s N\ -
7 3 UNIVER%ITE Archive ouverte UNIGE
DE GENEVE https://archive-ouverte.unige.ch

Article scientifique 2023 Published version

This is the published version of the publication, made available in accordance with the publisher’s policy.

Barashkov, Nikolay; Gunaratnam, Trishen; Hofstetter, Michael

How to cite

BARASHKOV, Nikolay, GUNARATNAM, Trishen, HOFSTETTER, Michael. Multiscale Coupling and the
Maximum of P(¢), Models on the Torus. In: Communications in Mathematical Physics, 2023, vol. 404, n°
2, p. 833-882. doi: 10.1007/s00220-023-04850-2

This publication URL:  https://archive-ouverte.unige.ch/unige:180102
Publication DOI: 10.1007/s00220-023-04850-2

© The author(s). This work is licensed under a Creative Commons Attribution (CC BY 4.0)
https://creativecommons.org/licenses/by/4.0



https://archive-ouverte.unige.ch
https://archive-ouverte.unige.ch/unige:180102
https://doi.org/10.1007/s00220-023-04850-2
https://creativecommons.org/licenses/by/4.0

Commun. Math. Phys. 404, 833-882 (2023) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-023-04850-2 M ath emat i c al

Physics
®

Check for
updates

Multiscale Coupling and the Maximum of P (¢), Models
on the Torus

Nikolay Barashkov!, Trishen S. Gunaratnam?(), Michael Hofstetter>

1 Department of Mathematics and Statistics, University of Helsinki, Helsinki, Finland.
E-mail: nikolay.barashkov @helsinki.fi
2 Section de Mathématiques, Université de Geneve, Geneva, Switzerland.
E-mail: trishen.gunaratnam @unige.ch
3 Statistical Laboratory, DPMMS, University of Cambridge, Cambridge, UK. E-mail: mh901@cam.ac.uk

Received: 19 October 2022 / Accepted: 17 September 2023
Published online: 17 October 2023 — © The Author(s) 2023

Abstract: We establish a coupling between the P(¢), measure and the Gaussian free
field on the two-dimensional unit torus at all spatial scales, quantified by probabilistic
regularity estimates on the difference field. Our result includes the well-studied <1>§1 mea-
sure. The proof uses an exact correspondence between the Polchinski renormalisation
group approach, which is used to define the coupling, and the Boué—Dupuis stochastic
control representation for P(¢)2. More precisely, we show that the difference field is
obtained from a specific minimiser of the variational problem. This allows to transfer
regularity estimates for the small-scales of minimisers, obtained using discrete harmonic
analysis tools, to the difference field.As an application of the coupling, we prove that the
maximum of the P(¢)> field on the discretised torus with mesh-size € > 0 converges in
distribution to a randomly shifted Gumbel distribution as € — O.
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1. Introduction

1.1. Model and main result. We study global probabilistic properties of the P (¢), Eu-
clidean quantum field theories on the two dimensional unit torus €2 = T2. These objects
are measures v’ on the space of distributions $’(£2) that are formally given by

vP () ocexp ( - / P(§()dx ) v (dg), (1.1)
Q
where P is a polynomial of even degree with positive leading coefficient and vOFF is law
of the massive Gaussian free field, i.e. the mean zero Gaussian measure with covariance
(—A +m?)~! for some arbitrary mass m > 0 that is fixed throughout this article. The
most famous example is when P(¢) is a quartic polynomial, in which case v is known
as the ¢5 measure in finite volume with periodic boundary condition.

The origin of these measures lies in constructive quantum field theory, where they
arise as Wick rotations of interacting bosonic quantum field theories in 1 + 1 Minkowski
space-time, see for instance [38] and [33]. Their construction was first achieved in 2D
by Nelson in [32], see also the books by Simon [37] and Glimm and Jaffe [24, Section
8]. Indeed, fields sampled from vOFF are almost surely distributions in a Sobolev space
of negative regularity, and hence cannot be evaluated pointwise. Therefore, since there
is no canonical definition of nonlinear functions of distributions, the density in (1.1)
is ill-defined. This can be seen concretely, if one imposes a small scale cut-off. Then
the cut-off measures are well-defined, but as the cut-off is removed, one encounters so-
called ultraviolet divergences. It is well-known that a suitable renormalisation procedure
is needed to remove these divergences.

In order to give meaning to (1.1), we view it as a limit of renormalised lattice approx-
imations. For € > 0 let Q. = € N (¢Z?) be the discretised unit torus and denote X, =
R%% = {¢: Q. — R}. We assume throughout that 1/¢ € N. Moreover, write A€ for the
discrete Laplacian acting on functions f € X, by A€ f(x) = €2 Zy~x (f(y) — f(x)),
where y ~ x denotes that x, y € Q. are nearest neighbours. Let vOFe be the centred
Gaussian measure on X, with covariance (—A€ + m2)~!, i.e. the law of the massive
discrete Gaussian free field on Q.. Note that as ¢ — 0, we have for all x € Q.

1 1
ce = Var (@SFF‘) =3 log - + 0(1), @OFFe ~ ) GFFe (1.2)
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To compensate this small scale divergence we renormalise the polynomial P in (1.1) by
interpreting it as Wick-ordered. For n € N, we define the Wick powers

(" (0):e = P Hy(p(x)/ /o),

where H,, denotes the n-th Hermite polynomial and c is as in (1.2). For instance, when
n = 4, we have

19 (0): e = ¢*(x) — 6eedp?(x) + 32

Note that by the multiplication with ¢! we ensure that the leading coefficient of the Wick
power equals 1.

It can be shown that as € — 0 the Wick ordered monomials for the Gaussian free field
converge to well-defined random variables : ®”: with values in the space of distributions
S’(€2). Moreover, the collection (: ®": ), cn is orthogonal in L?(uSTF) and satisfies

E[: ®"(x):: ®"(y):1=n!G"(x —y), &~ vOrF,
where G = (—A +m?)~! is the Green function of the Laplacian on €. This gives the
Wick powers the interpretation of powers of the Gaussian free field.

For general polynomials of the form P: R — R,r Z,ivzl apr® of even degree
N € 2N, and coefficients satisfying ay € R, 1 < k < N, and ay > 0, we define the
Wick ordering

N
PP = D @)re. (1.3)

k=1

When it is clear from the context or when there is no conceptual difference between the
discrete Wick power and the continuum limit, we drop € from the notation. Note that,
by a simple scaling argument, for the construction of the measures (1.1) we may assume
without loss of generality that 7P has no constant term.

As for the monomials, the Wick ordered polynomials converge to well-defined ran-
dom variables with values in a space of distributions as ¢ — 0. However, as € — 0 one
loses the uniform lower bound of : P: .. Indeed, due to the logarithmic divergence of c,
in (1.2), we have for : P: ¢ as in (1.3)

inf :P:c > —0(|loge|™), €e—0

x€Qe

for some n € N. Therefore, the exponential integrability (and hence the construction of
(1.1) as a limit) is not immediate. Nelson leveraged the polylogarithmic divergence in
d = 2 to give arigorous construction of the continuum object P, which can be obtained
as a weak limit of the regularised measures vPe on X, defined by

VPedp) cexp (= €2 Y i P@ () ) v (dgh). (1.4)

xX€Qe

Other constructions also exist, for example via stochastic quantisation techniques [40],
the Boué—Dupuis stochastic control representation [5], and martingale methods [28].
Fields sampled from v” have similar small scale behaviour to the Gaussian free field
on . Indeed, the two measures are mutually absolutely continuous and, as such, vP
is supported on a space of distributions, not functions. One of the central themes of
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this article is to quantify the difference in short-distance behaviour between these two
measures, and to see whether the similarities on small scales lead to similarities on a
global scale, e.g. universal behaviour of the maxima.

Finally, let us remark that similar Wick renormalisation procedures have been suc-
cessfully used to construct other continuum non-Gaussian Euclidean field theories in
2D, see for instance [7], for the sine-Gordon field and [4] for the sinh-Gordon field.

Our main result is a probabilistic coupling between the P(¢), field and the Gaussian
free field at all scales, which allows to write the field of interest as a sum of the Gaussian
free field and a (non-independent) regular difference field. The methods we use rely
on a stochastic control formulation developed for the ¢§ field in [5] and the essentially
equivalent non-perturbative Polchinski renormalisation group approach that was used
in [7] for the sine-Gordon field. Our point of view in this work resembles that in the
latter reference, for which we use a similar notation. Specifically, we construct the e-
regularised P(¢), field as the solution to the high dimensional SDE

dolE = —cevut E@leFydr + ) Paw,  oleF =, (1.5)

where (&5 )¢[0,00] i associated to the Pauli-Villars decomposition of the Gaussian free
field covariance defined for ¢ € (0, co) by

d
= (A +m’l/n, = ch, (1.6)

and with cf) =0andc{, = (—A°+ m2)’1, W is a Brownian motion in ., and vf’E is
the renormalised potential to be defined later. The Pauli-Villars decomposition could be
replaced by, for example, a heat-kernel decomposition, but it is technically convenient to
work with the former rather than the latter, see Remark 3.1 for a more precise discussion
on the rigidity concerning the choice of scale decomposition.

The energy cut-off £ > 0 is sufficient to ensure that the SDE (1.5) is well-defined
and has strong existence, and is removed by taking £ — oo. The stochastic integral on
the right-hand side of (1.5) corresponds to a scale decomposition of the Gaussian free
field, i.e. setting

o
POFFe — / eHV2aw (1.7)
t
we obtain a Gaussian process (CD,GFFf) ; started at t = oo with @gFe = 0 and such that

CID(?FF6 ~ pOFFe Thus, going back to (1.5) the difference field corresponds to the finite

variation term on the right-hand side of the SDE.

We state the main result in the following theorem on the level of regularisations. For
a € Rlet H*(2¢) = H* be the (discrete) Sobolev space of regularity «, see Sect.2.2
for a precise definition. Moreover, we denote by Co([0, c0), S) the space of continuous
sample paths with values in a metric space (S, || - ||s) that vanish at infinity equipped
with the topology of compact convergence.

Theorem 1.1. There exists a process oFe ¢ Co([0, 00), H™X) for any k > 0 such that

OF = 0 + 00T P <P, (1.8
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where the difference field ®*¢ satisfies

supsup E[[| ;|| < oo, (1.9)
e>01>0
sup sup E[[| ;< [|2,,] < oo (1.10)
e>01>1

for any ty > 0, and for any o € [0, 2) and some large enough L > 4

Acyy2/L

sup sup E[[| P, [|7.] < o0, (1.11)
e>01>0

Sup E[[| 2 — <5151 — 0ast — 0. (1.12)
e>0

GFFe _ gGFF-
t

Moreover, for any t > 0, @ is independent of <I>t7)€.

Let us make two important remarks concerning the optimality of the regularity esti-
mates in Theorem 1.1. First, the restriction to o € [0, 2) in (1.11) and (1.12) seems to be
optimal, at least with respect to our method. Other reasonable choices of (¢} )se[0,00], SE€
again Remark 3.1, should also lead to the same estimates (1.9), (1.11) and (1.12). Sec-
ond, we do not expect that the probabilistic regularity estimates on the difference field
CI>,A €,t > 01in Theorem 1.1 can be replaced by deterministic ones, in contradistinction

€

to the case of the sine-Gordon field considered in [7]. This is because CD,A is related
to va’E (), ¢ € X¢ in (3.6), which is, unlike for the sine-Gordon field, unbounded
in ¢ as E — oo. In fact, since the constant L depends linearly on the degree of the
polynomial P, the bounds in Theorem 1.1 become weaker as the degree of P increases.
This suggests that the larger the growth of the nonlinearity in (1.1), the weaker bounds
for the difference field. Note that, in the case of the qbg field, we can take L = 4.

As a corollary of Theorem 1.1, we also obtain the following statement for the con-
tinuum, i.e. € = 0. We stress that, in the statement below, H* = H*(R2) refers to the
usual, i.e. continuum, Sobolev space of regularity o over 2.

Corollary 1.2. There exists a process oF € Co([0, 00), H™) for every k > O such
that

oF = o2 4+ @UFF, (1.13)

where @Op is distributed as the continuum P(¢), field and @gF Fis distributed as the
continuum Gaussian free field. For the difference field ®2, the analogous estimates as

for CDIA ¢ in Theorem 1.1 hold in the continuum Sobolev spaces. Finally, for any t > 0,
dD(();FF — <I>tGFF is independent ofGDZD.

As we shall see in the proof of Corollary 1.2, we construct the continuum processes
®2 in (1.13) as a weak limit of (®%¢). as € — 0 along a subsequence, thereby es-
tablishing the existence of 7. While the convergence as processes only holds along a
subsequence, we prove that every subsequential limit of (®2¢), and hence of (®7¢),
has the same law.

The key ingredient in the proof of our main result, Theorem 1.1, is an exact correspon-
dence between two different stochastic representations of P(¢)>: a stochastic control
representation, called the Boué—Dupuis representation, and the Polchinski renormalisa-
tion group approach, see Sect.3.4. More precisely, the difference field is directly related
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to a special minimiser of the stochastic control problem. We use this correspondence to
transfer fractional moment estimates on the minimiser to the difference field.

In the case of the sine-Gordon field considered in [7], the proof of the analogous
estimates on @< relies heavily on deterministic estimates on the gradient of the renor-
malised potential vy, which is enabled by a Yukawa gas representation from [16]. Such
a representation is not available in the present case, as the nonlinearity P(¢) is not
periodic in the field variables (¢, )ycgq, . Therefore, our approach is more robust in the
sense that we do not need to know the gradient of the renormalised potential, for which
a uniform bound may not be available, and we do not need the periodicity requirement
on the potential.

It would be of interest to extend our approach to other continuum Euclidean field
theories. On the one hand, we believe that our approach can be extended to treat fields
with more general nonlinearities in the log-density, such as the sinh-Gordon model.
On the other hand, by combining our techniques with paracontrolled ansatz techniques
developed in [5], it may be possible to analyse the sine-Gordon field up to the same regime
as treated in [7]. Note that our techniques would a priori yield probabilistic estimates
on the difference field, while the precise analysis of the gradient of the renormalised
potential in [7] yields deterministic estimates. It would be interesting to see whether one
can recover similar deterministic estimates with our approach. For 8 < 4, this seems
possible by using methods developed in [3]. A treatment of the full subcritical regime
B < 8r using either method would be of great interest. Let us mention that in the setting
of fermionic Euclidean field theories, such couplings have been constructed for a ¢*-type
model in the full subcritical regime in [19] using a Forward-Backward SDE approach.
Although the objects treated are not the same (recall that we are interested in bosonic
Euclidean field theories), on a high level their general framework is closely related to
our point of view here and may be of help in analysing sine-Gordon for 8 < 8.

