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The density of atomic systems is analysed via the Single-Exponential Decay Detector (SEDD).
SEDD is a scalar field designed to explore mathematical, rather than physical, properties of elec-
tron density. Nevertheless, it has been shown that SEDD can serve as a descriptor of bonding pat-
terns in molecules as well as an indicator of atomic shells [P. de Silva, J. Korchowiec, and T. A.
Wesolowski, ChemPhysChem 13, 3462 (2012)]. In this work, a more detailed analysis of atomic
shells is done for atoms in the Li—Xe series. Shell populations based on SEDD agree with the
Aufbau principle even better than those obtained from the Electron Localization Function, which
is a popular indicator of electron localization. A link between SEDD and the local wave vec-
tor is given, which provides a physical interpretation of SEDD. © 2014 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4871501]

. INTRODUCTION

The concept of electrons occupying shells in atoms is
fundamental for our understanding of the electronic structure
of atomic and molecular systems. This idea is based on the so-
lutions of the Schrodinger equation for the hydrogen atom, for
which degenerate orbitals forming each shell share the same
principal quantum number. This one-electron picture can be
extended to many-electron atoms, where the degeneracy of
subshells is lifted. The Aufbau principle states that electrons
successively fill the available one-electron levels, which gives
rise to the concept of electronic configuration. This is the main
idea behind the Hartree-Fock method, which is the corner-
stone of quantum chemistry.

In terms of atomic orbitals, the notion of a shell is quite
clear. It is simply a set of orbitals with the same principal
quantum number. However, many attempts have been made
to relate this concept to the total electron density.' !¢ Since
orbital densities overlap each other, the concept of atomic
shells in real space is somehow lost.!”!3 It is conjectured,
although never proved, that the electron density of atoms is
a monotonically decaying function.!®?* Therefore, it does
not exhibit any shell structure itself. Different transforma-
tions of the density or the approximate many-electron wave-
function have led to descriptors that succeeded in resolving
the shell structure of atoms. Conceptually, the simplest ap-
proach is to investigate radial densities,'** which exhibit max-
ima corresponding to different shells. Other descriptors based
on electron density include Laplacian of the density,>¢ re-
duced density gradient,” one-electron potential,® electron in-
homogeneity measure,’ and local wave number.'*"'?> Some of
the developed descriptors take a direct input from orbitals or
one-particle density matrix. These are, for example, the elec-
tronic stress tensor'>!'# or the Electron Localization Function
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(ELF).!>-16 All these functions reveal, to some extent at least,
atomic shells. Usually, the boundaries between them are in-
dicated by some characteristic points of the descriptor, like
stationary or inflection points. This enables to define atomic
radii and integrate the density over the corresponding regions
to obtain shell populations. These depend significantly on the
descriptor used, however, usually they give electron num-
bers approximately matching those predicted by the Aufbau
principle.

In the present work, we verify the ability of the Single Ex-
ponential Decay Detector (SEDD) to resolve the shell struc-
ture of atoms. SEDD was introduced as a tool for analysis of
bonding patterns of molecular systems.”! It was shown that
bonding patterns revealed by SEDD agree with chemical in-
tuition and exhibit essentially the same features as ELF. It was
also shown that delocalized domains of SEDD provide a fin-
gerprint of aromaticity in flat carbon rings.?> The main feature
of SEDD is that it depends only on the electron density and its
first and second derivatives. No orbitals are needed in its eval-
uation, what makes it a well defined quantity at any level of
theory. The range of significant values of SEDD turns out to
be practically system-independent, what facilitates visualiza-
tion and comparison of the results between different systems.
In the present work, we show that the analysis of SEDD al-
lows to identify in real space all the expected atomic shells for
all the atoms from lithium to xenon. Moreover, it divides the
space into regions dominated by a single shell as well as high-
overlap regions. Maxima of SEDD in the overlap region de-
fine shell radii. Integration of the density over resulting shells
yields electron numbers, which approximately agree with the
expected ones.

