. UNIVERSITE

DE GENEVE Archive ouverte UNIGE

https://archive-ouverte.unige.ch

Article scientifique 2011 Submitted version

This is an author manuscript pre-peer-reviewing (submitted version) of the original publication. The layout of
the published version may differ .

Duminil-Copin, Hugo; Hongler, Clement; Nolin, Pierre

How to cite

DUMINIL-COPIN, Hugo, HONGLER, Clement, NOLIN, Pierre. Connection probabilities and RSW-type
bounds for the FK Ising model. In: Communications on pure and applied mathematics, 2011, vol. 64, n°
9, p. 1165-1198. doi: 10.1002/cpa.20370

This publication URL:  https://archive-ouverte.unige.ch/unige:11942
Publication DOI: 10.1002/cpa.20370

© This document is protected by copyright. Please refer to copyright holder(s) for terms of use.



https://archive-ouverte.unige.ch
https://archive-ouverte.unige.ch/unige:11942
https://doi.org/10.1002/cpa.20370

arXiv:0912.4253v1 [math.PR] 21 Dec 2009

Connection probabilities and RSW-type bounds
for the FK Ising model

Hugo Duminil-Copin, Clément Hongler, Pierre Nolin

Abstract

We prove Russo-Seymour-Welsh-type uniform bounds on crossing prob-
abilities for the FK Ising model at criticality, independent of the boundary
conditions. Our proof relies mainly on Smirnov’s fermionic observable for
the FK Ising model, which allows us to get precise estimates on bound-
ary connection probabilities. It remains purely discrete, in particular we
do not make use of any continuum limit, and it can be used to derive
directly several noteworthy results — some new and some not — among
which the fact that there is no spontaneous magnetization at criticality,
tightness properties for the interfaces, and the existence of several critical
exponents, in particular the half-plane one-arm exponent.

1 Introduction

It is fair to say that the two-dimensional Ising model has a very particular
historical importance in statistical mechanics. This model of ferromagnetism
has been the first natural model where the existence of a phase transition,
a property common to many statistical mechanics models, has been proved,
in Peierls’ 1936 work [28]. In a series of seminal papers (particularly [27]),
Onsager computed several macroscopic quantities associated with this model.
Since then, the Ising model has attracted a lot of attention, and it has probably
been one of the most studied models, giving birth to an extensive literature,
both mathematical and physical.

A few decades later, in 1969, Fortuin and Kasteleyn introduced a dependent
percolation model, for which the probability of a configuration is weighted by the
number of clusters (connected components) that it contains. This percolation
representation turned out to be extremely powerful to study the Ising model,
and by now it has become known as the random-cluster model, or the Fortuin-
Kasteleyn percolation — FK percolation for short. Recall that on a finite graph
G, the FK percolation process with parameters p, ¢ is obtained by assigning to
each configuration w a probability proportional to

PP (1 = p)ele) gh(@),

where o(w), ¢(w), and k(w) denote respectively the number of open edges, closed
edges, and connected components in w. The definition of the model also involves
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the use of boundary conditions, encoding connections taking place outside G.
The boundary conditions can be seen as a set of additionnal edges between sites
on the outer boundary, and they will play a central role in this article. The
precise setup that we consider in this paper is presented in Section 2.

For the specific value ¢ = 2, the FK percolation provides a geometric rep-
resentation of the Ising model via the Edwards-Sokal coupling [I0]. For this
reason, we restrict ourselves here to this value ¢ = 2, and we call this model
the FK Ising model. We also stick to the square lattice Z? — or subgraphs
of it — though our arguments could possibly be carried out in the more gen-
eral context of isoradial graphs, as in [9]. Note that our results are stated for
the FK representation, but that the Edwards-Sokal coupling then allows one
to translate them into results for the Ising model itself. For instance, 2-point
connection probabilities for the FK Ising model correspond via this coupling to
2-spin correlation functions for the Ising model.

For the value ¢ = 2 and Z? as an underlying graph, the model features a
phase transition — in the infinite-volume limit — at the critical and self-dual
point p. = psq = 14\-/\5/5: for p < pc, there is a.s. no infinite open cluster, while
for p > pe, there is a.s. a unique one. These two regimes, known as sub-critical
and super-critical, have totally different macroscopic behaviors. Between them
lies a very interesting and rich regime, the critical regime, corresponding to the
value p = p.. Its behavior is intimately related to the behavior of the model
through its phase transition, as indicated in particular by the scaling theory.

In this paper, we prove lower and upper bounds for crossing probabilities
in rectangles of bounded aspect ratio. These bounds are uniform in the size of
the rectangles and in the boundary conditions, and they are analogues for the
FK Ising model to the celebrated Russo-Seymour-Welsh bounds for percolation
[30, BI]. Formally, we consider rectangles R on the square lattice, [0, n] x [0, m]
for n,m > 0, and translations of it — here and in the following, [-,-] denotes the
integer interval between the two (real) end-points, 4.e. the interval [-,-] N Z2.
We denote by C,(R) the event that there exists a vertical crossing in R, a path
from the bottom side [0,n] x {0} to the top side [0,n] x {m} which consists
only of open edges. Our main result is the following:

Theorem 1 (RSW-type crossing bounds). Let 0 < 1 < (2. There exist two
constants 0 < c_ < ¢y < 1 (depending only on 51 and [(2) such that for any
rectangle R with side lengths n and m € [Bin,f2n] (i.e. with aspect ratio
bounded away from 0 and oo by B1 and B=2), one has

- = ]P)f)sd,27R(C’U(R)) < Cct+

for any boundary conditions &, where ]P)f)sdy27R denotes the FK measure on R
with parameters (p,q) = (psa,2) and boundary conditions .

These bounds are in some sense a first glimpse of scale invariance. It was
widely believed in the physics literature that the FK Ising model at criticality,
i.e. for p = p., should possess a strong property of conformal invariance in the
scaling limit [29,[4,[5]. A precise mathematical meaning was recently established



by Smirnov in a groundbreaking paper [33]. One of the main tools there is the
so-called preholomorphic fermionic observable, a complex observable that allows
one to make appear harmonicity on the discrete level. This property can then
be used to take continuum limits and describe the scaling limits so-obtained.

Our proof mostly relies on Smirnov’s observable. More precisely, it is based
on precise estimates on connection probabilities for boundary vertices, that allow
us to use a second-moment method on the number of pairs of connected sites.
For that, we use Smirnov’s observable to reveal some harmonicity on the discrete
level, which enables us to express macroscopic quantities such as connection
probabilities in terms of discrete harmonic measures. Note in addition that
other recent works [2] 3] also suggest that this complex observable is a relevant
way to look at FK percolation, both for ¢ = 2 and for other values of q. We
would like to stress that our argument is intended to be self-contained and that it
stays completely in a discrete setting, using essentially elementary combinatorial
tools: in particular, we do not make use of any continuum limits [34].

Crossing bounds turned out to be instrumental to study the percolation
model at and near its phase transition — for instance to derive the scaling re-
lations [19], that link the main macroscopic observables, such as the density
of the infinite cluster and the characteristic length. These bounds are also
useful to study variations of percolation, in particular for models exhibiting a
self-organized critical behavior. We thus expect Theorem [Il to be of particular
interest to study the FK Ising model at and near criticality.

This theorem allows us to derive easily several noteworthy results. Among
the consequences that we state, let us mention the celebrated fact that there is
no magnetization at criticality for the Ising model, first established by Onsager
in [27], tightness results for the interfaces coming from the Aizenman-Burchard
technology, and the value 1/2 of the one-arm half-plane exponent — that de-
scribes the asymptotic probability of large-distance connections starting from
a boundary point, and also the decay of boundary magnetization in the Ising
model. It should also be instrumental to prove the existence of critical expo-
nents, in particular of the arm exponents.

