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Abstract

In this research we develop an estimation methodology for a system of simul-
taneous equations where the endogenous variables are subject to censorship
and where the data follows a panel structure. The likelihood function of such
a model presents several complications, so that traditional optimization pro-
cedures cannot be employed. We propose the application of a simulation-
based estimator that mimics the Expectation-Maximization (EM) algorithm
and also inherits its likelihood-maximizing properties. Simulation exercises
for both random-effects and fixed-effect models verify that this estimation
methodology performs remarkably well in comparison to traditional meth-
ods, without a high cost in terms of loss of efficiency. The same idea is then
extended to other types of data limitations and to a dynamic model.

Resumé

Dans cette recherche on développe une méthode d’estimation pour un systeme
d’équations simultanées avec des variables endogeénes censurées et des données
en panel. La fonction de vraisemblance de ce modele présente des difficultés
et les méthodes traditionnelles d’optimisation ne peuvent étre utilisées. On
propose alors ’application d’un estimateur basé sur ’algorithme Espérance-
Maximisation (EM) construit avec des simulations et qui hérite ses pro-
priétés concernant la maximisation de la vraisemblance. Des exercices de
simulation pour un modele a effets aléatoires et un modele a effets fixes
vérifient que cette méthode d’estimation a une bonne performance par rap-
port aux méthodes traditionnelles avec un cotit modéré du point de vue de
la perte d’efficacité. La méme idée peut aussi étre utilisée pour des autres
types de variables limitées et pour des modeles dynamiques.
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Chapter 1

Introduction

Consider the following two situations:

1. An agricultural production function defines the supply of a particular
output in terms of the inputs employed for its production (i.e., land,
labor, capital and “technology”). In an empirical study of this rela-
tionship, the sample consists of M crops produced by N agricultural
firms over T periods of time. However, not all firms exhibit a positive
production for the M products at all T" periods; it is sometimes ob-
served that, even though some production factors have been engaged,
harvest does not occur at every sampling period because of seasonal or
other factors. In this case, the database consists of M NT" observations

for which production can be either zero or a positive quantity.

2. Health expenditures can be an important component of the household
expenditure at a given period of time. In a developing country where
important sectors of the population have informal jobs and do not have
access to health insurance, this type of expenditure can represent a
significant outlay for a household if one of its members falls seriously

ill. An equation can attempt to model this type of expenditure based
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on some explanatory variables, which may include the household’s in-
come. But expenses on healthcare are not observed continuously: only
when some major medical treatment is needed would the household
incur these kinds of expenditures. At the same time, the income of
the household depends on many factors, including the health situation
of its members, and some cases with zero income are expected to be
observed for those households with no income during a certain pe-
riod (because of the loss of employment due to the inadequate health
status of the earning member, to mention one reason). In general,
these simultaneous relationships can be estimated through a panel of

N households observed over T periods.

The two cases cited above refer to a set of M related, possibly simultane-
ous relationships observed for N individuals and 7" periods of time when the
data is not observed continuously. Explicitly, this configuration lies at the
intersection of three important areas of study in econometrics: models for
panel data, Limited Dependent Variable (LDV) models and Simultaneous
Equation Models (SEMs). Until now, few studies have jointly considered
the three areas. However, as illustrated by the examples described above,
there are situations that can be modeled in such a setting and a specific
estimation procedure would be advantageous.

In this thesis we develop an estimation procedure based on the likelihood
principle for this type of model. In this setting, however, the likelihood
function becomes intractable even for the simplest cases. Because of its
complexity, traditional optimization solutions (either analytical or numeri-
cal) cannot be employed to find the Maximum Likelihood Estimator (MLE).

We propose the use of an Expectation-Maximization (EM) algorithm based



on simulation as an alternative and that is closely linked to the method of
simulated scores, which showed favorable results in a simulation exercise.
Even though we concentrate on a model with censored endogenous vari-
ables or type-I Tobit model, it will be shown in this research that the same
methodology can be extended to other forms of limitation (binary variables,
truncation or sample selection, for example).

The rest of the thesis is organized in the following way. First, Chapter 2
briefly reviews previous methodological and applied studies similar to the
one studied here. Chapter 3 then presents the theoretical model when either
random or fixed effects are considered. The different optimizations proce-
dures that were attempted to estimate it are summarized in the following
chapter. We describe in Chapter 5 the detailed results from two simulation
studies undertaken to evaluate the performance of the selected optimization
algorithm, one with random effects and a second for a fixed-effects model.
Chapter 6 shows, through two fully developed examples, how the methodol-
ogy applied here can be extended to other types of data limitations; it also
includes a word about extending the model to a dynamic setting. Lastly, a

final chapter summarizes the main results and presents a general conclusion.
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Chapter 2

Literature review

Very few studies have considered a model that lies at the intersection of
the three problems described in the introduction (simultaneous equations,
censored dependent variables and panel data). However, pairwise combi-
nations of the three areas have produced a rich body of literature. This
chapter will briefly present some of the methodological results and empir-
ical applications. The material listed here is far from exhaustive and only
intends to provide an idea of the direction that research has taken in each

area.

2.1 Simultaneous equation models and censored

dependent variables

The interaction between SEMs and censored dependent variables was first
explored by Amemiya (1974), who extended the classic Tobit model to a
system of multivariate regressions or simultaneous equations and proposed

a consistent, albeit inefficient, estimator obtained from the properties of
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the truncated multivariate normal distribution and an indirect-least-squares
type estimator; he then employed this methodology to study the joint de-
termination of husband and wife work hours. Nelson and Olson (1978)
developed a two-stage least squares estimator for a simpler version of the
SEM where the simultaneity depends on the unobserved, latent variables
instead of the observed values of the limited variables; they applied their es-
timator to model decisions about post-secondary vocational school training.
Remaining in this same setting, Amemiya (1979) proposed a generalized,
more efficient version of the estimator. Another consistent estimator, this
time based on conditional maximum likelihood of the reduced-form param-
eters, was developed by Smith and Blundell (1986). Newey (1987) studied
the statistical properties of these estimators and used them to derive an
asymptotically efficient estimator. Later, Blundell and Smith (1989, 1994)
elaborated on the conditional MLE and provided an iterative method for
computing an asymptotically efficient joint MLE; they applied their algo-
rithm to a model where female labor supply and other household income
are jointly determined.

Vella (1993) developed a general framework that encompassed many
types of LDVs (censored variables, several types of sample selection and
others); he then proposed a consistent two-step estimator based on the gen-
eralized residuals and applied it in modeling the trade-off between wages
and fringe benefits. Huang et al. (1987) estimated a bivariate regression
model! with censored dependent variables through the EM algorithm and

then applied their method to a model of life-health insurance and pension

!Multivariate regression models are also called Seemingly Unrelated Regressions (SUR)
models.
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benefits. On the other hand, Cornick et al. (1994) obtained a MLE for a
SUR model for censored data and used it to estimate the household con-
sumption of different diary products; the authors remarked on the compu-
tational complexity of their estimator. This idea was subsequently extended
by Chavas and Kim (2004) to equations that include lagged dependent vari-
ables. Huang (1999) followed an estimation method based on a simulated
version of the EM algorithm for a bivariate SUR with an application to
stock and cash dividend payments. Finally, a semi-parametric estimation
approach for a SEM was developed by Lee (1995) (with an application to

the labor supply of married women) and later by Chen and Zhou (2011).

2.2 Simultaneous equation models and panel data

The estimation of a SUR model with panel data was first exposed by Avery
(1977), who extended the traditional GLS estimator of a single-equation
random-effects model to a SUR setting; he also proposed a feasible version
based on estimated values of the variance of the error components. How-
ever, Baltagi (1980) proved that this estimator was asymptotically ineffi-
cient and proposed an alternative, asymptotically efficient estimator. Balt-
agi (1981) expanded the error components literature to a SEM, developed
equivalents of the Two-Stage Least Squares (2SLS) and Three-Stage Least
Squares (3SLS) estimators in an error components context, and derived the
asymptotic properties of such estimators. Prucha (1985) then developed a
Full Information Maximum Likelihood (FIML) estimator assuming normal-
ity of the error components and showed that this estimator has an instru-

mental variable representation that can be used to generate a wide class of
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estimators that are computationally simpler. Balestra and Varadharajan-
Krishnakumar (1987) proposed alternative, “generalized” specifications of
the 2SLS and 3SLS estimators; they also developed the FIML estimator
of structural parameters and derived the limiting distribution of both the
coefficient estimators and the covariance estimators. An extensive survey
of these methods is presented in Krishnakumar (1988).

Not only an error-component structure has been studied; for instance,
Cornwell et al. (1992) studied a SEM with either fixed individual effects or
random effects that are correlated with the exogenous variables. An empir-
ical application of a panel SUR model with random effects was undertaken
by Wan et al. (1992) for a set of agricultural production functions. Finally,
Kinal and Lahiri (1993) followed a computational perspective to propose
efficient algorithms to calculate some of the estimators cited above; they

applied their procedures to a model of foreign trade in developing countries.

2.3 Censored dependent variables and panel data

Of the possible pairwise combinations of models, that which has been stud-
ied more extensively is the intersection of regressions with censored depen-
dent variables and the use of data with a panel structure. The body of
literature was triggered by two influential articles: the study by Hausman
and Wise (1979) of attrition in social experimentation and the work by Heck-
man and Macurdy (1980) about female labor supply. The former modeled
attrition in a panel data with random individual effects and obtained MLEs
for the parameters of the model; they then used this method to estimate a

model based on the Gary experiment of potential labor supply and earning
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responses to possible income maintenance plans. The latter extended the
Tobit model to a panel with fixed individual effects and estimated the pa-
rameters through an iterative method; the estimation procedure was then
applied to a life cycle model of female labor supply. These articles were
included in a precursory review of panel data models with LDVs (Maddala,
1987) and a comparison between the random and fixed individual effects
methodologies was carried out by Jakubson (1988) in an application to
the life cycle model of labor supply by married women. An application of
the random-effects specification was presented by Kim and Maddala (1992)
when studying a model of dividend with both time and individual error
components.

However, as noted by Honoré in his seminal article (1992), the estimator
proposed by Heckman and Macurdy is inconsistent because of the inciden-
tal parameters problem. By exploiting the symmetry in the distribution
of the latent data, he proposed the use of a trimmed sample for truncated
and censored variable models with fixed effects. The resulting estimator,
calculated through a Generalized Method of Moments (GMM) approach,
is both consistent and asymptotically normal. To mention one empirical
application of this model, Grootendorst (1997) employed it to study expen-
diture in prescription drugs from insurance claims data. Honoré’s solution
was later extended to equations with lagged dependent variables by Honoré
(1993) and Hu (2002), while Honoré et al. (2000) used the same idea to
estimate sample selection models and other types of LDVs. Honoré and Hu
(2004) then modified the method of moments to allow for predetermined
and endogenous regressors, while Alan et al. (2008) transformed the model

to account for two-sided censoring. An alternative to Honoré’s method was
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devised by Kalwij (2003), who devised a MLE based on the first difference
of the latent dependent variable; an application to the determination of
paid overtime hours was presented by Gregory and Kalwij (2000). Finally,
Bover and Arellano (1997) developed a two-step within-groups estimator
for a dynamic censored panel model with random effects.

Due to the significant estimation difficulties encountered when estimat-
ing these models, a number of articles has proposed alternative procedures.
For example, Keane (1993, 1994) proposed a method of simulated moments
for a panel data model with LDVs, while Hajivassiliou (1994) employed the
method of simulated maximum likelihood and simulated scores to estimate
a model of external debt crises in developing countries. These developments
were included in a comprehensive survey by Arellano and Honoré (2001).

In a study slightly distinct from the rest of this group, Vella and Ver-
beek (1999) deal with the estimation of a panel data model with censored
endogenous variables and sample selection?. They undertook an empirical
application of their estimation method in a study of the impact of hours
worked on the offered hourly wage rate, where the hours worked was mod-
eled as a LDV that depends on a second equation of exogenous determinants.
Finally, Greene (2004a,b) studied the extent of the incidental parameters
problem in the MLE of a fixed effects panel data model with several types

of LDVs and, in particular, censored dependent variables.

2This is a case of LDV where the censorship of a variable depends on the value taken
by an auxiliary equation based on exogenous variables.
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2.4 Intersection of the three areas

Of the studies included in this literature review, only the note by Ai and
Chen (1992) considers the intersection of the three areas of study mentioned
here. They extended Honoré’s trimmed estimator for fixed-effects panel
data with censored or truncated dependent variables to a bivariate (SUR)
setting. However, their approach cannot be generalized to more than two

equations or when such equations are defined simultaneously.
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Chapter 3

Description of the model

This chapter will outline the model under study in this thesis: a system of
simultaneous equations with censored dependent variables and data with a
panel structure®. This model can be written as the following system of M

structural equations

M

Ymit = Z YimYiit + B Xit + Umit (3.1)
i=1
J']75m

Umit = Qmi + )\mt + €mat (32)

for m = 1,...,M equations, ¢ = 1,..., N individuals and ¢t = 1,...,T
periods. In these equations, the y;;; represent the endogenously determined
dependent variables, X;; is a K-dimensional vector of exogenous regressors,
while ~;,, and f,, are unknown coefficients. The error term u,,; has the
structure specified in (3.2): an individual-specific component «;,;, a time-
specific component \,,; and a separate error component €,,;;. Depending
on the properties taken by the individual and temporal components, we will

be working with either an error-components model or a fixed-effects panel

3This chapter took as its starting point the master’s thesis by Criton (2007).

13
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data model.

Yt 1s not an observed quantity but rather a latent construction. The
observed variable is y,,;; and it is related to its latent counterpart by the
following function

Ymit = 1/)(y:m) (3.3)
() is the function that defines the limited character of the dependent
variables.

In this research we will will concentrate on a particular version of the
model described above. Specifically, we will consider a model with the
following characteristics.

1. 1(-) defines a one-sided censorship for the endogenous variables; that

is,

" Ymit i Ymie >0
Ymit = w(ymit) = {

0 otherwise

2. there are only two equations in the system (i.e., M = 2).

3. only individual effects are present (i.e., Ay = 0, Vm, t) so that equa-
tion (3.2) becomes

Umit = Qmi + Emit

Putting all the pieces together, the model becomes a one-sided censored

bivariate simultaneous system with individual effects. That is,

Yrie = Ny2ie + B1 X + ari + €1 (3.4)

Yoie = Yayrit + B2 Xit + a2i + €24t (3.5)

Yl iyl >0
Yrit =
0 otherwise

Vs i y3 >0
Y2it =
0 otherwise
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We call this configuration a Tobit-Tobit model?. We chose this particular
setting because censored regressions are suitable for empirical econometric
applications in many areas of economics and the Tobit type-I model is the
basic setting in this context so that, once this is properly analysed and
understood, it becomes easier to go on to generalisations such as Tobit type-
IT or sample selection models. Some of these extensions will be presented
and developed in detail in Chapter 6.

The following sections will develop the likelihood function for this model,
first when the individual effects are random quantities uncorrelated to the
exogenous variables and then when they are taken as parameters that may
be correlated with the exogenous variables. For both cases we will develop
the model extensively and calculate the full marginal effects to changes in
the exogenous variables; then we will obtain the likelihood function and will

present the derivation of its gradient vector.

“In equations (3.4) and (3.5), the endogenous variables appear in their observed form
in the right-hand side. This is the standard specification proposed by Amemiya (1974)
and that has been used more frequently in the literature. The justification to do so is
that the variables are censored for economic or logical reasons (for example, production
cannot be smaller than zero or minimum wages are enforced by a country’s regulation).
Since the latent variables have no sense over the censored interval, the observed variables
must be used. However, following Nelson and Olson (1978), it is also possible to include
the endogenous variables in their latent form in the right-hand side:

Yiie = MYsir + B1Xit + a1i + €1a
Yair = YeYrie + BaXie + 2 + €20t

Nelson and Olson argue that this specification is appropriate when the censorship is simply
an artifact of data measurement or reporting. FEven though this second configuration
simplifies considerably the calculation of the reduced form, we sustain than Amemiya’s
specification is more suitable for most applied work in economics, so we will keep it in
this research.
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3.1 Panel with individual random effects

The vector X;; contains all the exogenous regressors of the model. It can

be partitioned as follows:

Tit
where x,,;; is the subvector of exogenous variables included only in equation
m and x;; represents the subvector of exogenous variables common to both

equations. The coefficient vectors can be partitioned accordingly.

B11 0
Bi= |0 B2 = | Bar
B2 Ba2

Under this change of variables, equations (3.4) and (3.5) become

Yiie = MY2it + Bri®rie + Blagic + ari + €1ie (3.4b)

Yoir = YVaYrit + Bo1T2it + BooTit + 2i + €2t (3.5b)

We make the following standard assumptions about the error compo-

nents.

i) The error components have the following joint normal distribution Vi, ¢

(05T 0 0'1&1 0'1&2 0 0
« «
Q; Q24 iid 0 012 099 0 0
= ~ N s
€ €
Eit €1it 0 0 0 of1 o012
€ €
€2it 0 0 0 o012 03

The ¢id assumption implies that E(c;a;) = 0Vi # j and that E(ejrejs) =
0 Vi # j or Vt # s. Note also that the individual random effects and
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the error terms are uncorrelated; i.e.

E(OémiEkjt) = 03 vma k7i7j7t
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ii) The explanatory variables and the error components are independent.

From assumption (i), it follows that two observations at different periods

for the same individual are not independent since they share the common

error component ;.

According to the limited character of the endogenous variables each

individual 4 and period ¢ can belong to one of four cases®.

I. Both variables show a positive value:

yrie > 0= Yl = Y1at

Yy2ir > 0= Y3y = Yous

II. Only the second variable is censored:

yrie > 0= Yyl = Y1at

y2it = 0 = Y3, <0

III. Only the first variable is censored:

yrie = 0= 37 <0

y2ir > 0= Y3 = Your

IV. Both variables are censored:

Y1t = 0 = 37, <0

y2it = 0= 33, <0

This is true only in this bivariate setting. In general, there are 2™ possible cases.
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In order to build the complete likelihood function, we need to consider the
reduced form for each of these cases separately. We will study each one of

them in the following subsection.

3.1.1 Four possible cases

Case I: y1;4 > 0 and yo; > 0
Since both variables are observed, it is possible to compute the reduced form

by inserting (3.5b) into (3.4b) and viceversa, so that we obtain

Yiie =M1 (’VZylit + Bo122it + Boair + azi + €2¢t) + BriT1it + Brazie + oni + €10t

/

P11 T14t
1= . 71821 Toir | + (1 +y12i) + (€1ie + y1€2:t)
B12 + 71 B22 Tit
and
!
Y2811 T1it
. 1
Yait = F——, B21 xoi | + (@2i + v200i) + (€206 + Y2€13t)

Y2812 + B22 Tit

Define the following quantities

I'=1—7mv
01i = a1i + y1a2; d2i = Qi + YoQu;
V1it = €1it + Y1€2it V2it = €24t + Y2€1it
Bi1 Y2611
II, = Y1821 II, = B21
Bz + 71822 Y2812 + B2z

so that the system can be written in the following reduced form

Yiie = = (M1 Xir + 614 + v1ie) (3.6)

= M=

Ysie = = (HoXit + O2i + v2ie) (3.7)
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Now we derive the statistical properties of the new variables, a straightfor-

ward task since they are linear combinations of normal variables.

E(61:) = E(a1i + 11a2:) =0
E(02:) = E(a2i + 720t15) =0
Var(d1;) = Var(a1i +v1a2:) = 01 + 7105 + 271075 = o1,

Var(da;) = Var(azi +y201:) = 055 + 13051 + 272055 = 09

s (I +vy2)0fs + ve0f) + 7105 ifi=j
E(61:62;) = 012 =

0 otherwise
E(v1it) = E(e1it + 71€2i¢) =0
E(v2it) = E(e2it + y2€14¢) =0
Var(viit) = Var(erie + vi€2it) = 011 + 71052 + 271072 = 011
Var(voit) = Var(ezir + v2€1it) = 059 + 73051 + 272050 = 0%,

(I14+m92)ois + 72001 + o5y ifi=j,t=s
E(viitvajs) = 012 =
0 otherwise

E(émitykjs) = O,Vm7 k: 4,7,

Therefore,
014 0 o isl g is2 0 0
2 0 ol o3 0 0
N ’ 12 022
Vit 0 0 0 ofy o7y
Vot 0 0 0 ofy 0%

As a consequence of these developments,

s v é v
1 [o11ton o tor

’ F2
* / ] v § v
Y2it I Xt 012 + 012 022 + 022

~ =

Ylit NE I} Xt

It can be noted that the correlation coeflicient between the two variables

is given by
oty + oty
\/(‘7?1 + Ufl)(agz + 0%,)

pr =
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Case II: y1;+ > 0 and 19+ =0

Since the second endogenous variable is censored, the simultaneous term
drops from (3.4) and this equation becomes its own reduced form. For the

second equation, we have that

Yot = V2 (511551# + BlaTit + a1i + Elit) + Bo1T2it + Baaic + 2i + €2it
Y2811 T1it
= B21 2o | + (@2i + v20ui) + (€2i¢ + Y2€13) <0

Y2812 + B22 Tit

Consequently, the reduced form of the system becomes

Yiie = Bz + Bratic + oni + €ri (3.8)

Yaie = 5 Xit + 62i + v2ie <0 (3.9)

The distribution of these variables is the same as before, so now we only

need to derive the covariance between the error components.

s ofs + 7207 ifi=3j
E(on;d2;) = 013" =

0 otherwise

€ € e .
. olat+y20h; ifi=j t=s
,

E(erito)s) = 01y =

0 otherwise
Summarizing,
Q14 0 011 0?276 0 0
82i 0 o’ o3 0 0
~ N ,
€14t 0 0 0 oi1 oy
V2it 0 0 0 0'?21/ 0'52
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In this case, the joint distribution of the endogenous variables is

* / ’ @ € a,d €,V
Yiit N Bi1T1it + PlaTie 011 011 013 +045
~
9
* / a,d €,V ) v
Y2it II5 X O13 +015 022102

and the correlation coeflficient between the two variables can be written as

ot = ol + oty
\/(01&1 + Ufl)(U(QSQ +0%,)

Case III: y;; = 0 and y9;; >0

This time the censored endogenous variable is the first one, so the situation
is the opposite to the previous case. Since the simultaneous term drops from

(3.5), this equation becomes its own reduced form. For the first variable,

Yrie = 71 (Bo12ie + Bootir + i + €2it) + Brix1ie + BlaTir + ani + €1t
/
Bt T1at

= Y1821 2o | T (@i + y102:) + (€15t + y1€25¢) <0

Bi2 + v1 822 Tit

In other words, we can express the system as

Yiie = 1 Xt + 610 + 140 <0 (3.10)

Ysie = Bo122it + Bosic + 02i + €2i (3.11)
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As in case II, the statistical properties of the error components remain

unchanged and it is only needed to derive the covariance between them.

So ol +710% ifi=j
E(driag;) = o1y =
0 otherwise

Ve ola+ Moy ifi=j t=s
E(viitezjs) = o7y =

0 otherwise

As a result, the distributions can be expressed in the following way

) 8
617,’ 0 011 0'17204 0 0
S, a
Q2 0 T19 0929 0 0
~ N ,
V1it 0 0 0 of1 oy
€2it 0 0 0 o7y o5

Finally, the joint distribution of the endogenous variables becomes

* / ) v S5, v,€e
Y1it ITh Xt o1 ton 01y top
~ N ,
* 12 12 S, v,e « €
Y2it Ba1%2it + BaaTit 015 T 015 022+ 032

and the correlation coefficient between them

ovy + oty
\/(0(151 +o¥) (0% + 055)

prir =

Case I'V: y1;; =0 and y2;: =0

The final case, when both variables are censored, is also the simplest. Since
the simultaneous terms drop from both equations, (3.4) and (3.5) become

their own reduced forms. In other words, the model can be written as the
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following censored SUR model.

Yrie = Br1xrie + Pra®it + ani + €140 < 0 (3.12)

Yoir = BorT2it + PosTit + azi + €200 < 0 (3.13)

The statistical properties of the error components are described in assump-
tion (i) above. By using these properties, it can be concluded that the joint

density of the endogenous variables is given by

* ! / « € « €
Yiit Bii1z1it + BraTi 011+ 011 012 + 012
~ N R
* ! ! « € « €
Y2it Ba12:it + PosXit 012 + 012 032 + 032

The correlation coefficient between them is given by the following expres-
sion
prv = oty + ol
\/(O—?l +051)(0%; + 05,)

3.1.2 Constructing the likelihood function

The likelihood function for this model presents a number of difficulties.
First of all, because of the limited character of the endogenous variables,
the function is not continuous: since the variables are censored at a certain
value, their distributions become truncated multivariate normal densities.
This will introduce integrals into the likelihood and it will complicate its
calculation. Second, each observation can belong to one of the four cases
described above. As a result, there are four possible likelihood functions
for each point, a further source of discontinuity. Third, two observations
from the same individual ¢ are correlated through the error component «;,
thus invalidating the independence property commonly assumed in linear

models.
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In order to explicit the likelihood function, it is necessary to take into
account that each observation belongs to one of the four cases listed above,
depending on the censored character of its exogenous variables. Because
observations from the same individual are correlated through the individ-
ual error component, they cannot be considered independently. However,
one can notice that, conditioned on the individual effects, the observations

become independent. This will be studied case by case.

In equations (3.6) and (3.7) from the first case, the variables

v1i¢|61i = Dyrae — 1 Xt — 14

vait|02i = Ty2ir — M5 X5y — J2;

are independent across both individuals and time periods. Let f!(-,-) be
the density function of the error terms for an observation from case I; that
is, when both variables are greater than zero. In this situation,
fl(l/lit, V2it, 014, 02:) d01; dda;

fl(l/lm Voit) =

T (rie, vaie| 814, 02)g" (814, 824) dd1; dba;

é\g é\g
éli\g é\g

where ¢'(d1;,2;) is the marginal distribution of the individual error com-
ponents from Case I. From assumption (i) above, the error terms (144, 2;t)

are independent across individuals and time periods.
For an observation from case II, from (3.8) and (3.9) the conditional

error terms can be written in the following manner.

/ /
6m|CM1¢ = Y1it — /311961it - Blzmz‘t — 015

Vit |62i < —TI5 X5 — 2

In this case, the second dependent variable is censored. The observed

variable y2;; equals 0, implying that the latent variable 3, is less than or
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equal to zero. This explains the inequality sign in the second error term.
Because of this, the distribution of the error terms becomes

—T15 Xt —52;

oo oo
fH(Eln,I/zit < *HIQXit - 52i) = / / / fH(Elit,l/2it\a1i,52i) drogt
—00 —00

—o0

g™ (a1, 02:) dar; dda;

where g'(a;, 02;) is the marginal distribution of the individual error com-
ponents for an observation from Case II. The error terms (€1, 2;1) are

independent for all ¢ and t.
In a similar way, one of the error terms from an observation from Case

III will be an inequality. The next expressions can be obtained from equa-

tions (3.10) and (3.11).

!
viie]01s < —Iljas — 16

!
€2it|2i = Yoir — BaTair — a2;

Conditioned on the individual effects, the two variables are independent
for all individuals and time periods. Their marginal density function can
be written as follows.

—T1) X =514

o0 o0
111 111
[ (v < T X — 614y €200) = / / / 7 (Wit €24t 014, i) dvnie
—00 —00

— 00

. gIII(51i7 a2;) dd1; dae;

where g"!(81;, ag;) is the marginal distribution of the individual error com-

ponents from this case.
In the final case, both (3.12) and (3.13) are censored, so the error terms

can be expressed in the form of the following inequalities.

eritlari < =BTt — BraTic — Qs

€2it|C¥2i < —/Bélmmt - ﬁéQ-Tit — Q24
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As a consequence, the joint density of the error terms becomes a cumulative

bivariate normal distribution.

v / / / /
IV (erie < —Prix1it — Bra®it — 14, €20t < —Pa1T2i¢ — Poakis — 2i)
—BlaT1it—Bho®it —ao; —B11Toit —BloTir—ay

oo o0
= / / / / ™ (€14t, €2it| 13, 2 ) de1ir deaiy
— 00 — OO

— 00 — o0

v
-g (a1, a2s) dag; dags

where, as before, ¢'V is the marginal distribution of the individual error

components for an observation from Case IV.

All the f(-) and ¢(-) functions are bivariate normal distributions with the
parameters given above for the different cases. With all these elements and
taken into account that two observations from the same individual become
independent when the error terms are conditioned on the individual effects,
it is now possible to elicit the likelihood function. In order to write the

function more compactly, define the following four sets.

D}: observations from individual i that belong to case 1
]D)?: observations from individual ¢ that belong to case II
D' observations from individual i that belong to case III

D:Y: observations from individual 4 that belong to case IV
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The likelihood function for individual ¢ can then be written as follows.

