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We present an investigation of current cross correlators in mesoscopic con-
ductors. Making an analogy to the optical Hanbury Brown Twiss experi-
ment we discuss how quantum statistical effects and two-particle interference
effects can be investigated with current cross correlations. We also discuss
how current cross correlations can be used for detecting two-particle entan-
glement and to perform quantum state tomography, a complete reconstruc-
tion of the density matrix of the quantum state emitted from a mesoscopic
conductor.

PACS Numbers: 73.23.-b; 05.40.-a; 72.70.+m; 74.40.+k.

1. INTRODUCTION

During the last one and a half decade, there has been an increas-
ing interest in the noise, or current correlations, in mesoscopic conductors.
A large number of mesoscopic systems have been considered, both theo-
retically and experimentally, and many properties of the noise have been
investigated. This development has been reviewed in Ref. 1 and the most
recent works were discussed in Ref. 2. An area of noise research which
is of particular interest is current cross correlators, the correlation of cur-
rents at different contacts in a mesoscopic conductor. Current cross cor-
relations contain important information on the properties of mesoscopic
conductors which in many situations is not available from autocorrelations
or average current.

A lot of inspiration and motivation for current cross correlation
investigations in mesoscopic conductors comes from the pioneering optical
experiments by Hanbury Brown and Twiss.3,4 Hanbury Brown and Twiss
designed a new stellar interferometer based on light intensity cross corre-
lations. The operation of their intensity interferometer was based on two
fundamental and interrelated principles of quantum mechanics, (i) photons
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emitted from a thermal source show a tendency to bunch, a direct conse-
quence of Bose-Einstein statistics and (ii) photons emerging from two un-
correlated sources gives rise to an interference pattern in intensity cross
correlations but not in the intensities themselves, a consequence of the
indistinguishablity of quantum particles.

In this paper, we will start by following the path of Hanbury Brown
and Twiss but instead consider electrons in mesoscopic conductors. We
will first discuss the scattering theory for current cross correlations5 and
the negative cross correlations in mesoscopic conductors arising as a con-
sequence of the Fermionic statistics of the electrons. The experimental
demonstrations6,7 of negative cross correlations, performed in electronic
beam splitters, will be discussed. Then we will continue with the proposals
how to obtain positive cross correlations8 and discuss the recent experi-
ment9 providing the first example of positive cross correlations in meso-
scopic conductors.

Thereafter we turn to the second aspect of the Hanbury Brown and
Twiss experiment, the intensity–intensity, or two particle, interference. We
discuss in some detail the recent proposal10 for a fermionic two-particle
interferometer in a mesoscopic conductor. Interestingly, as was shown in
Ref. 10, in the fermionic, in contrast to the bosonic, Hanbury Brown and
Twiss experiment the two interfering particles can be entangled. This pro-
vides a link from Hanbury Brown and Twiss to the topic of entanglement
in mesoscopic conductors, recently receiving a lot of interest. We discuss
how current cross correlations can be used to detect entanglement of spa-
tially separated particles. In particular, we show how a Bell inequality can
be formulated in terms of current cross correlators.

The possibility to detect entanglement with current cross correlations
leads up to the more general question: using current cross correlations,
what is the maximum possible information one can obtain about a two-
particle state emitted from a mesoscopic conductor. As was shown in Ref.
11, it is actually possible to reconstruct the entire two-particle density
matrix from current cross correlations. Here we discuss this reconstruction,
called quantum state tomography, in some detail and use the fermionic
Hanbury Brown and Twiss setup as an example.

We emphasize that the focus of the paper will be on our own contri-
butions to the field and we thus make no attempt to present a review on
the subject.

2. SCATTERING THEORY

Scattering theory provides a qualitative as well as quantitative under-
standing of transport properties of mesoscopic conductors. A scattering
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theory for current correlations was presented by Büttiker,5 Let us consider
a general mesoscopic noninteracting scatterer connected to N ideal elec-
tronic reservoirs (a zero impedance environment) via single mode contacts,
shown in Fig. 1. We first note that the average current Iα flowing into a
reservoir α is given by Büttiker12

Iα = e

h

∫
dE

∑
β

|sαβ |2(fβ −fα), (1)

where sαβ = sαβ(E) is the amplitude for a particle at energy E to scat-
ter from terminal β to terminal α and fα =fα(E,Vα) is the Fermi-Dirac
distribution function for reservoir α kept at a potential eVα .

