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Quantum materials are characterized by electromagnetic responses intrinsi-
cally linked to the geometry and topology of electronic wavefunctions, en-
coded in the quantum metric and Berry curvature. Whereas Berry curvature-
mediated transport effects have been identified in several magnetic and non-
magnetic systems, quantum metric-induced transport phenomena remain lim-
ited to topological antiferromagnets. Here we show that spin-momentum lock-
ing — a general characteristic of the electronic states at surfaces and inter-
faces of spin-orbit coupled materials — leads to a finite quantum metric. This
metric activates a nonlinear in-plane magnetoresistance that we measure and
electrically control in 111-oriented LaAlO3/SrTiO; interfaces. These findings
demonstrate the existence of quantum metric effects in a vast class of materi-
als and enable previously unexplored strategies to design functionalities based

on quantum geometry.


https://arxiv.org/abs/2407.06659v3

Nonlinear electronic responses can reveal physical properties that are out of the reach of lin-
ear probes (/). For example, the anomalous Hall effect senses the Berry curvature of mag-
netic materials (2, 3). In comparison, its nonlinear, second-order counterpart can exist even in
the presence of time-reversal symmetry in noncentrosymmetric and nonmagnetic materials and
provides information on closely-related geometric quantities: the Berry curvature dipole (4—8)
and the Berry curvature triple (9).

Nonlinear electronic responses can manifest themselves as a nonreciprocal magnetoresis-
tance, which was conventionally associated with disorder (/). However, recent works have
identified an intrinsic nonlinear magnetoresistance driven by the quantum metric of electronic
wavefunctions (10, 11). The quantum metric ¢ = R(G) corresponds to the real part of the
quantum geometric tensor GG and, together with the Berry curvature {2 = —23((G), defines the
geometrical and topological characteristics of quantum systems (/2—14). Despite the profound
implications of the quantum metric for several physical phenomena (/4-18), its experimental
observations remain scarce (/9-25) and, in metallic systems, limited to topological antiferro-
magnets (26-28).

Here, we theoretically predict and experimentally demonstrate that a condensed-matter phe-
nomenon as fundamental (29, 30) and technologically relevant (31, 32) as the spin-momentum
locking of electronic states at surfaces and interfaces of spin-orbit coupled materials is en-
dowed with a finite quantum metric. This intrinsic geometrical feature activates a nonlinear in-
plane magnetoresistance that we use to provide evidence of the quantum metric at 111-oriented
LaAlOs/SrTiO; interfaces. Our findings and the abundance of materials with spin-momentum
locked electronic bands broaden the significance of the quantum metric in condensed matter and

opens up a whole line of possibilities to explore quantum geometry in a variety of systems (/4).



Quantum metric of spin-momentum locked electronic bands The direct relation between
the spin-momentum locking and the quantum metric can be found by considering the general
case of a single pair of Kramers related bands with parabolic dispersion that are shifted in
momentum space by a Rashba-like linear term ag(z x k) - ¢ (30). Here, z is the direction
normal to the surface or interface of interest and ag is the Rashba parameter. The linear coupling
between the crystalline momentum k and the electron spins o leads to helical spin textures (Fig.
1A) that are characterized by the complete absence of the Berry curvature (6). Nevertheless,
we find here that the quantum metric of spin-locked electronic bands is generally finite. As
shown in Fig. 1B, the metric diagonal components gy, and gy, vanish only along the £k, =
0 and k, = O lines, respectively, and possess a singular point at the time-reversal invariant
momentum k = 0. The band-energy normalized quantum metrics (BNQM, also known as
Berry connection polarizabilities) of the spin-split bands cancel each other at the same crystal
momentum. However, in the region of momenta populated by a single spin band the BNQM is
finite. This implies that the dipole density components Ay and Ayy, of the BNQM governing
the longitudinal nonlinear conductivities feature alternating positive and negative hotspots with
a characteristic quadrupolar profile in momentum space (Fig. 1C and (33)). In the absence
of magnetic fields, i.e., in time-reversal invariant conditions, the integrated dipole components
vanish and so does the nonlinear response associated with the quantum metric (10).

We consider next the effect of a planar magnetic field B, which, without loss of generality,
we set along the y direction. The Kramers doublet at k # 0 is now split, but a mirror symmetry-
protected double degeneracy still occurs on the residual mirror-symmetric line k, = 0. The
ensuing distortion of the spin-split bands is accompanied by an analogous change of the spin
textures, which still preserve a mirror-symmetric arrangement. Thus, the only effect of the
magnetic field on the quantum metric is a simple shift of its singular point and lines of zeros.

However, the consequences for the dipole of the BNQM are completely different. In the dis-
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Figure 1: Quantum geometry of 2D Rashba bands. (A) Spin-locked electronic bands induced
by the 2D Rashba effect in the absence (left) and presence (right) of a planar magnetic field
B = 0.1Ey, with £ a reference energy (33). (B) Reciprocal space maps of the diagonal
components gy, and gy, of the quantum metric tensor of the Rashba bands at zero and nonzero
planar magnetic field. The maps were calculated assuming a Rashba parameter ag = 0.4¢p/kg,
with eg and kg the Fermi energy and Fermi wavevector, respectively. (C) Contour plots of
the dipole density components Ay and Ayy, of the band-normalized quantum metric in the
exclusion region between the two Fermi lines. In response to an electric field £“, the planar
magnetic field activates a nonlinear longitudinal current j2* driven by the band-normalized
quantum metric.

torted annulus between the two Fermi lines of the spin-split bands, the BNQM dipoles lose their
quadrupolar profile. As a result, the integrated dipole component Ay, governing the nonlinear

response perpendicular to the magnetic field becomes finite. Its magnitude increases linearly

with B for small magnetic fields and diverges at the critical field B, at which the Fermi lines of



the two split-spin bands intersect each other on the band degeneracy point (33). For magnetic
fields much larger than B, the nonlinear response becomes again vanishingly small.

The spin-momentum locking is therefore endowed with a quantum metric that only requires
broken inversion symmetry and exists in time-reversal symmetric conditions. However, elec-
tronic transport associated with the quantum metric becomes possible only upon lifting the time
reversal symmetry (/0, 11). This can be accomplished by applying a planar magnetic field,
which activates a nonlinear in-plane magnetoresistance that can be thus used as a probe of the
quantum metric. We call this effect quantum metric magnetoresistance (QMMR). Differently
from topological antiferromagnets (26, 27), the QMMR is allowed in materials lacking PT
symmetry. Importantly, the BNQM dipole component Ay, regulating the nonlinear conduc-
tivity parallel to the applied magnetic field remains overall zero, which implies the absence of
a nonlinear magnetoresistance in the direction of B. This features makes the QMMR simi-
lar to the semiclassical Drude-like bilinear magnetoelectric resistance (BMER) first unveiled
at the surfaces of three-dimensional topological insulators (34), but with one important differ-
ence. The BMER of the Rashba spin-split bands is strictly zero for magnetic fields smaller than
B. (33, 35), thus making the nonlinear in-plane magnetoresistance at small fields completely

determined by the BNQM.

Nonlinear magnetotransport To probe this quantum magnetotransport effect, we consider
the two-dimensional electron gas at the 111-oriented LaAlO3/SrTiOj3 interface (Fig. 2A). The
heterostructures are synthesized by pulsed laser deposition and lithographically patterned into
Hall bars oriented along the two principal in-plane crystallographic directions: the [110] (x) and
the [112] (y) axis (Fig. 2B) (33). The sheet conductivity of the electron gas is controlled by an
electrostatic field effect in a back-gate geometry that tunes the carrier density and mobility (Fig.

