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ABSTRACT: We derive higher moments in the statistical distribution of OPE coefficients in
holographic 2D CFTs, and show that such moments correspond to multiboundary FEuclidean
wormholes in pure 3D gravity. The nth cyclic non-Gaussian contraction of heavy-heavy-
light OPE coefficients follows from crossing symmetry of the thermal n-point function.
We derive universal expressions for the cubic and quartic moments and demonstrate that
their scaling with the microcanonical entropy agrees with a generalization of the Eigenstate
Thermalization Hypothesis. Motivated by this result, we conjecture that the full statistical
ensemble of OPE data is fixed by three premises: typicality, crossing symmetry and modular
invariance. Together, these properties give predictions for non-factorizing observables, such
as the generalized spectral form factor. Using the Virasoro TQFT, we match these connected
averages to new on-shell wormhole topologies with multiple boundary components. Lastly,
we study and clarify examples where the statistics of heavy operators are not universal and
depend on the light operator spectrum. We give a gravitational interpretation to these
corrections in terms of Wilson loops winding around non-trivial cycles in the bulk.
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1 Introduction

Recent developments in low-dimensional models of gravity have established a connection
between gravity and a ‘coarse-grained’ version of the holographic correspondence. This
connection is especially clear in two dimensions, where quantum gravity is equivalent to random
matrix theory (RMT) [1]. Insights into the statistical description of gravity largely arise from
the study of Euclidean geometries with disconnected boundaries that are connected through
the bulk. These configurations are known as Euclidean wormholes. Euclidean wormholes
provide coarse-grained non-perturbative information about the black hole microstates of the
dual system. However, they also lead to the so-called ‘factorization puzzle’ [2], as they hinder
the expected factorization of multi-boundary quantities. One resolution of the factorization



puzzle is to interpret semiclassical gravity as capturing only a statistical description of the true
microscopic observables. Several attempts to construct such descriptions include averaging
over Hamiltonians [3-8], operators [9-15], states [16-19], or any combination thereof [20-23].

The success of averaging and coarse-graining in quantum gravity stems from the fact that
black holes exhibit a strong form of chaos, most clearly quantified by thermal out-of-time-order
correlation functions [24]. Quantum chaotic systems exhibit a large degree of universality
because they can be modeled by random matrices in sufficiently narrow energy bands. RMT
allows one to make important statements about the spectrum and observables of these systems.
It explains the observed eigenvalue repulsion, it underpins the assumption that eigenvectors
are approximately random unit vectors, a concept known as typicality, and it proposes that
the matrix elements of certain operators can be treated as pseudorandom variables. This last
statement ultimately leads to the Eigenstate Thermalization Hypothesis (ETH), which is
our current framework for understanding the emergence of thermal equilibrium in isolated
quantum systems [25-27].

In this paper, we will connect the ETH directly to a bulk gravitational theory, using
AdS/CFT. Specifically, we study Einstein gravity in three dimensions, coupled to massive
point particles, which thanks to its exact solvability [28] provides an excellent playground
to test the ETH in the dual CFTs. In its most familiar form, the ETH is an ansatz for
the matrix elements of an operator O in the energy basis of the Hamiltonian. It states
that if O is a simple operator, then

(E;| O|Ej) = g1(E)dij + g2(E,w)" Ry, (1.1)

where g1(E) and g2(E,w) are smooth functions of the mean energy E = (E; + F;)/2 and
energy difference w = E; — E;. The ansatz moreover asserts the exponential scaling of the
function ga(E,0) ~ e 5E) where S(E) = log po(E) is the coarse-grained microcanonical
entropy. The R;; are pseudorandom variables whose variance has been normalized to one.

Ordinarily, the statistics of R;; are taken to be Gaussian. Nonetheless, it is well-known
that this can only be an approximation, as non-Gaussian contractions are needed to correctly
reproduce the late-time behaviour of out-of-time-ordered correlators [29-32]. Using an
argument based on typicality, it was shown in [29] that the higher statistical moments of the
matrix elements of O, for a cyclic pattern of index contractions, should scale as

012093 ...0,1 = gn(E,wl, - ,wn_1> ~ e—(n—l)S(E)' (1.2)

Here and in the rest of the paper, we use the simplified labels 1,2, ..., n to denote the indices
i1,%2 .. .1, when writing matrix elements Q12 = (E1|O|E2). The indices in (1.2) are all taken
to be different, and E corresponds to the mean of the energies Ei, ..., E,. The version of
the ETH that includes these connected cyclic moments is known as the generalized ETH.

The goal of this paper is to show that the generalized ETH, with n > 2, universally holds
true for irrational 2D CFTs with a sparse light spectrum, a large gap above the vacuum,
and only Virasoro symmetry, as long as the energies E; are sufficiently large. The effective
statistical description of such theories is provided by 3D semiclassical gravity, which can
be solved exactly, topology-by-topology, if we restrict to on-shell solutions of Einstein’s



equations [12]. Moreover, we aim to derive explicit expressions for the smooth functions
gn in (1.2), using the conformal bootstrap.

To achieve this goal, we use the state-operator correspondence to reformulate the gener-
alized ETH for CFT5’s as a statement about the statistical distribution of OPE coefficients,

Cro2 = (E1| O(1) [Ez) = (0] O1(00)O(1)02(0) |0) - (1.3)

In [33], a universal asymptotic formula was derived for the product of two OPE coefficients, by
generalizing Cardy’s argument for the asymptotic density of states [34]. Subsequently, in [35],
an improved formula for the OPE variance was derived from Virasoro crossing kernels. Taking
this variance as an input, and assuming Gaussian statistics, [10] and [11] were able to match
the predictions from the OPE ensemble to various Euclidean wormholes in 3D gravity. The
analysis of non-Gaussian statistics was done in [36, 37|, for which a partial interpretation in
gravity was given recently in [13]. Earlier studies on thermalization in CFT5 include [38-42].

In order to connect the statistical ensemble of OPE coeflicients to the generalized ETH,
we will study a class of higher statistical moments with the following cyclic index structure

Ci1020503 - - - Cro1 , (1.4)

for a fixed external operator O and heavy operators Oy, ..., O,. These moments are accessible

from n-point correlation functions on the torus. Owing to the presence of Virasoro symmetry,
2D CFTs offer a rare opportunity to derive analytic formula’s for these moments in an
appropriate high-energy regime. The main tool to do so is the infinite set of consistency
conditions imposed on any CFTy, known as crossing symmetry, as well as the associated
crossing kernels.

Diagrammatically, the sequence of crossing moves that relates the cyclic OPE contrac-
tion (1.4) to a channel in which the identity module dominates at high energies, is given by

Here F and S denote the fusion kernel and modular S-transform, respectively. We will now
describe the result of this procedure, and its implications for 3D gravity.

1.1 Summary of the results

In section 2, we explain how the assumption of typicality, when applied to CF'Ts, fixes the
allowed index contractions for any statistical model of OPE coefficients. In particular, we take
into account the symmetries imposed by index permutations and reality conditions of OPE
coefficients. Besides the index contractions, we also want to determine analytic results for the
smooth functions g, in (1.2). To do so, we assume that the OPE ensemble is approximately

crossing symmetric, which automatically forces the statistics to be non-Gaussian.!

'A recent investigation of approximate CFTs can be found in [20]. In the discussion section, we comment
on the matrix-tensor model proposed there in more detail.



From the crossing equations induced by the crossing moves (1.5), we derive new universal
asymptotic formulas for a simple class of cyclic index contractions, (1.4). In particular, we
derive the cubic and quartic moments

e Frop |pire o
C1020203C301 |C clic — Cooo C()(P1, Ps, P@) [ O} +0 (6*4“(O‘XP+0‘XP))
v 0(F2)
(1.6)
2
St Fp.p, [52 I;(f]
010202(9303(’)404(91 ‘CyCliC :(—1> i=17% Co(P4,P1’ PO)C()(P4,P3’PO)W +...
(1.7)

where the corrections to the second formula (1.7) are the same order as the corrections to
the first, (1.6). In other words, the corrections are exponentially suppressed at high energies
by a parameter o, that depends on the lightest primary field above the vacuum. These
equations hold in the heavy limit P — oo, where the energy differences P; — P; and the
dimension of the external operator Py is kept fixed.

These moments are functions of the conformal weights hq 234 and their antiholomorphic
counterparts, parametrized in terms of the ‘Liouville momentum’ P? = h — %. The notation
| @ |2 means a product of holomorphic and antiholomorphic contributions. The functions
appearing in these formulas are all related to the two basic crossing kernels F and S, which
are the same for any irrational CF'T with only Virasoro symmetry, and which are known in
closed form [43—45]. The only non-universal datum is the OPE coefficient Cpopp, but this

should be viewed as part of the input together with hy.?

Importantly, having derived explicit expressions for g3 and g4 allows us to check that
the entropic suppression indeed matches with the generalized ETH, (1.2), for n = 3,4. The
microcanonical entropy depends on the mean energy (conformal dimension) via the usual
Cardy formula S(A) =~ \/§7A We end section 2 with a general argument showing that
the large-A scaling of the nth cyclic contraction has the expected entropic suppression for
any n > 273

Cr02C203 - Cnon ‘Cychc ~ e~ (n=1)S(A) (1.8)

The cyclic OPE contractions predict connected contributions to the average over a product
of CFT observables. As an example, we study the product of one-point functions on the
torus. In section 3 we show that these connected averages can be matched holographically to
Fuclidean wormholes with multiple asymptotic boundaries. We construct the new wormhole
topologies with three and four boundary components and compute their exact gravitational
partition functions. Using the recently developed Virasoro TQFT [12], we find perfect

2In particular, Cooo could be zero. A more general formula proportional to Co, 0,05 is given in eq. (2.44).
3We exclude n = 1, since for CFTy the average of a single OPE coefficient is already exponentially
small [35, 42].



agreement between the bulk and boundary computations. For example,

%’i‘ S

where the left-hand side is a product of torus one-point functions,* with modular parameters

Cooo <O>717?1 <O>T2,?2<O>Ts,?3 - ZgraV

T1,2,3, averaged using the cubic moment (1.6). The right-hand side represents a wormhole
with a boundary consisting of three punctured tori, and one bulk ‘vertex’ or junction where
three Wilson lines meet. The explicit bulk topology is constructed as a so-called Heegaard
splitting in section 3.2.

An analogous computation using the quartic moment (1.7) gives a connected average of
the product of four torus one-point functions, which matches to a four-boundary wormbhole
with a pair of bulk Wilson lines,

<O>Tl,7_'1 <O>7'2,7_'2 <O>T3,‘F3 <O>T4,‘T'4 = Zgrav . (1'10)

This bulk topology is constructed in section 3.4. We would like to stress that the gravitational

partition function on the right includes all perturbative orders in 1/Gy. The Virasoro
TQFT automatically includes these loop corrections, and gives a versatile way to do the
bulk computations without having to construct an explicit metric. Further subleading bulk
saddles only give non-perturbative corrections in G. The left-hand side is computed using
the quartic moment (1.7). In a CFT with a gap of O (c), the corrections to this result
are also non-perturbative.

So far, we have discussed the generalized ETH, which is a statement about ‘heavy-light-
heavy’ OPE coefficients C1p2. The OPE randomness hypothesis [10] is a generalization of the
statistical description, that also includes ‘heavy-heavy-heavy’ OPE coeflicients C723, where
all conformal weights are above the black hole threshold. Their distribution is necessarily
non-Gaussian, to ensure crossing symmetry of higher genus partition functions. We focus on
the known non-Gaussianity, derived from a genus-three crossing equation, which is related
to the Virasoro 65 symbol via

123
C125C156C264C345 |g; = V/C123C156Co64Cas {4 5 6} ; (1.11)
6j
where Cjo3 is a shorthand notation for |Cy(Pr, P, P3)|2, and the function in brackets corre-
sponds to the Virasoro 65 symbol. The novel contribution of this paper is to identify and
compute the new Euclidean wormhole in 3D gravity that arises from the above contraction.

4The factor Cooo is an overall normalization, and in particular is not being averaged over.



Specifically, we compute the average of the product of two genus-two partition functions,
using the contraction (1.11), finding

On the right-hand side we drew a cartoon of the bulk wormhole geometry that contributes to

this average. Its full topology is described in section 4.1. This manifold has two asymptotic
genus-two boundaries, and the bulk consists of a pair of genus-two handlebodies glued together
by an element v from the Moore-Seiberg group. Up to a phase, « is simply the fusion move
[, so we can think of the above wormhole as interpolating between the ‘dumbbell” and the

sunset’ conformal block. Interestingly, we find that this non-Gaussian wormhole is of the same
order as the Maldacena-Maoz wormhole [11] that describes the Gaussian OPE contraction.

Finally, in section 5, we comment on the effects of light matter on the ensemble of OPE
coefficients. In the crossing equations of section 2, we only keep the contribution from h =1
in suitable OPE channels. However, there are crossing equations in which the contribution
of the identity module vanishes, and so the leading answer depends on the coupling of the
lightest scalar. This phenomenon was observed in various places before [36, 42]. Our new
insight is that the bulk interpretation of this phenomenon is given by Euclidean wormbholes
containing bulk Wilson loops that do not reach the asymptotic boundary. As an example, we
study a genus-two crossing equation contributing to the average C112Ca33 through a light
state x, which is captured by the following two-boundary wormhole:

2

sy Iy = Zgrav

po(P1)po(Ps)

C112C233 D

(1.13)
The right-hand side shows a wormhole with a pair of three-punctured sphere boundaries.
The Wilson loop corresponding to x is drawn in orange. If we thicken the red, green and
blue Wilson lines to solid cylinders, we can equivalently think of the complement of this
geometry in S? as a genus-two handlebody with a y-loop wrapping a non-contractible cycle.
A clarifying illustration of this geometrical set-up is shown in figure 10.

One may wonder if these light-matter corrections are ever relevant. It turns out that
there are kinematic regimes where the contribution from the light fields cannot be ignored.
To make this more precise, we end section 5 with an explicit geometric analysis of the moduli
space of genus-two surfaces, in a corner where an embedded cylinder becomes very long. In
this ‘pinching limit’, we show that the modular S-kernel no longer provides an exponential
hierarchy (in e%) between the vacuum and the lightest non-identity state.

We finish the paper with some conclusions and open questions in section 6. Additionally,
we present most of the technical details about the fusion and modular kernels in appendix A.



2 Typicality and the bootstrap

Let us first describe the concept of typicality in generic many-body quantum chaotic systems,
before applying it specifically to holographic CFTy’s. For a review of this topic, see [22]
and [29]. In essence, typicality is an assumption that constrains the allowed non-Gaussian
extensions of the ETH. The central idea behind typicality is that simple operators should
not be able to distinguish between nearby energy microstates. This idea can be expressed
as the statement that the moments of the random variables Q19 = (E1|O|E3) should be
approximately invariant under unitary transformations that act within small microcanonical
windows,?

n

!
012034 e O(n_l)n = Z U]Tl,U221 e UT_I (n—l)’Unn’ 01/2103/4/ e O(n_l)/n/. (21)

1,...n

Here U is a block-diagonal unitary transformation that only mixes levels within windows
of size (). The size of each block-matrix is small enough to keep intact the energy band
structure of the system, but it contains exponentially many energy levels. The typicality
assumption (2.1) is a powerful assumption that fixes the index structure of the moments
of the matrix elements:

012034+ Op19 = Z go’(E17 cee 7En) 510(2)630(4) T 5(n71)0(n)‘ (2'2)
O'GSn

The functions g,(E1, ... E,) are smooth functions of the energies F;, and the sum is over all
the permutations o of the even indices. One can check that this ansatz is invariant under (2.1)
as long as the functions g,(E1, ... E,) are approximately constant within the microcanonical
window mixing the energy eigenstates. These functions are theory dependent and can be
extracted from single-trace observables such as thermal correlation functions of the type

Te(Oe Pl . Oe Bl = 3 e Y BB D500 - O (2.3)
1,...,n
for a collection of (possibly complex) parameters (i, ..., 3,. From the bulk point of view,

such single-trace observables correspond to single-boundary gravitational amplitudes. Notice
that the above thermal n-point function leads to a cyclic contraction of the indices of O.

