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Abstract: We establish a coupling between the P(φ)2 measure and the Gaussian free
field on the two-dimensional unit torus at all spatial scales, quantified by probabilistic
regularity estimates on the difference field. Our result includes the well-studied φ4

2 mea-
sure. The proof uses an exact correspondence between the Polchinski renormalisation
group approach, which is used to define the coupling, and the Boué–Dupuis stochastic
control representation for P(φ)2. More precisely, we show that the difference field is
obtained from a specific minimiser of the variational problem. This allows to transfer
regularity estimates for the small-scales of minimisers, obtained using discrete harmonic
analysis tools, to the difference field.As an application of the coupling, we prove that the
maximum of the P(φ)2 field on the discretised torus with mesh-size ε > 0 converges in
distribution to a randomly shifted Gumbel distribution as ε → 0.
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1. Introduction

1.1. Model and main result. We study global probabilistic properties of the P(φ)2 Eu-
clidean quantum field theories on the two dimensional unit torus � = T

2. These objects
are measures νP on the space of distributions S′(�) that are formally given by

νP (dφ) ∝ exp
(
−

∫

�

P(φ(x))dx
)
νGFF(dφ), (1.1)

whereP is a polynomial of even degree with positive leading coefficient and νGFF is law
of the massive Gaussian free field, i.e. the mean zero Gaussian measure with covariance
(−� + m2)−1 for some arbitrary mass m > 0 that is fixed throughout this article. The
most famous example is when P(φ) is a quartic polynomial, in which case νP is known
as the φ4

2 measure in finite volume with periodic boundary condition.
The origin of these measures lies in constructive quantum field theory, where they

arise as Wick rotations of interacting bosonic quantum field theories in 1+1 Minkowski
space-time, see for instance [38] and [33]. Their construction was first achieved in 2D
by Nelson in [32], see also the books by Simon [37] and Glimm and Jaffe [24, Section
8]. Indeed, fields sampled from νGFF are almost surely distributions in a Sobolev space
of negative regularity, and hence cannot be evaluated pointwise. Therefore, since there
is no canonical definition of nonlinear functions of distributions, the density in (1.1)
is ill-defined. This can be seen concretely, if one imposes a small scale cut-off. Then
the cut-off measures are well-defined, but as the cut-off is removed, one encounters so-
called ultraviolet divergences. It is well-known that a suitable renormalisation procedure
is needed to remove these divergences.

In order to give meaning to (1.1), we view it as a limit of renormalised lattice approx-
imations. For ε > 0 let �ε = � ∩ (εZ

2) be the discretised unit torus and denote Xε =
R

�ε = {ϕ : �ε → R}. We assume throughout that 1/ε ∈ N. Moreover, write �ε for the
discrete Laplacian acting on functions f ∈ Xε by�ε f (x) = ε−2 ∑

y∼x

(
f (y)− f (x)

)
,

where y ∼ x denotes that x, y ∈ �ε are nearest neighbours. Let νGFFε be the centred
Gaussian measure on Xε with covariance (−�ε + m2)−1, i.e. the law of the massive
discrete Gaussian free field on �ε . Note that as ε → 0, we have for all x ∈ �ε

cε ≡ Var
(
�GFFε

x

) = 1

2π
log

1

ε
+ O(1), �GFFε ∼ νGFFε . (1.2)
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To compensate this small scale divergence we renormalise the polynomial P in (1.1) by
interpreting it as Wick-ordered. For n ∈ N, we define the Wick powers

:φn(x): ε = cn/2
ε Hn(φ(x)/

√
cε),

where Hn denotes the n-th Hermite polynomial and cε is as in (1.2). For instance, when
n = 4, we have

:φ4(x): ε = φ4(x) − 6cεφ
2(x) + 3c2ε .

Note that by the multiplication with cnε we ensure that the leading coefficient of theWick
power equals 1.

It can be shown that as ε → 0 theWick orderedmonomials for the Gaussian free field
converge to well-defined random variables :�n : with values in the space of distributions
S′(�). Moreover, the collection (:�n : )n∈N is orthogonal in L2(μGFF) and satisfies

E[:�n(x): :�n(y): ] = n!Gn(x − y), � ∼ νGFF,

where G = (−� + m2)−1 is the Green function of the Laplacian on �. This gives the
Wick powers the interpretation of powers of the Gaussian free field.

For general polynomials of the form P : R → R, r 
→ ∑N
k=1 akr

k of even degree
N ∈ 2N, and coefficients satisfying ak ∈ R, 1 � k < N , and aN > 0, we define the
Wick ordering

:P(φ(x)): ε =
N∑

k=1

ak :φk(x): ε . (1.3)

When it is clear from the context or when there is no conceptual difference between the
discrete Wick power and the continuum limit, we drop ε from the notation. Note that,
by a simple scaling argument, for the construction of the measures (1.1) we may assume
without loss of generality that P has no constant term.

As for the monomials, the Wick ordered polynomials converge to well-defined ran-
dom variables with values in a space of distributions as ε → 0. However, as ε → 0 one
loses the uniform lower bound of :P: ε . Indeed, due to the logarithmic divergence of cε

in (1.2), we have for :P: ε as in (1.3)

inf
x∈�ε

:P: ε � −O(| log ε|n), ε → 0

for some n ∈ N. Therefore, the exponential integrability (and hence the construction of
(1.1) as a limit) is not immediate. Nelson leveraged the polylogarithmic divergence in
d = 2 to give a rigorous construction of the continuum object νP , which can be obtained
as a weak limit of the regularised measures νPε on Xε defined by

νPε (dφ) ∝ exp
(
− ε2

∑
x∈�ε

:P(φ(x)): ε
)
νGFFε (dφ). (1.4)

Other constructions also exist, for example via stochastic quantisation techniques [40],
the Boué–Dupuis stochastic control representation [5], and martingale methods [28].

Fields sampled from νP have similar small scale behaviour to the Gaussian free field
on �. Indeed, the two measures are mutually absolutely continuous and, as such, νP
is supported on a space of distributions, not functions. One of the central themes of
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this article is to quantify the difference in short-distance behaviour between these two
measures, and to see whether the similarities on small scales lead to similarities on a
global scale, e.g. universal behaviour of the maxima.

Finally, let us remark that similar Wick renormalisation procedures have been suc-
cessfully used to construct other continuum non-Gaussian Euclidean field theories in
2D, see for instance [7], for the sine-Gordon field and [4] for the sinh-Gordon field.

Our main result is a probabilistic coupling between the P(φ)2 field and the Gaussian
free field at all scales, which allows to write the field of interest as a sum of the Gaussian
free field and a (non-independent) regular difference field. The methods we use rely
on a stochastic control formulation developed for the φ4

2 field in [5] and the essentially
equivalent non-perturbative Polchinski renormalisation group approach that was used
in [7] for the sine-Gordon field. Our point of view in this work resembles that in the
latter reference, for which we use a similar notation. Specifically, we construct the ε-
regularised P(φ)2 field as the solution to the high dimensional SDE

d�
Pε ,E
t = −ċε

t ∇v
ε,E
t (�

Pε ,E
t )dt + (ċε

t )
1/2dWt , �Pε ,E∞ = 0, (1.5)

where (ċε
t )t∈[0,∞] is associated to the Pauli-Villars decomposition of the Gaussian free

field covariance defined for t ∈ (0,∞) by

cε
t = (−�ε + m2 + 1/t)−1, ċε

t =
d

dt
cε
t , (1.6)

and with cε
0 = 0 and cε∞ = (−�ε + m2)−1, W is a Brownian motion in �ε , and v

ε,E
t is

the renormalised potential to be defined later. The Pauli-Villars decomposition could be
replaced by, for example, a heat-kernel decomposition, but it is technically convenient to
work with the former rather than the latter, see Remark 3.1 for a more precise discussion
on the rigidity concerning the choice of scale decomposition.

The energy cut-off E > 0 is sufficient to ensure that the SDE (1.5) is well-defined
and has strong existence, and is removed by taking E →∞. The stochastic integral on
the right-hand side of (1.5) corresponds to a scale decomposition of the Gaussian free
field, i.e. setting

�
GFFε
t =

∫ ∞

t
(ċε

s )
1/2dWs (1.7)

we obtain a Gaussian process (�
GFFε
t

)
t started at t = ∞ with �

GFFε∞ = 0 and such that

�
GFFε

0 ∼ νGFFε . Thus, going back to (1.5) the difference field corresponds to the finite
variation term on the right-hand side of the SDE.

We state the main result in the following theorem on the level of regularisations. For
α ∈ R let Hα(�ε) ≡ Hα be the (discrete) Sobolev space of regularity α, see Sect. 2.2
for a precise definition. Moreover, we denote by C0([0,∞),S) the space of continuous
sample paths with values in a metric space (S, ‖ · ‖S) that vanish at infinity equipped
with the topology of compact convergence.

Theorem 1.1. There exists a process �Pε ∈ C0([0,∞), H−κ ) for any κ > 0 such that

�
Pε
t = �

�ε
t + �

GFFε
t , �

Pε

0 ∼ νPε , (1.8)
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where the difference field ��ε satisfies

sup
ε>0

sup
t�0

E[‖��ε
t ‖2H1 ] < ∞, (1.9)

sup
ε>0

sup
t�t0

E[‖��ε
t ‖2H2 ] < ∞ (1.10)

for any t0 > 0, and for any α ∈ [0, 2) and some large enough L � 4

sup
ε>0

sup
t�0

E[‖��ε
t ‖2/LHα ] < ∞, (1.11)

sup
ε>0

E[‖��ε
t − �

�ε

0 ‖2/LHα ] → 0 as t → 0. (1.12)

Moreover, for any t > 0, �GFFε

0 −�
GFFε
t is independent of �Pε

t .

Let us make two important remarks concerning the optimality of the regularity esti-
mates in Theorem 1.1. First, the restriction to α ∈ [0, 2) in (1.11) and (1.12) seems to be
optimal, at least with respect to our method. Other reasonable choices of (ċε

t )t∈[0,∞], see
again Remark 3.1, should also lead to the same estimates (1.9), (1.11) and (1.12). Sec-
ond, we do not expect that the probabilistic regularity estimates on the difference field
�

�ε
t , t � 0 in Theorem 1.1 can be replaced by deterministic ones, in contradistinction

to the case of the sine-Gordon field considered in [7]. This is because �
�ε
t is related

to ∇v
ε,E
t (φ), φ ∈ Xε in (3.6), which is, unlike for the sine-Gordon field, unbounded

in φ as E → ∞. In fact, since the constant L depends linearly on the degree of the
polynomial P , the bounds in Theorem 1.1 become weaker as the degree of P increases.
This suggests that the larger the growth of the nonlinearity in (1.1), the weaker bounds
for the difference field. Note that, in the case of the φ4

2 field, we can take L = 4.
As a corollary of Theorem 1.1, we also obtain the following statement for the con-

tinuum, i.e. ε = 0. We stress that, in the statement below, Hα = Hα(�) refers to the
usual, i.e. continuum, Sobolev space of regularity α over �.

Corollary 1.2. There exists a process �P ∈ C0([0,∞), H−κ ) for every κ > 0 such
that

�P
t = ��

t + �GFF
t , (1.13)

where �P
0 is distributed as the continuum P(φ)2 field and �GFF

0 is distributed as the
continuum Gaussian free field. For the difference field ��, the analogous estimates as
for �

�ε
t in Theorem 1.1 hold in the continuum Sobolev spaces. Finally, for any t > 0,

�GFF
0 −�GFF

t is independent of �P
t .

As we shall see in the proof of Corollary 1.2, we construct the continuum processes
�� in (1.13) as a weak limit of (��ε )ε as ε → 0 along a subsequence, thereby es-
tablishing the existence of �P . While the convergence as processes only holds along a
subsequence, we prove that every subsequential limit of (��ε )ε and hence of (�Pε )ε
has the same law.

The key ingredient in the proof of ourmain result, Theorem 1.1, is an exact correspon-
dence between two different stochastic representations of P(φ)2: a stochastic control
representation, called the Boué–Dupuis representation, and the Polchinski renormalisa-
tion group approach, see Sect. 3.4. More precisely, the difference field is directly related
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to a special minimiser of the stochastic control problem. We use this correspondence to
transfer fractional moment estimates on the minimiser to the difference field.

In the case of the sine-Gordon field considered in [7], the proof of the analogous
estimates on ��ε relies heavily on deterministic estimates on the gradient of the renor-
malised potential vε

t , which is enabled by a Yukawa gas representation from [16]. Such
a representation is not available in the present case, as the nonlinearity P(φ) is not
periodic in the field variables (φx )x∈�ε . Therefore, our approach is more robust in the
sense that we do not need to know the gradient of the renormalised potential, for which
a uniform bound may not be available, and we do not need the periodicity requirement
on the potential.

It would be of interest to extend our approach to other continuum Euclidean field
theories. On the one hand, we believe that our approach can be extended to treat fields
with more general nonlinearities in the log-density, such as the sinh-Gordon model.
On the other hand, by combining our techniques with paracontrolled ansatz techniques
developed in [5], itmaybe possible to analyse the sine-Gordonfield up to the same regime
as treated in [7]. Note that our techniques would a priori yield probabilistic estimates
on the difference field, while the precise analysis of the gradient of the renormalised
potential in [7] yields deterministic estimates. It would be interesting to see whether one
can recover similar deterministic estimates with our approach. For β < 4π , this seems
possible by using methods developed in [3]. A treatment of the full subcritical regime
β < 8π using either method would be of great interest. Let us mention that in the setting
of fermionicEuclidean field theories, such couplings have been constructed for aφ4-type
model in the full subcritical regime in [19] using a Forward-Backward SDE approach.
Although the objects treated are not the same (recall that we are interested in bosonic
Euclidean field theories), on a high level their general framework is closely related to
our point of view here and may be of help in analysing sine-Gordon for β < 8π .

Finally, we remark that similar couplings can be obtained from stochastic quantisa-
tion, for instance with the methods of [30] or [25], which allow to write the P(φ)2 field
as a sum of a Gaussian free field and a non-Gaussian regular field with values in H1(�).
However, the couplings obtained in this way do not have the independence property
stated in Corollary 1.2. This property together with the fact that our regularity estimates
imply L∞ bounds for ��

t , t � 0 enables us to study the distribution of the centred
maximum of the field as described below.

1.2. Application to the maximum of the P(φ)2 field. The strong coupling to the Gaus-
sian free field in Theorem 1.1 is a useful tool to study novel probabilistic aspects of
P(φ)2 theories that go beyond the scope of the current literature. As an illustration, we
investigate the global centred maximum of the regularised fields �Pε defined as

Mε = max
�ε

�Pε �Pε ∼ νPε .

It is clear that as ε → ∞ this random variable diverges, since the limiting field takes
values in a space of distributions. For the (massive) Gaussian free field, i.e. the case
P(φ) = 0, this divergence has been quantified in [15] by

E[Mε] = mε + O(1), mε = 1√
2π

(2 log
1

ε
− 3

4
log log

1

ε
). (1.14)

Moreover, in this reference it is also shown that the sequence of centred maxima (Mε −
mε)ε is tight.We remark that these results were initially proved for themasslessGaussian
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free field on a box with Dirichlet boundary condition rather than on the torus, but the
arguments are not susceptible to a different choice of boundary. The minor difference
between the prefactor 1/

√
2π in (1.14) to [15] and various other references comes from

our different scaling of the fields, see (1.2).
It is clear that the coupling in Theorem 1.1 for t = 0 together with the properties

of �� imply (1.14) and tightness of the centred global maxima for the P(φ)2 field.
Indeed, by the standard Sobolev embedding in d = 2, the Sobolev norm in (1.11) can be
replaced by the L∞-norm, and hence, the maximum of the P(φ)2 field and that of the
GFF differ by a random variable with finite fractional moment. In particular, this implies
that (1.14) also holds for general even polynomials P with positive leading coefficient.

Exploiting also the larger scales t > 0 of (1.8) allows to understand the O(1) terms
in Mε −mε and establish the following convergence in distribution as ε → 0.

Theorem 1.3. The centred maximum of the ε-regularised P(φ)2 field �Pε ∼ νPε con-
verges in distribution as ε → 0 to a randomly shifted Gumbel distribution, i.e.

max
�ε

�Pε −mε → 1√
8π

X +
1√
8π

log ZP + b,

whereZP is a nontrivial positive randomvariable, X is an independent standardGumbel
random variable, and b is a deterministic constant.