2C) (36, 37). The combination of spin-orbit coupling and orbital degrees of freedom associated
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Figure 2: 2D electron gas at the 111-oriented LaAlO3/SrTiO; interface. (A) Crystal struc-
ture of SrTiOs. The shaded triangles identify the {111} planes of Ti atoms. (B) Sketch of
the magnetotransport measurements. The transverse and longitudinal first and second harmonic
voltages are measured in a Hall bar device while sweeping the magnetic field along the [110] (z)
or [112] (y) direction. Two devices with the current path oriented along z and y are measured
simultaneously. A variable gate voltage Vj is applied at the back of the sample. (C) Gate voltage
and temperature (inset) dependence of the sheet conductivity. (D) Schematic representation of
the (exaggerated) Rashba-split electronic bands at the 111-oriented LaAlO3/SrTiO3 interface.
The arrow shows the direction of band filling upon application of a positive gate voltage.

with the ¢,, electrons of Ti atoms leads to three Kramers related pairs of Rashba bands, en-
abling a gate-induced Lifshitz transition from one- to multi-carrier transport (Fig. 2D) (38-40).
The Rashba effect endows all three band pairs with the quantum metric and BNQM dipoles
discussed above. However, the nonlinear magnetotransport driven by the quantum metric is ex-
pected to be always dominated by one pair of bands only. This is because the critical magnetic
field B. depends strongly on the band filling and is of the order of a few Teslas when the chem-
ical potential is close to the band bottom of one of the Kramers pairs (33). Stated differently, at

intermediate fields only low-filled Rashba bands yield a sizable QMMR.

Figure 3 showcases the electronic response of the 2D electron gas as a function of the
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Figure 3: Linear and nonlinear magnetotransport. (A-C) First harmonic transverse and
second harmonic longitudinal resistances as a function of the in-plane magnetic field B and
gate voltage V; at a temperature 7' = 3 K. The black and red arrows indicate the direction of B
and the electric current I, respectively. The current is applied along the 112 (y) crystallographic
direction in A, B and along 110 (z) in C. (D) Transverse linear conductivity calculated from
A at different magnetic fields as a function of the zero-field longitudinal linear conductivity.
(E) As in D, but for the longitudinal nonlinear conductivity calculated from B. (F) Two-band
electron densities n and mobilities p at variable V, and 7' = 3 K. The shaded areas define the
conductivity regions considered in Fig. 4.

planar magnetic field oriented along the [110] direction. At fields well below 3 T, the first
harmonic transverse resistance Ry, increases linearly with the magnetic field strength, which
is compatible with a small out-of-plane misalignment of the field (Fig. 3A). However, Ry
increases sharply above a magnetic field threshold modulated by the back gate. This sudden
onset can be attributed to the anomalous planar Hall effect appearing in systems without mirror
symmetries (41, 42). We note that, although the magnetic field along the [110] direction leaves

a residual mirror symmetry on the triangular Ti atoms net, the antiferrodistortive octahedron

rotations of the oxygen atoms and the formation of domain patterns at the cubic-to-tetragonal



transition of SrTiO3 make our system mirror-free independently of the magnetic field direction.
This then leads to the emergence of Berry curvature hotspots when the avoided level crossing
at B, enters the Fermi surface annulus (6). The appearance of the anomalous planar Hall effect
at fields of a few Teslas thus confirms that the critical magnetic field B, is experimentally
accessible and that the chemical potential lies close to the bottom of one of the Kramers pairs.
At magnetic field strengths B > 2 T, we also observe a nonlinear and field-antisymmetric
in-plane magnetoresistance Rﬁ;’y’ aYM (Fig. 3B) that is strongly suppressed when the magnetic
field is collinear with the current (Fig. 3C). Sweeping the gate voltage allows us to tune R;;Jy’ asym
and explore its dependence on the band filling. As shown in Fig. 3E, the nonlinear magnetocon-
ductivity o3 = J2*/(EY)? associated with R}y, *¥™ vanishes in the low conductivity region
and sharply emerges at a threshold oy, = J@ / EY ~ 6 mS, similar to the anomalous planar
Hall conductivity o3, = J¢/Ey (Fig. 3D). Measurements of the ordinary Hall effect reveal
that a transition from one to two-carrier transport occurs at this threshold conductivity (Fig. 3F)
(33, 37, 39). This finding indicates that the enhancement of the nonlinear response practically
coincides with the filling of the second pair of Kramers bands. All together, these observations
demonstrate the existence of a nonlinear longitudinal electronic response that fulfils the require-
ments of the BNQM-driven magnetotransport. We note that the field-symmetric counterpart of
R?;"y’ YM cannot originate from the quantum metric but derives from nonlinear skew scattering

and side-jump contributions that exist also in the presence of time-reversal symmetry (8,33,43).

Quantum metric nonlinear magnetoresistance Our experimental observations cannot be
attributed to thermal effects, nonohmic contacts, capacitive or inductive coupling, or the AC
modulation of the gate voltage (33). Instead, the nonlinear in-plane magnetoresistance is com-
patible with the QMMR of Rashba spin-split bands and the BMER. We note that, because of

hexagonal warping effects in 111-oriented heterostructures, the BMER can be finite not only
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Figure 4: Electronic transport driven by the full quantum geometric tensor. (A) Linear
transverse conductivity at different magnetic fields as a function of the electronic mobility of
the second Kramers pair. The lines are linear fits to the data. (B) Nonlinear longitudinal con-
ductivity as a function of the square of the electronic mobility of the second Kramers pair.
(C) Quantum metric (oq4m), Berry curvature (o), and bilinear magnetoeletric (o) conduc-
tivities extracted from the fits in A, B as a function of the magnetic field. The shaded areas
define the uncertainty of the fits. (D) Magnetic field dependence of the normalized oy, O,

and oy, calculated from ogm = & 3, fi falk AL, (K), ope = —E 5 fa(k)Q(k) and
Tbm S i (k)PP (k) /OKS, with n band index and f, (k) the Fermi distribution

functlon (33). The color intensity codes the ratio pyp/egp = 0.2 — 0.6 between the chemical
potential of the 2D electron gas and the Fermi energy eg. The magnetic field is normalized to
the critical field B..

for magnetic field strengths larger than the critical magnetic field but also for B < B, (35). The
observation of a quantum metric-induced nonlinear transport, therefore, requires to disentan-
gle the QMMR from the BMER. To this aim, we exploit the fact that the QMMR and BMER

contributions to the total nonlinear magnetoresistance can be parsed thanks to their different

dependence on the electronic scattering time 7 (/0). The latter can be controlled via the gate
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tunability of the sheet conductance or by varying temperature. Whereas the QMMR contribu-
tion oy, i8 intrinsic in origin and scales as 7°, the BMER grows with the square of the scattering
time, i.e., as ~ 72. Because the mobility is linear in the band-resolved relaxation time, we can
equivalently consider the dependence of the nonlinear conductivity on the mobility o of the
second Kramers pair of bands. As shown in Fig. 4B, this scaling analysis allows us to disen-
tangle the two effects in the conductivity region in which the carrier density n is constant (27).
The nonideal linear fit at intermediate magnetic fields may be attributed to the variation of the
spin-orbit coupling and effective mass with the gate voltage, which is not captured by the mo-
bility scaling analysis. We find that both the QMMR and the BMER conductivities change
nonmonotonically with the magnetic field (Fig. 4C), in agreement with our theory calcula-
tions based on a Rashba two-dimensional electron gas with an additional trigonal warping (Fig.
4D) (33). The opposite sign for the QMMR and BMER predicted by the theoretical analysis
also matches our experimental observation. We can then conclude that the Rashba electron gas
at the 111-oriented LaAlO3/SrTiO;3 interface features a nonlinear magnetoresistance driven by
a quantum metric contribution that is three orders of magnitude larger than that reported for 2D
topological antiferromagnets at a similar temperature (27).

