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Abstract: In this paper we describe invariant geometrical structures in the phase space
of the Swift-Hohenberg equation in a neighborhood of its periodic stationary states. We
showthatin spite of the fact that these states are only marginally stahlehé linearized
problem about these states has continuous spectrum extending all the way up to zero),
there exist finite dimensional invariant manifolds in the phase space of this equation
which determine the long-time behavior of solutions near these stationary solutions. In
particular, using this point of view, we obtain a new demonstration of Schneider’s recent
proof that these states are nonlinearly stable.

1. Introduction

In this paper, we study the non-linear stability of space-periodic, time-independent so-
lutions of the Swift-Hohenberg equation

Ou = (2 — (1+02)u—u?. (1.1)

Here,u(z, t) is defined orR x R* and takes real values aad> 0 is a small parameter.
Equation(1.1) has stationary solutiomg:, t) = u. .,(z) which are of the form

Us,w(x) = Zus,w,neiwnm . (12)

nez

The non-linear stability problem addresses the question of the time evolution of initial
datawhich are close ta ,, and stability in this context means that the solution converges
to u. ., ast — oo. The range of possible valuesofis given bys? > (1 — w?)? when

w is close to 1. To simplify the exposition we shall concentrate on thewasé, and

omit henceforth the index.
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In a very interesting paper, G. Schneider [Sch] has solved this problem, and the
present work relies heavily on his ideas. Our aim is to simplify somewhat the exposition
of [Sch] and to extend the result by giving a more precise asymptotic analysis, using the
description of the asymptotic behavior in terms of a continuous renormalization group
and invariant manifolds as introduced in [W], see below.

The existenceof solutions of the form Eqg. (1.2) is a well-established fact, (see
e.g.[CE]) and we repeat here only those points of the discussion which are needed in
the sequel. The equation for the stationary solutiof(s, €) = 0, where

F(u,e) = (52 -1 +8§)2)u —ud. (1.3)

The equatiorF’ = 0 has the trivial solution = 0,¢ = 0. Linearizing around this solution,
we see that D’ equals
DF = —(1+02)?®0,

acting on some weighted subspacd.8(R) @ R. The null space of B’ is spanned by
{cosz,sinz} 0 and 0®1, (1.4)

and thus, bifurcation theory suggests the existence of solutions of the form of Eq. (1.2),
whene Z 0. This is indeed what happerd.(CR, CE]), and the higher frequency terms

in Eq. (1.2) are generated from the basis Eq. (1.4) by the non-linegtifyhe method
clearly extends to similar polynomial non-linearities. An explicit calculation shows that
F(u.,e)=0for

ue(x) = 5% cos@) +e?h.(x) , (1.5)

andh.(x) = h.(z + 27). Thus, the function:.. equalsu, 1 of Eq. (1.2). We have broken
the translation invariance of the problem by the choice of cos in Eq. (1.5), instead of,
say, sin.

We next pass to théinear stability analysisof the solutionu.. This is again a
classical subject, initiated by Eckhaus [E], which we summarize for convenience, see
also [CE]. Linearizing Eq. (1.1) around the solutienwe are led to study the operator
L. = (€2 — (1 +92)?) — 3u?, that is,

(LE’U) (z) = (52 — 3u§(x)) v(x) — (1 +8§)zv(z) .

Because:. is a 2r periodic function, itis most convenient to work in Floquet coordinates
(i.e., with Bloch waves). To fix the notation, we give some details: Begin by introducing
the following representation fof € L2(R):

1/2

flx) = / dke™ ™ f(k) = / dl e e f(m + £)

meZ —1/2
1/2 ] N
. / dl et i)
~1/2

where . L
Jolw) = Y e fm+0) . (1.6)

meZ

Properties off. Note first thatf, is 2 periodic. Furthermore, the definition ¢f(z)
can be extended to dlle R by the definition
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fer(z) = e fy(z) .