The analogous result for the Gaussian free field was proved in [14] and later gen-
eralised to log-correlated Gaussian fields in [20], and to the (non-Gaussian) continuum
sine-Gordon field in [7]. The proof in the latter reference relies on a coupling between
the Gaussian free field and the sine-Gordon field, in essence similar to Theorem 1.1,
and a generalisation of all key result in [14] to a non-Gaussian regime. Here we follow
a similar strategy to establish Theorem 1.3 verifying that the technical results in [7,
Section 4] also hold under the weaker assumptions on the term �� in Theorem 1.1.

It is believed that the limiting law of the centred maximum is universal for �ε

belonging to a large class of Gaussian or non-Gaussian log-correlated fields, in the
sense that the fluctuations of the centred maximum are of order 1 and moreover, there
is a sequence aε , such that

P(max
�ε

�ε − aε � x) → E[exp(−CZe−cx )], x ∈ R (1.15)

for some positive constants c,C > 0 and a positive random variable Z; see for instance
[17]. The expectation value in (1.15) is the distribution function of a randomly shifted
Gumbel distribution, which is obtained from the deterministic Gumbel distribution func-
tion and averaging over the random shift log Z. In particular, the weak convergence for
max�ε �Pε in Theorem 1.3 can be equivalently stated as in (1.15) by setting aε = mε ,

c = √
8π , C = e

√
8πb and Z = ZP . In recent years there has been substantial progress

on the extremal behaviour of log-correlated fields and related models, thus confirming
the conjectured behaviour of the maximum. For Gaussian fields, in particular the dis-
crete Gaussian free field, the vast majority of questions centred around the maximum
have been answered thanks to the works [14,20,35] as well as [9,10]. As various key
methods in the proof of these results only apply to Gaussian fields, the picture in the
non-Gaussian regime is less complete. Important recent works on non-Gaussian models
include [7,8,21,36] and [41]. There is also a surprising relation between log-correlated
processes and the extreme values of characteristic polynomials of certain random ma-
trix ensembles as well as the maximum of the Riemann zeta function in a typical short
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interval on the critical line, which was first described and investigated in [22] and [23].
Subsequent works in this direction include [1], [18] and [34]. For a survey on recent
developments we refer to [2].

The random variable ZP is believed to be a multiple of the critical multiplicative
chaos of the field, also known as the derivative martingale, which can be obtained as the
weak limit of

ZPε = ε2
∑
�ε

(
2√
2π

log
1

ε
− �Pε )e−2 log 1

ε
+
√
8π�Pε

. (1.16)

However, this has been established rigorously only for the massless Gaussian free field
thanks to its conformal invariance, see [11]. Even though the exact characterisation of
ZP does not come out of the proof of Theorem 1.3, it does show that ZP is obtained as
the limit of prototypical derivative martingales defined similarly to (1.16).

Nonetheless, the coupling in Theorem 1.1 and Corollary 1.2 immediately gives a
construction of the limit of the measure associated to (1.16) as ε → 0 through

lim
ε→0

ZPε (dx) = e
√
8π��

0 (x)ZGFF(x)

where ZGFF(dx) is the Gaussian multiplicative chaos associated with �GFF
0 . We expect

that this relation allows to establish further properties for the multiplicative chaos of the
P(φ)2.

Finally, we believe that the coupling in Theorem 1.1 can also be used to prove finer
results on the extreme values of the P(φ)2 field, in particular on the locations and
heights of local maxima. The main reference for the local and full extremal process
for the Gaussian free field is the work by Biskup and Louidor, see [9], [10] and [11].
Using the coupling in Theorem 1.1 and the generalisation of the key results in these
references to the non-Gaussian setting analogously to [27], it seems plausible that the
local extremal process of theP(φ)2 field converges to a Poisson point process on �×R

with random intensity measure Z(dx)⊗e−
√
8πhdh. With additional work, it should also

be possible to prove convergence of the full extremal process thanks to the continuity of
the difference field.

1.3. Notation. For a covariance cε on Xε , we denote by Ecε the expectation with respect
to the centred Gaussian measure with covariance cε . Moreover, we use the standard
Landau big-O and little-o notation and write f � g to denote that f � O(g), and
f � g if f � g and f � g.

When an estimate holds true up to a constant factor depending on a parameter α say,
i.e. if f � Cg where the constant C = C(α) depends only on α, then we write f �α g.

For fields f ∈ Xε , we either write f (x) or fx for the evaluation of f at x ∈ �ε .
When the field already comes with an index, say t , then we write ft (x) instead. We also
use the word function and field interchangeably for elements in Xε .

To simplify notation in what follows we will write

∫

�ε

f (x)dx ≡ ε2
∑
x∈�ε

f (x)
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for the discrete integral over �ε . For two functions f, g ∈ XC
ε ≡ {ϕ : �ε → C} we

define the inner product

〈 f, g〉 ≡ 〈 f, g〉�ε ≡ ε2
∑
x∈�ε

f (x)g(x).

For p ∈ [1,∞) we also define the L p-norm for f ∈ XC
ε by

‖ f ‖pL p(�ε)
≡ ‖ f ‖pL p =

∫

�ε

| f (x)|pdx

and for p = ∞ we define

‖ f ‖L∞(�ε) ≡ ‖ f ‖L∞ ≡ ‖ f ‖∞ = max
x∈�ε

| f (x)|.

We write L p(�ε) = (Xε, ‖ · ‖L p ), 1 � p � ∞ for the discrete L p space. Finally, for
F : Xε → R, ϕ 
→ F(ϕ) define ∇F as the unique function Xε → Xε that satisfies

〈∇F(ϕ), g〉 = DϕF(g)

for all ϕ, g ∈ Xε , where DϕF : Xε → R is the Fréchet derivative of F at ϕ, i.e. the
unique bounded linear map satisfying

F(ϕ + g) = F(ϕ) + DϕF(g) + o(g)

for all g ∈ Xε and where o(g) = o(‖g‖) for some norm on Xε . Note that our convention
for ∇F differs from the usual gradient by a factor ε−2 due to the normalised inner
product.

2. Discrete Besov Spaces and the Regularity of Wick Powers

In our analysis we require regularity information on various types of random fields on
Xε that are uniform in the regularisation parameter. Particularly important examples of
such random fields are given by discrete analogues of Wick powers for the GFF. Besov
spaces allow for a convenient description of the regularity for the latter objects. As such,
in this section, we first recall basic notions from discrete Fourier analysis and define
discrete analogues of Besov spaces. All inequalities in this section will be uniform in ε

unless otherwise stated.

2.1. Discrete Fourier series and trigonometric embedding. Any function in Xε admits a
Fourier representation thanks to the periodic boundary conditions. Let�∗

ε = {(k1, k2) ∈
2πZ

2 : − π/ε < ki � π/ε} and �∗ = 2πZ
2 be the Fourier dual spaces of �ε and �.

Then, for f ∈ Xε and x ∈ �ε ,

f (x) =
∑
k∈�∗

ε

f̂ (k)eik·x , (2.1)

where f̂ (k) ∈ C is the k-th Fourier coefficient of f given by

f̂ (k) = 〈 f, eik·〉�ε = ε2
∑
x∈�ε

f (x)e−ik·x . (2.2)
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Since f is real-valued, we have that f̂ (k) = f̂ (−k). For a given f ∈ Xε , the map
Fε( f ) : �∗

ε → C, k 
→ f̂ (k) is called the (discrete) Fourier transform of f . Similarly,
for any function f̂ ∈ X∗

ε :={g : �∗
ε → C}, we define the inverse Fourier transform F−1

ε

by

F−1
ε ( f̂ )(x) =

∑
k∈�∗

ε

f̂ (k)eik·x .

As for the usual Fourier transform on � and its inverse, which we define analogously to
(2.1) and (2.2) by replacing �ε by �, it can be easily seen that F−1 ◦ F = idXC

ε
.

For a translation invariant operator operator q : Xε → Xε , we denote by q̂(k), k ∈ �∗
ε

its Fourier multipliers, defined by

q̂( f ) = q̂(k) f̂ (k).

For instance, it can be shown that the negative lattice Laplacian−�ε on �ε has Fourier
multipliers

− �̂ε(k) = ε−2
2∑

i=1

(2− 2 cos(εki )), k ∈ �∗
ε . (2.3)

As ε → 0 these converge to the Fourier multipliers of the continuum Laplacian given
by

−�̂(k) = |k|2, k ∈ �∗

and this convergence is quantified by

0 � −�̂(k) − (−�̂ε(k)) � |k|2h(εk), k ∈ �∗
ε , (2.4)

where h(x) = maxi=1,2(1−x−2
i (2−2 cos(xi ))) satisfies h(x) ∈ [0, 1−c]with c = 4/π2

for |x | � π and h(x) = O(|x |2) as x → 0.
We extend functions on �ε onto � by using the standard trigonometric extension,

which is also an isometric embedding Iε : L2(�ε) → L2(�), i.e. if f ∈ Xε has Fourier
series (2.1), then the extension Iε f of f is the unique function � → R whose Fourier
coefficients agree with those of f for k ∈ �∗

ε and vanish for k ∈ �∗ \�∗
ε . Note that Iε f

coincides with f on �ε .
Conversely, we can restrict a smooth function f : � → R to �ε by restricting its

Fourier series

f (x) =
∑
k∈�∗

f̂ (k)eik·x , f̂ (k) =
∫

�

f (x)e−ik·xdx

to Fourier coefficients k ∈ �∗
ε , i.e. we write


ε f =
∑
k∈�∗

ε

f̂ (k)eik·x .
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2.2. Discrete Sobolev spaces. The notion of Fourier series can be used to define discrete
Sobolev norms in complete analogy to the continuum case. For � ∈ Xε and α ∈ R we
define

‖�‖2Hα(�ε)
≡ ‖�‖2Hα =

∑
k∈�∗

ε

(1 + |k|2)α|�̂(k)|2, (2.5)

where �̂(k), k ∈ �∗
ε denote the Fourier coefficients of � as defined in (2.1). Moreover,

we denote by Hα(�ε) = (Xε, ‖ · ‖Hα(�ε)) the discrete Sobolev space of regularity α.
Thus, when using the isometric embedding the discrete and the continuumSobolev norm
‖ · ‖Hα(�), defined as in (2.5) except the sum being now over k ∈ �∗, coincide, i.e. for
� ∈ Xε

‖�‖Hα(�ε) = ‖Iε�‖Hα(�),

where now Hα(�) denotes the Sobolev space of regularity α ∈ R. Recall that we have
the following standard embedding theorem. Here, ‖ · ‖L p(�) and ‖ · ‖Hs (�) denote the
continuum norms for functions � → C.

Proposition 2.1 (Sobolev embeddings). Let s � 1. Then

‖ f ‖L p(�) �s ‖ f ‖Hs (�),

where
{
2 � p < ∞, s = 1,
2 � p � ∞, s > 1.

In particular, we have for every α > 0 and f : �ε → C,

‖ f ‖L∞(�ε) � ‖Iε f ‖L∞(�) �α ‖Iε f ‖H1+α(�) = ‖ f ‖H1+α(�ε)
.

Finally, we also have the following Hölder embedding. Let α ∈ (0, 1). For a function
f ∈ C∞(�, R), we define its α-Hölder norm by

‖ f ‖Cα(�) ≡ ‖ f ‖Cα = | f |Cα + ‖ f ‖L∞ , | f |Cα(�) = sup
x,y∈�,x �=y

| f (x) − f (y)|
|x − y|α ,

where | f |Cα denotes the Hölder seminorm. The α-Hölder space, denotedCα(�), is then
defined as the completion of C∞(�, R)with respect to ‖ ·‖Cα(�). For discrete functions
f ∈ Xε , we define

‖ f ‖Cα(�ε) = ‖Iε f ‖Cα(�)

andCα(�ε) = (Xε, ‖·‖Cα(�ε)). Then, the following standard embedding from Sobolev
spaces into Hölder spaces can be transferred to functions in Xε .

Proposition 2.2. Let α ∈ (0, 1) and s − 1 � α. Then

‖ f ‖Cα(�) �α,s ‖ f ‖Hs (�).
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2.3. Discrete Besov spaces. In this section we introduce the important class of Besov
spaces and recall their most important properties. We state the results below for dimen-
sion d = 2 though analogous statements hold for general d. Let A := B4/3 \ B3/8 be
the annulus of inner radius r1 = 3/8 and outer radius r2 = 4/3. Here, we denote by
Br = {|x | � r} ⊂ R

2 the centred ball of radius r � 0 inR
2. Let χ, χ̃ ∈ C∞

c (R2, [0, 1]),
such that

supp χ̃ ⊆ B4/3, suppχ ⊆ A

and

χ̃ (x) +
∞∑
j=0

χ(x/2 j ) = 1, x ∈ R
2

and write

χ−1 = χ̃ , χ j = χ(·/2 j ), j � 0. (2.6)

For ε > 0 define jε = max{ j � −1 : suppχ j ⊂ (−π/ε, π/ε]2}. Note that for j � jε ,
suppχ j may intersect ∂{[−π/ε, π/ε]2}. To avoid ambiguities with the periodisation
of χ j onto �∗

ε , we modify our dyadic partition of unity in (2.6) as follows: for j ∈
{−1, . . . , jε} let χε

j ∈ C∞
c (R2, [0, 1]) be such that for k ∈ �∗

ε we have

χε
j (k) =

⎧
⎪⎨
⎪⎩

χ j (k), j < jε,
1−∑

j< jε χε
j (k), j = jε,

0, j > jε .

Then we define for j � −1 the j-th Fourier projector � j by

� j f = F−1(χε
j f̂ ),

where f̂ : �∗
ε → C, k 
→ f̂ (k) is the Fourier transform of f . We can use this partition

of unity to decompose a given function f ∈ Xε into a sum of functions with almost
disjoint support in Fourier space and define for any α ∈ R and p, q ∈ [1,∞]

‖ f ‖Bα
p,q

:=
[ ∞∑

j=−1

(
2αk‖� j f ‖L p

)q]1/q
.

One can prove that this is indeed a norm on Xε and that different choice of χ̃ , χ yield
equivalent norms uniformly in ε > 0.

We denote by Bα
p,q(�ε) = (Xε, ‖ · ‖Bα

p,q
) the discrete Besov space with parameters

p,q and α. Note that Hα(�ε) = Bα
2,2(�ε) which holds in the sense that the norms

are equivalent uniformly in the lattice spacing. Moreover, for any α ∈ R, we write
Cα(�ε) := Bα∞,∞(�ε).

We now state useful properties of these spaces. In all estimates below we use � to
denote less than or equal to up to a constant that may depend on the parameters of the
Besov space but does not depend on ε. For the proofs of these result, we refer to [31,
Remark 8, 10 and 11] [26, Lemma A.2], [4, Theorem 2.13], [26, Lemma A.3], and [4,
Theorem 2.14] respectively.
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Proposition 2.3 (Immediate embeddings). Let α1, α2 ∈ R and p1, p2, q1, q2 ∈ [1,∞].
Then we have

‖u‖Bα1
p1,q1

� ‖u‖Bα2
p2,q2

for α1 � α2 and p1 � p2 and q1 � q2,

‖u‖Bα1
p1,q1

� ‖u‖Bα2
p1,∞ for α1 < α2,

‖u‖B0
p1,∞ � ‖u‖L p1 � ‖u‖B0

p1,1
.

Proposition 2.4 (Duality). Let α1, α2 ∈ R such that α1+α2 = 0 and let p1, p2, q1, q2 ∈
[1,∞] such that 1

p1
+ 1

p2
= 1

q1
+ 1

q2
= 1. Then

∣∣∣
∫

�ε

f gdx
∣∣∣ � ‖ f ‖Bα1

p1,q1
‖g‖Bα2

p2,q2
. (2.7)

Proposition 2.5 (Multiplication inequality). Let p, p1, p2, q, q1, q2 ∈ [1,∞] be such
that 1

p = 1
p1

+ 1
p2
, 1
q = 1

q1
+ 1

q2
, and let α1, α2 ∈ R be such that α1 + α2 > 0. Denote

α = min(α1, α2). Then, for any ε > 0 and for all f, g ∈ Xε ,

‖ f g‖Bα
p,q

� ‖ f ‖Bα1
p1,q1

‖g‖Bα2
p2,q2

. (2.8)

In particular, for α > 0 we obtain the following iterated multiplication inequality: for
every k ∈ N such that k � 1,

‖ f k‖Bα
p,q

� ‖ f ‖kBα
kp,kq

.