The usefulness of SEDD as a tool for visualization of
bonding patterns demonstrated in our previous works?!??
calls for a physical interpretation of the quantity &(r)
L_(v(¥2®)2y12 that SEDD visualizes. To this end, the

=L em
discussion of mathematical features of SEDD for atomic and
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molecular densities is supplemented in this work by the for-
mal analysis of the link between SEDD and the local wave
number.'®'2 As SEDD is a dimensionless quantity, we show
that this is achieved by making a reference to the homoge-
neous electron gas (HEG) model.

Il. SINGLE-EXPONENTIAL DECAY DETECTOR

A. Built-in properties of £(r) for atomic
and molecular densities

The Single-Exponential Decay Detector was introduced
as an orbital-free descriptor of bonding patterns in molecu-
lar systems. The idea behind was to reveal regions of space,
where the electron density decays exponentially from an arbi-
trary point in space, i.e., p(r) ~ e **"Tl_In order to visual-
ize such regions, the following dimensionless scalar field was

constructed:
2
Vp(r)
V( p(r) )

p(r)

2

£(r) = (1)

Inserting p(r) ~ e~*™! into Eq. (1) gives £(r) = 0, there-
fore, &£(r) detects regions of single-exponential electron
density.

For molecular systems, there are two limiting cases,
where the density is known to be of exponential form. One
is the behaviour at nuclei, where the exponent is determined
by nuclear charge p(r) ~ e~2%«I"%| This is reflected by the
Kato cusp condition??

i)Oau(rot) = _2201)0(0)7 (2)
ara roq=0
where p,,(ry) is the spherically averaged density, Z, is the
nuclear charge, and r, is a vector originating at the nucleus.
The second asymptotic limit is given for large distances from
the molecule, where the decay of the density if determined by
the ionization potential (1): p(r) ~ e~2V2IIrl 24

Based on these results, it is expected that £(r) will ap-
proach 0 near nuclei. This is in agreement with the fact that
this region is occupied by ls electrons of a given atom and
not much penetrated by those from higher shells. The same
behaviour could also be expected far from the molecule,
however, this time both numerator and denominator in
Eq. (1) tend to 0. In fact, 0> decays faster than (V(%)z)2
and &£(r) — +o0.

Density in bonding regions is largely determined by the
overlap of atomic densities and as such is not expected to be-
have exponentially (even piecewise). However, such density is
characterized by small density gradients. In particular, at the
bond critical point (BCP) V p(r) = 0. Therefore, the density
at BCP can be formally treated as single-exponential up to the
first order with A = 0 and &£(r) = 0. Finally, £(r) is equal to
0 at stationary points of (%)2, although, the density at these
points is not locally exponential.

In a chemically intuitive description of molecular elec-
tronic structure, electrons are localized in core atomic shells,
bonds, or lone pairs. Properties of £(r) suggest that it may
be useful in visualization of bonding patterns understood as a
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distribution of localized electron pairs. Although & (r) was de-
signed to discover single-exponential densities, it turned out
that it provides rich information about the chemical structure
of molecules.

Summarizing, £(r) is expected to have low values near
nuclei, around bond critical points, and possibly in some other
regions. Conversely, far from the molecule £(r) exhibits an
exponential explosion. This rapid behaviour is problematic
from the point of view of visualization, as the informative
range of values becomes very large. To circumvent this un-
desired feature, a logarithmic transformation was introduced
to flatten the scale. This leads to the following definition of
SEDD, which was introduced in Ref. 21

2
Vp(r)
V( p(r) )

p(r)

SEDD*(r) =In&(r) = In 3)

The range of values of SEDD*(r) is [—o0, oo], and nega-
tive values appear where £(r) < 1. Nevertheless, all the es-
sential information provided by SEDD are contained solely in
&(r) and the logarithmic transformation is applied only for the
convenience of visualization. Scalar fields are typically visu-
alized as two-dimensional maps or three-dimensional isosur-
faces, therefore, establishing the meaningful range of values is
important. In previous papers, we have shown that plotting 2D
maps of SEDD in the range from 2 to 15 is enough to capture
all its features,?! whereas for 3D surfaces, SEDD*(r) = 5.0 is
a convenient choice for the isovalue.?? Here, we notice that
the choice of the transformation letting SEDD have negative
values was not very fortunate. In particular, because it leads
to singularities wherever &€(r) = 0, which is inconvenient for
plotting SEDD in one dimension. To amend this problem, we
redefine the transformation by shifting &(r) by 1

v ()
SEDD(®) =In(1 + @) =1In | 1 + | — 22

p(r)

“)

This minor modification with respect to the definition in
Eq. (3) does not alter the recommended isovalues as the only
significant differences between SEDD(r) and SEDD*(r)
appear for very low values of £(r), which lie below the range
of SEDD recommended for graphical representation of bond-
ing patterns.?!??

