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Abstract

This dissertation is dedicated to the study of positivity phenomena for the coefficients of
the chromatic symmetric function of a graph. This function was introduced by Stanley in 1995
as a generalization of the chromatic polynomial of a graph. Stanley considered the expansion
of the chromatic symmetric function in terms of various bases of symmetric functions, and
conjectured the positivity of its coefficients in the basis of the elementary symmetric functions
in the case of the incomparability graphs of (3 + 1)-free posets. The conjecture has not yet
been proven, but has been checked for small graphs, and proven for certain families of graphs.
The strongest general result in this direction was obtained by Gasharov. He proved a weaker
statement, Schur positivity of the incomparability graphs of (3 + 1)-free posets. The strongest
result on the positivity of the coefficients in the basis of the elementary symmetric functions
was obtained by Stanley, who proved the positivity of certain sums of these coefficients by
linking them to acyclic orientations of the incomparability graph.

In this thesis we give a new proof of Gasharov’s theorem, which presents a combinatorial
interpretation of the Schur-coefficients in terms of planar networks. Compared to Gasharov’s
proof, it gives a clearer visual illustration of the cancellation procedures and is quite similar in
spirit to the proof of monomial positivity of Schur functions via the Lindstrém—Gessel-Viennot
Lemma. This construction led us to reconsider another idea of Stanley: instead of working
with the chromatic symmetric function of a graph directly, we analyze certain analogs of the
symmetric functions attached to graphs.

We introduce a new combinatorial object: the correct sequences of unit interval orders, and
using these, in certain cases, we succeed to construct combinatorial models of the coefficients
appearing in Stanley’s conjecture. Our main result is the proof of positivity of the coefficients
Cp—k,1ks Cn—2,2, Cn—3,2,1 and cyk jn—2k Of the expansion of the chromatic symmetric function in
terms of the basis of the elementary symmetric polynomials for the case of (3 4 1)-free posets.



Résumé en francais

Cette theése est dédiée a I’étude de phénomeénes de positivité pour les coefficients de la fonc-
tion chromatique symétrique d’un graphe. Cette fonction fut introduite par Stanley en 1995
comme généralisation du polyndéme chromatique d’un graphe. Stanley a considéré I’expansion
de la fonction chromatique symétrique en terme de diverses bases de fonctions symétriques, et
conjecturé la positivité de ses coefficients dans la base des fonctions symétriques élémentaires
dans le cas du graphe d’incomparabilité des posets (3 + 1)-libres. La conjecture n’a pas encore
été prouvée, mais a été vérifiée pour de petits graphes, et prouvée pour certaines familles de
graphes. Le résultat général le plus fort dans cette direction a été obtenu par Gasharov. Il
a prouvé un résultat plus faible, la positivité de Schur pour le graphe d’incomparabilité des
posets (3 + 1)-libres. Le résultat le plus fort sur la positivité des coefficients dans la base
des fonctions symétriques élémentaires a été obtenu par Stanley, qui a prouvé la positivité
de certaines sommes de ces coefficients en les liant & des orientations acycliques du graphe
d’incompatibilité.

Dans cette thése nous donnons une nouvelle preuve du théoréme de Gasharov, qui présente
une interprétation combinatoire des coefficients de Schur en terme de réseaux planaires. Com-
parée a la preuve de Gasharov, elle donne une illustration visuelle plus claire des procédures
d’annulations et est relativement similaire en esprit & la preuve de la positivité monomiale des
fonctions de Schur via le lemme de Lindstrom-Gessel-Viennot. Cette construction nous a mené
a reconsidérer une autre idée de Stanley : au lieu de travailler avec la fonction symétrique chro-
matique du graphe directement, nous analysons certains analogues des fonctions symétriques
attachées aux graphes.

Nous introduisons un nouvel objet combinatoire : la bonne séquence d’ordres d’intervalle
unité, et en les utilisant, dans certains cas, nous réussissons a construire des modéles combina-
toires des coefficients qui apparaissent dans la conjecture de Stanley. Notre principal résultat
est la preuve de la positivité des coefficients c,,_j 1x, cn—2,2, Cn—3,2,1 €t cor 1n—2x de I'expansion
de la fonction chromatique symétrique en terme de la base des polynoémes symétriques élé-
mentaires pour le cas des posets (3 + 1)-libres.



1 Introduction

1.1 Stanley’s chromatic function

Let G be a finite graph, V(G) - the set of vertices of G, E(G) - the set of edges of G.

Definition 1.1. A proper coloring ¢ of G is a map
c: V=N

such that no two adjacent vertices are colored in the same color.

For each coloring ¢ we define a monomial
c __
T = H Le(v)s
veV

where z1, 29, ..., Zp, ... are commuting variables. We denote by II(G) the set of all proper colorings
of G, and by A the ring of symmetric functions in the infinite set of variables {xy,z,...}.
In [2], Stanley defined the chromatic symmetric function of a graph.

Definition 1.2. The chromatic symmetric function Xg € A of a graph G is the sum of the
monomials z¢ over all proper colorings of G:

XG = Z €.
cell(G)
Definition 1.3. Denote by e, the m-th elementary symmetric function:
€m = Z Tiy Ly eee " Ty s
11 <i2<...<im

where i1, ..,4, € N. Given a non-increasing sequence of positive integers (we will call these parti-
tions)

)\:()\12/\222>\k)> Ai €N,
k
we define the elementary symmetric function ey = [] ey,. These functions form a basis of A.
i=1
For a natural number k, we denote by 1* the partition A of length k, where
AM=X=..= =1

Definition 1.4. A symmetric function X € A is e-positive if it has non-negative coefficients in the
basis of the elementary symmetric functions.

Definition 1.5. Denote by p,, the m-th power sum symmetric function:

m
Pm = § Z; .

i€N
Given a partition A = (A\y > Ao > ... > Xg), we define the power sum symmetric function
k
px = [] pa;- These functions also form a basis of A.
i=1

Definition 1.6. Given a partition A = (A} > Ay > ... > \;), we define the monomial symmetric
function N N
M = Z Z Iill ' xizl Tt xi:’
11 <12<...<ik A'eSk(A)

where the inner sum is taken over the set of all permutations of the sequence A, denoted by Si ().

Example 1.7. The chromatic symmetric function of K,, the complete graph on n vertices, is
e-positive: X, =nle,.



Definition 1.8. For a poset P, the incomparability graph, inc(P), is the graph with elements of
P as vertices, where two vertices are connected if and only if they are not comparable in P.

Definition 1.9. Given a pair of natural numbers a,b € N2, we say that a poset P is (a+b)-free if
it does not contain a length-a and a length-b chain, whose elements are mutually incomparable.

Definition 1.10. A unit interval order (UIO) is a partially ordered set which is isomorphic to a
finite subset of U C R with the following poset structure:

foru,weU: us=wiff u>w+1.

Thus v and w are incomparable precisely when |u — w| < 1 and we will use the notation v ~ w in
this case.

Theorem 1.11 (Scott-Suppes [1]). A finite poset P is a UIO if and only if it is (2 + 2)- and
(34 1)-free.

