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The use of high-dimensional systems for quantum communication opens interesting perspectives, such as
increased information capacity and noise resilience. In this context, it is crucial to certify that a given quantum
channel can reliably transmit high-dimensional quantum information. Here we develop efficient methods for the
characterization of high-dimensional quantum channels. We first present a notion of dimensionality of quantum
channels and develop efficient certification methods for this quantity. We consider a simple prepare-and-measure
setup and provide witnesses for both a fully and a partially trusted scenario. In turn, we apply these methods
to a photonic experiment and certify dimensionalities up to 59 for a commercial graded-index multimode
optical fiber. Moreover, we present extensive numerical simulations of the experiment, providing an accurate
noise model for the fiber and exploring the potential of more sophisticated witnesses. Our work demonstrates
the efficient characterization of high-dimensional quantum channels, a key ingredient for future quantum
communication technologies.

DOI: 10.1103/bwd5-wx7j

I. INTRODUCTION

Quantum communication networks promise to revolution-
ize information processing, communication, and metrology
[1]. Quantum channels are crucial for transmitting informa-
tion between remote users, and their certification is a key
challenge for future quantum communication technologies.

However, the practical characterization of quantum chan-
nels is challenging. First, real-world quantum channels are
usually complex physical systems (e.g., multimode fibers,
atmospheric channels, biological media), whose full charac-
terization is a daunting task [2–4]. Second, estimating basic
quantum properties such as capacity is extremely challenging
even for simple, fully characterized channels [5].

Several approaches have been developed to certify specific
properties of quantum channels, such as practical tests for ob-
taining lower bounds on the quantum channel capacity [6–8]
or certifying its ability to distribute entanglement [9–12].
More recently, these questions have also been investigated in
the device-independent (black box) setting [13–15].
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So far, most research has focused on the simplest qubit
channels, with little known about the certification of high-
dimensional (HD) channels [16], i.e., channels supporting the
transmission of high-dimensional quantum systems (qudits)
[17]. Notably, this question is well motivated by recent devel-
opments on using HD quantum systems for communication
and computing, allowing for boosted information capacity and
increased noise/loss resilience [18,19] and multiuser multi-
plexed entanglement networks [20,21], as well as quantum
computing protocols with a reduced circuit complexity [22].
In particular, these features of HD systems may enable secure
quantum communication in noise and loss regimes where
qubit systems would be insecure [23,24].

This work tackles certifying the dimensionality of an HD
quantum channel, i.e., how can we quantify the ability of
an uncharacterized quantum channel to transmit genuinely
HD quantum information? First, we present a theoretical
framework, defining a notion of channel dimensionality and
developing efficient, practical methods for testing this via
a prepare-and-measure setup (i.e., not requiring entangle-
ment). We demonstrate the experimental relevance of these
methods by testing the dimensionality of commercial mul-
timode fibers (MMF) for the transmission of HD systems
encoded in the transverse-spatial degree-of-freedom of pho-
tons. For example, we certify a minimum dimensionality of
59 using only two measurement bases. Moreover, we present
extended numerical simulations of idealised and noisy HD
channels to verify our results, and to show that protocols
with more bases lead to a significant improvement in certified
dimension.
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FIG. 1. We address bounding the dimensionality of an unknown
high-dimensional quantum channel � using a prepare-and-measure
setup, where a sender prepares input states ρy. We develop witnesses
for two scenarios: (a) a fully trusted model, where measurement
operators Ma|x are characterized, and (b) a partially trusted model,
where the measurement device is uncharacterized.

The significance of our approach to characterizing quan-
tum channels is highlighted by the dramatic reduction in
the number of measurements it requires compared to per-
forming full quantum process tomography. In addition, we
present methods to certify channel dimensionality under vary-
ing levels of trust, which is particularly relevant in adversarial
scenarios. Multimode quantum channels are ubiquitous in
quantum technologies, ranging from multimode fibers in high-
dimensional quantum communication systems to free-space
optical systems for quantum-enhanced sensing. Certifying
their ability to preserve HD quantum information is crucial
for applications such as these and our methods serve as an
efficient way to doing so.

II. THEORY

We consider a prepare, transmit, and measure setup as
shown in Fig. 1. A sender (Alice) prepares an input quan-
tum system in several possible quantum states ρy, where the
label y refers to the choice of the input state. In turn, ρy is
transmitted to a receiver (Bob) via a quantum channel �,
a completely positive trace-preserving map, resulting in the
output state ρout

y = �(ρy). Bob then performs a measurement
represented by a set of positive operator valued measures
(POVMs) {Ma|x}a,x, where x denotes the choice of measure-
ment and a its outcome. The resulting input-output statistics
are then given by

P(a|x, y) = Tr(�(ρy)Ma|x ). (1)

Our main interest here is in certifying certain properties
of the quantum channel � based on the observed statistics.
In particular, we consider experiments in which the prepared
states of Alice and the measurements of Bob involve HD
quantum systems (let d denote the system’s Hilbert space
dimension). We test the ability of the channel to transmit
this HD quantum information faithfully. Indeed, in the best
possible case, the channel would perfectly transmit the states
ρy to Bob, in which case � simply corresponds to a (d-
dimensional) identity map. Of course, real-world channels
are subject to noise, loss, and crosstalk, which may signif-
icantly affect their ability to transmit quantum information.
For example, when the noise is large enough, the channel is

entanglement breaking (it can no longer be used to transmit
any entanglement) and thus becomes classical, as it could
be replaced by classical communication in a measure and
(re)prepare strategy [25].