Contrary to some other bonding descriptors, the formula
of SEDD was not explicitly derived to reveal localized elec-
trons. It was designed as a dimensionless scalar field showing
some particular geometric features of electron density. Never-
theless, its relation to localization is apparent due to the ability
of SEDD to reveal expected qualitative features of bonding in
molecules.

B. Relation with the local wave vector

The main idea behind SEDD is that the ratio (Y252)? is
constant for locally single-exponential densities. The quan-

tity vp;(»g) is known in the literature as the local wave vector
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\
ke = S

tum p(r) = —%k(r).12 The theory of local representation of
operators'>?3 has been used by Bohérquez et al.,'>?%?7 who
have derived a density-dependent detector of localized elec-
trons based on the local momentum. Square of the local wave
vector is also proportional to one of the terms in the functional
derivative of the von Weizsicker kinetic energy functional

which is closely related to the local momen-

WY o)) = 3Ty[p(r)] _ 1 [V o(r)|? B lvzp(r)
t Sp(r) 8 p(r)? 4 p(r)

&)

The potential v," [p](r) can also be interpreted as the local rep-
resentation of the kinetic energy operator. This suggests that
SEDD can be viewed not only as a purely mathematical field
detecting geometrical features of the density, but also a more
physical meaning can be attributed. The behaviour of the lo-
cal wave number k(r) = |k(r)| is known'®!? to reflect shells
in atoms. In principle, shells correspond to plateaus of k(r).
Below, we present £(r) as a dimensionless quantity to detect
such plateaus. Dimensionlessness is a desired feature for a
bonding descriptors to remain universal. In general, it can be
achieved by dividing the analysed quantity by its counterpart
from some reference model system. Below £(r) is presented a
dimensionless quantity obtained using a particular reference
— the homogeneous electron gas.

It is known that the density of atomic systems is ap-
proximately piecewise exponential.”® This means that the lo-
cal wave number k(r) should consist of local plateaus, each
adopting a different value and corresponding to a different
shell. Kohout et al.'” have shown that this is essentially true
for valence shells, while for the inner ones k(r) is strongly
curved, reflecting the fact that shells interpenetrate each other.
Nevertheless, the model of shells exhibiting different local
momenta still holds to large extent. The boundaries can be
defined by inflection points of k(r), which leads to a reason-
ably good agreement between resulting electron populations
and the Aufbau principle.'?

The analysis of the electronic structure of atomic and
molecular systems is often done in terms of dimensionless
scalar fields. One of such dimensionless quantities is, well
known in Density Functional Theory, the reduced density

20
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gradient®

CIVeml Vo)l
" 2krp() | 26379 pH(D)

where kr is the Fermi wave vector. The analysis of s(r) has
shown that it reveals the shell structure of atoms.” It has also
been used in the definition of the Non-Covalent Interactions
(NCI) index for the analysis of non-covalent interactions.°
Combining the definition of s(r) (Eq. (6)) and k(r) immedi-
ately leads to an interpretation of the reduced density gradient
as a dimensionless local wave number, where k(r) is divided
by the diameter of the Fermi sphere in the HEG model,

k(r)
2k
Since the regions where the density is dominated by a
single atomic shell should be characterized by plateaus of
k(r), the magnitude of its gradient |Vk(r)| provides a mea-
sure of localization of a given shell. The same applies to
the quantity (VK2(r))?, where absolute values of vector fields
are replaced by its squares. Square of the local wave vec-
tor, in turn, can be viewed as the local representation of the
single-particle kinetic energy. In order to obtain a dimension-
less field, (Vk2(r))> has to be divided by another quantity
of the same dimension. Similarly as for the reduced density
gradient, the homogeneous electron gas could be used as a
reference system (Eq. (7)). However, the analogous quantity
(kav)2 is not necessarily a good choice, as for HEG it would
be equal to 0. Instead, a suitable power of kr itself can be used
as a reference, leading to a dimensionless field in the follow-

ing form:
VKA(r)\’
n(r)=< a ) .