Proposition 2.6 (Interpolation). Let θ ∈ [0, 1], p, p1, p2, q, q1, q2 ∈ [1,∞] satisfying
1
p = θ

p1
+ 1−θ

p2
, 1
q = θ

q1
+ 1−θ

q2
, and α, α1, α2 ∈ R satisfying α = θα1 + (1− θ)α2. Then,

for any ε > 0 and f ∈ Xε ,

‖ f ‖Bα
p,q

� ‖ f ‖θ

B
α1
p1,q1

‖ f ‖1−θ

B
α2
p2,q2

. (2.9)

Proposition 2.7 (Besov embedding). Let α1, α2 ∈ R and p1, p2, q ∈ [1,∞]. Assume
that α2 � α1 − 2

( 1
p1
− 1

p2

)
. Then, for any ε > 0 and f ∈ Xε ,

‖ f ‖Bα2
p2,q

� ‖ f ‖Bα1
p1,q

. (2.10)

2.4. Regularity estimates on discreteWick powers. The relevance of Besov norms in our
context comes from the fact that in dimension d = 2 the Wick powers of log-correlated
fields are distributions in B−κ

p,p for any κ > 0.

Lemma 2.8. Let Y ε∞ be the discrete Gaussian free field on �ε . Then, for any κ > 0 and
p ∈ [1,∞),

sup
ε>0

E
[‖: (Y ε∞)n : ‖p

B−κ
p,p

]
< ∞.

Consequently, by Besov embedding (2.10), for any n ∈ N, κ > 0, and r > 0,

sup
ε>0

E
[‖: (Y ε∞)n : ‖rC−κ

]
< ∞.
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Proof. Throughout this proof we drop ε > 0 from the notation. By the definition of the
Besov norms, we have

E
[‖: Yn∞: ‖p

B−κ
p,p

] =
∞∑

j=−1

2− jκp
E

[‖� j : Yn∞: ‖pL p

]

�
∞∑

j=−1

2− jκp
(
E

[∣∣(� j :Yn∞: )(0)∣∣2]
)p/2

=
∞∑

j=−1

2− jκp
(
E

[ ∫

�ε×�ε

K j (x)K j (y): Yn∞(x): : Yn∞: (y)dxdy
])p/2

=
∞∑

j=−1

2− jκp
( ∫

�ε×�ε

K j (x)K j (y)
(
c(x, y)

)n
dxdy

)p/2
, (2.11)

where in the second line, we use stationarity together with a standard Wiener chaos
estimate (which is a consequence of hypercontractivity), in the third line, we denote the
(real-space) kernel of � j by K j = K ε

j , and in the final line we use Wick’s theorem.

Recall that we have ‖K j‖L1(�ε)
� 1 and ‖K j‖L∞(�ε) � 22 j . This implies, by

interpolation, that ‖K j‖Lq1 (�ε) � 2 jκ/2 if q1 > 1 is chosen sufficiently close to 1.
Observe that if q2 < ∞ is the Hölder conjugate of q1, then supε>0 ‖cn‖Lq2 (dxdy) < ∞.
Thus,

∣∣∣
∫

K j (x)K j (y)c
n(x, y)dxdy

∣∣∣ � ‖K j (x)K j (y)‖Lq1 (dxdy)‖cn‖Lq2 (dxdy)

� ‖K j‖2Lq1 ‖cn‖Lq2 (dxdy) � 2 jκ . (2.12)

Plugging (2.12) into the sum (2.11), we see that it converges and is bounded uniformly
in ε. This completes the proof. ��

In the sequel we consider the Wick powers of the sum of the Gaussian free field and
a regular field. Note that for n ∈ N and ϕ ∈ Xε we have

: (Y ε∞ + ϕ)n : =
n∑

k=0

(
n

k

)
: (Y ε∞)n−k :ϕk . (2.13)

In practice, we apply this formula in the casewhereϕ admits a bound uniform in ε > 0 on
the second moment of some positive regularity Sobolev norm. In particular, it is mainly
useful when ϕ admits estimates in a positive regularity norm (rather than a negative
regularity distribution norm) that are uniform in ε > 0.

Lemma 2.9. Let Y ε∞ be the discrete Gaussian free field on �ε . Then for any n ∈ N and
κ > 0, and κ̄ > 0 small enough

‖: (Y ε∞ + ϕ)n : ‖C−κ � 1 +
n−1∑
k=0

‖: (Y ε∞)n−k : ‖n/(n−k)
C−κ̄ + ‖ϕ‖nH1 (2.14)

uniformly in ε > 0.
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Proof. We estimate the terms on the right-hand side of (2.13) separately. For k ∈
{1, . . . , n − 1} and p > 2/κ , we have for any δ > 0 by Besov embedding (2.10)
and the multiplication inequality (2.8)

‖: Yn−k∞ :ϕk‖C−κ �κ ‖: Yn−k∞ :ϕk‖
B−κ+2/p
p,∞

�κ,δ ‖: Yn−k∞ : ‖
B−κ+2/p∞,∞

‖ϕk‖
Bκ−2/p+δ
p,∞

. (2.15)

Now, by iterating the multiplication inequality (2.8) and Besov embedding (2.10) we
have for 2/κ < p � 2(1 + 1/k)/(κ + δ)

‖ϕk‖
Bκ−2/p+δ
p,∞

�k,p ‖ϕ‖k
Bκ−2/p+δ
kp,∞

�δ,κ,k ‖ϕ‖kH1 .

Thus, we can further estimate (2.15) by

‖: Yn−k∞ :ϕk‖C−κ �κ,δ,k ‖: Yn−k∞ : ‖C−κ+2/p‖ϕ‖kH1 � ‖: Yn−k∞ : ‖n/(n−k)
C−κ̄ + ‖ϕ‖nH1 ,

where we used Young’s inequality in the last step and set κ̄ = κ − 2/p. Summing over
k ∈ {1, . . . , n − 1} and observing that

‖ϕn‖C−κ � ‖ϕ‖nH1 ,

the estimate (2.14) follows. ��

3. Stochastic Representations of P(φ)2

In this section, we present two stochastic representations ofmeasures νPε : the Polchinski
renormalisation group approach and a stochastic control representation via the Boué–
Dupuis variational formula. The former underlies the SDE (1.5) that we use to construct
the process �Pε . We show that there is an exact correspondence between these two
approaches. In particular, the minimiser of the variational problem is explicitly related
to the difference field of ��ε of the Polchinski dynamics. For technical reasons, we
introduce a potential cut-off to guarantee the well-posedness of the SDE and to ensure
existence of minimisers for the variational problem.

3.1. Pauli–Villars decomposition of the covariance. Let (cε
t )t∈[0,∞] be a continuously

differentiable decomposition of the covariance of the GFF, i.e.

cε
t =

∫ t

0
ċε
s ds, cε∞ = (−�ε + m2)−1,

where, for every s > 0, ċε
s is a positive-semidefinite operator acting on Xε . The choice of

ċε
t is restricted by the condition on c

ε∞. In thisworkweuse thePauli-Villars regularisation

cε
t = (−�ε + m2 + 1/t)−1, ċε

t =
d

dt
cε
t . (3.1)

Remark 3.1. The choice of the Pauli-Villars regularisation is twofold: first, it satisfies the
required regularity estimates inSect. 4.1. Second, it is technically convenientwith regards
to convergence of the maxima in Sect. 6. In particular, it allows to avoid the introduction
of an additional field in the approximation of the small scale field in Sect. 6.2. This,
however, is not necessary and we expect that some other choices which are more natural
from an analytic perspective (i.e. satisfying the estimates of Sect. 4.1), such as a heat
kernel decomposition, should also work.
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We view cε
t and ċε

t acting on Xε as Fourier multipliers. For instance, we have for
f ∈ Xε

(ċε
t f )(x) =

∑
k∈�∗

ε

̂̇cε
t (k) f̂ (k)e

ikx ,

where the Fourier multipliers of ċε
t are given by

̂̇cε
t =

1(
t (−�̂ε(k) + m2) + 1

)2 ,

where −�̂ε(k) is as in (2.3). We also record the Fourier multipliers for qε
t which is the

unique positive semi-definite operator on Xε such that ċε
t = qε

t ∗ qε
t , where ∗ is the

discrete convolution on �ε . From this defining relation, we immediately deduce that

q̂ε
t (k) =

1

t (−�̂ε(k) + m2) + 1
. (3.2)

Remark 3.2. For x, y ∈ �ε , set cε
t (x, y) = (−�ε +m2 + 1/t)−1(x, y), where (x, y) 
→

(−�ε + m2 + 1/t)−1(x, y) is the Green’s function of (−�ε + m2 + 1/t). Note that
cε
t (x, y) = Ct/ε2(x/ε, y/ε), where

Cε
t = (−� + ε2m2 + 1/t)−1

is the Green’s function for the massive unit lattice Laplacian. It is easy to see that
cε
t (x, y) = cε

t (0, x − y), i.e. cε
t is stationary. We simply write cε

t (x − y) = cε
t (x, y).

We use the Pauli-Villars decomposition of cε∞ to construct a process associated to the
discrete Gaussian free field on�ε as follows. LetW be a cylindrical Brownian motion in
L2(�) defined on a probability space (O,F , P) and denote by (Ft )t�0 and (F t )t�0 the
forward and backward filtrations generated by the past {Ws −W0 : s � t} and the future
{Ws − Wt : s � t}. We assume that F is P-complete and the filtrations are augmented
by P-null sets. Moreover, we write expectation with respect to P as E. The cylindric
Brownian motion W can be almost surely represented as a random Fourier series via
the so-called Karhunen-Loève expansion. More precisely, for k ∈ 2πZ

2 and t � 0, let
Ŵt (k) =

∫
�
Wt (x)e−ik·xdx . Then, almost surely {Ŵ (k) : k ∈ 2πZ

2} is a set of complex

standard Brownianmotions, independent up to the constraint Ŵ (k) = Ŵ (−k) and Ŵ (0)
is a real standard Brownian motion and we can write

Wt (x) =
∑
k∈�∗

eik·x Ŵt (k), x ∈ �,

where the sumconverges uniformly on compact sets inC([0,∞), H−1−κ ) for any κ > 0,
i.e. for any T � 0, we have as r →∞

E

[
sup
t�T

∥∥∥
∑
|k|>r

eik·Ŵt (k)
∥∥∥
2

H−1−κ

]
→ 0.

To obtain a Brownian motion in�ε we restrict the formal Fourier series ofW to k ∈ �∗
ε ,

i.e. for x ∈ �ε , we set

W ε
t (x) ≡ 
εWt (x) =

∑
k∈�∗

ε

eik·x Ŵt (k), x ∈ �ε.
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Then (W ε(x))x∈�ε are independent Brownian motions indexed by �ε with quadratic
variation t/ε2, see for instance [7, Section 3.1] for more details. As in (1.7) we define
the decomposed Gaussian free field �

GFFε
t by

�
GFFε
t =

∫ ∞

t
qε
s dW

ε
s =

∑
k∈�∗

ε

eik·(·)
∫ ∞

t
q̂ε
u (k)dŴu(k), (3.3)

where ċε
t = qε

t ∗qε
t and q̂t (k) are as in (3.2). Note that�

GFFε has independent increments
and that �

GFFε

0 ∼ νGFFε , i.e. at t = 0 the we obtain the discrete Gaussian free field on

�ε . Moreover, we emphasise that the process �GFFε = (�
GFFε
t )t�0 is adapted to the

backward filtration (F t ).

3.2. Polchinski renormalisation group dynamics for P(φ)2. Let vε
0(φ) = ε2

∑
x∈�ε

:P(φ(x)): ε be the interaction for the measure νPε in (1.4). We also refer to this object
as Hamiltonian of the P(φ)2 field. For the reasons described at the beginning of this
section, we consider the following energy cut-off for vε

0. For E > 0 let χE ∈ C2(R, R)

be concave and increasing such that

χE (x) =
{
x, x ∈ (−∞, E/2]
E, x > E

andmoreover χE � χE ′ on [0,∞) for E � E ′ and supE>0 ‖χ ′
E‖∞ < 2. Then we define

the cut-off Hamiltonian v
ε,E
0 = χE ◦ vε

0 and the associated measure νPε ,E on �ε by

νPε ,E (dφ) ∝ e−v
ε,E
0 (φ)νGFFε (dφ). (3.4)

Next, we define the renormalised potential vε,E
t at scale t � 0 and for E ∈ (0,∞] by

e−v
ε,E
t (φ) = Ecε

t
[e−v

ε,E
0 (φ+ζ )], (3.5)

where we recall that Ecε
t
denotes the expectation with respect to the centred Gaussian

measure with covariance cε
t .

We think of v
ε,E
t as the effective potential that sees fluctuations on the scales larger

than the characteristic length scale Lt = √
t ∧ 1/m. Indeed, (3.5) can be interpreted

as integrating out all small scale parts of the discrete GFF which are associated to the
covariance cε

t .
The scale evolution of the renormalised potential is further encoded in the Polchinski

equation, as stated in the following proposition. For a proof of this result, see for instance
[16].

Lemma 3.3. Let ε > 0 and E > 0. Then vε,E is a classical solution of the Polchinski
equation

∂tv
ε,E
t = 1

2
�ċε

t
v

ε,E
t

−1

2
(∇v

ε,E
t )2ċε

t
= 1

2
ε4

∑
x,y∈�ε

ċε
t (x, y)

[
∂2vε

t

∂ϕx∂ϕy
− ∂vε

t

∂ϕx

∂vε
t

∂ϕy

]
(3.6)

with initial condition v
ε,E
0 .
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We record a priori estimates on the gradient and Hessian of v
ε,E
t , where we make

heavy use of the potential cut-off. We emphasise that the bounds are uniform in φ ∈ Xε ,
but not in ε > 0 and E > 0.

Lemma 3.4. Let ε > 0 and E ∈ (0,∞). There exists C = C(ε, E) > 0 such that

sup
t�0

‖∇v
ε,E
t ‖L∞(�ε) � C (3.7)

sup
t�0

‖Hess v
ε,E
t ‖L∞(�ε) � C, (3.8)

where there is an implicit summation over the coordinates of ∇v
ε,E
t and Hess v

ε,E
t in

the norms above.

Proof. We first observe that we have by the chain rule

∇v
ε,E
0 (φ) = χ ′

E (vε
0(φ))∇vε

0(φ).

Since vε
0 is continuous in φ ∈ Xε and since |vε

0(φ)| → ∞ as ‖φ‖L∞(�ε) →∞, we have

that ∇v
ε,E
0 has bounded support. Since the components of ∇vε

0 are polynomials in φ,
(3.7) follows for t = 0. For t > 0, we obtain by differentiating (3.5)

∇v
ε,E
t (φ) = ev

ε,E
t (φ)Ecε

t

[∇v
ε,E
0 (φ + ζ )e−v

ε,E
0 (φ+ζ )

]
. (3.9)

Now the cut-off χE allows to bound |vε,E
t (φ)| �ε E and hence, we can estimate

‖∇v
ε,E
t (φ)‖L∞(�ε)

�ε,E Ecε
t

[‖∇v
ε,E
0 (φ + ζ )e−v

ε,E
0 (φ+ζ )‖L∞(�ε)

]
�ε,E Ecε

t

[‖∇v
ε,E
0 (φ + ζ )‖L2

]
,

from which (3.7) follows. Similarly, we have

Hess v
ε,E
0 = χ ′′

E (vε
0)∇vε

0 · (∇vε
0)

T + χ ′
E (vε

0)Hess vε
0,

and thus, (3.8) follows from the same arguments for t = 0. For t > 0 the statement is
obtained by differentiating (3.9) and similar arguments and the bounds for ∇v

ε,E
t . ��

Wenow introduce the Polchinski dynamics: a high-dimensional SDEdriven by�
GFFε
t

and with drift given by the gradient of the renormalised potential. We then use the
Polchinski equation to show that this provides coupling between the P(φ)2 field with
cut-off E and the discrete Gaussian free field on �ε . One of the key properties of
this dynamic that makes it useful to study global probabilistic properties of the P(φ)2
measure is an independence property between small and large spatial scales. Recall that
we denote byC0([0,∞),S) the space of continuous sample paths with values in ametric
space (S, ‖ · ‖S) that vanish at infinity.

Proposition 3.5. For ε > 0 and E > 0 there is a unique F t -adapted process �Pε ,E ∈
C0([0,∞), Xε) such that

�
Pε ,E
t = −

∫ ∞

t
ċε
u∇vε,E

u (�Pε ,E
u ) du + �

GFFε
t . (3.10)

In particular, for any t > 0, �GFFε

0 −�
GFFε
t is independent of �Pε ,E

t . Moreover, �Pε ,E
0

is distributed as the measure νPε ,E defined in (3.4).
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In removing the cut-off, the left-hand side of (3.10) loses meaning as an adapted
solution to a backwards SDE. However, we show that the right-hand side can be made
sense of in the limit and use this to define the left-hand side. Moreover, the independence
property in Proposition 3.5 is preserved. As such, the finite variation integral in (3.10) is
one of the main quantities of interest in the remainder of this paper, and we record this
notion in the following definition.