Finally, we remark that similar couplings can be obtained from stochastic quantisa-
tion, for instance with the methods of [30] or [25], which allow to write the P (¢), field
as a sum of a Gaussian free field and a non-Gaussian regular field with values in H L.
However, the couplings obtained in this way do not have the independence property
stated in Corollary 1.2. This property together with the fact that our regularity estimates
imply L° bounds for CbtA, t > 0 enables us to study the distribution of the centred
maximum of the field as described below.

1.2. Application to the maximum of the P(¢), field. The strong coupling to the Gaus-
sian free field in Theorem 1.1 is a useful tool to study novel probabilistic aspects of
P(¢)2 theories that go beyond the scope of the current literature. As an illustration, we
investigate the global centred maximum of the regularised fields ®7< defined as

M€ = max @7 ®Fe ~ yPe,

€
It is clear that as € — oo this random variable diverges, since the limiting field takes

values in a space of distributions. For the (massive) Gaussian free field, i.e. the case
P(¢) = 0, this divergence has been quantified in [15] by

1 1 3 1
E[M] =m + O(1), me= F(Zlog - — 3 loglog ). (1.14)
T

Moreover, in this reference it is also shown that the sequence of centred maxima (M€ —
m, ) is tight. We remark that these results were initially proved for the massless Gaussian
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free field on a box with Dirichlet boundary condition rather than on the torus, but the
arguments are not susceptible to a different choice of boundary. The minor difference
between the prefactor 1/ V27 in (1.14) to [15] and various other references comes from
our different scaling of the fields, see (1.2).

It is clear that the coupling in Theorem 1.1 for + = 0 together with the properties
of ®2 imply (1.14) and tightness of the centred global maxima for the P(¢), field.
Indeed, by the standard Sobolev embedding in d = 2, the Sobolev normin (1.11) can be
replaced by the L°°-norm, and hence, the maximum of the P (¢); field and that of the
GFF differ by a random variable with finite fractional moment. In particular, this implies
that (1.14) also holds for general even polynomials P with positive leading coefficient.

Exploiting also the larger scales ¢+ > 0 of (1.8) allows to understand the O(1) terms
in M€ — m, and establish the following convergence in distribution as € — 0.

Theorem 1.3. The centred maximum of the e-regularised P(¢)s field P ~ vPe con-

verges in distribution as € — 0 to a randomly shifted Gumbel distribution, i.e.

1 1
P
max "¢ —me > —X +
Qe 8m 81
where ZF is anontrivial positive random variable, X is an independent standard Gumbel
random variable, and b is a deterministic constant.

log 7P +b,

The analogous result for the Gaussian free field was proved in [14] and later gen-
eralised to log-correlated Gaussian fields in [20], and to the (non-Gaussian) continuum
sine-Gordon field in [7]. The proof in the latter reference relies on a coupling between
the Gaussian free field and the sine-Gordon field, in essence similar to Theorem 1.1,
and a generalisation of all key result in [14] to a non-Gaussian regime. Here we follow
a similar strategy to establish Theorem 1.3 verifying that the technical results in [7,
Section 4] also hold under the weaker assumptions on the term ®* in Theorem 1.1.

It is believed that the limiting law of the centred maximum is universal for ®¢
belonging to a large class of Gaussian or non-Gaussian log-correlated fields, in the
sense that the fluctuations of the centred maximum are of order 1 and moreover, there
is a sequence de, such that

]P’(nslzax @€ —a. < x) = Elexp(—CZe™ )], xeR (1.15)

for some positive constants ¢, C > 0 and a positive random variable Z; see for instance
[17]. The expectation value in (1.15) is the distribution function of a randomly shifted
Gumbel distribution, which is obtained from the deterministic Gumbel distribution func-
tion and averaging over the random shift log Z. In particular, the weak convergence for
maxg, &P« in Theorem 1.3 can be equivalently stated as in (1.15) by setting a. = m,,

c=+87,C= V870 and Z = ZP . Tn recent years there has been substantial progress
on the extremal behaviour of log-correlated fields and related models, thus confirming
the conjectured behaviour of the maximum. For Gaussian fields, in particular the dis-
crete Gaussian free field, the vast majority of questions centred around the maximum
have been answered thanks to the works [14,20,35] as well as [9,10]. As various key
methods in the proof of these results only apply to Gaussian fields, the picture in the
non-Gaussian regime is less complete. Important recent works on non-Gaussian models
include [7,8,21,36] and [41]. There is also a surprising relation between log-correlated
processes and the extreme values of characteristic polynomials of certain random ma-
trix ensembles as well as the maximum of the Riemann zeta function in a typical short
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interval on the critical line, which was first described and investigated in [22] and [23].
Subsequent works in this direction include [1], [18] and [34]. For a survey on recent
developments we refer to [2].

The random variable Z7 is believed to be a multiple of the critical multiplicative
chaos of the field, also known as the derivative martingale, which can be obtained as the
weak limit of

log = @Peye2logrrVBroPe (1.16)

Zpe _ 62 Z(

However, this has been established rigorously only for the massless Gaussian free field
thanks to its conformal invariance, see [11]. Even though the exact characterisation of
ZF does not come out of the proof of Theorem 1.3, it does show that ZP is obtained as
the limit of prototypical derivative martingales defined similarly to (1.16).
Nonetheless, the coupling in Theorem 1.1 and Corollary 1.2 immediately gives a
construction of the limit of the measure associated to (1.16) as € — 0 through

lim 7P (dx) = V876 () 7GFF (1

where ZOFF (dx) is the Gaussian multiplicative chaos associated with CID(()}FF. We expect
that this relation allows to establish further properties for the multiplicative chaos of the
P(@)2.

Finally, we believe that the coupling in Theorem 1.1 can also be used to prove finer
results on the extreme values of the P(¢), field, in particular on the locations and
heights of local maxima. The main reference for the local and full extremal process
for the Gaussian free field is the work by Biskup and Louidor, see [9], [10] and [11].
Using the coupling in Theorem 1.1 and the generalisation of the key results in these
references to the non-Gaussian setting analogously to [27], it seems plausible that the
local extremal process of the P(¢), field converges to a Poisson point process on €2 x R
with random intensity measure Z(dx) ® e"/gh dh. With additional work, it should also

be possible to prove convergence of the full extremal process thanks to the continuity of
the difference field.

1.3. Notation. For acovariance c¢€ on X, we denote by E . the expectation with respect
to the centred Gaussian measure with covariance c¢€. Moreover, we use the standard
Landau big-O and little-o notation and write f < g to denote that f < O(g), and
fx~gif fSgand f g

When an estimate holds true up to a constant factor depending on a parameter « say,
i.e.if f < Cg where the constant C = C(«) depends only on «, then we write f <, g.

For fields f € X, we either write f(x) or fy for the evaluation of f at x € Q..
When the field already comes with an index, say ¢, then we write f;(x) instead. We also
use the word function and field interchangeably for elements in X,.

To simplify notation in what follows we will write

f fdx=€ )" fx)

X€EQ,
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for the discrete integral over 2. For two functions f, g € X(E = {¢p: Qc — C} we
define the inner product

(f8)=(fgla. =€ ) f(ElD).

xeQe

For p € [1, oo) we also define the LP-norm for f € XéC by

1A p, =111, = fQ | f (0)|Pdx

and for p = oo we define

Iflize@o = IflliLe = [1f lleo = max [£(x)].

We write L (2¢) = (Xe, || - lzr), 1 < p < oo for the discrete L? space. Finally, for
F: X —> R, ¢+ F(p) define VF as the unique function X, — X, that satisfies

(VE(9). g) = DyF(g)

for all ¢, g € X, where Dy, F: X — R is the Fréchet derivative of F at ¢, i.e. the
unique bounded linear map satisfying

Flp+g)=F(p)+DyF(g)+0(g)

forall g € X and where 0(g) = o(]|g||) for some norm on X.. Note that our convention
for VF differs from the usual gradient by a factor €2 due to the normalised inner
product.

2. Discrete Besov Spaces and the Regularity of Wick Powers

In our analysis we require regularity information on various types of random fields on
X that are uniform in the regularisation parameter. Particularly important examples of
such random fields are given by discrete analogues of Wick powers for the GFF. Besov
spaces allow for a convenient description of the regularity for the latter objects. As such,
in this section, we first recall basic notions from discrete Fourier analysis and define
discrete analogues of Besov spaces. All inequalities in this section will be uniform in €
unless otherwise stated.

2.1. Discrete Fourier series and trigonometric embedding. Any function in X, admits a
Fourier representation thanks to the periodic boundary conditions. Let QF = {(k1, k2) €
2n7%: —mje < k; < m/e}and Q* = 277> be the Fourier dual spaces of €2, and Q.
Then, for f € X and x € .,

fo)y =" fer, @.1)

ke
where f (k) € C is the k-th Fourier coefficient of f given by

f) = (f.e*)o, =€ Y flx)e . 2.2)

x€EQ,
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Since f is real-valued, we have that f (k) = f (—k). For a given f € X, the map
Fe(f): QF — C, k — f(k) is called the (discrete) Fourier transform of f. Similarly,

for any function f € X*:={g: Q* — C}, we define the inverse Fourier transform F’
by

FH@) =) floe*.

ke

As for the usual Fourier transform on €2 and its inverse, which we define analogously to
(2.1) and (2.2) by replacing . by £, it can be easily seen that F~! o F = idxg.

For a translation invariant operator operator g : X — X¢, wedenoteby g (k), k € Q7
its Fourier multipliers, defined by

a(f) = Gk) f ).

For instance, it can be shown that the negative lattice Laplacian — A€ on 2, has Fourier
multipliers

2
— A(k) =€) (2 —2cos(ek)), ke Q. (2.3)
i=1

As € — 0 these converge to the Fourier multipliers of the continuum Laplacian given
by

—Ak) = k>, keQ*
and this convergence is quantified by
0 < —A(k) — (=A°(k) < [kI*h(ek), k€ QF, (24)

where h(x) = maxizl,z(l—xi_z(Z—Z cos(x;))) satisfies 1(x) € [0, 1 —c] withc = 4/72
for [x| < 7 and h(x) = O(|x|?) as x — O.

We extend functions on €2, onto 2 by using the standard trigonometric extension,
which is also an isometric embedding I. : L>(2.) — L*(RQ), i.e.if f € X, has Fourier
series (2.1), then the extension /I f of f is the unique function 2 — R whose Fourier
coefficients agree with those of f for k € Q} and vanish for k € Q*\ Q¥. Note that I, f
coincides with f on €.

Conversely, we can restrict a smooth function f: Q — R to Q¢ by restricting its
Fourier series

fx) = Z f(k)eik'x, f(k) _ /Q f(x)e_ik'xdx

keQ*

to Fourier coefficients k € QF, i.e. we write

Mef =) fye™.

ke
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2.2. Discrete Sobolev spaces. The notion of Fourier series can be used to define discrete
Sobolev norms in complete analogy to the continuum case. For ® € X, and « € R we
define

1) = 1PNFe = D (1+ k)| DK, (2.5)
keQ2¥

where <i>(k), k € QF denote the Fourier coefficients of ® as defined in (2.1). Moreover,
we denote by H*(Q2¢) = (Xe, || - llHe(q.)) the discrete Sobolev space of regularity «.
Thus, when using the isometric embedding the discrete and the continuum Sobolev norm
| - Il 5 (%), defined as in (2.5) except the sum being now over k € Q*, coincide, i.e. for
o e X,

IPllHe @) = e PllHe (),

where now H%(£2) denotes the Sobolev space of regularity « € R. Recall that we have
the following standard embedding theorem. Here, | - || (o) and || - || gs(q) denote the
continuum norms for functions Q — C.

Proposition 2.1 (Sobolev embeddings). Let s > 1. Then

Il Ss I f s,

where

2<p<oo, s=1,
2<p<oo, s> 1.

In particular, we have for every o > 0 and f: Q¢ — C,

||f||L°0(QE) < ||Ief||L°°(Q) ,Sa ||Ief||1-11+a(gz) = ”f”HIW(QE)-
Finally, we also have the following Holder embedding. Let « € (0, 1). For a function
f € C*®(2, R), we define its a-Holder norm by

)

I fllce = Il fllce = [ flce + I fllLe, |flce@ =  sup ) = 1ol

X,YEQ, x#£Y lx — y|*

where | f|ce denotes the Holder seminorm. The «-Holder space, denoted C¥(€2), is then
defined as the completion of C*°(£2, R) with respect to || - || c« (). For discrete functions
f € X, we define

I fllceo) = e flice

and C%(2¢) = (Xe, || - llce(.))- Then, the following standard embedding from Sobolev
spaces into Holder spaces can be transferred to functions in X..

Proposition 2.2. Leta € (0, 1) ands — 1 > «. Then

I fllce@) Sas 1 f a5 ()
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2.3. Discrete Besov spaces. In this section we introduce the important class of Besov
spaces and recall their most important properties. We state the results below for dimen-
sion d = 2 though analogous statements hold for general d. Let A := By4,3 \ B33 be
the annulus of inner radius r; = 3/8 and outer radius r, = 4/3. Here, we denote by
B, = {|x| < r} C R? the centred ball of radius r > 0in R%. Let x, ¥ € C(R?, [0, 1]),
such that

supp X € Bs4s3, suppx C A
and
oo .
A +Y x@/2)y=1, xeR?
j=0
and write
X—1=%. xj=x(/2), j=0. (2.6)

For € > 0 define je = max{j > —1: supp x; C (—7/e, 7/€]?}. Note that for j > j,
supp x; may intersect o{[—/e, 7/€]?}. To avoid ambiguities with the periodisation
of x; onto QF, we modify our dyadic partition of unity in (2.6) as follows: for j €
{—1,..., je} let X]g € CSO(R2, [0, 1]) be such that for k € Q¥ we have

xj (k). J < Jes
X,E(k)z 1_X:j<j€ X;(k)’ j:j€7
07 j>j€'

Then we define for j > —1 the j-th Fourier projector A; by
Ajf=F 6.

where f Q- C k> f (k) is the Fourier transform of f. We can use this partition
of unity to decompose a given function f € X, into a sum of functions with almost
disjoint support in Fourier space and define for any @ € R and p, g € [1, o]

108y, = D (zak”Ajf||Lp)q]1/q

j=—1

One can prove that this is indeed a norm on X, and that different choice of x, x yield
equivalent norms uniformly in € > 0.

We denote by B}, ,(Q2) = (Xe, || - |l Bg_q) the discrete Besov space with parameters
p.q and «. Note that H*(2¢) = Bg,z(Qe) which holds in the sense that the norms
are equivalent uniformly in the lattice spacing. Moreover, for any o € R, we write
CY(Qe) 1= BY, 1o ().