The low-frequency cross correlator Sαβ of currents flowing into
terminal α and β is defined as (α �=β)

Sαβ =
∫

dt〈�Iα(t)�Iβ(0)+�Iβ(0)�Iα(t)〉, (2)

where �Iα(t) is the fluctuation of the current flowing in lead α, as
�Iα(t)= Iα(t)− Iα. The current correlator can be expressed as5

Sαβ =−e2

h

∫
dE

∑
γ,δ

sαγ s∗
βγ s∗

αδsβδfγ fδ. (3)

Importantly, as shown in Ref. 5, the cross correlations are manifestly
negative, independent on the specific form of the scattering amplitudes,
the applied voltages Vα or the temperature of the system. We note
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Fig. 1. (Color on-line). Mesoscopic conductor connected to N =5 electronic reservoirs.
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that for a thermal source of bosons, the same formula would hold but
with opposite sign and Bose–Einstein distribution functions. The for-
mulas above contain all the information needed for the investigations
below.

3. HANBURY BROWN AND TWISS EXPERIMENT

In the mid-1950s Hanbury Brown and Twiss invented a new type
of stellar interferometer, a tool to measure the angular diameter of
stars.3,4 The Hanbury Brown and Twiss (HBT) interferometer was the
first example of an optical intensity interferometer. In an intensity, or two
particle, interferometer the interference pattern is only present in the corre-
lations between light intensities measured at two spatially separated detec-
tors, and not in the intensities themselves. The HBT interferometer was
thus different from the standard single particle Michelson interferometer
where the interference pattern appeared directly in the intensity. The HBT
intensity interferometer proved to be less sensitive to atmospheric scintilla-
tions compared to the Michelson interferometer, which allowed for a more
accurate determination of the angular diameter. A schematic of the exper-
imental setup as well as of the equivalent table top experiment are shown
in Fig. 2.

The pioneering experiment of HBT demonstrated two important basic
quantum mechanical principles. (i) Photons emitted from a thermal source
show a tendency to bunch. This is a direct consequence of the Bose–
Einstein distribution of the photons in the star. (ii) Photons emitted from
two uncorrelated sources can give rise to a two-particle interference pat-
tern in an intensity cross correlation experiment. This is a direct result of
indistinguishability of identical quantum particles. The two-particle scat-
tering process 1 → A and 2 → B can not be distinguished from the pro-
cess 2→A and 1→B and consequently their amplitudes have to be added
before calculating the probability of jointly detecting one particle in A and
one in B.

It was clear13 already at the time of HBT that a similar experiment
could in principle be performed for electrons, however electrons emitted
from a source in thermal equilibrium would instead show a tendency to
anti-bunch, a consequence of the Fermi–Dirac distribution of the electrons
in the source. It however turned out to be experimentally very difficult to
perform an anti-bunching experiment with free fermions. This was due to
the low occupation f of existing fermionic sources, which results in a very
small cross correlation signal ∝f 2, as is clear from Eq. (2). Anti-bunching
of free electrons was thus only reported a few years ago.14 Fermionic anti-
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Fig. 2. (Color on-line). Left figure: schematic HBT setup, the angular diameter θ of a star is
measured via cross correlations of the intensities at detectors at A and B. Right figure: equiv-
alent table top HBT setup, the light from two independent sources are detected in A and B.

bunching was instead first demonstrated in mesoscopic conductors, where
sources of electrons with essentially unity occupation was available in the
form of electronic reservoirs at sub-Kelvin temperatures.

