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Résumé

La théorie que nous développons dans cette thèse trouve ses origines dans
la littérature de physique quantique basée sur la théorie du moment cinétique
et ses développements ultérieurs dans la littérature mathématiques, notamment
par Turaev et Viro. Ces derniers ont été les premiers à observer que la catégorie
des représentations du groupe quantique Uq(sl2) permet de construire des invari-
ants topologique de 3-variétés. Ces invariants sont obtenus comme somme d’état
sur 3-variétés triangulées. Les ingrédients principaux des sommes d’état sont les
6j-symboles. Les 6j-symboles sont naturellement associés aux tétraèdres combina-
toires. Dans le cas de la théorie de représentation de dimension finie du moment
cinétique, ainsi que de sa q-déformation, la valeur numérique d’un 6j-symbole est
déterminée par six représentations irréductibles associées aux arêtes d’un tétraèdre.
En particulier, les 6j-symboles réalisent explicitement les symétries tétraédriques.
Dans la théorie de Turaev-Viro, une spécification du paramètre de déformation
aux racines de l’unité permet de considérer un ensemble fini de représentations
irréductibles dans la catégorie de représentation. L’invariant de 3-variétés est alors
obtenu en sommant sur tous les coloriages des arêtes d’une triangulation par des
représentations de cet ensemble.

Une construction analogue aux invariants de Turaev-Viro est due à Kashaev.
Ses invariants furent définis comme des sommes d’état sur les triangulations de
paire (M,L), où M est une 3-variété et L ⊂M est un entrelacs, en utilisant des
versions chargées des 6j-symboles associées à certains modules de la sous-algèbre de
Borel de Uq(sl2). Ses invariants le conduisirent à la fameuse conjecture du volume.
La particularité de ses 6j-symboles, construits à l’aide du dilogarithme quantique
défini par Faddeev et Kashaev, est qu’ils ne dépendent que d’une variable continue
et que les symétries du tétraèdres sont implicitement réalisées par des matrices de
transformation non-triviales.

Ces invariants ont été généralisés de deux façons. Une généralisation topologique
permit à Baseilhac et Benedetti de définir des invariants quantiques hyperbolique
de 3-variétés en utilisant les mêmes 6j-symboles chargés. Ils interprétèrent les
variables continues complexes déterminant les 6j-symboles comme les paramètres
tétraédriques de tétraèdres idéaux dans les équations de recollement de Thurston.
Cela leur permit de construire des invariants quantiques qui sont des fonctions sur
les variétés de deformation de 3-variétés à cusp.

Ce carde topologique a été utilisé, dans une certaine mesure, dans l’autre général-
isation due à Geer, Kashaev et Turaev. Cette construction est une généralisation
au niveau de la théorie des catégories de la construction de Kashaev-Baseilhac-
Benedetti. La notion de Ψ̂-système dans une catégorie monoïdale abélienne y
est introduite. Elle fournit un carde général pour la construction de 6j-symboles
chargés. Cependant, dans ce contexte, la dépendance des 6j-symboles en leurs
variables continues ne se réduit pas nécessairement à une seule variable. Ainsi,
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leur interprétation en termes de paramètres tétraédriques de tétraèdres idéaux
hyperboliques n’est pas évidente.

Le résultat principal de cette thèse est la construction d’un Ψ̂-système dans
la catégorie de modules d’un groupe quantique relié à Uq(sl3) donnant lieu à une
famille d’invariants de 3-variétés. Bien que les 6j-symboles de cette construction
proviennent d’un groupe quantique différent de Uq(sl2), ils sont similaires à ceux
de la théorie de Kashaev-Baseilhac-Benedetti du fait d’être construits à l’aide
du dilogarithme quantique. En effet, ils dépendent aussi d’une seule variable
permettant une interprétation en termes de paramètres tétraédriques de tétraèdres
idéaux hyperboliques.
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NOTATIONS ix

Notations

In this thesis we will use the following notations:
(1) R6=0 = R\ {0}
(2) R6=0,1 = R\ {0, 1}
(3) ZN = Z/NZ
(4) V = CN ⊗ CN

(5) For any linear basis {vα}α∈ZN of CN , we will denote by
¶
v(α,β)

©
α,β∈ZN

the
associated basis {vα ⊗ vβ}α,β∈ZN of V

(6) A = End(V)
(7) If x, y ∈ C are such that xN = yN , we will write x ≡ y





Introduction

The theory we develop in this dissertation can be traced back to original con-
structions in quantum physics literature based on the theory of quantum angular
momentum [11] and subsequent developments in mathematics literature, notably
by Turaev and Viro [13] who first observed that the category of representations of
the quantum group Uq(sl2) gives rise to topological invariants of 3-manifolds. The
invariants are obtained as state sums on triangulated 3-manifolds. The key ingredi-
ents of the state sums are the 6j-symbols. The 6j-symbols are naturally associated
with combinatorial tetrahedra. In the case of finite dimensional representation
theory of the angular momentum, as well as of its q-deformation, the numerical
values of 6j-symbols are specified by six irreducible representations associated with
the edges of the tetrahedron. In particular, they realize explicitly the tetrahedral
symmetries. In the Turaev-Viro theory, a specification of the deformation parameter
to roots of unity allows to separate a sector in the representation category with a
finite set of irreducible representations, and the 3-manifold invariant is obtained by
summing over all labelings of the edges of a triangulation by representations from
this finite set.

A related construction to the Turaev-Viro invariants was done by Kashaev
in [6]. His invariants were defined as state sums on triangulations of the pair
(M,L), where M is a 3-manifold and L ⊂ M is a link, using charged versions
of 6j-symbols associated to certain modules of the Borel subalgebra of Uq(sl2).
These invariants led him to the famous volume conjecture [7]. The particularity
of his 6j-symbols, constructed using the quantum dilogarithm function defined by
Faddeev and Kashaev in [4], is that they depend on a continuous variable and the
tetrahedral symmetries are realized implicitly through non-trivial transformation
matrices.

These invariants have been generalized in two ways. A topological generalization
has been done by Baseilhac and Benedetti in [1] where they define quantum
hyperbolic invariants of 3-manifolds using the same charged 6j-symbols. They
interpreted the complexified continuous parameters, entering the 6j-symbols, as
shape variables of ideal tetrahedra in Thurston’s gluing equations. This enabled
them to construct quantum invariants which are functions on deformation varieties
of cusped 3-manifolds.

This topological framework has been used, to some extend, in the other general-
ization done by Geer, Kashaev and Turaev in [5]. This construction is a categorical

1



2 INTRODUCTION

generalization of the Kashaev-Baseilhac-Benedetti construction. It introduces the
notion of a Ψ̂-system in a monoidal abelian category which provides a general
framework for charged 6j-symbols. However, in this general context, the depen-
dence of 6j-symbols on continuous variables does not necessarily reduce only to
one variable, and thus the interpretation in terms of the shapes of hyperbolic ideal
tetrahedra is not evident.

The main result of this thesis is the construction of a Ψ̂-system in the category
of modules of a quantum group related to Uq(sl3) leading to a family of 3-manifolds
invariants. Although the 6j-symbols involved in this construction come from
another quantum group than Uq(sl2), they are similar to the one used in the
Kashaev-Baseilhac-Benedetti theory in the sense that they are also constructed
using the quantum dilogarithm. They also only depend on one parameter allowing
interpretation in terms of shapes variables of ideal hyperbolic tetrahedra.

This dissertation splits into two Chapters. Chapter 1 is devoted to the con-
struction of the Ψ̂-system. Chapter 2 is devoted to technical computations. In the
rest of this introduction, we explain the definition of our invariants.

1. H-triangulation of (M,L)

Let M be a closed connected oriented 3-manifold. A quasi-regular triangulation
T of M is a decomposition of M as a union of embedded tetrahedra (3-simplices)
such that the intersection of any two tetrahedra is a union (possibly, empty) of
several of their vertices (0-simplices), edges (1-simplices) and faces (2-simplices).
Quasi-regular triangulations differ from the usual triangulations in that they may
have tetrahedra meeting along several vertices, edges, and faces. Note that each
edge of a quasi-regular triangulation has two distinct endpoints. In the sequel, we
denote Λi(T ) the set of i-simplices of T for i ∈ {0, 1, 2, 3}.

Consider a non-empty link L ⊂ M . An H-triangulation of (M,L) is a pair
(T ,L) where T is a quasi-regular triangulation of M and L ⊂ Λ1(T ) is such that
each vertex of T belongs to exactly two edges of L and L is the union of the
elements of L.

Proposition 1.1 ([1], Proposition 4.20). For any non-empty link L in M , the
pair (M,L) admits an H-triangulation.

H-triangulations of (M,L) can be related by elementary moves of two types,
the H-bubble moves and the H-Pachner 2-3 moves. The positive H-bubble move on
an H-triangulation (T ,L) starts with a choice of a face F = v0v1v2 ∈ Λ2(T ), where
v0, v1, v2 ∈ Λ0(T ), such that at least one of its edges, say v0v1, is in L. Consider
two tetrahedra of T meeting along F . We unglue these tetrahedra along F and
insert a 3-ball between the resulting two copies of F . We triangulate this 3-ball
by adding a vertex v3 at its center and three edges connecting v3 to v0, v1, and v2.
The edge v0v1 is removed from L and replaced by the edges v0v3 and v1v3. This
move can be visualized as the transformation
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v0 v1

v2

v0
v1

v2

v3

where the blue edges belong to L. The inverse move is the negative H-bubble move.
The positive H-Pachner 2-3 move can be visualized as the transformation

v0

v1

v4

v2

v3

v0

v1

v4

v2

v3

This transformation preserve the set L. The inverse move is the negative H-Pachner
move; it is allowed only when the edge common to the three tetrahedra on the right
is not in L.

Proposition 1.2 ([1], Proposition 4.23). Let L be a non-empty link in M .
Any two H-triangulations of (M,L) can be related by a finite sequence of H-bubble
moves and H-Pachner moves in the class of H-triangulations of (M,L).

2. Charge on (T ,L) and R-coloring of T
A charge on T ∈ Λ3(T ) is a map c : Λ1(T )→ 1

2
Z such that

(1) c(e) = c(e′) if e, e′ are opposite edges,
(2) c(e1) + c(e2) + c(e3) = 1

2
if e1, e2, e3 are edges of a face of T .

We denote Λ1
3(T ) = {(T, e)|T ∈ Λ3(T ), e ∈ Λ1(T )} and consider the obvious pro-

jection εT : Λ1
3(T )→ Λ1(T ). For any edge e of T , the set ε−1

T (e) has n elements,
where n is the number of tetrahedron adjacent to e.

A charge on (T ,L) is a map c : Λ1
3(T )→ 1

2
Z such that

(1) the restriction of c to any tetrahedron T of T is a charge on T ,
(2) for each edge e of T not belonging to L we have ∑e′∈ε−1

T (e) c(e
′) = 1,

(3) for each edge e of T belonging to L we have ∑e′∈ε−1
T (e) c(e

′) = 0.

Each charge c on (T ,L) determines a cohomology class [c] ∈ H1(M ;Z/2Z).



4 INTRODUCTION

Proposition 2.1 ([1], Lemma 4.10). Let (T ,L) and (T ′,L′) be H-triangulations
of (M,L) such that (T ′,L′) is obtained from (T ,L) by an H-Pachner move or an
H-bubble move. Let c be a charge on (T ,L). Then there exists a charge c′ on
(T ′,L′) such that c′ equals c on all pairs (T, e) ∈ Λ1

3(T ) such that T is not involved
in the move and for any common edge e of T and T ′,

∑

a∈ε−1
T (e)

c(a) =
∑

a′∈ε−1
T ′ (e)

c′(a′).

Moreover, [c] = [c′].

A R-coloring of T is a map Φ from the oriented edges of T to R∗ such that
(1) Φ(−e) = −Φ(e) for any oriented edge e of T , where −e is e with the

opposite orientation,
(2) Φ(e1) + Φ(e2) + Φ(e3) = 0 if e1, e2, e3 are edges of a face of T with the

following orientations:

e2 e1

e3

A R-coloring Φ represents a cohomology class [Φ] ∈ H1(M,R).

3. State sum

The main result of this thesis is the construction of a Ψ̂-system in a particular
monoidal abelian category. This allows us to construct a state sum invariant of
any tuple (M,L, [Φ], [c]). The key ingredients in this state sum are the charged
6j-symbols S(z|a, c)±1 ∈ A⊗2 and more precisley their matrix elements. We give
explicit expression of the matrix elements, using a suitable basis {uα}α∈Z2

N
of V and

its dual basis {ūα}α∈Z2
N
(defined in Lemma 2.9). Fix an integer t, a natural number

N /∈ 3N which divides t2 + t + 1 and a primitive N -th root of unity ω. Remark
that N is odd. Therefore, for any a ∈ 1

2
Z, we will write ωa instead of ωa(N+1). For

any z ∈ R 6=0,1, any a, c ∈ 1
2
Z and any α, β, µ, ν ∈ Z2

N we have≠
ūµ ⊗ ūν

∣∣∣∣S(z|a, c)
∣∣∣∣uα ⊗ uβ

∑
=
≠
ūµ ⊗ ūν

∣∣∣∣S(z)
∣∣∣∣uα ⊗ u(β1−2ta,β2)

∑
×

(za(1− z)c)
4(1−N)
N ωa(2c−2tβ1−β2)+2(t+1){a(a+µ1)+c(β1−ν1)}+(2t+1){a(µ2+1)+c(β2−ν2)}

and≠
ūµ ⊗ ūν

∣∣∣∣S(z|a, c)−1
∣∣∣∣uα ⊗ uβ

∑
=
≠
ūµ ⊗ ū(ν1+2ta,ν2)

∣∣∣∣S(z)−1
∣∣∣∣uα ⊗ uβ

∑
×

(za(1− z)c)
4(1−N)
N ωa(2c−2tν1−ν2)+2(t+1){a(a−α1)+c(β1−ν1)}+(2t+1){a(α2+1)+c(ν2−β2)}
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where 〈ūµ⊗ ūν |S(z)|uα⊗uβ〉 and 〈ūµ⊗ ūν |S(z)−1|uα⊗uβ〉 are given in Proposition
2.11 and where the Nth root is chosen to be the unique real root.

Let (T ,L) be an H-triangulation of (M,L). Fix a total order on Λ0(T ) and
consider a R-coloring Φ of T , a charge c on (T ,L) and a map α : Λ2(T ) → Z2

N .
From this data, we define the state sum as follows. Let T be a tetrahedron of T
with order vertices v0, v1, v2, v3. We say that T is right oriented if the vertices v0, v1

and v2 go round in the counter-clockwise direction when we look at them from v3

in the increasing order. Otherwise, T is left oriented. Set
p = Φ(−−→v0v1), q = Φ(−−→v1v2), r = Φ(−−→v2v3)

where −−→vivj is the oriented edge of T going from vi to vj. Then set

z =
pr

(p+ q)(q + r)

and denote cij = c(vivj) and αi = α(vjvkvl) for {i, j, k, l} = {0, 1, 2, 3}. We
associate the following matrix element to the tetrahedron T

T (Φ, c, α) =





〈
ūα2 ⊗ ūα0

∣∣∣S(z|c12, c23)
∣∣∣uα3 ⊗ uα1

〉
if T is right oriented,〈

ūα3 ⊗ ūα1

∣∣∣S(z|c12, c23)−1
∣∣∣uα2 ⊗ uα0

〉
if T is left oriented.

(3.1)

and we define the state sum as follows
KN(T ,L,Φ, c) = N−2|Λ0(T )|∑

α

∏

T∈T
T (Φ, c, α) ∈ C. (3.2)

Theorem 3.1. Up to multiplication by integer powers of ω, the state sum
KN(T ,L,Φ, c) depends only on the isotopy class of L in M and the cohomology
classes [Φ] ∈ H1(M,R) and [c] ∈ H1(M,Z/2Z) (and does not depend on the choice
of Φ and c in their cohomology classes, the H-triangulation (T ,L) of (M,L), and
the ordering of the vertices of T ).

The statement of our Theorem is a direct adaptation of Theorem 29 of [5]. The
reason why KN(T ,L,Φ, c) is invariant only up to multiplication by integer powers
of ω is explained in Section 5 of Chapter 1.





CHAPTER 1

Construction of a Ψ̂-system

1. The Hopf algebra Aω,t and its reduced cyclic modules

The two-paramerter quantum groups Ur,s(sln) have been introduced by Takeuchi
in [12]. In [2], r and s are non zero elements in a filed K such that r 6= s and
Ur,s(sln) is defined as the unital associative algebra over K generated by elements
k±1
i , (k′i)

±1, ei, fi (1 ≤ i < n) which satisfy the following relations

(R1) The k±1
i , (k′j)

±1 all commutes with one another and kik−1
i = k′j(k

′
j)
−1 = 1,

(R2) kiej = rδi,j−δi,j+1sδi+1,j−δi,jejki and kifj = rδi,j+1−δi,jsδi,j−δi+1,jfjki,

(R3) k′iej = rδi+1,j−δi,jsδi,j−δi,j+1ejk
′
i and k′ifj = rδi,j−δi+1,jsδi,j+1−δi,jfjk′i,

(R4) [ei, fj] =
δi,j
r − s(ki − k′i),

(R5) [ei, ej] = [fi, fj] = 0 if |i− j| > 1,

(R6) e2
i ei+1 = (r + s)eiei+1ei + rsei+1e

2
i ,

eie
2
i+1 = (r + s)ei+1eiei+1 + rse2

i+1ei,

(R7) f 2
i fi+1 = (r−1 + s−1)fifi+1fi + (rs)−1fi+1f

2
i ,

fif
2
i+1 = (r−1 + s−1)fi+1fifi+1 + (rs)−1f 2

i+1fi.
As a Hopf algebra, the coproduct ∆ : Ur,s(sln)→ Ur,s(sln)⊗Ur,s(sln) is such that

k±1
i , (k′i)

±1 are group-like elements, and the remaining coproducts are determined
by

∆(ei) = ei ⊗ 1 + ki ⊗ ei, ∆(fi) = 1⊗ fi + fi ⊗ k′i.

Therefore, the counit ε : Ur,s(sln) → K and the antipode γ : Ur,s(sln) → Ur,s(sln)
are given by

ε(ki) = ε(k′i) = 1, γ(ki) = k−1
i , γ(k′i) = (k′i)

−1,
ε(ei) = ε(fi) = 0, γ(ei) = −k−1

i ei, γ(fi) = −fi(k′i)−1.

When r = q and s = q−1, Ur,s(sln) modulo the (Hopf) ideal generated by the
elements k′i − k−1

i , 1 ≤ i < n, is Uq(sln).
7
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The algebra Aω,t that we are about to introduce, is obtained as a certain
quotient of the Borel subalgebra BUr,s(sl3) of Ur,s(sl3) generated by k±1

i , ei, for a
certain choice of r, s ∈ C.

1.1. The Hopf algebra Aω,t. We fix an integer t, a natural number N /∈ 3N
which divides t2 + t+ 1 and a primitive N -th root of unity ω. Remark that N is
odd and N and t are relatively prime.

The Hopf algebra Aω,t is defined as the quotient of BUωt,ωt+1(sl3) by the Hopf
ideal generated by kN1 − 1 and k2 − kt1. Therefore, the generators k1, e1 and e2

satisfy the following relations

kN1 = 1, k1e1 = ω−1e1k1, k1e2 = ωt+1e2k1,
e2

1e2 = (ωt + ωt+1)e1e2e1 + ω2t+1e2e
2
1,

e1e
2
2 = (ωt + ωt+1)e2e1e2 + ω2t+1e2

2e1.
(1.1)

The coproduct ∆ : Aω,t → Aω,t ⊗Aω,t is given by

∆(k1) = k1 ⊗ k1, ∆(e1) = e1 ⊗ 1 + k1 ⊗ e1, ∆(e2) = e2 ⊗ 1 + kt1 ⊗ e2, (1.2)

the counit ε : Aω,t → C by

ε(k1) = 1, ε(e1) = 0, ε(e2) = 0, (1.3)

and the antipode γ : Aω,t → Aω,t by
γ(k1) = k−1

1 , γ(e1) = −k−1
1 e1, γ(e2) = −k−t1 e2. (1.4)

1.2. Reduced cyclic Aω,t-modules. In what follows, all the vector spaces
are finite dimensional C-vector spaces.

Let {vα}α∈ZN be the canonical basis of CN , where the index α taking its values
in the set {0, 1, . . . , N − 1} is interpreted as an element of ZN . Let X,Y ∈ End(CN )
be the invertible operators defined by

Xvα = ω−αvα, Yvα = vα+1. (1.5)

Lemma 1.1. The algebra End(CN) is generated by {X,Y}. In particular, A is
generated by X1,X2,Y1,Y2 where

X1 = X⊗ IdCN , Y1 = Y ⊗ IdCN , X2 = IdCN ⊗X, Y2 = IdCN ⊗Y.

Proof. We consider the canonical basis {vα}α∈ZN of CN and its dual basis
{v̄α}α∈ZN . The set {Ei,j}i,j∈ZN ⊂ End(CN) defined by

〈v̄β|Ei,j|vα〉 = δα,jδβ,i, ∀i, j, α, β ∈ ZN ,

where δ is Kronecker’s delta, is a linear basis of End(CN). It is easy to check that
we have the following relation

Ei,jEk,l = δj,kEi,l, ∀i, j, k, l ∈ ZN . (1.6)



1. THE HOPF ALGEBRA Aω,t AND ITS REDUCED CYCLIC MODULES 9

First, we compute, for i, α, β ∈ ZN ,

1

N

∑

j∈ZN

¨
v̄β|ωijXj|vα

∂
=

1

N

∑

j∈ZN
ωijω−αjδα,β =

1

N

∑

j∈ZN
ωj(i−α)δα,β

=
1

N
Nδi,αδα,β = 〈v̄β|Ei,i|vα〉 .

Hence, for all i ∈ ZN we have Ei,i = 1
N

∑
j∈ZN ω

ijXj.
Now, using relation (1.6) and since Y =

∑
j∈ZN Ej+1,j, we can compute, for all

j, k ∈ ZN

Ek,kYEi,i = Ek,k
∑

j∈ZN
Ej+1,jEi,i = Ek,k

∑

i∈ZN
δi,jEj+1,i = Ek,kEi+1,i = δk,i+1Ei+1,i.

Hence, for all i ∈ ZN , Ei+1,i = Ei+1,i+1YEi,i.
Finally, for any i, j ∈ ZN we have

Ei,i−1Ei−1,i−2 · · ·Ei−(i−j)+1,i−(i−j) = Ei,i−1Ei−1,i−2 · · ·Ej+1,j = Ei,j.

Therefore, the operators X and Y generate End(CN). �

We now consider the following operators in A
X = X1, Y = Y1, U = Y−t1 Xt1X

−t
2 , V = Y−t1 Xt+1

1 Y2. (1.7)

We can easily see that we have XN = Y N = UN = V N = IdV . Moreover, by
Lemma 1.1, A is generated by {X, Y, U, V } since

X1 = X, Y1 = Y, X2 = (X−tY tU)t+1, Y2 = X−t−1Y tV.

Proposition-Definition 1.2. For any p ∈ R6=0, let Vp be the space V provided
with a Aω,t-module structure πp : Aω,t → End(Vp), defined by

πp(k1) = X, πp(e1) = p
1
N Y,

πp(e2) =
Ä

1
2
p
ä 1
N (U + V )Y −1,

(1.8)

where the Nth root is chosen to be the unique real root. Furthermore, Vp is cyclic,
i.e. the operators πp(k1), πp(e1) and πp(e2) are invertible. We call Vp a reduced
cyclic Aω,t-module of parameter p.

Remark 1.3. The reason why we have chosen to use the word “reduced” to
name the cyclic Aω,t-modules Vp is because the set {Vp}p∈R6=0

is included in a much
larger set of cyclic Aω,t-modules. Indeed, for any p = (p1, p2, p3) ∈ C3 such that
p1 ∈ C∗ and p2 /∈ {−ωip3|i ∈ ZN}, the space V can be provided with a cyclic
Aω,t-module structure πp : Aω,t → End(V), defined by

πp(k1) = X, πp(e1) = p1Y
πp(e2) = p−t−1

1 (p2U + p3V )Y −1.
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The set of reduced cyclic Aω,t-module is determined by the triples of the form

p =
Å
p

1
N ,
Ä

1
2
p2
ä 1
N ,
Ä

1
2
p2
ä 1
N

ã
∈ R3 where p ∈ R 6=0.

Before the proof, we need to make a quick recall on the q-integers, the q-
factorials, the q-binomial coefficients and the q-binomial formula. Fix a non-zero
complex number q.

(1) For any integer n > 0, we define the q-integer (n)q ∈ C to be

(n)q = 1 + q + q2 + · · ·+ qn−1 =
1− qn
1− q .

Note that if q is a nth root of the unit, then (n)q = 0.
(2) The q-factorial (n)!q of an integer n ≥ 0 is defined by (0)!q = 1 and when

n > 0 by
(n)!q = (1)q(2)q · · · (n)q

(3) The q-binomial coefficient of integers 0 ≤ k ≤ n is defined by
(
n

k

)

q

=
(n)!q

(k)!q(n− k)!q
.

Clearly we have (
n

k

)

q

=

(
n

n− k

)

q

(4) Finally, for any variables x and y satisfying the relation yx = qxy, the
q-binomial formula (shown in [10, Proposition IV.2.2]) is given by

(x+ y)n =
∑

0≤k≤n

(
n

k

)

q

xkyn−k. (1.9)

Note that if q is a nth root of the unit, then we have,

(x+ y)n = xn + yn. (1.10)

This last formula will be used in the sequel.

Proof of Proposition-Definition 1.2. Using equalities (1.5), one can check
that

XY = ω−1YX.

Then, using equalities (1.7), one easily sees that πp is an algebra morphism.
The operators πp(k1) and πp(e1) are clearly invertible since p ∈ R6=0 and

X,Y ∈ End(CN ) are invertible operators. For the invertibility of πp(e2) we compute
πq(e2)N . Since

UY −1 · V Y −1 = ω−1V Y −1 · UY −1
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we can compute πq(e2)N using the q-binomial formula. Indeed, we have

πp(e2)N = 1
2
p
î
UY −1 + V Y −1

óN
= 1

2
p
[Ä
UY −1

äN
+
Ä
V Y −1

äN]
= 1

2
p [IdV + IdV ] = p IdV .

(1.11)

We conclude that the operator πp(e2) is invertible since p ∈ R6=0. �

In order to study the reduced cyclic Aω,t-modules, we need to introduce partic-
ular elements of Aω,t. First, we define a1, a2 ∈ Aω,t by

ωt(1− ω)a1 = e1e2 − ωt+1e2e1,

(1− ω)a2 = e2e1 − ω−te1e2.
(1.12)

Using (1.1) and (1.12) one can check that
k1a1 = ωta1k1, k1a2 = ωta2k1,
e1a1 = ωta1e1, e1a2 = ωt+1a2e1,
e2a1 = ω−ta1e2, e2a2 = ω−(t+1)a2e2,
a1a2 = a2a1, e2e1 = a1 + a2.