The statement of the generalized ETH can now be phrased in terms of such cyclic
contractions: it is the hypothesis that in chaotic quantum systems, the n' cyclic (connected)
moment scales with the microcanonical entropy as [29]

012093 ...0m ‘cyclic = gn(El, ce ,En) ~ e*(nfl)S(E). (2_4)

In this expression, the indices 1,...n are all taken to be different; we have also introduced
the notation g,(E1,...,E,) to describe these moments. Note that for n = 2, we recover

5Note that this is only an approximation, which is used to extract the index structure of the ensemble.
Imposing exact unitary invariance would render the functions g, (E1, ..., Ey) exactly constant, see e.g. [46].



the standard ETH ansatz (1.1). If one further assumes that products of thermal correlation
functions factorize up to some small corrections,

Tr(Oe*ﬁlH e Oe*ﬁnH) TI‘(Oe*IBn+1H . Oe*ﬁn-&-mH)
~ Tr(Oe Al ... Oe=Bnll) Ty(Qe=BntrH ... Oe=FnitmH)  (2.5)

then one can show that the cyclic moments g, (F1, ..., E,) are enough to describe, with
exponential accuracy, all other contractions g,(E1, ..., E,) that define the ensemble of matrix
elements O13. The crucial insight of this result is that the functions g, can be expressed
as products of the functions g,. Put differently, (2.5) implies that the moments of matrix
elements approximately factorize, e.g.

012021034045053 ~ 012021 034045053. (2.6)
As explained in [47], this is intimately related to the theory of free probability.

2.1 Typicality in conformal field theories

We will now extend the above discussion to two-dimensional conformal field theories with
only Virasoro symmetry. However, before addressing the technical aspects of typicality
in CFTs, we have to establish some notation. We label primary states by the left- and
right-moving conformal weights h, h, which determine the scaling dimension A and spin J
of the corresponding operator as

A=h+h, J=h—h. (2.7)

It will be useful to introduce the so-called Liouville parametrization

1
624 + P2, a:%—kiP (2.8)

b=

where we refer to P as the Liouville momentum, and @) is related to the central charge c as
2

c=1+6Q*=146(b+b7")". (2.9)

For the application to holography, we will be interested in the regime where ¢ > 25, and
work with the convention that b < 1 and Re(P) > 0. The central charge is related to the 3D
gravitational coupling by the Brown-Henneaux relation ¢ = ﬁ [48].

We will distinguish between two different regimes for the conformal weights and Liouville

momenta, which we refer to as the ‘discrete’ part of the spectrum and the ‘continuum’:

-1
Discrete: O§h<cT, 0<a<Q)/2, P ci(0,Q/2],

—1
Continuum: h > CT, a=Q/2+4+iR>y, Pe€R>p.

(2.10)

This terminology is inspired by analogy to the continuum of BTZ black hole solutions in
3D gravity, which are labelled by their mass M > My and angular momentum. In the CFT,

c—1

the black hole threshold My corresponds to the scaling dimension A = <5,

PP = 0.

or equivalently



Evidently, a single instance of the dual microscopic unitary, compact CFT has a fully
discrete spectrum, even above the threshold. However, for holographic CFTs with a weakly
coupled gravitational dual, the spectrum should be dense enough above threshold so that, to
a first approximation, we can smear the energy levels over small microcanonical windows.
This leads to an effective continuum of states, with a leading spectral density given by the
(extended) Cardy formula

po(P, P) = po(P)po(P), where po(P) = 4v/2sinh(27bP) sinh(27rb_1P). (2.11)

This density is determined by imposing modular invariance of the torus partition function [34,
35].6 For large enough c¢, it is expected to hold all the way down to P = 0. For large momenta,
the spectral density (2.11) exhibits the Cardy growth pg(P) ~ e27@F.

We call operators with conformal weights in the discrete range ‘light’ (L), and above
the black hole threshold ‘heavy’ (H). Note that in this terminology, even sub-threshold
operators with conformal dimension scaling with ¢ are called ‘light’, even though they lead
to backreaction on the geometry. We make the heavy/light distinction in our notation for
the OPE coefficients, by using numeral indices for heavy operators and the label O; for
light operators, e.g.

Cios (HHH), Cp0, (HHL), Cio,0, (HLL). (2.12)

Moreover, the vacuum state (h = h = 0) will be denoted by 1. It is generally believed
that any holographic CFTy should have a sparse spectrum of light states, with a large gap
between the vacuum and the lightest non-vacuum primary [54]. We will always assume
this to be the case in what follows.

As explained in the introduction, the operator-state correspondence allows one to refor-
mulate the eigenstate thermalization hypothesis in CFT9 as a statement about the statistical
distribution of heavy-heavy-light OPE coefficients Cj0,3. The proposal of [10] is to extend
this statistical description of the OPE data also to the HLL and HHH regimes. Our goal is to
determine the precise statistics of the ensemble of OPE data compatible with a holographic
description in terms of pure 3D gravity. In other words, we want to obtain all the moments

C123C156 -+ Cln—2) (n—1) n » (2.13)

and similar expressions for when a subset of the indices is light. In what follows, the overline
notation will refer to an average over the heavy indices only.

To do so, we need to determine both the index structure of the possible contraction
patterns and the smooth functions g, that contain the dependence of the moments on the band
structure of the Hamiltonian Lo+ Lo. We will argue that both properties are fixed by imposing:

1. Typicality,

2. Crossing symmetry and modular invariance.

5Note that this formula has been derived by only requiring S-invariance of the partition function. Imposing
the full PSL(2, Z)-invariance should give corrections to the spectral density po(P, P). An attempt at a fully
PSL(2, Z) invariant density, inspired by gravity, is the Maloney-Witten-Keller density pywx (P, P) [49, 50].
Famously, this leads to negativities in the spectrum, which may be treated in various ways [51-53].



Let us first explain the typicality argument. We will restrict ourselves to CF'Ts whose
operators have integer spins J € Z. These CF'Ts have correlation functions that are invariant
under the permutations of the fields. It can then be shown from the consistency of the
three-point function that the structure constants must satisfy

Co)o(2)0(3) = sgn(o) 1T 0y (2.14)

Moreover, the additional Hermiticity property Ci23 = (35, implies that OPE coefficients
are real numbers if the total spin is even, and pure imaginary if odd. To respect (2.14),
the most natural approach is to consider unitary transformations T'(A,J) that only mix
states with the same spin J around a small microcanonical window surrounding A.” The

8 Because of the

reality conditions imply that T'(A,J) must be a real orthogonal matrix.
state-operator correspondence, these transformations should act on both states and OPE

coefficients in an obvious way:

1AL ) =D Tia(A1,J)[Ag,J), Cras= > TivToyTs3Cray. (2.15)
2 1273

The statement of typicality for CF'Ts is then that the averages of arbitrary products of OPE
coefficients are invariant under these orthogonal transformations

|
C123C156 - Cln—2y(n-1yn = »_ T (A1, ) -+ T (A, J) Crrr -~ Cln—ay 1y -
1,...n'

(2.16)
This assumption puts a strong constraint on the allowed index contractions. In particular, it
fixes the indices to be pairwise contracted. That is, if we have m OPE coefficients, with a
total of n = 3m indices, then there are smooth functions g, such that

01230456 ce C(n72) (n—1)n = Z gH(P17 pl, ceey P’m Pn) 5#1 ce 5.“%/2’ (217)
neP

where the sum runs over the set P of all pairings p = (p1, ..., fin/2), s = (a,b), of the set of n
elements. The functions g, depend on the mean scaling dimension A;...,, = %(Al +- 4 A,
their differences w;; = A; — A;, and the spins Ji,...,J,. They are assumed to be ‘smooth
enough’, by which we mean that they are approximately constant in sufficiently narrow
microcanonical windows. The analysis when some of the indices are light (and not averaged
over) follows the same steps. The conclusion is that the index structure contracts heavy
indices in pairs. If the number of heavy indices is odd the average is zero.

As an example, consider n = 6. The sum on the right-hand side of (2.17) yields the
following set of contributions to the second moment of OPE coefficients:

C123C156 = 014025036 Gpy (Pr, P1, Pa, Py, Py, P3) + 012034056 gy (P1, P1, P3, Ps, P, Pg) + perm.
(2.18)

"See e.g. [55] for further arguments why random matrix universality is expected to hold within each spin
sector of a CFT4, at least in the near-extremal limit.

8In [56], it was argued that the relevant ensemble for capturing the spectral statistics in parity-invariant
CFTs is the GOE. This is consistent with the symmetries that we observe in OPE coefficients.

,10,



where the permutations come with signs according to (2.14). The second contraction,
associated to the averaged value C113C366, is an example of a non-diagonal contraction that
is allowed by typicality. Indeed, we will show in section 3 that a non-zero function exists
for precisely this non-diagonal contraction.

Having fixed the index structure, we turn our attention to the smooth functions g,,.
Remarkably, they are fully determined by modular invariance and crossing symmetry for
any holographic CFT5. Specifically, we impose the (non-rational extension of) the Moore-
Seiberg consistency conditions [57]. This statement is so remarkable because for most chaotic
systems obeying ETH the g, are not known analytically — although numerical results can
be obtained, e.g. for the SYK model [58].

Taking as an example again the variance (2.18), the function g,, can be determined

by imposing the invariance of the genus-two partition function under the following change
of OPE channel:”

(2.19)

One can think of this requirement as the analogue of modular invariance of the torus partition
function, generalized to higher genus [33]. As shown in [35], the above genus-two crossing
equation leads to a universal formula for the variance of OPE coeflicients:

C123Ci56 = Y, O10(4)020(5)030(6) S80(0) M T72T7 Co(Py, Py, P3)Co(P1, Po, P3) + -+ . (2.20)

oes3

The totally symmetric function Cy(Py, P2, P3) is equivalent to the DOZZ formula for the
three-point function in Liouville theory. It has an explicit analytic expression as a product
of Barnes double gamma functions:!'"

Tp(2Q)T($ £ Py + Py £ iPs)

V2L (Q)P [Tz To(Q £ 2iP;)

Co(Pr1, P2, P3) = (2.21)

The notation + denotes a product over all possible sign choices in the formula. The terms
+ -+ contain the non-diagonal contraction g,, in (2.18). In principle, these other contractions
can be fixed by imposing more and more crossing equations. For example, the leading
contribution to the function g,, can be derived from a genus-two crossing equation similar
to (2.19), but now expanded in a dumbbell channel where the two ‘bells’ are linked.!!
Moreover, one can consider crossing equations for higher genus surfaces, and include
punctures for operator insertions. This has produced several interesting formulas for the
non-Gaussian statistics of OPE coefficients, see e.g. [35-37, 42]. For example, the genus-three

9The diagrammatic notation will be explained in section 2.2.
9For a definition and discussion of the properties of T'y(x) we recommend references [45, 59].
"We thank Scott Collier for explaining this to us.
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crossing equation

Zg=3 , (2.22)

leads to a non-Gaussianity that is again universal in the high-energy sector of the CFT. This
non-Gaussianity can be fully expressed in terms of Virasoro crossing kernels:

C123C156C264C35 |; = | Co( Py, Ps, Ps)Co(Ps, Py, Ps) (2.23)

where by |e|? we mean the product of the holomorphic and antiholomorphic counterpart of this
expression. We will use the notation |g; when referring to this particular contraction, because
it is proportional to the Virasoro 65 symbol (recall equation (1.11) in the introduction). This
symbol enjoys tetrahedral symmetry and will play an important role later in section 4.2

Again, the right-hand side of the quartic moment (2.23) is a completely known meromor-
phic function of its complex variables Pj, ..., Ps. We have already introduced the functions
po and CY, so the only new ingredient is the so-called Virasoro fusion kernel F pps, whose
definition can be found in appendix A. The main point for now is that pg, Cy and [ are all
examples of so-called crossing kernels. These objects naturally appear in the representation
theory of the Virasoro algebra. Roughly speaking, they are the change-of-basis transforma-
tions between the different possible channel decompositions of a given Virasoro conformal
block. A thorough overview of crossing kernels can be found in [45].

In order to make the comparison to the ETH in generic many-body quantum chaotic
systems, we would like to extract the scaling of the smooth functions g, with the microcanonical
entropy So(P, P) = log po(P, P). We will show, for cyclic contractions of heavy-heavy-light
OPE coefficients, that the entropy scaling precisely matches the generalized ETH prediction
for n > 2:

C10,2C20,3 - Crop1 | = gu(P,P; Pp, Pp) ~ e~ ("= D50(PP) (2.24)

cyclic

The only exception is for n = 1, as it was noted already in [35, 42] that the average of a single
OPE coefficient is exponentially small. This is not so relevant for our discussion, since we can
always subtract the one-point function from Ci23 and work with variables with zero mean.

In the rest of this section, we will bootstrap explicit formulas for the smooth functions
gn for n = 3,4, and show that the exponential hierarchy (2.24) holds true. We will then
describe a recursive procedure for general n, from which we conclude that (2.24) is satisfied
for all n. We want to emphasize that this scaling is true when the dimension of O is below

2The 65 contraction also appears in the tensor-matrix model described in [20] as the quartic interaction for
Cijk .
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the black hole threshold. In general, the entropy scaling will be different when all indices
are heavy, due to exponential enhancements from the crossing kernels when all internal
momenta are taken to be large.

2.2 Thermal three-point function

In this section, we will harness the constraints imposed by crossing symmetry and modular
invariance on the torus three-point function. We aim to extract a formula for the averaged
cyclic contraction

C10,2020,3C3051, (2.25)

where 01,05 and O3 are three fixed primary operators, and hi, ha, hs are heavy. The
definition of the average " will be made more precise towards the end of this section.
To study this contraction, consider the unnormalized torus three-point function:

(01(1,1)0s(20, %) Os(23, 7)), = Tr (420751 gH0 75 01(1,1)Os (22, 22) O3 (23, 23) ), (2.26)

where ¢ = exp(2miT). For simplicity we have set z1,z; = 1. Inserting a resolution of the
identity in between the operators O; and Oy and the operators Qs and Oz leads to the
following expression for this three-point function

3" C10,2C20,3C50,1 FN (P Po; Q) FY(P; Po; Q). (2:27)
1,23

The sum is only over primary operators, as we have resummed the contribution of descendant

states into the conformal blocks FV (P;Pp; ). In our notation for the conformal blocks,

P = (Py, P», P3) labels the internal momenta and Pop = (Po,, Po,, Po,) labels the momenta

of the external operators; the moduli (zg, z3,7) are collectively denoted by 2. As before, we

used the notation -, = 3, 7 for the sum over all the primary states in the spectrum.
It is often useful to represent conformal blocks pictorially, for instance

(2.28)

The blue lines in the diagram specify the pair-of-pants decomposition of the Riemann surface
and label the internal momenta. A Riemann surface can be decomposed into pairs of
pants by choosing a basis of 3g — 3 4+ n non-intersecting cycles on the surface. Different
pants decompositions correspond to the different channels into which one can write the
correlation function (2.26). The decomposition shown here corresponds to the so-called
necklace channel N, which arises when a resolution of the identity is inserted between
adjacent external operators.