Theorem [1] appears to be a very useful tool, enabling to transfer properties
of the scaling limit objects back to the discrete models. Connections between
discrete models and their continuum counterparts usually involve decorrelation
of different scales, and thus use spatial independence between regions which
are far enough from each other. In the random cluster model, one usually
addresses the lack of spatial independence by successive conditionings, using
repeatedly the spatial (or domain) Markov property of FK percolation, by which
what happens outside a given domain can be encoded by appropriate boundary
conditions. For this reason, proving bounds that are uniform in the boundary
conditions seems to be very important.

We would also like to mention that other proofs of Russo-Seymour-Welsh-
type bounds have already been proposed. In [9], Chelkak and Smirnov give a
direct and elegant argument to explicitly compute the crossing probabilities in
the scaling limit, but their argument only applies for some specific boundary



conditions (alternatively wired and free on the four sides). In [7], Camia and
Newman also propose to obtain RSW as a corollary of a recently announced
result: the convergence of the full collection of interfaces for the Ising model [9]
to the conformal loop ensemble CLE(3). The interpretation of CLE(3) in terms
of the Brownian loop soup [37] is also used. However, to the author’s knowledge,
the proofs of these two results are quite involved, and moreover, the reasoning
proposed only applies for boundary conditions “in the bulk”, that correspond
to the infinite-volume limit. In these two cases, uniformity with respect to the
boundary conditions is not addressed, and there does not seem to be an easy
argument to avoid this difficulty. While weaker forms might be sufficient for
some applications, it seems however that this stronger form is needed in many
important cases, and that it considerably shortens several existing arguments.

The paper is organized as follows. In Section 2, we first remind the reader
of the basic features of the FK percolation, as well as properties of Smirnov’s
fermionic observable. In Section 3, we compare the observable to harmonic
measures, and we establish some estimates on these harmonic measures. These
estimates are instrumental in the proof of Theorem [ which we perform in
Section 4. Finally, Section 5 is devoted to presenting the consequences that we
mentioned.

2 FK percolation background

2.1 Basic features of the model

In order to remain as self-contained as possible, we recall some basic features
of the random-cluster models. Some of these properties, like the Fortuin-
Kasteleyn-Ginibre (FKG) inequality, are common to many statistical mechanics
models. The reader can consult the reference book [13] for more details, and
proofs of the results stated.

Definition of random-cluster measures

The random-cluster (or FK percolation) measure can be defined on any finite
graph, but here we only consider finite subgraphs G of the square lattice (Z2, E?).
We denote by OG the boundary of such a subgraph G, that is, the vertices having
less than four adjacent edges — notice that this definition is non standard. A
configuration w is a random subgraph given by the vertices of G, together with
some subset of edges between them. An edge of G is called open if it belongs to
w, and closed otherwise. Two sites x and y are said to be connected if there is
an open path — a path composed of open edges only — connecting them, which
is denoted by x ~- y. Similarly, two sets of vertices X and Y are said to be
connected if there exist two sites x € X and y € Y such that = ~» y, and we
use the notation X ~» Y. We also abbreviate {z} ~» Y as x ~ Y. Sites can be
grouped into (maximal) connected components, usually called clusters.



Contrary to usual independent percolation, the edges in the FK percolation
model are dependent of each other, a fact which makes the notion of boundary
conditions important. Formally, a set ¢ of boundary conditions is a set of
“abstract” edges, each connecting two boundary vertices, that encodes how these
vertices are connected outside G. We denote by w U ¢ the graph obtained by
adding the new edges in £ to the configuration w.

We are now in a position to define the FK percolation measure itself, for
any parameters p € [0,1] and ¢ > 1. Denoting by o(w) (resp. ¢(w)) the number
of open (resp. closed) edges of w, and by k(w, ) the number of connected
components in wU¢, the FK percolation process on G with parameters p, ¢ and
boundary conditions ¢ is obtained by taking

o(w) _ m\e(w) k(w,8)
p?) (1 —p)“q
P, c({w}) = (2.1)
Z¢
»,q,G

as a probability for any configuration w on G, where Z; .G 1s an appropriate
normalizing constant, called the partition function.

Among all the possible boundary conditions, two of them play a particular
role. On the one hand, the free boundary conditions correspond to the case when
there are no extra edges connecting boundary vertices, we denote by ]P’g o.c the
corresponding measure. On the other hand, the wired boundary conditions
correspond to the case when all the boundary vertices are pair-wise connected,

and the corresponding measure is denoted by P, , -

Domain Markov property

The different edges of an FK percolation model being highly dependent, what
happens in a given domain depends on the configuration outside the domain.
However, the FK percolation model possesses a very convenient property known
as the Domain Markov property, which usually makes it possible to obtain some
spatial independence. This property is really instrumental in all our proofs.
Consider a graph G, with E its set of vertices. For a subset F' C E, consider
the graph G’ having F as a set of vertices, and the edges of G' connecting sites
of F' as a set of edges. Then for any boundary conditions ¢, IP’:i q.c conditioned

to match some configuration w outside G is equal to ]P)f),q,G” where £ is the set of

connections inherited from w. In other words, one can encode, using appropriate
boundary conditions £, the influence of the configuration outside G.

Strong positive association and infinite-volume measures

The random-cluster model with parameters p € [0, 1] and ¢ > 1 on a finite graph
G has the strong positive association property. More precisely, it satisfies the
so-called Holley criterion, a fact which has two important consequences. A first
consequence is the well-known FKG inequality

Ps G(ANB) > P (AP o(B) (2.2)

p,q,G ,¢,G



for any pair of increasing events A, B (increasing events are defined in the
usual way [13]) and any boundary conditions . This correlation inequality is
fundamental to study FK percolation, for instance to combine several increasing
events such as the existence of crossings in various rectangles.

A second property implied by the strong positive association is the following
monotonicity between boundary conditions, which is particularly useful when
combined with the Domain Markov property. For any boundary conditions
¢ < ¢ (all the connections present in ¢ belong to £ as well), we have

¢
]P)p,q,G

(A) <P 5(A) (2.3)

= " pq,G

for any increasing event A that depends only on G. We say that ]P’;f oG 18

stochasticajlly domir}ated by Pi)q).c (den.oted 'by Pﬁ,q,G <st Pi’q)c). '

In particular, this property directly implies that the free and wired bound-
ary conditions are extremal in the sense of stochastic ordering: for any set of
boundary conditions £, one has

PO Sst Pg

1
,a,G G Sst P

p.q,G (2.4)

An infinite-volume measure can be constructed as the increasing limit of FK
percolation measures on the nested sequence of graphs ([—n,n]?),>1 with free
boundary conditions. For any fixed ¢ > 1, classical arguments then show that
there must exist a critical point p. = p.(¢q) such that for any p < p., there is
almost surely no infinite cluster of sites, while for p > p., there is almost surely
one (see [13] for example).

Planar duality

In two dimensions, an FK measure on a subgraph G of Z? with free boundary
conditions can be associated with a dual measure in a natural way, as we explain
now. The dual graph G* is obtained by putting a vertex at the center of each
face of Z? having an edge in G. The edges are connecting any two adjacent
vertices for which the corresponding faces are separated by an edge of G. The

FK percolation model Pg,q,c is then dual to the measure ]P);;*#LG*, where p*
satisfies .
pp
—_—— =q. (2.5)
(1—=p)(1—p*)

One then expects the critical point p.(g) to be the self-dual point psq(q) for
which p = p*, whose value can easily be derived:

__Va
ey (2.6)

Dsd (Q)

FK percolation with parameter ¢ = 2: FK Ising model

For the value ¢ = 2 of the parameter, the FK percolation model is related to
the Ising model. More precisely, if starting from an FK percolation sample, one



assigns uniformly at random a spin +1 or —1 to each cluster as a whole (sites
in the same cluster get the same spin), independently, we get simply a sample
of the Ising model. This coupling is called the Edwards-Sokal coupling [10].