Our focus here is on the intermediate regime, where the
channel degrades the HD quantum information without de-
stroying it completely. To quantify this feature, we consider
the so-called Schmidt number (SN) of a quantum channel [26]
given by

SN(�) = min max
n

Rank(Kn), (2)

where {Kn}n are Kraus operators and the Schmidt number can
be viewed as the dimensionality of the channel �. This should
be distinguished from the Schmidt number of a quantum state,
which quantifies its dimensionality of entanglement. Impor-
tantly, to be meaningful, the Schmidt number of a quantum
channel must be defined by considering all possible imple-
mentations of the channel in terms of its decomposition into
Kraus operators {Kn}n, such that �(·) = ∑

n Kn(·)K†
n . Then

one should minimize (over decompositions) the largest rank of
any of the Kraus operators Kn. Loosely speaking, the quantity
SN(�) captures the dimension of the largest subspace (within
the input Hilbert space) that can be coherently transmitted
through the channel. For example, coherence may not survive
in the full d-dimensional space, but may be preserved in
lower n-dimensional (1 � n � d) subspaces. In contrast to
dimensionality defined purely in terms of coherence [16], the
Schmidt number is reference-frame independent and allows
for arbitrary overlaps between different subspaces.

Our goal now is to construct methods for lower bound-
ing the channel Schmidt number based on measurement
statistics. For this, we take advantage of the celebrated Choi–
Jamiołkowski (CJ) isomorphism, which associates to every
quantum channel � a bipartite quantum state ρ�. Notably,
the Schmidt number of a channel is equal to the Schmidt
number of the corresponding state, i.e., SN(�) = SN(ρ�).
Using recently developed methods for entanglement detection
in HD systems [27–29], we can construct effective witnesses
for lower bounding the channel Schmidt number.

We consider two different scenarios with varying levels of
trust. First, we start with a full trust (FT) model, where the
input states ρy and the measurement operators {Ma|x} are fully
characterized. Then we move to a scenario with partial trust
(PT), where we require only trust on the input states. In both
cases, we construct witnesses for the channel Schmidt number
based on mutually unbiased bases (MUBs) [30]. To define
the witnesses, it is useful to denote the prepared state via a
double index, i.e., ρb|y, where y indicates the chosen MUB
and b denotes the eigenvector. Specifically, we are interested
in the terms

Ca,b|x = Tr(�(ρb|x )Ma|x ), (3)

giving the correlations in the xth MUB. Note that here, all
states and measurements correspond to MUBs.

Let us start with the FT scenario. In the entanglement
picture (i.e., via the CJ isomorphism) this corresponds to the
usual trusted device scenario for entanglement detection. We
can therefore adapt the SN witness from Ref. [27] to obtain
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FIG. 2. Experimental setup. A CW laser source (810 nm) and a programmable phase-only spatial light modulator (SLM1) is used to
prepare input states, which are coupled into a graded-index (GRIN) multimode fiber (MMF), representing a noisy channel. States at the output
of the MMF are incident on SLM2 followed by a CCD camera, the combination of which allows one to perform projective measurements on
the output state. The modes generated correspond to the SVD basis of the fiber and a MUB with respect to the eigenmode basis. (a), (b) Four
examples of input and output modes, arranged by descending singular value. (c) An example phase pattern displayed on the SLMs.

the following inequality:

d−1∑
a=0

(Ca,a|0 + dCa,a|1)

−
d−1∑

a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γ b,b′
a,a′

√
Ca′,b′ |0Ca,b|0 � d (n + 1) (4)

with γ b,b′
a,a′ = 1 if (a − a′ − b + b′)(mod d ) = 0 and γ b,b′

a,a′ = 0
otherwise (see Appendix A for derivation). Importantly, this
inequality must hold for any channel with SN(�) � n. Hence
a violation of the inequality implies that the channel � must
have a strictly larger Schmidt number, i.e., SN(�) > n, where
n is an integer used to bound SN(�). By finding the largest n
leading to an inequality violation ,we can certify a dimension-
ality of n + 1.

Now let us move to the PT scenario. We wish to charac-
terize the quantum channel while relaxing the trust in Bob’s
measurement device. That is, we consider the latter to be error
prone; however, we do not consider the device to be controlled
by a malicious adversary as in the device-independent sce-
nario. Hence we relax the assumption that the measurement
operators correspond to MUBs and consider Bob’s measure-
ment device as uncharacterized. In the entanglement picture,
this corresponds to entanglement detection in the one-sided
trusted model, where the measurement device is trusted for
one party but untrusted for the other. This corresponds to
quantum steering, for which Schmidt number witnesses have
recently been developed [28,31,32]. From Ref. [28], we obtain
the witness

2∑
x=1

d−1∑
a=0

Ca,a|x � 2
√

n(d + √
d )√

n + 1
, (5)

for the case where a pair of MUBs is tested. Again, observing
a violation of the above inequality implies that the underlying
channel � must have SN(�) > n [33].

III. CERTIFICATION OF MULTIMODE FIBER
DIMENSIONALITY

In our experiment, we characterized two commercial
graded-index MMF optical fibers with lengths of 2 m and
5 m. Figure 2 shows a schematic of the experimental setup.
The desired input MUB states are prepared by Alice in
the transverse-spatial macropixel basis using a spatial light
modulator (SLM1). The MUB measurements at Bob are im-
plemented using an optical system consisting of an SLM2,
lens system, and camera. The measurement apparatus is used
to perform both a projective measurement Ma|x via computer-
generated holograms, as well as estimating the transmission
matrix (TM) of the fiber. For experimental details, see
Appendix C 1 . Due to modal dispersion, each MMF acts as
a mixing channel �MMF. Our goal is to certify a lower bound
on their Schmidt number SN(�MMF). We consider both the
FT and PT scenarios, testing the witnesses in (4) and (5),
respectively.

