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Résumé

Cette these a pour sujet les propriétés spectrales de la matrice Laplacienne de graphes aléatoires. Notre
travail se concentre plus particulierement sur le graphe Erd6s-Rényi, qui est le modele le plus simple d’un
graphe aléatoire. Le graphe Erdés-Rényi, noté GG, est caractérisé par son nombre de sommets N € N* ainsi
que son régime 0 < d < N qui controle le degré moyen de chaque sommet: chaque aréte du graphe complet
sur N sommets est ouverte indépendemment avec probabilité d/N. Les propriétés du graphe G varient en
fonction de la valeur de d. Ces différents comportements probabilistes ont été étudiés en profondeur depuis
le papier originel de P. Erdés et A. Rényi. La matrice d’adjacence A et la matrice laplacienne L caractérisent
completement le graphe G et leur spectre peut étre utilisé pour obtenir des informations importantes sur le
graphe. Ce sont donc des objets mathématiques naturels dont I’étude revét un intérét a la fois pratique et
théorique.

La matrice laplacienne a une place centrale en théorie spectrale des graphes. L’énergie d’un vecteur selon
Popérateur L est communément appelée énergie de Dirichlet et sert a obtenir des bornes de concentration
de mesure. Le trou spectral de L est directement relié au phénomene de mixing de la marche aléatoire sur
le graphe G et a son temps de relaxation. De maniére plus générale, L est I’hamiltonien quantique d’une
particule qui se déplace aléatoirement sur G et la géométrie de ses vecteurs propres posseéde une interprétation
physique concrete reliée aux notions d’isolant et de conducteur éléctrique. D’un point de vue de la recherche
en matrices aléatoires, L est un exemple simple de matrice de Wigner déformée creuse. Une question centrale
pour de tels modeles et de savoir jusqu'a quel degré de densité le spectre des matrices gardent les mémes
comportements asymptotiques que les matrices de Wigner déformées, et a quel moment le spectre s’altere de
maniére notoire (apparition de valeurs propres extrémes, changements des statistiques des valeurs propres
ou de la dimension des vecteurs propres).

Dans une premiere partie du travail, une loi locale sur la matrice de Green du laplacien est prouvée jusqu’au
régime sous-critique d > C+/log N, C > 1, repoussant de maniére significative les limites des résultats
existants dans la littérature qui n’étaient valables que jusqu’a d > N¢, ¢ > 0. La loi locale permet entre
autre d’assurer la délocalisation totale des vecteurs propres dans le centre du spectre. Nous expliquons
pourquoi ces résultats sont optimaux et ne peuvent pas étre étendus hors du centre du spectre et a des
régimes de d inférieurs. Les techniques et les conclusions présentées dans ce chapitre s’inscrivent dans le
prolongements des lois locales, un sujet qui a regu un attention soutenue ces quinze derniéres années.

Dans un seconde partie du travail, nous étudions les statistiques des valeurs propres extrémes et la forme des
vecteurs propres associés. Nous montrons que, pour 1 < d < N1/3, le processus ponctuel générés par les plus
grandes valeurs propres de L est asymptotiquement proche d’un processus de Poisson dont nous donnons la
fonction de densité. En particulier, pour %logN < d < N'/3, nous pouvons décrire la distribution du trou
spectral de L comme une fonction du voisinages des sommets de petits degrés. Finalement nous montrons
que pour certains régimes sous-critiques le trou spectral de L est donné par une fonction implicite calculée
sur des arbres de tailles finies.

Dans notre travail, nous montrons la co-existence a 'intérieur du spectre de L d’états délocalisés et localisés,
en prolongement de la vaste littérature sur ce sujet et la fameuse conjecture autour du modele d’Anderson.
Nous pensons que cette these fournit une solide base théorique a la compréhension des algorithmes spectraux
et a la théorie spectrale des graphes. Nous proposons également des possibles extensions et des nouveaux

chemins de recherche.



Abstract

This thesis focuses on the spectral properties of the Laplacian matrix of random graphs. The specific
emphasis is on the Erdés-Rényi graph, which is one of the simplest model of a random graph. The Erdés-
Rényi graph, denoted by G, is characterized by the number of vertices N € N* and the density parameter
0 < d < N, which controls the average degree of each vertex: each edge of the complete graph on N vertices
is independently open with probability d/N. The probabilistic behaviors of G vary depending on the value
of the parameter d and have been extensively studied since the seminal paper by P. Erdés and A. Rényi. The
spectral properties of the two canonical matrices associated with G, namely the adjacency matrix A and the
Laplacian matrix L, completely characterize G and their spectra can provide important information about
the graph. Hence, they are natural mathematical objects with both practical and theoretical significance.
The Laplacian matrix holds a central position in the spectral theory of graphs. The quadratic form defined
by L is commonly referred to as the Dirichlet energy and is used to obtain concentration of measure bounds.
The spectral gap of L is directly related to the mixing phenomenon of the random walk on the graph G and
to its relaxation time. More generally, L is the quantum Hamiltonian of a particle that moves randomly
on G, and the geometric properties of its eigenvectors have a concrete physical interpretation related to
the notions of insulator and electrical conductor. From the perspective of random matrices, L serves as a
natural example of a sparse deformed Wigner matrix. A central question for such ensembles is to determine
to what extent the spectrum of matrices sampled for these models maintains the same asymptotic behaviors
as other deformed Wigner matrices. In particular, the spectrum might undergo notable changes (such as the
appearance of extreme eigenvalues, changes in statistics, and eigenvector dimensions) and the mechanism
underlying such transitions are of particular interest.

In the first part of this work, a local law for the Green matrix of the Laplacian is proved up to the subcritical
regime d > C+/log N, where C > 1. This significantly extends results previously available in the literature,
which were only valid up to d > N¢, for € > 0. The local law ensures, among other things, the complete
delocalization of the eigenvectors in the center of the spectrum. We explain why these results are optimal
and cannot be extended beyond the center of the spectrum nor to lower regimes of d. The techniques and
conclusions presented in this chapter are in line with the extension of local laws for matrix ensembles, a topic
that has received significant attention in the past fifteen years.

In the second part of this work, we study the statistics of extreme eigenvalues and the shape of the cor-
responding eigenvectors. We show that, for 1 < d < N3, the point process generated by the largest
eigenvalues of L is asymptotically close to a Poisson process for which we provide the explicit intensity
measure. Particularly, for % log N < d < N3, we can describe the distribution of the spectral gap of L as
a function of the neighborhoods of low-degree vertices. Finally, we demonstrate that for certain subcritical
regimes, the spectral gap of L is determined by an implicit function calculated on trees of finite sizes.

In our work, we demonstrate the coexistence of delocalized and localized states in the spectrum of L,
extending the vast literature on this subject and the famous conjecture concerning the Anderson model. We
believe that this thesis provides a solid theoretical foundation for understanding spectral algorithms and

spectral graph theory. We also propose possible extensions and new research directions.
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Chapter 1

Introduction

1.1 Random matrices and disordered systems

The study of complex systems has been an inspiring source of mathematical activity for more than a hundred
years. As the scale to which physical science studied the world became smaller, understanding the properties
of nature required physicists to handle large systems with many particles and interactions. The idea to
use randomness to analyze simplified models turned out to be a very powerful technic. Perhaps the most
popular model is the Ising model used to describe ferromagnetism in a piece of metal (see [18] for a historical
note on the matter). As anybody who followed an introductory lecture to quantum mechanics knows,
matrices are the mathematical tool used to describe matter on very small scales. Indeed, the Hamiltonian
of a quantum system is a matrix. While the first systems taught in quantum mechanics class are simple
(two-level systems, harmonic oscillators), some systems can become very large and too difficult to study
using standard linear algebra technics. Computing the spectral decomposition of a two-by-two matrix is
easy, doing it for a ten-by-ten matrix is already much more arduous. In parallel to statistical mechanics,
the study of large quantum systems borrowed the formalism of probability theorem to mathematics. The
combination of matrices (quantum Hamiltonians) and randomness (probability theory) resulted in random
matrices introduced by Wigner [50] in his seminal work. It is also worth noting that, long before Wigner’s
work on the semi-circle law, random matrices were studied as a tool for statistics most notably by Fisher,
Pearson and Wishart (see [41], [51], [26] and [52]).

The second half of the twentieth century witnessed the remarkable emergence of computer science, from
physic-based hardware innovations to the establishment of the development and analysis of algorithms as a
standalone mathematical field. The notion of a graph became extremely popular as a way to describe many
real-life problems. For instance, the problem of finding the shortest itinerary between two cities, which has
countless applications nowadays, was elegantly solved by E. W. Dijkstra in 1956 ( [21]). Understanding large
graphs became a practical problem that impacted many aspects of modern life. This mathematical object
received even greater academic attention with the advent of the world wide web. Indeed the formalism
of graphs was a natural way to encode the relationship between different internet agents. The Page-Rank
algorithm, which was at the heart of Google’s search engine for years ( [10]), is a famous example of a real-life
application of probability theory (Markov chains) and linear algebra (Perron-Frobenius theorem) combined
to extract meaningful information from large random graphs.

In this thesis, we consider the simplest model for a random graph and investigate the spectral properties
of its Laplacian matrix. The Erd&s-Rényi graph on n € N* vertices is the graph obtained by keeping every
edge of the complete graph with some probability p € [0, 1]. In their seminal paper [22] P. Erdds and A.
Rényi showed that this graph undergoes a strong phase transition around the value p = 1/n, where connected
components of macroscopic size begin to appear. Following that paper, the asymptotic behavior of the Erdés-
Rényi graph when n — +00 was extensively studied (see [16] and [31] for a summary) for various regimes of
p = p(n) and a host of different techniques were developed (for instance see [36] for an elegant proof using the
Breadth-First Search algorithm). Together with the adjacency matrix, the Laplacian is a canonical way to
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encode the structure of a graph. From a physical point of view, it is the Hamiltonian of a quantum particle
living on the graph. From a mathematical point of view, it is an important object to study and understand
the behavior of random walks on graphs. Our work focuses on the spectrum of the Laplacian: we analyze
the eigenvalues and eigenvectors of the Laplacian matrix and their asymptotic behavior, as the size of the
graph goes to infinity (n — +o00) and under various regimes (d := n - p). Understanding the properties
of the spectrum is essential when using algorithms relying on spectral analysis of the graph. In the same
way that doing data analysis without knowing about the central limit theorem leads to flawed conclusions,
carelessly using spectral algorithms without understanding the asymptotic behavior of large random matrices
will inevitably lead to erroneous results. For instance, the Page Rank algorithm does not directly analyze
the adjacency matrix of the internet graph but rather a mixture of the internet and a mean-field component
called the random surfer model. Although the reason for their original choice is not rigorously justified in
their paper, the authors of [40] obtain more meaningful results with that modification. The present thesis
gives an explication of that phenomenon, in the case of the Laplacian matrix, by showing that only a limited
amount of information can be extracted from the maximal eigenvector of the Laplacian. The current work
also answers important graph theoretic questions, in particular about the spectral gap of random graphs.
In [10], the authors showed that a positive fraction of random regular graphs is Ramanujan graphs. This
result followed as an easy corollary of a more profound analysis of the law of the extreme eigenvalue of some
class of random matrices (Tracy-Widom distribution). In this thesis, we provide an estimate for the spectral
gap of Erdés-Rényi graphs in a wide range of regimes by using the same philosophy: first performing a
complete analysis of the edge of the spectrum and then converting this information into an understanding of
the spectral gap. In particular, we exhibit regimes of d for which the spectral gap is determined by functions
of small finite trees. Finally, by far the most technical result in the present work is a local law for the Green
function of the Laplacian, extending to critical and subcritical regimes previously known results; from an
information point of view however, this local law is a negative result since it tells us that no meaningful
information can be extracted from the bulk of the spectrum of the Laplacian. Indeed local laws are a reflection
of the mean-field nature of the model, with their simplest being the complete eigenvector delocalization. In
terms of information, we believe our results serve as a valuable, and mathematically rigorous, reminder of
the inherent limitations of spectral algorithms. At the end of the introduction, we suggest lines of research
that could open new possibilities to extract information from the spectrum of the Laplacian.

1.2 The Erd6s-Rényi graph Laplacian
The Erdés-Rényi is the simplest model of a random graph. Let N € N* and Ky be the complete graph on
N vertices.

Notation. For n € N a natural number we write

[n] :={1,...,n}. (1.1)

Let d € [0,N]. For every edge of E(Ky) we toss a biased coin with head probability d/N and tail
probability 1 — d/N. We denote by X, the random variable that realizes this experiment. A realization of
the Erdds-Rényi graph is given by keeping all edges for which the result was head,

G(w) = (V, E(w)), E(w) :={e€ E(Ky) : X, is head}.

Notation. For a graph G, we denote by V = V(G) the set of vertices and by E = E(G) the set of edges.
The graph distance is the length of the shortest path on G and is denoted by d = dg.

For z,y € V(G) we write  ~ y to mean that  and y are connected by an edge.

We use the capital letter IV to denote the size of the system. In the case of the Erdés-Rényi graph, N denotes
the number of vertices of G.

This construction is best summarized as

The Erdés-Rényi graph is the subgraph of the complete graph obtained by removing every edge
independently at random.
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Figure 1.1: A realisation of the Erdés-Rényi graph for N = 53 vertices.

Formal construction and behavior of the degree sequence

Let N € N* and 0 < d < N. We denote by Bern(d/N) a Bernoulli distribution of parameter d/N. The
Erdds-Rényi graph with parameters N and d is a random graph with vertex set [N] and whose adjacency
matrix A is defined via the law of its entries, (A, : * < y), which are independent Bernoulli random
variables with parameter d/N. The graph has no loop and so A,, = 0 for every x € [N].

Let D = Diag(Ds,...,Dy) the diagonal matrix with the degrees defined as

Dy =) Ay, z€[N]
Y

The Laplacian matrix is defined as
L=D-A. (1.2)
Definition. Let n € N* H be a matrix. A number )\ € C is an eigenvalue of H if it satisfies the equality
Hv = Av,

for some vector v € R™, called the eigenvector.
The (geometric) multiplicity of A is the dimension of the vector space spanned by all the eigenvectors of .

Lemma. The matriz L is a symmetric, positive definite, real N-by-N matriz. The Laplacian has an eigen-
value at 0 whose multiplicity is equal to the number of connected components of G.

Moreover, for every connected component C' C V, the vector qo = \/%10 is a normalized eigenvector of

L with corresponding eigenvalue 0.

Proof. The proof of that lemma is standard and we only give a short explanation. The fact that L is
symmetric follows from the construction of the adjacency matrix A and the fact that the edges of G have
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no orientation. If C'is a connected component of G, using the fact that >°  Asy = =Dy, @ € [N], it is
straightforward to see that q. is an eigenvalue of L.
If Cy,...,Cp, n €N, are all the connected components of G, it is clear that (qc, : i € [n]) form an system

of orthonormal eigenvectors. This shows that the multiplicity of 0 is greater than the number of connected
components. If v € RV is an eigenvector of L with eigenvalue 0, then

0= (v,Lv) = Z Z —vy ,

C c.c. of Gz,yeC

and thus v must be constant on every connected component of G. This shows that v is a linear combination
of q¢,, i € [n] and that the multiplicity of 0 is smaller than the number of connected components. This
concludes the proof. O

Remark. The Laplacian of the Erdos-Rényi can be studied as a toy model for quantum mechanics. Indeed
L is the quantum Hamiltonian of a free particle on G.

As we mentioned at the beginning of the chapter, this thesis is focused on the analysis of the spectrum
of the matrix L. As elementary as the notion of eigenvalues and eigenvectors may sound, it is not at all
obvious how one should study those objects for large, possibly random, matrices. The only facts we know
a priori about the spectrum of L, are that the eigenvectors of L form an orthonormal basis of RY and the
eigenvalues are real, since the matrix is symmetric (c.f. the spectral theorem [46, Theorem 1.3.1]). However,
how is one supposed to go about computing the (non-trivial) eigenvalues of L? While elegant and simple
to memorize, the method of the characteristic polynomial to find the eigenvalues of L followed by Gauss
elimination to solve the equation (L — A\)v = 0 seems too cumbersome for dimensions greater than 3.

The Courant-Fisher characterization of the eigenvalues (also known as the min-max principle) is a set of
powerful equalities that expresses the eigenvalues as the solutions of a variational problem ( [29, Theorem
4.2.6]). If Apax denotes the largest eigenvalue of L (equivalently the spectral radius of L since L is positive
definite), the Courant-Fisher inequalities simplify to the Rayleigh quotient and yield

A = o, (VL)
In particular, consider € [N] the vertex with maximal degree D, = max,c[n] D, and consider the test
vector v =1,. Then

Amax = (Lo, L13) = (15, Dyly — > 1,) = max D, (1.3)

bt y€([N]

While the degrees can take any value from 0 to IV, there are some indications that the matrix A should be
much smaller than D. First of all the entries of A are bounded (by 1) whereas the degrees can take any
value between 0 and N (but typically the largest degree is of size O(d + log N)). Moreover, some heuristics
indicate that the graph G contains very few cycles and locally resembles a tree. In this case, basic spectral
theory tells us that ||A|| < 2v/A, where A is the maximum degree of the graph. In [11], the authors showed
that the matrix A := ﬁ (A —EA) was shown to have extreme eigenvalues located at

o) = B 01+ (e ')

where D) is the k-th largest degree.
Considering regimes for which d > log N and glossing over some technicalities, we can use this information
and standard perturbation theory to deduce that

Amax < m%f;(] D, + Vd||A| < m?]i](] D, ++/D;+o0(1) < Hl?[i]sf(] D,(1++/1/Dg) +o(1). (1.4)
TE TE rE

Putting (1.3) and (1.4) together, we find A\pax = maxzep, Do (1 + o(1)).

This rough analysis suggests that understanding the statistics of the largest degree vertices is a good
starting point to understand the extreme eigenvalues of L. As it turns out, the degree sequence of the
Erdds-Rényi has been well-understood (see [16]).
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Lemma. The degrees (Dm tx € [N]) follow a binomial distribution of parameter (N —1,d/N). Moreover,
the random variables are weakly correlated, for x,y € [N],  # y,,
1 1 d d
E(D,) = d(l - N)’ Var(D,) = \/&(1 - N)’ Cov(D,, D) = N(l - N)’
Proof. The first statement follows from the definition of D, and the independence of the random variables
Agy. Computations of the mean and variance are standard. For « # y, we have

Cov(D,, D,) = E[D,D,] — E[D,|E[D,] = E( 3 AuxAyv) _d2(1 - %)z
UAT VFEY

-EL] (- 30 - - )
O

Remark. Some authors prefer to consider the Erdés-Rényi on N +1 vertices and to have ED, = d. However
since we usually consider parameters for which d < N the factor 1 — % has no impact on the computations.

The best way to analyze the distribution of the degree is to use the Poisson approximation of the binomial
law. Indeed, as is well-known from elementary probability, if X, ~ B, ,, n € N with the parameter p
depending on n and such that limp-n = d € R, then the binomial random variables converge in distribution
towards a Poisson distribution, X,, = Y, with Y ~ P(d). This result is formalized in Lemma B.5. As
the central limit theorem states (Proposition B.1), after an appropriate scaling the binomial distribution
converges toward the normal law, %(Xn —d) = Z, Z ~ N(0,1). A perhaps less famous asymptotic
property of Poisson variables is that for d > log N, the tails of the distribution of X,, are well-described by
a normal law Z ~ A(0,1) (see Remark B.6) but as d < log N, this is no longer the case (see Section B.2).
These approximations give us an important heuristic that we will use throughout this work

(d) (d) ~ {N(d, Vd), everywhere for d > log N (15)

D, =B ~ P
o N (d,+/d), in the neighborhood of d, for all regimes.

The regime d < log N is thus a limit at which the statistics of max,¢c[n) D, undergo a strong transition.
This corresponds to the apparition of inhomogeneity in the graph (see [0, Section 2]).

The Erdés-Rényi graph undergoes two phase transitions as a function of d. As d becomes larger than 1,
there is a unique large connected component. As d crosses the value log N, the graph becomes connected
with high probability ( [16, Theorem 7.3]). We usually distinguish three regimes

1. The supercritical regime: d > log N, the graph is connected (with high probability and homogeneous);
2. The critical regime: d < log N, the graph becomes inhomogeneous;
3. The subcritical regime: d < log N, the graph is inhomogeneous and disconnected.

An intuitive way to understand the second phase transition is to consider the expected number of isolated
vertices in G as a function of d. Let « € [N]. Then by definition of the model the degree D, follows a binomial
distribution of parameter N and d/N. By elementary analysis, the binomial law is well approximated by a
Poisson d distribution. In this sense we have

<1 ifd>logN,
E[|[{z € [N]: Dy =0}|] ~ NP(Pq=0) =Ne “¢=1 ifdxlogN, (1.6)
>1 ifd<logN.
Now isolated vertices are the simplest disconnected components and we can expect that they can be used

as canaries for the emergence of disconnected components. This observation has an immediate consequence
on the spectrum of L as it increases the multiplicity of the trivial eigenvalue.
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Bulk versus Edge of L

We explained above how the degrees of G can be thought of as weakly correlated Poisson variables of mean
d. A naive guess would be to locate the eigenvalues of L roughly at the same place as the eigenvalues of D,
i.e. at the degrees of G. An important heuristic in random matrix theory is to divide the spectrum of random
matrix ensembles into two parts, the bulk of the spectrum and the edge. The bulk is the region where the
expected density of states is positive (i.e. in our case the regions where there are O(N) eigenvalues). The
edge is typically defined as the region where the maximal (or minimal) eigenvalue resides.

After the brief intuition we developed about the relationship between degrees of G and eigenvalues of L, it is
natural to use the diagonal matrix D to define the bulk, the edge and the mid-region. We define informally
the bulk as all energies that lie within O(1) standard deviations of the expected degree and the edge as the
region on which max,¢c[n] Dy is supported. We informally define those areas as

Bulk := [d — CVd,d + CVd], Edge := [A —w, A+ w], A := max D,,

z€[N]
for some C' > 0 and w > 1.
It is more convenient to study the rescaled version of the Laplacian defined by
L—d
With this rescaling, the diagonal entries of our matrix are the rescaled degrees, denoted by v, := %, and

the bulk-edge dichotomy becomes

v2log N +logv2mlog N, d>logN,
Bulk := [-C, C], Edge :=[A —w,A+w], A= { log N d < log N.

Vdlog(log N/d)’

1.3 Simulations and overview of results

The analysis of large random graphs is the subject of abundant literature (see for instance [16]). The
most famous and impactful example of the efficiency of spectral analysis of random graphs is probably the
PageRank algorithm that was introduced in [40]. A central question throughout this work is the following

Can meaningful information be extracted from the eigenvalues and eigenvectors of L?

For a Hermitian matrix H, we usually denote by Spec H the set of its eigenvalues and for A € Spec H,

we write w) its eigenvector. Note that eigenvectors are defined up to a phase, which we assume to be 1 for
simplicity.
An important question in random matrix theory is the distribution of eigenvalues. An even more important
question, and also a more difficult one, is the behavior of eigenvectors. Eigenvectors are typically normalized
in such a way that |[wy||> = 1, A € Spec(L). For a given eigenvector wy, A € SpecL, the square of
its coefficients naturally defines a probability distribution on the set of vertices of G. Indeed the function
f:V(G) = [0,1], f(z) = |[wx(x)|?, is a density function whose total mass is 1. What does the graph of f
look like?

Remark. The question of localization and delocalization of eigenvector can be understood by looking at a
simple two-level system. Let us consider

(%1 e
H:|: :|7 U17v27€€R7 ’Ul#v2~
g Vo

The spectrum of H is

(1 4+ vo £ (v1 —v2)V1 —4A2), A= £

Ul*UQ'

Ar =

DN | =

(’Ul + vy £ (Ul — ’02)2 + 452) =

N =
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Using the first order approximation /1 —¢t =1 — %t + O(t?), we see that

1 (1 1 (A
e mw(a) o ()

We see that wy, goes from being completely localised at € = 0 to being completely delocalised for € = v; —wvs.
The mechanism is driven by the ratio between the spectral gap v; — vy and the interaction strength €.

Suppose x € [N] is an isolated vertex. In that case it is supports an eigenvector w = 1, with eigenvalue
0. The function f corresponding to w is thus completely localized on one point of the graph. On the other
suppose the graph G is connected. In that case, the eigenvalue of 0 has multiplicity one and corresponding
eigenvector := ﬁI[N]. In that case the function f is constant and delocalized, since f(x) = 1/N.

Those two scenarios represent the extreme behaviors of eigenvectors. However, the shape of the eigen-
vector is not constrained to those two extreme postures and can vary between being completely flat and
being completely localized. In fact, in the spectrum of the Laplacian matrix, the whole range of behavior
seems to coexist simultaneously (i.e. for one realization of G) depending on the region of the spectrum. In
the following simulation, we consider the rescaled Laplacian matrix (defined (1.7)).

Remark. (Physical and informational interpretation of |w(z)|%.) The shape of eigenvectors has some im-
portant interpretations in quantum mechanics. A delocalized eigenvector is a synonym for a state in which
the electron can travel through the medium. On the other hand, a localized eigenvector corresponds to
a state which is trapped in some region of the medium, meaning that the electron cannot travel and the
medium is an isolator.

In the field of computer sciences, the Perron-Frobenius eigenvector of the random surfer matrix, used in the
PageRank algorithm ( [40]) is the mathematical object used to rank the webpages according to their impor-
tance in the web. Let’s say that z,y € V(G) are two vertices (webpages) of the internet graph, then the page
x is recommended to you before the page y if and only if |[w(x)|? > |w(z)|?, where w is the Perron-Frobenius
eigenvector.

Note that similar pictures would appear for different values of d. For d > log N, the picture is more
symmetric around 0 while for d < log N, more points accumulate at the left of the spectrum and the
multiplicity of —v/d increases.

As a point of comparison, we plot the same picture but for a matrix sampled from the Gaussian Orthogonal
Ensemble (GOE). Let H € RV*Y be a Hermitian matrix distributed as

Hyy = Hyp " N(0,1), x,y € [N].

It is well-known in the literature that the eigenvectors of H are completely delocalized and that the density
of state converges to the semi-circle law. The argument relies on the symmetry under orthogonal transfor-
mations of the normal law. The interested reader can also refer to [5, Figure A.1] to see how the same plot
looks when we consider only the adjacency matrix.

In the present thesis, we investigate various regions of the spectrum. We structure our research around
four results, Theorems A, B, C and D.

The three regions of the spectrum depicted in Figure 1.3 all bear a special importance in spectral analysis.
The analysis of the edge of the spectrum has a long-standing tradition both in mathematics and physics,
either when studying the spectral gap and the ground state energy of a quantum system or when analyzing
the law of the largest eigenvalues and the spectral radius of some matrix ensemble. The bulk of the spectrum
on the other hand has been a mainstay in random matrix theory ever since the seminal paper of [37].

Since the Erdés-Rényi graph is a random object, all of our results must incorporate this notion of
randomness.

Notation. An event Q (that may depend on N) holds with high probability if

P(Q) > 1 — o(1).
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[l Spectrum of L for N = 2000 and d = 1.2log N
Alloo

1.0

0.8

0.6 :

0.4

0.2

0.0

-3 -2 -1 o 1 2

: ¢ A € Spec(L)

Figure 1.2: The spectrum of the Laplacian matrix is presented here as a scatter plot. Simulation for N = 2000
and d = C'log N, C = 1.2. We plotted the points (A, |[wa|lo) for A € Spec L. The spectrum is not uniformly
distributed as the region around 0 seems to be much more populated than the region at the right and left
extremities. The simulation shows four distinct behaviors. In the middle, the eigenvectors seem to be flat.
At the extremities of the spectrum, the eigenvectors are localized. One exception to that observation is the
eigenvector that corresponds to the smallest eigenvalue: however, this is easily explained once we recognize
that this is the trivial eigenvalue of the Laplacian matrix whose eigenvector is given by \/—lﬁl[ ~]- Finally we
see that there is a smooth transition between the middle and the two extremities of the spectrum.

GOE N = 2000

L, N =2000,d=1.2log N

100
0.3 0.6

3. . 80

0.2 0.4 60

: 40
0.1 02 & o N
. Ag
20

0.0 0
-15 -1.0 -0.5 0.0 0.5 1.0 15 -4 -2 0

Figure 1.3: On the left-hand side, the simulation for a GOE. The numerical results agree with the results
proved in the literature. Namely that the density of states converges to a semi-circle law (clear from the
picture) and that the eigenvectors of a GOE are all "flat". On the right-hand side, the same simulation as
above but this time with the density of states plotted in the background as a histogram.

The thesis is organized as follows.

e In Chapter 2 we investigate the bulk of the spectrum and prove Theorem A. The results and techniques
fall into the literature on local laws.

e In Chapter 3 we investigate the right and left edge of the spectrum and prove Theorems B and C. The
general philosophy of the proof is to build a bijection between high-degree (respectively low-degree)
vertices and the maximal (respectively minimal) eigenvalues of L. The techniques rely on perturbation
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N Spectrum of L for N = 2000 and d = 1.2log N
Alloo

1.0

Theorem B

Theorems C and D

0.8

0.6

0.4

Theorem A

0.2

0.0

-3 -2 -1 o 1 2 3 4 )\ c SpeC(L)

Figure 1.4: The above simulation is the same as the one in Figure 1.2. Theorem A provides a rigorous
understanding of the bulk of the spectrum of L (blue region), while Theorems B, C and D describe the edge
of the spectrum (red regions). The transition between bulk and edge is explained by a partial localization
argument (continuous purple lines). The partial delocalization counterpart is unknown (dashed purple lines).

theory with a spectral gap.

o In Chapter 4 we investigate the left edge of the spectrum. We prove that for regimes of d smaller than
%log N, there is a natural matching between the smallest eigenvalues of L and trees embedded in G.
Our argument relies on rank-one perturbation theory.

e In Chapter 5 we collect quantitative estimates and geometric results on the Erdés-Rényi . Many
arguments in Chapter 3 require those informations.

e In Appendix A we collect result of linear algebra. Appendix B contains various probabilistic results.
Appendix C summarizes all notations used in the thesis.

The results in this thesis have been proved under different assumptions. For instance, the extreme
eigenvalue statistics of Laplacian matrices has been studied with different assumptions and results (see [33]
or [20]). The bulk of the spectrum of L was first studied in [32] and [19] and in [30] the authors managed
to prove a local law for polynomial values of d. In figure 1.5, we provide a word map of the various results
already known on the subject of Laplacian matrices and where our results fall.

1.4 Local laws for sparse deformed Wigner matrices

Local laws provide control over the limiting behavior of the Green function entries. Such local laws have
been a central part of random matrices theory ever since the seminal works of [23] and [24]. More precisely
for (Hy, N > 1) a sequence of random matrices, local laws aim to understand the entries of the matrices

- 1
7HN—Z,

Gn(z): z € H.

Remark. The following section explains the methods used to prove the local law. We only describe the
methods that are relatively original and often refer to "typical strategies" or "most common techniques'.
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Theorem D

Left edge, spectral gap Bulk Right edge, spectral radius

Figure 1.5: The different regimes covered by the thesis. In grey, results previously known. In blue, the
results found in Chapter 2, where we improved [30] arguments to push down the result to the regimes v/log N.
In red, the results found in Chapter 3 where we show how spectral statistics are closely related to extreme
degrees and how the corresponding eigenvectors have clear geometric interpretations. In green, the results
found in Chapter 4, where we show how trees embedded in the macroscopic connected component generated
the spectral gap of L.

This chapter is designed for a public familiar with local laws and is by no means a crash course on that
subject (it is a difficult subject). However, the interested reader can find good lecture notes on the matter
n [14] (shorter) and [25] (longer).

The most common ensemble of random matrices is the Wigner ensemble which satisfies the following
properties

1. the matrix H is symmetric.

2. the entries are independent (up to the symmetry constraint), i.e. the collection (Hyy : 1 <2 <y < N)
form an independent family of random variables.

3. the entries are centered, with variance EH gy = % and the random variables v NH,, are bounded in
any LP space, uniformly in N, i, j.

For a good introduction to local laws for Wigner matrices see for instance [14].
The starting point of any local law is the Schur complement formula

1
Goo = ) Err (1.8)
sz —Z— Z% szGyz Hza:

z

All notations including Z() and GO will be introduced in Chapter 2. The general strategy in the proof of
local laws is to use large deviation estimates to show that

() (w)

1
E :HEUG?(J?HZE =g+ E :(Ha%y - N)ny +& =g+ 0(1) g(z) = N Terz(Z) (1'9)
Y,z Y
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Plugging this back into (1.8) yields a self-consistent equation for the normalized trace g which, up to some
stability estimates, defines the asymptotic limit of G,.

For instance, in the case of Wigner matrices, the diagonal term is H,, = o(1) and thus the limit of G,
does not depend on x, namely G, is asymptotically constant in x. The following local and global laws are
well-known (see [14, Theorem 2.4 and 2.6]).

Proposition (Local law for Wigner matrices). Under the above assumption, we have
Gay(2) — Msc(2)05y = o(1).

uniformly for x,y = 1,...,N and z = E +in,n > N1 E € [-2,2] In particular, g — ms. and thus the
sample density of states p := % Z)\espec(H) Oy converges weakly to the semi-circle law.

The Laplacian matrix cannot be normalized in such a way that it becomes a Wigner matrix. Since the
off-diagonal matrix A and the diagonal entries D fluctuate on different scales, it is not possible to normalize
L so that all rescaled entries simultaneously fluctuate on the same 1/v/N.

This is a typical situation in the study of so-called deformed Wigner matrices. Such matrices have been
notably studied in [37].
In our case, we will analyze the matrix

M:=V-H+R,  G:=(M-2"" zeH,

where H is a sparse Wigner matrix (see below), V is a diagonal matrix whose entries can be morally thought
of as N(0,1) variables and R is a rank-one perturbation (see Section 2.1). Our first result, Theorem 2.4
shows that

1

vy — 2z — (2)

Guw ~ , 2z € Bulk,

where 7 is a random meromorphic function on the complex upper-half plane that depends only on the
variables (v, : « € [N]). In that sense, the asymptotic behavior of G does not depend on the geometry of
the graph (mean-field behavior).

We prove a local law down to optimal scale and state the result in the shortest form possible here.

Theorem A. For any constant T > 0 there exists a constant C > 0 such that if d > C+/log N, then with
high probability |G, (z)| < C, for every z,y € [N] and z = E +in, |E| <77 ' and n > N~7177,

An immediate consequence of our result is that the eigenvectors of M corresponding to the eigenvalues in
the bulk are delocalized. Since by construction the matrices M and L are related by a linear transformation,
M= %(L —d), we deduce that with high probability, for any 7, R > 0,

[Willoo = O(N7'7), VA€ Spec(L) N[-R, R]. (1.10)

Going back to Figure 1.3, we see that (1.10) explains why in the blue region the eigenvectors’ infinity
norm is bounded.

The problem of sparsity

In the case of the Laplacian matrix, a few of the usual conditions are not satisfied. It is clear that we cannot
simultaneously scale both the diagonal part (degrees) and the off-diagonal part (adjacency) in such a way
that the entries of both blocks have variance 1/N. Let us focus on the adjacency matrix. First of all the
entries are not centered random variable of variance 1/N. This issue can be easily solved by centering and
rescaling the off-diagonal entries

Hy, ::\;’V(Axy_](é)’ 5= d(l—%).
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However the assumption 3 for Wigner matrices is not true. Indeed we have

1 d 1
E‘ny|p = W(l + O(ﬁ)) < W,

as soon as d < N. But we consider sparse Erdos-Rényi graphs and actually in this thesis we consider only
values d < N'/3. This means that in our model the of diagonal entries of H have heavy tails. Such random
matrix ensembles are notoriously harder to analyze since the large deviation estimates that can be derived
are much weaker than for Wigner matrices. In the context of the Erdds-Rényi graph, [28] circumvented this
difficulty by introducing a new class of large deviation for sparse random vectors. Their method is relevant
in our setting but with some modifications as explained below. The proof relies on estimating

i=1

where a; € C are constant coefficients and X; are centered, independent random variables with variance 1/N
and E|X;|? < N~1d—5-1,

Typically the variables are set to X; := Hy; for some fix £ € [N] and the coefficients are the entries of the
matrix GO := (M(e) — z)_l where M® is the sub-matrix of M obtained by removing the ¢-th. Usual
estimates (see for instance [14, Lemma 3.6]) are thus harder to get with the weaker control on the moments
of X.

p

, p = O(log N) (1.11)

The problem of correlations

The matrix L has a non-trivial correlation structure. Since the diagonal entries are the sum of the off-diagonal
entries, it is clear that the variables (L,;y 11 <z <y < N) are not independent. Thus the assumption 2 for
Wigner matrices is not satisfied for the Laplacian matrix.

These correlations make it impossible to derive large deviation estimates in the usual way (for a definition
of usual see [14, Lemma 3.6]). This is an important obstacle to the proof of any local law. Indeed

To illustrate this fact, let us fix £,k € [N] and recall the definition of G(©). Let M be the analogue of
M but for the graph G obtained by removing the vertex ¢. Let ai; be the coefficients of the matrix el
and b;; the coefficients of the matrix GO .= (M(é) — z)_l. It is clear that the variables (b;; : 4,j # £) are
measurable with respect to (H;; :4,j € [N]\ {¢}) and in particular independent of X;. This is not the case
for the coefficients (a;; : 4, # ¢). Bounding (1.11) is already a difficult task, but it is even harder if the
variables (X; : i € [N]) are not independent from the coefficients.

In [30], the authors address this issue by using the resolvent formalism to replace the coefficients a;; by
the coefficients b;;. The second resolvent identity (see Lemma A.3) states that G4 —Gp = Ga(A— B)Gp, for
A, B € CN*N By setting A = M) and B | it is possible to filter out the correlations between (Hig S E)
at the cost of adding an extra sum. To illustrate their method, we apply the resolvent identity two times

Z aiXi = ZbiXi + ZbiXiainj = Z bzXz + ZbiXibinj + Z biXibinjaijk.
i i i,J % 9,7

.3,k

Now the first two sums on the right hand can be estimated by first conditioning H® and then bounding
moments of random vectors with deterministic coefficients. Applying this trick many times allows us to push
further the correlated term a;; and eventually to control it.

In [30], the authors use the resolvent identity O(1) times and thus have to prove large deviation estimates
on random vectors of the form

Z bilxilbi1i2 T bil—lilXil’ l= 0(1)
Tl yeensl]

One of the key technical achievements in Chapter 2 is to derive large deviation estimates that are efficient
for I = O(log N). The proof relies on two mechanism
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1. An analysis of large computation graphs.
2. The fact that off-diagonal entries of the Green function are with high probability of order o(1).

The first mechanism is a general technic that can be found in many proofs of local laws (see for instance [15]
and [23]). The second mechanism is somewhat surprisingly not often used in these proofs but it is an
important ingredient to overcome the difficulties arising from sparsity and heavy tails.

The problem of inhomogeneity of G

Once the large deviation estimates have been derived and upgraded, a local law up to d 2 log N can be
quickly obtained by following the pipeline laid out in [30]. A central difficulty to go lower than log NV is that
the graph becomes inhomogeneous. First of all some disconnected components appear as we go below log N
but even before that the behavior of the degree sequences changes (see the next section for more on the
matter).

A delicate consequence of this fact is that the local average of the Green function is not anymore necessarily
well-approximated by the global average. The estimate

@)
> (2, - %)ny —o(l), Vae[N],

Y,z

is not true anymore. Rather we can say that

() 1

Ir c [N], |[N]\T| < N, ;(Hiy - N)ny =o(1), Vel

This set T is called the set of typical vertices while the complement is the set of atypical vertices.
Separating typical and atypical vertices is an idea that was developed in [5]. In that article, the authors
considered the adjacency matrix of the Erdés-Rényi in the same regimes of d. The phenomenon of inhomo-
geneity was thus the same. However, the (small but very real) correlations between entries of the Laplacian
matrix make the analysis much more complicated.

1.5 Largest eigenvalues, right of the spectrum

The analysis of the extreme eigenvalues of random matrix ensembles has been long-standing (see [13] and [9]
for instance). In the case of the Erdds-Rényi graph, as long as d < log N, the top eigenvalues were located
close to the interval [—2,2]. In [6] and [48], the authors showed that the appearance of eigenvalues outside
of [—2, 2] was shown to be related to the emergence of very large vertices in G. Our main theorem regarding
the right of the spectrum states that the eigenvalue process is asymptotically close to a sequence of Poisson
Point Processes (PPP ). As a by-product of the proof, we also show that the eigenvectors corresponding to
the maximal eigenvalues are localized in the graph on balls around large degree vertices.
Our result covers a region of the spectrum in which there are at most K = O(loglog N) eigenvalues.

Theorem B. Lete > 0. There exists a constant K > 0 such that if K <d < N3¢ then the following holds
with high probability. The point process of the K largest eigenvalues is asymptotically close to a sequence of
PPP . Furthermore, if (loglog N)l/4 < d, the eigenvectors corresponding to the VK largest eigenvalues are
localized on the balls that surround the vertices with the largest degrees and largest sphere of radius two.

The law of the largest eigenvalue A;(L) is explicitly described. Theorem B explains why in Figure 1.3,
the eigenvectors located at the right edge of the spectrum have a high infinity norm, ||[wi|lec = 1 — o(1).
Indeed we will see in Chapter 3 that the top eigenvectors of L have an exponentially decaying mass away
from their centers of localization.
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Neighborhood of large degree vertices

To study the eigenvalues of L it is convenient to study a linear shift of the matrix L, namely
L—d

Vd -
In that way the diagonal entries are (almost) centered and have variance 1. We define the rescaled degree as
D, —d

vd
Since the largest entries of L are given by the largest normalized degrees, understanding the extreme statistics
of the variables (v, : € [N]) seems to be a natural place to start our investigation of the extreme eigenvalue
statistics. Note that the variables v, can take negative values, but not smaller than —v/d. Recalling (1.5),
we see that the rescaled degrees typically behave as N(0, 1) variables and we expect most of them to take
values in a compact interval around 0.

For clarity let us start with the easiest case when G is in the supercritical regime, meaning that d > log N.

The matrix L can be viewed as a perturbation of the matrix D := %. In [11] and [12] the authors showed

that [6], 1]|[A — EA| = O(1). In addition, as we explained in (1.5), the statistics of v, are close to the
statistics of N weakly correlated normal variables. It is well known from extreme value theory (see for
instance [17, Section 14]) that if X; g N(0,1), the maximum is located around y/21log N and fluctuates on
the scale (log N)~1/2.

Vg =

%(maXXi —0) = e du, (1.12)

where 7 = \/2log N and o = 7(1 + o(1)).
Let us consider Zmax € [IN] such that v, = max,e(njvy. The strategy is to study the neighborhood of the
vertex .

Notation. We equip the graph G with the graph distance d(-,-). For z € [N] and ¢ € N, we define the
sphere and the ball of radius ¢ around x as

Si(z) :=={y € [N]:d(z,y) =i},  Bi(z):={y€[N]:d(zy) <i}.
For T C [N], we denote by G|z the graph restricted to the vertex set T
Glr == (T,{(z,y) € E(G) 12,y € T})
For M € R¥*N and T C [N], we denote by M|z the |T|-by-|T| sub-matrix
(M|T)my =My, zyeT.

For d < N'/37¢ ¢ > 0, it is possible by cutting a small number of edges (typically no more than O(1)), to
remove cycles and large vertices (i.e. y € [N] such that v, > \/1.5log N) from Bj(Zmax). After this pruning
procedure, G|p, (5,.,) 15 a tree with one root vertex v, =< /2log N and max,ep, (o |vy| = O(v/Iog N).
Actually, we will show that we can do this procedure simultaneously for all vertices x € V, where V := {z €

[N]: vy > maxyepn) vy — /T log N}, for some small enough constant 7 > 0 (see Figure ).
The strategy is then broken into three parts

1. Section 3.5 : Compute the largest eigenvalue A(x) of L|p, (s, for € V. Show that A(z) = v, + vi + &z,
g2 =O((logN) 7).
2. Section 3.2 : Use a block diagonal approximation of L to show that the point processes

[ORES Z 5>\, and U= Z 5v(m)+l+sm’ (113)
AESpec L w:vz\/m

agree on the interval [0 — y/7log N, +00), for some error terms e, = o((log N)71/2).
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Figure 1.6: Illustration of the pruning procedure on the graph from Figure 1.1. The vertices drawn in red
represent the large degree vertices and the colored edges are the ones removed during the pruning procedure.

3. Section 3.7 : Show that the law of the variables (vm + Ui S V) factorize asymptotically and that
the process W converges to a Poisson Point Process with intensity measure e *dx.

Perturbation theory

Let V be a Hermitian matrix and H a "small" Hermitian matrix. If everything is known about the spectrum
of V, what can we say about the spectrum of V 4+ V? This is a central question in random matrix theory
but more generally it is a very fruitful source of exercises for quantum mechanics classes (see [44, Chapter
5]). While the tools used are elementary (see for instance [46, Chapter 1]), it is rarely taught in mathematics
class. There are many ways to go about perturbation theory, perhaps the most historically relevant are the
so-called Rayleigh-Schrodinger coefficients.

In our setup, we need to understand the top eigenvalue of the Laplacian matrix of a rooted tree, whose root
vertex has a very large rescaled degree. Let us denote by z. the root vertex and B,(x), r € N the tree
Setting V' to be the diagonal matrix of the rescaled degrees and H the adjacency matrix, we can treat that
question as a perturbation problem. An adaption of an argument found in [35, Chapter 4] allows to give an
approximate value for the maximal eigenvalue of V 4+ H by computing all possible cycles in the graph G that
starts at x,. This is a self-contained argument that is elaborated in Proposition ??. The argument relies
only on the existence of a spectral gap (i.e that Ao(V) < A1 (V) — 2||H||) and on Cauchy’s integral theorem.
We believe it can be used in other contexts. An illustration is proposed in Figure 1.7.

(vy 1y € Br(z) \ {z:}) Uz,

{ 0o 00 0 0 © ; ®

Figure 1.7: Computing the maximal eigenvalue of L|p (,,) with perturbation theory. Here x, is supposed
to be a large degree vertex surrounded by vertices with average degree, i.e. v, = O(1) < v, .

Remark. This perturbation argument works best when we can consider cycles of length greater than 4. This
is however not always possible if we consider d > N/¢. To fill the gap between N'/¢ and N'/3 we use an
alternative technique based on the Courant-Fisher principle (min-max characterization of the eigenvalues).

An adaptation of an argument from [35] allows us to elegantly express the eigenvalue of L
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Rigidity of Poisson statistics

A good analysis of the eigenvalue process should allow us to distinguish the top eigenvalues one from the
other. As explained previously, for regime d > log N, we can do this by matching the maximal eigenvalues
with a function of the maximal degree vertices. As d becomes of order log N however, it is possible to see
more than one vertex of maximal degree. Let us consider independent Poisson variables of parameter d as
a toy model for the eigenvalue process at the edge.

Let (Y;)Y, be ii.d. random variables with distribution Py, i = 1,..., N. Then if d > log N the maximum
of the Y; is with high probability unique and at the edge the rescaled Y;s form a

PPP. If d < log N the distribution of max; Y; has bounded support and with positive probability there are
many j € [N] such that Y; = max; Y;. Finally if d < log N, the distribution of max; Y; is concentrated on 1
or 2 points and almost surely there are many j € [N] such that Y; = max; Y;. This emerging rigidity in the
distribution of the extremes of Y; is an adversarial mechanism when we want to distinguish top eigenvalues
in critical regimes. See also [11, Remark 4.14].

To circumvent this obstacle, we will do a finer perturbation analysis on L|p; (), where z is again a high-degree
vertex. We then show that on the right half-infinite interval the point processes

o = Z (5>\, and VU= Z 6A(QI’IBI)+€I’ (1.14)
AESpec L z large degree vertex
agree. Here A(+,-) is a function of ay := % and 8 := ‘[512((;;)"(1 — 1. The difference between the (1.13) and

(1.14) is illustrated in Figure 1.8
d>log N - . . . . . R Spec(L)

! | ..

-~

O(y/a oz )

O((log N)=%/2)

. A Spec(L)
[S2|(z) 1
AL
Deg(x)
o

Figure 1.8: Tllustration of the correspondence between high-degree vertices and maximal eigenvalues. In the
supercritical regime, the maximal degrees are with high probability distinct and fluctuate, like a sample of NV
independent normal variables, on a scale (log N)~!/2. In the critical, respectively in the subcritical regimes,
the maximal degrees can accumulate, respectively accumulate with high probability, on a few values. Then
an extra layer of information is needed to distinguish the eigenvalues generated by L|p, (4, for = € WT, the
set of high-degree vertices.

1.6 Smallest eigenvalues and spectral gap

The left edge of the spectrum (c.f. Figure 1.2) looks similar to the right edge. This impression is vindicated
by our first theorem concerning the smallest eigenvalues of L which is the almost symmetric counterpart to
Theorem B.
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Theorem C. Let ¢ > 0. If %logN + (logN)® < d < N%_E, the point process of the K (non-trivial)
eigenvalues is asymptotically close to a sequence of PPP . Furthermore, the top eigenvectors are localized
around

1. minimal degree vertices when d > log N — loglog N ;

2. leaves with minimal sphere of radius three when d <log N — loglog N.

Too many leaves

Let us denote by £ := {z € [N]: D, = 1}, the set of degree-one vertices Just like the statement of Theorem
C is similar to the one of Theorem B, the ideas and techniques used in the proof are similar. There is
however one key difference when d = (1 — ¢)log N, for ¢ € (0,1/2). In that case the number of leaves
becomes polynomial: indeed adapting (1.6) we see that

E“‘CH :Ne_dd:Nc(1+O(1))7 L:={z€[N]: D, =1}

Because of this polynomial accumulation of vertices, the extreme value statistics of the variables (61 tx € [,)
undergo the same transition as the extreme value statistics of the maximum of n i.i.d. P, variables. We
need to proceed carefully and expand to approximate the smallest eigenvalues of L|p o), € L, to the
third order as

M(LIBio(x)) = AT (Da, S2(2)],|S5(2)]) + e = AZ(L,[S2(2)], |S3(2)]) + e

for e, sufficiently small.