In this case, the FK percolation model is now well-understood. The value
De = Psa is implied by the computation by Kaufman and Onsager [18] of the
partition function of the Ising model, and an alternative proof has been proposed
recently by Beffara, Duminil-Copin and Smirnov [2]. Moreover, in [33], Smirnov
proved conformal invariance of this model at the self-dual point psq-

In the following, we restrict ourselves to the FK percolation model with pa-
rameters ¢ = 2 and p = pya(2) = v2/(1++/2) (so that we forget the dependence
on p and q), which is also known as the critical FK Ising model — we often call
it the FK Ising model for short.

2.2 Smirnov’s fermionic observable

In this part, we recall discrete analyticity and discrete harmonicity results for
the FK Ising model, established by Smirnov in [33]. These results are crucial
in our proofs since they will allow us to compare connection probabilities to
harmonic measures. Recall that from now, ¢ = 2 and p = psa(2).

FK Ising model in Dobrushin domains

Let D be a finite subgraph of the primal lattice Z? such that 0.D is a self-
avoiding polygon— where 0.D is the set of edges between boundary sites. Hence,
Int(D), the connected component of R?\ 9, D containing the graph, is a bounded
and simply connected domain. Consider two sites a and b of the boundary of
D. They determine two arcs of 9.D, (ab) and (ba), obtained by following 9.D
in the counterclockwise direction from a to b, and conversely.

We consider a random cluster measure with free boundary conditions on
(ab), and wired boundary conditions on (ba). These boundary conditions are
called the Dobrushin boundary conditions on (D,a,b), (ab) is called the free
arc and (ba) the wired arc. We denote by Pp 4 the associated random cluster
measure with parameters ¢ = 2 and p = psq(2). This measure has a very nice
representation on the so-called medial graph of D, which we define now.

Medial lattice and loop representation for the FK Ising model

We first define the medial lattice associated with the square lattice Z2. In order
to do that, consider together Z? with its dual (Z?)*, and declare black the sites
of the primal lattice Z?, and white the sites of the dual lattice (Z?)*. We then
introduce the graph obtained by replacing every site by a colored diamond, as
on Figure[Il We obtain in this way a rotated copy of the square lattice (scaled
by a factor 1/1/2), denoted by (Z?),. The sites of the primal (resp. dual) lattice
are thus associated with the black (resp. white) faces: we use extensively in the
proof this correspondence between sites of the primal and of the dual lattices,



Figure 1: A domain D with Dobrushin boundary conditions: the vertices of
the primal graph are black, the vertices of the dual graph D* are white, and
between them lies the medial lattice D,.

and faces of the medial lattice. For instance, we say that two black diamonds
are connected if the corresponding sites of the primal lattice are connected.

We construct the medial graph D, of (D, a,b) by considering the diamonds
intersecting Int(D), together with the white diamonds touching the free arc
(ba) (see Figure [I)). These white diamonds form the free arc of D, the black
diamonds corresponding to sites of the wired arc of D form the wired arc of
D,. The corners of diamonds not belonging to the two arcs of D, define the
vertices of D,. The edges are the edges of (Z?), between two vertices. We
adopt the following convenient convention: the two edges e, and e, of (Z?),
(resp. adjacent to a and b) that “separate” the free and the wired arcs of D,, are
considered as edges of D,.

Remark 2. The two definitions of arcs (for D and D, ) are quite similar. Nev-
ertheless, the free arc of D is composed of sites of Z2 while the free arc of D,
is composed of white diamonds of D,. Moreover, vertices of D, possess two
adjacent edges if they are “on the boundary” (except next to a and b), and four
otherwise.

For any FK percolation configuration in D, the interfaces between the primal
clusters and the dual clusters (if we follow the edges of the medial lattice) form
a family of loops, together with one path from e, to ep, called the exploration
path, as shown on Figure A simple rearrangement of (2] shows that the
probability of such a configuration is proportional to (1/2)#1°°Ps — taking into



Figure 2: An FK percolation configuration in the Dobrushin domain (D, a,b),
together with the corresponding interfaces on the medial lattice: the loops in
grey, and the exploration path v from e, to e in black.

account the fact that ¢ = 2 and p = psa(2).

In addition to this, we put an orientation on the medial graph: we orient the
edges of each black face in such a way that the arrows are in counter-clockwise
order. It naturally gives an orientation to the loops, so that we are now working
with a model of oriented curves on the medial lattice.

Remark 3. If we consider a Dobrushin domain (D, a,b), the slit domain created
by “removing” the T first steps of the exploration path is again a Dobrushin
domain. More precisely, consider the new arc | composed of 0.D, together with
the sites of D adjacent to the exploration path. We can define a new domain
by removing all the sites of D which are not in the same connected component
of D\l as b: we obtain a new Dobrushin domain (D \ v[0,T],v(T),b), where,
with a slight abuse of notation, v(T) is used to denote the site of the primal
lattice adjacent to the medial edge v(T). The exploration path v is the interface
between the primal open cluster connected to the wired arc and the dual open
cluster connected to the free arc, so that, conditionally on vy, the law of the FK
Ising model in the new domain is exactly Pp\0,1),(1T),5- This observation will
be instrumental in our proof.

Fermionic observable and local relations

Let (D, a,b) be a Dobrushin domain and « the exploration path from e, to ey.
The winding Wr(z,2') of a curve I between two edges z and z’ of the medial



€4 es,

Figure 3: The discrete relation at a vertex v.

lattice is the total rotation (in radians) that the curve makes from the center of
the edge z to the center of the edge z’. The fermionic observable F' can now be
defined by the formula [33]

F(e) = Ep aple” 2 W], ], (2.7)

for any edge e of the medial lattice D,. The constant ¢ = 1/2 appearing in
front of the winding is called the spin (see [33]).

The quantity F'(e) is a complexified version of the probability that e belongs
to the exploration path (note that it is defined on the medial graph D). The
complex weight makes the link between F' and probabilistic properties less ex-
plicit. Nevertheless, as we will see, the winding term can be controlled close to
the boundary. The observable F' also satisfies the following local relation, from
which Propositions Bl and [6] follow.

Lemma 4 ([33]). For any vertex v of the medial lattice D, with four adjacent
edges in D, the relation

F(el) + F(eg) = F(eg) + F(64) (28)

is satisfied, where ey, e2, es and ey are the four edges at v indexed in clockwise
order, as on Figure[3

We refer to [33] or [2] for the proof of this result. The key ingredient is
a bijection between configurations that contribute to the values of F' at the
vertices around v. Note that for other values of ¢, one can still define the
fermionic observable in a way similar to Eq.(27): for an appropriate value
o = o(q) of the spin, the previous relation Eq.(Z8) still holds (see [33], [2], or

131)-

Complex argument of the fermionic observable F' and definition of H

Due to the specific value of the spin o = 1/2, corresponding to the value g = 2,
the complex argument modulo 7 of the fermionic observable F' follows from its
definition Eq.(27). For instance, if the edge e points in the same direction as
the starting edge e,, then the winding is a multiple of 27, so that the term

10



e~ zW~(€a:?) i5 equal to +1, and F(e) is purely real. The same reasoning can be
applied to any edge to show that it belongs to the line e™/“R, e "/*R or iR
depending on its direction. Contrary to Lemma[d] this property is very specific
to the FK Ising model.