The second channel we will be considering is the one where we first perform the OPE
of 01 and O, and then the OPE between the resulting operator and Os. In this channel,
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the torus three-point function takes the form

Y C20,0,C320,Crz F OVF(P'; Po; Q) F OPF(P'; Po; Q). (2.29)
17,23

The pair-of-pants decomposition corresponding to this channel is given by

(2.30)

We refer to this channel as the OPFE channel since it was obtained by applying the OPE
consecutively to the operators inside the correlation function.

It turns out that to extract an asymptotic formula for the cyclic contraction (2.25), we
only need to know how the two bases of conformal blocks in the different channels are related
to each other. This relationship is expressed as the following integral transform

[e.@]
FOPE(P/. Po: Q) = / PP Kiprypy FV (P P0;i ), (2.31)
0
where d*P = dP;dP>dP;. The function K (p1};{p} is known as a crossing kernel. Note that
the range of the integral is over real momenta P € R>q, corresponding to h > 6;41. This

range of momenta gives a complete basis of the Hilbert space of conformal blocks in a given
channel. The crossing kernels have been constructed and are known in closed form [43]; we
will briefly explain their construction in the second part of this section.

To derive the asymptotic formula, the first step is to write the expressions (2.27) and (2.29)
as integrals over a distribution:

<01(17 1)O2(22, 22)O3(z3, 53)>7_77—_
= [ &*PaP (P, P) QV(P,P) F(Pi Po; )7V (Pi Poi ) (2.32)

_ / dBP'd3 P po(P', P')QOPE (P, P') FOPE(P'; Po; ) FOPE (P, Po: Q), (2.33)

where po(P,P) = [[5_; po(P;, P;). These equations are meant to be exact, meaning that the
distributions QN and QOFF are a sum of delta functions weighted by OPE coefficients:

_ 1 3 _
QVP,P)=——— Y CrowCyo,3Cyo, [[8(P — P)3(P; — P) (2.34)
po(P, P) 1,203 i=1
_ 1 3 _
QPP P) = ——— Y Cy0,0,Cy20,Crzv [[0(P, — P)S(P, — P)).  (2.35)
po(P.P) /5 i=1

Recall that P; is simply a parametrization of the conformal weight h;, which runs over the
full unitary CFT spectrum. The factor of py ! is a convenient normalization.
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The next step is to insert the integral expression (2.31) into (2.33). Changing the order
of the integrals and comparing the result with (2.32) yields the relation:'?

_ 1 _ _ _
NP, P) = — / d*P'd* P! po(P', P') Kipry, ey Ky, 5y Q77 (P, P) (2.36)
po(P,P)
1
= ——- C/ C// C///[K . [K’/_’. 237
PP 1,22/;), 20,0,C0320,Crz1 Kipry,(pyKipry by (2.37)

The step from the first to the second line is simply the definition of the distribution
QOPE(P’, P). Equation (2.36) is known as a crossing equation. Importantly, this equation
only involves the crossing kernel K, and there are no conformal blocks.

As we will show shortly, in the heavy limit defined as

Pio3=P+6d123 and P > ¢ 6;, Po, (2.38)

the dominant contribution to the right-hand side of (2.37) comes from the terms in the sum
with 17,3 = 1 and 2/ = O3. This leads to the following asymptotic formula for QN (P, P)
as P approaches infinity:

|]<{]]~7PO37]]-};{P17P2»P3} [K{]]'»P(937:ﬂ-}§{P1’P27P3} L
po(P1)po(P2)po(Ps) po(Pr)po(Pe)po(Ps)

The terms in + ... correspond to non-perturbative corrections, which will be quantified in

QN(P,P) = Co,0,0,

(2.39)

the subsequent paragraphs. An important fact about the Virasoro crossing kernels K is that
they are meromorphic functions of the momenta P, P. Therefore, we can perform a small
microcanonical smearing in the arguments of the distribution O (P, P). For a sufficiently
dense set of OPE coefficients of the underlying chaotic CFT, this smearing turns oV into a
smooth function, which we take to be the definition of the average of OPE coefficients:

1 P+s P+s  _ _ _
01(91202(92303031 = 7_/ dPI/ < dp’ pO(P/’ P,) QN(P/7 P/)a (240)
P—6

Ny 5(P,P) Jp-s

where N 5(P, P) is the number of operators within the microcanonical window defined by
P +6 and P £ 6. The energy window 6, should be such that N 5(P, P) > 1. The size of
8,9 is theory dependent, in particular, for a generic, chaotic theory the expectation is that
we only need to average over a small energy window containing e5(* 'P) states. Tauberian
theorems have often been used to investigate the robustness of formulas like (2.40), and to
understand the smearing and the size of the microcanonical window [60-64]. These theorems
strictly speaking only apply when the quantity that is averaged over is positive definite [65].
However, one can quantify deviations from the average by considering the squared of these
quantities, which can be accessed through higher moments.'* We leave the precise details

of this aspect to future study.

131n (2.33), the P integral is along a contour C that includes the light operator dimensions, while to compare
the conformal blocks, one needs to integrate only over the real line P € R. To arrive at (2.36), we used that
the contour C can be smoothly deformed to R as long as we avoid the poles of K. See [59] for a discussion of
the analytic structure of the crossing kernels.

14We thank Sridip Pal for discussions on this topic.
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Figure 1. The three basic crossing moves that relate conformal block decompositions in different
channels. From left to right, the moves are called fusion, modular S-transform and braiding.

To complete the calculation, we need to build the crossing kernel K, which connects
the two conformal block decompositions. A generic crossing kernel can be built from three
elementary crossing moves that go under the name of fusion F, modular S-transform 5, and
braiding B (see figure 1). These kernels are known analytically and their properties and
relations are summarized in appendix A. The process of building generic crossing kernels
from these basic moves is known as the Moore-Seiberg construction [57]. We can use these
moves to relate the conformal blocks in the necklace and OPE channel as follows:

(2.41)

(e o)
_ / P, P
,/0 PPy Spy py [PA]F pr [Pl Poﬂ Py

o0
_ / Py P} P; Pp
= /0 dP;dPsd P> Spl/pl [PS]”:P?’)Pg |:P1 PO23:| |}_P2/P2 |:P3 Po;

From this expression, we read off the crossing kernel K to be
/ ’
K(p;.py. P3Py Po.Ps} = Spyp [P3] Fpypy [,’31 }%J Fpyp, {2 igﬂ (2.42)

In the heavy limit described by (2.38), the modular S-kernel is such that asymptotically
as P, — oo,
Spyp, [P3]
S]lpl []1]

See appendix A for a derivation of this statement. The analogous relation also holds for

i (2.43)

the antiholomorphic counterpart of (2.43). This result implies that the leading contribution
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to the sum in (2.36) is given by the vacuum 1’ = 1, which corresponds to o) = 0. The
fusion kernels do not lead to an exponential suppression for o5 and o4 analogous to (2.43),
however, by virtue of the OPE coefficients Cp31 = 631 and Cryp, = dvp, we must also
set 3’ to the identity and 2’ to O3. Our analysis shows that the corrections to (2.39) are
exponentially suppressed by a factor of exp [—47‘(’ (aXP + o_zxp)}, where y is the lightest
operator in the theory that is not the identity.
Plugging our result for the crossing kernel into (2.39), we have derived the following
expression for the cyclic contraction with three external operators
Py Po,

F 2

010120202303031 = 001(9203 CO(Pla P37 PO3)

Interestingly, the result depends explicitly on the OPE coefficient Cp,0,0,. In section 3, we
will interpret this dependence from a gravitational point of view. The left-hand side of this
equation is clearly invariant under the simultaneous cyclic permutation (123) and (O O3 O3).
Although not immediately obvious, this permutation symmetry is present on the right-hand
side as well, where it follows from the tetrahedral symmetry of the F kernel (A.13).

An important check of our result is the scaling of the leading term with the Cardy
entropy. Using the asymptotic expansions in appendix A, we find that in the large-P limit,
this contraction scales as

C10,2020,3C3041 ~ 6_250(13’]5), with  Sy(P, P) = log po(P, P) (2.45)

This is precisely the scaling expected from the framework of generalized ETH. Remarkably,
we were able to find this answer using only the relation between Virasoro conformal blocks
in (2.31). This should be seen as evidence that chaotic CFTs are consistent with the
generalized version of the ETH ansatz.

2.3 Thermal four-point function

We can derive higher-point correlation functions in the ensemble of OPE coefficients by
examining thermal n-point functions. The strategy is essentially the same as for the three-
point function: first, write the thermal correlator in the necklace and OPE channels, then
derive a crossing equation using the kernel that relates the two different bases of Virasoro
conformal blocks, and finally, consider a suitable large- P limit where an identity exchange
dominates in the dual channel.

There is a crucial difference, however, between n = 3 and n > 3. When n > 3, the
resulting asymptotic formula is not dominated by a single term but consists of a sum over
the spectrum of the CFT5. The purpose of this section is to understand this sum when n = 4.
The sequence of crossing moves we consider is shown in figure 2. Following the same steps
as in the previous section, the crossing equation is given by

1

Q‘é/lv(P7]-5) = m Z 02/(91(9203/21(')304/3/(9401/4/1/ X [K{P’};{P} [K{p/}p{?}, (246)
’ 1.4/
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Figure 2. The sequence of moves relating the necklace and OPE channel for the torus four-point
function. Depicted below each surface is the corresponding trivalent diagram representing the pair-of-
pants decomposition.

where now P = (Py, P,, P3, Py). From the sequence of crossing transformations shown in
figure 2, we can read off the crossing kernel between the necklace and OPE channel blocks to be

Kipr,. . .Pygpy P} = [FPQ'PQ[ Oz "} [FP’PS[ O3 ﬂ [FP'P4{ O 1]SP P[Pyl (2.47)

We now want to simplify the right-hand side of the crossing equation (2.46) by using the
large- P asymptotics of the crossing kernel. Fortunately, we can use the same property (2.43)
of the modular kernel S that we used before. The appearance of S in the crossing kernel (2.47)
organizes the sum over the spectrum into an exponential hierarchy. So the dominant
contribution to the crossing equation in (2.46) is given by the identity exchange of 1’ with
o) = 0. Furthermore, the selection rules given by Cy4q and Cyz o, set 4 =1 and 3' = Oy.

Hence the resulting expression for the necklace OPE density is given by

QQ/(Pv P) = , pol(P P ) Z Cor (91(920(94 2/ O3 [FP/PQ { o2 PS} [FPO4P3 [ P’3 ﬂ H‘_]1P4 [PO4 Ilzﬂ 2
) (ef4mXPf4mXP) ' (2.48)

As before, we define the average in terms of the OPE density QV, after a suitable smearing
in the conformal weights:

QY (P, P) T C10,2C20,3C3054C1041. (2.49)
The result (2.48) should be seen as an asymptotic formula for the averaged value of four
OPE coefficients with a cyclic index structure.

Unlike the analog expression for three external operators, this time (2.48) contains an
explicit sum over the spectrum of the CFTs weighted by a product of fusion kernels. We will

now show that this sum leads to the following three important contractions:

o(P; 2
C10,2020,3C3054C10,1 = 00,0,0050, (l(lgl))CO(POwP17P2)CO(P(933P33P4)
6(P, — P, 2
+ 5(9104502@3 MCO(PONPM P4)CO(P021 P27 P3)
po(P2)
2
+’94(P13P2,P3,P4)’ +-- (2.50)
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The first two terms correspond to the Gaussian part of the statistics. The last contraction,
ga(Py, ..., Py), is the cyclic non-Gaussianity that appears in generalized ETH. The corrections
+ .-+ correspond to exponentially suppressed exchanges with 1’ # 1.

The first Gaussian contraction is reproduced by the crossing equation via the exchange
of the identity operator in the sum of (2.48), 2’ = 1. This identity exchange leads to
the expression

2

5(P, — P
MCO(POS,P3,P4)CO(P01,P1,P2) . (2.51)
po(Pr)

The Kronecker delta functions are due to the OPE coefficients Cy 0,0, and Cyp,0,, and

C10,2C20,3C30,4C10,1 D 00,0,00,0,

the continuous delta function arises from the fusion kernel
Fpo, P [P“ P"S} = (P — P3). (2.52)

The second contraction in (2.50) is not related to the exchange of a single state, but
it is given by the sum over states in the heavy part of the spectrum, Py > 0. For these
heavy exchanges, we can approximate the product of OPE coefficients by their corresponding
averaged value. Again, this approximation is justified as long as the heavy spectrum is
sufficiently dense. There are two contractions to consider, which differ by a phase factor:

/ 2
02’(’)1(920(942’(93 = (5(91045(92(93 + (_1)J2+J02+J01 501035@204) |CO(P57 PO1’P(92)| . (253)

Let us consider the first contraction in (2.53). If we substitute it into (2.48), and take the
continuum approximation Y7o .4 — [ dPLd P} po(Ps, Ps), then we find an integral expression

for equation (2.48). The P4, P} integrals can be performed exactly, using an integral identity
known as the pentagon identity; see equation (A.12) in appendix A.2. The result is the

second Gaussian contraction:
2

MC@(H, Po,, Py)Co(Ps, Po,, Ps)| . (2.54)
po(P2)

Note that this time the Wick contraction gives a different pairing of the external operators.

01(91 20202303(93404(94 12 501 Oy 5(’)2 O3

Next, consider the second contraction in (2.53). As we will see, it leads to a contribution to
the non-Gaussianity g4(Pi, ..., P;). The integral expression that results from this contraction
has additional phases because of the permutation of the indices,

2

Co(Py, Po,, P1) P! gin(hy+ho,+ho P Py Po, P
5(91(93 5(’3204 PO P2 PO P3 /d 2 1)["_JlP’ {pgl sz} ﬂ-_POQP3 { P’ 1} [FP’PQ [p? Pﬂ
(2.55)

Here we chose the branch (—1)‘75 = e”(hé*%), but the integral does not depend on this
choice. The integral over P} can be solved using the integral identities satisfied by B and
[ arising from the Moore-Seiberg consistency conditions. In appendix A.2, we show that
the pentagon identity can be combined with the so-called hexagon identity to give a simple

expression for the Py integral; see (A.19). The result is

Ji+JotJa+J
C10,2C20,3C3054C10,1 D 80,0500,0,(—1)71 /24 s

X CQ(P4, Pl, POQ)C()(P4, Pg, Pol)
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This is a universal contribution to the function g4(Pi, ..., Py) that defines the cyclic non-
Gaussianity in (2.48). Interestingly, comparing this result to the 65 contraction in (2.23),
we see that the two expressions are structurally very similar. The phase factors in (2.56)
can be absorbed by a rearrangement of the indices of the OPE coefficients, using (2.14). In
doing so, the 65 contraction can be analytically continued to the above formula (2.56) by
continuing two of its heavy momenta to imaginary values P — Pp € iR.