8\3

/ H f Fylzt - H th 6117 Fy27,t - H2 627,|617,7 621)

gI (6117 522) d(slz d(SQZ

) —T15 X ¢ —82;
/ / / M (y1ie — Brimrie — Bra®it — i, Vai| s, 62i) dvai
oo —oo DI _
oo —oo Wi 0o
. gH (Oéu, 521) dOéli d52i (3.14)
—T1) Xt =614

111
f (l/lit,y2it — 5£1$2n — ﬁézliit — 0421'\511', a2i) dvii

é\g
5‘3\8
=

&,

— 00
111
(614, 2s) dd1; daas
—Bh1 @25t —Bha®it — i —B11T1it —BlaTit— 14

v
F7 (€, €2it|ons, i) derir dease

é\g
é\ag

=l

%
i —oo e

v
-g (i, a2;) dag; dag;

Since the observations from different individuals are independent, they can

be aggregated directly. Consequently, the complete likelihood function can
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be written as

i=1

L= H / / F (Cyrie — I Xae — 614, Tyoie — T Xir — 624|014, 02:)
i=1_" oo D}

. 91(511', 521) d(slz d621
—I15 X1 —82;

/ M (yrit — Br1mrie — Bra®ir — i, Vait| i, 62:) dvaie

Di! o

/

é\g

11
g (aii, 62;) da; ddas
—T1) Xt =614

11T
7 (viie, yaie — Bormair — Baotir — 2014, i) v

é\g
é\g
=

188
D! e

11T
g (614, g;) dds dags
—Bhy @it —Bho®it—2; —B11T1it —BlaTit— a1y
85 B4 B 8

v
I (v, €2it|ans, i) derir deast

é\g
é\g

=]

v
i — 00 — o0

v
g " (a1, opi) dovng dagg

and its logarithm by

oo oo

N
log L = Z log / / H F (Cyrie — T Xy — 814, Dyose — X — 824|014, 02:)
i=1

I
—o00 —oo D

- ¢" (814, 62:) dd1; dda;
oo 0 —I15 X —52;
+ log / / / fII (ylit — Bzt — Bramie — o, ygit\ali,é%) dvait
—o0 —o0 D}LI — oo
'gll(ali,(szz')dau dda; (3.15)
o0 o0 —I17 X4t =614
+ log / / H / fHI (1/1it,y2it - ﬁ£1$2¢t — ﬁéQxit — a?i‘(sli, a%) duris
oo il

111
-g (014, a2:) dd1; dag;
—B51@2it—Bha®it —az; —B11T1it —BlaTit— a1y

+log / / / / I (evie, e2it|oni, azi) devir deir

: gw(am ag;) das; dazl}
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Maximizing this function with respect to the unknown parameters will
produce consistent and asymptotically normally distributed estimates when
either N or T tend to infinity (see Hsiao (2003), chapter 8). However, the
likelihood presents multiple integrals, discontinuities and probably multi-
ple modes because it is formed by four parts that correspond to the four
possible cases described before. Consequently, it is not possible to find an
analytical solution to the likelihood maximization problem and traditional
optimization methods may not be able to converge and find an adequate
solution. Chapter 4 will describe the different methods that were attempted

to optimize equation (3.15) and the one that was finally chosen.

3.1.3 Gradient vector

The gradient of a (log) likelihood function is a column vector that describes
its shape with respect to infinitesimal changes in the parameters. It is
an essential ingredient of the most widely used optimization method in
econometrics: the Newton method and its variants. These gradient-based
methods will be described in the following chapter. Here we will calculate

the gradient for the logarithm of the likelihood (3.15).

log I = dlog L dlog L dlog L dlog L dlog L dlog L
V08 9811 0B12 0B21 9B22 071 02

dlog L dlog L dlog L dlog L dlog L dlog L (3 16)
9ofy 9oy 905, 9oy 9oy 90y :

Since the calculations are very lengthy, they are left for Appendix B; the
vector above can be filled with equations (B.1)-(B.12). Note that in equa-
tions (3.4b) and (3.5b) the exogenous variables, and hence the corresponding
coefficients, may be vector quantities. However, the expression above treats

them as scalars. This does not imply a loss of generality: in case one or
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more exogenous variables have a dimension greater than one, we would sub-
stitute the corresponding derivative in the gradient by the derivatives with
respect to each element of the vector coefficient in question.

The calculation of the analytical Hessian matrix could be obtained by
taking the derivative of the gradient vector (3.16) with respect to all the
parameters in the model (in other words, the second and cross derivatives
of the log likelihood with respect to all the parameters). However, the
calculations are lengthy and its applicability limited due to its complicated
form. Indeed, it would be composed of numerous products and sums of
single or double integrals that would be extremely costly to compute. For

this reason, we do not pursue this calculation in this document.

3.1.4 Marginal effects of continuous exogenous variables

Since this is a nonlinear model, the coefficients estimated through maxi-
mization of (3.15) are not meaningful for a direct interpretation. Instead,
the marginal effects of the exogenous regressors on the expectation of the
observed endogenous variables should be examined. For example, if after
estimation of equation (3.4b) one is interested in measuring the effect on
y1i¢ of a change in the exogenous regressor x1;, it would be misguided to
consider the coefficient vector 311 since this coefficient measures the effect
of x1; on the latent variable yj;, and not on its observed counterpart. In-
stead, one should calculate the marginal effect on the expected value of the
observed endogenous variable; i.e.,

OE(y1it)
0x14t

This is called the full marginal effect of x1;; on y1;:. This section presents
the derivation of these marginal effects for both endogenous variables. As

in the derivation of the gradient in the preceding section, note that the
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exogenous variables may be vector quantities. Without loss of generality,
here we will assume that they are scalars; in case one or more of them have
a dimension greater than one, it would suffice to calculate the derivative

with respect to each of the elements of the vector variable in question.
We will start with the first endogenous variable. The first step is the
calculation of the expected value E(y14). Following the four cases outlined

above, this expectation can then be written as follows.

E(y1it) = E(yrit|yrie > 0,y2i¢ > 0)P(y1it > 0, y2ie > 0)
+ E(y1it|lyrie > 0,926 = 0)P(y1ie > 0,y2:¢ = 0)
+ E(y1it|y1se = 0,y2:¢ > 0)P(y1it = 0, y2:i¢ > 0)

+ E(y1it|y1ie = 0, y2ie = 0)P(y1it = 0, y25e = 0) (3.17)

The last two summands drop since the conditional expected value of ¥y is

equal to zero in those cases. Using the properties of the truncated normal
distribution detailed in Appendix A and in particular results (A.5) and
(A.6), the components of the expectation (3.17) are the following, according
to the results from Case I and Case II described before.

1 ) v
TVo11 +U11'

1
E(y1it|y1ie > 0,y2:¢ > 0) = lelXit +

Fy
“T5X5e pr —I17 X+
_H/1Xit 1 d \/“(2;2+‘752 \/"tlsﬁ"’ﬁ 3.18
) v N 2 ( ! )
Vo1t 01 Vv1—p7

“I X —115 Xy

t 16 < —I15 X ) 1— @ Volitol P Vodytob,

V095 + 05, vl—Pf

oy + of
E(yiit|ytic > 0,y2ie = 0) = B11215¢ + Bra®ic + %
it
, , —T15 X4 —pr1 —(B11®1it+B12Tit)
P <7 Buziie + ,312$it) o Vol ok, Vofitol (3.19)
Vot + o V1-p?;

—(B11®15t+B12Tit) pII —115 X4
!’
— p11® ( e ) 1-@ Voriten Vol tok,

\/ng+ng Vl_p?l
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with FL = P(y1t > 0,921 > 0) and FL = P(y1 > 0,92: = 0). Using

these results, the full expected value becomes

E(yiit) = ( I th) Fi+= m

7 X —I5 X4

\/0117“’11 - \/%2*"

Ny

1
r
—T1y X4 —IT, X4
b ( \/‘722+022 \/‘711+U11
‘711+‘711 V1-p7

+ p1¢<
‘722 +05

+ (Brizri + Blawir) Fi' + /0% + o5y

“O5 X4 oI —(BLim1it+B1o%it)
/ !
é (_ Briziit + Brait ) o | Vodatots Veriteh
Vo1 + 01 V1—p3;
, —(BL1®1it+B12Tit) pr1 —T15 X4
— pr1d — 5 Xt 1—& Votitoh Volstob,
1) 2
V032 + 05, V1-0p1;

This expression is a weighted average of the expected values for the two
cases in which the variable y1;; is not censored (cases I and IT) plus correction
factors arising from the simultaneity in the system. In order to abbreviate

the preceding expressions, let

!
1T} X
) v
Vo1 +0o1;
!
Iy X
rz = ——=——0r
029 + 03
! !
Br1x1ie + P1aTit
am = —— o/
Vor +oq
! !
a Ba1T2it + PosTit
12 = =~ e
V0352 + 05

apn = —
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With these values, we can write the previous expression as
1., I 1 arz — prasi
E(yit) = (fﬂlXit> Fi4 =y/od + o {d)(an) [1 - & (
r r V1-p?

1-d arl — praj2
V1-p}
+ (Bl mie + Biomn) Fi + /om + oty {<z><am><1> (‘”)

Vi,
_ p11¢(a12) |:1 -0 (aUll—\/LpI;IQ)] }

Taking derivatives of (3.20) with respect to each of the exogenous regressors

+ pro(arz)

(3.20)

gives the marginal effects.

For the first regressor x1;; we have the following marginal effect.
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We will calculate the derivatives that make up the previous expression
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separately. For this, we use the results (A.7) and (A.8) of Appendix A.
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Putting all these elements together, the marginal effect becomes
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Rearranging terms,
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(3.21)

Even though this expression may seem complicated, in fact it is only a
combination of the corrections due to the simultaneity and the censorship
of the data. The different terms account for the expected effect of z1;; on
y1:t directly or indirectly through the simultaneous structure of the system,
taking into consideration that the variables may be censored.

In case there is no censorship in the first dependent variable (i.e., all data
for this variable is observed), then both aj; and a;;; would approach minus
infinity. This occurs because the threshold ¢ introduced in Appendix A
would tend to minus infinity in order to have a normal variable observed

over all its domain. In this case, the marginal effect (3.21) reduces to
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OE(y14¢|no censorship in 1
(Yt p in y1) _ */311Fi€ +ﬁ11FiItI
014t T

1
+ Lamqﬁ(am) =Bupry/ ol + o¥y — Buiprry/of + o5,
A% 095 + 0%, r

This is an average of the marginal effects for Case I (%Bn) and Case II

(B11), weighted by the probability of each case, plus a correction due to the
simultaneity on the data. If the second endogenous variable is not censored
either, then the probability to be in Case IT would be zero (FA! = 0) while
the probability to be in Case I would equal one (FL = 1). Under this

situation the marginal effect would be reduced to

OE(y1i¢|no censorship in y1 and y2) 1

0T14t - fﬁu

the marginal effect for a simple bivariate SEM. On the other hand, if the
model has censored observations but there is no simultaneity in equation
(3.4b) (i.e., y1 = 0), then T' = 1, ay; = a1 and p;y = pyr so that the
marginal effect (3.21) becomes

OE(y1it|y1 = 0)

oo = pu (i + B

So the marginal effect reduces to that of the traditional Tobit model when
there is no simultaneity term in the first equation. Finally, we have the case
in which there is neither censorship nor simultaneity. Starting from either
(3.1.4) and setting I' = 1 or from (3.1.4) and setting Fi = 1 and Fl! =0,

we obtain that
OE(y1i¢|y1 = 0,n0 censorship in y1)
Ox1it

=fu

This is the marginal effect from a simple linear model.
Now we study the marginal effect of x9;; on yi;+. Intuitively, since this
regressor is not directly included in the first equation and it only affects w14+

through the simultaneity of the model, its effect should be constrained in
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that sense. To calculate it we take the derivative of (3.20) with respect to

To;+ to obtain

OEy1it

18(H’1Xit)F1+ Ly OF}
Oz2it I 1

8@ aj2—pPrari
1 O¢(ar1) ar2 — pras Vi-r?
+ =y/0$, + oY 1—@ | 2 PR 1 4 _ N v 7
pVoh e T N SR B
I

aq><an—maz2>

Owa;t /1 — p§ 0xoit

OFLI
FL 4 (Bl1z1ie + Blowss) —2

" OBy x1it + Braxit)
Ow24t

Ot

o | arz—prrarn
y| — - 7 Vizris

Ozt O0z2it

o¢(a arg — a
4 /oS ot B( 111)(1) 2 P112111 + élarn
V1-0%r

- PII

1 oP <a111—911am>
3¢(012) |:1 _® (W) _ ¢(a12) m

024t /1 — p%[



3.1. PANEL WITH INDIVIDUAL RANDOM EFFECTS 39

As before, we calculate each of these derivatives separately.
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Using these results for the derivatives and rearranging terms, the marginal
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effect can be written in the following manner.
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(3.22)

+

This expression is also a mixture of corrections for both the censorship and

the simultaneity in the model.
For a situation with no censored data in 1+, the marginal effect would

compress to

OE(y1i¢|no censorship in y1)
Ox2it

1 I
F’Ylﬁzl it
arzp(arz) [1 5 ” = -
t fﬂleI 0y + oYy — Barprr/ofy + oy
V 022 + 035
If, in addition, the second endogenous variable does not have any censored

observations either, it can be seen that the marginal effect further reduces

to the marginal effect from a SEM.

OE(y1i¢|no censorship in y1 and y2)

1
Oais = f’Yl/BQI

On the other hand, when there is no simultaneity in the first equation

(3.4b) (i.e., 71 = 0), the marginal effect equals to zero. This can be seen in
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the following development.
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So, as expected, xo; has no impact on yy; if there is no simultaneity

included in the equation for this endogenous variable. Evidently, if there is
neither censorship nor simultaneity in the model, the marginal effect of xo;;
on Y14 would also be null.

Finally, we will calculate the marginal effect on g1+ of the variable
present in both equations, x;. For this purpose, we take the derivative

of (3.20) with respect to this variable.
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The various elements that compose this derivative are the following.
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Inserting these expressions and rearranging terms, the marginal effect be-
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(3.23)

In a situation where there is no censorship of the first endogenous vari-

able, the marginal effect of the common variable x;; on y;;; simplifies to

OE(y1i¢|no censorship in y1)
0wt

a a 1
* \/maLTHZ f('mﬁl? + BQQ)PIM — (y2Prz2 + Ba2)prin/ofy + o5y
O22 T 029

If the second endogenous variable does not present any censorship either,

= (512 + 71/5'22) it + B12letl

it can be seen that the marginal effect equals that of a classical SEM.

OE(y1it|no censorship in y; and ys2)

1
T f(ﬂm + v1822)

If we find ourselves in a case where ¥4+ is censored but there is no simul-
taneity in the equation, the marginal effect (3.23) reduces to

OE (15|11 = 0)

o = B (i + Fi)
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This is the marginal effect from a classical Tobit model. Finally, proceeding
from any of the two preceding equations, it can be seen that when both
simplifications are present (in other words, there is neither censorship nor
simultaneity in the model), the marginal effect is simply (12, as in a simple
linear model.

The marginal effects of each of the three exogenous variables x1;¢, T2t
and x;; on the second endogenous variables yo;; can be obtained with a

parallel development. The final results are given below.
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3.1.5 Effects of dichotomous exogenous variables

In the previous section we presented the marginal effects, changes in the en-
dogenous variables brought about by infinitesimal changes in the exogenous
variables. However, these calculations apply only for continuous variables.
A discrete variable can not change “infinitesimally” and consequently its
marginal effect does not exist. However, an analogous idea can lead us
to the effect on an endogenous variable of a discrete change in the exoge-
nous variable. In this section we will develop this idea for dichotomous, or
dummy, exogenous variables.

For the purpose of this development, suppose x2, the exogenous variable
included only in the second equation, is a realization of a Bernoulli distri-
bution. We are interested in the change of the expected values of y; and
1o when zo changes from one state to the other. We start with the first

endogenous variable.

AE(y14t)

= E(y1it|w2t = 1) — E(yrat|waie =
Ao, (y1it|T2:e = 1) — E(yrie|w2ie = 0)

= [B(yritlyrie > 0,y2i > 0,22i0 = 1) — E(yrit|yrie > 0,y2i > 0,22i = 0)] Fiy
+ [E(y1it|yric > 0,y2i¢ = 0,224 = 1) — E(y1it|yrie > 0,y2i¢ = 0,22+ = 0)] FiItI
+ [E(yrit|yrie = 0,y2i¢ > 0,224 = 1) — E(y1it|y1ie = 0, y2i¢ > 0, x24¢ = 0)] Fi

+ [E(yrit|yric = 0,y2i¢ = 0, 224¢ = 1) — E(y14t|y14e = 0, y2s¢ = 0, 224 = 0)] FLY

The last two lines drop because the conditional expectations are zero. For

the expected value from case I, we use result (3.18) to obtain that
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The expected value for an observation from case II given the two states of

the dichotomous variable can be derived from equation (3.19).
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Combining these elements and rearranging terms, we obtain the full effect

of a change of state of the dummy variable zo;;.
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A parallel development leads us to the full effect of the dichotomous

variable on the second endogenous variable.
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3.2 Panel with individual fixed effects

The random effects model presented in the preceding section makes the
strong assumption that the individual effects are uncorrelated with the ex-
ogenous variables. This assumption may well not hold and this would intro-
duce a bias in the estimation of the coefficients. One solution is the use of a
fixed effects model. In applications, the fixed effects are used to control for
the part of the error term that is correlated with the exogenous variables
and, as such, they are treated as nuisance parameters that are frequently
eliminated through a transformation (such as first differences or the within
transformation) when performing the estimation of the rest of the param-
eters of the model. In our case, however, we cannot drop them directly by
using the usual transformations because of the nonlinearity introduced by
the limited dependent character of the endogenous variables.

Nonetheless, treating the fixed effects as constants and then proceed to
estimate the model cannot be proposed as a solution. This is because of
the incidental parameters problem, which arises in this context because the
number of coefficients to be estimated (the individual-specific constants)
increases as the sample size grows. More precisely, if there are individual
fixed effects in the model, this problem will appear when T is fixed and
N, the number of individuals in the sample, increases. As a result, the
estimation of the coefficients would be inconsistent if T is fixed.

In this section we will present the development of the fixed effect model
and its marginal effects, as well as the likelihood function and the gradient
vector. For this we would initially keep the fixed effects since, as discussed,

the usual transformations would not succeed in eliminating them. Later
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in the document, we will describe how the estimation methodology can be

used in a way that the incidental parameter problem is avoided.

3.2.1 Construction of the likelihood

As it was done previously, the bivariate observations have to be classified
into four cases in order to compute the reduced form and the likelihood
of the model. These cases will be detailed in the following paragraphs,
although in a more concise manner than in the preceding section since the
calculations are parallel.

For an observation from case I, both endogenous variables are observed
and it is thus possible to compute the reduced form by cross-substitution.
The resulting system will be the parallel to (3.6) and (3.7) in the previous

section. The error terms

V1it = €1it + Y1€2it
V2it = €24t + Y2€14t

will be distributed, as before, according to a bivariate normal function with

the following parameters

Viit N 0 7 o1 Of2
Vit 0 0{2 0—52

As a consequence of the previous result, the following distribution for the

bivariate observation (y14, y2i1) can be derived.

Ylit 1 T4 Xt + 614 1 of1 012
~Nif ' T2
Yt 15 X3t + 62 ol O3
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with a correlation coeflicient

v
012

v v
VO11022

rTr =
The likelihood for an observation from this case will then be written as
Ly = fM(viie, vaie) = f (Cyrie — T4 Xae — 015, Tyzie — M5 X — 02s) (3.29)

For a bivariate observation from case II, the reduced form will be par-

allel to equations (3.8) and (3.9). The error terms follow the same joint

€14t ~N 0 7 G’fl o—i«zv
V2it 0 ol 05

The joint distribution of the endogenous variables is

Ylit N Briz1it + BraTie + o oi1 o1y
Y2t 15 X5¢ + 624 o1y 0%

with a correlation coefficient

distribution.

€,V
912

V011052

Trr =
The likelihood function becomes

11 11 /
Liy = [ (€1it, voir < =I5 X3t — d24)
—T15 X34 — 824

= / M yrie — Blimrie — Blowic — ani, vair) dvai (3.30)

—0o0

In the same manner, an observation from case III could be modeled in a
similar way to the reduced form (3.10) and (3.11), where the error terms

are distributed according to the following normal distribution.

V1it N 0 7 0’3/1 o-;’v;
€24t 0 oy 0%
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and the following joint distribution for the endogenous variables is obtained

Ylit N I} Xt 4 014 o11 o1y
Yait Ba1%2ir + Boatis + a2 oy 059

where the correlation coefficient between the two variables is given by

v,e
012

rIrr = ——
V011022

The likelihood function for an observation from this case is

11 111 /
Ly = 7 (v < =111 Xt — 014, €24t)
—T1] X4t —014

= / FH Wi, yair — Barau — Baamin — av2s) dvig (3.31)

—o0

Finally, for case IV the reduced form of the system will parallel (3.12) and
(3.13). The distribution of the error terms is reduced to

€14t ~N 0 7 o1 Ol2
€2it 0 olz O3

which leads to the following distribution of the latent variables

Ylit N Bzt + BraTic + a1s o1 Oi2
~ )
Yait Bh1%2it + BhaTit + s Ol2 05
with a correlation coefficient

€
J12

rrv = e
V011022

In this situation both observations are censored and the likelihood can be

written as a cumulative bivariate normal distribution:

v v / / / /
Ly = 7 (€1t < —B11m1it — BraTit — 14, €20 < —Ba1T2it — PooTit — Q2;)
—Bh1T2it—Bhomit —ao; —B11T1it —BlaTit— a1y

= / / Y (€14t €2i¢) derir deast (3.32)
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By combining equations (3.29)-(3.32) for all individuals and periods, we
obtain the likelihood and its logarithm for the model with fixed effects.

L= H { Hfl(rylit - H/1Xlt - 511', FerL't — H/QX“ — 621)

i=1 { pI
i
—T15 X1 —02;
1T / /
| | / f (ylit — Briziit — PBraTic — i, V2it) drogt
pit oo
—I1} X34 =515
111 / /
| | / I (it yair — Borx2it — PasTic — a2i) dvias
I e

’ / ’ !
—B21®2it—BooTit—a2; —B11T1it —B1aTit — 14

H / / Y (€14t €2i¢) d€rit d€2it}

DIV
i

N
log L = Z { Zlog fI(Fym — 7 Xt — 614, Dy2ie — 5 Xir — 621)

=1 \ p!
i
—T15 X1 —82;
11 / /
+ E log / I (it — Prizrie — ProZie — i, vair) dvai
Dl oo
—TT) X1 —014
111 ’ /
+ E log / f (it yair — Par®air — Boa®ic — ai2i) dviae (3.33)
D,IiII oo

/ / ! 4
—Bo1®2it —BooTit—2; —B11T1it —BiaTit— a1,

+ Z log / / fIV(Euz, €2it) derst dEQit}

v
D; —oo —oo

Even though this function is somewhat simpler than (3.15), it is still not
easy to handle since it also has multiple integrals and discontinuities. But
even if the MLE was found by maximizing (3.33), it would be inconsistent
when one of the dimensions of the panel grows while the other remains fixed.
This arises because there is a limited number of observations available on the
fixed dimension to estimate the effects on the other large dimension of the

panel. This is the incidental parameters problem (see Hsiao (2003), chapter
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7). Since in this case we consider only individual effects, this problem arises
with large N and T fixed (which is the typical case of a panel)®. As argued
before, the obvious solution, to treat the individual effects as nuisance pa-
rameters and transform the data to eliminate them, cannot be applied here
because of the nonlinearities introduced by the limited character of the en-
dogenous variables. Furthermore, Honoré’s trimmed-sample GMM solution
cannot be used since it is not directly generalized to multivariate systems.
The following section will present in detail the methods used to maximize
this likelihood function and how they work around the incidental parameter

problem.

3.2.2 Gradient vector

The gradient of the logarithm of likelihood function obtained in the preced-

ing section is given by the following vector.

log I, = dlog L dlog L dlog L dlog L dlog L dlog L
V108 9B11 0B12 9821 9B22 Ov1 Ov2

dlog L dlog L dlog L dlog L dlog L (3 34)
Oayg Oag; 9o, 9o, 905, :

The calculations of the quantities that compose the gradient vector are
summarized in Appendix B, specifically in equations (B.13)-(B.23). In case
one of the coefficients is a vector quantity, we would have to include the
derivative of the likelihood with respect to each of the elements of this vec-
tor. The Hessian matrix could be calculated by taking the derivative of
the gradient vector (3.34) with respect to all the coefficients of the model.
However, this would lead to lengthy and computationally complicated ex-

pressions that would take a lot of resources to calculate. For this reason,

5The MLEs will only be consistent if N is fixed and T — co.
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we do not consider it in this document.

3.2.3 Marginal effects of exogenous continuous variables

The marginal effects for the model with individual fixed effects can be cal-
culated with a parallel procedure than that obtained to obtain the marginal
effects for the random effects model, (3.21)-(3.26), only taking into con-
sideration than the individual effects are not taken as realizations from an
error component. In order to save space, only the final expressions will be

included here. Define the following quantities

!
IT} Xt + 014
b =—-———F1——
Vi1
!
_ Xt + 02
brg = —— 71—
022
! !
b Briziie + BlaTic + a4
1 = —
€
V011
/ !
b B21%2it + Baotir + a2
112 = —
€
V022
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3.2.4 Effects of dichotomous exogenous variables

Expressions equivalent to (3.27) and (3.28) but adapted to the fixed-effects
model would measure the effect on the endogenous variables of a change of
state of a dummy variable. Here we will report on these quantities assuming

that x5 is a dichotomous exogenous variable.
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3.3 Consistency and identification constraints

3.3.1 Consistency

Each of the four cases described in the preceding sections produce a different
reduced form of the system. Table 3.1 summarizes this information, which

is identical for random and fixed effects.

Table 3.1: Summary of the reduced form of the model

y1it > 0 y1it =0
Case 1 Case III

y2it >0yl = Y1 (I Xt + 615 +v14it) >0 Yl = ) Xit + 015 +v14¢ <0
Y3 = YT (D5 X5t + 82; + v2it) >0 Yni = Bh1®2it + Bhotit + 2; + €246 > 0
Case 11 Case IV

y2ie =0 YT = Blamrit + BloTit +ari +€1ie >0 yi,, = Bli®1ie + BloTie +a1i + €156 <O
yaie = U5 X1 + 025 + 25t <0 Yai = Bo1®ait + Bhotit + ao; + €246 <0

Each bivariate observation (y14, y2i¢) can only belong to one of the cells
of Table 3.1 (for example, y1;+ can either be positive or equal to zero, it can
never belong to both cases). One way to obtain the consistency constraints
for the reduced form of the model is to find the values of the parameters
that violate this rule. Let us start with the first column, where y;; > 0,

corresponding to cases I and II. In case I, y2;4 > 0 implies that

1
T (TI5 X5t + 620 + v2i) >0

For case II, yo;; = 0 implies that

5 Xt + 62; + vt <0
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Both conditions are mutually exclusive if and only if

1
=>0
F>

1

= ——>0
1 —v1y2

:>1—’Yl’)/2>0

=772 <1 (3.43)

In a similar way, if we now consider the first row of Table 3.1, we have that

y2;¢ > 0. This situation corresponds to cases I and III described above. We
have that, for the former

|
T (I Xt + 615 + v1i) >0

and, for the latter,

5 Xt + 61s + 1146 <0

Just like before, both inequalities are mutually exclusive if and only if

yiye <1

the same condition as (3.43). As a consequence, this is the logical consis-

tency condition to define the dependent variables uniquely”.

Another way to obtain this result is to follow Amemiya (1974) and write

the simultaneous equations in the following form
Ayit = Bris + €3t

For our model, we have that

! !
Yrie — Y1Y2it = B11T1ie + BraTit + a1i + €rit

! /
Y2it — VoYlit = Po1Z2it + Pooit + 2i + €24t

"The other two settings (i.e., by studying either the second column or the second row
of Table 3.1) produces trivial situations.
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and the matrix A becomes

According to Theorem 3 of Amemiya (1974), y;; is uniquely defined through
its reduced form if and only if every principal minor of A is positive. In our

case, A is of dimension (2 x 2) so there are two principal minors:

[A]i1 = ’1’ =1
1 —71
[A]22 = =1-—m7
—2 1

The first principal minor is always positive and the second is positive only

if v172 < 1, the same condition as (3.43).

3.3.2 Identification

The usual order and rank conditions for identifiability apply to our model.
To exemplify how this is performed in this particular situation, take the
reduced form of case I. In a previous subsection the (K x 1) vector of all

exogenous variables of the system was defined as

where 1 is the (k1 x 1) vector of exogenous variables included only in the
first equation, xe;; is the (kg x 1) vector of exogenous variables included only
in the second equation, and x;; is the (k x 1) vector of exogenous variables
common to both equations. It can be seen that K = ki + ko + k. The order
condition for identification indicates that the number of excluded exogenous

variables in each equation must be greater than or equal to the number of
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included endogenous variables (in this case, one for each equation). This
translates to the condition that k1 > 1 and ks > 1. This means that at
least one exogenous variable included in one equation is not included in the

other.
The rank condition can be checked in the usual way as well. Take the
structural form of the system from equations (3.4b) and (3.5b). It is possible

to write both equations in the following form.

— Y15t + y1y2ie + Blaziie + Blatir + a1; + €1ip = 0

Voyrit —  Y2it + PorT2it + PaoXit + 2 + €2it = 0
Define the matrix C' that compiles all the coefficients of the model

-1 m Bi1 Bz 0
2 —1 0 By B

C =

The rank condition for a system with two equations like the one exposed
here requires that, for each equation, the rank of the submatrix of excluded
variables be at least one. This translates to rank[82;] > 1 for the first
equation and rank[S11] > 1 for the second. This coincides with the order
condition obtained in the previous paragraph.

In conclusion, the necessary and sufficient condition for identifiability in
our system is to have k1 > 1 and ko > 1. If k1 = ko = 1, both equations
are just-identified. On the other hand, if k; > 1 or ko > 1, the system is

over-identified.



Chapter 4

Optimization methods

The traditional estimation procedure for a random-effect panel model is to
incorporate the structure of the error components into the estimation of
the variance-covariance matrix of the residuals and then apply Generalized
Least Squares (GLS). If there are two or more simultaneous equations
present, equation-by-equation (2SLS) and system (3SLS) estimators have
been proposed, according to what was summarized in Chapter 2.

If the effects are assumed fixed, the traditional answer is to treat the
individual effects as nuisance parameters and wipe them out of the model
through a transformation. This is typically done by the within transfor-
mation (i.e., by transforming each variable to deviations from individual
means); this is called the Least Squares Dummy Variables (LSDV) estima-
tor. This transformation can also be applied when we are dealing with a
system of simultaneous equations. On the other hand, if the data is cen-
sored, Honoré’s trimmed-sample GMM estimator is available.

However, none of these solutions can be applied in our setting, when

we have all three situations: a SEM with censored endogenous variables

69
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and data with a panel structure. In the preceding chapter we obtained
the likelihood function (3.15) for the random-effects model and (3.33) for
the fixed-effects, so that we can obtain the MLE by direct maximization of
those functions. However, those functions are complex, since they include
multiple integrals, discontinuities and probably multiple modes arising from
their “case” structure. An analytical solution is impossible to find in this
situation. This chapter will describe the main methodologies used to opti-
mize the likelihood functions and the one that was finally selected. Since
most methods are applications of standard procedures, they will only be
succinctly described here.