s(r) (6)

s(r) (7

®)

Replacing k(r) and kr by their explicit dependence on the
density, leads to a quantity that is proportional to &(r)

(Eq. (1))
£(r) = 3 n(r). ©)

This argument gives another interpretation to SEDD in
terms of physically motivated quantities. According to it, for
localized electrons, the gradient of the local kinetic energy

1.4%10°

(b)
1.2x 10k

1.0x 10°F

800000

600000

400000

200000

O 1
0 2 4 6 8

r[a.u.]

10 12 14

FIG. 1. SEDD(r) (a) and £(r) (b) calculated for the 15?25 configuration of an artificial system of four non-interacting electrons in —1/r potential.
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FIG. 2. SEDD(r) (a) and £(r) (b) calculated for the 1522522 p,(cz/ RY) p§,2/ RY) pf/ » configuration of an artificial system of six non-interacting electrons in —1/r

potential.

is small compared to the volume of the corresponding Fermi
sphere.

lll. RESULTS

A. Shells in an artificial analytical system:
non-interacting electrons in —1/r potential

Before analysing more realistic atomic densities obtained
with the Hartree-Fock method using the Linear Combination
of Atomic Orbitals (LCAO) approximation (Sec. III B), we
focus on an artificial, non-physical example. This auxiliary
analysis is done to better understand the link between the
structure of individual atomic orbitals and the shell structure
indicated by SEDD. The simplest model for an atom is the
system of non-interacting electrons moving in a central —1/r
potential. The wavefunction of such system is a single Slater
determinant composed of hydrogen orbitals occupied by a
given number of electrons (assuming lack of degeneracy).
Such model is suitable to verify the applicability of SEDD
in resolving the shell structure in real space. Although hy-
drogen orbitals with the same principal quantum number are
degenerate, in this model, we occupy orbitals with lower az-
imuthal quantum number first. This is done to mimic the Auf-

20

bau principle for interacting many-electron atoms, for which
this degeneracy is lifted.

For the one- or two-electron system in its ground state,
the situation is very simple. Only the lowest-lying 1s orbital is
occupied and the density is exactly of the single-exponential
form (atomic units are used throughout this work)

p(r.0.9) = pi(r, 0, 9)* = %e—”, (10)
therefore, SEDD(r) = 0. The next two electrons added occupy
the 2s orbital. This leads to a more complex shape of SEDD
(Fig. 1(a)). Close to the nucleus SEDD is close to 0 and then
increases while moving outwards. It drops to O at 1.44 bohrs
due to the presence of a stationary point in w, then rises
again to reach the maximum at 2.76 bohrs. SEDD has an-
other sharp minimum at 4.02 bohrs, after passing which, it
continues increasing due to the reason discussed in Sec. II.
The second maximum at r, = 2.76 bohrs divides the density
into two shells. Due to the logarithmic transformation in the
definition of SEDD (Eq. (4)), the differences between values
for localized and overlapping regions are not that evident at
first glance. Plotting £(r) (Eq. (1)) instead leaves no doubt,
where the boundary between shells lies (Fig. 1(b)). Integrat-
ing the density within the sphere of 2.76 bohrs radius, gives

200000

(b)

150000 1

100000 - 1

&)

50000 1

r[a.u.]

FIG. 3. SEDD(r) (a) and &(r) (b) for the argon atom.



164301-5 de Silva, Korchowiec, and Wesolowski

J. Chem. Phys. 140, 164301 (2014)

TABLE 1. Electron populations and radii (a.u.) of shells represented by SEDD.

