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A short note on the Love number of extremal Reissner-Nordstrøm 

and Kerr-Newman black holes
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A R T I C L E I N F O A B S T R A C T

Editor: G.F. Giudice We provide a simple proof of why the Love number vanishes for extremal Reissner-Nordstrøm and Kerr-Newman 
black holes. The argument is based on a conformal inversion isometry of the spacetime connecting the horizon 
with large distances.

1. Introduction

General relativity predicts the existence of gravitational waves and 
black holes which are both tested in current experiments detecting the 
gravitational waves produced by black hole mergers [1]. In particular, 
when the orbital separation of two compact objects is small enough, the 
tidal effects between the two bodies become relevant and are usually 
described in terms of the so-called tidal Love numbers [2]. The tidal 
Love numbers depend on the internal properties and structure of the 
deformed compact object and impact the gravitational wave emission 
at fifth post-Newtonian order [3].

Interestingly enough, the tidal Love numbers of non-rotating and 
spinning black holes have been found to be exactly zero [4–13], re-

vealing underlying hidden symmetries of General Relativity [14–28], at 
least at the linear level. Having zero Love number for the Schwarzschild 
and Kerr black holes is relevant to distinguish them from neutron stars 
in sub-solar mergers and eventually investigating the primordial nature 
of the black holes [29,30].

A simple and direct way to test the vanishing (or not) of the Love 
number is to use a massless scalar field 𝜙 (a proxy for the helicity two 
tensor degrees of freedom) and solve its dynamics in the static case. At 
infinity, for asymptotically flat spacetimes, the general solution is of the 
type

𝜙(𝑟→∞) = 𝑎𝓁 𝑟
𝓁 +

𝑏𝓁

𝑟𝓁+1
. (1)

The growing mode ∼ 𝑟𝓁 represents the tidal force by which the reac-

tion of the spacetime metric generated by the body (in our case black 
hole) is tested. The reaction is measured by the decaying mode ∼ 𝑟−𝓁−1. 
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The Love number is fixed by the ratio 𝑏𝓁∕𝑎𝓁 and vanishes if 𝑏𝓁 = 0. For 
non-rotating and spinning black holes this happens because the decay-

ing mode 𝑟−𝓁−1 is mapped into the divergent solution at the horizon 
and therefore must be excluded from the set of physical solutions. This 
connection is best seen through a ladder symmetry which appears in the 
equation of motion of the scalar field in the static case [17]. The origin of 
the ladder symmetry can be also understood by the fact that, in the static 
limit, the massless scalar field effectively propagates in a AdS2×S2 space-

time and the latter symmetry is part of its conformal isometries [18].

In this paper we make use of a symmetry argument to show that 
the Love number of extremal Reissner-Nordstrøm and Kerr-Newman 
black holes vanishes. The argument is astonishingly simple. The ex-

tremal Reissner-Nordstrøm and Kerr-Newman spacetimes with metric 
𝑔𝜇𝜈 possess a conformal inversion isometry connecting the near horizon 
region to the large distance region

𝑟→
1
𝑟
, 𝑔𝜇𝜈 →Ω2 𝑔𝜇𝜈, Ω2 ∼ 1

𝑟2
. (2)

Since such spacetimes are Ricci flat, the massless scalar field action is 
invariant under such a inversion transformation if the field is properly 
transformed,

𝜙(𝑟)→ 1
𝑟
𝜙(1∕𝑟). (3)

In the static limit, the equation of motion of the scalar field reduces to 
that of massless scalar field propagating in flat Minkowski where no 
tidal reactions may be generated. Indeed, the solution for the scalar 
field dynamics is that of Eq. (1) in all the space (and not only at large 
distances), which manifestly satisfies the inversion property. Requiring 
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that the solution is finite at the horizon sets 𝑏𝓁 = 0 and the Love num-

ber is correspondingly zero. This symmetry argument differs from the 
one of the ladder symmetry since the latter is a good symmetry only 
in the near-zone (frequencies much smaller than the inverse distance) 
limit [18], while the conformal inversion symmetry is an isometry of 
the original spacetime.

2. The extremal Reissner-Nordstrøm black hole

The metric of the extreme Reissner-Nordstrøm black hole reads

d𝑠2 = −
(
1 − 𝑚

�̃�

)2
d𝑡2 +

(
1 − 𝑚

�̃�

)−2
d�̃�2 + �̃�2dΩ2. (4)

By setting 𝑟 = (�̃� − 𝑚), we can rewrite it in a more convenient form in 
the so-called isotropic coordinates

d𝑠2 = −
(
1 + 𝑚

𝑟

)−2
d𝑡2 +

(
1 + 𝑚

𝑟

)2 (
d𝑟2 + 𝑟2dΩ2) , (5)

where now the position of the horizon is at 𝑟 = 0. Key to our discussion 
is the fact that the extremal Reissner-Nordstrøm metric 𝑔ERN admits a 
discrete conformal isometry (i.e. isometry up to multiplication by a con-

formal factor) generated by the spatial inversion defined by the change 
of the coordinate [31]

𝑟→
𝑚2

𝑟
, 𝑔ERN →Ω2𝑔ERN, Ω= 𝑚

𝑟
, (6)

which exchanges the horizon at 𝑟 = 0 and infinity.