It must be remarked that the objective of this chapter is to report on
the different methodologies that were attempted to find an estimator that
maximizes the likelihood function; these methods were sequentially applied
until one achieved adequate results and was selected. For this reason, not all
possible optimization alternatives are listed here. Some other procedures,
like the quadrature method applied over a dimensional reduction formula
of the likelihood function proposed by Huguenin et al. (2009), could also
provide attractive optimization alternatives, but they will not be included

here.

4.1 Standard gradient methods

Standard iterative algorithms based on gradients are commonplace in op-
timization problems. They are powerful methods that can be shown to
converge to a (local) optimum under certain conditions. In addition, they

are directly applicable to a wide range of situations. Because of this, they



4.1. STANDARD GRADIENT METHODS 71

are the traditional solution of an optimization problem and they are pre-
installed (commonly as the default algorithm) in most mathematical and
statistical software. Different versions exist, depending if they work with
the Hessian of the function or with an approximation of its gradient®. Some
of the most common are the Broyden-Fletcher-Goldfarb-Shanno (BFGS)
algorithm and the Berndt-Hall-Hall-Hausman (BHHH) algorithm.

However, in functions with a discontinuous gradient or other complex-
ities, this kind of methods are not guaranteed to converge. Furthermore,
they are never guaranteed to find the global optimum, a problem in a func-
tion with multiple local optima. Since the likelihoods (3.15) and (3.33) very
likely present these problems, gradient methods are not expected to produce
appropriate results.

The standard BFGS procedure was applied to find the maximum of
the likelihood of the random-effects model, equation (3.15), in a simulation
study. The algorithm was not able to find a solution. Even if the function
was further simplified (by assuming that the variance-covariance matrices
of the error components were known and by censoring only one of the en-
dogenous variables) the algorithm had a difficult time converging and was
very slow, because the approximation of the gradient for a function such as
this one can be very computationally intensive. Moreover, when a solution
was proposed, it was in general far from the true values of the coefficients
and it was very unstable in the sense that small changes in the initial val-
ues produced widely distinct results (an indication that the algorithm was
stopping at local optima). For these reasons, as it was hypothesized in the

previous section, standard gradient methods are not suitable for functions

8The latter are commonly referred to as Quasi-Newton’s methods.
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such as the likelihoods studied here.

These optimization methods are computed by mathematical software
through a numerical approximation of the gradient of the likelihood func-
tion. Another option is to provide the software directly with the analytical
gradient (3.16) or (3.34). However, in our case this does not simplify the task
(on the contrary) since, as shown in Appendix B, the gradients are complex
functions of the data and the coefficients, involving many single and double
integrals. These are computationally complicated to evaluate, possibly even
more than the likelihood itself, and cannot provide any immediate help for

the optimization.

4.2 Simulated maximum likelihood and simulated

score method

The idea behind this method is to use simulation to reduce the complexity of
the function that needs to be optimized. For example, the expected value of
f(z) is approximated through the average of R simulations in the following

way

Byf(o) = [ f@lgle)de~ > 17 @)

where f(")(z) is the r-th simulation of the function.

Suppose we are dealing with a random-effects model with likelihood
(3.15). Each of the four g densities are bivariate normal but with different
parameters. In order to simplify the simulation by homogenizing these
densities, a Whitening transformation was applied to each one of them. For

instance, for case I, in the previous section it was described that the variables
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(014, 02;) follow a bivariate normal density with the following parameters

Y=+ C )]+ [0)

Let (01;,602;) follow a bivariate standard normal density and define the
factorization

Co(Cy) =2y

Performing the change of variables

14 1 [ 0w
= Og
2 O2;

the likelihood for one observations from this case becomes

(o) oo 1
Ly, = / / ] F(Cyrie — Mhxie — 614, Tyaie — Moaie — 824014, 02:) (01, 02:) db1; dbo;
9

Note that the superscript from g disappears because it is now a bivariate
standard normal density. By performing the same transformation to the
other cases, the likelihood functions takes this (slightly more simplified)

form

1=1_" S teDl g
—T5wi¢—82;
11 /
H \CH|f (y1ie = Biwrie — i, voie|014, 02:) dvaie
tepll AN g
—j@i—014
1 m /
H [C] I (vrits yair — Bamaie — 2i|014,02:) dviae
9

tepl
4 . . ’ . .
—Bax2it—a2; —B1T1it— a1

1
H / / fIV (€1it, €2it|01i, 02:) deri dEQit}

v
ey A

- (01, 02:) db1; df2;

which can be approximated through R simulations of (61;,62;) in the fol-
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lowing way

Aym i @ie — 614, Ayaie — Hozse — 521|9§:), 9(7"))

- 1153 { 11

I
i=1"" r=1 \ tep! |C
71_121 t—024
I s
H / |CII‘ ylzt Blmlzt - alu V21t‘012)7 9< )) dVQit
teDl!
—Ij @iz —61;
111 / (r) p(r)
11 / CHI| Vlm Yoir — BaT2it — a2il6y;, 05,7 ) dvia
tepIIl

—Bymait—ag; —BLTIit— L

1 e s
H / / od I (ﬁlit,€2it|9§i),eéi>) deit dém}
g

teDIlV

—o0 —o0

It can be shown that (see Gouriéroux and Monfort, 1997)

lim L(R) = L

R— 00

However, this function is still too complex to implement. In a trial for our

likelihood, L(R) was probably only a poor, highly variable approximation
of L even for a large R, so the maximization algorithm could not converge.
The method of simulated maximum likelihood is very costly in terms of
computational effort and the function in question is too complex; as a result,
no maximization result could be obtained.

Instead of simulating the likelihood function directly, it is also possi-
ble to simulate the score function. This function is the gradient of the log
likelihood given by (3.16) for the random-effects model and (3.34) for the
fixed-effects model. As is was explained before, the gradient is as complex a
function as the likelihood itself. For this reason, its direct use in a gradient
method does not make the optimization problem any easier. However, they
can be approximated by simulation and then minimized to obtain compu-

tationally feasible estimators of the coefficients. Because of the close link
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between this method and the EM algorithm, further discussion will be de-

layed to the section that deals with this method and its simulated version.

4.3 Metaheuristic algorithms

When traditional optimization methods fail to be effective or efficient, a
number of alternatives exist. One of them is the use of metaheuristic compu-
tational methods. This type of procedures iteratively proposes a candidate
solution (frequently draw randomly according to a set of rules that defines
the algorithm) and evaluates if it is an improvement according to a certain
measure. Few or no assumptions are imposed on the objective function, so
they can be applied to discontinuous or “ill-behaved” functions. In addi-
tion, they do not rely on gradients or Hessians, so the computational cost
may decrease importantly in comparison with the standard gradient meth-
ods outlined previously. One of the disadvantages of these algorithms is
that they are generally not guaranteed to reach an optimal or near-optimal
solution; also, they depend on a number of parameters that are critical for
their performance and for whose values little empirical guidance exists.
Many of such metaheuristic methodologies have been proposed. A num-
ber of reviews, such as that of Gilli and Winker (2008), presents summaries
and comparisons among them. In this research we only applied the genetic
algorithm and simulated annealing, two of the most common methods, to

our likelihood maximization problem.
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4.3.1 Genetic algorithm

This algorithm is inspired by the reproductive sequence of species in an
evolutionary process. An initial population® Py is proposed, consisting of
several solutions. They can be drawn from the neighborhood of an initial
value (such as the estimators from a linear regression) or randomly drawn
from the parameter space; the latter alternative is preferred since it allows
to explore all sections of the likelihood function. Then, a new population is
generated by crossover which translates to a random mixture of the “genes”
of both parents (their values of the coefficients); random mutations are also
applied to the new solutions in order to explore new sections of the parame-
ter space. If a new solution inherits good properties (i.e., a high value of the
likelihood function) from its parents or if it obtains them through mutation,
it has a higher probability to survive and “reproduce”. This is repeated un-
til a pre-defined number of generations is reached or until another stopping
criteria is met. As argued by Reeves and Rowe (2002) there is no general
convergence proof for the genetic algorithm because it depends of the func-
tion to be optimized and the specific type of genetic algorithm applied (in
fact, the term “genetic algorithm” refers to a wide family of evolutionary
algorithms). However, its good empirical performance has made it a popu-
lar metaheuristic method. This sequence is presented in Algorithm 1 below,
which is the specific version of the methodology applied in this thesis.
Even though it is reported to produce acceptable results in many opti-
mization problems, it requires many evaluations of the objective function

(one for each individual of the population at each generation). This is very

9The mention of a population in this algorithm is used in the sense of the available
pool of solutions with which the genetic algorithm works and not in the statistical sense
of the word.
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Algorithm 1 Genetic algorithm

1.

Initialize the algorithm by proposing the initial population Py of so-
lutions obtained through random draws from the entire parameter
space. Set ¢ = 0.

. Evaluate the likelihood L at all values of the population P; and se-

lect surviving individuals at random (the higher L, the more likely a
solution will survive). This will compose the surviving population P/

Repeat n times the following procedure (n is the number of children
to be generated) to obtain a new generation of solutions P}’

(a) Randomly select two individuals ¢ and b from P).

(b) Apply crossover from a and b to obtain a child c.

(c) Apply a random mutation to child ¢ that may randomly change

one or more of the elements of the solution.

Combine the surviving population P/ with the new generation P;.

This will become the new population P;y;.

. If stopping criteria is not met, set ¢ = ¢+ 1 and go to 2.

If stopping criteria is met, P;1; would be the population of genetic
optimum. Optionally, take an average of these population as the initial
value for a gradient or another method in order to search the vicinity
of the optimum.

costly with a complicated function such as (3.15) or (3.33). In addition,

this algorithm has many settings that need to be defined: the probability

of survival, the number of individuals in the initial population Py, the num-

ber n of new individuals at each generation, the probability of mutations

and the stopping criteria. It is not clear how to define these values and they

clearly have a significant impact on the performance of the algorithm. More

troublesome, the algorithm may propose individuals that are not plausible

(i.e., with values of the parameters that result in variance-covariance ma-

trices that are not positive definite); it is not clear how the imposition of
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restrictions may affect the algorithm. A small Monte Carlo experiment on a
simplified version of the likelihood (3.15) (with known variance-covariance
matrices) produced relatively appropriate estimates, but it was extremely
slow due to the high number of evaluations of such a complex objective

function.

4.3.2 Simulated annealing

This metaheuristic procedure, closely related to the Metropolis algorithm,
belongs to the class of threshold methods. Starting with an initial value mg
and its corresponding likelihood Lg, a neighboring solution 7’ is proposed
(with likelihood L’). This neighbor can be any value in the vicinity of the
initial solution, but a common practice is to randomly change one of its
elements. If the neighbor improves on the initial value (in other words,
if L' > Ly), it is accepted. If it does not, it can still be accepted sub-
ject to a probabilistic threshold. In fact, it is accepted with probability
P(Lo — L', Ty). This probability is directly proportional to the difference
between Lo and L’ (the closer L’ lies with respect to Lo, the higher the
probability to accept it) and to the temperature Ty (the higher the tem-
perature, the higher the probability to move to the proposed value)!?. The
temperature parameter 7; has a subscript because it changes as the algo-
rithm progresses: it is gradually decreased. At the beginning of the pro-
cedure, the temperature takes high values so that neighbors are accepted
with a high probability, thus allowing the exploration of the entire objective

function. As the process advances, it is gradually “cooled” so that explo-

10Usually, this probability is obtained through an exponential density function with
parameter T; evaluated at L; — L', but it can take any other form.
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ration concentrates in a section of the parameter space until, towards the
end of the algorithm, neighbors that result in a lower likelihood will only
be accepted with a very low probability. This sequence is repeated until
a certain stopping criteria is reached. The simulated annealing algorithm,
under appropriate but general cooling schedules, converges in probability to
the set of optimal solutions as the number of iterations goes to infinity (see
Aarts et al., 1997 and Winker, 2001). However, the rate of convergence is
logarithmic leading to exponential complexity for arbitrarily close approxi-
mations of the optimal solution. Algorithm 2 below presents a summary of

this method.

Algorithm 2 Simulated annealing

1. Initialize the algorithm by proposing an initial value 7y for the pa-
rameters. Set ¢ = 0.

2. Evaluate the likelihood at the current value of the parameters,

3. Propose a neighbor 7/, usually 7; with one of its elements randomly
changed, and evaluate the likelihood at this value, L' = L(n’). If
L' > L;, accept the new value. Otherwise, move to it only with
probability P(L; — L', T;). If the neighbor is accepted, set w41 = 7/,
otherwise m;41 = ;.

4. If stopping criteria is not met, set ¢ =i + 1 and go to 2.

5. If stopping criteria is met, m;;1 would be the optimum proposed by
the algorithm. Optionally, take it as the initial value for a gradient or
another method in order to search the vicinity of the optimum.

Even though it is a simple and effective algorithm, it has the same dis-
advantages listed above for the genetic algorithm. First, some settings such
as the stopping criteria, the proposal of neighbors and, more importantly,

the cooling schedule, need to be defined in advance and they are crucial
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to the performance of the algorithm. Also, although less severely than the
genetic algorithm, it goes through the evaluation of the likelihood L many
times, a costly requirement with a complex function such as our objec-
tive. Finally, the neighbor proposed can be an implausible value because
it implies a variance-covariance matrix that is not positive definite; the ef-
fects of imposing restrictions on the algorithm are not clear. As before, a
small Monte Carlo experiment was undertaken on a simplified version of
the likelihood (3.15) (with known variance-covariance matrices of the error
components). It produced acceptable estimators but, although faster than

the genetic algorithm, it was still too slow to be recommended.

4.4 EM algorithm

The Expectation-Maximization (EM) algorithm is an iterative method con-
structed around the recursive implementation of an Expectation step and a
Maximization step. If the unobserved or censored values are imputed with
their expected values during the E-step, the likelihood becomes much sim-
pler and easy to optimize during the M-step'!. The idea behind the use of
the EM algorithm is to replace the maximization of a complex likelihood
function with a sequence of maximizations of easier functions through the
latent structure of the data.

From Jensen’s inequality, it can be proved that each iteration of the EM
algorithm will produce the same or a higher value of the likelihood; however,
this method is not guaranteed to converge to the global optimum. Although

the performance of this algorithm is acceptable in many situations and its

11n our model, with the censored values “completed” in the E-step, the likelihood of
the reduced form would become that of a regular multivariate regression model.
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Algorithm 3 EM algorithm

1. Initialize the algorithm with a consistent initial estimator my. Set
1 =0.

2. E-step: given the current parameter estimate 7; compute the statistic

J(rlm, Y) = /log FT* ) F(THY, ) AT

with Y the observed data and Y* the complete data. J(w|m;,Y)
is the expected value of the complete data log-likelihood where the
expectation is with respect to the conditional predictive distribution
at the current parameter estimate ;.

3. M-step: compute m; 11 as

Tit1 = argmax J(m|m;, Y)

4. Set i =i+ 1 and repeat steps 2-3 until convergence.

properties are well known, its application may not be simple. Moving from
a univariate Tobit model to a bivariate SUR Tobit model (i.e., the reduced
form of a two-equation simultaneous model) severely complicates the E-
step, as it can be seen in Huang et al. (1987). Further moving to a panel
setting and/or considering more than two equations turns the E-step into
an intractable problem. For this reason, this algorithm cannot be applied
for our maximization problem.

However, before we proceed to the next method, it would be useful to
present the link between the J function used in the EM algorithm and
the score function (i.e., the gradient of the log likelihood). Following the

derivation in Hajivassiliou and Ruud (1994), we have the next result.
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Bs, [vlog f(x|Y™")[Y] = / v log f(x[Y*) dF (x[y™,Y)
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where (Y ™) is the rule (3.3) that defines the limited character of the
dependent variable. Now, we have that the J function of the E-step of the

EM algorithm is given by the following expression.
J(n|mi,Y) = Ex, [log f(7[Y7)[Y]
Ruud (1991) proves that if w41 = m; = 7 then
VJ (Tiga|ms, Y) = v log f(x]Y')

so the first order conditions of the optimization problem that defines the
M-step of the EM algorithm and the normal equations of the log likelihood
are closely related. This result will be used shortly, when we present a

simulated version of the present algorithm.

4.5 Gibbs sampler

This procedure belongs to the class of Markov Chain Monte Carlo (MCMC)

methods and it is used to generate random variates from a distribution
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indirectly, without having to calculate the density. Frequently it is the case
that one can find a set of conditional densities that are much simpler to
deal with than the joint density. The idea is to sample from these simpler
conditional distributions in a sequential manner.

For example, let the objective function be a joint density of the param-
eters (71, 72). If this joint density is cumbersome but it is possible to find
simpler conditional distributions f(71|m2) and f(72|71), the Gibbs sampler

(4)

can be employed. If we let Tji be the i-th draw from 7;, the sampler can

be applied sequentially as

)~ fmlrs )

)~ f(ral )
Y~ f(nY)
s~ frafr D)
o fm Y

5D~ T

An initial burn-in sample of random variates is discarded in order to cancel
the influence of the initial values. After that, it can be proved that the

draws (TZ-(T)

,7‘2(T)) belong to f(71,72). With enough draws, characteristics of
the joint and marginal densities can be derived. For instance, the shape
can be approximated through kernel methods and the mean of the marginal

density for m as



84 CHAPTER 4. OPTIMIZATION METHODS

for R draws or, for improved efficiency, through the “Rao-Blackwell” esti-

mator of the mean
Fr)le = & Z B [f(nlr")]

The conditional densities used to draw variates are in fact posterior den-
sities, so a prior distribution is needed for each parameter. To remain in
frequentist terrain, it is possible to take a diffuse prior, for which posterior
densities have been found for many models. In this sense, the Gibbs sampler
can be thought of as a stochastic version of the EM algorithm in which sam-
pling replaces both the E-step and the M-step. The adequate performance
of this method has been well documented; another advantage is that, since
draws are always obtained from conditional distributions, impossible values
(such as the negative definitive variance-covariance matrices that came up
in the metaheuristic methods) are avoided. However, by construction, the
random draws are autocorrelated, but this can easily be surmounted by only
considering one of every p draws. Also, as with any sampling solution, a
large R is required to fully characterize the densities of the parameters.

The idea to use sampling (or multiple imputation) in a latent variable
model has been called “data augmentation” (see Tanner and Wong, 1987).
Wei and Tanner (1990a, 1991) applied this methodology specifically to cen-
sored regression data. Gelfand and Smith (1990) then noted the close rela-
tionship between this method and the Gibbs sampler. Further details about
the data augmentation solution and refinements thereof (such as marginal
data augmentation to improve the efficiency of the MCMC) can be found
in Van Dyk and Meng (2001).

For a model with censored dependent variables such as the one studied

in this thesis, it is possible to define the sampling procedure into two condi-
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tional steps. These two steps are repeated sequentially to obtain the Gibbs

sample. Algorithm 4 presents the pseudocode that can be followed in this

casem.

Algorithm 4 Gibbs sampler

L. Initialize the algorithm with an initial value of the parameter ().
Define the size of the burn-in sample R’ and the size of the sample
that will be kept R. Set r = 1.

2. Given the current value of the parameter m(_;), obtain a random
draw from the conditional distribution of the censored data,

f (Wi lys = 0, (1))

where y; () Tepresents the r-th draw from the distribution of the
censored dependent variable at period ¢. By taking

17(?) = {yelye > 0} U{ys () lye = 0, m(n—1)}
we obtain the r-th draw of the “complete” data.

3. Given the complete data from the last step, generate a random draw
from the conditional distribution of the parameters,

f (M)\f/(r))
4. Set r = r + 1 and repeat steps 2-3 (R’ 4+ R) times.

5. Discard the first R’ observations (burn-in sample) and use the rest to
obtain the desired characteristics of the marginal distribution of the
parameters. Since the draws are autocorrelated, take one in every p
draws.

Central to the algorithm is the definition of the conditional distributions
for the censored data and the parameters. To exemplify how these densities
are obtained, consider the case of a standard univariate Tobit model, in
which y; = x;8 + €;, where ¢; follows an did N(0,02) and the dependent
variable is censored at zero. In this situation, under diffuse priors, it can be

shown that (see Lancaster, 2004)

12This algorithm follows that exposed in Chib and Greenberg (1998).
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F@ilyi = 0,8,0%) ~ TN(_c 0y (z:8,07)
FBIY”,0%) ~ N((X'X) XY, 0" (X' X))

N-k (Y*=XpB)'(Y* —Xﬁ))
2 7 2

ﬂfWim~r*(

where N is the total number of observations and k is the number of regres-

sors. TN represents a truncated normal distribution while I'"! is an inverted
gamma distribution. By cycling through these conditional distributions ac-
cording to Algorithm 4, it is possible to obtain a random sample from which
the desired characteristics of 5 and o2 can be deducted. These distributions
were calculated through diffuse priors; another set of priors would produce
different conditional densities, which could have a significant effect on the
results obtained.

In order to assess the Gibbs sampler for our (random-effects) model, we
derived the conditional distributions of the complete data, the coefficients
in the regression and the parameters in the variance-covariance matrices
through diffuse prior in the same manner as the example above. We then
applied the algorithm to simulated data. Good results were obtained since
the estimators seemed to converge to the true values, the algorithm con-
verged quickly (so that a small burn-in sample was sufficient) and the au-
tocorrelation of the draws was rather low (about 0.2 for the coefficients in
the equations and close to 0.4 for the parameters of the variance-covariance
matrices), so taking one draw out of every four or five seemed enough to
approximate an independent sample. However, a large sample is needed
to fully characterize the parameters, so the algorithm quickly becomes so

slow that a simulation study becomes unfeasible. Additionally, the initial
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assumptions about the prior distributions may not have a negligible effect

on the results.

4.6 MCECM algorithm

Combining the two previous procedures may seem like a reasonable com-
promise. In this sense, we keep the feasibility and versatility of a simulation
methodology but with the frequentist, likelihood-maximizing approach of
the EM algorithm. The basic idea is to estimate the unfeasible E-step
through simulation and then use the conditional maximization technique
of Meng and Rubin (1993) to simplify the M-step. Since simulation only
takes part in the E-step, this method will likely be faster than the Gibbs
sampler. Wei and Tanner (1990b) first proposed this solution in a general
framework (and without the conditional maximization step). It was applied
to an univariate probit model by Chib and Greenberg (1998), to a SUR
Tobit model by Huang (1999) and to a multinomial probit model by Zhou
and Liu (2008). The basic pseudocode for the Monte Carlo Expectation
Conditional Maximization (MCECM) algorithm is described below.

For the specific model under study in this research, the MCECM al-
gorithm is applied in the following manner. The censored values of the
endogenous variables are simulated R times according to their density func-
tions (taking into account the simultaneity and the structure of the panel
data), given the current values of the parameters. This Monte Carlo sam-
ple is used to approximate the expected value of the censored observations,
thus rendering feasible the E-step of the EM algorithm. With the data

completed through these expected values, it is now easier to maximize the



88 CHAPTER 4. OPTIMIZATION METHODS

Algorithm 5 MCECM algorithm

1. Initialize the algorithm with a consistent initial estimator my. Set
1 =0.

2. Monte Carlo E-step: given the current parameter estimate 7; compute
the statistic

R
T 1 (T
J(mlmi, Y) = 55 3 log F(Y""|m)
r=1

where Y*(") is the r-th simulation of the complete data. V() s equal
to Y for the observed values but the censored values are replaced
by random draws from the conditional predictive distribution given
the current value of the parameters, f (?*\Y, m;). By repeating this
simulation R times, J(|m;,Y) becomes an estimation of the expected
value of the complete data log-likelihood where the expectation is
with respect to the conditional predictive distribution at the current

parameter estimate ;.
3. Conditional M-step: compute ;41 as

~

Tit1 = argmax J(w|m;, Y)
through conditional maximization methods.

4. Set i = i+ 1 and repeat steps 2-3 until convergence.

(conditional) likelihood and obtain the MLEs or any desired estimator for
the coefficients and the variance-covariance matrices'. These two steps are
iterated until convergence or until a specified stopping rule is reached.

For the fixed effects model, we argued in Chapter 3 that traditional
maximization procedures suffer from the incidental parameters problem,
but that in this setting it is not possible to apply the usual solution (treat

the individual effects as nuisance parameters, eliminate them through a

13In the conditional-maximization step, according to Meng and Rubin (1993), the like-
lihood is divided into several subgroups of parameters. The likelihood is maximized for
each subgroup, fixing the rest at the latest optimum available. For our specific case, the
likelihood of the coefficients is maximized given the latest value of the variance-covariance
matrices; then, the optimal values for those matrices are calculated by fixing the coeffi-
cients at the maximum values from the previous step.
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transformation, and concentrate the maximization procedure on the other
parameters of the model). However, the MCECM solution proposed here
presents the advantage that it allows to work around the incidental parame-
ter problem even in a nonlinear setting. First, the censored observations are
imputed through simulation according to the Monte Carlo E-step described
above. In this way, we obtain a complete set of endogenous variables, either
with observed values or with an estimation of their expected value. We are
now working in a linear setting so we can then proceed to the traditional
solution for these models: use a linear transformation (for example, the
within transformation) to eliminate the fixed effects and then maximize the
likelihood of the transformed model. In this way, we can use the MCECM
to work around the incidental parameters problem in the estimation of the
other parameters of the model.

As it was noted previously, the first order conditions in the M-step of the
EM algorithm and the score function of the log likelihood are closely related.
If the expectation in the E-step is analytically or numerically difficult to
compute, we can approximate it through simulation as described above
and then proceed to the maximization of the M-step. This procedure will
consequently be closely related to the method of simulated score. This idea
is already mentioned although not completely developed in Hajivassiliou
and Ruud (1994), where the authors note that unbiased simulation of the
J function implies a means for unbiased simulation of the score function.

Louis (1982) developed a method to find the asymptotic standard er-
rors for estimators that were obtained through an EM-type algorithm. If
the MLE is obtained at the conditional-maximization step of the MCECM

algorithm, we can take advantage of a simulation version of Louis’ method
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to obtain the standard errors of the estimators. For examples of the appli-
cation of this method in a simulation context, see Huang (1999) and Zhou
and Liu (2008).

Concerning the consistency restriction mentioned at the end of the pre-
vious chapter, we incorporate it into the methodology directly in the algo-
rithm. In step 3 of the Algorithm 5 if the value of m;41 proposed in the
M-step violates this restriction, it is rejected and we go back to the Monte
Carlo E-step to generate another sample of the complete data. This proce-
dure gave good results in the simulation exercise that will be presented in
the following chapter.

As it can be seen, the MCECM algorithm can be readily applied to es-
timate our model. However, there are several computational considerations
that must be tackled previously. First, the algorithm may not converge at
all because the simulation introduces a persistent Monte Carlo error that
may invalidate the ascent property of the EM method. For this reason, a
special version of the algorithm is applied, the ascent-based MCECM. Sec-
ond, the simulations obtained for the Monte Carlo E-step of Algorithm 5
require many draws from univariate and bivariate truncated normal distri-
butions; this must be performed as efficiently as possible to minimize the
computational time. Finally, even though this solution is a priori faster
than the MCMC algorithm described in the preceding section, it is still
computationally intensive. A code that maximizes the resources available
is required. These three computational issues are discussed in Appendix C.

As it will be lengthly explained in the next chapter, an initial simulation
study showed that the MCECM algorithm finds adequate estimators, close

to the true values of the parameters, and it is considerably faster than the
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Gibbs sampler. Because of this combination of accurate results and feasible
computational time, it was chosen to estimate our models. Chapter 5 will
describe the specifics of the MCECM algorithm used in a complete simula-
tion study and the main results obtained for both a random-effects and a
fixed-effects model.

Even though in this thesis we illustrate the performance of the MCECM
algorithm in situations where the endogenous variables are left-censored at
zero, the procedure can be directly extended to other types of data limita-
tions. For example, if the dependent variables are dichotomous and we are
estimating a probit model, the latent variables can be “completed” through
simulation following the same procedure described in Algorithm 5. The
same method can also be used to simulate data and estimate a sample
selection (or type-II Tobit) model. In fact, the idea of simulating data to
simplify the Estimation-step of the algorithm can be readily applied to other

type of data limitation. We present two examples of this in Chapter 6.
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Chapter 5

Simulation study

With the objective of evaluating the performance of the estimator developed
in Chapter 3, two simulation studies were undertaken. The idea was to verify
its properties and compare it to other common estimators under different
configurations of the model. Of all the optimization methods tested in
Chapter 4, the MCECM algorithm was selected because it was successful
in converging to an optimal estimator at a reasonable computational cost.
The results will be presented in the remaining of this section, first for the

random-effects model and then for the fixed-effects model.

5.1 Simulation study for the random-effects model

To study the properties of the solution proposed in this thesis and compare
it to other estimators in a random-effects setting, we perform a simulation
study on a simple system very similar to that described by equations (3.4b)

and (3.5b). Specifically, we simulate from the following bivariate simulta-

93
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neous system with one-way error components

Ylie = NY2it + Prazrie + Pra®ie + ari + €1ir (5.1)

Yair = YeYrit + Po1Zair + Baodir + 2i + €24 (5.2)

where x4 is an exogenous variable included only in the first equation, o
is an exogenous variable included only in the second equation and x; is
an exogenous variable common to both equations. In order to simplify the
model and reduce the computational burden of the simulation, z1;; and o
include one variable each; z;; on the other hand includes only a constant
term.

In the rest of this section we will describe the features of the base simu-
lation that was developed. Variations on these base characteristics, such as
different functional forms, densities of the error term or sample sizes, were
also undertaken with the objective of evaluating the robustness of the esti-
mation method to different Data Generating Processs (DGPs). The results
will be summarized in what follows.

The parameters of the model were set so that they mimic an empirical
application. A classic article in the literature of limited dependent variables
is the study of attrition bias by Hausman and Wise (1979). As it was
described in Chapter 2, in that article the authors estimate a model based
on the Gary experiment of potential labor supply and earning responses to
possible income maintenance plans. Specifically, they estimate an earnings
equation with random individual effects taking into account attrition in
the panel sample. The results are also reproduced in Section 8.2.3 and
the first column of Table 8.1 in Hsiao (2003). Our intention is to design

our simulation study so that it mimics the exogenous variables and the
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coefficients estimated by these authors.
The parameters of the exogenous variables were set at the following

values.