For each MMF, we first identify the basis that diago-
nalizes the channel, i.e., the singular value decomposition
(SVD) basis. To do so, we estimate the TM of the channel
using a multiplane neural network (MPNN) that is trained by
the state and measurements on randomised bases [34] (see
Appendix C 2 for details). Next, we perform a singular-value
decomposition on the estimated TM to obtain the SVD basis
consisting of approximately 200 modes with nonzero trans-
mission through the MMF (in a single polarization channel).
Note that this basis includes the optical system coupling
into and out of the MMF as well as its nonideal nature,
i.e., bending and experimental imperfections. We stress that
knowledge of the TM is not a necessity for testing the
witnesses, but it leads to better bounds on the certified
dimensionality.

For each MMF, we collect data using two measurement
bases: the SVD basis described above, and a second mutu-
ally unbiased basis. This allows us to evaluate the quantities
Ca,b|x necessary for testing both witnesses, focusing on the
case of two MUBs. Testing witnesses on the entire ≈200
modes supported in the fiber can suffer from decreasing coher-
ence between lower- and higher-order modes, while smaller
subspaces containing a few lower-order modes with similar
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FIG. 3. Certified dimension n of 2-m- and 5-m-long graded-index multimode fibers, evaluated using the FT witness (magenta) and the PT
witness (teal) defined in Eqs. (4) and. (5), respectively, as a function of subspace dimension d . Panels (a) and (c) correspond to the 2 m fiber,
while panels (b) and (d) correspond to the 5 m fiber for the FT and PT witnesses, respectively. Each panel presents the certified dimension for
three scenarios: simulation of an idealized fiber accounting for dispersion effects in the MMF (dashed lines), simulation of an idealized fiber
with additional white noise (solid lines), and the experimental results (crosses).

propagation constants, for instance, can better maintain coher-
ence. Therefore, we consider different subspace dimensions
d for the input states and measurements in our analysis. We
stress that this is possible as we assume the input state is
trusted, thus making the subspace dimension d a controllable
parameter.

The experimental results in Fig. 3 show the certified dimen-
sion n, i.e., a lower bound on the channel Schmidt number
SN(�MMF), as a function of the subspace dimension d . The
largest certified dimensions are summarized in Table I. Due to
increased dispersion in longer fibers, the certified dimensions
are lower for the 5 m MMF. Also, the PT scenario leads to
lower certified dimensions compared to the FT as expected,
since trust in the measurement device is now relaxed. In all
cases, except the FT witness applied to the 2 m fiber, we
see a drop in certified dimension n after a critical subspace
dimension d . In this particular experiment, the observed drop
indicates that two MUBs are insufficient to certify a dimen-
sion n > 1 for d > 85 or d > 150. However, this does not
imply that the witnesses we present fail to provide a nontrivial

TABLE I. Maximum experimentally certified dimensions n for
each fiber (2 m and 5 m) and witness used (FT and PT).

Fiber length Witness Maximum certified dimension (n)

2 m FT 59 (in d = 131 subspace)
PT 9 (in d = 29 subspace)

5 m FT 26 (in d = 89 subspace)
PT 4 (in d = 13 subspace)

bound for high dimensions in general. Several experimental
factors contribute to this, including the quality of state prepa-
ration of higher-order modes and detector efficiency. This
highlights the aforementioned trade-off between increased
subspace dimension and including noisy higher-order modes.
We later discuss how increasing the number of MUBs used
can improve this.

IV. SIMULATIONS WITH NOISE AND MULTIPLE MUBs

To gain more insight into our experimental results, we
simulate an MMF devoid of manufacturing imperfections or
curvatures, but capturing the modal dispersion responsible
for channel impurity [35]. Channels that perfectly preserve
the purity of quantum states are impossible due to the input
source’s spectral bandwidth, the detector’s temporal response,
and the MMF’s modal dispersion. Nevertheless, this case
provides an upper bound on the certifiable channel dimension-
ality one might expect from such idealized fibers.

When finding the approximate SVD basis of the fiber from
the measured TM (as described in Appendix C 2), we effec-
tively trace over the spectral degree of freedom, leading to
a suboptimal SVD basis. To simulate this, we construct a
multispectral transmission matrix (MSTM) for an idealized
fiber with a bandwidth corresponding to the laser source in the
experiment, i.e., 810 ± 1.5 nm as outlined in Appendix D 1.
We then simulate our experimental estimation of an approx-
imate TM to find the SVD basis, averaging over the laser
bandwidth (see Appendix D2 for full details).

From this simulation, we generate measurement statistics
Ca,b|x for each wavelength and then average over the spectral
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FIG. 4. Certified dimension with multiple MUBs Eq. (7) for the
simulated idealized 5 m MMF with additional white noise, for the
fully trusted scenario. The plot shows simulation results as scatter
points, with lines added to guide the eye. Notably, considering just
a few additional MUBs provides a significant enhancement in the
certified dimension.

degree of freedom, weighting each term according to the
Gaussian envelope of the input laser. This results in an av-
erage correlation matrix. Finally, we can estimate the certified
dimensions via the FT and PT witnesses. The idealized fiber
simulation results are presented in Fig. 3 (dashed lines). We
see that for low subspace dimensions, the experimentally cer-
tified dimensions are close to the case of an idealized fiber. For
larger subspace dimensions, there is a notable deviation due to
experimental factors such as mode-dependent loss, misalign-
ment, error in state preparation, imperfect measurements, and
transmission matrix estimation. These effects induce noise in
the experiment that increases as the dimension of the consid-
ered subspace increases. To model this, we consider a simple
noise model where the idealized MMF �ideal is (probabilisti-
cally) mixed with a completely depolarizing channel �mm that
maps every input state ρ to a maximally mixed output state,
i.e., �mm(ρ) = 1

d . The resulting channel is given by

�noisy = p�ideal + (1 − p)�mm, (6)

where p ∈ [0, 1] is the mixing parameter; for details, see
Appendix D 3.