1.2 Stanley’s e-positivity conjecture.

Stanley [2] initiated the study of incomparability graphs of (3 + 1)-free partially ordered sets.
Analyzing the chromatic symmetric functions of these incomparability graphs, Stanley [2] stated
the following positivity conjecture.

Conjecture 1.12 (Stanley). If P is a (34 1)-free poset, then Xinc(py is e-positive.

For a graph G let us denote by c)(G) the coefficients of X¢ with respect to the e-basis. We
omit the index G whenever this causes no confusion:

XG = ZC)\G)\.
A

Conjecture 1.12 has been verified with the help of computers for up to 20-element posets [6].
In 2013, Guay-Paquet [6] showed that to prove this conjecture, it would be sufficient to verify it
for the case of (3 + 1)- and (2 + 2)-free posets, i.e. for unit interval orders (see Theorem 1.11).
More precisely:

Theorem 1.13 (Guay-Paquet). Let P be a (3 + 1)-free poset. Then, Xinc(P) is a convex combi-
nation of the chromatic symmetric functions

{Xine(P') | P'isa (3+1)— and (2 + 2)—free poset}.

1.3 Known results.

The strongest general result in this direction is that of Gasharov [3].

Definition 1.14. For a partition A = (A > Ay > ... > \), define the Schur functions s, =
det(exsyj—i)ij, where \* is the conjugate partition to A\. The functions {sy} form a basis of A.

Definition 1.15. A symmetric polynomial X is s-positive if it has non-negative coefficients in the
basis of Schur functions.

Obviously, a product of e-positive functions is e-positive. This also holds for s-positive functions.
Thus, the equality e, = s;» implies that e-positive functions are s-positive, and thus s-positivity
is weaker than e-positivity.

Theorem 1.16 (Gasharov). If P is a (34 1)-free poset, then Xinc(py is s-positive.

Gasharov proved s-positivity by constructing so-called P-tableau and finding a one-to-one cor-
respondence between these tableau and s-coefficients [3]. Nevertheless, the e-positivity conjecture
have not yet been proven. The strongest known result on the e-coefficients was obtained by Stanley
in [2]. He showed that sums of e-coeflicients over the partitions of fixed length are non-negative:



Theorem 1.17 (Stanley). For a finite graph G and j € N, suppose
Xe = Z CAEA,
A
and let sink(G,j) be the number of acyclic orientation of G with j sinks. Then
sink(G,j) = Z Ca.
L(N)=j
Remark 1.18. By taking j = 1, it follows from the theorem that c, is non-negative.

Although e-positivity has not yet been proven for the general case, Stanley in [2] showed that
for n € N and the unit interval order P,, = {5}j-, the corresponding Xj,c(p,) is e-positive.
Nevertheless, e-positivity for the UIOs

Z- n
P =
" {k +1 }“

has not yet been proven for k£ > 1, but was checked for small n and some k (see [2]).

1.4 Main results.

In this dissertation, we give a new proof of Gasharov’s theorem, which presents a combinatorial
interpretation of the s-coefficients in terms of planar networks. Compared to Gasharov’s proof, it
gives a clearer visual illustration of the cancellation procedures and resembles the proof of monomial
positivity of Schur functions using Lindstrom—Gessel-Viennot Lemma [9]. This allows us to look
at the positivity problematics from a slightly different perspective: instead of working with the
chromatic symmetric function of a graph directly, we analyze families of G-symmetric functions,
described in Section 2, first time proposed by Stanley in [7].

Our next step is the introduction of correct sequences (abbreviated as corrects), defined below.
These will play a major role in the dissertation.

Definition 1.19. Let U be a UIO. We will call a sequence & = (w1,...,wy) of elements of U
correct if

o w; Y wiyg fori=1,2,....k—1
e and for each j = 2,...,k, there exists i < j such that w; £ w;.

Every sequence of length 1 is correct, and sequence (w1, ws) is correct precisely when wy ~ ws.
The second condition (supposing that the first one holds) may be reformulated as follows: for each
j=1,...k, the subset {ws,...,w;} C U is connected with respect to the graph structure (U, ~).
Using this notation, we prove the following theorems.

Theorem 1.20. Let X;,q) = D caex be a chromatic symmetric function of the n-element unit

interval order U. Then c, is equal to the number of corrects of length n, in which every element
of U is used exactly once.

Corollary 1.20.1. Let X;,py = > caex be a chromatic symmetric function of n-element (341)-
)
free poset P, then ¢, is a nonnegative integer.

Indeed, positivity for the general case follows from Theorem 1.13, which presents the chromatic
symmetric function of a (3 + 1)-free poset as a convex combination of the chromatic symmetric
functions of unit interval orders.

Stanley [7] and Chow [5] showed the positivity of ¢, for (3 + 1)-free posets using combinatorial
techniques, and linked e-coefficients with the acyclic orientations of the incomparability graphs.
Nevertheless, their proofs do not give visual interpretation of the cancellation procedures. The
construction of correct sequences not only serves this purpose, but also creates a new approach,
which allows us to obtain the following new result:

Theorem 1.21. Let X,np)y = D, cxex be a chromatic symmetric function of the (3 + 1)-free
)

poset P, and k € N. Then c,_j 1%, Chn—22, Cn—3,2,1 and Cok 1n—2x are non-negative integers.



The dissertation is structured as follows: in Section 2, we describe the G-homomorphism intro-
duced by Stanley in [7], which is essential for our approach. The new proof of Gasharov’s theorem
is presented in Section 3.1. The proof of Theorem 1.20 and positivity of G-power sum symmet-
ric functions is can be found in Section 3.2. Positivity of ¢, _j 1%, Cn—22, Cn—3,21 and cor jn—2k
(Theorem 1.21) is proven in Section 3.3.

Acknowledgements. I would like to express my deep gratitude to my advisor, Andrés Szenes,
for introducing me to the subject, for his guidance and help. I am grateful to Richard Riményi for
helpful discussions.
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2 Stanley’s G-homomorphism

For a graph G, Stanley [7, p. 6] defined G-analogues of the standard families of symmetric functions.
Let G be a finite graph with vertex set V(G) = {v1,...,v,} and edge set E(G). We will think of
the elements of V(@) as commuting variables.

Definition 2.1. For a positive integer i, 1 < i, < n, we define the G-analogues of the elementary
symmetric polynomials, or the elementary G-symmetric polynomials, as follows

F- ¥ I

#S=i wveS
S —stable

where the sum is taken over all i-element subsets .S of V', in which no two vertices form an edge,
i.e. stable subsets. We set e§ = 1, and €& = 0 for i < 0.

Note that these polynomials are not necessarily symmetric.

Let Ag C R[vy,...,v,] be the subring generated by {e}" . The map e; — ef extends to
a ring homomorphism ¢g : A — Ag, called the G-homomorphism. For f € A, we will use the
notation f¢ for ¢g(f).