4. ELECTRONIC ANTIBUNCHING

In mesoscopic physics the main interest in the HBT experiment has
until very recently concerned the aspect of electronic anti-bunching. The
theory of Ref. 5, our Eq. (2), predicted negative cross correlations in mes-
oscopic conductors. The simplest possible system for investigating cross
correlations is a reflectionless electronic beam splitter with transparency
T = 1 − R, shown in Fig. 3. From Eq. (2) we get the simple formula for
the cross correlations at zero temperature

SAB =−2e2

h
|V |RT, (4)
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Fig. 3. (Color on-line). Left figure: electronic beam splitter with transparency T = 1 − R.
Center figure: perfect anti-bunching of electrons emitted from an electron reservoir at zero
temperature. Right figure: Bunching of photons emitted from a thermal source. In center and
right figure, the cross correlations between currents or intensities in the detectors A and B

are negative and positive, respectively.

where V is the voltage applied at the source S, keeping terminals A and B

as well as the inactive injection terminal 0 at ground. The first demonstra-
tion of anti-bunching of electrons was provided in two independent exper-
iments with electronic beam splitters, by Henny et al.6 and Oliver et al.7

The two experiments were however carried out under very different physi-
cal conditions. In Henny et al. experiment a conductor in strong magnetic
field, in the quantum Hall regime was used where the transport takes place
along edge states. In contrast, in Oliver et al. experiment a conductor at
low magnetic field was used. Nevertheless, in both experiments the results
were in very good agreement with the theoretical predictions. We also note
that Oberholzer et al.15 performed an additional experiment with a noisy
incoming stream, to demonstrate explicitly that the negative cross correla-
tions were not a consequence of a current conservation only.

5. POSITIVE CROSS CORRELATIONS

The result5 that current cross correlations in normal state, noninter-
acting mesoscopic conductors are manifestly negative inspired a consider-
able amount of theoretical work on how to reverse the sign of the cross
correlators. Interactions between the electrons as well as connecting the
conductor to superconducting and ferromagnetic terminals were proposed,
here we just refer the reader to recent reviews where these proposals are
discussed.2,16 We will instead focus on the theoretical proposal by Texier
and Büttiker,8 recently realized experimentally by Oberholzer et al.9 In this
experiment positive current correlations were observed for the first time in
mesoscopic systems.
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Fig. 4. (Color on-line). Left: a schematic of the quantum Hall geometry with two propagat-
ing edge states and two quantum point contacts acting as beam splitters. A voltage probe φ

connected to the conductor gives rise to positive correlations between currents flowing into
terminal A and B. Right: the role of the voltage probe as a noise divider.

A sketch of the system is shown in Fig. 4, a conductor in the quan-
tum Hall regime with two propagating edge states. The edge states are
quantum mechanical analogous of classical skipping orbits, with unidirec-
tional transport of the electrons (the direction is denoted with arrows in
the figure). Two quantum point contacts (QPC’s) with tunable transpar-
ency act as electronic beam splitters for the inner edge state. The trans-
parencies are TS and TA, respectively. The outer edge propagate without
scattering (unity transparency) through the quantum point contacts.

The conductor is connected to three electronic reservoirs S,A and B

with applied voltages VS =V and VA =VB =0. Scattering at the QPC con-
nected to the source reservoirs S introduces noise. The terminals A and
B are used as detectors for the fluctuations. Moreover, a voltage probe
φ, i.e., a terminal with the potential left floating, is also connected to the
conductor. The voltage probe draws no current, its potential is oscillating
in response to the injected charge, giving zero current (at low frequencies)
into the probe. Following the theory of Texier and Buttiker, for a com-
pletely reflected inner edge state at A (corresponding to TA =0), the cross
correlations between currents flowing into contacts A and B is, at zero
temperature, given by

SAB = e2

2h
|V |TS(1−TS). (5)

This is positive and just 1/4 of the magnitude of the fluctuation of the
currents emitted from the first quantum point contact. This result can
be understood in a very simple way. Since no current is drawn from the
voltage probe, both the average current and the current fluctuations are
conserved. The effect of the voltage probe is then simply to redistribute
the incoming current, both average current and fluctuations, on the two
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outgoing egdechannels, as shown in Fig. 4. The voltage probe thus works
as a noise divider and we can write �IA = �IB = �Iin/2, where �Iin is
the noise of the current flowing into the probe, created by the first point
contact. This gives