We find good agreement with the experimental data when
setting the mixing parameter p to decrease quadratically as the
subspace dimension increases. The noise simulation results
are shown as solid lines in Fig. 3, indicating that a simple
noise model provides a useful tool for quantifying the noise
levels in this type of experiment.

Next, we consider the question of testing Schmidt num-
ber witnesses with more MUBs. We adapt the witness from
Ref. [29] to obtain

m∑
x=1

d−1∑
a=0

Ca,a|x � d + (m − 1)n, (7)

where n is the Schmidt number of the channel and 2 � m �
d + 1 denotes the number of MUBs being used; here we
choose m = {2, 3, 5, d + 1} (see Appendix A for derivation).
To model the MMF, we use our simulation model for the
5m fiber (with quadratic noise). The results in Fig. 4 show
a significant increase in the certified dimension when more
MUBs are used. Interestingly, this advantage increases as the
subspace dimension grows, due to the increase in noise acting

on the state. Furthermore, when testing a fixed number of
MUBs (e.g. 3 MUBs), the certifiable dimension starts to drop
off when the dimension becomes large. Increasing the number
of MUBs, e.g. from 2 to 3 MUBs, increases the subspace
dimension in which the drop off begins and when considering
the full set of d + 1 MUBs, it appears the actual Schmidt
number can be certified.

V. DISCUSSION

In this work, we developed methods for certifying lower
bounds on the dimensionality of quantum channels, as given
by the channel Schmidt number. Effective witnesses were de-
rived for a prepare-and-measure scenario with full and partial
trust in output measurements, the latter useful when output
measurement reliability is a concern. We implemented these
witnesses in a photonic experiment using commercial MMFs
as channels, and reporting certified dimensions up to n = 59.

An interesting open question is whether our certification
methods could be adapted to characterize other quantities
of interest effectively, in particular, the quantum channel ca-
pacity or the entanglement cost of channels [36]. Bounding
the dimensionality of a quantum channel is directly related
to classical concepts such as the channel bandwidth—the
maximum data rate a channel can support—which is also
limited by modal dispersion. As quantum technologies ma-
ture and new quantum networks are established, the need
for methods to efficiently characterize quantum channels be-
comes imperative. Our work takes a significant step in this
direction by demonstrating the efficient characterization of
high-dimensional quantum channels, a key ingredient in fu-
ture quantum communication technologies [20,21].
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APPENDIX A: DERIVATION OF FT WITNESS

Recently, witnesses for certifying HD entanglement have
been proposed [27,29]. In the following, we show how to
adapt such witnesses for constructing witnesses for bounding
the Schmidt number of a HD channel. Since here the entangle-
ment witness is based on the assumption of fully characterized
measurement operators, we will obtain channel witnesses in
the FT scenario.

Let us start by reviewing witnesses for HD entangled
states, which provide lower bounds on the Schmidt number of
the considered state. The Schmidt rank (SR) of a pure bipartite
quantum state |ψ〉 is defined as the minimum number of terms
needed to express |ψ〉 as a linear combination of product
states. Generalizing to mixed states, the Schmidt number of
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a state ρ is defined as

SN(ρ) := min
pk , |ψk〉

max
k

SR(|ψk〉) s.tρ =
∑

k

pk|ψk〉〈ψk| . (A1)

To adapt an entanglement witness to a criterion applicable to channels, we use the CJ isomorphism. More precisely, we can
then connect the Schmidt number of a channel � to the Schmidt number of the corresponding Choi state ρ�.

We first consider the entanglement witness of Ref. [27], which lower bounds the Schmidt number n of a state ρ using the
following inequality:

d−1∑
a=0

λ2
a〈ea|0ea|0|ρ|ea|0ea|0〉 +

(∑d−1
a=0 λa

)2

d

d−1∑
a=0

〈ea|1e∗
a|1|ρ|ea|1e∗

a|1〉 −
d−1∑

a,b=0

λaλb〈ea|0eb|0|ρ|ea|0eb|0〉

−
d−1∑

a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γ b,b′
a,a′ (

√
λaλa′λbλb′

√〈ea′|0eb′ |0|ρ|ea′|0eb′ |0〉〈ea|0eb|0|ρ|ea|0eb|0〉) �
n−1∑
a=0

λ2
a, (A2)

with γ b,b′
a,a′ =

{
1 if (a − a′ − b + b′)(mod d ) = 0
0 otherwise, (A3)

where d is the dimension, {λa}a are the Schmidt coefficients of the target state, {|ea|0〉}a is the computational basis, and {|ea|1〉}a

the MUB basis [27]. Recall that a set of bases in Cd is called MUB if, for any pair of bases, |〈φi|ψ j〉| = 1/
√

d for any vector
φi within the first basis and any vector ψ j within the second basis. When d is a prime power, there exist sets of d + 1 MUBs
[30]. In this work, the target state is the maximally entangled state |ψ+

d 〉 = 1√
d

∑d−1
i=0 |ii〉, i.e. λa = 1√

d
∀a. This is because for a

perfect transmission channel (i.e., the identity channel), the corresponding Choi state is a maximally entangled one. In this case,
the above expression can be simplified to

1

d

d−1∑
a=0

〈ea|0ea|0|ρ|ea|0ea|0〉 +
d−1∑
a=0

〈ea|1e∗
a|1|ρ|ea|1e∗

a|1〉 − 1

d
− 1

d

d−1∑
a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γ b,b′
a,a′

√〈ea′|0eb′ |0|ρ|ea′|0eb′ |0〉〈ea|0eb|0|ρ|ea|0eb|0〉 � n

d

(A4)

⇔
d−1∑
a=0

Tr(ρ|ea|0ea|0〉〈ea|0ea|0|) + d
d−1∑
a=0

Tr(ρ|ea|1e∗
a|1〉〈ea|1e∗

a|1|)