(1.13)

and with (1.2) we have

∆(a1) = a1 ⊗ 1 + kt+1
1 ⊗ a1 + kt1e1 ⊗ e2,

∆(a2) = a2 ⊗ 1 + kt+1
1 ⊗ a2 + e2k1 ⊗ e1.

(1.14)

Next, we consider elements c1, c2 ∈ Aω,t defined by

c1 = a1k
−t
1 et1, c2 = a2k

−(t+1)
1 et1. (1.15)

By using (1.1) and (1.13), we deduce the following relations

k1c1 = c1k1, k1c2 = c2k1,
e1c1 = c1e1, e1c2 = c2e1, c1c2 = ωtc2c1

(1.16)

Finally, for a reduced cyclic Aω,t-module Vp, using (1.8), (1.12) and (1.15), we
have

πp(a1) =
Ä

1
2
p2
ä 1
N U, πp(a2) =

Ä
1
2
p2
ä 1
N V,

πp(c1) =
Ä

1
2
pt+2

ä 1
N X−t2 , πp(c2) =

Ä
1
2
pt+2

ä 1
N Y2.

(1.17)

We note that {vα}α∈Z2
N
is a basis of common eigenvectors of πp(k1) and πp(c1).

Lemma 1.4. A reduced cyclic Aω,t-module Vp is simple and Vq is equivalent to
Vp only if p = q.

Proof. The simplicity is clear. Indeed, since

πp(k1) = X1, πp(c
t+1
1 ) =

Ä
1
2
pt+2

ä t+1
N X2,

πp(e1) = p
1
N Y1, πp(c2) =

Ä
1
2
pt+2

ä 1
N Y2,
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by Lemma 1.1, the only invariant subspaces of Vp are {0} and Vp.
If Vp ∼= Vq then, by definition, there is an isomorphism S : Vp → Vq such that

for all a ∈ Aω,t, Sπp(a) = πq(a)S. In particular, we have

S(p IdV) = Sπp(e
N
1 ) = πq(e

N
1 )S = (q IdV)S ⇒ p = q.

�

Let HomAω,t(Vp, Vq) be the set of morphisms of Aω,t-modules between Vp and
Vq i.e., the set of linear maps f : Vp → Vq such that for all a ∈ Aω,t, we have

πq(a)f = fπp(a).

Schur’s Lemma implies that

(1) if p 6= q then HomAω,t(Vp, Vq) = 0,
(2) if p = q then HomAω,t(Vp, Vp) = EndAω,t(Vp) = C IdV .

Hence, for any f ∈ EndAω,t(Vp), there is a unique c ∈ C such that f = c IdV .

Notation 1.5. This c is denoted 〈f〉.

1.3. Tensor product of reduced cyclic Aω,t-modules. The tensor product
Vp ⊗ Vq is provided with a Aω,t-module structure through

(πp ⊗ πq)∆ : Aω,t → End(Vp ⊗ Vq).

Definition 1.6. An admissible pair (Vp, Vq) is a pair of reduced cyclic Aω,t-
modules such that p 6= −q. In such case, we will also say that the pair (p, q) is
admissible.

The reason we are interested in admissible pairs is that their tensor product
decomposes as a direct sum of reduced cyclic Aω,t-modules.

Lemma 1.7. We have

(πp ⊗ πq)∆(e1)N = (p+ q) IdV ⊗ IdV ,

(πp ⊗ πq)∆(c1)N = (πp ⊗ πq)∆(c2)N = 1
2
(p+ q)t+2 IdV ⊗ IdV .

Proof. Let (Vp, Vq) be a pair of reduced cyclic Aω,t-modules. For (πp⊗πq)∆(e1)
we compute

(πp ⊗ πq)∆(e1)N = (πp ⊗ πq)
Ä
∆(e1)N

ä
= (πp ⊗ πq)

Ä
(e1 ⊗ 1 + k1 ⊗ e1)N

ä
= (πp ⊗ πq)

Ä
eN1 ⊗ 1 + kN1 ⊗ eN1

ä
= pY N ⊗ IdV +qXN ⊗ Y N = (p+ q) IdV ⊗ IdV

where we used the q-binomial formula for the third equality.
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For (πp ⊗ πq)∆(c1) we have

(πp ⊗ πq)∆(c1)N = (πp ⊗ πq)∆
Ä
(a1k

−t
1 et1)N

ä
= (πp ⊗ πq)∆

Ä
aN1 k

−Nt
1 eNt1

ä
= (πp ⊗ πq)∆(aN1 )(πp ⊗ πq)∆(kN1 )−t(πp ⊗ πq)∆(eN1 )t

= (πp ⊗ πq)∆(a1)N(IdV ⊗ IdV)−t(p+ q)t IdV ⊗ IdV

= (πp ⊗ πq)∆(a1)N(p+ q)t IdV ⊗ IdV

where we used (1.1) and (1.13) for the second equality. Using (1.13) again, one
can use the q-binomial formula to compute (πp ⊗ πq)∆(a1)N since t and t+ 1 are
invertible in ZN . Using (1.14), we have

(πp ⊗ πq)∆(a1)N = (πp ⊗ πq)
Ä
a1 ⊗ 1 + kt+1

1 ⊗ a1 + kt1e1 ⊗ e2

äN
= (πp ⊗ πq)

(
aN1 ⊗ 1 + k

N(t+1)
1 ⊗ aN1 + kNt1 eN1 ⊗ eN2

)

= 1
2
p2UN ⊗ IdV +1

2
q2 IdV ⊗UN + pq IdV ⊗ IdV

= 1
2
(p+ q)2 IdV ⊗ IdV

where we used (1.1), (1.13) and the q-binomial formula for the second equality,
(1.11) and (1.17) for the third one and (1.1) and (1.8) for the last one. Hence we
have

(πp ⊗ πq)∆(c1)N = 1
2
(p+ q)t+2 IdV ⊗ IdV .

Finally the computation of (πp ⊗ πq)∆(c2)N is similar to the previous one. We
have

(πp ⊗ πq)∆(c2)N = (πp ⊗ πq)∆
(
(a2k

−(t+1)
1 et1)N

)

= (πp ⊗ πq)∆
(
aN2 k

−N(t+1)
1 eNt1

)
= (πp ⊗ πq)∆(a2)N(p+ q)t IdV ⊗ IdV

= (πp ⊗ πq)(a2 ⊗ 1 + kt+1
1 ⊗ a2 + e2k1 ⊗ e1)N(p+ q)t IdV ⊗ IdV

= (πp ⊗ πq)(aN2 ⊗ 1 + k
N(t+1)
1 ⊗ aN2 + eN2 k

N
1 ⊗ eN1 )(p+ q)t IdV ⊗ IdV

= 1
2
(p+ q)(t+2) IdV ⊗ IdV .

�

Proposition 1.8. Let (Vp, Vq) be an admissible pair. Then the Aω,t-module
Vp⊗Vq is equivalent to the direct sum of N2 copies of the reduced cyclic Aω,t-module
Vp+q.

Proof. In order to find the submodules of Vp⊗Vq, we only consider the action
of k1, c1, e1 and c2 on Vp ⊗ Vq.
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First, (πp ⊗ πq)∆(k1) = X ⊗X is clearly diagonalizable and its spectrum is the
set of all N -th roots of unity {ωα|α ∈ ZN}. We write

Vp ⊗ Vq =
⊕

α∈ZN
Wα

where Wα = Ker ((πp ⊗ πq)∆(k1)− ωα IdV ⊗ IdV). We have dimWα = N3 for all
α ∈ ZN .

Now we show that for each α ∈ ZN , we can decompose Wα in the following way

Wα =
⊕

β∈ZN
W(α,β)

where

W(α,β) = Ker
Ä
(πp ⊗ πq)∆(c1)|

Wα
− sωtβ IdWα

ä
and s =

Ä
1
2
(p+ q)t+2

ä 1
N ∈ R∗.

By Lemma 1.7, we have

((πp ⊗ πq)∆(c1))N = (πp ⊗ πq)∆(c1)N = sN IdV ⊗ IdV .

This means that the minimal polynomial of (πp ⊗ πq)∆(c1) divides

xN − sN =
∏

β∈ZN
(x− sωβ)

This implies that the minimal polynomial of (πp ⊗ πq)∆(c1) has only simple zeros,
which means that (πp⊗πq)∆(c1) is diagonalizable. Moreover, it also implies that the
spectrum of (πp ⊗ πq)∆(c1) is contained in

¶
sωβ|β ∈ ZN

©
. Actually, its spectrum

is exactly
¶
sωβ|β ∈ ZN

©
, since (πp ⊗ πq)∆(c2) is invertible, c1c2 = ωtc2c1 and t is

invertible in ZN . Futhermore, since k1c1 = c1k1, k1c2 = c2k1 and that (πp⊗πq)∆(c1)
and (πp ⊗ πq)∆(c2) are invertible, we have

(πp ⊗ πq)∆(k2)(Wα) = (πp ⊗ πq)∆(c2)(Wα) = Wα, ∀α ∈ ZN ,

which implies that the spectrum of (πp⊗πq)∆(c1)|
Wα

is
¶
sωβ|β ∈ ZN

©
. This allows

us to define the eigenspaces W(α,β) for all α, β ∈ ZN as announced.
Now, one can see that for all α, β ∈ ZN , we have dimW(α,β) = N2. Indeed, this

comes from the fact that dimWα = N3, (πp⊗πq)∆(c2)|
Wα

is invertible, c1c2 = ωtc2c1

and t is invertible in ZN .
Let {ui}i∈Z2

N
be a basis of W0,0 and consider for all α, β ∈ ZN and all i ∈ Z2

N

ξ(α,β),i =
1

rαsβ
(πp ⊗ πq)∆(eα1 c

β
2 )ui ∈ W(α,β),

where r = (p + q)
1
N ∈ R6=0. By construction, we have for all α, β ∈ ZN and all

i ∈ Z2
N

(πp ⊗ πq)∆(k1)ξ(α,β),i = ω−αξ(α,β),i, (πp ⊗ πq)∆(c1)ξ(α,β),i = sωtβξ(α,β),i,

(πp ⊗ πq)∆(e1)ξ(α,β),i = rξ(α+1,β),i, (πp ⊗ πq)∆(c2)ξ(α,β),i = sξ(α,β+1),i.
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This clearly shows that for each i ∈ Z2
N , the subspace Ξi ⊂ Vp ⊗ Vq generated by¶

ξ(α,β),i

©
α,β∈ZN

is an irreducible submodule. Furthermore, Ξi is a reduced cyclic
Aω,t-module of parameter p+ q. By Lemma 1.4, the reduced cyclic Aω,t-modules
Ξi are all equivalent.

�

Remark 1.9. The dual space V ∗p of a reduced cyclic Aω,t-module Vp can be
provided with a Aω,t-module structure π∗p : Aω,t → End(V ∗p ) defined, for all a ∈ Aω,t
and all α, β ∈ Z2

N , by Ä
π∗p(a)v∗α

ä
vβ = v∗α (πp(γ(a))vβ) .

This Aω,t-module is actually equivalent to the reduced cyclic Aω,t-module V−p.

2. A Ψ-system in the category of Aω,t-modules

Since Aω,t is a Hopf algebra over C, the category of Aω,t-modules, as a subcate-
gory of the category of C-vector spaces, is a monoidal abelian category. This is the
framework required to construct a Ψ-system in a category.

In order to make this construction, we need to introduce certain sets of mor-
phisms called the multiplicity spaces.

2.1. The multiplicity spaces. In the previous section we have shown that
(1) Vp ∼= Vq if and only if p = q,
(2) if p = q then EndAω,t(Vp) = C IdV ,
(3) if p 6= q then HomAω,t(Vp, Vq) = 0,
(4) If (Vp, Vq) is an admissible pair then Vp ⊗ Vq ∼= (Vp+q)

⊕N2 .

Definition 2.1. Let (Vp, Vq) be an admissible pair, the following vector spaces
of linear maps are called multiplicity spaces

Hp,q = {f : Vp+q → Vp ⊗ Vq | fπp+q(a) = (πp ⊗ πq)∆(a)f, ∀a ∈ Aω,t}
H̄p,q = {f : Vp ⊗ Vq → Vp+q | πp+q(a)f = f(πp ⊗ πq)∆(a), ∀a ∈ Aω,t} .

In other words, the elements of the multiplicity spaces are morphisms in the category
of Aω,t-modules,

Hp,q = HomAω,t(Vp+q, Vp ⊗ Vq) and H̄p,q = HomAω,t(Vp ⊗ Vq, Vp+q).

By Proposition 1.8 and Schur’s lemma, we clearly have dimHp,q = dim H̄p,q = N2.

2.2. Two operator valued functions. In order to construct bases for the
multiplicity spaces, we start by introducing two operator valued functions.

Let U ∈ A⊗2 be an operator such that UN = − IdV⊗2 and x ∈ R 6=0,1. The first
function is the quantum dilogarithm Ψx(U) introduced by Faddeev and Kashaev



16 1. CONSTRUCTION OF A Ψ̂-SYSTEM

[4]. It is defined as a solution of the functional equation

Ψx(ω
−1U)

Ψx(U)
= (1− x)

1
N − x 1

NU. (2.1)

Following [5], we can write

Ψx(U) =
∑

α∈ZN
ψx,α(−U)α

where ψx,α ∈ C. For all α ∈ ZN , (2.1) implies that

ψx,α =
x

1
N

ω−α − (1− x)
1
N

ψx,α−1.

Then, for all α ∈ ZN , we write

ψx,α = ψx,0
α∏

j=1

x
1
N

ω−j − (1− x)
1
N

, (2.2)

where ψx,0 ∈ C∗ is chosen so that det (Ψx(U)) = 1. Using the notation of [9], we
have

ψx,α = ψx,0ω
1
2
α(α+1)x

α
Nw

(
(1− x)

1
N

∣∣∣α
)

(2.3)

where

w(x|α) =
α∏

j=1

1

1− xωj ,

is defined for all x ∈ C such that xN 6= 1 and all α ∈ {0, · · · , N − 1} ⊂ Z.
The computation of the determinant of Ψx(U)N is made possible due to the

following formula that will be shown in Chapter 2.

Ψx(U)N = ψNx,0(1− x)1−N D(1)

D
(
(1− x)−

1
N

)
D
Å
Uω
Ä

x
1−x
ä 1
N

ã (2.4)

where

D(x) =
N−1∏

j=1

(1− xωj)j. (2.5)

Lemma 2.2. For any x ∈ R6=0,1 and any operator U ∈ A⊗2 such that there exists
an invertible opertator M ∈ A⊗2 such that U = −M(X ⊗ IdV)M−1, we have

ψNx,0 = (1− x)
N−1

2 D
(
(1− x)−

1
N

)
D(1)−1 ⇒ det

Ä
Ψx(U)N

ä
= 1. (2.6)
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Proof. First we compute det
Å
D
Å
Xω
Ä

x
x−1

ä 1
N

ãã
using the matrix form of X

in the canonical basis {vα}α∈Z2
N
of CN .

D
Å
Xω
Ä

x
x−1

ä 1
N

ã
=

N−1∏

j=1

Å
IdCN −

Ä
x
x−1

ä 1
N ωj+1X

ãj
=

N−1∏

j=1




1−
Ä

x
x−1

ä 1
N ωj+1

1−
Ä

x
x−1

ä 1
N ωj+2

. . .

1−
Ä

x
x−1

ä 1
N ωj+N




j

Hence we have

det
Å
D
Å
Xω
Ä

x
x−1

ä 1
N

ãã
=

N−1∏

j=1

N∏

i=1

Å
1−

Ä
x
x−1

ä 1
N ωj+i

ãj
=

N−1∏

j=1

Ç
1−

ÅÄ
x
x−1

ä 1
N ωj

ãNåj
=

N−1∏

j=1

Ä
1−

Ä
x
x−1

ääj
=

N−1∏

j=1

Ä
1

1−x
äj

=
Ä

1
1−x
äN(N−1)

2

Since U = −M(X ⊗ IdV)M−1 = −M(X⊗ IdCN ⊗ IdV)M−1, we have

det
Å
D
Å
Uω
Ä

x
1−x
ä 1
N

ãã
= det

Å
D
Å
Xω
Ä

x
x−1

ä 1
N

ããN3

= (1− x)−
N4(N−1)

2 .

Therefore, we have

det
Ä
Ψx(U)N

ä
= det

Ç
ψNx,0(1− x)1−ND(1)D

(
(1− x)−

1
N

)−1
D
Å
Uω
Ä

x
1−x
ä 1
N

ã−1
å

=
Å
ψNx,0(1− x)1−ND(1)D

(
(1− x)−

1
N

)−1
ãN4

det
Å
D
Å
Uω
Ä

x
1−x
ä 1
N

ãã−1

=
Å
ψNx,0(1− x)1−ND(1)D

(
(1− x)−

1
N

)−1
(1− x)

N−1
2

ãN4

=
Å
ψNx,0(1− x)

1−N
2 D(1)D

(
(1− x)−

1
N

)−1
ãN4

.

So if ψNx,0 = (1− x)
N−1

2 D
(
(1− x)−

1
N

)
D(1)−1 then det

Ä
Ψx(U)N

ä
= 1. �

From now on, for all x ∈ R6=0,1, we assume that ψx,0 satisfies (2.6) and is such that
det (Ψx(U)) = 1.

The inverse of Ψx(U) that we will denote Ψ̄x(U) satisfies

Ψ̄x(U)

Ψ̄x(ω−1U)
= (1− x)

1
N − x 1

NU and Ψx(U)Ψ̄x(U) = 1.
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Setting

Ψ̄x(U) =
∑

α∈ZN
ψ̄x,α(−U)α

we find, in a similar way, that for all α ∈ ZN

ψ̄x,α = ψ̄x,0
Ä

x
x−1

ä α
N ωαw

(
(1− x)−

1
N

∣∣∣α
)

(2.7)

where ψ̄x,0 ∈ C∗ is chosen according to ψx,0 ∈ C∗. In order to make this choice,
we use a formula similar to the formula (2.4). We will show this formula and the
following Lemma in Chapter 2.

Ψ̄x(U)N = ψ̄Nx,0N
−N(−x)−

N−1
2

D(1)3

D
(
(1− x)

1
N

)
D
Å
U−1

Ä
1−x
x

ä 1
N

ã (2.8)

Lemma 2.3. There exists α ∈ ZN such that for any x ∈ R 6=0,1 and any operator
U ∈ A⊗2 such that UN = − IdV⊗2 we have

ψ̄x,0 = ωα%
(
(1− x)

1
N

)
ψ−1
x,0 ⇒ Ψx(U)Ψ̄x(U) = 1 (2.9)

where

%(x) = N−1 1− xN
1− x . (2.10)

From now on, for all x ∈ R6=0,1, we assume that ψ̄x,0 satisfies (2.9).

Remark 2.4. The fact that our invariant is defined up to multiplication by an
integer power of ω is independent from the fact that we have determined ψ̄x,0 up
to multiplication by an integer power of ω. In other words, even if we had exactly
determined ψ̄x,0, our invariant would still be defined up to multiplication by an
integer power of ω. This will be explained in Section 5.

The second operator valued function, is defined by

L(U,V) =
1

N

∑

α,β∈ZN
ω−αβUα ⊗ Vβ.

where U,V ∈ A satisfy UN = VN = IdV .

Lemma 2.5. Let α, β ∈ ZN , we have

L(ωαU, ωβV) = L(U,V)ωαβUβ ⊗ Vα.



2. A Ψ-SYSTEM IN THE CATEGORY OF Aω,t-MODULES 19

Proof.

L(ωαU, ωβV) =
1

N

∑

γ,δ∈ZN
ω−γδ+αγ+βδUγ ⊗ Vδ

=
1

N

∑

γ,δ∈ZN
ω−γ(δ−α)+βδUγ ⊗ Vδ−α+α =

1

N

∑

γ,δ∈ZN
ω−γδ+β(δ+α)Uγ ⊗ VδVα

=
1

N

∑

γ,δ∈ZN
ω−(γ−β)δ+αβUγ−β+β ⊗ VδVα =

1

N

∑

γ,δ∈ZN
ω−γδUγ ⊗ VδωαβUβ ⊗ Vα

= L(U,V)ωαβUβ ⊗ Vα.

�

Lemma 2.6. If U ∈ A is an operator such that UN = IdV , then

det (L(U, X)) = 1. (2.11)

Proof. We consider the operators of A in their matrix form in the basis
{vα}α∈Z2

N
of V . For any β ∈ ZN , we compute

Xβ = Xβ ⊗ IdCN =




IdCN

ωβ IdCN

. . .

ωβ(N−1) IdCN



.

Thereby, for any α ∈ ZN , we have

∑

β∈ZN
ω−αβXβ =

∑

β∈ZN




ω−αβ IdCN

ωβ(1−α) IdCN

. . .

ωβ(N−1−α) IdCN




= N




δα,0 IdCN

δα,1 IdCN

. . .
δα,N−1 IdCN



.

Let M ∈ A⊗2 be the permutation matrix such that for all V,W ∈ A we have

W ⊗ V = MV ⊗WM−1.
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Then we compute

ML(U, X)M−1 =
1

N

∑

α,β∈ZN
ω−αβXβ ⊗ Uα =

∑

α∈ZN

Ñ
1

N

∑

β∈ZN
ω−αβXβ ⊗ Uα

é
=

∑

α∈ZN




δα,0 IdCN ⊗Uα
δα,1 IdCN ⊗Uα

. . .
δα,N−1 IdCN ⊗Uα




=




IdCN ⊗ IdCN

IdCN ⊗U
. . .

IdCN ⊗UN−1



.

Finally we have

det (L(U, X)) = det
Ä
ML(U, X)M−1

ä
= det

Å
U
N(N−1)

2

ã
= 1.

�

2.3. The operator S(x). The operator S(x), where x ∈ R6=0,1, that we are
now going to define is central for our theory. Indeed, the bases for the multiplicity
spaces as well as the 6j-symbols, which are key ingredients to construct our invariant,
will be expressed through this operator.

Notation 2.7. Let U and V be two operators such that UV = ωαVU, where
α ∈ ZN . We will write this relation in the following way

, ,
U V U V U V

if α = 0 if α = 1 if α = −1

,
U V

α

if α ∈ ZN\ {0,±1}

Note that in the case of operators X, Y, U and V , we have the following relations
X

V

Y

U

t t

t+ 1t
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We define, for any x ∈ R6=0,1, the following invertible operator valued function

S(x) = Ψx(E)Ψx(F )Ψx(G)Ψx(H)L(U tV,X)

where

E = −Y −1
1 X1Y2, F = U−1

1 X t+1
1 V2E

−1, G = U2V
−1

2 F, H = U1V
−1

1 E. (2.12)

and the subscripts show how the operators are embedded in A⊗2. These operators
have the following commutation relations

H

E

G

F

Note that E,F,G and H satisfy the condition of Lemma 2.3. Thereby, using
Lemma 2.6, we see that the operator S(x) is invertible since det

Ä
S(x)N

ä
= 1.

Moreover, since

L(U tV,X)−1 = L(U−tV −1, X),

we have

S(x)−1 = L(U−tV −1, X)Ψ̄x(H)Ψ̄x(G)Ψ̄x(F )Ψ̄x(E).

Proposition 2.8. For any admissible pair (p, q) ∈ (R 6=0)2, the following equa-
tion is satisfied

(πp ⊗ πq)∆(a) = S
(

q
p+q

)
(πp+q(a)⊗ IdA)S

(
q
p+q

)−1
, ∀a ∈ Aω,t (2.13)

Proof. Since e2e1 = a1 + a2, it is enough to check equation (2.13) for a ∈
{k1, e1, a1, a2}. In the following computaions, we set x = q

p+q
∈ R 6=0,1 and we will

thus write q−xq
x

instead of p and q
x
instead of p+ q.

For a = k1: Since XU tV = ω−1U tV X, we have, by Lemma 2.5,

L(U tV,X)X1 =
1

N

∑

α,βZN

ω−αβX1(ωU t
1V1)αXβ

2 = X1L(ωU tV,X)

= X1X2L(U tV,X).
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Hence, since X1X2 commutes with E,F,G and H, we have, using (1.8)

S(x)(π q
x
(k1)⊗ IdA) = Ψx(E)Ψx(F )Ψx(G)Ψx(H)L(U tV,X)X1

= Ψx(E)Ψx(F )Ψx(G)Ψx(H)X1X2L(U tV,X)

= X1X2Ψx(E)Ψx(F )Ψx(G)Ψx(H)L(U tV,X)

= (π q−xq
x
⊗ πq)∆(k1)S(x).

For a = e1: Since Y1 commutes with F,G,H and U t
1V1 and that Y1E = ωEY1

we have, using (1.8) and equation (2.1)

S(x)(π q
x
(e1)⊗ IdA) = Ψx(E)Ψx(F )Ψx(G)Ψx(H)L(U tV,X)

Ä
q
x

ä 1
N Y1

=
Ä
q
x

ä 1
N Y1Ψx(ω

−1E)Ψx(F )Ψx(G)Ψx(H)L(U tV,X)

=
Ä
q
x

ä 1
N Y1

(
(1− x)

1
N − x 1

NE
)
S(x) =

ÅÄ
q−xq
x

ä 1
N Y1 + q

1
NX1Y2

ã
S(x)

= (π q−xq
x
⊗ πq)∆(e1)S(x).

For a = a1: Since U1 commutes with U t
1V1 and has the following commutation

relations
H

E

G

F U1

we have,

S(x)(π q
x
(a1)⊗ IdA) = Ψx(E)Ψx(F )Ψx(G)Ψx(H)L(U tV,X)

(
q2

2x2

) 1
N U1

=
(
q2

2x2

) 1
N U1Ψx(E)Ψx(ω

−1F )Ψx(ω
−1G)Ψx(H)L(U tV,X).

Now, using equality (2.1), we compute

Ψx(E)Ψx(ω
−1F )Ψx(ω

−1G) = Ψx(E)Ψx(ω
−1F )

(
(1− x)

1
N − x 1

NG
)

Ψx(G)

= Ψx(E)
(
(1− x)

1
N Ψx(ω

−1F )− x 1
NGΨx(F )

)
Ψx(G)

=
(
(1− x)

1
N

(
(1− x)

1
N − x 1

N F
)

Ψx(E)− x 1
NGΨx(ω

−1E)
)

Ψx(F )Ψx(G)

=
(
(1− x)

2
N − (x− x2)

1
N F − x 1

NG
(
(1 + x)

1
N − x 1

NE
))

Ψx(E)Ψx(F )Ψx(G)

=
(
(1− x)

2
N + x

2
NGE − (x− x2)

1
N (F +G)

)
Ψx(E)Ψx(F )Ψx(G).
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Therefore, we finally have, using (2.12) and (1.17)

S(x)(π q
x
(a1)⊗ IdV)

=
(
q2

2x2

) 1
N U1Ψx(E)Ψx(ω

−1F )Ψx(ω
−1G)Ψx(H)L(U tV,X)

=
(
q2

2x2

) 1
N U1

(
(1− x)

2
N + x

2
NGE − (x− x2)

1
N (F +G)

)
S(x)

=

ÇÄ
1
2
( q−xq

x
)2
ä 1
N U1 +

Ä
1
2
q2
ä 1
N U1GE −

(
q2−xq2

2x

) 1
N U1(F +G)

å
S(x)

=

ÇÄ
1
2
( q−xq

x
)2
ä 1
N U1 +

Ä
1
2
q2
ä 1
N X t+1

1 U2 −
(
q2−xq2

2x

) 1
N X t

1Y1(U2 + V2)Y −1
2

å
S(x)

= (π q−xq
x
⊗ πq)

Ä
a1 ⊗ 1 + kt+1

1 ⊗ a1 + kt1e1 ⊗ e2

ä
S(x) = (π q−xq

x
⊗ πq)∆(a1)S(x).