We next observe that jf has a smooth, rapidly decaying Fourier transform, tfign)
will also be a smooth function dfandz. If f, g are inL?(R), then it follows from the

definition of f, that
1/2

(f)i (@) = / @) e). (1.7)

We finally note that ifs is a 2r periodic function, then
Se(z) = 6(0)s(x) . (1.8)
It is now easy to see that
(Lev), @) = (€% = (L + @0+ 82)?)) Te(w) — B(ulv)y (@) -

In the language of condensed matter phyditsthe quasi-momentum in the “Brillouin
zone” [—%, %] and L. leaves the subspacg; of functions with quasi-momenturf
invariant. Using the properties just described, we get

(Lev); (@) = (€% = (L + (@0 + 0,)°)) Do) — Bul(x) - Be(x) = (Leeve) (@) . (L.9)

To fix the notation, we repeat the calculation done by Eckhefus)so [CE, M]. We
denotec(x) = cosf), s(x) = sin(x). The method of Eckhaus consists in projecting the
eigenvalue problem faL. , onto the subspace spanned by the “bifurcating directions”
¢ ands. Observe that, modulo higher frequency terms, we hté\Fe%c, ?s = 2115, and
therefore the projection df. , onto this subspace is described by the matrix

A2 A 224 0% —4if oW o)
( 4i03 —462—£4)+0(64)((’)(£) 0(52)>'

The eigenvalues of this matrix are
No = —(4+0(E%) 2 +0(?),
A1 = —2(2+ 0EY) — (4+0(E%) 2+ O3 + O(t* +£%) .
Thus, the restriction af . , on the subspace spanneddands has its spectrum in the left

half-plane. Note that the corresponding eigenvectors &ai@(|¢| + ) andc+ O(|¢] +¢).
Extending this calculation to the full space, one shows in the same way [E, CE, M] that

Theorem 1.1. For sufficiently smalk > 0 the operatorsL. ,, with ¢ € [—3, 1] are
selfadjoint on the Sobolev spaf®, have compact resolvent and a spectrum satisfying

Aeo(Ed) = —(4+0(EH)) P+ 03 = —co(cH)P +O(P),
Aea(Ed) = —2(2+0(h) — (4+0(H)) 2+ 03, (1.10)
Aj < —1—752+0ED, 7=23,....

Notation.Since we mostly concentrate on the branch 0, we shall abbreviate, o(c?).
The eigenfunction corresponding X@ is

@-0(z) = const (ul(z) +ilg.(z) + he o()? ) , (1.11)
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whereu, is the stationary solution, and baghandh, . are 2r periodic. If we choose the
constant to normalize the? norm of . , to 1, thenp, , = 7~ Y/2sin(x) + O(e +|¢]).We

can now formulate the main question of this paper: Having seen that the salgtion

is linearly (marginally) stable, is it true that this solutiorstableunder the non-linear
evolution? The answer will be affirmative. As pointed out by Schneider [Sch], the result
is not obvious, since the leading non-linear term does not have a sign. Indeed, the non-
linear evolution equation for a (small) perturbatiorugfis

o = —(L+0%)%v + e — 3uv — 3u.0® — 0,

where we recall thai. is of orders, and approximately equal t9(<) cosf). Reducing
again to quasi-momentuf and using Eq. (1.8), we get the equation

Ve = Le b0 — 3u(v?)y — (3, (1.12)

and itis the term 85(112)2 which does not have a sign. The saving grace will badifie
fusivebehavior suggested by the spectrum (in particular the brarjcit first sight, the
non-linearities seem to be too singular for diffusion to dominate a potential divergence.
Indeed, it is well known thak.g, the equation

O = DPu+u,

has solutions which blow up in finite time [L], and the quadratic term makes things
even worse. The beautiful observation of Schneider [Sch] is, however, that the problem
Eq. (1.12) is rather of a form reminiscent of

Oy = 851} - 85 2_9,0°%, (1.13)

which is good enough for convergence [CEE, BK, BKL].

In later sections we examine in detail the form of the non-linear terms in Eq. (1.12),
but here we explain briefly why these terms are similar to the non-linear terms in
Eq. (1.13). The derivatives in the non-linearity have their origin in the symmetries of
the problem, and they are easier to understand in momentum space. In fact, Eq. (1.13)
is a good approximation to Eq. (1.12) only in the low-momentum (sfaégime, but
this is sufficient since fof outside a neighborhood @f= 0, the stationary solutions
are linearly stable, (and not onigarginally stable) and the form of the non-linearity is
unimportant.

