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A short note on passivity, complete passivity and virtual temperatures
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We give a simple and intuitive proof that the only states which are completely passive, i.e. those
states from which work cannot be extracted even with infinitely many copies, are Gibbs states at
positive temperatures. The proof makes use of the idea of virtual temperatures, i.e. the association
of temperatures to pairs of energy levels (transitions). We show that (i) passive states are those
where every transition is at a positive temperature, and (ii) completely passive states are those
where every transition is at the same positive temperature.

INTRODUCTION

The notion of a passive state was introduced in the
seminal work of Pusz and Woronowicz [1] as a character-
ization of quantum states which cannot be processed to
extract work. That is, given a state p with Hamiltonian
H, we ask whether the average energy can be lowered by
a unitary transformation U on the system, which is other-
wise isolated (which is equivalent to a cyclic Hamiltonian
process'). The change in average energy is denoted by
W and given by

W:mgxtr (H (p—UpUT)) ; (1)

States for which W = 0, i.e. states from which no work
can be extracted, are referred to as passive states. On
the other hand, states for which W > 0 are termed active
states, and contain extractable work.

It is possible to show that passivity can be re-expressed
solely as a property of the state and its Hamiltonian. If
we write H = >, Ex|Ep)(Ex| and p = >, \il)(i] in
diagonal form, then p is passive if and only if it satisfies
the following two properties:

e [p,H] = 0, i.e. the state is (block) diagonal in
the energy eigenbasis of the Hamiltonian. That is,
the state eigenbasis {|i)},; coincides with the energy
eigenbasis {|Ex) }.

e IJ; > E; implies \; < A, That is, the populations
\; of the energy levels are strictly decreasing as the
energies F; increase.

In general one is not only interested in a single copy
of a system, but in multiple copies that can be processed
jointly. In particular, one may ask how much work can
be extracted from n copies of a state. Crucially, the
composition of passive systems may not remain passive,

! that is a time-dependent interaction Hamiltonian V() switched
on only during 0 <t < 7.

hence exhibiting a form of activation. That is, there ex-
ist situations where a unitary U acting on n copies of a
system is able to lower the average energy of the total
system, whilst if one had access to only n — 1 copies of
the system no such unitary exists. This then naturally
leads to the question of what is the class of states which
remain passive under composition, i.e. from which no
work can be extracted even from an infinite number of
copies. Such states are termed completely passive. The
celebrated result of [1] is to show that the set of com-
pletely passive states is exactly equivalent to the set of
thermal (or Gibbs) states

p= % exp(—fH), (2)

where Z = tr(exp(—SH)) is the partition function and
B = 1/kpT is the inverse temperature. This result puts
on firm grounds the notion of a heat bath in the form of
an infinitely large Gibbs state, from which no work can be
extracted. The importance of these results in the context
of quantum thermodynamics has been highlighted, see
for instance [3-7].

This result was originally proven in the context of
C* algebras and shortly afterwards translated into the
framework of standard quantum mechanics by Lenard
[2]. In both cases, although the end result is intuitive,
the proof does not convey too much intuition. In par-
ticular, it is not explicit why it is that passive but not
thermal states can be activated for work extraction.

In this short note we provide a simple and intuitive
proof based upon the idea of associating temperatures
to pairs of energy levels. This is the idea behind the
concept of virtual temperatures and virtual qubits intro-
duced in [8], and further discussed in [9, 10]. Further-
more, our technique illustrates explicitly how work can
be extracted from a sufficient number of copies of a pas-
sive but non-thermal state, hence giving an upper bound
on the number of copies needed.
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VIRTUAL TEMPERATURES

We start by discussing in more detail the idea of as-
signing a temperature to a pair of levels which from here
on out we will find convenient to refer to as a transition.
Consider a system p with Hamiltonian H =, Ej|k)(k|
comprised of d energy eigenstates |k), with energy eigen-
values Ej, and assume p is diagonal in this basis, p =
>k Ak|k)(k|. In total there are d(d —1)/2 transitions be-
tween energy levels. Consider the transition between the
energy states |i) and |j), and let us assume without loss
of generality that the gap F; — E; > 0%. Given popula-
tions A\; and \; respectively, we associate a virtual inverse
temperature 3, to the transition, given by

log A; —log \;
B, = 28N 084 (3)

E; — E;

which arises by identifying the ratio of the populations
with the Boltzmann factor, \;/\; = e (Fi=Fi)  First
we note that in general the virtual inverse temperature
defined this way need not be positive. In particular,
whenever A\; > );, i.e. the transition has a population in-
version, then the temperature will be negative. Second,
the reason for calling this a virtual temperature is be-
cause by coupling an external system to this transition,
one can prepare physical systems at the virtual tempera-
ture, i.e. it behaves in this respect like a real temperature
[8].