For a = a2: Since V1 commutes with U t
1V1 and has the following commutation

relations

H

E

G

F V1

we have,

S(x)(π q
x
(a2)⊗ IdV) = Ψx(E)Ψx(F )Ψx(G)Ψx(H)L(U tV,X)

(
q2

2x2

) 1
N V1

=
(
q2

2x2

) 1
N V1Ψx(ω

−1E)Ψx(F )Ψx(G)Ψx(ω
−1H)L(U tV,X)

=
(
q2

2x2

) 1
N V1Ψx(ω

−1E)Ψx(F )Ψx(ω
−1H)Ψx(G)L(U tV,X).

Now, using equality (2.1), we compute

Ψx(F )Ψx(ω
−1H) = Ψx(F )

(
(1− x)

1
N − x 1

NH
)

Ψx(H)

=
(
(1− x)

1
N Ψx(F )− x 1

NHΨx(ω
−1F )

)
Ψx(H)

=
(
(1− x)

1
N Ψx(F )− x 1

NH
(
(1− x)

1
N − x 1

N F
)

Ψx(F )
)

Ψx(H)

=
(
(1− x)

1
N + x

2
NHF − (x− x2)

1
NH

)
Ψx(F )Ψx(H).
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Hence, using equality (2.1) again, we have

Ψx(ω
−1E)Ψx(F )Ψx(ω

−1H)

=
(
(1− x)

1
N

(
(1− x)

1
N − xY 1NE

)
+ x

2
NHF − (x− x2)

1
NH

)
Ψx(E)Ψx(F )Ψx(H)

=
(
(1− x)

2
N + x

2
NHF − (x− x2)

1
N (E +H)

)
Ψx(E)Ψx(F )Ψx(H).

Therefore, using (2.12), (1.17) and the fact that Ψx(H)Ψx(G) = Ψx(G)Ψx(H), we
finally have

S(x)(π q
x
(a2)⊗ IdV)

=
(
q2

2x2

) 1
N V1Ψx(ω

−1E)Ψx(F )Ψx(ω
−1H)Ψx(G)L(U tV,X)

=
(
q2

2x2

) 1
N V1

(
(1− x)

2
N + x

2
NHF − (x− x2)

1
N (E +H)

)
S(x)

=

ÇÄ
1
2
( q−xq

x
)2
ä 1
N V1 +

Ä
1
2
q2
ä 1
N V1HF −

(
q2−xq2

2x

) 1
N V1(E +H)

å
S(x)

=

ÇÄ
1
2
( q−xq

x
)2
ä 1
N V1 +

Ä
1
2
q2
ä 1
N X t+1

1 V2 −
(
q2−xq2

2x

) 1
N (U1 + V1)Y −1

1 X1Y2

å
S(x)

= (π q−xq
x
⊗ πq)

Ä
a2 ⊗ 1 + kt+1

1 ⊗ a2 + e2k1 ⊗ e1

ä
S(x) = (π q−xq

x
⊗ πq)∆(a2)S(x).

�

From now on, for technical reasons, we will use the following particular basis of
V instead of the canonical basis {vα}α∈Z2

N
.

Lemma 2.9. The set {uα}α∈Z2
N
⊂ V where

uα =
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2)v(α1,β),

for all α ∈ Z2
N , is a basis of V. Its dual {ūα}α∈Z2

N
⊂ V∗ is given, for all α ∈ Z2

N , by

ūα =
1

N

∑

β∈ZN
ω

1
2
tβ(β+1)−β(α2−α1+ 1

2
)v̄(α1,β),

Proof. For any α ∈ Z2
N we have

vα =
1

N
ω

1
2
tα2(α2+1)+α2(α1− 1

2) ∑

β∈ZN
ω−α2βu(α1,β)

and

v̄α = ω−
1
2
tα2(α2+1)−α2(α1− 1

2) ∑

β∈ZN
ωα2βū(α1,β).
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This shows that {uα}α∈Z2
N
, and {ūα}α∈Z2

N
, are generating sets of V and V∗ re-

spectively. Hence these sets are bases since their cardinality is the same as the
dimension of V and V∗.

A straightforward computation shows that for all α, β ∈ Z2
N we have

ūβuα = δα,β

which implies that {uα}α∈Z2
N
, and {ūα}α∈Z2

N
are dual bases. �

The basis {uα}α∈Z2
N
satisfies the following relations.

Lemma 2.10. For all α ∈ Z2
N and all m ∈ ZN

Xmuα = ω−mα1uα, Y muα = u(α1+m,α2+m),

Umuα = ω−
1
2
m(m−1)(t+1)−mtα1u(α1−mt,α2),

V muα = ω−
1
2
m(m−1)(t+1)−m(tα1+α2+ 1

2)u(α1−mt,α2).

In particular, we have for all α ∈ Z2
N and all m ∈ ZN

(UV −1)muα = ωm(α2+ 1
2

)uα, (U tV )muα = ω
1
2
m(m−1)+m(α1−α2+ 1

2
t)u(α1+m,α2).

Proof. For any α ∈ Z2
N we have, by the equalities (1.7),

Xvα = ω−α1vα, Y vα = v(α1+1,α2),

Uvα = ω−t(α1−α2)v(α1−t,α2),

V vα = ω−(t+1)α1v(α1−t,α2+1).

Then we can easily derive the following equalities

UV −1vα = ωα1+tα2v(α1,α2−1),

U tV vα = ω−(t+1)(α2+ 1
2

)v(α1+1,α2+1).

Now we determine the action of these operators on the basis uα for any α ∈ Z2
N .

For X, we have

Xuα =
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)Xv(α1,β)

=
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)ω−α1v(α1,β) = ω−α1uα.
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For Y , we have

Y uα =
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)Y v(α1,β)

=
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)v(α1+1,β)

=
∑

β∈ZN
ω−

1
2
tβ(β+1)+β((α2+1)−(α1+1)+ 1

2)v(α1+1,β) = u(α1+1,α2+1).

For U , we have

Uuα =
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)Uv(α1,β)

=
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)ω−t(α1−β)v(α1−t,β)

= ω−tα1
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−(α1−t)+ 1

2)v(α1−t,β) = ω−tα1u(α1−t,α2).

For V , we have

V uα =
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)V v(α1,β)

=
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)ω−(t+1)α1v(α1−t,β+1)

= ω−(tα1+α2+ 1
2

)
∑

β∈ZN
ω−

1
2
t(β+1)(β+2)+(β+1)(α2−(α1−t)+ 1

2)v(α1−t,β+1)

= ω−(tα1+α2+ 1
2

)u(α1−t,α2).

For UV −1, we have

UV −1uα =
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)UV −1v(α1,β)

=
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2
)ωα1+tβv(α1,β−1)

= ωα2+ 1
2

∑

β∈ZN
ω−

1
2
t(β−1)β+(β−1)(α2−α1+ 1

2)v(α1,β−1) = ωα2+ 1
2uα.
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Finally, for U tV , we have

U tV uα =
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2)U tV v(α1,β)

=
∑

β∈ZN
ω−

1
2
tβ(β+1)+β(α2−α1+ 1

2)ω−(t+1)(β+ 1
2)v(α1+1,β+1)

= ωα1−α2+ 1
2
t
∑

β∈ZN
ω−

1
2
t(β+1)(β+2)+(β+1)(α2−(α1+1)+ 1

2)v(α1+1,β+1)

= ωα1−α2+ 1
2
tu(α1+1,α2).

The Lemma follows easily from the previous equalities. �

Now we can give an explicit expression of matrix elements of S(x) and its
inverse using two functions defined in [9]. Let us recall what are these functions.
The first one is defined by

f(x, y|z) =
N−1∑

m=0

w(x|m)

w(y|m)
zm, (2.14)

where x, y, z ∈ C are such that¶
xN , yN

©
⊂ C\ {1} and zN =

1− xN
1− yN . (2.15)

The last condition provides periodicity on (2.14) on the variable m of period N .
The second function is a generalisation of the previous one, namely

F

Ç
x u
y v

∣∣∣∣∣z
å

=
N−1∑

m=0

w(x|m)w(u|m)

w(y|m)w(v|m)
zm, (2.16)

where x, y, u, v, z ∈ C are such that¶
xN , yN , uN , vN

©
⊂ C\ {1} and zN =

(1− xN)(1− uN)

(1− yN)(1− vN)
. (2.17)

The last condition provides periodicity on (2.16) on the variable m of period N ,
just as for the function f(x, y|z).

Proposition 2.11. For all x ∈ R6=0,1 and all α, β, µ, ν ∈ Z2
N , set

r = (t+ 1)(ν1 − β1 + µ2 − α2) and s = (t+ 1)(ν1 − β1) + t(µ2 − α2).
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Then we have≠
ūµ ⊗ ūν

∣∣∣∣S(x)
∣∣∣∣uα ⊗ uβ

∑
= δµ1+ν1,α1δµ2+ν2,α2+β2

× ω− 1
2

(t+1)(α2−µ2)(α2−µ2−t−2((t+1)α1−β1+ν2+1))

× ω− 1
2

(t+1){β1(β1−1+2(tα1+α2−ν2))+ν1((t+1)ν1+2(µ1+ν2+1))}

× ψ2
x,0ψx,rψx,sf

(
(1− x)

1
N , (1− x)−

1
N ω−r−1

∣∣∣(x− 1)
1
N ωβ2+ 1

2

)

× F
(

(1− x)
1
N (x− 1)−

1
N ωβ2−r−

1
2

(1− x)−
1
N ω−s−1 (x− 1)

1
N ωβ2−

1
2

∣∣∣∣∣− ω
α2+ 1

2

)

and≠
ūµ ⊗ ūν

∣∣∣∣S(x)−1
∣∣∣∣uα ⊗ uβ

∑
= δµ1,α1+β1δµ2+ν2,α2+β2

× ω− 1
2

(t+1)(α2−µ2)(α2−µ2−t−2(α1+tµ1+ν2+1))

× ω 1
2

(t+1){β1((t−1)β1+2(tµ1+ν2+1))+ν1(ν1−1−2((t+1)µ1−tµ2−ν2−t))}

× ψ̄2
x,0ψ̄x,rψ̄x,sf

(
(1− x)−

1
N , (1− x)

1
N ω−r−1

∣∣∣(x− 1)−
1
N ων2+r+ 1

2

)

× F
(

(1− x)−
1
N (x− 1)

1
N ων2−r−

1
2

(1− x)
1
N ω−s−1 (x− 1)−

1
N ω−ν2−

1
2

∣∣∣∣∣− ω
α2+ 1

2

)
,

2.4. Basis for the multiplicity spaces. For all x ∈ R 6=0,1, we define

eα(x) = S(x)(IdV ⊗uα) ēα(x) = (IdV ⊗ūα)S(x)−1. (2.18)

If (p, q) ∈ (R6=0)2 is an admissible pair, then by equation (2.13),

eα
(

q
p+q

)
∈ Hp,q and ēα

(
q
p+q

)
∈ H̄p,q, ∀α ∈ Z2

N .

Moreover,
{
eα
(

q
p+q

)}
α∈Z2

N

and
{
ēα
(

q
p+q

)}
α∈Z2

N

form dual basis of Hp,q and H̄p,q

respectively, where the duality is reflected by the relations

ēβ
(

q
p+q

)
eα
(

q
p+q

)
= δα,β IdV , (2.19)

and
∑

α∈Z2
N

eα
(

q
p+q

)
ēα
(

q
p+q

)
= IdV ⊗ IdV (2.20)

Remark 2.12. As we have just shown, the non-trivial elements of the multi-
plicity spaces Hp,q and H̄p,q depend only on q

p+q
∈ R 6=0,1. We will call this property

the scaling invariance property of the multiplicity spaces. In order to keep track of
the difference between Hp,q and Hλp,λq and the difference between H̄p,q and H̄λp,λq
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respectively, where λ ∈ R6=0, we define, for all admissible pair (p, q) ∈ (R6=0)2, the
following isomorphism

hp,q : V → Hp,q and h̄p,q : V∗ → H̄p,q

by

hp,q(uα) = eα
(

q
p+q

)
, h̄p,q(ūα) = ēα

(
q
p+q

)
, ∀α ∈ Z2

N

2.5. The Ψ-system.

Definition 2.13. A Ψ-system in the category of Aω,t-modules consists of
(1) a distinguished set of simple objects {Vi}i∈I such that Hom(Vi, Vj) = 0 for

all i 6= j,
(2) an involution, I → I, i 7→ i∗

(3) two families of morphisms {bi : C→ Vi ⊗ Vi∗}i∈I and {di : Vi ⊗ Vi∗ → C}i∈I
such that for all i ∈ I

(IdVi ⊗di∗)(bi ⊗ IdVi) = IdVi = (di ⊗ IdVi)(IdVi ⊗bi∗) (2.21)

(4) Let H i,j
k and Hk

i,j be HomAω,t(Vk, Vi⊗ Vj) and HomAω,t(Vi⊗ Vj, Vk) respec-
tively. For any i, j ∈ I such that H i,j

k 6= 0 for some k ∈ I, the identity
morphism IdVi⊗Vj is in the image of the linear map

⊕

k∈I
H i,j
k ⊗Hk

i,j −→ EndAω,t(Vi ⊗ Vj)

x⊗ y 7−→ x ◦ y
Note that C is provided with an Aω,t-module structure through the counit

ε : Aω,t → End(C) ∼= C.

If the Aω,t-module structure of Vi and Vi∗ is provided by πi : Aω,t → End(Vi) and
πi∗ : Aω,t → End(Vi∗) respectively, then the morphisms bi and di satisfy

bp(k)ε(a) = (πp ⊗ πp∗)∆(a)bp(k)

ε(a)dp(u⊗ v) = dp(πp ⊗ πp∗)∆(a)(u⊗ v)

for all a ∈ Aω,t, all k ∈ C and all u⊗ v ∈ Vi ⊗ Vi∗ .
In our case, the set I is R6=0 and the involution is given by p∗ = −p.
Lemma 2.14. For any p ∈ R6=0, the morphism dp is a solution of the following

system of homogeneous linear equations

dp = dp(X ⊗X)

dp = dp
Ä
XY −1 ⊗ Y

ä
dp = dp

Ä
V −1 ⊗X−(t+1)U

ä
dp = ω−1dp

Ä
UV −1 ⊗ UV −1

ä
.
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Proof. By definition, for all a ∈ Aω,t we have

ε(a)dp = dp(πp ⊗ π−p)∆(a). (2.22)

If a = k1, we have ε(k1) = 1 and (πp ⊗ π−p)∆(k1) = X ⊗X. Hence, equality
(2.22) becomes

dp = dp(X ⊗X). (2.23)

If a = e1, we have ε(e1) = 0 and

(πp ⊗ π−p)∆(e1) = p
1
N Y ⊗ IdA+(−p) 1

NX ⊗ Y.

Hence, equality (2.22) is equivalent to

0 = dp(Y ⊗ IdA−X ⊗ Y )⇔ dp(Y ⊗ IdA) = dp(X ⊗ Y )

which leads us to

dp = dp(XY
−1 ⊗ Y ). (2.24)

If a = e2, we have ε(e2) = 0 and

(πp ⊗ π−p)∆(e2) =
Ä

1
2
p
ä 1
N Z ⊗ IdA+

Ä
−1

2
p
ä 1
N X t ⊗ Z,

where Z = (U + V )Y −1. A similar computation to the previous one leads us to the
following equality

dp = dp(X
tZ−1 ⊗ Z) (2.25)

If a = a1, we have ε(a1) = 0 and

(πp ⊗ π−p)∆(a1) =
Ä

1
2
p2
ä 1
N U ⊗ IdA+

Ä
1
2
p2
ä 1
N X t+1 ⊗ U +

Ä
−1

2
p2
ä 1
N X tY ⊗ Z,

Therefore, using equality (2.22) we compute

0 = dp(U⊗IdA+X t+1⊗U−X tY ⊗Z) = dp(U⊗IdA)+dp(X
t+1⊗U)−dp(X tY ⊗Z)

(2.25)
= dp(U ⊗ IdA) + dp(X

t+1 ⊗ U)− dp(ZY ⊗ IdA)

= dp(U ⊗ IdA) + dp(X
t+1 ⊗ U)− dp(U ⊗ IdA)− dp(V ⊗ IdA)

= dp(X
t+1 ⊗ U)− dp(V ⊗ IdA)

(2.23)
= dp(IdA⊗X−(t+1)U)− dp(V ⊗ IdA),

which leads to

dp = dp(V
−1 ⊗X−(t+1)U). (2.26)
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Finally, by reconsidering the last computation, we get

0 = dp(U ⊗ IdA+X t+1 ⊗ U −X tY ⊗ Z)

= dp(U ⊗ IdA) + dp(X
t+1 ⊗ U)− ω−tdp(Y X t ⊗ Z)

(2.24)
= dp(U ⊗ IdA) + dp(X

t+1 ⊗ U)− ω−tdp(X t+1 ⊗ Y Z)

= dp(U ⊗ IdA) + dp(X
t+1 ⊗ U)− dp(X t+1 ⊗ U)− ωdp(X t+1 ⊗ V )

= dp(U ⊗ IdA)− ωdp(X t+1 ⊗ V )
(2.23)
= dp(U ⊗ IdA)− ωdp(IdA⊗X−(t+1)V ),

which leads to

dp = dp(U
−1 ⊗X−(t+1)V ). (2.27)

From there, we use equality (2.26) to get

dp(U
−1 ⊗X−(t+1)V ) = dp(V

−1 ⊗X−(t+1)U),

which is equivalent to

dp = ω−1dp(UV
−1 ⊗ UV −1) (2.28)

�

Lemma 2.15. The duality morphisms bp : C→ Vp⊗ V−p and dp : Vp⊗ V−p → C
are given by

bp(1) =
∑

α,β∈Z2
N

bp,α,βuα ⊗ uβ

where

bp,α,β = δα,−βω
1
2((t+1)(α1−α2)(α1−α2+2)+α2

1+α2), (2.29)

and

dp(uα ⊗ uβ) = δα,−βω
− 1

2((t+1)(α1−α2)(α1−α2−2)+α2
1−α2). (2.30)

Proof. First we compute dp using Lemma 2.14 and Lemma 2.10.
We start with the first and the last equality of the Lemma 2.14. We have

dp(uα ⊗ uβ) = dp(X ⊗X)(uα ⊗ uβ) = ω−α1−β1dp(uα ⊗ uβ)

and

dp(uα ⊗ uβ) = ω−1dp(UV
−1 ⊗ UV −1)(uα ⊗ uβ) = ωα2+β2dp(uα ⊗ uβ).

Hence we have

dp(uα ⊗ uβ) = δα,−βdp(uα ⊗ uβ). (2.31)

We consider the third equality of the Lemma 2.14

dp = dp(V
−1 ⊗X−(t+1)U).
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Since X,U, V ∈ A are invertible, this equality is equivalent to

dp = dp
Ä
V −1 ⊗X−(t+1)U

ät+1

A straightforward computation shows thatÄ
V −1 ⊗X−(t+1)U

ät+1
= ω

1
2

Ä
V −(t+1) ⊗X−tU t+1

ä
,

hence, the following equality holds true

dp = ω
1
2dp
Ä
V −(t+1) ⊗X−tU t+1

ä
.

Therefore, using Lemma 2.10, we compute

dp(uα ⊗ uβ) = δα,−βdp(uα ⊗ uβ) = δα,−βω
1
2dp
Ä
V −(t+1) ⊗X−tU t+1

ä
(uα ⊗ uβ)

= δα,−βω
1
2dp
Ä
V −(t+1) ⊗X−tU t+1

ä
(uα ⊗ u−α)

= δα,−βω
−(t+2)α1+(t+1)α2+ 3

2
t+2dp(u(α1−1,α2) ⊗ u(−α1+1,−α2))

= δα,−βω
−(t+2) 1

2
α1(α1+1)+α1((t+1)α2+ 3

2
t+2)dp(u(α1−α1,α2) ⊗ u(−α1+α1,−α2))

= δα,−βω
− 1

2
(t+2)α2

1+(t+1)α1(α2+1)dp(u(0,α2) ⊗ u(0,−α2)). (2.32)

Now we use the second equality of Lemma 2.14 in the following way

dp(u(0,α2) ⊗ u(0,−α2)) = dp(XY
−1 ⊗ Y )(u(0,α2) ⊗ u(0,−α2))

= ωdp(u(−1,α2−1) ⊗ u(1,−α2+1))
(2.32)
= ω−(t+1)α2− 1

2
tdp(u(0,α2−1) ⊗ u(0,−α2+1))

= ω−
1
2

(t+1)α2(α2+1)− 1
2
tα2dp(u(0,α2−α2) ⊗ u(0,−α2+α2))

= ω−
1
2

(t+1)α2
2− 1

2
(2t+1)α2dp(u(0,0) ⊗ u(0,0)). (2.33)

Using equalities (2.32) and (2.33), we get

dp(uα ⊗ uβ) = δα,−βω
− 1

2
(t+2)α2

1+(t+1)α1(α2+1)dp(u(0,α2) ⊗ u(0,−α2))

= δα,−βω
− 1

2
(t+2)α2

1+(t+1)α1(α2+1)ω−
1
2

(t+1)α2
2− 1

2
(2t+1)α2dp(u(0,0) ⊗ u(0,0))

= δα,−βω
− 1

2((t+1)(α1−α2)(α1−α2−2)+α2
1−α2)dp(u(0,0) ⊗ u(0,0)).

Finally, we set dp(u(0,0) ⊗ u(0,0)) = 1. The formula for bp is easily computed
using formula (2.21). �

Theorem 2.16. In the category of Aω,t-modules, the set of objects {Vp}p∈R6=0

with the involution p∗ = −p and the duality morphisms defined in the Lemma 2.15
is a Ψ-system.

Proof. By definition, we have to check the following three points :
(1) Hom(Vp, Vq) = 0 for all p 6= q,
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(2) The morphisms {bp : C→ Vp ⊗ V−p}p∈R6=0
and {dp : Vp ⊗ V−p → C}p∈R6=0

satisfy

(IdV ⊗d−p)(bp ⊗ IdV) = IdV = (dp ⊗ IdV)(IdV ⊗b−p), ∀p ∈ R 6=0 (2.34)

(3) If (p, q) is admissible, then IdVp⊗Vq is in the image of the linear map

Hp,q ⊗ H̄p,q → End(Vp ⊗ Vq), x⊗ y 7→ xy.

Point (1) is clear by Schur’s lemma, point (2) is straightforward using Lemma 2.15
and point (3) is given by formula (2.20). �

3. Operators in the space of multiplicities H
We consider the vector space H, called the space of multiplicities, defined by

H =
⊕

(p,q)∈(R6=0)2

admissible

Hp,q ⊕ H̄p,q.

In this section, we are going to determine the key operators in End(H) that will
allow us to extend the Ψ-system defined in Theorem 2.16 into a Ψ̂-system.

3.1. The standard operators. Let us first recall that the Mobius group is
defined as the group PGL(2,C) acting on C ∪ {∞} as followsÇ

a b
c d

å
(x) =





ax+ b

cx+ d
if x ∈ C

a

c
if x =∞.

The elements of the Mobius group are called Mobius transformation.

Definition 3.1. We say that f ∈ End(H) is a standard operator if f is
invertible and if for all admissible pair (p, q) ∈ (R6=0)2, there exists an admissible
pair (r, s) ∈ (R6=0)

2 and a Mobius transformation M ∈ PGL(2,C) satisfying the
following two conditions :

(1)

f(Hp,q) = Hr,s and f(H̄p,q) = H̄r,s, (3.1)

or

f(Hp,q) = H̄r,s, and f(H̄p,q) = Hr,s, (3.2)

(2)

M
(

q
p+q

)
= s

r+s
(3.3)
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The scaling invariance property of the multiplicity spaces extends to the standard
operators in the following sense : if f ∈ End(H) is a standard operator, then for
all α, β ∈ Z2

N , there exists functions

fα,β, f̄α,β : R6=0,1 → C

such that

fhp,q(uα) =
∑

β∈Z2
N

fα,β
(

q
p+q

)
hr,s(ūβ),

f h̄p,q(ūα) =
∑

β∈Z2
N

f̄α,β
(

q
p+q

)
hr,s(uβ),

(3.4)

if f satisfies (3.1) and

fhp,q(uα) =
∑

β∈Z2
N

fα,β
(

q
p+q

)
h̄r,s(ūβ),

f h̄p,q(ūα) =
∑

β∈Z2
N

f̄α,β
(

q
p+q

)
hr,s(uβ),

(3.5)

if f satisfies (3.2).

Definition 3.2. An operator f ∈ End(H) is grading-preserving if for all
admissible pairs (p, q) ∈ (R 6=0)2 we have

f(Hp,q) ⊂ Hp,q and f(H̄p,q) ⊂ H̄p,q.

Clearly, the invertible grading-preserving operators are standard.
Let

πp,q : H → Hp,q, π̄p,q : H → H̄p,q

be the obvious projections. We provide H with a symmetric bilinear pairing
〈, 〉 : H⊗H → C by

〈u, v〉 =
∑

(p,q)∈(R 6=0)2

admissible

(〈π̄p,q(u)πp,q(v)〉+ 〈π̄p,q(v)πp,q(u)〉)

for any u, v ∈ H.
Definition 3.3. A transpose of f ∈ End(H) is a map f ∗ ∈ End(H) such that

〈fu, v〉 = 〈u, f ∗v〉 for all u, v ∈ H. We say that f ∈ End(H) is symmetric if f ∗ = f .

Since Hp,q and H̄p,q are dual vector spaces, the transpose f ∗ of f ∈ End(H), if
it exists, is unique and (f ∗)∗ = f .

If f ∈ End(H) is standard, the equalities (3.1) and (3.2) ensure that f ∗ exists.
Moreover, in that case, f ∗ is also standard.
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3.2. The operators A and B and their transpose. We now define the
operators A,B ∈ End(H) by

Au =
∑

(p,q)∈(R6=0)2

admissible

(IdV ⊗π̄p,q(u))(b−p ⊗ IdV) + (d−p ⊗ IdV)(IdV ⊗πp,q(u)), (3.6)

Bu =
∑

(p,q)∈(R6=0)2

admissible

(π̄p,q(u)⊗ IdV)(IdV ⊗bq) + (IdV ⊗dq)(πp,q(u)⊗ IdV). (3.7)

For each u ∈ H, there are only finitely many non-zero terms in these sums, since u
has only finitely many non-zero components πp,q(u) and π̄p,q(u).