For a vertex v with four adjacent edges, keeping the same notations as in
the previous subsection, F'(e;) and F(e3) are always orthogonal (for the scalar
product between complex numbers (a, b) — Re(ab)), as well as F(ez) and F(ey),
so that Eq.([2-8)) can be rewritten as

|[Fe)]” + [Fea)|* = [F(e2)|” + |F(ea)”. (2.9)

Consider now a vertex v with two adjacent edges of D, and denote by es
the “entering” edge, and eg the “exiting” edge. Such a vertex must be on the
boundary of the domain, and es belongs to « if and only if es belongs to v
— indeed, by construction, the curve entering through e; must leave through
eg. Moreover, the windings of the curve Wy(ea, e5) and W, (eq, eg) are constant
since v cannot wind around these edges. From these two facts, we deduce:

. 2
|F(e5)|? = |[em2Wa(Cas)Pp , i(e5 € 7)| = Ppasles €)% =|F(eq)]®. (2-10)

From Egs.(Z9) and (ZI0), one can easily prove the following proposition.

Proposition 5 ([33]). There exists a unique function H defined on the faces
of Dy by the relation
H(B) — H(W) = |F(e), (2.11)

for any two neighboring faces B and W, respectively black and white, separated
by the edge e, and by fizing the value 1 on the black face corresponding to a.
Moreover, H is then automatically equal to 1 on the black diamonds of the wired
arc, and equal to 0 on the white diamonds of the free arc.

This function H is a discrete analogue of the antiderivative of F2, as ex-
plained in Remark 3.7 of [33].

Approximate Dirichlet problem for H

Let us denote by H, and H, the restrictions of H respectively to the black
faces and to the white faces. For a black site of D not on the boundary, we can
consider the usual discrete Laplacian (on the graph D) at this site: it is the
average on the four nearest black neighbors, minus the value at the site itself.
A similar definition holds for white sites of the graph D*.

The result below, proved in [33], is a key step to prove convergence of the
observable as one scales the domain — but we will not discuss this question here.
Its proof relies on an elementary yet quite lengthy computation.

Proposition 6 ([33]). The function He (resp. H,) is subharmonic (resp. su-
perharmonic) inside the domain for the discrete Laplacian.

11



Since we know that H is equal to 1 (resp. 0) on the black diamonds of the
wired arc (resp. the white diamonds of the free arc), the previous proposition
can be seen as an approximate Dirichlet problem for the function H. In the next
section, we make this statement rigorous by comparing H to harmonic functions
corresponding to the same boundary problems (on the set of black faces, or on
the set of white ones).

3 Comparison to harmonic measures

In this section, we obtain a comparison result for the boundary values of the
fermionic observable F' introduced in the previous section in terms of discrete
harmonic measures. It will be used to obtain all the quantitative estimates on
the observable that we need for the proof of Theorem [l

3.1 Comparison principle

As in the previous section, let (D, a,b) be a discrete Dobrushin domain, with
free boundary conditions on the counterclockwise arc from a to b and wired
boundary conditions on the counterclockwise arc from b to a.

For our estimates, we first extend the medial graph of our discrete domain
by adding two extra layers of faces: one layer of white diamonds adjacent to the
black diamonds of the sites of the wired arc, and one layer of black diamonds
adjacent to the white diamonds of the free arc. We denote by D,, this extended
domain.

Remark 7. Note that one faces a small technicality when adding a new layer of
diamonds: some of these additional diamonds can overlap diamonds that were
already here. For instance, if the domain has a slit, the free and the wired arc
are adjacent along this slit, and the extra layer on the wired arc (resp. free arc)
overlaps the free arc (resp. wired arc). As we will see, Hq is equal to 1 on the
wired arc, and to 0 on the additional layer along the free arc. One should thus
remember in the following that the added diamonds are considered as different
from the original ones — it will always be clear from the context which diamonds
we are considering.

For any given black face B, let us define (X ,Bt) />0 to be the continuous-time
random walk on the black faces of D, starting at B, that jumps with rate 1
on adjacent black faces, except for the black faces on the extra layer of black
diamonds adjacent to the free arc onto which it jumps with rate p := (\/5—}— 1)/2.
Similarly, we denote by (X v ) +>o the continuous-time random walk on the white
faces of D, starting at a white face W that jumps with rate 1 on adjacent white
faces, except for adjacent white faces on the extra layer of white diamonds
adjacent to the wired arc onto which it jumps with the same rate p = (v/241)/2
as previously.

For a black face B, we denote by HM,(B) the probability that the random
walk X2 hits the wired arc from b to a before hitting the extra layer adjacent

12



Figure 4: We extend D,, by adding two extra layers of medial faces, and extend
the functions He and H, there. Here is represented the extension along the free
arc.

to the free arc. Similarly, for W a white face, we denote by HM, (W) the
probability that the random walk XV hits the additional layer adjacent to the
wired arc before hitting the free arc. Note that there is no extra difficulty
in defining these quantities for infinite discrete domains as well. We have the
following result:

Proposition 8 (uniform comparability). Let (D,a,b) be a discrete Dobrushin
domain. For any medial edge e adjacent to a boundary edge of the free arc, if
we denote by B = B(e) the black face that it borders and by W = W(e) any
closest white face that is not on the free arc, we have

VHM, (W) < |F(e)| < HM, (B). (3.1)

Proof. By construction of the function H, we have |F(e)|? = H(B) and H(W) =
|F(e)|?> — |F(e')]? < |F(e)|?, where ¢’ is the medial edge between B and W: it
is therefore sufficient to show that H(B) < HM,(B) and H(W) > HM,(W).
We only prove that H(B) < HM,(B), since the other case can be handled in
the same way.

For this, we use a variation of a trick introduced in [9] and extend the function
H to the extra layer of black diamonds — added as explained above — by setting H
to be equal to 0 there. It is then sufficient to show that the restriction H, of H to
the black diamonds of D, is subharmonic for the Laplacian that is the generator
of the random walk X,, since it has the same boundary values as HM,. Inside
the domain, this is given by Proposition [6] since there the Laplacian is the
usual discrete Laplacian (associated with it is just a simple random walk). The
only thing to check is when a face involved in the computation of the Laplacian
belongs to one of the extra layers. For the sake of simplicity, we study the case
when only one face belongs to these extra layers.

Denote by By, By, Bg and Bg the black faces adjacent to B, and assume
that Bg is on the extra layer (see Figure d). The discrete Laplacian of X, at

13



face B is denoted by A,. We claim that

AJH.(B) = 62;‘/\/2_5

2V/2 I
6 +5v2

[He(Bw) + He(Bx) + He(Bg)] + o«(Bs) — Ho(B) > 0

(3.2)
For that, let us denote by ej,es,es,es the four medial edges at the bottom
vertex v between B and Bg, in clockwise order, with e; and ey along B, and eg
and ey along Bg (see Figure ) — note that e3 and e4 are not edges of Ds, but
of (Z?)s.