An additional difficulty arises when d = £(1+¢)log N and € = o(1). In that case it is no longer possible
to guarantee that the neighborhood of leaves is free of other small degree vertices and the perturbation
argument (as illustrated in Figure 1.7) becomes increasingly difficult. We illustrate the difficulty by pushing
our result to regimes d > %logN + (log N)e, for € > 0 constant. We believe the optimal regime should be
d> %logN + C'loglog N, for some large enough constant C' > 0.

What is smaller than a leaf? Maximal trees and spectral gap

A key assumption in any perturbation analysis argument is to have a spectral gap (c.f. Figure 1.7). However
ford < % log N, there is with high probability a positive number of regions in G where small degree vertices
are neighbors one of the other. In that case, it is impossible to perform perturbation analysis of the diagonal
matrix D. On the other hand, first-order perturbation analysis suggests that the eigenvalue generated by such
a configuration should be of order —v/d+ ﬁ(l +o0(1)), which is much different than the —v/d+ ﬁ(l +o(1))
obtained from perturbation analysis of a rooted tree with a rooted vertex of degree 1. A similar analysis for
a group of t € N*| ¢ > 2, vertices of degree O(1) attached together suggests that the eigenvalue should be
of the order —v/d + ﬁ(l + o(1)). This observation suggests that the correct geometric shape to analyze is
not any more isolated vertices of small-degree, but rather trees. Let T;, t € N*, be the set of finite trees
with vertices labeled by [t]. By Cayley’s theorem, this set has cardinality ¢~2. In Chapter 4, we construct a
function 7, : N* — Ry such that ~,(¢) is an implicit function of T; and relate it to the smallest eigenvalues
of L.
Theorem D. For H%l log N € d < %1og N, t € N*, with high probability, we have
Y« (1)
Vd

Although we do not prove eigenvector localization and convergence towards a P.P.P. in the present work,
those results are believed to hold with a very high degree of confidence (and also with high probability).
Indeed the error bounds obtained in the proof of Theorem D can be actually quite easily refined and the

(L) = —Vd+ 22y o).
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. (vy 1y € Bo(2) \ {z, 7))

Vg

"N

(vy 1y € Br(z) \ {7, 22})

Vg = —

i
Sl
3
S

N
W

Figure 1.9: Illustration of the perturbation argument for points 1 (above) and 2 (below) of Theorem C.
In the first case, the perturbation theory works well and the eigenvalues are well-described by a function
of v, and B, = w which has a continuous distribution. On the other hand, as d = nlog N,

n € (1/2,1), the smallest degree vertices are all leaves and the statistics of 3 = v,, —d~/? become discrete

(rigidity phenomenon of the maximum of n Piog, variables). In that case the value of D, (which is 1 for
leaves) and of |S1| = D,_ is not enough to distinguish the smallest eigenvalues. Finally, observe that the
interval between v, and v,, closes as 7 — 0. This explains the limitation in the hypotheses of the theorem.

T Ts Ts
Leaves and small degree vertices.

¢ |&| G G G
|
1

d (1) 4 d(3) a*(2) log N

Figure 1.10: Illustration of Theorem D

pipeline for Theorem B can be adapted in a straightforward way to handle the point process of minimal
eigenvalues in the regimes covered by Theorem D.

The mechanism underlying the proof of Theorems B and C rely on the analysis of the matrix H = Hy+H’,
where the largest eigenvalue of Hy is separated by a spectral gap ¢ from the rest of Spec Hy and where H' is
a small matrix, in the sense that ||[H’|| < 1. The mechanics at work in Theorem D are different: we consider
the spectrum of rank one perturbation of a block diagonal matrix

_ Hl 0 *
H_<0 lb)+mv, (1.15)

where 8 € R and v is a real vector.
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Now imagine the Erdds-Rényi is connected and admits a subset of vertices T' C [N] such that

IT| =t, max D, < 2t, min D, > d — O(\/E)
z€T z¢T

Suppose in addition that there is exactly one edge that links 7" and T°, namely e = (x,z2), z € T and
z € [N]\ T. In that case, the matrix L can be written as the matrix H of (1.15) with H; is the (rescaled)
Laplacian matrix of a tree T € T, Hj is the rest of the graph, i.e. L|re, 6 = % and v =1, —1,, for
x € T and z € T° is used to "link" those two disjoint connected components. H; and Ha are both (rescaled)

Laplacian matrices of graphs and therefore each generates a trivial eigenvalue —v/d (recall the rescaling of

(1.7)).

Mean-field, bulk

—Vd Spec Hy Spec Hit

Figure 1.11: Tllustration of rank-one perturbation theory. In blue, we denote the eigenvalues of Hy, in red
the ones of Hy. In our setup we suppose that the spectrums of Hy and H; are separated by a spectral gap
v (this is similar to the arguments illustrated in Figure 1.7). However here many "extreme" eigenvalues are
perturbed (if the tree is of size t € N*, then there are ¢ such extreme eigenvalues). We see that analyzing the
spectral gap of H, i.e. the distance between \;(H) = —v/d and \y(H) is equivalent to understanding how
the trivial eigenvalue A1 (Hy) = —Vd is perturbed when Hj is "anchored" to H;.

An interesting corollary of Theorems C and D is the following characterization of the spectral gap of L
restricted to the giant connected component.

Notation. We denote by G, the connected component of G with the highest number of vertices.

Corollary E (Spectral gap of L|g,.). Let € >0 and A := \o(L|g,.) + Vd be the spectral gap of the rescaled
Laplacian matriz. Then the following holds

(i) For d >log N —loglog N, the spectral gap is given by
minzGGCC Dx

Vd

(i) For %logN + (log N)* < d <log N —loglog N, the spectral gap is given by

+0(d™).

1 minge,s D, 9
— - ———=—=2 4+ 0(d™ ).
Vi~ d )

(#ii) For i-i—ii logN <d < % log N, t € N*, the spectral gap is given by

Universal function of finite trees of size t

Vd

+0(d™)
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1.7 Outlook

What did we learn?

There are many ways to interpret the results obtained in this work. The first way is to view them as a
collection of mathematical results the relevance of which lies in the hypotheses under which the various
theorems hold and the techniques we use to prove them. For instance, as pointed out in Figure 1.5, proving
a local law for the Laplacian of the Erdés-Rényi graph is not new but the regimes of d under which such
results are proved is sensibly better than previous work in this domain. Similarly, our local law falls in the
study of deformed Wigner matrices and, while the methods we use a very different from the ones found
in [37], [38] and [39], Theorem A can be seen as a companion result of the ones found in those papers.

Another way is to consider the physical meaning of our results. In [50], Wigner used random matrices to
describe the energy levels of particles in heavy atoms. Wigner managed to describe the distribution of the
energy levels of the atoms and show that it had the shape of a semi-circle, but, to our knowledge, he did not
make mention of the eigenvectors. In [8], Anderson proposed a way to describe the movement of electrons on
a lattice with random potential by considering an operator A + V| where A is the hopping term and V the
potential. In this case, the eigenvectors had an explicit interpretation as the location of the electron’s wave
function on the grid. In their famous paper [27], Frohlich and Spencer proved rigorously that for a large
disorder, the top eigenvectors of the model are localized (see [2] for an overview of results and techniques).
This result has a direct physical interpretation as it tells that if the level of impurity is high enough, the
electron is trapped in some region of the grid (insulator, localized eigenvector, pure point spectrum) and
cannot travel in the medium (conductor, delocalized eigenvector, absolutely continuous spectrum). In this
regard, Theorems B and C are an analog of their result for the Laplacian: as mentioned earlier, the Laplacian
is the quantum Hamiltonian of a particle moving on the graph G. Proving localization of eigenvectors around
large-, respectively small-degree vertices (both analog to high disorder) means that for those level of energy,
the particle is trapped in the regions surrounding those vertices. This was already proved for the adjacency
matrix of G in [7]. While we do not prove eigenvector localization around trees, we strongly believe that
Theorem D can be extended to eigenvector localization exactly as its two counterparts.

A third way to understand our results is through the lens of information. As we mentioned earlier,
spectral analysis of graphs is a very popular tool in computer science, statistics and data analysis. Let us
remind the reader of the question we asked at the beginning of the chapter.

Can meaningful information be extracted from the eigenvalues and eigenvectors of L?

In his famous paper [34], Mark Kac asked whether it was possible to hear the shape of a drum. Or in
other words, what does the spectrum tell us about our system? Understanding this question is important
because we want to know what predictive powers our spectral algorithms can have. In that regard, the main
conclusion of this thesis is the following: spectral analysis of the bulk and the edge eigenvectors of L yields
no interesting information. Let us elaborate. In Theorem A, we claim that a local law holds down to the
regime /log N in the bulk. This means that the eigenvectors are completely delocalized. Local laws are the
typical result for mean-field models which by definition have no interesting structure. In Theorems B, C
and D, we claim that the extreme eigenvalues of the matrix L are determined by local configurations, such
as large degree vertices, small degree vertices and embedded trees. In particular, they do not reflect any
general effect of the system. The only information that was given is the characterization of the spectral gap
(Corollary E) of L down to regimes % log N, for C' = O(1). In particular, our results do not give ways to
identify anomalies or communities in graphs, with the exception of finding trees that are embedded in the
graph.

Non-ergodic delocalization

An interesting direction for future analysis would be to understand the partially delocalized phases of the
spectrum of L. As is evident from Figure 1.2 (purple lines on both sides of the bulk), such phases exist in
any regime of d and seem to be characteristic of regions of the spectrum that correspond to a polynomial
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density of states. A partial delocalization (also known as non-ergodic delocalization) mechanism seems to
be at play in the spectral regions located slightly above E = +/log N, where

{z € [N]:|v, — Bl <1} = N"2%(1 4 0(1)), c€(0,1).

While we believe our explanation of the partial localization phenomenon (lower bound on ||[w||), given in
Chapter 2, could be made rigorous without much effort (as it was done for instance in [5, Theorem 1.2]),
we do not know how to prove partial delocalization (upper bound on |W||s). There are only a few known
techniques that allow for a rigorous derivation of partial delocalization estimates. Indeed, apart from the
local law framework, the proof of delocalization results is extremely difficult and remains a big open question
in the field (Anderson extended state conjecture). Some heuristics have been developed for the Erdés-Rényi
graph [417] and general physical models and rigorous mathematical proofs have been shown for specific cases
(L, [15], [29)).

Another way to study non-ergodic delocalization would be to modify the model by adding a small mean-
field component. This is in line with the idea of [40]. For instance does the localization result of Theorem B
remain valid if we consider

1
Li(ae):==(1—a)L+ aﬁl[N]er], Lo(a) :=(1—a)L+ a- GOE, a € [0,1],
with a possibly dependent on N? Clearly as « — 1, the matrix L;(«) moves closer to a rank-one matrix
while Lo () becomes a GOE. As Google’s algorithm shows, we could expect a partial delocalization on the
most relevant vertices.

Very large trees

The behavior of the spectrum for regimes d = o(1)log N would be a natural way to expand Theorem D.
Would the localization conjecture remain valid? Could trees of different sizes simultaneously contribute to
the spectral gap?

As explained in Chapter 2, when d approaches \/log N, large stars (resonant and non-resonant) start to
contribute significantly to the bulk of the spectrum. As is evident from the computations in Chapter 77, as
long as embedded trees are on finite size, their contribution to the spectral gap can be formally understood
as

Universal function of L(T)  N(0,1)
i +

Because the spectrum of L(T') lives at a scale of O(1) and the fluctuation in the neighborhood in the graph
of T fluctuate on the scale d~3/2, as long as |T'| = O(1) the scales in (1.16) allow to distinguish between the
contribution of different trees. It is not at all evident that, as much larger trees begin to appear, which will
happen as soon as d = o(log ), this relation still holds. In particular, we do not know if the spectral gap of
L(T) is still generated by maximal trees. It might be that smaller trees with large neighborhood fluctuations
yield a smaller spectral gap than larger tree with small neighborhood fluctuations. We expect the spectral
gap to close and the rate at which it does would be an interesting question.

A(spectral gap) = —Vd + (1.16)

Very dense regimes

As explained above, the proof of Theorem B relies on a sparsity property of the graph that allows us to
separate the neighborhood around high-degree vertices (see Figure 1.6). For d = N¢, € > 0, the radius of G
(the maximal distance between two points in the graph) is, with high probability 1/e. Therefore, as € becomes
larger than 1/3, it is no longer possible to do so and our proof breaks down (see Figure 1.5). However, we
believe that the law of the extreme eigenvalues remains the same, and our conjecture is supported by results
about dense Laplacian matrices (see [20]). However, we believe new techniques are required since, for the
adjacency matrix, the regime N'/3 is also the boundary between two kinds of behaviors for the extreme
eigenvalues.
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Chapter 2

Delocalization in the bulk

In this chapter, we prove two local laws for the Laplacian matrix of the Erd6s-Rényi graph. The result is
valid for regimes as low as C'y/log N. In particular, we obtain that the entries of the Green function G(z)
remain uniformly bounded down to the optimal scale > N~! on any compact interval. We explain how
these results allow us to prove eigenvector delocalization in the bulk and why the result is optimal.

2.1 Main results

In this chapter, we study the spectrum of the Laplacian matrix of the Erdés-Rényi graph. Recalling the
adjacency matrix A, we define

1 d
H:= W(A—E[A}L = d(l—N). (2.1)

The matrix H is Hermitian and the entries (Hgy: 1 < 2 <y < N) form a family of independent centered
random variables satisfying

1
N )

E|H,,|* = |Hyy| < Kd™V/2, (2.2)

for some K > 0, as soon as d < N/2.
We define the diagonal matrix V and the rank one matrix R as

V := Diag(v1,...,vn), R=—ee", 2.3
where e := —\/lﬁl[N] and

Uy 1= Zsz. (2.4)

We will prove a local law for the matrix

M:=V —-H-R. (2.5)
The matrix M is a linear transform of L defined in (1.2) since
1 d

M=—(L-d- ). 2.6

i N 20

We study M instead of L to comply with the conventions of the literature on local laws. In particular,
matrices of the form (2.5) are instances of so-called deformed Wigner matrices which have been studied in
the literature, for instance in [30], [5] and [37].

23
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Convention 2.1. For now on every quantity depends implicitly on N wunless we explicitly define it as a
constance.

Let = := En, be a family of events parametrized by N € N and v > 0. We say that = holds with very
high probability if for every v > 0 there exists a constant C, such that

P(En,) >1-CN™

for all N € N.
In particular, the estimate X < CY with very high probability means that, for each v > 0, there are constants
C,,c, > 0 depending on v such that

P(|X|<CY)>1—c,N".

We sometimes abbreviate that statement by X = O(Y').
Note that X <Y with very high probability means

P(IX|<Y)>1-¢N"
for some ¢, > 0.
For constants x € (0,1) and R > 1 we define the spectral domain
Skr={2€C: |Rez| <R, N <Imz <2} (2.7)

We prove a local law on the entries of the Green function and on the Stieltjes transform g of the empirical
spectral measure of M,
1 1

P NTrG(z). (2.8)

AESpec M

We always assume that z lies in the complex upper-half plane H. The limiting behavior of G and g is governed
by the following deterministic quantities.

Definition 2.2 (Quadratic vector equation). Let v, € R, x € [N], v = (vz)z¢n] € RY. We define the
vector m :=m" = (m}).en] € HY to be the solution of the system of equations

1 1
m—w:vx—z—ﬁ Zmy, x € [N], (2.9)
y€[N]
for z € H. We also introduce
1
mi= Mg (2.10)
TE€[N]

As was observed in [37], g is the additive-free convolution of the semi-circle law pge, and pu,, the empirical
distribution of the entries of V.

Lemma 2.3 (Existence and uniqueness of (2.9)). For each z € H and v € RN, the system of equations (2.9)
has a unique solution m in H.

The proof of Lemma 2.3 is a classical result that can be found for instance in [4]. In Section 2.9, we study
in more detail the properties m when the v, are defined as in (2.4).

Theorem 2.4. Let M be as in (2.5) and m be the solution to (2.9) with v as defined (2.4). Then with high
probability, there exists D > 0 such that if Dy/Tog N < d < (log N)/2, then

Oay ‘ B (logN
Vp — 2 — ézy Agymy d?

1/3
) . Vz€Spr  (211)

max|Gyy(2)] = O(1), max
x,y z,y

Gzy(z) -

holds with probability 1 — O(dil).
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Definition 2.5 (Free convolution). The Stieltjes transform mg. is defined as the solution to the following
functional equation

1 8712/2
)= \/27r/Rx—z—me(z)

For d > log N, the last term of the denominator in (2.11), can be shown to converge m¢.. We have

dz, zeH.

my.(z

1 D,
‘E Zy:Awmy - me(Z)‘ < ‘7 - 1‘ mgx\my| + |m(2) — mg(2)].

Using Bennett’s inequality, Lemma B.3, we see that max, ‘% — 1‘ = O(y/log N/d). Moreover, it can be
proved that ™ = my. +O(y/log N/d), see for instance Lemma 2.34. We can conclude that for d > log N,
1
Gur(2) = +o(1).

Uy — 2 — My (2)

This was known for d > N¢, ¢ > 0, from [30]. The next theorem closes the gap between their results and
Theorem 2.4.

Theorem 2.6. For (log N)'t* < d < N*®/12

) log N
max Gay(z) — ﬁymfc(z)‘ = (’)< gd ), Vz € Sk,R- (2.12)
Remark 2.7 (Extension to generic sparse Laplacian matrices). It is interesting to consider matrices M as
defined in (2.5) but with more general conditions on V', H and R. The matrix H is typically viewed as some
Wigner matrix and the conditions given by (2.2) are already quite general. A possible extension could be to
modify the law of V', making it independent of H for instance. or to replace the factor d/,/7 in the definition
of R by some 0 < f < N is some rank one matrix (see for instance [5, (4.1)].

As will become apparent from its proof, Theorem 2.6 is easily extended to this setup. However, the techniques
used in the proof of Theorem 2.4 require some control on the relationship between the quantities «, :=
>y Hgy, and v,. For instance, in our proof, we need to know that if |a, — 1| > ¢ > 0 for some constant
¢ > 0, then |v,| > 1. This is not true in general, as the simple example where H, are i.i.d. with uniform

_A12 /12
N1/29 N1/2

weighted random graphs, should be amenable to similar proofs.

probability distribution on [ } shows. However, we believe many natural models, for instance,

Consequences and limits of the local law

Once a local law on some random matrix ensemble has been proved, many useful consequences can be
drawn. A very important is the delocalization of the eigenvectors associated with the eigenvalues present
in the interval of the local law. In this section, we use the following convention. If A € R is defined as the
eigenvalue of some Hermitian matrix H, then w) denotes the associated eigenvector.

Corollary 2.8 (Eigenvector delocalization in the bulk). Let k > 0 and R > 1. Let us consider the Laplacian
matriz of the Erdds-Rényi graph L and write w,, 1 € Spec L, the eigenvector associated to the eigenvalue
w. There exists D > 0 such that if Dy/log N < d < N“/12, then

Iwullo = O(N=1),  Vue[d-RVA.d+ RVd

Proof. Let pu € Spec L such that |p — d| < RVd. By (2.6), we know that w,, is an eigenvector of M for the
eigenvalue A = %(u —d—d/N). Applying Theorems 2.4 and 2.6 with R as R+ 1, and choosing the random

spectral parameter z := \ + in with  := N~!** we find a constant C' > 0, such that

n 1 e
C>ImG(z) = Y me»(/ﬂ)\Q 2 5|WA(]€)|2 = N |wa (k)%
N €Spec(M)

This shows the claim. O
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Localization on tuning forks and trees

Follow the construction in [5] using tuning forks. The same argument works here. We can even use a (longer)
perturbation argument to show localization happens on big starts.As d gets closer to y/log N, isolated trees
of size v/d will appear outside of the macroscopic connected component. Such trees can have eigenvalue of
size Vd (for instance the star on d —1 vertices). However, restricting the spectral analysis to the macroscopic
component does not solve this issue, since tuning forks of size d also appear with positive probability, giving
rise to eigenstates with energy v/d localized on 2d vertices.

Figure 2.1: A tuning fork of size 2 times 5 and a star of size 5.

Partial localization outside of the bulk

In this subsection, we give a heuristic argument on why the conclusion of Corollary 2.8 cannot hold in regions
of the spectrum where the density of states of the entries of V' is o(1). We know that this argument could be
made rigorous by following the arguments of [5, Theorem 3.4] but for the sake of brevity we restrain from
doing so.

The argument relies on the fact that M can be seen as a perturbation of the diagonal matrix V by the
matrix H. The size of the perturbation is small compared to V. Indeed the entries of V' can become very
large (see Lemma 2.48) while we know (see Proposition 3.25) that with very high probability

log N
d

|H| <2+C . (2.13)

Suppose R > 1 is an energy that depends on N such that the number of vertices with normalized degrees
close to R is polynomially small, i.e.

%Hx E[NI:R—¢<v, <R+o|} x N2 VAN~2=0(1), ||H|=0(1), (2.14)

for some constant ¢ > 0 and some quantity ¢, that may depend on N. Let us call V := V(R, ¢) the subset
of vertices that contribute to that set.

Remark 2.9 (Relevance of the assumptions made above). Compare (2.14) with the analog condition in
the bulk (2.109). Note that the entries of V' can be morally thought of as identically distributed, weakly
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spec(M) for N = 2000 and d = 1.2log N

1.01 N
. 140
0.8 Tte r120
‘e :. .
o - 100
0.6 - ’
[ B
Moo .
Number of eigenvalues
0.4 1 - 60
- 40
0.2 A
F 20
00 ° 0
—Vd 0 maxg Uz

Figure 2.2: For the above simulation, we used a scatter plot (A, ||[wy||%), A € Spec(M) to illustrate the
negative correlation between the density of states in some region of the spectrum and the delocalization of
the eigenvectors in that region. The lower-left point corresponds to the trivial eigenvector iNe. The bulk
of the spectrum can be identified by the region where the green dots are the lowest and the density of states
is high.

correlated, normal variable in the regime d >> log N. Therefore (2.14) is satisfied for E = y/clog N, ¢ € (0, 2).
The argument is the same for R < —1, as long as R > —+/d (remember that L is positive definite and thus
Spec(L) C [~Vd, +o0) by definition).

For ¢ > 0 and d = (log N)?, all the conditions of (2.14) are satisfied.

Suppose A € Spec(L) N [R — %, R+ %] and w), is the corresponding eigenvector. We will show that

2
2

[walyel|, = o(1). (2.15)

From (2.15), we will immediately be able to conclude that Hw,\|VH§ > 1 — o(1) and thus, by Dirichlet
principle,

[wi”. > N=¢/2 3 N5
o0

for any K <1 —c¢/2.

Since the matrix M can be seen as a small perturbation of the diagonal matrix V', we could expect that
if A € R were an eigenvalue of M close to R, then the eigenvector wy would be supported mainly on the set
V. Let us introduce the projection operators

Mi=>» 1,15, HO=1-1L
eV

Projected on Ran(II), the eigenvalue eigenvector equation for (A, wy) becomes

0=TI(M — N)wy =II(M — ) (I + ) wy = (IIMII — X\)[Iwy + IIMTIw,. (2.16)
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From (2.16), we deduce
_ 1 -
IIwy), = =——=——1IMIIw,. 2.17
oo (317

By (2.3) and (2.14), we find that
e < Xlva= o, |mam) <c.
Since V is a diagonal matrix we see that
Spec(V) = {v, : @ € [N]}, Spec(IIVII) = {v, : © € V}.
We conclude that if ¢ > 2C
Spec(IIMII — \) CR\ [R— ¢/3, R+ ¢/3]. (2.18)
Using the fact that e*wy = 0 and that V is diagonal and R is a multiple of a projection, we find
|TMTIw, || < |TTHTIw, || < C.
Thus, (2.16) yields

[TLrwa || < % =o(1), (2.19)

as soon as ¢ > 1.

Outline of the proof of Theorem 2.4

The Laplacian matrix is an instance of so-called deformed matrix ensembles. Such ensembles consist generally
of a mean-field matrix appropriately normalized to which a diagonal term, called the random potential is
added. In some cases the potential is completely decoupled from the rest of the matrix: the distribution of
the diagonal entries is arbitrary and the strength of the perturbation can be tuned by an external parameter
see for instance [37]. In the case of the Laplacian matrix, the diagonal entries are obviously correlated with
the off-diag entries. Moreover, they have an unbounded distribution as seen for the Central Limit Theorem
approximation (Lemma 2.52) This model has been studied up to values d > N¢, « > 0, in [30].

Our proof differs from the preceding works in four ways. To begin with, we do not show convergence of
g towards the deterministic function m¢. but only to the solution of (2.9).
The second difference is one of the key instruments to reach the scale d > +/log N and was largely developed
[5]. In that paper, the authors introduced the notion of typical and atypical vertices, characterizing those
x € [N] for which the quantity

(2) I
St i= 3 (1Ha* = ) G52
Yy

does not concentrate well. Although some non-trivial adaptations are required to make this line of argument
applicable to our setup, the structure of the proof is similar.
The third difference is a new observation. In most local laws, the bootstrap assumption simply passes the
information that G, is bounded uniformly in z,y € [N]. In our proof, in we need more information, namely
(i) that the diagonal entries of G' are comparable with v, ! for large degrees;
(ii) that the off-diagonal entries of G’ are smaller by a factor of d—1/2
entry.

than any of the corresponding diagonal

This information is encoded in the definition of the bootstrapping event 6 defined in (2.24) and their deriva-
tion from large deviation techniques is fairly routine (see Proposition 2.32).

The final difference is technical and has to do with the ability to control multilinear large deviations of
sparse random vectors. It expands on the techniques developed in both [30] and [28] and uses in addition
the tweaked information found in 6.
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2.2 Typical vertices in sparse regimes

Throughout this section v/log N < d < (log N )3/ 2, This section is devoted to an adaptation of the argument
of [5]. The notion of typical and atypical vertices is introduced. Both the definition of typical vertices and
the structure of the proof are identical, the techniques employed are however different.

Lemma 2.20

—

Proposition 2.12— Lemma 2.15

Lemma 2.16 Lemma 2.21

i

Lemma 219 ~ . Temma2.17* Lemma 2.18
T

Figure 2.3: Dependencies in the proof of Proposition 2.12. The statements written with a star rely on
estimates from Section 2.7. NotThe main erre that in Lemma 2.23, we use Proposition 2.32 in order to avoid
rewriting the same argument.

Lemma 2.24 * Lemma 2.22 Lemma 2.23*

Definition 2.10. For z € [N] we define M®) := (Myy)eyenp\T to be the submatrix of M with the xth
line and column removed. We generalize this to any T' C [N]. We write

G (z) = (M(T) - z)_l. (2.20)
We define AT and H™) in the same way.

Let us introduce the main error parameter
log N 1/3
G = a( o8 ) , a>0. (2.21)

The following definition is an analog of [5, Definition 4.6].

Definition 2.11 (Typical vertices). Let a > 0 be a constant, and define the set of typical vertices as
Ta = {'T € [N] : ‘(I)a:| v ‘\Il:c| < Qﬁa}a (2'22)

where

(z) (z)

U, = Z(|Hw|2 _ i) (=) Z<|Hw\2 ) (2.23)

Y

Note that the matrix GT) and (H,,: y € [N]) are correlated (see Definition 2.13). For this reason,
the term W, is not amenable to large deviation estimates in the usual way. This is a major source of
complications.

The bootstrapping events that control the entries of the Green function all depend on the parameter
I':=T(x) > 0 which will be chosen large enough later. For p > 0 we define

od(r) = ]-maxm,y|Gl,y|§F7 eo(p) = 1max1¢y[1\7] Doy |Gayl|<ps al(r) - lmlnze NGzl (.VT)>1/45

(2.24)
O(T, p) := 04(I')0o(p)0:(T)
where we introduced the quantities
Uy :=|vy —Rez|, Upy:=1V0;V0, xvy€l[N]. (2.25)

The following proposition is the analog of [5, Proposition 4.8].
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Proposition 2.12. There ezist p,q € (0, 1), depending only on ', and a > 0, depending on v and q such
that on the event {0(T',p) = 1}, the following statements hold with very high probability.

(i) Most vertices are typical

TS| < exp(qpad) + N exp(—2qpad). (2.26)

(i) Most neighbours of any vertex are typical

(z)

> | Heyl? < 8¢ (2.27)
yeTS

Note that for v/Iog N < d < (log N) we have (log N)/¢ < ¢2d < \/log N, and therefore (2.26) implies

7] < exp(y/log N) v N exp(—(log N)'/®) < N exp(—(log N)'/°) (2.28)

with very high probability.
The rest of this section is devoted to the proof of Proposition 2.12. We will need the following definitions.

Definition 2.13 (Decorellated submatrices). For T C [N] we define M(T) to be the N — |T| x N — |T|

matrix as

M) = Hyy — 60y Y Hou — Ray.
ueT

For u ¢ T we define M(T%) = (M;Z’"))z’yeN\TU{u} to be the minor of M (™) obtained by removing the u-th
row and column. We define

1

GM(z) = (M) —2)", G (2) = (AT — z)_l. (2.29)

In Appendix A.1, we recall the standard identities that relate the entries of G and G®), for z € [N]. For
x € [N] the entries of G(*) and G®) are related by the by the second resolvent identity (A.3)

(@)
GW =G6%) N GOH,GY, bt

The following definition has no direct analog in [5] but it is a generalization of [30, (3.1)].
Definition 2.14. For z € [N] and T' C [N] we define

(Tz) 1N ~ (T'z) 1
\I/gT) = Z <|Hmy|2 _ N)Gl(ljl;m)’ (I)ECT) = Z (ley‘Q o N)’

Yy Y

and
T = {z € [N]: 1@ v [w{] < ¢a}.

Note that @55@) =&, but \pg‘” #+ W, since G®) # G(*), The following is the analog of [5, Lemma, 4.15].

Lemma 2.15. There are constants 0 < q < 1, depending on I' > 0, and a > 0, depending only on v and
q such that, for any deterministic set X C [N], the following holds with very high probability on the event

{0(a) =1}
(1) |X 0Tl < exp(qpad) + | X | exp(—2qp3d);
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(ii) If | X| < exp(2qp2d), then | X N Tl < @ad.
For any deterministic x € [N] the same estimates hold for (’7;3(;62))c and a random set X C [N]\ {z} that is
independent of H®.
The proof of Lemma 2.15 is given after Lemma 2.21. The following is the analog of [5, Lemma 4.11].
Lemma 2.16. There exists 0 < g < 1 such that with very high probability, for any a > 0,
9\{,(@ - Py < ¢a 9‘\117(;8) =¥yl < ¢a,
Proof of Proposition 2.12. For (i) we choose X = [N] and use Lemma 2.15 (i) and the fact that 7, /o C 7a.
By Lemma 2.16 we have T,¢ C ( ( 5)¢ with very high probability hence

a
(@) (@)
0 |HoylP <0 Y [Hyyl

vers ve(T )

with very high probability. Using the fact that |H,,| < 245y 4 %, we find

Vd
(z) , 4 (@) 4d
S P < Sy e si@n () + 5

ye(T )

Now observe that Si(x) is a measurable function of the family (Hyy)yen) and it is thus independent of
H®) . Moreover by Lemma 2.48, we have |S;(z)| < log N < q2d, for any fixed ¢ and a, and so |S ()| <
exp(2qp2d). Applying Lemma 2.15 (ii) we find
(z) d
Hayl? < 4pa +4— < 8¢a.
D Hayl <dpa +45- <8¢

ye(T)e
This concludes the proof. O
For T' C [N] we define i = Z;T) H,, and
(0 = ‘vg(ET) —Rez|, vg) =g v %T) V2. (2.30)
For p > 0, we define the following analog of (2.24),
My .— ~ (T) _ M)y .— -
od (F) T Tmax, yer |G§};)|§2F’ 90 (p) T Tmaxgy p yeT \U(T)G(,?,)\Sp’ 0" (F) ._ 1minmgT|G§£)|(5;T)VF)21/167

6 (T, p) == 6" ()6 (p)6!™ ().
(2.31)

The following lemma is the analog of [5, Lemma 4.14]. However, its proof is much more involved in the case
of M because in general, for T C [N], the matrices G and H™) are correlated.

Lemma 2.17. There exists ¢ = ¢, depending on v and k, and p > 0, depending on I, such that, for any
v >0 and any deterministic set T C [N] satisfying |T| < ¢, d/T?,

6(T,p) xrrglj%léi?\ <4r, (2.32)

and

0(T, p) max |G{T™) — G<T>|< L yer (2.33)
T,y : d

=y \/>
hold with probability 1 — O(N~V).
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The proof of Lemma 2.17 is postponed to Section 2.3.
The following lemma can be compared with Lemma 2.48.

Lemma 2.18. Let T C [N] be deterministic. Then if d|T| < v/N, we have

< .
;rel?Iffc]{Sl(x)ﬂT’ <C, (2.34)

with very high probability.

Proof. Let € [N]. Then Z, := |Si(x) N T| is a binomial random variable with parameters By, ,,, n := |T|,
pi= %. By Lemma B.3, we see that

IP’(ZJlc —u > s) < exp(—,uh(a/u)), s> 0,

where h(z) := zlogx — x + 1 is defined in (B.1) and p = EZ, = % By assumption on d and [T, p < 1
and we find

]P’(Zw >C+ 1) < eXp(—C’[log(géY') D < N-C/4,

Choosing C' = C,, large enough and applying a union bound, we get the desired result. O
The following is the analog of [5, Lemma 4.15].

Lemma 2.19. There is a constant 0 < g < 1, depending only on ', such that the following holds with very
high probability.
For any deterministic T C [N],

0DP(|0D)| > e| HT)) < e32"d gDp(|uD)| > | HD)) < ¢=320="d, (2.35)

Moreover for any u ¢ T,

A 1
(T — (1) — 0@, o (v _g() = T4+a,)( =2 +2)). 2.
5 2 =007, (vl o) o\ +a){ 7ty (2:36)
and
1+«
o(v? — v, :o( ”C) 2.37
(v ) =0 (7 (237

Note that #(T) is measurable with respect to H(T). This explains the position of #(7) outside of the
conditional probability in (2.35). Due to the correlations inside of M, that lemma has weaker bounds than
its analog in [5].

Proof of Lemma 2.16. Follows from (2.36) for T' = 0. O

Proof of Lemma 2.19. Since G and 0T are measurable with respect to H(r), we can use (2.83b) in
Proposition 2.38 with ¢ = T'd=/2 to get
HD| < 6F\/7.
- d

r

(Tx)
T 2 Tx
)Z H N z(;y)

Applying Chebyshev’s inequality with r = 32¢e%d and g = m, we find

Q(T)[ED(\I;(T) >e) < g r < e—q62d.
r="7=\e\d -
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The large deviation bound on <1>ch) is proved similarly using Proposition 2.38 with a; = 1.

Equation (2.36) is a comparison argument and is derived similarly to [5, (4.32)] but using (2.33) instead
of [5, (4.25)]. Note that the bounds we obtain are weaker than their counterparts.

On the event {9 = 1}, we know that with very high probability maxm7y,z|(~¥fy)| \% |G§czy)\ < 2T", by Lemma
2.17. Therefore (2.37) follows from (A.8) and a double application of (2.97a),

T x T ~x C(O{w + 1)
92 G< ) — G < 0(a, + 1)max |Gy = G| < ==2——.

O

The following lemma is the analog of [5, Lemma 4.12]. Its proof is postponed to the end of this section.

Lemma 2.20. There exist p,q > 0 depending only on ', such that, for any constants v,a > 0, the following
holds with very high probability. If x ¢ T C [N] are deterministic with |T| < pad/C then

P(T C T, 0(p) = 1) < e ¢TIy cN =,
P(T € (T.5))",0(p) = 1) < e el L N,

a
Before proving Lemma 2.15, we need one last result, which is the analog of [5, Lemma 4.11].

Lemma 2.21. There exists p > 0, depending only on T', such that for any deterministic T C [N] satisfying
IT| < 5% we have 6(p) < 6T (p).

Proof. For p > 0 small enough and C = Cl the assumptions of Lemma 2.17 are satisfied. Using the bound
(2.32), we conclude that 6 = 89(T) with very high probability. Since # < 1, the proof is complete. O
We are now ready to prove Lemma 2.15. The proof is essentially built around the same blueprint as the

one in [5].

Proof of Lemma 2.15. Throughout the proof we abbreviate Pg(Z) :=P(EN {6 = 1}). Let C be the constant
from Lemma 2.20, and set

Cv\1/3
- (471) . (2.38)
For the proof of (ii), k = ¢ad/C and use Lemma 2.20 to estimate
X
PXNTpl 20 s 3 Ry C T < () et e en )

YCX:|Y|>k
< (|X|e—4q¢§d)k +C|X|kN—u < e—2qtp§dk _’_Cqutpide—V < N—2an/C +CN2anC_V.

In the second step we used Lemma 2.19 and in the final step the assumption d < (log N)3/2.
To prove (i) we estimate for ¢ > 0 and [ € N,

1

Po(I XN Tl >8) < D Polwi € T i € 1))
T1,...,L1EX

Choosing | = ¢ad/C, regrouping the summation according to the partition of coincidences, and using Lemma
2.19 yield

c 1 s — 2d|w —v
Po(IX N Tl 2 1) < 3 > x|l (e tagadil 4 N )
TEP;

ZZ<>ZI et 4 vy _ (XI55 O (1 X))
t
k=0

#
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Here we denoted by P; the set of partitions of [/] and we denote by k = || the number of blocks in the partition
m € P;. We also bounded the number of partitions of size k by (,i)ll_k. Using | = ad/C and choosing

t = et9ad 4 |X|e*2q9"id as well as C and v sufficiently large gives, using d > Cy/log N, | < %% < N~V,
Moreover since d < (log N)3/2? we get e~22%2d < N=v_ Therefore

Py (| X 07:/2| >k)<CN7".
To obtain the same statements for (7;(72))6 we estimate

Po(1X N (T50)l = k) S E[Bo(1X N (TG = k, 09 (p) = 11X)] + P(0©) (p) = 0,6(p) = 1).

Now, since the set (7;(/2))"’ and the indicator function #(*) are independent of X we bound the conditional

probability as before. Finally P(§(*) = 0,0 = 1) < N~ is a consequence of Lemma 2.21. This concludes the
proof of Lemma 2.15. O

Proof of Lemma 2.20. Throughout the proof we abbreviate Pp(Z) := P(EN{6 = 1}). Let us define the events
Qz = {|(I)z| 2 903/2} U {|\Ijz| 2 Qoa/Q}v QC(ET) = {|(P(IT)‘ > @a/4} ) {‘\II:(ET) > (pa/4‘}‘

We have

P(T C T 0 =1) =Py ) 22),

zeT
and using a union bound we deduce

Py ( N Q) <Py ( N Q&“) + > Po(|Pr — ) > pas4)
xzeT zeT

zeT

+ Z P9(|(I)x| < Pa/2s |\I/:c - \IISCT)‘ > @a/4)-
zeT

The first term is an intersection of events that are independent after conditioning on H(™). Using (2.35) we
find

Pg(ﬂ Q;T>) - E[H P[Q;T>\H<T)H < e davadlTl, (2.39)
zeT x€eT

On the event {6 =1} N {|®,] < ¢a/2}, using Lemma 2.18 and (2.36), we find that

Si(z)NT| [T I
PO g < (14 o) (EOTE TN o LT o
| T T |—C( +Oé) \/a +d <C \/8+d > Pay/4,

holds with very high probability. Moreover observe that if ®, < ¢, then «, <2 and, using (2.37), we have

C
’\1135 - qjg”‘ < —= < Pays;

S

with very high probability. We conclude that ¥, — \I'g) < ¢a/4- Therefore, choosing a large enough, we see
that the right-hand side of (2.39) is bounded by CN . This concludes the proof. O
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2.3 Proof of Lemma 2.17

Throughout this section, we work on the very high probability event defined in Lemma 2.48, we fix T' C [N]
satisfying the assumptions of Lemma 2.17. After a relabelling of the vertices, we can suppose that T =
{1, cee |T\} Let us introduce the following variables.

Ty =1V max |GUD], Py = max |(V(k,2)GBD) 7|, Qp = max |V (k, 2, y)GID).

where
V(k,z,y) = 2max (@) 0" 1), V(k,2) := V(k,2,2).

In particular not that maxy |V (k, z,y)| < log N with very high probability by Lemma 2.48.
We also introduce the following quantity that bounds the maximum of the Green function entries and
all of its submatrices at stage k,

£(0) = (G450 | |G |G,

T,Y,u

where the maximum is taken over all u ¢ [k] and then over all z,y ¢ [k] U {u}. Note that T'(0) is exactly T’
defined in (2.54).

The key difficulty is to show that, as we increase k, the entries of the Green functions remain bounded.
We focus on this issue in the proof of Lemma 2.17. However, we need a priori bounds on P and Q. We
also need to be sure that I'y; is not too large if I'y is bounded. These facts are the contents of the two
following auxiliary lemmas, which are proved at the end of the section.

Let us define

ng) := 1V max |G{FA+D],
Lemma 2.22. For any I' = O(1), there exists p > 0, depending only on T, such that on the event {Qk <
2p} N { Py, Ty, <T},

- cr
D(k) <2T%, Qui1 < ——, Pip1 < 2P (2.40)

\/a 9
In particular F,(:r) VTt <21 holds with very high probability.

Lemma 2.23. For any I' = O(1),
1 -
5 < Vi k)|GEP <1012, ¢ k], (241)

holds with very high probability on the the event {T'(k) < T'}. In particular, P, < 2 holds with very high
probability on that event.
Proof of Lemma 2.17. For a deterministic set A C [N], we introduce the random variable

Ak, ) = [{Si(x) N[k}, = € [N]

and A(k) := max,en) A(k, ). We will prove by induction on & that there is C > 0 such that with very high
probability

64CT?

64CI? ) —A(k,z)

k
Vi )

max(l +

xT

G <Ty (1 +
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for all k£ € N satisfying k < %. In particular, by Lemma 2.18, max;<j<|7 A(k) < C with very high
probability. Therefore (2.42) implies

64\(/,’;2)A(k) (1 . 64CF2)k < 9T, < 4T,

It thus suffices to establish (2.42) to prove (2.32).

The initialization k£ = 0 is trivial. Suppose the induction holds up to k£ and denote z = k + 1. Then by our
upper bound on k, we know that 'y < 2I'g < 4I". Therefore by Lemma 2.22 (renaming I" as 4T"), for p > 0
small enough depending only on I', we have with very high probability,

cry
\/a )
By induction hypothesis, I', < 2I'g < 4T, we conclude that for any constant p > 0, Q41 < % < 2p holds
with very high probability. Since T'(k) < 4T' = O(1), we can apply Lemma 2.23 with I" replaced by 8I" and we
find that Px11 < 2 holds with very high probability. Thus we have proved the second and third inequalities
of (2.42).

Of course (2.43) is not sufficient to establish the first inequality in (2.42) if we want |T'| to be comparable to

d. We will now improve on those estimates using Proposition 2.49 and with the stronger control Q41 < %.

Ty < To(1+

IV <T(k) < 2%, Qrps < Poi1 < 2P (2.43)

The starting point is the equality
GUE1D = GORD 4 (G [k.2) _ & k])) 4 (@%@m) _ @95],9)_ (2.44)

We expand the first term on the right-hand side of (2.44) using (A.8b) with T = [k] and v = z. Using

Lemma A.1 and |Hg,| < Kd='/?, we find
(+)
< AT f?
77

(+) 2
/F
<AL fA =%, f
Nn

Using (2.97a) Proposition 2.49 we see that, on {Ffj), Pry1 < 2T':}, and using again the fact that T'y, = O(1)
to check (2.96), we find

(Tw)

p (k)
‘ G(k])ZG( )

[k] ZG([k Z)

([k+1]) C
H, G( (K],2)| « 2K
|3 o] < G
and
([k+1D) ([k+1D)

~ ~ ~ crs 16I°CT
([%) ([k],2) ([Fl.2) « 22k k
Gzz Za: H’WlGay za: H’U«U«Gax S d S d I

hold with very high probability. Using the fact that d, f = O(NT/6) and I' = O(1), we conclude that

(2.45)
holds with very high probability.

Using (2.43), (A.4) and (2.98b) of Proposition 2.49 with T' = [k], u = z, I(T) = 4"y, and Q(T U {u}) <
CTyd /2, we find that

[k+1]
r r
G([k+1 G( K],z Z G( z)H G [k+1) <1 _yA“(i/Ek + Cle, (2.46)
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holds with very high probability for x,y ¢ [k + 1]. Plugging the previous estimates into (2.44), we find that
6412C

max|GUF1D| < (1 +
zFy Y

~ R 472
>Fk, max|GUFD| < (1 + 644sk+117C + 6 C>G D),

Jd d

We deduce from the induction hypothesis that

~ AT2C \ Aza+A(K,) AT2C N k+
e 1+

Vd

holds with very high probability. Now using the fact that A, + A(k,z) = A(k + 1,z), we can conclude the
proof of the first inequality in (2.42). This concludes the proof of (2.42) and the induction.
Equation (2.33) follows from (2.44), (2.45) and (2.46). This concludes the proof. O

GV ITo, @ ¢ [k + 1],

The rest of the section is devoted to the proof of Lemmas 2.22 and 2.23. We first prove this simple
consequence of Lemma 2.47. Let us denote by || X||, g = (]E[|X|T|H(Z)})1/T, for X a random variable.

Lemma 2.24. LetI' >0 and T C [N]. Suppose max, ygr |é$)| <T. Then
|HaZHG(z) z € [N]\T,
2 o

holds with very high probability
Proof. Let us fix x € [N]. Let Z, := |H,o| — E|H,,|. Then

4\/ﬁ7d3/2<4\/ﬁ
N N2 = N’

IE||I{za| *E|Hza|| S E(|Hza| *]E|Hza|)2

Using Lemma A.1 and the fact that G® is measurable with respect to of H*), we can apply Lemma 2.47
with v = N=%/* and " as T to get

Setting » = vlog N, C > 64evI’ and using Chebyshev’s inequality yields a bound in very high probability.
We conclude that

(2)
> (1Heal ~ EIH.a])|GE)|

a

1 64rl’

I N*.
pme  Vdl+rlog N’ e

*)
ZIHzaIIG(Z = (IHual = E|H.o|)|GE)| + ElHa IZIG(Z)

a

P\F cr

— f N/{/4 - \/&7
holds with very high probability. In the second inequality we used Lemma A.1. Since x was arbitrary and
all bounds hold with very high probability, we conclude. O

Proof of Lemma 2.22. Without loss of generality, we set k = 0, g = 'y and k+1 = 2. Let V(x) := V(0,z, x)
and V(z,y) :=V(0,z,y) and

-1
') = max ’Ggfy)|, P& = max ’ (Gg?V(x)) ‘, QW) = mjx‘V(gc, y)chz) :
T,y x THyY

We will first prove that

4 4
r < gro, QW <4p, PH < gpo. (2.47)



38 CHAPTER 2. DELOCALIZATION IN THE BULK

We choose p > 0 such that p < 4F Applying (A.7), with T'= () and for z,y # z we find

el 8p*
v b 2V(z) STo+ 2 <
0

p
Vi, 2) V(z,y)

4
F()7

GH <G, ]
GG < Gy + -

<Toy+

where we used that V(z), V( ) < V(z,2) and 2T < V(z,y) and 8p? < I'3. We conclude that T'H) < 4T,

If © # y, using |G| < V(x 5y we find

2p D D
Viey) | Vo) Viwy) =

|V (z, G(Z{<ny)[

We conclude that Q() < 4p
If 2 =y, using |G| < 25 oy and V(z),V(z) < V(z,z), we find

GG 1 eMe;
(Z) o xrz zZT — _ rz 4
‘V(az)Gm ‘V(x) (Gm + G.. ) V(2)Gaa 1 G..Gup
1 1_4
< ') < —P,.
T, ) =3h

Here we used the estimates Gir < PyV(x) as well as p < (4T')~'. We deduce that P(H) < 3Py. This
establishes (2.47).
We will now prove

Cly

4
r, <-r < Z2QW), p < =-pH), 2.48
153 , @1 fQ 1 < (2.48)

The proof is then complete since combining (2.47) and (2.48) yields (2.40) with very high probability. Since
z = k + 1 was arbitrary, I'(k) < 2Ty follows from (2.48) and a union bound.
Using (A.4) and Lemma 2.24 with ' = T'y, we find

3CToI;
2v/d

holds with very high probability for any z,y # z. We find that (1 — C—\;di’)Fl <1 < %FO and therefore

()
G2l =68 +ZG JH.,G)| < T 410 Z\HzallGay\_*F + (2.49)

Fl S 2F05

holds with very high probability. If z # y, then we can multiply (2.49) on both sides by V(z,y) by
substituting Q,(j) for T(H). Since Ql(:r) < 4p, we find Q1 < 8p.

Observe that the bounds derived on I'y are independent of the choice of z and since those bounds hold with
very high probability, they can be derived simultaneously for every possible choice of z. We conclude that

max|G($)| VIGS)| < 2To,  max x LV (a, b)(|G v |G(””)|) < 8p, (2.50)

holds with very high probability.

We conclude that the event I'(k) < 2I'g holds with very high probability and since I' = O(1), we can
apply Lemma 2.23. From (2.41) we see that there exists a constant C' > 0 such that max,c(n) V (2)|Gra| <
40T'3 < C with very high probability. Let z # y and suppose, without loss of generality, that V(y) < V(z).
Using (A.6), we find the identity

(z)
V(2)Gay = V(x MZHMG " + MZGW
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The second sum can be controlled by CfvToN—* < Cd~'/? after using Lemma A.1. For the second term
we use Proposition 2.49 (2.97a), with I' = 2Ty, and find that

()
CTy, _ CTy

H, G| <02 <=2
Za: ! Vd ~ Vd

holds with very high probability. If V(y) < V(z) we permute = and y in the above equation. We conclude
that Qo < C—\;dﬂ. We can use this bound and (A.8) to find that

x %z,

V()G

I'V(z,y)V(z) 2CTy
GYlI<Vv Gayl +V GM| o| I <90, <

V@ GE < VG + Ve n|Grel 2] < Qo+ g <200 < 220 a2y,
holds with very high probability. Since  and y are arbitrary we deduce Q+ CT

We will now prove @)1 < % from which (2.48) will follow. Let & # y and suppose, without loss of generality,
that V(y) < V(zx). Using (A.4) we find

(xz)
G = O~ Y G LG5~ G, O
a

Multiplying on both sides by V(z,y) = V(z) and using Q(+) < % we find

(zy)
~. 2KT
~(z) (+) (2) (2) ()| 22220
V(@)|GY)| <Q +§j|G (18] max (V ()| GE2]) + V()| G T

Using Lemma 2.24 with T" as 2T"y, we deduce
Ccry
G <2 <+>(1+ )
V()G <2Q 7
If V(z) < V(y), we exchange the x and y in the above equations and we can replace V(z) by V(x,y) in the

last line. Since z and y were arbitrary, we deduce that Q; < 4Q(T) < %. This concludes the proof. O

There only remains to prove Lemma 2.23. Note that in its proof, we use a result from Proposition 2.32
(the very high probability bound (2.65¢c) to be precise). There is no logical loop, the only hypothesis of
Proposition 2.32 is I'(0) = O(1) and we do not use Lemma 2.24 in its proof.