We now state useful properties of these spaces. In all estimates below we use < to
denote less than or equal to up to a constant that may depend on the parameters of the
Besov space but does not depend on €. For the proofs of these result, we refer to [31,
Remark 8, 10 and 11] [26, Lemma A.2], [4, Theorem 2.13], [26, Lemma A.3], and [4,
Theorem 2.14] respectively.
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Proposition 2.3 (Immediate embeddings). Let 1, a2 € Rand p1, p2,q1,q2 € [1, 0o].
Then we have

lull g < llull gea foray < azand py < prand q1 = qo,
P1-q1 P2.02

u < |lu ora] < oy,

lull gy, S Nl forar <a

< <
lullpg, . < luller < lullgo -

Proposition 2.4 (Duahty) Letotl ()[2 € Rsuchthat a1 +oay = 0and let py, p2,q1, g2 €

1 _
[1, oo]suchthat—+ﬁ—q—l+— 1. Then

[ psax| <urig, el @7
Qe P24
Pr0p051t10n25 (Multlphcatlon inequality). Let p, p1, p2. ¢, q1, g2 € [1, o0] be such

that = ﬁ + — pz [17 qll + —, and let a1, ap € R be such that oy + oy > 0. Denote

o= mm(al, «2). Then, for any € >0andforall f,g € X,

IfgllBs, S Il ger, llglpe - (2.8)
In particular, for o > 0 we obtain the following iterated multiplication inequality: for
every k € N such thatk > 1,

1 g, S 1A

Prop051t10n26 (Interpolation). Let 0 € [0, 1], p, p1, p2,49,q1, g2 € [1, 00] satisfying
p % 1p—29, é = q% + 1(120 and o, a1, ay € R satisfying o = 0ay + (1 — 0)ap. Then,
forany e > 0and f € X,

< IfI° 120 2.9
IfllBa, < ||f|| ||f| B2, (2.9)
Proposition 2.7 (Besov embeddmg) Let a1, a0 € R and p1, pa, q € [1, 00]. Assume
that ar < a1 — Z(E — —) Then, for any € > 0 and f € X,
o < o
1 lge2, S lgen - (2.10)

2.4. Regularity estimates on discrete Wick powers. The relevance of Besov norms in our
context comes from the fact that in dimension d = 2 the Wick powers of log-correlated
fields are distributions in B, for any x > 0.

Lemma 2.8. Let Y be the discrete Gaussian free field on Q. Then, for any k > 0 and
p €ll, 00),

sup E[|I: (Y5)": IIP ] < 00.

e>0

Consequently, by Besov embedding (2.10), foranyn € N, k > 0, andr > 0,
sup E[[l: (Y5)": 17— | < o0.
>0
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Proof. Throughout this proof we drop € > 0 from the notation. By the definition of the
Besov norms, we have

o0
]E[||:Y§o:||’;;7)] = Z 2IPE[|A; Y T,]
\ =
- —JjK n 21\P/?
< > 27 (B[)(8:v2:) O]

j=1

i 2-ikp (E[ /Q Kj()K;j(3): Yo ()i Y <y)d’“’y])p/2
j=—1

€ X Qe
o0
> 2 |

=1 Qe X Qe

n p/2
Kj(x)Kj(y)(c(x,y)) dxdy) , (2.11)

where in the second line, we use stationarity together with a standard Wiener chaos
estimate (which is a consequence of hypercontractivity), in the third line, we denote the
(real-space) kernel of Aj by K; = K]E., and in the final line we use Wick’s theorem.

Recall that we have [|Klz1q,) S 1 and Kl < 2%/. This implies, by

interpolation, that ||K;|lra Q) S 2/%/2 if g1 > 1 is chosen sufficiently close to 1.
Observe that if g < oo is the Holder conjugate of g1, then sup, ¢ lc" | 192 (4xay) < 0.
Thus,

‘/Kj(x)Kj()’)Cn(an)dXdy <K ;) Kj3) 241 @xay e 1292 @xay)

SNK 30 1" | 292 (axay) S 27%. (2.12)

Plugging (2.12) into the sum (2.11), we see that it converges and is bounded uniformly
in €. This completes the proof. O

In the sequel we consider the Wick powers of the sum of the Gaussian free field and
aregular field. Note that for n € N and ¢ € X, we have

n
Y= (”) (Y& )"k ok (2.13)
k=0 k
In practice, we apply this formula in the case where ¢ admits a bound uniformine > 0on
the second moment of some positive regularity Sobolev norm. In particular, it is mainly
useful when ¢ admits estimates in a positive regularity norm (rather than a negative
regularity distribution norm) that are uniform in € > 0.

Lemma 2.9. Let YS be the discrete Gaussian free field on Q. Then for any n € N and
k > 0, and k > 0 small enough

n—1
— —k
I (VS + @) lle-e S 1+ Y )" 170 + gl (2.14)
k=0

uniformly in € > Q.
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Proof. We estimate the terms on the right-hand side of (2.13) separately. For k €
{l,...,n — 1} and p > 2/k, we have for any § > 0 by Besov embedding (2.10)
and the multiplication inequality (2.8)

. —k. k . —k. k . —k. k
Y5 llee S X5 Mo S 1Y N el e (2115)

Now, by iterating the multiplication inequality (2.8) and Besov embedding (2.10) we
have for2/k < p < 2(1+1/k)/(x +6)

k k k
[[% ||B;—O§/ﬁ+5 Sk,p ||§0||BK72/[1+5 Sk ||‘P||H1-

kp,oo
Thus, we can further estimate (2.15) by

Lyn—k. k . yn—k. k . yn—k. n/(n—k)
Y25 R loe Ses 12V llemearm ol S 1251270 4 i)
where we used Young’s inequality in the last step and set Kk = x — 2/p. Summing over
k € {1,...,n — 1} and observing that

e lle— < el
the estimate (2.14) follows. 0O

3. Stochastic Representations of P (¢);

In this section, we present two stochastic representations of measures vPe: the Polchinski
renormalisation group approach and a stochastic control representation via the Boué—
Dupuis variational formula. The former underlies the SDE (1.5) that we use to construct
the process ®7<. We show that there is an exact correspondence between these two
approaches. In particular, the minimiser of the variational problem is explicitly related
to the difference field of ®2¢ of the Polchinski dynamics. For technical reasons, we
introduce a potential cut-off to guarantee the well-posedness of the SDE and to ensure
existence of minimisers for the variational problem.

3.1. Pauli-Villars decomposition of the covariance. Let (cf );e[0,00] be a continuously
differentiable decomposition of the covariance of the GFF, i.e.

t
€ € € € 2\—1
C; =/(; cods, oo =(=A"+m")",

where, forevery s > 0, ¢ is a positive-semidefinite operator acting on X.. The choice of
¢§ isrestricted by the condition on ¢ . In this work we use the Pauli- Villars regularisation

= (=A+m’+ 17, &= %cf. (3.1)
Remark 3.1. The choice of the Pauli-Villars regularisation is twofold: first, it satisfies the
required regularity estimates in Sect. 4.1. Second, itis technically convenient with regards
to convergence of the maxima in Sect. 6. In particular, it allows to avoid the introduction
of an additional field in the approximation of the small scale field in Sect.6.2. This,
however, is not necessary and we expect that some other choices which are more natural
from an analytic perspective (i.e. satisfying the estimates of Sect.4.1), such as a heat
kernel decomposition, should also work.
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We view c; and ¢; acting on X, as Fourier multipliers. For instance, we have for
feXe

@ Hx) = Y &k fle™,
keQ¥
where the Fourier multipliers of ¢; are given by
& 1
(t(—=Ack) + m?) + 1)

where —A€ (k) is as in (2.3). We also record the Fourier multipliers for g which is the
unique positive semi-definite operator on X, such that ¢; = g; * g;, where * is the
discrete convolution on €2¢. From this defining relation, we immediately deduce that

q; (k) = = . (3.2)
! t(—A(k) +m2) + 1

Remark 3.2. For x, y € Q¢, setc(x,y) = (—A¢+m?+1/1)"!(x, y), where (x, y) >
(—A€ +m? +1/t)" (x, y) is the Green’s function of (—A€ + m? + 1/¢). Note that

ci (x,y) = Cye2(x/e, y/€), where

CE=(—A+e*m?+1/0)7!

is the Green’s function for the massive unit lattice Laplacian. It is easy to see that
ci(x,y) =¢c;(0,x —y),ie. c; is stationary. We simply write ¢ (x — y) = ¢f (x, y).

We use the Pauli-Villars decomposition of c{ to construct a process associated to the
discrete Gaussian free field on €2, as follows. Let W be a cylindrical Brownian motion in
L?(2) defined on a probability space (O, F, P) and denote by (F1)i>0 and (F'); >0 the
forward and backward filtrations generated by the past {Wy — Wy : s < ¢} and the future
{Wy — W, s > t}. We assume that F is P-complete and the filtrations are augmented
by P-null sets. Moreover, we write expectation with respect to [P as [E. The cylindric
Brownian motion W can be almost surely represented as a random Fourier series via
the so-called Karhunen-Loeve expansion. More precisely, for k € 2772 and 1 > 0, let
W, (k) = fQ W; (x)e~**dx. Then, almost surely {W(k): k e 27‘[Z2} is a set of complex

standard Brownian motions, independent up to the constraint W(k) =W (—k) and W(O)
is a real standard Brownian motion and we can write

Wi = ) Wik, x e,
keQ*

where the sum converges uniformly on compact sets in C ([0, c0), H™ -k )foranyx > 0,
i.e. forany T > 0, we have as r — oo

A 2
IE[ sup ” Z e’k'W,(k) H ] — 0.
ST W jig>r oo

To obtain a Brownian motion in €2, we restrict the formal Fourier series of W to k € QF,
i.e. for x € Q,, we set

W) =M Wi() = - ™ W), x € Qe
ke
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Then (W€(x))req,. are independent Brownian motions indexed by €2, with quadratic
variation ¢ /62 see for instance [7, Section 3.1] for more details. As in (1.7) we define

the decomposed Gaussian free field <I>GFFe by
POFFe — / gedwe =Y k0 / GS (k)d W, (k), (3.3)
! keQ2¥

where ¢§ = ¢; *qf and g, (k) are asin (3.2). Note that ®OFFe hag independent increments
GFF,
and that @ ~

Q. Moreover, we emphasise that the process @OFFe — (CIJSFFG)@() is adapted to the
backward filtration (F").

vOFFe i e atr = 0 the we obtain the discrete Gaussian free field on

3.2. Polchinski renormalisation group dynamics for P(¢)2. Let vj(p) = €2 ersze
:P(¢(x)): ¢ be the interaction for the measure vPe in (1.4). We also refer to this object
as Hamiltonian of the P(¢)» field. For the reasons described at the beginning of this
section, we consider the following energy cut-off for vf. For E > Olet xg € C 2(R, R)
be concave and increasing such that

X, x € (—o0, E/2]

Xe(x) = E x>E

and moreover xg < xgon [0, 0o) for E < E’ and supg. g ||)(‘/5||oo < 2. Then we define
the cut-off Hamiltonian vS’E = Xg o vf) and the associated measure v7<-£ on Q¢ by

€. E
VP E(dg) oc e @G (g ), (3.4)
Next, we define the renormalised potential vf’E at scale r > 0 and for E € (0, oo] by
@ 2 B et @), (3.5)

where we recall that E ¢ denotes the expectation with respect to the centred Gaussian
measure with covariance cf.

We think of vf’E as the effective potential that sees fluctuations on the scales larger
than the characteristic length scale L; = +/t A 1/m. Indeed, (3.5) can be interpreted
as integrating out all small scale parts of the discrete GFF which are associated to the
covariance cj .

The scale evolution of the renormalised potential is further encoded in the Polchinski
equation, as stated in the following proposition. For a proof of this result, see for instance
[16].

Lemma 3.3. Let € > 0 and E > 0. Then v&F is a classical solution of the Polchinski
equation

eE 1 e E
Btv, = EA&?U[

1 E\2 A vf vi ovf
——(Vuy ) = s (x, )|: (3.6)
2 ra Z ! Y 8<px8¢)y 0@y 09y

X, Y€

with initial condition US’E
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We record a priori estimates on the gradient and Hessian of vf’E, where we make
heavy use of the potential cut-off. We emphasise that the bounds are uniformin ¢ € X,
butnotine > 0 and E > 0.

Lemma 3.4. Let € > 0 and E € (0, 00). There exists C = C(e, E) > 0 such that

sup [ Vv F @) < C (3.7)
>0
sup || Hess vf " || L (o) < C, (3.8)

t>0

. L . . E E .
where there is an implicit summation over the coordinates of Vv;'" and Hessv;'" in
the norms above.

Proof. We first observe that we have by the chain rule

Vus E () = xp (5 (@) VU5 ().

Since v is continuous in ¢ € X and since |vj(¢)| — o0 as [|¢ || = (@) — 00, we have

that VUS’E has bounded support. Since the components of Vug are polynomials in ¢,
(3.7) follows for t = 0. For t > 0, we obtain by differentiating (3.5)

€ E e E
VuiE (@) = e D E[VugF (g +1)e 0 @], (3.9)
Now the cut-off xg allows to bound |vf’E (¢)| <¢ E and hence, we can estimate

IVoEE (@) (90
E —oE E
Ser Ec[IVoSE @ +0)e™ 0 90| 1o Ser Ecc[IV§E @+ Ol 2]

from which (3.7) follows. Similarly, we have
Hess vy " = xp(u§) Vs - (V)T + xJ; (v§) Hess v,

and thus, (3.8) follows from the same arguments for # = 0. For ¢ > 0 the statement is
obtained by differentiating (3.9) and similar arguments and the bounds for Vv; £ g

We now introduce the Polchinski dynamics: a high-dimensional SDE driven by @tGFF‘

and with drift given by the gradient of the renormalised potential. We then use the
Polchinski equation to show that this provides coupling between the P(¢), field with
cut-off E and the discrete Gaussian free field on Q2. One of the key properties of
this dynamic that makes it useful to study global probabilistic properties of the P(¢)>
measure is an independence property between small and large spatial scales. Recall that
we denote by Co([0, 00), S) the space of continuous sample paths with values in a metric
space (S, || - ||s) that vanish at infinity.

Proposition 3.5. For € > 0 and E > 0 there is a unique F'-adapted process oPeE ¢
Co([0, 00), X¢) such that

u

o0
o F = _f VoS E(@PEy du + 9T, (3.10)
t

In particular, for any t > 0, @gFF‘ - CI>tGFF€ is independent 0fd>t7)“E. Moreover, <I>(7;"E

is distributed as the measure vFE defined in (3.4).
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In removing the cut-off, the left-hand side of (3.10) loses meaning as an adapted
solution to a backwards SDE. However, we show that the right-hand side can be made
sense of in the limit and use this to define the left-hand side. Moreover, the independence
property in Proposition 3.5 is preserved. As such, the finite variation integral in (3.10) is
one of the main quantities of interest in the remainder of this paper, and we record this
notion in the following definition.