Definition 3.6. Let ε > 0 and E ∈ (0,∞]. The approximate difference field ��ε,E ∈
C([0,∞), Xε) is the (F t )t�0 adapted process defined by

�
�ε,E
t = −

∫ ∞

t
ċs∇vε,E

s (�Pε ,E
s )ds, t � 0,

where �Pε ,E is the solution to (3.10). In particular,

�
Pε ,E
t = �

�ε,E
t + �

GFFε
t , t � 0. (3.11)

Proof of Proposition 3.5. We first prove that the SDE is well-defined and has a (path-
wise) unique, strong solution on [0,∞). Then the independence property follows by
independence of increments of the underlying cylindrical Brownianmotion. Since ε > 0
is fixed throughout the proof, we suppress it from the notation when clear.

We first show that the coefficients of the SDE (3.10) are uniformly Lipschitz thanks
to the global Hessian bound (3.8). The proof is then completed by arguing as in [7,
Theorem 3.1]. For D, E ∈ C([0,∞), Xε), let

Ft (D, E) = −
∫ ∞

t
ċs∇vE

s (Es +Ds) ds. (3.12)

By the mean value theorem and the bound (3.8), we have, for s � 0 and �, �̃ ∈ Xε ,

‖ċs∇vEs (�)− ċs∇vEs (�̃)‖L2 � ‖Hess vEs ‖L∞‖ċs‖‖� − �̃‖L2 �ε,E ‖ċs‖‖� − �̃‖L2 ,

(3.13)

where ‖ċs‖ denotes the spectral norm of the operator ċs : Xε → Xε . Thus, for E ∈
C([0,∞), Xε), we have that

‖Ft (D, E) − Ft (D̃, E)‖L2 �
∫ ∞

t
Oε,E (‖ċs‖)‖Ds − D̃s‖L2 ds. (3.14)

Suppose first that there are two solutions �P and �̃P to (3.10) satisfying D :=
�P − �GFF ∈ C0([0,∞), Xε) and D̃ := �̃P − �GFF ∈ C0([0,∞), Xε). Then, by
(3.14),

‖Dt − D̃t‖L2 = ‖Ft (D,�GFF) − Ft (D̃,�GFF)‖L2

�
∫ ∞

t
Oε,E (‖ċs‖)‖Ds − D̃s‖L2 ds.

Thus, f (t) = ‖Dt − D̃t‖L2 is bounded with f (t) → 0 as t → ∞ and additionally
satisfies

f (t) � a +
∫ ∞

t
Oε,E (‖ċs‖) f (s) ds, a = 0.



852 N. Barashkov, T. S. Gunaratnam, M. Hofstetter

Since ‖ċs‖ �m
1

1+s2
, we have

∫ ∞
0 O(‖ċs‖) ds < ∞ and thus, a version of Gronwall’s

inequality implies that for t � 0

f (t) � a exp

(∫ ∞

t
Oε,E (‖ċs‖) ds

)
= 0,

and hence, D = D̃ on [0,∞).
That a solution to (3.10) on [0,∞) exists follows from Picard iteration. For D ∈

C([0,∞), Xε) and t � 0 let ‖D‖t = sups�t‖Ds‖L2 . Fix E ∈ C0([0,∞), Xε) and set
D0 = 0 and Dn+1 = F(Dn, E). Then,

‖D1‖t = ‖F(0, E)‖t � ‖E‖t
∫ ∞

t
Oε,E (‖ċs‖) ds

‖Dn+1 −Dn‖t �
∫ ∞

t
Oε,E (‖ċs‖)‖Dn −Dn−1‖s ds,

and from the elementary identity

∫ ∞

t
ds g(s)

(∫ ∞

s
ds′ g(s′)

)k−1

= 1

k

(∫ ∞

t
ds g(s)

)k

applied with g(s) = O(‖ċs‖), we conclude that

‖Dn+1 −Dn‖t �ε,E ‖E‖t 1
n! (O(‖ċt‖))n . (3.15)

Since the right-hand side of (3.15) is summable, we have that Dn → D∗ for some
D∗ = D∗(E) ∈ C0([0,∞), Xε) in ‖ · ‖0, and the limit satisfies Fs(D∗(E), E) = D∗(E)s
for s � 0. Now, we apply this result for E = �GFF noting that, from the representation
(3.3),

E
[‖�GFF

t ‖2L2

] =
∑
k∈�∗

ε

∫ ∞

t

1(
s(−�̂ε(k) + m2) + 1)

)2 ds � 1/t,

which implies that �GFF ∈ C0([0,∞), Xε) a.s. In summary, �
P,E
t = D∗(�GFF)t +

�GFF
t is the desired solution on [0,∞).

We now prove that �
P,E
0 is distributed as νP,E as defined in (3.4), for which we

proceed similarly as in the proof of [7, Theorem 3.2]. Let ν
P,E
t be the renormalised

measure defined by

E
ν
P,E
t

[F] = evE∞(0)Ec∞−ct [e−vE
t (ζ )F(ζ )], (3.16)

where Ect denotes the expectation of the Gaussian measure with covariance ct . Then,
let �̃T be the unique strong solution to the (forward) SDE

d�̃T
t = −ċT−t∇vE

T−t (�̃
T
t ) dt + qT−t dW̃

T
t , 0 � t � T

with initial condition �̃0 ∼ ν
P,E
T and W̃ T

t = WT − WT−t . Existence and uniqueness
can be seen by the exact same arguments as above for the case T = ∞. Using the
Polchinski semigroup P s,t , s � t as defined in [6, (1.3-−1.4)] to evolve the measure
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ν
P,E
T , it follows that �̃T

T is distributed as the measure (3.4). Reversing the direction of
t and setting �T

t = �̃T
T−t we obtain

�T
t = �T

T −
∫ T−t

0
ċT−s∇vE

T−s(�̃
T
s ) ds +

∫ T−t

0
qT−s dW̃

T
s

= �T
T −

∫ T

t
ċs∇vE

s (�T
s ) ds +

∫ T

t
qs dWs .

Note that this yields a coupling of all solutions �P,E , �T , T > 0. Therefore, we have
with �

P,E∞ = 0 that

�
P,E
t −�T

t = (�P,E∞ − �T
T ) −

∫ T

t

[
ċs∇vE

s (�P,E
s ) − ċs∇vE

s (�T
s )

]
ds

−
∫ ∞

T
ċs∇vE

s (�P,E
s ) ds +

∫ ∞

T
qs dWs .

We will show that as T → ∞, we have ‖�P,E
0 − �T

0 ‖L2 → 0 in probability, from

which we deduce that �
P,E
0 ∼ νP,E . In what follows, we denote by ‖ċt‖ the operator

norm of ċt when seen as an operator L2(�ε) → L2(�ε).
The first, third, and fourth terms on the right-hand side above are independent of t

and they converge to 0 in probability as T → ∞. Indeed, for the first term this follows
from the weak convergence of the measure ν

P,E
T to δ0, e.g., in the sense of [6, (1.6)].

The third term is bounded by
∫ ∞

T
‖ċs∇vE

s (�P,E
s )‖L2 ds

which converges to 0 in L1 as T → ∞ by (3.7) and the fact that ‖ċt‖ = O(1/t2). The
fourth term is a Gaussian field on �ε with covariance matrix c∞− cT → 0 as T →∞.
Since �ε is finite, it is a trivial consequence that this Gaussian field convergences to 0.

In summary, we have shown that there is RT such that ‖RT ‖ → 0 in probability,
and

�
P,E
t − �T

t = −
∫ T

t

[
ċs∇vE

s (�P,E
s ) − ċs∇vE

s (�T
s )

]
ds +RT .

For any t � 0, we have by (3.13) that
∫ T

t
‖ċs∇vE

s (�P,E
s ) − ċs∇vE

s (�T
s )‖L2ds �ε,E

∫ T

t
‖ċt‖‖�P,E

s − �T
s ‖L2ds

so that we have with Mt = ‖ċt‖
∫ T

t
‖ċs∇vE

s (�s) − ċs∇vE
s (�T

s )‖L2 ds �ε,E

∫ T

t
Ms‖�P,E

s −�T
s ‖L2 ds.

Thus, we have shown that Dt = �
P,E
t − �T

t satisfies

‖Dt‖L2 �ε,E ‖RT ‖L2 +
∫ T

t
Ms‖Ds‖L2 ds.
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Since
∫ ∞
0 Ms ds < ∞, the same version of Gronwall’s inequality as above implies that

‖Dt‖L2 �ε,E ‖RT ‖L2 exp

(∫ T

t
Ms ds

)
� ‖RT ‖L2 exp

(∫ ∞

t0
Ms ds

)
� ‖RT ‖L2 .

Since the right-hand side is uniform in t � 0, we conclude that supt�0 ‖Dt‖L2 → 0 in
probability as T →∞. ��

3.3. A stochastic control representation via the Boué–Dupuis formula. We now turn to a
stochastic control representation of the renormalised potential vε,E

t defined in (3.5) based
on theBoué–Dupuis variational formula, which allows to express themoment generating
function for functionals of Brownian motion as an expectation of the shifted functional
and a drift term. For this, we interpret the drift part of our SDE as a minimiser of the
control problem. This correspondence is known as the verification principle in stochastic
control theory, see [39, Section 4]. To connect to the Polchinski renormalisation group
approach of Sect. 3.2 and also to the notation in [5] we write

Y ε
t =

∫ t

0
qε
s dW

ε
s = �

GFFε

0 −�
GFFε
t (3.17)

for the small scale of the Gaussian free field process �GFFε . Note that Y ε
t is a Gaussian

field with covariance cε
t , which follows from standard stochastic analysis results. Thus,

for φ ∈ Xε , the renormalised potential vε,E
t can be likewise expressed as

e−v
ε,E
t (φ) = E[e−v

ε,E
0 (Y ε

t +φ)].
The right-hand side is now expressed as a measurable functional of Brownian motions.
One can then exploit continuous-time martingale techniques, in particular Girsanov’s
theorem, to analyse this expectation. This underlies the stochastic control representation
that we now present.

Let Ha be the space of progressively measurable (with respect to the backward
filtration F t ) processes that are a.s. in L2(R+

0 × �ε), i.e. u ∈ Ha if and only if u|[t,∞)

is B([t,∞))⊗ F t -measurable for every t � 0 and

∫ ∞

0
‖uτ‖2L2dτ < ∞ a.s.

Here B([t,∞)) denotes the Borel σ -algebra on [t,∞). The restriction of Ha to a finite
interval [0, t] is denoted Ha[0, t] with the convention Ha[0,∞] = Ha . We will refer to
elements u ∈ Ha as drifts. For u ∈ Ha and 0 � s � t � ∞ define the integrated drift

I ε
s,t (u) =

∫ t

s
qε
τ uτdτ

with the convention I ε
0,t (u) ≡ I ε

t (u). The following proposition is the Boué–Dupuis
formula for the renormalised potential. We state it in the conditional form in order to be
able to draw the correct comparison to the Polchinski renormalisation group approach
afterwards.
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Proposition 3.7 (Boué–Dupuis formula). Let ε > 0. Then the conditional Boué–Dupuis
formula holds for the renormalised potential vε,E

t , i.e. for t ∈ [0,∞]

− logE
[
e−v

ε,E
0 (Y ε

t +�
Pε ,E
t )

∣∣ F t]

= inf
u∈Ha [0,t]

E

[
v

ε,E
0

(
Y ε
t + �

Pε ,E
t + I ε

t (u)
)
+
1

2

∫ t

0
‖us‖2L2ds

∣∣ F t
]
. (3.18)

Proof. Since Y ε
t is independent of �

Pε ,E
t we have by standard properties of conditional

expectation

− logE
[
e−v

ε,E
0 (Y ε

t +�
Pε ,E
t )

∣∣ F t ] = − logE
[
e−v

ε,E
0 (Y ε

t +φ)
]
φ=�

Pε ,E
t

.

From [13, Theorem 8.3], we have that for a deterministic φ ∈ Xε the unconditional
expectation on right-hand side of this display is equal to

− logE
[
e−v

ε,E
0 (Y ε

t +φ)
] = inf

u∈Ha [0,t]
E

[
v

ε,E
0 (Y ε

t + φ + I ε
t (u)) +

1

2

∫ t

0
‖us‖2L2(�ε)

ds
]
,

from which the claim follows. ��

3.4. Correspondencebetween thePolchinski and theBoué–Dupuis representations. The
following proposition describes the equivalence between the Polchinski renormalisation
group dynamics and the stochastic control representation via the Boué–Dupuis formula
in the presence of a potential cut-off E > 0.

Proposition 3.8. Let ε > 0, E ∈ (0,∞) and let�Pε ,E ∈ C0([0,∞), Xε) be the unique
strong solution to (3.10). Let uE : [0, t] ×�ε → R denote the process defined by

uE
s = −qε

s∇vε,E
s (�Pε ,E

s ), s ∈ [0, t].
Then uE is a minimiser of the conditional Boué–Dupuis variational formula (3.18). In
particular, the relation between uE and the difference field ��ε,E is given by

�
�ε,E
t =

∫ ∞

t
qε
s u

E
s ds.

Proof. Since (�
Pε ,E
t )t∈[0,∞] is F t -measurable and continuous, it follows that uε,E ∈

H
ε
a[0, t] for any t ∈ [0,∞]. To ease the notation, we drop ε throughout this proof.

Applying Itô’s formula to vE
T−τ (�

P,E
T−τ ) for τ � T < ∞ and substituting t = T − τ

thereafter, we obtain

dvE
t (�

P,E
t ) = −∇vE

t (�
P,E
t )ċt∇vE

t (�
P,E
t )dt − ∂tv

E
t (�

P,E
t )dt

+
1

2
Tr

(
Hess vE

t ċt
)
dt + ∇vE

t (�
P,E
t )ċ1/2t dWt

= −(∇vE
t (�

P,E
t )

)2
ċt
− ∂tv

E
t (�

P,E
t )dt +

1

2
�ċt v

E
t (�

P,E
t )dt + ∇vE

t (�
P,E
t )ċ1/2t dWt

= −1

2

(∇vE
t (�

P,E
t )

)2
ċt
dt + ∇vE

t (�
P,E
t )ċ1/2t dWt ,
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where we used the Polchinski equation (3.6) in the last step. Integrating from 0 to t and
taking conditional expectation yields

E

[
vE
0 (�

P,E
0 ) − vE

t (�
P,E
t )

∣∣ F t
]
= −1

2
E

[ ∫ t

0

(∇vE
s (�P,E

s )
)2
ċs
ds

∣∣ F t
]
, (3.19)

where we used that for t ∈ [0,∞]

E

[ ∫ t

0
∇vE

s (�P,E
s )ċ1/2s dWs

∣∣ F t
]
= 0

which holds by (3.7) and the fact that ‖ċt‖ = O(1/t2). Since Yt is independent of F t

and �
P,E
t is F t -measurable, we have by standard properties of conditional expectation

e−vE
t (�

P,E
t ) = E

[
e−vE

0 (Yt+�
P,E
t )

∣∣ F t
]
.

Therefore, we obtain from (3.19)

E

[1
2

∫ t

0

(∇vEs (�
P,E
s )

)2
ċs
ds

∣∣ F t
]
= vEt (�

P,E
t )− E

[
vE0 (�

P,E
0 )

∣∣ F t
]

= − logE

[
e−vE

0 (Y ε
t +�

P,E
t )

∣∣ F t
]
− E

[
vE0

( ∫ ∞
0

qt dWt −
∫ ∞
0

ċt∇vEt (�
P,E
t )dt

) ∣∣ F t
]
.