Proof of Lemma 2.23. Without loss of generality we let k = 0, k+1 = 2, 37)(z) = ©(z). Let z € [N], © # 2
and V(z) = V(0,2). We want to show that

< V(2)|Gee| < 1072, (2.51)

|~

holds with very high probability. The starting point is the algebraic identity (A.2)

(zz) (zz)

1
=y —z— Z H2,GY) +Y, =i(z) —Imz — Z HZ,GY 1Y, (2.52)

GICIJ

with Y, defined as in (2.64). Using Proposition 2.32 below, we see that Y, < % with very high probability
on the event {I'(0) < I'}. Moreover, by definition we have

(z2)
> m6l) = 5 e o5 )

y~x
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and that v, = \/&(am —1) and a, = f + 1.
Suppose |7,| < 2I. In that case V(x) = 2I" and a, < 3 since 7 < 1. We immediately have |G, |V (z) <
212 and

cr

Vd

Dividing the above inequation by V(z) and using the fact that T' > 1, we see that (2.51) holds in that case.
If 2T < |9, < Vd, then V(z) =20, and a, < % and we find

1
G:EZE

V(2)|Gea| < <6 < 10T2.

1

2 5(x)+31“+§* o(z) — 37 — €L
Using the fact that al = O(d_l/ 2)7 we see that the right-hand side of the above equation satisfies the lower
and upper bounds of (2 51).

Finally suppose vd < |#(z)|. Then 35y < 2 and from (2.52) we see that

1
‘G = V(x)(1+O('/d)) + OC/Va).
where we used #(z) = V() (1 + O(d~%/?)). Multiplying the above by V (z) yields (2.51). O

2.4 Proof of Theorem 2.4

In this section, we prove Theorem 2.4 and assume d < (log N )3/ 2 throughout. Let us define the error
parameters, for T C [N],

1

Ag(T) := I;lea%ilex — My, A (T) := max Gaz — 2SS, By | Ao = r;lﬁ;(|Gzy| (2.53)
The goal is to prove that A,([N]) is small. As an intermediate step, we will show that Ay4(7T) is small for
T = T, the typical vertices. For d <log N, that A;([N]) we cannot show that is small. Indeed for atypical
vertices, m; might not be a good approximation of GG,,. On the other hand, off-diagonal entries of G are
always much smaller than 1, and this explains why A, is introduced.

Let us also introduce the quantity T', that bounds the entries of the Green function and its associated
modifications,

I = maX\ny\ v |G Ivare (2.54)

xy|

where the maximum is taken over all z € [N] and z,y € [N]\ {z}.
Let us introduce the following set of self-consistent equations.

Definition 2.25 (Restricted quadratic vector equation). Let v, € R, € [N], v = (vg)¢en) € RY. For

X C [N]. We define the vector m := (m¥X"¥),cx to be the unique solution of

1
mii(:%—z |X|;{my, re X, zeH, (2.55)

such that m7¥ € H, for all z € X. We also introduce

IX\ > omy (2.56)

zeX
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The vector m satisfies the following stability and uniqueness result which is the analog of [5, Lemma
4.16]. The condition |[Rez| < 2 — 7, which in that paper insures that the imaginary part of m is bounded
away from zero, is replaced by (2.57) in our lemma.

Lemma 2.26. Let X C [N], (vz)zex € RY and m = m™*" be the solution of (2.55). Let 7 > 0 be such that

Im(ﬁ Z my) >T. (2.57)

yeX

Assume that for two vectors (gz)zex, (€2)eex € C¥, the identities

1 1
e B (2.58)
e | X :

yeX

hold for all x € X. Then there are constants b,C € (0,00), depending only on T, such that if max,cx|g. —
my| < b then

max|g, — m;| < Cmaxe,. (2.59)
rzeX reX

The proof of Lemma 2.26 is deferred to Section 2.8.
The condition (2.57) is here to insure that we are in the bulk. Recalling (2.28), we anticipate that our result
should hold even if we remove a small number of vertices. Let us define the event

—_ . . X
= = > .
1(7) {1Efz€1§1£RImm (2) _T}, T>0, (2.60)

where the first infimum is taken over all sets X C [N] such that |X°| < Nexp(—(log N)Y/6) (see (2.28)).
The next lemma shows that with high probability if z € S; g, then we are in the bulk of the spectrum. It
even states that we can remove o(IV) vertices and still be in the bulk.

Lemma 2.27. Let v,, x € [N], be defined as in (2.4). There is a constant 7 = 7(R) > 0 such that
P(E(r) >1-0(d").
Proof. We combine Lemma 2.51 together with Lemma 2.52 below. O

Lemma 2.28. Let 7 > 0 be a constant. On the event Z1(T) we have

X
sup sup |mf - mLCN]| < N *E€ Sr R, (2.61)
X zeX

where the first infimum is taken over all sets X C [N] such that |X¢| < N exp(—(log N)'/9).

The proof of Lemma 2.28 is deferred to the end of Section 2.8.
Let us define the event

- L . . 2 [N]
)= { g, (T n0) 20 ) 0 e
y

The next lemma is a local equivalent of Lemma 2.27 around any vertex.
Lemma 2.29. Let v,, x € [N], be defined as in (2.4). There is a constant 7 = 7(R) > 0 such that
P(Ea(r)) > 1-0(d™").

Proof. We combine Lemma 2.51 together with Lemma 2.53 below. O
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Lemma 2.30. Let 7 > 0 be a constant. Then there exists D > 0 depending only on T such that on the event
E1(7) N Za(7), we have

igfx:vzin—f}%— (Z ) > T/2

yeX
where the infimum is taken over all set X C [N] that satisfy

sup M < i (2.63)
z€[N] d D

Proof. On Z1(7), we have the bound max,|m,| < 1/7 = O(1). Therefore
(Y #2mE) 2 m(s Y wlE) 2w Y wMe)) - e T
d Y - d Y 7D — 2’
yeX yeXNSy(x) yE€Si(z)
for D > 2/7% where we used (2.62), (2.63) and the fact that max,cy) ’mg[cN}‘ <771t on Z(7). O

The following lemma is the standard starting point to prove a local law. It is a straightforward application
of Lemma A.2.

Lemma 2.31 (Schur complement formula). For any x € [N] and z € C4, we have

(z)
R

G(EI

where

__I + ZHMG @, [Z G H,, + ZHMGS; } Z al). (2.64)

a#b a,b

1/2
where we defined f = (ﬁ) .

Let us recall (2.24) and (2.25). The next proposition establishes bounds that are typical in the proof of
local laws.

Proposition 2.32 (Main error bounds). For I' = O(1) the following estimates hold with with very high
probability

C
1 rmax|Gyy| <T—, (2.65a)
= zFy

%

Lo max |Gy — Gyl ST—= (2.65b)

(2.65¢)

Yo s

lp pmax|Y,| <T
- x

Proof. Using (2.97a) for T = () (in which case G(T*) = G®)) and (A.6) and Lemma A.1, we find, for z # v,

f

()
Gyl < Gl HeaGD)| + G| - !ZG“
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Using (A.8a) with T' = (),we find

(u) (u)
GI’y - G u) = _Ga:u |:Z HuaG (u) + = f ZG(y)]

The size of the terms on the right-hand side can be bounded using Proposition 2.49 and Lemma A.1 to
obtain (2.65Db).
To prove (2.65c¢), we first use Lemma A.1

\Z G

and, introducing S, :== N1 Zl(,z) G((Li) we have
log N +d

(x)
N‘Zab Cap Haz| < ‘fZSH“ ,ﬁNn NG

where used Ward’s identity to bound S, < T'(Nn)~'/? and Lemma 2.48 to bound

< N*/{/G SCd*B/Q’

\/NImz

<

¢
d

< IS, \fZIHaxl

log N
|H,.,| < +Vd < + V.
Siis ¥ e ast

We use Proposition 2.50 to get

Z How G Hyo = _
T#Y d

O

We now turn to the bootstrapping argument which is the core of the proof of Theorem 2.4. Bootstrapping
is a standard technique in the proof of local laws (see for instance [14] and references therein). The boot-
strapping hypothesis usually takes the form of a uniform bound on the entries of the Green function. In our
proof however, we need more information. The bootstrapping argument will need the following conditions.

1. The two events Z; and Z3 analysed in Lemma 2.27 and 2.30 respectively should hold, i.e. S, g lies in
the bulk spectrum.

2. The entries of the Green function should be bounded, that is I' = O(1) for T’ defined in (2.54);

3. The set of atypical vertices, introduced in Definition 2.11, should be amenable to Proposition 2.12, i.e.
the condition 0(T", p) = 1 should hold;

4. The error parameters introduced in (2.53) need a priori control. We want to find a subset U C [N]
such that A4(U) and A,(U¢) are small and |U¢| = o(N).

We call a set U C [N], full if [U¢| < N exp(—(log N)'/6) and (2.63) holds. Note that the notion of full set
depends only on the constant 7. We introduce the indicator function

¢ = (I, pA,7) = Lip oy 0(L, P)13uc(N] full Ag(U)vAL(Ue) <A (2.66)
as well as the event
E(7) := E1(7) N Ea(7).

The reason we consider ¢ and = separately comes from the fact that we only have O(d~!) bounds on P(Z°)
while bounds on ¢ are with very high probability.
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Proposition 2.33. There exists T > 0 depending on k and R, constants I'; \,p > 0, depending only on T
and constants a,D > 0 depending on 7 and v such that if

Dy/log N < d < (log N)*/2,
then for all z € Sy g, there exists T C [N] which is full such that
Lo (20, 2,0, 7) < 0T, p), 12y d(T, 29, A7) (A(T) + Ay + Au([N]) < Coa (267)
holds with very high probability for some constant C, = Cy (1) > 0.

Proof. Let 7 > 0 be defined so that Z;(7) N Ez(7) both hold and choose I' = 2/7. Let p,q > 0 be chosen
from I' and a be chosen from ¢ and v so that Proposition 2.12 holds for 2p, ¢ and such that Lemma 2.22
holds for p and T'.
Then we see that T, as defined in (2.22) is g—full since by (2.26) and (2.27) respectively
c 2 d c
@ < ﬂ + e*QQW?;d < eﬁq\/logN7 sup M < 10ps < 10@*1/37 (2.68)
N N 2€[N] d

with very high probability, where we used the fact that ¢2d < »i3V1og N and we chose D > a3, Using
Proposition 2.12 (ii) and (2.65¢) we find that, with very high probability, there exist €, < 2pa, € Ta, such

that

1 (m) -

=0, — 2 — |T|2ny+q: +Y, +0<J\|[TT||> (2.69)

alyeTa

Here we used the fact that Cd—1/2 < ©a since d < (log N)3/2.
Let U be a g—full set that satisfies A, (U°), Aq(U) < A. Such a set exists by definition of ¢, see (2.66). Let
Ty :=TaNU and Ty := T, \ U and T := Ty UTy. We will show that

Aa(Th), Aa(T), Ao([N]) < Cypa, C=C(r)>0. (2.70)

Let us conclude the proof using (2.70). On the event 6(2I", 2p) we know by Lemma 2.22, that 6(2T, f}) holds
with very high probability. Using (2.65a) we see that A, < 2I'Cd~/? < ¢, holds with very high probability.
Moreover since on Z(7) we have Im % >_ye(n) Azymy = 7, we find that

Gral < 2 +0(ga) < 2 =T

\1\1\3

By Lemma 2.23 since T' < 2I' = O(1), 6;(T) holds. We conclude that (T, f}) < 6(T',p) holds. Thus it
suffices to establish (2.70) to conclude the proof.
We start with A4(T1). By definition ¢ and (2.68) we see that |T¢| < |T¢| + |U¢| < 2e9V18N and

% =1- |T‘¥‘]| >1— O(N~1/2). Plugging this into (2.69), we find

1
=vp—2— - Y Gy +es, xeTn (2.71)
Gan |T =
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By Corollary 2.28, since |Tf| < V'N we know that Imm”* > 7. We want to apply Lemma 2.26 to X = T}
with max, e = O(<pa). By definition of ¢, we know that max,er, |Gzz — mz| < A and by Lemma 2.28 we
know that

max|m!M —mTr| < < exp(—(log N)/®) < @,. (2.72)

xeTy N

Therefore choosing A as b/2 from Lemma 2.26, we have

max|Gyy — mIt| < max|mN — mI| + max|Gu, — mN| <21 <,
zeTy zeT, weT

and we can conclude that max,er, |Gop — ml] | < Cya for some C > 0 depending on 7. Using one more

time (2.72), we see that Ag(T1) < Cpa. This concludes the estimate of Ay(77) in (2.70).
We now estimate A4(T%). Using the fact that max,c(n)|Gzz| < 21" we see that

[T —1/2
mz |T1|Z (|T||T1><N | (2.73)

zeT xzeTh

Using (2.73) and A4(T1) = O(pa), we see that

1 . 1NV
Im(m ;Gm) > " — O + T[T

+ g ) > 2i (2.74)

holds with very high probability. For z € Ty, using (2.69), the fact that Imm!¥ > 7 on Z, (2.73) and (2.74),
we find that

1 1 ’
Ui—z—ﬁZyeTny—Fal. vy — 2 — mY]

2 2 .
§ N]—WZGW—FSI _ﬁ‘mw]—mTl—i—Ad(Tl)—i—Zegc < Cpa,
yeT
holds with very high probability with C'= C(7) > 0. This shows that Ag(T2) = O(pa)-
Note that using Ag(T1 UTs) = O(ga) and (2.68), we have
1 _
N Z G.LL - m[N] + O(gpa), (275)

zE€[N]

and in particular Im % er[N] Guz > 7/2 on Z4(7).
We now turn to atypical vertices and the estimate of A, (7). For x ¢ T, we find from (A.2) that

(z) ()

1
G =V =2~ ZHgy yz)""O(pa)_UL_Z_ZHgy y2)+0( )
re y€Ta
(z) ) (2.76)
= _Z_Z ymy—l—O (1+az)g0a)—vz—z—z my—&—O((l—i—ax)(pa).
y€Ta Y

In the second and fourth equalities, we used the bound on max, (|mm| \Y, Gm) < I'. We now proceed as in

the proof of Lemma 2.23 and distinguish between two cases.
In the first case, if ap > 2, we deduce that v, > v/d and, using the identity o, =

>|v$<1—2F)—1—R2\/g.
Nz 2

(x)
vgc—z—ZH2 G

Yy Yy




46 CHAPTER 2. DELOCALIZATION IN THE BULK

Using (2.75), we get

G — ! ’:O(m%)%) — O(ga).

Vp — 2 — Z;‘T) H2,m, vz |7
If oy <2, we use (2.68) and Z2(7) to see that

Z szmLN] >7/2.
y€Ta

Moreover Im V) > 7 on Z; (7). Using those two lower bounds, we can invert (2.76) to find that for = ¢ T
with a, < 2, we have

1 < 4pa

— 2 >
Vg — 2 Zyenszmy T

‘Gxa: -

Now observe that wa = %Awy + O(dN_Q). We deduce that A,(T°) = O(goa). Note that the same argument
shows that Aq(T") = O(pa) from which we get (2.70). O

Proof of Theorem 2.4. Let us choose 7 > 0 as in Lemmas 2.27 and 2.29 such that =(7) := Z;(7) N Za(7)
holds with probability 1 — O(d’l).
Let E € [-R,R], L >1and z; := E+in, qx = L — kN3 for k = 0,...,k, with k, := inf{k € Z, ms, <
N—1%1 We introduce the events

Qi(T, ) == { max (Ay(21), Ao ([N])(21), Aa(T)(2x)) < A, for some full set T C [N]},

Tp(l,p) ={0(,p) =1}, T, Aqp>0.

By Proposition 2.33, we know that there exists Ci, = C.(7) > 0 and constant I, p, ¢, a, all depending, in
fine, only on 7, such that, for any v > 0,

P[(Tk(r7p) N Qk(r7 C*‘Pa»c N Qk<21—‘7 2p) N E(T)] < CVN_V7

for some C,, > 0.
Moreover, by Lipschitz continuity of the entries of G and m (see the remark after Lemma 2.51), we know
that

Tr(T,p) < Y1 (26, 2p),  Qx(T,A) < Qpp1 (21, 22),

for any constants I',p and A > %

Finally observe that choosing L > 0 large enough in the definition of 79 insures that Qg (2T, 2p, ¢) holds
deterministically since then all quantities are smaller than L~!. We can now conclude, by a standard induction
argument that there exists constants T, a, ¢ all depending on 7 such that, for any F € [-R, R],

K
H 0, (21,20 pa)lz(r) = 1z(r)
k=1

with very high probability.
Using the Lipschitz continuity and a grid of mesh size N3, we can extend this result to get

P[Ao(z) + Au([N])(2) < 4C.pa, T(2) < 4T, Vz € SK,R}
k. c
<P[E(r)°] + 2RN?P l( () Ao(E +ink) + Aa([N])(E + ink) < 4Csa, T(E + ing) < 4T, E(ﬂ) ]

k=0
<Cd '+ C NV =0(d).

Choosing D = D;g we conclude the proof. O
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2.5 Proof of Theorem 2.6

In this section, we prove Theorem 2.6. We write

T:=7(R,k) = inf Immg(z).
zESk, R
By Lemma 2.54, we know that 7 > ﬁe_Rz/Q. Recalling the definition of g from (2.8) we define the two

quantities

A= |Gy —

For v = (vz)ze[n) € RY, we define

(2.77)

meZ’U

NZ—Ul—Z—me()

The quantity My, is a good approximation of mg. as the following lemma suggests.

Lemma 2.34. Let v, be as in (2.4) and S; r as in (2.7). There exists D > 0, depending on the notion of
very high probability, such that for Dlog N < d < /N, then

log N

’ﬁlfc(zav) _mfc(z)| SC d )

zE€ ST,R7

holds with very high probability.

The proof of Lemma 2.34 is a simple application of McDiarmid inequality and is given in Section 2.9.
The next lemma is the analog of Lemma 2.26 and is stated in [30, Proposition 3.5].

Lemma 2.35. There exists c, > 0 depending only on R and k such that if wy,...,wy € H satisfy

)

i — 2 — Mye(2

< c4,

' lE[N]

then

<1+ c,.

‘ ZN T

Proof. Since R > 0 is of order 1, by Lemma 2.54 there exists 7 > 0 such that Immg.(z) > 7 for every
z € Sy, r- Following the proof in [30, Proposition 3.5] and writing c¢. = min(c1,72/16,1/7), with ¢; is defined
therein, we conclude. O

We also have the following analog to Proposition 2.32. Note that (2.78d) does not have an equivalent in
Proposition 2.32. Instead, it is equivalent to the statement max, ¥, = o(1). This is only true for d > log N.

Proposition 2.36 (Error bounds). Let I' > 0. There exists C > 0 depending on v such that for d > Clog N,
on the event I' < T we have

C
1 rmax|Gyy| <T—, (2.78a)
= xty i
Loer max |Gay — G| + 1G5 — Gl < T—= (2.78D)

(2.78¢)

SESTS

lppmax|Y,| <T
- x

@)
Z (H2, — ~ G@) <re, /e (2.784)
F<F d .
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Proof. The proof of (2.78a)-(2.78¢c) is the same as in Proposition 2.32. To prove (2.78d), we expand Géz)
using (A.4) and we find

(z) (@) M (x)
S (2, — )G = SO (H2, )G+ S0 S (H2, — 1))
Yy Yy =1 vy
(z) (z)
+> (H2, -~ ZSM y,a)HooGLY),
Yy

Let us fix M = 10. Using Proposition 2.38 (2.83c), we see that
’(f:(m - —)G(m c\/m
: yy | = d
with very high probability.

Using Lemma 2.48, we know that Z?(f) (H gy — %) < C, with very high probability. Moreover by Proposition
2.39,

CT\!
Sy, < (—=), 1>1, 2.79
mae |8i(v,)| < () (2.79)
from which we conclude that
M (x)
1 Ccr
2
=1 vy
Again using (2.79), we find that
(z) (z) M (z) M (x)
o T (CT (log N + d)
;( )ZSM Yy, a HarG d<\/g> ;|Hza|§d3/2< > Z
holds with very high probability. This concludes the proof of (2.78d). O

Proposition 2.37 (Bootstrap in dense regimes). There exists I', A\ > 0, depending only on R and k, such
that for every z € S, r, the following holds with very high probability

- log N
1f§21“,®§>\r <T, 1f‘§2F,@§A(A v 9) <C d
Proof. Let us choose I' = 2/7 and A < ¢, with ¢, defined in Lemma 2.35 and write ¢ := 1O%N. We start
by improving the bound on © to © < ¢. Recalling (2.64), we define
(z)
2oVt S0 L.
Using Lemma 2.31 and (2.77), we find
1
— 1 - . 2.80
g(Z) me NZ’U;E_Z_ )+Z ’U;E_Z_mfc(z) +mfc(z) mfc(z) ( )

Using © < X and Lemma 2.54, we find that

Im(vy, — 2 —g(2) + Z;) > Im(mg.)) — A — ¢ > 7/2, (2.81)
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for T = e_R2/2/10, A < 7/3 and d > 10log N. Using Lemma 2.35 we see that for A > 0 small enough,
depending only on 7, we have

> Cy.

1 1
’1 N Z (vy — 2 — myg(2))2

T

By Lemma 2.34, we know that | mg.(z) — 1 (2)] < Cp holds with very high probability. We conclude that
(2.80) implies that

< dmax,|Z,|

(C)

Cy 1 1 8max,|Z, .
294 5 _ Smaxe|Z,| + | mee(z) — e (2)] < Co,

1- —
N e — 2 — Mg (2))? 73

T2

holds with very high probability. Multiplying the above by 2/c. we deduce that © < Cp holds with very
high probability.

The bound on G, for z # y follows from (2.78a). For the diagonal terms we have, using again Lemma
2.31, we prove that

1

Uy — 2 — My (2)

g(Z) - me(Z) + Zm v
(ve — 2 —g(2) + Z2) (ve — 2 — mge(2)) = I‘7'2 v

‘Grm -

holds with very high probability, where we used (2.81). Using (2.78b) and Immy.(2) > 7, we see that
I' <1 4CTd='/2 <T with very high probability. This concludes the proof. O

Proof of Theorem 2.6. We proceed by induction on z; = E +iny for |E| < Rand gy = L —ikN 3 for L > 1
chosen large enough later and 1 < k < k*. Here k* := sup{k eN,n, € ST,R}. Throughout this proof we will
use I' = % for some large enough constant C' > 0. For zg, we immediately have I' < T'. Furthermore we have
for L > 2)A~! we immediately have that ©(zp) < |g(20)| + |ms(20)] < 2L~! < X. The induction hypothesis
for zg is thus fulfilled. For the step & — k + 1, we use the Lipschitz continuity, the fact that ¢ = o(1) and
|vy — 2z — myg(2)| 7! < 771, to show that

Lio(z)<min(r/2.7/2)} 2 Lo(z41)<nF<arys

which allows the induction to work.
We conclude the proof by noting that the intersection of O(N?) very high probability events is still a very
high probability event. O

2.6 Large deviations estimates

In this section, we derive large deviation estimates for multilinear forms of sparse random vectors with
independent components. The results here are independent from the rest of the paper.

In this section, we consider N € N* and ¢ = ¢(N) > 1 and X, i € [N], to be independent, centered random
variables satisfying

1 1
E|X;|*F <

2 _
E[X;|" = N > W

(2.82)
We also introduce a;,a;; € C, i,j € [N] to be deterministic complex numbers.
The following results were probed in [28, Section 3].

Proposition 2.38 (Proposition 3.1-3.2 of [28]). Let N,q > 0, X; and a;j, a; be defined as in (2.86). Suppose
that

1 2)1/2 max;|a;|
AT a; S v - S 1/%
(7 ;
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for some y,v% > 0. Then

2r
2q2 T T
‘ Z:ai(|Xi|2 _E|X2)) T < 2(1 + W) m?x|ai|<q—2 v q?) (2.83b)

If v and v satisfy
1 5\ 1/2 1 5\ 1/2
(s ot) v s ) 0. i <

then

r T 2

T

In [30, Section 3.3], the following quantities were introduced

Sl = Z Xilahiinz . ail_mXil, (2843)
7;1,...77:1

Sl (Z) = Z aiilXilailiz N ail_mXil, (284b)
7;1,...77:1

Sl (Z,j) = Z aiilXilailiz . ail_lilXilailj. (2.84C)
7;1,...77:1

Note that (2.83a) is a bound on ||S1(j)||, if we set a;; = a; for some j € [N]. The next result are an
amelioration of [30, Proposition 3.1] that controls the L™ norm of S;, S;(i) and S;(4, j).
Let us introduce the main error parameter

.7 |1 I rl ! rab L\
£i=Elnldma) = [ql e (w 1 (1 +1og(1/)/7q4)) YT +log(w/vq4)>] v (w) (2.85)

Proposition 2.39. Let X; be as in (2.82) and suppose (a;j)i,; are complex number that satisfy

1/2

1/2
1 2 1 2
max - Zaij Y (m]ax N Zaij) <, I?ﬁ,;(|aij| <yr, }g%miﬂ <T. (2.86)
J 7

For l > 2 we have

(8T)!r
P

1S1(@) 17 151, 5) [l <(8T)'€. (2.87b)

15l,-, <(8T)'€ + (2.87a)

Remark 2.40. In the case where v < ¢ V % and [ = O(1), &€ simplifies to

= (Sqr (1 T 1>)lw' (288)

In some cases, we might need to consider cases where [ > 1. In this case, we can use the factor ¥'~! in
(2.85) to offset the growth of I. A typical use case could be | = log N and ¢ = O((log N)~1/2).
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Before we start the proof of Proposition 2.39, let us introduce the tools we will use. The study of large
powers of polynomials arises often in random matrix theory. In our case we are interested in understanding
the expression

r—1 1

ES) = Y. ]I @+e-vimmi-—nE X . X)) (2.89)

i1,...i €[N] i=0 j=1
An approach commonly used is to use so-called computation graphs.

Definition 2.41 (Computation graph). Let G = (V, E) be a finite graph. We define

Val(G) NM ST ass,|- (2.90)

sE[N]Y (i.j)eE

Let II be a partition of V. We define Gy to be the graph whose vertex set are the block of IT and whose
edges are er, -, . We denote the edge set of G1 by E(G,II) Similarly to (2.90) we define

Val(G, D) - NL T |1 (2.91)

s€[N]I (m1,72) €E(G,IT)

Using this notion of computation graph and viewing {i1, . ,m} as V and using the independence of X;
and the bound E|X;|*¥ < N=1¢?>~*, we can transform (2.89) into

Z Val(G |V<G>\

where the sum is taken among all graphs obtained by partitioning [rl]. As a first observation, we see, using
the fact that the variables X; are centered and independent if a block the partition of [ri] has only one
element, then the contribution of this graph is null.

Given the particular structure of S; as defined in (2.84) the appropriate representation uses so-called line
graphs.

Definition 2.42. (Line graphs and graphs induced by partitions) Let [ € N*. We define the I-line graph to
be the graph Ly := ([I], {(4,i+1) : 1 <4 < 1}). The [ -1 edges of Ly are naturally indexed by e; = (4,i+1),
iel—1].

Let a C [l — 1]. We define the (I, «)-line graph, denoted by Lflo]‘), to be the graph obtained by partitioning a
Ly by the equivalence relation x ~, y if and only if (zy) € a.

For r € N*, we define P> o to be the set of partition of [r] x [I] satisfying

(i) Each block 7 € II has size at least 2;
(ii) The partition must preserve the structure induced by « on every subset {i} x [I], 1 < i <.

The following lemma relates the topology of a graph GG and its value in the context of Definition 2.42. It
is the key result of this section.

Lemma 2.43. Letr,l > 1, a C [l — 1] and G := Uj_, Ly graph. Then, for I1 € P>3 o we have
Val(G,1I) < [l (rl=lel=1))=[M/2 |TT/2 (2.92)

Proof. Let II € P>24([rl]), Gn as defined in Definition 2.41. Let T be a spanning forest of Gr. We
enumerate the vertices of 1" in such a way that m; is a leaf of T" and 7y is its neighbor in 7. Edges in
E(Gn) \ E(T) are either loops, meaning edges with of the form (x,z) for z € V(Gn), or extra edges. We
proceed as in [30, Lemma 3.13] to associate with every edge of T a factor v using the Cauchy-Schwartz
inequality.
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Two copies of Ly

Equivalence relation o = {2, 5,6} for loops

(@)

Two copies of L[7] and a partition Il € P>z The final graph
T2 ™1
® @ @ s
1 T2 it T4 5
T4
3

2 3 2 4 5

Figure 2.4: An illustration for Definition 2.42 in the case r = 2,1 = 7, o = {2,5,6} and II € P>y, a
partition on [2] X [7]. Labeling the vertices from 1 to 14 from left to right and top to bottom, the blocks are
m ={1,4}, m ={2,3,8,11}, w3 = {9,10}, 74 = {5,6,11,13} and 75 = {7,14}. Note that between graph 3
and 4, no new loops are created.

As a toy example, consider the graph G’ on two vertices z,y, z with edge set {(z,z), (z,v), (z,9), (y,2)}.
Then E(T) = {(z,y), (y,2)}, we have one extra edge (z,y) and one loop (z,z). We find that

1 1 1
Valle) = g 3 sl Plag] < maxdaslmaxios | (5 X 1) (5 X leslland)
i,5,k€[N] / 1€[N] J,k€[N]
1/2

1 1 1 1/2 1
< F%N > lajkl <Z|aij|) < F%N > lajxl (N > |aij|2> < FQWY(ﬁ > |ak|2> < T2y,
k J k J k

where we used the Cauchy-Schwartz inequality in the two last steps. In this case, the enumeration of T was
m =x, T =y and w3 = 2.
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In the case of G we find

1
rl E
Val(G) S I 7N\V(G)| as"swz
s€[NI (7, 7")eE(G)

T
< Drlgr=lel =D =BT ya1(7) < [rlgpr=lal=D=IE@D)| (/T p ) BT,

In the first inequality, we used the fact that, by definition, for IT € P>q o([rl]) there are exactly r|a| loops.
Once all loops are removed, there remain (I — || — 1) edges Gr1.. In the second inequality, we estimated all
extra edges by . In the last equality, we used the Cauchy-Schwartz inequality repeatedly, as was illustrated
on G'.

If ¢ is the number of connected components of G and k is its number of vertices, we have |E(T)| = k — c.
The key observation is now that, for v # [l — 1] and II € P> o([rl]), every connected component has at
least two vertices. Indeed every copy of LEIC]“ ) has at least two vertices and those vertices cannot belong to
the same block of II, by ((ii)) Definition 2.42. Therefore k > 2¢ and since v < 1 we find that

\/f’y/\1/}>E(T)| <Frl¢r(li|a‘71) <ﬁ7Aw>k/2
G B G

< Frl¢r(lf|a\71)fk/2(\/f,y)k/Z < Frlwr(l7|a\71)fk/2,yk/2.

Val(Gr,l,H) < Frlwr(lfm\fl) (

O

Proof of Proposition 2.39. We start from (2.89). The family of graphs induced by all possibles partitions of
[rl] is difficult to handle and therefore we first decouple the problem, by considering separately all possible
(I, )-line graphs. This is done by using the identity

1 = Z Z H 1ik:ik+l H 1ik7ﬁ1k+17
aC[l] i1ymmyit (K k1) Ea (kk+1) o
and Minkowski’s inequality to find that
IS < > 15
aCll—1]
where
S = 3" Xiaii Xiaii, - ai i X || Limin [ L., acli—1],
115080 (kk+1)ea (k,k+1)¢o

The first product imposes that the vertices iy, ix+1 € [N], for (k,k 4+ 1) € a belong to the same block of
the partition II. The second product forbids vertices ig,ix+1 € [N] from belonging to the same block, if

(k7 kl) ¢ Q.
Let us now fix a C [ — 1] and set G := U_, L), Using (2.82) and (2.90), we find

(e} . T 1
E(Sz( )(l)) < Z Z N =2/ H Qs

NP5 ([rl],a) se[N]V(©) (m, 7)€ E(Gn)

1
MMeP>2([rl],a)

We can now control Val(Gry) using Lemma 2.43. Note that the bound (2.92) only depends on |V (Gr)| = |I1].
Using the Stirling numbers of the second kind, denoted Str, we see that

rl

{IT€ Pog: [T = k)| < Str(ri, k) < (k

)krl—k7 Lk e N*.
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Setting b := |a|, we find

r(I—=b)Arl/2

a)\r 1
ES)y < Y Str(r(l = b), k) g Val(G 5 |V (Gl = k)
k=2

Pa— fr=b)—k r(l—b—1)—k/2, k/2
<2l H}iabxqui_%d’ 7

where the maximum is taken over 1 <k <r(l—b)Arl/2and 0 <b <1 —2.

Lemma 2.44. Let r,1 >0 and 0 < b <r(l—1). Then

K=k k2 k2 A1 rl & Y "
S s () (V)
b oq q 14 (log(v/v))+

where the mazimum is taken over 1 <k <r(l—>b)Arl/2 and 0 <b <[ —2.

Before proving Lemma 2.44 we use it to conclude the proof. We find

max HS D < (2r)e.
aCll—1]
There remains to control the case a = [l — 1] , i.e.the term Sl[l_l] =Y, a7t XE Writing V; = X! — EX,
i € [N] and using the fact that EY; = 0 and E|Y;|¥ < Ng 2 for k> 1 as well as (2.83a) with a; := al; ', we
find that
Lpl-1 1
I [ <\
™ q - T q -
Therefore we get, as soon as r > 2,
B 4lFl_1 2ll'\l—1 4ll'\l—1
ISI 70 < =+ S < e
q q q
and we can conclude that
-1 o 8lFl_1T
ISl < ISP+ 30 18V £ = + (D)'E.
aGll-1]

This concludes the proof of (2.87a).
For S(i) and S(i,7) the only difference is that the case o = [[ — 1] leads to a better error term. Indeed we
have

B0

J

Sl |+ 3l )
j T

r

The first sum can be controlled using (2.83a) to obtain

-1y -1 2r
2t < (T togr V20V

T

The adaptations for S(i,j) are straightforward and we skip the details. This concludes the proof. O
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Remark 2.45. In the control of S;(i) and S;(i,j) we could consider the specificities of the computation
graph generated by the extra term a;;, and a,, ;. This is done for instance in [30, Definition 3.12] where they
introduce so-called white vertices. In our case this only lead to minor improvements (the term v/q*y in the
denominator of (2.87a) becomes v/¢*y) and we do not pursue this amelioration further.

Proof of Lemma 2.44. We first bound the contribution of I' uniformly by I'"!. Then we introduce the function
f:10,1—1] x [1,r]] - R4 defined by

Er(l—b)—k

g2k v

r(l—b—1)—k
F(bs k) = Locparonnzg k/2yr(=b=1)=3

Our goal is to bound the function f. We start with the case where v < 1)/ ¢*. In this case we consider, for
fixed b € [l — 2], the function log f(k,b). A standard analysis of that function yields that

B r(l —b)
1+ logky +log(v/vq*)’

*

is a critical point and that the function itself is concave in [1,71]. We conclude that

Observe that the right-hand side of the above equation is a function of b, which we call g := g(b). A short
analysis of log g shows that it is convex and thus maximized at the border of its domain of definition, that
isat b=0and b=1—2. We find

1, R rl l T ' r
max f(k,0) < T (Wve) + q! (w <1+log(¢/vq4)> Y1 +1og(¢/7q4)> =& (2.93)

The case v > 1)/q* is handled in another way. Here we need to only optimize over b. We find

PrA=b) [ g Fmax/2
maéxf(k: b) < Hl;;iX rl (’L/)) , Emax = kmaX(b) = ’I“(l - b) N~

The logarithm of left hand side of the above inequality is a piecewise linear function in b with a non-positive
derivative. It is therefore maximized at b = 0 in which case we find

rrl 7q4 ri/4 Y ri/4
< (1 < ()
o< (3F) =)

Combining this bound with (2.93), we conclude. O

)

We will also need the following refinement of Proposition 2.49 which is the analog of (2.83c).

Slo = Z Xilai1i2Xi2 N ail_mXi,. (294)

i1yt A0
Proposition 2.46. Suppose the assumptions of Proposition 2.49 are satisfied. Then
1571l < (4D)'E.

Proof. The proof is the same as for (2.87a) except that we do not have to consider the case where o = [l — 1]
since this is prohibited by the condition i; # i;. O
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Lemma 2.47. Let Zj, be centered random variables with E|Zy|? < % and || Zgllco < %, for some constant
K > 0. Suppose a;; € C fori,j € [N] satisfy

1 1/2
(N ;a@ <7, ml?x\ak\ <T.

Suppose ¢> > v

2OKTr 1
zk:akzk ) : (W@%))g (2.95)
Proof. We have
E() az T < S Er—k gk (Vo) _ (2KT\" r r
( & k k) _kz:; g2k = < q ) (1+1og(q3/7)>

where we used the binomial theorem to estimate the sum by 2" times the value at the maximum k, with

b S T og(@)s

2.7 Consequences of large deviations

In this section, we prove estimates on multilinear sums of Green function entries. We need the following
bound on the size of 3 Hy, for z € [N].

Lemma 2.48. For 1 <d < N/2, for any v > 0 there exists C, > 0 such that

log N +d _
P[;g% S |H,,| < CVT} <C,N7.

y
We denote A(v) as the indicator function of the event in the above probability.

Proof. Let x € [N] and Y, := |H,,| — E|H,,|, y € [N]. By (2.1), Y, is centered and satisfies EY,? < 1/N and
Y, | < % for some constant K > 0. We can thus use Lemma 2.47 to bound with very high probability

%:Yy:OCO%V)

We conclude that

log N log N +d
H,, =YY, + NE|H,,|<C +4Vd<Cc—= .
Dl =YYy + NEIHzy| < COF 7
where C > 0 depends on the notion of very high probability. O
Let us define
(T := (1) T(T: 2) :— (T,z) T) := AT
(= maplCl T2 = i) |57 Q)= e 16
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Proposition 2.49. LetT' > 0, T C [N] and u € [N]\ T. Suppose there exists k > 0 such that
d?> < NpN="%* @|T|>? < N*/2, T =0(1) (2.96)

Then for any v > 0, there exists C > 0 such that on the event {I'(Tw),I'(T,u) < T'} we have

(Tu{u})
~ (T cr
> HuGEY < = (2.97a)
a
(Tu{u}) _ - cr
Z G:(I;Z’H)HuangU{u}) S ﬁ? (297b)

a

with very high probability.
Moreover, for any constant C' > 0, if {T(T),T'(Tu) < T, Q(Tu) < T'C'd~'/?} holds then we have

(Tu{u})
~ c'c cr
HuaG((I:g)u) < Auxi + Cliy 2983.
2 =heva Tt 2%
(Tu{u}) ,
~ ~ C cr

T,u Tu{u i

2@: G H,( G < 1z:yAwﬁ +C' = (2.98b)

hold with very high probability.

Note that the condition on I' in (2.96) could be restated as
depending on the notion of very high probability.

< % for some C' > 0 large enough

S

Proof. Without loss of generality, we suppose that 7' = @. The general case is obtained by writing ™) and

ég“) instead of H and é;’;) respectively. We restrict ourselves to the event A(v) defined in Lemma 2.48.

Since this event holds with very high probability, it suffices to prove our results on it.
Let us consider the sums expression defined in (2.84) with a;; := GE;), i = Hy;, ¥ = 1. Applying (A.4),
we see that

(u) (u) (u) (u)
S T HwWGYW =3 HuoGW + Y HuoGW HipGY) = Si(2) + Y S1(ir) Huiy Gy
a a a,iy i1
We now iterate (A.4) M times, for some fixed M € N5 and find
(u) M (w)
ST HWGW =3 Si(2) + Y Su(b) HuGlY. (2.99)
a =1 b

Now by Proposition 2.49 and (2.88), using that log(¢/dy) > % log N, see that (2.87b) becomes
! l
3201 32I'Mr
S < <
H l(x)Hr\H(u) = (HlOgN) = (HlOgN)

for 1 <[ < M. Therefore, setting r = vlog N and M = 10, C > Léwc and € = CF/\/&, we find, using
Chebyshev’s inequality,

1 1 -1 —v
1FO’F1SF]P[1ISI%%)1(W Si(z) > € ‘H(“)] <1p,pr,<rM 12?](\41?[51(30) > ’H(“)] < ergr%egwe "T<C,N7".
(2.100)
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In the same way, we that, setting ¢ = CI'/d~° for C > 0 large enough,

8ov\ 1"
P(max Sa(b) > 5) < Ne™" <C,N7".
be[N]

Therefore, using Lemma 2.48, we have

CI‘
ZHMGM_Z( =)+ G max(G |Z|Hub|<2 + 7

where we used the fact that \C/li < 1 and the definition of A(r) to bound the contribution of the last sum.

This proves (2.97a).
Equation (2.97b) is proved analogously using the bounds on S;(, j) and the identity

(u) (u)
> G H,LGY = ZSI z,y) +Zsl 2, b)HyGLY, M e N (2.101)

To prove (2.98), under the additional assumption that maxq.p CNJSZ) < C’d~'/? we only need to improve the
bounds on

u (u)
S HWGY, Y GWHLWGY, (2.102)

since S;(z), Si(x,y) = O(d~1) for I > 2. Indeed observe that in (2.85), we collect an extra 1) factor as soon
as [ > 1.

For the first sum in (2.102), if A,, = 0, Here we use the fact that H,, is A, measurable and that
(Hyy: x,y € [N]) form a family of independent random variables. Therefore

(u) (uzx) ~(u)
~ ~ K d TT
[o 6] < |[ramo s mact| | KVdG:|
a T a r|H () r|H @) [y
=114, H,,G" + —
0 r|H za: r|H@ [l N r
) ~ K+/dmax |é(u)|
<[> HuaG + vl
a r|H () N

In the first step, we used Minkowski’s inequality on the conditional L™ norm and 14, —o|Hzy| < K f In

the second step we used the independence between A, and (Hy.: a # x) and the fact that G z is H (u).
measurable. In the third inequality, we again used Minkowski’s and the bound 1 on the indicator function.

We can then apply (2.83a) with ¢ = CT/F to conclude that
cr ( T )
iy (U —
» - d \1+log(¥/v)

‘ 1

This translates into a very high probability bound as before.
For the second sum in (2.102), we split the sum into three parts

1Au$:0 Z Huaé((;;;)

r<r
r|H W)

(u) (uwy)
> GUIHWGE) = G HuGL) + G Huy G + ) GLHuaGL). (2.103)
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If © = y then the bound is the same as in (2.97b) unless A,, = 0 in which case we get

R

0(1/d).

On the other hand if  # g, we can bound the sum using (2.87b) with ¢» = C’d~'/? instead of ¢ = I and as
for the two first terms we find

e 1 CT T2
Finally, S_(*) G H,,GY) is bounded using (2.87b) to bound Sy (z,y) with max,s, éaz) < C:/Ig. This
concludes the proof. O

Proposition 2.50. We have on the event maxy y q|Gay| V |(~?§f§,)\ < T, we have with very high probability
(a) re
ZHmaG(a)Hay S F (2104)

zy
zFy

Proof. Let us recall S defined in (2.94), (A.4) to expand the sum and find

(a) (a)
S HuWoG W Hey =57+ > Si(b)Hy,.

THy 1>2 b
The last sum is estimated using Lemma 2.48,

g:S(b)H < S +m x|S(b)|(za):|H | < max| Sy (b)) 228 9
- l by > 1 la l - by| > ba M \/&

with very high probability.

By (2.83b) and a Chebyshev’s argument, we see that S; = O(%). Forl=2,..., M, we use Proposition 2.46
and find

mpalst1 < ((75)

with very high probability. We conclude as before. O

2.8 Quadratic vector equations

The results In this section, are focused on the stability of the self-consistent equation (2.55).
For N € N, a:= (az)z¢n] € CN, we define the matrix

_1 — a —Qq —Qq [P —aq
—ag 1-— as —a9 SN —ag
—as —as 1-— as ce —as
B(a):=1-1a* = —ay L a | (2.105)
L —anN —anN —aN ... ... 1—aN_

Writing the Von Neumann series we see that

1
-1 _ *\N __ n * * *
B~ Y(a) _Z:O(m ) _I+n§>:o<a71> la’ =+ —gyla’ = I+ oprsla’. (2.106)

Therefore for B~! to be bounded, we need to ensure that 1 — % >_; a; remains bounded away from zero.
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Proof of Lemma 2.26. Let e := mlx, m = (m1,...,mx|), & = (g1,..-,9x|) and € := (e1,...,€x)
Throughout the proof we multiply column vectors entrywise
Subtracting (2.58) and (2.55) yields

1

gxMy

(9o —ma) = (ee* (g —m)) +e,, z€X.

Multiplying this equation by on both sides g,m, and using g,m, = m(g. — m,) +m?2, we get
Ge — Mg = My (ge — mz)(ee*(g - m))l + mi (ee*(g — m))aL + My (ge — My )er + miez, reX.

Recalling (2.105), we define the matrix B := B(m?) = 1—(m?e)e*, where m? = (m3, ... 7m\2X|)' Subtracting

the above equation by m?2 (ee*(g — m))w, we find the vectorial equation
B(g —m) =m(g — m)(ee*(g — m)) — m(g — m)e + m?¢. (2.107)

For a matrix R € C**¥ we write || R|| s o0 for the operator norm induced by the norm ||r||cc = max,ecx|rs|-
In particular, we have ||m?||, < 72, since since |m,| < m < T

In order to bound ||g — m||~, we want to find the inverse of B and then multiply (2.107) by B*1 Recalling
(2.106), we see that in order to control the ||Bl|o, we need to study the quantity det B =1— 4 > m?2

We have

1 1 Revm—z—m)2 (Imvm—z—m)2
R{|X|;(,,zm)2] |X|§( PRm——T

—\2 2
Imvm—z—m) Imm Im(z+m
_ < —
|X|Z\vazfm|2 |X|Z e —z—m[* ~ Im(m+ z2) <X|Z|szm|2>

<1— (Imm)?,

where we used the Cauchy-Schwartz inequality in the second inequality. We conclude that det B is bounded
away from zero by a constant as soon as (2.57) holds. In particular

2
_ T
1B loo-s00 < 11 lsoroe + 15 < C

for some C' > 0 depending only on 7.
Combining the above estimate with (2.107), we find

g = mllos < [B™|soso0 |7llg = ml|3, — 7llg — mllo]lelloo + 72H£||OO].

If we know a priori that ||g — m|| < A and that A < 55, we can move the term quadratic in ||g — m||s to
the left-hand side and estimate ||g — m||s = O(||€||so)- This concludes the proof. O

Proof of Corollary 2.28. This is done by induction. Fix U C [N] and E € [—R, R]. Cousider z; := F +

iL(1—-kN=2),k=0,...,k,. Here we define k, :=sup{k € N: 2, € S} and L > 2/A. Then (2.61) holds for

Iz —mgc I with Ex = |U‘

and for zo we trivially have sup,c |9z —mz| < A. The constant b > 0 from Lemma
2.26 depends only on R. We conclude that sup,cys ‘mw — me]’ < C% = o(1), for some C' > 0 depending
on R. We can then bootstrap this using the Lipschitz continuity of both m[¥l and mY, and using the fact

that C % < A. This concludes the proof. O
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2.9 Estimates on the imaginary parts of the normalized Stieltjes
transform

The following result gives lower bound on 7 defined in (2.10) in terms of the density of the (vy),e(n) € RY.
The following lemma contains no randomness. It is stated for (2.9) but the result is also valid for (2.55) by
replacing [N] by X C [N] and N by |X| and m, by my.

Lemma 2.51 (Existence, uniqueness and characterisation in the bulk). There ezists a unique solution to
(2.9) in HY and

m(z)| <1, ze€H. (2.108)

Recall the definition of S, g. If there exists ¢ := c(R) € (0,1) depending on R such that for any t € [c*/8,2]
(independent of N ) we have

{z € [N]: Jve — E| <t}

N >ct, Ee(—-R—-1,R+1), (2.109)
then
2
Imm(z) > g Z€ Sk.r- (2.110)

Suppose v, 'N N (0,1). Then by a second-moment argument we can convince ourselves that (2.109) is

satisfied with ¢ for some large enough C' > 0 as soon as N is large enough with high probability.
Let us first make some comments on m. A general result on Nevanlinna functions states that if m : H — H
is analytic and satisfies the limit condition lim,,_, inm(in) = —1, then m is the Stieltjes transform of some
probability measure. Indeed we have

1

d <l|z-— —_
/szz Ha 12 w|/|:r sz w|_|z w'lm(z)lm(w)7

where p is the associated probability measure. Alternatively we can use [3, Theorem 2.1] with the kernel
S = %1[]\,]1{‘]\,] to get this result. Since (2.10) satisfies all of these conditions and so it is N2-Lipschitz
continuous on S.

Im(2) —m(w)| =

Proof of Lemma 2.51. The existence and uniqueness result can be found in a very general formulation for
instance in [4, Proposition 2.1] or in the Appendix of [37].
For (2.108) we observe that

Im(rm)
Z v fzfm|2:Im(m+z)<1'
IG[N] ®

This proves (2.108). To prove (2.110) we first observe that (2.109) implies

1
NZ% RES DI

z:|vy—E|<t

t, t>c*/8. (2.111)

N o

Let By € (R, R) and 2, := Eg+ing, ny = 1—kN 3 and k = 0,. .., k, with k, := inf{k: EN, z ¢ SK’R} —1.
We will proceed by induction on k making use of the N2-Lipschitz continuity of m(z).