Example 2.2. Given a partition A = A1 > Xy > ... > A\, k € N, we have
k

G G
e =11e

i=1
5§ = det(ef\;:ﬂ_i).
For an integer function o : V — N and f¢ € Ag, let
v* = H va(”),
veV

and [v®]f¢ stands for the coefficient of v in the polynomial f& € Ag.
Let G* denote the graph, obtained by replacing every vertex v of G by the complete subgraph

of size a(v): K ). Given vertices u and v of G, a vertex of K[, is connected to a vertex of

Kg(u) if and only if v and v form an edge in G.
Considering the Cauchy product [8, ch. 4.2], Stanley [7, p. 6] found a connection between the
G-analogues of symmetric functions and X¢. Following Stanley [7], we set

T(z,v) =Y ma(a)es (v),
A
where the sum is taken over all partitions. Then

[T (x,v) H a(v)! = Xgo. (1)
veV
Using the Cauchy identity

D sa(@)sn(y) = Y ma(@)ea(y) =D ex(@)ma(y)
A X

A

and applying the G-homomorphism, one obtains:

T(z,0) =Y ma(z)ef (v) =Y sx(@)s§e(v) = T(v,z) = > ex(x)m§ (v). (2)
A A

A
An immediate consequence of the formulas (1) and (2) is the following result of Stanley:
Theorem 2.3 (Stanley). For every finite graph G
1. Xgo is s-positive for every a: V(G) — N if and only if s§ € N[V(G)] for every partition \.
2. Xgo is e-positive for every a: V(G) — N if and only if m§ € N[V(G)] for every partition .
Remark 2.4. If Xgo = z}\:c?\‘ex, then ¢ = [v¥|m§. Hence, monomial positivity of m§ is equiva-

lent to the positivity of c for every a.



3 Proofs of the theorems

It follows from Theorem 2.3 that to prove that the graph G is s-positive, it is enough to show the
monomial positivity of its G-Schur polynomials. On the other hand, Guay-Paquet in Theorem 1.13
showed that it is sufficient to check s-positivity for unit interval orders, in order to prove it for
the general case of (3 + 1)-free posets. Therefore, in the following paragraph 3.1, we analyze the
functions s§ for the case G = inc(U), where U is UIO.

3.1 A new proof of Gasharov’s theorem

Given unit interval order U, we arrange the elements of U according to its order on the real line.
For instance, the incomparability graph of Ug = {%}?Zl, the 1-chain graph with 8 vertices, has the
following labeling:

(%} (%) (O8] Uy (¥ Vg U7 Vs

o—-0-0—0—0—0—0—=0

Figure 1: The incomparability graph of Us.

Note that vertices {v;}_, represent points on the real line.

A key tool in our work is the Lindstrom—Gessel-Viennot lemma [9]. Let T" be a finite directed
acyclic (i.e. without directed cycles) graph with set of vertices V(I') and set of edges E(I"). Let
w : E(T') — R be a weighting of the edges with values in some commutative ring R. For every
directed path p, denote by w(p) the product of the weights of the edges in the path. Then, for
every two vertices a and b of T', let

e(aab) = Z w(p),
p:a—b
where the sum is taken over all paths from a to b.

Definition 3.1. Let n € N, and let us fix two ordered n-element subsets
A= (al,ag, ...,an) C V(F) and B = (bl,bg, ,bn) C V(F),

called base and destination vertices, correspondingly. We will call a collection p = (p1,-..., pn)
of paths in T' a multipath from A to B if there is a permutation o on {1,2,...,n} such that
pi t a; = by, i =1,...,n. Given a multipath g, we denote the permutation o by o5 We call g
non-intersecting, if p; N p; = 0 for i # j.

Theorem 3.2 (Lindstrom—Gessel-Viennot). Let T, w : E(T') — R be a weighted locally finite
acyclic graph as above, n € N, A = (a1, az,...,a,) C V(I') and B = (b1, b, ...,b,) C V(I'). Define
the matriz

e(a,b1) e(ar,be) e(ar,bs) ... e(ar,by)
Myp= | Clonb) clonb) omby) el
e(an,b1) elan,be) elan,bs) ... e(an,by)

Then, the following equality holds in the ring R:

det(Ma,p) = Z sign(op) - Hw(pi),
7A—B i=1
non-int.

where the sum is taken over all non-intersecting multipaths.

Remark 3.3. It follows from Theorem 1.13 that to prove Gasharov’s theorem, it is sufficient to
verify it for unit interval orders. Here we prove Gasharov’s theorem for this case.



Theorem 3.4. Let (U, ) be a unit interval order, G = inc(U) its incomparability graph. Then,
for every partition \, s§ € N[V(G)].

Proof. We prove the monomial positivity of sf* by constructing a special directed graph I'g, the
grid of GG, and applying the Lindstrém—Gessel-Viennot theorem to I'g.

The vertices of I' are given by the pairs (i,j), where ¢ € 1,...,n+ 1 and j € N. Then, for
every i € {1,...,n}, we denote by next(i) = min {j| v; > v;}. If such v; does not exist, then we
define next(i) = n + 1. From every vertex (i, j), j < n+ 1, we draw a directed edge to the vertex
(¢, j+ 1) with the weight 1, and a directed edge to (i + 1, next(j)) with the weight v;. Note that
' is planar if U is a unit interval order.

For instance, for the graph Ug, mentioned above, the grid I'y, is as follows:

(744:(171) q3:(271) C,LQZ(B’I) q1:(471)

e

<

[
S
<« .

b4:(3,9')”’ b3:(5,9')”’ bQ:(7,9y)ﬂﬁ bl:(879),,,,

Figure 2: The grid I'y,.

Here, the base vertices A, (1,1),(2,1),(3,1), and (4,1), are on the top, and are colored in red.
The destination vertices B, (3,9), (5,9),(7,9), and (8,9), at the bottom, and are colored in blue.
It easily follows from the definition of I' that, for positive integers 7 and j, we have

e((i, 1), (i+j,n+1)) = ejG.



Note that we use the notation e(a,b) for the sum over all weights of paths from vertex a to
vertex b, and we use a similar notation ef for the G-elementary symmetric functions. This is not a
coincidence: for the graphs we will consider in this dissertation and to which we apply Theorem 3.2,
e(a,b) will turn out to be the elementary G-symmetric function.

Now, let £ € N, and fix a partition A\ > Ay > ... > Ax. Let

A={a; = (k,1), aa=(k—1,1),..;a;, = (k+1—14,1),.., ap = (1,1)},
and
B = {bl = (k:—i—)\l,n—i-l), by = (k—1+)\2,n+1)7..., b, = (k—i—l—i—i—)\i,n—‘rl) by = ()\k—i—l,n—i—l)}.

Then we have
e(a;, b;) = eiﬂ;i.
The example of A = (4,4, 3,2) is shown on Figure 2.
Next, applying Theorem 3.2, we obtain

n

det(eS ;) = det(e(ai, b)) = Y sign(og) [ Jw(po), 3)

p:A—B i=1

where the sum is taken over all non-intersecting multipaths from A to B. The permutation o
must be the identity permutation for all possible non-intersecting multipaths p since the grid I'g
is planar. Thus, by the definition of sﬁ we have

s§. = det(eiﬂ»_i) = Z Hw(Pi)7 (4)

p:A—B i=1
non-intersecting

where the sum is taken over all non-intersecting multipaths from A to B. This demonstrates the
monomial positivity of S% O

10



3.2 A new proof of monomial positivity of the G-power sum functions.

Let us repeat the definition of a central notion for our work, that of correct sequences of elements
of a unit interval order.