Lastly, let us derive the entropy suppression of the quartic cyclic contraction, and check
whether it agrees with the prediction of the generalized ETH. Using the asymptotic formulas
for the crossing kernels given in appendix A.3, it is easy to see from (2.56) that

94(P1, ..., Py)|* = C10,2020,3C3054Ca0,1 | ~ e 350(P.P) (2.57)

connected

thanks to the factor of 1/pg in each Cj function (see equation (A.7)). This scaling with the
Cardy entropy is precisely the answer predicted by the generalized ETH.

2.4 Generalization to higher moments

The analysis for higher moments is conceptually straightforward, as it follows the same steps
as in the previous sections. To derive an expression for the nth cyclic contraction, we write
down a crossing equation for the n-punctured torus. Fundamentally, the crossing equation
describes a relationship between two OPE densities: the necklace density Qﬁy (P,P), and a
second simpler density P,_3(P,P). In this section, we clarify this relationship and explain
how it determines the cyclic moments of the ensemble. We start with their definitions:

oN(P,,P,) == Z Cr0,2C20,3 - Cpo,1

(
ﬁ 5(P,— P))§(P; — P)), (2.58)

Pn3(Pn_s,Pp_3) == Y Co,0,1C1 052 Cinmsgy 0, 10,

po(Pr3, Py _3) v Sy

n—3
< T1 8(P. = P)s(P; — P, (2.59)
i=1
where we have use the notation Py = (Pi,...,Px). It is often more useful to represent

these densities using trivalent diagrams. To take into account the orientation of the OPE
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coefficients, we read each vertex in a clockwise orientation. Diagrammatically, we have

O, O
Py Py
oN(P,,P,) = 0Oy Oy (2.60)
Py Ps
O, Os
O3 Oy
02 On—l
Pn—S(Pn—?npn—S) - | P P ' | s (261)
O1 O,

where the red arrow indicates the orientation of the diagram and we have omitted the
antiholomorphic labels for clarity. The connection between these two diagrams is given by a
sequence of [ transforms followed by a single S move. The moves can be depicted as follows

Py Py
F P2 s
O (F) )
Pl P1 ,
Py P1
o,

(2.62)
The sequence begins with an F transform acting on the internal momentum labeled by

Py, Py, followed by Ps, P3 and so on, until we reach P,, P,. At this stage we can apply a
modular S transform to P;, P;. This completes the sequence of moves and yields a channel
that contains the density P,_3(P,P) and an additional loop. The crossing equation that
follows from (2.62) is

2
Po, P3

= /an/an/ pO(P;w ]_3;1) ’I}_PQIPQ [Pol P1:| R [FPT,LPn [P(P,:O_Ti)/llzj SP{P1 [P;L]

Thanks to the S transform in the final step of the sequence, the above integral is dominated
by the exchange 1’ = 1 in the large-P limit where P; = P + ;. The hierarchy is again given
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by the property (2.43) of the modular S transform. When 1’ = 1, the selection rules given
by the OPE coefficients Cy/r1r and C,,_1y0,, s inside the dual density set the exchanges
n’ =1 and (n—1) = O,.

Consequently, the formula when 1/ = 1 is given by

PO(Pm fjn) N
po(Pr, Py) "

X Pp—3(P},_3,P}_3)

(P Po) = [@ PP (P, 5 P )

i +0 (e*“ax”*‘mxp). (2.64)

Po, P3|, .. POn P
U'_P2’P2 {Pof PJ Fip, [Pon Pl}

On the right-hand side of this equation, the indices run from 2’ to (n — 2)’, i.e. P _4 =

(P3,...,Py_5). Here we have also evaluated the modular kernel Spyp, [P;] at Pl = P =1

and divided the left- and right-hand side by a factor of po(P, Py).

/

Identifying the density P,_3(P]_5, P/ _3) with an average of OPE coefficients, this
crossing equation takes into account all the possible contractions of

smearing

Pr—s(P},_3, P} _3) Co,0,2C20;3C30,47 - Cln2y 0,_,0,- (2.65)

Furthermore, aside from the Gaussian contractions, we also expect non-Gaussianities inside
this distribution. This gives a recursive procedure for obtaining the nth moment in terms
of lower moments.

To completely solve for the moments of (2.65) is outside the scope of this paper, however,
it is possible to find such moments using crossing kernels. Similar contractions have been
studied in the literature, see e.g. [37], and the idea is again to relate a given density to a
simpler one involving a smaller number of OPE coefficients. For the purposes of this paper, it
suffices to estimate the order of magnitude for the nth cyclic contraction, which we argue to be

19n (P, - .. Po)[? = C10,2C20,3 - - Cno,1 | ~ e~ (=DS(PP), (2.66)

cyclic
Namely, in equation (2.64), the left-hand side is explicitly multiplied by a factor of

o(n=1)So(P,P) _ 2m(n—1)(P+P)Q (2.67)

Meanwhile, the right-hand side grows at most like a power of P, P. This is because, in this
limit, the fusion kernels are not exponentially dependent on P, P but grow at most like
a power of P, P. See also appendix A.3. The saddle-point of this integral, if it exists, is
determined by the P, P-independent component

PO( %737 74173)7371—3( %737 7;#3)- (2~68)

together with the P, P-independent part of the crossing kernels. Evaluating the integrand
on the saddle P!, P!, we get at most a power-law scaling in P, P from the crossing kernels.
The result is that, in order for the right-hand side of (2.64) to be of the same order as the

—(n—1)So(P,P)

left-hand side, the cyclic contraction must be of the order of e , as claimed.
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3 Match to gravity

In the previous section, we have derived expressions for heavy-heavy-light statistical moments
by imposing crossing symmetry of the boundary CFT2 on the torus with multiple punctures.
In this section, we will match these connected contributions to new multi-boundary Euclidean
wormbholes in the dual description. To do so, we use the description of AdSs quantum
gravity with massive point particles in terms of Virasoro TQFT as explained and developed
in the recent works [12, 13]. To be self-contained, we briefly review the main elements
of this construction.

3.1 Bulk Hilbert space and Virasoro TQFT

To determine the bulk Hilbert space of pure 3D gravity with negative cosmological constant
on a 3-manifold M, consider a spatial slice X, which we take to be of genus ¢ and having n
punctures. Then the gravitational phase space consists of two copies of Teichmiiller space
T x T of ¥ [66, 67].1° Each copy of Teichmiiller space can be quantized using geometric
quantization, by introducing the line bundle of Virasoro conformal blocks on 7 [68]. The
quantum wavefunctions are holomorphic sections of this bundle [69]. Since the classical phase
space of 3D gravity is two copies of Teichmiiller space, the quantum Hilbert space consists
of two copies of the space of Virasoro conformal blocks

H(E) = Hyie(X) @ Hyie(Z) . (3.1)

We denote states in Hx by ket vectors, labelled by a choice of pair-of-pants decomposition
C of the surface X. A continuous basis of states is spanned by

(P Po)) @ | F L, (P Po) ) - (3:2)

The ‘internal momenta’ P = (P, ..., P3;_3,y) are real non-negative parameters associated
to the set of non-intersecting cycles in the pair-of-pants decomposition C, while the ‘external
momenta’ Pp = (Po,, ..., Po,) are associated to the punctures of ¥. The left- and right-
moving conformal blocks of the previous section are recovered from these ket vectors via
the wavefunction basis

FE (P Po; Q) = <Q‘fgc,n(P; PO)> ; (33)

where €2 collectively denote the moduli of X.

To make Hy, into a Hilbert space, we need to provide an inner product. The inner
product on the space of conformal blocks Hyi was determined in [12] for 2g — 2 +n > 0,'6
with the simple form

63g73+n<P _ P/)

<]:g(fn(P§PO)’fg(fn(P,§PO)> = pan(P) ) (3-4)

150One way to see this is to rewrite the Einstein-Hilbert action in the first order formalism as two copies

of PSL(2,R) Chern-Simons theory [28]. The space of classical solutions is then a subspace of the space of
flat connections A, A. This subspace is precisely the Teichmiiller component 7 x 7T, consisting of the flat
connections that give rise to a non-degenerate metric g.

16The Virasoro TQFT inner product on non-hyperbolic surfaces is ill-defined, which means that the sphere
and the torus without punctures can not be used as an intermediate slice X.
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and a similar expression for the right-moving sector with all P replaced by P. The nor-
malization factor is given by

pen(P)= Tl ro(P) II  Co(Bi, Pj, Pr), (3.5)
cuffs pairs of pants
@ (i.5,k)

where the functions po(P) and Co(P;, P;, P;) have been defined in (2.11) and (2.21), respec-
tively. One can think of this factor as the Feynman amplitude associated to the dual graph of
C, where each pair-of-pants corresponds to a trivalent vertex, and each cuff to a propagator.

The Hilbert space of Virasoro conformal blocks carries a projective unitary representation
of the Moore-Seiberg groupoid, which is generated by the elementary crossing moves depicted
in figure 1, together with all the Dehn twists around the cycles in C [57]. This means
that an element 712 that maps the cycles in C; to those in Ca, can be represented by a
unitary operator!”

[F& (P Po)) = Ulna) - [FE4(P:Po)) (3.6)

The fact that UTU acts as the identity (up to a phase) then shows that the normalization
factor pgn(P) in (3.5) is independent of the choice of pair-of-pants decomposition.
Having described the space of states, one can now use the fact that pure 3D gravity is
a topological theory to compute amplitudes for any 3-manifold M. Namely, one postulates
the usual TQFT axioms for cutting and glueing along intermediate slices >3;, associating
a Hilbert space Hy, defined by (3.1) to each slice. The partition function |Zyi,(M)|? on a
3-manifold with n boundaries OM = [J;_; ¥, is then a state in the product Hilbert space

H<k01 2k> = é HVir(Ek)(X’T\/ir(zk) (3.7)

whose expansion coefficients in the basis (3.2) are determined by the glueing prescription of
the bulk 3-manifold. This construction was named the Virasoro TQFT [12].18
To obtain the full 3D gravity partition function from the Virasoro TQFT on a manifold
M with boundary OM, one still has to sum over the modular images of the boundary mapping
class group, quotiented by the bulk mapping class group of M,
Zgar(M) = > | Zyie(M)]. (3.8)

MCG (M)
RSl VieleIev))

The quotient is well defined because for hyperbolic 3-manifolds the bulk mapping class group
maps injectively into the boundary mapping class group. Again, we refer to [12] for the
detailed prescription and subtleties. Instead, we now work out a simple example of the above
formalism which will serve as the blueprint of the more general wormhole computations
in sections 3.3 and 3.4.

17A generating set for the unitary operators U(v) can be found in appendix A. The generators are the
S-transform of the once-punctured torus (A.6), the F-transform of the four-punctured sphere (A.4), and the
braiding move B (A.1), which were constructed explicitly in [43, 44].

8The Virasoro TQFT shares some similarities to the state-integral models based on quantum Teichmiiller
theory [70-74]. However, the latter requires a triangulation of the hyperbolic 3-manifold into ideal tetrahedra,
which is not needed to define the Virasoro TQFT.
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Figure 3. Glueing along the inner torus boundaries in blue produces the punctured-torus wormhole.

3.2 Example: torus one-point wormhole

Consider a 3-manifold with two asymptotic boundaries that are each a once-punctured torus.
The simplest topology connecting the two boundaries is the Maldacena-Maoz wormhole [2]
(generalized to punctured surfaces in [67]). It is topologically ¥ 1 x I, and can be constructed
by taking two solid tori, carving out a solid torus from the interior of each, and glueing the
two manifolds along their inner torus boundaries. We add boundary punctures, which extend
into the bulk as trajectories of conical defects. The procedure is illustrated in figure 3.

In the Virasoro TQFT, this produces a state

/OOOdeP <f1nner P PO ‘ 1nner PI PO > ‘ outer P PO >®‘ outer PI;P@)>, (39)

where the hatted kets are normalized by the factor in (3.5),

] (P; Po) > = pon( ] (P;Po > (3.10)

In the case of the one-holed torus, we have one internal cycle P, one vertex, and one external
momentum Pp (recall figure 1b), so the normalization factor evaluates to

p1,1(P) = po(P)Co(P, P, Po). (3.11)

Using the inner product (3.4) to evaluate the overlap between the states on the inner
boundary and going to the wavefunction basis (71| ® (72| gives the following amplitude for
this particular wormhole topology:

Znn(T1,72) = /0 dP po(P)Co(P, P, Po) Fi1(P; Po; m1)Fi1(P; Po: 7). (3.12)

We have dropped the superscript ‘outer’, as the inner boundaries have now been glued together
to form the bottleneck of the wormhole. The torus conformal blocks are given by a trace
over the descendants of a primary state with holomorphic conformal weight h = % + P2,

F11(P; Po;7) = Ty (g™ 2 0). (3.13)

The full gravity partition function is then given by the product of the left- and right-
moving sector, summed over boundary mapping class group transformations as in (3.8). In
the example of the Maldacena-Maoz wormhole that we are considering, this modular sum is
only over relative modular transformations of one of the boundary tori:

2
Zgrav('rla T1; T2, 77_2) =
'yEPSL(Q 2)

/ dP po(P)Co(P, P, Po) F1,1(P; Po; 1) Fi1(P; Po; vy - 72)

(3.14)
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The reason to include a Poincaré sum over only the mapping class group of one of the torus
boundaries, is that the TQFT amplitude (3.12) is already invariant under simultaneous
boundary modular transformations

T — 7Y T1, 7'2—>’)/_1-T2, (3.15)
similarly to what has been found for the torus wormhole in [75]. This is should be seen
as part of the bulk mapping class group, which is gauged. To see the invariance explicitly,
recall that the T transformation acts by multiplication by a phase, while 7! acts with
the complex conjugate. To prove invariance under the S transform, we need to use the
following identity [35]:

po(P)Co(P, P, Po)Sprp[Po] = po(P")Co(P', P', Po)Spp[Pol, (3.16)
together with the idempotency relation satisfied by the S-kernel,!”
/O T AP Sp, p[PolSpm[Po) = €™205(Py — Py). (3.17)
It is then an easy exercise to show that indeed
Zvie(S - 11,87 1) = Zvie(T1, 7). (3.18)

Let us remark that the sum over relative PSL(2,7Z) images in (3.14) can be understood
as a sum over bulk topologies. Namely, we could have glued the inner boundaries in figure 3
with a relative mapping class group transformation v of the splitting surface ;1. Since the
Virasoro TQFT carries a projective representation of the mapping class group, the TQFT
partition function on this new wormhole topology is found to be

oo
| dPAP (Fer (P o) UG | FI (P Po)) | P4 (i Po) ) © | FEit (P Po))

" (3.19)

A general element v € PSL(2,Z) can be decomposed as some word in the generators S
and T, which in turn are represented by the S-kernel and T acting on the blocks. Evaluating
the integrals in the same way as before, we see that each term in the modular sum (3.14)
arises from a wormhole of this type. This defines a PSL(2,Z) family of Maldacena-Maoz
wormbholes, related to the ‘diagonal’ wormhole (7 = 1) by Dehn surgery.?’ The simplest
non-trivial example, v = .5, corresponds to a wormhole which is topologically the punctured
Hopf link, described in more detail in [13].