Denoting ((z) := z + m(z) E; = Re((zk) and I := Im((zx), we observe that since |m(z)] < 1 and
Imm(z) > 0, we have E € (—R—1,R+1) and 5 < I}, < 2. For k = 0 we have

[

1 Iy 11 1 c_c
Im (7 :72:—:77 7>7>—
m(m(Zo)) N - (Uz _ EO)Q +Ig Iy N zx: (va—OEo)Q +1 2 8’



62 CHAPTER 2. DELOCALIZATION IN THE BULK

where we applied (2.111) with ¢t = Iy > 1 > ¢?/8 in th e third step.

For the induction step we suppose that Im(m(zy)) > % By Lipschitz-continuity and because ng11 > 5 we
have Ij11 > Im(m(z)) — % + Npa1 > % — % + % > % We now distinguish between two cases.
On the one hand if Ij; > ¢/2, we have
1 1 1 1 1 1 lce 2
Im(m(2 > — — > =
( ( k+1)) Ik+1 N (v?};?o)Z +1 Ik-‘rl N ; ( mC7E0)2 +1 222 8
On the other hand if I 1 < ¢/2, we have
1 1 1 1 cc® _ ¢
Im(m(zg > — > -5 2 o
(m(zk41)) Iiy1 N~ (%)2 +1 7 Ig4128 8

where we used =— > 2/c in the last inequality. This concludes the induction and the proof. O

The condition (2.109) means that we are in the bulk of the spectrum. For a given E € R and ¢ > 0, and
Vg, ¢ € [N], as in (2.4), we introduce the function

f(E,t):==Plv, € [E—t,E+1]]. (2.112)

Note that f is independent of the choice of z € [N] as the v, are identically distributed. If we fix a constant
R > 0, then by Proposition B.1 we know that

2 9 e~ (R+2)%/2
E,t) e "2y >~ FEe€[-R/R], 0<t<2, 2.113
sz [ > ~R.A (2.113)
for N large enough, and that there exists a constant Cy, := C1(E) > 0 such that
1 1
\F(E,t) — f(B,s)| =P(t < |v. — E| < 5) = L()/ e "2y < Cpls — 1], (2.114)
V2SI I(s)

for all E € [-R,R] and 0 < s < t < R. Note that under these constraints, C, depends only on R and is
uniform in FE.

Lemma 2.52. For d>1 and R = O(1) and v, be as in (2.4). Then there exists c. = cx(R) € (0,1) such
that for every = <t < 2,

: — <
inf inf {z e X:v, — B < t}]
X: |X¢|=0(N) E€[-R,R] |X]

> te,, (2.115)

with high probability.

Proof. Let R,C > 0 be constants. Fix t > 0, E € [-R,R] and I := [E —t,E + t] Let us first observe that
since

qp |HEEX v e HreN]: vaI}l‘ sup Mzo(l),

|x<|<VN X N xejevw NIX|

it suffices to show that (2.115) holds of X = [N] up to taking a smaller constant.
Let us define the enlargement of I to be I(s) := [E —t —s,E 4+t + s], for s > 0. We introduce
Zy(I) := 1, er1, x € [N]. Then recalling (2.112), E[Z,(I(s))] = f(E,t+ s) we find

E[Z,(1)Z,(D)] = E|E[Za(D\Hay |E[2,(D)|Hyy ]| = B[f(B.5 + Hy, ).
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where we used the fact that v, and v, are independent conditioned on H,,. Using the fact that H,, < %
and the Lipschitz continuity of f(FE,-) from (2.114), we see that

C?K?
[EIZ(1)Z0(1)] ~ F(B,1)?] < “E,
and
1 1 C?K?
Var( Y ZoD) = 55 Y (EIZ(DZ,(D) - ElZ(DEZ,(1)]) < =5
z€[N] z,y€[N]
Writing Z := % > Zz, and using Chebyshev’s inequality, we find
{z € [N]:v, €I} _ f(E,1) f(E?) 4CIK* 1
P< N =7 > SP<|Z_EZ| S ) Sgwer - 0l) @19

where we used (2.113) in the last equality. Since the right-hand side of (2.116) is independent of E, we
deduce that there exists 7 = 7(R), that can be chosen as the right-hand side of (2.113), such that for any
constant t > 0 and E € [—-R, R],

{o € [N]:fu. — B[ <t} _,
N >

holds with probability 1 —

Let u = 7; and t = § = g—g Define E, := —R + nt for n = 0,...,[2R/t]. Then the intervals I,
[E,,—t, By +t] are a covering of [- R, R] and for any E € [—R, R], there is a n € N* such that [E, —t, E,, +t] C
[E — u, E 4 u]. Therefore

. [{z € [N]: vy — E| <u}|
P(Ee[lillf%,R] N < UT/4>
< P(ﬂn e [[R/1]]: [{e € [M: '”“}V_ En w4} _ u7‘/4> < % _ o(é).

We conclude that (2.115) holds for ¢, =  and for fixed ¢t = 72'—: Let us call Z this event.
Let ¢, = 7/8. If u > t, then the interval [E — u, E 4 u] contains ¢| % | disjoint intervals of size t. Then on =
we have, for any X and E as in (2.115),

>~ u u
>t|7| 5= 2
t

[E
1

-
= ug = UC4,

=1

2
holds for any u > t = Z; = %. Here we used that t| %] > %. We conclude that on Z, we have

X v, — FE| < .
inf Hredijva—BISth o, e yog
X: |xe|<vN E€[~R,R] | X 2
Since = holds with high probability this concludes the proof. O

Lemma 2.53. Let m = m(Y) be as in (2.9). With high probability, there exists T > 0 depending only on R
such that for every x € [N] with |v;| < R+ 2 we have

€[N]: '\v$|<R+2 ( Z Amymy> =T % € Sy, . (2.117)

x
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Proof. Let us fix € [N] such that |v,| < R+ 2 and write S1(z) := {y € [N]: A, =1}. Observe that this
means that |S)(x)| = d(1 + O(d—1/?)).

Combining Lemma 2.52 for X = [N] with Lemma 2.51, we deduce that there exists a constant ¢, := ¢,(R) > 0
such that ¢, <Im(z+m(z)) < 2. Asin (2.111), we find

1 1 1 1 1
Im<7 Z my) - m Z vy —Rez 2 257 Z vy—Rez\2 : (2'118)
d yE€Si(z) dIm(Z + m(z)) yES1(z) (Im(g+ﬁ(z))2) +1 2d yeSi(z) ( - Cx ) +1

Let us define Z, := 1|, _Rez|<c., ¥ € [N], and let f := E[Z,]. (Note that f is the analog of f(c.) introduced
in the proof of Lemma 2.52) Then by Proposition B.1, f > ¢ > 0 for some constant ¢ > 0 depending on
R. Conditioning on A;, and using the Lipschitz continuity argument similar to the one used in the proof of
Lemma 2.52 (2.115), we find that

fd K
E[Zy1yes,(2)] = EIE[Zy|Asy|lyes, ()] = v\ 10 7
We also have that

d?
1+ 022

w2 #)-don(i 3 ) -o()

yeSi(x) y€E€[N]

E[Zwaly,wesl(x)} = |: [Z | :vyv ]E[Zw|Ha:waHyw}ly,wesl(z)} = f

We therefore have

Using Chebyshev’s inequality as in (2.116) we see that there exists 7 = 7(R) > 0 such that we have, with
probability 1 — O(d~1),

1 11
Yz ZQE{d 3 zy}zr
yES1(z) yES1(z)

Plugging this into (2.118), Im(§ >, g, () My) > 7/4.
We use this pointwise lower bound to deduce a uniform lower bound in Re z as in the proof of Lemma 2.52.
This concludes the proof. O

Proof of Lemma 2.29. Using Lemma 2.52 and the fact that |7¢| < /N, (2.109) remains valid for some
¢ = ¢(R) > 0. This proves the statement about Z;. To prove the statement about =2, we use (ii) Proposition
2.12, Lemma 2.53 and sup, m, = O(1). By (2.26), N~} 72| = O(N~'/2) and we have

1 N
Im(Z HTy ) >Im<d Z ml ]> >T
y€Ta y€S1(z)NTa
for some 7 > 0. O

Lemma 2.54 (Imaginary part of the free convolution). For z € H,
1 Re(s)?
Immg(z) > 10¢ Re(2)7/2,

Proof. Let z € H and I = Im(z + m¢(2)) and R = Re(z + mg.(z)). We denote by dug the standard normal
distribution. Using (2.108) and the fact that I > 0, we find

I I
I = ———-—-d > ———d
wime2) = [ e [ e puate)
Jl-« e—w2/2 Jl-« e—(Rez)2/2 e—(Rez)2/2
> min > = .
V2 ze[R-1-T-«r-1] (t — R+ 1)2+1%2 — /21 12 V2r[1ita

—(Rez)2/2

Since I < 3 we have for « = 0, Immyg.(z) > < W O
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Proof of Lemma 2.34. Using McDiarmid’s inequality and the independence of the entries Hyy, =,y € [N],
we can show that

P[| e (v, 2) — Exhie(v, 2)| > t] < Ceet™d,

for some constant C,c¢ > 0. Setting t = C+/log N/d yields a very high probability bound.

Then we can use a Lindeberg to compare the expectations of 1hg. (v, z) and . (u, 2) with u RN N(0,1). We
find that

Eg (v, z) — Emg(u, z)| < C——,
’ fc( ) fc( )‘ \/N

3R*/2 We conclude by observing that E iy (u, z) =

where the constant depends on R and can be chosen as e
my.(z) by definition of my. .
O
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Chapter 3

Localization at the edge

In this chapter, we study the law of the extreme eigenvalues of the Laplacian matrix. We show that after
an appropriate rescaling, the eigenvalue point process of L is asymptotically close to a sequence of Poisson
Point Processes. Throughout this chapter, we consider the Erdés-Rényi graph on N vertices with connection
probability d/N.

3.1 Main results

In this chapter, we prove statements about the statistics of extreme eigenvalues and eigenvectors of the
normalized Laplacian matrix L which is defined through

D—-A—-d
Li=——
Vd

where A is the adjacency matrix of G and D = Diag(Dy, ..., Dy) the diagonal matrix of the degrees defined
through D, := Zy Agy.

: (3.1)

Remark 3.1 (Convention on constants). By convention, all objects introduced may depend implicitly on
N, the number of vertices in the graph G, unless explicitly mentioned otherwise.

The central idea of this chapter is to build a bijection between top eigenvalues and vertices that have
large degrees. Following this idea, three different regimes appear.

(i) For d > log N, the point process of the maximal and minimal eigenvalues can be well approximated
by the PPP corresponding to independent normal variables.

(ii) For d =< log N, the maximal degree of the graph has a bounded distribution and is with high probability
not unique. At a scale much smaller than d='/2, the eigenvalues form a PPP .

(iii) For d < log N, the maximal degree of the graph is deterministic and a PPP appears at scale v/dlog N.

For the left edge of the spectrum, the idea of mapping the smallest eigenvalues to vertices with the
smallest degree remains valid to some extent.

(i) For d > log N, the techniques employed for the left edge of the spectrum remain valid for the right
edge.

(ii) For %logN < d < log N, the smallest degree vertices are with high probability leaves. We analyze
the neighborhood of the leaves on the graph to understand the distribution of the smallest eigenvalues.
However, the number of leaves can become polynomially large which requires extra care in the analysis.

67
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(iii) For d < % log N, leaves are no longer the structures that generate the smallest eigenvalues. Trees that
dangle from the macroscopic connected component are the key objects. We study this idea further in

Chapter 4.
Remark 3.2 (Rigidification of extreme values of Poisson variables). Let (Y;)Y; be i.i.d. random variables
with distribution Py, i = 1,...,n. Let us use this family as a toy model for the largest eigenvalues. Then

if d > logn the maximum of the Y; is with high probability unique and at the edge the rescaled Y;s form
a PPP . If d < logn the distribution of max; Y; has bounded support and with positive probability there
exists many j € [n] such that Y; = max; Y;. Finally if d < logn, the distribution of max; Y; is concentrated
on 1 or 2 points and with high probability there are many j € [n] such that Y; = max; Y;. This emerging
rigidity in the distribution of the extremes of Y; is an adversarial mechanism when we want to distinguish
top eigenvalues in critical regimes. See also [11, Remark 4.14].

Remark 3.3 (Conventions). We use bold symbols to represent vectors of dimension N as well as sequences
of real numbers indexed by N. For instance u; defined in (3.3) is a sequence of real numbers indexed by N.

The following deterministic objects are used for centering and scaling. Define the function

1
f:(0,00) > R, f(x)==xloge—(r—-1)+ 24 log(2ndzx), (3.2)
and let z, € R be the point above which f is increasing, i.e. the largest solution of the equation x logx = f%.
We introduce the restrictions f_ := f‘[z%#‘*]’ J+ = fliz.,00) and
_1(log N 1
1
= Vo—. 3.3
ug = f (o) v 2 (3.3)

The random variables D, are well approximated by the Poisson law of parameter d (see Lemma B.5).
The quantity duy plays therefore the role of a proxy for the quantity max,c(n) Dz, the largest degree of the
graph. Similarly, du_ is a proxy for the smallest degree of the Erdés-Rényi graph, zero excluded. Various
properties of up are given in Section B.2. We see that the maximal and minimal entries on Diag L, are
approximately given by

max L, ~v(uy) ~
a:e[N]iam ( +)

{\/72105;1\7, d>>log N {_.TlogN, d>logN

__ logN , min Lyw = 'U(u—) ~
Vdlog(log N/d)’ d <log N, " z€[N] —Vd, d <logN,

where we introduced the function
v:[0,00) = [0,00), t+ Vd(t—1). (3.4)

We are now ready to introduce the point processes we will compare. As a general rule, eigenvalue
processes are denoted by the Greek letter ® and abstract Poisson point processes are denoted by the Greek
letter W. Superscript + refers to point processes at the right edge (top eigenvalues), and — to processes at
the left edge (bottom eigenvalues). The scaling and centering we use for supercritical regimes, d > log N,
would not make sense for subcritical regimes. We therefore need to introduce different eigenvalue processes,
depending on the regime we want to consider. The subscript sup refers to supercritical regimes and the
subscript crit refers to critical regimes. For the right edge of the spectrum, the scaling and centering for
critical, d < log N, and subcritical, d < log IV, remain the same and so @;lb = <I>C+rit. On the other hand, for
the left edge of the spectrum, we consider different processes depending on whether d > log NV or d < log N.
We introduce the process ®_, later.

Definition 3.4 (Eigenvalue process at the edge). We define the rescaled eigenvalue point process
oti= > G0 (3.5)
A€ESpec L

where the rescaling parameters are defined as

Uy
] S

o= v(uy) +
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Our first result Theorem 3.8 shows that ®, is asymptotically close to a sequence of Poisson Point
Processes W.

Definition 3.5 (Poisson reference processes). Given m C R (which might depend on N), we define Uy,
to be the sequence of Poisson Point Processes with intensity measures

_ k N - 1 1
p(ds) = kze;.g_g(s + kr0)ds, g(t) = Nor Cr20 0= —(1 - 2)

The density p is plotted for three different values of d in Figure 3.1.
Our results hold in a region [—x, +00) containing an expected number K of rescaled eigenvalues. Let

K :=1loglog N, (3.7)
we define
ky =—inf{s € R: p([—s,00)) < K}. (3.8)

We define K in order to push Theorem 3.8 as far as possible, i.e.for regimes d as small as O(1). We could
fine-tune the value of K for the other regimes, but we do not pursue this here.

Remark 3.6 (Thumb rules). At this point, it might be useful to consider the order of magnitude of the
different parameters introduced. The two most important ones are uy and v(uy) which are related by the
equalities

log N

log IV d< llogN, y
Vidlog(log N/d)

o(uy) = V(A= 1), w2 {<N/>

, v(uy) < y/log N
1, dz%logN. () 8

If Z; r Pg, i =1,...N, then we expect the maximum to satisfy max; Z; = duy and the area around u
to be populated by the Z;s in the following way |{i € [N]: Z; = u, — (}| = (uy)’, L € Z.

The asymptotic closeness of the rescaled eigenvalue and reference processes can be given a precise meaning
by introducing the metric of convergence of point processes on compact sets.

Definition 3.7. For ® and ¥ two point processes and x > 0 , we define

D.(9,7) := Z 27" sup sup ’P( ﬂ (®([84,00)) > k1)> - ]P’( ﬂ (T([s4,00)) > kz)) ‘

neN 81,0008n>—K k1,...,kn €N 7.6[n] ZG[’!L]

We say that two point processes ¥ and ® are asymptotically close ift D(®,¥) — 0, as N — +o00.

Theorem 3.8 (Eigenvalue right edge). There is a constant K > 0 such that for any constant € > 0, if
K<d<Ni e,
then
Dy, (<I>+, \I/+) — 0.

Remark 3.9 (Distribution of the maximal eigenvalue of L). Let A := maxyegpec 1 be the maximal eigenvalue
of L. We can read off from Theorem 3.8 the law of the rescaled version of A. In the supercritical regime
d > log N, we have P(b(X; —a) < s) =e*  +0(1) for b= /2logN and a = b + m + log 57+
This behavior and rescaling are reminiscent of the one observed for the extreme eigenvalue statistics 0% N
independent normal variables (but with an extra small shift in our case). This result is similar to the one
found in [20, Theorem 1.2].

In the critical and subcritical regimes, the relevant scaling of A is X; := 7(A — o). In the critical regime
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d =< log N, the distribution of A does not admit a limit. Instead, it is a mixture of two distributions on
different scales. The maximal degree in the graph has a law given by

P(fel?zif(} D, — |duy] = t) =c

for some constant ¢ € (0,1) (c.f. Lemma B.7). This randomness influences A on a scale of order d—'/2. If
A = max,en) Dy — |duy |, the randomly centered eigenvalue X, :=7(A— 0 — (A — duy)) follows the law
of the maximum of uﬁ independent normal variables.

In the subcritical regime, one must distinguish between resonant and nonresonant regimes (see [6, Remark
1.5] for a more detailed discussion). In the non-resonant regime, max, D, = K with high probability, for
some deterministic K (that depends on N and d) and after a suitable affine rescaling, X; has a Gumble
distribution. In the resonant regime, asymptotically with probability 1 —1/e, the variable X; has a standard

normal, and with probability 1/e it has a Gumble distribution centered around —%(1 — O((log N )_1).

We now move on to the eigenvectors of L.
Theorem 3.10 (Eigenvector localization). Let ¢ > 0, K < (loglog N)'/2, and
(loglog N)ste < d < N'/3-¢,

The K eigenvectors corresponding to the IC highest eigenvalues of L are localized around some vertex x € [N],
in the sense that

[Wao B = o), i< K.

To study the neighborhood around the smallest degree vertices we need to introduce new objects. Indeed
when the number of minimal vertices becomes exponentially large, the statistics of the sphere of radius two
around leaves are no longer well approximated by a normal law, as explained in Remark 3.2.

Let

1—7v)logN + klogd 1
() o= £ <( 1)los W+ log )vd, ye0,1), ke, (3.9)
and
vy = Vd(u, — 1). (3.10)
We abbreviate u, := uv(l). The parameter v, will be the approximate value of maxzez,znq vz, Where £

denotes the set of leaves in G and x ~ z means that the two vertices are connected.

Definition 3.11 (Eigenvalue process at the left edge, leaves). Let v > 0. We define the rescaled eigenvalue
point process

O = Z Or_(o_=) o7 = Z 07 (00 =)

A€Spec(L) A€Spec(L)
where the scaling parameters are defined as

- u_ 1  Vdo(u_)?
o_ —U(u7)+m(l+w>, = ——

Uy } _ d*(vg) — U7>2.

O~ = 1(1) + {1 + ,
T dlugy —vy) vy (V) = vy)
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d=251,u, =13, v(uy) =319 d=18 uy =2, v(uy) =37  d=4,u, =3, v(uy) =14

Figure 3.1: An illustration of the density function s — p(s), with N = 10*. We plotted in (a) the supercritical
regime, d = N%6 in (b) the critical regime, d = 2log(N), and in (c) the subcritical regime, d = %log N.
At first sight, the three plots look very similar. However, the scale of the y-axis is different in each case. In
(a) the intensity of p remains smaller than 20 even for very small values of x and can be seen to be slightly
positive even when x > 50. In addition, the intensity between different peaks does not seem to change a lot.
This is because each term in the sum in the definition of p comes with a factor ui and uy =14 o(1) in the
supercritical regimes. In (b) and (c) the intensity of p becomes larger than 20 as soon as x < 60, respectively
x < 40. This is caused by the fact that the coefficient u; increases as d decreases. Moreover, the height of
the peaks varies markedly in (b) and even more vigorously in (c): indeed uy > 1+ ¢, for d < log N and
up > 2 for d = o(log N). Remember that we do not expect to see multiple vertices with the same degree
(near duy) when d > log N but rather a cloud of points once we zoom out enough. On the other hand, we
know (see Remark 3.2) that maximal degrees will accumulated on O(1) possible values when d < log N and
then on one or two values when d = o(log N).

In addition, it is remarkable that the spacing between the bumps become wider as d becomes smaller. In
(a), one can even imagine a continuous function by tracing a line between the peaks and the function e™*
seems to be a good approximation (see Remark 3.9). Comparing the above pictures with [7, Figure 1.1], we
can better understand how the impact of the degrees on the limiting distribution of the maximal eigenvalue
is much stronger in the case of the Laplacian than in the case of the adjacency matrix.

Let us define the intensity measures p_ and p, exactly as we defined p in Definition 3.5 but replacing 7
and 6 by 7_, respectively 7, and

respectively

-
d(v(l) — ’UA/)
Uy 1 1 1

i n n :
vy (V) —vy) V(v —vy)3 Vd(vay —vy)t V(v — v4)?

0, =

(3.11)
1+
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We will see along the proof, that for values of d much larger than % log IV, the parameter 6., takes the much

simpler form 6. := — 721 since in that regime v(;) — vy < Vd. However, in order to push our analysis

V(1) =Vy)’
as far as possible, we need the complicated formula from (3.11).
We also define k_, resp. x, and ¥, resp. U7, analogously to «, defined in (3.8) and Definition 3.5.

Theorem 3.12 (Left edge of the spectrum). Let ¢ > 0.
(i) Iflog N — (loglog N)? < d < N=¢t1/3 then

D, (U7,87) — 0,
(ii) If $log N + (log N)* < d < log N —loglog N and vy :=1 — h)gLN, then

D, (¥7,87) — 0.

For the next theorem, we denote by A(1) > \(2) > ... \(N) = —V/d the eigenvalues of L sorted decreas-
ingly. We also denote by x(i) the vertices of G sorted lexicographically first by |Si(z)| then by |S2(x)| and
finally by |S3(x)].

Theorem 3.13 (Eigenvector localization). Let € > 0, K < (loglog N)*/2, and
1 )
QlogNJr (logN)® < d < N~U/3Fe,

Then the following holds with high probability

1. The K eigenvectors corresponding to the K smallest non-trivial eigenvalues of L are localized around
some vertex x € [N], in the sense that

[Wa@ | Bio@an | = 0(1), i< K.

2. In particular, for d <log N — (loglog N), the localization centers of those K eigenvectors are known to
be leaves.

Remark 3.14 (Lexicographic ordering of vertices). Let us introduce the following three-level lexicographic
ordering of the vertices [N]. For a € [N], the three levels are defined by L;(z) := |S;(x)], i = 1,2,3, and
Li(z) = +o0 if S;(x) = 0 (this case is relevant for isolated vertices). We can then compare any two vertices
x,y € [N] by lexicographically ordering their (L1 (z), L2(z), Ls(z)) and (L1(y), L2(y), L3(y)).

As it turns out from our statical and geometric analysis of G, this three-level ordering is enough to distinguish
strictly, with high probability, the vertices from the sets

S_:={x€[N]:D, = min Dy+w}, and S;:={x€[N]:D,=max D, —w}, w=IloglogN.
y€[N] z€[N]
Theorem 3.10 could be stated as the K eigenvectors corresponding to the K largest eigenvalues are localized
around the K largest vertices with respect to the three-level lexicographic ordering. An analogous reformu-

lation in terms of the smallest vertices with respect to the three-level lexicographic ordering would also be
valid for Theorem 3.13.

3.2 Block decomposition

In this section, we construct an approximate block diagonal decomposition of L in some bases of approximate
eigenvectors. The first decomposition, Proposition 3.15 is relevant for small and large eigenvalues in the
regime log N < d < N'/6. The second decomposition, Proposition 3.18 is relevant only for large eigenvalues,
but in the regime 1 < d < (log N)2. The third decomposition, Proposition 3.21 is relevant for small
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eigenvalues in the regime %logN < d < (logN)2. In the regime N'/6 < d < N3, we do not manage
to prove a block diagonal decomposition but we can nevertheless describe the extreme eigenvalues (see
Proposition 3.16). The proofs of all three propositions are deferred to Section ??. Each proposition is
followed by a corollary that makes explicit the matching between the eigenvalue process of L at the edge
and the point process of approximate eigenvalue generated by top, respectively bottom, degree vertices.

For ¢ > 0 we introduce the vertex sets U™ () and U~ (¢) which represent the vertices that have a large,
respectively small, degree. As we will see, the set /¥ (¢) are with high probability r-packings in G, for any
r = O(1) . This property is crucial for the construction of the block diagonal approximations. Let

UE(e) = {z € [N]: |va| > ut(e), sign(v,) = +}, (3.12)

where

(o) = mae{ V(T ) Tog N, V(5w 1) )

B min(\/(lJre)logN,sx/E) if d > log N — loglog N
u (e) =

1 .
\[_ﬁ if d <log N —loglog N.
= W (k) m WH(k)
U (e) Ut(e)
a) d > log N
d—+2dlogN d—+/dlogN d d++/dlog N d + +/2dlog NDeg(z)
| i | | | i >
—Vd —2logN —y/logN 0 Vlog Nt V2log N Vg
b) d <log N
0 1 G Y(N7Y?) 4 G '(1-N"? duy
Deg(z)
L ———
—Vd v u=(0) 0 ut(0) v(ug) Vg

Figure 3.2: Illustration of the different vertex subgroups used in the block diagonal approximation of L. As
is apparent from the figure, the distribution of the degrees is symmetric around d in the dense regime. In
the sparse regime, the distribution of the degrees is skewed towards small degrees. We denote by G the
distribution function of the degrees. We choose u* () and u~(e) in such a way that vertices in U*(¢) are
never close one from the other.

In dense regimes, the distribution of the degrees of G is well approximated by a Gaussian random variable
of mean d and variance d and is symmetric around d.

Proposition 3.15 (Block decomposition for d > log N). Let € > 0 and
(log N)'*e <d < Ns° (3.13)

For 7 € (1 — 2¢,1), the following holds with high probability. The exists a Hermitian matriz M and an
orthogonal matrix U such that

v 0 E
IL-M|=0(d""?), UMU*=|0 D E*|, (3.14)
E; E X

where
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(i) D =Diag(v, + 2= +e,: x €U (1) UU (7)) and max, |e.| = O(155% ) -

log N
(ii) | X]| = /(T + 7)Tog N + O(1) and || E]| = O((log N)1);
(iii) v+ Vd = O(d~"/?) and | E4)| = O(d™Y).

We can push further the analysis of the extreme eigenvalues of L to the regime d < N'/3. However, we
do not obtain a block diagonal decomposition of L. The reason for that is the fact that the balls around
large-degree vertices are too close to obtain good bounds on the norm of the off-diagonal block E.

Proposition 3.16 (Very dense regime). Let ¢ > 0, 7 € (1 —¢/2,1) and N° < d < N3¢, Let I* be the
[N]-valued random variable defined by

I :=inf {i € [N]: vy <uy(1—7/2)}, I~ :=inf{i€[N]: vn_y >u_(1—7/2)}.

Then there exist error terms €, i € [IF] such that max; |¢F| = O((log N)=3/2 +-d~') and

i

+e. .

3

1
Aoy =0+ —+&f,  Aw—it1) = vv—i) +
© V(i) o v(N—i)

Recalling the scaling parameters 7y, and og,p from Definition 3.11, let us define the intervals

XJr,dcnsc(C*) = [Usup — Cx IOg Na +OO)7 X*,dcnsc(c*) = (—OO, —Osup + Cx \V IOg N] .

Corollary 3.17. Lete > 0 and (log N)'*¢ < d < N1/3=¢_ Then with high probability, there exists a constant
_1fe

i > 0, error terms e, x € [N], such that max, |e,| = O((log N)~ "2 ) and the processes

Z 6>" and Z 5vz+%+am
A€Spec L\ {—Vd} zEUT (T)UU—(T)

coincide on the spectral domain X+ dense(Cx) U X— dense(Cx)-

Proof. We first prove the statement for d as in (3.13). By (3.14) and perturbation theory, Lemma A.7, we
know that the eigenvalue processes of M and L coincide up to a small error

Zé)\ = Z Oute,s max leul = O(d_l/Q).

AeEL pneM

0
Moreover if YV := D , then again by perturbation theory, we see that the eigenvalue process
0

o ox
o o

Zuespec( M) d,, coincides with the process >
v ¢ X:I:,dcnsc(c*) and, by (111),

aespec(v) Ofi+en, Now observe that for ¢, = 7/2, by (ii), we have

SpeCX N (XJr,dense(C*) U X —,dense (C*)) - (Z)

Therefore, using (i), we see that the processes

Yo Gw oand Y Gy ey,
)

eSpec(Y) zeU* (1
where |e| = O((log N) ™), coincide on x4 dense(Cx)-
We now prove the statement for N'/6—¢ < d < N'/3-¢. This is immediately follows from Proposition
3.16, the definition of I, the choice ¢, = 7/2 and the fact that |a, — 1| = O(y/%) = O((log N)_1>.
We skip the details. This concludes the proof. O



3.2. BLOCK DECOMPOSITION (0]

To obtain good approximate eigenvalues in sparse regimes, we will need stronger estimates than those
provided by Proposition 3.15. Such estimates can only be achieved by selecting an even more restrictive
subset of vertices. For the rest of this section, we introduce the parameter x which we use to tune the size
of this subset. Let

loglog N

= (loglog N)? .
k= (loglog N)* v Tog(ir)

(3.15)

and
Wt (k) :={z € [N]: Dy > duy — k}, W™ (k) :={x € [N]: D, <du_ +r}. (3.16)

9 . . log N

Observe that for d < (loglog N)“log N, the first term in (3.15) dominates and x < Taoa(oz N/d)° On the

other hand d > log N, we always have x =< %. We conclude that Wt C U™ (e) for any constant
og

€ € (0,1) in all regimes (see Lemma 3.50).

For z € [N], we define S;(z) := {y € [N]: dist(z,y) =i}, i > 0, where dist is the usual graph distance G,

as well as

’ ﬁz =

(3.17)
Note that v, = Vd(a, — 1). We can also define the functions
()
at)y ==, ()= Vd(alt)-1), pt)=—2%, t>0. (3.18)
We define the approximate eigenvalue around a verter x as the function
1 do
)+ 5

Ay = Ag(aa, Be) = vy + % <1 + = (B~ ). (3.19)

z x T

This quantity can be understood as the extreme eigenvalue of an («, 8, )-rooted tree.
Let us introduce the generic error parameter

w(a) :=d** Vloglog N, a € (0,1). (3.20)

Proposition 3.18 (Block decomposition for top eigenvalues). For o € (0,1/12) and s as in (3.15), there
exist K := K(a) > 1 and ¢, := ci(a, k) > 0 such that if e > 0 and

K <d < (logN)?,

then the following holds with probability 1 — O(e_c*“’(o‘)z). There exists an orthogonal matrix U such that

Dy 0 E},
U'LuU=|0 Dy E]|, (3.21)
Ew Ey X

where

(i) Dy = Diag(Ay +£,: © € WH(k)), and

max les| = O —— V¥
x€W+|€m| O(\/&U(u+)2w(a)2> (3.22)

(ii) Dy = Diag(ve + 2= +e,: @ € UT () \ W(k)). and max,ey+|e,| = O (M%)
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(iii) | Es|| = O(5y)" for 4 € {U, W} and

Spec X C (—oo,u+(5)(1 + 5)} (3.23)

Moreover sup e+ () [ Az — vz + ‘fj—;| = O(logN) and Sup e+ () |Be — 1] = O (%).

Let us define the intervals

Xs = [o(ug) — 2—\’;&,%0]. (3.24)

Corollary 3.19. For « € (0,1/12), there exists K := K(a) > 1, such if K < d < log N, with high probability
there exist error terms €5, x € [N], such that
Ju
max|e,| = O <+ > )
@ Vido(uy)?w(a)?

and the processes

Z ox and Z OA,+e,
)

AESpec L zeWt (K
coincide on the spectral domain x4 (k).
Proof. By definition, z € W(k) if and only if v, := Vd(uy — 1) — 75 Moreover for any x € U(e) \ W(k),
e > 0, then, using (ii),

v;p-i-(z:-i-EmSv(qu)—ja(l—i—O(\/dliW)) gv(ug—rjg.

We can conclude as in Corollary 3.17 using the estimates from Proposition 3.18. O

For regimes %logN < d < log N, we will show that bottom eigenvalues are in bijection to some subset
of the set of leaves

L:={z€[N]:D, =1} (3.25)

For for d = vylog N, with v € (%,1)7 the number of leaves becomes polynomial as E|£| =< N'~7. This
has two consequences. First of all, we should expect the eigenvalue spacing to become polynomially small,
which would render error estimates such as those found in Proposition 3.18 useless to distinguish eigenvalues.
Secondly, the sphere of radius two around x € £ having a distribution close to a P, variable, the observable
B will become subject to the rigidity phenomenon as described in Remark 3.2.

Both these issues are tackled by looking at extreme value statistics of the family of random variables
{azw X € E} where z, denotes the unique neighbor of such x. Inside W™, we define the set

W7 (n) == {x € W (k)N L: and for z the unique neighbor of z, |D, — du,| < n}, n > 0. (3.26)

The set W7, v := logLN’ is only meaningful in regimes where v < 1 and we set the convention that W7 = ()
if v > 1.

Definition 3.20 (Approximate eigenvalues for leaves). For x € £ and z, denote its unique neighbor. We
define

1+ —=—+ )
1 1 oz (L4 75, 02
AL = AL (az,, B:,) = vy + (1— + w0 >

(0 B2) = v d(vay —vz,) d(vay — vz, )? vy (vay — vz, )

[0
+ - (B, — 1), (3.27)
Vv (va) = vs,)?
. 1 1

_ 1
Af = A£ Az, ) =va)+ 5 +
( .n) (1) d V(1) — Uz, d’U(l)(U(l) - UZI)z

where v() was introduced at the end of Definition 3.11.
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Proposition 3.21 (Block decomposition for bottom eigenvalues). Let K = O(1) and

1

5 log N + (log NYE < d < (log N)2. (3.28)

For e € (0, %), and r > 10K, ~ := ﬁ and v, as defined in Definition 3.11 and

1 .
_ {6 if, d <log N — loglog N (3.29)

Kk else,

there exists ¢, := ¢, (K) > 0 such that the following holds with probability 1 — O(e_c*(lOg N)C*).There exists
an orthogonal matrix U such that

v 0 0 E: 0
0 Dw 0 Ej, 0 Wi 0 0

L=U"'0 0 Dy E; O0|U Dw=|0 W, 0|, (3.30)
E, Ew Ey X 0 0 0 W
0O 0 0 0 Y

where

(i) Wi = Diag(Ag +éeg T € WV(/{)) ,

B w(a)? B klogd
N (e e ) SRR (e B

(ii) Wo = Diag (AL +e,: x € L\W(r)),

maxle,| = O 2w£2a) .
Ed (log N)?~5 (v(1) — v4)?

(iii) W3 = Diag (Az +e,: x e W (k) \ L) and

w 1
mﬁX\EH = O<d(logN)21d>1og N—(loglog N)2 T+ Wldglog N—loglog N)-

(i) Dy = Diag (w + O e,z el () \W*(n)) and max,cyle,| = O((log N)~3-2¢).

.

(v) The submatrizY is of size O(Nd‘le’d), |Es|| = O((logN)T/z), fort e {v,W, U}, and

v=—Vd+ O(N_é), Spec X C [—\/g(u -1+ 3/@,—}—00) , SpecY = {_\/&} (3.32)

(vi) For d >log N — (loglog N)?,

sup Ay — v —%|—o( d ) max |A, — AS| VAL —Af| =0 o (3.33)
o T T T P log N sewitng T T e T T\ (log NP2 ) :

We could push this result further by only asking that d > %log N (1 + &) for some large enough
constant C' > 0. This leads to more complicated error terms and we do not push it further. We are content
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with pushing the lower bound on d to (3 + o(1)) log N.
Let us define the interval

X— = (=00, Vd(u_ — 1) —o00, Vd(u_ —1) = x,], (3.34)

K
+ m}’ Xy = (
where
X~y 1= 1 1+ r 1 .
T d(vay —vy) 2v/d (v(1) — vy)

Note that vVd(u_ — 1) = —vd + ﬁ = v(1) and |v,y| = O(w?) when d <log N — loglog N.

Corollary 3.22. Let K > 0. If K = O(1) and Llog N + (log N)'/X < d < (logN)? there ezists c, =
¢« (K) > 0 such that the following holds with probability 1 — O(e_c*(logN)c*).

(i) If d > log N — (loglog N)?, the processes

Z 5)\ and 5_\/3+ Z 5Am+51
)

AESpec L zEW™ (K

coincide on the spectral domain x_ where e,, x € [N], are error terms satisfying max,cyy-|ez| =

O(Tmenye)-
i) If d < logN — (loglog N) and v = 1 — —= there exist C > 0 and M = O(N*'/3) such that the
log N
processes
> on and Mo_ g+ > Oacye, (3.35)
A€Spec L TEWY (k)

coincide on the spectral domain x. where ., x € [N], are error terms satisfying maxgyew~(x)lez| =
O( (v(l)—vw)z(log N)3 ) :
Proof. Let ¢ > 0 be some small constant such that % > k. The first point is proved the same way as
Corollary 3.19. In this regime, we use(vi) to replace A% and A% for z € £ by A, and we conclude by an
argument analog to the one in the proof of Corollary 3.17.
For the second point first observe that, for any ¢ > 0, M = O(N‘W/B), by ((v)). Removing the contribution
of SpecY correspond to the first sum of the second process. Let z € L\ W7(2k) and y € W(k) \ £, and
z € U\ W(k). Then

1~\£ > Y1) —

1 B K 40 (loglog N)* + 2
d(vay —vy) B (va) = vy)? (log N)?~5 (v(1) — v)?

> V(1) — X

where we used 2 — % > % in the second inequality. Moreover
@
Ay ANv, + = > V(1)
Uz

These bounds remain correct even after we add the respective error terms e,. These bounds combined with
those on ||Ey|| in (v), guarantee that only terms from W; contribute in the interval x,. We conclude with
an argument analog to the one in the proof of Corollary 3.17. O

Remark 3.23. However for d < %log N, some fundamental differences arise. First of all, the number of
disconnected components and their variety increases. But more importantly, even the left edge spectrum
of L|g,. exhibits different behavior. For d < 1logN, k € N*, some trees of size k start to dangle from
Gee. They do not form disconnected components but only have a few connections to the rest of the graph.
These configurations induce eigenvalues smaller than the eigenvalues induced by leaves. This phenomenon
is explored further in Chapter 4.
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Before turning to the proofs of the various propositions stated in this section, let us introduce some
notations and a priori estimates.
1 — L _
We denote by A := \/EA and by D := \/E(D d).
Definition 3.24 (Restriction of a matrix). Let N € N*, M € CV*¥ and T C [N]. We define M|z to be
the T-by-T matrix with
(M|r)ij = Mij, 4,5 €T.

Any vector w = (w,)ze[r] defined on some subset 7' C [N] is naturally extended on [N] by W = (W.)ze[n),
with w, = w, if * € T and zero otherwise. In general, we do not write the overline.

We also need the following bound on the operator norm of the adjacency matrix.

Proposition 3.25 (Bound on |[A — EA| ). For 4 <d < 1N, we have, with very high probability

3 if d > (log N)®
|A—EA| <2+ Cy/logN/d if $log N < d < (log N)® (3.36)
1+C+Cm Zf4§d§%10gN

Proof. The first case is obtained by applying [14, Lemma G.2] with H := A — EA. Since max; ;| H;;|| =
O(d='/?) = O((log N)~>/2), the hypotheses are satisfied. The last two cases are [6, Corollary 6.2]. O

3.3 Dense regimes and min-max principle

In this section, we prove Proposition 3.16. While both Propositions 3.16 and 3.15 combine to give Corollary
3.17, the techniques used in their respective proofs are very different.

The proof of Proposition 3.16 relies on the min-max characterization of the eigenvalue problem and the
graph constructed in Proposition 5.15. A crucial ingredient needed to derive the upper bound on Ay is the
fact that, for 7 > 0 small enough, for any two large degrees x,y € U(7), the sphere of radius one around y
does not overlap with the sphere of radius 2 around x (see (i) of Proposition 5.16).

Proof of Proposition 3.16. Let G™ be the graph defined by Proposition 5.15 and M its rescaled Laplacian
matrix. We work on the event defined by Proposition 3.25. Since the eigenvalues of L and M differ by at
most O(dil/ 2) = O((log N )*1), it suffices to prove the result for the eigenvalues and normalized degrees of
M and G7 respectively. All quantities henceforth are related to those objects. We only prove our result for
top eigenvalues as the proof for bottom eigenvalues is essentially the same.

Let k € [I], where we abbreviate I := I, Sy, := span(w,(;: i € [k]), k € [I], where

—1/2
1 1 .

V2 6) ()

The rescaling in front is to insure that w are normalized. However, this does not impact the computations
up to a factor O((vy)~2) = O((log N)~!). For instance, writing = z(;) and D, = |S;(z)| for some i € [I],
we find that

1 1 1
a:aM z) = 1, — 1 x) QT_AT 1, ————1 T
<W w > 1—|—1};2< \/gvx S1(x) ( )( \/(31)1 Si( ))>
1 1 151(1) 151(@ D,
- - = vp = (1, - : + 21,
B R T
1

_ 2 —1/2 -1\ _ 1
_1+%2[vm+%+0(d + (log N) )}_vw+vm+ex,
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with e, = O((log N)=3/2 4 d_l). In the last equality we used the power series expansion of (1 +v;2)~! to
get the simplification.
We can derive a lower bound on Ay using the max-min principle

Ak) = dlrnl}%kalg@ Mv> > Helgn@ Mv>

By Proposition 5.15, the vertex sets (Bl( z(y)) i € [I]) are disjoint and ST (z(;y) N SF (z¢;)) = 0, for 4, j € ],
i j o= a;w,q), with Y ]a;]* =1, a; € R, we find

k

1 1 1
<U,Mv> = Za? [vm(i) + + - Z Vy — 1} > min (vx(i) + + 5x(i)> .
i dv @) i€[k] Vg (i)

i=0 Ya(i) ©(1) yes, (z(i

Now since the function f(z) := x + 271 is strictly increasing for > 1 we conclude that

)\(k) > Ug(k) + + O((log N)_3/2 + d_l).

Uz (k)

We now turn to the upper bound on A(;). We will prove that

1 1
Ay < ) . .
w <m0 () (339

The proof for Ay, 2 < k < I is similar, using the max-min principle

1 1
= Ms) < Mv) <
Aw) = Sidim SN —k+1 rq?eaé{(S ) ﬁ%};@’ v) Kgieg o) + Va(i) +0 <logN> ’

with Uy, := Sj-. The details are left to the reader.
Let us consider the system of linear independent normalized vectors W := (wl.(i) e[l ]) (remember that
in the graph G” the balls By (z(;), i € [I] are disjoint). We complete W in a basis by first adding the vector

1
q::WIA, \Ule()
€[]

and then by using Gram-Schmidt procedure to complete W U {q} with a collection of vectors that we call
U. The vector q plays the role of the trivial eigenvector e := \/Lﬁlm but its support excludes the support

of the vectors of W (thus insuring orthogonality). However the difference is small since, using Lemma 5.2
we get

|A[ <Y |Bi(z)] < 2dN/? = O(N'/3),

i€[I]
and thus
(e,q) = (1—O(N"2/3)). (3.40)
Note that since W U {q} UU is an orthonormal basis, we have
1 2 1 ;
> [ue)]” < < 1= [wew (@) = = i€ [1]. (341)

uelU 1(2)

Let v e RY and

1/2
V—Z:az »)—J—Zbuu—kcq, a:= (Zaf) ,

€[] uelU
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with a;,b,,c € R and a®> +b> + 2 = 1.
Combining (3.38) with (i) of Proposition 5.16, we get

(Waiy» MWasy) = 0i; (vr(i) + Uj(i) n O(log1N>)’ ij e [].

Since ||A™ — A|| = O(d~'/2), the vectors of U are orthogonal to q (and thus (g, u) = 0, for any u € U) and
EA” = v/dee*, we can use (3.40) and Proposition 3.25 to get

|(u, ATu)| = [(u —EA")u) — \/ﬁ(mee*u}‘
< ||AT *EATH +Vd|{u,1-q)]’|(1 —q,e)]> <3+ O0(NV?) <4,

where we used Cauchy-Schwartz inequality in the first inequality. holds with with very high probability and
thus, using (3.41), we get

(u,Mu) = (u,D"u) +4 < max v, + max —— I(Z +4<+(2—-7)logN+5<+/(2—7/2)1logN.

y¢U(r) €[] UI(Z)

Finally the cross-terms between U and W can be controlled by

<z:aZ ),MZb >:<Zaiwm(i),DTzu:buu> <z:aZ (@, AT Zb >
<Zaz OLE Zbu > IZ . Z Zb lu(y)| +3

y€S1(x (1)) u
1/2
< (Z a?vi(i)> (Z bi|u(x(i))|2> + Cba + 3
% u
max; V(1) 1/2
< | ———2 ab+ Cba + 3 < 2Cbha + 3.
min; vy(;)

Here in the second inequality, we transferred the diagonal operator on the left side of the scalar product
and used the precise structure of w. We also used again the bound on the size of A" —EA". In the second
inequality we used Cauchy-Schwartz as well as (iii) of Proposition 5.16 to control Zyesl(n ) v, = Cd for

C > 1 large enough. Finally, in the last step we used /(2 — 7)log N < min; v,(;) < max; v,y < v/2log N.
Using (3.40), we see that (q, Mq) = —\/a(l + O(N_1/3)). The cross-terms with q are controlled by

‘<Z“W“Mq>’ d|A|1/zZaz|l,ii = O(NY7),
‘{Zbu Mq>’ be Z}V]vxu(x>+3gm+0(1)

where for the second claim we proceed as before using (3.41) to bound the contribution of D applied to any
vector of u and (3.40) to bound the contribution of A”. In the last inequality we used Cauchy-Schwartz to
bound N~=1/2%" |b,| < b.

Writing vy := max;e(1) Va(;), we find

(v,Mv) < a2<v1 + vi —I—E) + (b2—|—bc)\/(2—T)logN+2Cba—|—6—02@ —|—O(N_1/3)7
1

for some e = O(d~! + (log N)~3/2), i € [I]. Now since vy + % > v/2log N —loglog N with high probability,
we conclude that this inequality is maximal when a is maximal. This concludes the proof. O
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3.4 Proof of block diagonal decompositions

In this section, we prove various block diagonal approximations of the matrix L. While the results and
computations might differ between the proofs of Propositions 3.15, 3.18 and 3.21, the pipeline is always the
same. First, we analyse the top eigenvalue and eigenvector (A, w) of L restricted to the balls that surround
our extremal vertices (meaning high- or low-degree vertices). Second, we obtain good bound on the radial
decay of w. Finally, we always have to account for the trivial eigenvector of the macroscopic connected
component: indeed Proposition 3.25 does not give bounds on ||A| but on ||A —EA|. All three elements are
then combined to prove the block diagonal approximations.

Block diagonal decomposition in dense regimes

When d < N6 we can use the graph constructed in Proposition 5.16 which has stronger separation
properties (compare Proposition 5.16 (i) with Proposition 5.15 (i)). For 7 € (1 — 2¢,1), let G™ be the graph
constructed in Proposition 5.16. We define

1

M= — (DT AT - d) 3.42

- , (3.42)
where D7 and A" are the degree matrix and the adjacency matrix of G” respectively. In the rest of this
section quantities related to G are indicated using a superscript 7.

Proposition 3.26. Let d and 7 be as in Proposition 3.15, T € (7,1) and M := M7 as defined in (3.42).
There exists n > 0 such that the following holds with probability 1 — O(N_"). For each x € U(T) the matriz

M\Bg(w) has a unique eigenvalue p satisfying || > /(1 + 7)log N. The corresponding eigenvector is denoted
w and satisfies

| @1a5) - 02+ Spw] = 0(ir ) (3.43)
and
01 = v Mg wh)wl = O ). (3.44)

Proof. Let us fix 7 > 0 and drop the superscript in this proof. We work on the event defined in Proposition
5.16 and Lemma 5.2 that hold with probability 1 — O(N_") for n > 0 small enough.

By Proposition 5.16 (i), there exists ¢ > 0 such that minye g, () [ve — vy| > cy/log N. Since By(z) is a tree,
by Lemma 5.10 and (5.2), we know that || A|p, || < 2max,ep, ) /Dy < CVd for C > 0 large enough. We
can therefore apply Proposition A.10 applied to the matrix H = ﬁAqu(z) and V = % (DT|B§($) — d) to
conclude that M|, ;) has a unique eigenvalue larger than /(1 4 7)log N 4 C. Moreover using (A.13) with
k =2, we find

1 1 1
,11:1)93—1—8 Z +O( )

3 3
V. (% min. v (%
yeS (z) v y€Ba(2) | v y|

Proposition 5.16 (iii), we find

1 1 o a (log N)l/4 logN  «ay 1

= =—=+C C =— 40| —s

d Uy — Uy Uy * v2 * dv? Vg * (log N)3/2
yE€Si(x)

Here, we introduced C' > 0 as the constant coming from the first order Taylor expansion of the function
f(t) = -==. We deduce (3.43).

The second claim is proved analogously (3.53c), using a spectral gap argument. This concludes the
proof. O
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We denote e := N~1/21 1y, B, := Useu(r) B3 (z) and 0B := U, cyy(r) 53 ().