Using (2.21), one can easily prove that the operators A and B are involutive
(also see [5, Lemma 3]). Hence, from their definition, we clearly have the following
equalities

A(Hp,q) = H̄−p,p+q, A(H̄p,q) = H−p,p+q,
B(Hp,q) = H̄p+q,−q, B(H̄p,q) = Hp+q,−q.

(3.8)

Moreover, A and B are both standard operators. Indeed, we haveÇ
0 1
1 0

å (
q
p+q

)
= p+q

q
and

Ç
1 0
1 −1

å (
q
p+q

)
= −q

p
. (3.9)

The equalities (3.8) ensure us that we have the following for A∗ and B∗

A∗(Hp,q) = H̄−p,p+q, A∗(H̄p,q) = H−p,p+q,
B∗(Hp,q) = H̄p+q,−q, B

∗(H̄p,q) = Hp+q,−q.
(3.10)

The equalities (3.8) and (3.10) ensure us that for all α, β ∈ Z2
N there exists functions

Aα,β, Āα,β, A
∗
α,β, Ā

∗
α,β : R6=0,1 → C

and

Bα,β, B̄α,β, B
∗
α,β, B̄

∗
α,β : R6=0,1 → C

such that for all admissible pairs (p, q) ∈ (R 6=0)2 we have

Ahp,q(uα) =
∑

β∈Z2
N

Aα,β
(

q
p+q

)
h̄−p,p+q(ūβ),

Ah̄p,q(ūα) =
∑

β∈Z2
N

Āα,β
(

q
p+q

)
h−p,p+q(uβ),

A∗hp,q(uα) =
∑

β∈Z2
N

A∗α,β
(

q
p+q

)
h̄−p,p+q(ūβ),

A∗h̄p,q(ūα) =
∑

β∈Z2
N

Ā∗α,β
(

q
p+q

)
h−p,p+q(uβ).
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and
Bhp,q(uα) =

∑

β∈Z2
N

Bα,β

(
q
p+q

)
h̄p+q,−q(ūβ),

Bh̄p,q(ūα) =
∑

β∈Z2
N

B̄α,β

(
q
p+q

)
hp+q,−q(uβ),

B∗hp,q(uα) =
∑

β∈Z2
N

B∗α,β
(

q
p+q

)
h̄p+q,−q(ūβ),

B∗h̄p,q(ūα) =
∑

β∈Z2
N

B̄∗α,β
(

q
p+q

)
hp+q,−q(uβ).

We define

εN =

®
1 if N = 1 mod 4
i if N = 3 mod 4

The following Proposition will be proved in Chapter 2.

Proposition 3.4. For all x ∈ R6=0,1 and all α, β ∈ Z2
N we have

Aα,β(x) ≡ε2Nx
2(N−1)
N

δα2,−β2
N

ω−
1
2

(t(α1−α2−β1)(α1−α2−β1−1)−α1(α1−3)−(t+1)α2−β1(β1+2t+1)),

Āα,β(x) ≡ε−2
N x

2(N−1)
N δα2,−β2ω

1
2

(t(β1+α2−α1)(β1+α2−α1−1)+β1(β1−3)−(t+1)α2+α1(α1+2t+1)),

A∗α,β(x) ≡ε2Nx−
2(N−1)
N

δα2,−β2
N

ω−
1
2

(t(β1+α2−α1)(β1+α2−α1−1)+β1(β1−3)−(t+1)α2+α1(α1+2t+1)),

Ā∗α,β(x) ≡ε−2
N x−

2(N−1)
N δα2,−β2ω

1
2

(t(α1−α2−β1)(α1−α2−β1−1)−α1(α1−3)−(t+1)α2−β1(β1+2t+1)),

and

Bα,β(x) ≡(1− x)
2(N−1)
N δα,−βω

− 1
2((t+1)(α1−α2)(α1−α2−2)+α2

1−α2),

B̄α,β(x) ≡(1− x)
2(N−1)
N δα,−βω

1
2((t+1)(α1−α2)(α1−α2+2)+α2

1+α2),

B∗α,β(x) ≡(1− x)−
2(N−1)
N δα,−βω

− 1
2((t+1)(α1−α2)(α1−α2+2)+α2

1+α2),

B̄∗α,β(x) ≡(1− x)
−2(N−1)

N δα,−βω
1
2((t+1)(α1−α2)(α1−α2−2)+α2

1−α2).

3.3. The operators L,R and C. The operators L,R and C are defined as
follows

L = A∗A, R = B∗B, C = (AB)3 ∈ End(H). (3.11)

The operators L,R and C are clearly invertible and by the equalities (3.8) and
(3.10), we easily see that they are grading-preserving. Hence, these operators are
also standard.

Moreover, these operators are symmetric. It is clear for L and R. For C, we
use ([5, Lemma 5]) which states that

(ABA)∗ = BAB.
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Hence we have

C = (AB)3 = ABABAB = ABA(ABA)∗.

Now we can determine these operators using the functions

Lα,β, L̄α,β, Rα,β, R̄α,β, Cα,β, C̄α,β : R6=0,1 → C

satisfying

Lhp,q(uα) =
∑

β∈Z2
N

Lα,β
(

q
p+q

)
hp,q(uβ),

Lh̄p,q(ūα) =
∑

β∈Z2
N

L̄α,β
(

q
p+q

)
h̄p,q(ūβ),

Rhp,q(uα) =
∑

β∈Z2
N

Rα,β

(
q
p+q

)
hp,q(uβ),

Rh̄p,q(ūα) =
∑

β∈Z2
N

R̄α,β

(
q
p+q

)
h̄p,q(ūβ),

Chp,q(uα) =
∑

β∈Z2
N

Cα,β
(

q
p+q

)
hp,q(uβ),

Ch̄p,q(ūα) =
∑

β∈Z2
N

C̄α,β
(

q
p+q

)
h̄p,q(ūβ),

for all admissible pairs (p, q) ∈ (R6=0)2.

Proposition 3.5. For all x ∈ R 6=0,1 and all α, β ∈ Z2
N we have

Lα,β(x) ≡x 4(N−1)
N δα1+2t,β1δα2,β2ω

2tα1+α2−4t−3,

L̄α,β(x) ≡x 4(N−1)
N δα1−2t,β1δα2,β2ω

2tα1+α2+1,

Rα,β(x) ≡(1− x)
4(N−1)
N δα,βω

2(t+1)(α1−α2)+α2 ,

R̄α,β(x) ≡(1− x)
4(N−1)
N δα,βω

2(t+1)(α1−α2)+α2 ,

Cα,β(x) ≡δα,βω−(2t+1)α2 ,

C̄α,β(x) ≡δα,βω−(2t+1)α2 .

Proof. Using Proposition 3.4, a straightforward computation leads to the
results. �

Remark 3.6. Note that the fact that the operator C is non trivial implies that
the category of Aω,t-modules is non-pivotal.
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3.4. The operators L
1
2 , R

1
2 and C

1
2 . Now we can fix square roots of the

operators L,R and C. These are the key operators mentioned in the beginning of
this section that will allow us to extend our Ψ-system into a Ψ̂-system.

Proposition 3.7. The square roots of the operators L,R and C can be chosen
to be, respectively, the grading-preserving operators given, for all x ∈ R6=0,1 and all
α, β ∈ Z2

N , by

L
1
2
α,β(x) ≡x 2(N−1)

N δα1+t,β1δα2,β2ω
1
2

(2tα1+α2−3t−2),

L̄
1
2
α,β(x) ≡x 2(N−1)

N δα1−t,β1δα2,β2ω
1
2

(2tα1+α2−t),

R
1
2
α,β(x) ≡(1− x)

2(N−1)
N δα,βω

(t+1)(α1−α2)+ 1
2
α2 ,

R̄
1
2
α,β(x) ≡(1− x)

2(N−1)
N δα,βω

(t+1)(α1−α2)+ 1
2
α2 ,

C
1
2
α,β(x) ≡δα,βω−(t+ 1

2
)α2 ,

C̄
1
2
α,β(x) ≡δα,βω−(t+ 1

2)α2 .

Proof. Let us write for any L = L0L1 as a product of commuting operators
L0 and L1 such that, for any admissible pair (p, q) ∈ (R6=0)2 we have

L0|Hp,q⊕H̄p,q ≡
(

q
p+q

) 4(N−1)
N and LN1 |H = IdH .

Since N is odd, we set L
1
2 = L

1
2
0L

N+1
2

1 . We do similarly for R
1
2 and C

1
2 . �

Remark 3.8. In [5, equation (35)] the square root of L is defined by

L
1
2 = BAR−

1
2AB (3.12)

and it is shown that it implies that (L
1
2 )2 = L. Although L

1
2 has not been defined

this way in our case, a straightforward computation shows that equality (3.12)
holds true.

The next Proposition shows that the operator

q = R
1
2BL

1
2BL−

1
2C−

1
2 ,

acts as a scalar on

Ȟ =
⊕

(p,q)∈(R6=0)2

admissible

Hp,q and Ĥ =
⊕

(p,q)∈(R6=0)2

admissible

H̄p,q.

This property is central to define our invariant.

Proposition 3.9. For all x ∈ R6=0,1 and all α ∈ Z2
N , the operator

q = R
1
2BL

1
2BL−

1
2C−

1
2
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is given by

qeα(x) = ω
1
2 eα(x) and qēα(x) = ω−

1
2 ēα(x).

Proof. A straightforward computation leads to the results. �

4. A Ψ̂-system in the category of Aω,t-modules

Now that we have shown that there is a Ψ-system in the category of Aω,t-
modules, we can construct its associated 6j-symbols. As we have already said, the
operator S(x) will have an essential role in this construction.

With the square roots L
1
2 , R

1
2 and C

1
2 chosen in the previous section, we are

going to show that the Ψ-system defined in Theorem 2.16 extends to a Ψ̂-system.

4.1. The 6j-symbols. For any x ∈ R 6=0,1, we define the algebra morphism

∆x : A → A⊗A
by

∆x(a) =S(x)(a⊗ IdV)S(x)−1, (4.1)

We also consider the following function

∗ : (R 6=0,1)2 −→ R 6=0,1

(x, y) 7−→ y − xy
1− xy

This function is well defined only for pairs (x, y) ∈ (R6=0,1)2 such that x 6= y−1.

Definition 4.1. We say that a pair (x, y) ∈ (R 6=0,1)2 is compatible if x 6= y−1.

Lemma 4.2. For all compatible pairs (x, y) ∈ (R6=0,1)2, we have

(∆x∗y ⊗ IdV) ∆xy = (IdV ⊗∆x) ∆y (4.2)

Proof. If (x, y) ∈ (R6=0,1)
2 is a compatible pair, then ∆xy and ∆x∗y are well

defined functions. For any x ∈ R6=0,1, Proposition 2.8 implies the following equalities

∆x(X) = X1X2, ∆x(Y ) = (1− x)
1
N Y1 + x

1
NX1Y2

∆x(U) = (1− x)
2
NU1 + x

2
NX t+1

1 U2 + (x− x2)
1
NX t

1Y1Z2,

∆x(V ) = (1− x)
2
N V1 + x

2
NX t+1

1 V2 + (x− x2)
1
NZ1X1Y2,

where Z = (U + V )Y −1. Using these equalities, a straightforward computation
shows that equation (4.2) holds true for a ∈ {X, Y, U, V }. This ends the proof
since {X, Y, U, V } is a generating set of A.

�
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Let (x, y) ∈ (R 6=0,1)2 be compatible. Using (4.1), we have for all a ∈ A

(∆x∗y ⊗ IdV) ∆xy(a) = S12(x ∗ y)S13(xy)(a⊗ IdV ⊗ IdV) (S12(x ∗ y)S13(xy))−1

and

(IdV ⊗∆x) ∆y(a) = S23(x)S12(y)(a⊗ IdV ⊗ IdV) (S23(x)S12(y))−1 .

Therefore, by Lemma 4.2, the following equality holds in A⊗3 for all a ∈ A

(S23(x)S12(y))−1 S12(x ∗ y)S13(xy)(a⊗ IdV ⊗ IdV)

= (a⊗ IdV ⊗ IdV) (S23(x)S12(y))−1 S12(x ∗ y)S13(xy)

Since the center of A is trivial, the former equality implies the existence of an
element T (x, y) ∈ A⊗2 such that

(S23(x)S12(y))−1 S12(x ∗ y)S13(xy)T23(x, y) = IdV ⊗ IdV ⊗ IdV .

Hence we have

S23(x)S12(y) = S12(x ∗ y)S13(xy)T23(x, y). (4.3)

Definition 4.3. The operator T (x, y) ∈ A⊗2 and its inverse are called 6j-
symbols.

Remark 4.4. The operators T (x, y) and T (x, y)−1 correspond to the 6j-symbols
(positive and negative respectively) defined in [5, p.13] in the following way : for
p, q, r ∈ R6=0 such that x = r

q+r
and y = q+r

p+q+r
, we have

(v̄ ⊗ ū)T (x, y)(v ⊗ u) =

®
p q p+ q
r p+ q + r q + r

´
(ū⊗ v̄ ⊗ u⊗ v) ∈ C

where
ū⊗ v̄ ⊗ u⊗ v ∈ H̄p+q,r ⊗ H̄p,q ⊗Hq,r ⊗Hp,q+r

and

(ū′ ⊗ v̄′)T (x, y)−1(u′ ⊗ v′) =

®
p q p+ q
r p+ q + r q + r

´−
(ū′ ⊗ v̄′ ⊗ u′ ⊗ v′) ∈ C

where
ū′ ⊗ v̄′ ⊗ u′ ⊗ v′ ∈ H̄p,q+r ⊗ H̄q,r ⊗Hp,q ⊗Hp+q,r.

Thus, T (x, y) and T (x, y)−1 are interpreted as elements of End(H⊗2), or more
precisely,

T (x, y) : Hp,q+r ⊗Hq,r −→ Hp,q ⊗Hp+q,r,

T (x, y)−1 : Hp,q ⊗Hp+q,r −→ Hp,q+r ⊗Hq,r.
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4.2. Determination of the 6j-symbols. The following Theorem is the key
to determine the 6j-symbols T (x, y). For the sake of simplicity, our statement is
adapted to our context. It is therefore slightly different from the original one.

Theorem 4.5 ([4], p.5). Let (x, y) ∈ (R6=0,1)
2 be compatible and U,V be two

operators such that UV = ω−1VU and UN = VN = −1, then

Ψx(U)Ψy(V) = Ψx∗y(V)Ψxy(−VU)Ψy∗x(U).

Lemma 4.6. Let U,V ∈ A be such that UN = VN = 1 and UV = ωVU.Then

L23(U,V)L12(U,V) = L12(U,V)L13(U,V)L23(U,V).

Proof. For all i ∈ ZN we have

∑

k∈ZN

Ñ
1

N

∑

j∈ZN
ω−ijVj

éÑ
1

N

∑

l∈ZN
ω−klVl

é
=

1

N2

∑

l,k∈ZN
ω−kl

Ñ
∑

j∈ZN
ω−ijVj+l

é
=

1

N2

∑

l,k∈ZN
ωl(i−k)

Ñ
∑

j∈ZN
ω−ijVj

é
=

Ñ
∑

j∈ZN
ω−ijVj

é
1

N2

∑

l,k∈ZN
ωl(i−k) =

Ñ
∑

j∈ZN
ω−ijVj

é
1

N2

∑

k∈ZN
Nδi,k

=
1

N

∑

j∈ZN
ω−ijVj.

Using the identity above and Lemma 2.5, we easily make the following computation

L23(U,V)L12(U,V) =
1

N

∑

i,j∈ZN
ω−ijUi2V

j
3L12(U,V)

=
1

N

∑

i,j∈ZN
ω−ijL12(U, ωiV)Ui2V

j
3 = L12(U,V)

1

N

∑

i,j∈ZN
ω−ijUi1U

i
2V

j
3

= L12(U,V)
∑

i∈ZN
Ui1U

i
2

∑

k∈ZN

Ñ
1

N

∑

j∈ZN
ω−ijVj3

éÑ
1

N

∑

l∈ZN
ω−klVl3

é
= L12(U,V)

∑

i,k∈ZN
Ui1U

k
2

Ñ
1

N

∑

j∈ZN
ω−ijVj3

éÑ
1

N

∑

l∈ZN
ω−klVl3

é
= L12(U,V)

Ñ
1

N

∑

i,j∈ZN
ω−ijUi1V

j
3

éÑ
1

N

∑

k,l∈ZN
ω−klUk2V

l
3

é
= L12(U,V)L13(U,V)L23(U,V).

�

Now we show that T (x, y) = S(y ∗ x) is a solution of the equation (4.3).
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Remark 4.7. Setting z = y ∗ x and using Remark 4.4, we have z = pr
(p+q)(q+r)

,

(v̄ ⊗ ū)S(z)(v ⊗ u) =

®
p q p+ q
r p+ q + r q + r

´
(ū⊗ v̄ ⊗ u⊗ v) ∈ C

where
ū⊗ v̄ ⊗ u⊗ v ∈ H̄p+q,r ⊗ H̄p,q ⊗Hq,r ⊗Hp,q+r

and

(ū′ ⊗ v̄′)S(z)−1(u′ ⊗ v′) =

®
p q p+ q
r p+ q + r q + r

´−
(ū′ ⊗ v̄′ ⊗ u′ ⊗ v′) ∈ C

where
ū′ ⊗ v̄′ ⊗ u′ ⊗ v′ ∈ H̄p,q+r ⊗ H̄q,r ⊗Hp,q ⊗Hp+q,r.

Thus, S(z) and S(z)−1 are interpreted as operators with the following source and
target spaces

S(z) : Hp,q+r ⊗Hq,r −→ Hp,q ⊗Hp+q,r, (4.4)

S(z)−1 : Hp,q ⊗Hp+q,r −→ Hp,q+r ⊗Hq,r. (4.5)

Theorem 4.8. S23(x)S12(y) = S12(x ∗ y)S13(xy)S23(y ∗ x).

Proof. The following commutation relations hold true

H12

F12

E12

G12

H23

E23
F23

G23

Using Lemma 2.5 and Lemma 4.6 for U = U tV , we see that the proposition is
equivalent to the following equality

Ψx(E23)Ψx(F23)Ψx(G23)Ψx(H23)Ψy(E12)Ψy(F12)Ψy(G12)Ψy(H12)

= Ψx∗y(E12)Ψx∗y(F12)Ψx∗y(G12)Ψx∗y(H12)Ψxy(X2E13)Ψxy(X
t
2F13)

×Ψxy(X
t
2G13)Ψxy(X2H13)Ψy∗x(E23)Ψy∗x(F23)Ψy∗x(G23)Ψy∗x(H23).

(4.6)
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Since

X2E13 =− E12E23, X t
2F13 =−G12F23,

X t
2G13 =−G12G23, X2H13 =−H12E23,

the former equality is equivalent to
Ψx(E23)Ψx(F23)Ψx(G23)Ψx(H23)Ψy(E12)Ψy(F12)Ψy(G12)Ψy(H12)

= Ψx∗y(E12)Ψx∗y(F12)Ψx∗y(G12)Ψx∗y(H12)Ψxy(−E12E23)Ψxy(−G12F23)

×Ψxy(−G12G23)Ψxy(−H12E23)Ψy∗x(E23)Ψy∗x(F23)Ψy∗x(G23)Ψy∗x(H23).

On the left hand side, we can apply Theorem 4.5 to E12 and E23. Indeed, E12

commutes with F23, G23 and H23 and E23E12 = ω−1E12E23. This gives

Ψx(E23)Ψx(F23)Ψx(G23)Ψx(H23)Ψy(E12)Ψy(F12)Ψy(G12)Ψy(H12)

= Ψx∗y(E12)Ψxy(−E12E23)Ψy∗x(E23)Ψx(F23)Ψx(G23)Ψx(H23)Ψy(F12)

×Ψy(G12)Ψy(H12).

On the right hand side, since E12E23 commutes with F12, G12 and H12, we have

Ψx∗y(E12)Ψx∗y(F12)Ψx∗y(G12)Ψx∗y(H12)Ψxy(−E12E23)Ψxy(−G12F23)

×Ψxy(−G12G23)Ψxy(−H12E23)Ψy∗x(E23)Ψy∗x(F23)Ψy∗x(G23)Ψy∗x(H23)

= Ψx∗y(E12)Ψxy(−E12E23)Ψx∗y(F12)Ψx∗y(G12)Ψx∗y(H12)Ψxy(−G12F23)

×Ψxy(−G12G23)Ψxy(−H12E23)Ψy∗x(E23)Ψy∗x(F23)Ψy∗x(G23)Ψy∗x(H23)

Hence, (4.6) is equivalent to
Ψy∗x(E23)Ψx(F23)Ψx(G23)Ψx(H23)Ψy(F12)Ψy(G12)Ψy(H12)

= Ψx∗y(F12)Ψx∗y(G12)Ψx∗y(H12)Ψxy(−G12F23)Ψxy(−G12G23)

×Ψxy(−H12E23)Ψy∗x(E23)Ψy∗x(F23)Ψy∗x(G23)Ψy∗x(H23)

(4.7)

On the left hand side of (4.7), we have

Ψy∗x(E23)Ψx(F23)Ψx(G23)Ψx(H23)Ψy(F12)Ψy(G12)Ψy(H12)

=Ψy∗x(E23)Ψx(F23)Ψx(G23)Ψx∗y(F12)Ψxy(−F12H23)Ψy∗x(H23)Ψy(G12)Ψy(H12)

=Ψy∗x(E23)Ψx(F23)Ψx(G23)Ψx∗y(F12)Ψxy(−E23G12)Ψy∗x(H23)Ψy(G12)Ψy(H12)

=Ψx∗y(F12)Ψy∗x(E23)Ψx(F23)Ψx(G23)Ψxy(−E23G12)Ψy(G12)Ψy(H12)Ψy∗x(H23)

=Ψx∗y(F12)Ψy∗x(E23)Ψx(F23)Ψxy(−E23G12)Ψx∗y(G12)Ψxy(−G12G23)

×Ψy∗x(G23)Ψy(H12)Ψy∗x(H23)

=Ψx∗y(F12)Ψx(F23)Ψy(G12)Ψx(E23)Ψxy(−G12G23)Ψy∗x(G23)Ψy(H12)Ψy∗x(H23)

=Ψx∗y(F12)Ψx(F23)Ψy(G12)Ψx(E23)Ψxy(−G12G23)Ψy(H12)Ψy∗x(G23)Ψy∗x(H23)

where we successively
(1) applied theorem 4.5 to H23 and F12,
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(2) used the equality F12H23 = E23G12,
(3) used the fact that F12 commutes with E23, F23 and G23, and the fact that

H23 commutes with G12 and H12,
(4) used the fact that G23 commutes with E23G12, and applied Theorem 4.5

to G23 and G12,
(5) used the fact that E23 commutes with F23, and applied Theorem 4.5 to

E23 and G12,
(6) used the fact that G23 commutes with H12.

On the right hand side of (4.7), we have

Ψx∗y(F12)Ψx∗y(G12)Ψx∗y(H12)Ψxy(−G12F23)Ψxy(−G12G23)

×Ψxy(−H12E23)Ψy∗x(E23)Ψy∗x(F23)Ψy∗x(G23)Ψy∗x(H23)

=Ψx∗y(F12)Ψx∗y(G12)Ψxy(−G12F23)Ψxy(−G12G23)

×Ψx(E23)Ψy(H12)Ψy∗x(F23)Ψy∗x(G23)Ψy∗x(H23)

=Ψx∗y(F12)Ψx(F23)Ψy(G12)Ψxy(−G12G23)Ψx(E23)Ψy(H12)Ψy∗x(G23)Ψy∗x(H23)

=Ψx∗y(F12)Ψx(F23)Ψy(G12)Ψx(E23)Ψxy(−G12G23)Ψy(H12)Ψy∗x(G23)Ψy∗x(H23).

where we successively
(1) used the fact that H12 commutes with G12F23 and G12G23, and applied

Theorem 4.5 to H12 and E23,
(2) used the fact that F23 commutes with H12 E23 and G12G23, and applied

Theorem 4.5 to G12 and F23,
(3) used the fact that E23 commutes with G12G23.

�

4.3. The Ψ̂-system. Let S(z) be as described in Remark 4.7. The Ψ-system
of Theorem 2.16 extends to a Ψ̂-system if the following equations holds true

C
1
2
1 C

1
2
2 S(z) = S(z)C

1
2
1 C

1
2
2 (4.8)

L
1
2
1R

1
2
2 S(z) = S(z)L

1
2
1R

1
2
2 (4.9)

R
1
2
1R

1
2
2 S(z) = S(z)R

1
2
1C

1
2
2 (4.10)

L
1
2
2 S(z) = C

1
2
1 S(z)L

1
2
1L

1
2
2 (4.11)

Theorem 4.9. The Ψ-system of Theorem 2.16 extends to a Ψ̂-system with
L

1
2 , R

1
2 and C

1
2 given in Proposition 3.7.

Proof. By defintion of a Ψ-system, these equations hold true without the
square roots (see equations (33a), (33b), (33c) and (33d) of [5]). Therefore, it is
easy to see that they also hold true for L

1
2
1 , R

1
2
1 and C

1
2
1 . �
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5. The charged 6j-symbols and the proof of Theorem 3.1

5.1. Determination of the charged 6j-symbols.

Definition 5.1. For any z ∈ R6=0,1 and a, c ∈ 1
2
Z we define the charged

6j-symbols by

S(z|a, c) = q−4ac
2 Rc

2R
−a
1 S(z)L−a2 R−c2 (5.1)

S(z|a, c)−1 = q4ac
1 R−c2 L−a2 S(z)−1R−a1 Rc

2 (5.2)

Explicitly we have≠
ūµ ⊗ ūν

∣∣∣∣S(z|a, c)
∣∣∣∣uα ⊗ uβ

∑
=
≠
ūµ ⊗ ūν

∣∣∣∣S(z)
∣∣∣∣uα ⊗ u(β1−2ta,β2)

∑
(za(1− z)c)

4(1−N)
N

× ωa(2c−2tβ1−β2)+2(t+1){a(a+µ1)+c(β1−ν1)}+(2t+1){a(µ2+1)+c(β2−ν2)} (5.3)≠
ūµ⊗ūν

∣∣∣∣S(z|a, c)−1
∣∣∣∣uα⊗uβ

∑
=
≠
ūµ⊗ū(ν1+2ta,ν2)

∣∣∣∣S(z)−1
∣∣∣∣uα⊗uβ

∑
(za(1− z)c)

4(1−N)
N

× ωa(2c−2tν1−ν2)+2(t+1){a(a−α1)+c(β1−ν1)}+(2t+1){a(α2+1)+c(ν2−β2)} (5.4)

where
¨
ūµ⊗ ūν |S(z)|uα⊗uβ

∂
and

¨
ūµ⊗ ūν |S(z)−1|uα⊗uβ

∂
are given by Proposition

2.11.