Finally, we note that the gravitational computation (3.14) can be matched to the ETH
prediction in the boundary CFTy, which is given by the connected average of a product of
thermal one-point functions. Suppose we use the Gaussian ansatz

C101Ca02 D 612 Co( Py, P1, Po)Co(Py, Py, Po) (3.20)

YRecall that [S] = [S™'] as conjugacy classes in PSL(2,Z), while 5! = ¢ ™25 as operators in the
TQFT.

20In section 4.1, we will see an example of a similar construction where higher genus wormholes of the
form (3.19) are not part of the boundary modular sum. The reason that it does hold for the once-punctured torus
wormbhole is that the mapping class group of the torus coincides with its set of Moore-Seiberg transformations.
For more general higher genus surfaces this is no longer true.
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for the universal OPE two-point density. This is the leading contraction in the OPE ensemble
described in section 2. Then we obtain for the average product of torus one-point functions

(0)7,(0)7, = 201010202 F11(Pr; Po; 1) F11(Pr; Po; 71) Fi.1(Pa; Po; m2) Fi.1(Py; Po; )
12

o] 2
/0 dPpo(P)Co(P, P, Po)Fi.1(P; Po: 1) Fi (P; Pos m2) (3.21)

~
~

where in the second line we made the continuum approximation 32, ; ~ [ dPdPpy(P)po(P)
for the heavy states. We also used that Cypg; = 0 and assumed that the light spectrum
was sparse enough to neglect its contribution to the sum over states. Note that the integral
is strictly above the black hole threshold h = 3t + P2, P > 0, consistent with [76]. In a
previous work [23], we showed that the saddle point of the integral is also above the black
hole threshold when the conformal dimension of O is in the conical defect range.

We see that the above Gaussian approximation matches to the diagonal wormhole
(v = 1) in the modular sum (3.14). In order to see the modular images, which we argued
to come from wormholes with non-trivial bulk topology, we have to add corrections to the
Gaussian ansatz (3.20). For example, in order to reproduce the contribution coming from
twisting the torus wormhole with a relative S-transform (i.e. v = S), we need to add the
off-diagonal contribution

Co(P1, P, Po)Sp,p,[Po] |2
po(P2) ’

Indeed, one easily checks that this reproduces (3.19) with U(y) = S. This same non-

Cr01C202 D (P # Py) (3.22)

Gaussianity was recently argued for in [13] by studying a three-punctured sphere wormhole
with a tangle of conical defect lines. It can also be derived from a genus-two crossing equation
in a modified dumbbell channel, where the two dumbbells are linked. Note that this non-
Gaussianity is exponentially suppressed compared to the Gaussian contraction (3.20), due
to the factor po(P)~!, in accordance with the ETH expectation.

3.3 Three-boundary wormhole

In order to extend the above discussion to the case of generalized ETH, we now set out to
construct new wormhole topologies with multiple asymptotic boundaries. In this section, we
assume each boundary component is a once-punctured torus, with an external operator O
inserted at the puncture. The boundary operator insertions correspond to massive heavy
particles propagating in the bulk; these insertions make the geometry on-shell, as opposed
to the case of multiple-boundary torus wormholes without punctures, which are always
off-shell geometries [49].

We have seen in the previous section that higher, non-Gaussian, statistical moments may
depend on non-universal data, like the structure constant Copeo appearing in (2.39). We will
regard these ‘light data’ as input in the gravitational computation. The bulk Virasoro TQFT
will then only make use of the heavy intermediate states. The first non-trivial example will
be the three-boundary amplitude obtained in (2.39).

The three-boundary wormhole topology M3 can be described by the following Heegaard
splitting, illustrated in figure 4. Namely, take a pair of genus-two handlebodies M}, and M5,

— 27 —



Figure 4. Heegaard splitting of the three-boundary wormhole.

with punctured boundary surfaces 35 ; and £ ,. Carve out a pair of solid tori from M}, each
passing through a different handle of Mj,. Carve out a single solid torus from ME,, going
through both handles of M§,. This produces two compression bodies X“* with boundary

oxt=x5,unihusy, axR=xf Uk (3.23)

Now, connect the puncture of X§ ; with a bulk Wilson line to the puncture of the boundary
torus Xf |, and connect the puncture of X5 ; to the punctures of E%}l and Efl via the three-
point vertex of Wilson lines. We can deal with three-point vertices in the Virasoro TQFT by
blowing up the vertex to a three-punctured sphere, with the correct normalization [12]

P(92 P O2

1
Po.  — G Po, . 3.24
! CO(P017P027PO3) ! ( )

POg PO3

The normalization is chosen such that the three-punctured sphere wormhole evaluates to
the Co(Po,, Po,, Po,) formula. See also [77, 78] for the semiclassical computation of a three-
point vertex of conical defect lines in AdSs3. For simplicity, we take all external operators
equal, Pp, = Po.

As a next step, we glue the genus-two boundaries to each other. In principle, the
identification can be made with any element v of the mapping class group of the genus-two
splitting surface. For now, we take the identity element v = 1, commenting on the more
general case later. The glueing is represented in the Virasoro TQFT as an overlap between
punctured genus-two conformal blocks, with the following assignment of internal momenta:

Po

Py
- -
GRZHE < e ‘ > (3.25)
P1 P2 P3

The resulting 3-manifold Mj after glueing has three once-punctured torus boundaries,
and one bulk three-point vertex (which, as explained above, can be seen as a three-punctured
sphere boundary with a different normalization).?! This is illustrated in figure 5. Hence the

21We thank Lorenz Eberhardt for insightful discussions on this construction.
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Figure 5. The Heegaard splitting described in this section leads to a three-boundary torus wormhole,
whose conical defect lines meet in a bulk three-point vertex. The bulk has non-trivial topology (not
shown in this figure), arising from the glueing of genus-two handlebodies.

Virasoro TQFT partition function is a state in Ho3 ® H%i’, whose expansion coefficients are
determined by the overlap of conformal blocks defined in equation (3.25),

o ~ 3 ~
| Zyie(Ms) ) :/O AP1APydPy (Ff1|FS1) [Fos(Po, Po, Po)) @ |Fia(Ps Po)).  (3.26)
i=1

The notation for the normalization factors of the hatted states is the same as in (3.10). The
overlap can be computed explicitly by applying crossing moves on the conformal blocks that
bring the bra and ket to the same channel,

(@) (@) o
Fip Fp,pr /

3.27)
We applied the fusion move on two internal edges to transform the sunset channel into the
dumbbell channel with the correct position of the external momentum. Next, we can use the
inner product on the space of conformal blocks given by (3.4) to compute the overlap

o0 PP PP Fo Fo
(Fi|Fs1) = / dPdP’ [Fﬂp[ ’ 3} [Fpgp,[ 0]
) ) 0 P3P3 P3P3 POP(D PP,

_ (5(P1 — P3)(5(P2 — Pg) F |:P3 P3:| F {Po Po:|
p0(P3)2po(Po)2Co(Ps, Py, Po)?Co(Po, Po, Po) 1o Psps) 0 | Py by |’
(3.28)

Plugging this into our formula for Zvy;.(M3), we obtain a single integral over a variable Pis,
which we relabel as P. If we also plug in the normalization factors of the torus one-point
block (3.11) and the three-point vertex (3.24), we obtain after some simplifications:

’ZVir(M3)> = CO(POaPOaPO)/O dP Co(P, P, Po) [FP@P[igi]
x | Fo3(Po, Po, Po)) ® | Fi.1(P; Po))®’. (3.29)

In arriving at this answer, we used the relation (A.7) between the fusion kernel Fyp and
the three-point function Cy, as well as the identity satisfied by the fusion kernel under
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swapping the internal indices:

Frp, [P]? P,?} Frop {1;2 §:|

p0(Po)Co(P, P, Po)Co(Po, Po, Po)  po(P)Co(P, Po, P)Co(P, Po, P)

(3.30)

Having found the Virasoro TQFT partition function, we can write down the gravity
amplitude for the three-boundary wormhole constructed in this section. Namely, we multiply
by the right-moving component and go to the wavefunction basis for the dependence of
the conformal blocks on the moduli. So, before summing over mapping class group images,
the gravity partition function is:

2

(o) 3
Co(Po, Po, Po) / AP Co(P, P, Po)F pop [76] T[ 71 (P: Poi i)
0 i=1

(3.31)
Here we used that the three-punctured sphere has no moduli and is normalized to (Q|Q) = 1.
The three-point function of the external operator has factored out, and the integral over the
torus one-point blocks is weighted by two crossing kernels. To get the full gravity answer, we
still have to sum the result (3.31) over the modular images of each of the boundary tori, up
to large bulk diffeomorphisms; but we will defer this point to the discussion section.

CFT, prediction. We now check that the three-boundary wormhole amplitude (3.31)
matches to the CFTs ensemble prediction. In section 2.2, we found the formula for the
cubic moment of heavy-heavy-light OPE coefficients, (2.40). We can use this to compute the
average product of thermal one-point functions in the generalized OPE ensemble,

3 2
(0)7,(0),(0) 7y = > ChonCronCron [ | ’f1,1(h; ho; i) (3.32)
o =1
2
C T dPpo(P Co(P, P, Po)F pop |27] 8 Fi1(P: P,
~ ooo/o po(P) 0 (P) Z:Hl 1,1(P; Po; 7i)

(3.33)

As before, we approximated the sum over states by keeping only the states above the %

threshold, for which we can replace the density of states by the universal smooth density
po(P). We see that in order to match to the gravity answer, we have to multiply both sides
of equation (3.32) by Copp, and then identify

Choo = Co(Po, Po, Po)Co(Po, Po, Po). (3.34)

This is an analytic continuation of the universal result for the square of heavy OPE coefficients

to the conical defect regime, where he is smaller than % but does scale with ¢. On the

left-hand side of the equation, this means that the OPE average simply factorizes between
the heavy and the light operators:

COOO<O>71 <O>7'2 <O>7'3 = Cooo <O>7'1 <O>7'2 <O>7’3' (3'35>
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Again, this is expected based on the idea that the sub-threshold states should not be averaged
over. The ensemble should only treat the heavy OPE indices statistically, while the external
light operators are fixed to a non-random input value.

An important check to make on the wormhole amplitude (3.31) is that the integral has a
saddle point above the black hole threshold. The saddle-point equation can be accessed at
high temperatures by using the large-h asymptotics of the crossing kernels, derived in [35, 59]:

log Co(P, P, Po) ~ —M%h +hologh + O(1), (3.36)
PopP] 1
log F p, p PZP} ~ Shologh+O(1), (3.37)
_B8
Fiilhshos7) ~e =51 | 2 1 o (n )| (3.38)
’ n(32)

which hold asymptotically as h — oo with ho fixed. The saddle-point equation is therefore

d [3 c
_ | = 1 — — — = U. .
o {Qho ogh ,/6h 3Bh] 0 (3.39)

Here we took all 7; = % equal to simplify the analysis. This is solved by
c |ho 1-— \/1 + 36,32(ho/hc) Be
=—|— , he=—. A4
h 24 [hc + 1832 h 12 (3.40)

Expanding the square root to second order in 2, and demanding that the saddle point is
above the black hole threshold, one finds the constraint

c

ho > 36" (3.41)
This linear scaling with ¢ (but still below threshold) is expected for external operators O
that create a conical defect in the bulk [11]. In this regime, the three-boundary wormhole
partition function has a saddle point above the black hole threshold. The saddle-point action
e~ Sen—shell is positive and of the order S(h*) ~ ¢, in line with [79].

The fact that the gravity partition function (3.31) matches the CFTy ensemble an-
swer using the cubic non-Gaussianity derived in section 2.2 is a non-trivial check that the
gravitational theory correctly captures the statistics of the boundary OPE data. In the
following subsection, we give another example of a wormhole that captures a non-Gaussian

moment in the OPE ensemble.

3.4 Four-boundary wormbhole

As a next application, we construct the four-boundary wormhole M, that contributes to the
connected OPE average of the product of four torus one-point functions

(0)1(0)(O0) 75 (O) . (3.42)

The wormhole can be described topologically by the genus-three Heegaard splitting
shown in figure 6. Namely, take a pair of once-punctured genus-three handlebodies M§, and
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Figure 6. Heegaard splitting of the four-boundary wormbhole.

M§,. Denote their boundary surfaces by X, and Xf , respectively. Drill out three solid
tori from M}, each passing through a different handle. Also drill out a single solid torus
from Mg, going around all handles of M&,. The result of this procedure is two compression
bodies XbR, whose boundary is

Xt =35, ustiususE, oxR=3xf Uk, (3.43)

Next, connect the punctures of Efl and Efl by a Wilson line through the bulk of the
left handlebody. Also connect the punctures of Efl and 2'571, as well as the punctures
of £§, and ¥},, by bulk Wilson lines (drawn in red in figure 6). Finally, identify the
genus-three boundaries with opposite orientation, twisted by a mapping class group element
v o€ MCG(EgJ)Z

=R
EI?:,l ~ry B3 1 (3.44)

We will take v = 1 for now, and comment on the more general case v # 1 in the discussion.

To fully specify the handlebodies, we have to assign a set of cycles on the boundary that
become contractible in the bulk. Since the Virasoro TQFT assigns a state to each boundary
given by the corresponding Virasoro conformal block, specifying a set of (non-)contractible
cycles is equivalent to specifying the channel decomposition C of the genus-three conformal
block. The specific choice of C, Cr that determines the Heegaard splitting in figure 6 is
given by the following overlap

The dual cycles, which specify the pair-of-pants decomposition of the genus-three surface, are
drawn in yellow. The identity exchanges are drawn as grey dotted lines. We have specified
the Liouville momenta using the simplified notation 1 = P; and similarly for P, Ps, P;.
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The four-boundary wormhole partition function is then a state in the product Hilbert
space H%f, with expansion coefficients determined by the above overlap:

| Zyie(My) ) = /Doo a'P (Fk

]:3(f?> é ’]?1,1(131'; PO)>- (3.46)
i=1

The normalization of the hatted states is given by (3.11) as before. We will compute the
overlap by applying a sequence of crossing moves to bring the bra and ket to the same
channel, and then use the inner product (3.4).

First, we apply a fusion move on the interior four-holed sphere of C, to get rid of the
over-under crossing:

O\ (9_
AN

O

@ O

_ * Py P, P P
_ /0 AP Fup |70 10| BR, p, (3.47)

(@) @) O

—mi(hp—2ho)

where the braiding phase is given by BS o Po = € We then apply a fusion move on

one of the legs of the four-holed sphere to bring the bra state into the following form:

o B
c > P
T3 = /0 dPFap (oo Bhors S (3.48)
Ps Py
Py
o0 o R prlo
_ /0 APAP' Fap [P o] BE, p, Frop[127] o (3.49)
Ps
P,

Next, we turn to the ket state. We again perform a sequence of fusion moves to bring the
conformal block into the same channel as (3.49). The result is

o
-7:36,5{ = P4 :/o dsidsg Fyg, [;ngﬂ Fis, [iﬁﬁﬂ 51 T) 52 (3.50)

Py Py Py

o
— Py P, Py P, Py P, o S3
- /0 dsidsadss Fs, [pi Pﬂ Fis, [pi Pﬂ F Pyss Lfsﬂ .
Py
Py

(3.51)

As the conformal blocks are now in the same channel, we can compute the overlap (3.45).
The delta functions in the inner product (3.4) set the following internal momenta to be equal,

81:SQZP@, 83:P, P/:P4:P3:P2:P1, (352)
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so there is only an integral over P left. Including the correct normalization, we find

(Ft

F) = /OOO AP Fap| 2 e Bhopo Fror 11 50] Faro | i | Faro [f i | Fror [ 2 1]
" 0(Py — Py)d(Py — Py)d(P3 — Py)
p3.1(P) '

(3.53)

The normalization is determined by assigning a factor of pg to each internal line and a factor
of Cy to each vertex of the conformal block diagram, giving

p3.1(P) = po(P)po(Po)?po(Py)" Co(Py, Py, Po)>Co(Py, Py, P)Co(Po, Po, P). (3.54)

The result can be simplified significantly by swapping the internal indices of the fusion kernel
Fp,p — Fpp, using the formula (A.15). The integral over P can then be performed by
combining the hexagon and pentagon equation, see equation (A.19).