Finally, we have performed a similar scaling analysis of the anomalous planar Hall re-
sistance to account for the presence of disorder-mediated effects beside the intrinsic Berry
curvature-induced contribution. The linear dependence of the anomalous planar Hall conduc-
tivity on the mobility uo (Fig. 4A) demonstrates the existence of a skew scattering contribution
o that is absent in a rotational symmetric Rashba two-dimensional electron system (44) but
is activated by the nonvanishing Berry curvature triple owing to hexagonal warping effects (9).
In addition, the 7° term due to the combined action of side-jump and intrinsic Berry curvature
varies nonmonotonically as the magnetic field is increased. This behavior is correctly captured

by a theory calculation of the Berry curvature-mediated anomalous planar Hall response (Fig.
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4D), which indicates that the intrinsic contribution dominates the 7-independent anomalous pla-
nar Hall conductivity. Therefore, the intrinsic contributions to the anomalous planar Hall effect
and nonlinear in-plane magnetoresistance provide us with direct access to the Berry curvature
and the quantum metric of the 111-oriented LaAlO3/SrTiO3 interface and allow us to probe
electronic dynamics associated with its full quantum geometric tensor. This unique property
marks the difference of 111-oriented LaAlOs/SrTiO3 with respect to P77 -symmetric materials
like topological antiferromagnets (26, 27), where the quantum geometric tensor is purely real

and accessible only via the nonlinear response.

Discussion and outlook The analysis of the conductivity dependence on the scattering time
allowed us to identify the intrinsic contribution of the quantum metric and Berry curvature to the
electronic magnetotransport. Whereas the Berry curvature is enabled by the trigonal symmetry
of the 111-oriented interface, the quantum metric is rotationally invariant and is not contin-
gent on specific symmetry requirements beside the broken inversion symmetry. This property
makes quantum metric effects potentially observable in a vast class of nonmagnetic materials.
Moreover, the common origin of the QMMR and BMER suggests that all platforms in which the
BMER was previously reported also host the quantum metric. The QMMR is thus not limited to
oxide heterostructures (45,46) but is expected for all materials with spin-locked electronic bands
such as semiconductors (29, 47—49), surface states of heavy metals (50), magnetic and nonmag-
netic interfaces (29, 30, 51), and even policrystalline samples. Our findings, therefore, do not
only demonstrate the existence of a quantum metric associated with the spin-momentum locking
but suggest new directions for investigating and functionalizing the quantum geometry. Besides
magnetotransport, the quantum metric of the spin-momentum locking is, in principle, accessible
to THz photocurrents and spectroscopic tools in time-reversal symmetric conditions (52, 53).

From a technological perspective, integrating the spin-momentum locking with magnetic and

11



ferroelectric thin films could lead to the on-demand, reversible, and nonvolatile control of the
physical effects emerging from the quantum metric. Moreover, combining spintronics with the
quantum metric may reveal unforeseen disorder-free mechanisms to interconvert charge and
spin-orbital currents (29, 30, 54). This study, therefore, may enable a range of possibilities to
harness quantum metric effects in condensed matter and may ultimately inspire technologies

based on the geometry of the electronic wavefunctions.
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Materials and Methods

Sample growth and device characterization

The 2D electron system at the 111-oriented LaAlO3/SrTiOg interface was prepared by deposit-
ing an epitaxial LaAlOg layer on commercially available SrTiO3 substrates. The substrate sur-
face was processed with a sequence of di-H,O bleaching and air annealing steps to obtain a
terraced structure. 9 unit cells of LaAlO3 were grown by pulsed laser deposition using a KrF
excimer laser (wavelength: 248 nm, fluence: 1.1 mJ cm ™2, repetition rate: 1 Hz) in an O, pres-
sure of 8-107° Torr and at a temperature of 700 °C. The layer-by-layer growth was monitored
by observing the intensity oscillations of the high-energy electron diffraction. After the growth,
the samples were annealed at 500 °C for an hour in a 300 mbar O, atmosphere and subsequently
cooled down to room temperature at a nominal rate of 20 °C/min.

Hall bar devices were fabricated by a combination of optical lithography and Ar ion milling
(Fig. S1). The milling time was calibrated to stop the etching at the LaAlO3/SrTiO3 interface.
Ti/Au contact pads were deposited by electron beam evaporation. The Hall bars were patterned
along the [110] and [112] crystallographic directions of the substrate. The Hall bars have a width
W = 20 um and a distance between the longitudinal probes L = 60 um.

Magnetotransport measurements

Devices along the orthogonal [110] and [112] directions were contacted with Al wire bonds.
Electrically- and thermally-conductive Ag paint was used to anchor the samples to the chip
carrier and apply a back-gate voltage. Four-probe magnetotransport measurements were per-
formed in a liquid He* Oxford Teslatron cryostat with base temperature of 1.7 K equipped with
a superconducting magnet capable of generating magnetic fields up to 12 T. Nonlinear transport
measurements were performed with the magnetic field applied in the sample plane along one of
the two crystalline directions. Measurements of the ordinary Hall effect were performed with
the magnetic field applied in the direction normal to the sample surface. The magnetic field
was typically swept at a rate of 0.15 T/min. Commercial lock-in amplifiers (Zurich Instruments
MFLI and Stanford Research 830) were used to apply an alternate current / = 50 pA at a fre-
quency f = 5= = 17.7 Hz and simultaneously detect the longitudinal and transverse harmonic
voltages in both Hall bars. The amplitude of the electric current was controlled by setting the
lock-in output voltage at a few Volts and by connecting a 100 kOhm resistor in series to the
Hall bars. The actual current through the device was measured by terminating the circuit on
the 50-Ohm current input of the lock-in amplifier. The DC back gate voltage was applied via a
Keithley 2400 Sourcemeter. Prior to the measurements, an initial gate-forming procedure was
followed to avoid hysteretic variations of the device resistance.

Analysis of the magnetotransport measurements
The measured signals were symmetrized and antisymmetrized with respect to the magnetic field
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B to isolate distinct effects according to

B -B
o= X( )+2x( ) )

asym __ X(B> B X(_B)
2

X ()

The first harmonic longitudinal resistance has only a symmetric contribution, therefore R;, *>™

R¢, with ¢+ = z, y. The first harmonic transverse resistance includes both symmetric and

11°
antisymmetric contributions. Since the symmetric part originates only from the contact mis-
alignment and the anisotropic magnetoresistance, we neglect it and use the simplified notation
Rw,asym

i = R%,. The second harmonic longitudinal resistance also includes symmetric and anti-

symmetric components. Since the nonlinear electronic transport driven by the quantum metric
requires broken time reversal, only the antisymmetric part is considered in the main text. The
symmetric component is discussed in the supplementary material.

