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Résumé

La théorie que nous développons dans cette thése trouve ses origines dans
la littérature de physique quantique basée sur la théorie du moment cinétique
et ses développements ultérieurs dans la littérature mathématiques, notamment
par Turaev et Viro. Ces derniers ont été les premiers & observer que la catégorie
des représentations du groupe quantique U, (sly) permet de construire des invari-
ants topologique de 3-variétés. Ces invariants sont obtenus comme somme d’état
sur 3-variétés triangulées. Les ingrédients principaux des sommes d’état sont les
67-symboles. Les 6j-symboles sont naturellement associés aux tétraedres combina-
toires. Dans le cas de la théorie de représentation de dimension finie du moment
cinétique, ainsi que de sa g-déformation, la valeur numérique d'un 6j-symbole est
déterminée par six représentations irréductibles associées aux arétes d’un tétraedre.
En particulier, les 67-symboles réalisent explicitement les symétries tétraédriques.
Dans la théorie de Turaev-Viro, une spécification du paramétre de déformation
aux racines de 'unité permet de considérer un ensemble fini de représentations
irréductibles dans la catégorie de représentation. L’invariant de 3-variétés est alors
obtenu en sommant sur tous les coloriages des arétes d’une triangulation par des
représentations de cet ensemble.

Une construction analogue aux invariants de Turaev-Viro est due a Kashaev.
Ses invariants furent définis comme des sommes d’état sur les triangulations de
paire (M, L), ot M est une 3-variété et L C M est un entrelacs, en utilisant des
versions chargées des 6j-symboles associées & certains modules de la sous-algébre de
Borel de U,(sly). Ses invariants le conduisirent & la fameuse conjecture du volume.
La particularité de ses 6j-symboles, construits a l'aide du dilogarithme quantique
défini par Faddeev et Kashaev, est qu’ils ne dépendent que d’une variable continue
et que les symétries du tétracedres sont implicitement réalisées par des matrices de
transformation non-triviales.

Ces invariants ont été généralisés de deux fagons. Une généralisation topologique
permit a Baseilhac et Benedetti de définir des invariants quantiques hyperbolique
de 3-variétés en utilisant les mémes 6j-symboles chargés. Ils interprétérent les
variables continues complexes déterminant les 6j-symboles comme les parameétres
tétraédriques de tétraédres idéaux dans les équations de recollement de Thurston.
Cela leur permit de construire des invariants quantiques qui sont des fonctions sur
les variétés de deformation de 3-variétés a cusp.

Ce carde topologique a été utilisé, dans une certaine mesure, dans l'autre général-
isation due a Geer, Kashaev et Turaev. Cette construction est une généralisation
au niveau de la théorie des catégories de la construction de Kashaev-Baseilhac-
Benedetti. La notion de \i/—systéme dans une catégorie monoidale abélienne y
est introduite. Elle fournit un carde général pour la construction de 6j-symboles
chargés. Cependant, dans ce contexte, la dépendance des 6j-symboles en leurs
variables continues ne se réduit pas nécessairement a une seule variable. Ainsi,
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leur interprétation en termes de parameétres tétraédriques de tétraédres idéaux
hyperboliques n’est pas évidente.

Le résultat principal de cette thése est la construction d’un \i/—systéme dans
la catégorie de modules d'un groupe quantique relié a U,(sl;) donnant lieu a une
famille d’invariants de 3-variétés. Bien que les 6j-symboles de cette construction
proviennent d’un groupe quantique différent de U,(sly), ils sont similaires & ceux
de la théorie de Kashaev-Baseilhac-Benedetti du fait d’étre construits a l'aide
du dilogarithme quantique. En effet, ils dépendent aussi d’une seule variable
permettant une interprétation en termes de parametres tétraédriques de tétraedres
idéaux hyperboliques.
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NOTATIONS ix

Notations

In this thesis we will use the following notations:

(1) Ry =R\ {0}

) Ryon =R\ {0,1}
) Zn = Z/NZ

) YV=C"oCV
)

5) For any linear basis {va} ez, Of C", we will denote by {v(a,g)}a ez the

(2
(3
(4
(

associated basis {va ® vg}, 5oz Of V

(6) A= End(V)
(7) If 2,y € C are such that 2V =y, we will write z =y






Introduction

The theory we develop in this dissertation can be traced back to original con-
structions in quantum physics literature based on the theory of quantum angular
momentum [I1] and subsequent developments in mathematics literature, notably
by Turaev and Viro [13] who first observed that the category of representations of
the quantum group U,(sl2) gives rise to topological invariants of 3-manifolds. The
invariants are obtained as state sums on triangulated 3-manifolds. The key ingredi-
ents of the state sums are the 6j-symbols. The 6j-symbols are naturally associated
with combinatorial tetrahedra. In the case of finite dimensional representation
theory of the angular momentum, as well as of its g-deformation, the numerical
values of 6j-symbols are specified by six irreducible representations associated with
the edges of the tetrahedron. In particular, they realize explicitly the tetrahedral
symmetries. In the Turaev-Viro theory, a specification of the deformation parameter
to roots of unity allows to separate a sector in the representation category with a
finite set of irreducible representations, and the 3-manifold invariant is obtained by
summing over all labelings of the edges of a triangulation by representations from
this finite set.

A related construction to the Turaev-Viro invariants was done by Kashaev
in [6]. His invariants were defined as state sums on triangulations of the pair
(M, L), where M is a 3-manifold and L C M is a link, using charged versions
of 6j-symbols associated to certain modules of the Borel subalgebra of U,(sly).
These invariants led him to the famous volume conjecture [7]. The particularity
of his 6j-symbols, constructed using the quantum dilogarithm function defined by
Faddeev and Kashaev in [4], is that they depend on a continuous variable and the
tetrahedral symmetries are realized implicitly through non-trivial transformation
matrices.

These invariants have been generalized in two ways. A topological generalization
has been done by Baseilhac and Benedetti in [I] where they define quantum
hyperbolic invariants of 3-manifolds using the same charged 6j-symbols. They
interpreted the complexified continuous parameters, entering the 6j-symbols, as
shape variables of ideal tetrahedra in Thurston’s gluing equations. This enabled
them to construct quantum invariants which are functions on deformation varieties
of cusped 3-manifolds.

This topological framework has been used, to some extend, in the other general-
ization done by Geer, Kashaev and Turaev in [5]. This construction is a categorical

1



2 INTRODUCTION

generalization of the Kashaev-Baseilhac-Benedetti construction. It introduces the
notion of a ‘if—system in a monoidal abelian category which provides a general
framework for charged 6j-symbols. However, in this general context, the depen-
dence of 6j-symbols on continuous variables does not necessarily reduce only to
one variable, and thus the interpretation in terms of the shapes of hyperbolic ideal
tetrahedra is not evident. R

The main result of this thesis is the construction of a W-system in the category
of modules of a quantum group related to U,(sl3) leading to a family of 3-manifolds
invariants. Although the 6j-symbols involved in this construction come from
another quantum group than U,(sly), they are similar to the one used in the
Kashaev-Baseilhac-Benedetti theory in the sense that they are also constructed
using the quantum dilogarithm. They also only depend on one parameter allowing
interpretation in terms of shapes variables of ideal hyperbolic tetrahedra.

This dissertation splits into two Chapters. Chapter 1 is devoted to the con-
struction of the \i/—system. Chapter 2 is devoted to technical computations. In the
rest of this introduction, we explain the definition of our invariants.

1. H-triangulation of (M, L)

Let M be a closed connected oriented 3-manifold. A quasi-regular triangulation
T of M is a decomposition of M as a union of embedded tetrahedra (3-simplices)
such that the intersection of any two tetrahedra is a union (possibly, empty) of
several of their vertices (O-simplices), edges (1-simplices) and faces (2-simplices).
Quasi-regular triangulations differ from the usual triangulations in that they may
have tetrahedra meeting along several vertices, edges, and faces. Note that each
edge of a quasi-regular triangulation has two distinct endpoints. In the sequel, we
denote A;(7) the set of i-simplices of T for i € {0,1,2,3}.

Consider a non-empty link L. C M. An H-triangulation of (M, L) is a pair
(T, L) where T is a quasi-regular triangulation of M and £ C A{(7) is such that
each vertex of T belongs to exactly two edges of £ and L is the union of the
elements of L.

PropPOSITION 1.1 ([1], Proposition 4.20). For any non-empty link L in M, the
pair (M, L) admits an H-triangulation.

H-triangulations of (M, L) can be related by elementary moves of two types,
the H-bubble moves and the H-Pachner 2-3 moves. The positive H-bubble move on
an H-triangulation (7, £) starts with a choice of a face F' = vgvjv9 € Ao(T), where
Vo, V1, V2 € Ao(T), such that at least one of its edges, say vyvy, is in £. Consider
two tetrahedra of 7" meeting along F. We unglue these tetrahedra along F' and
insert a 3-ball between the resulting two copies of F'. We triangulate this 3-ball
by adding a vertex vz at its center and three edges connecting v3 to vy, vy, and vs.
The edge vgv; is removed from £ and replaced by the edges vyvs and vyv3. This
move can be visualized as the transformation
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Vo U1

\
1
&

where the blue edges belong to £. The inverse move is the negative H-bubble mowve.

The positive H-Pachner 2-3 move can be visualized as the transformation
V3

(%] (%

N

Vo Vo

Q
1

on

This transformation preserve the set £. The inverse move is the negative H-Pachner
move; it is allowed only when the edge common to the three tetrahedra on the right
is not in L.

PropPOSITION 1.2 ([1], Proposition 4.23). Let L be a non-empty link in M.
Any two H -triangulations of (M, L) can be related by a finite sequence of H-bubble
moves and H-Pachner moves in the class of H-triangulations of (M,L).

2. Charge on (7, L) and R-coloring of T

A charge on T € A3(T) is amap ¢ : A1(T) — 1Z such that
(1) c(e) = c(€) if e, €’ are opposite edges,
(2) c(er) + clez) + cles) = L if €1, 9, €5 are edges of a face of T
We denote AY(T) = {(T,e)|T € A3(T),e € A;(T)} and consider the obvious pro-
jection er : AY(T) — Ay(T). For any edge e of T, the set €' (e) has n elements,

where n is the number of tetrahedron adjacent to e.
A charge on (T, L) is a map ¢ : Aj(T) — 3Z such that

(1) the restriction of ¢ to any tetrahedron 7" of T is a charge on T,
(2) for each edge e of T not belonging to £ we have Pereee) c(e) =1,

(3) for each edge e of T belonging to £ we have Ze/ee;l(e) c(e) = 0.
Each charge c on (T, L) determines a cohomology class [c] € H'(M;Z/27).
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PROPOSITION 2.1 ([1], Lemma 4.10). Let (T, L) and (T", L") be H-triangulations
of (M, L) such that (T, L) is obtained from (T, L) by an H-Pachner move or an
H-bubble move. Let ¢ be a charge on (T,L). Then there exists a charge ¢ on
(T, L") such that ¢ equals ¢ on all pairs (T,e) € AY(T) such that T is not involved
in the move and for any common edge e of T and T,

Yo ocla)= D d(d).

—1 —1
ager (e) a’€e, (e)

Moreover, [c] = [c].

A R-coloring of T is a map ® from the oriented edges of 7 to R* such that

(1) &(—e) = —P(e) for any oriented edge e of T, where —e is e with the
opposite orientation,

(2) ®(e1) + P(eg) + P(es) = 0 if ey, e9, e3 are edges of a face of 7 with the
following orientations:

€2 €1

€

3

A R-coloring ® represents a cohomology class [®] € H*(M,R).

3. State sum

The main result of this thesis is the construction of a \i/-system in a particular
monoidal abelian category. This allows us to construct a state sum invariant of
any tuple (M, L, [®],[c]). The key ingredients in this state sum are the charged
6j-symbols S(z|a,c)* € A®? and more precisley their matrix elements. We give
explicit expression of the matrix elements, using a suitable basis {uoé}aez?V of V and

its dual basis {aa}aez?v (defined in Lemma, . Fix an integer ¢, a natural number
N ¢ 3N which divides ¢* + ¢ + 1 and a primitive N-th root of unity w. Remark
that N is odd. Therefore, for any a € %Z, we will write w® instead of w*N+1 . For
any z € Ry, any a,c € %Z and any «, 3, i, v € Z3 we have

5(z)

S(zla, ¢)|uq ® Uﬁ> = <ﬂ# ® Uy, Ug @ u(/31—2ta,52)> X

(2%(1 — Z)C)W M 2e=2tB1=B2)+2(t+1){ala+p1)+e(Br—v1) -+ (2t+1){a(pe+1)+e(Ba—v2)}

(w, @,

and

S(zla,c)™*

(Za(]_ . Z)C) 4<11:,N) wa(?c—th—ug)+2(t+1){a(a—o¢1)+c(ﬁ1—V1)}+(2t+1){a(o¢2+1)+c(112—,82)}

S(2) Hug ® u5> X

Ueq & Uﬁ> = <a# & a(yl—&-Zta,Vz)

(w, ®u,
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where (i, @ @, |S(2)|uq @ ug) and (G, ®u,|S(2) us @ug) are given in Proposition
and where the Nth root is chosen to be the unique real root.

Let (7,L) be an H-triangulation of (M, L). Fix a total order on Ag(7) and
consider a R-coloring ® of 7, a charge c on (7, £) and a map « : Ay(T) — Z3,.
From this data, we define the state sum as follows. Let T be a tetrahedron of T
with order vertices vg, v1, V2, v3. We say that T is right oriented if the vertices vy, v;
and v, go round in the counter-clockwise direction when we look at them from ws
in the increasing order. Otherwise, T' is left oriented. Set

p=0(Ug01), q=P(003), r=B(005)
where QT’U; is the oriented edge of T" going from v; to v;. Then set
pr
(p+a)(g+7)

and denote ¢;; = c(v;v;) and o; = a(vjuey) for {i,7,k,1} = {0,1,2,3}. We
associate the following matrix element to the tetrahedron T’

Uy @ Uag |S(2|C12, €23) | Uy ® U,y if T is right oriented,
T(®,c,0) = < (Flerz, ) ) (3.1)
<11a3 ® tla, |S(2]C12, €23) " Htta, @ ua0> if T is left oriented.
and we define the state sum as follows
Kn(T, L, ®,c) = N2ADIS™ T] T(®,c,a) € C. (3.2)

a TeT

THEOREM 3.1. Up to multiplication by integer powers of w, the state sum
Kn(T, L, ®,c) depends only on the isotopy class of L in M and the cohomology
classes [®] € H'(M,R) and [¢] € H'(M,Z/27) (and does not depend on the choice
of ® and c in their cohomology classes, the H-triangulation (T,L) of (M, L), and
the ordering of the vertices of T ).

The statement of our Theorem is a direct adaptation of Theorem 29 of [5]. The
reason why Ky (7, L, ®,¢) is invariant only up to multiplication by integer powers
of w is explained in Section 5| of Chapter 1.






CHAPTER 1

Construction of a ‘if-system

1. The Hopf algebra A, ; and its reduced cyclic modules

The two-paramerter quantum groups U, 4(sl,,) have been introduced by Takeuchi
in [12]. In 2], » and s are non zero elements in a filed K such that r # s and
U, s(sl,) is defined as the unital associative algebra over K generated by elements
KL (kD* e, fi (1 < < n) which satisfy the following relations

(R1) The kiﬂ, (k‘})il all commutes with one another and k;k; ' = k:;(k:;)*l =1,
(R2) kiej = y0ig—0i 41 6z+1,j—5i,jejkl. and k;f; = 7»5i,j+1—5i,j55i,j—5i+1,jfjki,
(R3) kie; = rdmriduigdii=diivie k! and ki f; = roui—0mti gduir1=0%] f

(Sij
: kz_kly
(ki k)

1)

(R4) [es, f3] =

(RD) lei,e] = [fi, fi] = 0if i — j| > 1,

2 _ 2
(R6) €;Ci+1 = (7' + s)eieiﬂei + rS€;y1€;,
2 _ 2
eie; 1 = (14 s)eip1eei41 +1rse;, e,

(R7) fefiri= (" +s7 ) fifisrfi + (rs) " fir /7,
[if2o = (7 578 fia fifior + (rs) LA S
As a Hopf algebra, the coproduct A : U, 4(sl,,) = U, s(sl,) ®U, s(sl,,) is such that
k=t (kD)* are group-like elements, and the remaining coproducts are determined
by

Therefore, the counit ¢ : U, 4(sl,,) — K and the antipode v : U, s(sl,,) — U, s(sl,,)
are given by

e(ki) = 8(’?2) 1, (k’) = k‘ Lok = (k)
elei) =e(fi) =0, (e) = —ki'er, y(fi) = —filk)™!
When r = ¢ and s = ¢!, U, 4(sl,,) modulo the (Hopf) ideal generated by the
elements k! — k; ', 1 <i < n, is Uy(sl,).
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The algebra A, ,; that we are about to introduce, is obtained as a certain
quotient of the Borel subalgebra BU,. ,(sl3) of U, 4(sl3) generated by k', e;, for a
certain choice of r,s € C.

1.1. The Hopf algebra A, ;. We fix an integer ¢, a natural number N ¢ 3N
which divides t* + ¢ + 1 and a primitive N-th root of unity w. Remark that N is
odd and N and t are relatively prime.

The Hopf algebra A, ; is defined as the quotient of BU,: +1(sl3) by the Hopf
ideal generated by k:{v — 1 and ky — kt. Therefore, the generators ki, e; and e
satisfy the following relations

k{v = ]., k161 = w_lelkl, k'1€2 = wt+1€2]€1,

e2ey = (wh + wt)ejese; + wege?, (1.1)

2 ¢ t+1 2412
ere3 = (W' + w'h)egeren + wtese;.

The coproduct A : A, — Ay, ® A, is given by
A(kl) = kl X kl, A(el) =e1® 1+ ]{1 X €1, A(eg) =e9 X 1+ ]ﬂi X €2, (12)
the counit ¢ : A, ; — C by

e(k1) =1, e(e1) =0, e(ea) =0, (1.3)
and the antipode v : A, ; — A, by
(ki) = kit y(e) = —kiler, y(e2) = —ki'e. (1.4)

1.2. Reduced cyclic A, ;-modules. In what follows, all the vector spaces
are finite dimensional C-vector spaces.
Let {va},ez, be the canonical basis of C, where the index « taking its values

in the set {0,1,..., N —1} is interpreted as an element of Zy. Let X,Y € End(C")
be the invertible operators defined by

XU = W "y, YUy = Vgy1. (1.5)

LEMMA 1.1. The algebra End(CY) is generated by {X,Y}. In particular, A is
generated by X1, Xs, Y1, Yy where

Xi =X®@Idev, Yi=Y®@Iden, Xo=Iden @X, Yo =Idew @Y.