Definition 3.5. Let (U, <) be a unit interval order, and G = inc(U). We will call a sequence
W = (w,...,wy) of elements of U correct if

o w; Y wiyp fori=1,2,....k—1
e and for each j = 2,...,k, there exists ¢ < j such that w; £ w;.

We denote by P,g the set of all correct sequences (abbreviated as corrects) of length k. Since
G is uniqely defined by U, and we are working only with UIO, here and below we use the U-index
instead of G. The U-analogues of symmetric functions will be analyzed.

Theorem 3.6. Let U be a unit interval order and p{ the Stanley power-sum function of the
corresponding incomparability graph. Then, for every natural k, we have

pY = Z wy -+ ...rwp € N[UJ,

wepPY
where the sum is taken over all corrects of length k.

Proof. To prove this theorem we express the power sum U-symmetric function p,lc] in terms of the
elementary U-symmetric polynomials using the determinant formula:

eV 1 0o ...
2¢Y &V 1 0
U U U
pl = det des e3 ey 1 (5)
ke ey o ef

Note that this determinant is similar to the expression for sﬁk)* in terms of the e-basis; only
the first column is different:

el 1 0
e oY 1
v U U
Uiy =det|®s e 1 (6)
U U U
€ Ck-1 €1

Next, we take a partition A = 1%, a grid I'y;, and vertices (see Theorem 3.2 and its use in
Section 3.1)

A={a; = (k,1), aa=(k—1,1),..;a;, = (k+1—14,1),.., ax = (1,1)},
and
B={bh=(k+1,n+1), bo=(k,n+1),.., b=(k+1—i+1,n+1)..,by=(2,n+1)},

corresponding to the partition A on the grid. For instance, the grid for Us is as follows:

11



QG:(271) q5:(371) q4:(471> q3:(5ﬂ1)

bs—(4,9)  bs—(5.9) b3:(6,9')/ bo—(7.9)  b1—(8,9)

Figure 3: The grid 'y, and vertices located with respect to partition A = 15.

As in the section 3.1, we have
U
e(ai, bj) = ey

Recall that (see Theorem 3.2 for more details) for every directed path p on I'yy, w(p) denotes
the product of the weights of the edges in the path. Denote by w(g ) = (w(p1),...,w(pr)) the

vector of weight products over the paths of p.

sg = det(e({ﬂ»ﬂ) = det(e(a;, b;)) = (7)

k k
= 2 seloplfueo= 3, [, (®)
(p1s---s pr)iA—Bi=1

p=(p1s--spk):A—B i=1
non-intersecting

To obtain pg, we adjust the first column, multiplying every element by the number of its row:

e 1 0o --- e(a, b1) 1 0
2 &Y 1 0 .- 2e(ag, b1) e(az, ba) 1 0
pY = det 3¢y e &V 1 — det |3¢(as, b1) e(as, ba) e(as, b3) 1 _
ke eV . ... ¥ ke(ag, b1) e(ak, ba) e(ag, br)
9)
k
=Y gl o O T wlen, (10)
p=(p1se-es pr):A—B i=1

In this sum every multipath has a multiplier equal to the index of the vertex from A, from
which the corresponding path goes to b;. We mark the vertex b; with a larger dot on the grid
(Picture 3) to emphasize this. We cannot apply Theorem 3.2 here, as we did for sV functions, to

obtain positive sum.
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We will use the following notations:

e If we have a path p on I'yy, which goes from a to b through z, then let us denote by p|* the
part of p from a to z, and by p|, - the part of p from z to b.

e If the end of the path p coincides with the starting point 7, then we will write p % 7 for the
concatenation of the two paths

e For a pair of paths (p, ), crossing in point z, we define the usual switch operation

switch, (p, ) = (p|* * 7|, 7w|* * pl.).

e Given a multipath g with its paths p and 7 intersecting in point z, we define a multipath
3. (p) by replacing (p, 7) by switch, (p, ) in p. Note that our map is defined correctly, because
here we consider only multipaths for the partition A = 1*: it is obvious that 3 paths of 7
cannot intersect in one point. Note that

sign(o(7)) = —sign(a(3.(7)))-

e Given an intersecting multipath g, we denote by z(7') (or just z, if it is clear which multipath
is considered) its intersection point with minimum absciss and maximum ordinate, i.e. the
leftmost lowest intersection point.

Next, we classify the set of multipaths in order to simplify the sum (10). Every path p can be

uniquely defined by its weight, w(p), which is a product over an increasing sequence (with respect
to the relation >) of elements of U. Here, it is important to mention that incomparable elements
of U can not be present in a weight of any path. Hence, every multipath p'= (p1, ..., p) is in one
to one correspondence with its weight vector w(g ) = (w(p1),...,w(pk)). Below, we will use the
bar notation for the sets of multipaths. The corresponding sets of weight vectors will be defined
using the same letters without bars.

e Let Q2 be the set of all multipaths 5= (p1, ..., p) from A to B.

o Let I;, be the set of all intersecting multipaths p° € €, such that the two paths from p,
crossing at z(g ) do not end at b;.

e We denote by Py the set of multipaths g € €, such that w(5 ) is correct:
ﬁkz{ﬁ€ﬁk| w(ﬁ) EP]g}

Note that if 7 € Py, then /' is a non-intersecting multipath, since by the definition of correct
w(p) must be a tuple with non-decreasing elements (weights) with respect to the relation <.
Hence,

Tk n ?k = 0.

As a consequence, the sum (10) can be rewritten as

k k
> sign(op) - o5 (1) [Tw(p:) = D sign(op) - o5 (1) [T w(p:) (11)
pEQ, 1=1 pePy, =1
k
+ Z sign(op) - ap?l(l) Hw(pl) (12)
pely .
£ sm) o O ]uk). ()
PE(QUNTI)\ P i=1

Let g € Ij, then it is easy to see that 0,(p ) € Ix, and §.(6.(F)) = p. Hence, 6, is a sign-

reversing involution on Ij:

sign(o(7)) = —sign(o(5. (7)) and 6. (Tx) = Ty

13



On the other hand, J§, does not change the multiplier:
o7 H(8:(7))(1) = 057 (1).

Hence, the term (12) vanishes, and we have:

k k k
S sign(op)o5 (1) [ w(p) = az< S sign(op)05' (1) me) == 3 sign(op)qo5 () [[wle) =0.
pely =1 pely =1 pell =1
Pictures 4 and 5 below illustrate this cancellation. Since neither of the 2 paths intersecting at z
end at by, a switch at z changes the sign, but not the multiplier, and the contributions of p and

0,(p) cancel:

14



QG:(2ﬂ1) q5:(371) q4:( v) :

r

br—(2.9) be—(3.9) bs—(4,9) bi—(59) bs—(6.9) b2:(7,9)f b1—(8,9)

Figure 4: The grid I'y, and multipath p.