〈�IA�IB〉=〈�I 2
A〉=〈�I 2

B〉=〈�I 2
in〉/4. (6)

In the experiment, a very good agreement with the theoretical predictions
in Eq. (5) was found. In particular, by pinching off the contact between
the voltage probe and the conductor, it was demonstrated that the posi-
tive correlations disappear. The system without the voltage probe is then
just identical to the system studied in Ref. 15. We also point out that
zero-magnetic field geometries with positive correlations generated by volt-
age probes have recently been discussed in Ref. 17. Very recently, positive
correlations was also demonstrated in two additional experiments.18,19

6. TWO PARTICLE INTERFERENCE

We now turn to the second aspect of the HBT experiment, the inter-
ference between two particles originating from two different, uncorrelated
sources. This two-particle interference is, as demonstrated by HBT, only
present in the current, or intensity, cross correlations and not in the cur-
rents or intensities themselves. Recently, we proposed an experiment where
this two-particle interference could be measured via the current cross cor-
relations in a conductor in the quantum Hall regime.10 A schematic of the
setup is shown in Fig. 5.

The conductor is contacted to eight electronic reservoirs α = 1 to 8
and four quantum point contacts i = A,B,C, and D. The reservoirs 2
and 3 are kept at a potential eV while the rest are grounded. The trans-
port takes place along a single edge state, where the electrons pick up
phases φ1 to φ4. An Aharonov–Bohm flux � penetrates the center of the
sample. Importantly, the geometry has no interfering orbits. It is assumed
that all edge states have the same length. Electron waves incident at the
ith QPC are transmitted with amplitude

√
Ti and reflected with amplitude√

Ri with Ti +Ri =1.
The overall scattering amplitudes have a very simple form. A parti-

cle leaving source contact 2 can after transmission through QPC C reach
either contact 5 or 6. For instance, the amplitude to scatter from 2 to 5
is s52 =√

TA exp(iφ1)
√

TC . Such a process is shown in Fig. 5. The current
flowing into lead α =5 to 8 is given by Eq. (1)

Iα =−(e/h)

∫
dE

(
|sα2|2 +|sα3|2

)
(f −f0) , (7)
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Fig. 5. (Color on-line). Left: two-source, four detector electrical Hanbury Brown and Twiss
geometry: a conductor in the quantum Hall regime with eight terminals and four QPS’s. Ter-
minals 2 and 3 are sources of electrons (a voltage eV is applied against all other terminals).
Electrons follow edge states in the direction indicated by the arrows and pick up phases φ1

to φ4. An Aharanov–Bohm flux � penetrates the center of the sample. Right: the paths from
the sources to the detectors highlighted. Note that no paths form closed orbits.

where f is the Fermi distribution function of reservoirs 2 and 3 and f0
the distribution function of the other reservoirs. Since the current depends
only on the scattering probabilities |sαγ |2, it follows immediately that in
the set-up of Fig. 2 all currents are phase-insensitive, determined only by
products of transmission and reflection probabilities of the QPC’s.

For the current cross correlators, the situation is different. From
Eq. (2) we get

Sαβ =−(2e2/h)

∫
dE|s∗

α2sβ2 + s∗
α3sβ3|2(f −f0)

2 (8)

for α �= β = 5 to 8. For the simple case with transmission and reflection
probabilities of all QPC’s equal to 1/2, the correlation function of the
currents at, e.g., contacts, 5 and 8 is then, at zero temperature

S58 =−(e2/4h)|eV | [1+ cos(φ1 +φ2 −φ3 −φ4)] . (9)

The total phase φ1 +φ2 −φ3 −φ4 is just the phase of a single closed loop
around the center of the system. Within our assumptions, the total phase
depends only on the enclosed Aharonov–Bohm flux as φ1 +φ2 −φ3 −φ4 =
2π�/�0, where �0 =h/e is the flux quantum. The flux dependence of the
current cross correlator

S58 =−(e2/4h)|eV | [1+ cos(2π�/�0)] , (10)

together with a flux independent current Iα is thus an unambiguous
signature of a two-particle Aharonov–Bohm effect.
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To compare the electrical and the optical HBT effect it is interesting
to consider in more detail the probability to jointly detect one particle at
α = 5,6 and one at β = 7,8. In optics, where photo-detectors are used to
detect the particles, the joint probability of detecting two photons is given
by the theory of Glauber.20 In close analogy we defined in Ref. 10 the
probability Pαβ(τ) of detection (at energy 0 < E < eV ) of one electron in
detector α at time t and one in β at time t + τ . For times τ much shorter
than the typical time τC = h/eV between two electrons emitted from a
reservoir one has a true coincidence measurement.