To understand the low-momentum behavior of Eq. (1.1), note first that the Swift-
Hohenberg equation Eq. (1.1) — and, incidentally, other equations with coordinate in-
dependent right-hand side — hagiecle of fixed pointggenerated by translations. If
we now study Eq. (1.12) at = 0, this corresponds to studying the Swift-Hohenberg
equation in the space of functions of periad 2n this space, saf?([0, 2]), the linear
operator in Eq. (1.12) has pure point spectrum with a simple eigenvalue at 0 and all
other eigenvalues real and strictly negative. In this case, as Schneider notes, the center
manifold theorem can be applied, and there exists a 1-dimensional center manifold. We
also see immediately that the eigenvector corresponding to the O eigenvalue. js
i.e, itis tangent to the circle of fixed points generated by translations. In fact, since any
fixed point sufficiently close to the origin must lie in the center manifold, we see that
the center manifold coincides with the 1-dimensional circle of fixed poiiitgs the
non-linearity in the equation, when restricted to the center manifolgst vanishThis
shows that the effective non-linearity in Eq. (1.12), when evaluatéet &, must vanish
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and this accounts for one derivative in Eq. (1.13). More precisely, we see that the effec-
tive non-linearity in Eq. (1.12) is bounded §)(¢), as is the non-linearity in Eq. (1.13).

The second derivative of the non-linearity in Eq. (1.13) arises because of “momentum
conservation.” Since. , is a smooth function of, the linear term in Eq. (1.11) must

of the formifg., with g. independent of. Since the interaction is local in, one sees
upon working out the integrals that all terms proportional io the non-linearity can-

cel exactly, see Eq.(A.3). Thus, the low momentum behavior of Eq. (1.12) is as if the
non-linearity was differentiated twicei-e., exactly as in Eq. (1.13).

Our main result is that this intuitive argument correctly predicts that the leading
order asymptotics are diffusive, and that furthermore, the higher order asymptotics are
controlled by a sequence of finite dimensional invariant manifolds. Thus, our approach
provides some insight into how finite dimensional geometrical structures can arise from
a problem with continuous spectrum.

Stability Theorem 1.2. Fix n > 1andd§ > 0. There exists a Hilbert spacg{(n), such
that there is am + 1 dimensional, invariant manifold for (1.12) in the extended phase
spaceP(n) = R* x H(n) of this equation. Any “sufficiently small” solution of (1.12)
will either lie on this manifold, or approach it at a rat@(t~**1=9/2), In particular, if

n = 1, small solutions of (1.12) have the asymptotic form:

A 2 1
vl ) = e W+ 075

wherecy(e?) = 4 + O(£?).

RemarkIn Sects. 2 and 3, we will make clear precisely what the Hilbert spage3
are and what we mean by “sufficiently small.”

The remainder of the paper is devoted to a proof of the Stability Theorem 1.2.

2. Formulating the Stability Theorem 1.2 in Terms of Scaling Variables

In this section, we transform the problem to a rescaled dynamical system. In the next
section, we will cast the dynamical system thus obtained into an invariant manifold
problem.

The idea of the proofis to focus on the “central branch” of the spectkam,\, o(c?),
which is only marginally stable. The relevant part of the spectrum for the long-time
asymptotics is only the part in a small neighborhood ef 0, a fact we exhibit by an
appropriate rescaling of the dependent and independent variables. This rescaling has the
disadvantage that it introduces a singular perturbation in the variables corresponding
to the “stable branches” of the spectrum,,(¢2), n > 1, because the corresponding
modes decay extremely fast, when rescaled (at least on a linear level). However, invariant
manifold theory has long been used to treat singular perturbation problems, and we are
able to use it for that purpose here as well. In addition, these invariant manifolds will
provide us with a geometric description of the long-time asymptotics of solutions near
the stationary states.

Our method generalizes to other problems of similar spectral nature, see the example
of a cylindrical domain given in [W2].