Definition 3.6. Let € > 0 and E € (0, oo]. The approximate difference field @2« £ ¢
C ([0, 00), X¢) is the (.7-"),20 adapted process defined by
o0
opet = — f &V E@leFyds, 120,
t

where @7 is the solution to (3.10). In particular,
ofF = ppef L o0 4>, G.11)

Proof of Proposition 3.5. We first prove that the SDE is well-defined and has a (path-
wise) unique, strong solution on [0, 0o). Then the independence property follows by
independence of increments of the underlying cylindrical Brownian motion. Since € > 0
is fixed throughout the proof, we suppress it from the notation when clear.

We first show that the coefficients of the SDE (3.10) are uniformly Lipschitz thanks
to the global Hessian bound (3.8). The proof is then completed by arguing as in [7,
Theorem 3.1]. For D, £ € C([0, o0), X¢), let

oo
F,(D,&) = —/ & VoE (& +Dy) ds. (3.12)
t

By the mean value theorem and the bound (3.8), we have, for s > 0 and ®, e Xe,

llés Vo (@) — ¢ VoE (@)1 ,2 < I Hess vE [ oo llésll|® — Il 2 Sk Iésll® — DIz,
(3.13)

where ||¢;|| denotes the spectral norm of the operator ¢;: X, — X.. Thus, for £ €
C ([0, 00), X.), we have that

o
IFi(D, &) = Fi(D, )2 < / Oc,e(I¢sIDIDy — Dyl 2 ds. (3.14)
t

Suppose first that there are two solutions ®7 and ®% to (3.10) satisfying D :=
@ — @OFF ¢ Cy([0, 00), X¢) and D = ®P — ®OFF ¢ ([0, 00), X). Then, by
(3.14),

ID; — Dillp2 = | Fo(D, @FF) — F, (D, 5|12

o0
< / Oc.£(I&5IDIDs — Byl ds.
t

Thus, f(t) = (|D; — 75;||L2 is bounded with f(r) — 0 ast — oo and additionally
satisfies

f(r)<a+/ O r(ls D f()ds, @ =0,
t
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Since &) S 1+ ——, we have fo O(||és]l) ds < oo and thus, a version of Gronwall’s
inequality implies that for ¢ >0

() <aexp </ Oe,E(IIC'sll)dS> =0,
t

and hence, D = Don [0, 00).
That a solution to (3.10) on [0, co) exists follows from Picard iteration. For D €
C([0,00), X¢c) and r > O let | D), = sups>,|IDS||Lz. Fix £ € Cy([0, 00), X¢) and set

DY =0 and D" = F(D", ). Then,
o0
ID Y, = IF O, &)l < ||€|Itf Oc,e(llcsl) ds
t

o0
D" — D, < / Oc.e(lésIDID™ — D"y ds,
t

and from the elementary identity

00 00 k—1 1 00 k
/ ds g(s) (/ ds/g(s’)) =7 </ ng(S))
t s t

applied with g(s) = O(]|¢s||), we conclude that
1 .
D" — D" Sk ||8||z’7 Ol An™ . (3.15)

Since the right-hand side of (3.15) is summable, we have that D" — D* for some
D* = D*(E) € Cyp([0, 00), X¢) in || - ||o, and the limit satisfies F(D*(E), £) = D*(E);
for s > 0. Now, we apply this result for £ = ®SFF noting that, from the representation
(3.3),

1
B[l ofF7,] = ) / - sds S 1/1,
t

ke S(—A6 (k) + mz) + 1))

which implies that ®SFF e Cy([0, 00), X) a.s. In summary, ® £ = D*(®CFF), +
®SFF s the desired solution on [0, 00).

We now prove that CI%)’E is distributed as v7-£ as defined in (3.4), for which we

proceed similarly as in the proof of [7, Theorem 3.2]. Let vlp

measure defined by

E be the renormalised

E,plFl= e Ec [ OF @), (3.16)

where E., denotes the expectation of the Gaussian measure with covariance ¢;. Then,
let ®7 be the unique strong solution to the (forward) SDE

ddl = ¢y VoE_(@®D)dt+qr_dW!, 0<t<T

with initial condition &)0 ~ v;) E and WtT = Wr — Wr_,. Existence and uniqueness
can be seen by the exact same arguments as above for the case 7 = oo. Using the
Polchinski semigroup P ;, s < t as defined in [6, (1.3-—1.4)] to evolve the measure
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v;p ’E, it follows that &)% is distributed as the measure (3.4). Reversing the direction of
t and setting CI>IT = &Dg—t we obtain

T—t T—t
ol = ol —f ér—sVok_ (@) ds +/ qr—sdWT
0 0

T T
= —f e Vol @y ds +/ qs dW.
t t

Note that this yields a coupling of all solutions oP-E ,®T T > 0. Therefore, we have
with ®F = 0 that

T
o/ E — ol = (oFF — ol) —/ [c’vaf(CDZD‘E) —c'Sva(CDST)] ds
t

e e]

o0
—/ évaf(QDZD’E)ds+f gs dWs.
T T

We will show that as T — oo, we have ||<Dgp E_ CDOT llz2 — O in probability, from

which we deduce that CDOP’E ~ vP-E_In what follows, we denote by ||¢;|| the operator

norm of ¢, when seen as an operator L2(Q) — L%(S2).

The first, third, and fourth terms on the right-hand side above are independent of ¢
and they converge to 0 in probability as 7 — oo. Indeed, for the first term this follows
from the weak convergence of the measure vf £ o 80, e.g., in the sense of [6, (1.6)].

The third term is bounded by
o0
f 1 VoE (OPE) 2 ds
T

which converges to 0 in L'asT — oo by (3.7) and the fact that ||¢;|| = 0(1/t%). The
fourth term is a Gaussian field on 2, with covariance matrix coo — c7 — 0as T — oo.
Since €2 is finite, it is a trivial consequence that this Gaussian field convergences to 0.

In summary, we have shown that there is R such that ||[R7|| — O in probability,
and

T
o E — ol = —/ [c’Sva(CDZ)’E) - c'swf(@{)] ds+Rr.
t
For any ¢ > 0, we have by (3.13) that

T T
/ s VoE (@FF) — &, VoE (7 2ds Se g / Wl IOPE — T || ,2ds
t

t

so that we have with M; = ||¢&||
T T
/ 16, VoE () — & Vol (®7 )2 ds Sex / M| ®P — @7 |2 ds.
t t

Thus, we have shown that D, = CDZD’E — @7 satisfies

T
IDill 2 Se.e IRT Il 2 +/ M; || Dyl 2 ds.
t
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Since fooo M; ds < oo, the same version of Gronwall’s inequality as above implies that

T 00
IDell2 Se.e IR7 2 exp </ M; dS> < IRrliz2 exp </ M; dS) S IR7 2
t fo

Since the right-hand side is uniform in z > 0, we conclude that sup, > | D;|l;2 — 0 in
probability as T — oco. 0O

3.3. A stochastic control representation via the Boué—Dupuis formula. We now turn to a
stochastic control representation of the renormalised potential v;” E defined in (3.5) based
on the Boué-Dupuis variational formula, which allows to express the moment generating
function for functionals of Brownian motion as an expectation of the shifted functional
and a drift term. For this, we interpret the drift part of our SDE as a minimiser of the
control problem. This correspondence is known as the verification principle in stochastic
control theory, see [39, Section 4]. To connect to the Polchinski renormalisation group
approach of Sect.3.2 and also to the notation in [5] we write

t
ye = / gedwe = oSFFe _ gOFFe (3.17)
0

for the small scale of the Gaussian free field process ®CFF¢. Note that Y¢ is a Gaussian
field with covariance cf, which follows from standard stochastic analysis results. Thus,

for ¢ € X, the renormalised potential vf’E can be likewise expressed as
e U @) Rt )],

The right-hand side is now expressed as a measurable functional of Brownian motions.
One can then exploit continuous-time martingale techniques, in particular Girsanov’s
theorem, to analyse this expectation. This underlies the stochastic control representation
that we now present.

Let H, be the space of progressively measurable (with respect to the backward
filtration F7) processes that are a.s. in LZ(RS x 8¢), 1.e. u € Hy if and only if u|(; o)
is B([t, 00)) ® F'-measurable for every t > 0 and

o
/ ||ur||i2dr < 00 a.s.
0

Here B([¢, 00)) denotes the Borel o -algebra on [#, 00). The restriction of Hj, to a finite
interval [0, ¢] is denoted H, [0, ¢] with the convention Hl, [0, co] = H,. We will refer to
elements u € H,, as drifts. For u € H, and 0 < s < t < oo define the integrated drift

1
I;I(u):/ qiucdr
N

with the convention I(i () = If (u). The following proposition is the Boué-Dupuis
formula for the renormalised potential. We state it in the conditional form in order to be
able to draw the correct comparison to the Polchinski renormalisation group approach
afterwards.
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Proposition 3.7 (Boué-Dupuis formula). Let e > 0. Then the conditional Boué—Dupuis
formula holds for the renormalised potential vf’E, i.e. fort € [0, o]

—log E[e—vS‘E(YfNP?“E) | 7]

_ . e, E Pe,E 1
= ueH!HE{O,t]EI:UO ( + P, +1 (u) / ||us ||L2ds | .7:] (3.18)

Proof. Since Y[ is independent of @ZDS’E we have by standard properties of conditional
expectation

—10gIE[e‘”<€J’E(Yf€+¢Z)€’E) | .7-"’] = —logE[e‘”SQE(Y;Jr‘p)] Pe.E .

=%

From [13, Theorem 8.3], we have that for a deterministic ¢ € X, the unconditional
expectation on right-hand side of this display is equal to

€. E ve .
—IOgIE[e_”O (¥ +¢)] zueﬁﬂ{o . [ (Yé +o+I1E(u) + = / Ilues ||L2(Q) ]

from which the claim follows. O

3.4. Correspondence between the Polchinski and the Boué—Dupuis representations. The
following proposition describes the equivalence between the Polchinski renormalisation
group dynamics and the stochastic control representation via the Boué—Dupuis formula
in the presence of a potential cut-off £ > 0.

Proposition 3.8. Lete > 0, E € (0, 00) and let oPeE ¢ Co([0, 00), X¢) be the unique
strong solution to (3.10). Let uf:[0,1] x Qc = R denote the process defined by

uf = —gcveE@PF),  5el0,1].

Then u® is a minimiser of the conditional Boué—Dupuis variational formula (3.18). In
particular, the relation between u” and the difference field ®<-F is given by

00
q)tAe’E :/ qv fds
t

Proof. Since (@?S’E)te[o,oo] is F'-measurable and continuous, it follows that u©£ €
HE [0, ¢] for any ¢ € [0, oo]. To ease the notation, we drop € throughout this proof.
Applying 1t6’s formula to vfﬂ(@?’i) fort < T < oo and substitutingt =7 — 1
thereafter, we obtain

vE@PEy = —voE (@ Eye, voF (@ Eydr — a,0F (@] F)dr

.1/2

1
+ 5 Tr (Hess vf éy)de + vof (@7 Eyé,2aw,

.1/2

1
= —(VoF @)} — avf @] Fydr + 5840, E@PEyar + vof @ Eye!aw,

1
_ —E(VvtE(CD,P’E))idt +VoE @Byl Paw,,
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where we used the Polchinski equation (3.6) in the last step. Integrating from O to ¢ and
taking conditional expectation yields

1 ! 2
E[v(‘f@g’f) —vE @l E) | ff] — —EJE[/O (VoE @]E)): ds | ]-"], (3.19)
where we used that for ¢ € [0, oo]
! 1/2
E[/ Vol (@PEyel2aw, |]-"’] =0
0

which holds by (3.7) and the fact that ||¢;|| = O(l/tz). Since Y; is independent of F*
and CD,P’E is F'-measurable, we have by standard properties of conditional expectation

A C ]E[e—v(f(Y,+¢Z)‘E) | j_—z]_

Therefore, we obtain from (3.19)

Cs

e aPoE © o
= —logEl:e_v(‘)E(Yf +®; ) } ft] —EI:U(I)E(/O qtth __/() L.‘tVU[E(q);P’E)dt> ! J:t]

1 t
E[E/O (VoE (@] E))? ds | f-f} =vE @l _E[vg@fﬂ) y ff]

Rearranging this and using (3.17) show that

— logE[e_”(f(Yf’f‘l’?’E) | ft]
E * <. E sP.E L[ E x5 P.E\\2 t
=E[v0 (/0 GdW, —/0 & VoE @F )d;) +§/0 (VoF (@]E)); ds | f]

t 1 t
- E[vg(yf + P / c'stf(@f»E)ds) + 5/ (VoE (@PF))? ds | ff],
0 0 y

which proves that uf = —quvE(GJZJ’E), s € [0, ¢] is a minimiser for (3.18). O

N

4. Fractional Moment Estimate on the Renormalised Potential

In this section we prove a fractional moment estimate on the small-scale behaviour of
the renormalised potential. We exploit the connection between the Polchinski dynamics
and a minimiser of the Boué—Dupuis variational problem (3.18) as in Proposition 3.8 to
transfer estimates on minimisers onto the renormalised potential. First, we prove some
a priori bounds on Sobolev norms of the integrated drift.
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4.1. Sobolev norms of integrated drifts. Recall that, for 0 < s <t < ocoand u € Hy,
the integrated drift is defined by

t
1w = [ gtundn i = (ATt + 1)
s

and that u is a.s. L? integrable on [0, oc], i.e. fooo |z IIizdr < oo a.s. In Fourier space
this condition reads as

oo oo
fo ot |17 2dT = Zfo i (b))*dt < 00 as.,

ke

where i (k), k € QF denote the Fourier coefficients of u.
In what follows we will discuss the regularity of I, (u) for different choices of s, t,
for which we use the Sobolev norm defined in (2.5). Note that we have

1€ @l he = > A+ KPS @P = Y (1 + ke

keQ¥ keQ¥

! 2
/ gz (k)i (kydr| .

In addition, recall that the Fourier multipliers of ¢¢ are given by

1

NN ] ’
4= () T(—A€(k) +m2) + 1

k e QF,

where — A€ (k) are as in (2.3). Using (2.4), we have that
—AC (k) = clk?

fork € Qf withc = %. Hence, we have for k € QF

gz (k) < 4.1)

TclkP+m2) +1°

The following results establish bounds for Sobolev norms of the large and small
scales of 7€(u) for a given drift u € H,. For the rest of this subsection we drop € > 0
from the notation.

Lemma4.1. Let a € [1,2]. Then, for0 <t < 1,

2 < 1 OO 2
Mroo @l Sa g [ luclade.
13
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Proof. By the Cauchy-Schwarz inequality and (4.1) we have

oo )13 <3 (14 K1) ( / 1+ ()it (k)ldT)’

keQ}

<D+ kP / |G- (k) d)( f i (k) Pd)

keQf !