Atom P]( 15:¢ PL rr, PM M PN N PO
Li (S) 2.00 1.514 1.00

Be ('S) 1.98 0.951 2.02

B (3P) 1.98 0.695 3.02

Cc(ép) 1.99 0.536 4.01

N (*S) 1.99 0.429 5.01

0(p) 1.99 0.358 6.01

F (*P) 1.99 0.305 7.01

Ne ('S) 1.98 0.264 8.02

Na (2S) 1.97 0.232 8.05 2.175 0.98

Mg ('S) 1.96 0.207 8.03 1.615 2.01

Al (’P) 1.95 0.187 8.01 1.334 3.02

Si CP) 1.95 0.170 8.00 1.131 4.05

P (*S) 1.94 0.156 7.98 0.976 5.08

SCP) 1.94 0.144 7.97 0.862 6.10

Cl1 (?P) 1.93 0.134 7.95 0.770 7.11

Ar (1S) 1.93 0.125 7.94 0.694 8.13

K (3S) 1.93 0.117 7.93 0.632 8.18 3.158 0.94

Ca('s) 1.92 0.110 7.92 0.580 8.17 2457 1.98

Sc (D) 1.92 0.104 7.92 0.538 8.64 2.197 2.50

Ti CF) 1.91 0.098 7.95 0.501 9.58 2.100 2.56

V (*F) 1.90 0.093 7.97 0.468 10.65 2.062 2.48

cr(s) 1.91 0.089 8.01 0.440 12.72 2.395 1.36

Mn (°S) 1.91 0.085 8.02 0.413 12.86 2.036 221

Fe (°D) 1.90 0.081 8.05 0.390 13.48 1.882 2.58

Co (*F) 1.90 0.078 8.06 0.369 14.49 1.841 2.55

Ni CF) 1.90 0.075 8.09 0.351 15.61 1.847 2.39

Cu (3S) 1.90 0.072 8.13 0.334 18.01 2.506 0.96

Zn ('S) 1.89 0.069 8.16 0.318 17.78 1.826 2.17

Ga (2P) 1.90 0.067 8.16 0.303 17.85 1.621 3.08

Ge (°P) 1.88 0.064 8.20 0.290 17.76 1.421 4.16

As (*S) 1.88 0.062 8.19 0.277 17.66 1.263 5.27

Se CP) 1.88 0.060 8.21 0.266 17.61 1.154 6.29

Br *P) 1.88 0.058 8.21 0.255 17.57 1.061 7.34

Kr ('S) 1.87 0.056 8.25 0.246 17.48 0.981 8.39

Rb (2S) 1.89 0.055 8.21 0.236 17.47 0.916 8.48 3.592 0.91
Sr('s) 1.88 0.053 8.24 0.228 17.42 0.860 8.48 2.861 1.96
Y (*°D) 1.86 0.051 8.27 0.220 17.42 0.814 8.86 2.574 258
Zr CF) 1.87 0.050 8.28 0.213 17.41 0.774 9.67 2452 277
Nb (°D) 1.89 0.049 8.27 0.206 17.42 0.738 11.50 2.650 1.92
Mo (S) 1.85 0.047 8.33 0.200 17.40 0.704 13.17 2.992 1.25
Tc (°S) 1.86 0.046 8.33 0.194 17.37 0.671 13.30 2.560 2.13
Ru (°F) 1.87 0.045 8.32 0.188 17.39 0.643 15.36 3.146 1.06
Rh (*F) 1.87 0.044 8.35 0.183 17.37 0.617 16.72 3.485 0.69
Pd (') 1.87 0.043 8.37 0.178 17.35 0.592 18.41

Ag (3S) 1.87 0.042 8.37 0.173 17.35 0.569 18.82 3.465 0.58
cd ('s) 1.87 0.041 8.36 0.168 17.36 0.547 18.63 2.456 1.78
In (3P) 1.86 0.040 8.40 0.164 17.31 0.526 18.56 2.122 2.86
Sn (3P) 1.85 0.039 8.42 0.160 17.28 0.507 18.41 1.860 4.03
Sb (*S) 1.84 0.038 8.44 0.156 17.28 0.490 18.25 1.668 5.19
Te CP) 1.83 0.037 8.45 0.152 17.26 0.473 18.19 1.537 6.27
I1(?P) 1.88 0.037 8.45 0.149 17.22 0.458 18.09 1.424 7.36
Xe ('S) 1.86 0.036 8.44 0.145 17.23 0.443 18.02 1.328 8.46

1.95 electrons, which is very close to the exact occupation of
the s shell.