Proposition 3.27. Under the assumptions of Proposition 3.15, there exists a mormalized eigenvector q
supported on the complement of B, such that

I(M™ +Vd)a| = Od?), [a—e|=0(d).

Proof. By Lemma 5.2 and Lemma 5.7, we know that

for C' > 0 chose large enough. We conclude that
B,| < CN'7/2¢2 < Nl-3—-3 _ O(N_l/Q),

holds with probability 1 — O(N_") for n > 0 small enough as soon as 7 > 1/3. Let H := M7|p.. By
perturbation theory and Proposition 3.25, H has a unique eigenvalue outside of the interval [—/7log N —
2,y/Tlog N + 2]. The vector q := \Bﬂ*l/QlB? satisfies ||(H + Vd)q||? = O(N~'/#), and so by Lemma A.6,

we find
o~ al =0(3)-

This concludes the proof. O
Proof of Proposition 3.15. Let 7 <7 < 1, M := M7 as defined in (3.42) and U(7) := U (7) UU~ () Then
by (iii) of Proposition 5.16

IL— M| < = max |D, — DI| = 0(d~*/?).
€[N

Let

Z w,w, +qq*, I[I=1-1I
z€eU(T)

where w, is the eigenvector of M|p,(,) described in Proposition 3.26 and q is the approximate eigen-
vector constructed in Proposition 3.27. Suppose u is an eigenvector of IIMII. Then max ey (-)|u(z)| <
max, ¢+ |vy| = since by orthonormality

1 1)’ 1
2 <1_ 2 <1_ x 2 <1-— _ < .
(@) <1—|w(@)P < 1—|[w"(2)] +O(logN)_1 (1 UI) +O(logN)_ :

Therefore, we find that with high probability

| X < {élbz}(x)|vy|— + | TIM |\ IT|| < gﬁ(x)|vy|— ++y/7log N + 10.
Here we used the fact that - ||AT EA"| < 3 by Proposition 3.25. By (3.43), we find that |e;| = O(1/log N).

Finally if v.= 3", /) axwz we find, using (3.44) and the fact that the balls Bs(z), € U(7), are disjoint,
we get

zeU

BVl = 3 @M — (wo, Mw,))wa|.
z€U(T)

This concludes the proof. O
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Block diagonal decomposition for top eigenvalues

In this subsection, we prove Proposition 3.18. Let us recall the definition of k¥ and w(a), o > 0, from (3.15)
and (3.20) respectively.

Proposition 3.28 (Rigidity at UT). Let o € (0,1/12) and r > 10. There ezists K := K(a,r) > 1 and
¢ = cx(a, k) > 0 such that if € > 0 and

K <d< (logN)?,
then the following holds with probability 1 — O(e=¢=<(®)),

(i) For each x € W7 (k) the normalized eigenvector w of L|p, (z) corresponding to its largest eigenvalue
satisfies

Avwl —mof V™ o
(L~ As) ||—0<ﬂv(u+)2w<a)2>, (3.452)

where A, is defined in (3.19).

(ii) For each x € U™ (e) the normalized eigenvector w of L|p, (x) corresponding to its largest eigenvalue

satisfies
z loglog N
(L — (v, + %))WH - o(%). (3.45b)
(iii) For each x € UT () \ W (k), if 1 <i<r
loglog N \ % loglog N\ 7
- (Y. 1w -o{(S258) )

Qg

Note that by Lemmas 5.2 and 5.18, max,ecyy+(x) |Ax — Uy — E
probability. Therefore (3.45a) implies (3.45b) for x € W.

= O((log N)™') on an event of good

Remark 3.29 (Non-isoradial nature of w). The eigenvector w constructed in (i) is not isoradial in the sense
that exists ¢ > 0 such that for each x € W (k),

P[glei]{{}H’YSl —w(@)|s, @) =] > (3.46)

The proof of Proposition 3.28 is deferred to the end of Section 3.5

Proposition 3.30 (Delocalisation estimate). Let 1 < d <logN, e >0 and 0 < n < /2. If u is a vector
orthogonal to span{w(z) rx € U*(e)}, where W, is the eigenvector constructed in Proposition 3.28, then

lu(z)| w -
[u] _O<\/W)’ €U (), (3.47)

holds with probability 1 — O(N~").

Proof. Let us fix e > 0, x € UT and (u, w) the eigenvalue-eigenvector pair of L\BT(I) constructed in Propo-
sition 3.28. Let u € span{w(z) : z € UT}+. Without loss of generality, we suppose that u is normalized.
For n > 0, we work on the event defined in Proposition 5.19.

Since B,12(z) is a tree for every x € U™, Lemma 5.10 gives us that

2 1/2
14]5, 1@l < —=( max D, <2y Dg/d =20,
Vd \yeB,(z)
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The orthogonality relation between u and w becomes

ot = 20 = 2 w2

1
> {14, DIy} = (0, D, o o) = AL o M-

Using (3.45¢) and the bound on [|A|g, ., («)l, we find

1
0> " [lu(x)vz|W(x)| —IWlB, @)\ {2} 1 2B, )| — 2\/@]

1/2 1/2 N
> 7|u(a:)v1| [1 - C(Lm) ) } _¢ (w(a) ) max |v,| — el
% log N p \log N yEB, (x)\{x} %

with C chosen as in (3.45¢).
Using the fact that u > v, > 1y and max,ep, (z), y£z|vy| < ¥y, for ¢y defined in (5.22), we find

1 w(a)y w(a)
- <= 20/, | <2 .
2|u(a:)| T [\/logN tevas| = Viog N
This concludes the proof. O

Proof of Proposition 3.18. Let us fix e, > 0. We work on the event defined by Propositions 3.30, 5.19, for
r > 10, and by Lemma 5.18.

Points (i) and (ii) follow from (i) and (ii) of Proposition 3.28 respectively. By (3.19), Lemma 5.18 and (i)
from Proposition 5.21,

o w
sup [ = va T = 0(3 0.
zeEWT (k) Uz og

holds with probability 1 — O(e_c“’(o‘)) for some constant ¢ > 0 small enough.
Let (ptz, Wz), © € UT (), be the eigenvector-eigenvalue pair constructed for L|p, (,) in Proposition 3.28. Let
V=3 e+ CaWa, With 3 ¢ = 1. Since the balls (By110(x): @ € UT(¢)) are disjoint, we have
[BEwoll> <2 ) Jeal® (L = (Wa, Lwa))we||* = O((log N) ™),
zeWt

where we used (3.45¢) and r > 10 in the last step. The bound over || Ey|| is proved in the same way.
It now remains to show (3.23). Let us define the projections
II:= Z w,ewr, I:=1-1L (3.48)
zeUT (¢)
By Proposition 3.30 and Lemma 5.2, if v is a vector of norm 1, we have that

(@)*V(u, — 1)
log N ’

<ﬁV ; D|u+(5)ﬁv> < max |ﬁv($)||£g§|vy| <c”

holds with high probability for some constant C' > 0 large enough. We find
<ﬁv , Lﬁv> < <ﬁv , D|u+(5)ﬁv> + <ﬁv , D|(u+(g))cﬁv> +||A—-EA| - <ﬁv , EAﬁv>.
Using Proposition 3.25 and the fact that EA = dee* — % Idy, we find
w(0)*V(us — 1)

_ — 2  d
(TIv, LTIv) < yrgnﬁ(}g)wy\ +C log N +Cuy —d ez[;v] ‘H(U)’ + NHVH

<ut(e) + C(w(a)® +2uy) <ut(e)(1+e),
holds with high probability. This proves (3.23) and concludes the proof. O
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Block diagonal decomposition for bottom eigenvalues
Proposition 3.31 (Rigidity at 7). Let K > 0 and a, e € (0,1/10) and « and k as in (3.29). If

logd

1
“log N + (loge N)V/E <d < (log N)2, 0<ec,<2aN —02"
5 log N+ (log N)/# <d < (logN)*, 0<en<2a Kloglog N

then the following holds for v > max(10,10/c,), with probability 1 — O(e=%").

(i) For eachx € U™ (¢), the normalized eigenvector w(x) of L|p, () corresponding to its smallest eigenvalue

satisfies

H (L - (”1 + %))W(I)H = 0(@)- (3.49a)

(i) For each x € W™ (k), the normalized eigenvector w(x) of L|p, (z) corresponding to its smallest eigen-
value satisfies

(L —A)w(z)|| = Ofea). (3.49D)

where A € {Aw,Af,INXf} according to the different cases listed Proposition 3.21 (i)-(#i) and €, defined
accordingly therein.

(iii) For d >log N — (loglog N)? we have

A, — ALV A, — RE =0 [ 9@ 3.49
zevgla()é)ncl =V o ((log N)? ( )

(iv) For each x € U™ (e),

1 i
|w(@)s,)|| = O <(10gN)c* (logoZJV)iz)l> , 1<i<m
. (3.494d)
o
|(L = (w(z), Lw(x)))w(z)|| = O (W) :
The proof of Proposition 3.31 is deferred to the end of Section 3.6. Let us define
B-(e):= |J B.lx), reN~. (3.50)

zeU (g)

Lemma 3.32 (Connected components and trivial eigenvector). Let K > 0, r € N* and d be as in (3.28). If
r = O(1), there exists ¢, > 0 such that with probability at least 1 — O(e~%"), the following hold.

1. the graph G consists of one connected component with more than N/2 vertices, denoted G.. and at
most O(e_dN) isolated vertices.

2. There exists a vector q supported on G.. \ B, (¢) such that

I(L+ Vd)al = O(NTH7), 5 >0,

Proof. The first point follows from Lemmas 5.5. Recalling (3.12), Lemma B.3, we use Chebyshev’s inequality
to prove that |~ (g)] < Nz +1/2 with probability 1 — O(N’”), 1 > 0. In the rest of the proof, we work on

the intersection of the event {4~ (¢)] < N2*7/2} and the one defined in Proposition 5.23, that we call Z. In
particular, we know that on =,

B (e)| < ONEH1/2g7+6 = O(N3+1), | Gee \ By (e)] > N7,
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The same estimates are true if we replace B,” by B, 3. Let

q = |BS(e)| " 1pe o).

We have

(L+Vd)a=

1.,

> (. b ¥
;«Fl IGBL |BT+1| wEBﬁﬂBT_;_z

where 7, := ﬁ(zy(mlﬁ)w - d). Since on E the balls (By3(z): @ € U™ (¢)) are disjoint trees, 0 <

vy — Uy < d~1/2 holds for z € By and v, — 0, = 0 for [N]\ Bg, 3. Therefore only vertices in Bf | N By
contribute to the right-hand side of the above equation. Moreover, on =,

|87€+1 N BT+2| < ‘Z/[_(E)| maXqzey—(e) ‘Br(x)l _ N%-H] _ O(N_%J'_Qn)
|BF 42| B Nt=n Ni=n '
We concludes that ||(L + v/d)q|]? = O(N*%*QW) and the claim follows. O

Proposition 3.33 (Delocalisation estimate). Let e > 0, K > 0,
1
ilogN—F (log N)Y/® < d <logN,

and w(x), x € UT(g), be the vector constructed in Proposition 3.28. There exists c, > 0 such that with
probability at least 1 — O(e=%™), there is C > 0 such if u is a normalized vector orthogonal to span{w(x)
z €UT(e)}, then

@) = 0(Goyyors) (3.51)

Proof. The proof is the same as the one of Proposition 3.30 using (3.49d) instead of (3.45c¢). O

Proof of Proposition 3.21. Almost all claims from (i)-(iv) and (vi) follow from Proposition 3.31 (i)-(iii). The
only claim that is not proved is the bound on (3,, — 1) in (3.31), which follows from Lemma 5.24. There
only remains to prove (v). We begin by restricting ourselves to G.. using Lemma 3.32. This proves the
statement regarding SpecY. Let H := L|g,... The statement about v comes from Lemma 3.32. Estimates
on || Ey|, # € {v,U,W} are proved as in Proposition (iii) using (3.49d).

By Proposition 3.25, for d > %log N, we have ||A — EA| < 3 with very high probability. Let us define

_qq + Z ﬁ::l—H,
reld—

where w(z) are the vector constructed in Proposition 3.31. Let u be a normalized vector supported on Ge..
We find that

<ﬁu, Hﬁu> > Z [TTu(y)| vy—|— Z [TTu(y) —|[A=EA|| - (1-q,EA(1 —q))
ygU () yeU ()
> Vit ()1~ (logoj‘\‘;)} 3o ﬁ‘ﬁ;‘,z Vi 1)+ ()~ Vi),

where we used the fact that EA = v/dee* and the bound on |B,| derived in the proof of Lemma 3.32. In the

regime where u~ ( ) > 1 we can immediately conclude (3.32). If u=(¢) = I we simply choose ¢ > 0 small

enough so that L 4> 35 for instance ¢ < 1/10. This concludes the proof. O
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3.5 Spectrum around large vertices

In this section, we prove Proposition 3.28. As a general rule, the error bounds relating to W (k) are written
using uy-dependent parameters. This is done to obtain the degree of precision which we need in Section 3.7
to prove convergence to Poisson point processes. Bounds relating to U™ (g) are not stated with this level of
precision. Let us recall the definition of x and w(a), a > 0, from (3.15) and (3.20) respectively.

Let us introduce the spectral gap for this section

log N
= +/logNV —————. .52
Y+ o8N Y Vdlog(log N/d) (3.52)

Observe that there exists C' > 0 such that Fv(uy) < ¢y < Cv(uy) by construction. However, these two
parameters have different meanings and so we keep them distinct.

Proposition 3.34 (Spectrum of L|p (;), © € U'). Let a,e € (0,1/12) and r > 10. There exists K :=
K(a,r) > 1 and ¢, := ci(a, k) > 0 such that if

K <d<(log N)?,
then the following holds with probability 1 — O(e=¢+<(®)),
1. For each x € U™ (e), the largest eigenvalue of L|p, (») written p satisfy

_ Qy loglog N
p= st +O( log N ) (3.53a)
2. For each x € Wt (k) then
p=A,+0 ( Vu*) (3.53D)
Vi (ug )2w(a)?

where A, is defined in (3.19).

Moreover if w is the eigenvector corresponding to u we have

_ loglog N 3 )
B,p(m)\Bi(m)ll—O(( log N > > i€ [r]. (3.53¢)

Proof. Let us fix r > 10, ¢ > 0 and « € (0,1/12). We work on the event defined by Lemma 5.12 and
Propositions 5.19 and 5.21. Then there exists ¢, > 0, depending on x and « and ¢, such that the probability
of this event is 1 — O(ec*w(”‘)) and

[[w

max |y — vy > ey, xeUT(e), 3.54
=) 2 e © (350

where 4 is defined in (3.52). Let us denote this event E := Z(cy, o).

We fix z € U () and write V := %lgr(z) and abbreviate H := fA|p, () with f = d~/2. By (3.54)
and Proposition 3.25, there exists ¢ > 0 depending on ¢, such that the hypotheses of Proposition A.10 are
satisfied with ¢ = c,¢; and G = (B, (), A|p, (2), z). Equation (A.13) with £ = 3 becomes

LH]1°(Jve | +¢)>

pvz+E2(O)+E4(0)+E4(1)+O( C

(3.55)

where Ej(e), ! > 1 and e € [[ — 1] is defined in (A.14).
Observe that, again by Lemma 5.10, since B,.(z) is a tree ||H||® < 2a% < 2u,. By (3.52) and the bound
vy < Cpy for C' > 0 large enough, we see that

||H||6<|vw|+¢+><0ui:()(m)
v - Vav(ui)2w(a)?)’
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Figure 3.3: Illustration of the perturbation argument. The different terms that contribute to (3.55) appear
as cycles that start and end at the root vertex (black vertex in the middle). The illustration makes clear
what each index in Ej(e) means: the subscript ! stands for half the length of the cycle (in a tree there are
no odd-length cycles) while de number e stands for the number of excess visits to the central vertex (i.e. the
number of total visits minus 2).

where we used a < ﬁ in the last step.
The leading contribution to the correction away from v, comes from the first term

B(0)i=5 Y

Vg — Vo
yesSi(z) * Y

Using the second order approximation —— = i + U% + f}—i + O(z—i) We find

Ve —t

yesi(x) - ¥ ”” I
(3.56)
T d z\Mx — 1 x 1 U2 U3
— g, Pl sitd o Z+O(|va4>'
x z Yz yeSi(x) T z = Yy
Here the constant in the big-O is a universal one that depends only on the Taylor expansion of f.
We also used the identity (valid since B,.(x) is a tree)
1 _ [Se@)[+ [S1(@)| — d|Si(z)] _ Ay
y > oy = e = Vda, (8, — 1) + 7 (3.57)

y€S1(x)

Next we use the estimates (iv) of Proposition (iv), to see that on =

S = (10050 -0l (V). s rsisn
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By Proposition 5.21 we also have, for each x € W (k), on =,

1 wla)?
7 Z vizax<1—|—0< (@) ))+(1oglogN)61d2a§10g10gN,

e N (3.59)
1 n __ 20 log N\1/2 (w+)n/2 IOg log N .
i Z ‘,Uy| - O[zd (1 +O( dD.L ) +C"{ di+2a ’

y€S;(x)

for 1 < ¢ < r,n € N*. By Proposition 5.19 we have, for each x € UT(¢), on Z, the bounds in the
above equation become a,(loglog N)? and a,(log N)*" + (log N)!~2%d~% respectively. We thus find, us-
ing kloglog N < d'*2* /iy, (loglog N)® < \/v(uy) and o < 1/2,

Qy Qy Viday, o + &, with e, < RHS of (3.53b), r € WH(k)

Ey(0) = =% + + - 1)+
2(0) vy Vdv2 v2 (8 ) {gw, with £, < RHS of (3.53a) r €U (e).

The terms Fy4(e), e = 0,1, correspond to cycles of length 4. E4(0) are those cycles that visit z only twice
(at the beginning and the end), and thus they are in bijection with the points of So(x). We have

BO) =5 Y o !

20
2€8a(z) VT (=) (Ve = vz)

(3.60)

)

where we introduced the notation (z—) := Sy (z) N S1(z), for z € B,(x) \ Bi(z) (see Picture).
The cycles that contribute to E4(1) visits x three times and are thus in bijection with S (x) x S1(x). Counting
the multiplicity 2 induced by reordering, we find

1 1 1 1 -1 1
E4(1) = 242 Z (Uac - vy)(vx - Uz) |:1)$ — Uy - Vg — Uz] B @ Z (Ux - vy)Z(vm o UZ)

(y,2)€S1(x)xS1(x) y,2€51 (z)

We can now conclude (3.53a) from (3.54) and (3.58), and the fact that for each x € U™ (e),

Cu, log log N u? loglog N
E4(0) + E4(1) < 1 __ofeel)
0+ 1) = e (14 BN ) 4 s log N

In the rest of the argument, we consider only € W (k). Proceeding as for E5(0) and using (3.59), we find

1 1
Ea(1) = 2 Z Uy — Uy)2 (Vg — V)

y,2€851(x)
1 1 2v, vy |2 1 o, v, |?
=—% 2 <2++O( 7 Tt tOol s 3.61
d r i v2 {a Uy V2 (Uxt ( )
o2 2 o 2
B P LI Jo
E y€S1 () Vi Yz Vdo(uy)?w(a)?

where we used u?w(a)? < v(uy)? in the last step.

The last term to control si E4(0). Using the linearization —— = L +0 ( lvé‘) and minyeg, (z)|Ve —vy| >

cxY4, we find

1 1 1 1 U,
BO=F 2 ) @ 2 wm 2+O<|4|>

(Y
z€82(x) z

_ b Ny Ve
- dPv 2 (v — vy)? " O(\/av(u+)2w(04)2)7

T yeSi(x)
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where we introduced N, := |S;(y) N Sz(x)| = (V/dv, + d — 1) and estimated the error term by considering
the cases d > (log N)'/0 and d < (log N)'/'° separately.
Let f(t) = Y4i4d=l for t ¢ R. Then a Taylor development to the second order gives

- ('Um _t)2 ’

_d71+t[\/& 2(d1)}+0((%\/& Vd¢ +d

R R —0F (e - 0
Using (3.57), v(uy)? > /urw(a)? and Lemma 5.24, we deduce

1 Ny O oy 1 1 fo’ Qy
_— = — = —— —_— O
d?v, Z (vp —vy)?2 03 dvd N Vdv3 d Z K (\/Evﬂlii N Uﬂﬁi)

¥ yesi(x) y€S1(z)

-5+

), 0< (<t

8w

We conclude that

:vx—l—j—j[l-‘r%} +\/§§‘I(ﬂz—1)+0(¢m)

which proves (3.53b). (We used the identity v, = v/d(a, — 1) in the last step.)
We now turn to the proof of (3.53c). Let us write M := V — H and define Q¥ := ZyeBr(m)\Bk(m) 1,1*

Y-y
k € [r], to be the projection onto the coordinates B,.(z) \ Bi(z). Then on = there exists ¢ > 0 such that

= QP MQW| > cipy, k € [r]. The eigenvalue eigenvector equation Mw = uw becomes
QWMQ™ —)QWw = QM1 - QW)w = QW H(1 - Q")wls,_,(2), (3.62)

where in the last equality we used the fact that B,.(z) is a tree and thus the only neighbors of B,.(z) \ B,(k)
within By(z) are precisely Si(z).
In other words, we have the following induction

[wls, @ QW H (1 — QW)
ey

Using Lemma 5.10, we can bound ||Q®WH(1 — Q)| < 2/ay. It follows that, there exists C' > 0 large
enough, such that

QW w] <

(3.63)

Vo |[wls, | loglog N
B || < YIS o288 3.64
W] B, 2\ Bi) o(ur) Iwls O ~ e w (3.64)
where we used v\(/f“) < \/% < (log N Vv d). Since |w(x)| < 1, we conclude (3.53¢). This concludes the
proof. O

Proof of Proposition 3.28. We work on the event defined by Proposition 3.34 and on which (B,42(z): z €
U™ (g)) are disjoint trees.

Let us fix € UT(e). Bryo(x) \ Br(z) is a forest and max,eg, (z)|vy| = O(v/Iog N). The first assertion in
(3.45¢) follows immediately from (3.53c), as for the second claim we have, using again Lemma 5.10 to control
the adjacency matrix,

(L = )Wl =[I(L = LI, =))Wl < |A]s, @)l Wl]s, @

/ . r/2 (3.65)
Q(ze?ii‘i‘(@ “Z)l 20((10§N> /2) =0 (W) :

The two other points follow directly from the two claims of (3.53). O
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3.6 Spectrum around small vertices

In this section, we study the eigenvalues generated by small degree vertices. We split our rigidity results
into two different propositions. The first proposition includes regimes of d for which the number of leaves is
very large and has weaker error bounds. The second one considers regimes of d where the number of small
degree vertices remain small and has better error bounds.

Proposition 3.35 (Spectrum of L|p, (), € U~ and d subcritical). Let o, € (0,1/3), K > 0. There exist
¢ > 0 depending on K and o such that for any constant r > max(10,10/c.) and k, k as in (3.29), if

1
5 log N + (log N)Y/% < d <log N —loglog N,

then the following holds with probability 1 — O(e’dc* )

(i) For each x € U™ (), the smallest eigenvalue of L|p, (») written p satisfy

o 1
(i) If x € L\ W7 (k) then
_ AL w(20)
p=Ait40 <(10g = T %)2> (3.66b)

with AL defined in (3.27).
(7it) If x € WY (k) then

(3.66¢)

4
uzAf—&—O( (loglog N) >

(log N)?(v(ay — v)?
with Ay defined in (3.27).

Moreover if w is the eigenvector corresponding to p we have

W5, @)\Bi(2) | = O(f/(% (;%) 2)7 i € [r] (3.67)

where 1_ := (d — 2 log N) A y/log N
Remark 3.36. If we suppose

1
(5 +5) log N <d < (log N)?,
for some constant € > 0, the proof becomes much shorted and the error bounds simpler. The underlying
mechanism is that as d gets closer to %log N, we cannot exclude the possibility that a ball B,.(x) for some
x € L contains a vertex z such that v, —v(;) < /log N. Therefore the perturbation analysis becomes more
complicated. However, we can insure that there will be at most one such vertex, which makes the analysis
feasible.

Proof. We work on the event defined in Propositions 5.23 and 5.26 and Lemmas 5.13, 5.22 and 5.24, which
we denote by Z. Then there exists ¢, > 0 such that P(Z) > 1 — O(e~%"). Note in particular that on
Z the balls (B,(z): € U (g)) are disjoint trees. Finally observe that for the values of d we consider,
x € U™ (e) means that D, < ¢! = O(1) (see (3.12)) and therefore on = there exists C' > 0 such that
max; e, zeu-(e)|Si(x)| < Cd'~.
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Let us fix z € U™ (¢) and write V := D—\/_;|BT(Z) and abbreviate H := fA|p, () with f = d~'/2. By Lemma
5.10 and the fact that on = we have

min Vg — Uy > cy(log N, max |v,| = O(+/log N),
yGBT(z),y;ﬁJ yl = cx(log N) yEBT($)| y| = O(VIog N)

we see that |[H| < C for some constant C' > 0 and that we are in the setup of Proposition A.10. Let
k:=T15/c,] and ¢ = c.(log N)°*, (A.13) becomes
1H|**vd
where Fj(e) is defined in (A.14). Therefore we find that for our choice of k, the last term on the right-hand
side of (3.68) is bounded by O((log N)~%).
We define

Ys 1= argmin{vy: y € B.(x)y # x}, ry i= dist(x, y.).

By Proposition 5.23 (ii), we have

min |vy — vy > ci/I0g N, |vy — vy, | > ci(log N)“. (3.69)
yEBr(x)\{m,y.}

To analyze (3.68), we will distinguish three cases.
The first case is when 7, > 1 and D, > 1. The term Fy(e) has an expression in terms of cycles starting
at x of length 2 (see (A.14)). As can be seen by a simple combinatorial argument, using the fact that on

= there exists C' > 0 such that I;Si(;a‘)\ < Cd, for i = 2,...,r, there are at most D,(Cd)'~! such cycles.

Moreover a cycle starting at « with length greater that 3 must visit at least twice Sy (z), thus collecting at

least to factors ———~——— But since r, > 1, such factors are of the order (log N)~¢-. We conclude
mmyésl(z)lvz vy |

that on =,
D, (Cd)'~1 1
Eyle)] < =0 1>2 e>0. 3.70
[Bai(e)] < d'(log N) (d(logN)QC* ) =&c= (3.70)
If e eUU™(g) we get
L P — =240 D maxyes, )|/ ):%Jro(il ) (3.71)
(Ve —vy) Vs mingeg, () |Ve — vy|%d Vg Vd(log N)2e-/’

y€S1(z)

which proves (i).

Next we consider the case when D, = 1 and & € W7(k). Recalling Definition 3.20, we denote z, the
unique neighbour of x and write v, = v(1). In particular max,, . |v,| < C(loglog N)? for some C > 0.
If z € W (k), this means that r, = 1 and v,, = v, + O(%). In this case, we consider the definition of
Ei(e) in (A.14) and see that at each step of the path either we are at z,, in which case we gain a factor
(log N)~¢/2d=1/2 or we are not at z,, in which case we gain a factor (log N)~'/2 from (3.69). The last case
is when we are at « and not at the end of the path which will create a term (log N)~¢/2d=1/2 A (log N)~1/2
by differentiation (see proof of Proposition A.10). This shows that

1
a5 = i =) (72)
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We compute explicitly

1 1
Eg(l) = — —

= = + ! E > +O< ! > 3.73
d*(v) —vy)Pvy B (o) —vy)Pof, d Y d*(log N)3(v(ay —v)% )’ (8.78)

yESQ(ac)
1 (loglog N)*
+(2) d3(vay —vz,)? ((log N)3 (v = ”Uw)3>
and
Ba(0)+ Ba(1) = —+ 4 1
2 4 o d(v(l) — Uzm) d2(v(1) — ’Uzw)g
2 (3.74)
= L el M O( il >
d(vy —vy)  d(va) —vy)? (log N)%(ve1y — v4)3
The only term remaining is E4(0). Proceeding as we did in (3.57) and using (3.57), we find
1 1
E,(0)= —""— S
d*(vay — vz, )? ygz:(x) V(1) — Uy
1 z d z. Ze 1 z 1 1 N 4
= 2+O(3/2K3)} {a . | Yo oA ) e +O((Og °g3/)2 )}
d(v(r) = vy) d*2(v(1) — vy) (1) Y1) vy Vd (log V)
_ a, N Vdoe, (B, —1) | ( (log log N)* )

d(vay —vy)?vay  d(vay — UW)Q’U?D (log N)5/2(v(1) — v4)?

Combining the above equation with (3.68), (3.72), (3.73) and (3.74), we conclude

(loglog N)* )
(log N)2(vay —vy)3 )

where we used £ = O(loglog N) and [v(;) — vy| < v/log N.
Finally we consider the case where D, =1 but x ¢ W7 (k). In this case we see that Eg(1), Eg(2), E4(1)
can be bounded by the right-hand side of (3.66b). Recalling (3.27) we see that (3.68) becomes

(loglog N)* >
(logN)Q(v(l) — Uzw)2 ’

u=A§+O<

v,
dv(zl

p=AE+ +E4(0)+O<

)
Using Proposition 5.23 (iv) with a = 1/6, we have

é Z ;:a%_"_

peontey YO TV V) miyes,@|va) — oyl

dl/ﬁ

Either, z; = y. and v,, < ¢.V/d and then we know, by Proposition 5.23 (iii) that minyeg, (2)|v) — vy|? >

2Cy

cilog N and v, —v(1) > ci(log N)®. Or v,, > c,V/d in which case min,csg, () |v(1) — vy|? > c2(log N)?*<. In

either case, we find,

1/6
E4(0) Ve + 0( d >

- dvy (v = vs,)? d(v) = vz, )? Minyes, @) [va) = vyl?

Oz

= - 40 ((loglogf\f)“)
dv)(va) = vs,)? (log N)2—6+2¢- ) °
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This proves (3.66b).

There only remains to prove (3.67). The proof goes exactly as the one for (3.53c). We use the fact that for
all but at most one 4 € [r] the relation (3.63) holds with 1 replaced by cy/log N for ¢ > 0 small enough. If
there is y € S;(x) such that |v, —v,| < c¢(log N)¢ for some ¢ > 0, then we apply (3.63) with c(log N)¢ instead
of 1. Since by Proposition 5.23 (iii) this situation happens for at most one ¢ € [r] we conclude (3.49d). O

Proposition 3.37 (Spectrum of L|p, (), * € U~ and d critical). Let a,e > 0 and v > 10. There exist
¢« > 0 depending on € and r such that if

log N — (loglog N)? < d < (log N)?,

and K, k as in (3.29). Then the following holds with probability 1 — O (e_dc*).

(i) For each x € U™ (e), the largest eigenvalue of L|p, (») written p satisfy

=g+ j—: +0 (k)glN) . (3.75a)
(ii) If € W~ (k) then

Moreover if w is the eigenvector corresponding to p we have

i+1
1 2 )
||w|Br<x>\Bi(x>|—0<(logN) ) il (3.75¢)

Proof. We work on the event defined by Propositions 5.23 and 5.25 and Lemma 5.24 that we denote =. As
in the proof of Proposition 3.35, we see that we are in the setup of Proposition A.10 with 1) = c,+/log N, for
some ¢, > 0 small enough. For k = 3, (A.13) becomes

H 6
= o B(0)+ B1) + Bi(0) +0 (1)
Since B, (z) is a tree, |H|| < 2 on =.
We treat the three terms as we treated their analog in the proof of Proposition 3.34 (see (3.60) and (3.61)).

We use d > % log N and Lemma 5.24 to remove the terms that are O (”127&> In particular using Proposition

(log N)3
5.25 (ii) we find that

11 5 Qg d” |S1(z)|d w
_— = — 1 _— —_— _— .
dvfd o { *O(aogszﬂ’ o5~ O\ log Ny

We skip the details as they are very similar to the proof of Proposition 3.34.
The proof of (3.75¢) is the same as (3.53¢) in Proposition 3.35. We skip the details and conclude the proof.
O

Proof of Proposition 3.31. Exactly as the proof of Proposition 3.28, this time using a wider margin of safety.

Setting r = g we obtain exactly as in (3.65) that

(L — p)wl|l =||(L = Ll , )W < [|Als,s @) ||| W]s,@) ||

<941/ ax D )1/20 v w ) o) L
max . — | —= = — .
- 2€8,11(x) Vi— \Vieg N (log N)10
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All of the equations (3.49) follow from their counterpart in Propositions 3.35 and 3.37.
In addition (3.49c¢) follows from the fact that for d > log N — (loglog N)? we have v(1y — v, > clog N for
some small enough ¢ > 0. We have

AE A= Gy [1 - }: (1>
e o — o2 v TP D] = O Gog vy )

where we used Lemma 5.22 to bound (8., — 1) = O((log N)~1/2).
We have, expanding the denominator v(;) — v,,,

N Sa(x)] 1 vy
AL A _011+041+041¢3<|2 1) _
® o v‘(o’l) v(21) d d(vay — vs,) dv?l)

IN

1 1 v., +O( v, |3 )—0( 1 )
dvf, d3/20f,, dvf, d(vay — vz, )4 (log N)3/2 )

This concludes the proof. O

3.7 Eigenvalue processes

In this section, we will prove that the point processes described in Corollaries 3.17, 3.19 and 3.22 are Poisson
Point Processes.

Let us recall that we consider processes with K = loglog N points (see (3.7)).

Let us introduce the quantity

Q(a,b) :=P(Pyy — da > bVda). (3.76)

Lemma 3.38 (Linearization of the approximate eigenvalues). Let K e > 0 be constants and x > 0 that may
depend on N. Then

(i) For (log N)*¢ < d and x € W (k), we have

oy 1 1 K
vm+g—v$+;+—\/g+0(log]\]) (3.77)
(ii) For 1 < d < (log N)? and x € W (k), we have
1 K2
Ay =0+ VdO(v, —v(uy)) + —v/azd m1+0<) 3.78
(e = w(u) + vad(a 1)+ 0 2 379)

(iii) For 3log N < d < (logN)? and x € W™ (k), we have

1 K2
A=o(u)+0_(Vd(v, —v(u_))) + Vogd x—1+0<). 3.79
o(u-)+0-(Vd(vz —v(u))) P (B2 = 1) Vo P (3.79)
for A € {Aw,Ag,Ag}.
(iv) For $log N <d < 1023532[1\/ and x € WY(k), we have
1 k2 log(d) K2
AL = 0 (v, — — 0B, 1) +O0| 77—+ =5 3.80
x Oy + 'Y(v x v"/) + T (ﬂ x )+ <d9/4(1)(1) _ 117)3 d5/2> ( )

The proof of Lemma 3.38 relies on a Taylor expansion in At < O(k/+v/d). Note that if ¢ = v, then
ﬁ +1=a, and Vd(v, —v(u_)) = D, — duy. Tt is deferred to Section 3.9.
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Asymptotic behavior of &' in critical and subcritical regime

In this section we prove Theorem 3.8 in the regime K < d < (log N)2. The starting point is Corollary 3.19
which tells us that to understand the eigenvalue point process in the window x4 (c.f. (3.24)) it suffices to
look at the quantities A,, x € W(k). The first step in the proof is to check that the window x4 (which
morally lives on the space of degrees) is larger than the window defined by 4 (which lives on the space of
point processes and depends on K and p). Indeed we have

v(uﬂ—ﬁﬁa—ﬁ«a—%, (3.81)

since 7> v/d and k4 < k by definition.
Let us define the reference process

0(D, — -1 if D, — > —
Sim X o zawm {TDe B PR G ) Dz Vi
velN] —00 otherwise.
We define the error parameter
o1 (3.83)
= (loglog N )2’ '

chosen in order to have 76, < 17 K maxXg>, % for e, defined in (3.22) and p defined below.
>k T,

Lemma 3.39. Under the assumptions of Corollary 3.19, we have for every s > —k4
S(Eui) < 87 (B) < S(E.,).

Proof. Let us introduce the intermediate process

xr T .
—00 otherwise.

- _ i _ > _
& . Z 5y, Zo— {T(Aw o(uy))  if v, —o(uy) > —Vdr
z€[N]

By (3.81), only vertices belonging to W (k) contribute to [—k4,00). Moreover by Corollary 3.19 since
N K TE,, for €, as defined therein, we have

i(E‘ern/Q) < (I)+(Es) < i](-E¢3777/2)~

Recalling Lemma 3.38 and in particular the error term on the right-hand side of (3.78), we see that

:‘<62

Tm <.
We conclude that (Eyy,/2) < X(Es) < S(Es—y/2). O
We define the intensity measure
P(Es) ==Y NP(Py=0)Q(v,s — 70(v — du;))1, 55 ostos v (3.84)

log(uy)
vEN *

The next lemma states that p is a good approximation of p.

Lemma 3.40. For ki as defined in (3.8) and for every s > K

p(Es) = p(Es) (1 +0 (W)) + O (e UoaM'?,

Moreover

d _
&p(ES_n)‘ < 3K, p(Ees_y) < 3K. (3.85)

sup
u>s
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Proof. Let K = (loglog N)? Vv lﬁ)gg l(ig:;] . By a Taylor expansion, we see that for k > —K,

NP[Py =k + dui |1y = uf (14 O0(e"/44+)) (1 + O(in = (1 N O(i»

Moreover, applying Lemma B.4 with u = d*u, and xi = % we find

G(s)(1+ (duy)™5), if [s = 70(v — duy)| < pi$

Q(v,s — 10(v — duy)) = {O(e(sz/\u)) else.

We bound the contribution of the lower term by O(e*(log N,

(3.85) is immediate from the definition of x in (3.8) and the fact that

cK
Ey) — p(Es) < p(E,—
S p(Es) — p(Es) < p(Ex—y) (@)=

< 3K.

This concludes the proof. O

The next step is to prove that the k-point correlation functions of the process X factorize asymptotically.
Let us recall the definition of the [—point correlation measure ¢s of a point process X, given in (3.91).

log N
logu

Lemma 3.41 (Inclusion exclusion for ). Let £ < ¢
I; = [a;, b;) with —k —n < a; < b;. Then

for some small enough ¢ > 0. For all i € [{], let

gs(Iy x -+ x Ij) = [1 - o(Z)] I1 s@) + o(w=17%).

i€[(]
Proof. Let £ € N and aq,...,a; € R. A straightforward adaptation of Proposition 5.27 gives us

NZIP’(ﬂ{ZiZai}):Ne > (H 1(vidu+)‘r9>m>P<ﬂ{Zi2ai}>

1€[{] V1,...,Un EN \i€[l] i€[l]

- (H p(EZ-)> n NZO(N—l/?’P(Pd > duy — K)' + ich—H)

= (H P(E¢)> +O(NTHY),

where we used (5.3) to estimate
(NIP’(Pd > du, — K)) <ufk < NV

and the assumption on [ for ¢ small enough.
We have by Lemma 3.51,

N'P(Zi €D, Zee I) = 3 (COUINB(({Ziz 0} 0 () {Zizai})

UcCle] icU i€ [l\U

= > OUNTI(TT e TT ete) +0(2N14)

Uucle] P €U i€[(\U

- Z(’l)IU‘Nq_KH pi) [] p(bi))+O(N*1/5),

UcCle] ieU i€[l\U

for ¢ < ﬁg@) log N. We conclude by combining the two equations. O
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Next we show that > behaves asymptotically as a PPP with density p.
Lemma 3.42 (Asymptotic Poisson Behavior of 3). Suppose n € N* and s € R satisfy

log N
loguy

n, p(Es) <

Let I,...,I, C E; be disjoint intervals of the form I; = [a;,b;) with —kx —n < a; < b;. Then for all
ki,...,k, € N we have

5(1)e—PI:)
P( ﬂ {3() = kz}) = H % +E(k1, ... k)
i€[n) i v

where the error term satisfies, for some small enough ¢ > 0,

1E(k1, ... ky)| <e ™ 4K

Proof. Choose m := cllggg lﬁ for some constant ¢ > 0 which will be chosen small enough in the following. We
write p = p in the rest of the proof. By Lemma 3.51, we find
1 (-2t K +11 e +1
i€[n] l1,..,ln €N
1 (—1)Z’~'li oy +11 o+
:kl!'-'kn! Z lziliﬁml1!~~~ln! gs(I7 X oo x IV )+ &o
l1,..,ln€N
1 I )k i+
Tkl k! > ]'Zl<mH +& + &
l1,...,ln€N 1€[n]
I;)k: ,
=11 Lk.? e ) 4 & + & + &
i€[n] v

The first two equalities follow from Lemma 3.51 with £ =" 1; + k; < m (after choosing ¢ small enough in
the definition of m) and the error term is defined as

1 ( rkath ot
= 2 W e s )
1seeesbn

The third equality follows after introducing

1 1
gl:zﬁ Z ]'Zl<ml' l'g(lla"'vln)v

ll: 7ln€N
Exly, .. 1) = gu(IP T oo [hntln) Hp kitli

The fourth equality is just the formula e™® — Zk< % (k%l)!, x > 0, and

Ii ki _ Ii l;
A Y iy T

l1,..,ln€EN



100 CHAPTER 3. LOCALIZATION AT THE EDGE

To control £1, we observe that ZZ k; +1; < 2m and so by Lemma 3.41

1 —p(I; li
Z 1Zili:z‘51(l1’""l")HZiliSmS OgN <Hpk' ) Z 12gem1ﬂ%

l1,ln

seeabn

(log N)2 35 p()!
g (H”k. ) 5 (Zl“m ))

1>m+1

(log N)? 3p(U; 1))’
(log 1)? <Hpk. ) 5 UL

I>m+1

Similarly, we have

ki T
|€o|+|62|—o<ﬂf’<g> 3 w

I>m+1

Using (3.85), it suffices to have m > 3e*nK which is insured by the definition of m and the fact that
loglog N < 126N "Using the fact that the I; are disjoint we see that 3e?p(lJ, I;) < m and so

loguy

logN p(1 Com .
[Eo] + |E1] + |1E2] < C(1+ (H k:' ) 2m < g

Therefore

—-m n,—m —m/2
E 1Zv ki <m® <m’e <e
i
E1yerkin

for n < m/logm. This concludes the proof for ) . k; < m.
The case ZZ k; > m, we observe that

I kiefp(IJri) ol le™ ZI o(I;)
3 1Z¢ki>me()k—i! _y Eal >>“

ki,....kn i I>m
oo <p<uz> (1 v (UI» (5 m))
< Ce X
by (B.4). )

We are now ready to show the asymptotic closeness of U+ and ®*. Let ¥ be the Poisson process with
intensity measure p.

Lemma 3.43. Fizn € N* and k as in (3.8). Then

P(ﬂ{ﬂ&)gmn (ﬂ{w <kD+o)

i€[n] 1€[n]

uniformly for ki,...,k, €N, s1,...8, > —k and t1,...,t, satisfying |t; — s;| <.

Proof. A simple exercise on Poisson processes shows that it suffices to establish 5(Ey,) = p(Fs,) + o(1). By
(3.85) and Lemma 3.40, we have p(Fy, ) = p(E},). Moreover an easy computation shows that p(E;) =
O(p(E})) and since n = W = o(%) and p(E;) = O(K), we conclude that p(Ey,) = p(Es,) +o(1). O
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Proof of Theorem 3.8 for d < (log N)2. By definition of x, and & in (3.24) and (3.15) respectively we see
that

e <2 log(K)

< < K,
log(u4.)

since log L < loglog N. By Lemmas 3.42 and 3.43 we can write for t; > to > --- > t, > —k —n and
rg <. <r,in N*,

P( n (®(Er,) = 7"1))

() C(Errg) = 1) =P( () C(lts + 1.t +m) =i = ri1))

i€[n] i€[n] i€[n]
=P(() (B0t +mtior +m) =75 = i) + E(1, oo 7a)
i€[n]

P( () (¥(Brsy) = 7)) +o0(1) = B () (B(EL) =) + ().

i€[n] i€[n]

This concludes the proof. O

Asymptotic behavior of &' in supercritical regime

In this section we show that the eigenvalue process converges to ®* in the supercritical regime d < (log N)'*¢,
e > 0.

Definition 3.44. Let ® be a random point process on R. We can represent ® =" . dz,, where X is an
index set and (Z;)zcx is an exchangeable family of random variables. For a,b € R, b # 0, we denote by

(b(a,b) = Z 5b(ZJ_7a)7
TEX

The reference window is different, we introduce

loglog N
Rsup = (logl()g N)2 v logu
+
and the rescaling parameters
1 d 1

0= =log — % . L
2 g210gN g Vdu(uy)

In order to do that we introduce an intermediate point process Xgumpb, which is the analog of (3.82),

(3.86)
—00 else.

S Z Sp. 7y e {\/210g Ny —v(ug) —a)  if vy —v(ug) > Keup,
z€[N]
We will first show that Ygump is asymptotically close to both ®* and to Wsyp,, a PPP with density psup :=

e~ *ds. Then we will show that U, is asymptotically close to a rescaled version (zoomed-out version is more
accurate) of 1™. This is illustrated by the chain of comparisons

(@) W 5 P 0y (w1, (3.87)

where ~ denotes asymptotic closeness of point processes (with respect to the topology induced by the metric
D,.), ¥ denotes the process ¥ rescaled by b € R, and shifted by a € R (see Lemma 3.39 below). We will
then be able to conclude that ®+ ~ ¥T by Lemma 3.46.
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The step (1) in (3.87) is proved by adapting Lemma 3.39, using Corollary 3.17 instead of 3.19, the
O((log N) 71)). This allows us to use Lemma

linearization (3.77) instead of (3.78) (in particular 1 — —1
3.39 with the obvious modifications.

Step (2) of (3.87) is obtained by first proving asymptotic decoupling of the variables Z,. This is an
adaptation of Lemma 3.41 using Proposition 5.28 instead of 5.27 and the bound pgup(x) < K.

Step (3) will follow from the next result.

v(u+

Lemma 3.45. The processes Vg, and W(h) are asymptotically close in the sense that

Dyy (W, T@A) — 0.

Proof. Let T € [Ksup, +00). Let us write w := 4/ 21°dgN so that uy = 1+w. Using £ f = 2log N(1+0(1)), we
find

o0

]E{\I/ ([T, 400)) / Zu+g s+ k2log N ds—Zu+/ g(s + k2log N)ds
T ez kezZ T

:Zu’i/ ds—/dsZu+g ls>T4k210g N

vez T+k2logN ez

Z/RQ(S) Z u+ds—Zu+/R 1+w>210gNd5

s—T
k§2logN k=0

Using a Taylor expansion of the function In(1 + ) to the first order we see that

s—T sw wT (s — T)w?
1 Zlog N — _
(1+w) eXp(QlogN 2logN+O< 2log N

By the monotone convergence theorem (or by computing the Gaussian integral directly), we find

_ —wT/ZlogNui'i‘ sw (S—T)WQ
E [ ([T, +00))] = u+_149<5>exp (210gN+0( 2lgN ) )%

wT 1 d 1 1/2
_ _ L 1 —(dlog N)
eXp( 2logN |2 OngogN) < T dlogNyi/A T C ’

where in the last step we split the integral between |s| > (dlog N)'/* and |s| < (dlog N)'/%.
Setting T' = S(t — a) we see that

E ¥ ([T, +00))] = e *(1 + o(1)).
This shows the claim. O

The next result is evident from Definition 3.7.

Lemma 3.46. Let ®; and o be two point processes on R and a,b € R. Then for any k € R,
D (81, 2) = Dy (1), ),

Combining (3.87) with %(stup +a) < —% < K, for k defined in (3.8), we conclude that

DK/ (©+7 ql—‘r) S DB71(55\1D+(¥) (©+7 ql—"_) = DH/SH[) ((@4_)(&’6)7 (\I,+>(a76)) % 0-

This proves Theorem 3.8 in the supercritical regime.
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Asymptotic behavior of &~ for d 2 log N

In this section, we prove (i) of Theorem 3.12. The analysis of ®~ in the regime (log N)? < d < N'/3-¢
is completely identical to the analysis of ®* in the same regime. We therefore only focus on the regime
log N — (loglog N)? < d < (log N)2.

The analysis of @~ starts by combining (i) of Corollary 3.22, (iii) of Lemma 3.38 and the fact that

ko <K

for xk_ defined below (3.11) as  defined in (3.15). The proof then unfolds as in the case ®*, we skip the
details.

Asymptotic behavior of ®” for %logN < d<log N

In this section, we prove (ii) of Theorem 3.12. We begin by recalling (i) of Corollary 3.22, (iii) of Lemma
3.38. Observe that

ko LK

We define the generic error parameter

k2logd
"= 13
d / (U(l) — ’UA/) 2

Now we have 7, (e, VA,) < d~1/*n, where ¢, is defined in (ii) of Corollary 3.22 and A, is the error in (3.80).

Similarly to (3.82), we define the process ¥ :=3_ () 0z, where

7 {7797(% — ) +dyaz (8., —1) if D,, —du, < Vdxk

—00 otherwise.

Note that we consider o, — A, so that the smallest eigenvalues of Spec L correspond to the largest values of
the point process ®7. It thus makes sense to send larger eigenvalues to —oo and not +oco.
We obtain a result similar to Lemma 3.39 and show that

S(Buty) < 97(B,) < (E.y).

We can then use Proposition 5.29 to obtain a result similar to Lemma 3.41. For ¢ < N'/3 and a,,...,a; € R
we have
Y ~ 7/ d*1? —d 0 Vd ¢
N ]P’(H Z; > ai) - ([T 5 (EZ-)> + N'O( S (e ) B(Py < duw, + Vir)" ),
i€ll] i€ll]

where p7 is defined as g in (3.84) but replacing uy by u,. We can then conclude that the error term is small,
by using the fact that

4
d3¢? (Ne‘dd]P’(Pd < du, + \/En)) <ulrdde® < NS,

log N
log uy

The rest of the proof is similar, as soon as we observe that p¥(FEsi,) = O(IC)7 a bound equivalent to
(3.85). This concludes the proof for that last case.

as long as £ < ¢ for ¢ > 0 small enough.
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3.8 Eigenvector localization

In this section, we prove Theorems 3.10 and 3.13. We will proceed as in Section 3.7 and detail the steps for
Theorem 3.10 and d < (log N)2. We will then explain briefly the adaptations required for d > (log N)? and
Theorem 3.13.