O Nt — 1 / e (02d
& (ClkZ+m) (kP +m2+1 ), T

2 2ya-1 0
< Z A4k A1k / i () 2d T
1

2 2 2 2
S5 (kP m?) (kP m?) +1

S Y 1/ = 1/ Jute I2d,

keQ2¥

where we used that sup,. > (llft‘))c SBF zﬁ fort <land g < 1. O

Lemma 4.2. Let « € [0, 1]. Then,

o
2 2
sup || 77,00 () l| e 5/ luell;2dr.
>0 0

Proof. Using the same calculations as above, we see that

1 o) I3 < Y (14 [k )“/ |G ()it (k) |dT)?

keQf
o0
<D A+kPH* / |c}f(k)|2dr)(/ itz (k)2 dT)
keQ} t
1 1 o0
1 k o 0 k 2d
k;*( + Ik (|k|2+m2)t(c|k|2+m2)+1/ itz () d
L+ kD> [ o
<SP el dr</ e Padr.
kzm (C|k|2 2) ; T ; Tlly2

Taking the supremum over ¢ > 0 establishes the estimate. O

Lemmad4.3. ForO < a < 1land0 < s < t, we have

t
2 1- 2
I s,e ) ge Sa (1= 5) “/ lluzlly2dz.
N

Proof. By the same arguments that were used in the proof of the previous statements,
we obtain
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sl < Y @+ kD ( f Ge Wyie () ld7)’

keQ¥

o 1 L 2

keQ §

o 1 1 1
= 2 Ak / itz (0P

2 2 2 2 2
Keo +m*) \s(clk|*+m*) +1 t(c|k| +m*) +1

= T avwr|g i / i (0P

Ko s(clk|? +m?2) +1)(t(clk|> + m?) + 1)

<i-p Y LD / jitx () Pd

reor t(clkZ+m2)+ 1

Lo 1o 1 2
So (=91 [ tueladr <0 =917 [ .
N N

Lemma 4.4. Foro € (1,2] and 0 < s < t, we have

2
25,0 D)o S

Proof. The following calculations are similar to before. We include them here for com-
pleteness.

o 1 2
i @2 < 3 (14 kP f (t(c|k|2+m2)+l)2dT/ i, (02T

keQ¥

t
<Y / L / iz ()Pt = / Lae S [ it

keQy keQ* $

t
2
= S—aa —5) / lue 2 2d.
s

4.2. Uniform L? estimate for minimisers. As an application of the estimates established
in the previous section we now show that if a drift minimises the functional in (3.18) for
t = oo, then the expectation of its L? norm is finite as stated in the following proposition.

Proposition 4.5. Assume that u minimises the functional

1 o
FOO,E(M) = E[US’E(YSO + I;O(u)) + 5 /0 ||Mt||izdl]

inH,. Then

1 o0
sup sup E[—/ ||ﬁ,||izdt] < 00. 4.2)
e>0E>0 L2 Jo
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Before we prove Proposition 4.5, we establish the following auxiliary result to fix
the numerology in the analysis when using interpolation inequalities, which will allow
to treat all polynomials P as in (1.3) simultaneously.

Lemma 4.6. Let [, N € N such that 1 <1 < N — 1. There exist 6; 5 € (0, 1) and
ar N, Bins YN € (0, 00) satisfying

5 N 1 1 1 43)
N =—"7, N, —=1————— )
01Nl (1 =618l VLN anN BN
such that the following inequalities hold:
1 1
—_—t— <1 and YILN 2 O] N. 4.4)
anN BN
Proof. The first inequality can be rewritten as
O.nl (1 =6 n)] 2(N —1)
— + : 1 0 —_.
2 N - T NSy T
To reformulate the second condition, we compute
1 _1 1 1 _1 Onl (=6 n) 2N —6 NNl —2(1 — 6 N)I
YI.N aNn BN 2 N 2N '

Thus, to satisfy the second inequality in (4.4), we need to choose 6; y such that

N _ !
2N — G yNL=2(1 =6 n) ~ 6§

which is equivalent to

N —1

2NO; NI > 2N — 21 + 216 O > ——.
I,N ILN 1N (N + 1)l

Hence, both conditions in (4.4) are satisfied, if we choose 6; ; € (0, 1) satisfying

2N — 1) _ Nl
> = E)
IN=2) "N ZINT1

which is possible for all specified values of [, N. O

Lemma 4.7. For everyl, N € N such that 1 <1 < N — 1 and for every k > 0, there
exists k1, y > 0 such that the following estimate holds. For any § > 0 sufficiently small
there exists C > 0 such that, for f € C™'N and u € Lz(Ra X Q¢), we have, for
t € (0, o0],

CcfILN

t
| /Q FH@dx| < A DI, |+ san L)Yy +6 /0 lusli72ds. (4.5)



Multiscale Coupling and the Maximum 861

Proof. We only prove the statement for ¢t € (0, 1] - the case t = oo follows similarly.
Let6; y anda; v, BN, i.n be as in Lemma 4.6. Multiplying the first inequality in (4.4)
by 1/1 we have

Now, the standard! Besov embedding B;/ s B, . if s'>s,p) > p,andq’ >
together with interpolation (2.9) and Lemma 4.4, 1mp11es that

=631 Ornl

IIIz(u)IIB; S ”If(”)”Bf/ S IIIz(M)IIBzK S i )|| I12: () | B/
(-6 o.nl
Sy " @l IZNK/Q,N

(1-6 )l Orn1/2
S VA O] o /nusn%ds) i
0

where, for a given «, we chose k; y = kK = 20) yk.
Then, by duality (2.7), the iterated multiplication inequality (2.8) and the definitions
of oy v, Bi.n 1n (4.3), there exists C > 0 such that

| fg FH x| < CULF e I 0l g5, < CF sl 0lye
t
N 2
< cr- K)/OllN”f”C K||It(u)|| /ﬂlN ‘/O ||us||ds) /OCI,N'

Now, applying Young’s inequality with o; y, B;.n, Y1, v and using the fact that
vi.n/ou N > 1, the estimate in (4.5) follows. O

Proof of Proposition 4.5. Throughout this proof € > 0 is fixed and therefore dropped
from the notation. The goal is to prove that for any § > 0 sufficiently small, there exists
C > 0 such that, for all u € H,

- 1-26 o
o) > ~Co o [ i) 6

2

This allows us to compare the cost function evaluated at a minimiser # against the
cost function evaluated at a competitor drift. For our purposes it suffices to choose this
competitor as the zero drift. Indeed, since « is a minimiser and since g is concave and
satisfies xg(0) = 0, we have

FoE (i) < FE0) = E[v§ * (Yoo)] < x£(Elvo(YE)]) <0
Hence, by (4.6),

- 2
B [ taias] <

Taking the supremum over E > 0 and € > 0 establishes (4.2).

! Note that this embedding is not true if s’ = s, since the condition ¢’ > ¢ must be replaced by ¢’ < ¢
However, in allowing for the strict inequality in s, we are allowed to trade for any ¢.
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It remains to establish (4.6). Fix u € H,. For P as in (1.3), by repeated use of the
triangle inequality, we have that

)/Q P (Yoo +Ioo(u)):dx‘

> —‘/ :P(Yoo+100(u)):dx—/ :P(Yoo):dx—/ P(Ioo(u))dx(
Qe Qe Qe 4.7

_‘/Q ;P(Yoo):dx(—’/Q [P oo (@) — ax I ) 1dx]

+an oo ()| Yy -

First, observe that there exists ¢; > 0, depending on the coefficients of P, such that

N
’fg :P(Yoo):dx‘ <er Yl ¥ lig. (4.8)
€ k=1

Second, observe that, for any § > 0, there exists c; = ¢2(8) > 0, also depending on the
coefficients of P, such that

‘/ Oo(u) —anly (u)]dx‘ cz+8/ aNIOAé(u)dx. 4.9)
Q

€

Let us estimate the first term on the right-hand side of (4.7). By the triangle inequality
and binomial theorem for Wick powers (2.13),

‘f :P(Yoo+loo(u)):dx—/ :P(Yoo):dx—/ P(Ioo(u))dx’
Qe Qe

N

<> lal / (Yoo + Too0))s = 2Vt — 1K @]dx | “.10)
k=1

N k-1

ZZ|ak|< ))/ Yg‘o—’:lgo(u)dx‘.

k=1 I=1

An application of Lemma 4.7 and setting & = min; <y k7,5 and k7, y as in (4.5) now
yields

oo
[ vt < ol v e+ [ s
Q. 0

SetI" = max;<y 1, v anddefine Q = Zk:l Z;{:I (||: Yéo: ||c4+l)r+211{v:1 II: cho: llo—-
Inserting this estimate into (4.10) and combining it with (4.8) and (4.9), we thus obtain
the estimate: there exists ¢ > 0 depending on the mass m only such that there exists
c4, ¢5 > 0 such that

N k-1

f P (Voo + Ioo@)idx > —ey(3 Y (I YLyt 1724 + Zu <)

k=1 I=1
an(1 = &) oo @I}y — 5llloo(u)|IH1

2
> —csQ — 8¢ / lus |12 2 ds,
0

@11
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where the last inequality follows by Lemma 4.2.
Thus, by the monotonicity of the cut-off, and the fact that yg(x) = x for x < 0,
(4.11) yields

o0

XE(/Q P (Yoo + Ioo(u)):dx) > —cs0 —5c/0 lusl? ds. (4.12)

Hence, by Lemma 2.9, and the a priori estimate on the drift Lemma 4.2, we have that
there exists C > 0 such that,

1 —28¢c [ - 1—-26c o
P > B[ = 0O+ [ hulads] > —€+ 2] [l

2 2
(4.13)

which, after a redefinition of &, establishes (4.6). 0O

Remark 4.8. It may seem surprising that the naive choice of comparing the minimiser
u with the O drift yields useful information, as opposed to a more carefully chosen
competitor. This is a manifestation of the mild ultraviolet divergences in dimension 2
for these field theories. Indeed, a trivial lower bound on the partition functions uniform
in the cutoff can be obtained via Jensen’s inequality and using that Wick polynomials
are martingales - note that Jensen’s inequality coincides exactly with choosing the 0
drift. To extend these techniques to more singular field theories, such as the sine-Gordon
model beyond a certain threshold, a more informed choice of competitor would need to
be made.

Remark 4.9. The above argument also establishes uniform L” bounds for the density of
the P(¢)> measure with respect to the Gaussian. Indeed, observe that we have proved
that F°£ is bounded from below uniformly in E, €. Recall that by (3.18) we have

inf F*Eu) = —log Elexp(—v§* (YS))].

ueH,
So, a uniform lower bound on F>£ establishes a uniform bound on the expectation of
the density of vPeE The argument in the proof of Proposition 4.5 is also valid when

‘P is replaced by pP, since Wick renormalisations are linear in the coefficients, which
implies a uniform L? bound.

4.3. A fractional moment estimate for small scales. We now turn to a more refined esti-
mate on the conditional second moment of minimisers restricted to finite time-horizons.
Here and henceforth, we denote

1 t
FUE @, ¢) = E[US’E(YSO+If(u)+¢))+ 5/0 s || 2ds | f’], Fl=o(Ws:s>1)

for ¢ € [0, oo] and E € (0, oo] with the convention F'-£(u, 0) = FE(u).

Proposition 4.10. Assume that i minimises the functional F"F (u, ¢) in H,[O0, t] and
that ¢ € X¢ is F'-measurable. Then, as t — 0 and for «k sufficiently small,

t
sup sup E[/ I lZads | 7] S 07+ WE + llol20*,
e>0 E>0 0
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where Wy > 0 a.s. for all t > 0 and sup,.sup,>o E[W;] < oo, and L > 0 only
depends on the maximal degree of P and the interpolation parameters chosen in Lemma
4.6.

Proof. From the definition of F’ Ey, ¢) we see that we need to bound the conditional

expectation of US’E(Ygo + If (u) + ¢). Similarly to the proof of Proposition 4.5, we
compare the cost function evaluated at the minimiser against the cost function evaluated
at a competitor, which is again the zero drift because of similar reasons outlined in
Remark 4.8. To simplify the notation, we will drop € from here on. Since  is a minimiser
for F*E(u, ¢), we have F'-E (i1, ) — F*E(0, ¢) < 0, and therefore

0= F"E(i, ) — FME(0, 9)

= E[ e (Yoo + 1) + ) + / I 122ds = xe (o (Yoo +9)) | F']

4.14
= E[ 1k (v0(Yoo +9) + AlYoc, i, 9) +an /Q (1) dx) @

| L
+ 5/0 ”us”izds - XE(UO(Yoo+‘P)) ‘-7:[]

where, for a generic drift u € H,[0, ¢], we set

A(Yoo,u,(p)=/ :P(Yoo+(p+1,(u)):dx—/ PYo + 9): dx—aN/ It(u)Ndx
€ Qe Qe

N k=1 N—1 (4.15)

= Z ay (l) [Qe (Yoo +g0)k71:1,1(u)dx + IZZI ay /;26 I,(u)ldx.

k=11=1

Note that, above, we tacitly use that the polynomial P has no constant term.

The heart of the proof is to show the following estimate on .A: there exists k > 0
sufficiently small and L > O such that, for any § > 0, there exists C > 0 such that, for
any u € H, [0, 7],

.A(Yoo,u,d))+8aN/ I, (w)Ndx
Qe

N . (4.16)
> —Cr' (1 +Z I Y 135 + llli2h) —8[0 s 3 2ds.