Consider now the action of a massless scalar field 𝜙 in the back-

ground of the Reissner-Nordstrøm black hole. Since the Reissner-

Nordstrøm spacetime is Ricci flat, the action of such massless scalar 
field is invariant if, besides the conformal inversion of the metric, we 
also transform the field as [32]

𝜙(𝑡, 𝑟)→ 𝑚2

𝑟
𝜙

(
𝑡,
𝑚2

𝑟

)
. (7)

In other words, if 𝜙(𝑡, 𝑟) is a solution of the equation of motion, then 
also 𝜙(𝑡, 𝑚2∕𝑟)∕𝑟 is. This can be explicitly seen once it is decomposed 
in spherical harmonics and the dependence on time is encoded in the 
frequency exp(−𝑖𝜔𝑡)
(
1 + 𝑚

𝑟

)4
𝜔2𝜙𝓁 +

2
𝑟
𝜕𝑟𝜙𝓁 + 𝜕2

𝑟
𝜙𝓁 −

𝓁(𝓁 + 1)
𝑟2

𝜙𝓁 = 0. (8)

Close to the horizon the solutions are combinations of the Bessel func-

tions

𝜙0𝓁(𝑟,𝜔) =𝐴𝓁

√
𝑚2𝜔

𝑟
𝐽(𝓁+1∕2)

(
𝑚2𝜔

𝑟

)
+𝐵𝓁

√
𝑚2𝜔

𝑟
𝐽−(𝓁+1∕2)

(
𝑚2𝜔

𝑟

)
.

(9)

At large radii the solution is expressed in terms of the spherical Bessel 
functions

𝜙∞𝓁(𝑟,𝜔) = 𝐶𝓁 𝑗𝓁(𝜔𝑟) +𝐷𝓁 𝑦𝓁(𝜔𝑟). (10)

Recalling now that 𝑗𝜈 (𝑥) =
√
𝜋∕2𝑥𝐽𝜈+1∕2(𝑥), one can recognize that 

𝜙∞𝓁(𝑡, 𝑟) = 𝜙0𝓁(𝑡, 𝑚2∕𝑟)∕𝑟 by choosing appropriately the constants of 
integration. This makes the conformal inversion isometry a symmetry 
of the scalar action manifest.

The static case, appropriate to look at the static Love number, cor-

responding to 𝜔 = 0 is even simpler and striking. In such a case, the 
equation reduces to that of a massless scalar field propagating in an ef-

fective Minkowski spacetime and the exact solution of the equation of 
motion is (in all the space)

𝜙𝓁(𝑟) = 𝑎𝓁 𝑟
𝓁 +

𝑏𝓁

𝑟𝓁+1
. (11)

Clearly, the conformal inversion operation onto the scalar field maps 
one solution into the other.

The static Love number can now be readily deduced to be zero. In-

deed of the two solutions one has to retain only the solution going like 
𝑟𝓁 as it is the only regular at the horizon 𝑟 = 0 and also plays the role 
of the tidal force. At the same time the regularity at the horizon im-

poses 𝑏𝓁 = 0 and therefore the static Love number vanishes. This can 
be understood also by noting that in the static case the massless scalar 
field propagates in a spacetime which is effectively a flat Minkowski 
spacetime and therefore no reaction to tidal forces appear. This simple 
derivation is in agreement with the statement that the Love number of 
the Reissner-Nordstrøm black hole is zero [27].

3. The extremal Kerr-Newman black hole

In the case of an extremal Kerr-Newman black hole, an axially sym-

metric massless scalar field does have the same conformal inversion 
symmetry [32]. Indeed, the extreme Kerr-Newman metric 𝑔KN written 
in terms of isotropic Boyer-Lindquist coordinates (so that the horizon is 
located at 𝑟 = 0) reads

d𝑠2 = −𝜌2𝑟2

𝐴
d𝑡2 + 𝐴 sin2 𝜃

𝜌2
(d𝜑−𝜔d𝑡)2 +

𝜌2

𝑟2
d𝑟2 + 𝜌2d𝜃2,

𝜌2 = (𝑟+𝑚)2 + 𝑎2 cos2 𝜃, 𝐴 =
[
(𝑟+𝑚)2 + 𝑎2

]2 − 𝑎2𝑟2 sin2 𝜃,

𝜔 = 𝑚2 + 𝑎2 + 2𝑚𝑟
𝐴

𝑎. (12)

The equation of motion for an axially symmetric massless scalar field 
satisfies the equation

−𝐴

𝑟2
𝜕2𝑡 𝜙+ 𝜕𝑟

(
𝑟2𝜕𝑟𝜙

)
+ 1

sin𝜃
𝜕𝜃

(
sin𝜃𝜕𝜃𝜙

)
= 0. (13)

A direct computation shows that if 𝜙(𝑡, 𝑟, 𝜃) is a solution, then also 
𝜙(𝑡, (𝑚2 + 𝑎2)∕𝑟, 𝜃) ∕𝑟 is a solution, under the conformal inversion

𝑟→
𝑚2 + 𝑎2

𝑟
(14)

which exchanges the horizon at 𝑟 = 0 and infinity. In the static case the 
solution of Eq. (13) reads

𝜙(𝑟, 𝜃) =
∞∑
𝓁=0

[
𝑎𝓁𝑟

𝓁 +
𝑏𝓁

𝑟𝓁+1

]
𝑃𝓁(cos𝜃) (15)

and one concludes that the static Love number must be zero as the only 
solution regular at the horizon is the one with 𝑏𝓁 = 0. Again, another 
way to understand the result is that the action of the massless degree 
of freedom in the static case is equivalent to that of a massless scalar in 
flat spacetime.

Our findings show once more the relevance of underlying symmetries 
to uncover the physics of black holes.
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