First, we observe that the hypotheses on d are stronger in Theorem 3.10 than they are in Theorem 3.8.
In particular, we suppose that

(loglog N)¥/* < d < (log N)? (3.88)

Lemma 3.47 (Level spacing for ¥). Let d be as in Theorem 3.8, k as in (3.8) and n and Z, as defined in
(3.83) and (3.82). Under the assumptions of Corollary 3.19, for any a € R we have

P(3z#y: Zu, Zy 2 —,|Zs — Z,| < 1) < K?

Proof. Let us recall that for 1 < d < (log N)?, we have with high probability max,e[n Deg(z) < duy +
C(l + ,/ﬁ), for C > 1 large enough. This follows for instance from Bennett’s inequality. We deduce
that max, Z, < C’% < (log N)? for N large enough.
Thus

P(Hm FY: Ly, Ly > —K,|Zy — Zy| < 77) < ng({(s,t) 1s,t € [—Ii, (logN)Q], ls —t| < 77}) +o(1),

where we used the two-point correlation measure ¢s o defined in (3.91) below. By covering the set in the
argument of gs, o by square of the form [u —n,u + n)?, we find, using Lemmas 3.41 and 3.40

P(Elx FY: Ly, Ly > —K,|Zy — Zy| < 77)
<2 Z 1u€[7n,(logN)2] (p([u —nu+ 77]2) + O(e—(logN)l/s n N—1/5>) + 0(1)

ueENL
k+ (logN)? / _ 1/5 .
<K Y Luel—rog ny21p([u— 1,0 + 1)) + ﬂo(e (los M7+ N 1/5) +o(1)
ueENL N
< KPn+ o(1).
In the last step, we used (3.88). O

From now on we assume that instead of (3.7), K satisfies
K < (loglog N)'/2, (3.89)

such that K?n = o(1).

We conclude that under conditions (3.88) and (3.89), with high probability, all points of the process X
are separated by at least 7. Let us recall the definition of ¥ from the proof of Lemma 3.39. Invoking this
result with smaller € > 0, we conclude the following result.

Lemma 3.48. With high probability, each interval of the form

(Ze =n/4, Ze + /4], Zo > -k, (3.90)
contains exactly one point of ¥ and one point of ®. Moreover the complement of the intervals in (3.90) in
the region [—k,00) contains no point of X and no point of ®.

Proof of Theorem 3.10 for d < (log N)?. We work on the intersection of the high-probability events defined
in Proposition 3.18, Lemmas 3.47 and 3.48. Let A be an eigenvalue of L satisfying A := 07(\ — o) > —x. Let
x be the unique vertex such that A € [Z, —n/4,Z, + n/4] and v := w(z) defined in Proposition 3.28 and
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N := A, (recall the definition of A, from (3.19) and (3.45a)).

Recalling the construction of the orthogonal matrix U in (3.21), we find || (L—X)v|| < [[Ew|| = O(w(log N)~*).
By Lemma 3.48, X is the only eigenvalue of L in the interval [\ — A, X + A] with A := 76n/4. Now since
70n = O((log N)?*(loglog N)~?) we conclude by Lemma A.6

w — v|| = O((log N)’3/2).
This concludes the proof. O

In order to prove Theorem 3.10 we use (3.87) to show the analog of Lemma 3.48 for d > (log N)?.
Lemma 3.49. Let Z, be the variables defined in (3.86). each interval of the form

[Zx—n/ll, ch—|—77/4]7 Zy > —K,
contains exactly one point of Xgumb and one point of .

Proof of Theorem 3.10 for d > (log N)?. The proof is similar to the regime d < (log N)? but we do not use
the block diagonal approximation of L. to obtain approximate eigenvectors. Instead, we use the eigenvectors
W (;) defined in (3.37).

Let A be an eigenvalue of L satisfying A := v/2log N(vy — v2log N — @) > —Kgyp.. By Lemma 3.49, the
only eigenvalues of L in the interval [N — A, X 4+ A] with A = 1 By Lemma A.6, applied for the true

\/2log N
1

eigenvalue ), the approximate eigenvalue v/21og N +a+ A, the approximate eigenvector w, and A = T’
og

we find that if w), is the true eigenvector corresponding to A,

v2log N

e ~0 (Y25

) = o(1).

In particular since w,|, = 1 —o0(1), we conclude that w} is localized around z. This concludes the proof. [

The proof of Theorem 3.13 is an adaption of the above argument. We do not do it in detail.

3.9 Auxiliary computations

Lemma 3.50. There exists § > 0 such that if 1 <d < N and K < N° then W CU*.

Proof of Lemma 3.50. For x € W~ we have v, < \/a(u7—1)+5\/1§g10];d +10.Ifd > 3 log N then vd(u,—1) <

—/2log N and so v, < /(2 — §)log N which is much smaller than /(1 + ¢)log N if ¢ is small enough.

On the other hand if d < %log N, then

log N log N log K

vy < Vd(u, —1) +6—=>— +10 < —Vd + 1+o0(1)) + +10
v < Vil = 1) Vdlogd - Vd ( @) log dv/d
1+dlogN (14+¢)logN
< —Vd+-— +10 < —Vd+ ———2—
- logd +/d log dv/d
as soon as d > 0 is small enough.
For x € W, similar. O

Proof of Lemma 3.38. The various statements rely on a Taylor expansion in At < O(k/ \/E) Note that if
t= v, thenid—i—l:ozx.
The first point is proved by a first order, approximation of the function

1 1
fO=t+ g+
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around t, = ogp. (Note that f(vy) = vy + $=.) We compute easily f'(t) = 1 — %+ and f”(t) = —Z. Since

) t2

Vg — ty = O(%) and t, — Kk > t./2 > y/log N /2 we conclude that

bt 52 = oan) (1= Ol = mn) 0 (i)

p Ly +0( il )
=Upy+ —+ — .
. Osup \/E IOgN

The proof of (3.78) is similar. Starting from the definition of A, in (3.19) we observe that

Ax = f(vz) + g(vx)d\/@(ﬁw - 1)
where

f(t):HEjL%} [1+tl2}v g(t)=\/td\/gT.

Around ¢, = v(us) we expand f to the second order and g to the first order (i.e.& constant). We find
ft)=1- t% + O(%), @) = O(t%) and

"t) = ! Vi = 71 —v(u = kd /2
g(t>_0<dv(u+)2m+v(u+)3\/g)_O(\/mu(mz)’ [t —v(uy)| = O(rd/?).

We conclude that
e (e = v(1) + glo v = 1 + 0 (S + =)

v(u+
1 K
s WA =0+ 0 )

A = Flo(u) + (1-

= Ocrit,+ + ecrit,Jr(Ua: - U(u+)) +
For the last estimate we used the assertion from Proposition 3.18 ((iii)) we can bound (8, —1) = O(=2578~ 105;;? N)

(3.79) is proved in the same way.
For (3.80), we introduce

t t
1 —-=+1 - +1
f(t) = [1+—¥2 . gt = —"1 -,
dlvay =)= vay(va) — 1) Vv (vay — t)
t
1 - +1 1 vy + 1
F) = s [1+ Vi + o n O
(vay = t) vy (va) —t) (vay — 1) d3 vy (va) — 1)
t
2 = +1 vy + 1 3(vay +1)
f(t) = 3 [1+ Vi — ]+ 3/2 - 3 3/2 Y )
d(v(l) t) U(l)(’l}(l) t) d ’U(l)(’U(l) — t) d v(l)(v(l) — t)
t+v(1) 21}(1)
+1 +6

Vv (v — 1) Vv (v — )Y

For t = v, + O(k/Vd) we get, using |v(y)| > 1v/d, and using (8., — 1) = O(M) we get

\/log N
t—w u 1 1
f(t) =f(vy) + T 1+ X + +
T d(vay —vy) vy () —vy)  Vd(vay —ve)? V(v — vs)
(t —v,)? K
oy — v | Ol
k2 log(d) K2
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We conclude by observing that
1
g(vy) + 7y = O(gﬂ)

by replacing —— by —é. O

v(1)

The rest of this section is a remainder of [7, Appendix B]. For k € N and ® := 3,y 0z, a point
process on R and

o i(F)i= Y P(Zayo... Zo,) EF)=N(N—1)---(N—k+1)P((Z1,....Z) € F).  (3.91)
T1,..., TR €[N]

We have the following inclusion-exclusion principle.

Lemma 3.51. For anyn,m € N*, ky,... k, € N, and disjoint measurable I1,...,I, C R, we have
1 (—UZi i ky x1
P(O(L) =k, ®(In) = Fn) = kil k! Z 1Ziligm Il 1, qa (17" X"'XIE”XM)
I1,esln €N '
1 1 ks X1
+O<7k1!--~kn! Z 121,11':’”*1711!~-~ln!q®(lllx1 ><~--><I71§"le))

l1,...lneN

Lemma 3.52 (Closeness between Poisson processes). Let U, U be two Poisson processes with intensity p
and p respectively. Then if p(Ey) = p(Es)(1 + o(1)) uniformly in t > —k we have, for any fix n € N*,

P {#(E) < ki}) =P( () {0(E) < ki}) +o(1)

i€[n] i€[n]
uniformly for ki,..., k, € N* and s1,t1,...,8n,t, > —K satisfying |t; — s;| < |s —t]
Proof. Tt suffices to prove

P {0(L) = ki}) =P( () {¥(L) = ki}) +o(1)
ien]

1€[n]

k
for I; disjoint intervals. Now because 77 < e® for z > 0, we can do a first order approximation

5 (E k Es k
e”(E‘)% - ep(&)% + o(p(E,))

and this gives

IP’( ﬂ]{\il(l,») - k,»}) —IP’( ﬂ]{\p(f,») - k,»}) - 2"0(1)(;1] ep(Esgﬂ(%!)l“) — o(1).

i€[n i€[n
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Chapter 4

Attached trees and spectral gap

For d > log N, the idea of mapping the smallest degree vertices with the smallest eigenvalues works. However,
as d < log N this is no longer the case as new minimal shapes appear. Smallest eigenvalues are no longer
in bijection with smallest degrees (which at this point is 1 in G..) but rather with maximal trees that are
connected to G.. by exactly one edge.

4.1 Main results

Let Ty, t € N*, be the set of all trees on ¢ vertices. By convention, we label the vertices of any tree in T € T,
by V(T) = {1,...,t}. The set T; is thus a finite set of cardinality /=2 by Cayley’s theorem. For instance,
the set T consists of the trivial tree on one vertex. Let T = |J,~, Ts and T<¢ := |J; <., Ts.

We define the line of length ¢ € N* as the graph L; = ([t], F) with EF = {(i,i+ 1) : i € [t — 1]}.The line is
a tree of size t and its Laplacian matrix is denoted by L(L;). The spectrum of L(L;) is real and lies in the
interval [0, c0) with exactly one zero eigenvalue. We define the deterministic quantity

Ae(t) == inf{zER:lz(%(Lt))n}’ t>1, (4.1)

as the smallest eigenvalue of the matrix L(L;) 41117 (see Section 4.4). Note that, by a symmetry argument,
we could add 1,17.

A well-known fact about the Erdés-Rényi graph is that isolated vertices appear when the density d
becomes smaller than log N. A natural question is to ask for what regimes connected components and trees
of size t € N* appear. This question leads to the following definition

1
d () := sup{d >0: g(logN + (t+1)logt) >d— logd}, t e N (4.2)
The next theorem says that the spectral gap of the Laplacian is given by the spectral gap of lines. As

the regime d decreases, larger trees appear G and the spectral gap closes. The different regimes covered by
Theorem 4.1 are illustrated in Figure 4.1.

Theorem 4.1. Let e >0 and t € N* and A, as defined in (4.1). Ift > 2 and
(I+e)d (t+1) <d<(1—g)d"(t), (4.3)

and My denotes the smallest eigenvalue of L different from —/d, then

Xy = —Vd+ Aj/(g) +o(d™h), (4.4)

holds with high probability.

109
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Remark 4.2 (Conventions I). We call a constant universal if it depends only on T. Likewise we call a
function or a matrix universal if it depends only T. For instance v, (t) is a universal constant as it can be
computed from the information contained in (J; - ., Ts X [s].

For instance, for a fixed tree of finite size T € T and for x € V(T), the spectral gap of T is defined as the
second smallest eigenvalue of L(T), A2(T)). This is a universal constant. The function ((L(T) — z)_l)zz is
a universal function. On the other hand L(T) is not universal, since it depends on d which depends on N.

Ty Ts T,
ol Leaves and small degree vertices.
¢ o @
...... G |5 G G G
d*(t) d*(4) d*(3) d*(2) log N

Figure 4.1: TIllustration of the different regimes covered by Theorem 4.1.

Remark 4.3 (Localization of the eigenvectors). In the proof of Theorem 4.1, we identify the regions of
the graphs that generate the smallest eigenvalue and the proof shares a lot of points with the those of
Theorems 3.8 and 3.12 in Chapter 3. We believe the result could be extended into a localization result of
the eigenvectors corresponding to the smallest eigenvalues of L, in an analog to Theorems 3.10 and 3.13. We
do not pursue this here.

Remark 4.4 (Conventions IT). Throughout this chapter the following conventions hold.
1. Any quantity depends implicitly on NV unless mentioned otherwise.

2. For a square matrix M we write |M| the dimension of M and we denote by \;(M), i =1,...,|M|, the
eigenvalues of M ordered increasingly

3. For a graph G, we define its Laplacian matrix and its rescaled Laplacian matrix as

4. For n € N* with n < N, any n-by-n matrix can be seen as an N-by-N matrix by embedding.

4.2 Another perspective on leaves

Consider the expression for an approximate eigenvalue generated by a leaf ((3.27) in Definition 3.20) and
the way this formula is derived in Proposition 3.35 and Lemma 3.38.

Let us consider the problem of finding the smallest eigenvalue for L|p, (), where L is the Laplacian matrix
of an Erd6s-Rényi graph with parameter d > (% +¢)log N, for some ¢ > 0 and x € [N] has degree one and
a fairly regular neighborhood B, (), in the sense of Proposition 5.19. Consider the trivial graph T given by
the V(T) = {z} and E(T) = 0 and the vertex set B := B,.(z) \ {z} Now consider the normalized Laplacian
matrix of T, Ly and the matrix Lp := L|Br(z)\{az}

By simple perturbation analysis, assuming || A|| < 3 as in Proposition 3.25 and assuming

max vy | = O(d®
yEB,.(z),y;éa:| vl (d*)
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for some a > 0, we get ||Lg|| = O(d¥).
Consider the vector u:= (1, —1.,). Then L|g () is a rank one perturbation of Lp + Lt since

1
L|Br(a;) =L+ L+ —uu®*.

Vd

Moreover, by interlacing of eigenvalues and basic perturbation theory, we know that, since Spec Ly = { —\/53}
and Spec Lp C [-0(d®) + O(d®)], the matrix L|p () has precisely one eigenvalue in [—V/d, —O(d*)] which
is satisfies —vd < A < —v/d + 2d~/2. Moreover by Lemma A.8, we have the following equality

\/E = GLT (A)xx + GLB (A)Zzzm

where G (2) := (2 — H)~'. We can use the resolvent formula from Lemma A.7 and the fact that ming., |A—
vyl > cd=Y? for some ¢ > 0 small enough to rewrite the above expression as

1 1 | | 1
Vi = Nt vl A= TdD o 2 A—vy“LO(W)’

yES1(2), y#w

for some \ € [—Vd, —v/d + %] In particular, bounding the last three terms by O(d~'/2) and inverting the
equation we see that

_ i —3/2
A= \/E+\/E+O(d ).

Let us set A, () :

1 1 . J3/2 1
+ d()\—Uzz)2 ZyESl(z),y;éw 7>\_'Uy and t:= d / (7\/&4’ ﬁ — )\), we ﬁnd

_ 1
T A—vg,

A (N) = Ao, (VA 42 4 1d57?)

1 1 1 t
= 0( )
v — Uy, + d(vy —v,,)? 21,: V] — Uy * d5/2

We conclude that

11 t2
A= —Vd+ 7t A= (0) + O(d7/2)
Since t = O(1), we can now proceed as in the proof of Proposition 3.35 to transform the above expression
A% defined in (3.27).
In this chapter, we will show how this argument can be applied to cases where T is a tree of any finite
size. We do not prove convergence of the eigenvalue process towards a Poisson Point Process, but the proof
could be extended with additional work. This chapter should be thought of as a proof of concept.

4.3 Burned graph

In this section, we study how trees in G.. (the macroscopic connected component of G) contribute to the
spectrum of L in the interval [—\/Zi, —Vd+d "/ 2] . We first give a more precise meaning to what we consider
to be a tree in G. Indeed any pair z,y € [N] of neighbors is technically a tree of size two if we restrict
the graph G to the two vertices {z,y}. However we are interested by configurations that look like trees even
when embedded in G.

Definition 4.5 (Embedded trees of G..). Let us fix ( € N and consider the graph G restricted to the
vertices of degree smaller than (,

GS := (W,{(x,y) 6E:x,y€@}>, UC) :={z e[N]: D, <}
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We define L := L(G, ) to be the connected components of size 1. For ¢t € N*, ¢t > 1, we define 7; := T;(G, ()
to be the connected components of G¢ of size t.
We define T<; := U, _,<; Ts. For U € T, we define

TUNG,¢) :=={T € T(¢): Glr =U}. (4.6)

We call the parameter ¢ > 0 the cut. It is usually fixed for the whole graph given some density d. Of
course we usually set the cut to be larger than the size of the trees we are studying. We exclude the trees on
one vertex on purpose since those are studied separately as small degree vertices. Note that a consequence
of Definition 4.5 is that there is no inclusion between trees: if Y, Y’ € T<4({) and Y # Y, then Y NY’ = 0.
An illustration of Definition 4.5 is shown in Figure 4.2.

Definition 4.6 (Tree configurations). For £ € N and (,t € N*, we define 7¢(¢, ) to be the subset of T;({)
consisting of all trees Y € T;(¢) with precisely £ edges connecting ¥ to G \ Y,

EG\Y, V)= > A=t

z€Y ye[N\Y

We call the elements of the set S1(Y) the anchors of Y and the edges E(Y, S1(Y)) the links.

The configuration of the tree Y € T is the tuple config®(Y) := (T, A) where T € T, A C [|T|], and A is the
image of the anchors of Y under the isomorphism 7' ~ Y. In particular A = () if Y has no anchors.

We define T<,(¢), Te(< ¢) and T<,(< ¢) similarly, by the obvious adaptations.

Note that for { >t — 1, T¢({,0) is the set of all isolated connected components of size ¢ with no cycles.

Figure 4.2: Tllustration of Definition 4.5 with ¢ = 2. Only the configuration that are circled belong to U(¢).
The red configurations (a and d) are trees and belong to 7<4(¢) while the green configuration (b) is a leaf
(or a small degree vertex) and belongs to 71(¢). Although the restriction of G to the two vertices in ¢ would
be a tree of size two, this does not belong to U(().

For ¢ > 0, we define the collection of subsets

ueQ) =TOULE, TO=U U v o= U v (4.7)

t22Y€eT:(C) YeT1(()

By the way, recalling Definition 4.5, we see that £({) consists of vertices of small degree, which have no
small degree neighbors. We define the subset of all vertices belonging to some element of U(() as

U = U U{x}
Yeu(g)zey

The set T(¢) is the set of all trees and the set £(¢) is the set of vertices of small degree that are not trees
(i.e. vertices of degree at least 2).
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For 7 > 0, we introduce
Vo(¢) == {z € [N]: v, < (1 —1)Vd, 2 ¢ UQ)}. (4.8)

Burne The set V, consist of vertices with small degrees, that is = € [N] that satisfy D, < 7v/d. We remove
vertices that belong to some element of /({). We usually drop the ¢ and simply write V.
For e = (z,y) € E(G) we define the rank-one matrix

S
Vd
We call the subtraction of B(e) from L(G) the burning-off of edge (zy).

Ble) == —=(1a — 1) (1o — 1,)",
Lemma 4.7 (No cycles around U(()). Let t. € N*, d as in (4.2),
10+t <r<loglogN, max(t,10) < ¢ < 2t. (4.9)
There exists n > 0 such that with probability 1 — O(N "), the balls (B,(U): U € U(C)) are trees.
Proof. By Lemma 5.6, we find that

P[3U € U(¢), Br(U) contains a cycle] < Z P[B,(U)contains a cycle|S1 (Y)|P[G|y = U]
YC[N], [Y]=|U]

1 r d\IUI _
< S (Cla+i0) e () (vertat)
< (40Td)2r+1efd\U|dC+|U\ < (4Crd)2r+C+|U\+lefd _ O(an)
where, using d > tl*fl log N and r, ¢, |U| = O(1) , we chose n < ﬁ in the last equality. O

We need the following observation which ensures that no vertex has too many neighbors in V.

Lemma 4.8. Lett € N*, ¢ > 0 and d > (1 4+ ¢)d(t). Then for k > t, there exists n > 0 such that

[t _ 560\ v 1] =0(v7).

Proof. By Lemma B.5 P[z € V;] < 2exp(—d(1 + 7log 7)) we see that for k >0
P[3z € [N]|Si(z) N V;| = k] < 2NdFe FdHTIo8™) Nghe=(1re)(Itrloan) — (N 7)),
where we chose k >t and 7,17 > 0 small enough. O

Let us recall that for every ¢, € N*, if d satisfies (4.3), then

P[m% D, > CVd] < N72, (4.10)
HAS

for some constant C' = C(t.) > 0.
Proposition 4.9 (Burned graph). Let t, € N*, d as in (4.2),
10+t <r <loglog N, max(t,10) < ¢ < 2max(t, 10). (4.11)

Then there exists 7,m > 0 such that with probability 1 — O(N_"), there exists a graph G™¢, V C [N] and
E C E(G), such that satisfies the following properties

(i) The graphs G and G™¢ have the same number of connected components and differ only by E meaning
that

L(®) = LE™) + Y Ble).

ecE
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(i3) For every Y,U € U((), Y # U, either d"¢(U,Y) =2 or d™(U.Y) > r.

(iii) The set V characterises the overlap of B:/CZ(T) with U(C) U V;, in the sense that V C Uzem ST (z)
and

BIS(T)NV, #0 <« 3JzecV NV, such that Si(T) ={z}, T eT(),
B:/CQ(T) N B:}g(T') #0 <  FJz eV such that $1(T) = S1(T") ={z}, T,7" € T((,G).

(iv) If a subset of vertices Y C [N] becomes a tree (in the sense of Definition 4.5) in G™¢, either Y is a
vertex of degree 1 or there exists U € T((), |U| < t — 2 such that Y is obtained from extending U by

[ES Sl(U)

(v) The set V' cannot intersect too many large trees, meaning that

sup IWQB:’C(UH <t., sup !BT(T) ﬂE’ <t,—u sup ’VOBT(T)| <ty—u, 1<u<t,.
veV TeT, TET,

(vi) In particular, for every T € T, B,(T)NE = B,.(T)NV ={.

Proof. We work on the event defined by Lemma 4.7 with r as r 4 2t,.
We first remove those edges that connect elements of U(¢) to V;. Let Y € U((). For every z € V. N B,(Y)
we consider the unique path of length at most r such that

P :={(zi,xi41): i € [k], 2o =@, xp € T, (w5,7i41) € E(G)}.

If |P| = 1, and removing the edge (zo,21) creates a new connected component, we add x to V. Otherwise
we add the edge (zo,z1) to E.

We now make the elements of U({) distant whenever possible. For every Y,U € U({), U # Y, such that
UNB,.(Y) # 0, we consider the unique path of length smaller than r that links the two subsets,

P = {(wi7xi+1): 1€ [k], zog €U,z €T, (xi,xiJrl) € E(G)}

By Definition 4.5, |P| > 2, since otherwise U and Y would be equal. There are three cases. First if |P| > 2,
we can add the edge (z1,z2) to E. Second if |P| = 2 and removing either (xg,z1) or (x1,z2) creates a
new connected component, we add z; to V. Third if |P| = 2 and it is possible to remove either (xg,z1) or
(21, x9) without creating a new connected component, we add that edge to E. Now (i) - (iv) follows from
the construction of V' and F once (v) and (vi) are established.

Up to now the construction is purely deterministic and does not involve probabilistic estimates. The
following formula allows us to measure how likely it is to see high concentrations of elements of U({) in a
small neighborhood in G. Let T'€ T;, t e N*, [,k € N, t1,...,t; € N*. Let us define the event

Q= {HT,Tj EUQ), |T;| = t; d(T, T}) < r, ¥j € [I] and 2; € V;(C), d(T,a;), < r, Vi € [k;]}.
For Y C [N] and T € T, we define the event

— - <L
QY. 7)== {Gly =T, I;leagDy_C}

Then we can see that

o= {Q(ijj), QY. T), X, €V,(Q),Y; €Y, Tj €T, 5, €x, P € E(G),VP € z},
Y, Y, T x,z

where the union is taken over all collections of disjoint subsets {Yl(i), . 7Ytgi)}, 1 =0,1...,1 (with tg = ¢
by convention), collection of trees T = (Tp,...,T;) with T; € T}, vertices z; € [N], ¢ = 1,...,k and paths
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P € z that link Y to Y; and x;, ¢ € [l], j € [k] respectively.
Then, again using the fact that d(Y,U) > 2 for any distinct pair of trees Y, U € U((), it is easy to see that

k l
P(Q) < Nd*CH TR (D, < 7d) Y [[P(QY:T)

j=1 TET i=0
w 1
< Nqk+D(r+1) g—kd+kdr log 7 efdg H =2 (4.12)
- ) =
w—+k
< Ne—(w+k)d+kd7' log‘rcwthk (log N)Qr(k+l) (1 +0 ((log N)Z ) )
>~ * N )
where we wrote w :=t + 22:1 t; and used Lemma B.5 in the last step. Using the fact that d < 13 we find

that, for any r = O(1),
P(Q) < CN'- Sk loaT (100 N)3r(kt)

for some constant C' > 0. From this estimate and the fact that lim,_,o 7log7 = 0, we deduce that (v) and
(vi) hold for 7 and 7 small enough. O

T

To2

Macroscopic component
V2 Gcc

U1

Figure 4.3: Illustration of Proposition 4.9 for d*(6) < d < d*(5). T} is a maximal tree of size 5 and belongs
to A. The groups T5. and T3 . constitute bouquets of total size 5 and for 4. The group 75 . can be split into
T5,, and T3, T3 3 by cutting either e; or eo. Without loss of generality we cut e; and store it in E. In the
burned graph G™¢, T3 has a regular neighborhood and thus 75 ; € C. On the other hand, we cannot slit
the groups T» . and T3 5 and T3 3 because doing so would require to disconnect the graph G (or rather create
a new connected component). Those four trees belong to B. The vertex vs represents a vertex with a small
degree (D, < ¢) but which is not per se a tree. vy € L(().

We partition 77¢(¢) in the three classes

A:={U e T(): B(U)=Bl*(U), Sy(U)nV =0},
B:={UeT(): B/(U)=BrU), eV, S (U)={v}},
C:= T(C)\(.AUB),

D:=T"(O\T(Q).

(4.13)
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In words, the set A consists of all trees whose neighborhood is the same in G and in G™¢. Those trees have
no problems in their vicinity, i.e. B,(T") contains no element of V; and no other trees. B consist of trees
T € T(¢), which have a unique anchor in G™¢ which in addition is an element of V, or is the unique anchor
G™¢ of another tree T” € T(¢). Note that in both cases, the anchor of T' € B lies in the set V. C consists
of trees whose neighborhood might have been altered (they do not belong to .4) but which do not have any
other tree in their neighborhood in G™¢. Finally D gathers the trees that were created as a result of the
burning procedure.

Lemma 4.10. Under the hypotheses of Proposition 4.9, for any given tree T' € T, most of its representatives
in G did not see their neighborhood changed. There exists C > 0 such that

TG, ¢) N (BUC)| < CN~"TD(G, Q)N A|, ¥YTeT,
where A :={U € T(¢): B.(U)=Bl*(U)} and B :=T(¢) \ A.

Proof. Let us fix U € T and abbreviate A := |T(V)(G,{)NA| and B := |TW)(G, ()N (BUC)|. Let us recall
the event  introduced in the proof of Proposition 4.9. Then using the estimate (4.12) as well as Lemma
4.24 we find

B8] < Plos < (r = )VA] Blal, BIBP = BiB|(140()). Bl =laI(1+0( %))

We can conclude using a second-moment argument that with probability 1 — O(u=2)

|A|=E|A|(1+0(u"?)), |B|=E|B|(1+0(u?)

and thus, u = N7 = O(e~%*), for n small enough and choosing 1 = ﬁ, uw=N"<e ¥ and T >0
small enough such that ed(7leg(¢/T)=1) < N—1/2(t+1) < ¢=d4/2 and we deduce that |B| < N~"|A|, holds with
probability 1 — O(N _77). This concludes the proof. O

4.4 Finite trees

In this section, we study the spectrum of trees of finite size and in particular, we establish that if t € N*,
A«(t), as defined in (4.1), is the minimizer of some natural quantity defined for all finite trees of size smaller
or equal to t.

For T € T we write L(T) the Laplacian matrix of the tree T. A few general statements are known about
the spectra of the matrices L(T), T' € T;. For instance if A;, ¢ € [t], denote the eigenvalues of T ordered
increasingly, it is known that

0=X <X <...<X\<(t—1)+2Vt

A quantity of general interest is the spectral gap defined as the smallest non-trivial eigenvalue \o. We are
interested in a similar quantity. Let us define

+(T, i) = inf {z eR:1 :(Z%L(T))} i€ [|T)). (4.14)

The parameter (7', ) is a deterministic value that lies in the interval (0,A2(L(T))). It can take different
values depending on the choice of i € [|T']] as is shown in Figure 4.4.

For t € N*, let us define

t) = min min v(7T,1). 4.15
1.0 = min min (7. (4.15)

An important result is that -, is a strictly decreasing function of ¢ € N* (see Lemma 4.11). The underlying
mechanism is that a tree T” of size t + 1 can be obtained from a tree T of size ¢t by adding a new vertex to
it. The spectral properties of the Laplacian matrix of T” can then be understood as a rank-one perturbation
of the Laplacian matrix of 7' and a zero matrix (see Figure 4.4).

The next lemma shows that . (¢) is minimized by a tree of size t.
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(T, 1) \ \
Ao A1 \ At

Il
o

Figure 4.4: Tlustration of (4.14). A tree T € T might generate different spectral gaps depending on the
vertex we use to connect it to the rest of the graph.

Lemma 4.11. For every t € N*, there exists cy, := ¢4 (Tgt) > 0 such that
Vet +1) < 7alt) — e,
and for every T € Ty,

max Y(T,1) < A2(L(T)) — cx. (4.16)
i€[|T]
Proof. Let us fix t € N* and T' € T,. For i € [t], we define M (T,4) := L(T) — 1;1}. The matrix M (T, i) is a
Hermitian matrix obtained by a rank one perturbation of the Laplacian of 7. By Lemma A.3, we have

Grr,i)(2) = Grry(2) + Gy (2)1i1] G arr,i)(2).
Therefore z is an eigenvalue of M (T,4) if and only if 1 = (GL)“(Z) We conclude that

v(T,i) = min{r: A € o(M(T,%))}.

If T € T<r, then we can choose a finite constant ¢ that satisfies (4.16). Then we can take ¢, = minper_,. cr
to get the statement uniform in all trees of size at most t. -

Let T € T«; and ¢ € [|T|] be such that y(T,4) = v.(t). Let us view L(T) as a (t + 1)-by-(¢t + 1) matrix
with the last row and column equal to zero. We can construct a tree 7" by adding one neighbor to some
vertex of T, for instance 1. Then the matrix L(T") := L(T) + ee*, e := 1,1 — 11, is the Laplacian matrix
of T'. Since L(T") is a rank-one perturbation of L(T), M(T",i) is also a rank-one perturbation of M (T,1).
Thus there exists ¢, > 0 depending on 7" and ¢ such that

Jt+1) < i A< i X —cp =Y (t) — ¢y,
Velt+1) < min AS e AT =70

where we used the fact that (T,1) is chosen as the minimizer of (7). This concludes the proof, since in
particular O

Note that the proof of Lemma 4.11 gives a way to construct for any ¢ € N*| a minimal pair (7,4), in the
sense that v(T,1) = ~v.(|T), iteratively in ¢t — 1 steps.
Let t € N and let us define the line on ¢ vertices as the tree

L= (t],E), E:={(G,i+1):1<i<th
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The following lemma says that the tree L; anchored at one of its extremity is the solution to v.(t), meaning
that ming ; y(7,¢) = v(L, ) where the minimum is taken over trees of size t and x =1 or z = ¢.
Before stating the lemma, observe that, for T € Ty, i € [t] and ¢t € N*, we have

u U u(3)]?
(2,9 = g, LD D

(4.17)

The first term on the numerator of the right-hand side is just the Dirichlet energy of u on the tree T and is
known to be equal to

(w, LTy = > (u(z) = uly)*.

Let us denote by €(u) := (u, L(T)u) + |u(i)|?
The next lemma shows that A, (t) = v.(¢).

Lemma 4.12. Let t € N*. The minium of (v(T,1)) taken over T € T<y and i € [|T|] is obtained when T is
a line and 1 an extremal point.

Proof. We first note that by Lemma 4.11, we can consider T' € T;. Moreover since

E(w) = (u, LTy = Y lu@) —uly)l® = Y llu@)| —luly)l,

(zy)EE (z,y)EE

and thus we can assume u(x) > 0 for every z € [t].
Let us now change to a dual approach. We will fix u(¢) > 0 and (u(z) — u(y)) € R and thus fix £ and try to
maximize ||u|]. Then

lural? = Y @) = 3 |u)+ Y @) ~u(@))| (118)

zeT zeT (a,b)EP; 4

where we denoted by P;_,, the unique path from i to z in T. Let us denote by f : (Ty, [t]) — |lur.|>. We
will show that

f(Le,1) = f(Le,t) = max f(T,1),  f(Le,1) > f(T,0) + ¢, (4.19)

max
T#Ly, a#1,t
for some constant ¢ > 0. Let us denote by Once (4.19) is established, we can write using (4.17)

E(u) - E(u) < E(u)

lurall lurall® +& 7 flurl®

— &x (t)’

for any valid choice of w and any (L, t) # (T,4) # (L¢, 1). Therefore, since by Lemma 4.11 ~,(t) > ¢ > 0,
for some ¢ > 0, we can conclude using (4.17) by seeing that when comparing a tree (T,i) with (L, 1), the
numerator remains the same and the denominator increases.

We turn to the proof of (4.19). For the maximum, we can suppose that u(a) — u(b) > 0if b € P,_,,, i.e.
if we need to visit b before reaching a when starting from . In other words, v is increasing when going away
from i. Let us write p,, n = 1,...,t — 1, the values {|u(z) — u(y)| : (z,y) € E(T)} and ¢, = p(y) those
values sorted decreasingly,

g1 >q>...2¢q—1>0.

Then E(u) = 32, -1 p2 = D onelt-1] q2. Moreover, suppose a,b € [t], (a,b) € E and | + 1 = d(a,i) =
d(b,i) + 1 for some [ > 0. Then, by ordering, u(a) — u(b) < gq;. Therefore, for any = € [T], we have

d(i,x

)
S @) —u®) < Y a

(a,b)EPi%x =1
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Plugging this into (4.18), we ge

d(i,x)

ol =S 0+ Y @ -uo) < X i+ S af <3|+ D
k=0 =1

zeT (a,b)EP; 4 zeT =1

‘ 2

The only case where we have equality is if T is a line and 7 an extremal point. This proves the right-hand
side of (4.19). O

4.5 Proof of Theorem 4.1

In this section, we prove Theorem 4.1. The strategy is to first study the spectrum of the matrix L(G™¢) in
the interval [—\/&, —d+ Cdfl/z]. This is done using rank-one perturbation theory (see Lemma A.8) and
geometric properties of the burned graph G™¢. From that analysis we construct a block diagonal approxi-
mation of L(G™%). We then use the interlacing of eigenvalues to transfer information from Spec L(G™¢) to
Spec L(G). Finally we use the fact that the neighborhood of maximal trees generates the smallest spectral
gaps (Lemma 4.11) and that they are identical in G and G™¢ ((v) of Proposition 4.9) to conclude.

The two following propositions give estimates on the smallest eigenvalues generated by trees in the graph
G™¢ described in Proposition 4.9.

Proposition 4.13 (Rigidity for A and C). Let t. € N*, ¢ > 0 and r,{,7 as in (4.11). Then there exists
¢x = ¢c(T<y) such that for any o € (0,1/4) the following holds with probability 1 — O(e=%).

(i) For each T € AUC, the matriz L(G™°) has at most t eigenvalues, p1 < po < ... < j; in the interval

(—Vd, —Vd +2().
(i) For each T € AUC, if |S1(T)| =1, then

ar po(A), T =t
= _\/g‘i_ ’YT,QCT + d + <d3/2)’ ‘ | * (420)
Vd O(d_l), else.
(iii) For each T € AUC, if |S1(T)| > 1, then
z + C« _
1 = Va4 e O Ay Aer) = O(dY?) (4.21)
Vd
(iv) For each T € AUC, if w,, denotes the eigenvector corresponding to p, then for 1 <i<r
1 1
[Wnls, ()l = O 72 ) (Wi s (L= pin) W) = O Z2 ) mmeE [t]. (4.22)

The proof of Proposition 4.13 is deferred to Section 4.6.

Proposition 4.14 (Rigidity for B, D and L({)). Let t. € N*, ¢ > 0 and r,(,7 as in (4.11). Then there
exists ¢, = c(T<¢) such that for any a € (0,1/4) the following holds with probability 1 — O(e=%).

(i) For each U € BU L(C), the matriz L(G™)| g, () has at most t eigenvalues, iy < pg < ... < p in the
interval (—V/d, —/d + 2¢).

(ii) For each U € B forn > 1 then

> —Vd + W\/gc* +o(d™h) (4.23)
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(iii) If x € L(C) then

5
> —Vd+ —. 4.24
M1 = Nz ( )
(iv) For each U € U(C), if wy, denotes the eigenvector corresponding to i, then for 1 <i <r
1 ot
[Wals, @)l = O(W)v (Win s (L = pin)Wy) = O(d z )7 n,m € [t]. (4.25)

The proof of Proposition 4.14 is deferred to Section 4.6

Lemma 4.15 (Equi-probability of trees). Let 1 < d < N and t € N*. Then for any T € T, and x € [s],
1 < s <t we have with probability 1 — O(N1_3")

HUET(l): U=T, UNS(G\U) = {z}}] = ssi_ssz(t)@ +0(%))

Proof. This comes from the independence of the entries of A. For T' C [N], conditioned upon the event that
T € 7T the probability of seeing either of the t!~2 trees is the same. O

Proposition 4.16 (Trivial eigenvector and other small connected components). There are at most O(N™)
connected components and the microscopic ones have at most t vertices and are trees. Moreover there exists
1n > 0 and a normalized eigenvector q supported on the complement of UTeT(C)TvC B, (T), such that

[(L(€™) ~ = /2)a] = 0(N~")
Proof. Similar to the proof of Proposition 3.27. Use

_ P17 gCa—d) _ -
TELTJ(QBT(T)‘ O(d Nde) O(N ”),

for 7 > 0 small enough, using the fact that ﬁ > ¢ > 0 for some small enough constant ¢ > 0. O
The following result is a restatement of Proposition 3.25. If d is as in (4.3), then
|A —EA| <2V, (4.26)
with very high probability. Here A denotes the adjacency matrix of the graph G.
Proof of Theorem 4.1. We begin by understanding the spectrum of L(G™¢). Let us set t € N*, r > 10 + ,
¢ = ¢(T<;) and n > 0 small enough so that the results of Proposition 4.13, 4.14, 4.16 and Lemma 4.15

hold with probability 1 — O(e~?"). We work on this event in the rest of the proof.
On this event, there exists an orthogonal matrix U such that

v 0 0 E) 0
0 U 0 E; 0
L™*=U|0 0 U Ef 0|U (4.27)
E, By Ei X 0
0 0 0 0 Y

where v = —Vd + O(N~™") for some constant 1 > 0 small enough. The diagonal block U corresponds to the
eigenvalues generated by the neighborhood of trees belonging to A and C. The diagonal block U corresponds
to the eigenvalues generated by the neighborhood of trees belonging to B and of small degree vertices (i.e.
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L£(¢)). From (4.22) and (4.25), we see that ||E;|| = O(d~°), for i € [3] and ||E,|| = O(N~"). From (4.23)
and (4.24), we see that

min \ = —Vd + 71‘/%) +0(d™).

Let w be an eigenvector orthogonal to the eigenvectors from the first 1 + [U| + |U'| columns of U. Then

HW|W||2 = O(d™!), by (4.22) and (4.25). If XA € Spec X, we thus have Orthogonal eigenvectors can put

maximum weight \% on U(¢). Therefore o(X) C [(, —00) since

/\zC—\%— JA—EA| > —vVa+d V2

This shows that the block X does not contribute any eigenvalue to the interval [—v/d, —v/d + d—'/2].
Finally, Y corresponds to the microscopic connected components of G¢. Using (4.16), we find

SpecY C U U {)\} C U Spec L(T) C [_\/ng M,—i—oo).

T€T<+ AeSpec(L(T)) TeT<: \/a

We can now reconstruct the matrix L(G) via the equality

v 0 0 E: 0
0 U 0 E; 0
LG)=L(G™ )+ > Ble)=U |0 0 U Ef 0|U"+> Ble).
ecE EV EO E1 X 0 ecE
0 0 0 0 Y

Since B(e) is a non-negative rank one matrix, all the lower inequalities derived for the spectrums of the
blocks of U*L(G™¢)U remain valid by interlacing of eigenvalues.

We will now show that the spectrum of the block U is not perturbed too much. Let w be an eigenvector
with corresponding eigenvalue A\ < —v/d + % and |[|[w|r|| =1 —o(1) for some T' € A. Then by (4.13) and

(4.22) we have

> Bew|| =0(d™"),

eclE

and therefore w is an approximate eigenvector of L(G), with error O(d’r). We conclude that there exists
an eigenvalue at A + O(d™'). Using Lemma 4.15 the configuration (T, z) € J, <, Tu X [u] that minimizes
~v(T, x) appears with high probability as soon as d < (1 —¢)d*(¢,1). Finally, by Lemma 4.12, we can identify
precisely the minimizing configuration (7, z) as being the line attached to the rest of the graph by one of its
extremity. This concludes the proof. O

4.6 Spectrum around trees

In this section we consider d > 1 to be the density parameter of the Erdés-Rényi graph. We set t* € N* and
d as in (4.2). We work only on the graph G™¢ defined in Proposition 4.9. We drop the superscript 7, ¢ in
the rest of this section. Let us write 27¢, 7, > 0, the event on which the results of Lemma 4.7, Lemma 4.8
and Proposition 4.9 and (4.10) hold. All the results stated in this section hold on the event Z™¢ and can
thus be seen as deterministic results.

Suppose Y € T(¢) and Y is isomorphic to some finite tree T € T. Then there is a natural way to associate
the anchors of Y with numbers of {1,...,|T}.

We first state a general result about the eigenvalues of finite trees.
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Lemma 4.17. Lett € N*, T € T;. Then
2
Spec L(T") C [0, 2], 2 > M (L(T)) — M (L(T)) > 0.

Proof. First of all, it is well-known that the Laplacian matrix has positive spectrum, just take the eigenvector
q:= %IT. To show that Ay > 0, observe that if w € R? is a normalized vector such that

(w, LT)w) = 3 (w, = w,)> =0,

then w, = w,, for every x,y € [t]. Therefore if w # q, necessarily (w, L(T)w) > 0.

Second of all, L(T) = D(T) — A(T) where D(T) is the diagonal matrix with the degrees on the diagonal
and A(T) is the adjacency matrix of T. Now since max,er < ¢t — 1 and ||A|| < 2v/maxger D, < 2V — 1.
Therefore ||L(T)|| <t—1+2yt—1<2t, as soon as t > 4. For t = 2,3 we compute explicitly the spectrum
of the two trees of size 3 and 2 and find that the bound ||L(T)| < 2t still holds. O

Lemma 4.18 (Spectrum around ideal trees with one anchor). Let t € N*, T € T,. There exists a constant
Caap = Caap(T) > 0 such that on the event Z7¢, for every Y € (AUC) N T, with config®(Y) = (T, {a}),
a € [t], the following holds.

The matriz L\BT(T) has precisely t eigenvalues smaller than —Vd +t. Moreover its smallest etgenvalue \q
and X satisfy

A = _\/g_i_ 7(5;{") + \/Ef\(/j;l’j_)v ) + O(d_B/Q), do > A+ C\g/ag’ (428)

where {z} = S1(Y) and ~ is defined in (4.14) and § is a universal constants in the sense of Remark 4.2.
The eigenvectors (u(i));ery of Llp, (1) corresponding to the t smallest eigenvalues satisfy

IwlB, 81l = O((%)Hl)’ i > 0. (4.29)

Proof. We work on the event Z7¢. Let us write M := LC\BT(Y). The matrix M can be written as a rank one
perturbation of a block diagonal matrix

My 0
0 M,

M= { } +B((z,2), Mi:=L(T), Ms:=Mp.yy. (4.30)

Since T is a tree, we know by Lemma 4.17 | L(T)|| < 2¢t. Moreover on Z7¢, the graph B,(Y)\ T is a tree

and we deduce
D
=2 Al el < 20/ SN2 <

for some constant C' > 0 that depends only ¢,. This allows us to deduce that

Spec(Ms) C LGBI?(%I})\T vy — C, —i—oo) - [(7‘ —1)Vd—C, +oo). (4.31)

Here we used Proposition 4.9 (iii) and the fact that ¥ € AUC to derive the lower bound on minyep, (7)\7 vy-
We also observe that Spec My C [—Vd, —Vd + %} and that \;(M;) = A\ (L(T)) — Vd = —V/d. Since M is

M, 0

, the interlacement of eigenvalues tells us that
0 M

a rank-one perturbation of the block matrix [

4t

—Vd = A (M) < AL (M) < Ag(My) < Ag(M) -+ A (My) < M(M) < M(My) + | B(wr, 27)|| < —Vd + 77
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where we used the fact that ||B(zr, zr)|| < 2d~'/2. The first claim of the theorem immediately follows.
We will now use perturbation theory to compute the precise location of A;, i € [t]. By Lemma A.8 with

H = |:M1 y :| and e = (196 - 1z)d71/2 we find that
0 M,

Vi = (t—IMl)xx + (t—1M2>zz’ beR (4.32)

By the change of variable t = —/d + -, for 6 € (0, \y(L(T))), (4.32) becomes
Vd

) ) () e

We will solve (4.33) on the interval I7 := (0, \2(L(T))).
We first use the spectral gap between Spec(Ms) and (—v/d, Ao(M1)) to linearize the function g around
—+/d. By (4.31), the smallest eigenvalue of My is at distance at least %\/3 of A\y(M;p). We deduce that

lg(t)] = O(d=/%) and |¢/(t)| = ’(_71)ZZ| = O(d™?) for every t € [—V/d, 2\;(M;)]. By a Taylor expansion

(z—M>)?
to the first order, we find (see the proof of Proposition ?7?)
g(—\/&+ i) =g(=Vd) +0(d*"?) = -1 0(d=3/%), (4.34)
Vd Vd + Uy

on =.
Let us introduce the function

f iR\ Spec(L(T) = R,  f(t) = (ﬁ)

This function is universal, in the sense of Remark 4.2. The function f is smooth and invertible on the open
interval I := (0, \2(L(T'))). By Taylor’s theorem, there exists C,c¢ > 0, such that [1 —2¢,1+2¢] C 1,

max |(f71)"(u)| < C.

[u—1|<e
and thus

(=@
Vd

We see that the solution 6 of (4.33) is given by the self-consistent equation

0= 57 (1+g(-Vd+0o/Va)).

ffa+e) =11+ e+ 0%, Ve <e (4.35)

Using (4.34) and (4.35), this becomes

o1 —1ys -1 _3/2 “1) _ -1 (fH'@ —1
0=F11)+(f )<1)[\/é+vz +O0(d¥ )} +O(d ) = f (1)—m+0(d ).
Setting
xT) = -1 T) = — —1y AR 71

and deduce that the smallest real solution # of (4.32) lies in the interval (—v/d, \2(M;)) and satisfies

_ (T, z) 6(T,z) —3/2
t=—Vd+ 7 +\/a(vz+\/a)+0(d3 ).
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We conclude the first part of (4.28).
The eigenvalues \;(M), 2 < i < t, can be computed in the same way, by solving (4.32) on every interval
(Ni(M7), Xix1 (M), @ = [t] (with Aep1(M1) = +oo by convention). If 6;, i = [t], denote the ¢ solutions
of (4.33), we see that, as soon as we bound g(z) = o(1), there exists ¢ > 0, depending on f, such that
min;»; |6; — 6;| > c. The constant ¢ is universal since it depends only on f and thus the second part of
(4.28).

We now turn to the proof of (4.29). The argument is in many ways similar to the one found for the
analog statement in the proof of Proposition 3.34 in Chapter 3.

Let Q := ZugT 1,1; be the projection onto the vertices in B,(T) \ T. Let ;= A; and w = w; for some
i € [t]. The eigenvalue eigenvector equation becomes

(@MQ — p)Qw = —QA(1 — Q)w, (4.36)

where A := A|p (7). Again using the fact that ||A|| < C, for some constant C' > 0, we see that
. T
Spec QMQ € [min v, — |4 — [ B((x, 2)|,+o0) < (5 1)V, +o0),

and thus, using the fact that u < —v/d + 4td—1/2,

”A‘B (T)” —1/2
[Wls, (ol < lQw]| < ———2"2 = O(d™/?). (4.37)
1 fQrq - ~ )
The bound for 2 < ¢ < r is proved similarly. This concludes the proof. O

Lemma 4.19 (Spectrum around ideal trees with many anchors). Lett € N*, T € T;. There exists a constant
Cgap = Cgap(T) > 0 such that on the event E7¢, for every Y € (AUC)NTT) such that config®(Y) = (T, A),
|A] > 1, the following holds.

The matrix LC|BT(T) has precisely t eigenvalues smaller than v/d + 2t. The smallest eigenvalue A\ satisfies

a T’ a a
)\12_\/&+max 7(\/§)+Cg P )\22>\1+c\g/§’ (4.38)

where v is defined in (4.14).
The eigenvectors (u(i))icry of L(G|p, (v)) corresponding to the t smallest eigenvalues satisfy

B (r\B.(T) |l = 0((\%)#1).