PROOF. We consider the canonical basis {va},c;, of CV and its dual basis
{Ua}aczy- The set {Ei;}, .o, C End(CY) defined by

<66|Ei7j|va> = 5a,j55,i7 Vi7j7avﬂ € Z1\77

where ¢ is Kronecker’s delta, is a linear basis of End(CY). It is easy to check that
we have the following relation

EijEy, = jxEi1, Vi,j,k,l € Zy. (1.6)
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First, we compute, for i, o, 5 € Zy,

~ 2 (Oslw X va) = = 30 w5 = = D w6,
NjeZN N i N i
1
:7N5ia5a = (v E’Ll al -
v Voiada,s (V| Eii|va)

Hence, for all i € Zy we have Ej; = & Y jez, w7 X,
Now, using relation (1.6 and since Y = Y";cz, E;+1,;, we can compute, for all
j, keZy

EewYEi; =Epr > Ej1jEBii = Ewr Y 0ijEji1; = ExpEiv1i = Oiv1 By

JELN IELN

Hence, for all ¢ € ZN, Ei+1,i = i—i—l,i—i—lYEi,i-
Finally, for any ¢, € Zy we have

Eiic1Eicvi-2- - Bim—j)+1i-(i—j) = BiiciBicvi—2 - Ejp; = Eijj.
Therefore, the operators X and Y generate End(CV). O
We now consider the following operators in A
X=X, Y=Y, U=YXX" V=Y XY, (1.7)

We can easily see that we have XV = YV = UY = V¥ = Idy. Moreover, by
Lemma A is generated by {X,Y, U, V} since
Xi=X, Y=Y, Xo=(X"YU)™, Yy= XYV

PROPOSITION-DEFINITION 1.2. For any p € R, let V}, be the space V provided
with a A, ;-module structure 7, : A, ; — End(V,), defined by
(k1) = X, 71Tp(61) = pnY,
mp(ez) = (3p) ¥ (U+ V)Y,
where the Nth root is chosen to be the unique real root. Furthermore, V,, is cyclic,

i.e. the operators m,(k;),m,(e1) and m,(e2) are invertible. We call V, a reduced
cyclic A, ;-module of parameter p.

(1.8)

REMARK 1.3. The reason why we have chosen to use the word ‘“reduced” to

name the cyclic A, ;-modules V), is because the set {Vp}peR#O is included in a much

larger set of cyclic A, ;-modules. Indeed, for any p = (p1,ps, p3) € C* such that
p1 € C* and py ¢ {—w'psli € Zy}, the space V can be provided with a cyclic
A, -module structure 7, : A, — End(V), defined by

(k1) = X, m(er) =mY
To(e2) = pi"H(p2U + psV)Y L.
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The set of reduced cyclic A, ;-module is determined by the triples of the form
1 L 1
p= (PW: (%p2)N ; (%P2)N> € R3 where p € R,.

Before the proof, we need to make a quick recall on the g-integers, the q-
factorials, the q-binomial coefficients and the q-binomial formula. Fix a non-zero
complex number q.

(1) For any integer n > 0, we define the g-integer (n), € C to be
n—1 _ 1—q"

1—q
Note that if ¢ is a nth root of the unit, then (n), = 0.

(2) The g-factorial (n)!, of an integer n > 0 is defined by (0)!, = 1 and when
n > 0 by

(M)g=1+qg+¢+-+gq

(n)lg = (1)g(2)g -~ (n)g

(3) The g-binomial coefficient of integers 0 < k < n is defined by

(1,7 (2,

(4) Finally, for any variables = and y satisfying the relation yr = qzy, the
q-binomial formula (shown in [10, Proposition 1V.2.2]) is given by

ey =3 (Z) ot (L9)

0<k<n

Clearly we have

Note that if ¢ is a nth root of the unit, then we have,
(x+y)" =a"+y" (1.10)
This last formula will be used in the sequel.

PROOF OF PROPOSITION-DEFINITION 1.2. Using equalities (1.5)), one can check
that

XY = w 'YX

Then, using equalities , one easily sees that 7, is an algebra morphism.

The operators m,(k;) and m,(e;) are clearly invertible since p € R,y and
X,Y € End(C") are invertible operators. For the invertibility of 7,(es) we compute
m,(e2)N. Since

vyt vy lt=w'vyt.uy!



1. THE HOPF ALGEBRA A, : AND ITS REDUCED CYCLIC MODULES 11
we can compute m,(e3)" using the g-binomial formula. Indeed, we have
_ _11N _I\N _\N
mp(e2)V = p [UY 1+ VYT = p [(UY )T 4+ (VY )T
= %p [Idv + Idv] =P Idp .
We conclude that the operator m,(e2) is invertible since p € R.. O

(1.11)

In order to study the reduced cyclic A, ;-modules, we need to introduce partic-
ular elements of A, ;. First, we define ay,as € A, by

w1l —w)a; = erey — w'ege,

t (1.12)
(1 —w)ag = ese; —w ‘egen.
Using ([1.1)) and (1.12)) one can check that
k:lal = wtalkl, klag = (,dtagk’l,
ot ot
€141 = Wa€ey, €142 =W a6y,
eaty = wtares, exas = w FHage,, (1.13)
a1 = aqaq, €261 = a1 + Qo.
and with ([1.2)) we have
Ala) =a, @1+ k" ®@a; + klep ® ey, (1.14)

Alay) = a; @1+ K @ ay + ek @ ey
Next, we consider elements ¢y, co € A, ; defined by
c1 = ark;'el, = agkf(tﬂ)eﬁ. (1.15)
By using and , we deduce the following relations

kic; = Clkh kico = Clea (1 16)
_ _ it .
€1C1 = C1€1, €1Cp = C2€1, C(C1Cy = W' C2(Cq

Finally, for a reduced cyclic A, ;-module V},, using (1.8)), (1.12) and (1.15]), we

have ) )
Wp(al) = (%pQ) N Ua 7Tp<(12) = (%p2) N V7
(1.17)
1 1
mp(e) = P )Y XG mlen) = (31%2) 7 Yo
We note that {Ua}aezg is a basis of common eigenvectors of m,(k;) and m,(cq).

LEMMA 1.4. A reduced cyclic A, ;-module V), is simple and V, is equivalent to
Vp only if p = q.
PRrROOF. The simplicity is clear. Indeed, since

41
7Tp(/€1) = Xy, Wp(cﬁﬂ) = (%pHQ) N X,

m(e1) = p%Yl, mp(C2) = (%pHQ)N Yo,
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by Lemma [1.1] the only invariant subspaces of V,, are {0} and V.
If V, 2 V, then, by definition, there is an isomorphism S : V,, — V; such that
for all @ € Ay, Smy(a) = my(a)S. In particular, we have

S(pldy) = Smy(er) = my(ey)S = (¢1dv)S = p = q.
0

Let Hom g, ,(V,, Vy) be the set of morphisms of A, ;-modules between V}, and
Vy i.e., the set of linear maps f : V, = V, such that for all a € A, ;, we have

my(a)f = fmp(a).
Schur’s Lemma implies that

(1) if p # g then Homy, ,(V,, V,) =0,
(2) if p = g then Homy, ,(V,,V,) = End g, ,(V,) = Cldy.

Hence, for any f € Endg,,(V}), there is a unique ¢ € C such that f = cIdy.
NOTATION 1.5. This ¢ is denoted (f).

1.3. Tensor product of reduced cyclic A, ;-modules. The tensor product
V, ® V, is provided with a A, ;-module structure through

(mp @) A = Ay — End(V, @ V).

DEFINITION 1.6. An admissible pair (V,,V,) is a pair of reduced cyclic A, -
modules such that p # —q. In such case, we will also say that the pair (p,q) is
admissible.

The reason we are interested in admissible pairs is that their tensor product
decomposes as a direct sum of reduced cyclic A, ;-modules.

LEMMA 1.7. We have

(mp @ ) Ae)™ = (p + ¢) Idy @ Idy,
(mp ® 7Tq)A(Cl)N = (m ® 7Tq)A<02>N = %(p +¢)"?1dy @1dy .

PROOF. Let (V},, V,) be a pair of reduced cyclic A, ;-modules. For (m,®m,)A(e;)
we compute

(mp ® Wq)A(el)N = (mp ® 7y) (A(el)N) = (mp ® ) ((61 X1+k® el)N)
=(mp@mg) (ef @14k ®el) =pYV @Idy+¢XV @YY = (p+ ¢) Idy ®1dy

where we used the g-binomial formula for the third equality.
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For (m, ® m,)A(c1) we have

(mp ® 71'q)A(CI)N = (771) ® mg) A <(a1k1—t€§)N) = (mp @ M)A (a ( ki e Nt)
= (mp ® Wq)Am{V)(Wp ® 7"'q)A(k{V)it(ﬂ'p ® 7Tq>A(eiV)
= (mp @ 7)) A(ar) " (Idy @ Idy) " (p + )" Idy @ 1dy
= (M ® 7g) Aar)™ (p + q)' Idy @ Idy

where we used (1.1)) and ([1.13]) for the second equality. Using (|1.13) again, one
can use the g-binomial formula to compute (7, ® 7,)A(a1)" since ¢t and t + 1 are

invertible in Zy. Using ((1.14]), we have

(1p @ T) Aar)N = (m, ® 7,) (&1 ®1+ k”l ® ay + kiel ® 62)N
= 1p’UN @ 1dy +3¢° 1dy ®UN + pgldy ®Idy
= 3(p+¢)*Idy ®1dy

where we used (|1.1)), (1.13]) and the g-binomial formula for the second equality,
(1.11)) and (1.17)) for the third one and (|1.1)) and ([1.8)) for the last one. Hence we

have
(mp @ T A(e))Y = L(p+ )" 1dy @ 1dy .

Finally the computation of (7, ® m,)A(ce)? is similar to the previous one. We
have

(mp ® Tg)A(c2) = (m, @ wq> (<a2k1 Det)V)
= (my @ 1) A () b M VeM!) = (m, @ 1) Alaz) (p + q)' Tdy @ Tdy
= (1, ® wq)(aQ ® 14+ kM @ as + esky @ )V (p + ) Idy @ Idy
= (m@m)(a) @1+ k' @a) + ek @el)(p+ q) Idy @ Idy
=1p+q)"?Idy®Idy.
O

PROPOSITION 1.8. Let (V,,V,) be an admissible pair. Then the A, -module
V, @V, is equivalent to the direct sum of N* copies of the reduced cyclic A, ;-module

Vitg-

PROOF. In order to find the submodules of V), ® V,,, we only consider the action
of ki,c1,e1 and co on V, ® V.
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First, (m, ® m,)A(k;1) = X ® X is clearly diagonalizable and its spectrum is the

set of all N-th roots of unity {w®|a € Zy}. We write
VeV, = P W
a€ELN

where W, = Ker ((m, ® 7;)A(k1) — w*Idy ® Idy,). We have dim W, = N? for all
a € 7Zy.

Now we show that for each o € Zy, we can decompose W,, in the following way

Wa = D Wap
BELN

where

Wia,p = Ker <(7Tp ® Wq)A(cl)|Wa — sw'? IdWa) and s = (%(p + q)t+2)ﬁ € R*.
By Lemma (1.7, we have

((mp ® Wq)A<Cl))N = (mp ® WQ)A(CI)N = 5" Idy @ Idy .
This means that the minimal polynomial of (7, ® m,)A(cy) divides
V=N = ] (z — swP)
BELN

This implies that the minimal polynomial of (7, ® m,)A(c;) has only simple zeros,
which means that (7, ®m,)A(c;) is diagonalizable. Moreover, it also implies that the
spectrum of (7, ® m,)A(c;) is contained in {swﬁm € ZN}. Actually, its spectrum
is exactly {swﬂl Bel N}, since (1, ® m,)A(cz) is invertible, c1cy = wleaey and t is
invertible in Zy. Futhermore, since ky¢; = ¢1ky, kica = coky and that (7, @7,)A(cy)
and (7, ® m,)A(ce) are invertible, we have

(mp @ ) Alka)(Wa) = (mp @ mg) Ac2) (W) = Wy,  Va € Zy,

which implies that the spectrum of (7, ® 74)A(cy)l,,,, is {sw5| g€ ZN}. This allows
us to define the eigenspaces W, g for all o, 8 € Zy as announced.

Now, one can see that for all o, § € Zy, we have dim W, 5 = N2 Indeed, this
comes from the fact that dim W, = N3, (mp@7g) A(c2)l,y, is invertible, cicy = wleoey
and t is invertible in Zy.

Let {ui}iez?v be a basis of Wy and consider for all a, 3 € Zy and all i € Z3
(7, ® ) A(eScs)u; € Wiap),

zZ|~

where 7 = (p + q¢)¥ € Ryy. By construction, we have for all a, 5 € Zy and all

i € 7%
(mp @ ) A(k1)E 0,5y = W *Eap)is  (Tp @ Tg) A(C1)E (), = SWPE(08)45

(mp @ Tg) A(€1)€(a,8)i = T€(a+1,8),5>  (Tp @ Tg) A(C2)E(0,8) = 5E(a,B+1),i-
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This clearly shows that for each i € Z%;, the subspace =; C V,, ® V, generated by
{f(a”g)ﬂ-} Sez is an irreducible submodule. Furthermore, =Z; is a reduced cyclic
«, N

A, -module of parameter p + ¢. By Lemma 1.4} the reduced cyclic A,, ;-modules
=,; are all equivalent.

O

REMARK 1.9. The dual space V) of a reduced cyclic A, ;-module V,, can be
provided with a A, ;-module structure 7 : A, ; — End(V’) defined, for alla € A, ;
and all a, 8 € Z%;, by

(m(a)vs) v = v}, (myp(v(a))vg) .

This A, ;-module is actually equivalent to the reduced cyclic A, ;-module V_,,.

2. A U-system in the category of A, ;-modules

Since A, is a Hopf algebra over C, the category of A, ;-modules, as a subcate-
gory of the category of C-vector spaces, is a monoidal abelian category. This is the
framework required to construct a W-system in a category.

In order to make this construction, we need to introduce certain sets of mor-
phisms called the multiplicity spaces.

1. The multiplicity spaces. In the previous section we have shown that
(1) V, =V, if and only if p = ¢,
(2) if p = g then End 4, ,(V,) = Cldy,
(3) if p 7£ q then HomAw,t(‘/Pv Vq) = 07
(4) If (V,, V,) is an admissible pair then V, ® V, = (V,, )&V’

DEFINITION 2.1. Let (V},, V,) be an admissible pair, the following vector spaces
of linear maps are called multiplicity spaces

Hpq = {f Votg 2 Vo ®V | fﬂp+q(a) = <7Tp ® Wq)A(a)fa Va € Aw,t}
ﬁp,q ={f:V, @V, = Vorg | mpgla)f = f(my@m)A(a), Va & Ayt

In other words, the elements of the multiplicity spaces are morphisms in the category
of A, ;-modules,

Hpvq = HomAw,t(V;?-HJv V;J ® ‘/Q) and 7-—[17711 = HomAw,t(V;? ® V:]v ‘/p-HI)'
By Proposition and Schur’s lemma, we clearly have dim H, , = dim#H,,, = N2

2.2. Two operator valued functions. In order to construct bases for the
multiplicity spaces, we start by introducing two operator valued functions.

Let U € A®? be an operator such that UY = —Idys2 and © € R ;. The first
function is the quantum dilogarithm W, (U) introduced by Faddeev and Kashaev
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[4]. It is defined as a solution of the functional equation

Uy (w™'U)
v, (U)

1

— v U. (2.1)

2|~

=(1-2x)

Following [5], we can write

= Z ¢x,a(_U)

a€ZN

where 1, , € C. For all o € Zy, (2.1) implies that

1
TN
wz,a - L@Z)x,a—l
we—(1—x)¥
Then, for all & € Zy, we write
v
- , 2.2
¢0Hw]_(1_x)1 ( )

where 1), o € C* is chosen so that det (U, (U)) = 1. Using the notation of [9], we
have

04) (2.3)

where

is defined for all z € C such that ¥ # 1 and all a € {0,--- ,N — 1} C Z.
The computation of the determinant of W,(U)" is made possible due to the
following formula that will be shown in Chapter 2.

T, (U)Y = ggg(1 — )" (2.4)

D ((1 — x)_%) D (Uw <1fﬁ)%)

where
N—
H (1 —aw’)! (2.5)

LEMMA 2.2. For any x € R4 and any operator U € A®? such that there exists
an invertible opertator M € A®? such that U = —M(X ® Idy)M~!, we have

1

Wy=(1-2)TD(1-2) V) D)™ = det (T, (U)V) =1  (26)
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1

PROOF. First we compute det (D (Xw (ﬁ)ﬁ)) using the matrix form of X

in the canonical basis {va},cz2 of CV.
N

D (Xw(%)") = I (1o — (2;) ¥ wiix)’
j=1

1
_ ( x )ij+1
x—1

—_

1 L () T

j=1

Hence we have

aet (0 (%o (2)4)) = THT (1 (=)' o) =TT (1= (G20t e)")
SIEENE pj () = ()5

Since U = —M(X ® Idy)M™! = —M(X ® Idey @ Idy)M ™!, we have

(
det (D (e (12)V)) = det (D (e (z21) ) = (1 - )5

Therefore, we have

det (1(U)") = det (2(1 ~ 2 ¥DD (1 2)+) " D (Ve <1%)}V>l>

= (et =00 ((1-0¥) ) et (0 (us (2)*))
= (s =D (1 -0 H) -0
= ( N1 —2) 7 DD ((1 _;,;)—}v)‘l)N .

So if Y = (1 —2)"7 D (1~ 2)"¥) D(1)~" then det (¥, (U)Y) = 1. 0

From now on, for all x € R, we assume that 1, o satisfies (2.6 and is such that
det (U, (U)) = 1. B
The inverse of ¥, (U) that we will denote W, (U) satisfies
v, (U)

m:(l—m)ﬁ—x

zZ|~

U and U, (U)¥,(U) = 1.
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Setting

To(U) = ) dua(-U)°

Q€N

we find, in a similar way, that for all o € Zy
Voo = o (357) ¥ ww (1 - 2) 77 |a) (2.7)

where zﬁx,o € C* is chosen according to ¢, € C*. In order to make this choice,
we use a formula similar to the formula (2.4). We will show this formula and the
following Lemma in Chapter 2.

D)
D((1—2)%) D (U1 (152)7)

LEMMA 2.3. There exists o € Zy such that for any v € Ryo1 and any operator
U € A%? such that UN = —Idys2 we have

V(U = 9NN N () (2.8)

bro=w((L-2)¥)u;h = W, (U)T,(U) =1 (2.9)

where

1—aN

o(z) = N1 (2.10)

1—a
From now on, for all € R, we assume that 1, satisfies (2.9).

REMARK 2.4. The fact that our invariant is defined up to multiplication by an
integer power of w is independent from the fact that we have determined 1), up
to multiplication by an integer power of w. In other words, even if we had exactly
determined 1), o, our invariant would still be defined up to multiplication by an
integer power of w. This will be explained in Section 5]

The second operator valued function, is defined by

1

L(U,V) = &

Z w U @ VA,

a,BELN
where U,V € A satisfy UY = VY =1d,.
LEMMA 2.5. Let o, B € Zn, we have

L(w*U,w’V) = L(U,V)w*’U? @ V.



2. A U-SYSTEM IN THE CATEGORY OF A, :-MODULES 19

PROOF.
1
LwU,w’V) = — Y w0tertiyr g v°
Y,0EZN
1 1
_ Z wfw(éfa)ﬁ%uw ® V67a+a — Z w*'y5+6(6+a)uw ® Véva
N ’7,562]\[ N 7,5€ZN
1 1
— ~ Z w—(=P)o+aB | y—B+8 @ VOV = v Z WU @ VOwPUP & v
Y,0ELN Y,0ELN

= L(U, V)w*U? @ Ve,
O
LEMMA 2.6. If U € A is an operator such that UN = Idy, then
det (L(U, X)) = 1. (2.11)

PROOF. We consider the operators of A in their matrix form in the basis
{Ua}aezfv of V. For any 8 € Zy, we compute

XP = X @ Idoy = W e
WA= Tdew
Thereby, for any o € Zy, we have
w™ P Tdew
S owxt = % w1 Idew
BELN BELN
e I
da0 Idew
N 0,1 Idew

504,]\/'_1 Id(CN

Let M € A%? be the permutation matrix such that for all V,W € A we have

W®V=MVeWM
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Then we compute

ML(U, X)M ™" = ]1[ Yo owXPeur= )" (1 S w X @ U“)

a,BELN a€Zn N BELN

50[’0 Ider ®@U“

Ja1 Iden @U®

- ¥

a€EZLN

[ Gav—1 1oy U
Idey ® Idew
Id(cN ®U

Finally we have

det (L(U, X)) = det (ML(U, X)M™") = det (U™ ) = 1.