Rearranging this and using (3.17) show that

− logE

[
e−vE

0 (Y ε
t +�

P,E
t )

∣∣ F t
]

= E

[
vE
0

( ∫ ∞

0
qtdWt −

∫ ∞

0
ċt∇vE

t (�
P,E
t )dt

)
+
1

2

∫ t

0

(∇vE
s (�P,E

s )
)2
ċs
ds

∣∣ F t
]

= E

[
vE
0

(
Y ε
t + �

P,E
t −

∫ t

0
ċs∇vE

s (�P,E
s )ds

)
+
1

2

∫ t

0

(∇vE
s (�P,E

s )
)2
ċs
ds

∣∣ F t
]
,

which proves that uE
s = −qs∇vE

s (�
P,E
s ), s ∈ [0, t] is a minimiser for (3.18). ��

4. Fractional Moment Estimate on the Renormalised Potential

In this section we prove a fractional moment estimate on the small-scale behaviour of
the renormalised potential. We exploit the connection between the Polchinski dynamics
and a minimiser of the Boué–Dupuis variational problem (3.18) as in Proposition 3.8 to
transfer estimates on minimisers onto the renormalised potential. First, we prove some
a priori bounds on Sobolev norms of the integrated drift.
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4.1. Sobolev norms of integrated drifts. Recall that, for 0 � s � t � ∞ and u ∈ Ha ,
the integrated drift is defined by

I ε
s,t (u) =

∫ t

s
qε
τ uτdτ, qε

τ = (
τ(−�ε + m2) + 1

)−1

and that u is a.s. L2 integrable on [0,∞], i.e. ∫ ∞
0 ‖uτ‖2L2dτ < ∞ a.s. In Fourier space

this condition reads as

∫ ∞

0
‖uτ‖2L2dτ =

∑
k∈�∗

ε

∫ ∞

0
|ûτ (k)|2dτ < ∞ a.s.,

where ûτ (k), k ∈ �∗
ε denote the Fourier coefficients of uτ .

In what follows we will discuss the regularity of I ε
s,t (u) for different choices of s, t ,

for which we use the Sobolev norm defined in (2.5). Note that we have

‖I ε
s,t (u)‖2Hα =

∑
k∈�∗

ε

(1 + |k|2)α| Î ε
s,t (u)|2 =

∑
k∈�∗

ε

(1 + |k|2)α
∣∣∣
∫ t

s
q̂ε
τ (k)ûτ (k)dτ

∣∣∣
2
.

In addition, recall that the Fourier multipliers of qε
τ are given by

q̂ε
τ (k) = 1

τ(−�̂ε(k) + m2) + 1
, k ∈ �∗

ε ,

where −�̂ε(k) are as in (2.3). Using (2.4), we have that

−�̂ε(k) � c|k|2

for k ∈ �∗
ε with c = 4

π2 . Hence, we have for k ∈ �∗
ε

q̂ε
τ (k) � 1

τ(c|k|2 + m2) + 1
. (4.1)

The following results establish bounds for Sobolev norms of the large and small
scales of I ε(u) for a given drift u ∈ Ha . For the rest of this subsection we drop ε > 0
from the notation.

Lemma 4.1. Let α ∈ [1, 2]. Then, for 0 < t < 1,

‖It,∞(u)‖2Hα �α

1

tα−1

∫ ∞

t
‖uτ‖2L2dτ.
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Proof. By the Cauchy-Schwarz inequality and (4.1) we have

‖It,∞(u)‖2Hα �
∑
k∈�∗

ε

(1 + |k|2)α( ∫ ∞

t
|q̂τ (k)ûτ (k)|dτ

)2

�
∑
k∈�∗

ε

(1 + |k|2)α( ∫ ∞

t
|q̂τ (k)|2dτ

)( ∫ ∞

t
|ûτ (k)|2dτ

)

�
∑
k∈�∗

ε

(1 + |k|2)α 1

(c|k|2 + m2)

1

t (c|k|2 + m2) + 1

∫ ∞

t
|ûτ (k)|2dτ

�
∑
k∈�∗

ε

(1 + |k|2)
(c|k|2 + m2)

(1 + |k|2)α−1

t (c|k|2 + m2) + 1

∫ ∞

t
|ûτ (k)|2dτ

�α

∑
k∈�∗

ε

1

tα−1

∫ ∞

t
|ûτ (k)|2dτ = 1

tα−1

∫ ∞

t
‖uτ‖2L2dτ,

where we used that supx�0
(1+x)β

1+t x �β
1
tβ

for t < 1 and β < 1. ��
Lemma 4.2. Let α ∈ [0, 1]. Then,

sup
t�0

‖It,∞(u)‖2Hα �
∫ ∞

0
‖uτ‖2L2dτ.

Proof. Using the same calculations as above, we see that

‖It,∞(u)‖2Hα �
∑
k∈�∗

ε

(1 + |k|2)α( ∫ ∞

t
|q̂τ (k)ûτ (k)|dτ

)2

�
∑
k∈�∗

ε

(1 + |k|2)α( ∫ ∞

t
|q̂τ (k)|2dτ

)( ∫ ∞

t
|ûτ (k)|2dτ

)

�
∑
k∈�∗

ε

(1 + |k|2)α 1

(c|k|2 + m2)

1

t (c|k|2 + m2) + 1

∫ ∞

t
|ûτ (k)|2dτ

�
∑
k∈�∗

ε

(1 + |k|2)α
(c|k|2 + m2)

∫ ∞

t
|ûτ (k)|2dτ �

∫ ∞

t
‖uτ‖2L2dτ.

Taking the supremum over t � 0 establishes the estimate. ��
Lemma 4.3. For 0 � α � 1 and 0 � s � t , we have

‖Is,t (u)‖2Hα �α (t − s)1−α

∫ t

s
‖uτ‖2L2dτ.

Proof. By the same arguments that were used in the proof of the previous statements,
we obtain
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‖Is,t (u)‖2Hα �
∑
k∈�∗

ε

(1 + |k|2)α
( ∫ t

s
|q̂τ (k)ûτ (k)|dτ

)2

�
∑
k∈�∗

ε

(1 + |k|2)α
∫ t

s

1

τ(c|k|2 + m2) + 1)2
dτ

∫ t

s
|ûτ (k)|2dτ

=
∑
k∈�∗

ε

(1 + |k|2)α
[ 1

(c|k|2 + m2)

( 1

s(c|k|2 + m2) + 1
− 1

t (c|k|2 + m2) + 1

)] ∫ t

s
|ûτ (k)|2dτ

=
∑
k∈�∗

ε

(1 + |k|2)α
[ t − s(

s(c|k|2 + m2) + 1
)(
t (c|k|2 + m2) + 1

)
] ∫ t

s
|ûτ (k)|2dτ

� (t − s)
∑
k∈�∗

ε

(1 + |k|2)α
t (c|k|2 + m2) + 1

∫ t

s
|ûτ (k)|2dτ

�α (t − s)
1

tα

∫ t

s
‖uτ ‖2L2dτ � (t − s)1−α

∫ t

s
‖uτ ‖2L2dτ.

��
Lemma 4.4. For α ∈ (1, 2] and 0 < s � t , we have

‖Is,t (u)‖2Hα �α

t − s

sα

∫ t

s
‖uτ‖2L2dτ.

Proof. The following calculations are similar to before. We include them here for com-
pleteness.

‖Is,t (u)‖2Hα �
∑
k∈�∗

ε

(1 + |k|2)α
∫ t

s

1

(τ (c|k|2 + m2) + 1)2
dτ

∫ t

s
|ûτ (k)|2dτ

�α

∑
k∈�∗

ε

∫ t

s

1

τα
dτ

∫ t

s
|ûτ (k)|2dτ =

∫ t

s

1

τα
dτ

∑
k∈�∗

ε

∫ t

s
|ûτ (k)|2dτ

= 1

sα
(t − s)

∫ t

s
‖uτ‖2L2dτ.

��

4.2. Uniform L2 estimate for minimisers. As an application of the estimates established
in the previous section we now show that if a drift minimises the functional in (3.18) for
t = ∞, then the expectation of its L2 norm is finite as stated in the following proposition.

Proposition 4.5. Assume that ū minimises the functional

F∞,E (u) = E
[
v

ε,E
0 (Y ε∞ + I ε∞(u)) +

1

2

∫ ∞

0
‖ut‖2L2dt

]

in Ha. Then

sup
ε>0

sup
E>0

E

[1
2

∫ ∞

0
‖ūt‖2L2dt

]
< ∞. (4.2)
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Before we prove Proposition 4.5, we establish the following auxiliary result to fix
the numerology in the analysis when using interpolation inequalities, which will allow
to treat all polynomials P as in (1.3) simultaneously.

Lemma 4.6. Let l, N ∈ N such that 1 � l � N − 1. There exist θl,N ∈ (0, 1) and
αl,N , βl,N , γl,N ∈ (0,∞) satisfying

αl,N = 2

θl,N l
, βl,N = N

(1− θl,N )l
,

1

γl,N
= 1− 1

αl,N
− 1

βl,N
(4.3)

such that the following inequalities hold:

1

αl,N
+

1

βl,N
< 1 and γl,N � αl,N . (4.4)

Proof. The first inequality can be rewritten as

θl,Nl

2
+

(1− θl,N )l

N
< 1 ⇐⇒ θl,N <

2(N − 1)

l(N − 2)
.

To reformulate the second condition, we compute

1

γl,N
= 1− 1

αl,N
− 1

βl,N
= 1− θl,Nl

2
− (1− θl,N )l

N
= 2N − θl,N Nl − 2(1− θl,N )l

2N
.

Thus, to satisfy the second inequality in (4.4), we need to choose θl,N such that

N

2N − θl,N Nl − 2(1− θl,N )l
� 1

θl,Nl
,

which is equivalent to

2Nθl,N l � 2N − 2l + 2lθl,N ⇐⇒ θl,N � N − l

(N + 1)l
.

Hence, both conditions in (4.4) are satisfied, if we choose θl,N ∈ (0, 1) satisfying

2(N − 1)

l(N − 2)
> θl,N � N − l

l(N + 1)
,

which is possible for all specified values of l, N . ��
Lemma 4.7. For every l, N ∈ N such that 1 � l � N − 1 and for every κ > 0, there
exists κ̃l,N > 0 such that the following estimate holds. For any δ > 0 sufficiently small
there exists C > 0 such that, for f ∈ C−κ̃l,N and u ∈ L2(R+

0 × �ε), we have, for
t ∈ (0,∞],

∣∣∣
∫

�ε

f I lt (u)dx
∣∣∣ � C(t ∧ 1)1−κ‖ f ‖γl,N

C−κ̃l,N
+ δaN‖It (u)‖NLN + δ

∫ t

0
‖us‖2L2ds. (4.5)
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Proof. We only prove the statement for t ∈ (0, 1] - the case t = ∞ follows similarly.
Let θl,N and αl,N , βl,N , γl,N be as in Lemma 4.6. Multiplying the first inequality in (4.4)
by 1/ l we have

1

l̃
≡ θl,N

2
+
1− θl,N

N
<

1

l
.

Now, the standard1 Besov embedding Bs′
p′,q ′ ↪→ Bs

p,q if s′ > s, p′ � p, and q ′ � q,
together with interpolation (2.9) and Lemma 4.4, implies that

‖It (u)‖l
B κ̃
l,l

� ‖It (u)‖l
B κ̃

l̃,l̃

� ‖It (u)‖l
B2κ̃
l̃,∞

� ‖It (u)‖(1−θl,N )l

B0
N ,∞

‖It (u)‖θl,N l

B
2κ̃/θl,N
2,∞

� ‖It (u)‖(1−θl,N )l
LN ‖It (u)‖θl,N l

H2κ̃/θl,N

� t (1−κ)θl,N l/2‖It (u)‖(1−θl,N )l
LN

( ∫ t

0
‖us‖2Lds

)θl,N l/2

where, for a given κ , we chose κ̃l,N ≡ κ̃ = 2θl,Nκ .
Then, by duality (2.7), the iterated multiplication inequality (2.8) and the definitions

of αl,N , βl,N in (4.3), there exists C > 0 such that

∣∣∣
∫

�ε

f I lt (u)dx
∣∣∣ � C‖ f ‖Cκ̃‖I lt (u)‖B κ̃

1,1
� C‖ f ‖Cκ̃‖It (u)‖l

B κ̃
l,l

� C̄t (1−κ)/αl,N ‖ f ‖C−κ̃‖It (u)‖N/βl,N

LN

( ∫ t

0
‖us‖ds

)2/αl,N .

Now, applying Young’s inequality with αl,N , βl,N , γl,N and using the fact that
γl,N/αl,N > 1, the estimate in (4.5) follows. ��
Proof of Proposition 4.5. Throughout this proof ε > 0 is fixed and therefore dropped
from the notation. The goal is to prove that for any δ > 0 sufficiently small, there exists
C̄ > 0 such that, for all u ∈ H,

F∞,E (u) � −C̄ +
1− 2δ

2
E

[ ∫ ∞

0
‖us‖2L2

]
. (4.6)

This allows us to compare the cost function evaluated at a minimiser ū against the
cost function evaluated at a competitor drift. For our purposes it suffices to choose this
competitor as the zero drift. Indeed, since ū is a minimiser and since χE is concave and
satisfies χE (0) = 0, we have

F∞,E (ū) � F∞,E (0) = E[vε,E
0 (Y∞)] � χE

(
E[v0(Y ε∞)]) � 0.

Hence, by (4.6),

E

[ ∫ ∞

0
‖ūs‖2L2ds

]
� 2C̄

1− 2δ
.

Taking the supremum over E > 0 and ε > 0 establishes (4.2).

1 Note that this embedding is not true if s′ = s, since the condition q ′ � q must be replaced by q ′ � q.
However, in allowing for the strict inequality in s, we are allowed to trade for any q.



862 N. Barashkov, T. S. Gunaratnam, M. Hofstetter

It remains to establish (4.6). Fix u ∈ Ha . For P as in (1.3), by repeated use of the
triangle inequality, we have that

∣∣∣
∫

�ε

:P(Y∞ + I∞(u)): dx
∣∣∣

� −
∣∣∣
∫

�ε

:P(Y∞ + I∞(u)): dx −
∫

�ε

:P(Y∞): dx −
∫

�ε

P(I∞(u))dx
∣∣∣

−
∣∣∣
∫

�ε

:P(Y∞): dx
∣∣∣ −

∣∣∣
∫

�ε

[P(I∞(u)) − aN I
N∞(u)]dx

∣∣∣

+ aN‖I∞(u)‖NLN .

(4.7)

First, observe that there exists c1 > 0, depending on the coefficients of P , such that

∣∣∣
∫

�ε

:P(Y∞): dx
∣∣∣ � c1

N∑
k=1

‖: Y k∞: ‖C−κ . (4.8)

Second, observe that, for any δ > 0, there exists c2 = c2(δ) > 0, also depending on the
coefficients of P , such that

∣∣∣
∫

�ε

[P(
I∞(u)

)− aN I
N∞(u)

]
dx

∣∣∣ � c2 + δ

∫

�ε

aN I
N∞(u)dx . (4.9)

Let us estimate the first term on the right-hand side of (4.7). By the triangle inequality
and binomial theorem for Wick powers (2.13),

∣∣∣
∫

�ε

:P(Y∞ + I∞(u)): dx −
∫

�ε

:P(Y∞): dx −
∫

�ε

P(I∞(u))dx
∣∣∣

�
N∑

k=1

|ak |
∣∣∣
∫

�ε

[: (Y∞ + I∞(u)
)k : − : Y k∞: − I k∞(u)

]
dx

∣∣∣

�
N∑

k=1

k−1∑
l=1

|ak |
(
k

l

)∣∣∣
∫

�ε

: Y k−l∞ : I l∞(u)dx
∣∣∣.

(4.10)

An application of Lemma 4.7 and setting κ̃ = minl�N κ̃l,N and κ̃l,N as in (4.5) now
yields

∣∣∣
∫

�ε

: Y k−l∞ : I l∞dx
∣∣∣ � C3‖: Y k−l∞ : ‖γl,N

C−κ̃ + δaN‖It (u)‖NLN + δ

∫ ∞

0
‖us‖2L2ds

Set� = maxl�N γl,N anddefineQ = ∑N
k=1

∑k
l=1

(‖: Y l∞: ‖C−κ̃+1
)�+

∑N
k=1 ‖: Y k∞: ‖C−κ̃ .