We extend F to e3 and e4 by requiring F(e3) and F(e1) to be orthogonal,
as well as F(e4) and F(eq), and F(ey) + F(e3) = F(e2) + F(e4) to hold true.
This defines these two values uniquely: indeed, as noted before, we know that
F(es) = e~™/*F(e1) on the boundary (since W, (eq, €1) and W, (eq, e2) are fixed,
with W, (eq,e2) = W, (eq,e1) + 7/2, and the curve cannot go through one of
these edges without going through the other one), which implies, after a small
calculation, that

: 2 242 2—1/2
F(e Qz‘tanz /4 F (e ‘: Fl(es)|? = ——>ZH,(B).
[Flea)l? = | (tan 5 )™/ Flen)| = 5B IF(ea)l? = S S Hu(B)
If we denote by H, the function defined by H, = H, on B, By, By and Bg,
and by
N 2—42
H,(Bg) = |F(e3)]? = H.(B), 3.3
(Bs) = |Fles)* = S5 Ha(B) (33)

then H, satisfies the same relation Eq.(ZII) (definition of H) for es and ey,
as inside the domain. Since the fermionic observable F' verifies the same lo-
cal equations, the computation performed in the Appendix C of [33] is valid,
Proposition [@] applies at B, and we deduce

AH,(B) = ~[Ho(Bw) + Ho(Bx) + Ho(Bg) + Ho(Bs)] — Ho(B) > 0. (3.4)

Using the definition of ﬁ., this inequality can be rewritten as

1 6+ 5v2

—|He(B + Ho(Byn) + Heo(B ——H,(B) > 0. 3.5

S B) + Ha(B) + HL(Be)) = 2V mB) =0 (39
Now using that He(Bg) = 0, we get the claim, Eq.(B.2)). O

3.2 Estimates on harmonic measures

In the previous subsection, we gave a comparison principle between the values of
H near the boundary, and the harmonic measures associated with two (almost
simple) random walks, on the two lattices composed of the black faces and of
the white faces respectively. In this subsection, we give estimates for these two
harmonic measures in different domains needed for the proof of Theorem [l We
start by giving a lower bound which is useful in the proof of the 1-point estimate.
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Figure 5: Estimate of Lemma [0l the dashed line corresponds to the free arc.

Lemma 9. For 3 >0 and n >0, let R? be the graph
RP = [—pn, Bn] x [0, 2n].

Then there exists ¢1(3) > 0 such that for any n > 1,

c1(B)

n2

HM, (W,) > (3.6)
in the Dobrushin domain (RZ u,u) (see Figure[d), for all x = (x1,0) and u =
(u1,2n) such that |z1|, lu1| < Bn/2 (ie. far enough from the corners), W, being
any of the two white faces that are both adjacent to x and not on the free arc.

Proof. This proposition follows from standard results on simple random walks
(the local central limit theorem and gambler’s ruin type estimates). For the
sake of conciseness, we do not provide a detailed proof. O

In the remaining of the section, we consider only Dobrushin domains (D, a, b)
that contain the origin on the free arc, and are subsets of the medial lattice H,,
where H = {(z1,22) € Z?, 22 > 0} denotes the upper half plane — in this case, we
say that D is a Dobrushin H-domain. For the following estimates on harmonic
measures, the Dobrushin domains that we consider can also be infinite. We are
interested in the harmonic measure of the wired arc seen from a given point:
without loss of generality, we can assume that this point is just the origin. Let
By be the corresponding black diamond of the medial lattice, and Wy be an
adjacent white diamond which is not on the free arc.

We first prove a lower bound on the harmonic measure. For that, we intro-
duce, for k € Z and n > 0, the segments

In(k) = {k} x [0,n] (= {(k,5):0<j<n})

Lemma 10. There exists a constant co > 0 such that for any Dobrushin H-
domain (D, a,b), we have

HML (o) > 2, (3.7)

provided that, in D, the segment l;,(—k) disconnects from the origin the inter-
section of the free arc with the upper half-plane (see Figure [6]).
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Proof. We know that I (—k) disconnects the origin from the part of the free arc
that lies in the upper half-plane, let us thus consider the connected component of
D\l (—k) that contains the origin. In this new domain Dy, if we put free bound-
ary conditions along l;,(—k), the harmonic measure of the wired arc is smaller
than the harmonic measure of the wired arc in the original domain D. On the
other hand, the harmonic measure of the wired arc in Dy is larger than the har-
monic measure of the wired arc in the slit domain (H\l(—k), (—k, k), 00), which
has respectively wired and free boundary conditions to the left and to the right
of (—k, k) (see Figure[f]). Estimating this harmonic measure is straightforward,
using the same arguments as before. O

We now derive upper bounds on the harmonic functions. We will need
two estimates of different types. The first one takes into account the distance
between the origin and the wired arc, while the second one requires the existence
of a segment [, (k) disconnecting the wired arc from the origin (still inside the
domain).

Lemma 11. There exist constants cs,cq > 0 such that for any Dobrushin H-
domain (D, a,b),

(i) if d1(0) denotes the distance between the origin and the wired arc,

1
HM,(By) < : 3.8
(B0 < 39
(ii) and if the segment 1, (k) disconnects the wired arc from the origin inside
D,
n
HM,(By) < ¢4 .
(o) < esci (39)

Proof. Let us first consider item ({). For d = d;(0), define the Dobrushin domain
(Bg, (—d,0), (d,0)) where By is the set of sites in H at a graph distance at most
d from the origin (see Figure [7). The harmonic measure of the wired arc in
(D, a,b) is smaller than the harmonic measure of the wired arc in this new
domain Bd, and, as before, this harmonic measure is easy to estimate.

Let us now turn to item (). Since I, (k) disconnects the wired arc from
the origin, the harmonic measure of the wired arc is smaller than the harmonic
measure of I, (k) inside D, and this harmonic measure is smaller than it is in
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the domain H \ [,,(k) with wired boundary conditions on the left side of 1,, (k) —
right side if £ < 0 (see Figure[D). Once again, the estimates are easy to perform
in this domain. O

4 Proof of Theorem I

We now prove our main result, Theorem [l The main step is to prove the
uniform lower bound for rectangles of bounded aspect ratio with free boundary
conditions. We then use monotonicity to compare boundary conditions and
obtain the desired result. In the case of free boundary conditions, the proof
relies on a second moment estimate on the number N of pairs of vertices (x,u),
on the top and bottom sides of the rectangle respectively, that are connected
by an open path.

The organization of this section follows the second-moment estimate strat-
egy. In Proposition [I3] we first prove a lower bound on the probability for one
site on the bottom side of a rectangle to be connected to a site on the top side.
This estimate gives a lower bound on the expectation of N. Then, Proposition
[[4 provides an upper bound on the probability that two points on the bottom
side of a rectangle are connected to the top side. This proposition is the core
of the proof, and it provides the right bound for the second moment of N. It
allows us to conclude the section by using the second moment estimate method,
thus proving Theorem [l

In this section, we use two main tools: the Domain Markov property, and
probability estimates for connections between the wired arc and sites on the
free arc. We first explain how the previous estimates on harmonic measures can
be used to derive estimates on connection probabilities: the following lemma is
instrumental in our proof.
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Lemma 12. Let (D,a,b) be a Dobrushin domain. For any site x on the free
arc of D, we have

HM,(W,) < Pp oz ~ wired arc) < /HMq(B;), (4.1)

where B, is the black face corresponding to x, and W, is any closest white face
that is not on the free arc.

Proof. Since x is on the free boundary of D, there exists a white diamond on
the free arc of D, which is adjacent to B,: we denote by e the edge between
these diamonds. As noted before, since the edge e is along the free arc, the
winding W, (eq, €) of the exploration path v at e is constant, and depends only
on the direction of e. This implies that

Pp.ape €)= |F(e)l.

In addition, e belongs to 7 if and only if = is connected to the wired arc, which
implies that | F'(e)| is exactly equal to Pp 4 (2 ~» wired arc). Proposition 8 thus
implies the claim. O

With this lemma at our disposal, we can prove the different estimates.
Throughout the proof, we use the notation ¢;(3) for constants that depend
neither on n nor on sites z, y or on boundary conditions. When they do not
depend on 3, we denote them by ¢; (it is the case for the upper bounds). Recall
the definition of R?:

RP = [—pn, Bn] x [0, 2n]. (4.2)

Let 04 R? (resp. 0_RP) be the top side [—(n,n] x {2n} (resp. bottom side
[—pn, Bn] x {0}) of the rectangle RS. We begin with a lower bound on connec-
tion probabilities.