811 = 0.04

B21 = 0.21

In other words, we assign the estimated coefficient of the variable “experi-
ence” to the variable that appears exclusively in the first equation and the
estimated coefficient of “education” to the exogenous variable included only

in the second equation'®.

For the constant term, the estimated value re-
ported on the article is so large that it would cause the dependent variables
to be practically always observed (all observations would belong to case I).
This is clearly not desirable if we want to test our methodology. We set the
coefficients at a smaller value, 819 = 22 = 0.1. Since the original study
only estimates one equation, there are no available values for the simulta-
neous parameters. We set them at v; = 0.4 and 2 = 0.2 to have a stronger
simultaneity factor in one equation and a weaker in the other.

The exogenous variables were generated through uniform distributions
for the base simulation. x4, the variable that appears only in the first
equation and whose coefficient was taken from the variable “experience” in
the empirical study, was generated through iid draws from U(0,30). We
generate the variable included only in the second equation, for which we as-

signed the coefficient that corresponds to “education”, through the following

density: zo; ~ U(0, 20).

The variance-covariance matrices of the error components also mimic the

The coefficients from the original article were multiplied by 10 to obtain results that
are easier to read.
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empirical study. We set the variance of the error term and the individual
effect for each equation at the values estimated in that article. There is no
covariance because the authors estimate a one-equation model, so we set it
at one fourth of the variance. This means that the error components were

randomly drawn from the following density.

0.60 015 0 0

a9;

0.15 060 O 0

M
S

iid

~ N
0 0 1.80 0.45

€1it

o o o o

€2t 0 0 045 1.80

Equations (5.1) and (5.2) are observed simultaneity and this creates a
challenge in the design of the simulation study because in order to obtain the
value of y7,, we need the observed value of y2;; and vice versa. One possible
alternative to work around this problem is to use the reduced form: obtain
the coefficients of the reduced form by transforming the structural-form
coefficients as it is described in Chapter 3 and then use them to generate
the endogenous variables. This could be applied to this specific simulation
study since the model is exactly identified. However, with the intention
of developing a more general procedure, we chose instead to generate them
through an iterative procedure. We start by generating the first endogenous
variable assuming that the second is not observed and we censor it if it
smaller than zero. After that we generate y3,;, using the value of y1;; obtained
in the previous step and we apply the censorship rule. We then take the
value of the second endogenous variable and we use it to obtain a random
draw for the first one. We repeat this procedure until convergence, which
usually happens after only a few iterations. With such a procedure we can

generate both endogenous variables for a general model and by using only
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the coefficients of the structural form.

Another detail that needs to be clarified is the generation of the error
components. Above we have the joint density function of the four compo-
nents. However, we should have one (o, ag;) per individual, but we have
one (€1, €2i¢) for each individual and time period, so a random draw cannot
be obtained directly. We dealt with this difficulty by drawing values from

the following density

it 0\ (T(0.60) T(0.15 0 0
azit | i 0| [r©.15 T@060) 0 0
| ol | o 0 1.80 0.45
€2it 0 0 0 045 1.80

and then calculating the “real” individual effects as

T
1
a1 = E Q1it
T
t=1

T
1
Q25 = — E Q2it
T
t=1

We can verify that that in this way we obtain random draws from the joint
distribution (5.3).

Since the model in question represents the overlapping of three estima-
tion difficulties (censored dependent variables, simultaneous equations and
one-way error components), several estimators that deal with one or more

of these problems were compared in the simulation study.

1. Method that does not correct any problem: Ordinary Least Squares
(OLS).

2. Methods that correct only one problem: Generalized Least Squares
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for a Random-Effects Model (GLS-RE), a SEM estimator and a Tobit
Model (TOB) estimator.

3. Methods that correct two problems: Simultaneous Equation Model
with Random Effects (SEM-RE) and Tobit Model with Random Ef-
fects (TOB-RE) estimators.

4. Method that corrects all three problems: the procedure proposed in

this research, estimated through the MCECM algorithm.

The idea is to compare their performance and identify if our proposed es-
timator achieves the best results. In the remainder of this section, the
methodology we propose here will be called “the MCECM estimator” (al-
though strictly speaking this only refers to the optimization algorithm).

As a recapitulation of the MCECM methodology described in Chap-
ter 4, the censored endogenous variables are imputed with an estimation of
their expected value; this is accomplished by simulation under the current
estimates of the coefficients. Once the dependent variables are completed
in this way, the model becomes a linear model and it is straightforward to
obtain the maximum likelihood estimates for the coefficients of the model.
This process is iterated until the stopping rule, according the ascent-version
of the algorithm described in Appendix C, is reached.

We now give a few specifications of the rest of the estimators included
above. The GLS-RE is estimated through Generalized Least Squares where
the error-component structure is modeled through a block-diagonal variance-
covariance matrix; a feasible version is obtained by estimating the variances
through the Within-type residuals (see Baltagi, 2005). The SEM estima-

tor is obtained through a standard FIML for the system and TOB is the
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classical MLE for an univariate Tobit model. Since in this simulation study
we deal with a just-identified simultaneous system, we first obtained the
reduced form of the system and then proceeded to estimate it through GLS
for a SUR model with random effects (see Baltagi (2005), chapter 6): this
is the SEM-RE estimator (which treats the simultaneity in the model as
well as the presence of random individual effects) performed on the reduced
form. If we were dealing with more general (over-identified) simultaneous
systems, any of the estimators described in Section 2.2 of Chapter 2 could be
employed. Finally, the TOB-RE estimator deals with a model with censored
dependent variables and data in a panel structure. This estimator posed a
problem since the “classical” way to obtain it is through MLE; however, its
calculation suffered from the same kind of difficulties described in Section 3.
For this reason, it was preferred to employ the MCECM algorithm here as
well: the data was “completed” through simulation and then an univariate
GLS-RE estimator was applied to each equation separately.

The panel included N = 30 individuals and T = 7 periods for the base
simulation. The study consisted in drawing H = 1000 values simultane-
ously from equations (5.1) and (5.2) according to the parameters described
above. With these characteristics, we obtain an average censorship rate of
20.5% and 12.3% of the observations for y1;; and v, respectively. For each
draw we estimated the model using the proposed procedure and relying on
the parameters of the ascent-based version of the MCECM algorithm listed
in Table C.1. Once the estimation was carried out, it was possible to eval-
uate the properties of the estimator and compare it to other alternatives.

This was done through the bias, the variance and the Mean Squared Er-
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ror (MSE)'. The average computational time for the experiment was 63803
seconds (17.7 hours).

A final word about the quantities in which the comparison is based on.
The presence of censorship in the endogenous variables introduces nonlin-
earities in the model. Because of this, the coefficients of (5.1) and (5.2)
cannot be used directly if one wants to study the effect of the exogenous
variables on each equation and we will only present them for the base simu-
lation. More meaningful conclusion can be obtained by using the marginal
effects derived in Chapter 3 and these will be used for the other types of
DGP.

As it is shown in Table 5.1, the results from the simulation study for the
estimator described in this thesis are promising. In terms of the coefficients
of the exogenous variables (811, S12, 821, B22), the OLS estimator (column
1) and those that correct only one of the problems of the data (columns 2,
3, 4 and 5) perform worse in terms of estimation bias. This is because the
censored character of the dependent variables and the simultaneity in the
model, if neglected, will generate a bias in the estimation. In all cases except
P12, the smallest bias corresponds to the MCECM estimator (column 7), and
for the latter it is second to best following closely the GLS-RE estimator.

Now for the estimation variance, the best results correspond to either
the GLS-RE (column 2) or the OLS (column 1), estimator that show a low
variability around a biased estimator. Even though the MCECM estima-

tor has a higher variance, this is the cost of employing a simulation-based

15 A natural object to evaluate the performance of different estimators is the average
value of likelihood function at the optimum identified by each method. However, the
likelihood (3.15) is so complex that its evaluation requires a lot of computational resources.
As a consequence, its use in this simulation exercise would be extremely costly. The
comparison among estimators is thus based only in the MSE.
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Table 5.1: Comparison of the estimation results for the simulation study of
the random-effects model, base simulation

Q) @ 3 @ (5) (6) (7)
OLS GLS-RE SEM TOB SEM-RE TOB-RE MCECM

Bias -0.0093 -0.0089 -0.0075 -0.0018 -0.0073 -0.0015 -0.0008

B11 Variance 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
MSE 0.0002 0.0002 0.0002 0.0001 0.0001 0.0001 0.0001

Bias -0.2934 -0.1639 0.4841 -0.8958 0.4772 -0.7496 0.1831

B12  Variance 0.0329 0.0369 0.0747 0.0773 0.0654 0.0763 0.0946
MSE 0.1189 0.0637 0.3091 0.8799 0.2931 0.6382 0.1282

Bias -0.0574 -0.0554 -0.0139 -0.0417 -0.0174 -0.0435 0.0006

B21  Variance 0.0002 0.0002 0.0016 0.0002 0.0009 0.0002 0.0011
MSE 0.0035 0.0033 0.0018 0.0020 0.0012 0.0021 0.0011

Bias -0.3359 -0.3029 0.4923 -0.6814 0.4202 -0.4310 0.1802

B22  Variance 0.0214 0.0214 0.4494 0.0416 0.2585 0.0395 0.1750
MSE 0.1342 0.1131 0.6917 0.5059 0.4351 0.2253 0.2075

Bias 0.2351 0.1850 -0.0621 0.3389 -0.0604 0.3042 -0.0392

Y1 Variance 0.0020 0.0022 0.0062 0.0031 0.0052 0.0029 0.0061
MSE 0.0573 0.0364 0.0101 0.1179 0.0089 0.0955 0.0076

Bias 0.5138 0.4869 -0.1232 0.5575 -0.0691 0.4981 -0.0792

Y2 Variance 0.0024 0.0025 0.2347 0.0029 0.1318 0.0024 0.1072
MSE 0.2664 0.2395 0.2499 0.3137 0.1366 0.2505 0.1135

Bias -0.4055 -0.5964 0.1618 0.0908 -0.4840 -0.2781 -0.2272

0§, Variance 0.0257 0.0208 0.3275 0.0506 0.1123 0.0310 0.1515
MSE 0.1901 0.3765 0.3537 0.0589 0.3465 0.1083 0.2031

Bias 0.4177 -0.1402 -0.0155

oy Variance 0.4912 0.1908 0.2260
MSE 0.6657 0.2104 0.2263

Bias -0.6436 -0.7111 0.8450 -0.4353 -0.1692 -0.6055 0.0041

059  Variance 0.0131 0.0136 1.4479 0.0206 0.1769 0.0185 0.2172
MSE 0.4273 0.5194 2.1618 0.2101 0.2055 0.3852 0.2172

Bias -0.3412 -0.1114 -0.4042 0.0326

of; Variance 0.0193 0.0540 0.0110 0.0854
MSE 0.1357 0.0664 0.1743 0.0865

Bias 0.3331 0.4579

oy  Variance 0.0447 0.0644
MSE 0.1556 0.2741

Bias -0.4795 0.0301 -0.5469 0.1463

oy  Variance 0.0066 0.1899 0.0026 0.2536

MSE 0.2365 0.1908 0.3017 0.2750
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algorithm to obtain the estimators. Nonetheless, the variance arising from
the MCECM algorithm is surprisingly small and our proposed estimator
does not perform much worse (and it is, in fact, frequently better) than
its competitors. The worst performers in terms of efficiency are either the
Tobit-type solutions (columns 4 and 6) or the estimators of simultaneous
models (columns 3 and 5). As a summary of both criteria, the MSE clearly
indicates the good performance of the MCECM estimator for the coeffi-
cients of the included exogenous variables (511 and f21) and, although not
the best, its acceptable performance for the constant terms (512 and fa2).
To show the results graphically, Figure 5.1 presents boxplots for the estima-
tion of these coefficients under the different methodologies. The true values
of the coeflicients are marked with a dashed line. These charts confirm that
the MCECM solution has small estimation bias, since the median of the es-
timators are close to the true values of the coefficients. This does not come
with a high cost in terms of loss of efficiency, since the estimation variance
is in general comparable to that of the other estimators.

For the coefficients that determine the simultaneity, v; and -2, the worst
performer is the solution that corrects only the censorship in the endogenous
variables: the TOB estimator (column 4). On the other hand, the MCECM
estimator outperforms the rest in terms of bias; even though it has a higher
variance due to its computation through simulation, this is moderate and
this estimator also has the smallest MSE for both coefficients. These re-
sults are also included in Table 5.1 and illustrated through the boxplots of
Figure 5.2, where the center of the distribution of the estimators lies closer
to the true values of the coefficients (marked with a dashed line).

Concerning the variance-covariance matrix of the general error of the
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Figure 5.1: Comparison of the estimation results of S11, B12, f21 and [Bao
for the simulation study of the random-effects model, base simulation
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model (coefficients ¢§;, of, and 05,), the most biased estimators for the
variance terms are the GLS-RE and the SEM estimators (columns 2 and 3
of Table 5.1); the covariance is only estimated in those models that consider
the simultaneous character of the model and, of these, the worst bias is found
in the SEM estimator. The MCECM estimator has the best performance
in terms of estimation bias for o{, and o5, and, although it does not lead
to the smallest bias, it still has acceptable results for of,. However, for
the same reason stated previously, our proposed estimator has a higher
variability which makes it less efficient (although not by a wide margin)
than the competition. In terms of the MSE, the MCECM estimator does
not outperform those of the best estimators (TOB for the first variance and
SEM-RE for the second variance and the covariance) but it still produces
good results considering its simulation nature.

The variance-covariance matrix of the individual random effect (coeffi-
cients oy, ofy and 0g;) is only estimated through those methodologies that
take into account the panel structure of the data. In this case, the MCECM
estimator outperforms the others only for one coefficient (o), that variable
where the censorship is more severe. For the others, the best method is the
SEM-RE estimator. This is likely due to the small sample size used in the
experiment (the terms of the variance-covariance matrix of the individual
components have to be estimated only through the T' = 7 observations for
each individual). The variability generated when drawing samples from this
error component would explain its worse results.

As it was mentioned before, the limited character of the endogenous
variables introduces nonlinearities in the model. For this reason, the co-

efficients calculated above do not reflect the effect that a change in the
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Figure 5.3: Comparison of the estimation results of elements of the variance-
covariance matrices of the error components for the simulation study of the
random-effects model, base simulation
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exogenous variable would have on the dependent variables and they were
presented only as an initial evaluation of the performance of the estimation
methodologies. Now we turn the comparison to the marginal effects derived
in Chapter 3 and of more interest for this type of models. The results are
summarized in Table 5.2 and Figure 5.4. We include the marginal effect
of 1 and x2 on both endogenous variables; we could also calculate the ef-
fect of the common exogenous variable z but in this experiment we only
include a constant term which, buy definition, does not change. Since the
marginal effects also depend on the observed value of the exogenous and
endogenous variables, they are different for each realization of the simula-
tion experiment. Instead of calculating the marginal effects at the average
value of the variables, we preferred to obtain the average marginal effects
over all realizations. This is by far more resource consuming, but produces
a wealth of information; in fact, we can obtain an empirical distribution of
each marginal effect which could then be used for inference or to construct
any statistic of interest. The average marginal effects evaluated at the true

values of the coefficients are the following.

Average marginal effect of x1 on y1 = 0.0423
Average marginal effect of x2 on y; = 0.0779
Average marginal effect of x1 on y2 = 0.0065

Average marginal effect of x2 on y2 = 0.2353

The included exogenous variables have an affect on their own equation
very similar the coefficients they were assigned, but with corrections for the

censorship in the dependent variables and the indirect effect through the
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other endogenous variable. The cross-effects (i.e., z2 on y; and x1 on ys)

are explained by the simultaneity between the two equations.

Table 5.2: Comparison of the average marginal effects for the simulation
study of the random-effects model, values multiplied by 102, base simulation

(1) 2 (3 (4) (5) (6) (7)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 0.9167 0.6252  -0.8050 2.6427 -0.7718 2.3218 -0.1866
of 1 on y1 Var 0.0239 0.0196 0.0161 0.0412 0.0128 0.0369 0.0163
MSE 0.0323 0.0235 0.0226 0.1110 0.0188 0.0908 0.0166

Marg. effect Bias 7.5566 5.3669 -1.8034 13.7656 -1.7511 11.3261 -0.8940
of 9 on y1 Var 0.0406 0.0294 0.0304 0.0927 0.0247 0.0642 0.0322
MSE 0.6116 0.3175 0.0629 1.9876 0.0553 1.3470 0.0402

Marg. effect Bias 2.4070 2.1030 -0.1487 3.8441 -0.1231 3.2111 -0.0932
of 1 on ys Var 0.0091 0.0068 0.0099 0.0203 0.0081 0.0143 0.0089
MSE  0.0670 0.0510 0.0101 0.1681 0.0082 0.1174 0.0090

Marg. effect Bias 2.0653 0.6706 -2.9689 7.4509 -2.9951 5.4299 -1.0364
of zo on y2 Var 0.0401 0.0320 0.0360 0.0659 0.0293 0.0501 0.0343
MSE  0.0827 0.0365 0.1242 0.6210 0.1190 0.3449 0.0451

In terms of bias, the classical estimator for censored dependent variables,
TOB and TOB-RE (columns 4 and 6) present the worst performance for all
the marginal effects since they usually overestimate the effect that changes
in the exogenous factors would cause in the dependent variables. For all but
the last one, the MCECM estimator has the smallest bias of all competing
solutions. Although this comes at a cost of a higher variability, it can be seen
that this loss of efficiency is limited and generally comparable to the most
efficient estimators (and always much better than the worst performers in
terms of efficiency, also TOB and TOB-RE). Using the MSE as a summary
of estimation performance, our proposed solution produces the best results
for the first endogenous variable and comes at a close second place for the
second variable (where the censorship is less pronounced). These same
results are presented graphically in the boxplots of Figure 5.4. In this graph,
the dashed line correspond to the average marginal effects calculated at the

true value of the parameters. Here it is straightforward to verify the good
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performance of the MCECM estimator.

Figure 5.4: Comparison of the average marginal effects for the simulation
study of the random-effects model, base simulation
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In conclusion, our proposed methodology has a good performance when
compared to the competing solutions. Even though it is an estimator based
on simulation, with an intrinsic variability explained by the random draw-
ing from probabilistic distributions, it remains remarkably efficient and it
converges very close to the true parameters, generally ranking as the best
estimator in terms of the MSE criterion both when studying the separate
coefficients of the model and the average marginal effects.

Even though this experiment was designed to mimic the results of an
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empirical study, namely a landmark estimation in the limited-dependent
variables literature, there were still many characteristics that were chosen
by the researcher; for example, the sample size, the distribution used to draw
the exogenous variables, the density of the error term, etc. To evaluate the
robustness of the different estimator to different DGPs, the following section
will present variations to the base model presented above. To save space,
comparisons will be based only on the marginal effects, since these would
be the quantities of interest in any applied study. The results from each of
the different simulation exercises will be briefly presented in what follows,

before a concluding section summarizes the main findings.

5.1.1 Robustness to different distributions of the exogenous

variables

The exogenous variables 1 and xo of the base simulation were generated
through a uniform distribution. We will now explore the performance of
the estimators when other densities are used to generate these variables.
We will start with variables generated through a normal distribution. In
comparison to the uniform distribution, in this case values are more con-
centrated around a central value, but there is also the possibility to obtain
extreme observations. In particular, we generate x; from a normal distri-
bution with mean 15 and standard deviation 6; this means that 93.9% of
the draws will theoretically fall in the interval [0, 30]. For the second exoge-
nous variables we use an independent normal distribution with mean 10 and
standard deviation 5, so that 95.4% of the draws will be between zero and
20. The rest of the configuration is unchanged with respect to the original

experiment. In this case, since the mean of the exogenous variables does
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not change and they also follow a symmetric distribution, the percentage
of censorship remains close to that observed in the base simulation. The
results are summarized in Table 5.3 and Figure 5.5.

Table 5.3: Comparison of the average marginal effects for the simulation

study of the random-effects model, values multiplied by 10%, exogenous
variables generated with a normal distribution

(1) @ (9 (4) (5) (6) (1)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 1.5356 1.0782 -0.7318 3.9033 -0.7106 3.3076 -0.1269
of 1 on y1 Var 0.0589 0.0474 0.0322 0.1137 0.0252 0.0967 0.0323
MSE 0.0825 0.0590 0.0376 0.2660 0.0302 0.2061 0.0325

Marg. effect Bias 11.2749 8.2953 -1.6153  20.7076 -1.5667 16.9836 -0.6325
of 9 on y1 Var 0.1006 0.0617 0.0644 0.2828 0.0537 0.1892 0.0690
MSE 1.3718 0.7498 0.0905 4.5708 0.0783 3.0736 0.0730

Marg. effect Bias 2.9066 2.4537  -0.0895 4.9491 -0.0698 3.9346 -0.0273
of 1 on ya Var 0.0233 0.0169 0.0214 0.0594 0.0172 0.0380 0.0182
MSE 0.1078 0.0771 0.0215 0.3043 0.0173 0.1928 0.0182

Marg. effect Bias 5.0007 2.8209 -2.8885 13.6661 -2.9035 9.8836 -0.7269
of z9 on ya Var 0.1174 0.0865 0.0778 0.2513 0.0675 0.1779 0.0826
MSE 0.3675 0.1661 0.1613 2.1189 0.1518 1.1548 0.0879

The results are very similar to those of the base simulation. The TOB
and TOB-RE are still the worse estimators in terms of bias and variance.
The classic random-effects estimator performs marginally worse, while the
SEM-RE is improved in this simulation. Our estimator beats the rest in
terms of bias for the four marginal effect and, in spite of showing a relatively
higher variance, it is still the minimum MSE estimator of the seven for two
effects and a close second best performer for the other two.

We now generate the exogenous variable through a log-normal distri-
bution, with the objective of studying the performance on the estimation
methods when the variables have a long right-hand tail, similar to what
is observed in variables such as income. x; was generated with a log-
distribution with parameters 2.7 (equivalent to a mean of 14.9 on a normal

distribution) and 0.6, while the second variable was obtained from the same
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Figure 5.5: Comparison of the average marginal effects for the simulation
study of the random-effects model, exogenous variables generated with a
normal distribution
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distribution but with parameters 2.3 (which leads to a mean of 10.0 in a
normal distribution) and 0.4. The rest of the parameters and the charac-
teristics of the experiment was the same as in the base simulation. Under
this configuration, the average censorship fell to 18.4% and 8.2% of the first
and second dependent variables, respectively.

Table 5.4: Comparison of the average marginal effects for the simulation
study of the random-effects model, values multiplied by 102, exogenous

variables generated with a log-normal distribution

(1) @ 3 (4) (5) (6) (1)
OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 1.6902 1.2014 -0.5197 3.2031 -0.5140 2.8352 -0.1527
of x1 on y; Var 0.0193 0.0145 0.0116 0.0292 0.0092 0.0261 0.0100
MSE 0.0479 0.0290 0.0143 0.1318 0.0118 0.1065 0.0102

Marg. effect Bias 10.7396 7.8601 -1.2005 17.2282 -1.1653 14.9638 -0.3995
of 9 on y; Var 0.0770 0.0477 0.0644 0.1652 0.0487 0.1259 0.0568
MSE 1.2304 0.6655 0.0788 3.1333 0.0622 2.3650 0.0584

Marg. effect Bias 2.9155 2.4115  -0.0957 4.2574 -0.0931 3.5461 -0.0789
of 1 on ya Var 0.0084 0.0053 0.0066 0.0169 0.0053 0.0118 0.0055
MSE 0.0934 0.0635 0.0067 0.1982 0.0054 0.1375 0.0055

Marg. effect Bias 5.2739 3.1550  -1.8983 10.9127 -1.9457 8.4775 -0.6797
of x9 on ya Var 0.0931 0.0654 0.0727 0.1505 0.0550 0.1237 0.0600
MSE 0.3712 0.1650 0.1087 1.3414 0.0929 0.8424 0.0646

The results in Table 5.4 show that the performance of estimator remains
relatively stable under this DGP. The best solution in terms of bias is the
MCECM estimator for all four marginal effects. Even taking into account
its higher variability, it remains the best estimator in terms of MSE with
the exception of the effect of x1 on yo, where it is larger than the best
performer by only 2.8%. The second best solution are the SEM-RE and the
SEM estimator. GLS-RE, OLS and particularly the Tobit estimators do
not lead to a good estimation. For both this and the previous simulation,
the average marginal effect evaluated at the true values of the coefficients
remains practically unchanged from those of the base simulation.

As a third and final exploration of the effect of different DGP of the
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Figure 5.6: Comparison of the average marginal effects for the simulation
study of the random-effects model, exogenous variables generated with a
log-normal distribution
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exogenous variables, we study a situation where one of the exogenous vari-
ables is dichotomous. In particular, the exogenous variable included only in
the second variable is drawn from a Bernoulli distribution with parameter
0.5 (i.e, the probability to observe an outcome of 1 is equal to 50%). The
parameters for this equation had to be adjusted accordingly: Bs; = 2.16,
the coefficient of the variable “union” of the same study we are mimicking,
while the constant term (oo was set to 1. With these values, we obtain
a percentage of observed endogenous variables equal to zero of 20.8% and
12.7%, very similar to those of the base simulation.

The marginal effects summarized in Table 5.5 had to be modified to
accommodate the fact that one of the exogenous variables is dichotomous.
In fact, the marginal effect is not defined for a discrete variable. However,
as it was described in Chapter 3, an equivalent measure is the change in
the dependent variable when the dummy variable changes from one state to
the other; the relevant formulas are (3.27) and (3.28). The average effects

evaluated at the true value of the coefficients are given by

Average marginal effect of x1 on y1 = 0.0422
Average effect of x2 on y1 = 0.6061
Average marginal effect of x1 on y2 = 0.0065

Average effect of x2 on y2 = 2.0133

The introduction of a dummy exogenous variable does not alter the order
of performance of the estimators. For all cases, our proposed estimator

exhibits the minimal estimation bias and a variability that, although higher
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Table 5.5: Comparison of the average effects for the simulation study of
the random-effects model, values multiplied by 102, one dummy exogenous
variable

(1) (2) (3) (4) (5) (6) (7

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 0.9359 0.4919 -0.8566 2.6049 -0.8660 2.3288 -0.3066
of x1 on y1 Var 0.0248 0.0195 0.0170 0.0402 0.0136 0.0362 0.0171
MSE 0.0335 0.0220 0.0243 0.1080 0.0211 0.0905 0.0181

Marg. effect Bias 72.0528  50.2288 -12.8383  137.8808  -12.0927  108.5027 -6.2406
of 3 on y1 Var 3.4900 2.3872 2.6845 10.5316 2.2022 5.9076 2.5041
MSE  55.4060 27.6164 4.3327  200.6427 3.6645  123.6359 2.8935

Marg. effect  Bias 2.4415 1.9558 -0.1808 3.8680 -0.1855 3.2535 -0.1560
of 21 on y2 Var 0.0097 0.0067 0.0103 0.0205 0.0086 0.0144 0.0095
MSE 0.0693 0.0449 0.0106 0.1701 0.0090 0.1203 0.0098

Marg. effect Bias  34.6573  14.3597 -22.1525 89.4279  -20.4080 67.0748 -8.3034
of 2 on yo Var 4.7468 4.1694 4.5702 8.1101 4.0097 5.5679 3.9180
MSE 16.7581 6.2314 9.4775 88.0835 8.1746 50.5582 4.6074

because of its calculation through simulation, is comparable to that of the
best performer. Using the MSE as a summary comparison measure, the
MCECM estimator is the best except for the average marginal effect of x;
on y2, where it it is outperformed only by the SEM-RE estimator. The rest
of the solutions, particularly TOB and TOB-RE, show poorer results. The
good results from the estimator derived in this thesis can also be verified in

Figure 5.7.

5.1.2 Robustness to different distributions of the error term

The error terms ¢; and €2 in the original configuration were generated
through a normal distribution with a certain variance-covariance matrix,
according to (5.3). The likelihood function was constructed around this
distribution and it would be expected that any deviation from this would
undermine the performance of the MCECM estimator (but also of the com-
peting solutions). To explore this, we will run the simulation exercise under

two alternative densities of the error term.
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Figure 5.7: Comparison of the average effects for the simulation study of
the random-effects model, one dummy exogenous variable
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First, we change the density of the errors to a mixture of normals. Specif-

ically, the marginal density of the errors is the following.

€1t \ sia 0\ [1.80 0.45 0\ (180 45
~ (1 - w) ‘N ) +w-N ’
€24t 0 0.45 1.80 0 4.5 18.0

with w = 0.05. In other words, the original distribution is “contaminated”
with a normal density with higher variance (10 times that of the original
density).

Table 5.6: Comparison of the average marginal effects for the simulation

study of the random-effects model, values multiplied by 102, error terms
drawn from a mixture of normal distributions

(1) 2 3 (4) (5) (6) (7)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 0.9302 0.5918  -0.8006 2.5988 -0.8103 2.2802 -0.2582
of 1 on y1 Var 0.0227 0.0186 0.0150 0.0391 0.0119 0.0353 0.0150
MSE 0.0314 0.0221 0.0214 0.1066 0.0184 0.0872 0.0157

Marg. effect Bias 7.6985 5.3415 -1.7362 13.7217 -1.7194 11.3334 -0.8767
of z2 on y; Var 0.0444 0.0290 0.0297 0.1010 0.0242 0.0696 0.0305
MSE 0.6370 0.3143 0.0599 1.9839 0.0538 1.3541 0.0382

Marg. effect Bias 2.4293 2.0972 -0.1363 3.8071 -0.1428 3.1963 -0.1125
of 1 on ya Var 0.0089 0.0066 0.0093 0.0195 0.0073 0.0139 0.0082
MSE 0.0680 0.0506 0.0094 0.1645 0.0075 0.1161 0.0083

Marg. effect Bias 2.2371 0.7330 -2.8581 7.4446 -2.9140 5.4572 -1.0270
of x9 on ya Var 0.0387 0.0287 0.0322 0.0664 0.0263 0.0500 0.0304
MSE  0.0888 0.0340 0.1139 0.6207 0.1112 0.3478 0.0409

Table 5.6 and Figure 5.8 shows that the marginal effects remain stable

even if the errors are generated with the contaminated distribution. As it
was shown in Chapter 3, these expressions are complex, nonlinear functions
of all the parameters in the model. The variance of the error terms ap-
pears in practically all the factors that compose the marginal effects, in the
numerator and the denominator, with negative and positive sign; they fre-
quently affect the expression through nonlinear expressions (like through a
normal density function or a normal cumulative function). Because of this,

the expected effect was ambiguous a priori. The previous table suggest that
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the effect of a higher variance is at least partially mitigated in the calcula-
tion of the marginal effects and the results are not significantly affected. As
in the base simulation, the best estimator in terms of bias is the MCECM
solution for all but the last marginal effect; in terms of MSE it outperforms
the others or it is in a close second position. As before, the worst results
come from the TOB-RE and especially the TOB methodologies.