The first and second harmonic resistances were calculated from the measured voltages as

2w

Ry, = 4% and R?;j = 5, respectively, with i,7 = w, y. 4 is the direction of the in-
jected current, and j is the direction of the measured voltage. Longitudinal (transverse) sig-

nals correspond to ¢ = j (¢ # j). The sheet conductivity was calculated from the first har-

monic longitudinal resistance as 0;; = WLRQ, The nonlinear conductivity 02 was defined as
J¥ = o2¢(E¥)? = 0,;FE*, where J and E are the current density and electric field, re-

spectively. The longitudinal nonlinear conductivity was therefore obtained from the relation
2w _ _ RE 12
i = RE)SIE W

The carrier density n and electron mobility ;. were obtained by fitting the ordinary Hall

resistance measured with an out-of-plane magnetic field B to the two-band model:

g,

(o111 + o2p2) + (012 + o2pt1) f11 f12 B

RY —
o (01 + 02)? + (0142 + 02p11 )2 B2

3)

The conductivities of the two bands were constrained by setting oy + 02 = 0y;. The carrier

density was calculated as n; , = 6‘21’22 , where e is the electron charge.
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Supplementary Text

1 Quantum geometry of spin-locked electronic bands

1.1 The quantum geometric tensor of a Bloch wave

The quantum geometric tensor (QGT) characterizing the cell-periodic part of a Bloch wave
|un(k)) that satisfies the Schrodinger equation H (k)|u,(k)) = e,(k)|u,(k)), with H(k) the
Bloch Hamiltonian and n a band index, can be introduced by recalling that treating the d-
dimensional crystalline momentum k as a parameter, the distance between two quantum states
in parametric space is defined as (15,56);

Dy =1 = [(un (ki) un (ka))* )

The infinitesimal distance in the Hilbert space can then be written as

d
Dpxcxcrac = Z In.ab ko dky, (5)

a,b=1

which defines a quantum metric tensor g, ;;(k) (12), that reads as:

Jnap = Re(Du10 (k) |Qu (k) By (K)) (6)

where Q(k) = 1 — P(k), is the complement of the eigenstate projector P(k) = |u, (k)) (up (K)|
and 0; = 0/0k;. The quantum metric is thus the real (symmetric) part of the QGT T, 4

Toab(k) = (Datin (K)|Qn ()| Fptun (K)) (7
= Y ALAL ®)
m#n

where A%, = i(u,|0uy,) is the interband Berry connection. Note that the imaginary part of the
QGT can be simply related to the Berry curvature 2, ;. In particular, one has that the quantum
geometric tensor 15, o = Gnab — : 580 ab-

Another important quantity, Wthh is expressed in terms of the interband Berry connection
is the Berry connection polarizability

a b
G = 2Re ZA A 9)

_Em

A 1

which is also called band-energy normalized quantum metric (BNQM).

1.2 Nonlinear magnetotransport in a Rashba two-dimensional electron system
The nonlinear longitudinal magnetotransport can be generally written as (/1)

Jo = OeaB: (a=2z,y) (10)
Ouaa = O + 00 + ol + oL (i
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The last two terms in the equation above correspond to the nonlinear side-jump and skew scat-
tering contributions (8) that exist in time-reversal symmetric conditions, i.e., at B = 0, and
have been probed at the trigonal surfaces of bismuth thin films (9). These terms are expected
to be symmetric in the Zeeman coupling 5. On the contrary, the first two terms must vanish in
the presence of time-reversal symmetry and are therefore, antisymmetric, in 5. In particular,

o) 4s the intrinsic contribution oc 7°, with 7 the relaxation time, that is generated by the

quantum metric. The nonlinear Drude weight given by o™ scales as 72 and is responsible for

the bilinear magnetoelectric resistance. These two terms explicitly read:

. 85n

In the equations above f,, (k) is the Fermi distribution function, [, = [ (g ’)“2, G is the BNQM

(see Eq. 9) and the kernel AL, introduced in Eq. 12 is proportional to the dipole of the BNQM
Ok, G

We consider then the effective Hamiltonian for a conventional two-dimensional electron
system with spin-momentum locking. This is given by the Rashba Hamiltonian, which, when
augmented with a Zeeman coupling due to a planar magnetic field, can be written as

h?k?
Hk) = o T ag(kyoy — kyo,) +B - o (14)
— ho(K)op + h(k) - o, with h = {—ark, + B, agk, + B,, 0} . (15)

In the equation above o; (i = x,y, z) are the Pauli matrices, oy is the identity matrix, m* is the
effective electron mass, a is the Rashba spin-orbit coupling strength and B is the Zeeman en-
ergy. Note that the Hamiltonian for the surface states of topological insulators can be recovered
by neglecting the identity term o< k2. The Hamiltonian in Eq. 14 can be conveniently written
in terms of the vector h(k) such that the spin-orbit coupled bands can be expressed in terms of
this Hamiltonian vector as E. (k) = ho(k) & |h(k)|.

The quantum metric and Berry curvature can be expressed in terms of h=h /h:

1 . .

= Za,gah-a,%h (16)
1. . .

Q. = :FEh-(ﬁkxhX@kyh), (17)

where (+) are the band indices, and a and b are Cartesian coordinates (x,y). For the simple
Rashba Hamiltonian in Eq. 14 the Berry curvature is zero, while for the quantum metric we
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have

a%(arky — By)?
Tank, — B + (agh, + B, PP
G = o (arky + By)(—agrk, + B;)
Y A[(agrky — By)? + (agk, + By)?)?
o (arky + By)?

I = Tlank, — B2+ (apks + By 20

Yo (18)

(19)

Analytical expressions of the BNQM and ASE) follow easily. Notice that, while the quantum
metric is the same for the two bands, the BNQM Gj[b (and hence A®)) for the two bands are
opposite in sign and equal in amplitude. This is because for a two band system the BNQM is
simply related to the quantum metric by G4 = 4g,,/2h.

At zero temperature, the contribution to the nonlinear conductivity olam) g given by the

integral of A((l;)l in the region between the two Fermi lines, given by the condition £ (k) = p.
We have

15a% (agk, + Bsin0)(agk, — B cos)?
ABK) = F nlon J(ark, Zm 1)
16[(agk, + Bsin6)? + (agk, — B cos 0)?]7/

150 (agk, + Bsin6)?*(ark, — B cosf)

* 16[(agk, + Bsin6)? + (agk, — Bcosf)?|7/2’

Ay (k)

yyy (22)
where 0 is the angle formed by the planar magnetic field B with the x axis.

For small magnetic fields, it is possible to obtain a closed analytical expression for the quan-
tum metric nonlinear magnetoresistance. We first notice that in the presence of the planar Zee-
man coupling, it is convenient to introduce the shifted momenta (p, = k, + (B/ag)sinf, p, =
k, — (B/agr)cos®). The spin-momentum locked energy bands then read £y = ho(p) =
|ar| /P2 + p2 and cross each other at the shifted origin p, = p, = 0. Due to the rotational
symmetry of the model Hamiltonian at B = 0, we can restrict to a single direction a = x. We
then have

15a%p.p; 15 cos ¢ sin® ¢

A = F =F , (23)
mmw(p) 16[(04Rpx)2 + (apr)2]7/2 16|OKR|]94

where in the last expression we used polar coordinates (p, ¢). Rewriting Eq. 12 in terms of
(p, ¢), the quantum metric contribution to nonlinear conductivity reads:

dpxdp
(qm) _ y

- _/dpxdpy TITT )(f—(p) _f+(p))7 (24)
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where the Fermi-Dirac distribution functions are evaluated, for simplicity, at zero temperature.
We next consider a chemical potential x such that both spin-orbit coupled bands are occupied.
Their energies, using polar coordinates, are E(p, ¢) = % (p*+ 5;22 + Zp% sin(¢—0)) £ p|agl,
and the corresponding Fermi lines (/1 = ) can be determined arlfalytically as

_ B
B = A0 = 2 sn®-6) 4 o
+ \/<2£sm<0—¢>+|aR|>2—4<B—f—u>] , 25
R ap
1. B
oo = 0= |2 sin0 - o) - fox
B B?
+ J(za—Rsmw—w—raR\>2—4<a—R—u>] , 20

where, to simplify the notation, we have written energies in units of a reference energy Ey =
(hk%)?/2m* and wave vectors in units of k.