Substituting this result for the overlap into the wormhole amplitude (3.46), we obtain:

S 9 oo ®4
‘ZVir(M4)>:e ; dPy Co(Py, Py, Po)*Fp,p, {pg P‘j] ‘]—'171(P4;P@)> . (3.55)

As a final step, we take the inner product with (71| ® - - - ® (74| and multiply by the right-
moving sector. We also assume that the spin ho — ho of the external operator is an integer.
This then leads to the 3D gravity partition function (before summing over modular images):

Owd :

00 4
/0 dPy Cy( Py, Py, PO>2 Fp,p, [Ifé iﬂ H .7'—171(P4; Po; ;)
(3.56)

i=1
The picture on the left-hand side is a cartoon of the wormhole topology described in this

Z grav

section. Namely, the boundary consists of four once-punctured tori and the Wilson lines
cross inside the topologically non-trivial 3D bulk.

As before, the full gravitational answer includes a sum over boundary mapping class
group transformations, modulo bulk diffeomorphisms. Again, it is not immediately clear
what is the precise group of large bulk diffeomorphisms to quotient by. This point will be
addressed more generally in the discussion section.

CFT; prediction. We will now show that the partition function ZgraV(M4) is indeed the
one predicted by the OPE ensemble of the boundary CFT5. Consider the product of four
torus one-point functions. Expanding in conformal blocks, the OPE average becomes

4 2
(0)7,(0)7,(0)r,(O)r, = Y Cr101C202C303C04 || ‘f1,1(Pi;Po;Ti) (3.57)
=1

1,2,3,4 =

The fully connected, non-Gaussian, cyclic contraction derived in section 2.3 sets all indices
equal, P, = P, = P3 = P;. Using the asymptotic formula (2.56) for the quartic moment,
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we obtain the generalized ETH prediction??

F Py Po| 4
nere ) 1711 (Ps, Poi ) ! (3.58)

pO(P4) i=1

(0)71(0)2(0)ra (O |eyepie = Y |Co(Pa, i, Po)?
4

The contribution from the identity in the sum over hy, hs evaluates to zero, since
Co(1,1, Po) = 0. If we assume the spectrum only contains the identity plus heavy states,
we can take the continuum limit

S o / dPydPy po( Py, Py) (3.59)
4£1 0

with pp the universal Cardy density of states. Doing so precisely reproduces the gravity
answer obtained in (3.56) for the four-boundary wormhole.
3.5 A recipe for arbitrary n

The previous two sections give a recipe for how to generalize the construction to torus
one-point wormholes with an arbitrary number of boundary components. The product of
one-point functions gives rise to the OPE average

C101C202 - Cpon. (3.60)

The fully cyclic contraction (2.66) sets all internal indices 1,...n to be equal. On the gravity
side, this means we should get a single integral over the Liouville momentum P. To achieve
this, we mimic the strategy of the previous sections. Schematically, the recipe is:

1. Take a pair of genus n — 1 handlebodies.

2. Drill out n — 1 once-punctured tori from one handlebody, and a single once-punctured
torus from the other. The single torus traverses all handles, so that the conformal block
inner product sets all internal momenta equal.

3. Let the external Wilson lines traverse some topologically non-trivial path in the interior
of the compression body. When n is odd, allow the Wilson lines to interact in a
three-point vertex.

4. Glue the genus n — 1 boundary surfaces, possibly after some twist ~.
We invite the reader to work out an example to make this schematic recipe more concrete.

However, already at n = 5 and n = 6 there are many more choices and the calculations
quickly get involved.

22Here we used the fact that Jy is an integer to discard the phase (—1)*74 =1 present in (2.56).
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4 Generalized OPE randomness hypothesis

In the previous subsection, we have restricted our attention to once-punctured torus worm-
holes, which capture the statistical moments of heavy-heavy-light OPE coefficients. As
explained in the introduction, these statistics precisely coincide with the generalized eigen-
state thermalization hypothesis (ETH) for the matrix elements of the light external operator
O between high-energy eigenstates.

It was conjectured in [10] that OPE coefficients with only heavy indices should also
be distributed randomly. This was dubbed the ‘OPE randomness hypothesis’ and can be
seen as a generalization of ETH to chaotic CFTy. In that work, only a Gaussian ansatz
for the statistics of Cygng was explored. However, by now it is clear that non-Gaussianities
should be included also for all-heavy OPE statistics, which can lead to contributions to CFT
observables whose order competes with the Gaussian contractions [36].

An example where the non-Gaussian statistics contribute at the same order as the
Gaussian contraction is found in the second moment of the genus-two partition function.
Subtracting the disconnected contribution, we will study the variance

Zg=2(Q, Q) Zy—a (U, ) — Zy—(Q, Q) - Zyea(V, Q). (4.1)

If we denote the moduli €2 by three ‘inverse temperatures’ 31, 52, 53 and perform the analytic
continuation 8; — (; + 4T, the resulting average is an example of a generalized spectral form
factor, introduced in [80]. As we will review in section 4.1, the variance of the genus-two
partition function receives a leading non-Gaussian contribution from a contraction that was
derived in [36] from crossing symmetry at genus three. We refer to this non-Gaussianity as
the ‘65 contraction’ because of its close connection to the Virasoro 65 symbol [20].

More generally, one can consider arbitrary products of genus ¢ partition functions:
these probe the higher moments of the heavy-heavy-heavy OPE coefficients, and their
non-factorization signals the presence of higher non-Gaussianities in their statistics. Such
non-Gaussianities in turn imply the existence of new Euclidean wormholes in AdS3 gravity.
These will be constructed explicitly in section 4.2 for the second moment of the genus-two

partition function.

4.1 The 65 contraction

As a first place where non-Gaussian statistics for Cygyg may appear, consider the product
of genus-two partition functions, both expanded in the sunset channel. This contains four
heavy-heavy-heavy OPE coefficients. The OPE average leads to a non-factorized answer:

1,2,31/,2/.3/
3 T —
=3 3 ()X UHIIC, 2 | oo (P Q) Fi o (P 2.
1,2,31/,2/.3'
(4.3)

In the second line, we used the transformation rules for OPE coefficients under permutation
of the indices and their reality conditions. The typicality assumption from section 2 asserts
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that all possible index contractions should contribute to this average. Among these, there
are the contributions from the identity in the intermediate channels, which trivially give
a factorized contribution. For the non-identity heavy states, there are also the Gaussian
contractions, which set 123 = 1’2’3’ and lead to non-factorization.??

However, there are also many non-Gaussian contractions. One important non-Gaussianity
was called the ‘skyline’ contraction in [36]. It is a connected contraction, proportional to the

67 symbol of the Virasoro algebra [12, 20, 43], so we will refer to it here as the ‘65 contraction’:

123
C123C56C11913 Cyrsrg |6j = 514521/534’556’562’53’5’ \/C123C156C263’C33’5 {3/ 5 6} : (4'4)
67

Here we used the useful shorthand notation borrowed from [13],
Cijr. = Co(P;, Pj, Py)Co(P;, P, Py), (4.5)

and the 65 symbol for the Virasoro algebra Vir x Vir is defined in appendix A. The above
contraction can be derived in a way similar to the general procedure of section 2, using
modular invariance and crossing symmetry of the genus-three partition function. The relevant
crossing moves are shown in figure 4 of [36].

We can use the relations between the 65 symbol, pg, Cp and F summarized in appendix A
to write the 65 contraction in terms of crossing kernels only:

P6P5 P4P5 P6P4
17 pop) 2P oy T P52 | Py

2

) _
C123C156C264Ca5 | ; = € 2im1 So(Pi ) (4.6)

where the microcanonical entropy is So(P, P) = log po(P, P). This rewriting demonstrates
that the entropic suppression of the 65 contraction is stronger than the Gaussian contraction.
Nonetheless, the 65 contraction may contribute at the same order as the Gaussian contraction
if the pattern of delta functions sets less internal indices to be equal.

A second feature of the 65 contraction is that the combination of crossing kernels in (4.6)
enjoys a full tetrahedral symmetry under permuting the momenta P;. This is illustrated in
figure 7. As explained in [45], the tetrahedral property is actually a special case of the more
general pentagon equation imposed by the Moore-Seiberg consistency conditions.

Thirdly, we note that the formula (4.4) coincides with equation (2.56) derived in sec-
tion 2.3, if we analytically continue P» and Ps to the conical defect regime. This is surprising,
because the two results were derived from different crossing equations: one from the genus-
three partition function, and the other from the torus four-point function.?* A similar
phenomenon arises for the quadratic moment, where the crossing equations on the four-holed
sphere, two-holed torus and genus-two surface all lead to analytic continuations of the same
universal function Co(P1, P, P3) [35].

23As shown in [11, 12], applying the Gaussian contraction to (4.2) and making the continuum approximation
for the high-energy spectrum gives the partition function of the Maldacena-Maoz wormhole, whose topology is
2270 x I.

2Diagrammatically, the 65 contraction and thermal four-point function may be related by deforming the
skyline diagram to an ‘exchange’ diagram with a single crossing, as shown in figure 7. To get from diagram 7(b)
to 7(c), one has to perform two permutations on the OPE coefficients of (4.4), which explains the phase factor
in equation (2.56). Cutting the edges 2 and 5 then gives the OPE diagram of the torus with four punctures.
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5

(a) (c)

Figure 7. The ‘skyline’ channel decomposition of the genus-three partition function (a) can be
thought of, diagrammatically, as a three-dimensional tetrahedron (b) with edges labelled by Liouville
momenta P, ¢ = 1,...,6. The smooth function appearing in the quartic non-Gaussianity (4.4) has the

same symmetries as this tetrahedron. The diagram can equivalently be drawn as a crossing partition
of an ‘exchange’ diagram (c) between four operators, modulo phases.

Let us now apply the 65 contraction to the averaged product of genus-two partition
functions:

Zg:2(Q7 Q)ZQZQ(Qla Q/) |6j

=> > (—1) 2D 012301'2/3/023103/1'2'|6j | F5o(P; Q) F5 o (P Q)2 (4.7)
1,2,31/,2/,3"

Co(Py, Py, P3)?
_ E AT AL eV o

1,2,3,4

2
} Fyo(P1, Py, Ps; Q) Fso(P1, Py, P3; Q)| (4.8)
P P3| ’
where in the first equality we used the cyclic permutation symmetry Choz = Caz1 = C312. In
the second equality we defined s = 2J; + 2J3 + Jo + Jor € Z and relabelled 2° — 4. The 6;
contraction has set 1 = 1" and 3 = 3/, so there are four sums remaining. In the continuum
approximation >, — [dPdP po(P, P) we see that one of the factors of the density of states is
cancelled by the factor of pg(P2) in the denominator of the 65 contraction. So this particular
contraction is competing with the Gaussian contraction. A rough estimation of the size of
this non-Gaussianity was given in [36], and it was indeed found that it is of the same order as
the Maldacena-Maoz contribution. Therefore, a wormhole saddle should exist in 3D gravity
that captures this behaviour. We will now show how to construct this wormhole.

4.2 Non-Gaussian genus-two wormbhole

There is a large class of Euclidean wormholes in 3D whose boundary consists of a pair of
genus-two surfaces. These genus-two wormholes are distinct from the usual Maldacena-Maoz
wormbhole, and capture the non-Gaussian statistics of (Cpyp)*. We first describe their topology
and compute their exact partition function, and then we match these to the CFT5 prediction.

Consider the genus-two Heegaard splitting illustrated in figure 8. The construction is by
now familiar: we take a pair of compression bodies and identify the inner boundaries after
acting with an element ~ from the Moore-Seiberg groupoid on the genus-two splitting surface:

L,inner <R inner
Z2,0 ~y E2,0 : (4-9>
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Figure 8. Heegaard splitting of the non-Gaussian genus-two wormhole.

This results in a two-boundary wormhole M., whose Virasoro TQFT partition function is a
state in the tensor product Hyi,(X2,0) @ Hvir(X2,0). The state is determined by the matrix
element of the operator U(y) that implements the Moore-Seiberg transformation,

2O = [ aPE P (Fie(P)

V() | B (P)) [Fspt(P)) | Fsgtr(P1).
(4.10)

Here we denoted d>P = dP;dP»dP3 and P = (Py, P, P3). The states are genus-two conformal

blocks in the sunset channel. The normalization of the hatted state is as in (3.10), with

p2,0(P) = po(P1)po(P2)po(P3)Co(Pr, Py, Ps)?. (4.11)

Note that the structure of the partition function is the same as the example of the torus
one-point wormhole in section 3.2. However, a crucial difference is that the homeomorphism
~v does not have to be an element in the mapping class group of the boundary genus-two
surface: it can be any element of the Moore-Seiberg group (which is in general larger than the
mapping class group). In particular, v is allowed to change the type of ‘stick figure’ diagram
of the conformal block, for example taking the sunset to the dumbbell channel:

[ O=0-10 (412

In other words, the wormhole M, need not arise as a modular image in the (relative) boundary

modular sum, as it was the case for the torus one-point wormhole.

The above procedure gives an infinite family of wormhole partition functions, one for each
choice of v, which should all contribute to the quartic OPE average. Our task is therefore
to find the v that matches the leading approximation to C{yyy predicted by the boundary
ensemble. It turns out that the Moore-Seiberg element that reproduces the boundary

computation in the previous section is given by one fusion move and two braids,
v=BolFoB. (4.13)

The fusion move acts on the middle leg of the sunset conformal block as in (4.12). The
braiding moves perform a half-twist also around the middle leg of the sunset diagram.
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Using the inner product (3.4), the matrix element of U(y) can be evaluated explicitly:

ool -(CDr-CD)

PP o(Pf — P4)d(P3 — 1)
= dP, [BP1P3U.— SHBhs : - 415
/ A PPy [P p,| 5P po(pl/)po(pé)po(Pg)Co(P{,P2’7Pé)2 (419)

inner
(7

We now substitute our result into (4.10) to obtain the Virasoro TQFT partition function.
From there, the full 3D gravity partition function is calculated by taking the product with
the right-moving sector and going to the wavefunction basis (2] ® (€’|. Doing so gives

Zgrav(M'y) -

o
/0 d*P po(P1)po(P2)po(Ps) Co(Py, Py, P3)* B Fpyp, [5‘2] Bp, ™
, (4.16)

x Fyo(Pr, Py, Py Q) F3o(Py, Py, P3; Q)

Let us compare this answer to the boundary computation (4.8). Firstly, the braiding
phases, together with their right-moving counterpart, give the total phase factor
[ngg [Bglpg [E%Pg[égﬁg — omilJatJa) = mi(2]142J3) (4.17)
This precisely reproduces the phase factor (—1)® in (4.8), if we assume the spin of the heavy
operators to be quantized. As a last step, we swap the internal indices of the [ kernel using
the formula (A.15). Then we see that the gravity partition function exactly matches the
continuum limit of the averaged product of genus-two partition functions (4.8) in the CFTs.
In conclusion, we have been able to match a particular non-Gaussian contraction, which
was predicted by typicality, to a novel Euclidean wormhole. This contraction highlights
the importance of non-Gaussianities, as gravity naturally captures their contribution in the
sum over topologies. Even though in the microcanonical ensemble these non-Gaussianities
—-S

are exponentially suppressed in the e expansion, their imprint on the variance of CFT

observables can contribute at leading order due to the non-trivial index structure.

