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Entanglement appears in two different ways in quantum mechanics, namely as a property of states and as a
property of measurement outcomes in joint measurements. Bycombining these two aspects of entanglement, it
is possible to generate nonlocality between particles thatnever interacted, using the protocol of entanglement
swapping. We investigate the communication cost of classically simulating this process. While the communi-
cation cost of simulating nonlocal correlations of entangled states appears to be generally quite low, we show
here that infinite communication is required to simulate entanglement swapping. This result is derived in the
scenario of bilocality, where distant sources of particlesare assumed to be independent, and takes advantage of
a previous result of Massar et al. [Phys. Rev. A63, 052305 (2001)]. Our result implies that any classical model
simulating entanglement swapping must either assume that (i) infinite shared randomness is available between
any two locations in the universe, or that (ii) infinite communication takes place.

By performing suitably chosen local measurements on an
entangled quantum state, distant observers can establish non-
local correlations, as witnessed by the violation of a Bell in-
equality [1]. This means that quantum statistics cannot be
simulated by classically correlated systems, unless some clas-
sical communication is added to the model. Although exper-
iments give strong evidence that nature does not use classi-
cal communication to establish correlations [2], it is never-
theless interesting from a fundamental perspective to ask how
much communication is required to reproduce quantum cor-
relations. Such an approach, generally referred to as classical
simulation of entanglement, provides a natural approach tothe
problem of quantifying quantum nonlocality.

Nonlocality is a fundamental aspect of quantum mechan-
ics, hence quantifying it is much desirable. Besides being one
of the most striking and counter-intuitive features of the the-
ory, it is also a powerful resource, allowing for instance for
the reduction of communication complexity [3], as well as for
information processing in the ’device-independent’ setting [4–
7], where one wants to achieve an information task and prove
its security without any assumption on the devices used in the
protocol.

Several works [8–11] underwent the task of estimating how
much communication is needed to simulate the correlations of
a maximally entangled state of two qubits under all possible
projective measurements. This research culminated in 2003,
when Toner and Bacon [12] showed that one bit of commu-
nication is enough. Importantly this single bit of communica-
tion is not an average value, but represents the exact amount
that is to be used at each round. Thus the model is said to
have bounded communication. The communication costs of
other states have been explored as well [13–15]. Notably,
Regev and Toner [16] have shown that the correlations obtain-
able from projective measurements on any bipartite entangled

state can be simulated with only two bits of communication
— note however, that their protocol does not reproduce the
correct marginal distributions. The simulation of multipartite
entanglement also attracted some attention [17–20], and two
of the authors [21] recently showed that the correlations of
equatorial measurements on a tripartite GHZ state can be sim-
ulated with 3 bits of communication. Although their model
does not work for arbitrary measurements, it does reproduce
the Mermin-GHZ paradox which is arguably the strongest
demonstration of the nonlocality of this state [22, 23].

From the above results, it is tempting to conclude that sim-
ulating entanglement is after all not that expensive in terms
of classical communication. However, quantum mechanics
allows not only for entangled states of distant systems, but
also for entangled measurements, also called joint or coher-
ent measurements. In such a measurement the initial state is
arbitrary—it could be entangled or not—but the final state is
entangled, that is the eigenstates of the operator that represents
such a measurement are entangled. This second aspect of en-
tanglement is in itself independent of nonlocality—although
it leads to nonlocality when combined with entangled states
[24]. It demonstrates another nonclassical feature of entan-
glement, which is, loosely speaking, the possibility to askto
two (or more) quantum systems questions about their relations
without gaining any information about the individual proper-
ties of each subsystem [25].

Here we will see that simulating this second side of entan-
glement appears to be dramatically more difficult. Specifi-
cally, we shall consider the simple scenario of entanglement
swapping [26], where quantum particles that never interacted
become nonlocally correlated after their twins underwent a
joint measurement, and we will show that infinite commu-
nication is necessary to simulate this quantum process. In
other words, no model with bounded communication can ex-

http://arxiv.org/abs/1103.5058v1


2

ist. Our result is derived in the scenario of ’bilocality’ [29],
that is when the two sources of particles are supposed to be
independent from each other. This assumption is indeed quite
natural: why should initially uncorrelated quantum particles
be described by correlated classical variables? Note that ex-
periments with totally independent sources have been realized
[27, 28].

The paper is organized as follows. We start by presenting
the scenario of entanglement swapping and give the intuition
behind our result. After providing a formal proof, we discuss
the implications of our result and give some perspectives.

SCENARIO AND INTUITION

We consider three distant parties, Alice, Bob and Charlie.
Bob shares two maximally entangled qubit pairs in the state
|φ+〉 (see Eq. (1) below) with Alice and Charlie, respectively.
The first pair is produced by a source located between Alice
and Bob, the second one is produced by an independent source
located between Bob and Charlie, see Fig. 1 (i). Accordingly,
Alice and Charlie are initially uncorrelated. By performing a
Bell state measurement, i.e. a two-qubit joint measurement
which features the four maximally entangled Bell states

|φ±〉 =
1√
2
(|00〉 ± |11〉) (1)

|ψ±〉 =
1√
2
(|01〉 ± |10〉) (2)

as eigenstates, Bob projects Alice and Charlie’s particlesonto
one of the Bell states. Bob can thus ’swap’ entanglement to
Alice and Charlie. This protocol is essentially identical to the
celebrated quantum teleportation protocol [30]; entanglement
swapping is basically ateleportation of entanglement.