2.3. The operator S(z). The operator S(x), where x € R, that we are
now going to define is central for our theory. Indeed, the bases for the multiplicity
spaces as well as the 67-symbols, which are key ingredients to construct our invariant,
will be expressed through this operator.

NoOTATION 2.7. Let U and V be two operators such that UV = w*VU, where
a € Zy. We will write this relation in the following way

U \Y U V U Vv U Vv
° ° 3 —p—e 9 —g—e ) —Pp—e
(6%
if =0 ifa=1 ifa=—1 if a € Zy\ {0, £1}
Note that in the case of operators X, Y, U and V|, we have the following relations
X
t t
U V
t t+1
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We define, for any « € Ry 1, the following invertible operator valued function
S(z) = U (B)V,(F)V, (G, (H)L(UV, X)
where
E=-Y'X\Y,, F=U'X""WE' G=UV;'F, H=U,V;'E. (2.12)

and the subscripts show how the operators are embedded in 4%2. These operators
have the following commutation relations

H

G

Note that E, F,G and H satisfy the condition of Lemma [2.3] Thereby, using
Lemma , we see that the operator S(z) is invertible since det (S(z)") = 1.
Moreover, since

LUV, X)) ' = LU 'V X),
we have
S(x)™ = LUV X)W, (H) W, (G) U, (F)U.(E).

PROPOSITION 2.8. For any admissible pair (p,q) € (Ryo)?, the following equa-
tion is satisfied
q ¢ \7!
(mp @ ) A(a) = S (5L) (Mprg(a) @ 1dW)S (L), Va € Auy (2.13)
PROOF. Since ese; = ay + aqg, it is enough to check equation (2.13)) for a €
{k1,e1,a1,as}. In the following computaions, we set x = ﬁ € R4, and we will

thus write —* instead of p and £ instead of p + ¢.
For a = k;: Since XU'V = w='U'V X, we have, by Lemma, ,

1
LUV, X)X, = ~ Y WX (WU XY = X L(wU'V, X)
a,fLN

= X1 XoL(U'V, X).
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Hence, since X7 X5 commutes with E, F, G and H, we have, using (1.8)
S()(ma (ki) @ Ida) = W, (B) V. (F) P, (G)V,(H) LUV, X)X,
= VU (E)W, (F)V,(G)V,(H) X, X, LUV, X)

= X1 X0, (E)W,(F)¥,(G)P,.(H)L({U'V, X)
= (7Tq—qu @ mg) A(k1)S ().

For a = e;: Since Y} commutes with F, G, H and U}V; and that Y1 F = wEY)
we have, using and equation ([2.1)
S(@)(rs(er) @ 1d.4) = Vo EYEL ()WL (G (H)LWU'V, X) (1) ¥y
— ()N V(B (F) (G )q, < )L <U'fVX>
Yi+ g% X,Y;) S(x)
= (W% ®@ my)A(er)S(x).

For a = ay: Since U; commutes with U{V) and has the following commutation

— (97 Vi (L - 2)¥ —2¥E) S(a) = ( (=2

relations
H

we have,

S(@) (s (ar) © 1d,4) = W, (E)W, (F)U,(G) U, (H) LUV, X) (£) ¥ 0

— () UL () F)U, (w7 G, (H) LUV, X).

Now, using equality (2.1)), we compute

Vo (B)V, (w0 F) W, (w0 @) = W (B)W, (0 F) (1 — 2)¥ =27 G) W, (G)
(B) (1 - 2)V W (w ™ F) — 28 GU,(F)) U, (G)
(1—2)¥ — 2N F) U, (E) — 2V GV, (w ™' E)) U, (F)T,(G)

VE—2vG ((1+2)F — 2V E)) U,(E),(F)T,(G)

= (1= 2)¥ +2¥GE — (z — 2") ¥ (F + G)) W,(E) U, (F)T,(G).
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Therefore, we finally have, using and ( -

= (&) U (- o)™ +x%GE— (x — 2° )ﬁ(F+G)) S(x)

:«5ﬁmﬂﬁw+6fﬁU@E—@;” th+G>S

€1 1
((é (202) Y Uy + (32 X, — (252 Xfiﬁ(Uva%)Yz_l) S(z)
(Toea @) (1 @ 1+ AT ® a1 + kier ® e2) S(2) = (Tuzza @ ) A1) S(2).

For a = ay: Since Vi commutes with U{V; and has the following commutation
relations

H

we have,

S(2)(ma(a2) @ Tdy) = W, (E) U, (F)W,(G), (H)L(U'V, X) (£) " 14
= (&) Vi BN G LUV,
= (2) ViV, (W E) U, (F)W, (w0 H)V,(G)L(U'V, X).
Now, using equality , we compute

W (F)Wo(w ™ H) = Wo(F) (1 = 2)¥ — oV H) W, (H)

_ ((1 — 2) VU, (F) — xﬁH\Ifm(w‘lF)) W, (H)
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Hence, using equality again, we have
W, (W E) 0, (F)U, (™ H)
= (@=2)% (1 =2)¥ —2VINE) + 2V HF — (v — 2*)V H) U,(E) ¥, (F)V,.(H)
= (1= 2)¥ +2VHF — (x — 2*)¥ (B + H)) Uo( )V, (F) W, (H).

Therefore, using (2.12)), (1.17)) and the fact that V,(H)V,.(G) = V,.(G)V,.(H), we
finally have

S(a)(me(ay) © Ldy)

(M) (W E)W,(F)W,(w H)W,(G) LUV, X)

z|~

—(£)T vl((l_x)% + X HF — (2 — 2% (E + H)) S(x)

= (Ges Vi G vimE - (S A ) ste)

Jun

1 1 1
— ((;<qi:q)2)wvﬁ_+ (%q2)w')(f+lv§ __(q2§;q2>w'(CG+_‘G)}G—1)(1YE>‘S(x)
(Tamea @ 7g) (a2 @ L+ K1 @ 4z + e2ky ® e1) S(2) = (Mazea @ m) A(a2) S ().

O

From now on, for technical reasons, we will use the following particular basis of
V instead of the canonical basis {va},cz2 -
N

LEMMA 2.9. The set {ua}aezi, C V where

-y o 3tBBHD 4B (a2 —a1+3)

BEZLN

V(,B)5
for all o € Z%, is a basis of V. Its dual {aa}QGZQ C V* is given, for all o € 7%, by

1
= Z w2tBB+1)=B(az—a1+3 )ﬂ(al )
ﬁGZN
PROOF. For any o € Z3 we have

1
7t042 as+1) +o¢g «
Vo = 5w 2 DT

N BELN
and

B = wBteelertmea(n3) S7 et )
BELN
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This shows that {UQ}aGZ?\, , and {aa}aez% , are generating sets of V and V* re-

spectively. Hence these sets are bases since their cardinality is the same as the
dimension of V and V*.
A straightforward computation shows that for all a, 8 € Z% we have

Ugly = (Saﬂ

which implies that {u,} and {aa}aezfv are dual bases. O

a€Z?
The basis {ua}ani, satisfies the following relations.

LEMMA 2.10. For all « € Z3, and allm € Zy
XM = WMy, Y™y = U(a+m,an+m)»

1
m —=m(m—1)(t+1)—mta
U Uy = W 2 ( )(t+1) lu(oqut,az)a

1 1
m _ —sm(m—=1)(t+1)—m(tar1+az+5
Vv Uy = W 2 ( J(t+1) ( 2)u(a1—mt,a2)'

In particular, we have for all a € Z%; and all m € Zy
UV )"ty = WO D, (U )ty = Dot )y

PROOF. For any a € Z3 we have, by the equalities (1.7)),

— —Qq _
Xva =w Vo, Yva - v(a1+1,a2)7

_ —t(a1—a
Uvg = w72y oy,

Vv, = w_(t+1)alv(a17t7a2+1)'
Then we can easily derive the following equalities

—1 _altta
UV™" e = w001 a0-1)

U'Vg = w™ EDO Dy ),

Now we determine the action of these operators on the basis u,, for any a € Z3.
For X, we have

BELN
_ w*%tﬁ(ﬁ+1)+/5(a2*a1+%)w*alv

- (alvﬁ) = wialua'
BEZN
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For Y, we have

Yu, = w—%tﬂ(ﬂ+1)+ﬂ(a2—a1+%)yv

BEZN

(a1,8)

_1 _ 1
= Y Wty

BELN
_ w*%tﬁ(BJrl)JrB((a2+1)7(a1+1)+%)

BEZN

V(a141,8) = U(ai+1,a2+1)-

For U, we have

Utg = ¥ WP Blee—at )y o

BELN
=3 W 2tBB+D+B(a2—1+3) —He—B L—
BELN
= w3 BB (ee (e tg)y ey
BEZN
For V', we have
BELN
= 3 W atBB Bl y) ey
BELN
— ertartd) § o HEERHED (@)
BELN
_ w_(ta1+a2+%)u(a17t,a2)'
For UV ™!, we have
UvV—tu, = Z w*%tﬁ(BHHﬁ(aTo‘ﬁ%)Uvilv(al B)
BELN
— w*%tﬁ(ﬁﬂ)ﬂf(arm+%)w‘“+w“(a176—1)

BELN
= w2t ¥ w—%t(ﬁ—1>ﬁ+(ﬁ—1>(a2—a1+%)v(ahﬂ_l) = wtay
BELN
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Finally, for U'V, we have

UtVUa — w Qtﬁ(ﬁ+1)+ﬁ(a2 a1+2)UtVU(a17B)
BELN
_ w —3tB(B+1)+8 (- a1+2) (t+1)(ﬁ+%)v(a P
1 ’
BELN
a2t 5t S W t(B+1)( ﬁ+2)+(5+1)<0¢27(a1+1)+%)U(a1+17ﬁ+1)
BELN
— wal a2+2tu(a1+1 a2)-
The Lemma follows easily from the previous equalities. O

Now we can give an explicit expression of matrix elements of S(z) and its
inverse using two functions defined in [9]. Let us recall what are these functions.
The first one is defined by

N-1

(x,y)2) = 3 wl (2.14)

m=0

S

where z,y, z € C are such that

N N N
{zV,y"} c C\ {1} and 2V =

2.15

The last condition provides periodicity on (2.14]) on the variable m of period N.
The second function is a generalisation of the previous one, namely

g
y v

where x,y,u,v, z € C are such that

> Nzl w(“’m) o (2.16)

m*O

N N N N N_(1—$N>(1—UN)
{zV, ¢V, N, 0N} C C\ {1} and 2 = A=)

The last condition provides periodicity on (2.16) on the variable m of period N,
just as for the function f(x,y|z).

(2.17)

PROPOSITION 2.11. For all x € Ry and all o, B, u,v € Z3, set

=t +1)(n1 — B+ p2 —ag) and s = (t+ 1) (11 — B1) +t(p2 — ).
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Then we have

S(x)

Ug & u,3> = 5M1+V1,a1 5#2+V2,a2+,32

<aﬂ ® i,

X W —L(t+1)(aa—p2) (a2 —po—t—2((t+1)og —f1+va+1))

X W — 3 (4 1{B1 (81— 142(tar +az—v2))+v1 (E+1)v1+2(p1+r2+1))}

X wi,owx,rwz,sf ((1 - .Z')%, (1 - I)_%w_r_ll(l‘ — 1)%&}62_‘—%)

1 1o
g Q= (1) TReRTR
(1—2) 7wt (z-1)vwh3

and

_ _ ~1
<uu & Uy S({E) Ug &@ ’LL5> = 5ul,a1+,6’1 5u2+r/2,a2+62

< w—%(H-l)(a2—u2)(az—u2—t—2(0<1+t#1+v2+1))

o B DB (=812t +wa+1) 1 (1 —1=2((t+ ) —tp2 —v2—1))}

X Y2 e f (1= 2) 7V, (1= 2) V™ (2 — 1>*%w"2+"+%)
1 1 el
B B e LT Y
(1—2)vw ! (z—1)"vw ™ 2
2.4. Basis for the multiplicity spaces. For all x € R, we define
ea(r) = S(2)(Idy ®us) Ea(r) = (Idy Ry )S () . (2.18)
If (p,q) € (Ry)? is an admissible pair, then by equation (2.13),

€a (p+q) € Hy, and e, (p+q) €H,, VaceZi.

Moreover, {ea (ﬁ)} o and {éa (z%q)} - form dual basis of H,, and H,,
aELN QLN

respectively, where the duality is reflected by the relations

es (L) ea (54) = 0a51dy, (2.19)
and
> o (G4 ) ea (G4 ) = Idy @ Idy (2.20)
a€Z?

REMARK 2.12. As we have just shown, the non-trivial elements of the multi-
plicity spaces H, , and Hp ¢ depend only on - € R_o,1. We will call this property
the scaling invariance property of the multlphclty spaces. In order to keep track of
the difference between H,, and Hy, , and the difference between H,, and Hyp g
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respectively, where A € R, we define, for all admissible pair (p, ¢) € (Ry)?, the
following isomorphism

hpq:V—=Hy, and hy,: V"= H,,
by

hpa(te) = €a (55), hpglin) =2 (54), Vo ez
2.5. The V-system.

DEFINITION 2.13. A U-system in the category of A, ;-modules consists of
(1) a distinguished set of simple objects {V;},.; such that Hom(V;, V;) = 0 for
all i # 7,
(2) an involution, I — I, 7+ i*
(3) two families of morphisms {b; : C — V; ® Vi-},.; and {d; : V; ® V;» — C}
such that for all ¢ € T
(Idy, ®@d;+ ) (b; @ Idy;) = Idy, = (d; ® Idy;) (Idy, ®b;+) (2.21)

(4) Let H; and Hf; be Homg,, (Vi, V; ® V;) and Homy, ,(V; ® Vj, Vi) respec-
tively. For any 4,5 € I such that H,i’j # 0 for some k € I, the identity
morphism Idy,gy; is in the image of the linear map

@ H®H, — Enda,,(V;®V))
kel
TRy [ roy

el

Note that C is provided with an A, ;-module structure through the counit
e: A, — End(C) = C.

If the A, ;-module structure of V; and V;» is provided by =; : A, ; — End(V;) and
mi+ + Awr — End(Vj+) respectively, then the morphisms b; and d; satisfy

by(k)e(a) = (mp @ mp ) Ala)by (k)
e(a)dy(u ®v) = dp(mp, @ mp ) Ala)(u @ v)

foralla € Ay, all ke Cand all u®@v € V; ® Vs
In our case, the set I is Ry and the involution is given by p* = —p.

LEMMA 2.14. For any p € Ry, the morphism d, is a solution of the following
system of homogeneous linear equations

dy = dy(X ® X)

dy=d,( XY '®Y)

dy=d, (Ve X 0)
dy=w'd,(UV'@UV).
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PROOF. By definition, for all a € A, ; we have
e(a)d, = d,(m, ® m_,) A(a). (2.22)

If a = ki, we have ¢(k;) = 1 and (7, ® 7_,)A(k1) = X ® X. Hence, equality
(2.22)) becomes

d, = dpy(X ® X). (2.23)
If @ = ey, we have g(e;) = 0 and
(M ® T_p)Aer) = p¥Y @ Idy +(—p) VX ® Y.
Hence, equality is equivalent to
0=d,(Y @Idy—X®Y) < d,(Y @Id4) =dp(X ®Y)
which leads us to
dy=d,(XY'®Y). (2.24)
If @ = ey, we have £(e3) = 0 and
(mp ® T_p)A(e2) = (3p)¥ Z @1+ (—1p)¥ X' @ 7,

where Z = (U + V)Y 1. A similar computation to the previous one leads us to the
following equality

dy=d,(X'Z7'® Z) (2.25)
If a = ay, we have €(a;) = 0 and
(my @ 1) Aar) = (1p2) U e Tdu+ ()Y X U + (—1p?)¥ X'V © 7,
Therefore, using equality we compute
0=d,(URldy + X" @U-X'Y®Z) = d,(URLd4)+d,( X" @U)—d,(X'Y®Z)

dy(U @ 1d4) + dp( X @ U) — d)(ZY ©1dy)
=d,(U®1Idy) + dp( X" @ U) — d,(U @ Id ) — dp(V @ Id4)

— (X @ U) — d (V@ ldy) B2 4 (1da XU — d)(V © 1d),
which leads to
d, = d,(V' o XD, (2.26)
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Finally, by reconsidering the last computation, we get

0=d,(UIds+X"" @U - X'Y ® Z)
=d,(U®1dy) + d,( X" @U) —w'd,(YX'® Z)

dp(U @ 1da) +dp(X @ U) = w'dy( X" © Y Z)
= dy(U @ 1) + dp(XT @ U) = dp( X' @ U) — wdy (X @ V)

= d,(U®1dy) —wdy (X 0 V) dy(U @ 1d4) — wd,(Id4 X ¢TIV,

which leads to

d, = d,(U' @ X~ (DY), (2.27)
From there, we use equality to get

(U@ X~ UY) = ¢,(V' o X~-HD),

which is equivalent to

d,=w'd,(UV UV ™) (2.28)

O

LEMMA 2.15. The duality morphisms b, : C = V,®@V_, andd, : V,®V_, = C
are given by

bp(1) = DY bpaslia @ ug

2
OC,BEZN

where
bpas = 5a’_5w%((t-i-l)(al_O‘2)(al—a2+2)+a%+6¥2)7 (2.29)
and
dy(tue @ ug) = 5a,,5w_%<(t+1)(°‘1_a2)(°‘1_0‘2_2”“%_0‘2). (2.30)
PROOF. First we compute d,, using Lemma and Lemma [2.10]
We start with the first and the last equality of the Lemma [2.14, We have
dp(ta @ ug) = dp(X @ X)(ua ® ug) = w71 dy(uq @ up)
and
dp(te @ ug) = wdy(UV @ UV ™) (ug ® ug) = w*2d,(uy @ ug).
Hence we have
dp(te @ ug) = a,—pdy(ua ® ug). (2.31)
We consider the third equality of the Lemma
d, = d,(V~' @ X007,
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Since X, U,V € A are invertible, this equality is equivalent to
d,=d, (V—l 2 X—(t+1)U)t+1

A straightforward computation shows that

(Vfl ® X—(t+1)U)t+1

_ w% (Vf(t+1) Q XftUtJrl) :
hence, the following equality holds true
d —Ck)2d (V (t+1) ®X tUt+1>

Therefore, using Lemma [2.10] we compute

dy (e ® 15) = O py(ta @ ug) = 8o _swid, (VD @ XU (uy @ up)

= 0o _pwid, (V"D @ XU (uy @ u_y)

— 5a7—5“’_(t+2)a1+(t+1)a2+5t+2dp(u(a1—1,a2) ® U(—a1+1,—a2))

= 5aﬁf3w_(t+2)%al(al+l)+al<(t+1)a2+%t+2>dp(u(al —an,az) @ u(*a1+a1,*a2))
L(t4+2)a? +(t+ Do (az+1) g (u(()m) ® U(o,—@)). (2.32)

Now we use the second equality of Lemma [2.14] in the following way

_5a _pw?

dp(U(0,0) ® U(0,—az)) = dp(XY 1 @ Y)((0,05) @ U(0,—as))

E-32)

1
= wdp(U(-1,05-1) @ U(1,~az+1)) w273 (U0 0y 1) © U(0,—an1))

(t+1)a2(o¢2+1)—*ta2dp (U(O,ag—ag) ® U(O,—ag—i—ag))

_lig1)e2_1 N
s(t+1)az—5(2t+1) de(U(o,o) ®U(070)). (233)
Using equalities ([2.32)) and (2.33)), we get

dp(ta ® g) = 8o, 2 FITHENOTDG (40 ) @ U0, ag))
L(t+2)a? +(t+1)a1(a2+1) (t+1)a§—%(2t+l)a2d (

w 2

= w

= Oq,_pw 3 u(0,0) ® U(00))

_504 ﬁw 2((t+1)(a1 OtQ)(CYl a2 — 2)+al_a2>dp(U(070)®’u,(0’0)),

Finally, we set dp(U(0,0) ® U,0)) = 1. The formula for b, is easily computed

using formula . O

THEOREM 2.16. In the category of A t-modules, the set of objects {V,},

[N
with the involution p* = —p and the duality morphisms defined in the Lemma @
15 a V-system.