In a six electron system, two electrons occupy the 2p sub-
shell. We stress at this point that this is not a model for the
carbon atom as electrons are non-interacting and the external
potential is —1/r. As there are three degenerate 2p orbitals

available, the exact wavefunction is not just a single Slater
determinant. However, in this case the one-electron picture
can be maintained at the cost of introducing fractional occu-
pancies. Assuming that each of the 2p orbitals is occupied by
2/3 of the electron leads to the proper spherically symmet-
ric density. Fig. 2(a) shows SEDD for such fictitious atom
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TABLE II. Electron populations and radii (a.u.) of shells represented by ELF.

Atom Px 15:¢ Pr rr, Py M PN N PO
Li (S) 2.00 1.530 1.00

Be (1S) 2.02 1.021 1.98

B (3P) 2.03 0.752 2.96

Cc(ép) 2.07 0.585 3.93

N (*S) 2.10 0.472 4.90

0(CP) 2.12 0.398 5.88

F (3P) 2.14 0.343 6.86

Ne ('S) 2.16 0.298 7.84

Na (38) 2.17 0.264 7.83 2.136 0.99

Mg ('S) 2.18 0.236 7.87 1.688 1.95

Al (’P) 2.19 0.214 7.86 1.398 2.94

Si CP) 2.19 0.195 7.86 1.187 3.95

P (*S) 2.19 0.179 7.85 1.023 4.96

SCp) 220 0.166 7.85 0.910 5.95

C1(?P) 220 0.154 7.87 0.817 6.93

Ar (1S) 221 0.144 7.87 0.738 7.92

K (3S) 221 0.135 7.87 0.672 7.93 3.088 0.97

Ca('s) 221 0.127 7.86 0.617 8.01 2.544 1.91

Sc (D) 221 0.120 7.88 0.572 8.51 2.287 2.39

Ti CF) 222 0.114 7.91 0.534 9.43 2.185 243

V (*F) 221 0.108 7.96 0.500 10.46 2.132 237

cr(s) 221 0.103 8.04 0.471 12.36 2.375 1.39

Mn (6S) 223 0.099 8.06 0.443 12.54 2.063 2.17

Fe °D) 221 0.094 8.12 0.419 13.17 1.927 2.49

Co (*F) 223 0.091 8.16 0.398 14.12 1.873 2.48

Ni CF) 222 0.087 8.22 0.378 15.17 1.849 238

Cu (®S) 223 0.084 8.29 0.361 17.17 2.151 1.30

Zn ('S) 2.24 0.081 8.33 0.344 17.21 1.799 223

Ga (3P) 223 0.078 8.38 0.329 17.26 1.610 3.11

Ge (°P) 222 0.075 8.42 0.314 17.23 1.430 4.13

As (*S) 2.24 0.073 8.44 0.301 17.12 1.277 5.20

Se °P) 222 0.070 8.49 0.289 17.13 1.181 6.16

Br *P) 2.23 0.068 8.49 0.277 17.14 1.095 7.14

Kr ('S) 223 0.066 8.53 0.267 17.10 1.017 8.14

Rb (3S) 223 0.064 8.54 0.257 17.07 0.950 8.17 3.500 0.95
Sr('s) 2.23 0.062 8.57 0.248 17.04 0.893 8.26 2.951 1.88
Y (*°D) 222 0.060 8.59 0.239 17.04 0.845 8.67 2.666 2.46
Zr (°F) 225 0.059 8.58 0.231 17.06 0.805 9.49 2.545 2.62
Nb (°D) 2.23 0.057 8.64 0.224 17.07 0.770 11.23 2712 1.82
Mo (S) 225 0.056 8.64 0.217 17.07 0.735 12.76 2.974 1.27
Tc (°S) 223 0.054 8.67 0.210 17.08 0.701 12.82 2512 221
Ru (°F) 2.24 0.053 8.68 0.204 17.10 0.674 14.77 2.985 1.21
Rh (*F) 2.26 0.052 8.68 0.198 17.11 0.647 16.95