However, onto which Bell state Alice and Charlie’s parti-
cles are projected depends on the outcome of Bob’s Bell state
measurement. Bob has no control on this outcome, which
ensures that the protocol is non-signaling: if Bob could de-
cide on which Bell state to project Alice and Charlie’s parti-
cles, this would indeed allow him to signal to the latter, since
by coming together Alice and Charlie could determine which
Bell state they hold. To complete the protocol, Bob thus needs
to communicate the result of his measurementb—by sending
two bits of classical communication—to (say) Charlie, who
can then apply a suitable unitary local transformation to his
qubit to finally share a definite Bell state with Alice. At the
end of the protocol, Alice and Charlie thus share a maximally
entangled state, say for instance the singlet state|ψ−〉. Upon
receiving measurement settings~x and~z (represented here by
3-dimensional unit vectors on the Bloch sphere) and perform-
ing the corresponding projective measurements on their re-
spective qubit, Alice and Charlie obtain binary measurement
outcomesa = ±1 andc = ±1 respectively. These measure-
ment outcomes exhibit nonlocal correlations of the form

E(~x, ~z) = P (a = c|~x, ~z)− P (a 6= c|~x, ~z) = −~x · ~z. (3)

Alice Bob Charlie

BSM

Alice Bob Charlie

(i)

(ii)

FIG. 1: (i) The scenario of entanglement swapping with two fully
independent sources of|Φ+〉 states. Bob sends to Charlie the resultb

of his Bell state measurement (BSM). Upon receiving these two bits
of communication, Charlie can apply the adequate unitary operation
to his qubit such that Alice and Charlie finally share a singlet state.
(ii) The classical simulation of entanglement swapping in the bilocal
scenario. Alice/Bob and Bob/Charlie exchange messagesm1 and
m2 (note thatm2 for instance may contain Bob’s resultb). When the
two sources of shared variablesλ1 andλ2 are uncorrelated, infinite
communication is required, i.e.m1 and/orm2 must be unbounded.

We next consider the task of simulating classically this
quantum process. We know that separate Von Neumann mea-
surements on the maximally entangled two qubit states shared
by Alice/Bob and Bob/Charlie can be simulated by shared ran-
domness augmented with a single bit of classical communica-
tion [12]; one may wonder whether such classical resources
can also reproduce the Bell state measurement and the full
tripartite correlationP (a, b, c|~x, ~z) of the entanglement swap-
ping experiment.

From a physical perspective, it is natural to imagine that the
shared randomness is provided by the two sources of particles.
After all, instead of emitting entangled pairs of particles, the
source could as well produce non-entangled particles carrying
classical information. Thus Alice and Bob share the classical
variableλ1, and Bob and Charlie the classical variableλ2 (see
Fig. 1 (ii)). Since the shared classical variables distributed be-
tween Alice/Bob and Bob/Charlie originate from independent
sources, it is natural also to assume that the variables heldby
Alice and Charlie, i.e.λ1 andλ2 respectively, are initially
uncorrelated; this is the so-called bilocality assumption[29].
Assume that upon receiving their measurement settings, the
parties are allowed to send classical communication to each
other. Denote bym1 the communication between Alice and
Bob, and bym2 the communication between Bob and Char-
lie; note that both of these communications can be two-way
and sequential, thatm2 may include the two bitsb represent-
ing the outcome of Bob’s joint measurement, and that this
scheme could as well include communication between Alice
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and Charlie, which would transit through Bob.
The crux of our argument is now the following. In any

model featuring finite communication between Alice/Bob and
Bob/Charlie (or directly between Alice/Charlie), the amount
of shared randomness between Alice and Charlie will always
be finite. However, Massar, Bacon, Cerf and Cleve [31] have
shown that any classical simulation model of a maximally en-
tangled qubit pair requires either infinite communication or in-
finite shared randomness. Hence, when no shared randomness
is available, infinite classical communication is required. Note
that this applies also to the case where the shared randomness
is finite, since the latter could be included in the communica-
tion as well. Now, it is clear that any model simulating entan-
glement swapping with bounded communication would also
allow one to simulate the correlations of the singlet state (3)
with bounded communication. Therefore, it follows from the
result of Ref. [31] that no classical model with bounded com-
munication can simulate entanglement swapping in the bilocal
scenario.

PROOF

We now give a simple proof of the above statement. Specifi-
cally, we show that the amount of shared randomness between
Alice and Charlie is always finite when the simulation proto-
col involves only bounded communication.

We need to show that the mutual information between Alice
and Charlie is finite, i.e.