PROOF. By definition, we have to check the following three points :
(1) Hom(V, V,) = 0 for all p # g,
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(2) The morphisms {b, : C -V, ® V_,}
satisfy

(Idy ®d_,) (b, ® Idy) = Idy = (d, ® Idy)(Idy @b_,), Vp € Ry (2.34)

and {d,:V,®V_, — C}

PER 4o PER o

(3) If (p, q) is admissible, then Idy; gy, is in the image of the linear map
Hpg @ Hpg = End(V, @ V), 2@y — zy.

Point (1) is clear by Schur’s lemma, point (2) is straightforward using Lemma [2.15]
and point (3) is given by formula ([2.20)). O

3. Operators in the space of multiplicities H

We consider the vector space H, called the space of multiplicities, defined by
H= @ Hpq @ ﬂp,q~

(p,9)€(R20)?
admissible

In this section, we are going to determine the key operators in End(H) that will
allow us to extend the W-system defined in Theorem into a WU-system.

3.1. The standard operators. Let us first recall that the Mobius group is
defined as the group PGL(2, C) acting on C U {oo} as follows

ar +b .
a b cr +d if weC
SR
4 if x=o0.
c

The elements of the Mobius group are called Mobius transformation.

DEFINITION 3.1. We say that f € End(H) is a standard operator if f is
invertible and if for all admissible pair (p,q) € (R.0)?, there exists an admissible
pair (r,s) € (R4)? and a Mobius transformation M € PGL(2,C) satisfying the
following two conditions :

(1)
f(Hpq) =H,s and f(ﬁp,q) = 7'_[1”,8’ (3.1)
or

f(Hpq) = ﬂr,w and f(/’qp,q) = Hys, (3.2)

M (L) =2 (3.3)

p+q r+s
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The scaling invariance property of the multiplicity spaces extends to the standard
operators in the following sense : if f € End(#) is a standard operator, then for
all o, B € Z%, there exists functions

fa,67 fa,ﬂ . R;&O,l —C

such that
Fhpg(ta) = " fap (%) hra(p),
BeZ?,
o _ (3.4)
Phpa(ia) = 37 Fas (35) hes(u),
BeZ’,
if f satisfies and
Phog(ta) = 3 fas (55) hus(i1s),
BeZ’,
o _ (3.5)
Phyg(tin) = 3 fap (55) hes(ug),
BEZ?,

if f satisfies (3.2)).

DEFINITION 3.2. An operator f € End(H) is grading-preserving if for all
admissible pairs (p,q) € (Ro)? we have

f(Hpq) C Hpy and f(,’flp,q) - ,Hp,q'

Clearly, the invertible grading-preserving operators are standard.
Let

Tpg: H = Hpgo Tpg: H = Hpy

be the obvious projections. We provide H with a symmetric bilinear pairing
(,):H®H — C by

(u,v) = Z (<ﬁp,q(u)7rp,q(v)> + <ﬁp,q(v)ﬁp,q(u)>)

(P,a)€(Rz0)?
admissible

for any u,v € H.

DEFINITION 3.3. A transpose of f € End(H) is a map f* € End(H) such that
(fu,v) = (u, f*v) for all u,v € H. We say that f € End(H) is symmetricif f*= f.

Since H,, and H,, are dual vector spaces, the transpose f* of f € End(#), if
it exists, is unique and (f*)* = f.

If f € End(H) is standard, the equalities and ensure that f* exists.
Moreover, in that case, f* is also standard.
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3.2. The operators A and B and their transpose. We now define the
operators A, B € End(H) by

Au= > (ldy @Tpg(w))(b—p @ ldy) + (d—p @ Idy)(Idy @7y 4(w)),  (3.6)

(p,q)€(Rz0)?
admissible

Bu = Z (Tpq(u) @ 1dy) (Idy ®bg) + (Idy ®dg)(Tp,q(u) @ Idy). (3.7)

(p,9)€(R0)?
admissible

For each u € H, there are only finitely many non-zero terms in these sums, since u
has only finitely many non-zero components , ,(u) and 7, ,(u).

Using ([2.21]), one can easily prove that the operators A and B are involutive
(also see |5 Lemma 3|). Hence, from their definition, we clearly have the following
equalities

A(/Hp,q) = 7:[—perq? A(/]:[p,q) =H pptar (3.8)
B(Hpq) = Hpra—0 B(Hpg) = Hprg—a-

Moreover, A and B are both standard operators. Indeed, we have

(3 o) Gr) =z ana (1 °) Gr) =5 39
The equalities ensure us that we have the following for A* and B*
A*(/Hp,q) = 7':[—p,p+q7 A*(/}':[p,q> =H pp+q (3.10)
B*<Hp7q> = Hprg—o B*(Hp7q> = Hpiq—q-
The equalities and ensure us that for all o, 8 € Z3; there exists functions
Angs Aap, AL 55 fl(*w Ry = C
and
Bag; Bags Bl g Bl g Ryon — C

2

such that for all admissible pairs (p, q) € (R.)® we have

Ahpg(ta) = Y Aap (5L

2
pez3,

pr,p+q (aﬁ ) )
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and

Bhp q(ua) Z Boz,/a’ (p;:_q) hp+q7,q(ﬂ/3),
BEZ?,

Bhyg(tia) = Y Bag (p%qr() Ppq,-q(Up),
Bez?,

B*hyg(ua) = Z B s (ﬁ) hpta—a(Us),
BeZ?,

B'hyg(ie) = 3 Blp (5%) hova-alus)
BeZ?,

We define

1 ¢f N=1 mod4
‘NTVi if N=3 mod4

The following Proposition will be proved in Chapter 2.
PROPOSITION 3.4. For all x € R0 and all o, 8 € Z3; we have

os(2) =2 T 50‘27]\;52wé(t(alazlﬁ)(alazﬂll)al(a13)(t+1)a251(61+2t+1))7

A
Aa,ﬁ(x) =y $2(1\17v_1) 6a2’_ﬂ2w%(t(51+012—al)(,81+a2—041—1)+61(ﬂ1—3)—(t+1)a2+0¢1(a1+2t+1))7
A

(@) Ee%x_% (5042],\752w—é(t(61+a2—o¢1)(51+o¢2—a1—1)+ﬁl(,81—3)—(t+1)o¢2+a1(a1+2t+1))’

(
A* ﬁ(x) :6]7\,21’7 I - wiMar—az—p1)(e1—ar—p1—1)—a1(a1-3)—(t-+1)az—f1 (B1+2t+1))
a, 2,— 2

Y

and

6, _ g~ 3 (1) (@1—as) (@1-a2-2)+a~a2)

)

Y

_2(N-1) 1

(z) =(1 - )
Bop(x) =(1 — 2) 5 5, _gw? (HD(@1-0) (@1 —a2t2)had +az)
(z) =( ) T(Sa’iﬁw—g((H—l)(al—062)((11—042-&-2)-&-06?4—@2)

Y

— 6@) —(1— 1) —2%—1)5 Bw%((t+1)(a17a2)(a17a272)+0€7a2)
a, — a,—

3.3. The operators L, R and C. The operators L, R and C are defined as
follows

L=A*A, R=DB*B, C = (AB)’ € End(H). (3.11)

The operators L, R and C' are clearly invertible and by the equalities and
(3.10]), we easily see that they are grading-preserving. Hence, these operators are
also standard.

Moreover, these operators are symmetric. It is clear for L and R. For C', we
use ([5, Lemma 5]) which states that

(ABA)* = BAB.
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Hence we have
C = (AB)* = ABABAB = ABA(ABA)*.
Now we can determine these operators using the functions

Lo, Lags Rag, Rag, Cap,Cap i Rzgr — C

satisfying

Lhypg(ua) = Y Lag (Tiq) hp.g(us),
Bez?,

Lﬁp,q(a ) = Z Log (rj»q) ]_Zp,q(ﬂﬂ)a
BeZ2,

Bhyg(ta) = 3 Rop (3%) balus),
BeZ?,

Rhyp q(ta) = Z Ra,ﬁ (Tj_q) Bp,q(a6)>
BeZ’,

Chpg(ua) = Y Cagp (;%5) hp.g(ug),
BeZ?,

Chyp,q(lia) = j{: Ca,s (5%5) Epﬂ(aﬁ>7
Bez?,

for all admissible pairs (p,q) € (R.0)?.

PROPOSITION 3.5. For all v € Ry and all o, B € Z3; we have

_ AN—1) 2ty +ag—4t—3
La,ﬁx =xr N 5a1+2t,5150¢2752w e )
3 _ A= 2ton +og+1
La,gl’ =x N 5041—2757516042752“} ey
4(N—1)
Rap

4(N—1)
1—2)" ¥ dypw

)
)

) =(1—x)" F 0§, g tHDl—az)taz
) 2(t+1)(a1—a2)+a2’
)

)

PrOOF. Using Proposition [3.4] a straightforward computation leads to the
results. 0

REMARK 3.6. Note that the fact that the operator C' is non trivial implies that
the category of A, ;-modules is non-pivotal.



38 1. CONSTRUCTION OF A ¥-SYSTEM

3.4. The operators L%, R and (. Now we can fix square roots of the
operators L, R and C'. These are the key operators mentioned in the beginning of
this section that will allow us to extend our W-system into a W-system.

PROPOSITION 3.7. The square roots of the operators L, R and C can be chosen
to be, respectively, the grading-preserving operators given, for all x € Ryo, and all
a,B € Ly, by

_ A=Y L(2tar+as—3t—2
=r N 5a1+t7515a27,32w2( e )7

h

2(N-1) l(2to¢ _
— N 1+az—t)
=TV Oay—t,60as,8,W? ’

i

—(1— ) 20V-1) 5. Bw(t+1)(a1—a2)+%a27

=(1—z) ¥ b, Bw(”l)(al_o‘?H%aQ,

I
9 ol 9 Nl “Q Nl 9 SIS “Q SIS
sy
— — /-\%g — ~—

)
)
)
) 2(N-1)
)
)

sz
C; 5(z) =0a 5w_(t+%)a2,
_1

aplT Eéavﬁwf(“r%)o@.

PROOF. Let us write for any L = Lol as a product of commuting operators
Lo and L; such that, for any admissible pair (p,q) € (Ry)? we have

4(N-1)
Lol ey, = (%) © and L'l =1dy.
1 N4
Since N is odd, we set L2 = LiL,* . We do similarly for R? and C=. 0

REMARK 3.8. In [5] equation (35)] the square root of L is defined by
L? = BAR 2AB (3.12)

and it is shown that it implies that (L2)2 = L. Although L2 has not been defined
this way in our case, a straightforward computation shows that equality (3.12)
holds true.

The next Proposition shows that the operator
q=R:BL:BL ("2,

acts as a scalar on

H= P Hy, and H= O Hy,
(p,q)€(Rz0)? (p,q)€(Rz0)?
admissible admissible

This property is central to define our invariant.
PROPOSITION 3.9. For all v € Ry and all o € 73;, the operator

q=R:BL:BL ("2
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1S given by
geq(z) = w%ea(m) and gé,(x) = w_%éa(x).

PROOF. A straightforward computation leads to the results.

4. A \i/-system in the category of A, ;-modules

Now that we have shown that there is a W-system in the category of A, -
modules, we can construct its associated 6j-symbols. As we have already said, the

operator S(x) will have an essential role in this construction.
With the square roots L%, R and O3 chosen in the previous section, we are
going to show that the WU-system defined in Theorem extends to a W-system.

4.1. The 6j-symbols. For any z € Ry, we define the algebra morphism
A, A AR A

by
(4.1)

A.(a) =S(x)(a ® 1dy) S(2) ",

We also consider the following function

%1 (Re1)? — Ryon
y—xy

—

This function is well defined only for pairs (z,y) € (R 1)? such that x # y~*
DEFINITION 4.1. We say that a pair (x,y) € (Rz01)? is compatible if x # y~'.

LEMMA 4.2. For all compatible pairs (z,y) € (Ry1)?, we have

(Aguy ® Idy) Ay, = (Idy ®A,) A, (4.2)

PROOF. If (z,y) € (Rzo1)? is a compatible pair, then A,, and A,., are well
defined functions. For any x € R 1, Proposition [2.§ implies the following equalities

A(X) = X1 Xo, AL(Y)=(1—-2)8Y; + 27X Y,
Ap(U) = (1= 2)%Uy + ¥ XIFW, + (2 — 22) ¥ X{Y1 2,
A,(V)=(1=2)8Vi + 28 XTWo + (2 — 22) 5 2, X, Y,

where Z = (U + V)Y ~!. Using these equalities, a straightforward computation

shows that equation (4.2)) holds true for a € {X,Y,U,V}. This ends the proof
since {X,Y,U,V} is a generating set of A.
O



40 1. CONSTRUCTION OF A U-SYSTEM
Let (z,y) € (Ryo,1)? be compatible. Using (4.1)), we have for all a € A
(Asey ® 1dy) Agy(a) = Sia(z x y)S1s(zy)(a ® Idy @ Idy) (S1a( * y) Sis(xy)) ™
and
(Idy ®@A,) Ay(a) = Sss(2)S12(y)(a @ Idy @ Idy) (Sas(2) S12(y)) ™" -
Therefore, by Lemma the following equality holds in A®3 for all a € A

(Sa3(x)S12(y)) " Sia(z % ) Sis(zy) (a @ Idy @ Idy)
= (Cl (024 Idv & Idv) (5’23(‘%)512(’3/))71 512(1‘ * y)Slg((L'y)

Since the center of A is trivial, the former equality implies the existence of an
element T'(x,y) € A®? such that

(523(1’)512@))_1 512(113 * y)513(5€y)T23(33> 3/) =Idy ®Idy ®Idy .
Hence we have
523(96)512(y) = 512($ * 9)513(1’1/)T23(I7 Z/)- (43)

DEFINITION 4.3. The operator T'(z,y) € A®? and its inverse are called 67-
symbols.

REMARK 4.4. The operators T'(x,y) and T'(x,y) ! correspond to the 6;-symbols
(positive and negative respectively) defined in [5, p.13] in the following way : for

D, q,7 € Ry such that o = qﬁ and y = pi:ir, we have

5 T _ )b q PHal - o -
(v @u)T(z,y)(v@u)= {r ptqtr q—l—'r’} (a@iuev)eC

where
URUVRURVE Hprgr @ Hpg @ Her © Hpgir
and
(' @ )T (z,y) (v @) = {f p—l—g—l—r ]q)ig} (W @veu ev)eC
where
@0 0U @V € Hpgir @ Hor @ Hpg @ Hppqr-

Thus, T(z,y) and T'(z,y)~"' are interpreted as elements of End(H®?), or more
precisely,

T(QZ, y) . Hp7q+7' ® Hqﬂ‘ % %p,q ® Herq,r,
T(x, y)_l t Hpg @ Hptgr — Hpgir @ Heyr.
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2. Determination of the 6j-symbols. The following Theorem is the key
to determine the 6j-symbols T'(z,y). For the sake of simplicity, our statement is
adapted to our context. It is therefore slightly different from the original one.

THEOREM 4.5 ([4], p.5). Let (z,y) € (Rs1)? be compatible and U,V be two
operators such that UV = w™'VU and UN = V¥ = —1, then

\I’x(U)\DyO/) = \I/x*y(V)\ley(—VU)‘Ify*x(U).
LEMMA 4.6. Let U,V € A be such that UY = VY =1 and UV = wVU. Then
Lo3(U,V)L12(U,V) = L12(U, V) L13(U, V) Las(U, V).

PrOOF. For all i € Zy we have

Z < Z wljv]) < Z wklvl)
k€EZNn JE€EZLN lEZN
NQ Z w <Z wz]V]+l> — ]\]/:2 Z l(’L k) < Z wz]v])

Lk€Zn JELN IL,k€Zn JELN
O o SR B ol P o O
]EZN l ICGZN jGZN kEZN
il Z wH\IT
]GZN

Using the identity above and Lemma [2.5] we easily make the following computation

Lo3(U,V)L15(U,V) Z w T ULVS L15(U, V)

l]EZN

1 .. . .
=5 X @ Lu(UwV)UVE = Lin(U,V) - N DA VAVAY:

i,jEZN ZJEZN

= Lip(U,V) Y UUs > ( > w_”Vj) (N > w_leé>

1€ELN k€Zn JELN l€ZN

=L»(U,V) > U§U§< > w_”VJ> (N > w_leé>

i,kELN JELN I€EZN

1 L 1
:L12(U,V) <NZ w-UUﬁVé) (N Z w_klU];Vé>

1,JELN kl€Zn
= L15(U, V) L13(U, V) Los (U, V).
0J
Now we show that T'(z,y) = S(y * x) is a solution of the equation (4.3).
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REMARK 4.7. Setting z = y *  and using Remark , we have z = b,

o + -
(v®u)5(2)(v®u):{f p+g+7" §+g}(u®v®u®v)€(:

where
URTVRURVE Hprgr @ Hpyg @ Hyr @ Hpgir

and

(@' @ 7)S(2) (v @)

{p q p+yq

—/ —/ / /
roptqr q+r} (Ueiveouev)eC

where
000U @V € Hpgir @ Hyr @ Hpg @ Hpiqr-

Thus, S(z) and S(z)~! are interpreted as operators with the following source and
target spaces

S(z) : Hpgir @ Hor —> Hp g @ Hpigrs (4.4)
S(Z)_l FHpg @ Hpggr — Hpgir @ Hyr

THEOREM 4.8. 523($)5'12(y) = Slg(l‘ * y)Slg(l’y)Sgg(y * :L‘)

PrROOF. The following commutation relations hold true

Using Lemma and Lemma for U = U'V, we see that the proposition is
equivalent to the following equality

U (Eos) Vo (F23) Vo (Gas) W (Haz) Wy (Er2) Uy (F12) Wy (Gr2) ¥y (Hi2)
= \Ijm*y(E12>\Ij:p*y(F12>\Ij:p*y(Gu)qj:p*y(HlZ)\I]:vy<X2E13)\I]:vy<X§F13) (46)
X ‘Ila:y(X§G13)\Ijxy<X2H13)\I/y*x(E23)\I/y*r(FQB)\Py*m(G23)\IIy*m<H23)-
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Since
XoFy3 = — EyaFas, XjFi3 = — GiaFs,
X}Gr3 = — G12Gas, XoHi3 = — HigFas,
the former equality is equivalent to
Wy (Eo3) W, (Fa3) Vo (Gaz) Vo (Haz) Wy (Era) Wy (F12) Wy (Gr2) Wy (Hiz)
= Vo (E12) Vi (F12) Vo) (G12) Yoy (H12) Yoy (— E12 B3 ) Wy (— G 12 F23)
oy (—G12G23) Yoy (— H12Eo3) Wy (E23) Ve (F23) Wy (Go3) Wy (H23).
On the left hand side, we can apply Theorem to E1o and Ess. Indeed, Eis
commutes with Fhs, Gos and Has and FogFE1y = w ' E 9 Ey3. This gives
Vo (E3) Vo (Fos3) Vo (Gas) Vo (Has )Wy (Er2) Uy (F12) ¥y (G12) Uy (Ho)
= oy (B12) Yoy (= E12E3) Wy (Fo3) Vo (Fo3 ) Vo (Ga3) Vo (Haz) Wy (Fi2)
Uy (Gr2) ¥y (Hia).