Proposition 13 (connection probability for one point on the bottom side). Let
B > 0, there exists a constant ¢(8) > 0 such that for any n > 1,

c(B)

n

P%ﬁ (x ~u) > (4.3)

for all x = (21,0) € O_R?, u = (u1,2n) € 8, RP, satisfying |x1], |u1| < Bn/2.

n’ n’

Proof. The probability that z and u are connected in the rectangle with free
boundary conditions can be written as the probability that x is connected to
the wired arc in (R?,u,u) (where the wired arc consists of a single vertex).
The previous lemma, together with the estimate of Lemma @] concludes the
proof. O

We now study the probability that two boundary points on the bottom edge
of R? are connected to the top edge.

18



7 28n 7

N

~d : z >
A0 dy

7 ’ 38;5/ -

Figure 8: The Dobrushin domain (R, c,,d,), together with the exploration
path up to time 7.

Proposition 14 (connection probability for two points on the bottom side).
There exists a constant ¢ > 0 (uniform in (3,n) such that for any rectangle R’
and any two points x,y on the bottom side O_ RS,

c

Py a0, (Y ~ wired arc) < —e—=, (4.4)
n,An;0n |x _ y|n

where a, and b, denote respectively the top-left and top-right corners of the
rectangle RP.

The proof is based on the following lemma, which is a strong form of the
so-called half-plane one-arm probability estimate (see Section [5.4] for a further
discussion of this result). For x on the bottom side of R? and k > 1, we denote
by Bi(x) the box centered at x with diameter k for the graph distance. We can
now state the lemma needed:

Lemma 15. There exists a constant cs > 0 (uniform in n, 8 and the choice of
x) such that for all k > 0,

k
Pro oy, (Br(z) ~ wired arc) < cs \/; (4.5)

Proof. Consider n, k, 3 > 0, and the box R? with one point » € 9_R?. Eq.(&3)
becomes trivial if & > n, so we can assume that k¥ < n. For any choice of
B > 3, the monotonicity between boundary conditions Eq.(24]) implies that
the probability that By () is connected to the wired arc 94 R? in (R, an,b,)
is smaller than the probability that By(x) is connected to the wired arc in
the Dobrushin domain (Rgl, Cn,dy), where ¢, and d,, are the bottom-left and
bottom-right corners of R . From now on, we replace 3 by 8+ 1, and we work
in the new domain (R?,¢c,,d,). Notice that By, is then included in Rﬁ and that
the right-most site of By is at a distance at least n from the wired arc.

We denote by T the hitting time — for the exploration path naturally para-
metrized by the number of steps — of the subset of the medial lattice composed
of the edges adjacent to By(x); we set T = oo if the exploration path never
reaches this set, so that x is connected to By, if and only if T' < oo.
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Let z be the right-most site of the box By(z). Consider now the event
{z ~ wired arc}. By conditioning on the curve up to time 7' (and on the event
{By(x) ~ wired arc}), we obtain

P_s (2 ~ wired arc) =Eps  [Ir<ocPpp (z ~ wired arc | v[0,7])]

Ry ,cn,dn 1Cnydn

=Bt cnan [11<P i\ s 0,71 (7) 0, (2~ Wired arc)],

where in the second inequality, we have used the Domain Markov property, and
also the fact that it is sufficient for z to be connected to the wired arc in the
new domain (since it is then automatically connected to the wired arc of the
original domain).

On the one hand, since z is at a distance at least n from the wired arc
(thanks to the new choice of ), we can combine Proposition [8 and Lemma [12]
with item (i) of Lemma [I1 to obtain

. C5
z ~» wired arc) < N (4.6)
On the other hand, if v(T") can be written as v(T') = z+ (—r,7), with 0 < r < k,
then the arc z+1,(—r) disconnects the free arc from z in the domain R\ ~[0, T7,
while if y(T') = 2+ (—r, 2k —r), with k4+1 < r < 2k, then the arc z+1,(—r) still
disconnects the free arc from z. Using once again Proposition §land Lemma [12]
this time with Lemma [I0] we obtain that a.s.

IEDRfi,cn,dn(

Cq

. Cq
Pro\y (oo, (1),a, (7~ Wired arc) > 7 2 NeTh (4.7)
This estimate being uniform in the realization of v[0,T], we obtain
“p (T'<oo) <P (z ired arc) < s (4.8)
e ~ = i
m Rg7cnydn - Rg7cn7dn w - ﬁ’
which implies the desired claim Eq.([@3]). O

Proof of Proposition[T7. Let us take two sites z and y on d_RS. As in the
previous proof, the larger the (3, the larger the corresponding probability, we
can thus assume that § has been chosen in such a way that there are no boundary
effects. In order to prove the estimate, we express the event considered in terms
of the exploration path «. If x and y are connected to the wired arc, v must go
through two boundary edges which are adjacent to x and y, that we denote by
e, and ey. Notice that e, has to be discovered by vy before e, is.

We now define T, to be the hitting time of e,, and T} to be the hitting time
of the set of edges adjacent to the ball By (y), for k < kg = [logy |2 —y||. If the
exploration path does not cross this ball before hitting e,, we set T, = co. With
these definitions, the probability that e, and e, are both on 7 can be expressed
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Figure 9: This picture presents the different steps in the proof of Proposition
@& we first (1) condition on [0, T};] and use the uniform estimate (i) of Lemma
[IT then (2) condition on [0, Tk+1] and use the estimate () of Lemma [T1l in
order to (3) conclude with Lemma [T5l

as
Prs o, (@Y ~ wired arc) =Pps - (es,ey €7) (4.9)
0
= ZPRﬁ,an,bn (ey €7, Ty < 00, Tht1 < Tg = 00) (4.10)
ko
= Z ERﬁ,an,bn [HTk+1 <Tk:OOHTz<0°PR5,an,bn (ey €y |7[0’ Tm] )} ) (4'11)
k=0

where the second equality is obtained by conditioning on the exploration path
up to time 7. Recall that e, belongs to « if and only if y is connected to
the wired arc. Moreover, ¥ is at a distance at least 2* from the wired arc in
RP\ ~[0,T,] (since Ty = o). Hence, the Domain Markov property and item (i)
of Lemma [T1] give that a.s.

. C3
PRt anb. €y € YN0, Ta]) = Proy o 1, 0., (4 ~» Wired arc) < NoT (4.12)

By plugging this uniform estimate into (£I1), and removing the condition on
Ty = oo, we obtain

ko
3
P8 by (G016 €7) < Z /ok Er8 anbn [ETHI@OPRE,%% (Te < 00 [y[0, Tresa])],
k=0

where we conditioned on the path up to time Ty41. Now, e, belongs to « if and
only if = is connected to the wired arc, and in addition, the vertical segment
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connecting v(Tk+1) to Z, of length at most 251, disconnects the wired arc from
z in the domain R? \ v[0,Tyx41]. Applying the Domain Markov property and
item (i) of Lemma [IT] we deduce that a.s.

) /2k+1
P o bm (ex € Y [V[0, Tht1]) = P R0, Trt1],7(Tht1)sbn ( ~ wired arc) < cs |z —y|”

Making use of this uniform bound, we obtain

ko foRFT

ok+1

P.s (z,y ~ wired arc) < cscy (Thy1 < 0)
Ry, by Z \/_|I _ y| Rmam n
2030405 Z \/—
= ylf
a nll’ —
using also Lemma [T5] for the second inequality.
o

We are now in a position to prove our main result.

Proof of Theorem[1. Let 8> 0 and n > 0, and also RS defined as previously.