5.2. The symmetry relations of the charged 6j-symbols. The symmetry
relations of the charged 6j-symbols are expressed with the following symmetric
operators A = AL−

1
2 and B = BR−

1
2 in End(H). For any α, β ∈ Z2

N , we consider
the functions

Aα,β, Āα,β,Bα,β, B̄α,β : R 6=0,1 → C

satisfying

Ahp,q(uα) =
∑

β∈Z2
N

Aα,β
(

q
p+q

)
hp,q(uβ),

Ah̄p,q(ūα) =
∑

β∈Z2
N

Āα,β
(

q
p+q

)
h̄p,q(ūβ),

Bhp,q(uα) =
∑

β∈Z2
N

Bα,β
(

q
p+q

)
hp,q(uβ),

Bh̄p,q(ūα) =
∑

β∈Z2
N

B̄α,β
(

q
p+q

)
h̄p,q(ūβ),

for all admissible pairs (p, q) ∈ (R6=0)
2. A straightforward computation, using

Lemmas 3.4 and 3.7, leads us to the followings results.
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Lemma 5.2. The operators A,B ∈ End(H) are symmetric involutions. For all
α, β ∈ Z2

N , the numbers

Aα,β ≡ ε2N
δα2,−β2
N

ω−
1
2(t(α1−α2−β1)2+α1(α1+t−1)+β1(β1+t−1)−1), (5.5)

Āα,β ≡ ε−2
N δα2,−β2ω

1
2(t(α1−α2−β1)2+α1(α1+t−1)+β1(β1+t−1)−1), (5.6)

Bα,β ≡ δα,−βω
− 1

2((t+1)(α1−α2)2+α2
1), (5.7)

B̄α,β ≡ δα,−βω
1
2((t+1)(α1−α2)2+α2

1), (5.8)

satisfy the following equalities for all x ∈ R 6=0,1

Aα,β = Aα,β(x), Āα,β = Āα,β(x), Bα,β(x) = Bα,β(x), B̄α,β = B̄α,β(x).

Using the previous Lemma, Remark 4.7 and Proposition 3.9, the following
Proposition is a direct adaptation of the formulas (50), (51) and (52) of [5].

Proposition 5.3 (The symmetry relations). The charged 6j-symbols verify the
following symmetry relations≠

ūα⊗ūν
∣∣∣∣S(z|a, c)

∣∣∣∣uµ⊗uβ
∑
≡ ωa

∑

α′,µ′∈Z2
N

Aα,α′Āµ,µ′
≠
ūµ′⊗ūν

∣∣∣∣S
Ä

z
z−1
|a, b
ä−1

∣∣∣∣uα′⊗uβ
∑

(5.9)≠
ūα⊗ūµ

∣∣∣∣S(z|a, c)
∣∣∣∣uβ⊗uν

∑
≡ ω−c

∑

α′,ν′∈Z2
N

Āν,ν′Bα,α′
≠
ūµ⊗ūν′

∣∣∣∣S
Ä
z−1|b, c

ä−1
∣∣∣∣uα′⊗uβ

∑
(5.10)≠

ūµ⊗ūβ
∣∣∣∣S(z|a, c)

∣∣∣∣uα⊗uν
∑
≡ ωa

∑

β′,ν′∈Z2
N

Bβ,β′B̄ν,ν′
≠
ūµ⊗ūν′

∣∣∣∣S
Ä

z
z−1
|a, b
ä−1

∣∣∣∣uα⊗uβ′
∑

(5.11)

5.3. Proof of Theorem 3.1.

Proof of theorem 3.1. The statement of our Theorem is an adaptation of
the Theorem 29 of [5]. In our case, the former can be expressed as follows.

Suppose that there exists a scalar q̃ ∈ C such that

q = q̃Ȟ ⊗ q̃−1Ĥ ∈ End(H).

Then up to multiplication by integer powers of q̃, the state sum KN(T ,L,Φ, c)
depends only on the isotopy class of L in M and the cohomology classes [Φ] ∈
H1(M,R) and [c] ∈ H1(M,Z/2Z) (and does not depend on the choice of Φ and c
in their cohomology classes, the H-triangulation (T ,L) of (M,L), and the ordering
of the vertices of T ).
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By Proposition 3.9 we have

q = ω
1
2 Ȟ ⊗ ω− 1

2 Ĥ ∈ End(H).

This ends the proof since ω
1
2 = ω

N+1
2 is an integer power of ω. �





CHAPTER 2

Determination of S(x), A and B

In this Chapter we will explicitly determine the operators S(x), A and B. But
first, we determine the operator Ψ̄x(U) by proving the Lemma 2.3.

1. Determination of Ψ̄x(U)

1.1. Proof of formulae (2.4) and (2.8). We start by proving the formulae
(2.4) and (2.8)

Ψx(U)N = ψNx,0(1− x)1−N D(1)

D
(
(1− x)−

1
N

)
D
Å
Uω
Ä

x
1−x
ä 1
N

ã
Ψ̄x(U)N = ψ̄Nx,0N

−N(−x)−
N−1

2
D(1)3

D
(
(1− x)

1
N

)
D
Å
U−1

Ä
1−x
x

ä 1
N

ã .
We recall that for any x ∈ C such that xN 6= 1 and anym ∈ {0, · · · , N − 1} ⊂ Z

we had defined

w(x|m) =
m∏

j=1

1

1− xωj .

Following [9] this function can be defined for any m ∈ Z by

w(x|0) = 1,
w(x|m)

w(x|m− 1)
=

1

1− xωm .

Note that w(x|m) is not periodic on the variable m. Nevertheless, the following
formula holds true for any m,n ∈ Z≥0

w(x|m+ n) = w(x|m)w(xωm|n). (1.1)

The following Lemma shows another identity for w(x|m).

Lemma 1.1. For all m ∈ {0, . . . , N − 1} ⊂ Z and all x ∈ C∗ such that xN 6= 1,
we have

w(x|N −m) =
(−x)m

1− xN ω
− 1

2
m(m−1)w((xω)−1|m)−1.

49
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Proof. Let m ∈ {0, . . . , N − 1} ⊂ Z. Since N −m ∈ {0, . . . , N − 1} ⊂ Z, we
have

w(x|N −m) =
N−m∏

j=1

1

1− xωj .

Then, we compute

w(x|N −m) =
N−m∏

j=1

1

1− xωj =
N∏

j=1

1

1− xωj
N∏

j=N−m+1

(1− xωj)

=
1

1− xN
m−1∏

j=0

(1− xω−j) =
(−x)m

1− xN ω
− 1

2
m(m−1)

m−1∏

j=0

(1− x−1ωj)

=
(−x)m

1− xN ω
− 1

2
m(m−1)

m∏

j=1

(1− (xω)−1ωj) =
(−x)m

1− xN ω
− 1

2
m(m−1)w((xω)−1|m)−1.

�

We also recall that for x, y, z ∈ C are such that¶
xN , yN

©
⊂ C\ {1} and zN =

1− xN
1− yN . (1.2)

we had defined

f(x, y|z) =
N−1∑

m=0

w(x|m)

w(y|m)
zm. (1.3)

Note that the conditions (1.2) provide periodicity on the variable m of period N .
The following formula was shown in [9, C.7] and will play a key role in the

sequel

f(x, y|z)N = (yω)
N(N−1)

2

D (1)D
Ä
yω
x

ä
D
(
x
yz

)

D
Ä

1
x

ä
D (yω)D

Ä
ω
z

ä (1.4)

where

D(x) =
N−1∏

j=1

(1− xωj)j.

Lemma 1.2. For any x ∈ R 6=0,1 we have

D(xω)

D(x)
=

(1− x)N

1− xN (1.5)

D(x)D(x−1) = D(1)2x−
N(N−1)

2 %(x)N (1.6)

where

%(x) = N−1 1− xN
1− x
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Proof. Consider x ∈ R6=0,1. The equality (1.5) is proven by the following
computation

D(xω) =
N−1∏

j=1

(1− xωj+1)j =
N∏

j=2

(1− xωj)j−1 = (1− x)N−1
N−1∏

j=1

(1− xωj)j−1

(1− x)N−1

∏N−1
j=1 (1− xωj)

N−1∏

j=1

(1− xωj)j =
(1− x)N−1(1− x)

1− xN D(x) =
(1− x)N

1− xN D(x).

In order to show equality (1.6) we consider a particular evaluation of the function
f(x, y|z), namely

f
Ä
x, x

ω
|ω
ä
.

On the one hand, it was shown in [9, A.13] that

f
Ä
x, x

ω
|ω
ä

= N
1− x−1

1− x−N .

Hence we have

f
Ä
x, x

ω
|ω
ä

= N
1− x−1

1− x−N = NxN−1 1− x
1− xN = xN−1%(x)−1. (1.7)

On the other hand, using equality (1.4), we have

f
Ä
x, x

ω
|ω
äN

=
Ä
x
ω
ω
äN(N−1)

2

D (1)D
( x
ω
ω

x

)
D
Å

x
x
ω
ω

ã
D
Ä

1
x

ä
D
Ä
x
ω
ω
ä
D
Ä
ω
ω

ä = x
N(N−1)

2
D(1)2

D (x)D (x−1)
(1.8)

Finally, from the two last equalities we get the following one

xN(N−1)%(x)−N = x
N(N−1)

2
D(1)2

D (x)D (x−1)
(1.9)

wich leads to the result. �

We recall that for any operator U ∈ A⊗2 such that UN = − IdV⊗2 and any
x ∈ R6=0,1 such that xN 6= 1 we had defined

Ψx(U) =
∑

m∈ZN
ψx,m(−U)m and Ψ̄x(U) =

∑

m∈ZN
ψ̄x,m(−U)m

where

ψx,m = ψx,0x
m
N ω

1
2
m(m+1)w((1− x)

1
N |m)

and

ψ̄x,m = ψ̄x,0

Å x

x− 1

ãm
N

ωmw((1− x)−
1
N |m).

Note that ψx,m and ψ̄x,m are periodic on the variable m of period N .
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Lemma 1.3. Let U ∈ A⊗2 be an operator such that UN = − IdV⊗2 and x ∈ R6=0,1.
Then we have

Ψx(U) = ψx,0f
Å

0, (1− x)−
1
N ω−1

∣∣∣U−1
Ä

1−x
x

ä 1
N

ã
, (1.10)

Ψ̄x(U) = ψ̄x,0f
Å

(1− x)−
1
N , 0

∣∣∣U
Ä

x
1−x
ä 1
N ω
ã
. (1.11)

Proof. We start by proving the equality (1.11). We have

Ψ̄x(U) =
∑

m∈ZN
ψ̄x,m(−U)m = ψ̄x,0

∑

m∈ZN

Å x

x− 1

ãm
N

ωmw((1− x)−
1
N |m)(−U)m

= ψ̄x,0
∑

m∈ZN
w((1− x)−

1
N |m)

(
U
Å x

1− x
ã 1
N

ω

)m

= ψ̄x,0f
Å

(1− x)−
1
N , 0

∣∣∣U
Ä

x
1−x
ä 1
N ω
ã

where the last equality is justified by the fact that we have

(
U
Å x

1− x
ã 1
N

ω

)N
=
(
1− (1− x)−

1
N

)N
IdV⊗2 .

For the equality (1.10), we start by computing, for any m ∈ {0, . . . , N − 1} ⊂ Z

ψx,m = ψx,0x
m
N ω

1
2
m(m+1)w((1− x)

1
N |m)

= ψx,0x
m
N ω

1
2
m(m+1)

(
−(1− x)−

1
N ω−1

)m

1− (1− x)−
N
N

ω−
1
2
m(m−1)w((1− x)−

1
N ω−1|N −m)−1

= ψx,0

Å x

x− 1

ãm
N

Ç
x− 1

x

åN
N

w((1− x)−
1
N ω−1|N −m)−1

= ψx,0

Ç
x− 1

x

åN−m
N

w((1− x)−
1
N ω−1|N −m)−1.
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Hence we have

Ψx(U) =
∑

m∈ZN
ψx,m(−U)m

= ψx,0
∑

m∈ZN

Ç
x− 1

x

åN−m
N

w((1− x)−
1
N ω−1|N −m)−1(−U−1)N−m

= ψx,0
∑

m∈ZN
w((1− x)−

1
N ω−1|N −m)−1

Ñ
−U−1

Ç
x− 1

x

å 1
N

éN−m

= ψx,0
∑

m∈ZN

1

w((1− x)−
1
N ω−1|N −m)

Ñ
U−1

Ç
1− x
x

å 1
N

éN−m

= ψx,0f
Å

0, (1− x)−
1
N ω−1

∣∣∣U−1
Ä

1−x
x

ä 1
N

ã
where the last equality is justified by the fact that we haveÑ

U−1

Ç
1− x
x

å 1
N

éN

=
1

1−
(
(1− x)−

1
N ω−1

)N IdV⊗2 .

�

Lemma 1.4. We have

f(0, y|z)N = yN(N−1) D(1)

D(yω)D
Ä
ω
z

ä (1.12)

f(x, 0|z)N = N−N
Åx
z

ãN(N−1)
2 D (1)3

D
Ä

1
x

ä
D
Ä
ω
z

ä . (1.13)

Proof. Consider x, y, z ∈ C such that¶
xN , yN

©
⊂ C\ {1} and zN =

1− xN
1− yN .

We start by showing equality (1.13). We are going to use equality (1.6) of
Lemma 1.2 to transform equality (1.4). Indeed, we have

D

Ç
x

yz

å
=
Åyz
x

ã−N(N−1)
2 D(1)2%

Ä
yz
x

äN
D
Ä
yz
x

ä
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hence we have

f(x, y|z)N = (yω)
N(N−1)

2

D (1)D
Ä
yω
x

ä
D
(
x
yz

)

D
Ä

1
x

ä
D (yω)D

Ä
ω
z

ä
=
Åx
z

ãN(N−1)
2 D (1)3D

Ä
yω
x

ä
%
Ä
yz
x

äN
D
Ä

1
x

ä
D (yω)D

Ä
ω
z

ä
D
Ä
yz
x

ä .
Therefore, if y = 0 in the previous equality, we get, since %(0) = N−1 and D(0) = 1,

f(x, 0|z)N = N−N
Åx
z

ãN(N−1)
2 D (1)3

D
Ä

1
x

ä
D
Ä
ω
z

ä (1.14)

Now we show equality (1.12). Again, we are going to transform equality (1.4).
Using equality (1.6) we have

D

Ç
1

x

å
= x−

N(N−1)
2

D(1)2%(x)N

D(x)
(1.15)

D
Åyω
x

ã
=

Ç
x

yω

å−N(N−1)
2 D(1)2%

(
x
yω

)N

D
(
x
yω

) (1.16)

Hence, using equalities (1.15) and (1.16) we get

f(x, y|z)N = (yω)
N(N−1)

2

D (1)D
Ä
yω
x

ä
D
(
x
yz

)

D
Ä

1
x

ä
D (yω)D

Ä
ω
z

ä
= yN(N−1)

D(1)D
(
x
yz

)
D(x)%

(
x
yω

)N

D(yω)D
Ä
ω
z

ä
D
(
x
yω

)
%(x)N

Therefore, if x = 0 in the previous equality, we get, since %(0) = N−1 and D(0) = 1,

f(0, y|z)N = yN(N−1) D(1)

D(yω)D
Ä
ω
z

ä .
�

Proof of formulae (2.4) and (2.8). Using the last two Lemmas, a straight-
forward computation leads to the result. �

1.2. Proof of Lemma 2.3. We recall the statement of Lemma 2.3.
There exists α ∈ ZN such that for any x ∈ R6=0,1 and any operator U ∈ A⊗2

such that UN = − IdV⊗2 we have

ψ̄x,0 = ωα%
(
(1− x)

1
N

)
ψ−1
x,0 ⇒ Ψx(U)Ψ̄x(U) = IdV⊗2 .
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Proof of Lemma 2.3. By definition, the product Ψx(U)Ψ̄x(U) is equal to the
identity up to a non zero constant factor in C. We are going to determine this
factor up to multiplication by an integer power of ω.

We set a = (1 − x)
1
N and b = U

Ä
x

1−x
ä 1
N and we will write 1 − b instead of

IdA⊗2 −b in the sequel. Then, equalities (1.10) and (1.11) can be written as follow

Ψx(U) = ψx,0f
(
0, a−1ω−1

∣∣∣b−1
)
,

Ψ̄x(U) = ψ̄x,0f
(
a, 0

∣∣∣bω
)
.

Using equalities (1.5) and (1.6) of Lemma 1.2, we compute

Ψx(U)NΨ̄x(U)N = ψNx,0ψ̄
N
x,0N

−N Äa3b
ä−N(N−1)

2
D(1)4

D(a−1)D(a)D(b−1)D(bω)

= ψNx,0ψ̄
N
x,0N

−N Äa3b
ä−N(N−1)

2 a
N(N−1)

2
1− bN

(1− b)N
D(1)2

%(a)ND(b−1)D(b)

= ψNx,0ψ̄
N
x,0N

−N Äa2b
ä−N(N−1)

2 b
N(N−1)

2
1− bN

(1− b)N
1

%(a)N%(b)N

= ψNx,0ψ̄
N
x,0N

−Na−N(N−1) 1− bN
(1− b)NN

N (1− b)N
(1− bN)N

1

%(a)N

=
ψNx,0ψ̄

N
x,0

(aN(1− bN))N−1 %(a)N
.

Since

aN(1− bN) = (1− x)
Å

1 +
x

1− x
ã

IdV⊗2 = IdV⊗2

hence

Ψx(U)NΨ̄x(U)N =
ψNx,0ψ̄

N
x,0

%(a)N
IdV⊗2 .

�

2. Determination of S(x) and of its inverse

Let us recall that we had defined the following generalisation of the function
f(x, y|z), namely

F

Ç
x u
y v

∣∣∣∣∣z
å

=
N−1∑

m=0

w(x|m)w(u|m)

w(y|m)w(v|m)
zm, (2.1)

where x, y, u, v, z ∈ C are such that¶
xN , yN , uN , vN

©
⊂ C\ {1} and zN =

(1− xN)(1− uN)

(1− yN)(1− vN)
. (2.2)

The conditions (2.2) provide periodicity on the variable m of period N .



56 2. DETERMINATION OF S(x), A AND B

The Proposition 2.11 follows directly from the two following Lemmas

Lemma 2.1. For all α, β, µ, ν ∈ Z2
N and all x ∈ R 6=0,1, we have≠

ūµ ⊗ ūν
∣∣∣∣S(x)

∣∣∣∣uα ⊗ uβ
∑

= δµ1+ν1,α1δµ2+ν2,α2+β2

× ω− 1
2

(t+1)(α2−µ2)(α2−µ2−t−2((t+1)α1−β1+ν2+1))

× ω− 1
2

(t+1){β1(β1−1+2(tα1+α2−ν2))+ν1((t+1)ν1+2(µ1+ν2+1))}

×
∑

m,n∈ZN
ψx,mψx,(t+1)(ν1−β1+µ2−α2)−mψx,nψx,(t+1)(ν1−β1)+t(µ2−α2)−n

× ω− 1
2

(m−n)2+mβ2+nα2

and≠
ūµ ⊗ ūν

∣∣∣∣S(x)−1
∣∣∣∣uα ⊗ uβ

∑
= δµ1,α1+β1δµ2+ν2,α2+β2

× ω− 1
2

(t+1)(α2−µ2)(α2−µ2−t−2(α1+tµ1+ν2+1))

× ω 1
2

(t+1){β1((t−1)β1+2(tµ1+ν2+1))+ν1(ν1−1−2((t+1)µ1−tµ2−ν2−t))}

×
∑

m,n∈ZN
ψ̄x,mψ̄x,(t+1)(ν1−β1+µ2−α2)−mψ̄x,nψ̄x,(t+1)(ν1−β1)+t(µ2−α2)−n

× ω 1
2

(m−n)2+mν2+nµ2 .

Lemma 2.2. For all x ∈ R6=0,1 and all m,n, r, s, α, β ∈ ZN we have

∑

m,n∈ZN
ψx,mψx,r−mψx,nψx,s−nω

− 1
2

(m−n)2+mβ+nα = ψ2
x,0ψx,rψx,s

× f
(
(1− x)

1
N , (1− x)−

1
N ω−r−1

∣∣∣(x− 1)
1
N ωβ+ 1

2

)

× F
(

(1− x)
1
N (x− 1)−

1
N ωβ−r−

1
2

(1− x)−
1
N ω−s−1 (x− 1)

1
N ωβ−

1
2

∣∣∣∣∣− ω
α+ 1

2

)

and
∑

m,n∈ZN
ψ̄x,mψ̄x,r−mψ̄x,nψ̄x,s−nω

1
2

(m−n)2+mβ+nα = ψ̄2
x,0ψ̄x,rψ̄x,s

× f
(
(1− x)−

1
N , (1− x)

1
N ω−r−1

∣∣∣(x− 1)−
1
N ωβ+r+ 1

2

)

× F
(

(1− x)−
1
N (x− 1)

1
N ωβ−r−

1
2

(1− x)
1
N ω−s−1 (x− 1)−

1
N ω−β−

1
2

∣∣∣∣∣− ω
s−r+α+ 1

2

)
.

2.1. Proof of Lemma 2.1.
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Lemma 2.3. For all α, β, µ, ν ∈ Z2
N we have≠

ūµ ⊗ ūν
∣∣∣∣S(x)

∣∣∣∣uα ⊗ uβ
∑

=
∑

m,n,
r,s∈ZN

(−1)rψx,mψx,s−mψx,nψx,r+s−n

× ω− 1
2

(m−n)2+mβ2+nα2

≠
ūµ ⊗ ūν

∣∣∣∣E
r(EF )sL(U tV,X)

∣∣∣∣uα ⊗ uβ
∑

and≠
ūµ ⊗ ūν

∣∣∣∣S(x)−1
∣∣∣∣uα ⊗ uβ

∑
=

∑

m,n,
r,s∈ZN

(−1)rψ̄x,mψ̄x,s−mψ̄x,nψ̄x,r+s−n

× ω 1
2

(m−n)2+mν2+nµ2

≠
ūµ ⊗ ūν

∣∣∣∣L(U−tV −1, X)Er(EF )s
∣∣∣∣uα ⊗ uβ

∑
Proof. Note that the following commutation relation holds

U1V
−1
1

E

U2V
−1
2

F

Since G = U2V
−1

2 F and H = U1V
−1

1 E, we have

Ψx(E)Ψx(F )Ψx(G)Ψx(H) =
∑

n1,n2,
n3,n4∈ZN

(
4∏

i=1

(−1)niψx,ni

)
En1F n2Gn3Hn4

=
∑

n1,n2,
n3,n4∈ZN

(
4∏

i=1

(−1)niψx,ni

)
ω−

1
2

(n3(n3+1)+n4(n4+1))

× En1F n2F n3(U2V
−1

2 )n3En4(U1V
−1

1 )n4

=
∑

n1,n2,
n3,n4∈ZN

(
4∏

i=1

(−1)niψx,ni

)
ω−

1
2

(n3(n3+1)+n4(n4+1))+n3n4

× En1F n2F n3En4(U1V
−1

1 )n4(U2V
−1

2 )n3

=
∑

n1,n2,
n3,n4∈ZN

(
4∏

i=1

(−1)niψx,ni

)
ω−

1
2((n3−n4)2+(n3+n4))

× En1+n4−(n2+n3)(EF )n2+n3(U1V
−1

1 )n4(U2V
−1

2 )n3 .
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Setting r = n1 + n4 − (n2 + n3), s = n2 + n3,m = n3 and n = n4, we find

Ψx(E)Ψx(F )Ψx(G)Ψx(H) =
∑

r,s,
m,n∈ZN

(−1)r+2sψx,mψx,s−mψx,nψx,r+s−n

× ω− 1
2((m−n)2+(m+n))Er(EF )s(U1V

−1
1 )n(U2V

−1
2 )m.

Since UV −1 commutes with U tV and X and using Lemmas 2.10, we compute≠
ūµ⊗ ūν

∣∣∣∣S(x)
∣∣∣∣uα⊗ uβ

∑
=

∑

r,s,
m,n∈ZN

(−1)rψx,mψx,s−mψx,nψx,r+s−nω
− 1

2((m−n)2+(m+n))

×
≠
ūµ ⊗ ūν

∣∣∣∣E
r(EF )sL(U tV,X)(U1V

−1
1 )n(U2V

−1
2 )m

∣∣∣∣uα ⊗ uβ
∑

=
∑

r,s,
m,n∈ZN

(−1)rψx,mψx,s−mψx,nψx,r+s−nω
− 1

2((m−n)2+(m+n))

× ωmβ2+nα2+ 1
2

(m+n)
≠
ūµ ⊗ ūν

∣∣∣∣E
r(EF )sL(U tV,X)

∣∣∣∣uα ⊗ uβ
∑

=
∑

r,s,
m,n∈ZN

(−1)rψx,mψx,s−mψx,nψx,r+s−n

× ω− 1
2

(m−n)2+mβ2+nα2

≠
ūµ ⊗ ūν

∣∣∣∣E
r(EF )sL(U tV,X)

∣∣∣∣uα ⊗ uβ
∑
.

The second formula is computed in a similar way. �

Lemma 2.4. For all α, β, µ, ν ∈ Z2
N and all r, s ∈ ZNwe have≠

ūµ ⊗ ūν
∣∣∣∣E

r(EF )sL(U tV,X)
∣∣∣∣uα ⊗ uβ

∑
= δr,α2−µ2δts,β1−ν1+rδµ1+ν1,α1δµ2+ν2,α2+β2

× (−1)α2−µ2ω−
1
2

(t+1)(α2−µ2)(α2−µ2−t−2((t+1)α1−β1+ν2+1))

× ω− 1
2

(t+1){β1(β1−1+2(tα1+α2−ν2))+ν1((t+1)ν1+2(µ1+ν2+1))}

and≠
ūµ⊗ūν

∣∣∣∣L(U−tV −1, X)Er(EF )s
∣∣∣∣uα⊗uβ

∑
= δr,α2−µ2δts,β1−ν1+rδµ1,α1+β1δµ2+ν2,α2+β2

× (−1)α2−µ2ω−
1
2

(t+1)(α2−µ2)(α2−µ2−t−2(α1+tµ1+ν2+1))

× ω 1
2

(t+1){β1((t−1)β1+2(tµ1+ν2+1))+ν1(ν1−1−2((t+1)µ1−tµ2−ν2−t))}.
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Proof. Using Lemma 2.10 we do the following computation≠
ūµ ⊗ ūν

∣∣∣∣L(U tV,X)
∣∣∣∣uα ⊗ uβ

∑
=

1

N

∑

i,j∈ZN
ω−ij

≠
ūµ

∣∣∣∣(U
tV )i

∣∣∣∣uα
∑≠
ūν

∣∣∣∣X
j
∣∣∣∣uβ
∑

=
1

N

∑

i,j∈ZN
ω−j(i+β1)ω

1
2
i(i−1)+i(α1−α2+ 1

2
t)δµ1,α1+iδµ2,α2δν,β

=
1

N

∑

i∈ZN
Nδi,−β1ω

1
2
i(i−1)+i(α1−α2+ 1

2
t)δµ1,α1+iδµ2,α2δν,β

= ω
1
2
β1(β1+1)−β1(α1−α2+ 1

2
t)δµ1,α1−β1δµ2,α2δν,β.