Inserting this estimate into (4.10) and combining it with (4.8) and (4.9), we thus obtain
the estimate: there exists c > 0 depending on the mass m only such that there exists
c4, c5 > 0 such that

∫

�ε

:P(Y∞ + I∞(u)): dx � −c4
( N∑
k=1

k−1∑
l=1

(‖: Y l∞: ‖γl,N

C−κ̃ + 1) −
N∑

k=1

‖: Y k∞: ‖C−κ̃

)

+ aN (1− δ)‖I∞(u)‖NLN − δ̃‖I∞(u)‖2H1

� −c5Q − δc
∫ ∞

0
‖us‖2L2ds,

(4.11)
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where the last inequality follows by Lemma 4.2.
Thus, by the monotonicity of the cut-off, and the fact that χE (x) = x for x � 0,

(4.11) yields

χE

( ∫

�ε

:P(
Y∞ + I∞(u)

): dx
)

� −c5Q − δc
∫ ∞

0
‖us‖2L2ds. (4.12)

Hence, by Lemma 2.9, and the a priori estimate on the drift Lemma 4.2, we have that
there exists C̄ > 0 such that,

F∞,E (u) � E

[
− CQ +

1− 2δc

2

∫ ∞

0
‖us‖2L2ds

]
� −C̄ +

1− 2δc

2
E

[ ∫ ∞

0
‖us‖2L2

]
,

(4.13)

which, after a redefinition of δ, establishes (4.6). ��
Remark 4.8. It may seem surprising that the naive choice of comparing the minimiser
u with the 0 drift yields useful information, as opposed to a more carefully chosen
competitor. This is a manifestation of the mild ultraviolet divergences in dimension 2
for these field theories. Indeed, a trivial lower bound on the partition functions uniform
in the cutoff can be obtained via Jensen’s inequality and using that Wick polynomials
are martingales - note that Jensen’s inequality coincides exactly with choosing the 0
drift. To extend these techniques to more singular field theories, such as the sine-Gordon
model beyond a certain threshold, a more informed choice of competitor would need to
be made.

Remark 4.9. The above argument also establishes uniform L p bounds for the density of
the P(φ)2 measure with respect to the Gaussian. Indeed, observe that we have proved
that F∞,E is bounded from below uniformly in E, ε. Recall that by (3.18) we have

inf
u∈Ha

F∞,E (u) = − logE[exp(−v
ε,E
0 (Y ε∞))].

So, a uniform lower bound on F∞,E establishes a uniform bound on the expectation of
the density of νPε ,E . The argument in the proof of Proposition 4.5 is also valid when
P is replaced by pP , since Wick renormalisations are linear in the coefficients, which
implies a uniform L p bound.

4.3. A fractional moment estimate for small scales. We now turn to a more refined esti-
mate on the conditional second moment of minimisers restricted to finite time-horizons.
Here and henceforth, we denote

Ft,E (u, ϕ) = E

[
v
ε,E
0 (Y ε∞ + I εt (u) + ϕ) +

1

2

∫ t

0
‖us‖2L2ds

∣∣ F t
]
, F t = σ(Ws : s � t)

for t ∈ [0,∞] and E ∈ (0,∞] with the convention Ft,E (u, 0) = Ft,E (u).

Proposition 4.10. Assume that ū minimises the functional Ft,E (u, ϕ) in Ha[0, t] and
that ϕ ∈ Xε is F t -measurable. Then, as t → 0 and for κ sufficiently small,

sup
ε>0

sup
E>0

E

[ ∫ t

0
‖ūs‖2L2ds

∣∣ F t
]

� t1−κ(1 +Wε
t + ‖ϕ‖2H1)

L ,
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where Wε
t � 0 a.s. for all t � 0 and supε>0 supt�0 E[Wε

t ] < ∞, and L > 0 only
depends on the maximal degree ofP and the interpolation parameters chosen in Lemma
4.6.

Proof. From the definition of Ft,E (u, ϕ) we see that we need to bound the conditional
expectation of v

ε,E
0 (Y ε∞ + I ε

t (u) + ϕ). Similarly to the proof of Proposition 4.5, we
compare the cost function evaluated at the minimiser against the cost function evaluated
at a competitor, which is again the zero drift because of similar reasons outlined in
Remark 4.8. To simplify the notation, wewill drop ε from here on. Since ū is a minimiser
for Ft,E (u, ϕ), we have Ft,E (ū, ϕ) − Ft,E (0, ϕ) � 0, and therefore

0 � Ft,E (ū, ϕ) − Ft,E (0, ϕ)

= E

[
χE

(
v0(Y∞ + It (ū) + ϕ)

)
+
1

2

∫ t

0
‖ūs‖2L2ds − χE

(
v0(Y∞ + ϕ)

) ∣∣∣ F t
]

= E

[
χE

(
v0

(
Y∞ + ϕ

)
+A(Y∞, ū, ϕ) + aN

∫

�ε

(It (ū)Ndx
)

+
1

2

∫ t

0
‖ūs‖2L2ds − χE

(
v0

(
Y∞ + ϕ

)) ∣∣∣ F t
]

(4.14)

where, for a generic drift u ∈ Ha[0, t], we set

A(Y∞, u, ϕ) =
∫

�ε

:P(
Y∞ + ϕ + It (u)

): dx −
∫

�ε

:P(Y∞ + ϕ): dx − aN

∫

�ε

It (u)Ndx

=
N∑

k=1

k−1∑
l=1

ak

(
k

l

) ∫

�ε

: (Y∞ + ϕ)k−l : I lt (u)dx +
N−1∑
l=1

ak

∫

�ε

It (u)l dx .

(4.15)

Note that, above, we tacitly use that the polynomial P has no constant term.
The heart of the proof is to show the following estimate on A: there exists κ > 0

sufficiently small and L > 0 such that, for any δ > 0, there exists C > 0 such that, for
any u ∈ Ha[0, t],

A(Y∞, u, φ) + δaN

∫

�ε

It (u)Ndx

� −Ct1−κ
(
1 +

N∑
k=1

‖: Y j∞: ‖2LC−κ + ‖ϕ‖2LH1

) − δ

∫ t

0
‖us‖2L2ds.

(4.16)

Then, inserting (4.16) into (4.14) and using that χE (a − b) � χE (a)− b for a ∈ R and
b � 0, we obtain

0 � E

[
χE

(
v0

(
Y∞ + ϕ

)
+A(Y∞, ū, ϕ) + aN

∫

�ε

It (ū)Ndx
)

+
1

2

∫ t

0
‖ūs‖2L2ds − χE

(
v0

(
Y∞ + ϕ

)) ∣∣∣ F t
]

� E

[
− Ct1−κ

(
1 +

N∑
k=1

‖: Y k∞: ‖2LC−κ + ‖ϕ‖2LH1

)
+

(1
2
− δ

) ∫ t

0
‖ūs‖2L2ds

∣∣∣ F t
]

� −Ct1−κ
(
1 +Wt + ‖ϕ‖2H1

)L
+ E

[(1
2
− δ

) ∫ t

0
‖ūs‖2L2ds

∣∣∣ F t
]
, (4.17)
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where

Wt = E

[ N∑
k=1

‖: Y k∞: ‖2LC−κ̄

∣∣ F t
] 1

L
.

Finally, observe that by Jensen’s inequality, the tower property of conditional expecta-
tion, and Lemma 2.9, we have

sup
ε>0

sup
t�0

E[Wt ] = sup
ε>0

sup
t�0

E

[(
E

[ N∑
k=1

‖: Y k∞: ‖2LC−κ̄

∣∣ F t]) 1
L
]

� sup
ε>0

sup
t�0

( N∑
k=1

E
[‖: Y k∞: ‖2LC−κ̄

]) 1
L

< ∞.

Thus, rearranging (4.17) completes the proof conditional on (4.16).
We now focus on (4.16). Applying Lemma 4.7 with f = : (Y∞ + ϕ)k−l : and f = 1,

we know that there exists κ, κ̃ > 0 sufficiently small and L > 0 such that, for any δ > 0,
there exists C > 0 such that, for any u ∈ Ha[0, t],
∣∣∣
∫

�ε

: (Y∞ + ϕ)k−l : I lt (u)dx
∣∣∣

� Ct1−κ‖: (Y∞ + ϕ)k−l : ‖γl,N

C−κ̃ + δ
(
aN

∫

�ε

It (u)Ndx +
1

2

∫ t

0
‖us‖2L2ds

)

(4.18)

and
∫

It (u)ldx � Ct1−κ + δaN‖It (u)‖NLN + δ

∫ t

0
‖us‖2Lds. (4.19)

In addition, by Lemma 2.9, there exists κ̄ > 0 sufficiently small, such that

‖: (Y∞ + ϕ)k−l : ‖C−κ̃ � 1 +
k−l∑
j=1

‖: Y k−l− j∞ : ‖(k−l)/(k−l− j)
C−κ̄ + ‖ϕ‖k−l

H1 . (4.20)

Therefore, inserting (4.20) into (4.18), and summing this with (4.19), there exists L > 0
such that

A(Y∞, u, φ) + δaN ‖It (u)‖N
LN

� −Ct1−κ
(
1 +

N∑
k=1

k−1∑
l=1

k−l∑
j=1

(
1 + ‖: Y k−l− j∞ : ‖(k−l)/(k−l− j)

C−κ̄ + ‖ϕ‖k−l
H1

)γl,N − δ

∫ t

0
‖us‖2L2ds

� −Ct1−κ
(
1 +

N∑
j=1

‖: Y j∞: ‖2LC−κ̄ + ‖ϕ‖2LH1

) − δ

∫ t

0
‖us‖2L2ds

thereby establishing (4.16) up to a redefinition of κ . ��
We now prove the main estimate of this section.
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Proposition 4.11. Let uE
t = −qε

t ∇v
ε,E
t (�

�ε,E
t ) and let L be as in Proposition 4.11.

Then for any κ > 0 sufficiently small, we have

sup
E>0

sup
ε>0

sup
t�1

E

[(
t−1+κ

∫ t

0
‖uE

s ‖2L2ds
)1/L]

< ∞.

Proof. From Proposition 3.8 we know that uE is a minimiser of the Boué–Dupuis vari-
ational formula (3.18). Since �

Pε ,E
t = �

�ε,E
t +�

GFFε
t and Y ε

t +�
GFFε
t = Y ε∞, we also

have that uE minimises

Ft,E (u, I ε
t,∞(uE )) = E

[
v

ε,E
0

(
Y ε∞ + I ε

t (u) + I ε
t,∞(uE )

)
+
1

2

∫ t

0
‖u‖2L2

∣∣ F t
]

in Ha[0, t], where I ε
t,∞(uE ) = �

�ε,E
t is F t -measurable. Hence, by Proposition 4.10

we have for any κ sufficiently small

E

[ ∫ t

0
‖uE

s ‖2L2

∣∣ F t
]

� t1−κ
(
1 +Wε

t + ‖I ε
t,∞(uE )‖2H1

)L
.

Thus, for every such κ

E
[(
t−1+κ

∫ t

0
‖uE

s ‖2L2ds
)1/L] = E

[
E

[(
t−1+κ

∫ t

0
‖uE‖2L2ds

)1/L ∣∣ F t]]

� E

[
E

[
t−1+κ

∫ t

0
‖uE

s ‖2L2

∣∣ F t ]1/L]
� E

[
1 +Wε

t + ‖I ε
t,∞(uE )‖2H1

]
� C

for some universal constant C > 0. Taking the supremum over t � 1 and ε > 0, the
claim follows. ��

5. Proof of the Coupling to the GFF

This section is devoted to the proof of the main results Theorem 1.1 and Corollary 1.2.
Recall that we introduced the notion uE

t = −qε
t ∇v

ε,E
t (�

Pε ,E
t ). By Proposition 3.8 we

know that this is a minimiser of the variational problem (3.18). Hence, it satisfies the
estimate in Proposition 4.5 and also the estimates in Proposition 4.11.

5.1. Estimates on the difference field ��ε,E . First, we show how the bound for the
minimiser uE in Proposition 4.5 implies bounds on the fractional moments of Sobolev
norms of the difference field �

�ε,E
t = ∫ ∞

t qε
τ u

E
τ dτ in (3.10). The main result is the

following proposition.

Proposition 5.1. Let α ∈ (0, 2). Then

sup
E>0

sup
ε>0

sup
t�0

E
[‖��ε,E

0 ‖2/LHα

]
< ∞. (5.1)

The first step towards (5.1) is the following estimate for the large scale of ��ε,E .
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Lemma 5.2. Let t0 > 0 and α ∈ [1, 2). Then, for t � t0,

sup
E>0

sup
ε>0

E[‖��,E
t ‖Hα ] �t0,α

1

t (α−1)/2
.

Proof. Since �
�ε,E
t = I ε

t,∞(uE ) and since E[∫ ∞
0 ‖uE

τ ‖2L2dτ ] < ∞ uniformly in ε > 0
and E > 0, the claim follows from Lemma 4.1. ��
Lemma 5.3. Set ��ε,E

s,t = ∫ t
s ċ

ε
τ∇vε,E

τ (�
Pε ,E
τ )dτ . Then for α ∈ (1, 2)

sup
E>0

sup
ε>0

E

[
‖��ε,E

s,t ‖2/LHα

]
� E

[( t − s

sα

∫ t

s
‖uE

τ ‖2L2dτ
)1/L]

.

Proof. Again, the proof is an application of the regularity estimates at the end of Sect. 3.3.
Noting that ��ε,E

s,t = I ε
s,t (u

E ), by Lemma 4.4 that

‖��ε,E
s,t ‖2/LHα �

( t − s

sα

∫ t

s
‖uE

τ ‖2L2dτ
)1/L

,

from which the claim follows by taking expectation. ��
Combining Lemma 5.2 and Lemma 5.3 we can now give the proof of Proposition

5.1.

Proof of Proposition 5.1. Let α ∈ (0, 2) and let κ = (2 − α)/r for r large enough.
Further, let (tn)n be a decreasing sequence of numbers with tn → 0 as n →∞ that will
be determined later. Then, using Lemma 5.3 and Proposition 4.11,

E[‖��ε,E
0 ‖2/LHα ] �

∑
n�1

E‖��ε,E
tn+1,tn‖2/LHα + E‖��ε,E

t0 ‖2/LHα

�
∑
n�1

E

[( tn − tn+1
tαn+1

∫ tn

tn+1
‖uE

τ ‖2L2dτ
)1/L]

+ C

�
∑
n�1

( tn − tn+1
tαn+1

t1−κ
n

)1/L
E

[(
t−1+κ
n

∫ tn

0
‖uE

τ ‖2L2dτ
)1/L]

+ C

�
∑
n�1

( tn − tn+1
tαn+1

t1−κ
n

)1/L
+ C.

Now, choosing tn = 2−n we see that

tn − tn+1
tαn+1

t1−κ
n = 2−(n+1)

2−α(n+1)
2−n(1−κ) = 2−(2−α−κ)n+α

and thus, the sum in the last display is finite for the specified values of α and κ . ��



868 N. Barashkov, T. S. Gunaratnam, M. Hofstetter

5.2. Removal of the cut-off: proof of Theorem 1.1. We have collected all results to give
the proof of Theorem 1.1 and Corollary 1.2. The main task in this section is to remove
the cut-off by taking the limit E →∞.

Proof of Theorem 1.1. We first prove that the sequence of processes (��ε,E )E is tight.
For R > 0 and α < 1, let

XR =
{
� ∈ C0([0,∞), Xε) : sup

t∈[0,∞)

‖�‖2Hα � R and sup
s<t

‖�t −�s‖2Hα

(t − s)1−α
� R

}
.

Note thatXR is totally bounded and equicontinuous. Therefore, by theArzèla-Ascoli the-
orem, XR ⊂ C0([0,∞), Xε) is precompact, and the closure XR is compact. Moreover,
we have by Lemma 4.2 and Lemma 4.3 that

sup
t�0

‖��ε,E
t ‖2Hα �

∫ ∞

0
‖uE

τ ‖2L2dτ

‖��ε,E
t − ��ε,E

s ‖2Hα � (t − s)1−α

∫ ∞

0
‖uE

τ ‖2L2dτ.

Therefore, we have for some constant C > 0, which is independent of ε and E ,

P(��ε,E ∈ XR
c
)

� P(��ε,E ∈ X c
R) � P

(
sup

t∈[0,∞)

‖��ε,E
t ‖2Hα + sup

s<t

‖��ε,E
t − �

�ε,E
s ‖2Hα

(t − s)1−α
> R

)

� P

( ∫ ∞

0
‖uE

τ ‖2L2dτ > R/C
)

� C

R
E

[ ∫ ∞

0
‖uE

τ ‖2L2dτ
]
.

So, for a given κ > 0, we can choose R large enough such that

sup
E>0

P
(
��ε,E ∈ XR

c) � C

R
sup
E>0

E

[ ∫ ∞

0
‖uE

τ ‖2L2dτ
]

< κ,

which establishes tightness for the sequence (��ε,E )E ⊆ C0([0,∞), Xε).
By Prohorov’s theorem there is a process ��ε and a subsequence (Ek)k such that

��,Ek → ��ε in distribution as k → ∞. By (3.11) there exists a process �Pε ≡
��ε + �GFFε , such that �Pε ,Ek → �Pε in distribution as k →∞.