It will also be important to us to understand how vir-
tual temperatures transform under composition. To that
end, consider now two systems. For the first system we
consider the transition between states |i); and |j)1, with
energy gap Ay = E; — Ej;, populations \; and A; and
virtual inverse temperature 3. Likewise for the second
system we consider transitions between the states |i')o
and |j')2, with gap Ay = E; — Ej/, populations Ay, \j/
and virtual temperature (2.

Now, the joint system features 2 non-trivial transitions
(i) between the pair of levels [i)1]j")2 and |j)1]i')2, and
(ii) between |i)1|i')2 and |4)1|j")2. For case (i), the popu-
lation of the first level is A\;A;/, the second ;A\, and the
gap is A= Ay — Ay (where we have assumed without loss
of generality that Ay > Ay). From (3) the inverse virtual
temperature Bv of the composed transition is given by

5 _ log(Aidj ) —log(AjAir)

Bu A, A,
_ (log Ay —log Air) — (log Aj —log \;)
N Ay — A
2A. _ 1
_ 5ol "
Ay — A

2 We do not define virtual temperatures for degenerate transitions.
Since no work can ever be extracted from such transitions we will
never need such a concept.

where we have used equation (3) in the final step. Note
that we obtain the same expression in the case Ay > Ag
(i.e. the formula is insensitive to the sign of the gap, and
so in fact we did not need the assumption Ay > Ay). For
case (ii) the populations are now A\;A; and A; A/, the gap
is A’ = Ay + Ay, and a similar analysis shows that the
inverse virtual temperature 51’} of the transition is given
by

5 BoAs+ By A

Bv - AQ +A1 (5)

Hence we see that the inverse virtual temperatures com-
pose linearly in both cases. Finally, we note that ij is
always in between the composed temperatures 3! and

2, while B, is in fact always larger than the biggest or

smaller than the smallest temperature.

PASSIVITY

The notions introduced above will now allow us to
re-express the notion of passivity for diagonal states in
simple terms®. Specifically the second requirement for a
state to be passive, i.e. that E; > E; implies \; < A;, is
equivalent in the language of virtual temperatures to the
requirement that the virtual temperature of every transi-
tion is positive. One the one hand if the state is ordered
in population then by construction all of the virtual tem-
peratures are positive. On the contrary, if the state has
one or more negative virtual temperatures, work can be
extracted by exploiting the associated population inver-
sion. In particular, assume that the levels |7) and |j) with
E; — E; > 0 have a virtual temperature 3, < 0. Consider
then the following unitary transformation on the system

U = i)l + 17) Gl = 18) (il = 17) Gl + 1. (6)

The amount of work extracted from the system (the
change in its average energy) is given by

W = (Ei — Ej)(Ai — X))
= (B — Ej)Xj(1 — e Pr(FimFa)y (7)

which must be non-positive for the state to be passive.
However, (E; — Ej)\; is positive by construction, and
(1—e=Pv(Fi=Ej)y > () whenever 3, < 0. Thus W > 0, and
the state is non-passive if it contains a negative virtual
temperature.

For completeness, in the appendix we show that all
virtual temperatures being positive implies that no work

3 Tt would be interesting to extend the notion of virtual tempera-
tures to non-diagonal states. This is however work in progress,
thus beyond the scope of this short note



can be extracted from the state. We defer this to the
appendix since it is essentially a reproduction of Lenard’s
proof [2] that does not rely on virtual temperatures, and
is not necessary for the discussion in the next section
regarding complete passivity.

COMPLETE PASSIVITY

We have seen above that passive states are those where
every transition is at a positive temperature. We are
now going to show that completely passive states are
those where every transition is at the same positive tem-
perature*. The proof works by showing that whenever
a system has two (or more) transitions at different vir-
tual temperatures, then by composing sufficiently many
copies, the combined system always has a transition at a
negative temperature, and is therefore not passive.

Consider again a system p with d levels and consider
first a transition between states |i) and |j), with gap
Ay = E; — E; and virtual inverse temperature .. Let
us consider n copies of p, and the same transition in each
system. Now, by applying the composition rule (5) n —1
times, it is straightforward to see that the joint system
has a transition between the states |i)®" and |7)®" with
gap nA; and the same virtual inverse temperature ..
Similarly, consider another transition of p between the
states |i') and |j'), with gap Ay = E; — Ej and virtual
inverse temperature 32 > 3L, without loss of generality.
Now consider another k copies of p. Exactly as above,
the joint system has a transition between the states |i’)®*
and |j')®* with gap kA, and the virtual inverse temper-
ature (2.

