camooi- . - . . . . .

with n? Finally, it would be interesting to explore the implica-

ever, be all reproduced locally with two independent saaircEhe . e .
four portions of parabola delimit the bilocal set [the upparabola  tions of our approach and findings in the context of quantum

is obtained from[{TI0). A similar constrained Bell-type inetity can ~ information protocols based on non-locality, and in paitac
be derived to obtain the lower, left, and right paraboladje Guan-  protocols that use at their heart measurements on independe
tum point P, enters the bilocal region for a visibility < 1/2. systems, such as quantum repeaters and measurement based

computation.
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r,s,t,u € [0,1]. The weightsg,, 5., are then fully defined by CHSH inequality performed on the singl€t, where Charles’s
Qopa; = %600@1"_%6&0,@1;(]%“/1_: §5wm+%5wﬁ13 outcomes specify in which basis ()r. z) Bob’s particlles. hgs
Wjory = L San@m0,60 T 5 g g, 4o If @0 = a1 @ndyo = 1; been measured. Such an interpretation makes the simiteeity

tween our independence assumption and the “free choice” as-

Hlay = 26 + 15us if o # «
oy = 300050061 2 Saoeno.doemen If a0 7 o sumption of standard Bell experiments more explicit [10].

andyo # 71; ¢fja, = 7 Otherwise.
[16] This experiment can be interpreted as a standard te#teof