Figure 5.8: Comparison of the average marginal effects for the simulation

study of the random-effects model, error terms drawn from a mixture of
normal distributions
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Even though they are of limited interest in an empirical application,
in Table 5.7 we show the estimation results for the coefficients of equations

(5.1) and (5.2). Even if the true value of the terms of the variance-covariance
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matrix of the error terms change under the contaminated distribution, we
do not change it for the purpose of the calculation of the bias and the
MSE in this table, to approximate a real-life situation where a researcher
faces a contaminated distribution but has interest in estimating the param-
eters of the “true”, uncontaminated distribution. We can conclude that
the contamination has an detrimental effect in the estimation through a
higher estimation variance; however, this affects all estimators equally and
the ranking of results is in general not affected. The effect is more evident
in the estimation of o{;, o{, and o5, where both the estimation bias and
variance are larger since the true parameters are affected under the mixture
or normals.

Second, we generate the error terms through an asymmetric distribu-
tion to increase the probability of having extreme values on one side of the
distribution and study its effect on the estimation. For this, we draw the er-
ror terms from a bivariate skew-normal distribution following the procedure
suggested by Azzalini and Capitanio (1999). We want to generate draws
from a bivariate skew-normal distribution based on the marginal density of
the error terms in (5.3) but with skew parameters s; and sp. With this
in mind, we draw random values from the following multivariate normal

distribution

wo 0 1 s1v/I.80  $2/1.80
w | “N|lol,]|svi8 180 0.45

w2 0 52v/1.80 0.45 1.80
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Table 5.7: Comparison of the estimation results for the simulation study
of the random-effects model, error terms drawn from a mixture of normal

distributions
1) @ ¢ @ (5) (6) (1)
OLS GLS-RE SEM TOB SEM-RE TOB-RE MCECM
Bias -0.0093 -0.0091 -0.0074 -0.0021 -0.0075 -0.0018 -0.0014
B11 Variance 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
MSE 0.0002 0.0002 0.0002 0.0001 0.0001 0.0001 0.0001
Bias -0.3042 -0.1629 0.4662 -0.8802 0.4683 -0.7410 0.1879
B12  Variance 0.0296 0.0323 0.0684 0.0714 0.0605 0.0686 0.0863
MSE 0.1221 0.0588 0.2857 0.8461 0.2798 0.6177 0.1216
Bias -0.0568 -0.0548 -0.0135 -0.0416 -0.0159 -0.0434 0.0013
B21  Variance 0.0002 0.0002 0.0018 0.0002 0.0010 0.0002 0.0011
MSE 0.0034 0.0032 0.0019 0.0019 0.0013 0.0021 0.0011
Bias -0.3415 -0.3081 0.4577 -0.6708 0.4202 -0.4315 0.1885
B22  Variance 0.0192 0.0183 0.5121 0.0396 0.2940 0.0367 0.2006
MSE 0.1358 0.1132 0.7216 0.4895 0.4706 0.2229 0.2361
Bias 0.2342 0.1806  -0.0615 0.3344 -0.0613 0.3010 -0.0400
Y1 Variance 0.0021 0.0021 0.0060 0.0031 0.0051 0.0029 0.0057
MSE 0.0569 0.0347 0.0098 0.1149 0.0089 0.0935 0.0073
Bias 0.5164 0.4894 -0.1066 0.5582 -0.0773 0.5004 -0.0859
Y1 Variance 0.0023 0.0024 0.2817 0.0027 0.1538 0.0022 0.1279
MSE 0.2689 0.2419 0.2931 0.3143 0.1598 0.2526 0.1352
Bias -0.4753 -0.6673 0.0749 -0.0214 -0.5708 -0.3717 -0.3375
0%, Variance 0.0228 0.0186 0.2810 0.0456 0.0972 0.0268 0.1362
MSE 0.2487 0.4639 0.2866 0.0460 0.4229 0.1649 0.2501
Bias 0.3683 -0.1469 -0.0385
o{y  Variance 0.4894 0.1615 0.1919
MSE 0.6251 0.1831 0.1934
Bias -0.7180 -0.7787 0.7250 -0.5316 -0.2595 -0.6823 -0.1071
05,  Variance 0.0126 0.0131 4.4856 0.0184 0.2383 0.0178 0.2750
MSE 0.5281 0.6195 5.0112 0.3010 0.3057 0.4833 0.2865
Bias -0.3410 -0.1150 -0.4063 0.0240
ofy  Variance 0.0189 0.0550 0.0103 0.0886
MSE 0.1352 0.0682 0.1754 0.0892
Bias 0.3342 0.4510
oy  Variance 0.0405 0.0580
MSE 0.1522 0.2614
Bias -0.4878 0.0281 -0.5546 0.1346
08,  Variance 0.0060 0.2398 0.0019 0.3017
MSE 0.2440 0.2406 0.3095 0.3198




5.1. SIMULATION STUDY FOR THE RANDOM-EFFECTS MODEL121

If we apply the following decision rule

w1
if wo 2 0
€14t w2
€2it —wy
if wg <0
—ws

(€14t, €2:¢) is drawn from a skew-normal distribution with the given variance-
covariance matrix and skew parameters s; and ss. We choose s; = 0.75 and
s9 = 0.80 to have different degrees of skewness for each of the error terms.
Table 5.8: Comparison of the average marginal effects for the simulation

study of the random-effects model, values multiplied by 102, error terms
drawn from a skew-normal distribution

(1) 2 3 (4) (5) (6) (7)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 1.1366 0.8431 -0.7730 2.9235 -0.7780 2.5398 -0.1736
of 1 on y1 Var 0.0269 0.0223 0.0174 0.0448 0.0146 0.0400 0.0180
MSE  0.0398 0.0294 0.0233 0.1303 0.0207 0.1045 0.0183

Marg. effect Bias 8.4493 6.5360 -1.8420 14.6388 -1.7976 11.8543 -0.7953
of z2 on y; Var 0.0284 0.0149 0.0330 0.0687 0.0268 0.0452 0.0330
MSE  0.7423 0.4421 0.0670 2.2117 0.0591 1.4505 0.0393

Marg. effect Bias 2.6349 2.3440 -0.1579 4.1265 -0.1608 3.4158 -0.1143
of 1 on ya Var 0.0102 0.0076 0.0106 0.0216 0.0093 0.0150 0.0101
MSE 0.0796 0.0625 0.0108 0.1919 0.0095 0.1317 0.0102

Marg. effect Bias 2.9275 1.6628 -2.7883 8.4052 -2.8291 6.0756 -0.6903
of x9 on ya Var 0.0327 0.0245 0.0360 0.0531 0.0304 0.0421 0.0342
MSE 0.1184 0.0521 0.1138 0.7596 0.1104 0.4112 0.0389

Similar to what we verified in the preceding exercise, the introduction
of a skew distribution to the error terms has little consequences on the
marginal effects, as evidenced by Table 5.8 and Figure 5.9. The MCECM
estimator has the minimal bias and MSE among the seven alternatives for
three of the average marginal effects; for the effect of z1 on the second
endogenous variable, this estimator has the smallest bias but its higher

variance makes it slightly worse than the SEM-RE estimator. For all the
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cases, the classical Tobit and the TOB-RE produce the worst estimation
results. To explore the effect of the skew distribution in the estimation, we
have to study the results of the original coefficients of the model. These are
presented in Table 5.9. As we did before, we do not modify the true value
of the variance-covariance matrix of (€1, €2) to consider a case in which the
researcher deals with data from a skewed distribution but has interest in
the “core” observations. We can observe a deterioration in the estimation,
in terms of loss of efficiency, particularly for the parameters of the second
equation (that with the highest skewness); compare for example the variance
of P22 and o with the results from the base simulation in Table 5.1. This
affects all the estimation methodologies. The same result can be verified for
the other parameters of the second equation, o5, and ¢%,, and to a lesser

degree in the covariance terms.

5.1.3 Robustness to different functional forms

We tested the performance of the estimation methods to different distri-
butions generating the exogenous or the error terms, now we maintain the
configuration of the base simulation but we change the functional form of
the model. First, we study the case where the functional form is quadratic
in the exogenous variables. So, instead of (5.1) and (5.2), we now have the

following model.

* 2 2
Y1it = V1Y2it + Br1x1i + Prawiy + 1s + €14t

* 2 2
Yair = V2Yrit + B2125i + Booiy + 2i + €24t

The two exogenous variables x; and zo were generated as in the base
simulation from uniform distributions, but were divided by 4 in order to

maintain a degree of censorship similar to the base simulation and make
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Figure 5.9: Comparison of the average marginal effects for the simulation
study of the random-effects model, error terms drawn from a skew-normal
distribution
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Table 5.9: Comparison of the estimation results for the simulation study of
the random-effects model, error terms drawn from a skew-normal distribu-

tion
1) (2) 3 @ (5) (6) (1)
OLS GLS-RE SEM TOB SEM-RE TOB-RE MCECM
Bias -0.0089 -0.0087  -0.0069 -0.0007 -0.0070 -0.0005 -0.0004
B11 Variance 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
MSE 0.0002 0.0002 0.0002 0.0001 0.0001 0.0001 0.0001
Bias -0.3416 -0.2388 0.4748  -0.9298 0.4723 -0.7780 0.1671
B12  Variance 0.0278 0.0284 0.0751 0.0635 0.0638 0.0602 0.0873
MSE 0.1445 0.0854 0.3005 0.9280 0.2868 0.6654 0.1152
Bias -0.0564 -0.0548  -0.0089 -0.0384 -0.0106 -0.0409 0.0076
B21  Variance 0.0002 0.0002 0.0037 0.0002 0.0019 0.0002 0.0015
MSE 0.0034 0.0032 0.0038 0.0017 0.0021 0.0019 0.0016
Bias -0.3916 -0.3652 0.4856  -0.7522 0.4587 -0.4912 0.1494
B22  Variance 0.0172 0.0159 1.0440 0.0346 0.5404 0.0321 0.2263
MSE 0.1706 0.1493 1.2798 0.6004 0.7509 0.2733 0.2486
Bias 0.2480 0.2089  -0.0669 0.3433 -0.0654 0.3073 -0.0391
Y1 Variance 0.0014 0.0011 0.0069 0.0021 0.0057 0.0020 0.0061
MSE 0.0629 0.0447 0.0114 0.1200 0.0100 0.0964 0.0077
Bias 0.5341 0.5128  -0.1544 0.5734 -0.1338 0.5108 -0.1132
Y2 Variance 0.0011 0.0008 0.6757 0.0014 0.3396 0.0012 0.1727
MSE 0.2864 0.2638 0.6995 0.3303 0.3575 0.2621 0.1855
Bias -0.3907 -0.5585 0.2259 0.1131 -0.4234 -0.2463 -0.1844
0%, Variance 0.0142 0.0104 0.3525 0.0263 0.1418 0.0122 0.1749
MSE 0.1669 0.3223 0.4036 0.0391 0.3211 0.0728 0.2089
Bias 0.5404 -0.0052 0.0649
o{y  Variance 0.6030 0.2074 0.2381
MSE 0.8950 0.2074 0.2423
Bias -0.6362 -0.6917 1.2112  -0.4403 0.0554 -0.5643 0.1869
055 Variance 0.0035 0.0047  10.5216 0.0049 0.6071 0.0051 0.4527
MSE 0.4082 0.4832 11.9885 0.1988 0.6102 0.3235 0.4876
Bias -0.3830 -0.1373 -0.4150 0.0114
oy Variance 0.0124 0.0504 0.0112 0.0858
MSE 0.1591 0.0692 0.1834 0.0859
Bias 0.3335 0.4645
oy  Variance 0.0453 0.0661
MSE 0.1566 0.2819
Bias -0.4799 0.0796 -0.5509 0.1974
08,  Variance 0.0067 0.3206 0.0024 0.3469
MSE 0.2371 0.3270 0.3060 0.3859
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it easier to do the comparison. The average incidence of censorship of the
first and second dependent variable are now 20.8% and 18.5%, respectively.
The results from the simulation exercise are presented in Table 5.10 and
Figure 5.10.

Table 5.10: Comparison of the average marginal effects for the simulation

study of the random-effects model, values multiplied by 102, functional form
quadratic in the exogenous variables

(1) (2) (3) (4) (5) (6) (7

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 0.2586 0.1193 -0.6606  1.3006 -0.6450 1.1433 -0.1604
of z1 on y1 Var 0.0051 0.0044 0.0047  0.0073 0.0038 0.0067 0.0043
MSE 0.0058 0.0045 0.0091  0.0242 0.0079 0.0198 0.0046

Marg. effect Bias 4.0497 2.6797 -1.5613  7.7897 -1.5197 6.2833 -0.8424
of z2 on y1 Var 0.0174 0.0140 0.0209  0.0347 0.0171 0.0236 0.0198
MSE 0.1814 0.0858 0.0452  0.6415 0.0402 0.4184 0.0269

Marg. effect  Bias 1.7432 1.5577 -0.1458  2.6440 -0.1337 2.2989 -0.0824
of 1 on y2 Var 0.0018 0.0015 0.0024  0.0038 0.0020 0.0028 0.0024
MSE 0.0322 0.0257 0.0026  0.0737 0.0022 0.0556 0.0025

Marg. effect Bias  -0.6466  -1.2684 -2.3850 2.2346 -2.3856 1.4713 -0.9585
of 2 on yo Var 0.0182 0.0164 0.0217  0.0223 0.0183 0.0195 0.0181
MSE 0.0224 0.0325 0.0786  0.0722 0.0752 0.0411 0.0273

As expected, the increase in the dispersion of the exogenous variables due
to the transformation has the inverse effect in the variance of the estimators.
This can be verified when comparing the boxplots below to those of the
original simulation. However, the comparative performance of the estimator
does not change significantly. The MCECM solution is the best for three
of the marginal effects in terms of bias and for two of them in terms of the
MSE; for the rest, it is always a close second best. Under this functional
form, GLS-RE in particular ameliorates its performance, while TOB and

TOB-RE are still the estimators with the worse performance.
As a second test of the effect of changing the functional form, we now

estimate equations that are logarithmic in the exogenous variables, in the
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Figure 5.10: Comparison of the average marginal effects for the simula-
tion study of the random-effects model, functional form quadratic in the
exogenous variables
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following form

Yiie = Y2t + Bi1log it + Bi2xit + a1i + €14t

Yoir = Yoytit + B2110g T2it + BaoTir + s + €24t

Since the common exogenous variable only includes the constant term in
this simulation, we do not apply the logarithmic function to it. As a con-
sequence of the logarithmic transformation, the proportion of dependent
cases that are censored reduces slightly to 17.6% and 16.0%, respectively.
Figure 5.11 shows that, since the logarithm reduces the dispersion of the
exogenous variables, the variability of the estimation augments consider-
ably for all estimation methods. In fact, in the calculation of the results
for Table 5.11 the bias remain stable in comparison to the base configura-
tion but the variance dominates the calculation of the MSE. This increased
variability is amplified in the calculation of our estimator since it is based
on simulation. As a result, while it is still the solution with the lowest
bias for all four marginal effects, its higher variance punishes its MSE; the
best estimator according to this criterion is now SEM-RE followed by ei-
ther GLS-RE or SEM. In fact the only methods that are worse than the
MCECM are the two Tobit estimators. Even a basic ordinary least squares
outperforms our estimator in two cases. This shows the effect of a higher

estimation variability and how it can be amplified by simulation.

5.1.4 Results with different sample sizes

The computational cost of the simulation exercise is very high even for small
samples. However, it would be interesting to try different sample sizes to

study their impact on the evaluation and in the computational resources
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Table 5.11: Comparison of the average marginal effects for the simulation
study of the random-effects model, values multiplied by 102, functional form
logarithmic in the exogenous variables

(1) @ 3 (4) (5) (6) (1)
OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 1.9014 1.2230 -0.5543 4.8395 -0.6368 3.3361 0.3621
of 1 on y1 Var 1.9621 1.5729 1.3341 4.4252 1.1166 3.1043 1.7213
MSE 1.9982 1.5879 1.3372 4.6594 1.1207 3.2156 1.7226

Marg. effect Bias 10.8775 7.3465 -1.6063  24.4597 -1.4474 16.6739 -0.0497
of 9 on y; Var 0.8037 0.5378 1.1619 2.9711 0.9113 1.8671 1.4338
MSE 1.9868 1.0775 1.1877 8.9539 0.9322 4.6473 1.4338

Marg. effect Bias 3.0658 2.4247  -0.5565 5.7606 -0.5830 3.8310 -0.4415
of 1 on ya Var 0.7376 0.5095 0.8038 2.3424 0.6760 1.2497 0.9821
MSE 0.8316 0.5683 0.8069 2.6742 0.6794 1.3964 0.9841

Marg. effect Bias 1.6329 -0.7320 -5.0026 14.0915 -4.8001 8.4047 -0.2585
of x9 on ya Var 1.3834 1.1536 0.9992 3.5332 0.8430 2.4374 1.7842
MSE 1.4100 1.1589 1.2495 5.5189 1.0734 3.1438 1.7849

Figure 5.11: Comparison of the average marginal effects for the simula-
tion study of the random-effects model, functional form logarithmic in the
exogenous variables
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required. First we try with a smaller sample size: N = 25 and T' = 5, which
produces 125 observations, 40.4% fewer than in the base configuration. The
estimation exercise takes 39659 seconds (11.0 hours), 37.8% less than in
the original exercise, approximately the same reduction than that of the
sample size. The average marginal effects are summarized by Table 5.12
and Figure 5.12. When comparing this figure with the results of the base
simulation in Figure 5.4, we see that the bias of the estimation does not
change significantly but, as expected, the variability increases for all the
methodologies. Although not reproduced here to save space, this increase in
variance is particular important for the estimation of the error components,
and particulary for the individual random effects, since they have to be
estimated with less information.

Table 5.12: Comparison of the average marginal effects for the simulation

study of the random-effects model, values multiplied by 102, sample size
N=25T=5

(1) (2) (3) (4) (5) (6) (7)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 1.0158 0.7376  -0.6430 2.8105 -0.6310 2.4818 -0.0262
of z1 on y1 Var 0.0514 0.0452 0.0319 0.0884 0.0264 0.0795 0.0329
MSE 0.0617 0.0506 0.0361 0.1674 0.0303 0.1411 0.0329

Marg. effect Bias 7.5805 5.6531 -1.7020 13.8638 -1.7018 11.4220 -0.8514
of 2 on y1 Var 0.0862 0.0664 0.0752 0.2011 0.0574 0.1367 0.0731
MSE  0.6608 0.3860 0.1041 2.1231 0.0863 1.4413 0.0804

Marg. effect  Bias 2.4742 2.1948  -0.0199 3.9813 -0.0095 3.3409 0.0380
of 1 on y2 Var 0.0203 0.0164 0.0204 0.0458 0.0161 0.0320 0.0179
MSE 0.0815 0.0646 0.0204 0.2043 0.0161 0.1436 0.0179

Marg. effect Bias 2.0551 0.8374  -3.0097 7.5400 -3.1007 5.5046 -1.1739
of 2 on yo Var 0.0856 0.0749 0.0849 0.1440 0.0678 0.1074 0.0775
MSE 0.1278 0.0820 0.1755 0.7125 0.1639 0.4104 0.0913

In terms of the comparative results included in the table, the results
are similar to the base simulation (TOB and TOB-RE are largely the worst
estimator, while the rest perform much better). However, the estimator

proposed in this thesis loses some ground to the other methods. In fact,
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it now has the smallest bias for only two marginal effect and the smallest
MSE only for one (it comes second for the rest). With the smaller sample
size, the MCECM estimator needs to “complete” the vector of endogenous
variables with less information and this reduces the precision of the simu-
lation solution. However, even if the SEM-RE or GLS-RE outperform the
MCECM, the latter still produces comparably acceptable results.

Figure 5.12: Comparison of the average marginal effects for the simulation
study of the random-effects model, sample size N =25, T =5
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As a second test, we reproduce the exercise with a larger sample: N = 40
and T = 10, 400 observations. The complete simulation now takes 107556

seconds or 29.9 hours, 68.6% more than the original simulation (but less
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than the 90.5% augmentation in sample size). As a result of the increase
of available information, all estimators are more efficient as it is shown
in Figure 5.13. This is arguably the reason that the simulation becomes
more computationally efficient (i.e., the increase in computation time is
proportionally less than the rise in the number of observations): since the
estimation is now more precise, the number of simulations required in the
MCECM algorithm would also decrease. In comparative terms, this benefits
other competing estimators more than the MCECM, as evidenced by the
results of the marginal effects included in the table below. However, our
proposed estimator still has the smallest bias for three of the effects and the
minimum MSE for two of them (and, when not the best, it performs almost
as well as the best estimator). The Tobit-type solutions are still the worst
estimators.

Table 5.13: Comparison of the average marginal effects for the simulation

study of the random-effects model, values multiplied by 102, sample size
N =40,T =10

(1) 2 3 (4) (5) (6) (7)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 0.8395 0.4878  -0.8648 2.4989 -0.8697 2.1748 -0.3019
of x1 on y1 Var 0.0132 0.0108 0.0090 0.0224 0.0073 0.0201 0.0095
MSE  0.0203 0.0131 0.0165 0.0849 0.0149 0.0674 0.0104

Marg. effect Bias 7.5010 5.0982 -1.8036 13.5729 -1.7479 11.1276 -0.8758
of 9 on y1 Var 0.0259 0.0163 0.0176 0.0572 0.0134 0.0391 0.0167
MSE  0.5886 0.2762 0.0501 1.8995 0.0440 1.2773 0.0243

Marg. effect Bias 2.3568 2.0043 -0.1624 3.7316 -0.1654 3.1069 -0.1317
of 1 on ya Var 0.0050 0.0036 0.0052 0.0109 0.0044 0.0077 0.0049
MSE 0.0605 0.0438 0.0055 0.1502 0.0046 0.1042 0.0051

Marg. effect Bias 2.0081 0.4716  -2.9805 7.3031 -2.9820 5.2720 -1.0050
of x9 on ya Var 0.0217 0.0158 0.0190 0.0359 0.0151 0.0268 0.0168

MSE  0.0620 0.0181 0.1079 0.5692 0.1040 0.3048 0.0269
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Figure 5.13: Comparison of the average marginal effects for the simulation
study of the random-effects model, sample size N =40, T'= 10
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5.1.5 Other simulations

Besides to the robustness exercises presented above, there are a few other
possibilities that may be of interest when studying the performance of our
estimator under different settings. We first evaluate the results with more
parameters. In the exogenous variable common to both equation in (5.1)
and (5.2), in addition to the constant term we include another exogenous
variable. In terms of the empirical study we are trying to mimic, the new
model is the following: as before, x; includes the variable “experience” with
the same coefficient as in the base simulation; s is the variable “education”
with the same coefficient; finally, we add the common variables “nonlabor
income” with the coefficient 819 = 25 = —0.13 and for the constant term
we assign a coefficient of one for both equations. The distribution from
which the exogenous variables “education” and “experience” are drawn is
the same than before; for “nonlabor income” we use a U(0, 15). This leads to
an average censorship of 23.4% for the first endogenous variables and 14.2%
for the second. The variance-covariance matrices of the error components
and the rest of the configuration of the simulation is kept unchanged. The
results are presented in Table 5.14 and Figure 5.14. The dashed lines in the
graph represent to average marginal values evaluated at the true values of

the parameters. They are equal to

Average marginal effect of z; on y; = 0.0413
Average marginal effect of x2 on y1 = 0.0767
Average marginal effect of  on y; = —0.1819
Average marginal effect of z; on y2 = 0.0066
Average marginal effect of x2 on y2 = 0.2333

Average marginal effect of z on y» = —0.1659

As in the original simulation, for the exogenous variables included only
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Table 5.14: Comparison of the average marginal effects for the simulation
study of the random-effects model, values multiplied by 102, one additional
exogenous variable

(1) 2 (3 (4) (5) (6) (7)
OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 0.7167 0.3218 -0.8953 2.4182 -0.8544 1.6118 0.2125
of 1 on y1 Var 0.0230 0.0181 0.0161 0.0388 0.0119 0.0319 0.0160
MSE 0.0281 0.0191 0.0241 0.0973 0.0192 0.0578 0.0164

Marg. effect Bias 7.0714 4.3346  -1.8879 13.3316 -1.9048 10.4666 -1.1641
of 9 on y1 Var 0.0449 0.0312 0.0313 0.1052 0.0258 0.0613 0.0480
MSE  0.5449 0.2191 0.0670 1.8825 0.0621 1.1568 0.0616

Marg. effect Bias 4.8904 4.6911 4.0089 3.2424 3.9919 3.6796 1.6441
of x on y1 Var 0.0655 0.0529 0.0666 0.1761 0.0526 0.0768 0.1226
MSE 0.3046 0.2730 0.2273 0.2812 0.2119 0.2122 0.1496

Marg. effect Bias 2.2728 1.8737 -0.1796 3.7260 0.3607 2.1927 -0.0686
of 1 on ya Var 0.0091 0.0065 0.0100 0.0200 0.0082 0.0104 0.0087
MSE  0.0608 0.0416 0.0103 0.1589 0.0095 0.0585 0.0088

Marg. effect Bias 1.6770 0.7558  -3.2349 7.2783 -3.3119 5.0635 -0.3191
of x9 on ya Var 0.0389 0.0383 0.0360 0.0683 0.0309 0.0481 0.0546
MSE 0.0670 0.0440 0.1406 0.5980 0.1406 0.3045 0.0557

Marg. effect Bias 4.9828 4.7714 2.6216 4.5226 2.7302 6.4904 0.8005
of x on y2 Var 0.0593 0.0512 0.0830 0.1644 0.0646 0.0823 0.1020
MSE 0.3076 0.2788 0.1517 0.3690 0.1392 0.5036 0.1084

in one of the equations (z7 and z3) the MCECM estimator is the best in
terms of bias; it is also the method that produces the smallest MSE for three
marginal effects and a close second best for the fourth one. The SEM-RE,
GLS-RE and SEM also produce acceptable results while, as before, TOB
and TOB-RE are the worst performers. For the common exogenous vari-
able (other than the constant term which, by definition, does not have a
marginal effect), the TOB and TOB-RE estimators significantly improve
their comparative performance; our proposed estimator is clearly better in
terms of bias and MSE.

Another possibility worth exploring is the behavior of the estimation
methodologies in presence of a weak instrument; this is, when one of the
identifying variables is only weakly correlated with the endogenous variable

it is instrumenting. To achieve this, we generate a simulation with the same
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Figure 5.14: Comparison of the average marginal effects for the simulation
study of the random-effects model, one additional exogenous variable
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configuration as the original exercise, but we change the coefficient of the
exogenous variable included only in the first equation to 811 = 0. Then, we
proceed with the estimation as usual. Now the variable x; will not have any
correlation with any of the dependent variables. As a result, the estima-
tion variance of the coefficients increases, particularly for the simultaneity
parameters 1 and 79 and the elements of the variance-covariance matrices
of the error components. In Figure 5.15 we see the results in terms of the
average marginal effects. All methods correctly estimate that the effect of
x1 on the endogenous variable is zero, but with different precision. The
best estimation methods are SEM-RE and GLS-RE, while the worse are
the two Tobit estimators. For the marginal effect of the second variable on
the endogenous variables, if we compare the boxplots below with those of
Figure 5.4 we see that their variability increases. The MCECM estimator
is the best solution in terms of MSE for the effect on y; and third for the
other dependent variable. In general, we see a relative improvement on the
performance of the non-Tobit methods that do not take into account the
simultaneity of the system (i.e., OLS and GLS-RE) for this underidentified
model.

We now test the results under different degrees of censorship in the
endogenous variables. First, we study the effect of reducing the incidence
of censored cases. To achieve this, we take the base configuration but we
increase the constant terms to 812 = P22 = 0.5. This change reduces the
proportion of censored observations to 13.5% and 8.4% of the first and
second dependent variable, respectively. The computational time is also
decreased to 59373 (or 16.5 hours) because less censorship means that the

MCECM method needs to “complete” less data and it is calculated faster.