5 OPE statistics and light matter

So far, we have discussed the gravitational interpretation of OPE statistics coming from
crossing equations where the identity dominates in some channel. However, there are crossing
equations where the identity exchange vanishes in the microcanonical window. In these
circumstances, one must consider non-identity exchanges of light matter. In this section, we
comment on the effects of massive particle exchanges on the statistics of OPE coefficients,
and give a geometrical interpretation using the Virasoro TQFT.

We will narrow our focus to a single subthreshold operator, x, and assume this operator
is sufficiently massive to create a conical defect in the bulk. For simplicity, our discussion
will be centered on the genus-two crossing equation resulting from the sequence of moves in
figure 9. Following the arguments of sections 2.2 and 2.3, the sequence of moves in figure 9
leads to the following equation for the density of OPE coefficients

—_— 1
Cr120933 = ———- Crror3:Clrya
po(P,P) 1,22,;),

2
(5.1)

Spip [P2ISp P [Pﬂ[FP’Pz[ g ﬂ
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Figure 9. Crossing moves relating the genus-two block in the dumbbell (left) and sunset (right)
channels.

Note that this is the opposite order of the sequence of moves that was used to derive the Cy
formula from the genus-two partition function [35]. The exchange of the identity P, 3 =1

in this sum gives the contraction

C112C%33 D = (5.2)

which follows from Fg» 31| = 6(P, — ). For hy above the black hole threshold, this
contribution always vanishes. So the leading term in the heavy limit, where Py 23 = P +0123
and P — oo, is given by the exchange of the lightest scalar above the vacuum, 3',1" = x and
2/ = 1.%5 This term leads to the inclusion of the following contraction in the statistics,

2

S T2 P
PPy [P2]SP P | Q]CO(P%PXvPX) ' (5.3)

Ch112C933 D
s po(P1)po(Ps)

A few things to note about this contraction are the following. In the heavy limit where
P 23 — oo and the differences P; — P; are fixed, this moment scales as (see eq. (3.14) in [36]):

Cr12C333 ~ e—%So(P,P)—47r(aXP+&X}5)‘ (5.4)

This is to be compared to the scaling of the contraction (3.22) that comes from an identity
exchange in a different channel. In this heavy limit, the contraction (3.22) is of the order

250(P,P ), which is exponentially suppressed with respect to (5.3). This means that the

of e”
leading statistics in the microcanonical window in this heavy limit are given the exchange
of the x operator.

In the Virasoro TQFT, considering massive particles in the bulk allows us to include
Wilson lines that do not extend to the asymptotic boundary. Instead, they wrap around
some of the non-trivial cycles in the manifold. One of these geometries is dual to the

contraction given in (5.3):

C112C233 D (5.5)

25Gee [80] for more details on this analysis.
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This is a wormhole between two 3-punctured spheres, with a collection of Wilson lines creating
conical defects in the bulk. The Wilson lines labelled by Liouville momenta P;, P», P3 are
anchored to the boundary, whereas the Wilson loop x wraps around the Wilson lines 1 and 3.

To evaluate this amplitude in gravity, we first insert fictitious identity lines and solve
for the resulting tangle using crossing transformations:

= [ ap.ap Fan [ 2 Fan 5] €

(5.6)
Topologically, what this equation is saying is that we cut along two 4-punctured spheres,
one surrounding the tangle of momenta P, and P;, and the other surrounding P, and
P3. This creates a pair of states of four-point identity blocks in the Virasoro TQFT. We
then apply a fusion move on each identity block and glue back the resulting balls into the
wormhole geometry.
We can undo the braiding of Wilson lines using the following relation

} té — o2mi(hs—hy) >s t-/ _ (5.7)
S A

After these two moves, we can identify the expression inside the integral as the following
wormhole amplitude

Fp,p, [I;X I;X} Fp,p, {IIZX I;X}
= - " Fos) ® | Fos). 5.8
po(P2)2Co(Py, Pa, Py ) [Fo3) ® [Fo3) (5:8)

The next step is to solve for the integrals over the momenta P; and P;. These two integrals
can be solved by using the consistency condition at genus one and two punctures (A.16) and
the complex conjugate of this expression.?® The answer is
o2mihy—mihs
po(P13)

The final result is the following amplitude for the wormhole,

/0 T AP E [heps]Fep [ ] = Fip [ SpopslP. (59)

2

Sp, p;[P2]Sp, P, [P2] 2

po(P1)po(Ps)

_ e—m’(hQ—ﬁQ) Co(Ps, Py, Px)

(5.10)
The reality condition on the OPE coefficient C112 = C112 = (—1)72C19; implies that Jo =
hy — hy is an even integer, meaning that (—1)’2 = 1, matching exactly to (5.3).

*By taking the complex conjugate of (A.16) and using the fact that Sp, p, [P2]* = e_thSpol [P:], we can

solve for the integral weighted by the phase e~2™ht,
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Figure 10. A handlebody with a genus-two boundary whose filling is the outside region of the
three-sphere. On the left, the cycle labeled by P, is contractible in the bulk. On the right, the same
cycle is confined by the Wilson line P, .

The above derivation is a ‘microcanonical’ bulk interpretation for the statistics of a
product of OPE coefficients C129C533. However, we can also study the canonical version
of the above argument, in which the OPE coefficients are summed over in the genus-two
partition function. This can be seen geometrically as the thickening of the Wilson lines in
the amplitude (5.5), which become cylinders, and lead to a handlebody with a genus-two
boundary. We can picture a handlebody as a filling of a genus-two surface, where a set of
cycles becomes contractible. Equivalently, a handlebody can be seen as the complement of
the filled-in genus-two surface in the three-sphere 5. This is illustrated in figure 10a). It is
clear from this figure that the P» cycle is contractible in the bulk.

Any cycle in the genus two surface that is contractible in the bulk corresponds to an
identity exchange in the boundary partition function. Moreover, we cannot have a non-zero
momentum state P # 1 propagating through the corresponding channel. However, if we
modify the bulk geometry to include a massive point particle, the fundamental group is
modified accordingly and the P» cycle becomes non-contractible. This is shown in figure 10b).
In this sense, we view the massive particle as confining the P, cycle and thereby allowing high
temperatures in this channel. This gives a gravitational interpretation of the dependence of
P, in the statistics of the dumbbell OPE contraction C122C533. Note that this dependence
is only through the conformal dimension of x, and does not depend on the OPE coefficient
Chryy @s it is the case for the thermal one-point function [42].

5.1 Geometric insight into the corrections

Now, we would like to offer a geometric understanding for the validity of the crossing equations.
So far, we have only explored crossing in the limit where the identity exchange dominates.
The corrections to the identity exchange are encoded in the asymptotics of the crossing
kernel via the relation

Kp/ p

—0, as P—o00, P #1 (5.11)
Kip
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in a given large-P limit. The rate at which this ratio goes to zero is usually exponentially
fast in |P|, rendering the corrections to be ‘non-perturbative’. In this section, we would
like to point out that there is a simple geometric picture that aligns with the asymptotic
properties of crossing kernels and gives a physical interpretation to the formulas we have
been discussing until now.

For simplicity, we restrict our discussion to the genus-two partition function and the
crossing equation in (5.1). When integrating the density of OPE coefficients C112Ca33 against
the dumbbell channel conformal blocks, the two contractions in (5.2) and (5.3) yield the
vacuum block in the sunset channel and the block with momenta P, = P3 = P,,

Zys(,) = / AP po(P, P') Cr1zCass FOo(P; Q) FLy (P; ) (5.12)

= -7:68,2(1717 139)]};0(171; 1§Q) + f65:2(PX717PX; Q)]':is,o(an 17PX;Q) o

Intuitively, we understand that the genus-two partition function is well approximated by
these two blocks, albeit the second block is exponentially suppressed with respect to the
first one, whenever we are in a corner of moduli space () where the genus-two surface looks
like an elongated union of three cylinders:

Li, T Ls, T
1,T1 3,73 (5.13)

Q= (L17L2a L37 7-137—277_3)

Roughly speaking, one can think of each of these cylinders as carrying a modulus g; for
1 = 1,2, 3 describing the length of the cylinder which corresponds to Euclidean time evolu-
tion. When the length of the cylinder goes to infinity, this effectively zooms into very low

—BH creates an exponential hierarchy weighted

temperatures, 5 — oo, and the operator e
by the energy of the states. Here, to be more precise, we will parametrize the moduli 2
using the Fenchel-Nielsen coordinates of Teichmiiller space. These coordinates specify the
lengths of the cuffs L3 and the gluing twists 7123 of the pair-of-pants decomposition.
These coordinates are not unique as there are multiple ways to decompose a Riemann surface

into pairs of pants. For example, we could also have chosen the lengths I~/1’273 and twists
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71,2,3 associated to the dumbbell channel,

L277~—2

I~1177~_1 1‘337’7_3 . (514')

Q = (L, Lo, Ly; 71, 72, 73)

Remarkably, the maps that relate the coordinates €2 and Q) are known in closed form.
Similar to how crossing kernels are constructed, maps that connect two coordinate systems
in Teichmiiller space can be derived from two basic relations found by Okai [81]:%7

1. The first relation connects the lengths L, L; and twists 7,, 7 of the four-holed sphere,

Ly Lo

Ly Lj
Ka(eg — 1) = 1€y + L3ly + 0y (5153 + 6254) + COSh(Tb)A14(€b)A23(€b), (5.15)
(53 — 1)&, — U1y — lobs — £, (6153 + 5254)
cosh(r,) = , 5.16
(7e) A13la) Asalla) (516)
where I
f;=cosh o and  Ay(0) = VE+GE+E 2001 (5.17)

With the sign of 7, is given by —sgn(7).

2. The second relation connects the lengths and twists of the punctured torus,

*"In the original work of [81] there is a misprint in the formula for 7’ for the one-holed torus. The correct
formula for the torus can be found in [82]. Additionally, there is a misprint for 7, in the sphere four-point
function as presented in [82]. Formula (5.20) of that paper is missing two apostrophes in the analogue of

A (0).
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where

b+ 202 —1
¢ = cosh T) U 1
cosh( 7 e (5.18)
' h?(Z) (o + 202 — 1) — 2(£2 — 1
cosh<T> =/ C(Q)S (5)(6 + ) =X ) . (5.19)
2 cosh”(%) (o + 202 — 1) + (L2 —1)(€p — 1)
Again, sgn(7’) = —sgn(7), and the curly notation ¢ indicates the hyperbolic cosine of

half the length, ¢ = cosh(L/2) as before.

Using these two relations, we can write down the change of coordinates between any two
pair-of-pants decompositions. Here we are going to focus on the case where all twists are
zero. (One can check that the formulas above allow for 7 and 7’ to be zero simultaneously.)

One of the properties of the modular S, p[F] in the limit where P, Py — oo and Py = z P,
with fixed x, is the following asymptotic formula?®

/
SO‘val [xP] -~ e—27r(2—a:)aXP’
9y

0<z<2, P = oo 5.20
Sypr[1] (5.20)

We discuss this formula in appendix A. From (5.20), one can see that as z — 2, we lose the
exponential hierarchy in the crossing equation that this kernel controls, as states with positive
momentum « are no longer exponentially suppressed. This is evident in the asymptotic
formula (5.1) for the mean C112Ca33, where the exponential suppression is governed by this
kernel. The failure of this hierarchy simply means that the sunset identity channel is no
longer the dominant contribution to the genus-two partition function in this regime of moduli
space, and thus, one cannot ignore the effects of light operators in the crossing equation.

We can explain the breakdown of the crossing equation (5.1) geometrically using Okai’s
formulas. The asymptotic formula for the dumbbell channel coefficients C112Ca33 applies
when I~/17273 — oo and Li 23 — 0. That is, heavy states in the dumbbell channel but light
states in the sunset channel dominate the amplitude. More precisely, we are going to consider
the region of moduli space where the lengths L, L and Ls are large, maintaining a constant
ratio Loy / ELg = z. Using formula (5.18), we can derive a relationship between L; and El, Lo
when 1123 = Ti23 = 0,

cosh(L1>2 _ cosh(%) + 2cosh<%)2 - 1‘ (5.21)
2 2cosh(%)2 -2

As I; — 0 and [:172 — 00, this equation reduces to
140 (1) =el3™ V0 £ 140 (e71), (5.22)

which can only be satisfied when x < 2. This gives a geometrical explanation of the asymptotic
behaviour of the modular S-kernel (5.20). Since the S-kernel determines the exponential
hierarchy between the identity and light states, Okai’s formulas give a precise regime of the

28We thank Henry Maxfield for discussions on this formula.
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parameters where we can trust the identity approximation. It would be interesting to further
explore these formulas and use them, for example, to understand the phase diagrams of
higher genus Riemann surfaces. These diagrams have been investigated numerically, as in
the case of the genus-two partition function [83]. However, Okai’s formulas offer a simple
geometric perspective.

6 Discussion

In this paper we explored the consequences of typicality and the ETH in the context of
AdS3/CFTsy. The typicality assumption discussed in section 2, together with the consistency
conditions of the CFTy give a complete description of the moments of the ensemble of OPE
coefficients. Notably, the ensemble of OPE coefficients necessarily contains non-Gaussian
contractions in order to satisfy crossing symmetry at higher genus. We presented several
analytic formulas for the moments of this ensemble and matched each of these contractions
to an on-shell bulk topology in 3D gravity. The crucial technical tool was the Virasoro
TQFT [12, 13], which allowed us to compute the full gravity partition function of each topology.

In the last part of this paper, we studied the effects of light matter on the statistics of
the CFT. We showed that exchanges beyond the identity can be modeled in the Virasoro
TQFT by considering Wilson lines in the bulk that do not reach the asymptotic boundary.
We also gave a geometric interpretation for the asymptotic expansion of the modular S-kernel
by analyzing the shape of the torus with one boundary using the Fenchel-Nielsen coordinates
of Teichmiiller space.

We conclude here with some open questions and future directions.

The sum over saddles. The full set of crossing equations provides an infinite family of
constraints on the ensemble of OPE data. Each of these crossing equations can be studied
in a limit where the identity dominates in some channel. The expectation is that a single
crossing equation, evaluated on the identity contribution, corresponds in the bulk to a single
on-shell geometry. In sections 3 and 4, we gave examples of this correspondence, between
particular crossing equations of thermal correlators and distinct multi-boundary wormhole
saddles. However, an important open problem is to prove or disprove such a one-to-one
mapping in generality.