Pd ('S) 222 0.050 8.77 0.193 17.09 0.622 17.92

Ag (3S) 223 0.049 8.79 0.188 17.08 0.598 17.82 2.749 1.08
cd ('s) 223 0.048 8.80 0.183 17.07 0.575 17.90 2331 1.99
In (2P) 2.24 0.047 8.80 0.178 17.08 0.554 17.90 2.076 2.96
Sn (3P) 2.24 0.046 8.85 0.174 17.04 0.534 17.79 1.846 4.08
Sb (*S) 2.24 0.045 8.83 0.169 17.06 0.515 17.66 1.662 5.22
Te P) 223 0.044 8.85 0.165 17.05 0.498 17.69 1.555 6.17
I1(?P) 2.23 0.043 8.87 0.161 17.05 0.482 17.68 1.455 7.17
Xe (1) 222 0.042 8.87 0.157 17.07 0.467 17.63 1.362 8.21

comprising six non-interacting electrons. SEDD has a max-
imum at r, = 1.93 bohrs, which constitutes the border be-
tween the first and the second shell. Again, the plot of £(r)
(Fig. 2(b)) is more straightforward in depicting the boundary.
The integration of the density within such defined shell gives
1.86 electrons. Compared to the four electron case, the devia-

tion from the expected number of electrons in the first shell is
slightly larger. Upon adding two 2p electrons, the maximum
of SEDD moved inwards as expected, however, too much to
yield the same number of electrons. Also another maximum
of SEDD, lying within the first shell of the four electron sys-
tem, is not present in this case. The value of SEDD at the
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maximum dividing the shells is smaller by 5, which translates
to two orders of magnitude difference for &(r).

B. Shells in realistic atoms

The example of model systems shows that SEDD is able
to distinguish atomic shells. The integration of the density
within them, gives numbers of electrons that agree approxi-
mately with the Aufbau principle. Verifying the performance
of SEDD in resolving atomic shells in a more realistic model
of atoms is the next step. In our previous work,”! we have
shown that SEDD qualitatively distinguishes five shells of the
xenon atom calculated at the Kohn-Sham level. In this work,
we have calculated spherically averaged electron densities of
atoms throughout the periodic table from lithium to xenon.
The densities were obtained from Hartree-Fock wavefunc-
tions calculated with ADF program?! using the QZ4P Slater-
type basis set.

As an example, SEDD(r) and &(r) for the argon atom
have been plotted in Fig. 3. SEDD distinguishes five regions,
separated by points where SEDD(r) = 0. The first four re-
gions exhibit a maximum of SEDD, while in the most outer
one SEDD goes monotonically to infinity. Since argon has
only three shells, it is clear that only two of four maxima can
represent shell boundaries. These are the ones with the highest
SEDD values, while the remaining two lie within the second
and the third atomic shell. This structure means that SEDD
reveals regions dominated by a single shell, as well as regions
of significant overlap between two neighbouring shells. The
latter ones have significantly higher SEDD values and respec-
tive maxima represent shell boundaries. This is more appar-
ent from the plot of &£(r), where the only pronounced features
are two sharp maxima and the explosion in the asymptotic
region. The maxima in regions dominated by a single shell
have lower values and result from still imperfect localization
of these shells. The points where SEDD(r) = 0 can be inter-
preted as boundaries between these two kinds of regions and
they appear where vp‘zx) has a stationary point.

For other atoms, the same features are present and the ex-
pected number of atomic shells can be discerned. Integration
of the density over the shells gives their populations. The loca-
tion of SEDD maxima indicating shell boundaries and respec-
tive electron populations are summarized in Table 1. For the
second row of the periodic table, shell populations are nearly
perfect. While moving towards higher atomic numbers, the
population of the first shell decreases, reaching 1.86 electrons
for xenon. Populations of the second shell are overestimated
in most of the cases and the deviation increases with the size
of the atom. For the remaining shells, the deviations from the
expected numbers can reach 0.8 electrons. As the magnitude
of deviations increases abruptly for scandium, it seems that d
electrons are not likely to localize too much in the real space.

Different methods have been proposed to resolve atomic
shells in real space and obtain corresponding populations
by integration of the density. Perhaps, the most well known
method is ELF, therefore, it is useful to compare the per-
formance of SEDD with it. Direct comparison with results
reported in literature'® could be affected by different wave-
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TABLE III. Deviations of shell populations, obtained by integration of the
density, from ideal shell populations.