5.1. SIMULATION STUDY FOR THE RANDOM-EFFECTS MODEL137

Table 5.15: Comparison of the average marginal effects for the simulation
study of the random-effects model, values multiplied by 102, weak instru-

ment
(1) (2) (3) (4) (5) (6) (7
OLS GLSRE SEM TOB SEMRE TOBRE MCECM
Marg. effect Bias  0.0825 0.0829  0.0312  0.0912 0.0333 0.0953 0.0327
ofzy ony;  Var 0.0209 0.0182  0.0144  0.0447 0.0116 0.0422 0.0160
MSE  0.0210 0.0182  0.0144  0.0447 0.0116 0.0423 0.0160
Marg. effect Bias  5.9577 4.0380 -2.2637 14.0948  -2.2769  11.6834 -0.9137
ofzg ony;  Var 0.0386 0.0304  0.0369  0.1102 0.0265 0.0743 0.0411
MSE  0.3935 0.1934  0.0881 2.0969 0.0783 1.4393 0.0495
Marg. effect Bias  0.0538 0.0524 -0.0450  0.0729  -0.0449 0.0637 -0.0444
of z;1 onya  Var 0.0086 0.0068  0.0106  0.0257 0.0079 0.0177 0.0089
MSE  0.0086 0.0068  0.0106  0.0257 0.0080 0.0177 0.0089
Marg. effect Bias  0.9190 -0.4072 -3.9331  8.6708  -3.9160 6.0011 -1.3166
of zg onys  Var 0.0357 0.0295  0.0400  0.0918 0.0334 0.0567 0.0450
MSE  0.0442 0.0312  0.1947  0.8437 0.1868 0.4168 0.0623

Figure 5.15: Comparison of the average marginal effects for the simulation
study of the random-effects model, weak instrument
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Table 5.16: Comparison of the average marginal effects for the simulation
study of the random-effects model, values multiplied by 10?, less censorship

(1) (2) (3) (4) (5) (6) (7)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias 1.4725 1.0996  -0.5418 2.8006 -0.5427 2.4562 -0.1283
of z1 on y1 Var 0.0280 0.0234 0.0184 0.0420 0.0149 0.0373 0.0174
MSE  0.0497 0.0355 0.0213 0.1204 0.0179 0.0976 0.0175

Marg. effect Bias = 9.2795 6.7224 -1.3114  13.9995 -1.2341 11.9498 -0.6129
of 2 on y1 Var 0.0448 0.0332 0.0355 0.0905 0.0279 0.0652 0.0333
MSE  0.9059 0.4851 0.0527 2.0504 0.0431 1.4932 0.0371

Marg. effect Bias 2.7394 2.3969  -0.0753 3.7575 -0.0674 3.2639 -0.0412
of 1 on yo Var 0.0105 0.0081 0.0106 0.0184 0.0087 0.0139 0.0091
MSE  0.0856 0.0655 0.0107 0.1596 0.0088 0.1204 0.0091

Marg. effect Bias  3.9111 2.2697  -2.0088 7.9652 -2.0175 6.1916 -0.6971
of z2 on yo Var 0.0423 0.0338 0.0362 0.0644 0.0296 0.0520 0.0328
MSE 0.1953 0.0853 0.0765 0.6988 0.0703 0.4354 0.0376

As a result of these changes, we can verify in Figure 5.16 that variability
is somewhat reduced and the bias of estimators that do not correct for
the limited character of the dependent variable (OLS, GLS-RE, SEM and
SEM-RE) is less pronounced. Even though in this case there is less to gain
from our computational solution, it still performs comparatively well, with
the minimal bias of all alternatives for the four marginal effects and the
minimal MSE for all but one. This estimator is followed closely by the
SEM-RE estimator, which is the second best. As before, the TOB and
TOB-RE estimator are biased and less efficient.

Second, we increase the incidence of censorship of the dependent vari-
ables. For this, we change the constant term of both equations to S12 =
Boo = —0.5. With this change, the proportion of censorship reaches 34.1%
for the first variable and 20.3% for the second. The computational time in-
creases marginally to 66533 seconds (18.5 hours). As expected, opposite to
what was observed in the preceding simulation, in this case the estimators
that do not correct for the censored character of the dependent variables

perform relatively worse. The two Tobit estimators, although they do take
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Figure 5.16: Comparison of the average marginal effects for the simulation
study of the random-effects model, less censorship
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Table 5.17: Comparison of the average marginal effects for the simulation
study of the random-effects model, values multiplied by 10, more censorship

(1) @ 6 @ ) 6) (7)

OLS GLSRE SEM TOB SEMRE TOBRE MCECM

Marg. effect Bias  1.5152 1.1806 -1.1415 2.2165 -1.1217 2.0715 -0.3158
of 1 on y1 Var 0.0192 0.0141 0.0132 0.0409 0.0130 0.0378 0.0153
MSE  0.0422 0.0280  0.0263 0.0900 0.0256 0.0807 0.0163

Marg. effect Bias  4.4841 29710 -2.6136 12.6764 -2.5635 9.9857 -1.3445
of xo on y1 Var 0.0343 0.0239  0.0235 0.1075 0.0235 0.0620 0.0278
MSE  0.2353 0.1122 0.0918 1.7145 0.0892 1.0591 0.0459

Marg. effect  Bias 2.5422 2.3828 -0.2110 3.9645 -0.2971 3.1632 -0.1505
of 1 on yo Var 0.0071 0.0051 0.0088 0.0260 0.0077 0.0166 0.0082
MSE 0.0717 0.0618  0.0092 0.1832 0.0086 0.1166 0.0084

Marg. effect Bias  3.4499 24271  -4.6619 6.4473 -4.6664 4.3817 -1.5896
of z2 on yo Var 0.0378 0.0112  0.0318 0.0835 0.0270 0.0484 0.0313
MSE 0.1568 0.0701 0.2492 0.4991 0.2448 0.2404 0.0566
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it into account, still underperform since they neglect the simultaneity in the
model. The MCECM solution is not affected by the increase in censorship
and it retains its good results: it is now the best estimator among the seven

alternatives in terms of bias and MSE.

Figure 5.17: Comparison of the average marginal effects for the simulation
study of the random-effects model, more censorship
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5.1.6 Summary of the simulation study for the random-effects

model

The preceding simulations were designed to test the comparative perfor-

mance of the estimator proposed in this thesis. The simulation exercise was
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designed to mimic an empirical study: the coefficients of the model were
taken from a well-known and influential study in the limited dependent vari-
able literature and the exogenous variables were drawn from distributions
“inspired” by the corresponding real-life variables. With the objective of
exploring the performance of the estimator under different scenarios, the
simulation was modified to accommodate different DGPs. Although the
effect of this changes are generally more straightforward to verify in the es-
timated values of the coefficients themselves, these are not the quantities of
interest in an empirical analysis because they do not reflect the effect that
changes in the exogenous variables bring about to the dependent variables;
for these reason, the analysis was mainly based on the average marginal ef-
fects. These are complex, nonlinear functions that depend on the observed
values of the exogenous variables and all the estimated coefficients of the
model.

Two main results can be derived from the simulation study. First, the
average marginal effects remain remarkably stable under different DGPs.
Even though the coefficients did present higher variability, for example,
this effect was mitigated when in the calculation of the marginal effects.
However, even if small, there were some changes in these quantities and in
the performance of the different estimators to the changes in the parameters.
Second, the MCECM estimator proposed in this thesis has a remarkable
performance. It correctly takes into account the three problems present
in the data (censorship, simultaneity and individual random effects) and
leads to adequate estimation results. Most of the times it is the method
with the smallest estimation bias. Even though it is a procedure based

on simulation, with an inherent increase in variability, its loss of efficiency
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remains moderate in comparative terms and it frequently ends up as the
best solution in terms of a minimal MSE among the alternatives. Although
some DGPs may lead to less precise estimates, it affects all the methods and
our estimator retains its good results. However, some situations like a small
sample size, low dispersion in the exogenous variables (through a logarithmic
transformation, for example) or the presence of a weak instrument increase
the variance of the estimation and this is amplified by the simulation nature
of the MCECM; in those cases, although it still leads to acceptable results,
it is outperformed by other more robust estimators. In contrast, while other
methods see their estimation bias increase when a higher proportion of the
dependent variables are censored; the MCECM method retains its good
properties. In general terms, the SEM-RE and SEM are the methodologies
that follow the MCECM in terms of estimation performance (and in some
cases show a better results than our estimator). Without exception, the two

Tobit estimators TOB and TOB-RE lead to the worse results.

5.2 Simulation study for the fixed-effects model

A parallel simulation study was performed for a panel with fixed individual

effects. For this experiment, we simulate from the following system

Yiat = Y11Y2ie + BT + Brazic + o + €1t (5.4)

Ysir = Y21Y1it + P21Z2ir + Poa®ir + i + €2ir (5.5)

where x1; is an exogenous variable included only in the first equation
and xg;; is an exogenous variable present only in the second equations;
x;; is a variable common to both equations. «q; and a9; are now fixed

effects that will be treated as nuisance parameters (in other words, the
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objective of the exercise is to estimate the coefficients £11, 512, B21, Bo2
v1, Y2 and the variance-covariance matrix of the error terms €y;; and €g;).
In fact, we will see that the estimation methods apply a transformation to
the variables in the model to eliminate the fixed individual effects and then
estimate the rest of the coefficients. Through this procedure we avoid the
incidental parameter problem in the estimation of the coefficients of interest
(although not in any attempt to estimate the individual effects). Note that
the constant term included in the variable z;; in equations (5.1) and (5.2)

is excluded here to avoid a perfect linear relationship with the fixed effects.
The experiment consisted in simulating data from the two equations
above and estimating the coefficients. This was repeated H = 1000 for a
panel of size N = 30 and T = 10 for a total of 300 observations. Here
as well we try to mimic the same empirical study followed in the simula-
tion for the random-effects model, Hausman and Wise (1979). We associate
1 with the variable “experience”, xo with “education” and x;; with “non-
labor income”. They are randomly generated from independent densities
N(15,62), N(10,42) and N(8, 32), respectively. The coefficients are assigned
accordingly (but multiplied by 10 to make it easier to read the results).

Bi1 = 0.04
Bio = —0.13
B21 = 0.21
B22 = —0.13

As before, in the article that we use as source for the coefficients only one
equation is estimated, so we cannot extract the simultaneity coefficients
from there. We therefore assign the values v; = 0.4 and v; = 0.2 arbitrarily
but in such a way that there is a stronger simultaneity factor in one equa-
tion and a weaker factor in the other. The variance of the error terms was

equally taken from the empirical study. There is no covariance available
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from the source, so we decided to set it at one fourth of the variance. Con-

sequently, the error terms are randomly drawn from the following bivariate

€lit \ iid 0 1.80 0.45
~ N ,
€24t 0 0.45 1.80

In modern econometric applications of panel data methodologies, the

distribution.

fixed-effects estimator is chosen not because the individual effects are taken
as fixed quantities but because the restriction of no correlation between the
exogenous variables and the individual effects fundamental to the random-
effects model is considered too strong. For this reason, we will generate the
individual fixed effects in such a way that, as assumed in empirical appli-
cations, they are correlated to the exogenous variables. For this, following
Laisney and Lechner (2003), we generate the fixed effects according to the

following formula.

T
1 T1it — Maq 6’1¢t)
= —— —_— t —= +1 5.6
2(T + 1) ; ( Oxq VT ( )
1 iy I 0
2it — Mas 2it
gy = —F/——— —_— + + 1 57
e |2 (= ) o0

where 601, and 69;; are uncorrelated iid draws from a standard normal distri-
bution (uncorrelated with the exogenous variables). It can be verified that,
when generated in this way and when the exogenous variables are normal
and uncorrelated over time, the correlations between the «q; and the first
exogenous variable, on one hand, and as; and the second exogenous variable,
on the other, are greater than zero and equal to 1/v/T+1. This equivalent to
a correlation of 0.3015 for our simulation exercise. The summand one at the
end of each individual effect was included in order to translate the distribu-

tion of the dependent variables to the right'®. This is indeed equivalent to

1Tn fact, it can be verified that, when generated through equations (5.6) and (5.7),
and if the exogenous variables have univariate densities iid N(pz,,05") and N(pz,,052)
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adding a constant term to the equations, so the variances of the individual
effects and their covariance with the exogenous variables are unaffected. If
we do not include it and we use the coefficients extracted from the em-
pirical study we would have so high an average rate of censorship that all
estimation procedures would collapse. Under the present configuration, the
average censorship was 22.3% for y1;; and 12.1% for the second variable.

Finally, it must also be kept in mind that both yj and y5; must be
generated simultaneously. In the same manner than in the simulation for the
random-effects model, we achieved this through an iterative procedure. We
start by assuming that the second dependent variables is zero; we generate
y; and we censor it if it is smaller then zero. We then take this observed
value to generate y5 and we derive the observed variable y2 censored at zero.
We then use it to generate the first endogenous variable and we repeat until
stabilization, which usually is achieved after only a few iterations.

As before, the parameters for the ascent-based version of the MCECM
algorithm were the default values listed in the last column of Table C.1.
With the chosen values, the average computational time for this experiment
was 55942 seconds (15.5 hours).

As in the previous simulation study, here we compare the solution pro-

posed in this document with other standard econometric methodologies.

respectively, the individual effects will be distributed according to a distribution
(6571 1’1\@ N 1 1/2 0
Q24 1)’ 0 1/2

1
VT +1

corr(ag, T2i¢) = corr(ags, x1¢) = 0

with correlations

COrI‘(Oéli, 1‘1#) = COI”r(OCQi7 .Z‘Qit) =
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Specifically, the following estimators were calculated in this experiment.
1. Method that does not correct any problem: OLS.

2. Methods that correct only one problem: LSDV, SEM and TOB esti-

mators.

3. Methods that correct two problems: Simultaneous Equation Model
with Fixed Effects (SEM-FE) and Tobit Model with Fixed Effects
(TOB-FE).

4. Method that corrects all three problems: the procedure proposed in
this research, estimated through the MCECM algorithm (as before,
this will be called the “MCECM estimator”).

Their properties will be studied through a simulation exercise in order to
decide how does the proposed solution compare to the rest.

The MCECM methodology described in Chapter 4 is applied to this
fixed effects model in the following manner. First, the censored endogenous
variables are imputed through a simulation procedure under the current
estimates of the coefficients. Once the dependent variables are completed
in this way, the model becomes a linear model and we can now apply a
linear transformation to eliminate the fixed effects; we chose the within
transformation. After this, we proceed to obtain the maximum likelihood
estimates for the rest of the coefficients of the transformed model. This
process is repeated until the stopping rule, according the ascent-version of
the algorithm described in Appendix C, is attained.

We now make a few remarks about the specific methodologies used to

calculate the rest of the estimators included in the list above. The LSDV
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estimator is the standard solution for panels with fixed effects, calculated
by adding a dummy variable for each individual in the sample or alterna-
tively by applying the within transformation!” to all the variables in each
equation and then estimating the parameters by OLS. In fact, by using this
transformation the individual fixed effects drop from the equations (as well
as any variable that is fixed over time for each individual). The SEM and
TOB estimators are identical to those described in the previous simulation
exercise: for the former, the FIML estimator of the system and, for the
latter, the classic MLE for a univariate Tobit model. The SEM-FE estima-
tor corrects for both the simultaneity present in the model and the panel
structure (with fixed effects) of the data; this is achieved by first using a
within transformation to eliminate the individual effects and then applying
a FIML procedure to the transformed model. Finally, the TOB-FE takes
into the account the censored character of the dependent variables plus the
presence of fixed individual effects. Here, the within transformation cannot
be applied directly because of the nonlinearity introduced by the censorship
in the data. In order to calculate this estimator the simulation algorithm
described in Chapter 4 had to be used: the data was “completed” using
simulation and then a standard LSDV estimation was applied to each equa-
tion.

The comparison of the different estimation methodologies will be based
on the marginal effects, which measure the effect on an endogenous variables
of an infinitesimal change in one of the exogenous variables. These quantities

are nonlinear functions of all the parameters of the model and the observed

"The within transformation of a variable is equivalent to subtracting the individual
mean from each observation.
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values of the exogenous variables. Since each repetition of the simulation
generates a different marginal effect, there are two possibilities to report
them: the marginal effects at the average or the average marginal effects.
For the former, we calculate the average values of the exogenous variables
and the estimated coefficients across the simulation exercise and evaluate the
marginal effects at these averages; for the latter, we calculate the marginal
effect at each repetition of the simulation and we calculate the average at
the end. This last method is computationally very costly, but we prefer
it because it provides more information that could be used to study the
distribution of the marginal effects or to estimate any function based on
them if this is needed. At the true value of the coefficients, the average

marginal effects are given by the following values.

Average marginal effect of x1 on y1 = 0.0405
Average marginal effect of z2 on y1 = 0.0770
Average marginal effect of z on y1 = —0.1793
Average marginal effect of x1 on y2 = 0.0068
Average marginal effect of z2 on y2 = 0.2371

Average marginal effect of z on y2 = —0.1688

These are similar to the values given for the simulation exercise of the
random-effects model with the same number of parameters described in
Section 5.1.5. This is because the coefficients of the slope parameters and
the variance-covariance matrix of the error term take the same values. The
individual fixed effects are generated in a way that they have a mean of

one, just like the value of the intercept in the random-effects model. The
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small difference arises from the fact that the individual effects have each a
variance of 0.60 and a covariance of 0.15 in the previous exercise; here they
are generated in a way that each has a variance of 0.50 and they are not cor-
related, as it was explained above. The performance of each methodology in
the estimation of the average marginal effects will be presented through the
bias (to the average marginal effects at the true values of the coefficients),
the variance and the MSE. It would also be advantageous to compare the
different solutions by means of the average value of the likelihood function;
however, (3.33) is a costly function to evaluate and it becomes prohibitive
in a simulation exercise. Because of this, we concentrate only on the per-
formance measured through the marginal effects.

The results of the simulation study are summarized in Table 5.18 and
Figure 5.18. These also include, for comparison purposes, the estimation
results of the MCECM for a random-effects model, marked with the label
“M-RE” (column 7 of the table); this estimation method should show a
bias in the present context because its assumptions are violated by the
correlation between the individual effects and the exogenous variables.

We start the discussion of the results with the marginal effects of the
two variables directly included in their own equation: x; on the first en-
dogenous variable and x2 on the second endogenous variable. In both cases,
the MCECM estimator of column 8 in the table has the smallest bias of
the alternatives; as the boxplots show, the median of the average marginal
effects coincides with the true effects. It is followed closely by the LSDV
solution. The most biased estimator is TOB in the two effects, followed
by OLS in the first one and the fixed-effects Tobit estimator in the second.

Although it is better than other alternatives, the estimator for random ef-
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Table 5.18: Comparison of the average marginal effects for the simulation
study of the fixed-effects model, values multiplied by 102

(1) (2) (3) (4) (5) (6) (7)

(8)

OLS LSDV SEM TOB SEMFE TOBFE M-RE MCECM

Marginal Bias  3.5850 0.3444 2.2884  5.9558 -0.6756 2.0719 2.1953
effect of Var 0.0232 0.0197 0.0189  0.0343 0.0154 0.0387 0.0369
ryony; MSE 0.1517 0.0209 0.0713  0.3891 0.0200 0.0816 0.0851
Marginal Bias = 4.9919 3.9663 -1.2512  9.9254 -1.6612 9.3907 0.4901
effect of Var 0.0354 0.0215 0.0355  0.0607 0.0340 0.0618 0.0733
zoony; MSE  0.2846 0.1789 0.0511  1.0459 0.0616 0.9437 0.0757
Marginal Bias  4.8898 4.6485 3.7135  0.4051 3.4615 -1.6076  -3.9061
effect of Var 0.0954 0.1010 0.1094 0.1794 0.1094 0.1828 0.2774
T on yi MSE  0.3345 0.3171 0.2473  0.1810 0.2292 0.2087 0.4300
Marginal Bias  3.0383 1.6837 0.2913  4.6835 -0.1599 2.9460 0.1455
effect of Var 0.0061 0.0059 0.0151 0.0134 0.0142 0.0140 0.0150
r1onys MSE 0.0984 0.0342 0.0160  0.2328 0.0145 0.1008 0.0152
Marginal Bias = 3.2740 -1.0476 2.0977  8.2473 -2.9901 4.4261 2.0097
effect of Var 0.0872 0.0561 0.0725  0.0921 0.0624 0.0818 0.0604
2 onys MSE  0.1943 0.0671 0.1165 0.7723 0.1518 0.2777 0.1008
Marginal Bias  4.6515 4.6067 2.1498 0.8163 2.0490 -0.8479 0.3547
effect of Var 0.0975 0.0855 0.1392  0.1480 0.1438 0.1616 0.1390
T on Y2 MSE 0.3139 0.2978 0.1855  0.1547 0.1858 0.1688 0.1402

0.1581
0.0225
0.0227
-0.4263
0.0444
0.0463
0.2664
0.1381
0.1388
-0.0911
0.0162
0.0163
-0.1802
0.0646
0.0649
0.3022
0.1572
0.1581

fects is affected by the correlation between the exogenous variables and the
individual effect, with a resulting bias. In terms of estimation variance, as
we have mentioned before, the cost of using an estimator based on simu-
lation is a loss of efficiency, evident in these results. However, we see that
this trade-off is only moderate, as the variance of the MCECM is not much
larger than that of the most efficient estimator (SEM-FE for the first effect
and LSDV for the second). Using the MSE as a summary measure, our
proposed methodology is the best estimator for the marginal effect of xo
on 9 and, although not the best, still produces appropriate results for the
marginal effect of 1 on y;.

We now analyze the results for the exogenous variables that are not
included in each equation and that only have an indirect effect through
the simultaneity in the system: xo on the first dependent variable and x;

on the second one. Here, the estimator proposed in this thesis also has
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the best performance in terms of bias, followed by the SEM and SEM-FE
alternatives. For both effects, the estimators with the highest bias are the
two Tobit estimators and OLS. The correlation between the exogenous
variables and the individual effects has little effect on the random-effects
estimator in this cases; we can see in Figure 5.18 how it produces good
results in terms of bias. This is because the individual effects are constructed
in such a way that they are correlated with the included exogenous in each
equation, so that it causes little problem in the estimation of the effects of
the other exogenous variables. On the other hand, the loss of efficiency of
the MCECM is more marked in these cases, especially for the effect of the
first exogenous variable on s, where it is the estimator with the highest
variance. Even if it still is the best alternative in terms of MSE for the
marginal effect of 25 on ¥, it is outperformed (although by a small margin)
for the other marginal effect.

Finally, we study the effect that changes in x, the variable included in
both equations, have on the endogenous variables. In the boxplots we can
see that the estimation is much better for all estimators, particularly for
the worse performers in the previous effects (the Tobit estimators). For the
two effects, the MCECM solution has the minimal bias among the alterna-
tives, closely followed by TOB and TOB-FE. Although its loss of efficiency
brought about by its simulation nature has a negative effect, this is only
moderate, resulting in it still being the best solution measured by MSE for
the effect on the first endogenous variable, and third rank for the other one
(but very close to the best solutions).

In summary, the MCECM estimator proposed in this document has a

remarkable performance in terms of estimation bias: for the six average
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Figure 5.18: Comparison of the average marginal effects for the simulation
study of the fixed-effects model
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marginal effects reported in this section, it is the best solution among the
alternatives, sometimes by a wide margin. However, it is an estimator whose
construction is based on simulation and this has a cost that manifests itself
in a loss of efficiency. This increase in variance was more pronounced in
the simulation for the fixed-effects than for the random-effects exercise of
the previous section. Nonetheless, it still is the best estimator using the
MSE as comparison measure for three effects and shows appropriate results,
very close to the best performer, in the rest of the cases. The violation
of the assumption of no correlation between the exogenous variables and
the individual effects of the estimator for the random-effects model brings
consequences that can be verified here: even for a moderate correlation
as that used in this exercise, this estimator shows a significant bias in the
estimation of the marginal effect of the exogenous variable that is correlated

with the individual effect (z; for the first equation and x5 for the second).
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Chapter 6

Extensions

The methodology developed in the preceding chapters can be extended to
other cases of limited dependent variables. The fundamental idea remains
the same: in situations where the limited character of the endogenous
variables derives into a complicated likelihood function, the MCECM al-
gorithm presented in Chapter 4 can be employed as computational solution
to work around the complexity of the optimization problem. This chapter
will present two further examples of how can this methodology be applied.
It would also present a final section with a short discussion about the effect

of extending our model to a dynamic setting.

6.1 Probit-probit model

In this setting, the function (3.3) that defines the limited character of the

endogenous variables is given by

Ymit = w(ymzt) = {

0 otherwise

155
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In other words, the observed dependent variables is equal to one if its latent

counterpart takes a positive value and zero otherwise.
This section will develop a model with two equations and individual

random effects.

* ! /
Y1it = Y1Y2it + Br1%1ie + Brair + 1i + €14t

* / /
Yait = V2Yrit + Bo1%2it + Poois + s + €24t

Yrit =
0 otherwise
Y2it =
0 otherwise
with, for all ¢ and ¢,
a1, 0 of1 oz 0 0
Q2; ii 0 0?2 02‘12 0 0
id N 7
€14t 0 0 0 oi1 ol
€2it 0 0 0 of2 05

We will proceed, as in Chapter 3, by considering the four possible combi-

nations of observed outcomes.

6.1.1 Four possible cases

Case I: y14 =1 and yo;; = 1

Both observed variables are equal to one and this implies that the two
latent endogenous variables are positive. This can be used to construct the

probability of falling under this case, given the exogenous variables and the
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values of the parameters.

Ylie = 11 + Britii + Blatit + a1 + €1t > 0

Yoir = Y2 + BorTait + BaaTit + i + €2ie > 0
This leads to the inequalities

! !
€1it > —y1 — B11%1ie — PraTic — 0

! !
€2it > —Y2 — B21T2it — Baa%it — Qw2

Since all observations of the same individuals are correlated through the
individual effects aq; and ag;, we cannot write the density of each one inde-
pendently. However, as we did before, if we write the error term conditional
on the realizations of the individual effects, we can get around this diffi-

culty.

flerie > —y1 — BiaTric — BlaTit — i, €2i8 > —Ya — Bo1Toit — PooTit — ;) =

= f(e1it <71+ 511331# + ﬁiQIit + i, €248 < Y2 + Bélx%t + Booxis + 2;)

/

- g(a1i, i) dan; dao;

flerie <y + BriT1it + BlaTic + i, €200 < Y2 + BaiTair + Baotit + agi|ois, o)

é\g

yi+B8112 it +B amict i Y2+Bh Tait+Bha i+

fevit, €2ie|01i, auzq) dea; ders

Il
;3\8
é\g

—o0 —o0

- g(a1i, a2i) da; das;
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Case II: y1;; =1 and 19 =0
The {1,0} combination means that the first latent endogenous variable is

positive while the second takes a value smaller than zero.

* ! !
Y1t = Pr1®1it + BroTie + oni + €146 > 0

Yaie = Y2 + Ba1T2it + Baatit + qzi + €2i0 < 0
or, written in another manner,
€15t > —B1T1ie — BraTie — a1
€2it < —7Y2 — 5§1I2it — ﬂézwit — Q2

As before, with the construction of the likelihood function in mind, it would
be necessary to write the probability of such a case independently for each
individual and time period. This can be achieved by conditioning on the

individual error components.

flerie > —511%# - 5121% — 1, €2it < —7Y2 — ﬂélwzit - ﬂézxit — 0621') =

= f(e1r < 5115E1n + ,61233“ + o4, €28 < —Y2 — 5513321‘1& - 5§2$¢t — Qi)
7
o

- g, o2q) dans dovg

fler < /3111’12'15 + ﬂizxit + aiq, €2 < —7y2 — ﬁéwmt - ,BQQJM — agilog, az;)

\8

8

! ’ ’ /
Br1zrit BTttty  —v2—B51%2it —BooTit —az;

f (€1, €2:¢|vis, ar2q) deg; ders

I
Sli\g
é\g

—o0 —o0

: 9(0611'7 Oézz') dovis dos

Case III: y1;; =0 and y9;y = 1

This case can be developed as in the preceding combination, but exchanging

the first and second endogenous variables. The observed outcome is equiva-
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lent to say that the latent variable yj;, is negative while the second variable

y5;; is positive. This leads to these inequalities for the error terms.

/ !
€1it < =71 — Br1%1it — Bra%it — o

! !
€2it > —Pa1%2it — Poslic — 2

So that the probability conditional on the individual effects is given by the

following expression.

Flerie < —y1 — Biazric — BroTit — 0,y €2i0 > —Po1Toit — Paolic — 2i) =

= flerit < =71 — BraT1it — BraTit — 04, €2i8 < Po1Tait + PooTit + aa;)

]

- g, os) dos devas

Flerie < —y1 — Blimric — Bra®ic — i, €2 < BaiTair + Baratar + i, ao;)

é\g

/ ’ / !
—v1—=B11Z1it —BlaTit—a1i  Bo1T2it+Br0Titan;

:// / / fevit, €2it| i, z) deag des

- g(ous, o2q) dags dovag

Case IV: Y1it = 0 and Y2it = 0

Finally, in this situation we observe zero for both variables and this implies
that their latent counterparts take negative values. Because of this, the

error terms obey the following inequalities.

/ /
€1t < =Pt — BraTie — 01i

! !
€2it < —PBa1%2it — Poslic — Q2
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The probability that the individual ¢ in time period ¢ falls under this case

is given by

fler < —Brz1ie — Bra®i — iy €200 < —Ba1T2it — BoaTiv — q2i) =

o0 (e o)
/ / flerir < _ﬁilxlit — ﬂi2xit — Qa1i, €25t < —ﬂéﬂm — 552%1 — Q2; 0411',0621')

—00 —00

- g(a1s, azi) dag; dag;

/

- g(ous, azi) dan; dovas

! ’ ’ ’
—Br1®1it—BioTit—a1i  —Ba1T2it —BooTit— o2

fevit, €2it| i, 2;) dea; der;

é\g

—o0 —0o0

6.1.2 The likelihood function and its optimization

By writing the density of the error terms conditional on the individual
random effects, all observations can be treated as independent and the like-
lihood becomes easier to elicit. In the tobit-tobit model developed in Chap-
ter 3, the reduced forms have different parameters (linear combinations of
the parameters of the structural form) and this leads to different densities
for the error terms and the individual effects. The present situation is sim-
pler in the sense that the four reduced forms have the same parameters (that
is the reason why the functions f(-) and g(-) are not indexed according to

case). Combining the four cases for all observations and taking logarithms,
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we can write the log likelihood for this model in the following way.

N 0o oo Yi+B1121it+BaTit a1 Y2+Bh Tait+BhaTit+ i
log L = g log / / | | / / fevit, €2it|ri, 2q) deai der;
i=1 —00 —00 ]D),IL- —oo —o0
BliT1it+BlaTit+a1; —v2—Bh T2it—BhoTir—a2;
| | / / f(€rit, €2t |av1s, aaq) deg; ders
D} —o0 —o0
—Y1—B11%1it —BlaTit—a1i BhyT2it+BhaTit+an;

H / / f(flit, €24t |14, azi) deo; de; (61)

]D%H —oo —oo

—Bl1T1it—Blamit—a1i —BhyTait—BhoTir— g
H / / f €1, €2t |14, ;) deg; ders
Div —o0 —o0

g(as, ag) dass da2i}

Although simpler than (3.15), this expression is still a difficult function to
optimize since it is composed of four different section and features several
double integrals. One way around this complexity is the computational so-
lution applied in the previous chapters. This optimization algorithm can be
applied directly for the probit-probit model. The idea remains the same:
simulate the latent variables using the observed values of the endogenous
variables (a sequence of ones and zeros) and the current values of the pa-
rameters, use them to obtain the conditional maximum likelihood estimates
and iterate until convergence. The procedure presented in Algorithm 5 does

not need any modification to deal with the probit-probit model.