We next introduce the critical magnetic field B, = \/a%u at which the mirror symmetry
protected crossing between the two spin-orbit bands occurs at the Fermi level £ = pu. For
B < B, the two Fermi lines wind around the origin of the shifted momenta p space (see Fig.
S2). In this regime we have

o ) ()
o™ (B < B) = %2 / /“( 15 cos ¢sin” ¢
7T

Ozaa ) 16]043\19
el 15 1 1
= —_— d -
h 16/ <27r>2/o dcossin’ o [@ﬁ(@)ﬁ ()2
3 2m
- %1é5oz| (271r)2/0 de cos ¢sin® ¢ [g1(¢) + g2()] 27)

where in the last line we separate the terms coming from the integration in p according to their
behavior for ¢ — ¢ + 7. Indeed, we have g1(¢ + m) = —g1(¢) while go(¢ + 7) = ga(), sO
only the integral containing ¢g; will give a non-zero contribution. Using the fact that ¢;(¢) =
—4(B/ag)|ag|sin(0 — ¢)/(B?/a% — u)?, we obtain the analytical result:

315 B sing
o am) - & o
R

Using a similar arguments it can be shown that the nonlinear Drude weight oo is zero for

B < B, (34). Indeed, rewriting the needed expressions in terms of the shifted momenta p, we
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have

Pey(k) 3a3,(apk, + Bsinf)(agk, — B cosf)?
0k T [(apk, + Bsin@)? + (apk, — Bcos )2
3lag|p.p; 3lag| cos ¢ sin? ¢
T T +p2]5§2 -7 P? &)
» T Dy

and hence the bilinear magnetoelectric resistance contribution from Eq. 13 reads

. ' 1 3lae] cos gsin’ 6
o = s [ HEERL )~ ) G0

*Blag| [ - 2 ()
bm) B  B) = 2 ok d ‘¢l " *
o bm)( ) T e ), ¢ cos psin® ¢ In (pf)(gb) €19

The last result is easily obtained by noticing that the ratio R(¢) = ps:) (9)/ pf) (¢) is symmetric
for  — ¢ + , thus the integrand In(R(¢)) cos ¢sin® ¢ is antisymmetric for ¢ — ¢ + T,
resulting in a zero contribution when integrated in ¢ € [0, 27| (34). We stress that only for
B < B, the two Fermi lines wind around the origin of shifted momenta plane (see Fig. S2),
so the same argument cannot be used for B > B.. In conclusion, we find that for B < B, the
nonlinear magnetoresistance of a Rashba gas is completely determined by the quantum metric
contribution.

Note that the expression in Eq. 28 implies that at B = B, the conductivity olam) diverges.
Such a divergence will be regularized adding to the model in Eq. 14 a small out-of-plane
magnetic field B, or a trigonal warping. At the same time, the nonlinear Drude weight will
acquire a finite component.

For B > B, as shown in Fig. S2 the integration does not run over all the the angles
¢ € [0, 2], so it is not possible to use the same symmetry argument and we resort to numerical
results. For B > B. we find that ol changes sign and decrease in amplitude while increasing
the field B,,.

1.3 Effects of trigonal warping
The model in Eq. 14 does not capture crystalline anisotropy effects, hence we include in our
analysis the first symmetry allowed term

Hoy (k) = gafi + 1o, (32)

with k4 = k, £ i k,. The hamiltonian vector in Eq. 15 is then modified in

h(k) = {—ayk, + Bcosb, a,k, + Bsinb, %(ki — 3k‘xk§)} . (33)

The warping Hamiltonian in Eq. 32, being proportional to the Pauli matrix o, will produce an
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out-of-plane spin texture and a nonzero Berry curvature, which is responsible for the anomalous
planar Hall effect (6,40).
As mentioned above, the warping term in Eq. 32 will also produce a nonzero contribution to

the semiclassical part o) of the nonlinear conductivity for B < B.. In Fig. S3 we show the

behavior of 0% and o2 for a representative set of parameters and for four different values
of the warping parameter \. In Fig. S3 we also draw (black line) the analytical result in Eq. 28

obtained for A\ = 0 and B < B..

1.4 Symmetries and material properties considerations

* The quantum metric associated with the spin-momentum locking in Eq. 14 inherits the
requirements of the latter, i.e., the broken inversion symmetry, which is the sole neces-
sary condition for a nonzero quantum metric. This implies that the quantum metric does
not depend on the specific crystalline anisotropy terms of the material in question. The
model in Eq. 14 is indeed rotationally invariant in the absence of planar magnetic fields.
This implies the presence of a nonzero quantum metric even in polycrystalline materials
with broken inversion symmetry, e.g., evaporated or sputtered multilayered samples. The
quantum metric driven by the spin-momentum locking is, therefore, not limited by neither
symmetry constraints (apart the broken inversion symmetry) nor by the topology of the
material. Detecting the quantum metric in transport experiments, e.g., via the QMMR,
requires, however, breaking the time-reversal symmetry. In the specific case considered
here, namely, LaAlO3/SrTiOs interfaces, the inversion symmetry is broken by the inter-
face, and the time reversal symmetry is removed by the magnetic field applied orthogonal
to the electric current. The combined PT-symmetry is then also broken.

* LaAlO3/SrTiO;3 features rich electronic and lattice physics and complex structural tran-
sitions, but none of these is in general necessary to the existence and detection of the
quantum metric associated with the spin-momentum locking. SrTiO3 undergoes a cubic-
to-tetragonal transition at about 105 K. When we consider the 111 interface, this transi-
tion breaks the three-fold rotational symmetry and only leaves a mirror line. Below 70 K,
SrTiO;3 experiences an additional tetragonal-to-locally-triclinic distortion. Finally, the on-
set of a suppressed ferroelectric transition below 40-50 K triggers strong polar quantum
fluctuations associated with the displacement of the Ti ions with respect to the oxygen
octahedra. These rich structural transitions are crucial for the appearance of the Berry
curvature dipole and the associated nonlinear planar Hall effect (6,40). They are instead
unnecessary to the existence of the quantum metric driven by the spin-momentum lock-
ing.

2 Anomalous planar Hall effect

Figure S4 shows the anomalous planar Hall effect measured while sweeping the magnetic field
in the direction parallel or orthogonal to the electric current. The appearance of the planar
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Hall effect beyond a threshold magnetic field indicates the presence of activated Berry curva-
ture hotspots (6). The signal has similar shape and amplitude independently of the relative
orientation of the magnetic field and electric current. This finding and the observation that the
planar Hall effect does not vanish when the magnetic field is oriented along the 110 () crys-
tallographic direction indicate the absence of the mirror symmetry Mj;q. This symmetry is
possibly broken by the antiferrodistortive rotation of the oxygen octahedra and/or the presence
of ferroelastic domains below the cubic-to-tetragonal distortion occurring in SrTiO3 at 105 K.

3 Ordinary Hall effect

Figure S5 shows the ordinary Hall effect measured while sweeping the magnetic field in the
direction normal to the sample surface. The nonlinearity of the Hall resistance with respect to
the magnetic field indicates the presence of two bands at high gate voltage and/or low temper-
ature. We use the two-band model (Methods) to determine the carrier density and mobility of
each band as shown in Fig. 3 of the main text. We find that the carrier density and mobility
along the [110] and [112] crystallographic directions differ by less than 10% and show the same
dependence on temperature and gate voltage. This suggests a weak dependence of the transport
properties on the crystallographic direction in the experimentally accessible range of chemical
potential. This observation matches with the phenomenology of the measurements with a pla-
nar magnetic field.

4 Linear magnetoresistance

Figure S6 shows the longitudinal magnetoresistance, i.e., the variation of the first harmonic
longitudinal resistance with the magnetic field at different gate voltages. The magnetoresistance
changes with the direction of the magnetic field relative to the sample plane.

When the field is oriented out of the plane, the magnetoresistance is determined by the com-
bination of the ordinary Lorentz magnetoresistance and weak (anti)localization effects (57,58).
The analysis of this magnetoresistance allows us to extract the strength of the Rashba coupling,
as discussed in Supplementary Section 5. The details of the analysis can be found in Ref. (6).