Since e−v
ε,E
0 (φ) → e−vε

0(φ) as E → ∞ for every φ ∈ Xε and since e−v
ε,E
0 � eCε

for some constant Cε > 0, we have by dominated convergence for every bounded and
continuous f : Xε → R

EνPε ,E [ f ] → EνPε [ f ], (5.2)

so that νPε ,E → νPε in distribution. Since�
Pε ,E
0 ∼ νPε ,E we conclude that�Pε

0 ∼ νPε

by uniqueness of weak limits. Moreover, since independence is preserved under weak
limits, we have that for every t > 0, �Pε

t is independent of �
GFFε

0 − �
GFFε
t .
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Finally, the bounds (1.9–1.12) follow from the respective estimates on��ε,E and the
fact that the norms are continuous maps from C0([0,∞), Xε) to R. For instance, (1.11)
is proved by

sup
ε>0

sup
t�0

E

[
‖��ε

t ‖2/LHα

]

= sup
ε>0

sup
t�0

lim
C→∞E

[
‖��ε

t ‖2/LHα ∧ C
]
= sup

ε>0
sup
t�0

lim
C→∞ lim

E→∞E

[
‖��ε,E

t ‖2/LHα ∧ C
]

� sup
ε>0

sup
t�0

sup
E>0

E

[
‖��ε,E

t ‖2/LHα

]
< ∞,

where the last display is finite by Proposition 5.1. ��

5.3. Lattice convergence: proof of Corollary 1.2. In this section we prove that as ε → 0
the processes (��ε )ε converge along a subsequence (εk)k to a continuum process ��0 .
In order to obtain a continuum process �P0 from the sequence (�Pε )ε , we also need
the convergence of the decomposed Gaussian free field �GFFε , which is the content of
Lemma 5.4 below. Define for t � 0

�
GFF0
t =

∫ ∞

t
q0s dWs =

∑
k∈�∗

eik·(·)
∫ ∞

t
q̂0u (k)dŴu(k), q̂0u (k) =

1

t (−|k|2 + m2) + 1
.

Note that for t > 0 the convergence of the sum is understood in Hα , α < 1, while for
t = 0 it is in Hα for α < 0.

Lemma 5.4. Let Iε : L2(�ε) → L2(�) be the isometric embedding defined in Sect.2.1.
Then, for any t0 > 0 and α < 1, we have

E

[
sup
t�t0

‖Iε�GFFε
t − �

GFF0
t ‖2Hα

]
→ 0. (5.3)

Moreover, if t0 = 0 we have for α < 0

E

[
sup
t�0

‖Iε�GFFε
t − �

GFF0
t ‖2Hα

]
→ 0. (5.4)

Proof. Note that the process Iε�GFFε −�GFF0 is a backward martingale adapted to the
filtration F t with values in Hα with α < 1 for t0 > 0 and α < 0 for t0 = 0. Thus, the
Hα norm of this process is a real valued submartingale. Therefore, we have by Doob’s
L2 inequality,

E

[
sup
t�t0

‖Iε�GFFε
t −�

GFF0
t ‖2Hα

]
� E

[
‖Iε�GFFε

t0 −�
GFF0
t0 ‖2Hα

]
,

so it suffices to prove that the right-hand side converges to 0 for the specified values of
t0 and α.
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To this end, we consider the difference of the Fourier coefficients q̂ε
t (k) and q̂0t (k).

By (2.4), we have that

0 � q̂ε
t (k) − q̂0t (k) =

1

t (−�̂ε(k) + m2) + 1
− 1

t (−�̂0(k) + m2) + 1

� t |k|2h(εk)[
t (c|k|2 + m2) + 1

][
t (|k|2 + m2) + 1

] � h(εk)

t (c|k|2 + m2) + 1
,

(5.5)

where we recall that c = 4/π2 as below (2.4). By the definition of the Sobolev norm,
we have

‖Iε�GFFε
t0 − �

GFF0
t0 ‖2Hα(�) =

∑
k∈�∗

ε

(1 + |k|2)α
∣∣∣
∫ ∞

t0
(q̂ε

u (k) − q̂0u (k))dŴu(k)
∣∣∣
2

+
∑

k∈�∗\�∗
ε

(1 + |k|2)α
∣∣∣
∫ ∞

t0
q̂0u (k)dŴu(k)

∣∣∣
2
.

Taking expectation and using the estimate (5.5) for the first sum yields

E

[
‖Iε�GFFε

t0 − �
GFF0
t0 ‖2Hα(�)

]
�

∑
k∈�∗

ε

(1 + |k|2)α
∫ ∞

t0

h2(εk)(
u(c|k|2 + m2) + 1

)2 du

+
∑

k∈�∗\�∗
ε

(1 + |k|2)α
∫ ∞

t0

1(
u(|k|2 + m2) + 1

)2 du

�
∑
k∈�∗

ε

(1 + |k|2)α h2(εk)

c|k|2 + m2

1

t0(c|k|2 + m2) + 1

+
∑

k∈�∗\�∗
ε

(1 + |k|2)α 1

|k|2 + m2

1

t0(|k|2 + m2) + 1
.

(5.6)

Further note that h2(εk) � O(ε|k|)δ for any δ < 4.We can now discuss the convergence
to 0 as ε → 0 for α and t0 as above. For t0 > 0 the first sum on the right-hand side can
be bounded by

∑
k∈�∗

ε

(1 + |k|2)α h(εk)

c|k|2 + m2

1

t0(c|k|2 + m2) + 1

� εδ
∑
k∈�∗

ε

(1 + |k|2)α |k|δ
c|k|2 + m2

1

t0(c|k|2 + m2) + 1
�t0 εδ

∑
k∈�∗

1(
1 + |k|2)2−α−δ

.

(5.7)

The last sum is finite for α < 1 and δ small enough (depending on α), and hence vanishes
as ε → 0. For the second sum on the right-hand side of (5.6) we similarly have

∑
k∈�∗\�∗

ε

(1 + |k|2)α 1

|k|2 + m2

1

t0(|k|2 + m2) + 1
�t0

∑
k∈�∗\�∗

ε

1(
1 + |k|2)2−α

,

which is finite uniformly in ε for α < 1, and hence converges to 0 as ε → 0. Together
with (5.7) this shows the convergence in (5.3).



Multiscale Coupling and the Maximum 871

For the proof of (5.4), we note that both sums on the right-hand side lose a term of
order O(|k|−2) when t0 = 0. Using the same arguments as for the case t0 > 0, we find
that the corresponding sums are finite for α < 0 in this case. ��

The next result is the convergence of the difference field ��ε along a subsequence
(εk)k , and its proof is almost identical to the removal of the cut-off in the proof of
Theorem 1.1. Recall that we denote byC0([0,∞),S) the set of all continuous processes
with values in a metric space (S, ‖ ·‖S) that vanish at∞ and that Iε : L2(�ε) → L2(�)

is the isometric embedding.

Proposition 5.5. Let α < 1. Then (Iε��ε )ε is a tight sequence of processes in
C0([0,∞), Hα). In particular, there is a process ��0 ∈ C0([0,∞), Hα) and a sub-
sequence (εk)k , εk → 0 as k → ∞ such that the laws of ��εk on C0([0,∞), Hα)

converge weakly to the law of ��0 .

Proof. For R > 0 and α < 1, let

XR =
{
� ∈ C0([0,∞), Hα) : sup

t∈[0,∞)

‖�‖2Hα � R and sup
s<t

‖�t −�s‖2Hα

(t − s)1−α
� R

}
.

As in the proof of Theorem 1.1 the closureXR is compact by the Arzèla-Ascoli theorem.
Moreover, we have

sup
t�0

‖Iε��ε,E
t ‖2Hα �

∫ ∞

0
‖uE

τ ‖2L2dτ,

‖Iε��ε,E
t − Iε�

�ε,E
s ‖2Hα � (t − s)1−α

∫ ∞

0
‖uE

τ ‖2L2dτ,

and thus, by the weak convergence of (��ε,E )E as E → ∞ (along a subsequence
(Ek)k), we have for some constant C > 0, which is independent of ε and E ,

P(Iε�
�ε ∈ XR

c
) � lim inf

k→∞ P(Iε�
�ε,Ek ∈ XR

c
) � lim inf

k→∞ P(Iε�
�ε,Ek ∈ X c

R)

� lim inf
k→∞ P

( ∫ ∞
0

‖uEk
τ ‖2L2dτ > R/C

)
� sup

E>0
P

( ∫ ∞
0

‖uEτ ‖2L2dτ > R/C
)

� sup
E>0

C

R
E

[ ∫ ∞
0

‖uEτ ‖2L2dτ
]
.

So, for a given κ > 0, we can choose R large enough such that

sup
ε>0

P(Iε�
�ε ∈ XR

c
) � 2

R
sup
ε>0

sup
E>0

E

[ ∫ ∞

0
‖uE

τ ‖2L2dτ
]

< κ,

which establishes tightness for the sequence (Iε��ε )ε ⊆ C0([0,∞], Hα). The existence
of a weak limit ��0 then follows by Prohorov’s theorem. ��
Proof of Corollary 1.2. Since ��εk → ��0 in distribution as k → ∞, we also have
that there exists a process �

P0
t ≡ ��0 + �GFF0 , such that �Pεk → �P0 in distribution

as k → ∞. Moreover, as ε → 0, we have that νPε → νP , where νP is the continuum
P(φ)2 measure, see also Proposition 5.6 below.

Finally, the estimates on the norms of��0 and the independence of�P0
t and�

GFF0
0 −

�
GFF0
t follow from the convergence in distribution similarly as in the proof of Theorem

1.1. ��
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5.4. Uniqueness of the limiting law for fixed t > 0. For the discussion of the maximum,
we need a refined statement on the convergence of (�

Pε
t )ε for t > 0 as ε → 0. More

precisely, we prove that the law of the limiting field �
P0
t for a fixed t > 0 does not

depend on the subsequence. By the same arguments that led to (5.2), we have that �Pε
t

is distributed as the renormalised measure ν
Pε
t defined by

E
ν
Pε
t
[F] = evε∞(0)Ecε∞−cε

t

[
F(ζ )e−vε

t (ζ )
]
, (5.8)

where F : Xε → R, and vε
t is the renormalised potential defined in (3.5) for E = ∞.

Let (Iε)∗νPε
t denote the pushforward measure of νPε

t under the isometric embedding Iε .
Then we have the following convergence to a unique limit as ε → 0.

Proposition 5.6. As ε → 0, we have for t > 0 that, as measures on Hα(�) for every
α < 1, (Iε)∗νPε

t converges weakly to νPt given by

EνPt [F] = ev0∞(0)
E

[
F(Y∞ − Yt )e

−v0t (Y∞−Yt )
]

(5.9)

for F : Hα(�) → Rboundedandmeasurable, andwhere e−v0∞(0) = E
[
e−

∫
� :P(Y∞): dx].

Moreover, for t = 0, the weak convergence (Iε)∗νPε

0 → νP0 holds as measures on
Hα(�) for any α < 0 and with νP0 defined by (5.9) with t = 0 and F : Hα(�) → R for
α < 0.

Remark 5.7. Note that, although :P(Y∞): is almost surely a distribution of negative
regularity and not a function, the expression

∫
�
:P(Y∞): dx makes sense as an abuse

of notation to denote the duality pairing between a distribution and a constant function
(which is smooth on the torus). Furthermore, we sometimes include the spatial argument
of the distribution as a further abuse of notation, e.g.

∫
�
Y∞(x)dx , not to be confused

with a pointwise evaluation (which may not exist).

We first prove that the discrete potential, suitably extended, converges to the contin-
uum potential in L2.

Lemma 5.8. As ε → 0, we have

E

[( ∫

�ε

:P(Y ε∞): dx −
∫

�

:P(Y∞): dx
)2] → 0. (5.10)

Proof. It is convenient to introduce an alternative extension operator to the trigonometric
extension that behaves well under commutation with products. We choose the piecewise
constant extension of a function defined on�ε to a function defined on� that is piecewise
constant on x + ε(−1/2, 1/2]2 for all x ∈ �ε ⊆ �. Indeed, for any f ∈ Xε , define
Eε f : � → R for x ∈ � by

Eε f (x) =
∑
z∈�ε

f (z)1(−ε/2,ε/2]2(x − z). (5.11)

We identify Y ε∞ with EεY ε∞ and regard its covariance operator cε = cε∞ as an opera-
tor acting on such piecewise constant functions. In the following computation, we abuse
notation and evaluate the distribution Y∞ pointwise. Although such a pointwise evalu-
ation alone is a priori ill-defined, the covariance E[Y ε∞(x)Y∞(y)] for x, y ∈ �ε yields
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a well defined expression, as our computation below shows. This can be made rigorous
by first approximating Y∞ with smooth fields and then removing the approximation. We
omit this to lighten the notation. Thus, for x, y ∈ �,

E[Y ε∞(x)Y∞(y)] = E

[ ∑
z∈�ε

Y ε∞(z)1(−ε/2,ε/2]2 (x − z)Y∞(y)
]

=
∑
z∈�ε

1(−ε/2,ε/2]2 (x − z)
∑

k1∈�∗
ε ,k2∈�∗

E

[
eik1·z+ik2·y

∫ ∞
0

q̂ε
t dŴt (k1)

∫ ∞
0

q̂0t dŴt (k2)
]

=
∑
z∈�ε

1(−ε/2,ε/2]2 (x − z)
∑
k∈�∗

ε

eik·(z−y)
∫ ∞
0

q̂ε
t (k)q̂0t (k)dt

→
∑
k∈�∗

eik·(x−y)
∫ ∞
0

|q̂0t (k)|2dt = c(x − y),

as ε → 0 and where we recall that c = c0∞ is the kernel of (−� + m2)−1.
To prove (5.10), it is sufficient to show that as ε → 0

E

[( ∫

�ε

: (Y ε∞)n : dx −
∫

�

: Yn∞: dx
)2] → 0.

Note that, byWick’s theorem and an abuse of notation regarding evaluating distributions
pointwise as above, we have

E[: (Y ε∞)n(x): : Yn∞(y): ] =
∑

z1,...,zn

n∏
i=1

1(−ε/2,ε/2]2(x − zi ) E[:
n∏

i=1

Y ε∞(zi ): :Yn∞(y): ]

= n!
∑

z1,...,zn

n∏
i=1

1(−ε/2,ε/2]2(x − zi )
n∏

i=1

E[Y ε∞(zi )Y∞(y)]

= n!E[(Y ε∞)(x)Y∞(y)]n .
Hence, by expanding, we have that the expression on the left-hand side of (5.11) is equal
to

∫

�ε

∫

�ε

E[: (Y ε∞)n(x): : (Y ε∞)n(y): ]dxdy +
∫

�

∫

�

E[: (Y∞)n(x): : (Y∞)n(y): ]dxdy

− 2
∫

�

∫

�ε

E[: (Y∞)n(x): : (Y ε∞)n(y): ]dxdy

= n!
∫

�ε

∫

�ε

(cε(x − y))ndxdy + n!
∫

�

∫

�

cn(x − y)dxdy − 2n!
∫

�

∫

�

E[Y ε∞(x)Y∞(y)]ndxdy,

which converges to 0 by dominated convergence. ��
We need the following exponential integrability lemma, which follows from a by-

now standard argument due to Nelson, see [24, Chapter 9.6]. Note that one may also
prove this using the Boué–Dupuis formula and estimates similar to those in Sect. 4.2,
see Remark 4.9. The convergence statement below then follows by Vitali’s theorem as
stated in [12, Theorem 4.5.4] and the convergence (5.10).
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Lemma 5.9. For any 0 � p < ∞, we have

sup
ε>0

E

[
exp

(
− p

∫

�ε

:P(Y ε∞): dx
)]

< ∞. (5.12)

In particular, as ε →∞

E

[
exp

(
−

∫

�ε

:P(Y ε∞): dx
)]

→ E

[
exp

(
−

∫

�

:P(Y∞): dx
)]

. (5.13)

Combining Lemma 5.8 and Lemma 5.9, we can now give a proof of Proposition 5.6.

Proof of Proposition 5.6. Recall from (5.8) that the renormalisedmeasure ν
Pε
t is defined

by

E
ν
Pε
t
[F] = evε∞(0)Ecε∞−cε

t
[F(ζ )e−vε

t (ζ )] = evε∞(0)
E[F(Y ε∞ − Y ε

t )e−vε
t (Y

ε∞−Y ε
t )],

where F : Xε → R is bounded and continuous, and vε
t is the renormalised potential.