6.2 Tobit type I-1I model

Now we develop a situation that involves a mixture of two models: a Tobit
type I and a Tobit type II. The first endogenous variable is censored when it
is smaller than a constant threshold (Tobit type I). The second endogenous

variable is censored when the value taken by a third variable does not reach
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a threshold (Tobit type II). Formally,

* ! !
Yrit = V1Y2it + P1121it + P12t + 1i + €14t

Yoie = Y2YLit + Bo1T2it + BoaTit + i + €24t
Yl iyl >0

Yrit =
0 otherwise

ysie i Y3 = Bs1T3i + BraTir + azi + €3i¢ > 0
Y2it =
0 otherwise

In other words, the first endogenous variable is censored at a fixed threshold
(zero) while the second is censored at a stochastic threshold that depends on
exogenous variables and an individual effect according to the linear equation
defined by ys3;; (the selection equation). An individual error component is

present in all three equations.
The statistical properties of the error components are given by the fol-

lowing distribution.

(65T 0 011 0?2 013 0 0 0
Q24 0 0'?2 0'32 0'33 0 0 0
« « «
3i | 44a 0 o13 033 o33 0 0 0
N , (6.2)

€14t 0 0 0 0 o1 ofy oOis

€2it 0 0 0 0 of2 05 o033

€34t L \0 0 0 0 of3 o33 o033/ |

6.2.1 Four possible cases

Case I: y1;+ > 0 and yo; > 0

The fact that both endogenous variables are observed implies that both the

latent variable yj,, and the selection variable y3,, take positive values. We
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calculate the reduced form of the system, using the same symbols for the

reduced form parameters than we did in Chapter 3.

yrie = = (M Xie + 610 + v1ae)

(T X 51 + 25 + v2ir)

Y2it =

= ] =

In other words,

Vit = Dyrie — T X — 61

voit = Dyasr — 115X — 02;

and we know, since the second variable is observed, that y3;, is positive,
which implies that esg;; > —Bélargit — IBéQxit — ag;. How do we obtain the
probability of observing these variables in such a situation? We use the

Bayes rule.

P(viit, v2it, Y3 > 0) = P(v1it, v2it) P(ysit > Olvaat, voit)

= P(viit, v2it) P(€3it > —B5123i0 — BhoTic — 3|V, V2it)

The first probability is the same than in the model of Chapter 3 and it equals
fI() For the second, we need to find the distribution of €3;; conditioned
on (vi4, v2it). For this, we start from the distributional assumptions (6.2)

to obtain that

€ € € € €
€34t 0 033 013 + 71023 023 + 72013
iid
€ € v 174
vig | ~ N 0]:|o1s+7033 g11 012
€ € v 14
Vait 0 023 + 72013 012 022

Using this distribution, we can derive the conditional density

id
(€sit|vriit, vair) ~ N (/1;13, Zé)
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where

[055(0%3 + 11053) — 0¥5(053 + v2073)]v1st + [07; (053 + 72073) — 015(0]5 + 71055)]v2ie
o105, — (075)?
s _ e 085 (013 +71053)% + 071 (053 +72013) — 207, (0{3 + 11053) (955 + 712053)
3=933 VoY (o%,)?
011922 012

ps =

We will call this density f2(esi|viie, voir)-

As we have done in the preceding sections, we need to write all distribu-
tion conditioned on the individual error components, so that observations
for all individuals and period can be written independently; this is a neces-

sary step to be able to write the likelihood function.

FI(Cyrie — T Xie — 814, Dyaie — 5 Xy — 82;) fa(esir > —Bh1T3i0 — BhoTie — azi|vise, vaie) =

= ATy — 1 Xyt — 614, Dyose — TH Xy — 625) fa(esir < Bhiair + Bhomir + asilviie, vair)
o0 oo
— 00 — 00

< fi(esir < BhaTai + Bhomir + asi|Vist, Vait, 014, 024, i) - 91 (814, 024, zi) dd1; dda; das;

FI(Tyrie — I Xt — 614, Dyose — 5 Xyt — 0240014, 025)

é\g

0o oo oo
= / / / FATyrie — T X — 614, Tyasr — 15 Xa0 — 824|014, 02:)
00 —00 — 00
B x3it+BsaTit+as;
FA(esitlviie = Dyrie — T\ Xy — 814, v2ir = Dy2ie — U5 Xye — 624, 014, 824, zi) deai

—00

g (614, 824, iz ) A1 dda; das

where ¢'(81;, da;, ag;) is the distribution of the individual components given
by

5 ) @ «@
014 0 011 O12 013 + 71033
iid
5 5
(527; ~ N 01, 012 022 0-53 + ’720-%3

« (% (% « «
as; 0 013 + 71023 023 + Y2013 033
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Case II: y1;+ > 0 and 19+ =0

In this case, we observe the first endogenous variable but not the second
one. This implies that the first latent variable is positive, but we cannot say
anything about the second latent variable. However, we know that the third
variable in the selection equation is not positive. With this information, we
can calculate the probability to fall in this case. Given that the second

dependent variable is zero, the first one can be written as
Yrit = Bz + Bratie + oni + €ra
We can also derive the expressions

/ !
€1it = Y1it — P11%1it — B1aTit — Qg

! !
€3it < —P3123it — P32Tit — 3s

In this case, we do not observe the second endogenous variable, so it does
not enter the probability; we need to find the marginal distribution of the

other two variables.

Perit, Y30 < 0) = Plerst, €3t < —B51T3i¢ — BaaTir — 3i)

oo
! !
/ P(erit, voit, €3it < —B31T35¢ — Ba2%it — ou3q) dvag
— 00

oo
/ Perst, voir) Pesit < —B51%3i — BhoTir — asilenie, Vi) dvag

—o0

We had obtained P(ey;, va;¢) previously, this is the density fY(-). We now
derive the second part of the expression. For this, we need the joint density
of the three error terms.
€3it 0 053 oi3 033+ 72013
iid .
au | ~N[]0], oi3 o11 013

€ € ) 174
Vait 0 023 + 72013 015 022
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so that the conditional density of the third error term given the other two,

[ (esitlerit, vair), is given by

iid
(€3it|€1it7 V2it) N (IJ:ISI7 2131)
1 [05:013 — 01y (053 + y2013)]€rie + [011(053 + 12013) — 01y ofs]vau
3 — € v €,V\2
05105, — (01%)
052(0%3)° + 051 (053 + 12013)° — 207y 053(053 + Y2073)
05105 — (013)?

11 €
Y3 =033 —

With these elements we can write the probability of one observation from

this case.

oo
/ T (st — Blizrie — Blamit — a1q, vae) [ (e3ie < —Bh123it — Bhotit — ailerst, voit) dvo; =

—o0

o0 oo oo o0
= / / / / F(yrat — Blazrie — BloTit — iy Vast|oas, 627)
—_—o0 —00 —00 — 00

11 / / 11
- f3 (€35t < —PB31735¢ — B3aTit — Q3il€rit, V2it, 01, 024, @34) dvag - g (@i, 024, 34) day; ddo; das;

o0 o0 oo o0

1T / /
= / / / / F (yiee — Bliwiie — BraZie — s, Vase| s, 024)

—_—o0 —00 —00 — 00

—Bh1 T34t —BhoTit — 3

11 / ’
f3 (e3itlerse = y1it — Pr121ee — BlaTit — 14, V2it, 14, 02, a3;) deg; dvg;
— 00

g™ (a14, 824, aiz) day; dda; das;

The function g'(-) is the distribution of the individual error components

given by
a1 0 ot 0?2’5 o3
5 | “N|{|o0]. oy’ 092 033 + 72073
as; 0 ols 023+ 72073 033

Case III: Y14t = 0 and Y2it > 0

This case can be developed in a similar way than the previous one. Since the

first dependent variable is censored, we know that its latent counterpart is
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negative; on the other hand, the second variable is observed and this means
that the dependent variable in the selection equation takes a positive value.
It is straightforward to obtain the reduced form of the second equation since

the simultaneous terms drops.
Yoir = Bo1T2i¢ + BaTiv + Q2i + €2i¢ = €20t = Y2it — Ba1T2it — BooTit — Qi

We write the probability for an observation from this case through the

following development.

P(viie < =TI Xit — 614, €241, Yy > 0) =

! ! !
= P(vist < —I11 X5t — 014, €24t €35¢ < B31T3it + B3aZit + 3s)
—I1% X4 =015

! !
P(v1it, €2it, €3it < B3123it + BaaTic + azi) dvig

P(viit, €2i1) Pe3ir < By13ic + Bha®ie + asi|viae, €ai) dvi

The probability P(vy, €2;¢) is the same as fU(.). For the second part

of the previous formula, we first require the joint distribution of the error

terms.
€ € € €
€34t 0 033 013 + 71023 033
iid

v v,e

vig | YN0, ] ofs +710% o11 013

€ v,€ €
€2it 0 023 019 022

With these information we can construct the required conditional distribu-

tion, which we will denote with f§11(63it\ylit, €2it )

iid
(ESit|V1it7 €2it) N (M?I7 Eén)
111 [052(053 + 71053) - 05;053}1/1“ + [UﬁU;s - U;/ée(gfs + ’71053)162it
n3 = v € V,€\92
07105 — (015 )
052013 + 11053)% + 011 (053)% — 2073 (053 + 11053)053

ST _ e
3 =033 — U € ( 1/,6)2
011022 — (012
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Therefore, the probability of an observation from this case is obtained as

follows.
—IT) X1 =514
111 111
T Wit €2i0 = yoir — BhiToit — BhaTit — a2:) f3' (€3it < Bh1Z3it + BhaTit + azi|viit, €2it) dvi; =
—oc0
oo 00 00 71_[/1X“751L
111
= / / / / I (vie, €26t = yait — Ba1®2ir — Boo®ir — a2;|614, at2;)
— 00 —00 — 00 — 00

111 ' / 11
- f3 7 (€36t < B31%3it + Byaxit + a3:|Viat, €24, 014, 024, 35) dvig - g (014, 24, 34) dd1; dag; das;

’
oo 0o 00 *Hlxit*(;li

= / / / / T (V14t, €256 = yoie — Bhitaie — Bhomis — 24| 814, aiz;)
— 00

— 00 —00 — 00
B3y 23it+B3oTit+azi
111 / /
f37 (€3t viit, €2ie = y2it — Ba1T2it — BaaTit — a2i, 014, ar2i, a3¢) dez; A

— 00

- g™ (814, 024, azi) dd1; dag; das;

The distribution of the individual random effects, g""' (615, aa;, a3;), is given

by

S 5, @ el
01 0 011 015 013 +71023
iid s
ai | ~N|]o], ooy 055 053
« « (o7 «
Qas; 0 013 + 71023 Oa3 033

Case I'V: y1;; =0 and y2;; =0

This is the case with less information on the endogenous variables. With the
observed outcome, we only know that the first and the third latent variables
are smaller than zero and we have no information on the second. In order

to write the probability of an observation from this case, we need to write
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the marginal probability of the first and third variables.

Pyl <0, y3ie < 0) = Plerir < —Bl1T1it — BlaTit — 4, €35t < —Ba1T3it — BiaTit — ;)

o0
! ! ! / .
= / P(erit < —P1171it — PraTic — 14, €2it, €300 < —P31&35t — P32Tie — aezi) de2i
— 00
0o —Bl1T1it—BlaTit—a1;

= P(Elit, €2it, €3it < *5§1$3it - ﬂégibit - 0431') dey; dea;
— 00 — 00
o _Bilzlit_ﬁbzit—ali
= Perit, €2it) P(esit < —B31T3i¢ — BaaTit — azil€rit, €2qt) der; dea;

The first probability is given by the function f!V(-) first used in Chapter 3.

The conditional probability of e3;; given the two other error terms can be

derived from the joint density of the error terms, (6.2).

iid v v
(€3it|€1it7€2it) ~ N (,U3 , 23 )
€ € €, € € € € €
v _ (052073 — 015053 )€1t + (011055 — 0120713)€2:¢
M3 = o€ g€ — (O.e )2
11922 12
€ € \2 € € \2 € € €
SV e 05(013)° +011(053)" — 2072073053
3 033 —

05105, — (012)?

The joint distribution of the three individual random effects, gIV(ali, 2, (03;)

can also be obtained from (6.2) directly. With these elements, we can write

the probability of one observation from this case.
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’ !
oo —B11%1it —BiaTit—a1i

YV (erit, e2ie) f3Y (e3ie < —Bh1x3it — Bhotir — azilerst, €2it) der; dea; =

— o0

gal

/ ’
—B11®1it—BlaTit— 1

oo

o0 o0

/ / / VY (evit, €2itani, ani)
oo — o0

—00

I
5V (e3it < —Bh1T3it — Bhomir — azilenit, €ait, 14, 24, i35) de1; dea;

v
g (aai, 024, a3) dag dagg dasg

o oo oo oo —BliTiit—BlaTit—ai;
— v
= / / / / / FY (€xit, €2it|ons, nq)
—00 —00 —00 —00

—B41T35t—Bhomir — s
v
13" (€3it|€1st, €248, 14, 27, e3;) dez; dey; deg;

—0o0

v
g (aai, a4, a3;) dag; dag; das;

6.2.2 The likelihood function and its optimization

Once we have the probabilities for all observations from each of the four
cases, we aggregate over individuals and time periods to construct the like-
lihood function. It is possible to do this at this stage since all functions are
conditioned on the individual random effects. The complete log likelihood
function of this model is given below. It is more complicated than the like-
lihood (3.15) we optimized in the preceding chapters: it also features four
sections and multiple integrals but it is further complicated by a third layer
introduced by the selection equation. An attempt to find the MLE directly
would be very difficult, so one solution to work around this problem is the

MCECM computational algorithm applied previously.
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log I = Zlog/ / /H( (Pyait — T4 Xt — 614, Dyzie — Ty Xot — 524131, 621)

Bh1T3it+B5aT i+
FE(esit|viie = Tyrie — ) Xyt — 614, vasr = Dyoir — M X0 — 24, 61i752i7a3i)d€3i>
—oo

- 9" (814, 824, azi) ddy; dda; das;

oo oo oo

+ 10g / / / H < / f ylzt - ﬁllxlzt - ﬂ12xzt — 14, V2zt|a17,7621)

—00 —00 — 00
’ ’
—B3123it —B3aTit — 3

1T / /
13 (e3itleris = y1it — Br1%1i¢ — BlaTie — 14, Vait, 14, 024, @3¢) des; dV2i>

— 00
11
g (a1, 02i, a3i) dag; dde; das; (6.3)
—T0) X1 814
111 ' ,
+ log / / / 11 ( / I (i, €2t = Yait — Bar®2it — Paa®it — 24014, a2q)
III
—00 —oo0 —oo D —o0
B @35t +B5oT iz,
111 / /
f3 (€33t|viee, €256 = y2it — Bo1®ast — BooTsr — 24, 014, 24, 34) dez; qu)
— 00

g (814, s, au3i) dd; dag; das;

’ ’
co —B11T1it—BlaTit— a1y

oo oo o0
+ log / / / ( / / YV (erit, €2itl i, az;)

— 00 — 00

—Ba1T3it—BhoTit —oz;
v

13" (ezit|€rit, €2it, @14, o, a3;) dez; deg d€2¢>

—o0

v
-9 (a1, a24, a3q) dag; dagg das;

The Tobit type I-II model features a combination of different types of lim-
ited dependent variables. The first variable is censored at a fixed threshold:
we only observe it when it is larger than that value and we observe the
threshold in other cases. The second variable is truncated at a stochastic
threshold: we only observe it when another random variable takes posi-

tive values. Finally, the third variable is observed only as a dichotomous
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variable: we never know the value of the latent variable, we only know if
it is positive or negative because in the former case the second variable is
also observed. This structure derives in the practically intractable likeli-
hood function presented above. However, the MCECM algorithm applied
in this document can also be employed here to deal with the complexity of
the function that needs to be optimized. The fundamental idea is to use
simulation to “complete” the data (the censored observations of the first
dependent variable, the truncated values of the second and the full latent
values taken by the third). Once this is done, the maximization task be-
comes significantly simpler. Algorithm 5 can be applied directly to this

situation.

6.3 Dynamic models

In the models presented in Chapter 3, we made the assumption that the
error terms of different time periods were uncorrelated. As a result, the only
source of correlation over time was due to the presence of the individual
effects. However, this may prove too restrictive in empirical applications
where a shock produces an effect that is felt over longer time horizons.
Such a situation would call for an error term that is serially correlated.
Ignoring this phenomenon when it is present would lead to an estimation
that, although still consistent, would be inefficient; on the other hand, the

estimation of the variance of the error components would be biased.

To illustrate the consequences of including serially correlated errors in
our model, take the random-effects model of the first section of Chapter 3
given by equations (3.4b) and (3.5b). Instead of making the assumption

that the error terms are independent over time, we now add the following
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relationships to the model.

€14t = K1€14,t—1 + U1t

€2it = K2€24,t—1 + [2it

where p1;; and po; are iid normal random variables uncorrelated with the
individual effects and the exogenous variables and 1 and ko are assumed to
be coefficients smaller than one in absolute value. In other words, we make
the assumption that the errors follow a first-order (stationary) autoregres-
sive process. If we substitute the equations of the error terms in the model,

we obtain the following expressions.

* / / * / /
Yiie = Y1Y2it + Br1®ie + Bratit + o + K1(YT; o1 — V1Y2i,6—1 — B11%1i0—1 — BloTie—1 — a1i) + P

= K1Y1i -1 + 71 (W2it — K1y2i6—1) + Bl (T1ie — K1T1se—1) + Bra(@at — m1wie—1) + (1 — K1) + paa

(6.4)
Vit = V2Yrit + Ba1@2it + Boo®it + c2i + k2(Ys; 41 — V2Y1it—1 — Bar @261 — Bhait—1 — a2:) + p2it

= kous; ¢ 1 +v2(Yrit — KaYrie—1) + Boy (T2ir — Ka@ase—1) + Bog (@it — kawi 1) + (1 — K2)oms + p2i

(6.5)

In principle, it is possible to proceed as before: identify the possible
cases that may be observed, construct the reduced form and the densities
of the variables for each one of them, and use these elements to construct
the likelihood function. However, two complications arise when considering
serial correlation. First, since lagged values of the dependent variables are
also included, instead of four possible cases for each individual ¢ and period

t as in Chapter 3, we would have sixteen.

Lyt >0, y1i0—1 > 0, y2ie > 0 and y2;;-1 >0



174 CHAPTER 6. EXTENSIONS

IL. y1e >0, y1ie—1 >0, y2i¢ > 0 and y2;41 =0
I y1 > 0, y1it—1 > 0, y2;¢ = 0 and y2;4-1 > 0

IV. y1it >0, y1i0-1 > 0, Y256 = 0 and y;41 =0

XVL y1it =0, y1i4-1 =0, y2;¢ = 0 and y2;4-1 =0

This would make the likelihood a lengthier expression. The second compli-
cation is more serious. Previously, we worked around the correlation across
time periods by conditioning on the individual effects, the only source of
time dependence in that model, and writing the likelihood using conditional
distributions. However, in this case this is not enough because, as it can
be verified in equations (6.4) and (6.5), there is an another source of corre-
lation since both yj;; and yj;, ; share some elements (and likewise for y3;,
and yé‘i’t_l). Therefore, due to the dynamic feature of the model, one has
to write the joint likelihood for all time observations since only conditioning
on the individual effects will not lead to time independence in this case.

However, it is possible to implement a MCECM-type procedure along
the following lines. We can “complete” the vector of latent dependent vari-
ables by simulating the censored values according to the sixteen cases de-
scribed above by using conditional distributions. In this way, the likelihood
becomes somewhat simpler to handle and we could apply a MLE procedure
for error components models with serially correlated errors, such as that
developed by Anderson and Hsiao (1982). This is an interesting extension
worth exploring.

Other than serial correlation in the error terms as described before,



6.3. DYNAMIC MODELS 175

another source of time dynamics in the model could be the presence of lagged
values of the dependent variables as regressors. This is an autoregressive
process. We briefly present a first order autoregression to illustrate the

situation (assuming there is no serial correlation in the errors).

* ! !
Ylit = K1Y1i,e—1 + Y1Y2it + Br1%1it + BraTit + a1s + €14t

* / !
Yoir = K2Y2i,t—1 + Y2Y1it + Ba1%2it + BooTit + o2 + €24t

Note that the lagged dependent variables in the right-hand side are the
observed and not the latent values. This make sense if the censorship arises
from an economic or logical reason (for example, expenditure being strictly
nonnegative or wage always superior to the minimum wage). As in the pre-
vious example, the dependent variable y],, and one of the regressors yy;;—1
are correlated through the individual effect, even if there is no serial correla-
tion in the error terms (likewise for the second equation). Many alternatives
have been developed for an uncensored model, but they rely on a transfor-
mation to wipe out the individual effect and then use instruments to correct
for endogeneity. However, this is not possible in our situation because of the
nonlinearity introduced by the limited character of the dependent variables.

An idea of how to proceed may start by sorting each observation ac-
cording to one of the sixteen possible cases described above. We can obtain
the reduced form for each one of these cases. In writing the likelihood, even
after conditioning on individual effects, we would have to additionally con-
dition on past values in order to decompose it into a product of conditional
densities and then integrate out the individual effects. We then apply the

MCECM methodology to “complete” each of the censored observations of
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the dependent variables. To do this, we generate a draw from the condi-
tional distribution of a censored observation given the observed values of
the other variables. We repeat this R times to obtain a Monte Carlo sample
of the vector of latent dependent variables. We may then apply a (condi-
tional) MLE procedure to obtain the estimator of the parameters. We can
also apply solutions such as those proposed by Arellano and Bond (1991) or
Blundell and Bond (1998) to the reduced form using the variables completed
through simulation and taking into account the correlation between the er-
ror terms of both equations. This case needs a more thorough examination
of all the complications involved and may prove to be a useful direction for

further research in this area.



Chapter 7

Conclusions

The object of study of this thesis was a system of simultaneous equations
in which some or all of the dependent variables have a limited character
and where data follows a panel structure (both random components and
fixed effects were considered). The derivation of the likelihood function
for such a model is straightforward. However, this function presents mul-
tiple integrals, discontinuities and likely multiple modes; for this reason,
standard optimization methods cannot be applied directly. Some other so-
lutions, such as simulated MLE or metaheuristic algorithms, are prohibitive
because they require many evaluations of such a complicated likelihood func-
tion. We proposed the use of an alternative methodology that combines the
likelihood-maximizing approach of the EM algorithm with the feasibility of
simulation methods and that is closely related to the method of simulated
scores. This solution, called the MCECM algorithm, was applied following
a special procedure to maintain the ascent-based property of the classical
EM algorithm even if the Expectation-step is obtained through simulation.

Two experiments were conducted, where data was simulated from panels

177
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with random and fixed effects.

The proposed estimator was tested under a variety of configurations, in-
cluding different processes generating the exogenous variables, distributions
of the error terms, functional forms, sample sizes, degree of censorship of
the endogenous variables and other factors. Their results showed the good
properties of this method in terms of estimation bias; in the majority of
cases this was the estimator with the minimum bias among the alternatives
calculated. It is an estimator based on simulation and this punishes it in
terms of a higher estimation variance; however, this loss of efficiency was
only moderate and frequently the proposed estimator was also the best in
terms of MSE. It must be reminded that situations that naturally increase
the variance of the estimation, such as a small sample size or a lower disper-
sion in the exogenous variables, can be magnified by the simulated nature
of the estimators. However, in the experiment we showed that this was only
a moderate threat and the estimator retained its acceptable performance
even in those cases.

The development of the MCECM algorithm and the simulation exer-
cise documented here concerned a bivariate system of equations with only
individual components and censored (Tobit type-I) endogenous variables.
This was chosen in order to exemplify the developments in a well-known,
standard model in the body of limited dependent variable econometrics.
However, we also showed how the same idea can be extended in a straight-
forward manner to other types of limited dependent variables, such as probit
or Tobit type-II models. The idea remains the same: use simulation to ren-
der the Expectation-step of the EM algorithm feasible and then apply a

conditional maximization procedure. Although the extension to a system
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with more than two equations is possible in theory, this would increase
the dimensionality of the optimization problem and severely complicate the
computational resources needed in the calculation of the MCECM estima-
tor. The introduction of dynamics, be it through lagged dependent variables
as regressors or serial correlation in the error term, complicates the elici-
tation of the likelihood function; however, the same simulation idea may
be used to “complete” the vector of latent dependent variables and then
apply standard estimation methods. This is an interesting idea that was
only briefly studied here but that is worth further exploration.

The results from this thesis illustrate how powerful simulation methods
have become for econometric applications. Faster processors and improved,
more efficient versions of the simulation algorithms have contributed to this
progress. These methods have been part of the standard toolkit of Bayesian
econometrics for many years, but they have now extended to other areas
where the standard solutions do not produce acceptable results or where
they cannot be applied at all. The conclusions from this thesis show that a
simulation-based alternative to a standard method (the EM algorithm) can
perform remarkably well, yielding appropriate estimators in terms of bias

with a limited cost in terms of loss of efficiency.



180 CHAPTER 7. CONCLUSIONS



Appendix A

Results from the truncated

bivariate normal distribution

Let (z,y) follow a bivariate normal distribution

(R )

with correlation coefficient

Oxy
pP=——

OOy

The density function can be written as

1

fxy(z,y) = P
1 T — g ? T — fa Y — By Y— Ky :
eXP{_Z(l—pQ) |:( Oz ) —2p< Oz ) ( Oy >+( Oy ) ]}

Both variables are truncated from the left; i.e., x is only defined in the

interval [c,00) and y in the interval [d, c0). In this Appendix we will follow
to results of Rosenbaum (1961) to obtain the expectations required for the

calculation of the marginal effects.
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We want to calculate the expected value of x given that we are in Case |

of the four cases described in Chapter 3 (i.e., both variables are observed).

Ei:E(m|x>c,y>d): zf(z|lx > c,y > d)de

//xfmydmdy
d

c

\8

P(z > c,y >d)

By naming F! = P(x > ¢,y > d) we can write

e = [ [ oty dody
d c

If we apply the changes of variable

T—pig

Y. P
z=-2 % andc =
1—p? 1—p2

Y—Hy C—Me _ YT Hy
or P oy

we obtain that

ol bzl

el

F'E! =

oo () o
e (o) o (a0
R ol EC
[ (e

By integrating the first summand (A.2a) directly, we obtain

S [l (52 (22 () (022 o

(A.3)

Now, integration by parts of (A.2b) gives one term equals to (A.3) times
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p*/1-p? and another term equal to

For the third summand (A.2c) we revert the change of variable of z applied
before and we obtain

peP(x > ¢,y > d) = po B! (A4)

By putting together (A.3), the two terms of the integration by parts and
(A.4), we obtain that

o d—py _ pite
FIEL = poF 40, Q¢ (2 ) [1-0 | T2 —2
Og 1-— p2
c—pr d—py
- ELEE
+p¢(7d “y) 1-¢ | -2 v
Oy 1 —-p2

Finally, the conditional expectation will be given by
c—p d—py _ pcfuz
I_ [ — fa _ 7y 7a
E; = o+ 57 ¢( o ) 1-@ S
[ d—py
d— :u'y> ‘75 —F 9y
+ _— 1-¢ | ——— A5
p¢( o [ ( T2 (A.5)

We will also need the expected value of x given that we are in Case 11

of the four cases described in Chapter 3 (in other words, x is observed but
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the other variable is smaller than its truncation level d).

EN = E(z|lz > ¢,y < d) :/wf(nc|x >c,y <d)de

c

d oo

/ /wf(a:,y)dmdy

— 00

Pz >c,y <d)

By naming F!/ = P(z > ¢,y < d) we write

d oo

FUE = //wf(:my)dxdy

oo C

Following a procedure similar to the one described in the preceding para-

graphs, we obtain the following result.

c—p Aoty _ pe—ita
mo_ Oz — Ha oy o
By = pe + 47 ¢>( . )<I> 2

Two other developments are needed in order to obtain the marginal

effects. The first results is

OF; 0
= P d
o o (x> c,y>d)

It can be seen that, since the limits of the integrals do not depend on i,
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we can reverse the order of the derivation and the integration.

oF; 9

(e el o} 1
e Oy d// 2nozoy/1 — p?
c

1 z—pa )’ xfuz) (y*/iy) (y*#y>2
- 2 ded
‘”‘p{ 20— ) {( L) (7 o ) = dy
_/070 P 1
J Ope \ 2mogz0y 2

ow{-art |(F5) 2 (22) ()« () )
[am(1l_pz) (x;:x —p(y;y’“’))} dz dy

If we make the same change of variable described in (A.1), we can write
the previous expression in a more compact form.

OFT

oo o0
// 1 1
- expl-=
Otz g, 2nogoyy/1 — p? 2

c

2
2 y—uy) 1 )
2%+ z | oz\1—p?dzdy
( Ty ”(va1—02> :
o0

1 1 - 2
:/7exp —= (c’)2+(y ,uy) dy
y 2nozoyN/1 — p? 2 oy

Both parts of the exponential depend on y so the integral cannot be calcu-

lated directly. We perform the following change of variable, parallel to that
introduced before.

Y—Hy _ C—ba d=py _

/ o, [
andd = =% "

Through this change of variable, the preceding expression can be trans-
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formed as follows
8F[ _ 7 1 1 2 C— g 2
it _/27roz exp{ 5 w +< . dw
d/
*i 1 ex —1 (c—,uz>2 71ex {—le}dw
Oz /2T P 2 o™ V2T P 2
d/

d—py c—ia
- s
:iqg(C “z) [1_¢,<ym>] (A7)
O Oy 1-— p2

In a parallel way, we obtain the following result for the derivative of

Frr = P(x > ¢,y < d) with respect to p.