Step 1: lower bound for free boundary conditions. Let NV,, be the number
of connected pairs (z,u), with € d_RP, and u € 0y R?. The expected value
of this quantity is equal to

= Y PBla(z~u). (4.13)
u€8+R§
mea,Rﬁ

Proposition 3] directly provides the following lower bound on the expectation
by summing on the (3n)? pairs of points (z,u) far enough from the corners, i.e.
satisfying the condition of the proposition:

]E%g [Nn] > c6(B)n (4.14)

for some cg(3) > 0.

On the other hand, if z and u (resp. y and v) are pair-wise connected, then
they are also connected to the horizontal line Z x {n} which is (vertically) at
the middle of R?. Moreover, the Domain Markov property implies that the
probability — in R? with free boundary conditions — that = and y are connected
to this line is smaller than the probability of this event in the rectangle of half
height with wired boundary conditions on the top side. In the following, we
assume without loss of generality that n is even and we set m = n/2, so that
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the previous rectangle is R?3, and we define a,, and b, as before. Using the

FKG inequality, and also the symmetry of the lattice, we get

]P’(;g (x> uy~v) <Pprog (w,y ~ wired arc) P 2s

am b b (4,0 ~ wired arc),
where 4 and v are the projections on the real axis of v and v. Summing the
bound provided by Proposition [ on all sites =,y € _ R and u,v € 9, RS, we

obtain

E%Q [N2] < crm? < ern? (4.15)
for some constant ¢y > 0. Now, by the Cauchy-Schwarz inequality,
0 0 0 2 E?%B [Na]? 2
Pls (Co(R7)) = Phs (No > 0) = E s [(In, »0)%] 2 o 2 c6(B)" /e,
Rn n

(4.16)
since IE%B [N,] = E??p [N,Iy, >0]. We have thus reached the claim.

Step 2: lower and upper bounds for general boundary conditions.
Using the ordering between boundary conditions Eq.(2.4]), the lower bound that
we have just proved for free boundary conditions actually implies the lower
bound for any boundary conditions &.

For the upper bound, consider a rectangle R with dimensions n x m with
m € [f1n, B2n] and with boundary conditions . Using once again Eq.(24), it
is sufficient to address the case of wired boundary conditions, and in this case,
the probability that there exists a dual crossing from the left side to the right
side is at least c— = ¢_(1/f32,1/01), since the dual model has free boundary
conditions. We deduce, using the self-duality property, that

P5(Cu(R)) < 1—PL(C;(R)) =1 —P%. (Ch(R*)) <1—c_, (4.17)

where we use the notation C; for the existence of a horizontal dual crossing,
and R* is as usual the dual graph of R (note that we have implicitly used the
invariance by 7/2-rotations). This concludes the proof of Theorem [II

O

5 Consequences for the FK Ising and the (spin)
Ising models

5.1 RSW-type crossing bound for the Ising model

Theorem [ can also be applied to the Ising model, using the Edwards-Sokal cou-
pling. However, we have to be a little careful since not all boundary conditions
can “go through this coupling”.

Corollary 16. Consider the Ising model with (+) or free boundary conditions
in a rectangle R with dimensions n and m < Bn. There exists a constant cg > 0
such that y
+
B (C(R)) 2 s,
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where C} denotes the existence of a vertical (+) crossing.

We could state this result for more general boundary conditions, for instance
(4+) on one arc and free on the other arc. The corresponding result for (—)
boundary conditions is actually not expected to hold: one can notice for example
that in any given smooth domain, a CLE(3) process — the object describing the
scaling limit of cluster interfaces — a.s. does not touch the boundary.

5.2 Power-law decay of the magnetization at criticality

We start by stating an easy consequence of Theorem [II We consider the box
S, = [-n,n]?, its boundary being denoted as usual by 95,. We also introduce
Sm,n the annulus Sy, \ Sy, of radius m < n centered on the origin, and we denote
by C(Sm.») the event that there exists an open circuit surrounding Sy, in this
annulus.

Corollary 17 (circuits in annuli). For every § < 1, there ewxists a constant
cg > 0 such that for all n and m, with m < fn,

P%m,n (C(Sm,n)) > Cp.

Proof. This follows from Theorem[lapplied in the four rectangles Rg = [—n, n] x
[-n,—m], R, = [-n,—m] x [-n,n], Rr = [-n,n] x [m,n] and R =
[m,n] x [-n,n]. Indeed, if there exists a crossing in each of these rectangles in
the “hard” direction, one can construct from them a circuit in S, .

Now, consider any of these rectangles, Rp for instance. Its aspect ratio is
bounded by 2/(1 — ), so that Theorem [ implies that there is a horizontal
crossing with probability at least

P(IJ%B (CH(RB)) >c>0.

Combined with the FKG inequality, this allows us to conclude: the desired
probability is at least cg = ¢* > 0. O

Proposition 18 (power-law decay for the magnetization). For p = psq, there
ezists a unique infinite-volume measure P. For this measure, there is almost
surely no infinite open cluster. Moreover, there exist constants o,c > 0 such
that for all n > 0, .

P(0 ~ 95, < (5.1)

nOt

This result implies in particular that P(0 ~» oo) = 0, in other words that
there is no magnetization at p = psq. This result also applies to the Ising model:
the magnetization at the origin decays at least as a power law.

Remark 19. We would like to mention that an alternative proof of the fact that
there is no spontaneous magnetization at criticality can be found in [38, [1]).
Also, we actually know from Onsager’s work [18] that the connection probability
follows a power law as n — oo, described by the one-arm plane exponent oy =
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1/8. It should be possible to prove the existence and the value of this exponent
using conformal invariance, as well as the arm exponents for a larger number
of arms. More precisely, one would need to consider the probability of crossing
an annulus a certain (fized) number of times in the scaling limit, and analyze
the asymptotic behavior of this probability as the modulus tends to co. Theorem
[0l then implies the so-called quasi-multiplicativity property, which allows one to
deduce, using concentric annuli, the existence and the value of the arm exponents
for the discrete model.

Proof. We first note that it is classical that the non-existence of infinite clusters
implies uniqueness of the infinite-volume measure: it is thus sufficient to prove
Equation Eq.(5). We consider the annuli A, = San gn+1 forn > 1, and C*(A,)
the event that there is a dual circuit in AY. We know from Corollary [IT7 that
there exists a constant ¢ > 0 such that

Pl (C*(An) = ¢ (5.2)
for all n > 1. By successive conditionings, we then obtain
N—1
PO~ 98,v) < [ Ph, (€7 (40))%) < (1), (5.3)
n=0
and the desired result follows. O

Remark 20. Note that together with sharp threshold arguments developed by
Graham and Grimmett [12], these crossing estimates also provide a geometric
proof that the critical point is p. = psa(2) = V2/(1 +/2) (which then gives the
critical temperature of the Ising model, thanks to the Edwards-Sokal coupling).

5.3 Regularity of interfaces and tightness

Theorem [ can be used to apply the technology developed by Aizenman and
Burchard [I], to prove regularity of the collection of interfaces, which implies
tightness using a variant of the Arzela-Ascoli theorem.

This compactness property for the set of interfaces is important to construct
the scaling limits of discrete interfaces, once we have a way to identify their limit
uniquely (using for instance the so-called martingale technique, detailed in [32]).
Here, the fermionic observable provides a conformally invariant martingale, and
its convergence to a holomorphic function has been proved in [33], leading to
the following important theorem:

Theorem 21 (Smirnov [34]). For any Dobrushin domain (D, a,b), with discrete
approzimations (D, ac,b.), the Pp,_ 4. p.-law of the exploration path . from a.
to be converges weakly to the law of a chordal SLE(16/3) path in D, from a to
b.