Although the joint detection probability can hardly be measured
directly in a mesoscopic setup (in contrast to optics), it is still a concep-
tually relevant property, as is clear from the discussions below. Follow-
ing Ref. 10 we get the joint detection probability for electrons (−) and
photons (+)

Pαβ(τ) ∝ |s2α|2|s2β |2 [1±g(τ)]+|s3α|2|s3β |2 [1±g(τ)]

+ |s2α|2|s3β |2 +|s3α|2|s2β |2
± g(τ)

[
s∗

2αs∗
3βs2βs3α + s2αs3βs∗

2βs∗
3α

]
, (11)

where g(τ) = sin2(τ/πτC)/(τ/πτC)2 contains the time dependence. For
electrons τC = h/eV and for photons τC = 2/π�, with � the width in
frequency of the light beam.

Several interesting conclusions can be drawn directly from Eq. (11).
For τ �τC , g(τ) approaches zero and Pαβ is just proportional to the prod-
uct of the two mean currents/intensities. The fermionic versus bosonic sta-
tistics of the particle thus plays no role. For shorter times, τ � τC , g(τ)

is finite and the statistics is important. As pointed out above, the statis-
tics of the particles enter in two different ways. (i) The first two terms in
Eq. (11) describe a direct bunching (+) or anti-bunching (−) effect for two
particles emitted from the same reservoir within a time τ � τC . This effect
would still be present if one of the source 2 or 3 is removed. (ii) The last
two terms describe an exchange interaction, where the ± sign explicitly fol-
lows from the interchange of the two detected particles. This two-particle
exchange interference5 is only present when both sources are active.

Interestingly, we can directly relate the joint detection probability
in Eq. (11) at times τ 	 τC with the currents in Eq. (7) and the zero
frequency noise correlators in Eq. (8) as [g(0)=1]

Pαβ(0) ∝ ±|s2αs∗
2β + s2αs∗

2β |2 +
(
|s2α|2 +|s3α|2

)(
|s2β |2 +|s3β |2

)
∝ Sαβ +2τCIαIβ. (12)
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The cross correlators Sαβ for electrons and photons thus have opposite
signs, as pointed out above. We note that similar short time correlators
have been considered in mesoscopic conductors in, Refs. 21 and 22.

7. ENTANGLEMENT AND BELL INEQUALITIES

As was shown in Ref. 10, the two particle interference in the elec-
tronic HBT experiment is closely related to another intriguing property of
quantum mechanics, namely entanglement. Entanglement was introduced
as a concept in physics in the mid-1930s and was initially discussed in the
context of fundamental properties of quantum mechanics. More recently
it has been realized that entanglement constitutes a resource for quantum
information and quantum computation.23 The prospect of quantum infor-
mation in solid state devices thus makes an investigation of entanglement
in mesoscopic conductors of large interest.

Two particles are entangled if the total wavefunction of the particles
can not be written as a product of the wavefunctions of the individual par-
ticles. A typical example is the spin singlet state 1/

√
2 [| ↑↓〉− |↓↑〉]. Two

entangled particles thus show a stronger nonlocal correlation than what is
possible for non-entangled particles. A large number of works have been
devoted to how to create entanglement in mesoscopic conductors, we do
not discuss these different proposals here but only refer to a number of
recent reviews on the subject.24–26

A standard way to test whether a pair of particles are entangled is
to perform a Bell inequality test.27 A Bell inequality is typically formu-
lated in terms of joint probabilities to detect spatially separated particles.
A schematic picture of a Bell setup for two spin 1/2 particles is shown in
Fig. 6. A standard form of the Bell inequality28 is expressed as

−2≤SB ≤2, (13)

where SB , the Bell parameter, is given by

SB ≡E(φA,φB)−E(φA,φ′
B)+E(φ′

A,φB)+E(φ′
A,φ′

B). (14)

Here the function E is expressed in terms of the joint detection probabili-
ties Pαβ(φA,φB) to detect the particles in channel α=+,− at A at channel
β =+,− at B, as

E(φA,φB)=P++(φA,φB)−P+−(φA,φB)−P−+(φA,φB)+P−−(φA,φB).