I(A : C) <∞ . (4)

The information available to Alice isλ1 andm1, while the
information available to Charlie isλ2 andm2. Thus we have

I(A : C) = I(m1, λ1 : m2, λ2)

= I(m1, λ1 : λ2) + I(m1, λ1 : m2|λ2)
= I(λ1 : λ2) + I(m1 : λ2|λ1) + (5)

I(λ1 : m2|λ2) + I(m1 : m2|λ2, λ1)

where we have used repeatedly the chain rule for mutual infor-
mation. By assumption of the independence of the two source
(the bilocality assumption), we have that

I(λ1 : λ2) = 0. (6)

If both communicationsm1 andm2 are bounded, we have that

I(m1 : λ2|λ1) <∞ (7)

I(λ1 : m2|λ2) <∞ (8)

I(m1 : m2|λ2, λ1) <∞ (9)

which implies Eq. (4).
Thus from the result of [31], we conclude that no classical

bilocal model—i.e. featuring independent sources of shared
randomness—with finite communication can reproduce the
process of entanglement swapping.

DISCUSSION

We considered the problem of classically simulating quan-
tum entanglement. Entanglement in quantum theory has two
sides. On the one hand, it is a property of the joint state of
distant systems, leading to nonlocal correlations when suit-
able local measurements are performed. On the other hand,
entanglement is a feature of the eigenstates of a joint measure-
ment, which allows one to measure a global property of two
(or more) quantum systems without gaining any information
about their individual properties. Whereas the nonlocal corre-
lations of quantum entangled states appear (for some natural
cases at least) to be simulable using only very little classi-
cal communication, we have shown here that the simulation
of a simple protocol involving both aspects of entanglement,
in particular involving a joint measurement, requires infinite
communication. This illustrates the strength of quantum cor-
relations when entangled states and entangled measurements
are combined.

We have worked in the scenario of bilocality, that is under
the assumption that, since the two sources of entanglement
are independent, they should be simulated using shared clas-
sical variables between Alice/Bob and Bob/Charlie that are
also independent. Our result can be rephrased in terms of im-
plications for classical simulation models of the entanglement
swapping process. More precisely, it implies that any clas-
sical simulation of this process must either assume (i) that
infinite shared randomness is available between any two lo-
cations in the universe, or that (ii) infinite communicationbe-
tween Alice/Bob or Bob/Charlie must take place. We believe
that none of these possibilities are satisfactory from a phys-
ical point of view. In particular, (i) would prevent us from
drawing any conclusion regarding nonlocality in practicalBell
tests. Indeed in such tests, it is crucial that the choice of mea-
surement settings is independent of the source of particlesit-
self. In practice this is done using a quantum random number
generator which consists of an additional source of particles.
Thus if separated sources cannot be considered as indepen-
dent, the choice of measurement settings could be correlated
to the source of particles, which would make it possible for a
local model to reproduce quantum nonlocal correlations.

Our result opens several new questions. First, whereas we
have focused here on simulation models involving bounded
communication, it would be relevant to investigate the average
communication cost of simulating entanglement swapping. In
Ref. [31] it was shown that the correlations of a Bell state can
be reproduced without shared randomness using a model in-
volving finite average communication (less than 20 bits). This
model can be trivially adapted to the scenario of entanglement
swapping, by having Bob forwarding to Charlie the commu-
nication received from Alice, and adding the two bits repre-
senting the outcome of his Bell state measurement. It would
be interesting to find whether there exists a more economical
model.

Another direction worth investigating is the case in which
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Alice and Charlie perform only a finite set of measurements.
Clearly in this case finite communication is always sufficient
since Alice can simply encode her measurement setting and
send it to Charlie via Bob. It would be interesting to see if
more efficient models can be devised and find bounds on the
communication cost which would allow one to quantify quan-
tum nonlocality in real entanglement swapping experiments.
Note also that the communication cost of simulating quantum
correlations is intimately related to the problem of the detec-
tion loophole; it would be interesting to further investigate the
latter in the context of entanglement swapping [32] and to ex-
plore the implications of the present result.

One may also consider the case of noisy entangled states,
for instance by replacing the two maximally entangled qubit
pairs by Werner states [33]. A model without communication
can be adapted from that of Ref. [33], which allows one to
simulate the entanglement swapping process with visibilities
V ≤ 1

4
(hereV denotes the singlet fraction of the final state

shared by Alice and Charlie). With the help of communica-
tion, one can adapt the model of Ref. [14]; using two bits of
communication (one from Alice to Bob and one from Charlie
to Bob), one can simulate visibilities up toV = 4

9
[34]. It

is unclear whether these models are optimal, and how close
to a perfect visibility one can get for a given bound on the
communication.

Finally it is worth mentioning that, while we have focused
here on the amount of classical communication required to
simulate both aspects of quantum entanglement, it would also
be interesting to show that models with finite-speed communi-
cation cannot reproduce quantum correlations in a multipartite
scenario. While this conjecture is still not proven [35], recent
progress has been made in this direction [36]. This would in-
deed nicely complement the present result.
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