Since U−tV −1 = (U tV )−1, a similar computation leads us to the following equality≠
ūµ ⊗ ūν

∣∣∣∣L(U−tV −1, X)
∣∣∣∣uα ⊗ uβ

∑
= ω−

1
2
ν1(ν1+1)+ν1(µ1−µ2+ 1

2
t)δµ1,α1+β1δµ2,α2δν,β.

We recall that E = −Y −1
1 X1Y2 and F = U−1

1 X t+1
1 V2E

−1 and that we have the
following commutation relations

X

V

Y

U

t t

t+ 1t

Then, for any r, s ∈ ZN , we easily see that

Er = (−1)rω
1
2
r(r−1)Y −r1 Xr

1Y
r

2

and

(EF )s =
Ä
U−1

1 X t+1
1 V2

äs
= ω

1
2
s(s−1)U−s1 X

s(t+1)
1 V s

2 .

Using Lemma 2.10 again, we find≠
ūµ ⊗ ūν

∣∣∣∣E
r
∣∣∣∣uα ⊗ uβ

∑
= (−1)rω

1
2
r(r−1)−rα1δµ1,α1−rδµ2,α2−rδν1,β1+rδν2,β2+r

= (−1)rω
1
2
r(r−1)−rα1δr,α1−µ1δr,ν1−β1δµ1−µ2,α1−α2δν1−ν2,β1−β2

and≠
ūµ ⊗ ūν

∣∣∣∣(EF )s
∣∣∣∣uα ⊗ uβ

∑
= ωs

2(t+ 1
2

)−s(µ1+tν1+ν2+1)δµ1,α1+stδµ2,α2δν1,β1−stδν2,β2

= ωs
2(t+ 1

2
)−s(µ1+tν1+ν2+1)δst,µ1−α1δµ1−α1,β1−ν1δµ2,α2δν2,β2

= ωs
2(t+ 1

2
)−s(µ1+tν1+ν2+1)δs,(t+1)(α1−µ1)δµ1−α1,β1−ν1δµ2,α2δν2,β2 .
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Using the previous equalities, a straightforward computation leads to the result. �

Proof of Lemma 2.1. A straightforward computation using the previous two
Lemmas. �

2.2. Proof of Lemma 2.2.

Lemma 2.5. For any m, s ∈ {0, . . . , N − 1} we have

N−1∑

m=0

ψx,mψx,s−m = ψx,0ψx,s
N−1∑

m=0

ω
1
2
m(m+1)(x− 1)

m
N

w((1− x)
1
N |m)

w((1− x)−
1
N ω−s−1|m)

and

N−1∑

m=0

ψ̄x,mψ̄x,s−m = ψ̄x,0ψ̄x,s
N−1∑

m=0

ω−
1
2
m(m−1)+sm(x− 1)−

m
N

w((1− x)−
1
N |m)

w((1− x)
1
N ω−s−1|m)

Proof. Let m, s be an integer in {0, · · · , N − 1}. Since ψx,m and ψ̄x,m are
periodic we compute, using equality (1.1) and Lemma 1.1,

N−1∑

m=0

ψx,mψx,s−m =
N−1∑

m=0

ψx,mψx,s+N−m =
N−1∑

m=0

ψx,0ω
1
2

(m(m+1)x
m
Nw((1− x)

1
N |m)

× ψx,0ω
1
2

(s+N−m)(s+N−m+1)x
s+N−m

N w((1− x)
1
N |s+N −m)

= ψ2
x,0

N−1∑

m=0

ω
1
2
s(s+1)−sm+m2

x
s+N
N w((1− x)

1
N |m)w((1− x)

1
N |s)w((1− x)

1
N ωs|N −m)

= ψ2
x,0x

s
N ω

1
2
s(s+1)w((1−x)

1
N |s)

N−1∑

m=0

ω−sm+m2

xw((1−x)
1
N |m)w((1−x)

1
N ωs|N−m)

= ψx,0ψx,s
N−1∑

m=0

ω−sm+m2

xw((1−x)
1
N |m)

(x− 1)
m
N ωsm

1− (1− x)
N
N

ω−
1
2
m(m−1)w((1−x)−

1
N ω−s−1|m)−1

= ψx,0ψx,s
N−1∑

m=0

ω
1
2
m(m+1)(x− 1)

m
N

w((1− x)
1
N |m)

w((1− x)−
1
N ω−s−1|m)
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and

N−1∑

m=0

ψ̄x,mψ̄x,s−m =
N−1∑

m=0

ψ̄x,mψ̄x,s+N−m =
N−1∑

m=0

ψ̄x,0

Å x

x− 1

ãm
N

ωmw((1− x)−
1
N |m)

× ψ̄x,0
Å x

x− 1

ã s+N−m
N

ωs+N−mw((1− x)−
1
N |s+N −m)

= ψ̄2
x,0

N−1∑

m=0

Å x

x− 1

ã s+N
N

ωsw((1− x)−
1
N |m)w((1− x)−

1
N |s)w((1− x)−

1
N ωs|N −m)

= ψ̄2
x,0

Å x

x− 1

ã s
N

ωsw((1−x)−
1
N |s)

N−1∑

m=0

x

x− 1
w((1−x)−

1
N |m)w((1−x)−

1
N ωs|N−m)

= ψ̄x,0ψ̄x,s
N−1∑

m=0

x

x− 1
w((1−x)−

1
N |m)

(x− 1)−
m
N ωsm

1− (1− x)−
N
N

ω−
1
2
m(m−1)w((1−x)

1
N ω−s−1|m)−1

= ψ̄x,0ψ̄x,s
N−1∑

m=0

ω−
1
2
m(m−1)+sm(x− 1)−

m
N

w((1− x)−
1
N |m)

w((1− x)
1
N ω−s−1|m)

�

Lemma 2.6. Let m ∈ {0, . . . , N − 1} and x, y, z ∈ C satisfying the conditions
(1.2) and x 6= 0. Then we have

f(x, y|zωm)

f(x, y|z)
= x−m

w(yz
x
|m)

w( z
ω
|m)

(2.3)

Proof. From equality (A.6) of [9], for all x, y, z ∈ C satisfying (1.2) we have

f(x, y|zω)

f(x, y|z)
=

1− z
x− yzω = x−1 1− z

ω
ω

1− yz
x
ω
.

Hence, for any m ∈ {0, . . . , N − 1}, we have

f(x, y|zωm)

f(x, y|z)
=

m∏

j=1

f(x, y|zωj)
f(x, y|zωj−1)

=
m∏

j=1

x−1 1− z
ω
ωj

1− yz
x
ωj

= x−m
w(yz

x
|m)

w( z
ω
|m)

.

�
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Proof of Lemma 2.2. Using Lemma 2.5 we compute

N−1∑

m,n=0

ψx,mψx,s−mψx,nψx,r−nω
− 1

2
(m−n)2+mβ+nα

= ψ2
x,0ψx,sψx,r

N−1∑

m,n=0

ω
1
2(m(m+1)+n(n+1)−(m−n)2)+mβ+nα (x− 1)

m+n
N

× w((1− x)
1
N |m)

w((1− x)−
1
N ω−s−1|m)

w((1− x)
1
N |n)

w((1− x)−
1
N ω−r−1|n)

= ψ2
x,0ψx,sψx,r

N−1∑

m,n=0

(
(x− 1)

1
N ωn+β+ 1

2

)m w((1− x)
1
N |m)

w((1− x)−
1
N ω−s−1|m)

×
(
(x− 1)

1
N ωα+ 1

2

)n w((1− x)
1
N |n)

w((1− x)−
1
N ω−r−1|n)

.

We note that the conditions (1.2) are satisfied since for any β, n ∈ {0, . . . , N − 1}
we have

(
(x− 1)

1
N ωn+β+ 1

2

)N
=

1−
(
(1− x)

1
N

)N

1−
(
(1− x)−

1
N ω−1

)N .

Therefore we can use the function f(x, y|z) in the computation.

N−1∑

m,n=0

ψx,mψx,s−mψx,nψx,r−nω
− 1

2
(m−n)2+mβ+nα

= ψ2
x,0ψx,sψx,r

N−1∑

m,n=0

(
(x− 1)

1
N ωn+β+ 1

2

)m w((1− x)
1
N |m)

w((1− x)−
1
N ω−s−1|m)

×
(
(x− 1)

1
N ωα+ 1

2

)n w((1− x)
1
N |n)

w((1− x)−
1
N ω−r−1|n)

= ψ2
x,0ψx,sψx,r

N−1∑

n=0

f
(
(1− x)

1
N , (1− x)−

1
N ω−s−1

∣∣∣(x− 1)
1
N ωn+β+ 1

2

)

×
(
(x− 1)

1
N ωα+ 1

2

)n w((1− x)
1
N |n)

w((1− x)−
1
N ω−r−1|n)

.
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Now using Lemma 2.6 we have

N−1∑

m,n=0

ψx,mψx,s−mψx,nψx,r−nω
− 1

2
(m−n)2+mβ+nα

= ψ2
x,0ψx,sψx,r

N−1∑

n=0

f
(
(1− x)

1
N , (1− x)−

1
N ω−s−1

∣∣∣(x− 1)
1
N ωn+β+ 1

2

)

×
(
(x− 1)

1
N ωα+ 1

2

)n w((1− x)
1
N |n)

w((1− x)−
1
N ω−r−1|n)

= ψ2
x,0ψx,sψx,r

N−1∑

n=0

f
(
(1− x)

1
N , (1− x)−

1
N ω−s−1

∣∣∣(x− 1)
1
N ωβ+ 1

2

)

×
(
(1− x)

1
N

)−n w((x− 1)−
1
N ωβ−s−

1
2 |n)

w((x− 1)
1
N ωβ−

1
2 |n)

(
(x− 1)

1
N ωα+ 1

2

)n w((1− x)
1
N |n)

w((1− x)−
1
N ω−r−1|n)

= ψ2
x,0ψx,sψx,rf

(
(1− x)

1
N , (1− x)−

1
N ω−s−1

∣∣∣(x− 1)
1
N ωβ+ 1

2

)

×
N−1∑

n=0

(
−ωα+ 1

2

) w((1− x)
1
N |n)w((x− 1)−

1
N ωβ−s−

1
2 |n)

w((1− x)−
1
N ω−r−1|n)w((x− 1)

1
N ωβ−

1
2 |n)

.

We note that the conditions (2.2) are satisfied since for any α, β, r, s ∈ {0, . . . , N − 1}
we have

(
−ωα+ 1

2

)N
=

Å
1−

(
(1− x)

1
N

)NãÅ
1−

(
(x− 1)−

1
N ωβ−s−

1
2

)NãÅ
1−

(
(1− x)−

1
N ω−r−1

)NãÅ
1−

(
(x− 1)

1
N ωβ−

1
2

)Nã
Therefore we can use the function F

(
x u
y v

∣∣∣z
)
in the computation. Hence we finally

find
N−1∑

m,n=0

ψx,mψx,s−mψx,nψx,r−nω
− 1

2
(m−n)2+mβ+nα = ψ2

x,0ψx,sψx,r

× f
(
(1− x)

1
N , (1− x)−

1
N ω−s−1

∣∣∣(x− 1)
1
N ωβ+ 1

2

)

× F
(

(1− x)
1
N (x− 1)−

1
N ωβ−s−

1
2

(1− x)−
1
N ω−r−1 (x− 1)

1
N ωβ−

1
2

∣∣∣∣∣− ω
α+ 1

2

)
.

The second formula is computed in a similar way.
�

3. Determination of the operators A and B up to a factor

The following Lemma shows that we can completely determine A and B in
terms of the functions Aα,β and Bα,β.
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Lemma 3.1. For all x ∈ R6=0,1 and all α, β ∈ Z2
N , the following equalities hold

true
A∗α,β(x) = Aβ,α(x−1), B∗α,β(x) = Bβ,α

Ä
x
x−1

ä
,

1 =
∑

β∈Z2
N

Aα,β(x)Ā∗α,β(x), 1 =
∑

β∈Z2
N

Bα,β(x)B̄∗α,β(x),

1 =
∑

β∈Z2
N

Aβ,α(x−1)Āα,β(x), 1 =
∑

β∈Z2
N

Bβ,α

Ä
x
x−1

ä
B̄α,β(x).

Proof. First, we have

Aα,β(x) =
¨
eβ
Ä
x−1
ä
, Aeα(x)

∂
=
¨
A∗eβ

Ä
x−1
ä
, eα(x)

∂
= A∗β,α

Ä
x−1
ä
. (3.1)

Hence we have

A∗α,β(x) = Aβ,α
Ä
x−1
ä
.

Secondly, from the equality A2 = IdH, we have

1 = 〈ēα(x), eα(x)〉 =
¨
ēα(x), A2eα(x)

∂
= 〈A∗ēα(x), Aeα(x)〉

=
∑

β,γ∈Z2
N

Aα,β(x)Ā∗α,γ(x)
¨
eγ
Ä
x−1
ä
, ēβ
Ä
x−1
ä∂

=
∑

β∈Z2
N

Aα,β(x)Ā∗α,β(x). (3.2)

Thus, we have

1 =
∑

β∈Z2
N

Aα,β(x)Ā∗α,β(x).

Finally, we also have

Ā∗α,β(x) =
¨
ēβ
Ä
x−1
ä
, A∗ēα(x)

∂
=
¨
Aēβ

Ä
x−1
ä
, ēα(x)

∂
= Āβ,α

Ä
x−1
ä
. (3.3)

Therefore we have

1 =
∑

β∈Z2
N

Aβ,α(x−1)Āα,β(x).

By doing similar computations to (3.1),(3.2) and (3.3) with B, we easily show
the last three formulae. �

3.1. Graphical notation. Following [5], the morphisms of the category of
Aω,t-modules will be represented by plane diagrams to be read from the bottom to
the top. The diagrams are made of (non-oriented) arcs colored by objects of the
category and of boxes or circles colored by morphisms of the category.

The graphical representation of the duality morphism is as follows
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==bp , ==dp

p

pVp V−p

Vp V−p

Therefore, the equality (2.21) is graphically given by

= V−p Vp

−p

p

VpVp =

−p

p

Vp V−p Vp

Let v ∈ V and v̄ ∈ V∗. Then hp,q(v) ∈ Hp,q and h̄p,q(v̄) ∈ H̄p,q are graphically
represented in the following manner

hp;q(v) = S

(

q

p+q

)

(IdV ⊗v) = S
(

q

p+q

)

v

Vp Vq

Vp+q V

h̄p;q(v̄) = (IdV ⊗v̄)S
(

q

p+q

)�1

= S
(

q

p+q

)

−1

v̄

Vp+q

VqVp

V

From now on, we will omit the labellings of the Aω,t-modules and the multiplicity
spaces since we can easily recover this information.

Thus, the operators A and B are represented in the following graphical form.
For each v ∈ V , v̄ ∈ V∗ and each admissible pair (p, q) ∈ R2

6=0, we have
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Ahp,q(v) = S
(

q
p+q

)

v

Bhp,q(v) =

S
(

q
p+q

)−1

v̄−p

Ah̄p,q(v̄) =

S
(

q
p+q

)

v

q

,

−p−p

S
(

q
p+q

)−1

v̄

−pq

Bh̄p,q(v̄) =,

Finally, the action A× V → V of A on V will be represented in the following
way

A V

3.2. Linear forms Ap,q and Bp,q. Let (p, q) ∈ R2
6=0 be an admissible pair. We

define two linear forms

Ap,q : V⊗2 → C and Bp,q : V⊗2 → C

by

Ap,q(u⊗ v) = 〈h−p,p+q(u), Ahp,q(v)〉 , (3.4)
Bp,q(u⊗ v) = 〈Bhp,q(u), hp+q,−q(v)〉 , (3.5)

where u, v ∈ V . In particular, for any α, β ∈ Z2
N we have the following equalities

Aα,β
(

q
p+q

)
= Ap,q (uβ ⊗ uα) , (3.6)

Bα,β

(
q
p+q

)
= Bp,q (uα ⊗ uβ) . (3.7)
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Indeed, we have

Ahp,q(uα) =
∑

β∈Z2
N

〈(Ahp,q(uα))h−p,p+q(uβ)〉 h̄−p,p+q(ūβ)

=
∑

β∈Z2
N

〈h−p,p+q(uβ), Ahp,q(uα)〉 h̄−p,p+q(ūβ) =
∑

β∈Z2
N

Ap,q (uβ ⊗ uα) h̄−p,p+q(ūβ)

and

Bhp,q(uα) =
∑

β∈Z2
N

〈(Bhp,q(uα))hp+q,−q(uβ)〉 h̄p+q,−q(ūβ)

=
∑

β∈Z2
N

〈Bhp,q(uα), hp+q,−q(uβ)〉 h̄p+q,−q(ūβ) =
∑

β∈Z2
N

Bp,q (uα ⊗ uβ) h̄p+q,−q(ūβ).

In the next Lemma we will show that each of the linear forms Ap,q and Bp,q

satisfy an equation involving the algebra morphisms ∆′x,∆
′′
x : A → A⊗2 defined by

∆′x(a) =S(x)−1(IdV ⊗a)S(x), (3.8)

∆′′x(a) =PS(x)−1(IdV ⊗a)S(x)P, (3.9)

where x ∈ R6=0,1, a ∈ A and where the flip P permutes the first and the second
tensor factors of V⊗2.

These equations will help us to compute Aα,β
(

q
p+q

)
∈ C and Bα,β

(
q
p+q

)
∈ C

for all α, β ∈ Z2
N , up to a factor depending on q

p+q
. In order to do so, we write the

equations (3.8) and (3.9) in the following way

∆′x(a)S(x)−1 =S(x)−1(IdV ⊗a), (3.10)

∆′′x(a)PS(x)−1 =PS(x)−1(a⊗ IdV) (3.11)

For an admissible pair (p, q) ∈ R2
6=0, we draw these actions in the following manner

=
,

=

(3.10) (3.11)
S

Ä

q

p+q

ä

−1

S

Ä

q

p+q

ä

−1

S

Ä

q

p+q

ä

−1
S

Ä

q

p+q

ä

−1

∆
00

q

p+q

∆
0

q

p+q

Lemma 3.2. Let (p, q) ∈ R2
6=0 be an admissible pair. Then the linear forms Ap,q

and Bp,q satisfy the following equations

a⊗ Ap,q = (IdV ⊗Ap,q)
Å

∆′p+q
q
⊗ IdV

ã
∆′ q

p+q
(a), ∀a ∈ A, (3.12)

Bp,q ⊗ a = (Bp,q ⊗ IdV)
Å

IdV ⊗∆′′−q
p

ã
∆′′ q

p+q
(a), ∀a ∈ A. (3.13)
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Proof. For all α, β ∈ Z2
N , we have

Ap,q(uβ ⊗ vα) = 〈h−p,p+q(uβ), Ahp,q(uα)〉 = 〈(Ahp,q(uα))h−p,p+q(uβ)〉
But (Ahp,q(uα))h−p,p+q(uβ) ∈ End(Vq) is graphically represented by

S
Ä

q

p+q

ä

S
Ä

p+q

q

ä

−p

uαuβ

Hence, setting

=

uβ uα

Ap;q (uβ ⊗ uα)

Ap;q

we get to the following equality

S
Ä

q

p+q

ä

S
Ä

p+q

q

ä

=

Ap;q

−p

By multiplying this equality by
Å
S
(
p+q
q

)−1 ⊗ IdV

ãÅ
IdV−p ⊗S

(
q
p+q

)−1
ã
, we have
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=

Ap;q

S
Ä

q

p+q

ä

−1

S
Ä

p+q

q

ä

−1

−p

Then, using (3.10) two times, we have

=

Ap;q

S
Ä

q

p+q

ä

−1

S
Ä

p+q

q

ä

−1

−p

∆
0

p+q

q

∆
0

q

p+q

By multiplying this equality by
(
IdV−p ⊗S

(
q
p+q

)) (
S
(
p+q
q

)
⊗ IdV

)
, we obtain

=

Ap;q

S
Ä

q

p+q

ä

S
Ä

p+q

q

ä

=

Ap;q
−p

∆
0

q

p+q

∆
0

p+q

q

Hence, for all a ∈ A, the left-hand side and the right-hand side of the last equality
can be written as

a⊗ Ap,q = (IdVq ⊗Ap,q)
Å

∆′p+q
q
⊗ IdV

ã
∆′ q

p+q
(a), ∀a ∈ A,

which is equivalent to (3.12) since, Vq is, as a vector space, equal to V .
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We do a similar argument to show (3.13). For all α, β ∈ Z2
N , we have

Bp,q(uα ⊗ uβ) = 〈Bhp,q(uα), hp+q,−q(uβ)〉 = 〈(Bhp,q(uα))hp+q,−q(uβ)〉
But (Bhp,q(uα))hp+q,−q(uβ) ∈ End(Vp) can graphically represented by

q

S
Ä

q

p+q

ä

S
Ä

−q

p

ä

uβuα

Setting,

=Bp;q (uα ⊗ uβ)

uα uβ

Bp;q

we get to the following equality

=

q

S
Ä

q

p+q

ä

S
Ä

−q

p

ä

Bp;q

By multiplying this equality by
Å

IdV ⊗PS
(
−q
p

)−1
ãÅ

PS
(

q
p+q

)−1 ⊗ IdV−q

ã
, we have



3. DETERMINATION OF THE OPERATORS A AND B UP TO A FACTOR 71

=

Bp;q

S
Ä

q

p+q

ä

−1

S
Ä

−q

p

ä

−1

q

Then, using (3.11) two times, we have

=

B

q

Bp;q

S
Ä

q

p+q

ä

−1

S
Ä

−q

p

ä

−1∆
00

−q

p

∆
00

q

p+q

By multiplying this equality by
(
S
(

q
p+q

)
P ⊗ IdV−p

) (
IdV ⊗S

(
−q
p

)
P
)
, we obtain

q

S
Ä

q

p+q

ä

S
Ä

−q

p

ä

==

Bp;q
Bp;q

∆
00

q

p+q

∆
00

−q

p

Hence, for all a ∈ A, the left-hand side and the right-hand side of the last equality
can be written as

Bp,q ⊗ a =
Ä
Bp,q ⊗ IdVp

ä Å
IdV ⊗∆′′−q

p

ã
∆′′ q

p+q
(a), ∀a ∈ A.

which is equivalent to (3.13) since, Vp is, as a vector space, equal to V . �
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3.3. Determination of A up to a factor. In order to determine Aα,β for
all α, β ∈ Z2

N , we need to find an optimal set of generators of A with respect to ∆′x
in the sense that their images are given by simplest possible expressions in terms
of themselves.

Lemma 3.3. The elements

X ′ = U−1V t+1, Y ′ = X tY U−1, U ′ = X t+1V −1, V ′ = X t+1U−1 (3.14)

generate A and have the following properties

∆′x(X
′) = X ′1X

′
2, ∆′x(Y

′) = x
1
N Y ′1 + (1− x)

1
NX ′1Y

′
2

∆′x(U
′) = x

2
NU ′1 + (1− x)

2
N (X ′1)t+1U ′2 + (x− x2)

1
N (X ′1)tY ′1Z

′
2,

∆′x(V
′) = x

2
N V ′1 + (1− x)

2
N (X ′1)t+1V ′2 + (x− x2)

1
NZ ′1X

′
1Y
′

2 ,

where Z ′ = (U ′ + V ′)(Y ′)−1.

Remark 3.4. It directly follows form this Lemma that

∆′x(Z
′) = x

1
NZ ′1 + (1− x)

1
N (X ′1)tZ ′2.

Proof. A is clearly generated by the set {X ′, Y ′, U ′, V ′} since

X = ωt+
1
2 (X ′)−1(U ′)−(t+1)V ′, Y = ωt−

1
2 (X ′)−1Y ′(U ′)−(t+1),

U = (X ′)−(t+1)(U ′)−t(V ′)t, V = (X ′)−(t+1)(U ′)−(t+1)(V ′)t+1.

Note that we have the following commutation relations

X
0

V
0

Y
0

U
0

t

t+ 1t

t

The formulae for ∆′x are computed in the same way as we did in the proof of the
Proposition 2.8. Indeed, we have the following commutation relations
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H

E

G

F X
0

2

H

E

G

F Y
0

2

H

E

G

F V
0

2

H

E

G

F U
0

2
, ,

X
0

2

V
0

2

Y
0

2

U
0

2

X2

,

t+ 1

t+ 1

t

t

t
t+ 1

t

t

which lead to the result. �

Lemma 3.5. The operator Ap,q is a solution of the following system of homoge-
neous linear equations

Ap,q = Ap,q(X
′ ⊗X ′)

Ap,q = Ap,q
Ä
X ′(Y ′)−1 ⊗ Y ′

ä
Ap,q = Ap,q

Ä
(X ′)t+1(V ′)−1 ⊗ U ′

ä
Ap,q = ω−1Ap,q

Ä
U ′(V ′)−1 ⊗ U ′(V ′)−1

ä
Proof. By Lemma 3.3, we can easily apply the equation (3.12) to X ′, Y ′, Z ′

and V ′.
For X ′, we have

X ′ ⊗ Ap,q = (IdV ⊗Ap,q)
Å

∆′p+q
q
⊗ IdV

ã
∆′ q

p+q
(X ′) = (IdV ⊗Ap,q)X ′1X ′2X ′3.