Proof. Let us fix Y € AUC, ¢ := |S1(T)| and abbreviate x; := zy,, 2; := 2y, for i € [¢]. We assume that
Y(T, i) > (T, zit1). Writing M := L|g (1), we introduce

[w

4
My:=M— > B((wiz)), keld.
i=k+1

Then M, corresponds to the graph B,(T') with the edges (z;, 2;), k > @ removed (note that M, = M). We
will show that there exists ¢ > 0, depending only on T, such that

)\1(M2) > Al(Ml) + ﬁ (439)

In words, adding a connection between T' and B, (T) \ T shifts the smallest eigenvalue of the matrix by a
factor of order d='/2. (4.38) will then follow from (4.39) since B is a positive rank-one perturbation and
My = M.
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We begin by computing the smallest eigenvalue of M;. We copy the proof of Lemma 4.18 (notice that in
the graph corresponding to M, the tree Y has one anchor) and we see that

(M) = Vi + ”(%1) Lo(a).

We apply Lemma A.8 one more time. Here we crucially use the fact that B,.(Y) does not contain any cycle.
Setting H = M; and e = (1,, — 1.,)d~'/?, we see that H is a block diagonal matrix (one block corresponds
to Y and the region around z; and the other to the region around zs) and we find that that A\ (M3) satisfies
the equation

A= (i) (i), 1 OO0

We can use the fact that B.(Y) is a tree and a spectral gap argument, similar to the one in the proof of
Lemma 4.18 to bound ‘ﬁ = O(d’l/Q). Using the change of variables z = —v/d + %, this equation

Z2Z2
becomes

A —1/2

1_(9fLuuLW2+OW ), A(My) <0 < Ao(My). (4.40)

Since the function f(t) := (ﬁ(T)) is smooth and bijective on the open interval (A1 (L(T)), \o(L(T))),
oI

it admits a smooth inverse f~1. Observe that if [0 — X\;(L(T))| < 1/10, i = 1,2, and N is large enough,
(4.40) cannot be satisfied. This shows that

1 1
)\I(Ml) + m < )\I(MQ) < )\2(M1) - m

Choosing cgap < 10, we conclude (4.39). The statement about the eigenvectors is proved as its analog of
Lemma 4.18. O

Proof of Proposition 4.13. Combine Lemmas 4.18 and 4.19. O

We now turn to the slightly more tedious proof of Proposition 4.14. We first establish results analogous
to Lemma 4.18 for elements of D and £. The argument for £ is a simple perturbation argument (it is a
simplified version of Proposition 3.34 of Chapter 3). The argument for D relies on (iv), which states that
elements of D are of size < t, — 1.

Lemma 4.20. [Spectrum around small single vertices] On the event Z™¢ the following hold. If x € L(C)
and S1(x) NV = 0 the smallest eigenvalue of L|pg, ., (z) is greater than

A12—¢E+;%(L+Ow—w)

Proof. This follows from Lemma ??, the smallest eigenvalue of M := L|p, , () is given by

H= d Z Vg — 0 (d3/2)sz+v +O(d3/2)—”(1)_%+0(#)'

y€S1(z)
O

Lemma 4.21. There exists c, > 0 depending on T<;~ such that on E7C the following hold. For everyY € D,
we have

* t*) + Cx
M(Llp ) > —Vd 4 et e
1(L]B,(v)) Va
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Proof. This follows from Proposition 4.9 (iv). If Y € D, this means that either Y is a single vertex with
degrees more than t, or |Y| < ¢t — 1. In that, it follows from the fact that the eigenvalue is greater than

Vet = 1) > 7u(ts). O

We now turn to the analysis of the spectrum generated by the neighborhoods of elements of B. This is
the most technical part of the section. The key observation which is formulated in Lemma 4.22 allows us to
compare the spectrum generated by two or more trees that share one common anchor. For such a collection
of trees having total weight ¢, there is a tree of size t that generates a smaller spectral gap.

We partition B using the equivalence relation

Y ~ Y/ <~ Sl(Y) ﬂSl(Y/) 7£ @

For {Y1,...,Y;} = [Y] € B/ ~, we define the total size of the equivalence class as |[Y]| := )", Y;. We call an
equivalence class a bouquet of trees. The trees of any bouquet share a unique common anchor.

The next results state that if the common anchor of an equivalence class of trees is in V., then the
eigenvalue generated by the restriction of L™¢ to the neighborhood of anchor is not minimal. It basically
relies on the fact that by Proposition 4.9, this situation is only possible if the size of the equivalence class is
strictly smaller than t.,.

Lemma 4.22. Lett € N* andv € V, [Y] € B/ ~ such that the common anchor of [Y] is v. On the event
E7C, if v € V;, there exists a constant ¢ > 0 such that

MLl ) 2 v+ P (4.41)

IfY = UYG[Y] Y, the eigenvectors (u(i)), i € [[Y|], corresponding to the |7| smallest eigenvalues satisfy
IWlg, 75,3l = O (d‘i”) , i1

Proof. Consider the trees T1,...,Ty that make up the class [Y]. By Proposition 4.9 (iv) we know that
I[Y]] = >_,|T3| < ti. The common anchor v has at least two neighbors outside of Y since { > ¢, + 2 and, by

Lemma 4.8, the vertex D, — D7:¢ < t,. Let zy,. .. , T prc_; be the neighbors of v and define the matrix
D¢ -1
L/ = L'Br(v) — Z B((U,xi)).
i=3

The graph G’ that corresponds to the matrix L’ is the graph with a single ideal tree of size ¢’ := |[Y]| + 1
with two anchors. Note that ¢’ < t,. Let Y’ := Y U {v}. Then Y’ is a tree in G’, with configuration
config® (Y) = (T', A), T' € T<;, and A C [t/].

A straightforward adaptation of the proof of Lemma 4.19 (the argument did not use the fact that the anchors
were different) shows that there exists ¢, > 0, depending only on 77 and A such that

’+C* _ Yt +C* _
ML) > —Vd+ BT L0 3?) > —Vd+ LTS L o(a3?
1( )— \/& ( )— \/& ( )

Since B(e) is a positive rank-one perturbation, we know that A; (L") < A1(L|p, (»)) and (4.41) follows.

The statement about the eigenvectors corresponding to the smallest eigenvalues is proved analogously to
(4.29). We can use equation (4.37) but only starting at So(Y’), because it might be that |v, + vd| = O(1).
However, we know, by construction, that B,.(Y)\ S1(Y) contains no other vertex in V.. This concludes the
proof. O

There remains to rule out the case of a bouquet of trees of total size t.. Such a configuration might a
priori generate an eigenvalue smaller than . (t.). The next lemma is the key result of the section and insures
that a bouquet of trees is strictly smaller than a single tree constructed out of the trees of the bouquet.
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Ts,2

A(L1) = A(L2) + 5

L Lo

Figure 4.5: Schematic representation of Lemma 4.23

Lemma 4.23. Let t € N* and [Y] € B/ ~ be a bouquet of trees with common anchor v € V' that satisfies
v & V.. There exists a constant ¢, > 0 depending on the elements of T<;, such that on the event =l

M(Llp, () = —Vd + %‘@)\/Z;rc* > —Vd + v(t\/)gc (4.42)

IfY = Uyep Y the eigenvectors (u(i)), i € [IY]], corresponding to the ‘7‘ smallest eigenvalues satisfy

BNl = 0((%)) i> 1.

Proof. Let {Y1,...,Y,} = [Y], n > 2 be the trees that make up the bouquet. Let config®(¥y) = (Tk, Ax),
xp = S1(v) NYy and ¢y := |Tg| t € [n]. Observe that |Ag| = 1 (every tree of the bouquet has exactly one
anchor) by Proposition 4.9 (iii) and write {a;} = A. Let us pick k € [n] such that (T}, ax) and define

Lo := L(G)|B,(-) — B((z,2x))-
The graph that corresponds to Lg is the graph G where we disconnected the tree Y; by burning the edge

(z,z1). Note that the matrix Ly has an isolated block that corresponds to L(T}). If Q) := > wey; Loy,

i € [k], denotes the projection on the vertices of Y;, then L(Ty) = QW LyQ"*) corresponds to the (now)
disconnected component Yj, . The other block in the matrix Lo is M®*) := (1 — Q(k))LO (1 — Q(k)). We have
the following block diagonal representation

Lo = [L(Om Mo(k)} . (4.43)

[w

Let us denote by :=3", 2kl the total size of the bouquet with Y, removed. By perturbation theory and
Lemma 4.17, we know that L, respectively M(*), has exactly f eigenvalues in [—v/d, —V/d + %L\/Et’“)}, re-
spectively . Moreover, since L(T}) is a linear shift of a Laplacian matrix, we know that the spectrum of L
contains exactly one eigenvalue at —d (every connected component generates a trivial eigenvalue).

We will now analyze how the t; eigenvalues of L(T},) interact with the ¢ smallest eigenvalues of M (*)
under a rank-one perturbation.
Let us denote by w;, i € [f], the eigenvectors that correspond to \;(M*)). The first step of the proof is to
show that

Jy € Y,and a constant ¢ > 0, such that |w;(y)> > c. (4.44)

We will first need to derive a localization estimate on the eigenvectors of M(¥) that correspond to its smallest
eigenvalues. By Proposition 4.9 (ii) we know that B,.(z) NV, = (), meaning that

min v, > (1—7)Vd. (4.45)
2€B,(Y\Y
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Since || A|p, ()|l = O(1) on the event Z™¢, there is a spectral gap of size Zv/d between the # first eigenvalues
of M®) and the rest of the spectrum. Let us denote

Spec M® = Ay Uy, |A| =1, AiC (—oo, v+ 3&1*1/2), Ay C ((g . 1)\/&, +oo) (4.46)

Using (4.36) and (4.37), we find
lQwa[[=0(@™72),  re A,

where @ is the projection on the vertices B.(v)\Y, Q :=1—Q and Q := > ik QW
We deduce that
max Y |wa(u)|*=0(d?) (4.47)

AEA ~
u€B,(Y)\Y

Since the matrix Lg is a block diagonal matrix, (4.47) translates immediately to the eigenvectors of M *) In
particular, if g = A\ (M), there exists y € Uiz, Ti such that [w,(y) Indeed this where not the case.
Then we would have

|—2t

i 2
Iwall?=1="3" IWu(@)l’ < 5z +0(d™) < 3.
xE‘M(k”

Since M(¥) is a sub-block of Ly, this result is identical for the eigenvectors corresponding of Ly corresponding
to Spec Lg \ Spec L(T}). This establishes (4.44).

We now look at two different ways to attach the tree Yj back to the rest of the graph. The first way is
to simply recreate the original graph. The second way is to create a new graph by attaching Y} at the point
y € Y constructed in (4.44). In the former case, we add the edge (z,2) and in the latter, we add the edge
(2k,y). (see Figure 777 for a visual representation of the procedure.)

These two different graphs correspond to the matrices Lo 4+ := Lo + B((xg, 2)) and Lo — := Lo + B((zk, y))-
Let us denote by T}, the tree that contains y. Those matrices have the following block representatlonb

L(T,) O 0 L(Ty) E, O L(Ty) 0 By
Lo=| 0 LT, Eo|, L=| Ei LT,) E|, Lot=| 0 L(T,) Eo|, (4.48)
0 B M 0 By M Er B M
where Ej, := —fl 1; and E, := \1f1y1;w and Ey := —%L,lzy (here z, := T, N S1(v) denotes the

point of T, attached to z) and M := L(G™)|p, (2)\(r,ury) (compare with (4.43)).
We will now show that there exists a constant ¢, > 0, depending only on the configurations of the tree
in the bouquet (i.e. universal in the sense of Remark 4.2) such that

Cx

A1(Lo,—) + N
Using |[Y]] < t. and iterating (4.49) k — 1 times, we will be able to conclude (4.42).

The rest of the argument is devoted to the proof of (4.49). We denote A4 := A1 (Lo,+) and A_ := Ay (Lo )

We begin by applying Lemma A.8 to the matrix H = Ly two times, first with e = £} and then with e = E,,.
From (4.43) and (A.11), we see that Ay satisfy the self-consistent equations

V= (A—1<T>>+<A1M<>) and ”:<A_1<Tw>w+<A_lM<k>>yy’
(4.50)

< Ai(Lo+)- (4.49)

and both lie in the open interval

= (~Vd, min (o (L(T). 1))
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Recall that 1 was defined earlier as being the smallest eigenvalue of M*). Let us introduce the functions

IR, f(s)= (S—IW>W7 JE(S):%(;_’U)

By definition of I and y (recall (4.44) with ¢ = 1/2t), we find, for every s € I,

fo= P WL (451)

AESpec M (k) 5= A S—H Qt(/fé - 8)

| 2

We conclude that if X € I satisfies the implicit equation

Vd = (%)LM +FV,

then A_ < \ (see illustration below).
Observe now that A only depends on the spectrum of the L(7T},) and on the integer .
We deduce that there exists a constant ¢; > 0, depending only on T; such that

(X - %,X + \C/%) cl. (4.52)

Indeed if s is too close to —v/d then the contribution of f (s) becomes too large to reach for the equality to
hold. In particular

o
Vd

We now turn to the analysis of A, defined as the solution to the left-hand side equation in (4.50). Either
A+ € (A + ad™Y2, min (A2(L(Ty)), 1)), in which case (4.49) holds with ¢, = ¢;. Or

A < A < min (Ag(L(Tw)), 1) — (4.53)

el = (Vi G min Qu(L(T), ) — erd?).

Note that we used the same argument as before to prevent A, from being too close to —Vd.
Let us introduce the change of variable Ay = —V/d + %. Similarly to what was done in the proof of Lemma
4.18 (see (4.32) and (4.33)), we find that 6+ solve the implicit equations

1 1
e d))w, wd 1= fr0 02+ (5 T d))yy, (454)

1= kayak(e“') + <

on the interval
I":=(c1,J —¢1), J:=min (AQ(L(Tk), Vi + d)) = 0(1),

Here we introduced the (universal) function

1
(1 14
kavak (8) (S — L(Tk))(vk(lk , 't

Recalling (4.46), we see that for every s € I”, we have

! _N _ wm@P _wa@P _Ct 3
OS((\/&MWM)—S)W_Z(ﬂA+d>—s+Z(\/&A+d>_s§ g gm0, (455

A€EA; A€EA2
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Here we used (4.47) and the fact that

inf Ay —p| >ad™? = inf |0 — (Vdu+d)| > e,
HEA; HEAL

to control the contribution of the sum over A;.
Furthermore, recalling (4.51), we know that

3 1 1"
:f<ﬂs+d)zmzc?,, sel (4.56)

1
‘ (\/gM(k) +d-— s>yy

where c3 > 0 is a universal constant (it depends only on T} and #).
Inverting (4.54) and using (4.55) and (4.56), we see that 61 solve the equation

_ c _
Or = fr,'0, (1 + 1), leq —e-| 2 ?3’ e-x1 e+ =0 (d 1/2) ’ (4:57)

On the interval I”, there exists C' > 0, that depends on fr, 4, such that % < f1y .ay, < C. Therefore, by the
mean value theorem, we deduce that

9,—9+Z ZC4>O.

(e~ —e4)C

Since ¢4 > 0 is a constant that only depends on ¢; and fr, q,, it is universal. We conclude that

Cq
)\ Z )\— + ===
’ Vd
which shows (4.49) and concludes the proof. O
fryar (8)
J(s)
E+
~ E_
; L
A C1 Ay A C4 At
| [HEN | LS
I | IR I LK
V(T 1)
Ao(Tk) =0 I Ao(Tk) I

Figure 4.6: Illustration of (4.52) (left-hand scheme) and (4.57)
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4.7 Quantitative estimates on trees and bouquets
Let
w(t) == t'"2dle!, t e N*. (4.58)

This quantity describes the probabilistic price to pay to obtain a tree of size t.
Let n,r,¢ € N* and t = (¢1,...,t,) where ¢; € N are fixed integers. Let

Ne = |{Ti € T, (Q) : dist(T3, Ti) <7,y t; € t}| (4.59)

the number of bouquets.

The following heuristics gives us the number of bouquets we can expect to see at a given regime 1 < d < N
(note that we only consider finite collections of finite trees). The price to see a tree of size ¢ € N can be
approximated by the quantity w(t) and the size of the ball of radius r is d"*! (geometric series in d).
Therefore the chance to see a bouquet of size t should be d" ™! [T w(¢;) and thus

Nd'+! H w(t;)

In particular, the number of trees of size ¢ should be approximately (up to factors d") equal to the number
of bouquets of total size t. This heuristics is formalized in the next lemma.

Lemma 4.24 (Second moment). Then

E[|T)] = Nuw(t)ta(1+ o(th)),

2 (4.60)
E|T:P) =BT (1+ 0(5))
as well as
E[M,] = Nd" T w(t)2(1+O(...))
1272 (4.61)

27 _
BN = EM.]* (1+0(5))
where w(t) := [[,c, w(t).
Proof of Lemma 4.24. Let t,ce N, Y = {yl, ... ,yt} C[N],z € [N]\Y and T € T;. Let us abbreviate
UY,z,T) —{G\y—T S1(Y ﬂYC—{x}}
Then, abbreviating U = U(Y,z,T) we find
TOVeT)= (Y Ape) T Aww, I -4 JI -4 (4.62)
1€[t] (i,J)€E(T) (i,5)¢E(T) yeY, z€[N]\Y
and recalling (4.58), we see that

PU(Y,2,T)) = 1) (1 -

d \Nt(1-O(t/N))
N 7)

~ = N"'w(T)(1+ O(t*d/N)).

Let t; >0, T; € Ty, Yi = {y},...,yi. } € [N], i = 1,2 disjoint subsets and z € [N]\ (Y1 UY2). Let

UV, Yo}, {21, 22}, {T1, To },7) =
{Glyv, =Ti: Si(Yi) NN\ Y; = {w;}: i = 1,2 and dist(21,22) <7}
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then similarly as before we can compute

w(Ty, Tp) :=P(U({Y1,Ya}, {w1, 22}, {T1,T2},0)) = tltz(%)tﬁt?e*(tﬁmd (1 + O(W)) (4.63)

and a similar but slightly more involved computation gives

w(TlaTQJﬁ) = P(U({Y17Y2}’ {xl’xQ}’ {T17T2}’ T)) (464)
_ (%)r+t1+t2t1t267(t1+t2)ddr+1 (1 + O(W)) (4.65)

Using (4.58) and Cayley theorem for the number of trees on t vertices, we find

E[|T:] = Zw thw(t)(l—FO(%%—th)).

To prove the second moment bound, we extend over all possible pairs (U, V) and use that conditioned on
E(U,V) the events T'(U) and T(V') are independent. We have

E[|T:|°] ZP ZP V)|E(U,V)E[E(U,V)] =

3 (Ndtw(t))? + (1 + O(dt]i[b)) = E[|T:/]? (1 + O(dyﬁ))

uU,v

Similarly, we compute the first and second moments of Ay, 4, (r) using (4.64) and the summation over all
possible pairs is given by w(t1, t2). O



Chapter 5

Graph geometry

5.1 General properties

We recall from Chapter 2 the notion of very high probability. Most of our statements do not in general hold
with very high probability but we nevertheless often use this notion to bound very unlikely events. Very
high probability bounds are thus mostly used within proofs.

Definition 5.1 (High and very high probability). An event Q holds with high probability if P[Q2] — 1.
An event holds with very high probability if for every v > 0, there exists C, > 0 such that P[Q)] > 1—C,N".

In this chapter we study properties of the Erd6s-Rényi graph. In particular probabilistic properties. We
define the degree, respectively the normalized degree of a vertex, as

D, —d
Dggzzg:Agcy7 Vg 1= i x € [N].

yF#T

Note the random variables D,, x € [N], each follow a By 4,n distribution and are very weakly correlated

d

E[(Ds — d)(Dy — )] =E[(Asy — Nﬂ = Var(2), w,y €[N, (5.1)

where Z ~ Bernoulli(d/N).
For Y C [N], we denote A(y) as the |Y|-by-|Y'| matrix defined by ((Ay))zy)z,yey = (Azy)zyey. We also
introduce the number of connections between two sites

E(Y,Z) =YY Ay, Y,ZC[N]

yeY zeZ
and write E(Y) := E(Y,Y).

Lemma 5.2 (High degree probability). For any v > 0, there exists C, > 0 such that we have

d+Cy,\/dlogN ifd> LlogN
P(max D, < A) > 1-C,NY, A:=A(d,N,C) = { Foevae ifd 2 plog (5.2)
Moreover for a > 0, we have
P[D, > ad] < %e(w——o‘)dlog(u”. (5.3)

133
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Proof. The random variables D, « € [N], each follow a By 4 /~ distribution. Using Lemma B.3 and a union
bound gives

P[m% D, > A] < NP[D; > A] < Ne~(&/9),
fAS

where h is defined in (B.1). Now since

A {c(long)l/2 ifd> Llog N,
g log N .
d Cdlog(l%g Ny Hfd< 3log N,
we conclude that if C, is large enough, the right-hand side of the above equation is bounded by C, N ~".

To obtain (5.3), we again apply Lemma B.3 and do a first order approximation of h. O

Remark 5.3. The bound (5.2) is of course very rough. As hinted at by Lemma B.4 and the very weak
correlations between degrees (5.1), the law of extreme values of (v, : = € [N]) should follow the law extreme
law of N independent normal distributions. In that case we expect max,c(n) vz ~ v/2log N for d > log N.
On the other hand for d < log IV, we cna expect max,¢[n) D, to behave as the maximum of N independent
P4 variables, for which an explicit formula is derived in Lemma B.7.

The following is a standard result about the connectivity of the Erdés-Rényi graph. This is proved for
instance in [16, Theorem 7.3].

Lemma 5.4. For d > log N, the Erdés-Rényi graph is connected and its radius is lﬁ)ggg(l + o(1)) with high
probability.
For d <log N, the Erdés-Rényi is disconnected with high probability.

The connectivity properties of the Erdés-Rényi graph are not not crucial in our work. However some
understanding of the behavior of small connected components is useful. In particular the next result, [5,
Corollary A.15].

Lemma 5.5. There exists C > 0 such that if C < d < N, the number of All small components of G
have at most O(logd/N) vertices with very high probability. All small components of G are trees with high
probability. The giant component of G has at least N(1 — e_d/4) vertices with high probability.

An important property of the Erdés-Rényi graph is that it is relatively sparse and in particular contains
few cycles in given neighborhoods. The next lemma states that there is a strong relation between the regime
of d and the probability to find a cycle in some region of the graph. The result is found in [6, Lemma 5.5]

Lemma 5.6 (Few cycles in small balls). For k,r € N, x € [N], there is C > 0 such that

P(IE(Glp, @)l — 1B, (0)] +1 2 k|Si(2)) < %(C(dJr 1S3 (@)]) T (2kr) 2%, (5.4)

A useful property of the Erdds-Rényi graph is that it enjoys some regularity in its growth. This a
restatement of [6, Lemma 5.4]

Lemma 5.7 (Concentration of S;(z)). Let 0 < d < N, x € [N]. then there are constants C,c > 0 such that
IP’((I e~ CE)ISi(2)| < |Sipa(x)] < (14 e+ Cé‘i)d|S7;(:c)|‘A(BH(I))) > 1 — 2exp(—cd|Si(z)|e?)  (5.5)

, L dSi@)] 1
on the event |B;(z)| < VN, where & = L2l 4 7=
Proof. This is [6, (5.16)] the proof of which does not require any lower bound on D,. O

The next lemma is an example of how we can accurately control the size of some set of vertices, for
instance leaves. A similar proof can be made for any similar subset of vertices. The idea is always to use
the small and explicit correlation between pairs of vertices.
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Lemma 5.8. Let 0 < d < N'/?,
IP’{|£| —E|L] > tE|L|] =0(t72).

For d > NY° |L| = 0 with high probability.

Proof. The proof is based on a second-moment argument. We first compute the expectation of the number
of leaves, using Lemma B.5 and introducing Z ~ P,, we have

E|L|=NP(Z=1)(1+O(N7")) =Ne %d(1+0(N1)).
We can already conclude by a union bound that
P[L>1] < Ne dd < N7%5  d> N>
The second moment of |£| can be computed as
EL?=NP(Z=1)(1+O0(N"))+> E[E[1p,—11p,-1|As]]
TH#Y

=Ne™"d(1+0(N71)) + N(N 1) (j\l, (1 - ]‘é)wl) + <1 = Ji) P(Z=1)%(1+0 (Nl))>

=Ne "d(1+0(N7')) + N(N - 1) (ﬁe%*o(dzm) + <1 - ;é) e (1+0 (N_l))>

= N2 21 +O(dﬁ3)) = (E\£|)2(1 +O(dﬁs))

In the second equality we used the independence of D, D,, x # y, conditioned on A, (this simply means
that two vertices are only correlated if the edge between them is open).
We can conclude using Chebyshev’s inequality

P(l£] - EIL) > 1E|L]) < W S%Q(HO(dNB)).

This concludes the proof. O
Lemma 5.9. Let L be defined as the set of vertices of degree 1. Then

P[|c| _E|L] > tE|c|} =0(t?).

Finally, we show a bound on the size of the adjacency matrix of a tree.

Lemma 5.10. Let A be the adjacency matrix of a graph with mazximal degree q + 1, for some q > 0. Then
|Al| < g+ 1. Moreover if A is the adjacency of a tree then || Al < 2,/g.

Proof. The first claim is obvious by the Schur test on the operator norm or alternatively Gershgorin circle
theorem. Let V, F be the vertex and edge sets of the graph in question. To prove the second claim, choose
a root vertex o and denote by C, the set of children of the vertex z € V. Then for any vector w = (w,) we
have

’<W,AW>|: =2

D D wawy

E Wa AgyWy
Y zeV yeCy

g+1 , ( q9 2 2) 2
—w, + —w; +qw; | <2/q wy.
va e g ) <

Here we used Young’s inequality in the third step and in the fourth step the fact that each vertex in the sum
appears at most ¢ times as parent. This concludes the proof. O

55 (o)

zeV yelCy

IN
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5.2 Exclusion principle

The analysis of extreme eigenvalues of the Erdés-Rényi graph is centered around the study of extreme events,
such as high-degree vertices, low-degree vertices, leaves and trees. Such events are called low-probability
events. The Erdés-Rényi graph enjoys a probabilistic property that makes its typical realizations well suited
to study simultaneously those events. Indeed low probability configurations that happen simultaneously on
the graph are with high probability far away from one another on the graph. We call this mechanism the
local exclusion principle. For our use, it is important that this exclusion mechanism works well on some
sufficiently large distance r > 1.

e For large-degree vertices, Lemma 5.12 as soon d is small enough, the local exclusion principle is ap-
plicable. There are two underlying mechanisms behind this fact: first we define large-degree vertices
in such a way that their expected number is always smaller than v/ N. Second the radius of the graph

log N
grows as Togd *

e For small-degree vertices, Lemma 5.13, the situation is more complex since for values of d smaller than
log N, the expected number of small-degree vertices behaves as Ne~?¢. Therefore the local exclusion
principle only makes sense down to some regime d* > %log N.

e For small- and large-degree vertices in dense regimes, Proposition 5.16, we cannot hope to make their

neighborhood disjoint. Indeed the radius of G is 11‘2) i Ij with high probability and thus if d = N¢, ¢ > L,

n > 1, it is impossible to have a local exclusion principle on radius n neighborhoods.

Remark 5.11 (Difference with [6]). In [5], the authors use the exclusion principle for distance of the order
r = O(log N). We usually only require » = O(1). This difference explains why perturbation theory makes
sense for L for a wider range of regimes of d than is makes sense of A.

Let us recall the definition of U*(¢), € > 0 from (3.12). We introduce two events, Z*(r, ), r € N*, £ > 0,
that check if there exist some pair of elements of 4% that are close to each other in G. Let

(1]

t(re):={3z,y cU"(e): y € Bay(2)},

o _ (5.6)
E(r,e) :=={3z,y €U (): y € Ba,()}.
Lemma 5.12 (Large vertices are not neighbors). Let 1 < d < (log N)2. Forr € N*, ¢ > 0, we have
- _ +1)logd
P(=* =0O(NT" - (7’7 .
(EY(re) =0(N""), 0<n<e log NV (5.7)

Proof. Let us fix € > 0 and r € N* and introduce
=0 {Elx € [N]: z €Ut (e), U (e) N B, (z)] > k} ke N,

Using Lemma B.3 when d > log N and (5.3) for d < log N and using the fact that |h(a +t/d) — h(a)| =
O((t/d)?), uniformly for t € R we get, for t > 0,

P (vx >ut(e) - j&) <P (Ugg >ut(e) - \/tg> (1d210gN + 1dg21ogN)

< N-(+)/2602/a 2 (dlog(us)(152) gt log(u)

for some constant C' > 0.
For Y C [N] fixed, let us define



5.2. EXCLUSION PRINCIPLE 137

Then conditioned on Ay, the quantities {D, — ¢,(Y): y € Y'} are independent. We have, for n € N*,

k+ n} (k+1)

P[vx > ut(e), vy, > ut(e), i€ [k]] < P{vx > ut(e) - 7

+P|:Izrel?k}](6 < n}

For k < (log N)?2, we have

P[E®)] < N(Cl(;i)ll)k KP(% > ut(e) — k;;»k“ + (W)n] (5.10)

Now setting k = 1 and n < 2 we find, setting ¢ = 3 in (5.8) and taking the union bound over all possible
open paths between x and y;, we find

2

d } = O(N™™), (5.11)

P[E*(r)] < P[EW] < CNd™H! {N = (14+0(1/d)) + E

(r+1)logd O

forn<e-— Tog N

Note that from (5.10), we could derive results for r > 1 if we allowed k to be greater than 1. This is
what is done for instance in [6, Section 5].

Lemma 5.13 (Small vertices). Forc > 0, there exists 0 <1 < & < ¢ such that if (3+c)log N < d < (log N)?,
P(E™(r,e)) = O(N""). (5.12)

Moreover for € > 0 there exists a constant K := K(e,r) > 0 such that if d > %logN + Kloglog N then
P(E(r,e)) = O(e~*loaloaN/2) (5.13)

Proof. Let us fix 0 < e < % and abbreviate ¢, =U" and d > %1ogN + ¢ for some ¢ > 0 to be set later.
Let us first deal with the case d > (% + ¢)log N. Then by Lemma B.3 and since e ! < £v/d we have

Plz € U] < max(Plv, < /(14 E) log N],Plv, < eVd])

e (5.14)
=O0(N~))

= max(—

fore <1— 1+2 and where we chose ¢’ < ¢ in the last step. We can use (5.11) directly, with & = 1, without
accounting for extra error terms.

P(=~(r)) < Nd"tVNTI==' = O(N ")

for n < &’ < e. As we are looking at small vertices, removing the ¢; defined in (5.9) does not increase the
probability; small degree events are positively correlated. Therefore Since €’ can be made as close as possible
to € by choosing C large, we conclude (5.12).

Turning to (5.13) we first suppose without loss of generahty that 1 5 log N + 2 <d< 2 zlog N and set
¢ :=d— 5 logN Let us recall that in that regime u_ = for d < log N and that in thls regime the

logd
condition for z € U™ becomes D, < k, :=ed A @ Tlog N1

Let Y ~ Poisson(d) and k. := [e71], for some ¢/ > 0. Clearly k. < (1 — ¢)d for some ¢ > 0. We can thus
use Lemma B.5 and Stirling’s formula to find that

—_

P[D: <] < BB = k)0 + O /N)) < o teb O sostarie) (1 o (U)

(5.15)

< 2exp (—logN o+ ClOgd>
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for some C := C(g) > 0. Using (5.11) on more time we get

P(E7(re)) < Nd'*? (IE” {DI < iDQ

= exp <(T+2)10gd¢+010§d) So(eleoglogN)

where in the last step we set ¢ > 2K (r,¢)loglog N. This concludes the proof. O

5.3 Pruning in dense regime

In this section, we focus on the high-density regimes, i.e. N® <d < N%’E, for some € > 0. In the rest of this
section we write U(7) := U™ (1) UU~ (7) and denote by a superscript 7 the objects that relate to the pruned
graph G”. We first prove a basic separation result for regimes d < N/2.

Proposition 5.14. Let¢ > 0, and 1 <d < N2~°. Then for 2 — 5 <n <2, the balls (Bg(a:) tx € U(n))
are disjoint with probability 1 — O(N_E).

Proof. We find that
2
P[ax cU(n), y € By () mu(n)} < ONd? (IP’(x c u(n))) < ONH=20)-(2—/2) O(N*f).

O

For d < N'/3 we can construct prune G so as to obtain stronger separation properties. We can construct
a graph G7 such that on this graph vertices in U1 (7) UU ™ (1) are at a distant at least 3 from each other
and their neighborhoods do not overlap too much.

Proposition 5.15. Let ¢ > 0, 7 € (1 —¢/2,1) and N° < d < N3i~=. There exists n > 0 such that with
probability 1 — O(N*") there is a graph G that satisfies the following conditions

(i) the balls (Bi(z): x € U(T)) are disjoint trees and
ST(z)NS3(y) =0, z,y €U(T), x #y. (5.16)
(ii) Each edge in G\ G" is incident to at least one vertex in U(T) and

max D, = O(1).
2E€E(G\G™)

(iii) For each x € U(T)

Proof. For (5.16), we use Lemma 5.2 to find
Cod®\F
P[ag;,y € (1): |S1(z) N Sa(y)| = k] < ClN_E<2T) + CoN~2

for C1,C3 > 0 coming from (5.17) and Lemma 5.6 respectively. For k > %, the right-hand side is bounded
by O(N~1), for n > 0 small enough. If u € Si(x) N S2(y), we add the edge (zu) to E7. By the previous
equation, we see that with probability 1 — O(N~"), there are at most O(1) such edges for each = € U(7).
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For (iii), we observe that conditioned on Si(z) the random variable ézy vg(f) follows the same law as

d31/2 (Z - d2) where Z ~ Bg(n_|s,(z)|),a/N- Therefore using Lemma B.3, we find

1 € —d?t?/2
Pldzy:vé)Zt]S% /2,

Setting t = 1/+/d yields a bound O(N71). O

For d < N'/®, we obtain even stronger separation properties that allow us to prove the block diagonal
decomposition of L.

Proposition 5.16 (Pruning). Let e > 0, 7 € (2 — 2¢,2) and (log N)'*¢ < d < N&~¢. Then there exists
n > 0, such that with probability 1 — O(N’") there exists a graph G™ such that

(i) The balls (B (x): ® € U(T)) are disjoint trees.
(ii) Each edge in G\ G" is incident to a least one vertex in U(T) and

max D, = O(1).
2€E(G\G™)

(iii) For each x € U(T),
{y € Bi(2): |v,| > (log N)*/*}| = O(y/log N).
Proof. Let E™ C E(G) be the set of edges that will be removed to create G™. By Lemma B.3, we find

P(x € U(T)) < 2N7§(171/10gN/d)7 v €[N, (5.17)

and so, following the same logic as in the proof of Lemma 5.12, for k > 0

E+1)r kE+n n’N

. > k< 6k _(7 A N, -
P[3x € U(7) : [U(T) N Ba(x)| > k] < Nd [exp( 5 logN(l dTlogN))+keXp( T ) )
holds for any n > 0. Setting n = 10 and k > %, the right-hand side is bounded by O(N_l). Therefore by
deleting at most O(1) edges per vertex, the balls By(x), for € U(7) can be made disjoint. We add those
edges to E7.

We will now prove that with high probability,

Y ISi@) N Si(y) = 0(1), = euU(r)
yESi (2)

By Lemmas 5.2 and 5.6 and (5.17), we see that there exists C' > 0 such that, for r, k > 0,

P[3z € U(r): |B(B(@))] ~ [V (B,(2)] ~ 12 KIS (x)]

2kr+k
] 9% 1 N k2k
< ClN—i(l—\/m) ( +C ](\)fgk—l) +C2N_2a

for C1,Cy > 0 coming from (5.17) and Lemma 5.6 respectively. For r = 1 and k > ﬁ we see that the
right-hand side is bounded by O(N~7) for n > 0 small enough. This shows that the cycles in the balls
By (z), x € U(T), can be removed by deleting at most O(1) from every x € U(7). We add those edges to E7.

The proof of (iii) follows from Lemma B.3 as we find

Plo €Ur): yi,.,un € Bala), |vy| > (log N)V4, i € [k]] < Oy d3N1—F b k108 N (1-V/log V)

for some constant Cy > 0. For k > Cs+/log N, the right-hand side is bounded by O(N_”), for n > 0 small
enough.
The graph G7 is obtained from the graph G by removing every edge in E7. This concludes the proof. O
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Remark 5.17. From the proof of Proposition 5.16 it becomes evident why the upper bounds on d are
introduced. The bound d < N'/3 is necessary if we want the graph to be sparse enough. Intuitively we want
a distance of 3 between vertices of U(7). But the radius of an Erdds-Rényi with parameter d/N is about
log N/logd. Therefore at d = N'/? we would have a radius precisely equal to 3.

The bound d < N7™/* is necessary to prevent the vertices of U(7) to be too numerous.

5.4 Neighborhood of large-degree vertices

In this section, we analyze the properties of the graph G in the neighborhood of large vertices. Before stating

the technical results that we use in Chapter 3, we give some intuition about the mechanisms we exploit.
Let X ~ Py. As we mentioned in the introduction of Chapter 3, the Poisson distribution of parameter

N can be to some extend well-approximated by a normal law. Indeed, using Stirling’s formula, for £ > 1,

P(X = k) = exp(klogd — logk! — d) = exp (k log(d/k) —k —d+ %log(Zﬂk)(l + 0(1)))

For k = d + a\/d, this becomes

P(X = k) = exp (k: log (1 n ad’l/g) Ty d)

- d \/g a a2 0 a3 \/g o a2 O Cl3
=ep (Vi) (7~ 37+ 0 (Gim ) ) +avd) =ew (-5 w0 (57) )

As long as a® < v/d, we can morally think of X, as a A/(0,1) variable. However, it is clear that the largest-
degree vertices of G do not satisfy this assumption when d < log N. Indeed, as Lemmas 5.2 and B.7 show,
the maximal degree of G stays is of order %, which is much larger than O(d) for small values of d.

However, we can use the sparsity of the Erdés-Rényi graph to say that if the degree of the vertex x is
very large (meaning x € W% (k)), then the region of G around z has exhausted its "rare event potential'.
This is a similar idea that underlines the local exclusion principle introduced in Section 5.2. Therefore the
other quantities in B,.(z), r > 1, that we would be interested in, might be close to their expectation. In
particular, we are often interested in the statistics of the sphere of radius 2 around =,

_ 15:(2)|
By = EABI 1, x € [N].

Then it is clear that conditioned on [Si(z)|, the random variable d|S1(z)|3, follows a Pyg, (z)a distribution.
Since B,.(x) has exhausted its "rare event potential", whenever x € W (k), we can then argue that the normal
approximation of Poisson variables is valid for 3,. This idea is used the present section (see Propositions 5.19
and 5.21) to control roughly the statistics of observables in the neighborhood of B,(z), x € W (k). The
idea is pushed even further in Section 5.6 where the variable 3, is very closely approximated by a N (0, 1)
variable.

Let us first make some a priori observations. The set u™ () is defined so that P[x € u*(e)] < N~1/2,
On the other hand, we get directly from (5.3) and from the definition of W (k) in (3.16)

2log X if d > (loglog N)log N
Plr e W )] <4 5N v s > (loglog N) log N, (5.18)
werioslts) if d < (loglog N)log N.
In particular we can always write P[z € W (k)] < Ze2rlos(u+),
Lemma 5.18 (Behavior of ;). For anye >0,1<d< N%*E, we have with very high probability,
log(log N/d) d < log N
— 5 s log
(B, —1)=C \/IOTJE zeUt(e). (5.19)

- d>logN,
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Moreover for k as in (3.15) and o € (0, 1), there exists ¢ > 0 such that,

2

(8, — 1) :O(Ozw\/gigiog]\f)’ z e WH(k), (5.20)
holds with probability 1 — O(e*c\/logiN/mOglogN)s).
Proof. The first clain is obtained by Lemma 5.7 and union bound. We find

P[E3z € U (e), (Br — 1) > t] < N2~ e @F 4>,

for some constant ¢ > 0. Choosing ¢ as in the right-hand side of (5.19) and using the definition of u*(g), we
conclude.
To prove (5.20), we use again Lemma 5.7 but this time with the bound (5.3). Let # € W (k). If

d > (loglog N)log N, then by Lemma 5.2, le < Cd~'/? with very high probability, for C' > 0 large
enough. A direct application of (5.3) gives
+ c—*"z W+ —-1) > CLU?U S
Pz e WH, (8, — 1) > f1ogN ez[;v (z € WH(R)P|(8, — 1) 2 T ()]
< eloslog N—cd/C? < (—cd/2.

for some universal ¢ > 0.
If d < (loglog N)log N, %\/qdifl'ogN < \/Elog(llogN/d)' By Lemma 5.7 we find

Pz e WH, (B, —1) > CU‘%} < exp (/{log(logN/d) - CMM_H))

agVdlog N (log(log N/d))?

for some universal ¢ > 0. The right-hand side is bounded O(e*c\/ log N /2(loglog N)s) (here we use that duy >

VIog N(loglog N)~1) O

Proposition 5.19 (Neighborhood of z € UT). For any r € N* and 0 < e < 1/2. If r = O(1), there exists
K, c. > 0 such that for 0 <n <e/2 if

K <d< (logN)? (5.21)

the following holds with probability 1 — O(N~"). Define

1 log N
+ = e —— .
P Vieg N v (5.22)

2 V/dlog(log N/d)
(i) The balls (G|p,,,z): © €U (€)) are disjoint trees.
(ii) For each x € UT(¢/2), for every y € B,.(z) \ {z},

Vg — Uy = Cuty, |Uy| <.
(iii) For each x € Ut (e/2), and o € (0,1),
|{y € B, (x)||vy| > (logN)“H < C(logN)lfQO‘.

(iv) For each x € U™ (¢/2),

|Sz+1 log N -1/2 1S; ()] log N -1/2 -
B -1 = <i<r. .
’ d|S;(z O 45| = 1l=0 D, , 1<i<r.  (5.23)
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(v) For each x € Ut (g/2),

3 vsz()(Dmdi_l(loglogN)Q), 1<i<r
y€Si(z)

Proof. We work on the event Z(r + 2,¢). Observe that ut(g) defined (3.12) and 1 defined in (5.22) are
analogous. By (5.2), (5.8) and Lemma 5.6, there exists C' > 0, such that
P[3z € U (¢), G|p,,,(») contains a cycle]

<y P(|E(G|G|BT+M)\ —|Glp, )] + 1> k\Sl(a:))IP’(x cUt(e))
z€[N]

< (lea + %exp(dlog(u.ﬁ(l —1/ L ; 6))) (Cr(d —|—Ji/vogN))4T =O(N7"),

for n < 1. This proves that there are no cycles in G|p_,,(») on a high probability event. This proves (i).
For (ii) let us fix £ € (0,¢). Then there exists ¢ > 0 such that we have

ut(e) —ut (&) > ey

Moreover by Lemma 5.12, ¥ (r 4+ 2, ) holds with high probability. We conclude the first assertion. For the
second assertion, observe that if ¢ > 0, a reasoning analogous to (5.11) yields

1te 1-—¢’

]P’{Elx U (), Iy e Bolz): vy > (1 — c)¢+} < ONdHPN"HFNF = ¢ 2N~ = O(N~"/?),

for ¢ and 1 small enough. This proves (ii).
Similarly for (iii), we find that for £ € N* and ¢ > 0, we have

P[H{un, 0} € Be(@) : oy, | = (log N)*|$1(2)] < CDpd" e N™ L (|G p, ()| = CDpd’ ).

The second term on the left-hand side can be made smaller than O(N ”’) by choosing C' = C, large
enough and using Lemma 5.7 inductively on 1 < ¢ < r. The first term is smaller than N7 as soon as
k= C(log N)!=2« for C' > 0 large enough.
(iv) follows from [6, Lemma 5.4]. Indeed for v = 2, there exists Ko > 0 such that on the event

{K2log N/d < D, < VN(2d)™"}

then (5.23) hold with probability O(N*Q). Choosing K in 5.21 large enough, this condition is always satisfied
for & € U (¢). This prove (iv).

For the last point, let us work only one the event defined by all previous points. Let us fix z € U™ (g). Then
B, (z) is a tree on which (5.23) hold. Let us define

Niw(y) == {y € Si(z): d*e" < (D, —d)* < d*e"'}.
Using Bennett’s inequality we find that if ¢; ,(¢) := W(ek/2 Aek), then for 1 < j < r and
P{wm < 04 Vi < j, k € Z with k < loglog N|S, (x)}
> (1 — rloglogNelsi(r)‘_lsi(x)‘_t) >1- O(rloglogNe_t).

By (ii), |vy| < CVlogN for every y € B,(x), y # = and for some C > 0 large enough. We can thus set
t = 2log N and condition on |S;(z)| to find

[log ]
> (Dy—d)P <dlSi@)|+ Y, dFTN
yeSi(z) k=—logd|
< d|Si(2)] + (d[Si(z)| + log N)(log d + log ¢))
log N )
<d|S; 1 logd + 1 < CD,d"'loglog N
< S(ﬂf)l( + dsi(x”)(og +logy) < C oglog
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with probability greater than 1 — N~2. Taking a union bound over 4+ we conclude. This concludes the
proof. O

We now derive better estimates that are valid in the neighborhood of W+ (k). We need the following
technical result which is [7, Lemma 9.1].

Lemma 5.20. Let z € [N], and X, := (Ny(z) — d)?> — d, for any x € [N]\ {z}. Then the following holds
(i) For any v € (0,1/2), there is C > 0 such that for any o € [—-d~1727,d=1=27], we have
Elexp(aXy1x,<q+2:)|Bi(@)] < exp(Ca?d?) + Clald?e "

if |Br(z)| < V/N.

(ii) For any k, the random variables (Xy)yes, () are i.i.d. conditioned on By (x).

(i) For any ~y € (0,1/2), there are ¢ > 0 and C > 0 such that P(X,, > d*T27|By(z)) < Ce—cd™,

Proposition 5.21 (Refined of analysis of G|g, (5), © € WT). For 0 < a < 1/12 and r = O(1), there exits
K, c > 0 depending on « such that if

K <d < (logN)?

then following holds with probability 1 — O(e’c“’(o‘)).

(i) For each x € W (k)
kloglog N
L, —1)=0(——).
(8 ) ( Vlog N )
(ii) For each v € Wt (k)
kloglog N
max|vy| < C(loglogN)z, ’{y € Br(z): |vy| > d"‘}| < O(%)
y#a d
(iii) For each x € W (k)

02 = Dydi (14 0
yegr) ’ ( (\/E

2

)) + (loglogN)(jldzaSloglogN, 1<i<r.

Proof. Let a € (0,3) and r = O(1). We work on the event defined by Propositions 5.19. The proof of (i)

2
is similar to Lemma 5.18. We use (5.3), the fact that uy > C’dl(l)‘;gilé\fgjv and Lemma 5.7 with €2 = %

and a union bound.
Let us write

Q (z,t, k) == {Elyh...yk € Br(x): |vy| >ty #x, i € [k]}

Using (5.14) and (B.2), we find

IP’< U Q1 (z, C(loglog N)?, 1)) < CD.d"NP(x € WH)P[v, > C(loglog N)?|
zeWt
C(loglogN)z))]

< Cexp <nlog(u+) +rlogd + log(Dm)> {NCQ/Q v exp<fdh( T

202 (loglog N)*

1/2
C(log log N)2
3(1+c(<°g933 ) )

— O(_ecw(a)),

< Cexp | 2klog(uy) + (r+1)logd —

C(loglog N)3)

< Cexp(— 5
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for ¢ small enough and C large enough so that xloglog N < % (loglog N)?. Here we used log(D,) < log(u, )+
log d in the third inequality and x = O(loglog N) in the fourth inequality.
We also have

3d2a )
P Qq(z,d%, k) ) < Cexp| klog(us) + k(r+1)logd — k————— |.
(LVJV " 1)) < Cxp( wlog(u) + b+ Dlogd — ko2

For d** > loglog N, we can set k = 1 and the term inside the exponential is dominated by —c(loglog N Vd>®),
for ¢ > 0 small enough. On the other hand, for d?® < loglog N in order to get a dominant negative factor
in the exponential, we must impose

3
(r+ l)logd—dhg <0,

which is satisfied for d > Ki(r,a). Setting k > Cmbg;%gjv, for C' > 0 large enough, the above probability is
bounded by exp(f%ﬁalog log N). This finishes the proof of (ii).
We now turn to (iii) and write

Z ’U§= Z 'U;].‘,Uyl>du+ Z 'Uil\vﬂgd“- (5.24)
yGSZ(m) yeSl(ac) yES,(I)

We begin with the first sum. Observe that by (ii), it is zero with high probability when d?* > loglog N. To
study smaller values of d, let us introduce

Ni(z,i) = | {y € Si(x) : d®¢* < (D, — d)* < d?e"*'}|, k>0,i€][r]
We find, using Bennett’s inequality and (5.2), for any v > 0 there are C,, ¢, > 0 such that, for 1 <14 <,
|5i(z)|

n

P[Nk(x,i) > n||si(x)|} < ( )ecd”<e’“Ae’“”> < exp (n [log(|5i(:z:)|) — cd(ek A ek/2)D. (5.25)

By Lemma 5.2 and (5.23), r = O(1) and d < loglog N we have log(|S;(x)|) < 2loglog N. Therefore

BING(2,i) > nl[S:(2)]) < (ogN) 2" + O(N), k>, i= log( T2 EN) ey

where the term O(N_") comes from Proposition 5.19.
Writing Ny (z) := >_._, Nik(z,4) and using r = O(1), we find that

IP’{Elx EWT(k), i€ [r], ke <k <loglog N: Ny(z)> CloglogN]
< NP(z € W+(/€))]P[Nk(x,i) > CloglogN/r“Si(m)\}
< enlog(u+)(10g N)fCloglogN/r + O(an) — O(efcw(oz))’

for C' > 0 large enough. Here we used (5.3) to bound P(z € W (k)). Now since by (ii), |v,| = O((loglog N)?)
for y # z, we can bound k < kpax := logloglog N and find that with probability 1 — O(e’c‘*’(o‘)), for each
x € WH(k),

Kk kmax
Z VL, |de < Z deF T Ny (2, 0)| + C Z (loglog N)®
y€S;(x) k=(1-a)logd k=k.
kloglog N

<C

< Jite + (loglog N)kmax < (loglog N)S,

holds for each z € W (k) with probability 1 — O(e_c‘“(a)). Here we used (ii) in the second inequality and
de* < Cd(loglog N)P as well as k = O((loglog N)?) and d < loglog N in the last inequality.
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We now turn to the second sum in (5.24) which is amenable to Lemma 5.20. For z € W¥(k), and some
universal C' > 0 and ¢ > 0 , we get

1
P § 02— 1)1y, (<ge
( |S; ()] yGSz’(z)( ! . =

:]P)<‘ Z ((Dy_d)2_d)1(Dy—d)2§d1+2cn
yEeS;(x)

> 1[151(@)]) + LeewiOle™"")

- tISi(x)|d‘|Sl(x)|) + Loew(n O(e™)
< 226[0 idniflizw]e*ztdl&(zﬂ (ecz2d2 n Cd22676d2a)|Si(z)| N lmew(R)O(efcd%).
Suppose that

Odl—20ecd™ < 1

which is satisfies as soon as d > Ks(«, ¢). Using the inequality 1 + z < e®, we find

inf efztd\Si(a:H(eCszZ _’_CdQZefch“)\Si(w)\ < inf  e—tdISi@)+CdSi@)] ge*%
2€[0,d=1=27] 2€[0,d=1=27]
2
where we optimized in z at z, = 357 and set t = Ctg(;(yiﬂ for C > 0 large enough. If a < 1/12 and

d < (log N)? then z*, which is the minimizer of the expression in the infimum, satisfies z* € [0,d~1729].
Moreover since |S;(z)| > D, > c% for d > K3 = K(r,a), with K defined in Proposition 5.19, we
get the correct value for the error term.
Taking a union bound over = € [N], we conclude using (5.3) and

emlog(u+)e—cw(a)2 < e—cw(a)2/2 — O(e—cw(a)) (526)
since xlog(uy) < (loglog N)3.
Taking d > max(K7, Ko, K3) concludes the proof. O

5.5 Neighborhood of small-degree vertices

In this section we study the neighborhood of small-degree vertices. At the begin of Section 5.5, we explained
how the presence of large-degree vertex can be used to control the neighborhood of that vertex, in particular
excluding the occurrence of extreme events (with high probability). While this method works just as well
for small-degree vertices when d > log N, it fails when d < log N. The reason for this is easy to understand:
if you consider the distribution of all degrees as an histogram on the real axis (see Figure 5.5), then lowering
the value of d will push the histogram to the left. However, degrees can only take non-negative values and
it is thus only possible to push the histogram so far left before hitting the vertical line y = 0. This has the
annoying consequence that the number of small-degree vertices becomes polynomially large.