The path p5: a5 — by intersects the path ps: aq4 — bs at the point z. After the switch at z, we
have the paths pl: a5 — bs and pj: ag — by:

q7:(1)1) QG:(Q’D @5:(&1) ’7

bo(29) b=(39) b—(19) bi—(5.9) b—(69) b—(7.9) h—(89)

Figure 5: The grid I'y, and multipath §,(p).

15



We denote by Ji the following set of weights vectors, which describe multipaths like on the
Picture 6:

1 . . . .
Je = {1 vy o0, 03 03 (LS U< By v, <054, 1< 5 <5 vy, o viy s 0, % 04y, B 1< G < K

Denote by J}, the corresponding set of mutipaths, which are uniquely defined by the vectors of its
weights.

q7:<1’1) QG:(2’1) QS:(?’J) q4:(471) q3:(5’1) q2:(6’1)

1

b7=(2,9) bs=(3,9) b5=(4,9) bs=(5,9) b3=(6,9) b2=(7,9) b1=(8,9)

Figure 6: The grid I'y, and a multipath without easy intersection points.

Let ﬁE (ﬁk \Tk) \Pk

o If p'is intersecting, then the absolute value of the difference between the multipliers of p'and
d.(p') in the sum (13) is equal to 1:

o1 (1) = o(6:(0) " (D] =1,

because if p; goes to by, then z could only be obtained as an intersection of p; and p;_; or
pi+1. Hence, since 6,(7) € (Q \ Ix) \ Pk, we make a switch at z and eliminate one of the
switched multipaths (from (2 \ I)\ P\ Jx) and the multiplier of the multipath with longer
intersecting path (from Jj) in the sum (13).

o If e (% \ Ix) \ Py is non-intersecting, then its multiplier is also equal to 1. Denote the set
of such multipaths by Ly:

Ly ={p€ (Qu \ I1) \ Pi| 7 is non-intersecting}.
Then,
Ly = {(w1, ..., w)| w; % wip1;3Im, s.t. wy, > max wg}.
1<g<m
Hence, we can rewrite the sum (13) in the following way:

k k

S sign(op) o7 W [[ute) = S sign(on) [[wion. (14)

PEUNT K\ P i=1 peJULy i=1

16



To eliminate the sum (13), we construct a sign-reversing involution on Ji U L. Let

Ay = {(1l_1,w1 WL Wi, W) € Ji| 1> 1 and wj ¥ max. w, for every 1 < j < k}.
<q<j
B ={(1"" Y wy - oo - wp, wig1, wy) € Jp U Ly| 3m, s.t. w,, = max Wq}
1<g<m

Then, we have
Jy UL = A, U Byg.

Next, we construct a sign-reversing bijection between A; and By.

First, we define map x : Ay — By. If © = (1'"Y wy - ... - wy, wig 1, ...wy,) € Ag, then let

m = max{j < n| w, > w; for j <m}.
We set
x(¥) = (1l_1,w1 e WL Wy W1y ey Win— 15 Wint 1 oy Wg ) € B

Note that y changes the sign ¢’ by increasing its [-th weight by 1. Second, if
= (1" wy - wp,wig, ) € Ay,

then we set
m' = max{j < k| w; > w,},

and define
’(/)(ﬁ ) = (1171,w1 S W1y W1y weey Win, W, Wit 41, wk) € By,.

Note that ¢ = x~!. For instance, the multipath from Picture 6, which belongs to Ay, is transformed
to the below mutipath (Picture 7) under the action of 1, and vice versa Picture 6 can be obtained

from Picture 7 applying direct map x:

Q7::(1,1) QG::(271) @5::(371) Q4::(471) @3::(571) Q2::(671) Q1::(7:1)

3

b7:(239) b6:(379) b5:(479) b4:(579) 63:(6,9) b2:(7a9) b1:(8,9)

Figure 7: Image of the multipath from Picture 6 under the action of x.
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Hence, among the sums (13), (12) and (11), only the latter is non-zero, we have only the set of

corrects left:
n

Py = > [T (o)

(p1y-espr):A—B =1
(w(p1),-..,w(pr))EPY

O
LR U U U U

3.3 Positivity of m; ., mj,, my,;, and my ;.

We need the following mild technical generalization of correct sequences: let A = (A; > -+ > \g)
k

be a partition of [A| = > A;. Then, we will call sequence (wy,...,w|y|) A-correct if each of the
i=1

subsequences (w1, ...wx,), (Wx, 415+, Wr,4A)5 -+ (Wx|=rg+1,- -+ W]x|) are correct. Introduce

the set

PY = {0 = (wi, ... wx, [Wry 415 -+ Waytag |« WA — At 15 - - ,w)|) | W is A-correct }

of A-correct sequences of length-|\|. In particular, P is the set of I-correct orderings of U. This
definition is aligned with Theorem 3.6, and we have:

k
U U
px = HPAI. = Z W1 . s WY
i=1 @ePY
Forw:(wl,...wl)EPlU and z € U we write z > o, if z > w; for every 1 < i <.

Theorem 3.7. Let
Mllfl ={(@ |z) € P1] z = WV 2z < wi},

U
mpy = E W - WY 2.

(u?;z)GMllfl

then

Remark 3.8. According to Remark 3.3, this implies ¢,—11(U) > 0.
Proof. Since Pl[_{_l C PV x PV, using the following relation
miy =pi Py = Dk

we have
U U U _ agU
P7ox Py \Pl+1_Ml,1a

and, as a consequence,

Given a correct @ € PV, let
0 = max({i <] w; ~w;y1}) and J;_1 = (wy, ..., w;_1).
Theorem 3.9. For natural | > 2, let
Mg2 ={(W |q0,q1) € PZU2| Jio1 < qo and w; < q1 V wp = qo and w41 > q1}-

Then

2’
U
mys = Z Wy . m Wi Go G-
(W;q0,q91) €M,

Remark 3.10. According to Remark 3.3, this implies cp,—22(U) > 0.
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Remark 3.11. There is a slightly more elegant version of Ml[’é, which we will use in the future:
MY, = {(@,q0,q1) € P5| (Ji1 < qo Awy < 1) V' (we = qo Away1 = q1)}

Here is an illustration of an element of MZLfQ:

@.._<...<@

Figure 8: Illustration of M, lLfQ.

Proof. We can write
PEA\MP, = {(W |0, 1) € PY| (W < qo = (wi A @i AJi—1 A @) A (we = qo = wot1 ¥ @)} (15)
The conditions in (15) have the form A A B. We begin with a few remarks.

1. Observe that the conditions of A and B are mutually exclusive, so we can consider the two
statements independently.

2. Define 7 = max{i < I| ¢1 £ w; V w; ~ w;41}. Note that it could happen that ¢; < 8, but
clearly 7 > 6.

3. For @ € P, let Ui_y = (u1,...,u;—1) and 0 = max({i < I| u; ~ uis1}).
To prove the theorem, we consider the following formula

v _ ., U U U
Mo =P P2 — Py

and construct two injective maps.