Then, inserting (4.16) into (4.14) and using that yg(a — b) > xg(a) — b fora € R and
b > 0, we obtain

0> IE[XE(UO(YOO+<,0) +A(Yoo,ﬁ,¢)+aN/Q I,(ﬁ)Ndx)
o l||ﬁ 12,ds — E !
f sz XE(vo(Yoo+<P)) ‘5"—]
>E[ - cr' K(1+Zn Lo llol3f ) + 1_5)/0’ I 12 ds

>—Ct1—K(1+W,+||<p||§1l> +E [ it ||L2ds(7-‘f] 4.17)

7]
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where

N 1
=E[ Y I vk id | F]
k=1

Finally, observe that by Jensen’s inequality, the tower property of conditional expecta-
tion, and Lemma 2.9, we have

apsop sy = spsy [ (& 4 2 7))

e>01>0 e>01>0

1
supsup(ZE lI: YA || ])L < 0.
e>01>0 k=1

Thus, rearranging (4.17) completes the proof conditional on (4.16).
We now focus on (4.16). Applying Lemma 4.7 with f =: (Yoo + @) /s and f = 1,

we know that there exists «, ¥ > 0 sufficiently small and L > 0 such that, for any § > 0,
there exists C > 0 such that, for any u € H,[O, ],

) /Q (Yoo + @) I w)dx

1 t
<O o+ )T 5 (an [ n a5 [l ds)
Qe 0

(4.18)
and
t
/It(u)ldx < Ct'"F +8ay | 1, w1 Yy +3/ llus |13 ds. (4.19)
0
In addition, by Lemma 2.9, there exists k¥ > 0 sufficiently small, such that
k—1
k—I1— k—1)/(k—1— —
I: (Yoo + @) illoe S TN Yas S il @.20)
j=1

Therefore, inserting (4.20) into (4.18), and summing this with (4.19), there exists L > 0
such that

A(Yoo, u, $) + Say 1 )| Yy
N k—1k—I

t
k—1— k=1)/(k—1— -
CHl T (14 3 S (oo g ”+||«p||§,1’)”-”’—8f0 lus 172

k=11=1 j=1
N ) '
1— . .2L 2L 2
> —Ct K(1+Z||.Yéo.||c,;+||<p||H1)—8/0 llus |l 2ds
j=1

thereby establishing (4.16) up to a redefinition of k. O

‘We now prove the main estimate of this section.
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Proposition 4.11. Let ulE = —qf Vv E(QAE ) and let L be as in Proposition 4.11.
Then for any k > 0 sufficiently small, we have

sup supsupIE / ||uE|| I/L]

E>0e>01<1

Proof. From Proposition 3.8 we know that «Z is a minimiser of the Boué-Dupuis vari-
ational formula (3.18). Since CDZ)“E = CDAe + @GFF‘ and Y{ + CIDGFFe = Y§,, we also
have that ¥ minimises

F”E(u,ltfoo(uE))=E[US’E(Y§o+It€(u)+ so5) + /||u||L2|ff

in H,[O, ¢], where I,foo(uE) = CD,A"E is F'-measurable. Hence, by Proposition 4.10
we have for any « sufficiently small

t
_ L
E[/O luf17, |ff]5r‘ L+WE+ I @)

Thus, for every such «

" t
E (t—1+:<»/0 ||uf||%2ds)l/l‘] ZE[]E[(t—HK/O ||uE||i2dS)1/L |]-“r]]
t
<B[E[ [ | 17 ] < B[ wr iR <

for some universal constant C > 0. Taking the supremum over t < 1 and € > 0, the
claim follows. O

5. Proof of the Coupling to the GFF

This section is devoted to the proof of the main results Theorem 1.1 and Corollary 1.2.

Recall that we introduced the notion u, = —qf Vv, E (CDP‘ ). By Proposition 3.8 we
know that this is a minimiser of the variational problem (3.18). Hence, it satisfies the
estimate in Proposition 4.5 and also the estimates in Proposition 4.11.

5.1. Estimates on the difference field ®®< . First, we show how the bound for the
minimiser #% in Proposition 4.5 implies bounds on the fractional moments of Sobolev

norms of the difference field thA <F = ft qsuy Edt in (3.10). The main result is the
following proposition.

Proposition 5.1. Let o« € (0, 2). Then

sup sup sup]E[HCI)Ae E||2/L] < 00. (5.1)
E>0e>0r>0

The first step towards (5.1) is the following estimate for the large scale of %< £
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Lemma 5.2. Let tg > 0 and o € [1, 2). Then, fort > t,

1
ALE

sup sup E[||®; 7 || e ] Sy, 12"
E>0¢e>0 ' e e

Proof. Since CDIA“E = Itfoo(uE) and since IE[fOoo ||urE||i2dT] < oo uniformly ine > 0
and E > 0, the claim follows from Lemma 4.1. O

Lemma 5.3. Ser @2 % = [ ¢eVoeE (@7 E)dr. Then fora € (1,2)

sup sup E[ 025 F 130 ]

1/L
EIadr) 't ].
E>0¢e>0

Proof. Again, the proof is an application of the regularity estimates at the end of Sect. 3.3.
Noting that @15 = I¢,(u®), by Lemma 4.4 that

_ t 1/L
AcE2/L f s E 2
NP e S _s"‘ luz ll7.dz ,
N

from which the claim follows by taking expectation. 0O

Combining Lemma 5.2 and Lemma 5.3 we can now give the proof of Proposition
5.1

Proof of Proposition 5.1. Let « € (0,2) and let « = (2 — «)/r for r large enough.

Further, let (#,),, be a decreasing sequence of numbers with #, — 0 as n — oo that will
be determined later. Then, using Lemma 5.3 and Proposition 4.11,

[”@AE EHZ/L ZEH@AG E 2/L ]E”(DAE E”2/L

In+l, tn
n>1
— g [T E 2 /L
ZE[( / lut ||L2dt) ]+c
n>1 tn+1 Intl
t _tn+] 1— l/L —1 E 1/L
< 3 () el [t i) e
n>1 n+l 0
In — In+1 1—k /L
S’Z(tﬂt—t” ) +C.
n>1 n+l

Now, choosing t, = 27" we see that

et g, 270D
lll;l+l n T o—a(+l)

—n(l—«) — 2—(2—a—K)n+a

and thus, the sum in the last display is finite for the specified values of « and x. O
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5.2. Removal of the cut-off: proof of Theorem 1.1. We have collected all results to give
the proof of Theorem 1.1 and Corollary 1.2. The main task in this section is to remove
the cut-off by taking the limit £ — oo.

Proof of Theorem 1.1. We first prove that the sequence of processes (®2< ) is tight.
ForR >0and @ < 1, let
> 197 — Pyl F7a
X ={® e Co(l0,00), X1 sup @]} < Rand sup ———H° < R).

1€[0,00) s<t (t—s)l-@

Note that X is totally bounded and equicontinuous. Therefore, by the Arzela-Ascoli the-
orem, Xg C Co([0, 00), X¢) is precompact, and the closure X is compact. Moreover,
we have by Lemma 4.2 and Lemma 4.3 that

o
Ae E |2 E |2
sup || P, IIHa§/ lluz Il .dT
t>0 0

o0
A E AcE )2 1- Ep2
|2 —anmsa—w“f |2 d.
0

Therefore, we have for some constant C > 0, which is independent of € and E,

P2 F ¢ Xg")

Ac.E Ac,E 2
<P Ac,E X< Ac,E 2 ”q)t - q)s ”Hot
< P(d € Xp) <P sup || |77« + sup [ > R
1€[0,00) s<t (t—15)

L Eg2 ¢ < E2
<P A luz lly.dT > R/C <RE A lluz [I72d7 |

So, for a given k > 0, we can choose R large enough such that

J— C o0
sup ]P’(q;Ae,E € )(RC) < — sup E[/ ||uf||i2dr] <K,
E>0 R g0 LJo

which establishes tightness for the sequence (2 £) g S Co([0, 00), X¢).

By Prohorov’s theorem there is a process ®“¢ and a subsequence (Ey); such that
®2Ee — @A in distribution as k — oco. By (3.11) there exists a process ®7¢ =
®A¢ + ®CFFe guch that ®Pe-Ex — ®Pc in distribution as k — oo.

Since e~ % @) > ¢=%@) as E — o0 for every ¢ € X, and since e < eCe
for some constant C¢ > 0, we have by dominated convergence for every bounded and
continuous f: X — R

E,pe.e[f1 = E,rc[f], (5.2)

sothat vPe:E — 1P« in distribution. Since CDgD“E ~ vPe.E we conclude that CDOP‘ ~ pPe

by uniqueness of weak limits. Moreover, since independence is preserved under weak

limits, we have that for every ¢ > 0, <I>t7)€ is independent of CD(?FFe — CD,GFFe.
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Finally, the bounds (1.9—1.12) follow from the respective estimates on ®2eE gnd the
fact that the norms are continuous maps from Cy([0, 00), X¢) to R. For instance, (1.11)
is proved by

sup supE[||d>A‘||2/L]
e>01>0

= supsup lim E| |71 A €| = supsup lim lim E[|lof" (35 A C]

e>01>0C—> €>01>0C—=>00 E—~

< sup sup sup I[*][||d>Ae E||2/L] < 00,
€e>0:>0E>0

where the last display is finite by Proposition 5.1. O

5.3. Lattice convergence: proof of Corollary 1.2. In this section we prove thatas e — 0
the processes (®¢), converge along a subsequence () to a continuum process ®20,
In order to obtain a continuum process ®7° from the sequence (&%), we also need
the convergence of the decomposed Gaussian free field ®CFFe, which is the content of
Lemma 5.4 below. Define fort > 0

pOFFo :/ oaw, = 3 ezko/ 4y dW, (k). G2 (k) =
t

k|2 2 :
Pt t(—|k]*+m?) +1

Note that for ¢ > 0 the convergence of the sum is understood in H*, o < 1, while for
t =0itisin H fora < 0.

Lemma 5.4. Ler I. . L2(Q.) — L%(Q) be the isometric embedding defined in Sect. 2. 1.
Then, for any ty > 0 and o < 1, we have

|:sup||I @UrFe _ @fm)n%,a} - 0. (5.3)

1>t

Moreover; if to = 0 we have for o < 0

|:Sllp A CI)GFFE _ q)fFFO”%Ia:| - 0. (5.4)
=0

Proof. Note that the process I, ®SFFe — dOFFo j5 a backward martingale adapted to the
filtration F! with values in H* with o < 1 for fo > 0 and « < O for 5 = 0. Thus, the
H* norm of this process is a real valued submartingale. Therefore, we have by Doob’s
L? inequality,

GFF GFF GFF GFF
[wmu wm}<EU4 - o™
1>ty

so it suffices to prove that the right-hand side converges to O for the specified values of
to and «.
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To this end, we consider the difference of the Fourier coefficients g5 (k) and c}to (k).
By (2.4), we have that

1 1
f(—A)+m2)+1  1(—AOK) +m2) + 1

_ t1k|*h(ek) _ h(ek)
T tCelk2 +m?) + [t (k12 +m2) + 1] T t(clkP+m?) + 17

0<getk) — g k) =

(5.5)

where we recall that ¢ = 4/72 as below (2.4). By the definition of the Sobolev norm,
we have

GFF, GFF,
e = @ ey = Y (1+ k[
ke

+ Y (kD

keQA\Q:

o o . 2
/ @50 — 40N, b
0]

o0 0 R 2
| atwai,al”
0]

Taking expectation and using the estimate (5.5) for the first sum yields

E[nl @OFFe _ pGFFo 2 ]< Z(1+|k|2)“ /00 h?(ek) d
—_ o Q ~X !
€ oo keQ? 0 (”(Clklermz)“Ll)2
o0
1
oY avwde [ 74
b o (kP emd 1)
h?(ek 1 .
< Yt
= clk|= +m= to(clk]= +m=) + 1
1
+ 1+ k) :
kegz*\m( e e v 2 (kP + D) + 1

Further note that h2(ek) < O(e|k|)® forany § < 4. We can now discuss the convergence
to 0 as € — O for @ and 7 as above. For 7y > 0 the first sum on the right-hand side can
be bounded by

S (14 e h(ek) 1

2 2 2 2
Pt clk|? + m= ty(clk|” + m?) + 1

(5.7)

L3R 1 1
SEN T+ <oy 1
k%z:; clkl? +m? to(clk|> + m?) +1 ~7 kezm (1+ |k|2)2—a—8

The last sum is finite for @ < 1 and § small enough (depending on «), and hence vanishes
as € — 0. For the second sum on the right-hand side of (5.6) we similarly have

1 1 1
Y k) s e T 0 D T
keQr\Q IKJZ +m= 1o ([k|= +m=) + 1 keama: (1+ 1K)

which is finite uniformly in € for @ < 1, and hence converges to 0 as ¢ — 0. Together
with (5.7) this shows the convergence in (5.3).
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For the proof of (5.4), we note that both sums on the right-hand side lose a term of
order 0(|k|_2) when f9 = 0. Using the same arguments as for the case #p > 0, we find
that the corresponding sums are finite for @ < 0 in this case. O

The next result is the convergence of the difference field ®“¢ along a subsequence
(éx)k, and its proof is almost identical to the removal of the cut-off in the proof of
Theorem 1.1. Recall that we denote by C ([0, 00), S) the set of all continuous processes
with values in a metric space (S, || - ||s) that vanish at oo and that I : L2(Q) — L3(Q)
is the isometric embedding.

Proposition 5.5. Let o < 1. Then (I.®%¢). is a tight sequence of processes in
Co([0, 00), HY). In particular, there is a process ®20 e Cy([0, 00), HY) and a sub-
sequence (€x)k, € — 0 as k — oo such that the laws of ®2% on Co([0, 00), H*)
converge weakly to the law of ®20.

Proof. For R > O0and @ < 1, let

o 2 D, — Dyll3;e
Xp = {cp € Co([0, 00), H*): sup [[@[%« < R and sup ——"H*

<)
te[0,00) s<t (f —S)lia =

As in the proof of Theorem 1.1 the closure Xy is compact by the Arzela-Ascoli theorem.
Moreover, we have

o0
Ae,E 2
sup [ 7. @2 E |2, < / 1|2,
t>0 0

o0
Ac.E A, E 2 1— E 2
1D, " = LDy g S (=) D‘f luz I72dz,
0

and thus, by the weak convergence of (®2<f)r as E — oo (along a subsequence
(Ex)k), we have for some constant C > 0, which is independent of € and E,

P(I.d% € XR°) < hmmf]P’(IEdDA‘ Er e xR < hmianP’(Ied)Ae’E" € Xs)
k— 00
o
< 1imianP’(/ luf*12,dv > R/c) < sup ]P’(f a3 ,dr > R/c)
k—o00 0

E>0
C o0
< sup “ 5] fo I de .

So, for a given k > 0, we can choose R large enough such that
— 2 o0
sup P(I. d2¢ € Xg°) < = sup sup E[/ ||uf||izdt] <K,
>0 R e~0E>0

which establishes tightness for the sequence (/¢ DA, C Cy([0, co], HY). The existence

of a weak limit ®20 then follows by Prohorov’s theorem. O

Proof of Corollary 1.2. Since ®*% — ®20 in distribution as k — 0o, we also have
that there exists a process CDZDO = ®20 + ®CFFo_ guch that &P — ™0 in distribution
as k — o00. Moreover, as € — 0, we have that vPe — vp, where v” is the continuum
‘P(¢), measure, see also Proposition 5.6 below.

Finally, the estimates on the norms of ®0 and the independence of <I>7)0 and CIDGFFO

dDZGFFO follow from the convergence in distribution similarly as in the proof of Theorem
1.1. O
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5.4. Uniqueness of the limiting law for fixed t > 0. For the discussion of the maximum,
we need a refined statement on the convergence of (CIDZDG)e fort > 0 as ¢ — 0. More
precisely, we prove that the law of the limiting field @?0 for a fixed + > 0 does not
depend on the subsequence. By the same arguments that led to (5.2), we have that CID;PE
is distributed as the renormalised measure U,P ¢ defined by

Coo—C;

E p [Fl1=e"*VE _[F(£)e ], (5.8)

where F: X — R, and v; is the renormalised potential defined in (3.5) for E = oo.