When the magnetic field is oriented in the sample plane, the magnetoresistance is mostly
negative. As described in Ref. (6,39), the decrease of the resistance at high magnetic field is
caused by a field-induced Lifshitz transition that suppresses interband scattering and enhances
the sample conductance.

The magnetoresistances measured along orthogonal crystallographic directions are similar.

5 Energy scales of the 2D electron gas at the LaAlO3/SrTiOj3 interface

As discussed in the main text, the nonlinear transport is maximized when the degeneracy point
of the two Rashba-split bands touches the Fermi level Er. The position and the field-induced
shift of this degeneracy point depend on the intrinsic energy scales of the Rashba bands, namely,
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EF, the strength of the Rashba coupling, and the Zeeman interaction. Here, we elaborate on this
aspect.

Figure S7 shows the Fermi energy of the two lowest Rashba pairs that form the low-energy
electronic states of the 2D electron gas at the LaAlO3/SrTiOj interface. The Fermi energy was
calculated from the carrier densities extracted from the ordinary Hall effect by assuming a free
electron model with an effective mass of m* = 3.3mg, where my is the electron mass (37). This
approach provides an estimate of the order of magnitude of Fr. We find a Fermi energy in the
order of several tens (a few tens) of meV for the first (second) Rashba doublet. As discussed
in the main text, the first doublet is always populated whereas the second doublet only appears
above a conductivity of approximately 5-6 mS independently of whether the gate voltage or
temperature is modified.

We consider next the strength of the Rashba coupling, which can be extracted from the
weak (anti)localization correction to the magnetoresistance in Fig. S6. Note that this estimate
is approximate because the model commonly used to describe weak (anti)localization effects
does not take into account the multiband nature of the electronic transport in our system (57,58).
With this limitation, we estimate a Rashba parameter ag of the order of 0.2-0.8 meV-nm, which
corresponds to a spin-orbit splitting Fso = 2agrkg of the order of a few meV (Fig. S7), in
agreement with previous findings (6). Here kg is the Fermi wavevector. We note that ag and
Eso are gate-dependent and increase as the conductivity decreases. The variation of spin-orbit
coupling with the gate voltage may account for the nonideal linear fits of the conductivities in
Fig. 4A,B.

We use these estimates of the Fermi energy and spin-orbit coupling to evaluate the effect of
the magnetic field on the Rashba bands, as follows. Consider the Rashba Hamiltonian in the
presence of a planar magnetic field

h2k?
H=——+ar(zxk)-0+B-0. (34)
2m
This is the same equation as Eq. 14, where [ is the effective magnetic moment and B is in units
of Teslas. Its eigenvalues are

Ey =

12k
ok V02k? + 8282 — 200(k, B, — k. B,). (35)

The degeneracy point (&, = E_) is located at k* = i—f and the energy shift of this point caused
by the magnetic field is

h2 [ BB\*
AFEy = E[(k*(B)] — E[(k*(0)] = — [ — ] . 36
= Bl ()] - Bl (0] = 5 (22 36
Therefore, the shift of the degeneracy point grows quadratically with the magnetic field. Figure
S7C shows this dependence when /3 is taken equal to a Bohr magneton and ag = 0.3 meV-nm.
We find that the energy shift has the same order of magnitude as the Fermi energies of the two
Rashba doublets. This calculation confirms, therefore, that magnetic fields of the order of a few
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T can effectively push the degeneracy point towards and beyond the Fermi level (in agreement
with the nonmonotonic dependence of the nonlinear magnetoresistance on the magnetic field).
Whether this happens for both Rashba doublets or only for the second band pair depends on
the exact values of Er and A Ey, which are difficult to estimate precisely without going beyond
a simple free electron model. In this respect, we also note that 5 is unknown. However, the
fact that Fry ~ 3Ef 2 and the measured nonlinear response shows only one peak, instead of
two, at a given magnetic field (Supplementary Section 6) suggest that the first Rashba doublet
contributes little to the nonlinear transport.

6 Magnetic field dependence of the nonlinear longitudinal conductivity

Figure 3 in the main text shows the second harmonic resistance as a function of the planar
magnetic field. However, the quantity that should be compared with the theoretical predictions
of the Rashba model (Supplementary Sections 1 and 5) is the nonlinear conductivity, which
is shown in Fig. S8. This conductivity displays a nonmonotonic dependence on the magnetic
field. At low field, it grows with odd powers of B3, namely, ~ B+ B3+ B’ +.... At higher field,
instead, it saturates and eventually starts decreasing. This trend is in good agreement with the
theoretical prediction shown in Fig. 4 in the main text. A reasonable agreement is also found
between the estimated and measured magnetic field B* at which the nonlinear longitudinal
conductivity peaks. The comparison is shown in Fig. S8C. Experimentally, B* is in the order of
9-12 T. Because the magnetic field at which the nonlinear conductivity is maximum increases
beyond the accessible field range as the gate voltage is decreased, B* can only be evaluated in
the high conductivity region. The expected B* is instead estimated by means of Eq. 36 for both
the first and second Rashba doublets by taking AFy ~ FF.

This estimate does not coincide precisely with the experimental 5* because of the uncer-
tainties on 3, which we assume equal to a Bohr magneton, and because of the simplicity of
the free electron model, but it is of the correct order of magnitude and reproduces the increase
of B* at lower conductivity. This increase is determined by the rise of ag as the conductivity
decreases.

7 Second harmonic longitudinal B-symmetric resistance

In the main text, we discuss the second harmonic longitudinal B-antisymmetric resistance be-
cause the quantum metric nonlinear conductivity is odd with respect to time reversal and thus
vanishes at B = 0. The total second harmonic longitudinal resistance includes, though, a B-
symmetric contribution that is finite at B = 0 and originates from side jump and skew scattering
mechanisms. As shown in Fig. S9A, the amplitude of Ri;dy’ Y™ is in general comparable to that
of R%a¥m although with a notable difference. R?*;*Y™ evolves smoothly with the gate voltage

yyy yyy

and temperature (see main text). In contrast, Rg;g; Y™ shows a strong enhancement at intermedi-

ate voltages and temperatures. This nonmonotonic trend is best seen in the dependence of the

nonlinear conductivity 03;"‘; ¥ on the zero-field linear conductivity oy,, where deviations from
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the main parabolic-like trend are observed at about oy, = 5 — 6 mS. Although further investiga-
tion is required to ascertain the origin of this phenomenon, its occurrence just before and after
the second band doublet starts filling suggests a relationship with electronic correlation effects
that could possibly activate additional nonlinear scattering mechanisms. Such effects cannot be
attributed to the quantum metric, which is odd in the magnetic field.

8 Magnetic field parallel to the 112 (y) crystallographic direction

Figure 3 in the main text shows the second harmonic longitudinal B-antysimmetric resistance
when the magnetic field is oriented along the 110 (x) crystallographic direction. In Fig. S10,
we show that a qualitatively similar response is obtained upon reorienting the magnetic field
along the 112 (y) direction. Also in this case the nonlinear response is enhanced (suppressed)
when B L I (B || I). The nonzero resistance measured when B || I is attributed to the
combination of the trigonal warping with a possible misalignment of the magnetic field. This
phenomenology confirms the model in Supplementary Section 1. Note that the measurements
with the current flowing along the x and y directions are performed in two physically distinct
Hall bar devices. Therefore, the presence of the quantum metric and bilinear magnetoresistance
in different devices confirms the reproducibility of our findings.