On the right hand side, since E15Fs3 commutes with Fio, Gi2 and Hqs, we have

Vo (B12) Yy (F12) Vi) (G12) Yoy (H12) Vo) (— E12 Eo3) W oy (— G 12 F23)
oy (—G12G23) Yoy (— H12Eo3) Wy (E23) Ve (Fo3) Wy (Go3) Wy (H23)
= Vo (E12)Voy (= Er12E23) Vo (F12) Vany (G12) Vs (Hi12) Wy (— G 12 F23)
X Woy (= G12Ga3) Vo (—H12E23) Vi (E3) Wy (Fo3) Wy (G23) Wy (H23)
Hence, is equivalent to
Wyw (Bo3) Vo (Fo3) Vo (Go3) Vo (Hoz) Wy (F12) Uy (G12) Wy (Hi2)
= Wy (F12) Vg (G12) Vg (H12) Vo (— G 12 Fo3) Way (— G12G23) (4.7)
><‘I’xy(—leEQza)\I’y*z(Ezz,)‘I’y*x(Fz?;) y*x(G23) y*x(H23)
On the left hand side of . we have
‘I’y*x(Ezza) o (F23) W (Ga3) Vo (Has) Uy (F12) Uy (Gr2) ¥y (Hi2)
yea(E23) Vo (F23) Vo (G23) Vany (F12) Vay (— Fro Hos ) Wyua (Has ) Wy (G12) Wy (H12)
‘I’y*z(Ezza) 2 (Fo3) W (Ga3) Vg (F12) Yoy (— B3 G12) Vi (Ha3 ) Vo (Gr2) Yy (Hi2)
=V oy (F12) Wy (B23) Vo (F23) Vo (G23) Y oy (— E3G12) Wy (G12) Yy (Hi2) Wy (Ho3)
Wy (F12) Wy (E23) Vo (F3) Way (— B3 G12) Vo (G12) Way (— G12G23)
X Wy (Go3) Wy (H12) Wy (Ha3)
=Wy (F12) Vo (Fo3) Wy (Gr2) Vo (E23) Yoy (—G12G23) ¥y (Go3) Wy (H12) Wy (H23)
=Wy (F12) Vo (Fo3) Wy (Gra) Vo (E23) Yoy (—G12Ga3) Wy (H12) Wy (Go3) Vo (Ha3)

where we successively
(1) applied theorem to Ho3 and Fio,
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(2) used the equality FioHog = E93Gha,

(3) used the fact that Fi5 commutes with Es3, Fys and Gas, and the fact that
H23 commutes with G12 and ng,

(4) used the fact that Gy3 commutes with Es3G12, and applied Theorem
to G23 and Glg,

(5) used the fact that Fs3 commutes with Fh3, and applied Theorem to
E23 and Glg,

(6) used the fact that Go3 commutes with Hys.

On the right hand side of (4.7)), we have
Wy (F12) Y arny (G12) Varny (H12) Wary (— G12F3) Woy (—G12G23)
X ‘I’xy(—H12E23)‘I’y*x(E23)‘I’y*z(F23) y*m(G23)\Py*r(H23)
=Wy (F12) Yy (G12) Yoy (— G12F23) Y oy (— G12Ga3)

X Wy (Eog)Vy (H12) Vs (Fo3) Uy (Ga3) Vyur (Has)
=Wy (F12) Vo (Fo3) Yy (G12) Yoy (—G12G23) Vo (E23) Yy (Hi12) Vo (Gag) Ve (Hos)
=Wy (F12) Vo (Fo3) Uy (G12) Vo (Eog) Vo (—G12Ga3) Yy (H12) Wy (Gag) Wy (Hos).

where we successively

(1) used the fact that Hyy commutes with G12F53 and G12Gas, and applied
Theorem to Hiy and Fas,

(2) used the fact that Fy3 commutes with Hyy Fo3 and G12Gas, and applied
Theorem to G and Fhs,

(3) used the fact that Fs3 commutes with G12Gag.

O

4.3. The U-system. Let S(z) be as described in Remark The W-system
of Theorem extends to a W-system if the following equations holds true

CECES(2) = S(2)CECE (4.8)
LR:S(2) = S(z)LR3 (4.9)
RIRIS(z) = S(z)R:C3 (4.10)
L3S(2) = C2S(z)LI L3 (4.11)

THEOREM 4.9. The V-system of Theorem m extends to a U-system with
L2 R2 and Oz gien 1n Proposition

PROOF. By defintion of a W-system, these equations hold true without the
square roots (see equations (33a), (33b), (33c) and (33d) of [5]). Therefore, it is
1 1 1

easy to see that they also hold true for L?, R? and C?. O
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5. The charged 6j-symbols and the proof of Theorem
5.1. Determination of the charged 6j-symbols.

DEFINITION 5.1. For any 2 € Ry, and a,c € %Z we define the charged
67-symbols by

S(zla,c) = g3 " RSR; “S(2) Ly * Ry ° (5.1)

S(zla, )™t = 1" Ry“Ly"S(2) Ry " R (5.2)
Explicitly we have

4(1—N)
<12M ® Uy, |S(z|a, c)|uy @ uf;> = <ﬂu ® Uy |S(2) e ® U(Bl_gta752)> (z%(1—=2)°)"~
w U 2e=2tB1=F2)+2(t+1){a(atp1)+e(B1—v1) H(2t+1){a(p2+1)+c(B2—v2)} (5.3)
= = -1 — — -1 a c 40=N)
(@S (2la,0) ™ ua®ut5) = (B0 0| S(2) 7 rauts) (27(1 = 20) 7

% wa(2072tul71/2)+2(t+1){a(a7a1)+c(,3171/1)}+(2t+1){a(a2+1)+c(ugfﬁz)} (54>

where (1, ®1,|5(2)|ua ®ug) and (1, @1, |S(2) " ua ®ug) are given by Proposition

5.2. The symmetry relations of the charged 6j-symbols. The symmetry
relations of the charged 6j-symbols are expressed with the following symmetric
operators A= AL™2 and B = BR™2 in End(#). For any a, 3 € Z2,, we consider
the functions

Aaps Ao Bag Bag i Reor — C

satisfying

Ahypq(ua) = Z Aas (Tfiq) Mg (us),
BeZ3,

Alpg(ia) = 3 Aas () Png(B)
BeZ?,

Bhy.q(tia) Z Bas (Tiq) hp.q(us),
BeZ?,

Bhy.q(tia) = Z Ba.s (piq) Bp,q(aﬁ)a

for all admissible pairs (p,q) € (Ryz)? A straightforward computation, using

Lemmas [3.4) and [3.7] leads us to the followings results.
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LEMMA 5.2. The operators A, B € End(H) are symmetric involutions. For all
a, B € 7%, the numbers

Oy — 1 2
Aoc = 2 792 B2 f§(t(a1*a2*51) +oz1(a1+t71)+ﬁ1(51+t71)71) 55
8 EN N w ) ( )
A 5= 6]—\[25 s w%(t(oq—az—ﬂ1)2+a1(a1+t—1)+B1(61+t—1)—1) (5 6)
a,0 — a2,—p2 I .
Ba,ﬁ = 5%_6&)7%((t+1)(a1*a2)2+a%)’ (57)
By = 60[7756‘)%((t+1)(o¢1—o¢2)2+a%)7 (5.8)

satisfy the following equalities for all x € Ry
Aap = Aap(z), Aaﬁ = Aaﬁ(x)a Ba,s(z) = Bas(z), Ba,ﬁ = Ba,ﬁ(x)-

Using the previous Lemma, Remark [4.7] and Proposition [3.9] the following
Proposition is a direct adaptation of the formulas (50), (51) and (52) of [5].

PROPOSITION 5.3 (The symmetry relations). The charged 6j-symbols verify the
following symmetry relations

<ﬂa®ﬂ,, S(z|a,c) uu®uﬁ> = w° Z Aoc,o/Au,u’ <ﬁul®ﬂy S (ﬁ|a, b)fl ua/®u5>
o ! €72
) (5.9)
o _ - L 1 ~1
<ua®u# S(zla, c) ug®ul,> =w° A, Bao <u#®ul/ S (z b, c> “a’®uﬁ>
o V' ET?
) (5.10)
o _ o -1
<uu®u5'5(z|a,c) ua®u,,> = w® Z Bs By <uu®u,,/ S (Zf1|a,b> ua®u5/>
B! v €T3
) (5.11)

5.3. Proof of Theorem [3.11.

PROOF OF THEOREM [3.1] The statement of our Theorem is an adaptation of
the Theorem 29 of [5]. In our case, the former can be expressed as follows.
Suppose that there exists a scalar ¢ € C such that

4= qH® ¢ 'H € End(H).
Then up to multiplication by integer powers of 4, the state sum Ky(T,L, P, c)
depends only on the isotopy class of L in M and the cohomology classes [®] €
HY(M,R) and [c] € H(M,Z/27Z) (and does not depend on the choice of ® and ¢

in their cohomology classes, the H-triangulation (T, L) of (M, L), and the ordering
of the vertices of T ).
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By Proposition [3.9 we have
H ®w *H € End(H).

N[

g=w

+1

. . 1 . .
This ends the proof since wz = w2 is an integer power of w.
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CHAPTER 2

Determination of S(z), A and B

In this Chapter we will explicitly determine the operators .S (), A and B. But
first, we determine the operator W, (U) by proving the Lemma .

1. Determination of W, (U)
1.1. Proof of formulae (2.4) and (2.8)). We start by proving the formulae

) and @3)

N N 1-N D(]‘)
W, (U)™ =9, 0(1 — ) - +
D((1—2)%)D (Uw (%)N)
T, (U)Y = G NN () bay

D(-a)¥) D (U (552)%)

We recall that for any x € C such that 2V # 1 and anym € {0,--- ,N -1} C Z
we had defined

m

w(x|m) :H

1 —awi’

Following [9] this function can be defined for any m € Z by

w(zlm) 1

0)=1 = .
w(zl0) =1, w(xim—1) 1 —zwm

Note that w(z|m) is not periodic on the variable m. Nevertheless, the following
formula holds true for any m,n € Z>,

w(z|m +n) = w(x|m)w(zw™n). (1.1)
The following Lemma shows another identity for w(x|m).

LEMMA 1.1. For allm € {0,...,N — 1} C Z and all x € C* such that 2™ # 1,
we have

w(z|N —m) = i__xz;w_ém(m_l)w((xw)_”m)_l.

49
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PROOF. Let m € {0,...,N —1} C Z. Since N —m € {0,...,N —1} C Z, we
have

Nl
w(z|N —m) = Jl_[l T
Then, we compute
N-m N 1 N
w(zlN —m) = jl;ll 1—awi Jl;[l 1 — 2w’ J_Nl:[m+1(1 o)
m—1 m—1
k| —1xN ]1_[0(1 —rw’) = i_—xg)cN —4m(m-1) ]1:[0(1 7 w?)
= ) T 1 = (a) ) = L2 () )
1—aN Gl — N
O
We also recall that for z,y, 2 € C are such that
N N y_ 1—aV
{zV, "} cC\ {1} and = e (1.2)
we had defined
flayls) = Y 2 (13)

m=o W(ylm)
Note that the conditions (|1.2)) provide periodicity on the variable m of period N.

The following formula was shown in |9, C.7| and will play a key role in the
sequel

vy D) D (&) D (2)

N _ y x
where
N-1
D(z)= ] (1 —azw)
j=1
LEMMA 1.2. For any x € R4 we have
D(zw) (1—z)N
D(x)  1—2N (1.5)
D(x)D(z™) = D(1)% "% g(a)" (1.6)
where
1— 2N
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PROOF. Consider z € Rp;. The equality (1.5 is proven by the following
computation

D(xw) = 1:[1(1 — ijﬂ)j _ UQ(l _ ij)j—l _ (1 . m)N_l ‘_1 (1 B ij>j_1
(1—z)N-1 Nl - 2)N1(1 - ) (1= )V
1 —aw) WO~ =y D) = 5w D).

In order to show equality (|1.6]) we consider a particular evaluation of the function
f(z,y|z), namely

(.21
On the one hand, it was shown in [9, A.13| that
. 1—g !
Hence we have
1—xt P 3
f 2, 5lw) = No——x = Na" ' —% = 2" To(w)™ (1.7)

On the other hand, using equality ((1.4)), we have

2 VY _ (2 WZ‘”D(DD(%)D(%)_ vy DAY 1.8
f(@2lw)” = (fw D (3D (2w) D (2) =7 D (@) D (z ) (1.8)

w

Finally, from the two last equalities we get the following one
N _ N0 D(1)?

N(N-1) 19
wich leads to the result. ([l
We recall that for any operator U € A®? such that UY = —Idye2 and any

x € Ry such that zV # 1 we had defined
v, (U) = Z Yem(—U)™ and \le(U) = Z sz,m(—U)m

mEeLN MELN

where
Yrn = U0 ¥ w2™™ (1 — )N m)

and

Yo = oo (17 ) " wmu((1 = ) ¥ m).

Note that 9, ,, and Z/_)xm are periodic on the variable m of period N.
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LEMMA 1.3. Let U € A®? be an operator such that UN = —Idye2 and z € Ry ;.

Then we have

Wo(U) = vof (0, (1 =) Fu U (552)7)), (1.10)
u (%)%w). (1.11)

To(U) = duof (1 —2)7%,0

PROOF. We start by proving the equality (1.11]). We have

LU = Y Ganl-0) =m0 ¥ () (1 - 2 F ) (-0

meLN

MEZN
= QELO.]C ((1 — ZE)_%, 0

mezZn

1

U ()" w)

where the last equality is justified by the fact that we have

= 1, o ¥ w2m(m D) (_(1 o) Nl) —amm=Uy((1 — 2) " Nw N —m)~!
’ 1-(1—x2)~
2o 1\
~ a0 ()" (557) w0y Rty -y
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Hence we have

= Y Yum(-V)
meZn
1\ N-m
—teo 3 w((l— ) Fu N —m) ! (‘ H>N>
MELN

1 1 o\~
= Y20 Z ((1 —x)_%w—llN—m) < x )

meZy W
= o (0.1 =) Fw Ut (152

2\~
N

where the last equality is justified by the fact that we have

(U—l (1 ; x)flv> _ — ((1 - i)}vw1>N Idye2 .

O
LEMMA 1.4. We have
D(1)
£(0,y|2)" = yNAY - (1.12)
D(yw)D (%)
N(N-1) 3
° D) (1.13)

flz,0[2)N = NN (;) ’ FIOEIE]

Proor. Consider z,y, z € C such that

{zV,y"} c C\ {1} and zNzl_xN
) 1_yN

We start by showing equality (1.13]). We are going to use equality (|1.6)) of
Lemma [1.2] to transform equality (1.4). Indeed, we have

b(2)- )"+ e
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hence we have

flz,yl2)N = (yw)

(

o\ DD (%) e(%)”

) D(3)D(yw) D (2) D (%)
o )=

Therefore, if y = 0 in the previous equality, we get, since o(0) = N~ and D(0

Nv- 3
fla, 0¥ =N (1) Dé);g(w) (1.14)

z

Now we show equality (1.12)). Again, we are going to transform equality ((1.4)).
Using equality (1.6) we have

D (i) - xWD“l);(i(;”)N (1.15)
w T - D<1)2 y% "
D (y?) - (yw> Dz)fi)> (1.16)

Hence, using equalities ((1.15)) and (1.16) we get

WD(UD(%)DF)

Yyz

D(3)D(yw) D (%)

flzyl2)™ = (yw)

N(N— 1) (

) D@e (55 )
)D(2) D ( 5) el
Therefore, if x = 0 in the previous equality, we get, since Q(O) = N~!and D(O) =1,

N N(V-1) D(1)
f(0,y]2)" =y D(y)D ()
O

PROOF OF FORMULAE (2.4) AND ([2.8]). Using the last two Lemmas, a straight-
forward computation leads to the result. 0

1.2. Proof of Lemma [2.3 We recall the statement of Lemma 2.3
There exists a € Zy such that for any x € Ryo1 and any operator U € A®?
such that UY = —Idys2 we have

bro=wo((L—2)¥)e5h = Wu(U)T,(U) = Idyse.
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PROOF OF LEMMA 2.3 By definition, the product ¥,(U)¥,(U) is equal to the
identity up to a non zero constant factor in C. We are going to determine this
factor up to multiplication by an integer power of w.

. 1
We set a = (1 —2)% and b = U (%)™ and we will write 1 — b instead of
Id 4e2 —b in the sequel. Then, equalities ([1.10)) and (1.11]) can be written as follow
U, (U) = o f (0,0 w o),
U, (U) = o f (a,0[bw) .
Using equalities (L.5)) and (L.6) of Lemma[1.2] we compute
B B B _ N(N-1) D(1)4
‘IJIUN\IJ:EUN:NNNN 3b 2
U (V)Y = vagfagV ™ (a*0) D(a=1)D(a)D(b~1) D(bw)
_ _NN-D nveny 1 — BN D(1)2
— N N NN (3 PR e
Vet N ) N o Dl D)
_ _N(N-1)  nve1y 1 — DN 1
N ()
bzl () (=0 o) o)
) L1=b o A=DY 1
(1=b)N (1 =0N)No(a)¥
Yro¥ao

(a¥(1 = V)" o)

N 7N ar—N —N(N-1
:¢x,o¢x,oN a N

Since
x
(- = (1) (14 — x) Tdyes — Idye:
hence
_ LYo
N N x, x,
U, (U)Y W, (U)Y = o)™ Idyes .

2. Determination of S(z) and of its inverse

Let us recall that we had defined the following generalisation of the function
f(z,y|z), namely
o (x u
Yy v

where z,y,u,v, z € C are such that

= w(ampu(ulm) ,
) =X S ’ (21)

m=0

(1 —2M) (1 —u)
(1 —yM)(L =)
The conditions (2.2]) provide periodicity on the variable m of period N.

(2.2)

{xN,yN,UN,UN} c C\ {1} and 2V =
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The Proposition [2.11] follows directly from the two following Lemmas
LEMMA 2.1. For all a, B, u,v € Z% and all x € Ry, we have

<a# ® u,|S(x)

Ug @ uﬁ> = 6#1-*-1/17&1 6#2+V2,az+52

X w—%(H‘l)(012—#2)(042—#2—75—2(@4—1)061—51+V2+1))
% 3 DB (Br—1+2(tar +az—va)) 4w (t+1)v1+2(u1 +r2+1))}

X Z wx,mww,(t+1)(u1761+,u27a2)7mwx,n¢x,(t+l)(u1 —B1)+t(p2—a2)—n
m,nELN

1

X W2 (m—n)2+mBa+naz
and

(w, ®u,

S(z)~!