In particular, seeing small-degree becomes less unlikely and thus seeing extreme events in the neighbor-
hood of small-degree vertices becomes less unlikely.

u¢ dc
P[Py > du, — C] = W*u +0o(1)) < (fda =P[Pq > du_ +C],
for d < log N, since then du_ = 1. This is an adversarial effect against which we must fight and it prevents

us from reaching the regime d > %logN + Cloglog N, for C = O(1).

The following lemma is an a priori estimate on 3, — 1 which will be refined later.
Lemma 5.22 (Behavior of 8;, x € U™). Lete > 0 and (3 +¢)logN < d < Nz=¢. Then, with very high
probability for all x € [N]
log N

(69:_1):Cd\/u—_

(5.27)
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dy = N°* N = 2000 dy = 3 log N

300

200
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100 100

: L

0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35

Figure 5.1: We sample N = 2000 independent By 4 random variables. The global statistics of this sampling
resembles the global statistics of (D, : z[N]). On the left-hand side, we set d = N%* > log N and
d= %logN < log N on the right-hand side.

Proof. Same proof as Lemma 5.18. O

Proposition 5.23 (Neighborhood of x € U™). Let K,e,a > 0, d as in (3.29) and r > 0. Then if r = O(1),
there exists c. > 0 such that the following holds with probability 1 — O(e_c*(log N)C*).

(i) The balls (B,(z): © € U (€)) are disjoint trees.
(ii) For each x € U (&)

S log N Si(x logN __ .
Sl o{tsr ), |38 -o(t5), e

(iii) For each x € U™ (g) there exists y. € By(z), such that

min  |vy — vy| > Lg<(1-c/2) 10g NCxV/ 10g N + ¢, (log N)“, max lvy| = (\/logN),
yEB,(z) y#a Br(x)

and
]{y € B(2): [vs —vy| < c*\/E}‘ <1. (5.28)
(iv) For each x € U™ (e)

‘{y € By(2): [vy| > d°}| = 0(a=2*).

Proof. The fact that the balls B,.(x), x € U~ (¢) are disjoint follows from the stronger Lemma 5.13. The fact
that B,.(z) contains no cycles follows from Lemma 5.6 as in the proof of Proposition 5.19. This proves ((i)).
((ii)) is proved exactly as in Proposition 5.19.
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By Lemma 5.6, there exists C' > 0 such that max,cy—()|Br(z)| < Cd" with probability 1 — O(N72). If
d> (1 —¢/4)log N, using Lemma B.3 we find

1—¢
2

P[3z € U™ (¢), Jy € By(z) |vy| > t] <CN

If d > (14 ¢/4) we can choose t = /(1 —¢/4)s and if d < (1 +¢/4), t = /(1 —¢/4)log N, to bound the

left-hand side is bounded by O(N*") for 0 < n < /5. In both cases we can conclude that

d'e /2 O(N72).

min Uy — Uy| > elogN/4, x el (g),
yEBr(r),y;ﬁz' y' 8N/ (€)

with probability 1 — O(N *”). In particular (5.28) follows trivially in that regime.

Ifd < (1—e/4)log N, then x € U~ (¢) is by definition the set of vertices such that D, < 1/ = O(1). Denoting
n := [1/e] we see that the condition |v,—v,| < ¢(log N)¢ implies D, < (1—n)d for any 0 < n < 1—%.
Since ¢ < 1/2, we can find a constant 1 > 0 satisfying this condition and can thus apply Lemma B.5. We
find

PE3z € U (¢), Jy € Br(z), vy < c(logN)] < Z Z Plv, < c(log N)‘]
€U~ () yE B (z), y#

< CNe—2ddr+n eXp(g log(d)(log N)c) + O(N—Q) — 0(6—2(10gN)l/K+%(logN)2C) _ O(e_c*(logN)c*),

where in the last inequality we chose ¢, < 7= A . The assertion about max,|v,| is proved analogously.
For (5.28), we find, again using Lemma B.5,

IP’[E:U eU(e), 1, yk € Br(x), vy, <cVd, i€ [k]}

2
< CN673ddr+nke2cdlog(1/c) (1 + O(i)) + O(N72) < Cef?,(]ogN)l/Kdr+nkN7%+k(clog(1/c))
> N > ’

and the right-hand side is bounded by O(e_c*(log N)C*) as soon as k > 2 for 0 < ¢ < ¢, small enough.
The proof of (iv) is analogue Proposition 5.19 (iii). O

Lemma 5.24 (Behavior of 3,,, x € We(k) ). Lete >0 and (3 +¢)logN < d < Nz=¢. We have with high
probability, for every x € W,

klogd
e — 1) =C— et
(B = 1) (log N)3/4
Proof. Similar proof as for Lemma 5.18 with the observation that by Lemma 5.13, min,|S(z;)| > c@, for

some ¢ > 0 small enough. We have by Lemma 5.7

PEz € We(k), (B —1) > ] <P[Ez e W, (B, — 1) > €,E1(r,¢)] + P[E1(r, ) ]
< efilogd exp(—cd3/2(v1 —v,,)e%) + P[E1(r,e)],
where we used |S1(2)| = Vd(v1 — v.,) + 1.
Since (vy — v,,) > ¢d® for some ¢ > 0 by (ii) of Proposition 5.23, we can make this probability smaller than
Ce~? by choosing Setting e = Ck log d/dg/4 for C > 0 large enough. O
Proposition 5.25 (Neighborhood of x € W™ (k)). Let a,e > 0 and

log N — (loglog N)? < d < (log N)*/2.

Then for c, > 0, the following holds with probability 1 — O(e*c*dm)
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(i) For each x € W~ (k),

= 0O(d®
yEB{-Igg))fy¢$|Uy| O( )

(ii) For each x € W~ (k),

, e
E 2 _ i—1 .

yES;(x)

Note that we could improve ((i)) by showing that max,cp_(z), y2:|vy| = O((loglog N)?) with probability
1— O elloglog N)*) However, since we want to cast all results of Proposition 3.21 under one common bound

and since d“ is enough for our purpose, we do not pursue this improvement.
Proof. Using Lemma B.5, we find that

Plz € W (k)] <e"'8?v Ne 4d*.
We can then proceed as in the proof of (ii) Proposition 5.21 to prove that

P[3z € W (k), y € Br(2), y # x |vy| > Cd*]
[enlogd v Ne_ddﬂe_c"lh _ O(e—c*dh)’
for ¢, > 0 small enough. We deduce that with probability 1 — O(e‘c* loglog N ), for any o > 0,
Z |Uy|2 = Z |Uy|21\vz\gd0“
y€S;(z) y€Si(z)
Therefore we can prove (ii) as we proved (iii) in Proposition 5.21. We skip the details. O

Proposition 5.26 (Neighborhood of x € W7 (k)). Let K,e > 0, d as in (3.28) and r > 0 and k, & as in
(3.29). Then there exists cs > 0 such that the following holds with probability 1 — O(e_c*(logN)c*).

(i) For each x € W7 (k),

max vy| = O((loglog N)?
yEBT(x)\Bl(:c)| y| (( g 10g ))

(ii) For each x € W7(k), if y. := argmin, ¢ (,)v=, then

de
min |vz — v] > cun/log N.

Vy, 2V +O( >,
Y 7 \/alog(d — % IOg N) 2EB(x), 27T,Yx

(iii) For each x € W7 (k),

S e Si(x)|<1+0((b;;)3/2>)7 2<i<r

y€Si(z)
Proof. (i) is proved as (ii) of Proposition 5.21, using the fact that we defined W7 (k) such that

Plz e WY (k)] = O(e”logd).
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We skip the details.
Turning to (ii) we use Lemma B.5

P[3z € U (e), 3y € B, (), vy > ve(v) — %] = Cd"Nde P[Py < du, —t] + O(N?)

S Cdr+1ufy S CerJrl logdftlog(uﬂ,)'

Setting t = (u and using (B.8) we prove (ii)

The second point is proved by first restricting ourselves to 2~ the event = = {maxye By(x), y#£a Uyl <
C(loglog N)2} which by (i). Then for any a > 0, we have

]-E Z U;Z Z U§1v§§d<’~
y€eSi(z) y€eSi(z)

The sum on the right-hand side can be analyzed using Lemma 5.20 as was done in Proposition 5.19. We
skip the computations. O

5.6 Decorrelation results
Let us introduce the d—dependent function
Q(u,v) > P(Pgy — dv > wVdv). (5.29)
We recall [7, Proposition 7.1]

Proposition 5.27 (Decorrelation). Suppose that 1 < d < N2 and k < N'/'2. Let v1,..., v, € N satisfy
2<v,...,05 < NY* and wy, ..., wp € R. Then

P<m{|51(i)|}:vi, [Sa() >ul> HIP’Pd—vZ Pdvlzul)—i—O( 1/3HIP’ i)+ N~k 1)
i€ k] i€ (k] i€ k]
for any uq, ..., u € N.

We need the following variations of [7, Proposition 7.1]. Let us introduce the scaling parameters

1
210gN+§log(47rlogN), b =+/2logN.

Proposition 5.28 (Decorrelation in dense regime). Let e > 0 and (log N)!™¢ < d < N'/3 and k < (log N)*/3
Let wy,...,wx € R. Then,

P(ﬂ{v,23+ —w; ) N’f He*““ ( (log N)~ E/6>

i€ k]
+0(N—1/4 [1 P(Pi—d= Va))

i€ k]

Proof. We first recall that the degrees, which are distributed as Binomial (N,d/N) variables, can be very
well approximated by Poisson law of parameter d. By Lemma B.5 we have, for ¢t > 0

20P (Byg/n > t) = <7>d>t+Ze*dn <1+O<z\j>) (Pd>t)+0<§)

n>t
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We define E the event that no vertex in [k] are neighbors and decompose Z°¢ = |_|U{(Gr|[k] = U}, where the

union ranges over the set of nonempty graphs U on [k]. Thus we estimate
1
P ﬂ {'Uz >a+ wz =K H 1’Uiza+%w'i1£ +E H 1v¢2a+%w1156
1€[k] 1€[k]

We write /; the degree of the vertex ¢ in U and u; = d + Vd(a + £w;). By (B.5) we find

H ]-v >a+gw; 1=c| = ZE H lviZaJr%wi

A[k] IG\UC] =U

i€ [k] Y RESU
v} +d* +

= ZE H P (P(N—k+1)d/N > u; — li) (1 +0 (N) |A[k])

U KSL

v;\ i v+ d?+t3
= Z]E H P(P(N—k-',-l)d/N > uy) (E) <1 + 0 <N> |A[k]>
KSL
peay BEDN ra kd + v? + d* + 3
-2 (1) (F) Hpwezw (o (=)
=1 1€[k]
k k?d  d*k?
ol ) () T
1€

where we split the last sum between [ < k and k > [ in the last equality.
On the event Z, the variables v; are independent conditioned on A, and distributed as By_j q/n. But if

X ~ BN—k,d/Na we have

w d+C,Vdw e ,
Plxzd+vi(at D) =et 3 To(HM) o),
k=it V()

for C, > 0 that depend on v > 0. Choosing v = 10 and abbreviating w = ﬁ(a + ), we get

d+6i/3w ik _ (c i\/&u ed(1+w) ok o (d (1 s k> log (1 s k>)
Kl N R d d

k=d+Vd(a+ii) k=0
(C—1)Vdw w
—e Y (1+w)—d<1+w>—k7‘3d(l+ ! (1+0(d™))
2md(1 +w)

k=0

exp <d <1+w+ Z) <1fw N d(1lfw)2 O (\}&)>)

(14w) (C—DVd

1+ w)~?

- e o 0 W) (140 (a12))

e St (10 (),

In the last equality, we used the fact that (1 + w)(C—DVdw — O(N=¢/%) = O(d~*/?) to complete the series.
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Using k?/N = O(d~'/?), we find

Pl i )] - ST B (o)

= exp (dw —d(14+w)log(1l 4+ w) — %10g(477 log N))
w? 1
=exp|dw—d(l+w)w+—(1+¢) —glog(47rlogN)

2
1
= — o will+es) ,

N

fore; =0 ((log N)’5/2) . In the third equality, we used log(27nd) + log(w) = log(4m log V). Therefore, using
the fact that d > log N, we find using k < (log N)*/? and max; &; = O((log N)=/?),

I1 Losacgulz| = [ B (Pazd+Via+ )

i€lk] i€lk]
NE H e (1 + O (km?x&‘i)> = W (1 +0 ((10gN)76/6)> .
i€[k]
This concludes the proof. -

Proposition 5.29 (Decorrelation for leaves). Let $log N < d < (log N)%. Let K >0, k < (N/Kd)'/? and
2<v,...,v < Kd and wy,...,wg € R. Then

P(ﬂ {Dizl,dazi =v;,dy/az, (B — 1) > w; ) H P(Py = v;)Q(vs, w;)

i€lk] i€[k]

+0 <dj§2 (e~ d)* T] P(Pa = vi)>

i€ [k]

Proof. Let us abbreviate by A(v;) := {Di =1,da,, = vi} and B(w;) := {d, /o (B — 1) > wl}
For [ > 1 we define =; as the event that there is no geodesic in G of length [ connecting to distinct vertices
of [k]. We use the abbreviation Z<; := ﬂigj Z;. We define M; for 0 <i <5 and &, for 1 <i <5 to be

M;=E H 1aw)nBnls, -1z, |, & :=E H Law)nBw)les -1z,
i€k i€[k]

Now since v; > 2, :1 never happens it would mean that i, j € [k] form a disconnected component.

We tackle =5 U =5 at the same time. On the event =; the possible configurations of Ap, (x]) can be
decomposed in two steps. First we look for elements of [k] that are at distance 2. Since [k] consist only of
leaves, this can be express as a sum over all possible partitions of [k] with at least one non-trivial block,
denoted P.. We say By([k]) ~ II if, up to permutation, the two functions ¢ — z; and i — m; are the same.

E HlA(i)nB(i)lagusgIa]

i

d || —1
=FE Z HlDizl Z E H 1yg7r =v;—|m;|—1 H Asﬂz (N) |BO([I€D lBo([k])~H1~°1~

N se(INNKDT  [iefm] zem;

k—|10|
=) E HlDz—l () IT 1o, =vioimi1Lmo@u~nlzgls,

HeP<k i€[|1]]



152 CHAPTER 5. GRAPH GEOMETRY

Then, given II € P, we look among the unique vertices z1, ..., 2x, which are now in bijection with II their
connections. This can be done by decomposing UU{G| Si(k]) = U} where the union ranges over the set of
nonempty graphs U on (II). Let us denote [; the degree of z; for i € [k] in A(g, (z)) and by | = |U| the number
of edges of U. We have

E HlA(z)ﬂB(i)lEgUEglEl‘|
a\
= > <N> B2 1[tomr T o vt toop-nlols, o =vlssie,
HePcr ze[\l‘[|
o~ |TI|+1
> Z(N) HPBNd/Nzl IT PBy-srs1.a/v = vi — 5z, | = 1i +1)
meP. U 1€[|11]]

where we used the fact that conditioned on U on the event {Bo([k]) ~ IT} N {G|s, () = U} the degrees of
z; are independent. We can now use Lemma B.5 to approximate the probabilities of the Bernoulli variables.
Let n to denote the size of II and [ the number of edges of U. We have

k—|TI|+|U|
E HlA(i)ﬂB(i)lEgUEglE1‘| = (e7"d)* Z Z( )

IIeP<yr U

H P(Bn-okt1,a/N = vi — [8x,| =1 + 1)

i€[n]
k—|TI|+]U]
e 3 5 (F)
IIeP. U
o\ lsms |~ 1+ 2 | g2 4 4
i€[n]
12 n(n—1)/2 d\F
—d k—n—+l -
0% 3 e (e () ()
n=1 =
2 2
HP (1+O(d +/;;\[+kd>)
i€([|TI]]

where in the last step we used the assumption v; < Cd, for some C > 0.
By the binomial theorem we have

n(n 1)

Z Z k- n+l< ) (n(n—ll)/2> (;l[)knﬂ <k1 (z)nk—" (C]y)kn (1+C];;l>n(nl)/2

n=1 = n=

o Cdk = (R (Cdn\*'7" (L fedn\\T _ Cdk (0 Cdk o (CdRY N
=N~/ \N N)) =N N N

where in the last equality we used the fact that d’}\lf =0(1) and k < VN
The remainder of the proof is very similar to the proof of [7, Proposition 7 1]. We now turn to Z4. We can
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decompose Z4 = (), <, ., <), E4,2y- By a union bound, we estimate

G<E|] 1sicomnlzalz | < D0 B Usieol=nlzcls,.,
i€[k] 1<z<y<k i€ (k]

< X [T PUSi1)]l = vi, Z<a)BlL 8, (o)=L (2 )=0, 1240 12
1<e<y<k \ie[k]\{z,y}

where in the last step we used that the sets (S1(2;))icx) are independent condition on Z<3. We estimate

E[1|S1(Zw):vw\1|Sl(zy):vy\154,my 1553] S E Z E [1‘Sl(zy):Uy|Azyw|Sl(2x):| 1|S1(Zw)|1Azzzy:O ’
weES1(2z)

and use that on the event {A.,. =0} and for any z, € Si(x) we have
vz,
E [L151(s)) =0y 4z, 0[S1(20)] < O P(Pa = v,),

using again Lemma B.5. Hence

d
ELi51(22)=va | L1851 (5)=0 | 124,04 2] < C G B(Pa = vy)E [151(22) |18, (5 )= ||
d
< CN]P’(Pd = vy)P(Pq = vg)
and therefore

&4l < J] P(Pa = vi).
i€ k]
Next we estimate &. We have
2

d .
PES A ) SE| Y. D X AnlAmplza | < 5 | 2o 1520)]

1<i<j<k z€S52(i) y€S2(4) i€[k]

We estimate |S2(i)| < (d + Cklog N)? with probability N~%=2 for some universal constant C. We get, using
the independence of (S1(vz,))ick] On E<4

d3K>
&gN,Hmmzm.

We can now turn to M and use the independence of (S2(2;));e[r) on the event =<5 This is done exactly
as in [7, Proposition 7.1] and we skip the details. O
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Appendix A

Matrix theory

In this appendix, we recall some well-known identities for the Green function and its minors.

A.1 Green function identities

In this section, we set N € N* and M € CVN*V to be a general Hermitian matrix. Our results are usually
stated first for general M and then for M of the form M =V — H — R, where H € CN*¥ is a general
Hermitian matrix with zeroes on the diagonal and the matrices V and R are defined in (2.3). In particular
let us abbreviate

d
f._\—ﬁ.

We also recall the notation G, G(T) and G, u ¢ T C [N], from Definitions 2.10 and 2.13.

Lemma A.1 (Ward identity). For a general Hermitian matriz M, we have

S [Gay(oft = e

Im 2
y€E[N]
For x ¢ T C [N], we have
(T) T) (T) T
Imz ’

Lemma A.2 (Schur’s complement formula). Provided all of the following inverse matrices exist, the inverse
of a block matrix is given by

A B\' [ —A! —A-1BD!
¢ D) ~\-D'cA' D'CA'BD '+ D!
_ (AT'BDTICAT '+ A7 —A7'BD!
o —-D-1CA! D1 ’
where we defined
A:=A-BD7'C, D:=D-CA'B.
For a general M, we have

(2)
= My — 2= Y MyaGly) My, (A.1)
a,b

GCECE

155
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In particular for M as in (2.5), we have

(2)
1 f @) § (@)
Go=v Nt ZHMG Hyy + - [Z G Hy, + ZHwGab } N2 azb: G\, (A.2)

a,b

Lemma A.3 (Second resolvent identity). Let A, B € CN*N for N € N*. Then
Ga—Gp =Ga(A—- B)Gp. (A.3)
In particular for M as in (2.5), w ¢ T C [N], we have
(Tw)
G~ G = = 3 G HL G (A4)
On the resolvent identities see for instance [42, Section VI.3].

Proof. Equation (A.3) is a standard result in complex analysis. Setting A = MTw and B = MTw) | we
find that (A — B)gy = —0zyHzy for z,y ¢ T'U {u} and the result follows. O

Lemma A.4 (Off-diagonal entries of G). For any Hermitian matriz M € CN*N we have
(x)
G =G> MG, x#y. (A.5)
In particular for M as in (2.5), for T C [N], we have

(Tz) (Tz)

G = G(T){ZH G(Tw)+fZG(TI}, z#y, zyc[NJ\T. (A.6)

Proof. The first two equalities in (A.5) are classical results and can be found for instance in [14, Lemma
3.5]. The second identity (A.6) follows from the definition of M in (2.5) and by applying (A.5) to the matrix

M. O
Lemma A.5 (Subblocks of G). For any Hermitian matriz M € CN*N and for u € [N] and x,y # u , we
have
GG
G(u) _ Gz _ TuTuy
zy Y Guu
() () () (A7)

= Gzy + Gmu Z MubGZ(,Z) = Gwy + Guu Z G;Z)Mua Z MubGl()Z)
b a b

In particular for M as in (2.5), we have, for u ¢ T C [N] and x,y ¢ T U {u},

_ (Tw) f (Tw)
G — G = {Z HyuoGE + Z G } (A.8a)
(Tw) (Tw) (Tw) (Tw)
_ G(T) Z G(Tu H,, Z HubG(T ) (T) [Z G(T U)H(Lu Z G Tu)

(Tw) (Tw) (Tw) (ASb)

_Zg(Tu ZH G(Tu)] G(T)ZGTu)
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Proof. The first two equalities in (A.7) are classical results and can be found for instance in [14, Lemma

3.5]. The second equality follows by applying (A.5) to @&E% since = # u.
The equalities in (A.8) follow from the definition of M and M(™) and from (A.7) applied to the matrix
M. O

Observe that by combining (A.4) with (A.8), we find

(Tu) (Tw)
a1~ G 60 S (i L)amn - S arom,amm r9)

a

and the terms G(7**) can then be expanded using (A.4)

A.2 Perturbation theory

The following result is [7, Lemma E.1].

Lemma A.6. Let M be a Hermitian matriz. Let ¢, A > 0 satisfy 5¢ < A. Let A € R and suppose M
has a unique eigenvalue p in [A — A, A + A], with corresponding normalized eigenvector w. If there exists a
normalized eigenvector v such that ||(M — N)v|| <e, then

B A= (v,(Mf)\)v>+O<§), lw — v :o(%).

The following is a standard result that can be found in many reference books, see for instance [46].

Lemma A.7. Let A, B be Hermitian matrices. The eigenvalues of A and A — B interlace and differ from
at most || B||. Moreover

1 1 1 1

z—(A—-B) z—A_z—ABz—(A—B)’

z € C\ (Spec AU Spec A — B). (A.10)

Lemma A.8. Let H € R"*", n € N*, be an Hermitian matriz with eigenvalues X\; and corresponding
eigenvectors v;, © € [n]. If e € R™ and 6 € R*, then A(6) € R is an eigenvalue of H + fee* if and only if

1 " (e, v;)?
0 ; NOESY (A1)

Proof. Let v(6) be the eigenvector of H + fee* associated to A(6), we have (A(8) — H)v(0) = O{e,v(d))e.
Moreover since 6 # 0, A\(0) ¢ Spec(H) and therefore A() — H is invertible. We find

%v(&) — (e, 0(0))(\O) — H) e,

By applying e* on both sides of this equation we obtain =1 = (e, (A(§) — H)~'e) which is precisely (A.11).
O

Definition A.9 (Paths and cycles). Let G = (V, 4, z.) be some finite graph with vertex set V, adjacency
matrix A € {0,1}V*V and with one distinguished vertex z, € V. For z,y € V and k € N*, we define

P(z,y, k) :={P:{0,...,k} = V: P(0) =z, P(k) =y, Ap-1),py) =1, Vj € [k]},

to be the set of all paths in G of length k starting at x and finishing at y. A path of length k& can be seen
as a sequence of k + 1 elements of V, written (P(0), P(1),...,P(k)).
For P € P(z,y, k), we define

Ran(P) :={P(i): 0<i<k}, N(P):={ie€{0,...,k}: P(i) =x.},
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the range of the path and the times at which the path P visits the distinguish vertex z, . We also define

P)*:={0,...,k} \ N(P)
We denote by C(x, k) := P(x,x,k) the set of cycles of length k rooted in z, i.e. paths such that P(0) =
P(k) = x and by

T(k) = {P € C(x, k), IN(P)

=2}, keN7 (A.12)
the set of cycles of length k& rooted in x, which visit x, exactly twice.
The following is an adaptation of an argument found in [35].

Proposition A.10. Let n € N*, V = Diag(vy,...,v,), v € R" be a diagonal matriv and G =
({0,...,n}, A,0) be a graph as in Definition A.9. Let

H:=fA, X:i=wvy, t:=minfv; -\,
>0

for some f > 0. Then if ¢ > 4||H||, the matriz V — H has precisely one eigenvalue in the interval [\ —
[H||, A+ || H]|] that we denote p.
If in addition G is a tree, we have, for 1 <k < n,

k—11-1 2k
p=A+Y Ezz(e)JrO(k”H' ng'*w)), (A.13)
=1 0

=1 e=

—1)¢ 1
Ei(e) = <i+)1)!fl > ( 11 > Z H , leN* (A14)

Vg — U — v
PeC(0,0).|N(P)|=2+¢ NieN(P)+ 0 "P@) een(p)r j=1 Y0 T UPGy)

The letter e in (A.14) stands for ezcess, as the paths that contribute to Ej(e), for some [,e > 1 visit 0
more than the minimal amount. A cycle that visits 0 five times has excess 5 — 2 = 3, for instance.
Before proving Lemma A.10 we introduce the following notions.

Definition A.11 (Shift and equivalence classes). Let G = (V, A, x,) be as in Definition A.9. For k € N* we
define the shift operator Ty which maps cycles onto cycles in the following way. For P € C(x,1), z € V(G),
we set

Ty (P(0), P(1), ..., P(1)) := (P(k), P(k +1),..., P(L— 1), P(0), P(1),..., P(k)).

In words, T} simply changes the root of the cycle by starting and ending at the (k4 1)th vertex of the cycle.
For | > 0, we define the equivalence relation ~; on (J C(z,l) by P ~; P’ if and only if there exists
0 < k <[ such that T\,P = P'.

eV

Now observe that any cycle P with |N(P)| > 0 can be written as TP’ for some k € [l], P’ € C(0,1) with
IN(P')| = [N(P)| + 1.
We will now partition the space P(I) := U, cy () C(@, 1) according to the equivalence relation P ~ P’ if and
only if there exists k € [I] such that P = T P’. Let P € P(I)\ T(I) such that |[N(P)| = 1+e, i.e. a loop that
does not start at 0 but visits zero 1 + e times. Then |7 (1) N [P]~| = e+ 1, since the order of the excursions
away from zero is fixed but we have e + 1 ways to choose the first excursion.

Lemma A.12. Forl € 2N* and P € C(z,1) \ T(l) with [N(P)| > 1, we have
|[Plo, nTM)| = IN(P)| -1,

Proof. For a cycle P with |[N(P)| > 1, we define an ezcursion as the trajectory of P between two times in
N(P). Let P € C(x,1)\ T(l), and Eg, E1, ..., Ejnp). We define T; € T(I), i =1,...,|N(P)|, as the paths
(Ei, Eiz1,... Eo U E\Npy)s-- -, Ei—1). Then T; € [P]., for every i. Moreover there are no other elements in
[P]~, N T(1). This concludes the proof. O
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Proof of Lemma A.10. We set M :=V — H. By Lemma A.7 and the assumption that ¢ > 4||H|| we find
a unique eigenvalue of M that lies in [\ — ||H||, A + ||H||] which we call y. Before we start the proof, let us
stress the fact that A is the eigenvalue of V' corresponding to the diagonal entry vy and p is its counterpart

in Spec(M).
Applying the second resolvent identity (A.l()) 2k times, k € N* | we find
1 1 1 1\ 1 1\, 1
= H H
z—M z—VJrz— z—M z— < —V> Jrz—V( z—V) z—M

2k—1 (A.15)

- g z—=V ( z—lV)Z—i_z—lV(Hz—lV)%_le—;M’

for any z € C\ (Spec(M) U Spec(V)).
Let us consider the contour in the complex plan I' := 0Bay(A). From the assumption ¢ > 4||H||, we conclude

Int(T") N (Spec(M) U Spec(V)) = {\, u}, min(zirellsz = Al ;Iélﬂ|z - ,u|) > . (A.16)

Using Cauchy’s integral formula we conclude that

% ﬂ(z =)o = 3 P+ R(2k 1), (A.17)

where we introduced, for [ € N

1 z 1 l 1 z 1 l 1
Pl) = 5~ Tr(Z_V(HZ_V) )dz, R(l) = 5~ Tr(Z_V(HZ_V> HZ_M)dz. (A.18)

We will show that

HI'" A v
P(l) = 1lezN( > 11 5 e)), R(l) = o( i Jl | 'w w) (A.19)
PeT(l)i¢gN( P)
Owing to the definitions in (A.18), we see that (A.17) becomes p = P(20) + R(2k — 1) and, given

(A.19), we will be able to conclude (A.13).
We begin with the control of R. Let us denote by {e; }o<i<» the canonical basis, which is also an eigenvectors
basis of V', and by {uﬁ}ﬁeSpec(M) the eigenvectors of M. Using the identities

= Zeie? = Z ugug, TrB = Z efBe; = Z uzBug, Bé€ Cclrth)x(n+1) (A.20)
i=0 BESpec(M) =0 BeSpec(M)

for [ > 1, we find

z K 1
(2m)R Z Z j{ Py | J_; ey, ,Hu/_g)m(uﬁ,eio)dz.

10,-.-,51=0 BESpec(M) 25

By Cauchy’s theorem, if the integrand has no poles in the interior of I', then the integral vanishes. We
conclude that at least one of the summands must create a pole. Therefore one of the [ + 2 sums is actually
trivial, as it is reduced for instance to ¢; = 0 or 8 = p. Using (A.20) one more time, we can resorb the { 41
other sums to conclude

(2mi) R Z?gz— z—lV)l_kHz—lM(z—lVH)keo>dz
f+<+<>>
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Using (A.16), we find

1+2 (
R(l dzsu
RO 55 e

z | H || | H |7 |A Vl/J
=N <aq o L
Z— P P P

Using the fact that |T'| = O(%)) proves the second equality in (A.18).

We will now control P(l) using the geometric properties of the graph G. Since the canonical basis is an
eigenvector basis of V, we see, using (A.20), that the terms that contribute to the trace are in one-to-one
correspondence with elements of Uer(G) C(x,l). In particular, since G is a tree, there are no odd-length
cycles and so P(l) = 0 when [ is odd. Moreover by (A.16) and Cauchy’s theorem, we see that cycles that
do not visit the distinguished vertex 0 will have a vanishing contribution after integration around I". We
conclude

z—)\‘

(r)P(l) = Lieans' S 3 ]4 th() (A21)

z€V(G) PeC(x,l),|N(P)|>0

where we introduced the meromorphic functions

hi(2) = —— 0<i<n ieN, zecC\ {u}.
zZ — Vg
We will now enumerate all the paths that contribute to the right-hand side of (A.21) using elements of C(0, ).
Let us recall Definition A.11.
Let us write P(2l), the set of equivalence of T(2l). For every equivalence class C' € P(2l) , we choose a
representative Po € C'N T (2l). Then by Lemma A.12, we find

U U {P} = U( U {rrv U {TkPC}). (A.22)
z€V(G) CeC(z,l),|N(P)|>0 CeP(2l) “PeCNT(20) ke[l]\N(Pc)

Therefore to compute (A.21) it suffices to study the contribution of every term on the right-hand side of
(A.22) separately. Let P € C(0,1). The poles in Int(I") of the function z ], hp@(z) correspond to elements
of N(P). Using Cauchy’s integral formula we find, for some C € P(2l), denoting by Pc a representative of
C which is in T(20). Let us write v := |[N(P¢)|. Using Cauchy’s integral formula we find

27 Z H hP(’) 2)dz = 271’1 ( Z H thPC(Z) Z HthPC(Z) >

I'pec i=0 keN(Pc)z 0 k¢N(Pc)i=0
27r1 ( HhPc(z (v=1)+z Y HthPc() )
keN(Pc)z 0

wrmle) (5L, o)

kgN(Pc) igN(Ty Pc)

=X

z=

vl <H @),

We used the fact that paths in 7(2{) N C have v poles inside I while paths in C'\ 7 (2) have v —1 poles. This
explains the different orders of the derivatives. Now observe that since there are exactly [T (21)NC|=v -1
and since the contribution of any two paths P, P’ € T(20) N C is the same, we have

27 Z H hP(Z)

1—‘PEC' 1=0

e Lo

i¢N(Pc) k&N (Pc)ig N (T, Pc)

z=
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We now use the fact that

(L) hi(a) = ()M, zeC\fu), 0<i<n, 120 (A.23)

and the fact that the vertex P(k) is visited one more time by Ty Pc than by Pc to pull out a factor hpy)(2)
from the sum on right-hand side. We find

27 Z H hp(l

FPEC’ =0
1 d
:(V—2)'<dz) [ H hPc(z (1—2 Z hP ) Z hpc(k H hPc(l :|
' igN(Pc) k¢ N(Pc) kQN(Pc) igN(Pc)
1 d 1 d
~rmla) [ ot =g, X (@) [ o]
i¢ N (Pc) =A PeCNT(21) i¢ N (P,

where in the last step, we used the fact that C N T(2]) = v — 1 and all paths that set have the same
contribution.
Now since

> (x) = > )+ > (%), (A.24)

PeC(0,1),|N(P)|>2 PeC(0,),|N(P)|=2 e>1 PeC(0,0),|N(P)|=2+e

we see Ey(2]) in (A.19) appears naturally as the contribution of all 7(I), that is of all cycles that visit 0
exactly twice, namely that start and end at 0.
If IN(P)| = 2 + e, for some e € N*, where the letter e stand for excess, we again use (A.23) to find

(eil ( > [ I hret } 1)€< II hPm(z)) > ﬁhP(z',»(Z)

i¢ N (P) ¢ N(P) 01,00 @N(P) j=1

Now since there are no loops in the graph, we see that e < % — 1. Indeed every path in P € C(0,l) can
come back to 0 at most [/2 times. By accounting for the fact that P(0) = 0 = P(l), IN(P)| < L + 1 and

so e < 5 — 1. Imposing the last condition in (A.24) and then into (A.21) shows (A.19). This concludes the
proof. O

A.3 Rayleigh-Schrodinger coefficients

In Lemma A.10, we provide an elegant geometric interpretation of perturbation theory in the specific case
where we perturb a diagonal matrix by the adjacency of a graph with an underlying tree structure. In this
section, we explain how this idea generalizes to the so-called Rayleigh-Schrodinger coefficients.

Let V and H be matrices and

M(z) =V +zH, xz e C.

Suppose A € Spec(V) is a simple eigenvalue of V' with associated eigenvector v.

It is known (see [35]) that there exist an open set 0 € U C C and analytic functions A(z) and v(z) defined
on U such that A(0) = A, v(0) = v and (A(x), (v)) is the eigenvalue-eigenvector pair of M (x) for all z € U.
The two natural questions are

1. What is the radius of convergence of the functions A(z) and v(x)?

2. What are the coefficients of power series that describe the two functions?
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Let P and @ denote the spectral projections of H onto the eigenspace spanned by v and the generalized
eigenspaces of all other eigenvalues, respectively. Let

Si=—Q(H - N)'Q,

denote the reduced resolvent. Since the eigenvalue A is simple, the matrix S is well-defined.
In order to solve the perturbation, it is customary to choose ug to be normalized, ||ug|]| = 1, so that
Pu(z) := vy and Pu, =0 and Qu,, = u,, for all n > 1.

Proposition A.13. Let

n—1
An =ugHu,_1, u,=SHu,_1— Z An—pSug, n >0, (A.25)
k=1

with Ag = A and ug = u. Let

e =[S H | max(1, || P]])-

The power series expansions

Az) = Z Aezh, u(z) = Z uyzh,

k>0 k>0

converge for |x| < . Moreover, there is a universal constant C > 0 such that for |z| < 1

u(zx) — Z u,z™|| < C(l5€|x|)n+1, H)\(x) - Z )\mme < C||P[| HI|(15¢]x])". (A.26)
m=0 m=0

Before showing Proposition A.13, we make a couple of remarks. In quantum mechanics class, the
Rayleigh-Schrédinger are introduced by comparing the coefficients in the eigenvalue-eigenvector equation
(see for instance [43, Chapter 11])

(V+zH)(vo+avi+2°va+...) = Ao+ +2°h+...) (Vo +avi + 2°va +...). (A.27)

The zeroth order term is just the unperturbed eigenvalue-eigenvectors equation Vv = Av and the first order
equation is
Hvi+ Vvg= Agvi + A1vo.

Pushing this analysis to the second order already leads to solving problems like the perturbed quantum
harmonic oscillator or the Stark effect. However, the size of the error incurred by stopping at order k € N*
is a question that is rarely addressed.

In the context of Proposition A.10, we can identify the matrix H with fA, v with 1¢, A with vy and Q
with the projection on all the vertices except zg. Let us set f = 1. In particular, the first and second order
terms of the perturbation can be read from (A.25) as

" 1 1 1
M =15fAlo =0, vi= _QmQAUO =-Q Qlg, (o) = Z —1,,

H—'UO z€51(0)
A —1*( S LI )1 ) 1
2= vo—wv, )0 vy — Uy
z€51(0) z€S51(0)

We recognize in the last line the expression for F5(0) and in the identity A; = 0 the fact that the odd rank
terms do not contribute. Note how the reduced resolvent S is the analog of (A.15). However, the reader
can already appreciate how the formulation in terms of paths from (A.14) is easier to understand than the
recursive formulas from (A.25).
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Proof of Proposition A.13. Let us abbreviate a, := |[u,||. Recalling |[ug| = 1 and the definition of ¢, and
plugging the left-hand side of (A.25) into the right-hand side, we get the recursion

ag =1, nt1 < EZan,kak. (A.28)
k=0

We claim that the power series

flx) = Z anx™,
n=0

converges in a neighborhood of the origin.

We give two proofs. First let us consider the function g(z) := Y .o, bya™ where by = 1 and b,y1 =
eY r_obkbn_g. Then by (A.28), we get a,, < b, and thus f converges absolutely whenever g does.

Now observe that formally the recursive definition of the coefficients b,, leads to

=N & X R R 1

0 k=

Hence g satisfies the equation ezg? —g+1 = 0 which can be solved explicitly for the initial condition g(0) = 1,

1+ 1 —4ex
g(z) = - 5

This is analytic in the disc of radius (4¢)~! around the origin.
The second proof proceeds by induction, showing that

T.TL

e (A.29)

an, <

The case n = 0 is clear since agp < 1. For the induction we get

n [n/2]
" 1
< 2er™
E};(nflwrl)?(kqtl)? = kZ:O (n—k+ 1)2(k + 1)2
Ser™ /2] 1 Ser™ 12 < e
(n+2)? & (k+1)*> ~ (n+2)? 6 ~ (n+2)*
where we chose
o AT
3

The second proof gives a slightly worse radius of convergence. However, we can use (A.29) to bound the
error term, for e|z| < 1/5,

- ‘ (4r%ex)* g
u(z) — Z w2z < Z apx” < Z B 1) < (15¢|x]) Z &+ 12
— k=0

k>n+1 k>n+1

for some ¢ < 1. Setting C' to bound the series on the right-hand side, we conclude the first estimate of (A.26).
The right-hand side of (A.26) is follows from the inequality

Anl < [P lfan—a ]l

This concludes the proof. O
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Appendix B

Probability appendix

Proposition B.1 (Central Limit Theorem). Let X;, i € N be a sequence of independent identically dis-
tributed centered random variables with variance 1 and bounded moments. Then, if S, = ﬁ Yo X, for

any —oo < a < b < oo we have
1 b,
P(Sn € [a,]) = (1 +0(1)) E/ o e

Proposition B.2 (Stirling’s approximation). For any n > 1, we have

n\" 1 n\" _1
27m(7> et < pl < \/27m(7) eTen,
e e

B.1 Statistics of Bernoulli and Poisson distributions

Throughout this section, we denote by B, , a Bernoulli distribution with parameters n € N* and p € [0, 1]
and by Py a Poisson distribution with parameter d > 0.
We introduce the function

h:[0,4+00) = [0,400), h(a)=(1+«a)log(l+ a)—a. (B.1)

Note that often we use the Taylor expansion of h to the second order in the neighborhood of zero

a? ad

-, a>0.

Ma) =5 ~ Gt

Lemma B.3 (Benett’s inequality). For 0 < p<mn, a > 0, we have
P(Bpyujn — i > ap) < efuh(a)’ P(Bppuin — 1t < —ap) < o—ha’/2 < efuh(a), (B.2)

2
and < h(a) < %.

o2
2(1+a/3)

Lemma B.4 (Comparaison of Poisson and normal laws). For 0 < & < 1/6. Then for > 1 and t < pé we
have

B[P, > i+ Vi) = G(t) (L + O(u*~12)).

Lemma B.5 (Poisson approximation of a Bernoulli). Let n € N*, Y ~ Py, Z ~ B, 4/n. Then there is a
universal constant C' > 0 such that if d,k < /n/C

’P[Z:k]

By =& 1‘ = O(k*/n). (B.3)

165
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Moreover if k < (1 —e)d for e > 0 then there exists C = C(g) > 0 such that
k
P[Z < k] = CP[Z = k]g [1+0(d?/n)]. (B.4)

Moreover

’1}2 + d2

P(Bya/n = v) = P(Py =) (1 +0(— )). (B.5)
Proof. This is a restatement of [11, Lemma 3.3] for lower tails of Poisson variables, that is for values of k
smaller than d. The first statement is proven similarly since the only condition used is k,d < v/N. For the

second equation

P[Z < k| =P[Z = K] > d-'(1- %)l Il 1’“__,2?,
<P|Z = k| i( )IEXP( %:LO (%))
TGN en(-5 +0(Y))
i O (o0

=C.P[Z = k]g [1+O(d*/N)].

B.2 Extreme value statistics

Remark B.6. For d >> log N, the extreme value statistics of P(d) are well-described by the extreme value
statistics of V'(0,1). Indeed for k = d 4+ v/da, for some k € N we have

1
log k! = klogd + klog(1 +ad~"/?) — k + 5 1og(2mk) (1 +0(1)

and thus, writing h(x) = (x + 1) log(z + 1) — z,
dk 7d
Te

— e—a2/2+0(a3d) )

PlY = k] = = exp(klogd — logk! — d) = exp(dh(1 +ad~"/?)(1+ o(1)))

The error term is o(1) as soon as |k — d| < d. This is guaranteed for d > log N as Lemma B.7 shows.
Recall that if Y ~ Py

P(Y = k) = exp(f(k/d) + O(l/k:)).

where f = fy was defined in (3.2).

Lemma B.7 (Upper tail of a Poisson distribution). Let d < log N, Y ~ Py and uy be defined in (3.3).
Then there exists C > 0 and ¢ € (0,1) such that

log N — d + log(log N/d)

dxy = 1+ clog(log N/d) (B-6)
and, for k € Z we have
[Pd = Lde + k] k2
AP = gm0 (B0
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Proof. We have
xy log(zy/d) + 2. =log N — d + log(v/27x.)
which we estimate from below using xx < C'log N, for C' > 0 large enough and from above using x > d. This

proves (B.6).
To prove (B.7) we use Stirling’s approximation to find

P[Pd:Ldu+J+k]:( d >’“ 1
P[Pq = [duy] lduy] ) TIE (1 +14)

A Taylor expansion on the product allows us to conclude. O

In the next lemma, we use n instead of N to distinguish the case where we are looking at the minimal
degree on the whole graph or at the minimal degree on the set of neighbors of leaves.

Lemma B.8 (Lower Tail of a Poisson distribution). Letn € N and d > 1, Y ~ Py and define

I 1
ma(n) = fd’1 < 03“) Vv U <1

as well as
B P[Py = [dm.] + K]

B = " pp = ldma]]

and d* is the solution of the implicit equation d — logd = logn.

ke,

1. If d* < d = O(logn) there exists a € (0,1) depending on n such that

_ g B k2
dm,(n) = [+ alogd + O(ogd/d)’ alk) = (m.)* [1 +0 (dm*)] . (B.8)
2. If d < d* then dm,(n) =1 and a(k) = d*(1 + O(d™1)).
Proof. According to (B.3) we must solve
1 = nexp(—dfa(k/d)). (B.9)

Let us define g := g(n,d) = d — logn. Taking log on both sides we find
1
9(n) = k[1 +log(d) —log(k) — o-log(2mk)].

We now estimate h(k) :=logk + 5 log(2mk) from below by 1 — log(v/2m) > 0.05 for k > 1 and from above
by logd(1 + O(d~!)). Because h(k) is monotonously increasing for & > 1 we find

g9(n) g(n)
T+ 0(ogd/d) =™ = T logd(1l + 0@ )"

Observe that dm. > 1 and deduce (B.8). To prove the statement regarding a(k) we recall the Stirling
approximation, if Z ~ Py then

P[P, = |dm.] +k <d>k 1
_ —\7 k— iy
BPa = Lo\ I (0-))
We conclude with a Taylor expansion of the second term.
The second point follows from analysing f and observing that d* is the threshold below which ne=%(1/d) >
1. O
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Appendix C

Notations

Generic mathematical notations
e N, Z, R, C usual number sets.

e [N]:={1,...,N}, Ne N.

. f<gorf ()lmmm%3:0
flz

o« f>glimee 05 =

e f=0(g): 3C > 0 such that f <Cyg
e fxg: 3C,c > 0such that cg < f < Cg.
e = : generic estimation symbol. Has no specific meaning and is used for informal discussions.
e [|[-[[=| "2 : the 2 norm. For v e R™, ||v||? := >, _, [v(k)|*.
o || [loc : the £ norm. For v € R", ||v|oo 1= supy_y _, [V(K)|.
Generic probability notations
o Bern(p) Bernoulli random variable of parameter p € [0, 1].
o B, , binomial distribution of parameters n € N* and p € [0, 1].
o Py Poisson random variable of parameter d € R>.

(C))

e X =Y : X is equal in distribution to Y.

o Xq,... X, 8y . the variables X, i = [n], are independent identically distributed with law Y.

e X,, = X : the variables X;, i > 1, converge in distribution towards the law of X.
Graph notations

e d=dg : graph distance.

o Si(z):={y € V(G) : d(z,y) =i} : sphere of radius ¢ around z, i € N and = € V(G).

o Bi(z) :={y € V(G) :d(z,y) <i} : ball of radius ¢ around z, i € N and z € V(G).

e G|y, T C [N] : the restriction of the graph to the subset of vertices T,

G|r = (T,{(x,y) €EEG):z,ye€ T})
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o Deg(z) = D, : degree of the vertex x € [N].

o« Uy = D\m/gd, x € [N]
o ap =Lz e [N
|52 ()]

. /83: = EAOIE — 1, S [N]

Generic matrix notations.

APPENDIX C. NOTATIONS

o For G a graph, A(G) is the adjacency matrix of G, D(G) the matrix of degrees and L(G) := D(G) —

A(G) the Laplacian of G.

o M|y for M € RN*N and T C [N] : the restriction of the matrix M to T,

Mg = (M,.y Lxy € T).

o M for M € RN*N and T C [N] : the restriction of the matrix M to T¢,

o For M € RV*N a Hermitian matrix, we denote by A\ (M) < \o(M)

M sorted decreasingly.

MT = (Mxy:z,y§éT).

-+ < An(M) the eigenvalue of

For M € RV*N we denote by Spec M the spectrum of M. For A € Spec M, we denote by wy the
eigenvector associated to A.
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