First, we define Second,
¢:Pl[,]2\Ml[,]2_>Pl[J]r2 1&13%2%131[,]2\]\/—[1{]2,
as follows: the inverse of map :
Let (@, qo,q1) € Py \ M. Let (uy,...,u42) € PH,.
1. If W < qg, then we define 1. If upyo = Uj—1 and ujyo > upy1, then

¢(w,q ) = (-.qu, w1, o),
which is in P, since

w A N1 Aqr.

W | Uiy

\\,
; O @ —<

Figure 9: Illustration of ¢y, if go = 0.
Mlustration of 9o, if uiyo = Up—1 and w42 = upy.
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2. qo < w, implies A, and implies 7 > 0; 2. ifug y < uy_y, then
then we define

(W, 7 ) = (- Wry q1, G0, Wrt1,y-o)-

Here and below, 7 4+ 1 might be equal to Here and below, 0+1 might be equal to
I+ 1, in which case we simply omit w;, 1. [+ 2, in which case we simply omit u;, ,.
q | Ug iy

V(
‘ R 4@ _<‘_<...

Figure 10: Illustration of ¢;)o, if go < w;.
Mlustration of vy, if g < UG-

3. Finally, if W £ qo and ¢y 4 w,, then 3. ifug , Aug_,, then

O(U_;~ (7) = (...’LU-,—, qo, 41, Wr41, )

Here and below, 7 4+ 1 might be equal to Here and below, 6 + 1 might be equal to
{41, in which case we simply omit w;, 1. [+ 2, in which case we simply omit u;_ ,.
Q| Ui

X
‘ - ‘ j @ —< —<-'.

Figure 11: Illustration of ¢, if go A wr.
Nlustration of ¥y2, if ug, | A uz_;-
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To find a combinatorial interpretation of mll{QJ, we construct a bijection between the right and
left hand sides of the following equality:

U U _ .U U U
Dy *Mg =Myyoq My g0 +My 0. (16)
This formula and its proof are similar to the previous one.

Theorem 3.12. For natural I, let

Mo, ={(@ |7 |2) € Poa| (@:7) € M, (@ :2) € Miy, (T52) € My, }
U{(@ |7 |z) € Paa|si = 2z>¢q, 3y €N, such that 0 <~y <, sy~ 2z, sy > qa2}
U{(W |7 |2) € Pioi|lsi = 2> g2, IYEN, such that <y <, sy ~2z, 2~q, Sy > q},

(17)
Then,

U _
M1 = E: Wi Wit qo a2
(@;q0,q1;2) €M, |

Remark 3.13. According to Remark 3.3, this implies cp—3,21(U) > 0.

This theorem states that in addition to combinations of pairwise comparable corrects of lengths
[, 2 and 1 we have two more cases:

Figure 13: Second exceptional element of Ml{]m

Proof. To prove the theorem 3.12 using the formula 16, we construct the maps ;21 and ¥y ;.
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First, we construct the map from the left hand
side to the right hand side

. pU U U U U
Gz B X My — Myyo UM o UMy ;.

Let us take

(W [q1,q2 5 2) € PzU X M2[{1'
Let

0 = max({i < | w; ~wiy1}).

We will use this 6 for w on the right hand side as
well.

1. If z > ¢q.
11. If z » .
111. If (W57 ) € Ml(,J27 then

—

7;2)=(0;q;2) € MY,.

Gij2,1 (W

Second, we construct
¢zl\2,1 : Ml[{r2,1 — P x M2[{17
1/)12\2,1 : Mlqu,2 — P x M2[{17
z/ng\271 : Mz{]z@ - PlU X le{r

We take
(@;¢) € MH—Q,lE

(W,€ 5 q0,q1) € My 5
(W 5q0,q1;2) € Mz%,r
Let § = max({i <1+ 2| u; ~ uir1}).

1. If (W ;q0,q1;2) € Ml({2,1 and z > ¢ and z >~ W,
then

In this case we have 2 illustrations:

@@«

®

[O2O,

A
Y-

&)

Figure 14: Tllustration of ¢ 1, case 111., and w{’p L» case 1.

Figure 15: Illustration of ¢3 1, case 111., and 1/113|2 1> case 1.
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112. If (@ |7) ¢ Ml[fz, then using 2. If (4 ;¢) € MZLiQ,l and ¢ > 4, then using

Pr2(W |7) € leiz Yy2(tl ) € Mz(,Jz

we have we have

G121 (W [q [2) = (¢y)2(W

q) ;%) € Mijs,

Here, we provide illustrations for the right hand side, see Theorem 3.9, where ¢;2 and 1o are
defined, for more details.

J@

Figure 16: Illustration of wll\Z 1> when £ = i, general case

Note that the picture above illustrates most of the cases, except the special one, when u; 1o > w41,
w2 = Ji—1 and w2 ~ . In this case map ;)5 takes out w12 and w;:

@ -
J@

Figure 17: Illustration of wll|2 , (special case),

if uppo > wipn, wigo = {ug, .., ui—1} and € = 4.

12. If z £ w; and z # @, then denote 3. For (w,€ ;q0,q1) € M}iw such that

. (g}wlvwe F(]O, W41 >Q1»and§>QO)a
(39, Bps1) = (wy, 2), if wy ~ z, or
0,01 (wp, wpy1), 2= wy.
(& ~wi, w = qo, &= q1, and § = qo),

121. If g > qo and g1 = q1, then we have:

(/’1|2.1(U_/"

qo0,q152) = (W, 2 ;q0,q1) € J\’fl(il.z-
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%
() <@ E®

Figure 18: Illustration of 121.] 3.

122. If Wy41 ¥ q1 or Wy ¥ qo, we take 4 For (4 ;&) € MZI{FQJ’ such that & < uj42, define
7 =max({i <ljw; ¥ ¢1Vwi ~ wit1Vw; ~ 2}) n = max(0, {i > Ou; ~ £}).

(note that 7 > ), and insert go or ¢1 after it:| 41 1f n > 0, then we take out u,, 4o and &:

1221. If o < w;, then 411. Ifn:é—l—land uy = &, then

b2 (W |q 5 2) =

. TU
= (W1, oy Wr, @1, Wr 1, -, W1, 2 5G0) € My

q | €

~/(
‘ h 0 -< -<--‘-< -<

Figure 19: Illustration of 1221.]411.

1222. If g9 4 s;, then 412. If (n = 6 and £ < wg41) or (n = 6+ 1 and
(ug ~ g,y or ug # &) orn>0+1, then

P21 (0|5 2) =

. qU
- (U'Yla "'1/lUT7qusT+17 e, W, 2 7q1) S ]\'/[l+2v1'
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qalé

\(
j ~< e = <
Figure 20: Illustration of 1222.]412.

Here we have a special case when 7 = 6. Note that it is possible that w, > ¢1:

Figure 21: Tllustration of 1222.]412.