Ug @ u,3> = (5#1411-&-,31 5#24-1/2,042—1-[32

% w*%(tﬂ)(az*#2)(042*M2*t*2(a1+tu1+1/2+1))
X w%(t"‘l){ﬁl ((t—1)B14+2(tp1+ve+1))+r1 (v1 —1=2((t+1) pu1 —tpuo—rvo2—t))}

X Z @x,qux,(t—&-l)(l/l—B1+,u2—a2)—mr@z,n7v/;m,(t+l)(1/1 —B1)+t(p2—a2)—n
m,nELN

% w%(m—n)Q—&—ml/g—i—nug'
LEMMA 2.2. For all x € Ry and all m,n,r,s, o, B € Zy we have

—Lim—n)2
Z ¢x,m¢x,r—mwx,nww7s—nw 2(m n)*mptna

mneLn

= ¢i,0¢x,rww,s
< f((1=2)%, (1 - 2) ¥ (@ - 1)Fw3)

x F (1 - %)% (JZ - 1)_%1(*)6_ ) é o wa-!—%
(1—z) vws 1 (z—1)vwf2
and

_ _ _ _ 1. 2
Z wx,mwx,r—mwx,n¢x,s—nw2(m n)"+mptna

m,neZN

75,01/350,1”77527,8
x f ((1 —z) v, (1— x)%w_r_l‘(x — 1)—%wﬁ+r+$)

x F <( (1—a)~ (z —1)vwh "2

2

_++l
1_37)%00_8_1 (x—l)_%w_ﬁ_% —CLJS r+a 2).

2.1. Proof of Lemma 2.1l
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LEMMA 2.3. For all o, B, p, v € Z3;, we have

<a,u & Uy S(l’) Ug & uﬁ> = Z (_1)rwx,mwx,sfmwz,nwx,wrsfn
rseZ
X w*%(mfn)2+mﬁ2+na2 <ﬂu ® Uy, ET(EF)SL(UtV’ X) Uy @ U5>
and
<au X Uy S(x)_l Uy Q uﬂ> = Z (_1)T&x,mﬁw,s—m&x,n&x,r—&-s—n

m7n7
r,SELN

Lim—n)2 _ _
X 3 (mmn) T hmrztnue <Uu R Uy,

LUV Y X)E"(EF)*

Uy K u5>

PROOF. Note that the following commutation relation holds

Uit

UpVy !

Since G = U,V 'F and H = UV, 'E, we have

W (E)0,(F) U, (G0, (H) = 3 (H(—l)%,m) B G

ni,n2, =1
n3,NaELN

4
— Z <H<_1)nlwwn> w*%(ns(n3+1)+n4(n4+1))

ni,n2, =1
n3,N4aELN

X En1 FnQan(UZ%—I)ngEml(Ul‘/l—l)ml
4

- Z <H(—1)nl% n) wi%(n3(n3+1)+n4(n4+1))+n3n4

ni1,ne, i=1
n3,n4a€ELN

X Em Fnan3En4(Ulvl—l)m;(UQ%—l)ns

B Z (ﬁ(_l)nlw@nJ W_%((n3_n4)2+(n3+n4))

ni,n2, =1
n3,N4ELN

X En1+n4—(n2+n3) (EF)n2+n3 (le/l—l)ru (U2‘/2—1)n3 )
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Setting r = ny + ny — (ng + n3), s = ny + n3, m = nz and n = ny, we find

\I’m(E>\IJ:Jc(F)\I’m(G)‘I]z(H) = Z (_1)T+2Swm,mww,sfmwz,nwmnﬂrsfn

8,
m,nELN

% w—% ((m—n)2+(m+n))ET(EF)S(Ul‘/l—l)n(UéVé—l)m‘

Since UV ! commutes with U’V and X and using Lemmas [2.10, we compute

Uq & ’U,,3> - Z (_1)T¢x,mwzys—m¢x7n¢x7r+s_nw—% ((m—n)2+(m+n))

7’78’
m,neLN

EN(EF) LUV, X) (U V)" (U Vy )™

S(x)

<au ® 1,

Ug & u5>

— Z (_1)T%,m%,s—m%,n%,r+s—nw_% ((m—n)2+(m+n))

T7S7
m,nELN

X <ﬂu @ Uy

x ittt (g, @ 5, | B (EF) LU, X) e @ us)

- Z (_1)wa,mwx,sfmwm,nw%wrsfn

T?s7
mneZyn
_Lim—n)2 _ _
x 2 (m=n)*+mpatnaz <u“ ® 1,

E"(EFY LUV, X)|uq ® uj).

The second formula is computed in a similar way. O

LEMMA 2.4. For all o, B, p,v € Z% and all r, s € Zywe have

<aﬂ @ Uy ET(EF)SL(Ut‘/’ X) Uq @ uﬂ> = 57”7&2—#25t8,ﬂ1—V1+7’5u1+V1,6¥1 5u2+V2,a2+,32

% (_1)az*uzw*%(t+1)(a2*#2)(szfuzft*Q((tH)al*51+V2+1))

% w—%(t+1){ﬂl (B1—1+2(tar +az—v2))+v1 ((t+1)v1+2(p1+v2+1))}

and

L(U_tv_la X)E"(EF)* ua®u5> = 57",@&2—;@5t5,51—l/1+7“5u1,a1+,315M2+V27a2+52

<ﬂu®ﬂy
% (_ 1>a2—#2w—%(t-‘rl)(az—,uz)(a2—u2—t—2(a1+t,u1+l/2+1))

% o032 EHFD{BL((E=1)Br+2(tus +va+1))+va (v1 —1=2((t+1) 1 —tpa —v2—1))}
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PRrROOF. Using Lemma [2.10| we do the following computation

(1, ® 0, | LUV, X)|ua @ up) = le > w @0V ) (1, X us)
ij€ln
Jif Z H—Bl Z(Z Di(on = o2ty t)(suhocl-‘riduz,azdu,ﬁ

AN
1ii— (o — 1
_ W Z N(Si’,glwf(l 1)+i(ar 0‘2+2t)5m,a1+i5,u2,a2611,6
1€ELN

1 7 ol
:w2,81(,81+1) B1 (a1 a2+215)5#170[17[315#2,&25%5.

Since U™tV ~! = (U'V)™!, a similar computation leads us to the following equality

<ﬁp ® 1, L(U‘tV‘l, X) Uy @ U6> _ w_%ul(V1+l)+V1(ul_u2+%t)6#17041-"-515}12,04251/,ﬂ'

We recall that £ = —Y; ' XY, and F = U; ' X7V, E~! and that we have the
following commutation relations

Then, for any r,s € Zy, we easily see that
Er = (—1)TOJ%T(T71)Y17TX{Y2’"
and
(EF)s — (Uleif+1‘/'2> _ w2s(s 1)Uf5Xls(t+1)‘/25,

Using Lemma [2.10] again, we find

_ _ 1 _1)—
<uu Q Uy | E Uy ® u6> = (—1)7"wz’”(’" 1) "0 1101 —10p0,a0—10u1 B +10us Botr
1
- (_1)rw2r mq(sﬁal—m 5r,u1—61 5#1—#27041—@26V1—V27,31—,32
and
— — 2 Ly V14
<uu ® Uy |(EF)%uq ® uﬁ> = @ (Fg)=sluttnt 2+1)5u1,a1+st5u2,a25V17/31—st5V2,62

s2(t+3)—s(p1+tv1+va+1)
W 2 68t,#1—a15u1 —aq,f1—v1 5#2,012 61/2,52

s2(t+3)—s(u1+tri+va+1)
w 2 68,(“1)(041*Ml)éul—alﬁl—m 6uz,a26V2,,32'
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Using the previous equalities, a straightforward computation leads to the result. [

PROOF OF LEMMA 2.1l A straightforward computation using the previous two

Lemmas. ]

2.2. Proof of Lemma [2.2l

LEMMA 2.5. For any m,s € {0,...,N — 1} we have

N-1 1 m 1 - ~
¢x,m¢x,s—m = @bx,o%c,s Z wim(mﬂ) (.T _ 1)ﬁ U)(( Jlj)N ‘m>
m=0 w((l —2) " Vw="1|m)

N-1

m=0

and

Ny N w(1 — ) ~F|m)

— — — — 1 m
Z wx,m¢x7s—m = ¢x70¢x,s Z w—gm(m—l)—i-sm(x - 1)_N
m=0 m=0 w((l ) w—s—1|m)

PROOF. Let m,s be an integer in {0,---, N —1}. Since v, and 1, are
periodic we compute, using equality (|1.1)) and Lemma

N-1

N-1 N-1

Z wz,md}:p,s—m = Z w:v,mwz,s—l-N—m = Z wz,OW%(m(m+1)$%w((1 - x)ﬂm)
m=0 m=0
9+N

% w w2 (s+N—m)(s+N— m+1) ((1 . IB)%LS—}—N . m)

= 7 ONZIMS“ Jemtmt S (1= 2) ¥ [m)w((1 - 2)¥]s)w((1 — 2) ¥ w' [N —m)

x,

m=0
1 N—1 2 1 1
=2 Ochu?s(s“) (1=2)¥|s) > w™ ™™ zw((1—2z)¥ m)w((1—z) ¥ w’|N —m)
m=0

N-1 ) ) 1 ) :
= wx was Z Wistrm xw((l—ﬂf)ﬁ’m)waﬁm(mfl)w«l_x)*ﬁwfsfl‘m>71
o 1—(1—a)¥
N-1 1
_ Im(m+1) m w((l —l‘)N|m)
= Wz 0Wz, s w?2 r— 1)~ T
Urotes 3 AT e

m=0
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and

23

wmw((1 — )" |m)

N-1 N-1 N-1 .
Z wm,m¢x,s—m - Z wx,ml/Jm,s—l-N—m = Z 7~/Jan,0 (71)
m=0 m=0 m=0 T —

<ao(25) T (=) s+ N =)
A I a _1 _1 1
=¢x,omzo($_ ) @ =2 Fmyw(( - 2) Fsw((1 - ) Fuw |V = m)
— % 1 N1 1 1
=020 (-55) " wrul(1-2) F1s) pog —w((1=2) ¥ fm)w((1—z) ¥ w|N-m)
= T - —% (:L‘ B 1)—%wsm —%m(m—l) o % —s—1 -1
- wz,owm,s mz::[) T — w((l I) ‘m> 1— (1 . :L‘)_%w w((l (L’) w |m>
N-1 _ 1
— o, oy —im(m—-1)+sm . _ 1\—% w (1 _ ZL’) N |m)
Vaobas ) = A =2 Feetm)

O

LEMMA 2.6. Let m € {0,...,N — 1} and x,y, z € C satisfying the conditions
(1.2) and x # 0. Then we have

(2.3)

[l ylzw™) o w(Em)

N m)

f(x,yl2) w(

PROOF. From equality (A.6) of [9], for all x,y, z € C satisfying (1.2)) we have

flrylew)  1-2 4 1-Zw

flzylz) o —yzw 1— 2y

T

Hence, for any m € {0,..., N — 1}, we have

fla.yle™) g7 flaylzo”) o= s pwCElm)
flzylz) 55 f@ylaw’ ™) I Sl w(Z|m)
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PROOF OF LEMMA [2.2] Using Lemma [2.5| we compute

N-1
Z YemVz,s—mWPenVe T,nwfé(m*")2+MB+na
m,n=0
) N-1 ) 1 2 N
= wx,ﬂwx,swx,r Z wﬁ(m(m )+n(n+1)—(m—n) )+m5+na (ZE B 1) —
m,n=0
w((1 —2)~|m) w((1 = z)¥|n)
U)((l — l‘)iﬁw*871|m) w((l — x)*%wfrfl‘n)
N—1 1 o w((1— x)ﬂm)
= ¢§ wl,swaj,r €T — 1 ﬁwn+ﬁ+§
70 m;:() (< ) ) w((l _aj)_%w_s_1|m)

w((L — 2)~|n)

w((1 =) v n)

X ((m - 1)%wa+%)n

We note that the conditions (1.2)) are satisfied since for any 5,n € {0,..., N — 1}
we have

Therefore we can use the function f(z,y|z) in the computation.

N-1
Z 1/}90 m% sfmwx ni/Jm T,nwfé(m*”)2+m5+na
m,n=0
N-1 1 1\ m w((l —(L‘>%|m)
= 17/}:% wm,swaj,r €Tr — 1 an+ﬁ+§
! m%;() (( ) ) w((1 — z)"Nw=s1|m)

n w((l-2)¥n)

<l = M) e )

N-1

= fﬂi,o%,siﬂx,r Z f ((1 — x)%, (1 _ x)*%wfsfl‘(w . 1)%w”+5+%)
n=0

n w1 =) )

w((1 =) N n)’

X ((w — 1)%wa+%>
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Now using Lemma [2.6] we have

N—-1
Z wm,mq/}x,sfmwm,nwr,rfnwi % (m=n)*+mp-+na

m,n=0
N-1
= wiowz,swx,r Z f ((1 — ;L‘)%’ (1 _ x)*%wfsfl‘(x . 1)%w”+ﬁ+%)
n=0

w((l =) Nw L)

N-1
= ¢§,O¢x,s¢x,r Z f ((1 — ZL’)%, (1 — x)—%w—s—l'(x . 1)%(*},6_&_%)
n=0

X ((x — 1)%wa+%)

1y -0 w((@ = 1) ¥ 3 1y w((1=2)¥]n)

1—2x)¥ i T r—1)vweT2 T

< (=) w((z — 1) VW 2|n) (=1 ) w((1—2)"¥w|n)
= 2 Vo sthanf (1= )V, (1= 2) Vw7 (2 — ) ¥w*?)

- _wa-&-% w((l - $>%|n)w((x — 1)—%wﬁ—s—%|n)
X nz::o ( ) w((l_;p)—%w—r—lm)w((x_ 1)%wﬁ_%|n)'

We note that the conditions ({2.2)) are satisfied since for any «, 5,7, s € {0,..., N — 1}

we have
ey (0 e t))
(ot ) (1 (08 1))

Therefore we can use the function F (f; v
find

z) in the computation. Hence we finally

N-1
—Lom—n)2
Z wx,mwz,s—m¢m,n¢$,r—nw 2(m n) tmptna - ¢§,O¢x,s¢$,r

m,n=0
x f ((1 — :1:)%, (1-— x)_%w_s_l‘(a: — 1)%w5+%)
(1—xz)v (. — 1) Vwl "3 atd
<K <(1 —z) vl (z—1) VWP v

The second formula is computed in a similar way.

3. Determination of the operators A and B up to a factor

The following Lemma shows that we can completely determine A and B in
terms of the functions A, g and B, g.
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LEMMA 3.1. For all x € Ry and all o, B € Z3;, the following equalities hold
true

A p(x) = Aﬁ,a(le)a B 5(r) = Bsa ( ) )

L= Y Aup(x)A; 5(2), 1= Y Bag(z)B; 5(2),
BEZ?, - BeZ2, B

1= Z A@a(l‘_l)Aaﬁ(l‘), 1= Z B@a (ﬁ) Baﬁ(m).
BELY, Ber?,

PROOF. First, we have

Anp(z) = (eg(a7"), Aeq(z)) = (A%es(a7"),ea(x)) = A5, (27"). (3.1)
Hence we have
AL 5(7) = Apa (7).

Secondly, from the equality A% = Idy, we have

1= (ea(), €al)) = (Bal@), Aea(s)) = (A"eals), Acalr)
> Aas@) (@) (e (¢7) 10 (7)) = X Aws(@) Ay 5(0). (32)

2 2
BAELYy BeZ,

Thus, we have

L= 3 Aap(@)A; ().

BEZ3,
Finally, we also have

flzﬁ(l’) = <é/5 (a:’l),A*éa(x» = <Aég (x’l),éa(x» = fl,g,a (x”). (3.3)

Therefore we have

L= > Aga(r™)Aus(@).

Bez?,
By doing similar computations to (3.1)),(3.2) and (3.3) with B, we easily show
the last three formulae. 0J

3.1. Graphical notation. Following [5], the morphisms of the category of
A, ;-modules will be represented by plane diagrams to be read from the bottom to
the top. The diagrams are made of (non-oriented) arcs colored by objects of the
category and of boxes or circles colored by morphisms of the category.

The graphical representation of the duality morphism is as follows
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4 Ve,
bp = ’ dp =
Ve Vop

Therefore, the equality (2.21)) is graphically given by

Let v € V and © € V*. Then h,,(v) € H,, and h,,(0) € H,, are graphically
represented in the following manner
\vp /vq

hpg(v) =S (ﬁ) (Idy ®v) = | 8 (3%

/ V}H—q g
Vit %}
—il

() = (y7) S (1) = [sa)

To

From now on, we will omit the labellings of the A, ;-modules and the multiplicity
spaces since we can easily recover this information.

Thus, the operators A and B are represented in the following graphical form.
For each v € V, v € V* and each admissible pair (p,q) € Rio, we have
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A \ [/
\

Ahy4(v) = s (74) =
/ é} -

\ \

— _ 1

Bhp,q(”) = S(ﬁ) ’ Bhp-,q(v) = S(ﬁ)

Finally, the action A x V — V of A on V will be represented in the following
way

A 1%

3.2. Linear forms A,, and B, ,. Let (p,q) € R%; be an admissible pair. We
define two linear forms

Apg: V¥ 5C  and B, ,: V¥ = C
by

Apg(u @) = (hoppig(u), Ahpg(v)) (3.4)
By o(u®v) = (Bhyg(u), bpiq,—q(v)) (3.5)

where u,v € V. In particular, for any «, 8 € Z% we have the following equalities
Aap (55) = Apg (up ® ), (3.6)
Bas (5%) = Byg (ta @ ug). (3.7)
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Indeed, we have

Ahp,q(ua) = Z <(Ahp,q(ua)> h—p,p—&-q(uﬁ)) B—p,p-f—q(aﬁ)

Bez?,
= Z (h—pprq(ug), Ahyq(ua)) hfpp+q Z Ap g (us ® uq) hfperq( 8)
BeZ3, BeZ,
and
Bhp,q(”Oz) = Z <<Bhp,q(ua)) hp+qﬁq(uﬁ)> Berq,fq(ﬂﬁ)
BEZ?,
= Z <Bhp7q(“a)7hp+q,—q(uﬂ)> hp+q q Z By, ua®u5>hp+q q( Ug).
BeZ?, Bez?;

In the next Lemma we will show that each of the linear forms A, , and B, ,
satisfy an equation involving the algebra morphisms A A" : A — A®? defined by

A (a) =S(z) (Idy ®a)S(x), (3-8)

A’(a) =PS(z) ! (Idy ®a)S(x)P, (3.9)

where z € R4 1, a € A and where the flip P permutes the first and the second
tensor factors of V2.
These equations will help us to compute A, g ( ) € C and B,z ( ) eC

for all o, 8 € Z3;, up to a factor depending on m In order to do so, we write the
equations (3.8)) and (3.9)) in the following way

Ay (a)S(z) ™ =S(z) ™ (Idy ®a), (3.10)

A’(a)PS(x)™t =PS(z) ' (a ®1Idy) (3.11)

For an admissible pair (p, q¢) € R%,, we draw these actions in the following manner
#0

I e S

(3.10) > (3.11)
A, — ) A s —

pta p+q ptq

A mEa

LEMMA 3.2. Let (p,q) € ]Rio be an admissible pair. Then the linear forms A, ,
and By, 4 satisfy the following equations

a® Apg = (Idy @4,) (Am @1dy) Ay (a), Va e A, (3.12)

p+q

By ®a = (Byy ®1dy) (Idy @ATQ) A"y (a), Vo€ A (3.13)
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PROOF. For all a, 3 € Z%, we have

Apq(up @ va) = (hoppiq(tg), Alpg(ua)) = ((Ahpq(ua)) hoppiq(up))
But (Ah, (ta)) h—ppiq(us) € End(V,) is graphically represented by

A

S (7%)

I

Hence, setting

Apg (UB R Uy) =

W W

we get to the following equality

S (7%)

/
sm/ \ :
[

By multiplying this equality by (S (%)71 ® Idv> (Idvfp ®S (ﬁ)il), we have
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o L[

(5)"

Then, using (3.10) two times, we have

5 7

(%)

/

\

By multiplying this equality by (Idvfp ®S (p—iq)) (S (p%;q) ® Idv), we obtain

A /
\S(piq)
-5

(s

[\

@

Hence, for all a € A, the left-hand side and the right-hand side of the last equality

can be written as

a® Apg = (Idy, ®A4,,4) ( /p% ® Idy) A/p%q(a), Va € A,

which is equivalent to (3.12) since, V is, as a vector space, equal to V.
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We do a similar argument to show (3.13)). For all o, 3 € Z%;, we have

By q(ta ® ug) = (Bhy,g(ta), hprq—q(up)) = (Bhypg(tia)) hptq—q(us))
But (Bhy¢(ua)) hptq—q(ug) € End(V,) can graphically represented by

\

S (7%)

Setting,

By, (U @ “ﬁ) =

we get to the following equality

\

®

S (35)

By multiplying this equality by (Idv ®RPS (%q)il) (PS (p%q)il ® Idqu), we have
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Then, using (3.11)) two times, we have

By multiplying this equality by (S (

B \

5 (5

pt+q

)
5(3)

Hence, for all a € A, the left-hand side and the right-hand side of the last equality
can be written as

B,y ®a= (B, ®1dy,) (1dy AL, A", (@), Vae A

which is equivalent to (3.13) since, V,, is, as a vector space, equal to V. 0
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3.3. Determination of A up to a factor. In order to determine A, 5 for
all o, B € Z3;, we need to find an optimal set of generators of A with respect to A’
in the sense that their images are given by simplest possible expressions in terms
of themselves.