−
d−1∑

a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γa,a′,b,b′
√

Tr(ρ|ea′|0eb′|0〉〈ea′|0eb′ |0|)Tr(ρ|ea|0eb|0〉〈ea|0eb|0|) � n + 1 . (A5)

To determine the Schmidt number of the channel �, the state ρ is chosen to be the Choi state of the channel, i.e.,

ρ� = (� ⊗ id)(|ψ+
d 〉〈ψ+

d |) . (A6)

In general,

Tr(ρ�|ea|xeb|x〉〈ea|xeb|x|) = Tr((� ⊗ id)(|ψ+
d 〉〈ψ+

d |)|ea|xeb|x〉〈ea|xeb|x|)
= Tr(|ψ+

d 〉〈ψ+
d |(�∗ ⊗ id)(|ea|xeb|x〉〈ea|xeb|x|))

= 1

d
Tr(�(|eb|x〉〈eb|x|T )|ea|x〉〈ea|x|). (A7)

Thus, the inequality can be rewritten as

1

d

d−1∑
a=0

Tr(�(|ea|0〉〈ea|0|T )|ea|0〉〈ea|0|) +
d−1∑
a=0

Tr(�(|e∗
a|1〉〈e∗

a|1|T )|ea|1〉〈ea|1|)

− 1

d

d−1∑
a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γ b,b′
a,a′

√
Tr(�(|eb′|0〉〈eb′ |0|T )|ea′|0〉〈ea′ |0|)Tr(�(|eb|0〉〈eb|0|T )|ea|0〉〈ea|0|) � n + 1 . (A8)
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Due to {|ea|0〉}a being the computational basis, |ea|0〉〈ea|0|T = |ea|0〉〈ea|0|. Further note that |e∗
a|x〉〈e∗

a|x| = |ea|x〉〈ea|x|T . Hence, the
inequality can be simplified in the following way:

d−1∑
a=0

Tr(�(|ea|0〉〈ea|0|)|ea|0〉〈ea|0|) + d
d−1∑
a=0

Tr(�(|ea|1〉〈ea|1|)|ea|1〉〈ea|1|)

−
d−1∑

a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γ b,b′
a,a′

√
Tr(�(|eb′|0〉〈eb′ |0|)|ea′|0〉〈ea′ |0|)Tr(�(|eb|0〉〈eb|0|)|ea|0〉〈ea|0|) � d (n + 1) (A9)

⇔
d−1∑
a=0

Tr(�(ρa|0)Ma|0) + d
d−1∑
a=0

Tr(�(ρa|1)Ma|1) −
d−1∑

a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γ b,b′
a,a′

√
Tr(�(ρb′|0)Ma′|0)Tr(�(ρb|0)Ma|0) � d (n + 1). (A10)

By substituting the definition of Ca,b|x, we recover the channel witness in Eq. (4), i.e.,

d−1∑
a=0

Ca,a|0 + d
d−1∑
a=0

Ca,a|1 −
d−1∑

a,a′,b,b′=0
a �=a′,a �=b,
b�=b′,b′ �=a′

γ b,b′
a,a′

√
Ca′,b′ |0Ca,b|0 � d (n + 1) . (A11)

A similar procedure can be applied to the witness proposed in Ref. [29] to obtain a witness for channels, given in Eq. (7).
According to Result 1 in Ref. [29], the Schmidt number n of a state ρ is lower bound by

m∑
x=1

d−1∑
a=0

Tr(ρ|ea|xe∗
a|x〉〈ea|xe∗

a|x|) � 1 + (m − 1)n

d
, (A12)

where {|ea|x〉}a are MUBs, 2 � m � d + 1 is the number of bases used, and d is the dimension. Choosing ρ = (� ⊗
id)(|ψ+

d 〉〈ψ+
d |) and using (A7) and |e∗

a|x〉〈e∗
a|x| = |ea|x〉〈ea|x|T yields

1

d

m∑
x=1

d−1∑
a=0

Tr(�(|ea|x〉〈ea|x|)|ea|x〉〈ea|x|) � 1 + (m − 1)n

d
(A13)

⇔
m∑

x=1

d−1∑
a=0

Tr(�(ρa|x )Ma|x ) � d + (m − 1)n (A14)

⇔
m∑

x=1

d−1∑
a=0

Ca,a|x � d + (m − 1)n, (A15)

which yields the channel witness of Eq. (7).

APPENDIX B: DERIVATION OF PT WITNESS

Following the same ideas as above, we can now present
the derivation of our channel witness for the PT scenario,
where the measurement operators are now uncharcterized. To
do so, we start again from Schmidt number witnesses for
entangled states. We now consider a steering scenario, where
the measurement operators of one party are characterized, but
uncharacterized for the other party. Specifically, we consider
the approach in Ref. [28], where a criterion for certifying
genuine HD steering, providing a lower bound on the Schmidt
number of the entangled state. From there, we construct a
PT witness for channels. The connection relies again on the
equivalence of the Schmidt number of a channel and the
Schmidt number of the corresponding Choi state.