(15)
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Fig. 6. (Color on-line). Schematic of Bell setup for entangled spin pairs. From the source S,
a pair of entangled spins is emitted, with one particle propagating towards A and one toward
B. At A and B, the spins are rotated an angle φA and φB (in the plane), respectively. The
particles are then detected in electronic reservoirs + and −.

For simplicity only inplane spin-rotations are considered, described by the
scattering matrix at A

SA =
(

cos(φA) − sin(φA)

sin(φA) cos(φA)

)
(16)

and similiarily at B. Several authors 10,21,22,29,30 have proposed to formu-
late a Bell Inequality in terms of current cross correlators. In our work10

we showed that the current cross correlators in a system in the tunneling
limit is directly proportional to the joint detection probabilities appearing
in the Bell Inequality,

Pαβ(φA,φB)∝Sαβ. (17)

This allowed us to directly formulate a Bell Inequality in terms of low fre-
quency current cross correlators. For the electronic HBT interferometer,
the joint detection probabilities in Eq. (12) also contain information about
the average currents. We showed in Ref. 10 that it is nevertheless possi-
ble to violate a Bell inequality, even if one does not work in the tunneling
limit. Interestingly, this is not possible for the photonic HBT setup, due
to the possibility of having two particles emitted simultaneously from a
thermal photon source.

In our proposals, Refs. 29 and 10, we considered instead of spin
entanglement a system with entanglement in the orbital degree of free-
dom. A typical orbital two-level system is a conductor with two transport
modes. If the particle is in one mode, the system is in a pseudo-spin state
|↑〉 and if the particle is in the other mode it is in a pseudo-spin state |↓〉.
A schematic of a Bell setup for orbital entanglement is shown in Fig. 7.

The main advantage of orbital entanglement compared to spin entan-
glement is that the orbital entanglement can be manipulated with stan-
dard electronic beam splitters and directly detected via current cross
correlations. In the case with spin entanglement one needs first to convert
the spin information to charge or orbital information before the state can
be detected.
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Fig. 7. (Color on-line). Schematic of Bell setup for pairs of orbitally entangled electrons.
From the source S, a pair of entangled particles is emitted, with one particle propagating
towards A and one toward B. At A and B, the orbital states are rotated via electronic beam
splitters an angle φA and φB , respectively. The particles are then detected in electronic reser-
voirs + and −.

8. QUANTUM STATE TOMOGRAPHY

A Bell inequality works as a witness of entanglement, if the inequal-
ity is violated the state is entangled. We note however that the opposite is
not true, there exist entangled states31 that do not violate a Bell inequality.
Moreover, the degree of violation of a Bell Inequality can typically not be
used as a measure of the entanglement. This raises the question if there is
some other way to completely characterize the entanglement of a quantum
state emitted from a mesoscopic conductor.

The most general description of a two-particle state emitted from a
mesoscopic conductor is given in terms of the two-particle density matrix
ρ. The density matrix ρ by definition determines any two-particle observ-
ables on the state.32 Moreover, the entanglement of the state is deter-
mined by the two-particle density matrix. It is therefore natural to try to
investigate to what extent the density matrix can be characterized by cur-
rent cross correlations, the typical two-particle observable in mesoscopic
systems.