13. If 2 < wy. 5. If (W 5q0,q152) € Mll,]2,1 and z > ¢, and z < wy,

and wyy1 > q1 and wy > qo, then
131. If wgy1 > q1 and wy > qo, then

G20 (T 7 52) = (@57 32) € M3y

A

@...4..%@

Figure 22: Illustration of 131.]5.

25



132. If wg41 % q1 or wp ¥ qo, then Let
~v =max(0,{0 < i < l|w; ~ z}).
1321. if y > @ and v > 7 (i.e. 3wy ~ 2), then

Grj2,1 (W

d’;z):(qﬁ;(f;z)GA[]ZI

This is the first type exceptional element,
shown before on the Figure 12 and on the
picture below:

6. If (W ;q0,q152) € MIE]QJ is the first type excep-
tional element , then

Figure 23: First exceptional element of Ml{é,l

1322. Otherwise (i.e. if y =0 or 7 < 7), we have:

(D112(w0 [4); 2)-

Y

G2 (W |75 2) =

7. For (i ;€) € M, ,, such that
& < upq2 and n =0,
what implies

(€ > ugy1 and & > ug),

we have

H@< -<‘ ‘

Figure 24: Illustration of 332.|19. (general case)
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2. If ¢ = z and qg ~ 2. 8. If For (W ;qo,q1;2) € Ml{é’l, such that

21. If qo = W q1 = z and g ~ z and z > 0,
211. If z > o, then
we have
bio (W0 |7 2) = (07 ;2) e MY, ;. 3 o .
OZ\Z,I(U ‘q Z) (TU 3 q Z) [,2,1 (~/"2.1(“~ 190,q1;2) = (W |qo0,q1; 2)-
®-00-@
* A
Y
‘< ’
A
Figure 25: Illustration of 211.|8.
212. If z % @ and z 4 w;, then 9. For (W,€ ;q0,q1) € Ml[-Js-l,2’ such that qo = @,

qo ~ £ and g1 > £, we have

)

P21 (W |7 52) = (W2 ;7)) € Mlﬁl#g- Vij2,1 (W€ 540, q1) = (W g0, 13 §)-

Figure 26: Illustration of 212.]9.

22. If qp % W and g9 4 w;, then 10. For (@ ;¢) € Ml[-JQ—2717 such that
Up+1 ~ & U4l ~ Upto, and uj4o > &, we have

2
g — (a7 . gU Vile 1 (U 3E) = (U1, ..., ur|u ,Upao E).
G2 (W |G 52) = (W, q0,q1 52) € M- 12,1370 5 ! L B2 5
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A
‘ <'.'< j ‘

Figure 27: Illustration of 22.[10.

23. If qo < wy. 11. For (wW,€ ;q0,q1) € Mlqu,zv such that
231. If ¢1 ~ wy, then E~wpand € ~ qp and gy < w; and g1 < &,
we have

D21 (W |75 2) = (W, q15 90, 2) € M4 5.

A

A

® @

Figure 28: Illustration of 231.|11.

232. If 1 < w; and wy > qo and wyr1 > q1, then |12. For (& ;qo0,q1;2) € Ml[,Jz,p such that
wy > qo and wgy1 > g1 and go ~ z and g1 > z,
we have

Gry21 (W |G 52) = (W ;7 ;2) € Z\J;’Jm.

A

@...<...<@

Figure 29: Illustration of 232.|12.
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233. If ¢; < w; and (wg ¥ qo or we+1 ¥ q1), let
7 =max({i <lw; ¥ q1 Vw; ~ wiy1}).
2331. If go < w; (= q1 ~ w,), then

Gij2,1 (W

q;2)=(W;q;2) € ]\Jﬁ’;}r

This case is isomorphic to the second excep-
tional element type, shown below:

13. If (W ;q0,q1;2) € Ml[,]2,1 has the second
exceptional element type, then

Figure 30: Illustration of 2331.]13.
(Second exceptional element from Ml[’]271 ).

2332. If qg £ w,, then

G121 (W |7 52) = (Pr2(W |0, 2) 5q1) =

) U
= (W1, ooy Wr, G0y 2, Wy g1y o W 5q1) € Myyg .

The following 3 pictures illustrate this case:

14. For (@ ;€) € M, , such that & < w9, 7 =0

and & > ugy1, we have

As a reminder,

0 = max({i <1+ 2| u; ~ujs1}),
n = max(0, {i > Olu; ~ &}).

Figure 31: Illustration of 2332.|14.
(é1)2,1, if 7 = 0. Note that it may happen that w, > q1).
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Figure 32: Illustration of 2332.|14.
(¢l\2,1, if ¢ ~w, and w, ~ qq.)

Figure 33: Illustration of 2332.|14.
(d1)2,1, if 1 = w-.)

3. If ¢ > zand qg > 2.

This is the easiest case, since we insert ¢ and z
independingly.

31. If z > , then

bij2,1 (W

7;2)=(0|7;2) € My,

30

15. For (W ;qo,q1;2) € Ml[,]2,1» such that
z =W, qo >~ z and q1 > z,

we have



(=)

oo
OR“ MO

Figure 34: Tllustration of 31.[15.

32. If z A w; and z ¥ W (= qo £ wp) 16. If (0,€ ;q0,q1) € Ml[J]rl,2’

and qp = W, and ¢ = &, then
321. If gy > 0, then qo a1 =€

G2 (W |75 2) = (0,257 ) € ]Wlliyl

[ORO

Figure 35: Illustration of 321.|16.

322. If o % W, then 17. For (i ;€) € M, , such that

& < upqo and € < ujqo,
what implies

(€ < upy1 and € < ug),
we have

Gu2a (T 7 52) = (0,7 12) € M1y,

@9
® @0

Figure 36: Illustration of 322.|17.
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33. If z < wy 18. If (@ 540, q1;2) € M{, 4, and

331. If (@ ;) € M%, then qo > z, @1 = z and w; > z, then

G2 (W |7 32) = (W ;7 52) € M.

@- @

Figure 37: Illustration of 331.|18.

332. If (w0 |¢') ¢ M, then 19. If (@ [§) € M5, & < w42 and 7 = 0, what
imlies
(€ < up+1 and € < ug),

then we have

);2) € ]\'113-2,1

g
=y

01|21( w|q;z) = (@/\2(

Figure 38: Illustration of 332.|19. (general case)

It is easy to see that by construction the left hand side fully describes the set PV x MQU 1- Now,

we check that the right hand side coincide with Ml+2 L u MlJr1 o U Mllé’lz

o Let (U ;¢) € Ml 421+ Then the following cases from the right hand side clearly describe
My
2. & -
4. £ < w42 and n > 0;
7. & <upr2, n=0and (£ > upy1 and & > up);
19. £ < ujy2, n =0 and (§ < ugs1 and € < up).
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o Let (W,&;q0,q1) € M, llil,Z' Then the following cases from the right hand side clearly describe

U .
M,

3. (&> wi, wg = qo, wot1 = q1, and & = qo), or (§ ~ wy, wy = qo, § = q1, and & > qo);

11. (5 ~ Wi, W > qo, g = q1, and f ~ qO)a

9. qo = w, q1 = § and qo ~ &;
16. go = W, ¢1 = &€ and ¢p = &.

e Let (W;q0,q1;2) € M, 1?2,1. Then the following cases from the right hand side clearly describe

U .
Mg,
1. z> ¢ and z = w;

5. z > qand z < wy;

8. qo~z,q1 = zand z > W,
12. g0 ~ z, @1 >~ z and (wg > qo and w1 > q1);

15. qo = 2, q1 > z and z < wy;
18. qo > 2z, ¢1 = z and z < wy;

6. First exceptional type element;

13. Second exceptional type element.

Since every number from 1 to 19 was used exactly once, this completes the proof.