LEMMA 3.3. The elements
X/ — Uflvt+1 Y/ — XtYUfl U/ — XtJerfl V/ — XtJrlUfl (314)
generate A and have the following properties

AL(X') = X[X5, AL(Y') = anY{ + (1 —2)v X]Y]
NL(U') = zXU} + (1= a) ¥ (X)) 105 + (z — 22~ (X))'Y/ 23,
NL(V') = W V] (L= )% (X)) V) o+ (o = 2?) ¥ Z1 XYY,

Zho Z|w

where Z' = (U + V') (Y')~*
REMARK 3.4. It directly follows form this Lemma that
N(Z) = 2 24+ (1 - 2)F (X)) 2,
PROOF. A is clearly generated by the set {X', Y’ U’ V'} since

X — t+%(X> (U’) (t+1) V’ wtfé( ) lY’(U') (t+1),
U (X) (t+1) (U/) (vl)’ X/) t+l( ) (t+1) (V/)tJrl'

Note that we have the following commutation relations

The formulae for A! are computed in the same way as we did in the proof of the
Proposition [2.8] Indeed, we have the following commutation relations



3. DETERMINATION OF THE OPERATORS A AND B UP TO A FACTOR 73

H H H
F E - F E » F E
G G
H
F FE )
G
which lead to the result. O

LEMMA 3.5. The operator A, , is a solution of the following system of homoge-
neous linear equations

Apg = Apg( X' ® X')

Apg = Apg (X/(Y/)_l ® Yl)

Ap,q = Ap,q ((X/)tﬂ(vl)il ® Ul)

Apg = W_lAp,q (U,(V/)_l ® U/(V/)_l)

PROOF. By Lemma [3.3] we can easily apply the equation (3.12) to X', Y”, Z’
and V',
For X', we have

pt+aq

X'® Ay = (1dy ©4,,) (Mg ©1dy) Ay (X') = (Idy ©A,,) X X3 X,
This implies that

Ag=4,,(X" @ X"). (3.15)
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For Y’ we have

Y'®A,, = (IdV®AM( p+q®ldv) ’q

() v+ () i)

= (IdV ®qu ( p+q ®IdV)
= (Idy ®A, ) ( + (52 ) X! (XL — }/2’))
®

=Y @ Apg + (32) 7 (X' ® Ay) (X35 — V7)

p+tz)
Therefore, we have

AV @1dy) = A, (X' @ V7). (3.16)

With a computation similar to the previous one, we find for Z’ the following
equality

Ay (Z'@1dy) = A, (X" & Z). (3.17)

For V', we first compute

(Am 1dy) Ay (V)

q

= (0100 (58) v+ ) 0+ (52 2

2
=+ ()T 2 (v - v+ ()T (XD (4 () - 2303)

Hence, we have

V'® Ay, = (1dy ©4,,) (A iy @ Idy) A%y (V)

1
=V'®Apq+ (ﬁ) "(ZX'® Apg) (XQY:’: — Y2/) +

2
(2" <<X'>t“ ® Apg) (Vo + (X5) VY — Z4X5Y5)

p+q
By 4+ ()Y (X)) @ Ayg) (Vi + (X)HV] - Z3X5Y7)

from which we deduce that

A, (V' @1Idy) + Ap,q((X’)tJrl RV =A4,,(2X" @Y. (3.18)
Using (3.17) on the right hand side, we also have
Apg(Z' X' QY") = Ap(X)TH @ Z'Y') = A, ,(X)H @ U') + Ay (X)) 0 V)
which leads to

A, (V' @1dy) = A, (X)) 2 U). (3.19)
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But if we use (3.16) on the right hand instead, we have

A, (27X ov) B A (v(X) 12X ©1dy) = w VA, (V' Z @ 1dy)
= W A (U @ Tdy) + Ay o(V! @ 1dy)
which leads to
Ay (XN @ V) =w A, (U @ 1dy). (3.20)
Finally, by (3.19) and (3.20]), we have
Ap(V(X) "D @ (U) ) = Apg = w1 A4, (U'(X) Ve (V) 7).
which leads to

Apg=wA,, (UWV) T aU V).

LEMMA 3.6. For all x € R0 and all o, f € 73, we have
Aap(r) = aa5[A, 2]
where [A,] = Aw©,0),00) : Rzoq — C and

o p = 5a27_ﬂ2w—%(t(al—062—&)(041—042—/31—1)—061(a1—3)—(t+1)062—/31 (B142t+1))

PROOF. Consider a, 8 € Z3, and let (p, q) € (R.0)* be an admissible pair such

that x = p%q. By equality (3.6)), it is enough to show that

Apq(us ® Ua) = aa,pAp ¢ (U0,0) @ U0,0))-

We show this later equality by using Lemma [3.5| and Lemma [2.10]
We start with the last equality of the Lemma [3.5] We have

Apq(ug ®ug) = w Ay UV UV ™) (up @ ug) = w2 A, (us @ ug).
Hence we have
Apq(up ® Ua) = by, Apq(Up @ Uq). (3.21)
We consider the third equality of the Lemma [3.5
Apq = Ap,q<<v,)_l ® (X,)_(t+l)U/)-
Since X', U’, V' € A are invertible, this equality is equivalent to
Apg = Apa (V)7 0 (X) 0007070,

A straightforward computation shows that

(V)L @ (X)) Y (DX -0 @ (- tyty - yry o) T

_ w—t—% (XtU—(t+1) ® X—t(UV—l)—t) :
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hence, the following equality holds true
Apg=w 34, (XU @ XUV,
Therefore, using Lemma [2.10] we compute

AP:Q<UCY ® uB) - 5a27—,82AP:lI(u04 ® uﬁ)

= Goy o T T A, (XU @ XHUV ) (1 @ up)

- 6!12,—ﬂzw_(t+1)a1+t(a2+ﬁ1)+lAZMI(U(OH—LOQ) ® U’(ﬁh—az))

(D gen (et tar(tlaz 1) 4 a(w

= 50427—,32(") o1 —a1,a2) ® u(ﬁlﬁoﬁ))

1

= 6042,*62("}_2(H—l)a%—HXI(t(02+ﬁ1)_%(t_1))AIMI(u(O,m) ® u(ﬁl,—o@))' (3'22)
The first equality of Lemma [3.5] is equivalent to
Apg = Ap,q((X/)t ® (X))
Since (X')! = (U'V)~!, we use Lemma and the previous equality to compute

Apq(U0.00) @ Uy, —az)) = Apg (UV) @ (UV)™) (u(0,00) @ Uisy,—as))

= w7617t+2‘4p,fI(u(—1,a2) ® u(ﬁl—l,—w))

(P w—ﬂl—t+2w*%(t+l)*(t(a2+51*1)*%@71))‘4})7(1(“(0,&2) ® U, —1—on)

= w VBN AN 4 (1g,00) ® U(E—1,-az))

it —1)—tBi(a
— 3 tHDBLBL =)~ B ( 2+1)AP@(“(0,O¢2) ® u(ﬁl_ﬁlv_‘m))

_ w_%(t+1),8§—61(ta2+%(t—1))Ap7q(u(07a2) ® U(oﬁag))- (3.23)

Using Lemma [2.10} a straightforward computation shows that for all a, 3 € Z3
we have

(X'Y) ' QY (ua @ ug) = (UVHFUY X @ XTYU ™) (uq ® ug)
= (Vt+ly—1X—t ® XtYU_l) (ua®uﬁ) — w(t+1)(a1_a2)(u(al,az—l)®U(61+t+1,62+1))-

Hence, using the second equality of Lemma (3.5 we have

Apq(U0,05) @ U0,-a5)) = Apg (X' (Y)Y (U0,00) @ U(0,-a))

_ w_(t—’_l)azAp,q(u(O,az—l) X U(t+1,—a2+1))

B2  _(tr1)ay —1(t41)— 1)+ (1
B29 | ~(+1)0z,~ 3D ~(t+1) (oa -1+ 5(¢ 1))Ap,Q(u(0,a2—1) ® U0, ~az+1))

_ w—taﬁ%(t+1)Ap’q(u(o,a271) ® U((),faerl))

o —rtas(an+1)+ 2 (t4+1)
=w 2 2 Anq{u(o,az—w) ® U(O,—a2+a2))

140241,
= w2kt 2Ap7q(u(070) ® U(o,o)).
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O
PROPOSITION 3.7. For all o, B € Z4;, we have
Aap(z) —aﬁa [A,27]" (3.24)
Al (@) = agq [A,27'] (3.25)
1 L -1
A ple) = yoahlA.a] (3.26)
PRrROOF. The result follows from the previous Lemma and Lemma [3.1] 0

3.4. Determination of B up to a factor. As we did for A, g, we need to

find an optimal set of generators of A with respect to A” in order to determine
B, for all a, 8 € Z%.

LEMMA 3.8. The elements
X'=xuttv-t y'=yvt v'=u"' V'=Vv! (3.27)
generate A and have the following properties
AL(X") = (U SOV (X)X,
ALY") = (L= o) Yy + R Y(U) Y () XY
ALU") = (1= a) N U3 + 2% (U]) (V) (X]) "D ()
+ (o ) (XD () 2 (X5
ALV") = (1= ) VY 4 2 (U1) D 07) (p) D (g
+ (z — 2)NY(UY)" (X Ze XY
where Z" = (U" + V")(Y")™!
REMARK 3.9. It directly follows form this Lemma that
NUZ") = (L= @)™ 25 + 2~ (X]) ™ (V) 27 (X5)* (3.28)
PROOF. We clearly have A = (X", Y" U" V") since

X — X//<v//)—1(U//)t+1’ Y — Y//(V//)—l
U — (U”)_l, V — (V//)—l

Note that we have the following commutation relations
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The formulae for A are computed in the same way as we did in the proof of the
Proposition 2.8 Indeed, we have the following commutation relations

H H H
F £EF - F EF - F k FE
G G G
H XU Uivi
. -
¢ t
F E , U{/ ‘/1//
' t t+1
G }/1//
which lead to the result. |

LEMMA 3.10. The operator B, , is a solution of the following system of homo-
geneous linear equations

Bp,q = Bp,q(X ® X)

Bpq =By, (XY '®Y)

By =By (Ve X D0)
Bpg=w B, (UV '@ UV™")

PROOF. By Lemma [3.8] we can easily apply the equation (3.12) to X”,Y”, Z"
and U”.
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Since X! = (U") =" DV (X")~!, we have for X",

By ® X" = (B, © 1dy) (Idy ®A”_q> A"y (X") = (Byy ©1dy) X, ' X; 1K
This implies that
By, = Byo(X @ X). (3.29)

Since Y”(U")~t+1(X")71 = Y X!, we have for V"

By, @ Y" = (Byy @ 1dy) (Idy A%, ) A"y (v")

= (Bpq @ 1dy) (Idv ®A7q> ((p+q) vy + ( )% Yle_ng>
= (B,, ® Idy) <Y3’ - (ﬁq)W Yo X5 XY+ (L)Y Y1X11X21X§’>
= (Bp, ®1dy) (YH (7)% (Ylel — Yz) X21X§’>

p+q

=By ®Y" + (p+Q)

2z~

(Bpg @ X") (AT = Y2) X371)
Therefore, we have
B, ,(Idy ®Y) = B, ,(Y X' @ 1dy). (3.30)

With a computation similar to the previous one, we find for Z” the following
equality

Bp,q(ldv ®(X//)—t<vl/)tzl/) — B ((X//)—t(vll)tzl/ ® X_t). (331)
For U”, we use X1 = (U//) t+1)V//(X//> 1 Y”(U”) t+1)<X//) —YX1to

compute first

(1dy @A, ) A, (@)

(IdV®ATq (Hq Ul + <p+q) (U~ (Vll/)t(X{/)—(t—l-l)<X£/>t+1
+ () ™ a0y z o)y
1

= U3 — (35) " ()13 2 — (X)) (V' 21X, ) (33)'Y,

+ (m)ﬁ ((Ué/) (‘/Q’I)t(Xé/)—(t-i-l) + (U{/)_t(‘G’l)t(X{/)_(t+1)X2_(t+l)_
(X)) 2 X5 VX5 ) (X))
Hence, using (3.31)), the equation

By @ U" = (By, ® 1dy) (Idy @ #)A" (") (3.32)
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is equivalent to the following one

0= By, ((U3) (V) (X5)" ") +
. ((U{/)ft(vl//)%X//) (t+1)X (t+1)) qu ((X”) (V//) Z//X tY—QX )

=
B ®

B,, ((Ué/)—t(‘/zll)t<X// t+1 B,, ( (U V” XU (t+1)X2—(t+1)) B

By ((Xz) (V) 232 X5)

A straightforward computation shows that we have the following equalities

(U//)ft(vll>t(X//)7(t+l) :w%(tfl)Xf(z‘#l)V
(X//)—t(vu)tZ//YX—l :w%(t—l) (X—(t+1)U + X_(t+1)V) ‘

Therefore (3.32)) is equivalent to

0=B,, (X;(tJrl)VlX;(tJrl)) B, (X

5 t+1 )
EDp () -B,, (2, 0).
Hence we have
By, (V®Idy) = B,, (Idy X~ VU). (3.33)

In order to find the last equation, we do a slightly different computation from
the previous one. We have seen that (3.32)) is equivalent to

0= By, ((UF) (V) (X7)~ "1 +
By (U (VI)(XY) XD — By (X)) (W) 2 X, 1Y X5 )
= By (U5) (V) (X)~UD) 4 By o (U7) (V) (XT) -0, ) —
W' B,y (X)) 21 Yo X, 1)
Byq (U5) (V) (XE) ") 4 By, (U7) (V) (X)) DX, ) —
w'Byy (ViXTHX)) (V) 27X ).

A straightforward computation shows that

tle (X//) (Vlll)tzi/XZ—(t—&-l) _ w%(t—l)X (t+1) (V +wl, ) X2—(t+1).
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Hence, is equivalent to
0 = By ((U) (V' (X5) D) o By (U1) () (X7) 405 1)
CL,%(t—l)Bp’le—(tJrl) (Vi +w'07) x5
= wi VB, (X;(t“)vg) +wiDB <X1—<t+1>V1X2—(t+1)) _
Wi VB, XY (v i) X, Y
= w20 (B, (X, ") —w ™' B, (X X, )

B2 560 (B,, (X, TIV) —w By (1))

which leads to
w B, (U ®1dy) = B, ,(Idy X~V (3.34)
Using (3.33) and (3.34)), we finally have
B,,(VoU'X")=uw'B, (U VX"

p.q

which implies that
B

p

G =w B, (UVieUV™). (3.35)

LEMMA 3.11. For all x € Ry and all o, B € Z3 we have
Bas(x) = bag [B, 7]
where [[B,]] = B(O,O),(O,O) : R;ﬁo,l — C and

baﬁ _ 5a 7Bw—%((t—l—l)(oq—ozz)(ozl—az—Q)—i—a%—ozg).
PROOF. Consider a, 3 € Z3% and let (p,q) € (R40)? be an admissible pair such
that x = —L. By equality (3.7)), it is enough to show that

pt+q°
By g(ta @ ug) = ba s By g(10,0) ® Uo,0))-

Since the system of Lemma [3.10] is the same as the one of Lemma [2.14] the
computation of b, 3 is the same as the one we did for d), in Lemma [2.15

0
PROPOSITION 3.12. For all o, 8 € Z3, and all © € Ry 1, we have
Bag(z) =b;L [B, 5] (3.36)
B;ﬁ(x) = bgq [[B, mwj]] (3.37)
37 5(x) = b [B,2] (3.38)

PROOF. The results follows from the previous Lemma and Lemma [3.1] 0
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4. Determination of [B, z]

LEMMA 4.1. For all x € Ry, we have

N—-1

@/;iv%l,oiﬁ;év =(l—z)" =
PROOF. We recall that
W= =2)" T D((1-2)F) D)7,
B =o(a-2)%) wh.

Therefore, using equality (1.6) of Lemma [1.2] we compute

_ _ _a\N B
W%,ol/’x,év =0 ((1 — ) N) w%N,o x,év =

LEMMA 4.2. For all x € Ry, we have

S(:5)"

PROOF. By Proposition [2.11] we have

2(N—1)

u0®u0> =(1—x) " ¥ <ﬂg®ﬁo

<ﬂ0 & Ug

<ﬂ0 ® o |S () |up ® U0> = @/’;1,0
X f ((1 —a)¥, (1 I)_%w_l‘(x - 1)%‘*’%)
(1-— x)% (x — 1)_%&)_%
X F ((1 — x)_%afl (l‘ — 1)%w_%
and
<ﬂ0 ® Ug S(ij)i Ug ®Uo> = TZ%O
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Therefore, by the previous Lemma, we have

<ﬂ0 & ’Zjo S (ﬁ>_1 Ug X u0> = ”LE%’OQ/};%<EO (29 ’17,0 S(.T) Ug &® U0>
= (1 — Q})iQ(NiNil)<ﬂg X Ug S(Z‘) Uy @ U0>.
UJ
2(N—1)

PROPOSITION 4.3. For all v € Ry we have [B,z] = (1 —z)” 5 .