The nonlinear conductivity 02 calculated from R2%:*Y™ is shown in Fig. S10C. Compar-
ing this figure with Fig. 3 in the main text demonstrates that R2+;%Y™ appears simultaneously
to the filling of the second Rashba doublet. Moreover, the linear dependence of o2+ on the
square mobility 42 confirms the coexistence of the quantum metric transport and bilinear mag-
netoresistance, as already deduced for 02 . These two contributions increase initially with the

Yy
magnetic field and saturate thereafter.

9 Temperature dependence of the linear and nonlinear transport

In the main text, we focus on the linear and nonlinear transport at fixed temperature and vari-
able gate voltage. Here, we discuss the transport measurements at fixed gate voltage V, = 20
V and variable temperature (Fig. S11). In general, temperature has an effect qualitatively
similar to that of the gate voltage. The first harmonic transverse and second harmonic longi-
tudinal resistances share the same phenomenology as the corresponding signals measured at
different gate voltages. In particular, both the anomalous planar Hall effect and the second
harmonic longitudinal resistance increase as temperature is decreased. Moreover, the second
harmonic longitudinal response is enhanced (suppressed) when B L I (B || I). The compar-
ison between the nonlinear conductivity and the carrier density suggests also in this case the
dominant role of the second Rashba doublet. The dependence of the nonlinear conductivity on
the square of the electronic mobility, however, is not linear as expected from the scaling relation
0% = 04m + Opmps. This deviation from the predicted linear trend likely has the same origin
as the milder nonlinearity observed in Figs. 4A and 4B in the main text, namely, the change
of the electronic effective mass and spin-orbit coupling with temperature. The temperature de-
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pendence of these two parameters is, in general, an open point of the physics of the 2D electron
gas at LaAlO3/SrTiOg3 interfaces. Previous work has shown that varying the temperature leads
to a renormalization of the chemical potential that is qualitatively similar to the chemical po-
tential tuning caused by the back gate voltage (39). This is confirmed by the disappearance of
the second electronic population at temperatures above 12-14 K (Fig. S11E). However, how
temperature influences quantitatively the effective electronic mass and the spin-orbit interaction
remains unclear. Given this uncertainties, we show in Fig. S11F a tentative linear fit of the
nonlinear conductivity to the nominal trend 0 = g + opmp3 at temperatures below 7 K.
These approximated fits extrapolate to a nonzero intercept with the y axis, which suggests the
presence of an intrinsic contribution, i.e., the quantum metric (Fig. S11G), in agreement with
the dataset and analysis reported in the main text as a function of the gate voltage. A poorer but
more inclusive fit to the entire dataset, i.e., all temperatures, leads to the same magnetic field
dependence of the quantum metric as in Fig. S11G but with about halved magnitude.

10 Exclusion of spurious effects

Here we exclude that Joule heating or other spurious effects can be mistaken for the nonlinear
transport induced by the quantum metric.

* In principle, since Joule heating scales with the square of the current, thermal gradients
can induce a nonlinear response. Of these thermal gradients, only that perpendicular to
the sample surface could generate a nonlinear response because in-plane gradients, if any,
are spatially symmetric and cannot generate finite transverse or longitudinal signals. Now,
a perpendicular thermal gradient can cause the anomalous Nernst effect and the Seebeck
effect. The latter, however, is even with respect to time reversal and cannot therefore
contribute to the B-antisymmetric signals that we analyze to extract the quantum metric.
Moreover, the Seebeck effect generates a signal parallel to the thermal gradient and can-
not contribute to the transverse and longitudinal voltages, which are planar signals. The
anomalous Nernst effect cannot either explain our experimental observations for four
reasons. First, the second harmonic voltages that we measure, either B-symmetric or
B-antisymmetric, are strongly nonmonotonic with respect to the magnetic field, which is
not compatible with a possible magnetization being saturated by the field. Second, the
anomalous Nernst effect is expected to give rise to identical second harmonic transverse
and longitudinal voltages (up to an in-plane rotation of the magnetic field by 90°). In
such a case, the ratio between the transverse and longitudinal resistances should equal the
ratio W/L = 1/3 between the device width and length, which is not our case. Third, the
anomalous Nernst effect is not expected to show such a strong dependence on tempera-
ture and gate voltage as we observe experimentally. Fourth, the anomalous Nernst current
scales as Jy = oNAT ~ onI2RY ~ onE2RY. However, since the Nernst conductivity
on is independent of the scattering time 7 while 2R ~ 7 (26), the anomalous Nernst
conductivity scales linearly with 7.
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* The nonlinear response that we measure cannot originate from nonohmic contacts or
Schottky barriers. First, as shown in Fig. S12A, the two-probe current-voltage charac-
teristic is linear in the entire current range, which demonstrates the ohmic nature of the
electric contacts. Note that all the data presented in the main text and Supplementary Sec-
tions were measured with a current of 50 pA. Second, such a spurious effect should be
independent of the gate voltage and temperature, in contrast to the phenomenology of our
measurements. Third, nonohmic contacts cannot explain the nonmonotonic dependence
of the nonlinear signals on the magnetic field.

* The nonlinear response cannot originate from capacitive or inductive effects either be-
cause: 1) the second harmonic response is independent of the selected frequency over
more than a decade (Fig. S12C); 2) capacitive and inductive effects can hardly explain
the temperature, gate voltage, field amplitude, and field direction dependence of the mea-
sured signals.

* As pointed out in Ref. (59), spurious nonlinear transverse and longitudinal signals can
be caused by the modulation of the (fixed) DC back gate voltage by the AC current used
to measure the second harmonic response. Because the sample properties (carrier density
and electronic mobility, hence magnetoresistance) depend strongly on the gate voltage,
the modulation of the latter results in nonlinear transport effects that can mimic the nonlin-
ear signal driven by the quantum geometry. This artefact can be identified by comparing
signals measured in different grounding conditions because changing the position of the
grounded terminal(s) leads to a redistribution of the electric potential across the device
and, consequently, of the effective gate voltage (59). We exploit this approach to exclude
the possibility of artefacts. As shown in Fig. S13, we consider two contact configura-
tions that differ in the position of the positive and grounded electrodes used to inject the
AC current. The sensing contacts used to probe linear and nonlinear voltages are instead
unchanged. Note that we take the absolute value of the linear longitudinal and Hall re-
sistances because inverting the current electrodes while keeping fixed the sensing leads
results in the sign inversion of the measured linear voltages. The sign of the nonlinear
signal remains instead the same, which is consistent with its second harmonic origin.

Upon exchanging the current electrodes, we find that the sample resistance shows a small
but finite change that indicates a variation of the sample properties caused by the mod-
ification of the potential landscape (Fig. S13B). This change is indeed accompanied by
a variation of both the linear Hall resistance and nonlinear longitudinal resistance (Fig.
S13C-D). However, symmetrizing and antisymmetrizing the data with respect to the mag-
netic field shows that only the B-symmetric component is affected by the redistribution
of the electric potential while the B-antisymmetric component is left unchanged. This
evidence proves that both the anomalous planar Hall effect and the B-antisymmetric non-
linear longitudinal resistance (associated with the Berry curvature and quantum metric,
respectively) are not artefacts but reflect the quantum geometrical properties of the band-
structure.
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Additional considerations support this conclusion. First, we note that the nonlinear lon-
gitudinal resistance is the largest at high gate voltage and low temperature, i.e., when the
linear resistance is minimum. Upon decreasing the gate voltage or increasing the tem-
perature, the nonlinear response disappears while the sample resistance increases. These
opposite trends rule out the scenario considered in Ref. (59) according to which we
should expect that the nonlinear spurious resistance induced by the gate voltage modula-
tion increases with the linear resistance. Second, the nonlinear resistance that we mea-
sure is maximum when the electric current and planar magnetic field are collinear and is
strongly suppressed when they are orthogonal. This dependence cannot be explained in
the scenario of Ref. (59).