Let us assume that the Schmidt number of the considered
channel � is SN(�) = n. In the Heisenberg picture of the
channel [38],

�∗(Ma|x ) = dTrA((Ma|x ⊗ 1)ρ�)T (B1)

where the Choi state ρ� has Schmidt number SN(ρ�) � n
[26]. Therefore, the assemblage defined by

τa|x := TrA((Ma|x ⊗ 1)ρ�)T (B2)

is n preparable [28]. Hence,∑
a,x

Tr(�(ρa|x )Ma|x ) =
∑
a,x

Tr(ρa|x�∗(Ma|x ))

= d
∑
a,x

Tr(ρa|xτa|x ) . (B3)

Choosing ρa|x to be the known HD steering witness ρa|x =
|ea|x〉〈ea|x|, where {|ea|x〉}a are MUBs [28], implies that∑

a,x

Tr(�(ρa|x )Ma|x ) = d
∑
a,x

Tr(ρa|xτa|x )

�
(√

n − 1√
n + 1

+ 1

)(
1√
d

+ 1

)
d . (B4)

This witness requires partial trust, which means that the mea-
surements {Ma|x}a of the remote party are not assumed to have
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a quantum description. Using the definition of Cx
ab, we recover

the channel PT witness from Eq. (5), i.e.,

∑
a,x

Ca,a|x � 2
√

n(d + √
d )√

n + 1
. (B5)

APPENDIX C: EXPERIMENTAL DETAILS

1. Details of the setup

The experiment consists of three stages: state generation,
propagation through the multimode fiber channel, and mea-
surement. The apparatus used for the state generation consists
of a spectrally filtered laser source at 810 ± 1.5 nm launched
into a single mode fiber (Thorlabs-780HP), followed by a
set of lenses with effective focal length L1 = 59 mm used
for collimating the light, a Spatial Light Modulator (SLM)
(Hamamatsu LCOS-X10468) and finally another set of lenses
with effective focal length L2 = 22 mm. The light is cou-
pled into a GRIN MMF and transmitted through the fiber
channel. We test two optical fibers with different lengths: a
2-m-long fiber (Thorlabs M116L02; core diameter, 50.0 ±
2.5 µm; numerical aperture, 0.200 ± 0.015) and a 5-m-long
fiber (Thorlabs M116L05; core diameter, 50.0 ± 2.5 µm; nu-
merical aperture, 0.200 ± 0.015). At the output of the fiber,
we perform the measurement. The measurement apparatus
consists of another lens system (with effective focal length
L3 = 22 mm), a second SLM, a final lens system (with
effective focal length L4 = 33 mm), and a CMOS camera
(XIMEA-xiC USB3.1).

2. Experimental procedure

The state generation is performed by Alice. It consists of
a Gaussian laser beam reflected off a programmable SLM.
The input state is encoded in discrete macropixels in the
transverse-spatial degree of freedom, as shown in Fig. 2(a).
We opt for this specific basis because it allows the implemen-
tation of high-quality projective measurements [39,40]. The
statistical properties of a single-photon propagating through
the setup are identical to those obtained for a coherent state.
This enables us to simplify the experiment and use a CCD
camera for detection instead of a single-photon detector [41].

The role of the SLM is to carve out a spatial mode of light
using a computer-generated hologram. Alice generates sets of
modes, {|ein

b|x〉}b,x, in a certain basis, x, corresponding to the
states ρb|x = |ein

b|x〉〈ein
b|x| and sends them individually through

the MMF. After propagation through the MMF, the output
modes are sent to Bob. Bob’s measurement comprises another
SLM and a CCD camera in its focal plane. The function of
Bob’s device is to project the incident light onto a set of
measurement modes {|eout

a|x〉}a,x. The SLM here does the exact
time-reversed function of Alice’s SLM. By displaying the
conjugate of the measurement mode |eout

a|x〉 on the SLM, we can
convert a given incident mode into a Gaussian mode directed
to the first-order diffraction spot on the camera, the intensity
of which records the measurement, Ma|x = |eout

a|x〉〈eout
a|x|.

The relevant input-output correlations for the FT and PT
witnesses are those between Alice’s prepared states and Bob’s
measurements in two MUBs. However, due to the complex
scattering effects of the MMF, finding the appropriate bases

is nontrivial. Here, we use the SVD basis of the fiber and its
second mutually unbiased basis. To find the SVD basis, we
approximate the spatial-optical transformation of the MMF,
i.e., with a single transmission matrix (Tapprox) [42,43]. We
know that our channel may be impure and therefore contain
more than one Kraus operator, however, we construct the
approximate transmission Tapprox to find a good estimate of an
SVD basis. To characterize Tapprox, we make use of a MPNN
[34], training with the dataset obtained from state preparation
and measurement on random bases |x〉 and |y〉. To achieve this,
uniformly distributed random phases are displayed on each
SLM at input and output of the fiber and the corresponding
intensities are measured by the CMOS camera. The generated
dataset

C = trλ[|y〉〈y|Ttrue(|x〉〈x|)] ≈ |〈y|Tapprox|x〉|2 (C1)

is constructed, where Ttrue is the true, impure channel (cap-
turing the modal dispersion and mixing due to the full
multispectral response of the fiber) and Tapprox is a Kraus-rank
one channel described by a single transmission matrix (Kraus
operator), that we approximate using the MPNN.

We highlight here that the characterization of Tapprox is
used to find the SVD basis of the channel, allowing us to
optimize the violation of the dimensionality witnesses. This
is similar to Ref. [44], where they characterized the TM
for increased knowledge of aberration and misalignment ef-
fects. Here, one could avoid the characterization of Tapprox

entirely by making an intelligent choice of bases. A possible
candidate would be propagation-invariant modes, as used in
Ref. [45] and characterized in Ref. [46]. Another potentially
more promising candidate is principal modes, these are a
wavelength-independent mode basis to the first-order deriva-
tive that can be thought of as eigenmodes of the group-delay
operator [47,48].

Once Tapprox is characterized, we perform a singular value
decomposition Tapprox = UDV † to obtain two unitary matrices
U and V which tend to diagonalize the channel and from
which we can construct the approximated eigenbases. We
denote the bth input state in this basis (x = 0) as |ein

b|0〉 =∑
i Vib|i〉 and the ath output state in this basis as |eout

a|0〉 =∑
j Uja| j〉, where Vib is the ib entry of the unitary V , Uja is the

ja entry of the unitary U and |i〉 and | j〉 are elements of the
standard basis. Our choice of standard basis in this experiment
is the macropixel basis. If the fiber was fully described by
Tapprox, one would observe perfect correlations when preparing
an input state |ein

b|0〉 and measuring an output |eout
a|0〉:

Ca,b|0 = ∥∥〈
eout

a|0
∣∣Tapprox

∣∣ein
b|0

〉∥∥2

=
∥∥∥∥∥

∑
i, j

U ∗
jaVib〈 j|UDV †|i〉

∥∥∥∥∥
2

= ‖Dab‖2,

where we use that Tapprox = UDV †. Although we know that
the channel is impure and therefore not fully described by
Tapprox (we explore this in more detail in Appendix D), we
choose these correlations to form the first measurement for
the two witnesses.