SEDD ELF
Shell max Average max Average
K 0.17 0.09 0.26 0.20
L 0.45 0.17 0.87 0.37
M 0.78 0.41 0.96 0.66
N 0.82 0.34 0.95 0.27
0] 0.92 0.29 1.00 0.28
All 0.92 0.24 1.00 0.37

functions used in calculations. For this reason, we have also
calculated ELF from the same orbitals which had been used
in SEDD calculations. We have calculated ELF with DGrid
program,*? using the following spin-resolved formula:

-1
100 1002\ 2

8  pu 8 pp
, (11)
Pher (0 + 7

T —

ELF = |1+

where 7 is kinetic energy density and p,, g are spin densities.

The shell boundaries given by maxima of ELF and corre-
sponding electron populations are given in Table II. General
pictures given by SEDD and ELF are rather similar. The most
apparent difference is the behaviour of the population in the
first shell, which increases with the atomic number for ELF.

The overall performance in discerning atomic shells can
be characterized in terms of maximum and average deviations
from ideal shell populations. Table III summarizes these num-
bers for SEDD and ELF. For both descriptors, discrepancies
tend to larger values for more outer shells. For every shell,
SEDD performs better than ELF with respect to the maximum
deviation. In terms of the average discrepancy, SEDD is better
for the first three shell, ELF is better for the fourth one, and
both descriptors are comparable for the fifth shell. The devi-
ation averaged over all shells for SEDD is noticeably smaller
than for ELF. It has to be stressed that SEDD depends solely
on the total electron density, while ELF is directly dependent
on orbitals, therefore, this result is rather unexpected.

IV. CONCLUSIONS

In our previous works, the SEDD was proposed as an
arbitrary gauge of the character of the local decay of elec-
tron density in molecular systems. In this work, we have
shown that relatively low values of SEDD(r) represent elec-
trons localized in atomic shells, while its high values, the
overlapping regions. Maxima of SEDD(r) in the overlap re-
gion where identified as boundaries between neighbouring
shells. We have shown that the number of such defined shells
agrees with the periodic table. The integration of the density
over these shells yields electron numbers relatively close to
the ideal ones. Comparison with shell populations obtained
from the Electron Localization Function indicates that SEDD
performs better with respect to the average deviation, re-
ducing it from 0.37 to 0.24 electron. Nevertheless, this is a
somewhat arbitrary measure, therefore, we conclude that both
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descriptors have comparable performance. The main advan-
tage of SEDD over ELF is that it is based only on the density.

A modified definition of SEDD(r) was introduced to
restrict its values only to non-negative numbers. This was
achieved by shifting the argument of the logarithmic transfor-
mation. Since this transformation was used only for the con-
venience of visualization, and the physical content lies in the
quantity &(r), such modification does not alter any important
features of SEDD(r) in representing bonding patterns.

This and previous works have shown that the picture pro-
vided by SEDD agrees qualitatively with intuition. This sug-
gests that, although devised as a purely mathematical object,
SEDD carries some physical information. The physical inter-
pretation of &(r), where SEDD(r) = In[1 + &(r)], is provided
in terms of the gradient of the local kinetic energy and the vol-
ume of the Fermi sphere. This makes a link between SEDD
and the theory of local representation of operators as well as
brings in indirectly the reference system of the homogeneous
electron gas.

Finally, we should stress that the introduction of SEDD
in Ref. 21 follows the opposite path compared to the one fol-
lowed in the literature, where the electron localization is fre-
quently the starting point. In our original work, we started
with a simple mathematical feature (single-exponential decay
of density) and found that an arbitrarily chosen criterion de-
signed to reveal it, reveals also highly intuitive chemical con-
cepts. This includes bonding and aromaticity (shown in pre-
vious works) as well as the resolution of electron shells in
atoms, as shown in the present work. Equation (9) shows that
SEDD is not only a tool to detect a particular geometrical fea-
ture of electron density but can also be seen as a tool to visu-
alize a physical property. In contrast to ELF, which provides
a direct measure of localization, SEDD relates to local devia-
tions of a well-defined physical quantity in the analysed den-
sity (gradient of a local wave vector representation of the ki-
netic energy operator) from the volume of the Fermi sphere in
the same-density homogeneous electron gas. Both quantities
serve as measures of the number of overlapping one-electron
states in their respective systems.
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