By the definition of the pushforward measure and the renormalised potential we obtain
that, for F : Hα(�) → R, bounded and continuous,

E
(Iε )∗νPε

t
[F] = E

ν
Pε
t
[F ◦ Iε] = evε∞(0)

E[F(
Iε(Y

ε∞ − Y ε
t )

)
e−vε

t (Y
ε∞−Y ε

t )] =
= evε∞(0)

E

[
F

(
Iε(Y

ε∞ − Y ε
t )

)
E

[
e−vε

0(Y
ε∞−Y ε

t +Y
ε
t )

∣∣ F t]]

= evε∞(0)
E

[
F

(
Iε(Y

ε∞ − Y ε
t )

)
e−vε

0(Y
ε∞)

]
.

Now, we have by (5.3) that Iε(Y ε∞−Y ε
t ) converges to Y∞−Yt in L2 with respect to the

norm of Hα(�) for any α < 1. Moreover, we have by (5.10) that vε
0(Y

ε∞) → v00(Y∞)

in L2. Take any subsequence, which we continue to denote as ε. Then, there is a further
subsequence (εk)k , along which we have

F
(
Iεk (Y

εk∞ − Y εk
t )

)
e−v

εk
0 (Y

εk∞ ) → F(Y∞ − Yt )e
−v00(Y∞) (5.14)

almost surely, where we also used that F is continuous with respect to the norm on Hα .
Since F is bounded, we have by (5.12) that

(
F

(
Iε(Y

ε∞ − Y ε
t )

)
e−vε

0(Y
ε∞)

)
ε

is uniformly integrable. Hence, by Vitali’s theorem, the convergence in (5.14) holds in
L1, i.e.

E

[
F

(
Iεk (Y

εk∞ − Y εk
t )

)
e−v

εk
0 (Y

εk∞ )
]
→ E

[
F(Y∞ − Yt )e

−v00(Y∞)
]
. (5.15)

In summary,we have shown that for every subsequence of ε there is a further subsequence
(εk)k such that (5.15) holds, thus showing full convergence of (5.15).

For the case t = 0 we follow the same arguments as for t > 0, but now we take
F : Hα(�) → R for α < 0 and use (5.4). ��
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6. Convergence in Law for the Maximum of P(φ)2

In this section we use the results on the difference field�� and prove that the maximum
of the P(φ)2 field converges in distribution to a randomly shifted Gumbel distribution.
The analogous result was recently established for the sine-Gordon field in [7, Section
4]. The main difficulty in this reference is to deal with the non-Gaussian and non-
independent term ��

0 , which requires generalising and extending several key results
of [14]. In the present case the combination of the Polchinski approach and the Boué–
Dupuis variational approach produce a similar situation with the essential difference to
the sine-Gordon case being different regularity estimates for the difference field. Thus,
the main goal in this section is to argue that all results in [7, Section 4] also hold under
the modified assumptions on ��.

From now on, when no confusion can arise, we will drop ε from the notation.
Moreover, to ease notation, we will use the notation ‖ϕ‖L∞(�ε) ≡ ‖ϕ‖∞ for fields
ϕ : �ε → R. Recall that by Theorem 1.1 we have that

�P
0 = �GFF

0 + ��
0 = �GFF

0 −�GFF
s + �P

s + Rs, (6.1)

where Rs = ��
0 − ��

s satisfies supε>0 E[‖Rs‖2/L∞ ] → 0 as s → 0 by the Sobolev
embedding and (1.12). In the analysis of themaximum of�P

0 we also need the following
continuity result for the field ��.

Lemma 6.1. Let α ∈ (0, 1). Then

sup
ε>0

sup
t�0

E
[‖��

t ‖2/LCα(�)

]
< ∞.

Proof. The statement follows from the Sobolev-Hölder embedding in Proposition 2.2
and (1.11). ��

To express convergence in distribution we will use the Lévy distance d on the set of
probability measures on R, which is a metric for the topology of weak convergence. It
is defined for any two probability measures ν1, ν2 on R by

d(ν1, ν2) = min{κ > 0 : ν1(B) � ν2(B
κ) + κ for all open sets B},

where Bκ = {y ∈ R : dist(y, B) < κ}. We will use the convention that when a random
variable appears in the argument of d, we refer to its distribution on R. Note that if two
random variables X and Y can be coupled with |X −Y | � κ with probability 1− κ then
d(X,Y ) � κ .

6.1. Reduction to an independent decomposition. The first important step is the intro-
duction of a scale cut-off s > 0 to obtain an independent decomposition from (6.1).
More precisely, we write

�P
0 = �̃s + Rs, �̃s = (�GFF

0 − �GFF
s ) + �P

s (6.2)

and argue that we may from now on focus on the auxiliary field �̃s . The following
statement plays the same role as Lemma 4.1 in [7].
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Lemma 6.2 [Analog to [7, Lemma 4.1]]. Assume that the limiting law μ̃s ofmax�ε �̃s−
mε as ε → 0 exists for every s > 0, and that there are positive random variables Zs (on
the above common probability space) such that

μ̃s((−∞, x]) = E[e−α∗Zs e−
√
8πx ] (6.3)

for some constant α∗ > 0. Then the law of max�ε �P
0 −mε converges weakly to some

probability measure μ0 as ε → 0 and μ̃s ⇀ μ0 weakly as s → 0. Moreover, there is a
positive random variable ZP such that

μ0((−∞, x]) = E[e−α∗ZPe−
√
8πx ].

Proof. We follow identical steps as in the proof of Lemma 4.1 of [7]. We first argue that
the sequence (max�ε �P

0 −mε)ε is tight. Indeed, since

max
�ε

�P
0 −mε = max

�ε

�GFF
0 −mε + O(‖��

0 ‖∞)

and since (max�ε �GFF
0 −mε)ε is tight by [15], we see that (max�ε �P

0 −mε)ε differs
from a tight sequence by a sequence Yε with E[|Yε |2/L ] < ∞. Elementary arguments
such as Markov’s inequality then imply that also sequence (max�ε �P

0 −mε)ε is tight.
Thus, there is a probability distribution μ0 such that the law of max�ε �P − mε

converges to μ0 weakly along a subsequence (εk)k . Considering the Lévy distance to
μ̃s , we have

d(μ0, μ̃s) � lim sup
ε=εk→0

[d(max
�ε

�P
0 −mε,max

�ε

�̃s −mε) + d(max
�ε

�̃s −mε, μ̃s)]

= lim sup
ε=εk→0

d(max
�ε

�P
0 −mε,max

�ε

�̃s −mε).

The last display can be estimated as follows: for any open set B ⊆ R we have

P(max
�ε

�P
0 −mε ∈ B) � P(max

�ε

�̃s −mε ∈ B ± ‖Rs‖∞)

� P(max
�ε

�̃s −mε ∈ Bκ) + P(max
�ε

‖Rs‖∞ � κ).

Markov’s inequality implies that

P(‖Rs‖∞ � κ) � E[‖Rs‖2/L∞ ]
κ2/L ,

and thus, choosing

κ = E[‖Rs‖2/L∞ ]
κ2/L ⇐⇒ κ = (

E[‖Rs‖2/L∞ ])L/(L+2)
,

we get by the definition of the Levy distance

d(μ0, μ̃s) �
(
sup
ε>0

E[‖Rs‖2/L∞ ])L/(L+2)
. (6.4)
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Taking s → 0 shows that the subsequential limit μ0 is unique, as it is the unique weak
limit of μ̃s . Thus, it follows that max�ε �P

0 − mε → μ0 in distribution as ε → 0.
Moreover, by (6.4) we have μ̃s ⇀ μ0 weakly, and thus

μ̃s((−∞, x]) → μ0((−∞, x])

for the distribution functions.
It remains to show that (Zs)s is tight. Using (6.2) we get for any C > 0

P(max
�ε

�̃s −mε � x) � P(max
�ε

�GFF
0 −mε � x − ‖��

s ‖∞)

� P(max
�ε

�GFF
0 −mε � x − C, ‖��

s ‖∞ � C)

= P(max
�ε

�GFF
0 −mε � x − C)− P(max

�ε

�GFF
0 −mε � x − C, ‖��

s ‖∞ > C).

(6.5)

Now, for a given κ > 0 we use Markov’s inequality and choose C such that

sup
s�0

P(‖��
s ‖∞ > C) � κ/2.

Then we obtain from (6.5)

− κ/2 + P(max
�ε

�GFF
0 −mε � x − C) � P(max

�ε

�̃s −mε � x). (6.6)

Let μGFF
0 be the limiting law of the centred maximum of the discrete Gaussian free field

which exists by [14]. Then taking ε → 0 in (6.6) together with the assumption (6.3)
yields

− κ/2 + μGFF
0 ((−∞, x − C]) � E[e−α∗Zs e−

√
8πx ]. (6.7)

From here the argument is analogous as in the proof of [7, Lemma 4.1]: assume that the
sequence (Zs)s is not tight. Then we have

∃κ > 0 : ∀M > 0 : ∃sM : P(ZsM > M) > κ.

It follows that

E[e−α∗ZsM e−
√
8πx ] � e−α∗Me−

√
8πx

+ P(ZsM � M) � e−α∗Me−
√
8πx

+ (1− κ).

Sending M → ∞, (6.7) implies that

−κ/2 + μGFF
0 ((−∞, x − C]) � 1− κ,

which is a contradiction when sending x →∞. ��
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6.2. Approximation of small scale field. Thanks to Lemma 6.2 we may focus from now
on the centred maximum of �̃s , which has a Gaussian small scale field �GFF

0 − �GFF
s

and a non-Gaussian but independent large scale field �P
s . Similar to [7, Section 4.2] we

replace the small scale field by a collection of massless discrete Gaussian free fields, so
that the results in [14] apply. The only difference is the regularisation of the Gaussian
free field covariance: in [7] the heat-kernel regularisation is used, i.e.

d

dt
c̃ε
t = et (−�ε+m2)/2, c̃ε

t =
∫ t

0

d

ds
c̃ε
s ds,

while here, we use the Pauli-Villars regularisation (3.1), which implies

Cov(�GFF
0 −�GFF

s ) = (−� + m2 + 1/s)−1. (6.8)

Therefore, we do not need the additional decomposition (4.17) in [7] involving the
function gs . The following paragraph is completely analogous to [7, Section 4.2], but
we include it here to set up the notation and improve readability.

We introduce a macroscopic subdivision of the torus � as follows: let � be the union
of horizontal and vertical lines intersecting at the vertices 1

K Z
2 ∩� which subdivides �

into boxes Vi ⊂ �, i = 1, . . . , K 2 of side length 1/K . We use the notation Vi for both
the subset of � and the corresponding lattice version as subset of �ε .

Let �� be the Laplacian on � with Dirichlet boundary conditions on �, and let
� be the Laplacian with periodic boundary conditions on �. The domain of � is the
space of 1-periodic functions, and that of�� is the smaller space of 1-periodic functions
vanishing on �. This implies that −�� � −� and thus,

(−� + m2 + 1/s)−1 � (−�� + m2 + 1/s)−1 (6.9)

as quadratic form inequalities.
Hence, using (6.8), we can decompose the small scale Gaussian field �GFF

0 −�GFF
s

as

�GFF
0 − �GFF

s
d= X̃ f

s,K + X̃ c
s,K ,

where the two fields on the right-hand side are independent Gaussian fields with covari-
ances

Cov(X̃ f
s,K ) = (−�� + m2 + 1/s)−1

Cov(X̃ c
s,K ) = (−� + m2 + 1/s)−1 − (−�� + m2 + 1/s)−1.

Note that for this decomposition,which is analogous to theGibbs-Markovdecomposition
of the massless GFF with Dirichlet boundary condition, the Pauli-Villars decomposition
is particularly convenient due to (6.9). Using [7, Lemma 4.2] in the exact same form, we
see that the maximum of �GFF

0 −�GFF
s can be replaced by the maximum of X f

K + X̃ c
s,K ,

where

Cov(X f
K ) = (−��)−1.

This yields a new auxiliary field denoted �s with independent decomposition

�s = X f
K + X̃ c

s,K + �P
s , (6.10)
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which is completely analogous to (4.43) in [7], except that there is no field Xh
s for the

different choice of the covariance regularisation. In fact the two fields X f
K and X̃ c

s,K

are exactly the same and thus, the covariance estimates for X̃ c
s,K in [7, Lemma 4.4] can

be used verbatim. The only essential difference is that the field �P
s is different, but the

following statement establish the same regularity estimates as in [7, Lemma 4.5].

Lemma 6.3. For any s > 0 and ε � 0 the fields �GFF
s and �P

s are a.s. Hölder contin-
uous. Moreover, there is α ∈ (0, 1) such that for # ∈ {GFF,P}

sup
ε>0

E

[
max
�ε

|�#
s | + max

x,y∈�ε

|�#
s (x) − �#

s (y)|
|x − y|α

]
< ∞. (6.11)

Proof. Note that the Fourier coefficients of �GFF
t satisfy

E
[|�̂GFF

s (k)|2] = Os

( 1

1 + |k|4
)
.

Hence, (6.11) for �GFF
s follows from standard results as stated in [29, Proposition B.2

(i)] (for Hölder continuity) and [14, Lemma 3.5] (for the maximimum). For �P
s the

results follow from the properties of the difference term ��
s . ��

The only remaining results, where the properties of�� enter, are Proposition 4.8 and
Proposition 4.9 in [7]. To state these results we introduce for technical reasons a small
neighbourhood of the grid � as follows. For δ ∈ (0, 1), define

V δ
i = {x ∈ Vi : dist(x, �) � δ/K }, �δ =

K 2⋃
i=1

V δ
i , �δ

ε = �δ ∩ (εZ
2).

(6.12)

Proposition 6.4 [Version of [14, Proposition 5.1]]. Let �δ
ε be as in (6.12). Then,

lim
δ→0

lim sup
K→∞

lim sup
ε→0

P(max
�δ

ε

�s �= max
�ε

�s) = 0.

Proposition 6.5 [Version of [14, Proposition 5.2]]. Let �s be as in (6.10). Let zi ∈ V δ
i

be such that

max
V δ
i

X f
K = X f

K (zi )

and let z̄ be such that

max
i

�s(zi ) = �s(z̄).

Then for any fixed κ > 0 and small enough δ > 0,

lim
K→∞ lim sup

ε→0
P(max

�δ
ε

�s � �s(z̄) + κ) = 0.

Moreover, there is a function g : N → R
+
0 with g(K ) →∞ as K →∞, such that

lim
K→∞ lim sup

ε→0
P(X f

K (z̄) � mεK + g(K )) = 0.
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Proof of Proposition 6.4 and Proposition 6.5. In the case of the sine-Gordon field it was
used that ‖��

s ‖∞ is bounded by a deterministic constant and that ��
t is Hölder con-

tinuous. Thus, the generalisation of these results are immediate when restricting to the
event

E = {‖��
s ‖Cα(�) < C},

whose probability is arbitrarily close to 1 if C is large enough.

6.3. Approximation by ε-independent random variables. Following [14, Section 2.3]
we approximate max�ε �s −mε by G∗

s,K = maxi Gi
s,K where

Gi
s,K = ρi

K (Y i
K + g(K )) + Zc,0

s,K (uiδ) −
2√
2π

log K , (6.13)

and also define

Zs,K = mδ

1

K 2

K 2∑
i=1

(
2√
2π

log K − Zc,0
s,K (uiδ))e

−2 log K+
√
8π Zc,0

s,K (uiδ). (6.14)

Here, the sequence g(K ) is as in Proposition 6.5 and the random variables in (6.13) and
(6.14) are all independent and defined as follows:

• The random variables ρi
K ∈ {0, 1}, i = 1, . . . , K 2, are independent Bernoulli

random variables with P(ρi
K = 1) = α∗mδg(K )e−

√
8πg(K ) with α∗ and mδ as in [7,

Proposition 4.6].
• The random variables Y i

K � 0, i = 1, . . . , K 2, are independent and characterised

by P(Y i
K � x) = g(K )+x

g(K )
e−

√
8πx for x � 0.

• The random field Zc,0
s,K (x), x ∈ �, is a weak limit of the overall coarse field Zc

s,K ≡
X̃ c
s,K +�P

s as ε → 0. The existence of this limit is guaranteed by Corollary 1.2 and
[7, Lemma 4.4].
• The random variables uiδ ∈ V δ

i , i = 1, . . . , K 2, have the limiting distribution of the

maximisers zi of X
f
K in V δ

i as ε → 0. Thus, uiδ takes values in the i-th subbox of
� = T

2 and, scaled to the unit square, its density is ψδ as in [7, Proposition 4.6].

Note that the correction in (6.13) can be understood from

mεK −mε = − 2√
2π

log K + OK (ε).

From here the rest of [7, Section 4] can be used without adjustment, as no other
properties of the difference field are used. We omit further details.
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