Very recently we showed that it is indeed possible to reconstruct
the entire density matrix via shot noise correlations.11 Such a reconstruc-
tion procedure is known as quantum state tomography and has been
proposed theoretically and performed experimentally on several different
quantum systems. In particular, in close analogy to our system, it has
been performed experimentally on entangled two-photon states.33–35 In
our proposal we considered a mesoscopic conductor, coupled to four leads
A1,A2,B1, and B2 (see Fig. 8). The mesoscopic conductor acts as a source
of orbital quantum states. The leads form local orbital two-level systems,
with basis states |1〉 and |2〉, respectively. The emitted state to be charac-
terized is manipulated and detected in regions A and B, containing exper-
imentally realizable beam splitters and phase gates. The combined beam
splitter-phase gate structure can generally be characterized by a scattering
matrix (at A)
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Fig. 8. (Color on-line). A mesoscopic conductor acting as a source (S) for quantum states, is
connected to four leads A1, A2, B1, and B2. The leads are further connected to two regions
(dashed boxes) A and B where the state is manipulated and detected. The regions contain
beamsplitters (crosses) and phase gates (open boxes).

SA =
( √

RAeiϕA2
√

TAei(ϕA3−χA)√
TAei(ϕA1+ϕA2) −√

RAei(ϕA1+ϕA3−χA)

)
(18)

with arbitrary phases ϕAk, k = 1 to 3, and an adjustable gate phase χA.
Phase gates were, e.g., recently demonstrated experimentally in interferom-
eters in quantum Hall systems,36,37 by modulating the length of the elec-
tron paths. The beam splitters are further connected to reservoirs + and
−, where the currents are measured.

Introducing operators b
†
An creating electrons in lead An, with n=1,2,

propagating out from the source, the one-particle density matrix is defined
as

ρA =
2∑

n,m=1

ρnmb
†
An|0〉〈0|bAm =

(
ρ11 ρ12
ρ21 ρ22

)
. (19)

Here we work in the basis {|1〉A, |2〉A}, with b
†
An|0〉 = |n〉A. The matrix

elements ρnm =〈b†
AmbAn〉. In the same way, the two-particle density matrix

is given by

ρAB =
2∑

n,m,k,l=1

ρkl
nmb

†
Anb

†
Bk|0〉〈0|bBlbAm, (20)

with the matrix elements ρkl
nm = 〈b†

Amb
†
BlbBkbAn〉. Here only the nonlocal

density matrix, describing correlations between particles at A and B, is
considered.
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The one and two-particle density matrices of the emitted state can be
parameterized as

ρA = 1
2

3∑
i=0

ciσi = 1
2

(
c0 + c3 c1 − ic2
c1 + ic2 c0 − c3

)
(21)

and similarly at B and

ρAB = 1
4

3∑
i,j=0

cij σi ⊗σj , (22)

where the c-coefficients are real and σj are the Pauli matrices, with j =
0, x, y and z and σ0 = 1. In the linear voltage regime, for a single spin
direction, the average current at terminal A+ can be written

I+
A /(e2V/h)= tr (ρAA) (23)

with the matrix expressed in terms of the scattering amplitudes of beam
splitter and phase gates

A=
(

RA

√
TARAe−i(χA+ϕA)√

TARAei(χA+ϕA) TA

)
(24)

with ϕA =ϕA2 −ϕA3. The zero frequency current cross correlator together
with the currents at A+ and B+ can be written in terms of the two-parti-
cle density matrix as

S++
AB

2e3V/h
+ I+

A I+
B

(e2V/h)2
= tr (ρABA⊗B) , (25)

where B is given from in Eq. (24) by changing the index A→B. Impor-
tantly, only four different settings of the scattering parameters at A and
four at B are needed to completely reconstruct the two-particle density
matrix. Moreover, only currents at contacts A+ and B+ need to be mea-
sured. By then performing a set of sixteen noise measurements and eight
current measurements (four at A and four at B), it is possible to obtain
all the sixteen coefficients parameterizing ρAB . For details of this deriva-
tion we refer to Ref. 11.

For the entanglement, it is interesting to compare the quantum state
tomography approach to the Bell inequality approach. The same num-
ber of noise and current measurements are needed for the tomography as
for the Bell Inequality. However, to completely reconstruct an unknown
density matrix, one needs to work with phase gates, which introduces
additional complexity when performing the experiment.
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B2

C

D

A S B

2 4

1 3

Fig. 9. (Color on-line). Schematic of the HBT geometry in a tomography setup. Two reser-
voirs biased at eV , 1 and 2, and two grounded reservoirs, 3 and 4, are connected via beam
splitters to the four leads going out towards A and B. Scattering between upper and lower
leads, e.g., A1 and A2, is not possible.