PROOF. Let (p,q) € (Rzo)? be an admissible pair such that z = - On the
one hand, using Lemmas and [4.2] and the fact that

1

Berqﬁq(aO) = (IdV ®EO>S (ﬁ)_ )

we have
(i

= [B, ] <EO

Bhp,q(u0> Bp—kq,—q(aa) Ug & u0>

Uy ® u0> = Z [B,z] bo.a <ﬁo

2
Q€L

Uy & u0>

S(:5)"

S(x)

Uy @ u0> = [B, ] <a0 ® g

Bpﬂ,fq(a())

2(N—1)

= [B,a] (1 —2) "% (1
On the other hand, by the definition (3.7)) of B and that
hpq(uo) = S(x)(Idy ®uy),

Ug ®u0>.

we have
Bhp,q(UO) = (Idy ®dq) (S(I) ® Idy) (Idy ®U0 ® Idy)

Therefore, we compute

o
= Y (a

2
Oé,ﬁ,'YGZN

Ug ® Uo ®U0>

Uo ® U0> = <ﬂ0

Bhp,q<u0>

(Idy ®d,) (S(x) @ 1dy)

(Idy ®@dy) |ue ® ug ® u7> <ﬂa ® Ug ® Uy| (S(x) @ Idy) juy ® ug ® u0>

(12.30)

= > dq<“5®7~‘0><50®ﬂﬂ’5(5€) U0®Uo> = <ﬁo®ﬂo S(x) uo®u0>.

2
562‘]\/

Uy @ u0> # 0 we conclude that [B,z] = (1 — q;)Q(NiN_U O

Since <710 ® up|S ()

5. Determination of [A, z]

The computation of [A, x] is more tricky than the one we did for [B, z]. Indeed,
we first need to compute A on another basis of the multiplicity spaces.
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5.1. Another basis for the multiplicity spaces. We consider the following
elements of A
X' =vuv* v =x'yYU ', U=Xx"Vv"1 V=x"U" (5.1)
We have shown in Lemma that they generate A and that they have the same
commutation relations than the set {X,Y, U, V'}, namely

X/
t t
U/ V/
t t+1
Y/
This allows us to consider the element €2 € A which satisfies
X' =0xQ™ Y=QvQl, U=uqt vV =val (5.2)

PROPOSITION 5.1. For any admissible pair (p,q) € (Rzo)?, the following equa-
tion is satisfied for all a € A,

(7 ® 7)A(0) = 8 () (Idy @mpeg@))S' () (5.3)

ptq pt+q

ptq p+q

PROOF. By Lemma [3.3] and equalities [5.2] we have for all a € A, ;
UQ(m, ® 1) A@) Q' = ALy (Umyey(@)27)

where §' (-2-) = Q7018 (1) 9.

Therefore we have
(1, @ my)A(a) = Ql‘lQ;lA’p%q (Q7prq(a)27") 219

= 0700 (1) (Idy @Qmy g ()2 7) 8 (1) 219

pt+q

—1
=070 '5 (52) i (Idy @my4(0) 71051 (52) 0

p+q
= 5 (1) (1dy ©mprg(@)s’ ()
0
For all x € Ry 1, we define
el () = S'(7)(ue ®Idy) and € (v) = (i, ® Idy)S' (z) 7" (5.4)
If (p,q) € (Ry)? is an admissible pair, then by equation (5.3)),

el (ﬁ) €H,, and &, (ﬁ) €Hpy Vac€Zi.



5. DETERMINATION OF [A,z] 85

Moreover, {e’ ( L )} 2 and {é’a (L>} 2 form dual bases of H,, and H,,
« aCeN

@ \p+a % p+q
respectively, where the duality is reflected by the relations
—/ / .
e (7)o (5%5) = a1y, (5.5)
and
> () (34) = v e ldy (56)
aEZ?

~In order to keep track of the difference between H,, , and H, 5, and H,, and
Hop g Tespectively, where A € R, we define, for all admissible pairs (p, q) € (R.0)?,
the following isomorphism

hyy: V= Hpq and R V" — M,
by
W) =, (2), B (1) =€, (2), Va€Zi.

We are now going to express how the operator A acts on the basis {h;ﬁq (ua)}

Q€Z3,
of H, 4. In order to do so, we introduce an analogue of the linear forms A, , and
Bpg.

5.2. The linear form A/ . For any admissible pair (p,q) € (Rx)?, we define
the linear form A} :V®* — C by

A;,q(uﬁ ® Ua) = <h,—p,p+q(u6)7 Ah;77q(ua)>
By definition, for any «, 8 € Z% we have
Ah;,q(ua) - Z A;D,q(uﬁ ® uo‘)ﬁl—p,pﬂ(uﬂ)
BEZ?,

In order to determine A}, , we define for any = € R 1, as we did for A, , and By,
the algebra morphism A2; A — A®? by
Al(a) = PS'(z)" Y (Idy ®a)S’(z) P (5.7)

Using the graphical calculus, we find that the following equality holds true for
any admissible pair (p,q) € (R4)? and any a € A

a® Ay, = 1y ©4;,) (A% @ 1dy) A% () (5.8)

p+q

It turns out that This equality will help us to determine A7, .
LEMMA 5.2. For any x € R we have
AYX') = X[ Xa, AY(Y') = anY] + (1 - 0)vw T2 X[V,
ALU) =¥ Uy + (1= 2)¥ (X)) T + (v — 2%) Vw2 (X3)"Y) 2o,
AS(V!) = 2¥ V] 4+ (1 — ) YV, + (2 — 2?) Vw2 Z] XY,

2zl z|w
=~ =~
2"‘ 2‘)—‘

(X
(X
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and
A(Z) = a¥ 7 + (1 — 2) V'3 (X)) Zs
where Z' = (U' + V') (Y')~L.
PROOF. The formulae for A? are computed in the same way as we did in the
proof of the Proposition Since we have
QX'Q7 =W XTIUCHIY, QYT = Wt XY U0,
QU'QTt = XUV QV'Qt = Xy -y

and also have the following commutation relations, where we use the notation

a® = QaQ ! fora € {X", Y U, V'},

H H H
F E > F E - F k E
G G G
H X3 Xs
- -—
. t+1
F ‘ B Vi
t t+1
G Yy
a straightforward computation leads to the result. O

LEMMA 5.3. The operator A, is a solution of the following system of homoge-
neous linear equations

A=A (X®X)

A=A (XY '®Y)
A=A (VeXx DY)
A =wA (UVTT UV

PROOF. Using the equality (5.8) and the previous Lemma, the proof is the
same as the one of Lemmas 3.5 and B.10l O
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Since the system for A} is the same as the one for B, ,, we deduce that for
any a, 8 € 73, we have

Ay (15 @ 1) = b g A (52) (5.9)
where

baﬁ — 5(] 76(/&]—%((t'i‘l)(Oél—062)(011—042—2)"!‘06%—0!2) (510)
and AIO (ﬁ) = A;),q(u((),()) & U((Lo)).

LEMMA 5.4. For any x € R4 1, we have Ay (z) = o

PROOF. Let (p,q) € (R)? be an admissible pair and x = -£-.

p+q
On the one hand, using equality (5.9) and the fact that
1

By piq(T0) = (@ @Tdy)S" (357)
we have

(o

Ug ® UO>

Uy ® u0> = > Ay(x)boa <@0

2
aEZy;

l_l/*p:erq (ﬂa)

Ah;,q(UO)

Uy & UO> = Ag(l’) <a0 & Ug Uy & U0>.

| _ . -1
= A6 ($) <u0 h,—p,p-i-q(uo) s’ (ﬁ)
On the other hand, by the definition (3.7)) of A and that
hp (o) = §'(2) (uo ® Idy),

we have
Ahy, (ug) = (d—p ® Idy) (Idy ®5'(2)) (Idy @ue ® Idy).

Hence, we compute

(10
= Y (u

a,B,7€Z3,

= Z d_p(uo ® Uﬂ)<ﬂ5 & Ug

BeZ?,

(d-p ®1dy) (1dy ©5(x)) |un © 1y @ up)

Ah, ,(uo)|up ® u0> = <ﬂ0

(S(2) @ 1) [ug @ 100 @ o)

(d_p @1dy)|ue @us® u7> <aa ®Ug @ Uy

S'(x)|up ® u0> <a0 ® 1g|S"(x)|ug ® u0>.

Therefore, we have

S'(z) Ty ® u0>. (5.11)

Up @ U0> = A6($)<ﬂ0 @ 1o|S" (%)

<TL0 X Ug
Since we have

01X — wt+%X—1U—(t+1)‘/’ 0-1y'Q — wtféX—IYU—(l%l)’

QU = X"yt Q V0 = XDy e (5.12)
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we can compute <H# ® EV‘S/(x) Uy & u5>, for any

Uy & u5> and <ﬂ# ® EV'S’(x)_l
a, B, v € Z%;, as we did for S(z) and S(z)~!. In particular, we have the following
equalities

S(z)™!

S ()

Uo ® U0>

Uo ® U()> = <ﬂ0 ® ﬂ()

()

<TL0 & Ug
(w00 /S ()"
But, by Lemma [1.2] we have
<ao ® 1S (%) S (x) " fup ® u0>
We use this last equality in equality to end the proof. O

Uy K U0>.

Uo ® U0> = <ﬂ0 ® ﬂo

2(N—

U0®UO>E(1—£IZ’)7 N1)<ﬂ0®l_bo

5.3. Change of basis. For all z € Ry, the bases {e,(1 —x)}aez?v and

{e’a(:z:)}aez?V lie in the same multiplicity space. Therefore, for all a, 8 € Z3;, we
can write

Ca(r) = > cap(r)es(l— ) (5.13)

Bez?,

where ¢, g(x) € C is given by

Cap() = (E5(1 — 2)el(2)) B2 ((Idy @i1g) S(1 — 2) 7S (2) (10 @ 1dy))  (5.14)
In the next proposition, we are going to show that the choices we have made for

Vr0 and 1, (see (2.6) and (2.9)) makes ¢, 5(x) independent on x. More precisely,
we will show that the product S(1 — z)~1S’(x) does not depend on x. In order to
do so, we need the following Lemma.

LEMMA 5.5. For all z € Ry and all U € A such that UN = —1, the operator
Uy, (w U H W, (U)
does not depend on x. Moreover, if we write
P(U) = U, (w'UHT,(U),
we have
o (wU)
o(U)

PROOF. It is enough to show that the N-th power of ¥;_,(U)¥,(U) does not
depend on z. Hence, using equalities (2.4)) and (2.8)), we have

= —wU (515)

1

Uy (w UM TLU)Y = G BN N TN (21— )T T D(1)°x
D(¥) D(a-a)%) DU (52)F) D(wU(E)Y)

-1
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Considering the last factor and using Lemma [1.2] we easily compute

N—-1

D (WU (1)) = NV (u(e - 1)) D(1) 2D (U (122) )

X
Hence we have

1

Uy (W UYL (W)Y = Y, NN Y D()'D (2%) T D (1 - 2)%)  1dy.
Therefore, the choices we have made for v, o and v, (see and (2.9)) give
Uy, (W UYL (V)Y = (-1)"F NVD(1)*1dy .
Finally, by definition of ¥,(U), we have

PwlU) Uy ,(w2U )T, (wU) By, (w 20T, (wl)

OU) Uy, (w U NT,U) Ty, (ww 20T,
(1—2)v —avwU _ (1—xz)v

2¥ = (I—z)vw U= (—w U (1 - 2)¥ —2vwU)

PROPOSITION 5.6. For all x € Ry, there exists numbers {cap}, gezz C C
) N
such that

eL(x) = > capes(l —x). (5.16)

BeZ?,

PROOF. By equality (5.14) it is enough to show that S(1 — z)~15’(x) does not
depend on x. Let us recall that

E=-Y'X\Y,, F=U'X""E™', G=U,V,'F, H=U,V;'E,
and that we have the following commutation relations

H
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We start by the following computation

QU (E)Q' Q' LUV, X) T = 0y, (—(Y)) ' XYY LUV, X)

= LUV, X)W, (-LU'V, X)(Y{) "' X{Y,L(U'V, X))
= LUV, X) "0, (—(Y) ' XY L(w UV, w " ' X)L(U'V, X))
B LU, X)L (- (V) X O G )
= LUV, X) "W, (w'G™). (517)

By doing similar computation we get

QU (RO LU, X) T = LUV, X)Wy, (W' HTY), (5.18)

QU ()G LUV, X) ™ = LUV, X)W, (w 0V, THY) (5.19)
and

QU (H)Q' Q' LUV, X) ™ = LUV, X) ", (0 ' VTG L (5.20)
Hence we have

S(1—2)7'8'(x) = WWCwlwlﬂﬂ)lm()@kAFﬁhﬁUD
x QU LUY, X)) TN, (H) U, (G, (F) U, (E) Q19

= LUV, X)W, (H) ¥,
xL(UtV,X) (G ) (H)
:L(Utv X)~ Wy, I(H) 1-2 (G) Q;lﬂgl
x 0V, (F)Q'Q LUV, X)W, (H)®(G)V, (F) W, (E) 4,
= LUV, X)Wy, (H) U1, (G) 7'y

X L(U'V, X)T'O(H)D(G)V, (F) ¥, (E) 0
= LUV, X)W, (H) Q7' 000, , (G) Q7 LUV, X))~
X O(H)®(G)V, (F) ¥, (E) 0
= LUV, X) ' 0 0 000, (H) Q7O LUV, X))~
X U, (0 ' UV "H ) @(H)D(G)V, (F) U, (E) 4y
= LUV, X)"' Q' LUV, X)W, (w0 ' VTG
X U, (W' UVy "H ) @(H)®(G)V, (F) U, (E) Q. (5.21)
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Now we also have

Uiy (w UV " HY) ©(H)®(G) = @(H)P(G) Wy, (w ' F7Y).
Indeed, using equality (5.15)) we have

Uiy (w UV, "HY) @(H) = ©(H) Uy, (®(H) 'w UV, "H ' O(H))
=O(H)V_, (P(H) '®(wH)w ' UV, 'H™)
CD ()b, (—wH)w sV HY) = B(H) Ty, (—w ' UaVy ),

and

Ty, (w0 V) 2(G) = 2(G) T, (2(G) 7 (~w UaVy

BLI(E)
= ®(G)T, (O(G) 10w G) (~w TRV; )

()1, (G 0y ) = B(O) i, (W),

A similar computation gives
Ui, (w ' VT'GTY @(H)R(G) = (H)P(G) Ty, (w 'ETY).

Therefore (5.21]) becomes

S(1—2)"'S(z) = LUV, X) ' O LUV, X) M0, (w0 'O VTG
X Uy (W URVy HHY) O(H)D(G) U (F) B (B) 2162y

= LUV, X)'O0 O LUV, X) T, (w0t U VTG ©(H)R(G)
X Uy (W F) W, (F) U, (E) 40
Ty
0

= LUV, X) 7070y LU X) T B(H)B(C) T, (T ET) Q (F) T, (E) 29,
= LUV, X) 7070y LU, X) T B(H)B(C)Q(F) Ty, (w0 B Wy (B) 29

= LUV, X)7'Q 0y ' LUV, X) T 0(H)2(G)(F) D (E) 2y
which ends the proof.

UJ
5.4. Determination of [A, z].

PROPOSITION 5.7. For all & € Rq1, we have [A,z] = e N~ P

PROOF. Let (p,q) € (Rzo)? be an admissible pair and 2 = -L € R ;. Using
P )
Lemma [5.4] and equalities (5.16) and (5.10) we compute

[A, 2] = (h—pprq(uo), Ahpq(uo)) Z co,a0,5(h

« ,BEZQ

p,p+q (o), Ah;,q(uo»

2(N—1)
- A6(1 o .T) Z Covacoaﬁbawg =z N Z CO,OcCO,—aba a-

2 2
o, BELY, a3y
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Thereby, we need to compute cy,. In order to do so, we use the last equality of
the previous Lemma, namely

S(1—2) 'S (x) = LUV, X)'Q QS LUV, X)L 0(H)®(G)D(F)P(E)Q 8.

Hence we have

S(1— )18 (z)|up ® u0>

o = (T ® T,

= (0@, LUV, X) 7005 LUV, X) 7 (H)@(G)D(F)B(E) D |ug®un).

Let us write

= Z Om(—

meZyN

where ¢, € C, for any operator U € A%®? such that UY = —Idye2. Using (5.15)), we

easily see that for any m € Zy we have ¢,, = pow —gm(m=1) hus, using equalities
(5.12)) and by doing similar computation we did for S(x) and S(z ) , we find

- —L(m+n
S(1 — )75 (z) ug ®U0> = 50,041(t+2)60,a2§03 Z W™z,

m,neZN

Since (t+2)2 =3(t+1) mod N and N ¢ 3N, ¢ + 2 is invertible in Zy, we have

Co.a = 00,000 Y w —3(mtn)® = 0.0 N > w” 38

mneZn SELN

Co,a = <ﬂ0 & Uq

Because > sez, w2 is the Gauss sum g(—(NQ;l); N) = +eyNz (see [3] for details),
we conclude that

Coq = j:(SO,asDéENN%.
Using the following Lemma, we finally get

2(N-1)

[A,2] = AN 2™~

LEMMA 5.8. The following equality holds true
po=N""
Using this Lemma, we have
Coo = +000en N7,
PROOF. Let U be an operator such that UY = —1. By definition we have
U)= 3 pow 2 D(=U)"

SELN
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and

(I)(U):\Illfx( 71U Z Z ¢1 x,m— swxmw m(_ )S'

SEZN MELN

This implies in particular that

Yo = Z QZx,ml/_Jl—x,mw_m-

meZN

Using ([2.7) we have for any m € Zy
&x,m@lfz,mwim = (&x,or&lﬁv,(}w ((1 - x)iﬁ ‘m) w (xiﬁ |m) wm.

Since

I-(1-2 -2
(1 —-0M)(1—0N)

|
S

we can use the function F (5 v z) and we have

Yo = &x,O&l—x,OF <(1 _g) 0

Now we use formula (C.8) of [9] which is
P UZ)NZUWDu)D (525) Plaw)D (%) D (%)
y v D(yw)D(ew)D (£) D () D (3)

Using Lemma on the factor D (;}—Z), D (5), D ( ) nd D(zw) we get

Y

1

” ((1 — )N W

; . w) = D)D (2%) D((1-a)¥) .

The equalities (2.6)) and (2.9)) then imply that

TN T l—2z)™ =W
= gow{\[—x,OF (( 0) 0

Finally, we show that
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For any z € C\ {0} and we compute

N-1

H (1—aw) = H —zw! ) (1 — 27 tw™I)d
j=1

N-1
N(N—1) N(N—1)(2N— N(N 1
=(-1)"7 w 6 H (1 — otV
7=1
N N_—
N(N—1) N(N-neN-1) ~Nv-1) (1 — 2N N-1 TN
:(—) 2 W 6 T~ 2 — H(]__x wﬂ)]
1 -2 et
]_
N
NN—1) Nv-neN-1)  ~ov-y (1 —zN -1
=(-1)"7 w 6 xT 2 | D(x™)
— X

N(N-1) N(N-1)(2N-1)

= ()T W e NN T (@)Y DY)
Since N is odd and N ¢ 3N that implies that W=DEN-D g an integer. Hence

6
N(N—1)(2N—1)
6

= 1 and we get
N(N-1) N(N—1)

D(x)D(z™") = (=1)" = NVa™ = o(x)".
By Lemma we have
_ _N(N-1)
D(a)D(z") = D(1)%a "5 o)™
which ends the proof. 0
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