The difficulty lies in the fact that the sum over bulk 3-manifolds with arbitrary boundary
components has not been classified. This should be contrasted to the Maloney-Witten-Keller
partition function [49, 50], for which the full sum over 3-manifolds with a single torus boundary
is known in the form of a modular sum. Already in a simple example we can see that this
story does not generalize to more complicated boundary conditions. Namely, suppose the
boundary consists of 2 once-punctured tori. In section 3.2, we described a PSL(2,Z) family
of Euclidean wormholes filling in the bulk, which arose as relative modular images of the
Maldacena-Maoz wormhole. We can easily construct an example of a hyperbolic 3-manifold
with the same asymptotic boundary conditions that is not part of this PSL(2, Z) family. An
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example can be constructed by the following genus-two Heegaard splitting

(6.1)
where 7 is a (pseudo-Anosov) element of the genus-two mapping class group that is not an
element of the PSL(2,Z) subgroup. Moreover, one could go on and construct higher genus
Heegaard splittings, with increasingly complicated gluing maps v € MCG(3,).

This example shows another important technical obstacle for enumerating the sum over
saddles. Namely, it is well known that the Heegaard decomposition of a 3-manifold is not
unique. Since we want to count each on-shell topology only once, it is important to have
a method to distinguish whether two Heegaard splittings give rise to the same topology.
This would amount to finding a variant of the Kirby calculus [84], adapted to the language
of the Virasoro TQFT.

The leading saddle point. We would like to point out that for multi-boundary wormholes,
there is no simple way to determine which geometries are the leading contributions at large c,
in the sum over saddles. For closed (or cusped) hyperbolic 3-manifolds there is the volume
conjecture, see [13, 85-87], which posits that the on-shell action is given by the central
charge times the hyperbolic volume of M. Therefore, at large ¢, these contributions are
ordered according to their volume, and for closed, once-cusped and twice-cusped hyperbolic
3-manifolds the smallest-volume manifold is known (respectively: the Weeks manifold, the
figure-8 knot complement and the Whitehead link complement). However, for 3-manifolds
with more than two boundaries, there is no proof for a manifold of smallest hyperbolic volume.
For infinite volume hyperbolic manifolds with asymptotic boundaries, the on-shell action is
proportional to the renormalized volume. For more than two asymptotic boundaries, with a
set of boundary moduli, it is also not known which 3-manifolds are the dominant saddles.
It is likely that different contributions can exchange dominance as the moduli are varied.
As a concrete question about the results in our paper, we could ask whether there exists a
three-boundary wormhole that is leading over the wormhole we constructed in section 3.2.
The answer is provided by the dual CFT, where a clear hierarchy exists.

Bulk mapping class groups. Virasoro TQFT is a useful tool in the computation of 3D
gravity path integrals. However, the full gravity answer includes a sum over boundary
mapping class group transformations, modulo the mapping class group of the bulk 3-manifold.
Notably, the full MCG-sum is not holomorphically factorized. For finite-volume hyperbolic
3-manifolds M, the bulk mapping class group is finite, as a consequence of Mostow-Prasad
rigidity [88]. It coincides with the outer automorphism group of the fundamental group of M.
However, determining the bulk MCG and the quotient of the boundary MCG is a non-trivial
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task in general. In particular, we have not been able to determine the correct “modular
sum” for the three- and four-boundary wormholes constructed in section 3. Clearly, such
a modular completion is necessary in a consistent duality map, since the average is taken
over a product of modular covariant torus one-point functions.

Inclusion of light matter in the spectrum. In section 5, we initiated the study of the
imprints that light matter fields have on the statistics of OPE coefficients. Usually, in pure
gravity, such contributions are ignored, and the spectrum is taken to be the vacuum module
plus the black hole spectrum. However, it is likely that a pure theory of gravity needs to
be amended by the inclusion of sub-threshold states in order to render the density of states
non-negative [51, 53]. Such sub-threshold states either create conical defects, when their
conformal dimension scales with ¢, or correspond to Wilson lines in the bulk. We showed
that the Virasoro TQFT can describe Wilson loops with arbitrary conformal weight, that can
wind non-contractible cycles in the bulk 3-manifold without anchoring to the boundary. We
expect that this is the general mechanism by which the bulk theory incorporates light matter
corrections to the OPE statistics, similar to the ‘Wilson spool” proposal of [89]. However,
from the CFT point of view, it is rather difficult to input a light spectrum that is consistent
with crossing symmetry. To preserve crossing, one has to include a family of discrete states
with weights h, h < (¢ — 1)/24 that correspond to the so-called ‘double-twist’ operators, and
a continuum of states above h,h > (¢ — 1)/24. Moreover, it would be interesting to examine
the consequences of including light matter in a more conventional sense, like the inclusion
of a light scalar field in a non-trivial bulk topology.

Relation to tensor models. In this paper, we derived the moments of OPE coefficients
using only the modular invariance and crossing symmetry of the CFT. It would be interesting
to verify if these moments match those of the tensor model described in [20]. In their work,
the authors developed a tensor model intended to represent a set of approximate CF'T data.
Given that their model is consistent with crossing in a triple scaling limit, we anticipate a
match between the two approaches [90]. However, this match requires a careful analysis of
the Schwinger-Dyson equations of the tensor model. One advantage of the tensor model is
that it provides insight into spectral correlations. Unfortunately, these correlations are not
sufficiently constrained by crossing and seem to require additional input, either through the
non-perturbative completion of these moments via the tensor model or from gravitational
off-shell partition functions. Another interesting question is what the tensor model predicts
for mixed correlations between the operator average and the spectral average, and whether
these correlations can be detected in the bulk.

Using Virasoro TQFT for non-hyperbolic manifolds? One open question about the
Virasoro TQFT is whether a finite TQFT amplitude always implies the existence of a complete
hyperbolic metric in the bulk. It appears that certain non-hyperbolic 3-manifolds also admit a
finite amplitude. For example, the trefoil knot complement is known to be non-hyperbolic [84]
and it is homeomorphic to the mapping torus ;1 X, S1. where the punctured torus is
twisted by an element ¢ = ST of the mapping class group PSL(2,7Z). The corresponding
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partition function is a trace in the TQFT Hilbert space, evaluating to??
S8 .
Z(S1 %y S1) = / AP Spp[Py] e~ 271" (6.2)
0

This integral is rendered finite by an ie rotation of the P contour. This leaves the possibility
that there are other ‘off-shell’ topologies that are also accessible using the Virasoro TQFT.

Off-shell topologies and spectral statistics. In this paper, we only considered the
statistics of OPE coefficients, ignoring any statistical variants in the distribution of conformal
dimensions. Relatedly, we only described on-shell solutions of the gravitational path integral,
which in Euclidean signature are hyperbolic 3-manifolds. There is at least some evidence
that the spectral statistics can only be captured by going off-shell. For example, in a series
of papers [75, 91, 92] Cotler and Jensen constructed a family of constrained instantons that
describe the universal ‘ramp’ in the spectral form factor. This is a hallmark of quantum chaos
and presents the CFT analogue of Berry’s diagonal projection, as shown in [93]. Although
the status of such off-shell contributions and the rules how to incorporate them are unclear,
it is evident that non-trivial spectral statistics have to be present. This is simply due to the
fact that the microscopic spectrum is discrete, and not po(P). The outstanding question is
whether this discreteness can be detected by the (semi-classical) gravitational path integral,

or whether it requires a more complete microscopic description like string theory.
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A Elementary crossing kernels

In this appendix, we review the properties of the elementary crossing kernels of Ponsot and
Teschner [43, 44]. There are four basic moves that act on conformal blocks:

e Braiding. The braiding move acts on conformal blocks as a multiplicative phase factor:

Pl \_/ P2 Pl \,% P2

In this paper, we define the orientation of this braiding phase as
By =™, and B, = (B ) (A:2)

where the Liouville momentum is related to the conformal dimension via h; = % + P2.

2%We thank Lorenz Eberhardt for discussions on this topic.
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e Dehn twist. The composition of two braiding moves leads to a Dehn twist:

\
.

Py P

. RPIPopP2P3 __  —27ihy __
Tp, = BRI P2BRePs — o=27ihs —

e Fusion. The Virasoro fusion kernel acts on the four-holed sphere conformal block as

Py

P2 P3 v P2

(- [ arefa

P1 P4 /\ Pl

(A4)

Analytic forms for the fusion kernel can be found in [45]. It satisfies the symmetry
properties
Fpp: {}zﬁiﬂ =Fpp L]ziiﬂ =Fpp L}Zgiﬂ (A5)

¢ Modular kernel. The modular S-kernel acts on the one-holed torus conformal block as

Py P =/ dP' Spp/[Ry] Py
0

As with the fusion kernel, this kernel is known in closed form as an integral expression [45].

A general element v of the Moore-Seiberg group can be constructed by combining the
above basic moves, acting on embedded surfaces g4, X171 and Yo 3 in a given pair-of-pants
decomposition of the Riemann surface defining the conformal block.

A.1 Special values

The fusion and modular kernels are meromorphic functions of their arguments, with a known
pole structure [59]. At special values, corresponding to degenerate representations of the
Virasoro algebra, the kernels simplify. We will only need the expressions for the degeneration
of some arguments to the identity 1, corresponding to P = g Here we simply state the
resulting formulas.

Py Py
Then the fusion kernel reduces to the C formula:

¢ Fusion kernel. Take [Fp/p[PSPZ} and set P’ = 1. Also take P = P and P3 = Pj.

Fip [P“”Pl} = po(P)Co(P, P, P3). (A7)

P3 Py
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Alternatively, consider the limit where one of the external momenta is taken to the
identity, Py = 1, and suppose P> = P’. Then the fusion kernel evaluates to a Dirac
delta function:

Fpp [?g} = (5(P — Pl). (AS)

This should be understood in the sense of distributions inside integral expressions.

o Modular kernel. Take Sp/p[Py] and consider the limit Py = 1. Then the modular
kernel takes a simple form

Sp/p[ﬂ] = 2\/5008(47TPP/). (Ag)

which is simply the S-kernel for non-degenerate Virasoro characters.

If we simultaneously want to take Py — 1 and P’ — 1, we have to be more careful.
Namely, the integral representation of the S-kernel only converges when %Re(ao) <
Re(e/) < Re(Q—3ap). So to study this limit, one instead uses the shift relation satisfied
by the S-kernel, see for instance [94] and [35]. Taking P’ = 2(b™! —¢), Py = i(Q/2 —¢)
with € — 0 of this shift relation gives

Sap[1] = 4V2sinh(2rbP) sinh (276~ P) = po(P). (A.10)

¢ Relation to the 6j symbol. Combining the degenerate values of the fusion and
modular kernel, resp. Cy and pgy, with the general fusion kernel [, gives a formula for
the 65 symbol of the Virasoro algebra Vir x Vir:

F Pg Py
123 1 P5P2[P1P3]

= Co(Pr1, P5, Ps)Co(Ps, Ps, Py A1l
{4 5 6}6j V/C123C156Ca64Caa5 ( )Gl ) po(F2) (A1)

Here we have included the normalization factors Cio3 = |Co(P1, P, P3)|?, and the
absolute value squared signifies the product with the antiholomorphic counterpart. One
reason to consider the 65 symbol instead of the fusion kernel, is that the 65 symbol
enjoys tetrahedral symmetry, as indicated by the diagram in figure 7(b).

A.2 Integral identities from consistency conditions

We make frequent use of integral identities satisfied by the modular and fusion kernels. These
identities can be derived from the Moore-Seiberg consistency conditions, as was extensively
reviewed in [45]. Here we quote some of these identities for completeness.

¢ Pentagon equation:

T L B P e e

This identity is derived by imposing crossing symmetry of the five-punctured sphere. A
consequence of this identity when so = 1, s1 = P3, Py = P; is the tetrahedral symmetry
of [:

Faoy [0 | Frisa[252] = Frvss [1 22 Fasa [25]- (A.13)
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e Hexagon equation:

/ APB A E s, p[ 25| B Frw [0 BO™ = Fos [3272] (A.14)

Py Py

This equation follows from a sequence of braiding and fusion moves of the four-punctured
sphere conformal block.

e Swapping internal indices:
P3 Py P3 Py
[FPP/ {Fh P1i| [FPIP [PQ P1:|

po(P")Co(Pr, Py, P')Co(P2, P3, P') — po(P)Co(Pr, Pa, P)Co(Ps3, Py, P)

(A.15)

This formula follows from a degeneration of the pentagon equation, where one of the
external operators is taken to be the identity.

¢ Relation between S and [:

Fap |50 Sy py [P]
/ dP[Fﬂp Pl”?]([B ) Fpp [gfgﬂ = { po(}Pz) . (A.16)

This is derived from a crossing equation on the twice-punctured torus.

By combining the hexagon and pentagon equation, we can also evaluate the integral over
three fusion kernels and one braid. Namely,

/ dP[BPOP@ Fop |:P(9Po:| Fpyp, [P4 o} Fpp, [lfj:ig} (A.17)
hexggon/o dPdP' [BPoPo [F]IP|: } Fpop, |:P4 Poi| [BPoPo Fppr |:P4 PO:| [BP4P(9 Fpp, {Po P4} [BP4P(9
P [ 4 1| Frop [ B Frer [ e BELP.

We can now use the fact that the fusion kernel simplifies to a delta function if one of the
external operators is the identity,

Frop [f270] = 8(P' — Py), (A.18)

as well as the expression for the braiding phase ([B};;“PO)2 e~2miho to derive the following

integral identity, which is used at several points in the main text:
¢ Penta-hexagon equation:
N A _ 7271' h N
/ dP B p, ﬁp[ ] F o p, [P Po} Fpp, [1134532] — ¢~2mihof [P " ] Fp,py [’;fjgo]
(A.19)

A.3 Asymptotic formulas for the modular and fusion kernels

Lastly, we collect several results regarding the asymptotic behaviour of the fusion and modular
kernels when a subset of parameters is taken to be heavy. Many of these results can be found
in the literature, see for example [35-37, 59]. In the formulas, we will use the convention
that P — oo, the variables x; are fixed and positive, and the rest of the parameters are
kept fixed in the limit.

,53,



e Fusion kernel. The formulas that are relevant for this paper are:

3
log Co(x1 P, 29 P,x3P) = < —4 Z 22 log(2z;) (A.20)
i=1
+ Z (z1 + ey + e3w3)% log |11 + exwy + €3.Z‘3|>P2 —mQ(x1+22+123)P + O (log P)
62,63::|:1
log Co(Py, x1 P, 2o P) = ( — 4z%log(2x;) — 423 log(2x5) (A.21)
+ 2(xq 4 22)? log(z1 + x2) + 2(x1 — x2)? log(x, — xg))P2 —mQ(x1 + z2)P + O (log P) ,
logFp,pys, [;ﬁiigﬂ = [hz + hg —hy —2(61 — d5) (04 — 55)] log PO (1) (A.22)
log F s, prs. | 17, "7 | = 2061 + 85— 8. = 61)(8, — 6) log P+ 0 (1), (A.23)
27

log [ pts,, Prs. [gigjiigj = 2(ds — 0;)Plog % +0(1). (A.24)

¢ Modular kernel. The relevant formulas are

log SP/P[P(J] = 271'(@ — 20[/)P + ho lOgP +0 (1) , (A25)

logSpp[zP] = %( — 22 log(x) 4 (x — 2)?log |z — 2| + (z + 2)* log(z + 2) (A.26)

7Q% +1
6

- 810g(2)>P2 +7(2—2)(Q —2a")P + ( — 4h’> logP+0(1), 0<z<2.
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