Next, we introduce the set
EY ={&=(e1,...,ek)| & < €iy1, for 1 <i < k}.
Theorem 3.14. For natural numbers | and k, let
Mﬁlk ={(@ |8) e PV xE|e <w; V &= Ji, for every e € &},

Then,

U
mp e = g WL e s W €]+ v * €
(@) eM

Remark 3.15. According to Remark 3.3, this implies c,,_j 1x(U) > 0.

Proof. We prove this by induction on k. Note that for k = 1, the definition of M lUl

Ml{]l from the Theorem 3.7. Thus, the case k = 1 is implied by the Theorem 3.7.
Assume the statement is true for k, and consider

U, .U _ .U U
Pl ¥ Cpg1 = My gkt T My gk

Below, we construct two mutually inverse maps, ¢; yx+1 and 1) jr+1:

First, we define Second, the inverse of map ) 1x+1:

. pU U U U
Gram+r 2 PX By = My UM g

as follows:
Let (@ |€') € PV x EY,, Let (u’)’;é’)€Ml{]1k+1 and (W ,z;0 ) €
L Ife; <w Vg = for 1 <i<k+1, then 1. For (@ ;&) € M4s1, we have:

33

. coincides with

1 . U U U .
Uf e MY = PU s EY s

2 AU U U
Vi gwer s My g0 = B X By

MU

l

+1,1k"

Ul (0 38) = (W |€) € BY x BY,,.



OENOROEND

Figure 39: Illustration of 1.|1.

2. If 34,s.t. g, Aw;, A &; # w0, then define 2. For (W ,z;7)

€ M lU we define

+1,1k7
m=max(i |l <i<k+1l,e LA w Aeg; o W), j=min(i |1 <i <k, z <),
then we have then we have
G (W E) = 7 era (W, 230)
= . U . o .
= (UJ 75m7517~~'75mfl¢€m+17-~75k+1) € Ay[lJrl,l"" = (w ‘7/14 ey V1,2, V5, VE) € /’/[ X //(‘ 1-

Figure 40: Illustration of 2.|2.
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This completes the proof. O

Theorem 3.16. For natural numbers | and k, let

MY o={(68) e BY x B | 3ij iy, 0<iy <ia < .. <ig <k+l, sit. & ~ey, for 1< j<lI},

Then
mgl,lk = Z £1~...~§l-81-...~€l+k.
Eeemy
Remark 3.17. According to Remark 3.3, this implies car 1n—2:(U) > 0.
We begin with the following definitions.

Definition 3.18. For a nonnegative integer [, let (7,/i ) € E x Ef,,. We say that 7/ is covered
by i if v; ~ p; and v; ~ piqq for 1 <i <|.

Figure 41: i covers v (I = 3).

Here we allow [ = 0. In this case ji has length 1, while v/ is a null-vector. We consider i as an
upper layer and v as a lower layer, as shown on the picture.

Definition 3.19. For 7/ € ElU and [ € Eg, such that v; ~ p;, where 1 <i¢<land 1 <j <m, we
define the vector

v i€ Ef,,
as an increasing (with respect to <) sequence of the elements of 77 and ji, where every element is
used exactly one time.

Definition 3.20. For 7/ € ElU and a tuple 1 < iy < ... < i <, we define the vector
_ U
I\ Wiyy - Viy,) € Bl

as an increasing (with respect to <) sequence of the elements of 7, which are not in {v;,, ..., v, },
where every element is used exactly once.

Proof. We prove the theorem by induction. According to the Theorem 3.14, the statement is true
for I = 1. Then, we show that if

M;{/’lk ={(z7) e EfxE | El{ij}é-/zl, 0 <iy <ip <..<iy <k+l', such that {; ~ &, for every 1 < j <1},

for every I’ <[, then this formula also works for [ =1 + 1.

Note that since U is UIQO, it is 3+ 1-free and it is not possible that for some 7, §; is incomparable
to 3 elements of £, or ¢; is incomparable to 3 elements of 5

Following the analogous formula for symmetric polynomials, we have

1 2 l I+1
egrl'el[]+1+k = m;]l+1,1k+(k + 2)-m571k+2+<k+4> 'm51,1k+4+...+<2l I k)'m2U,12z+k+(2l Lk 2>~m§le+k+2.

To prove the theorem we will construct a surjective map

+1
.U U U
¢ LBy X B — _I_IO M2l+17j,1k+2j-
]:
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Let (£]¢) € B x EZ, 1. Then, we define

F(£ ‘ 5) = {(ﬁv ﬁ) = ((£i17 "'7§im)7 (€j17 "'76]‘717.71))‘ I1<m< l+17 s.t. [’: covers U and €i1 > Ej1—1) gim
the set of all subvectors of a which cover some subvectors of £. Due to the last condition,
iy @ ej—1and &, g, 41,

these subvectors are of maximum possible lengths, and different elements of F(g | €) do not have
common elements of U. Note that &;, which ig comparable to every element of € is treated as a
subvector which covers 0-subvector, and ((§;), 0) € I'. Denote by |I'| the number of elements of I".
Here and below we omit (£ | ) if it is clear what I is considered.

Then, ¢ is defined by switching covered subvectors of € and their coverings from 5

$(E &)= (€\

(ﬁv

Nl

Ay W 7y,(E\N W Ny W [
er (ji,7)€T (fi,7)€eT (ji,7)€T

It is clear that
7l o= U U
(€ 1€) € Bl r) X Efypsrqrps
since every switch decreases the length of the first component (upper layer) by 1, and increases

the second vector (lower layer) by 1. For instance, the Picture 41 will be transformed into the one
below:

Figure 42: Picture 41 under the action of ¢.

Next, after the switch, for every element of the first vector of qﬁ(g | £) there is a correspondent
incomparable element from the second component (lower layer), so

p(E€E) e M2U1+1—\F|’1k+2\1“|'

i —il-l;ll“\) possibilities to make the inverse switch for ¢(€ | &),

On the other hand, we have exactly (

since there are
(+k+1+T)—(I+1-T))=k+2|T]

"free" elements on the lower layer, from which we have to choose |I'| elements. Hence, there are

exactly (k-‘%l;gl‘l) elements of B, | x E, .|, which are maped into ¢(¢ | £) under the action of ¢.

Using the same principle, one can say that ¢ is a surjective map. This completes the proof.
O
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