We further note that

* The second harmonic voltage scales quadratically with the applied current up to the max-
imum value (100 pA), as shown in Fig. S12B and as expected for a second order effect.

* The second harmonic response is entirely out of phase with respect to the injected current
(Fig. S12D-E), consistent with a second-order effect. The first harmonic resistance is
instead in phase.
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Figure 5: Fig. S1. Sample growth. (A) Oscillations of the RHEED intensity during the
pulsed laser deposition of 9 unit cells of LaAlO3 on the 111-oriented SrTiOg substrate. The
arrow indicates the end of the growth. (B) Atomic force microscopy of the terraced surface
of SrTiO3/LaAlO3. Note that the holes in the terraces were already present in the purchased
SrTiO3 substrates. The image size is 3x3 um?. (C) Optical image of two patterned Hall bar
devices oriented along orthogonal directions on the SrTiOs surface. The green area indicates
the position and shape of the devices. Note that the LaAlO3 layer cannot be distinguished by
eye from the substrate. The black scale bar corresponds to 60 um.
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Figure 6: Fig. S2. Rashba bands in the presence of a planar magnetic field. (A-D) Fermi
lines for agr = 0.4Ey/k%, 1 = 0.25E, and for 4 different values of magnetic field B (namely
B =0; B=0.1E,, B = 0.2E; and B = 0.25F)) placed along the y direction (§ = 7/2) in
the shifted-wave-vector space (p,, p,). (E-H) Energy bands E for the same set of parameters
as a function of p, with p, = 0. The red dashed line marks the energy of the crossing poing
(E. = B?/a%) while the gray line indicates the level of the chemical potential ;1 used for the
Fermi lines in plots A-D.
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Figure 7: Fig. S3. Quantum metric and bilinear magnetoelectric conductivities. Plot
of the quantum metric contribution to the nonlinear conductivity ag(;ir;l) (A) and the bilinear
magnetoelectric resistance contribution as(c]?f;) (B) for agr = 0.4FEy/ k%, i = 0.5E, and four
different values of warping parameter A as a function of the magnetic field B oriented along the
y direction. The black line shows the analytical results for A = 0 up to the critical field B = B..
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Figure 8: Fig. S4. Planar Hall effect. (A-B) First harmonic transverse resistance as a function
of the magnetic field B and gate voltage V, for two relative orientations of the magnetic field
(black arrow) and electric current (red arrow) at a temperature of 3 K. The electric current is
sourced along the 112 (y) crystallographic direction.
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Figure 9: Fig. S5. Ordinary Hall effect. (A) First harmonic transverse resistance measured
while sweeping the magnetic field along the direction normal to the sample surface at variable

gate voltage and temperature 7' = 3 K. (B) The same as A at different temperatures and gate
voltage V, = 20 V.
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Figure 10: Fig. S6. Linear magnetoresistance. (A) Log-scale first harmonic longitudinal

resistance as a function of the magnetic field oriented along the surface normal at variable gate

voltage and temperature 7' = 3 K. (B) The same as A as a function of the magnetic field oriented
in the sample plane.
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Figure 11: Fig. S7. Energy scales of 2D electron gas at the 111-oriented LaAlO5/SrTiO3
interface. (A) Fermi energy of the two Rashba doublets as a function of the gate voltage at
a temperature 7" = 3 K (left) and as a function of temperature at a gate voltage V, = 20 V
(right). (B) Rashba parameter (left axis) and Rashba splitting (right axis) as a function of the
gate-modulated longitudinal conductivity. (C) Energy shift of the degeneracy point of the Rasha
bands as a function of the planar magnetic field.
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Figure 12: Fig. S8. Magnetic field dependence of the nonlinear longitudinal conductivity.
(A) Anomalous planar Hall conductivity as a function of the magnetic field B and gate voltage
V, at a temperature 7' = 3 K. (B) The same as A for the nonlinear longitudinal conductivity.
(C) Comparison between the observed and estimated magnetic field B* at which the nonlinear

longitudinal conductivity reaches its maximum. Experimentally, B* is obtained from the data
in B.

40



-60 0 10 16 20

20
0 ol
. 1 L
g -2 c
g 15 :: -100f 0T
B < 27
sz 4t L ——4T
N> & 6T
x 0 Z:200r 51
6} > ——10T
6 20 © —e—127T
-60 -300
12 8 4 0 4 8 12 v, (V) 0 3 6 9
B (T) g,, (mS)

Figure 13: Fig. S9. Second harmonic longitudinal B-symmetric resistance. (A) Second
harmonic longitudinal B-symmetric resistance measured as a function of the magnetic field B
and gate voltage V, when B L I(|| x) at a temperature 7" = 3 K. (B) Nonlinear conductivity
calculated from A at different magnetic fields as a function of the zero-field linear conductivity.
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Figure 14: Fig. S10. Nonlinear electronic transport with B || y. (A-B) Second harmonic
longitudinal B-antisymmetric resistance measured as a function of the magnetic field B and gate
voltage V, for two relative orientations of B || ¥ (black arrow) and the electric current I (red
arrow) at a temperature 7' = 3 K. The electric current is applied along the 110 (x) and 112 (y)
crystallographic directions in A and B, respectively. (C) Nonlinear longitudinal conductivity
calculated from A as a function of the linear conductivity. (D) Dependence of the nonlinear
conductivity on the square of the mobility of the second Rashba pair. The lines are linear fits to
the data. (E) Magnetic field dependence of the quantum metric and bilinear magnetoresistance

contributions to the total nonlinear conductivity obtained from the fits in D. The shaded areas
correspond to the error of the fits.
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Figure 15: Fig. S11. Nonlinear transport at variable temperature. (A-C) First harmonic
transverse and second harmonic longitudinal resistances as a function of the in-plane magnetic
field B and temperature at a gate voltage V, = 20 V. The black and red arrows indicate the
direction of B and the electric current I, respectively. The current is applied along the 110 (z)
and 112 (y) crystallographic directions in B and A, C, respectively. (D) Nonlinear longitudi-
nal conductivity calculated from C at different magnetic fields as a function of the zero-field
longitudinal linear conductivity. (E) Two-band electron densities n and mobilities p at variable
temperature and a gate voltage V, = 20 V. (F) Dependence of the nonlinear conductivity on the
square of the electron mobility of the second Rashba pair.
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Figure 16: Fig. S12. Current, frequency, and phase depedence of the nonlinear transport.
(A) Dependence of the injected current on the two-probe applied voltage. (B) Dependence of
the measured second harmonic longitudinal voltage on the square of the injected current at a
magnetic field of 0 T and 12 T, at a frequency of ;= = 17.7 Hz, and for two directions of the
current. (C) Dependence of the measured second harmonic longitudinal voltage on the square
of the injected current at different frequencies and at a magnetic field of O T. The lines in A-C
are linear fits to the data with zero intercept. (D-E) Comparison of the in-phase () and out-of-
phase (y) components of the second harmonic longitudinal B-symmetric and B-antisymmetric

responses, respectively.
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Figure 17: Fig. S13. Grounding effects. (A) Contact configurations used to inject an AC
current and measure linear and nonlinear voltages. In configuration 2 (C2) the positive and
grounded electrodes used to inject the current are inverted as compared to configuration 1 (C1).
(B) Linear magnetoresistance measured in the two configurations. (C) Linear Hall resistance
measured in the two configurations. The upper panel shows the raw data while the middle (bot-
tom) panel shows the B-symmetric (B-antisymmetric) component obtained by symmetrizing
and antisymmetrizing the data with respect to the magnetic field. (D) The same as C for the
nonlinear longitudinal resistance. All data were acquired while sweeping the magnetic field in
the sample plane along the y direction at a temperature of 3 K, gate voltage of 19 V, and injected
current of 80 pA.
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