We briefly explain how one can use the crossing bounds to obtain the com-
pactness of the interfaces. Note that this result has also been proved, in a
different way, in [15] and in the forthcoming article [16].
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As usual, curves are defined as continuous functions from [0, 1] into a bounded
domain D — more precisely, as equivalence classes up to strictly increasing
reparametrization. The curve distance is then just the distance induced by
the norm of uniform convergence.

Let A(z;r, R) be the annulus B(z, R) \ B(x,r). We denote by Ay (z;r, R)
the event that there are 2k crossings of the curve from B(z,r) to B(x, R)®.

Theorem 22 (Aizenman-Burchard [I]). Let D be a compact domain and denote
by P, the law of a random curve 4. with short-distance cut-off € > 0. If for any
k > 0, there exists Ci, < 0o and A\, > 0 such that for all e <r < R and x € D,

7\ Ak
P.(Au(zir B) < Ci(5) (5.4)
and Ay — o0, then the curves (3.) are precompact for the weak convergence
associated with the curve distance.

This theorem can be applied to the family (v.) of exploration paths defined
in Theorem 21 using the following argument. If A (z;7, R) holds, then there
are k open paths, alternating with k dual paths, connecting the inner boundary
of the annulus to its outer boundary. Moreover, one can decompose the annulus
A(z;r, R) into roughly log,(R/r) annuli of the form A(xz;r,2r), so that it is
actually sufficient to prove that

P(Ag(z;7,2r)) < cF (5.5)

for some constant ¢ < 1. Since the paths are alternating, one can deduce that
there are k open paths, each one being surrounded by two dual paths. Hence,
using successive conditionings and the Domain Markov property, the probability
for each of them is smaller than the probability that there is a crossing in the
annulus, which is less than some constant ¢ < 1 by Corollary [T (note that this
reasoning also holds on the boundary).

Hence, Theorem 22] implies that the family (v.) is precompact for the weak
convergence.

5.4 Half-plane one-arm exponent for the FK Ising model
and boundary magnetization for the Ising model

As a by-product of our proofs, in particular of the estimates of Section Bl one can
also obtain the value of the critical exponent for the boundary magnetization
in the Ising model, near a free boundary arc (assuming it is smooth), and the
corresponding one-arm half-plane exponent for the FK Ising model.

Let us first consider the one-point magnetization Ep ,[0,] for the Ising
model at criticality in a discrete domain (D, a, b) with free boundary conditions
on the counterclockwise arc (ab) and (+) boundary conditions on the other arc
(ba).
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Proposition 23. There exist positive constants c1 and co such that for any
discrete domain (D, a,b) with a = (—n,0) and b = (n,0) (n > 0), containing
the rectangle R, = [—n,n] x[0,n] and such that its boundary contains the lower
arc [—n,n] x {0}, we have

an 2 < Ep o plo0] < con 2, (5.6)
uniformly in n.

Proof. The magnetization at the origin can be expressed, in the corresponding
FK representation, as the probability that the origin is connected to the wired
counterclockwise arc (ba). This probability can now be estimated exactly as in
Section [t it is equal to the probability that the FK interface passes through
0 (since the origin is on the free boundary of D), which is itself the modulus
of the fermionic observable on (D, a,b) evaluated at 0. Now, it suffices to use
Proposition R to compare this to the two harmonic measures, and then estimates
similar to the estimates in Lemmas [0 and 011 O

This result can be equivalently stated for the one-arm half-plane probability
for FK percolation:

Proposition 24. Consider the rectangle R, = [-n,n] x [0,n]. There ewist
positive constants ¢y and co such that for any boundary conditions & such that
the lower arc 0~ B,, is free, one has

cn”V2 <P, (0~ 0% R,) < con” V2, (5.7)
uniformly over all n.

Proof. We get the upper bound using monotonicity and the previous propo-
sition, since (+) boundary conditions in the Ising model correspond to wired
boundary conditions in the corresponding FK representation. For the lower
bound, by Theorem [Il and the FKG inequality, we can enforce the existence of
a crossing in the half-annulus R,, \ R, /2 that disconnects 0 from OR, \ 0" R,
to the price of a constant independent of £. Using monotonicity and FKG, the
probability that 0 is connected by an open path to this crossing (conditionally
on its existence) is larger than the probability that 0 is connected to the bound-
ary with wired boundary conditions, without conditioning. Hence, the lower
bound of the previous proposition gives the desired result. O

Remark 25. Note that contrary to the power laws established using SLE, there
are no potential logarithmic corrections here — as is the case with the “universal”
arm exponents for percolation (corresponding to 2 and 3 arms in the half-plane,
and 5 arms in the plane). Furthermore, one can follow the same standard
reasoning as for percolation, based on the RSW lower bound, to prove that the
two- and three-arm half-plane exponents, with alternating “types” (primal or
dual), have values 1 and 2 respectively.

27



5.5 n-point functions for the FK Ising and the Ising mod-
els

Since the work of Onsager [27], it is well-known that for the Ising model at
criticality, the magnetization at the middle of a square of side length 2m with
(+) boundary conditions decays like 7'/, It is then tempting to say that the
correlation of two spins at distance m in the plane (in the infinite-volume limit,
say) decays like m~4, and this is indeed what happens. To the knowledge of
the authors, there is no straightforward generalization of Onsager’s work that
allows to derive this without difficult computations. However, this result can
be made rigorous very easily with the help of Theorem [II We give here only a
result for two-point correlation functions, but exponents for n-spin correlations,
for instance, can be obtained using exactly the same method.
Let us first interpret Onsager’s result in terms of the FK representation.

Lemma 26. Let B, be the square [—m, m]? with arbitrary boundary conditions
&. Then there exist two constants c1 and co (independent of m and £) such that

we have
cym™YE < PO ~» OB,,) < com™ Y5, (5.8)

Proof. Onsager’s result gives the result with wired boundary conditions (since
it is derived in terms of the Ising model with (+) boundary conditions), so by
monotonicity it gives the upper bound. Using Theorem [l we can obtain a lower
bound independent of the boundary conditions by enforcing the existence of a
circuit in the annulus B, \ B, /2, and using the FKG inequality. For that, we
just need to lower the constant, using monotonicity: the connection probability
conditionally on the fact that there is a wired annulus around the origin is larger
than the connection probability with (+) boundary conditions on 9B,,. O

We can now give the result for two-point correlation functions in the infinite-
volume Ising model.

Proposition 27. Consider the Ising model on Z? at critical temperature. There
exist two positive constants C1 and Cs such that we have

Cilz - y|_1/4 < Eloeoy] < Ol — y|_1/47 (5.9)
where for any z,y € Z*, we denote by o, and oy, the spins at z and y.

Proof. The 2-spin correlation E[o,0,] can be expressed, in the corresponding
FK representation, as the probability of the event {x ~ y}. Let now m be the
integer part of |z —y|/4. The upper bound is easy and does not rely on Theorem
@I the event that x is connected to y implies that x is connected to x + 9B,
and that y is connected to y + 9B,,. Using the Domain Markov property, these
two events are independent conditionally on the states on the boundaries of the
boxes. Using the previous lemma, we get the upper bound.

Let us turn now to the lower bound. We can enforce the existence of a
connected “8” in the discrete domain

[(z + Bam+2) U (y + Bam+2)] \ [(z + Bm) U (y + Bm)]

28



that surrounds both z and y and separates them: this costs only a positive
constant «, independent of m, using Theorem [ in well-chosen rectangles and
the FKG inequality. Using once again the FKG inequality, we get that

P(x ~ y) > aP(x ~ 2 4+ 0Bamy2) - P(y ~ y + 0Bam+2), (5.10)
and combined with the previous lemma, this yields the desired result. O
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