To perform the second measurement, we find bases that
are mutually unbiased to {|ein

b|0〉}b and {|eout
a|0〉}a, respectively.
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FIG. 5. Experimentally certified dimension n of 2 m and 5 m graded-index multimode fibers, using the FT Bavaresco witness, Eq. (4) (blue
circles) and the FT Morelli witness, Eq. (7) (purple crosses) when utilizing subspaces of different dimensions d .

Given a unitary matrix, W (x), defining a basis mutually un-
biased to the standard basis, we transform the eigenbases so
the bth input state in this xth MUB is |ein

b|x〉 = ∑
l W (x)

lb |ein
l|0〉

and the ath output state is |eout
a|x〉 = ∑

k W (x)
ka |eout

k|0〉, where W (x)
lb

(W (x)
ka ) is the lb entry (ka entry) of the matrix W (x), and we may

consider W (0) = 1. The correlations (if Tapprox was a perfect
description of the channel) when measuring in this basis are

Ca,b|x = ∥∥〈
eout

a|x
∣∣Tapprox

∣∣ein
b|x

〉∥∥2

=
∥∥∥∥∥

∑
l,k,i, j

W (x)∗
ka W (x)

lb U ∗
jaVib〈 j|UDV †|i〉

∥∥∥∥∥
2

= ‖(W (x)†DW (x) )ab‖2,

with the normalization
∑

a Ca,b|x = 1 for each b and x. For
the idealized (lossless, pure and thus unitary) fiber channel,
D = 1 ⇔ Cx = 1. These correlations allow the evaluation of
both the FT and PT witnesses of the channel dimensionality.

Maintaining coherence between large sets of modes is chal-
lenging, particularly given that higher order modes of fibers
are in practise more lossy and dispersed. Therefore, investigat-
ing subspaces of a channel, restricted to some subset of lower
order modes, can inform us how best to coherently transmit
states through the channel. We explore this idea by repeating
the procedure for channel subspaces of different dimension
d . For each subspace dimension, we retain only the leading
elements of the SVD basis {|ein

b|0〉}b=1,...,d , and construct the
MUBs using matrices W (x) of the corresponding dimension.
The results of which are displayed in the main text in Fig. 3.

3. Comparison of FT witnesses

As discussed in the main text and Appendix A, any en-
tanglement certification witness can be translated into the
channel picture. As such, we presented two FT witnesses,
Eqs. (4) and (7). In Fig. 5, we compare these two witnesses
using the experimental data. In both the 2 m (a) and 5 m
(b) cases, there is a deviation between the two witnesses for
larger subspace dimensions, and we found that the Baveresco
witness certifies a larger dimensionality. In the 5 m case, after
d = 150, both witnesses fail to certify any dimensionality as
the dispersion in the fiber is too great.

APPENDIX D: SIMULATION DETAILS

In this Appendix, we explain how we simulate the entire
experimental process for the scenario in which the quantum
channel is an idealized straight MMF (only limited by disper-
sion).

1. Constructing an MSTM for an idealized fiber

An idealized MMF is a theoretical model of a fiber that
has no curvature, rotations, or imperfections. Of course, no
fabricated fiber is completely free of imperfections, and it is
not possible to ensure that a fiber of the lengths we consider
here is perfectly straight without any bends or rotation. Nev-
ertheless, we are motivated to study this case to establish an
upper bound on the channel dimensionality that one might
expect from such idealized fibers.

The eigenmodes of the idealized fiber do not couple at
all. Therefore, the transmission matrix of an idealized fiber,
in the eigenmode basis, is diagonal—i.e., there is no spatial
coupling between modes, and only modal dispersion appears.
For such a fiber, and choosing |ein

b|0〉 and |eout
a|0〉 from the SVD

basis of the TM, the correlations, Ca,b|0, Eq. (3) are perfectly
diagonal. Although the eigenmodes do not couple during fiber
propagation, each eigenmode gains a relative phase difference
continuously changed across the wavelength λ, corresponding
to its temporal delay. For a graded-index MMF, the eigen-
modes are grouped into mode groups—all modes within a
mode group propagate with the same group velocity and hence
acquire the same phase when exiting the fiber.

To model these spectral effects, one can construct a stack of
{T (λn)}n transmission matrices, constituting a MSTM [4,49].
This construction discretizes the spectral dependencies, ensur-
ing that the difference δλ = λn+1 − λn remains smaller than
the spectral bandwidth of the idealized MMF. This means
the resolution of the MSTM is narrow enough to account for
all the spectral dependencies and the integral

∫
dλ f (λ) can

be approximated by the sum 1
N

∑
n f (λn), where f (λ) is the

spectrum of a light source.
The first stage of the simulation is constructing an MSTM

for an ideal fiber, with a bandwidth that corresponds to the
input light in the experiment. For each considered wavelength
λ, a monochromatic transmission matrix describes the spatial
mode coupling. In the eigenmode basis, an ideal fiber has a
diagonal TM, where the phases along the diagonal correspond
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to the acquired phase of each mode [35,50]:

T (λ) =

⎡
⎢⎣e−iβλ

00L 0
. . .