Let (Ie)*v,73 ¢ denote the pushforward measure of U,P ¢ under the isometric embedding /.
Then we have the following convergence to a unique limit as € — 0.

Proposition 5.6. As ¢ — 0, we have for t > 0 that, as measures on H*(2) for every
o<1, (Ie)*vt73 ¢ converges weakly to vlp given by

E,p[F] = e OE[F (Vs — Y)e " Fx—10] (5.9)

for F: H*(2) — Rbounded and measurable, andwhere e="%©) = E[e_fﬂ :P(YW):d"].

€

Moreover, for t = 0, the weak convergence (IE)*VSD — vg) holds as measures on
H* () for any o < 0 and with vz)j defined by (5.9)witht =0and F: H*(2) — R for
a < 0.

Remark 5.7. Note that, although : P(Y): is almost surely a distribution of negative
regularity and not a function, the expression fQ :P(Yso): dx makes sense as an abuse
of notation to denote the duality pairing between a distribution and a constant function
(which is smooth on the torus). Furthermore, we sometimes include the spatial argument
of the distribution as a further abuse of notation, e.g. fQ Yoo (x)dx, not to be confused
with a pointwise evaluation (which may not exist).

We first prove that the discrete potential, suitably extended, converges to the contin-
uum potential in L.

Lemma 5.8. As € — 0, we have
2
E[(/ P(YE): dx —/ :P(Yoo):dx) ]—> 0. (5.10)
Qe Q

Proof. Itis convenient to introduce an alternative extension operator to the trigonometric
extension that behaves well under commutation with products. We choose the piecewise
constant extension of a function defined on €2, to a function defined on €2 that is piecewise
constant on x + €(—1/2, 1/2]2 for all x € Q. C Q. Indeed, for any f € X, define
Ecf: Q— Rforx € Qby

E.f(x) = Z f(Z)l(_e/z,e/g]Z(X —2). (5.11)

7€Q

We identify Y5 with E.Y$, and regard its covariance operator c€ = cf as an opera-
tor acting on such piecewise constant functions. In the following computation, we abuse
notation and evaluate the distribution Y, pointwise. Although such a pointwise evalu-
ation alone is a priori ill-defined, the covariance E[YS, (x)Yoo(y)] for x, y € Q yields
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a well defined expression, as our computation below shows. This can be made rigorous
by first approximating Y, with smooth fields and then removing the approximation. We
omit this to lighten the notation. Thus, for x, y € ,

B0V = B[ 37 Y5o@1(_ejp e/t — Yoo (1)

7€Q

. . 0o A o0 ~ ~
= Z 1(76/2,6/2]2 (X - Z) Z El:elkl wHikyy / theth (kl) / Q?th (kZ)]
€9 ki €92F Ky e 0 0

) )
= D> L epeppa—2 Y e’k'(z_y)/ g5 (k)gp (kydt
2690 keQ? 0

i 00
— Y ekl f g7 (k) 2dt = c(x — y),
keQ* 0

as € — 0 and where we recall that ¢ = cgo is the kernel of (—A +m?)~1.

To prove (5.10), it is sufficient to show that as € — 0

E[(/Qéz(Y;o)”:dx —/Q:Ygozde] — 0.

Note that, by Wick’s theorem and an abuse of notation regarding evaluating distributions
pointwise as above, we have

Y [T lcepepptc =20 BE [ ] Yoo Y ()]

215 Zni=1 i=1

=n! Y [[lcepepnt —2) [[EIYS G Yoo )]

Z1sesZn i=1 i=1

Ef: (Y5)" (x0):: Y, ():]

= nlE[(Y5,)(x) Yoo (N]".

Hence, by expanding, we have that the expression on the left-hand side of (5.11) is equal
t

(0]
/ / E[: (YS)" (0):: (VS (3): Jdxdy + /Q /Q E[: (Vo) (1)1 (Yoo)" (3): Jdxdy
) / / EL: (Vo) ()21 (YS)" (7): 1duxdy
aJa.
=n!/ (ce(xfy))”dxdy+n!/ / c"(xfy)dxdy72n![ / E[YS (x) Yoo (0)]"dxdy,
Qe J Qe QJQ QJQ

which converges to 0 by dominated convergence. O

We need the following exponential integrability lemma, which follows from a by-
now standard argument due to Nelson, see [24, Chapter 9.6]. Note that one may also
prove this using the Boué-Dupuis formula and estimates similar to those in Sect.4.2,
see Remark 4.9. The convergence statement below then follows by Vitali’s theorem as
stated in [12, Theorem 4.5.4] and the convergence (5.10).
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Lemma 5.9. For any 0 < p < oo, we have
supIE[exp ( — pf :P(Y;o):dx)] < 00. (5.12)
>0 Qe

In particular, as € — o0

E[exp(—/Q :P(Ygo):dx)]—>E[exp(—/ﬂz7>(yoo):dx)]. (5.13)

Combining Lemma 5.8 and Lemma 5.9, we can now give a proof of Proposition 5.6.

Proof of Proposition 5.6. Recall from (5.8) that the renormalised measure U,P ¢ is defined
by

E,p[F]= e~ OE; _[F(@)e O] = e OR[F (VS — Y)e T,

where F': X — R is bounded and continuous, and vf is the renormalised potential.
By the definition of the pushforward measure and the renormalised potential we obtain
that, for F: H*(2) — R, bounded and continuous,

€ (0 —VE(YE —YE
E )P [F1=Ep[F o] = "~ OR[F(I(YS, — ¥))e " 1710 =

_ e”go(o)]E[F(Ie(Ygo — YE))E[e 0 0& YD) |]_-t]]

= e”go(O)IE[F(IG(YCfO _ Yf))e*”c?(yé&].

Now, we have by (5.3) that I (Y5, — Y°) converges to Yoo — Y; in L? with respect to the
norm of H*(R2) for any « < 1. Moreover, we have by (5.10) that vg(Ygo) — v8(Yoo)

in L2. Take any subsequence, which we continue to denote as €. Then, there is a further
subsequence (€ )k, along which we have

F(lo (Y& — Y79)e 0 0% & F (Yoo — Y,)e 00 (5.14)

almost surely, where we also used that F is continuous with respect to the norm on H?.
Since F is bounded, we have by (5.12) that

(F(IG(Ygo _ Yf))e*“(?(Yio))

€

is uniformly integrable. Hence, by Vitali’s theorem, the convergence in (5.14) holds in
Ll ie.

E[F(Iek(Ygg — Yfk))e—vé"“;é‘)] N ]E[F(Yoo - Y,)e—vé’(Yoo)]. (5.15)

In summary, we have shown that for every subsequence of € there is a further subsequence
(ex)k such that (5.15) holds, thus showing full convergence of (5.15).

For the case t = 0 we follow the same arguments as for ¢t > 0, but now we take
F: H*(Q2) > Rfora < 0Oanduse (5.4). O
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6. Convergence in Law for the Maximum of P (¢),

In this section we use the results on the difference field ®* and prove that the maximum
of the P(¢)» field converges in distribution to a randomly shifted Gumbel distribution.
The analogous result was recently established for the sine-Gordon field in [7, Section
4]. The main difficulty in this reference is to deal with the non-Gaussian and non-
independent term @@, which requires generalising and extending several key results
of [14]. In the present case the combination of the Polchinski approach and the Boué—
Dupuis variational approach produce a similar situation with the essential difference to
the sine-Gordon case being different regularity estimates for the difference field. Thus,
the main goal in this section is to argue that all results in [7, Section 4] also hold under
the modified assumptions on ®%.

From now on, when no confusion can arise, we will drop € from the notation.
Moreover, to ease notation, we will use the notation ||¢|l x,) = ll¢lle for fields
¢: Q¢ — R.Recall that by Theorem 1.1 we have that

o) = oS + of = ofFF — oSFF 4 o 4 R, (6.1)
where Ry = — satisfies su sllcc ] — O ass — y the Sobolev
here R, = & — ®2 satisfies sup,_o E[|| R[22 — 0 0 by the Sobol

embedding and (1.12). In the analysis of the maximum of CIDgD we also need the following
continuity result for the field ®2.

Lemma 6.1. Let a € (0, 1). Then
2/L

sup sup IE[|| <I),A ”CQ(Q)] < 00.
€>01>0

Proof. The statement follows from the Sobolev-Hdolder embedding in Proposition 2.2
and (1.11). O

To express convergence in distribution we will use the Lévy distance d on the set of
probability measures on R, which is a metric for the topology of weak convergence. It
is defined for any two probability measures vy, v; on R by

d(vi, v2) = min{k > 0: vi(B) < v2(B") + « for all open sets B},

where B = {y € R: dist(y, B) < «}. We will use the convention that when a random
variable appears in the argument of d, we refer to its distribution on R. Note that if two
random variables X and Y can be coupled with | X — Y| < « with probability 1 — « then
d(X,Y) < k.

6.1. Reduction to an independent decomposition. The first important step is the intro-
duction of a scale cut-off s > 0 to obtain an independent decomposition from (6.1).
More precisely, we write

o) =D+ R, Dy = (dFF — FFF) 1 P 6.2)

and argue that we may from now on focus on the auxiliary field ®;. The following
statement plays the same role as Lemma 4.1 in [7].
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Lemma 6.2 [Analogto [7,Lemma4.1]]. Assume that the limiting law [is of maxg, d~>3 —
me as € — 0 exists for every s > 0, and that there are positive random variables Zg (on
the above common probability space) such that

8mx

fis((—00, x]) = E[e* %¢ V7 (6.3)

for some constant o* > 0. Then the law of maxq, QJZ)D — m converges weakly to some
probability measure o as € — 0 and 1y — o weakly as s — 0. Moreover, there is a
positive random variable ZT such that

*Z’Pe7 8mx

po((—oo, x]) = E[e™ 1.

Proof. We follow identical steps as in the proof of Lemma 4.1 of [7]. We first argue that
the sequence (maxgq, CIDZ; — m¢)e is tight. Indeed, since

max <I>(7)j — me = max CDS'FF —me + 0(||<D§||oo)
€ €

and since (maxg, QOGFF — me)e is tight by [15], we see that (maxgq, <I>OP — me), differs
from a tight sequence by a sequence Y, with E[|Y,|*/L] < oco. Elementary arguments
such as Markov’s inequality then imply that also sequence (maxg, dDZ)D — mg)e is tight.

Thus, there is a probability distribution (o such that the law of maxq, oF — Me

converges to po weakly along a subsequence (€ ). Considering the Lévy distance to
[is, we have

d(po, fis) < lim sup[d (max & — m,, max &, — me) +d(max O — me, ji)]
e=e—0 ¢ Qe Qe
= lim sup d (max QDOP — m,, max d~>s — me).
e=¢;—0 € 2
The last display can be estimated as follows: for any open set B C R we have
P(max ®) —m. e B) < P(max d; —me € B+ ||Rslloo)

< P(max d; —m, € BY) + P(max || Ry oo > K).

Markov’s inequality implies that
2
ELIIR[12"]

P(||Rslloo = k) < L

and thus, choosing
2
_E[|IR 1"

2/L )L/(L+2)
K2/L o0 )

& « = (E[lIRyll
we get by the definition of the Levy distance

- 2
d(o, fis) S (sup BIJIR, 121/ (6.4)

e>0
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Taking s — 0 shows that the subsequential limit p¢ is unique, as it is the unique weak
limit of fis. Thus, it follows that maxg, CIDZ)) — m¢ — o in distribution as € — 0.
Moreover, by (6.4) we have iy — o weakly, and thus

fs (=00, x]) = po((—00, x])
for the distribution functions.
It remains to show that (Z;); is tight. Using (6.2) we get for any C > 0
P(max &y —me < x) > P(max OF7 —me < x — [0 o)
> Pmax 8§ —me <x = C, 9 oo < O) (6.5)

= P(max o§FF —me <x—0) - P(max OFFF —me <x — C, |02 os > O).
€ €

Now, for a given ¥ > 0 we use Markov’s inequality and choose C such that

sup P02l > C) < /2.
s>0

Then we obtain from (6.5)

GFF

— /2 +P(ngzax o —me <x—0) < P(nslzax &, — me < x). (6.6)

Let MSFF be the limiting law of the centred maximum of the discrete Gaussian free field
which exists by [14]. Then taking ¢ — 0 in (6.6) together with the assumption (6.3)
yields

8mx

— /24 ST (=00, x — C]) < Ele @ %¢ ], 6.7)

From here the argument is analogous as in the proof of [7, Lemma 4.1]: assume that the
sequence (Zg); is not tight. Then we have

dk > 0: VM > 0: Ispy: P(Zs,, > M) > k.

It follows that
Ele= Zue " < oMV L pz < ppy < @M (1,
Sending M — oo, (6.7) implies that

—c/2+ pg (=00, x = C]) < 1 —x,

which is a contradiction when sending x — co. O
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6.2. Approximation of small scale field. Thanks to Lemma 6.2 we may focus from now
on the centred maximum of <i>s, which has a Gaussian small scale field dDSFF — QD?F F
and a non-Gaussian but independent large scale field CDZ). Similar to [7, Section 4.2] we
replace the small scale field by a collection of massless discrete Gaussian free fields, so
that the results in [14] apply. The only difference is the regularisation of the Gaussian
free field covariance: in [7] the heat-kernel regularisation is used, i.e.

e o gnmmtin e [1 4 e ds,

E ! ! 0 ds
while here, we use the Pauli-Villars regularisation (3.1), which implies
Cov(dFTF — @Sy = (—A+m? +1/5)7 1. (6.8)

Therefore, we do not need the additional decomposition (4.17) in [7] involving the
function g;. The following paragraph is completely analogous to [7, Section 4.2], but
we include it here to set up the notation and improve readability.

We introduce a macroscopic subdivision of the torus €2 as follows: let I" be the union
of horizontal and vertical lines intersecting at the vertices %Zz N € which subdivides 2
intoboxes V; C Q,i =1, ..., K% of side length 1/K. We use the notation V; for both
the subset of 2 and the corresponding lattice version as subset of 2.

Let Ar be the Laplacian on € with Dirichlet boundary conditions on I', and let
A be the Laplacian with periodic boundary conditions on 2. The domain of A is the
space of 1-periodic functions, and that of Ar is the smaller space of 1-periodic functions
vanishing on I". This implies that —Ar > —A and thus,

(=A+m>+1/)" ' > (=Ap+m? +1/s)"! 6.9)

as quadratic form inequalities.
Hence, using (6.8), we can decompose the small scale Gaussian field
as

GFF GFF

O — D5
GFF GFF d & f e

CDO - CDS - Xs,K + XS,K’

where the two fields on the right-hand side are independent Gaussian fields with covari-
ances

Cov(X! ) = (~Ar +m? +1/s)™"!
Cov(X ) = (—A+m*+1/5)" = (—Ap+m* +1/s)"".