It is instructive to demonstrate the principle of quantum state tomog-
raphy on a concrete example. We therefore consider the two-particle HBT
geometry discussed above, shown in a tomography setup in Fig. 9 (note
that the lead notation conforms with Ref. 11 but not with Fig. 5). We
assume that the scattering at the point contacts C and D is described by
scattering matrices

SC =
(

rC tC
t ′C r ′

C

)
, SD =

(
rD tD
t ′D r ′

D

)
. (26)

The state incident on the two point contacts C and D is given by (at a
single energy and spin direction)

|�in〉= |1〉|2〉, (27)

where 1,2 denotes the reservoirs from which the particles emerge. The
state going out from the point contacts C and D toward A and B is then
given by, using the scattering matrices in Eq. (26),

|�out〉= rCtD|1〉A|2〉B − tCrD|2〉A|1〉B + tCtD|1〉B |2〉B + rCrD|1〉A|2〉A. (28)

Here the index A,B denotes toward which region the particle is propagat-
ing. From the definition of the reduced single particle density matrix in
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Eq. (21), one finds at A

ρA =
(

RC 0
0 RD

)
, (29)

working in the basis {|1〉A, |2〉A}, i.e., (ρA)ij = 〈�out|i〉〈j |�out〉 with i, j =
1,2. The matrix at B is found in a similar way. The off-diagonal elements
are zero since scattering between the upper and lower arms is impossi-
ble. The two-particle density matrix, defined in Eq. (22), is along the same
lines given by

ρAB =




0 0 0 0
0 |rCtrD|2 −rCr∗

Dt∗CtD 0
0 −r∗

CrDtCt∗D |tCtD|2 0
0 0 0 0


 , (30)

where we are working in the basis {|1〉A|1〉B, |1〉A|2〉B, |2〉A|1〉B, |2〉A|2〉B}.
The reduced two-particle state is actually a pure state, ρAB =|�〉〈�| with

|�〉= rCtD|1〉A|2〉B − tCrD|2〉A|1〉B. (31)

This can be understood directly from Eq. (28) by realizing that the only
part of the state that contributes to the reduced two-particle density
matrix is the one which contains one particle at A and one at B. For
identical beam splitters C and D the state |�〉〈�| is actually an orbital
singlet. The density matrix ρAB can then be characterized by perform-
ing current and current correlation measurements, as discussed above. As
shown in Ref. 11, for the HBT-geometry, the number of measurements
needed to reconstruct the density matrix is less than sixteen, due to the
topological properties of the geometry.

It is important to note that the superposition in Eq. (31) is a con-
sequence of the indistinguishability of the two electrons. One electron is
emitted from reservoir 1 and one from 2 and one electron is scattered
towards A and one towards B. Since the two alternatives 1 to A and 2
to B and 1 to B and 2 to A are indistinguishable, the quantum state
is a superposition of the two corresponding probability amplitudes. As
was shown in Ref. 10, this exchange interference gives rise to two-par-
ticle interference, a two-particle Aharonov–Bohm effect detectable in the
current noise. As is clear from above, it is also responsible for the entan-
glement of the state.

9. CONCLUSIONS

In conclusion, we have presented an investigation of current cross cor-
relators in mesoscopic conductors. We first discussed the optical Hanbury
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Brown and Twiss interferometer, where intensity cross correlations were
used to investigate the angular diameter of stars. As an analogy to
the Hanbury Brown and Twiss experiment we first discussed quantum
statistical effects, bunching and anti-bunching, in mesoscopic conductors.
Thereafter, we investigated two-particle interference in fermionic system,
focusing on the setup proposed in Ref. 10. We also discussed how to for-
mulate a Bell inequality in terms of current cross correlations and how
this can be used to detect two-particle entanglement. Finally we presented
a scheme for quantum state tomography, a complete reconstruction of
the quantum state emitted by a mesoscopic conductor, using current cross
correlations.
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