Finally, for the n+ k copies of p together, consider the
transition between the states |i)®"|7)®* and |7)®"|i')@k.
This transition has an energy gap of nA; — kA,, and
from the composition rule (4), it has the inverse virtual
temperature

o ﬁinAl — ﬂgkAQ

Bv nAl — /{ZAQ (8)

Now, since 82 > 3L, i.e. the two transitions are at dif-
ferent virtual temperatures, then it is always possible to
find a negative (,, by choosing an appropriate number
of copies n and k such that the numerator of (8) is neg-
ative, whilst the denominator is positive. In particular,
choosing

AQ n & 512}

A_1<E<Alﬂ_g (9)

4 There is one exceptional case, when the system has a degenerate
ground-space; then any ground-state is also completely passive
(but need not be thermal).

ensures that £, < 0. Therefore, by applying a unitary of
the form (6) but now with |i) replaced by |i)®"[j")®* and
|7) replaced by |j)®"|i")®* work will be extracted from
the combined system of n + k copies. Thus, any passive
state containing two or more virtual temperatures is not
completely passive. The only possibility for a completely
passive state is thus one containing only a single virtual
temperature, which is precisely the defining property of
a thermal state.

Finally, it is worth noting that (9) provides a sufficient
condition for finitely many copies of a state to become
non-passive: One has to find the smallest number n + k
such that (9) is satisfied for any possible pair of virtual
temperatures in the system. Note that a similar bound
was also obtained considering almost deterministic work
extraction in [7].

CONCLUSIONS

In summary, we have presented what we believe is a
simple and insightful alternative proof that the only com-
pletely passive states are thermal states. The only no-
tion that our proof relies upon is the association of vir-
tual temperatures to transitions in a system via Gibbs
weights, and can be simply stated as the only completely
passive states are those which contain a single virtual
temperature. To show this we proved that every passive
but not completely passive state has the property that
upon composition one can find a transition at a negative
virtual temperature, from which work can then be ex-
tracted. This statement is intuitive from the perspective
of thermal machines, where having access to two baths
at differing temperatures is all that is required to build
a work extracting machine.
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Appendix

In this appendix, reproducing essentially the proof of
Lenard [2] we show that whenever a state is such that
all of the virtual temperatures are positive then no work
can be extracted from the state, i.e. this shows that
all virtual temperatures being positive is also a sufficient
condition for the inability to extract work.

To be explicit, let us consider a diagonal state p such
that p = >, A\k|E)(Ek|, where |E}) are energy eigen-
states (of the Hamiltonian H = ), Ei|Ey)(Ey|) such
that Eyy1 > Ek, and A1 < Ag. This state is the most
general diagonal state which has all of its virtual temper-
atures positive.

The average energy of this state is given by
(H) =tr (Hp) =Y McEj. (10)
k

Let us now consider that we apply an arbitrary unitary
U = >,; uwij|Ei)(E;| with which we would like to reduce
the average energy. We see that the average energy of

the final state is

(HY =tr (HUpU) = > X Bilui; 2 (11)
I

Now, if we define the matrix S = 37, Jui;|*|E;) (Ej], then
due to the unitarity of U, it follows immediately that
S is a doubly-stochastic matrix, i.e. that the sum of
each row and of each column of S is unity. Moreover,
by varying over all unitary matrices we can generate all
doubly-stochastic matrices in this way. Thus in order
to find the unitary U that minimises the average energy
of UpU' it suffices to find the doubly-stochastic matrix
which minimises the expression (11).

Finally, we use the fact that (11) is in fact a linear
function of the stochastic matrix S. This is important,
since the minimum of a linear function over a convex set
(here the convex set of doubly-stochastic matrices) al-
ways occurs at one of the extreme points of the set. In
the present context, the convex set of doubly-stochastic
matrices is in fact a polytope (a convex set with finitely
many extreme points, or vertices), with the vertices ex-
actly the permutation matrices.

What this shows is that the unitary which minimises
the average energy leaves the state p diagonal in the en-
ergy eigenbasis, and only interchanges populations be-
tween energy levels, i.e. one can never decrease the aver-
age energy by creating coherences between energy levels.
Finally, it is straightforward to see that all permutations
on the state ordered in energy either leave the average en-
ergy unchanged (if the permutation is only between levels
with the same energy), or increase the energy. Thus this
state is passive, as no work can be extracted from it.

We end finally by noting that the above analysis also
serves to show that any non-diagonal initial state nec-
essarily is non-passive, unless the coherence appears in
a degenerate subspace. In particular, consider that o is
the non-diagonal state (with coherences between states
that differ in energy), and p = VoV is the state di-
agonal in the energy eigenbasis ordered in energy. The
doubly-stochastic matrix associated to V' is definitely not
a permutation matrix, since o and p are not diagonal in
the same basis. Thus we see that ¢ will have larger en-
ergy than p, since only permutation matrices minimise
the expression (11).