Note that for this decomposition, which is analogous to the Gibbs-Markov decomposition
of the massless GFF with Dirichlet boundary condition, the Pauli-Villars decomposition
is particularly convenient due to (6.9). Using [7, Lemma 4.2] in the exact same form, we
_ Q)?FF

see that the maximum of CDOGFF can be replaced by the maximum of X £ + )~(§ K

where
Cov(X}) = (—=Ap)~".
This yields a new auxiliary field denoted ®; with independent decomposition

Oy = X§ + X g + 0T, (6.10)
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which is completely analogous to (4.43) in [7], except that there is no field X f‘ for the
different choice of the covariance regularisation. In fact the two fields X f; and )}SC %
are exactly the same and thus, the covariance estimates for X f x in[7, Lemma 4.4] can
be used verbatim. The only essential difference is that the field <I>zj is different, but the
following statement establish the same regularity estimates as in [7, Lemma 4.5].

Lemma 6.3. For any s > 0 and € > 0 the fields @?FF and q)z) are a.s. Holder contin-
uous. Moreover, there is a € (0, 1) such that for # € {GFF, P}

cD# _ q:,#
supE[max |<1>#| + max M] <00 (6.11)
>0 2 X, yelle lx — y|*
Proof. Note that the Fourier coefficients of ®S satisfy

5 GFF 271 _ 1
=770 = 0 (1 )

Hence, (6.11) for CDSGF F follows from standard results as stated in [29, Proposition B.2
(1)] (for Holder continuity) and [14, Lemma 3.5] (for the maximimum). For @ZD the
results follow from the properties of the difference term ®2. O

The only remaining results, where the properties of ®2 enter, are Proposition 4.8 and
Proposition 4.9 in [7]. To state these results we introduce for technical reasons a small
neighbourhood of the grid I" as follows. For § € (0, 1), define

={x e V;: dist(x,T) > 8§/K}, €°= U Vi, Q=N (eZ?).

(6.12)
Proposition 6.4 [Version of [14, Proposition 5.1]]. Let Qﬁ be as in (6.12). Then,

lim lim sup lim sup P(max D, #£ max D) =0.

=50 Koo €0

Proposition 6.5 [Version of [14, Proposition 5.2]]. Let ®; be as in (6.10). Let z; € Vf
be such that

rr;aax X,f( = X,’;(zl-)

and let 7 be such that

max P, (z;) = Dy(2).

Then for any fixed k > 0 and small enough § > 0,
lim lim sup P(max O, > dy(2)+x) =0.

K—oo <0

Moreover, there is a function g: N — RE with g(K) — oo as K — oo, such that

lim lim sup]P’(X (z) <meg +g(K)) =0.

K—o0o ¢



880 N. Barashkov, T. S. Gunaratnam, M. Hofstetter

Proof of Proposition 6.4 and Proposition 6.5. In the case of the sine-Gordon field it was
used that ||<I>SA |l is bounded by a deterministic constant and that <I>tA is Holder con-
tinuous. Thus, the generalisation of these results are immediate when restricting to the
event

E ={[|®}caqe) < C,

whose probability is arbitrarily close to 1 if C is large enough.

6.3. Approximation by e-independent random variables. Following [14, Section 2.3]
we approximate maxg, 5 — me by Gj’ x = Mmax; Gg’ x Where

) o 0 2
Gl x = Pl (Y +g(K)) + Z&) (uh) — = log K, (6.13)
and also define
c,0 i
Zs.k =mMsp5 Z( log K — Z&Q (u))e 2 1os K8z - (6.14)

i=1
Here, the sequence g(K) is as in Proposition 6.5 and the random variables in (6.13) and
(6.14) are all independent and defined as follows:
e The random variables ,05( e 0,1}, i =1,...,K 2 are independent Bernoulli

random variables with IP’(,oi( =1)= a*mgg(K)e_‘/gg(K) with «* and mg as in [7,
Proposition 4.6]. _
e The random variables Y}( >0,i =1, J K2, are independent and characterised

by P(Y > x) = g(KH)'xe_ 87X for x > 0.
e The random field Zc -0 x (X), x € ,is a weak limit of the overall coarse field Z{ ¢ K=

X ¢ Kkt CDP as € — 0. The existence of this limit is guaranteed by Corollary 1.2 and
[7 Lemma 4.4]. ‘
e The random variables ug € Vl.‘s, i=1,..., K? have the limiting distribution of the

maximisers z; of X If( in Vl.‘S as € — 0. Thus, ufS takes values in the i-th subbox of
Q = T? and, scaled to the unit square, its density is ° as in [7, Proposition 4.6].

Note that the correction in (6.13) can be understood from

Mg —Me = — log K + Ok (¢€).

2
N2
From here the rest of [7, Section 4] can be used without adjustment, as no other
properties of the difference field are used. We omit further details.

Acknowledgements. TSG would like to thank Ajay Chandra for interesting discussions on the Polchinski
equation and Romain Panis for useful comments. MH thanks Roland Bauerschmidt for discussing the project
at early stages, as well as Benoit Dagallier for the helpful comments. NB, TSG, and MH would like to thank
Hugo Duminil-Copin for hosting us at the Université de Geneve in April 2022 to work on this project.

TSG was supported by the Simons Foundation, Grant 898948, HDC. MH was partially supported by the UK
EPSRC grant EP/L016516/1 for the Cambridge Centre for Analysis. NB is supported by the ERC Advanced
Grant 741487 (Quantum Fields and Probability).



Multiscale Coupling and the Maximum 881

Author Contributions All authors wrote the manuscript and contributed equally.

Funding Open access funding provided by University of Geneva.

Data availability statement Not applicable to this article, as no datasets were generated or analysed.
Declarations

Conflict of interest The authors have no relevant financial or non-financial interests to disclose.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

References

1. Arguin, L.-P., Belius, D., Bourgade, P.: Maximum of the characteristic polynomial of random unitary
matrices. Commun. Math. Phys. 349(2), 703-751 (2017)

2. Bailey, E.C., Keating, J.P.: Maxima of log-correlated fields: some recent developments. J. Phys. A Math.
Theor. 55(5), Paper No. 053001, 76 (2022)

3. Barashkov, N.: A stochastic control approach to Sine Gordon EQFT (2022). Preprint. arXiv:2203.06626

4. Barashkov, N., De Vecchi, F.: Elliptic stochastic quantization of sinh-Gordon QFT. (2021). Preprint,
arXiv:2108.12664

5. Barashkov, N., Gubinelli, M.: A variational method for <I>§. Duke Math. J. 169(17), 3339-3415 (2020)

6. Bauerschmidt, R., Bodineau, T.: Log-Sobolev inequality for the continuum sine-Gordon model. Commun.
Pure Appl. Math. 74(10), 2064-2113 (2021)

7. Bauerschmidt, R., Hofstetter, M.: Maximum and coupling of the sine-Gordon field. Ann. Probab. 50(2),
455-508 (2022)

8. Belius, D., Wu, W.: Maximum of the Ginzburg—Landau fields. Ann. Probab. 48(6), 2647-2679 (2020)

9. Biskup, M., Louidor, O.: Extreme local extrema of two-dimensional discrete Gaussian free field. Commun.
Math. Phys. 345(1), 271-304 (2016)

10. Biskup, M., Louidor, O.: Full extremal process, cluster law and freezing for the two-dimensional discrete
Gaussian free field. Adv. Math. 330, 589-687 (2018)

11. Biskup, M., Louidor, O.: Conformal symmetries in the extremal process of two-dimensional discrete
Gaussian free field. Commun. Math. Phys. 375(1), 175-235 (2020)

12. Bogachev, V.I., Ruas, M.A.S.: Measure Theory. Springer, 1 (2007)

13. Boué, M., Dupuis, P.: A variational representation for certain functionals of Brownian motion. Ann.
Probab. 26(4), 1641-1659 (1998)

14. Bramson, M., Ding, J., Zeitouni, O.: Convergence in law of the maximum of the two-dimensional discrete
Gaussian free field. Commun. Pure Appl. Math. 69(1), 62—123 (2016)

15. Bramson, M., Zeitouni, O.: Tightness of the recentered maximum of the two-dimensional discrete Gaus-
sian free field. Commun. Pure Appl. Math. 65(1), 1-20 (2012)

16. Brydges, D., Kennedy, T.: Mayer expansions and the Hamilton—Jacobi equation. J. Stat. Phys. 48(1-2),
19-49 (1987)

17. Carpentier, D., Le Doussal, P.: Glass transition of a particle in a random potential, front selection in
nonlinear renormalization group, and entropic phenomena in Liouville and sinh-Gordon models. Phys.
Rev. E 63, 026110 (2001)

18. Chhaibi, R., Madaule, T., Najnudel, J.: On the maximum of the CBE field. Duke Math. J. 167(12),
2243-2345 (2018)

19. De Vecchi, F.C., Fresta, L., Gubinelli, M.: A stochastic analysis of subcritical Euclidean fermionic field
theories. (2022). Preprint, arXiv:2210.15047

20. Ding, J., Roy, R., Zeitouni, O.: Convergence of the centered maximum of log-correlated Gaussian fields.
Ann. Probab. 45(6A), 3886-3928 (2017)


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2203.06626
http://arxiv.org/abs/2108.12664
http://arxiv.org/abs/2210.15047

882 N. Barashkov, T. S. Gunaratnam, M. Hofstetter

21. Fels, M., Hartung, L.: Extremes of the 2d scale-inhomogeneous discrete Gaussian free field: convergence
of the maximum in the regime of weak correlations. ALEA Latin Am. J. Probab. Math. Stat. 18(2),
1891-1930 (2021)

22. Fyodorov, Y.V., Hiary, G.A., Keating, J.P.: Freezing transition, characteristic polynomials of random
matrices, and the Riemann zeta function. Phys. Rev. Lett. 108(17), (2012)

23. Fyodorov, Y.V., Keating, J.P.: Freezing transitions and extreme values: random matrix theory, and disor-
dered landscapes. Philos. Trans. R. Soc. Lond. Ser. A Math. Phys. Eng. Sci. 372, 20120503 (2014)

24. Glimm, J., Jaffe, A.: Quantum Physics, 2nd edn. Springer-Verlag, New York (1987)

25. Gubinelli, M., Hofmanova, M.: Global solutions to elliptic and parabolic ®* models in Euclidean space.
Commun. Math. Phys. 368(3), 1201-1266 (2019)

26. Gubinelli, M., Hofmanova, M.: A PDE construction of the Euclidean ¢>§ quantum field theory. Commun.
Math. Phys. 384(1), 1-75 (2021)

27. Hofstetter, M.: Extremal process of the sine-Gordon field. (2021). Preprint, arXiv:2111.04842

28. Huang, Y.: Another probabilistic construction of ¢ in dimension 2. Electron. Commun. Probab. 26,
1-13 (2021)

29. Lacoin, H., Rhodes, R., Vargas, V.: Complex Gaussian multiplicative chaos. Commun. Math. Phys. 337(2),
569-632 (2015)

30. Moinat, A., Weber, H.: Space-time localisation for the dynamic <I>§ model. Commun. Pure Appl. Math.
73(12), 2519-2555 (2020)

31. Mourrat, J.-C., Weber, H.: Global well-posedness of the dynamic ®* model in the plane. Ann. Probab.
45(4), 2398-2476 (2017)

32. Nelson, E.: A quartic interaction in two dimensions. In Mathematical Theory of Elementary Particles
(Proc. Conf., Dedham, Mass., 1965), pages 69-73. M.L.T. Press, Cambridge, Mass., (1966)

33. Osterwalder, K., Schrader, R.: Axioms for Euclidean Green’s functions. II. Communications in Mathe-
matical Physics, 42, 281-305 (1975). With an appendix by Stephen Summers

34. Paquette, E., Zeitouni, O.: The maximum of the CUE field. Int. Math. Res. Not. IMRN 16, 5028-5119
(2018)

35. Schweiger, F.: The maximum of the four-dimensional membrane model. Ann. Probab. 48(2), 714-741
(2020)

36. Schweiger, F., Zeitouni, O.: The maximum of log-correlated Gaussian fields in random environments.
(2022). Preprint, arXiv:2205.07210

37. Simon, B.: The P (¢); Euclidean (quantum) field theory. Princeton Series in Physics. Princeton University
Press, Princeton, N.J (1974)

38. Symanzik, K.: Euclidean quantum field theory. In Local Quantum Field Theory. Academic Press, New
York (1969)

39. Touzi, N.: Optimal stochastic control, stochastic target problems, and backward SDE, volume 29 of
Fields Institute Monographs. Springer, New York; Fields Institute for Research in Mathematical Sciences,
Toronto, ON. With Chapter 13 by Anges Tourin (2013)

40. Tsatsoulis, P., Weber, H.: Spectral gap for the stochastic quantization equation on the 2-dimensional torus.
Ann. Inst. Henri Poincaré Probab. Stat. 54(3), 1204—1249 (2018)

41. Wu, W., Zeitouni, O.: Subsequential tightness of the maximum of two dimensional Ginzburg-Landau
fields. Electronic Communications in Probability, 24:Paper No. 19, 12 (2019)

Communicated by J. Ding


http://arxiv.org/abs/2111.04842
http://arxiv.org/abs/2205.07210

	Multiscale Coupling and the Maximum of mathcalP(φ)2 Models on the Torus
	Abstract:
	1 Introduction
	1.1 Model and main result
	1.2 Application to the maximum of the mathcalP(φ)2 field
	1.3 Notation

	2 Discrete Besov Spaces and the Regularity of Wick Powers
	2.1 Discrete Fourier series and trigonometric embedding
	2.2 Discrete Sobolev spaces
	2.3 Discrete Besov spaces
	2.4 Regularity estimates on discrete Wick powers

	3 Stochastic Representations of mathcalP(φ)2
	3.1 Pauli–Villars decomposition of the covariance
	3.2 Polchinski renormalisation group dynamics for mathcalP(φ)2
	3.3 A stochastic control representation via the Boué–Dupuis formula
	3.4 Correspondence between the Polchinski and the Boué–Dupuis representations

	4 Fractional Moment Estimate on the Renormalised Potential
	4.1 Sobolev norms of integrated drifts
	4.2 Uniform L2 estimate for minimisers
	4.3 A fractional moment estimate for small scales

	5 Proof of the Coupling to the GFF
	5.1 Estimates on the difference field ΦΔε,E
	5.2 Removal of the cut-off: proof of Theorem 1.1
	5.3 Lattice convergence: proof of Corollary 1.2
	5.4 Uniqueness of the limiting law for fixed t > 0

	6 Convergence in Law for the Maximum of mathcalP(φ)2
	6.1 Reduction to an independent decomposition
	6.2 Approximation of small scale field
	6.3 Approximation by ε-independent random variables

	Acknowledgements.
	References