This implies that

Ap,q = Ap,q(X
′ ⊗X ′). (3.15)
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For Y ′ we have

Y ′ ⊗ Ap,q = (IdV ⊗Ap,q)
Å

∆′p+q
q
⊗ IdV

ã
∆′ q

p+q
(Y ′)

= (IdV ⊗Ap,q)
Å

∆′p+q
q
⊗ IdV

ãÇ(
q
p+q

) 1
N Y ′1 +

(
p
p+q

) 1
N X ′1Y

′
2

å
= (IdV ⊗Ap,q)

Ç
Y ′1 +

(
p
p+q

) 1
N X ′1 (X ′2Y

′
3 − Y ′2)

å
= Y ′ ⊗ Ap,q +

(
p
p+q

) 1
N (X ′ ⊗ Ap,q) (X ′2Y

′
3 − Y ′2)

Therefore, we have

Ap,q(Y
′ ⊗ IdV) = Ap,q(X

′ ⊗ Y ′). (3.16)

With a computation similar to the previous one, we find for Z ′ the following
equality

Ap,q(Z
′ ⊗ IdV) = Ap,q((X

′)t ⊗ Z ′). (3.17)

For V ′, we first computeÅ
∆′p+q

q
⊗ IdV

ã
∆′ q

p+q
(V ′)

=
Å

∆′p+q
q
⊗ IdV

ãÇ(
q
p+q

) 2
N V ′1 +

(
p
p+q

) 2
N (X ′1)t+1V ′2 +

(
pq

(p+q)2

) 1
N Z ′1X

′
1Y
′

2

å
= V ′1 +

(
p
p+q

) 1
N Z ′1X

′
1 (X ′2Y

′
3 − Y ′2) +

(
p
p+q

) 2
N (X ′1)t+1

Ä
V ′2 + (X ′2)t+1V ′3 − Z ′2X ′2Y ′3

ä
Hence, we have

V ′ ⊗ Ap,q = (IdV ⊗Ap,q)
Å

∆′p+q
q
⊗ IdV

ã
∆′ q

p+q
(V ′)

= V ′ ⊗ Ap,q +
(

p
p+q

) 1
N (Z ′X ′ ⊗ Ap,q)

Ä
X ′2Y

′
3 − Y ′2

ä
+

(
p
p+q

) 2
N ((X ′)t+1 ⊗ Ap,q)

Ä
V ′2 + (X ′2)t+1V ′3 − Z ′2X ′2Y ′3

ä
(3.16)
= V ′ ⊗ Ap,q +

(
p
p+q

) 2
N ((X ′)−t ⊗ Ap,q)

Ä
V ′2 + (X ′2)t+1V ′3 − Z ′2X ′2Y ′3

ä
from which we deduce that

Ap,q(V
′ ⊗ IdV) + Ap,q((X

′)t+1 ⊗ V ′) = Ap,q(Z
′X ′ ⊗ Y ′). (3.18)

Using (3.17) on the right hand side, we also have

Ap,q(Z
′X ′ ⊗ Y ′) = Ap,q((X

′)t+1 ⊗ Z ′Y ′) = Ap,q((X
′)t+1 ⊗ U ′) + Ap,q((X

′)t+1 ⊗ V ′)
which leads to

Ap,q(V
′ ⊗ IdV) = Ap,q((X

′)t+1 ⊗ U ′). (3.19)
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But if we use (3.16) on the right hand instead, we have

Ap,q(Z
′X ′ ⊗ Y ′) (3.16)

= Ap,q(Y
′(X ′)−1Z ′X ′ ⊗ IdV) = ω−(t+1)Ap,q(Y

′Z ′ ⊗ IdV)

= ω−1Ap,q(U
′ ⊗ IdV) + Ap,q(V

′ ⊗ IdV)

which leads to

Ap,q((X
′)t+1 ⊗ V ′) = ω−1Ap,q(U

′ ⊗ IdV). (3.20)

Finally, by (3.19) and (3.20), we have

Ap,q(V
′(X ′)−(t+1) ⊗ (U ′)−1) = Ap,q = ω−1Ap,q(U

′(X ′)−(t+1) ⊗ (V ′)−1).

which leads to

Ap,q = ω−1Ap,q
Ä
U ′(V ′)−1 ⊗ U ′(V ′)−1

ä
.

�

Lemma 3.6. For all x ∈ R6=0,1 and all α, β ∈ Z2
N we have

Aα,β(x) = aα,β JA, xK

where JA, K = A(0,0),(0,0) : R6=0,1 → C and

aα,β = δα2,−β2ω
− 1

2
(t(α1−α2−β1)(α1−α2−β1−1)−α1(α1−3)−(t+1)α2−β1(β1+2t+1)).

Proof. Consider α, β ∈ Z2
N and let (p, q) ∈ (R 6=0)2 be an admissible pair such

that x = q
p+q

. By equality (3.6), it is enough to show that

Ap,q(uβ ⊗ uα) = aα,βAp,q(u(0,0) ⊗ u(0,0)).

We show this later equality by using Lemma 3.5 and Lemma 2.10.
We start with the last equality of the Lemma 3.5. We have

Ap,q(uβ ⊗ uα) = ω−1Ap,q(UV
−1 ⊗ UV −1)(uβ ⊗ uα) = ωα2+β2Ap,q(uβ ⊗ uα).

Hence we have

Ap,q(uβ ⊗ uα) = δα2,−β2Ap,q(uβ ⊗ uα). (3.21)

We consider the third equality of the Lemma 3.5

Ap,q = Ap,q((V
′)−1 ⊗ (X ′)−(t+1)U ′).

Since X ′, U ′, V ′ ∈ A are invertible, this equality is equivalent to

Ap,q = Ap,q
Ä
(V ′)−1 ⊗ (X ′)−(t+1)U ′

ä−(t+1)
.

A straightforward computation shows thatÄ
(V ′)−1 ⊗ (X ′)−(t+1)U ′

ä−(t+1)
=
Ä
UX−(t+1) ⊗ (U−1V t+1)−(t+1)X t+1V −1

ä−(t+1)

= ω−t−
1
2

Ä
X tU−(t+1) ⊗X−t(UV −1)−t

ä
,
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hence, the following equality holds true

Ap,q = ω−t−
1
2Ap,q

Ä
X tU−(t+1) ⊗X−t(UV −1)−t

ä
.

Therefore, using Lemma 2.10, we compute

Ap,q(uα ⊗ uβ) = δα2,−β2Ap,q(uα ⊗ uβ)

= δα2,−β2ω
−t− 1

2Ap,q
Ä
X tU−(t+1) ⊗X−t(UV −1)−t

ä
(uα ⊗ uβ)

= δα2,−β2ω
−(t+1)α1+t(α2+β1)+1Ap,q(u(α1−1,α2) ⊗ u(β1,−α2))

= δα2,−β2ω
−(t+1) 1

2
α1(α1+1)+α1(t(α2+β1)+1)Ap,q(u(α1−α1,α2) ⊗ u(β1,−α2))

= δα2,−β2ω
− 1

2
(t+1)α2

1+α1(t(α2+β1)− 1
2

(t−1))Ap,q(u(0,α2) ⊗ u(β1,−α2)). (3.22)

The first equality of Lemma 3.5 is equivalent to

Ap,q = Ap,q((X
′)t ⊗ (X ′)t).

Since (X ′)t = (U tV )−1, we use Lemma 2.10 and the previous equality to compute

Ap,q(u(0,α2) ⊗ u(β1,−α2)) = Ap,q
Ä
(U tV )−1 ⊗ (U tV )−1

ä
(u(0,α2) ⊗ u(β1,−α2))

= ω−β1−t+2Ap,q(u(−1,α2) ⊗ u(β1−1,−α2))

(3.22)
= ω−β1−t+2ω−

1
2

(t+1)−(t(α2+β1−1)− 1
2

(t−1))Ap,q(u(0,α2) ⊗ u(β1−1,−α2))

= ω−(t+1)(β1−1)−t(α2+1)Ap,q(u(0,α2) ⊗ u(β1−1,−α2))

= ω−
1
2

(t+1)β1(β1−1)−tβ1(α2+1)Ap,q(u(0,α2) ⊗ u(β1−β1,−α2))

= ω−
1
2

(t+1)β2
1−β1(tα2+ 1

2
(t−1))Ap,q(u(0,α2) ⊗ u(0,−α2)). (3.23)

Using Lemma 2.10, a straightforward computation shows that for all α, β ∈ Z2
N

we haveÄ
X ′(Y ′)−1 ⊗ Y ′

ä
(uα ⊗ uβ) =

Ä
U−1V t+1UY −1X−t ⊗X tY U−1

ä
(uα ⊗ uβ)

=
Ä
V t+1Y −1X−t ⊗X tY U−1

ä
(uα⊗uβ) = ω(t+1)(α1−α2)(u(α1,α2−1)⊗u(β1+t+1,β2+1)).

Hence, using the second equality of Lemma 3.5 we have

Ap,q(u(0,α2) ⊗ u(0,−α2)) = Ap,q
Ä
X ′(Y ′)−1 ⊗ Y ′

ä
(u(0,α2) ⊗ u(0,−α2))

= ω−(t+1)α2Ap,q(u(0,α2−1) ⊗ u(t+1,−α2+1))

(3.23)
= ω−(t+1)α2ω−

1
2

(t+1)3−(t+1)(t(α2−1)+ 1
2

(t−1))Ap,q(u(0,α2−1) ⊗ u(0,−α2+1))

= ω−tα2+ 1
2

(t+1)Ap,q(u(0,α2−1) ⊗ u(0,−α2+1))

= ω−
1
2
tα2(α2+1)+ 1

2
(t+1)α2Ap,q(u(0,α2−α2) ⊗ u(0,−α2+α2))

= ω−
1
2
tα2

2+ 1
2
α2Ap,q(u(0,0) ⊗ u(0,0)).
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�

Proposition 3.7. For all α, β ∈ Z2
N , we have

Āα,β(x) =
1

N
a−1
β,α

q
A, x−1

y−1 (3.24)

A∗α,β(x) = aβ,α
q
A, x−1

y
(3.25)

Ā∗α,β(x) =
1

N
a−1
α,β JA, xK−1 (3.26)

Proof. The result follows from the previous Lemma and Lemma 3.1. �

3.4. Determination of B up to a factor. As we did for Aα,β, we need to
find an optimal set of generators of A with respect to ∆′′x in order to determine
Bα,β for all α, β ∈ Z2

N .

Lemma 3.8. The elements

X ′′ = XU t+1V −1, Y ′′ = Y V −1, U ′′ = U−1, V ′′ = V −1 (3.27)

generate A and have the following properties

∆′′x(X
′′) = (U ′′1 )−(t+1)V ′′1 (X ′′1 )−1X ′′2 ,

∆′′x(Y
′′) = (1− x)

1
N Y ′′2 + x

1
N Y ′′1 (U ′′1 )−(t+1)(X ′′1 )−1X ′′2

∆′′x(U
′′) = (1− x)

2
NU ′′2 + x

2
N (U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)(X ′′2 )t+1

+ (x− x2)
1
N (X ′′1 )−t(V ′′1 )tZ ′′1 (X ′′2 )tY ′′2

∆′′x(V
′′) = (1− x)

2
N V ′′2 + x

2
N (U ′′1 )−(t+1)(V ′′1 )t+1(X ′′1 )−(t+1)(X ′′2 )t+1

+ (x− x2)
1
N Y ′′1 (U ′′1 )−(t+1)(X ′′1 )−1Z ′′2X

′′
2

where Z ′′ = (U ′′ + V ′′)(Y ′′)−1.

Remark 3.9. It directly follows form this Lemma that

∆′′x(Z
′′) = (1− x)

1
NZ ′′2 + x

1
N (X ′′1 )−t(V ′′1 )tZ ′′1 (X ′′2 )t (3.28)

Proof. We clearly have A = 〈X ′′, Y ′′, U ′′, V ′′〉 since

X = X ′′(V ′′)−1(U ′′)t+1, Y = Y ′′(V ′′)−1,
U = (U ′′)−1, V = (V ′′)−1.

Note that we have the following commutation relations
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X ′′

V ′′

Y ′′

U ′′

t t

t+ 1t

The formulae for ∆′′x are computed in the same way as we did in the proof of the
Proposition 2.8. Indeed, we have the following commutation relations

H

E

G

F X ′′
1

H

E

G

F Y ′′
1

H

E

G

F V ′′
1

H

E

G

F U ′′
1

, ,

X ′′
1

V ′′
1

Y ′′
1

U ′′
1

U t
1V1

,

t

tt

t+ 1

which lead to the result. �

Lemma 3.10. The operator Bp,q is a solution of the following system of homo-
geneous linear equations

Bp,q = Bp,q(X ⊗X)

Bp,q = Bp,q

Ä
XY −1 ⊗ Y

ä
Bp,q = Bp,q

Ä
V −1 ⊗X−(t+1)U

ä
Bp,q = ω−1Bp,q

Ä
UV −1 ⊗ UV −1

ä
Proof. By Lemma 3.8, we can easily apply the equation (3.12) to X ′′, Y ′′, Z ′′

and U ′′.
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Since X−1 = (U ′′)−(t+1)V ′′(X ′′)−1, we have for X ′′,

Bp,q ⊗X ′′ = (Bp,q ⊗ IdV)
Å

IdV ⊗∆′′−q
p

ã
∆′′ q

p+q
(X ′′) = (Bp,q ⊗ IdV)X−1

1 X−1
2 X ′′3 .

This implies that

Bp,q = Bp,q(X ⊗X). (3.29)

Since Y ′′(U ′′)−(t+1)(X ′′)−1 = Y X−1, we have for Y ′′

Bp,q ⊗ Y ′′ = (Bp,q ⊗ IdV)
Å

IdV ⊗∆′′−q
p

ã
∆′′ q

p+q
(Y ′′)

= (Bp,q ⊗ IdV)
Å

IdV ⊗∆′′−q
p

ãÇ(
p
p+q

) 1
N Y ′′2 +

(
q
p+q

) 1
N Y1X

−1
1 X ′′2

å
= (Bp,q ⊗ IdV)

Ç
Y ′′3 −

(
q
p+q

) 1
N Y2X

−1
2 X ′′3 +

(
q
p+q

) 1
N Y1X

−1
1 X−1

2 X ′′3

å
= (Bp,q ⊗ IdV)

Ç
Y ′′3 +

(
q
p+q

) 1
N
Ä
Y1X

−1
1 − Y2

ä
X−1

2 X ′′3

å
= Bp,q ⊗ Y ′′ +

(
q
p+q

) 1
N (Bp,q ⊗X ′′)

ÄÄ
Y1X

−1
1 − Y2

ä
X−1

2

ä
.

Therefore, we have

Bp,q(IdV ⊗Y ) = Bp,q(Y X
−1 ⊗ IdV). (3.30)

With a computation similar to the previous one, we find for Z ′′ the following
equality

Bp,q(IdV ⊗(X ′′)−t(V ′′)tZ ′′) = Bp,q((X
′′)−t(V ′′)tZ ′′ ⊗X−t). (3.31)

For U ′′, we use X−1 = (U ′′)−(t+1)V ′′(X ′′)−1, Y ′′(U ′′)−(t+1)(X ′′)−1 = Y X−1 to
compute firstÅ

IdV ⊗∆′′−q
p

ã
∆′′ q

p+q
(U ′′)

=
Å

IdV ⊗∆′′−q
p

ãÇ(
p
p+q

) 2
N U ′′2 +

(
q
p+q

) 2
N (U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)(X ′′2 )t+1

+
(

pq
(p+q)2

) 1
N (X ′′1 )−t(V ′′1 )tZ ′′1 (X ′′2 )tY ′′2

å
= U ′′3 −

(
q
p+q

) 1
N
Ä
(X ′′2 )−t(V ′′2 )tZ ′′2 − (X ′′1 )−t(V ′′1 )tZ ′′1X

−t
2

ä
(X ′′3 )tY ′′3

+
(

q
p+q

) 2
N
(
(U ′′2 )−t(V ′′2 )t(X ′′2 )−(t+1) + (U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)X

−(t+1)
2 −

(X ′′1 )−t(V ′′1 )tZ ′′1X
−t
2 Y2X

−1
2

ä
(X ′′3 )t.

Hence, using (3.31), the equation

Bp,q ⊗ U ′′ = (Bp,q ⊗ IdV)
Å

IdV ⊗∆′′−q
p

ã
∆′′ q

p+q
(U ′′) (3.32)
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is equivalent to the following one

0 = Bp,q

Ä
(U ′′2 )−t(V ′′2 )t(X ′′2 )−(t+1)

ä
+

Bp,q

(
(U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)X

−(t+1)
2

)
−Bp,q

Ä
(X ′′1 )−t(V ′′1 )tZ ′′1X

−t
2 Y2X

−1
2

ä
(3.31)
= Bp,q

Ä
(U ′′2 )−t(V ′′2 )t(X ′′2 )−(t+1)

ä
+Bp,q

(
(U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)X

−(t+1)
2

)
−

Bp,q

Ä
(X ′′2 )−t(V ′′2 )tZ ′′2Y2X

−1
2

ä
A straightforward computation shows that we have the following equalities

(U ′′)−t(V ′′)t(X ′′)−(t+1) =ω
1
2

(t−1)X−(t+1)V

(X ′′)−t(V ′′)tZ ′′Y X−1 =ω
1
2

(t−1)
Ä
X−(t+1)U +X−(t+1)V

ä
.

Therefore (3.32) is equivalent to

0 = Bp,q

(
X
−(t+1)
1 V1X

−(t+1)
2

)
−Bp,q

(
X
−(t+1)
2 U2

)

(3.29)
= Bp,q (V1)−Bp,q

(
X
−(t+1)
2 U2

)
.

Hence we have

Bp,q (V ⊗ IdV) = Bp,q

Ä
IdV ⊗X−(t+1)U

ä
. (3.33)

In order to find the last equation, we do a slightly different computation from
the previous one. We have seen that (3.32) is equivalent to

0 = Bp,q

Ä
(U ′′2 )−t(V ′′2 )t(X ′′2 )−(t+1)

ä
+

Bp,q

(
(U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)X

−(t+1)
2

)
−Bp,q

Ä
(X ′′1 )−t(V ′′1 )tZ ′′1X

−t
2 Y2X

−1
2

ä
= Bp,q

Ä
(U ′′2 )−t(V ′′2 )t(X ′′2 )−(t+1)

ä
+Bp,q

(
(U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)X

−(t+1)
2

)
−

ωtBp,q

(
(X ′′1 )−t(V ′′1 )tZ ′′1Y2X

−(t+1)
2

)

(3.30)
= Bp,q

Ä
(U ′′2 )−t(V ′′2 )t(X ′′2 )−(t+1)

ä
+Bp,q

(
(U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)X

−(t+1)
2

)
−

ωtBp,q

(
Y1X

−1
1 (X ′′1 )−t(V ′′1 )tZ ′′1X

−(t+1)
2

)
.

A straightforward computation shows that

ωtY1X
−1
1 (X ′′1 )−t(V ′′1 )tZ ′′1X

−(t+1)
2 = ω

1
2

(t−1)X
−(t+1)
1

Ä
V1 + ω−1U1

ä
X
−(t+1)
2 .
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Hence, (3.32) is equivalent to

0 = Bp,q

Ä
(U ′′2 )−t(V ′′2 )t(X ′′2 )−(t+1)

ä
+Bp,q

(
(U ′′1 )−t(V ′′1 )t(X ′′1 )−(t+1)X

−(t+1)
2

)
−

ω
1
2

(t−1)Bp,qX
−(t+1)
1

Ä
V1 + ω−1U1

ä
X
−(t+1)
2

= ω
1
2

(t−1)Bp,q

(
X
−(t+1)
2 V2

)
+ ω

1
2

(t−1)Bp,q

(
X
−(t+1)
1 V1X

−(t+1)
2

)
−

ω
1
2

(t−1)Bp,qX
−(t+1)
1

Ä
V1 + ω−1U1

ä
X
−(t+1)
2

= ω
1
2

(t−1)
(
Bp,q

(
X
−(t+1)
2 V2

)
− ω−1Bp,q

(
X
−(t+1)
1 U1X

−(t+1)
2

))

(3.29)
= ω

1
2

(t−1)
(
Bp,q

(
X
−(t+1)
2 V2

)
− ω−1Bp,q (U1)

)

which leads to

ω−1Bp,q(U ⊗ IdV) = Bp,q(IdV ⊗X−(t+1)V ) (3.34)

Using (3.33) and (3.34), we finally have

Bp,q(V ⊗ U−1X t+1) = ω−1Bp,q(U ⊗ V −1X t+1)

which implies that

Bp,q = ω−1Bp,q(UV
−1 ⊗ UV −1). (3.35)

�

Lemma 3.11. For all x ∈ R6=0,1 and all α, β ∈ Z2
N we have

Bα,β(x) = bα,β JB, xK

where JB, K = B(0,0),(0,0) : R 6=0,1 → C and

bα,β = δα,−βω
− 1

2((t+1)(α1−α2)(α1−α2−2)+α2
1−α2).

Proof. Consider α, β ∈ Z2
N and let (p, q) ∈ (R 6=0)2 be an admissible pair such

that x = q
p+q

. By equality (3.7), it is enough to show that

Bp,q(uα ⊗ uβ) = bα,βBp,q(u(0,0) ⊗ u(0,0)).

Since the system of Lemma 3.10 is the same as the one of Lemma 2.14, the
computation of bα,β is the same as the one we did for dp in Lemma 2.15.

�

Proposition 3.12. For all α, β ∈ Z2
N and all x ∈ R6=0,1, we have

B̄α,β(x) = b−1
β,α

q
B, x

x−1

y−1 (3.36)

B∗α,β(x) = bβ,α
q
B, x

x−1

y
(3.37)

B̄∗α,β(x) = b−1
α,β JB, xK−1 (3.38)

Proof. The results follows from the previous Lemma and Lemma 3.1. �
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4. Determination of JB, xK

Lemma 4.1. For all x ∈ R6=0,1 we have

ψ̄Nx
x−1

,0ψ
−N
x,0 = (1− x)−

N−1
2

Proof. We recall that

ψNx,0 = (1− x)
N−1

2 D
(
(1− x)−

1
N

)
D(1)−1,

ψ̄Nx,0 = %
(
(1− x)

1
N

)N
ψ−Nx,0 .

Therefore, using equality (1.6) of Lemma 1.2, we compute

ψ̄Nx
x−1

,0ψ
−N
x,0 = %

(
(1− x)−

1
N

)N
ψ−Nx
x−1

,0ψ
−N
x,0 =

%
(
(1− x)−

1
N

)N
D(1)2

D
(
(1− x)

1
N

)
D
(
(1− x)−

1
N

)

=
%
(
(1− x)−

1
N

)N
D(1)2

D(1)2(1− x)
N−1

2 %
(
(1− x)−

1
N

)N = (1− x)−
N−1

2

�

Lemma 4.2. For all x ∈ R6=0,1 we have≠
ū0 ⊗ ū0

∣∣∣∣S
Ä

x
x−1

ä−1
∣∣∣∣u0 ⊗ u0

∑
≡ (1− x)−

2(N−1)
N

≠
ū0 ⊗ ū0

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
Proof. By Proposition 2.11 we have≠
ū0 ⊗ ū0

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
= ψ4

x,0

× f
(
(1− x)

1
N , (1− x)−

1
N ω−1

∣∣∣(x− 1)
1
N ω

1
2

)

× F
(

(1− x)
1
N (x− 1)−

1
N ω−

1
2

(1− x)−
1
N ω−1 (x− 1)

1
N ω−

1
2

∣∣∣∣∣− ω
1
2

)

and≠
ū0 ⊗ ū0

∣∣∣∣S
Ä

x
x−1

ä−1
∣∣∣∣u0 ⊗ u0

∑
= ψ̄4

x
x−1

,0

× f
(
(1− x)

1
N , (1− x)−

1
N ω−1

∣∣∣(x− 1)
1
N ω

1
2

)

× F
(

(1− x)
1
N (x− 1)−

1
N ω−

1
2

(1− x)−
1
N ω−1 (x− 1)

1
N ω−

1
2

∣∣∣∣∣− ω
1
2

)
.
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Therefore, by the previous Lemma, we have≠
ū0 ⊗ ū0

∣∣∣∣S
Ä

x
x−1

ä−1
∣∣∣∣u0 ⊗ u0

∑
= ψ̄4

x
x−1

,0ψ
−4
x,0

≠
ū0 ⊗ ū0

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
≡ (1− x)−

2(N−1)
N

≠
ū0 ⊗ ū0

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
.

�

Proposition 4.3. For all x ∈ R6=0,1 we have JB, xK ≡ (1− x)
2(N−1)
N .

Proof. Let (p, q) ∈ (R6=0)
2 be an admissible pair such that x = q

p+q
. On the

one hand, using Lemmas 3.11 and 4.2 and the fact that

h̄p+q,−q(ū0) = (IdV ⊗ū0)S
Ä

x
x−1

ä−1
,

we have≠
ū0

∣∣∣∣Bhp,q(u0)
∣∣∣∣u0 ⊗ u0

∑
=

∑

α∈Z2
N

JB, xK b0,α

≠
ū0

∣∣∣∣h̄p+q,−q(ūα)
∣∣∣∣u0 ⊗ u0

∑
= JB, xK

≠
ū0

∣∣∣∣h̄p+q,−q(ū0)
∣∣∣∣u0 ⊗ u0

∑
= JB, xK

≠
ū0 ⊗ ū0

∣∣∣∣S
Ä

x
x−1

ä−1
∣∣∣∣u0 ⊗ u0

∑
≡ JB, xK (1− x)−

2(N−1)
N

≠
ū0 ⊗ ū0

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
.

On the other hand, by the definition (3.7) of B and that

hp,q(u0) = S(x)(IdV ⊗u0),

we have

Bhp,q(u0) = (IdV ⊗dq) (S(x)⊗ IdV) (IdV ⊗u0 ⊗ IdV).

Therefore, we compute≠
ū0

∣∣∣∣Bhp,q(u0)
∣∣∣∣u0 ⊗ u0

∑
=
≠
ū0

∣∣∣∣(IdV ⊗dq) (S(x)⊗ IdV)
∣∣∣∣u0 ⊗ u0 ⊗ u0

∑
=

∑

α,β,γ∈Z2
N

≠
ū0

∣∣∣∣(IdV ⊗dq)
∣∣∣∣uα ⊗ uβ ⊗ uγ

∑≠
ūα ⊗ ūβ ⊗ ūγ

∣∣∣∣ (S(x)⊗ IdV)
∣∣∣∣u0 ⊗ u0 ⊗ u0

∑
=

∑

β∈Z2
N

dq(uβ ⊗ u0)
≠
ū0 ⊗ ūβ

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
(2.30)
=
≠
ū0 ⊗ ū0

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
.

Since
≠
ū0 ⊗ ū0

∣∣∣∣S(x)
∣∣∣∣u0 ⊗ u0

∑
6= 0 we conclude that JB, xK ≡ (1− x)

2(N−1)
N . �

5. Determination of JA, xK

The computation of JA, xK is more tricky than the one we did for JB, xK. Indeed,
we first need to compute A on another basis of the multiplicity spaces.
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5.1. Another basis for the multiplicity spaces. We consider the following
elements of A

X ′ = U−1V t+1, Y ′ = X tY U−1, U ′ = X t+1V −1, V ′ = X t+1U−1. (5.1)

We have shown in Lemma 3.3 that they generate A and that they have the same
commutation relations than the set {X, Y, U, V }, namely

X
0

V
0

Y
0

U
0

t

t+ 1t

t

This allows us to consider the element Ω ∈ A which satisfies

X ′ = ΩXΩ−1, Y ′ = ΩY Ω−1, U ′ = ΩUΩ−1, V ′ = ΩV Ω−1. (5.2)

Proposition 5.1. For any admissible pair (p, q) ∈ (R 6=0)2, the following equa-
tion is satisfied for all a ∈ Aω,t

(πp ⊗ πq)∆(a) = S ′
(

p
p+q

)
(IdV ⊗πp+q(a))S ′

(
p
p+q

)−1
, (5.3)

where S ′
(

p
p+q

)
= Ω−1

1 Ω−1
2 S

(
p
p+q

)−1
Ω1Ω2.