0 e−iβλ
mnL

⎤
⎥⎦, (D1)

where L is the fiber length and βλ
mn is the propagation constant

at wavelength λ, for a given mode, described by mode indices
m, n. The propagation constants are given by

βλ
mn = 1

r

√
(n1kr)2 − B̃, (D2)

where

B̃ =
(

�
(

1
α

+ 1
2

)
(α + 2)(m + n + 1)π1/2V

2
α

2�
(

1
α

)
) α

α+2

. (D3)

α is the power law exponent, taken here to be 2 for parabolic
index core, � is the gamma function and V = krn1

√
(2�),

where k = 2π
λ

is the wave number, r is the core radius, n1 is
the refractive index of the fiber core, and � = (n2

1 − n2
2)/(2n2

1)
is the refractive index contrast where n2 is the refractive index
of the fiber cladding.

In our simulation, we construct an MSTM using the defini-
tions above. The constructed MSTM is a stack of 201 TMs,
with a bandwidth of 3 nm, centered at λ0 = 810 nm, such
that λn ∈ [808.5, 811.5] nm and δλ = 0.015 nm. In Table II
below, we define all parameters used for the construction of
the idealized fiber MSTM.

2. Reconstructing Tsim

In the experiment, we measure a single transmission
matrix Tapprox to find bases that diagonalize the fiber (see
Appendix C 2). This process is, in effect, averaging over
the spectral degree of freedom and hence may not extract
the optimal bases. This is because the quantum channel is
impure and therefore a single transmission matrix does not
capture the full spatiospectral coupling of the fiber. To under-
stand the effect of ideal modal dispersion on the measurement
statistics, we need to simulate the averaging process per-
formed in the experiment.

Following the construction of the ideal fiber MSTM, we
simulate the reconstruction of the approximated transmission
matrix Tsim. A set of random measurements are simulated,
denoted x and y, generating a dataset C(λ) = |〈y|T (λ)|x〉|2 for
each λ in the MSTM stack. An average over λ is taken to give

TABLE II. Simulation parameters.

Parameter Simulation value

Length of fiber (L) 2 m and 5 m
Core radius (r) 25 µm
Refractive index of core (n1) 1.444
Numerical aperture (NA) 0.22
Central wavelength (λ0) 810 nm
Spectral bandwidth (δλ) 0.015 nm

a single dataset

Cavg =
∑

λ

|φλ|2|〈y|T (λ)|x〉|2,

where we weight each T (λ) in the MSTM according to a
Gaussian spectral profile across the bandwidth of the laser
|φλ|2 = e(−λ2/2σ 2 )/σ

√
2π . This corresponds to the dataset

recorded in the experiment. We characterize the simulated
TM, Tsim, by plugging Cavg into the MPNN in the same way
as in the experiment [34].

Once we have constructed Tsim, we perform a SVD Tsim =
UDV †. We simulate Bob’s measurement in the xth MUB,
generating a correlation matrix for each TM in the MSTM,
given by

C(λ)
a,b|x = ∥∥〈

eout
a|x

∣∣T (λ)
∣∣ein

b|x
〉∥∥2

(D4)

=
∥∥∥∥∥

∑
l,k,i, j

W (x)∗
ka W (x)

lb U ∗
jaVib〈 j|T (λ)|i〉

∥∥∥∥∥
2

, (D5)

where U and V are from the SVD of Tsim. Again, we average
over the spectral degree of freedom, weighted by the Gaussian
profile of the laser, giving an average correlation matrix:

Cavg
a,b|x =

∑
λ

|φλ|2C(λ)
a,b|x. (D6)

This is normalized and then processed using the FT and PT
witnesses.

3. Noisy channel simulation

In this Appendix, we introduce a model to characterize the
noise levels in our experiment. The ideal channel in Kraus
representation is

�ideal(ρin) =
∑

λ

TλρinT †
λ , (D7)

where
∑

λ T †
λ Tλ = 1, Tλ = |φλ|T (λ) and

∑
λ |φλ|2 = 1. We

add noise to the channel by mixing the ideal channel with a
channel that takes every state to the maximally mixed state
�mm(ρ) = 1

d , with some mixing parameter p:

�noisy = p�ideal + (1 − p)�mm, (D8)

where 0 � p � 1. Equivalently, we can write the average cor-
relation matrix that would result from the channel �noisy in
terms of the correlations from the two channels (idealised and
noisy):

Cnoisy = pCideal + (1 − p)Cmm, (D9)

where Cideal is given by Eq. (D6) and Cmm is a d × d matrix
whose elements all equal 1

d .
Importantly, as the considered subspace dimension in-

creases, the noise in the experiment increases and this is due
to experimental factors such as mode-dependent loss, mis-
alignment, errors in the state preparation, measurements, and
the transmission matrix estimation. Therefore, we consider a
noise model in which the mixing parameter p increases with
respect to subspace dimension. We fit a quadratic variation of
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TABLE III. Polynomial coefficients for the noisy simulation.

Coefficients 2 m fiber 5 m fiber

a 7.415 × 10−6 6.167 × 10−6

b −2.851 × 10−3 −2.549 × 10−3

c 9.864 × 10−1 8.769 × 10−1

p with respect to subspace dimension d:

p = ad2 + bd + c, (D10)

where the coefficients a, b, and c are summarized in Table III
for the 2 m and 5 m fiber cases. We note that this noise model
is designed for our experimental dataset and is not physically
motivated, hence we do not expect it to hold outside of the
dimension ranges considered here.

APPENDIX E: EXAMPLE SCENARIO

Finally, in Fig. 6, we present a fictional scenario in which
the PT witness could be used. A video streaming company
wishes to distribute content to multiple users in high defi-

FIG. 6. Example scenario.

nition. Our PT witness provides a quick test to verify that
the fibers connecting their trusted system to the untrusted
endusers can transmit the data in the dimension required,
without having to trust that the output measurement devices
are functioning perfectly.
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