- 5 ~ P
5F11:i¢<0 Mz>¢)< v . ) (A.8)
g Oz O 1—p2




Appendix B

Gradient of the log

likelihood function

B.1 Random effects model

We have the likelihood function of the random effects model for the individ-
ual ¢ given by equation (3.14). The objective is to calculate the derivative
of this function with respect to each of the parameters. Aggregated over
all individuals, these will be the components of the gradient vector (3.16).
With this objective in mind, the logarithm of this function can be sepa-
rated into four parts, each one corresponding to one of the cases described
in Chapter 3.

log L; = log L} + log Li' + log L™ + log L}

187
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We will calculate the derivatives of each of these subcomponents of the like-

lihood function separately. In order to abbreviate the expressions, denote

I ’
€1t = Dyrae — 111 Xip — d14
I /
ea;p = L'y2i — s Xyt — o4
1T ’ ’
elit = Y1it — B11%1it — PraTit — Qg

111 / /
€2t = Yoit — Po1%2it — Paoit — Q2;

We start with the first parameter, 811. For the first section of the log
likelihood,

dlog Ll 1 8L}
opi1 Ll opn

109 7
~ LI opn

Fr(Edes 551014, 62:) 9" (314, 025) | ddrs Az
L£ [o [o (85111:[

i

FY(EL sy €hie|014, 02:) 9" (814, 824) ddr; Ao

8\8

E

To calculate this derivative, we need to use the general version of the

product rule:

e (o) (£455)

i=1

By using this formula, the expression in parenthesis can be written in
the following form. Note that in the last term (the expression with the
summation), g'(014, d2;) does not depend on 311 and consequently becomes
a factor outside the derivative in the numerator that can be canceled out

with the same function in the denominator.
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1o}
Hfl(elum eéitwli, 521‘)91(5117 d2i) =
911 17

i

I V% N |
f (elv 62< |§11 522)
= | T/ €hiss hielorir 62009 (d1i,620) | | D aﬁul T Ztl’ v
Dl Dl F1(e1;45 €441014, 624)

The derivative of the numerator of the last term is

0
—— F1 (€l it €5i4]014, 020) =

911
__0 1 expd — 1 (eli)? n (G5 _ 2pvel iy
9B11 2roy 05, (1 — p2) 2(1-p2) | ofy 759 NG
= ! exp {-} (— ! ) 2e} 4 (=14t) + 2ehis(—12010)
2roY 08, (1 — p2) 2(1—p2)

v 14
911 T22

2
by ((*Iut)eéit + 6%%(’72551%))]

RS

= fH(elier €dig01i, 02:)

I I I I
T4t {em V2834  Pv (eZit +7261it):|

+
2 v v 12 v
1-p7 | o1y 22 V911922

Putting these results together, we obtain the following result.

ologLl 1 T T
o8 T :*/ / 117" (eliss €hieloni, 620)g" (S1, 624)
‘ o0 oo

I I ! I
1 el el €a;¢ T V2€74
Z 1it Lit V2€3i _ Pv ( 23t T 1”) ddy; ddo;

— 2 v v v U
1—=p7 | o1h 22 V911922

D!
i



190 APPENDIX B. GRADIENT OF THE LOG LIKELIHOOD

For the second part of the likelihood,

0log Lgl 1 (9L£I

8B LI apn

2 co oo —IT5 X1 —02;

1

= T 980, / / / fo (8111it7vziz|a1i7521) dvait - g™ (@i, 82;) da; Ao,
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B 11 (11
35T f (euszit\Ocu,(szi) drage
— 00
E n dap; dda;
—I5X¢t—02;

il
i I (11
f <€1¢t, Vait| s, 52i> duagt

—o0

The numerator of the sum in the previous formula features the derivative
of an integral with an upper limit that depends on the variable of differen-

tiation. This derivative is solved in the following way.
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So that the derivative with respect to 11 of the

likelihood function becomes

second component of the

11 (I 11
f (elit7V2it|Oéli752i> dvoit - g (14, 024)
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i co oo —II5 X 44 —82;
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Continuing with the third part of the likelihood, ¢

11 (11
f (elitvy2it|ali752i) dvage

orresponding to those
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observations for individual 7 that fall under Case III.

dlog LM 1 L
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The derivative in the numerator of the second factor can be calculated by

following the next steps.

8 —T1} X34 =514
I 111
f (Vum@git\(su,om‘) duvyge =
9811
— 00
—TT) X4 —014
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111 / 111 111 I
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— 00
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The second summand from the last expression is equal to zero because the
expression does not depend on B1;. The derivative of the third part of the

likelihood with respect to this coefficients is then
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Finally, we have the last part of the likelihood,
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We calculate the derivative in the numerator of the preceding expression
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separately.
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If we insert this result in the expression preceding it, we obtain the deriva-

tive for the fourth part of the likelihood
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By combining the results for the four parts of the likelihood, we obtain the

full derivative of the likelihood with respect to (11.

Olog L
9811
oo oo
1
I 1 1 I
=11 [T 7" (elisr €hirlni, 62:)g" (S14, 624)
' oo —oo \ DI
I I I I
Z Tlit | €14t n V2634  Pv (ebiy +72€140) déy; dby;
2 v v U U K )
ol 1—p7 |11 22 V911922
K3
) —T15 X4 — 824
1
I (11 11
+ o 11 ! (elitzVZit|a1i752i> dvaie - g (@i, 62i)
P oo —oo \DI —o0
i
—T15 X —82; i
1 (11 Clit Pe,vV24t
1—p2 / f (51¢t7V2it|‘> : T e dV2zt_"/2f 51”7—1_[2 — 024
v . 911 V%11%22
E T1it
T —T15 X4 —32;

11 (I
f (elit7V2it|ali7§2i) dvagy

— 00
dary; ddo;
oo oo *Hllxit*tsu
1
111 111 111
LHI f (Vm,egit\(su,azi) dviie - g (014, 24) (B.1)
K3 00 —o0 ]D)III
111 / 111
Z‘T — (- X4y — 614, €55 1614, cvoi) 46+ de
Lit 14 dag;
I X =01 ! '
pilt 1
i 111 111
/ f <V1iz,82¢t\51i,azi> dryge

— 00
0o oo *ﬁéll’zit*ﬁégl’u*am —Bliw1it—BlaTit—a1;
1
v v
t I IV (erits e2it|") deriz degir - g ¥ (i, o2i)
o — 00 —00 — 00 — 00
*ﬁélszfﬁégzn*am
v / !
- / Y (—=Bl1z1ie — Blazit — 14, €25t ani, o) deagy
— 00
2 : Z1it i dOéh' dOZQi

! ! ’
oIV —B21®24t —BooTit—a2; —B11T1it —B1a®it — 1
i

v
FY (evit, €2itlns, ap) dersg deagt

—o0 — o0



196 APPENDIX B. GRADIENT OF THE LOG LIKELIHOOD

The derivatives with respect to the other slope parameters can be ob-
tained with a parallel calculation. Here we will only report on the final
result. The derivative of the log likelihood with respect to 12, the coeffi-
cient of the common exogenous variable that appears in the first equation,

is given by the following expression.
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Now, the derivative of the logarithm of the likelihood function with
respect to the coefficient of the exogenous variable included only in the
second equation, 21, can be written as follows.
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Finally, we obtain the derivative of the logarithm of the likelihood func-

tion with respect to B22, the coefficient of the common exogenous variable

that appears in the second equation.
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In order to derive the log likelihood with respect to the simultaneity
parameters, 1 and o, we first need to partially revert to the structural
coeflicients. This is because the individual effects of the reduced form are a
function of the individual effects of the structural form and the simultaneity

parameters.

01 = a1 +maz

d2 = a2 + Y2011

We begin with the first of these parameters, 7. As before, we will proceed
by obtaining the derivative for each of the four parts of the log likelihood.
For the first part, we apply a change of variable to the density of the indi-

vidual effects and we obtain that

A (on,2) = Tg (61 = au + y12, 82 = @2 + Y2011)

So that the derivative for this part of the log likelihood can be calculated

according to the following expression.
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with 61 = a1 + 719 and §2 = as + y2c1. The derivative in the numerator
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of the last term can in turn be obtained by applying the product rule.

0
o Fr(eliy, ehigldrs = a1 + v1a2, 62 = a2 + vea1)h (s, a2;) =
1

0
= (ﬁfl(elut,@éitwu = a1 +v1a2,02; = az + 72a1)) Cg'(01 = a1 + 712,82 = @z + y201)
1
9]
+ fH(el i ehiel01: = a1 + m1a2,82; = az +y201) (WF) g' (61 = a1 +y102,82 = az + ye01)
1

0
+ fl(el s, ehiel01i = 1 + y1a2,82; = a2 + y201)T (WQI(& =01 + 102,02 = a2 +720<1))
1
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We calculate each of the three derivatives in the previous equation.
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+ (a2 + y201)[(a1 + m1a2) (2075 + 055) — (a2 +y2a1)(0fs + 71032)]}



B.1. RANDOM EFFECTS MODEL 203

With these elements we can write the derivative of the log likelihood for

observations falling in Case I with respect to ;.

o0 oo
dlog L! 1
3 = T / / T £ (€hies hielors = an + v102, 82 = g + v200)h! (14, 002:)
71 AR
1 o8 (e144)” + 0¥y (ehyy)® — 20%5e] €5
— 1] [032(m1052 + 012) — 012 (72012 + 052)]
Dl {03/1”52 — (0%5)? [( o105, — (01,)?
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The second part of the logarithm of the likelihood can be written as follows.

co oo —IT5 Xt —02;
I 11 / /
logL;" = / / / I (w1t — BLimiie — Bla®it — o4, V2it|on, 62;) dvois
—o00 —o0 ]D’,Iil —o0

11
g (a1i,02;) dag; doz;
—IT5 X ¢ —02;

11
I (yree — Briwiae — Blomar — ani, vaslane, 02 = aoy + y2ai1s) drage

Il
é\g
é\g

Dit s

11
~h (o, ag) dog daog

where h'(ay;, a;) is obtained by applying a change of variable to the

density of the individual effects g'!(v1;, d2;), so that

W (s, azi) ! exp{ "%a%oﬁ(aaﬂzmﬁ20?«5‘5“1(“2+wa1)}
10, Q2i) = -

’ 5 )0
V2o ody — (0?2’6)2 2(0fy035 — (013°)?)

It can be seen that neither f(-), h"(a1;, ;) nor any other part of the log
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likelihood depend on 71, so the derivative of this second part of L; equals
zero. We move on to the third section of the log likelihood. We also perform
a change of variable of the density function of the individual effects in order

to explicit the presence of the variable of derivation, ;.
W (a1, a2) = ¢ (01 = a1 + 7102, a2)
So that the derivative becomes

dlog LI 1 oLl

I o
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The derivative in the numerator of the last term is equal to

—T1) X1 —014
" P (v14e, €58 814, 625) dvrse - BT (@14, a0;) =
1

— 00

o
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— 00
—TT) X4 —014 o
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+ F (i, 2441014, 024) dvnge (Wh (0411',&21'))
1
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It can be seen that this last expression contains these three derivatives

(11} X4t — 814) = —Ba1mai — Baaziy — a2
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7fHI(V1it, bt 1814, 82;) =
o1
_ 9 1 052035 + ot (ehiy)? — 207y viivedy
O e eXpy — 2(av —( u,e)Q)
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2 v (I Ve 111
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22714t 11\"24t 12 w24t € € € V,€ €
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0 1

= exp {—032(% +maz)? + 0§ 03 — 2075 (01 +y102)a 2}
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S d,
m \ yar e Cat s 2(01,085 — (013)?)

S,
« « « ) «
0% (1ofh +ofs) —oiy o

= — 22 oxp {- ! exp {-
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‘711‘722 (U )2 0%1‘722 (012 )?

[032(01 +y102)? + 08103 — 2005 (o1 + 71a2)a2]

S,
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By putting these elements together, we obtain the derivative of the log

likelihood with respect to the first simultaneity parameter for those obser-
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vations under Case III.
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71 i DI

1
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Finally, the fourth and final section of the log likelihood is

’ ’ ’ ’
—Bo1w2it —BooTit—a2; —B11%1it —BioTit — 14

o0 oo
log L1Y = / / / / Y (eit, €ait|ani, azg) derse deoge
—00 — 00

DV —oo —oo

v
g ' (a1, agq) dagg dag;

It can be seen that this expression is constant with respect to 71 so its
derivative with respect to this parameter is zero. The derivative of the
second and fourth part of the derivative being equal to zero, the full deriva-
tive of the log likelihood with respect to 71 can be written in the following

manner.
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The derivative with respect to 2, the second simultaneity parameter, is
obtained with a process parallel to that of the first simultaneity parameter
shown above. In this case, the derivative of those observations under Case
IIT and IV are equal to zero since their contribution to the log likelihood

does not depend on .
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We now deal with the parameters found in the variance-covariance ma-
trix of the error term. We begin with the variance of €1;; found in the first
equation. The derivative of the log likelihood with respect to this parameter

can be written through the following expression.
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since g'(-) does not depend on ¢§;. We can obtain the derivative in the

numerator of the last term according to the following development.
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So that the derivative for this part of the log likelihood function becomes
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We can calculate the derivative for the second part of the log likelihood

function with a parallel procedure.
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We arrive to the expression
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observations that fall under Case III, the derivative can be written
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The derivative of the last term of the previous expression is calculated as it

was done in the previous section of the function.
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Finally, we now calculate the derivative for the final section of the log like-

lihood.
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To obtain with a final expression, we develop the derivative inside the

double integral of the final term.
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so that
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Collecting the four sections calculated before, we obtain the derivative of

the log likelihood with respect to of;.
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The derivatives with respect to o5, and o{, are calculated through a similar

procedure and only the final result is included in this report.
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To complete the gradient vector of the log likelihood, we need the deriva-
tives with respect to the variance and covariance parameters of the individ-
ual random effects. Since their calculation mimics those included before for
the error term, we will not write the full developments here, and we will

report only on the final expressions.
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The derivatives of the logarithm of the likelihood function of the fixed ef-

fects model (3.33) are relatively more straightforward to calculate.

As a

consequence, from the gradient vector we drop the derivatives with respect
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to the parameters of the density of the individual effects, but instead we
directly add those with respect to ai; and «g;. As before, we partition
the function into four segments, each corresponding to one of the cases de-
scribed in Chapter 3, we obtain the derivatives separately, and we aggregate
the results. Since the calculations are similar and simpler that those of the
random effects model presented in the previous section, we will not describe

the procedure in detail and we will present only the final expressions.
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Appendix C

Computational

considerations

The application of the MCECM algorithm (Algorithm 5 of Chapter 4) that
was selected to estimate our model requires a few “enhancements” in or-
der to ameliorate its functionality. First, an ascent-based version of the
Monte Carlo experiment was implemented with the objective of improving
and accelerating its convergence. Then, an optimal method to obtain ran-
dom draws from a truncated normal distribution and the introduction of
parallel computing were applied, resulting in a better efficiency in terms
of computational cost. These solutions will be described in the following

sections.
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C.1 Ascent-based version of the MCECM algo-

rithm

The standard EM algorithm has the ascent property in the sense that each
iteration of the algorithm produces a likelihood equal or higher than the
previous; in other words, each iteration produces a better estimator than
(or, in the worst case, an estimator as good as) that obtained in the pre-
vious step. This property is derived from Jensen’s inequality. In fact, the
EM algorithm produces a sequence of estimator that, under regularity con-
ditions, converges to the true value of the parameter. This is clearly an
attractive property that we would like to preserve in other versions of the
algorithm. However, when simulation is introduced, it comes along with a
simulation error that may cause the ascent property to be lost. In order to
recover the ascent property, a version of the Monte Carlo EM was proposed
by Caffo et al. (2005). They argue that if the Monte Carlo sample size is
left unchanged across iterations of the algorithm, then it will not converge
due to a persistent simulation error. They devised an automatic strategy
to increase the size of the simulation sample, so that it is used as efficiently
as needed. Algorithm 6 introduces this idea into the pseudocode of the
standard MCECM presented in Chapter 4.

At each step of this algorithm, a lower bound B is calculated; this bound
takes into account the likelihood implied by a new estimator together with
the variability that arises from the Monte Carlo error. If the gain in likeli-
hood is large enough to be significant even in the presence of the variability
introduced by the simulation, then the proposed estimator is accepted and

the algorithm moves on. On the other hand, if this bound is negative, the
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Algorithm 6 Ascent-based MCECM algorithm

1.

Initialize the algorithm with a consistent initial estimator my. Choose
an initial sample size for the simulation Ry. Set ¢ = 0.

Monte Carlo E-step: given the current parameter estimate 7; and the
current sample size R; compute the statistic

R.
T 1 - v (r
J(m|mi, Y) = iR E log f(Y ( )‘7")
v =1

where Y*(") is the r-th simulation of the complete data.
Conditional M-step: compute the proposed estimator «, as

7, = arg max J (w|m;,Y)

and define the gain in likelihood by
AJ(mi mi) = J(wi|mi, Y) = J(milm, Y)

Calculate the statistic

6-2

R;

B=AJ(xl,m)—®(1—a)

where ®(-) is the cumulative standard normal distribution and 62
represents the sample variance over the R; simulations of

log f(Y*7|r}) —log f(Y*|m;)

. If B >0, then 7} is accepted so that we take it as the new estimate:

mi+1 = m,. Calculate the new sample size for the next iteration

e (@(1 —g)+<1>(1—b)> ]
AJ(ﬂ'i_t,_l,Tl'i)

Ri+1 = max

If Riy1 > Rmax finish the algorithm. Otherwise, ¢ = ¢+ 1 and go to
2.

. If B < 0, then the gain in likelihood from the proposed estimate is

swamped with the Monte Carlo error. 7} is rejected and the sample is
expanded by appending Ri/s new observations to the existing sample,

R;

S

R, =R; +

If Riy1 > Rpmax finish the algorithm. Otherwise, go to 2.
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gain in likelihood is surpassed by the Monte Carlo error so the proposed
estimator is rejected and the sample size of the simulation is increased in
order to reduce the relative variability. Caffo et al. (2005) approximate the
gain in likelihood through an asymptotic normal density as the simulation
size increases. Based on this result, they define the bound B and propose a
formula to calculate the sample size at every new iteration of the algorithm.

As it can be seen in Algorithm 6, the ascent-based MCECM algorithm
has a number of parameters that defines its performance. Their importance
varies according to the objective function and the data-generating process.
Table C.1 summarizes these five parameters and the default values assigned
to them for both the random-effects and the fixed-effects model. These
values were determined according to the literature (see Caffo et al., 2005)
and preliminary trials of the MCECM algorithm on the simulation studies

described in Chapter 5.

Table C.1: Parameters of the ascent-based MCECM algorithm

Parameter Definition Value

Ro S.ample. size of the initial 50
simulation

Rmax Maximum sample size 1000
Increase step of the sample

s size when the proposed esti- 3
mator is rejected

a Significance level for the 01
gain in likelihood '
Type II error to determine

b the sample size of the next 0.1

iteration

The first parameter Ry defines the initial sample size; in other words,
the algorithm will generate Ry random draws of the complete data for the

first iteration and will use them to calculate the Monte Carlo E-step. A
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value too small will generate a highly variable estimate that will take longer
to converge; on the other hand, since we are only at the beginning of the
algorithm, a value too large will be inefficient since it will generate a precise
estimate around an initial value of the coefficients which is likely to be still
far from the optimal value. The idea is to start the algorithm with a sample
small enough to let the algorithm move quickly in the initial iterations and
gradually increase it as the algorithm converges to the maximum.

The second parameter R, sets the maximum sample size of the sim-
ulation. It is this value that defines the stopping rule of the ascent-based
version of the algorithm. Although a larger values of this parameter will
produce more precise estimates, there is a constraint on the computational
cost. For Chapter 5 it was fixed at 1000 for both simulation studies so
that the exercises remained feasible. However, when a single application is
estimated, it can be increased to the desired precision.

The third parameters s determines the step of the sample size increase
when the proposed estimator is rejected. If this is the case, it is determined
that the gain in likelihood is swamped with the simulation error, so the
sample must be increased in order to augment the precision and confirm
a gain in likelihood. The higher the value of s, the smaller the rate at
which the sample size is increased. But choosing a very low value for this
parameter is inefficient since the steps will be very large when such increases
in sample size may not be yet needed. The default value was set to 3 which
means that if an estimator is rejected, the sample size will be increased by
one third.

The fourth parameter a is used in the calculation of the lower bound

B in step 4 of Algorithm 6. In fact, what is done at this step is to obtain
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an interval for the gain in likelihood around its observed value (assuming a
normal asymptotic distribution). If this interval contains negative values, we
conclude that the simulation error is larger than the gain in likelihood and
the proposed estimator is rejected. The parameter a defines the significance
of this interval estimator. For smaller a, the interval becomes wider and a
larger gain in likelihood is needed to take it as significantly larger than zero.

Finally, the fifth parameter b appears at step 5 of the algorithm and
it determines the sample size for the next iteration once an estimator is
accepted. It is in fact a type II error rate for the confidence interval used to
calculate the bound. In the sake of computational efficiency, this parameter
together with a should ensure that the sample size for each iteration is
chosen so that the appending process (step 6 of the algorithm) only occurs

infrequently'®.

C.2 Simulating from a truncated normal distribu-
tion

In step 2 of Algorithm 6, the complete data is obtained by replacing the
censored data by the average of R; random draws from its generating distri-
bution. This is a truncated normal distribution restricted to values smaller
than zero; i.e. TN(_ ). This arises because for these values we only ob-
serve a zero but we know that the latent data is negative. Since R; random
draws are needed for each iteration of the algorithm, it is essential to ob-
tain draws from the truncated normal distribution as efficiently as possible.

There has been various solution to this problem (see for example Geweke,

BNotice also that at each iteration the sample size is at least as large as that of the
previous iteration.
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1991, and Rodriguez-Yam et al., 2004). Here we will employ the mixed rejec-
tion algorithm proposed by Geweke (1991) which, as we will see, translates
in our case to a normal rejection sampler.

Geweke introduces a mixed rejection algorithm for a truncated normal
distribution TNy, 4,)(0,1) in which the type of sampling to employ de-
pends on the bounds of truncation (u;,us). The sampling procedure is the

following.

1. If the bounds are (u;,00) and u; > 0, use normal rejection sampling

if u1 < 0.45 and exponential rejection sampling otherwise.

2. If the bounds (uj,u2) are such that zero is included in the interval,
use normal rejection sampling if ¢(u1) < 0.15 or ¢(u2) < 0.15 and

uniform rejection sampling otherwise!?.

3. If the bounds (uq, ug) are such that they only include positive numbers,
use uniform rejection sampling if ¢(uv1)/¢(us) < 2.18; use half-normal
rejection sampling if ¢(v1)/¢(uz) > 2.18 and uy < 0.725; use exponential

rejection sampling otherwise.

4. If the bounds are (—oo,u2) and ug < 0, this case is symmetric to 1

and it is treated in the same manner.

5. If the bounds (u1,u2) are such that they only include negative num-

bers, this case is symmetric to 3 and it is treated in the same manner.

The principle behind this algorithm is to use the most efficient sampler
depending on the configuration of the truncated normal density. For exam-

ple, take case 1 of the list above. If the truncation occurs close to the mode

194(.) indicates a normal standard distribution.
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of the distribution (u; < 0.45), a normal rejection sampler would be enough.
However, this solution would be very inefficient if the truncation occurs to-
wards the tails of the distribution, since a lot of draws would be rejected
until we obtain one for the desired interval. In such a situation, Geweke
(1991) argues that the truncated normal distribution comes to resemble the
exponential distribution as u; grows so we use exponential rejection sam-

20 This idea is replicated in the other cases.

pling to generate the draws
The author performs an extensive experiment and proves that this sampler
results in significant gains in computational efficiency relative to standard
samplers.

For our model, we deal with normal distributions truncated at zero from
the left; i.e. TN(_ ). This configuration falls into number 4 for the mixed
sampler described above. Since in this case ug = 0 > —0.45, a normal
rejection sampling is used. In other words, according to Geweke’s sampler,
the most efficient way to sample from a TN(_, o) is to obtain a random
draw from a standard normal distribution and reject it until we obtain a
value in the interval (—oo,0). For other types of censorship in more general

models, the procedure described above can be used to choose the most

efficient method to obtain the required sample from the truncated normal

20Normal, exponential and other types of rejection sampling in the procedure refer to
specific applications of the acceptance-rejection method in which the sampling distribution
is normal, exponential or other, respectively. To apply them, we generate draws from
the indicated distribution and we reject them until we obtain one in the desired interval
[u1,uz2]. For example, if we are in case 1 of the list above and u1 < 0.45 it is recommended
to use normal rejection sampling; we generate draws from a N(0,1) distribution and we
reject them until we obtain a value in the interval [ui,c0). The underlying distribution
of the sampling mechanism are the following: for normal rejection sampling we generate
values from a N(0, 1); for half-normal rejection sampling we use a N(0, 1) distribution and
then take its absolute value; for uniform rejection sampling we draw from a U (u1, u2); for
exponential rejection sampling we generate values from an exponential distribution with
parameter u; for the first case and #(u1)/¢(uz) for the third case.
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distribution.

The sampler described above applies to a univariate truncated normal
distribution. However, in our model we deal with a bivariate normal distri-
bution for which one or both variables may be censored. Fortunately, the
same procedure can be applied for a bivariate setting by using the properties
of the conditional normal distribution. This will be demonstrated here for
the fixed-effects model described in Section 3, although the same principle
applies to the random-effects model. To study how to obtain a random sam-
ple from the censored observations, we have to consider the four possible

combinations described in that section.

For case I, both variables are observed so there is no need to sample.
In case II, the first variable is observed while the second is censored at
0%!. According to Geweke’s sampler, this configuration requires a normal
rejection sampling mechanism. Since the first variable is already observed,

we can generate random draws from y3;, given yy;; by drawing from

€ € \2
* o R . o
Yait|yrie ~ N ('Yleit + /Bé-'rZit + o + %(ylit — G14it), O92 — ( 13) )
011 011
so that

* o N 0¢,)?

Yoit|Yrit = V2yrat + BaTair + i + %(ym — G1it) + 4/ 055 — @ -0 (C.1)
011 011

G1ie = MY + B1oris + o (C.2)

where 0 is a random draw from a standard normal distribution and all
the coeflicients are those at the current iteration of the algorithm. We can
see that y3,, appears in the mean of its own conditional distribution; this

arises from the simultaneity in the model. One solution is to work with the

*Tn other words, the latent variable lies in the interval (—oo, 0) and we want to simulate
a truncated normal variable in this interval.
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reduced form. However, we found it more convenient and easier to generate
one random variate # and then iterate (C.1) and (C.2) until they converged.
This usually occurred very quickly, after only a few iterations. Once this
process stabilized, we examine the random draw y5,, and we keep it if is
smaller than zero; otherwise, we discard it and we repeat the process until
we obtain a draw in the interval (—oo,0). We then repeat this R; times to

obtain the desired number of simulations of the complete data.

Case III refers to a situation where the first variable is censored at 0 and
the second variable is observed, so it is parallel to the case described above.
We now want to “complete” the data by replacing the censored variable yy44
with simulated values. Since the other variable is observed, we can use the

properties of the conditional normal distribution to deduce that

€ € \2
* o R . o
Yrit|y2ie ~ N (’Ylyzit + /Bil’lit + oy + 12 (y2it — Y2it), 011 — 7( 13) )
032 022
so that

) o_e N 0.6 2

Yrielyzie = Viy2i + Biorie + oni + 12 (y2it — G2it) + 4|05 — (o1)* 13) -0 (C.3)
059 022

Goit = Y2Yrie + BaT2it + a2 (C4)

where all the coefficients are those at the current iteration of the algorithm.
Like before, we can iterate (C.3) and (C.4) until convergence to obtain a
random draw from yj,, given the observed value of yo;. If this value is
negative, we keep it; otherwise we repeat the procedure until a random
draw in the desired interval is generated. We then repeat the entire process

R; times.
Finally, both variables are censored in case IV. The solution applied
in this situation was to generate a bivariate normal random variable for

(€14, €2i¢) according to the joint distribution of the errors described in Sec-



C.3. PARALLEL COMPUTING 243

tion 3. We than calculate

Yiie = MYzie + B1orie + i + €10t (C.5)

Yoie = Y2Yiie + Bowaie + o2 + €2t (C.6)

where the coefficients are those at the current iteration of the MCECM al-
gorithm. We iterate (C.5) and (C.6) until convergence. Since both variables
are censored, we want to obtain a bivariate draw such that both variables
are negative. If this is not the case, we discard it and repeat the process
until we obtain a draw where both variables are in the interval (—oo,0).
We repeat this process until we obtain the R; desired simulations of the
complete data.

To summarize, in order to obtain the simulated values of the complete
data, we classify the observations according to the four cases described
above. According to the specific case, we apply the appropriate procedure
to generate the simulated draws needed to achieve the Monte Carlo E-
step of the algorithm. Instead of working with the original model, we could
instead pass to the reduced form to avoid the simultaneity problems that we
encountered above. However, we found out that it was more practical and

straightforward to found convergence through iteration for each simulation.

C.3 Parallel computing

Each step of the MCECM algorithm requires R; simulation for the Monte
Carlo E-step until we reach the maximum of R,x simulations. This entire
procedure is repeated H times in the simulation study of Section 5 in order

to deduce the properties of the estimator. It becomes evident that there
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is a significant simulation effort required and the computation cost of such
an algorithm can be very large even for a fast computer and an efficient
program.

However, this being a Monte Carlo experiment, the R repetitions of the
algorithm are independent of one another. In a setting such as this one,
there is considerable room for improvement from using parallel computing
(see Creel, 2005). Modern processors with multiple cores can be used to
run several repetitions of the experiment parallelly. Standard commands
for parallel computing already incorporated in mathematical software can
distribute the work among the cores and compile the results at the end of
the experiment. The only thing that must be carefully programmed is the
recording of the output so that it remains independent among repetitions.

This solution, coded in Matlab, was used for this research.
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