Proof. By Lemma 3.3 and equalities 5.2, we have for all a ∈ Aω,t
Ω1Ω2(πp ⊗ πq)∆(a)Ω−1

1 Ω−1
2 = ∆′ p

p+q

Ä
Ωπp+q(a)Ω−1

ä
Therefore we have

(πp ⊗ πq)∆(a) = Ω−1
1 Ω−1

2 ∆′ p
p+q

Ä
Ωπp+q(a)Ω−1

ä
Ω1Ω2

= Ω−1
1 Ω−1

2 S
(

p
p+q

)−1 Ä
IdV ⊗Ωπp+q(a)Ω−1

ä
S
(

p
p+q

)
Ω1Ω2

= Ω−1
1 Ω−1

2 S
(

p
p+q

)−1
Ω1Ω2 (IdV ⊗πp+q(a)) Ω−1

1 Ω−1
2 S

(
p
p+q

)
Ω1Ω2

= S ′
(

p
p+q

)
(IdV ⊗πp+q(a))S ′

(
p
p+q

)−1

�

For all x ∈ R6=0,1, we define

e′α(x) = S ′(x)(uα ⊗ IdV) and ē′α(x) = (ūα ⊗ IdV)S ′(x)−1. (5.4)

If (p, q) ∈ (R6=0)2 is an admissible pair, then by equation (5.3),

e′α
(

p
p+q

)
∈ Hp,q and ē′α

(
p
p+q

)
∈ H̄p,q, ∀α ∈ Z2

N .
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Moreover,
{
e′α
(

p
p+q

)}
α∈Z2

N

and
{
ē′α
(

p
p+q

)}
α∈Z2

N

form dual bases of Hp,q and H̄p,q

respectively, where the duality is reflected by the relations

ē′β
(

p
p+q

)
e′α
(

p
p+q

)
= δα,β IdV , (5.5)

and
∑

α∈Z2
N

e′α
(

p
p+q

)
ē′α
(

p
p+q

)
= IdV ⊗ IdV (5.6)

In order to keep track of the difference between Hp,q and Hλp,λq and H̄p,q and
H̄λp,λq respectively, where λ ∈ R6=0, we define, for all admissible pairs (p, q) ∈ (R6=0)2,
the following isomorphism

h′p,q : V → Hp,q and h̄′p,q : V∗ → H̄p,q

by

h′p,q(uα) = e′α
(

p
p+q

)
, h̄′p,q(ūα) = ē′α

(
p
p+q

)
, ∀α ∈ Z2

N .

We are now going to express how the operator A acts on the basis
¶
h′p,q(uα)

©
α∈Z2

N

of Hp,q. In order to do so, we introduce an analogue of the linear forms Ap,q and
Bp,q.

5.2. The linear form A′p,q. For any admissible pair (p, q) ∈ (R6=0)2, we define
the linear form A′p,q : V⊗2 → C by

A′p,q(uβ ⊗ uα) = 〈h′−p,p+q(uβ), Ah′p,q(uα)〉
By definition, for any α, β ∈ Z2

N we have

Ah′p,q(uα) =
∑

β∈Z2
N

A′p,q(uβ ⊗ uα)h̄′−p,p+q(uβ)

In order to determine A′p,q, we define for any x ∈ R6=0,1, as we did for Ap,q and Bp,q,
the algebra morphism ∆◦x;A → A⊗2 by

∆◦x(a) = PS ′(x)−1(IdV ⊗a)S ′(x)P (5.7)

Using the graphical calculus, we find that the following equality holds true for
any admissible pair (p, q) ∈ (R 6=0)2 and any a ∈ A

a⊗ A′p,q =
Ä
IdV ⊗A′p,q

ä Å
∆◦−p

q
⊗ IdV

ã
∆◦ p

p+q
(a) (5.8)

It turns out that This equality will help us to determine A′p,q.

Lemma 5.2. For any x ∈ R 6=0,1 we have

∆◦x(X
′) = X ′1X2, ∆◦x(Y

′) = x
1
N Y ′1 + (1− x)

1
N ω−t+

1
2X ′1Y2

∆◦x(U
′) = x

2
NU ′1 + (1− x)

2
N (X ′1)t+1U2 + (x− x2)

1
N ωt−

1
2 (X ′1)tY ′1Z2,

∆◦x(V
′) = x

2
N V ′1 + (1− x)

2
N (X ′1)t+1V2 + (x− x2)

1
N ω−t+

1
2Z ′1X

′
1Y2,
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and

∆◦x(Z
′) = x

1
NZ ′1 + (1− x)

1
N ωt−

1
2 (X ′1)tZ2

where Z ′ = (U ′ + V ′)(Y ′)−1.

Proof. The formulae for ∆◦x are computed in the same way as we did in the
proof of the Proposition 2.8. Since we have

ΩX ′Ω−1 = ωt+
1
2X−1U−(t+1)V, ΩY ′Ω−1 = ω−tX−1Y U−(t+1),

ΩU ′Ω−1 = X−(t+1)U−tV t, ΩV ′Ω−1 = X−(t+1)U−(t+1)V t+1,

and also have the following commutation relations, where we use the notation
a◦ = ΩaΩ−1 for a ∈ {X ′, Y ′, U ′, V ′},

H

E

G

F X
◦

2

H

E

G

F Y
◦

2

H

E

G

F V
◦

2

H

E

G

F U
◦

2
, ,

X
◦

2

V
◦

2

Y
◦

2

U
◦

2

X2

,

t+ 1

t+ 1

t

t

t

a straightforward computation leads to the result. �

Lemma 5.3. The operator A′p,q is a solution of the following system of homoge-
neous linear equations

A′p,q = A′p,q(X ⊗X)

A′p,q = A′p,q
Ä
XY −1 ⊗ Y

ä
A′p,q = A′p,q

Ä
V −1 ⊗X−(t+1)U

ä
A′p,q = ω−1A′p,q

Ä
UV −1 ⊗ UV −1

ä
Proof. Using the equality (5.8) and the previous Lemma, the proof is the

same as the one of Lemmas 3.5 and 3.10. �
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Since the system for A′p,q is the same as the one for Bp,q, we deduce that for
any α, β ∈ Z2

N we have

A′p,q(uβ ⊗ uα) = bα,βA
′
0

(
p
p+q

)
(5.9)

where

bα,β = δα,−βω
− 1

2((t+1)(α1−α2)(α1−α2−2)+α2
1−α2) (5.10)

and A′0
(

p
p+q

)
= A′p,q(u(0,0) ⊗ u(0,0)).

Lemma 5.4. For any x ∈ R 6=0,1, we have A′0 (x) ≡ x
2(N−1)
N .

Proof. Let (p, q) ∈ (R6=0)2 be an admissible pair and x = p
p+q

.
On the one hand, using equality (5.9) and the fact that

h̄′−p,p+q(ū0) = (ū0 ⊗ IdV)S ′
Ä

x
x−1

ä−1
,

we have≠
ū0

∣∣∣∣Ah
′
p,q(u0)

∣∣∣∣u0 ⊗ u0

∑
=

∑

α∈Z2
N

A′0(x)b0,α

≠
ū0

∣∣∣∣h̄
′
−p,p+q(ūα)

∣∣∣∣u0 ⊗ u0

∑
= A′0(x)

≠
ū0

∣∣∣∣h̄
′
−p,p+q(ū0)

∣∣∣∣u0 ⊗ u0

∑
= A′0(x)

≠
ū0 ⊗ ū0

∣∣∣∣S
′ Ä x

x−1

ä−1
∣∣∣∣u0 ⊗ u0

∑
.

On the other hand, by the definition (3.7) of A and that

h′p,q(u0) = S ′(x)(u0 ⊗ IdV),

we have

Ah′p,q(u0) = (d−p ⊗ IdV) (IdV ⊗S ′(x)) (IdV ⊗u0 ⊗ IdV).

Hence, we compute≠
ū0

∣∣∣∣Ah
′
p,q(u0)

∣∣∣∣u0 ⊗ u0

∑
=
≠
ū0

∣∣∣∣(d−p ⊗ IdV) (IdV ⊗S ′(x))
∣∣∣∣u0 ⊗ u0 ⊗ u0

∑
=

∑

α,β,γ∈Z2
N

≠
ū0

∣∣∣∣(d−p⊗ IdV)
∣∣∣∣uα⊗uβ⊗uγ

∑≠
ūα⊗ ūβ⊗ ūγ

∣∣∣∣ (S(x)⊗ IdV)
∣∣∣∣u0⊗u0⊗u0

∑
=

∑

β∈Z2
N

d−p(u0 ⊗ uβ)
≠
ūβ ⊗ ū0

∣∣∣∣S
′(x)

∣∣∣∣u0 ⊗ u0

∑
(2.30)
=
≠
ū0 ⊗ ū0

∣∣∣∣S
′(x)

∣∣∣∣u0 ⊗ u0

∑
.

Therefore, we have≠
ū0 ⊗ ū0

∣∣∣∣S
′(x)

∣∣∣∣u0 ⊗ u0

∑
= A′0(x)

≠
ū0 ⊗ ū0

∣∣∣∣S
′ Ä x

x−1

ä−1
∣∣∣∣u0 ⊗ u0

∑
. (5.11)

Since we have
Ω−1X ′Ω = ωt+

1
2X−1U−(t+1)V, Ω−1Y ′Ω = ωt−

1
2X−1Y U−(t+1),

Ω−1U ′Ω = X−(t+1)U−tV t, Ω−1V ′Ω = X−(t+1)U−(t+1)V t+1,
(5.12)
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we can compute
≠
ūµ ⊗ ūν

∣∣∣∣S ′(x)
∣∣∣∣uα ⊗ uβ

∑
and

≠
ūµ ⊗ ūν

∣∣∣∣S ′(x)−1

∣∣∣∣uα ⊗ uβ
∑
, for any

α, β, µ, ν ∈ Z2
N , as we did for S(x) and S(x)−1. In particular, we have the following

equalities ≠
ū0 ⊗ ū0

∣∣∣∣S
′(x)

∣∣∣∣u0 ⊗ u0

∑
=
≠
ū0 ⊗ ū0

∣∣∣∣S(x)−1
∣∣∣∣u0 ⊗ u0

∑≠
ū0 ⊗ ū0

∣∣∣∣S
′ Ä x

x−1

ä−1
∣∣∣∣u0 ⊗ u0

∑
=
≠
ū0 ⊗ ū0

∣∣∣∣S
Ä

x
x−1

ä ∣∣∣∣u0 ⊗ u0

∑
.

But, by Lemma 4.2 we have≠
ū0 ⊗ ū0

∣∣∣∣S
Ä

x
x−1

ä ∣∣∣∣u0 ⊗ u0

∑
≡ (1− x)−

2(N−1)
N

≠
ū0 ⊗ ū0

∣∣∣∣S (x)−1
∣∣∣∣u0 ⊗ u0

∑
We use this last equality in equality (5.11) to end the proof. �

5.3. Change of basis. For all x ∈ R6=0,1, the bases {eα(1− x)}α∈Z2
N

and
{e′α(x)}α∈Z2

N
lie in the same multiplicity space. Therefore, for all α, β ∈ Z2

N , we
can write

e′α(x) =
∑

β∈Z2
N

cα,β(x)eβ(1− x) (5.13)

where cα,β(x) ∈ C is given by

cα,β(x) = 〈ēβ(1 − x)e′α(x)〉 (2.18)
= 〈(IdV ⊗ūβ)S(1 − x)−1S ′(x)(uα ⊗ IdV)〉 (5.14)

In the next proposition, we are going to show that the choices we have made for
ψx,0 and ψ̄x,0 (see (2.6) and (2.9)) makes cα,β(x) independent on x. More precisely,
we will show that the product S(1− x)−1S ′(x) does not depend on x. In order to
do so, we need the following Lemma.

Lemma 5.5. For all x ∈ R6=0,1 and all U ∈ A such that UN = −1, the operator

Ψ̄1−x(ω
−1U−1)Ψ̄x(U)

does not depend on x. Moreover, if we write

Φ(U) = Ψ̄1−x(ω
−1U−1)Ψ̄x(U),

we have
Φ(ωU)

Φ(U)
= −ωU (5.15)

Proof. It is enough to show that the N -th power of Ψ̄1−x(U)Ψ̄x(U) does not
depend on x. Hence, using equalities (2.4) and (2.8), we have

Ψ̄1−x(ω
−1U−1)NΨ̄x(U)N = ψ̄N1−x,0ψ̄

N
x,0N

−2N (x(1− x))−
N−1

2 D(1)6×

D
(
x

1
N

)−1
D
(
(1− x)

1
N

)−1
D
Å
U−1

Ä
1−x
x

ä 1
N

ã−1

D
Å
ωU
Ä

x
1−x
ä 1
N

ã−1
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Considering the last factor and using Lemma 1.2, we easily compute

D
Å
ωU
Ä

x
1−x
ä 1
N

ã−1

= NN (x(x− 1))
N−1

2 D(1)−2D
Å
U−1

Ä
1−x
x

ä 1
N

ã
Hence we have

Ψ̄1−x(ω
−1U−1)NΨ̄x(U)N = ψ̄N1−x,0ψ̄

N
x,0N

−ND(1)4D
(
x

1
N

)−1
D
(
(1− x)

1
N

)−1
IdV .

Therefore, the choices we have made for ψx,0 and ψ̄x,0 (see (2.6) and (2.9)) give

Ψ̄1−x(ω
−1U−1)NΨ̄x(U)N = (−1)

N−1
2 N−ND(1)2 IdV .

Finally, by definition of Ψ̄x(U), we have

Φ(ωU)

Φ(U)
=

Ψ̄1−x(ω−2U−1)Ψ̄x(ωU)

Ψ̄1−x(ω−1U−1)Ψ̄x(U)
=

Ψ̄1−x(ω−2U−1)Ψ̄x(ωU)

Ψ̄1−x(ωω−2U−1)Ψ̄x(U)

=
(1− x)

1
N − x 1

N ωU

x
1
N − (1− x)

1
N ω−1U−1

=
(1− x)

1
N − x 1

N ωU

(−ω−1U−1)
(
(1− x)

1
N − x 1

N ωU
) = −ωU

�

Proposition 5.6. For all x ∈ R6=0,1 there exists numbers {cα,β}α,β∈Z2
N
⊂ C

such that

e′α(x) =
∑

β∈Z2
N

cα,βeβ(1− x). (5.16)

Proof. By equality (5.14) it is enough to show that S(1− x)−1S ′(x) does not
depend on x. Let us recall that

E = −Y −1
1 X1Y2, F = U−1

1 X t+1
1 V2E

−1, G = U2V
−1

2 F, H = U1V
−1

1 E,

and that we have the following commutation relations

X

V

Y

U

t t

t+ 1t

H

E

G

F,
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We start by the following computation

Ω1Ω2Ψ̄1−x(E)Ω−1
1 Ω−1

2 L(U tV,X)−1 = Ψ̄1−x
Ä
−(Y ′1)−1X ′1Y

′
2

ä
L(U tV,X)−1

= L(U tV,X)−1Ψ̄1−x
Ä
−L(U tV,X)(Y ′1)−1X ′1Y

′
2L(U tV,X)−1

ä
= L(U tV,X)−1Ψ̄1−x

Ä
−(Y ′1)−1X ′1Y

′
2L(ω−tU tV, ω−t−1X)L(U tV,X)−1

ä
Lemma 2.5

= L(U tV,X)−1Ψ̄1−x
Ä
−(Y ′1)−1X ′1Y

′
2ω

t(t+1)(U t
1V1)−t−1X−t2

ä
= L(U tV,X)−1Ψ̄1−x

Ä
ω−1G−1

ä
. (5.17)

By doing similar computation we get

Ω1Ω2Ψ̄1−x(F )Ω−1
1 Ω−1

2 L(U tV,X)−1 = L(U tV,X)−1Ψ̄1−x
Ä
ω−1H−1

ä
, (5.18)

Ω1Ω2Ψ̄1−x(G)Ω−1
1 Ω−1

2 L(U tV,X)−1 = L(U tV,X)−1Ψ̄1−x
Ä
ω−1U2V

−1
2 H−1

ä
(5.19)

and

Ω1Ω2Ψ̄1−x(H)Ω−1
1 Ω−1

2 L(U tV,X)−1 = L(U tV,X)−1Ψ̄1−x
Ä
ω−1U1V

−1
1 G−1

ä
. (5.20)

Hence we have

S(1− x)−1S ′(x) = L(U tV,X)−1Ψ̄1−x (H) Ψ̄1−x (G) Ψ̄1−x (F ) Ψ̄1−x (E)

× Ω−1
1 Ω−1

2 L(U tV,X)−1Ψ̄x (H) Ψ̄x (G)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ψ̄1−x (H) Ψ̄1−x (G) Ψ̄1−x (F ) Ω−1
1 Ω−1

2

× Ω1Ω2Ψ̄1−x (E) Ω−1
1 Ω−1

2 L(U tV,X)−1Ψ̄x (G)Ψ̄x (H) Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ψ̄1−x (H) Ψ̄1−x (G) Ψ̄1−x (F ) Ω−1
1 Ω−1

2

× L(U tV,X)−1Φ(G)Ψ̄x (H)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ψ̄1−x (H) Ψ̄1−x (G) Ω−1
1 Ω−1

2

× Ω1Ω2Ψ̄1−x (F ) Ω−1
1 Ω−1

2 L(U tV,X)−1Ψ̄x (H)Φ(G)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ψ̄1−x (H) Ψ̄1−x (G) Ω−1
1 Ω−1

2

× L(U tV,X)−1Φ(H)Φ(G)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ψ̄1−x (H) Ω−1
1 Ω−1

2 Ω1Ω2Ψ̄1−x (G) Ω−1
1 Ω−1

2 L(U tV,X)−1

× Φ(H)Φ(G)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ω−1
1 Ω−1

2 Ω1Ω2Ψ̄1−x (H) Ω−1
1 Ω−1

2 L(U tV,X)−1

× Ψ̄1−x
Ä
ω−1U2V

−1
2 H−1

ä
Φ(H)Φ(G)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Ψ̄1−x
Ä
ω−1U1V

−1
1 G−1

ä
× Ψ̄1−x

Ä
ω−1U2V

−1
2 H−1

ä
Φ(H)Φ(G)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2. (5.21)
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Now we also have

Ψ̄1−x
Ä
ω−1U2V

−1
2 H−1

ä
Φ(H)Φ(G) = Φ(H)Φ(G)Ψ̄1−x

Ä
ω−1F−1

ä
.

Indeed, using equality (5.15) we have

Ψ̄1−x
Ä
ω−1U2V

−1
2 H−1

ä
Φ(H) = Φ(H)Ψ̄1−x

Ä
Φ(H)−1ω−1U2V

−1
2 H−1Φ(H)

ä
= Φ(H)Ψ̄1−x

Ä
Φ(H)−1Φ(ωH)ω−1U2V

−1
2 H−1

ä
(5.15)
= Φ(H)Ψ̄1−x

Ä
(−ωH)ω−1U2V

−1
2 H−1

ä
= Φ(H)Ψ̄1−x

Ä
−ω−1U2V

−1
2

ä
,

and

Ψ̄1−x
Ä
−ω−1U2V

−1
2

ä
Φ(G) = Φ(G)Ψ̄1−x

Ä
Φ(G)−1(−ω−1U2V

−1
2 )Φ(G)

ä
= Φ(G)Ψ̄1−x

Ä
Φ(G)−1Φ(ω−1G)(−ω−1U2V

−1
2 )
ä

(5.15)
= Φ(G)Ψ̄1−x

Ä
G−1)ω−1U2V

−1
2

ä
= Φ(G)Ψ̄1−x

Ä
ω−1F−1

ä
.

A similar computation gives

Ψ̄1−x
Ä
ω−1U1V

−1
1 G−1

ä
Φ(H)Φ(G) = Φ(H)Φ(G)Ψ̄1−x

Ä
ω−1E−1

ä
.

Therefore (5.21) becomes

S(1− x)−1S ′(x) = L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Ψ̄1−x
Ä
ω−1U1V

−1
1 G−1

ä
× Ψ̄1−x

Ä
ω−1U2V

−1
2 H−1

ä
Φ(H)Φ(G)Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Ψ̄1−x
Ä
ω−1U1V

−1
1 G−1

ä
Φ(H)Φ(G)

× Ψ̄1−x
Ä
ω−1F−1

ä
Ψ̄x (F ) Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Φ(H)Φ(G)Ψ̄1−x
Ä
ω−1E−1

ä
Ω (F )Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Φ(H)Φ(G)Ω (F ) Ψ̄1−x
Ä
ω−1E−1

ä
Ψ̄x (E) Ω1Ω2

= L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Φ(H)Φ(G)Φ(F )Φ(E)Ω1Ω2

which ends the proof. �

5.4. Determination of JA, xK.

Proposition 5.7. For all x ∈ R 6=0,1, we have JA, xK ≡ ε2NN
−1x

2(N−1)
N .

Proof. Let (p, q) ∈ (R6=0)2 be an admissible pair and x = q
p+q
∈ R 6=0,1. Using

Lemma 5.4 and equalities (5.16) and (5.10) we compute

JA, xK = 〈h−p,p+q(u0), Ahp,q(u0)〉 =
∑

α,β∈Z2
N

c0,αc0,β〈h′−p,p+q(u0), Ah′p,q(u0)〉

= A′0(1− x)
∑

α,β∈Z2
N

c0,αc0,βbα,β ≡ x
2(N−1)
N

∑

α∈Z2
N

c0,αc0,−αbα,−α.
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Thereby, we need to compute c0,α. In order to do so, we use the last equality of
the previous Lemma, namely

S(1− x)−1S ′(x) = L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Φ(H)Φ(G)Φ(F )Φ(E)Ω1Ω2.

Hence we have

c0,α =
≠
ū0 ⊗ ūα

∣∣∣∣S(1− x)−1S ′(x)
∣∣∣∣u0 ⊗ u0

∑
=
≠
ū0⊗ūα

∣∣∣∣L(U tV,X)−1Ω−1
1 Ω−1

2 L(U tV,X)−1Φ(H)Φ(G)Φ(F )Φ(E)Ω1Ω2

∣∣∣∣u0⊗u0

∑
.

Let us write

Φ(U) =
∑

m∈ZN
ϕm(−U)m

where ϕm ∈ C, for any operator U ∈ A⊗2 such that UN = − IdV⊗2 . Using (5.15), we
easily see that for any m ∈ ZN we have ϕm = ϕ0ω

− 1
2
m(m−1). Thus, using equalities

(5.12) and by doing similar computation we did for S(x) and S(x)−1, we find

c0,α =
≠
ū0 ⊗ ūα

∣∣∣∣S(1 − x)−1S ′(x)
∣∣∣∣u0 ⊗ u0

∑
= δ0,α1(t+2)δ0,α2ϕ

4
0

∑

m,n∈ZN
ω−

1
2

(m+n)2 .

Since (t+ 2)2 = 3(t+ 1) mod N and N /∈ 3N, t+ 2 is invertible in ZN , we have

c0,α = δ0,αϕ
4
0

∑

m,n∈ZN
ω−

1
2

(m+n)2 = δ0,αϕ
4
0N

∑

s∈ZN
ω−

1
2
s2 .

Because ∑s∈ZN ω
− 1

2
s2 is the Gauss sum g(− (N−1)

2
;N) = ±εNN

1
2 (see [3] for details),

we conclude that

c0,α = ±δ0,αϕ
4
0εNN

3
2 .

Using the following Lemma, we finally get

JA, xK ≡ ε2NN
−1x

2(N−1)
N .

�

Lemma 5.8. The following equality holds true

ϕ4
0 ≡ N−2

Using this Lemma, we have

c0,α = ±δ0,αεNN
− 1

2 ,

Proof. Let U be an operator such that UN = −1. By definition we have

Φ(U) =
∑

s∈ZN
ϕ0ω

− 1
2
s(s−1)(−U)s
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and

Φ(U) = Ψ̄1−x(ω
−1U−1)Ψ̄x(−U) =

∑

s∈ZN

∑

m∈ZN
ψ̄1−x,m−sψ̄x,mω

s−m(−U)s.

This implies in particular that

ϕ0 =
∑

m∈ZN
ψ̄x,mψ̄1−x,mω

−m.

Using (2.7) we have for any m ∈ ZN

ψ̄x,mψ̄1−x,mω
−m = ψ̄x,0ψ̄1−x,0w

(
(1− x)−

1
N |m

)
w
(
x−

1
N |m

)
ωm.

Since

(1− (1− x)−1) (1− x−1)

(1− 0N)(1− 0N)
= ωN ,

we can use the function F
(
x u
y v

∣∣∣z
)
and we have

ϕ0 = ψ̄x,0ψ̄1−x,0F

Ç
(1− x)−

1
N x−

1
N

0 0

∣∣∣∣∣ω
å
.

Now we use formula (C.8) of [9] which is

F

Ç
x u
y v

∣∣∣∣∣z
åN

= u
N(N−1)

2

D(1)D
(
xu
yvω

)
D(xω)D

Ä
yω
u

ä
D
Ä
vω
u

ä
D(yω)D(vω)D

(
x
y

)
D
Ä
x
v

ä
D
Ä

1
u

ä .

Using Lemma 1.2 on the factor D
(
xu
yvω

)
, D

(
x
y

)
, D
Ä
x
v

ä
and D(xω) we get

F

Ç
(1− x)−

1
N x−

1
N

0 0

∣∣∣∣∣ω
åN

= D(1)D
(
x

1
N

)−1
D
(
(1− x)

1
N

)−1
.

The equalities (2.6) and (2.9) then imply that

ϕN0 = ψ̄Nx,0ψ̄
N
1−x,0F

Ç
(1− x)−

1
N x−

1
N

0 0

∣∣∣∣∣ω
åN

= ψ̄Nx,0ψ̄
N
1−x,0D(1)D

(
x

1
N

)−1
D
(
(1− x)

1
N

)−1
= D(1)−1.

Finally, we show that

D(1)2 = (−1)
N(N−1)

2 NN .
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For any x ∈ C\ {0} and we compute

D(x) =
N−1∏

j=1

(1− xωj)j =
N−1∏

j=1

(−xωj)j(1− x−1ω−j)j

= (−1)
N(N−1)

2 ω
N(N−1)(2N−1)

6 x
N(N−1)

2

N−1∏

j=1

(1− x−1ωj)N−j

= (−1)
N(N−1)

2 ω
N(N−1)(2N−1)

6 x
N(N−1)

2

Ç
1− x−N
1− x−1

åN N−1∏

j=1

(1− x−1ωj)−j

= (−1)
N(N−1)

2 ω
N(N−1)(2N−1)

6 x−
N(N−1)

2

Ç
1− xN
1− x

åN
D(x−1)−1

= (−1)
N(N−1)

2 ω
N(N−1)(2N−1)

6 NNx−
N(N−1)

2 %(x)ND(x−1)−1.

Since N is odd and N /∈ 3N that implies that (N−1)(2N−1)
6

is an integer. Hence
ω
N(N−1)(2N−1)

6 = 1 and we get

D(x)D(x−1) = (−1)
N(N−1)

2 NNx−
N(N−1)

2 %(x)N .

By Lemma 1.2 we have

D(x)D(x−1) = D(1)2x−
N(N−1)

2 %(x)N

which ends the proof. �
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