Henceforth, we fix > 0, and omit it from most subscripts. Sinfe = L. , is self-
adjoint, we can define the (orthogonal) spectral projectignand P;-, which project
onto the central branch and its complement.
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RemarkWe know that for{¢| sufficiently small, say¢| < ¢o/2, one has
spec@LePy) = —co(e?)0% + O(8%)

and that this is the eigenvalue closest to 0 in spgc(We continue this projection
smoothly to large¥ even if it cannot be guaranteed to be a projection onto the highest
eigenvalue. But note that for those valued dfie spectrum of., can be shown to be
strictly bounded away from 0, seeg, [CE, p. 102]. To study the non-linearity, and to

show the mechanism leading to the result which is analogous to Eq. (1.13), we write
Eqg. (1.12) in more detail:

1/2
D) = (Lese)(@) — 3u.(a) / 4072
-1

(Lete) (2) — (F2()) () — (F3(D)) () -

We now decompose Eq. (2.1) by projecting oft@ndP;t. If f € L?, we IetfgC =P f,
andf;* = P/ f,. Similarly, L = P,L,P, andL} = P;*L,P;-. Then we get

Oi0§(z) = L§vi(z) — (PeFa(0)e) (@) — (PeFs(0)e) (), (22)

1/2 B . . (2.1)
—/ dka dko Dp— gy — ke, () Vg, ()0, ()
1/2

and a similar equation far,:
0y (x) = Livj (x) — (P Fa(0)e) (z) — (P F3(0)e) () - (2.3)

We next split the first equation into a piece corresponding to gjaile., |¢| < ¢, and
another corresponding to largeSince we want to construct invariant manifolds, we
need some smoothness in this construction and we choose a smoothycatffying

_ 1, it <4,
W)‘{o, if 0] > 200 ,

and of courséy < % Infact, we shallchoos® > 0 sosmallthaf’, is the projection onto
the central eigenspace for dllc [—/o, {o]. Let ¢, denote the normalized eigenvector
which spans the range @, (for |¢| < ¢y, and smoothly continued fdr beyond that
value). Therw§ can be written asy = V ({)¢,, where it is understood tha is really

a function ofv. We also letlI, denote the operatiol, f, = (v¢|f¢), where(-) is the
scalar product inF,. This operation extracts the coefficidritand therefore Eq. (2.2)
can be written as

atV(é) = )\[V(é) — H@Png(f/)g — HngF3(17)g . (2.4)
Defining V<(¢) = x(O)V (£), andV > (¢) = (1 — x(£))V (¢), Eq. (2.4) can be rewritten as

HV () = MV=(0) — (f(V=,V>, 1)),

V() = V(0 — (F5(v=,V>,5H)(0), (2:5)

where
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(fSV=, V=590 = x(©) (HZPZFZ(E)Z +HZP2F3(5)Z) ,

(fV=, V= 59)0) = (1—x(©) <UszF2(17)é + UePzF3(5)5> :

and
e(x) = (VSO +V=(0) - o) + T (2) -

Note that sincé/> is supported outside-[/o, /o], both it andv™ decay exponentially
(atleast at the linear level) and hence will be irrelevant for the asymptoti¢s pas we
shall show. With this in mind, we introduce a new coordin&i&, which combines the
“irrelevant” piecesVs = (V>,9+). Then the Eq. (2.5) combined with Eq. (2.3) takes
the more suggestive form

V() = AV = (fF(V=,VI)(O)

OV = LPVE+g(VE V), 20
and we know that the spectrum of the linear operalﬁﬁ)r is contained in { oo, —c%),
for somes® > 0.

In order to proceed further, we analyze the non-linear terms in Eq. (2.6) in more
detail. In particular, we concentrate on the most critical terms, namely thofeoin
Eq. (2.6) which depend only dri<. We decomposg(V <, V3) = fO(v <)+ fO(v <)+
7O <, vs), wheref{? collects the terms which are homogeneous of degree/2in
and /¥ those of degree 3. One gets

0y /< - — vz < <(y _
(2 (V) = 3x(0) | depy(x)uc(x) [ dkor(x)orir(@)V<(k)V (L — k)
-1/2
1/2
() | dk K, E)VS(R)V=(L - k),
—1/2

1/2
NG / dz7,(z) [ [T REEROERNNE

X VS(k)VS(k)V<(l — k1 — ko)

(V<) ©

x(0) | dkydky K3(C, k1, k2)V < (k) V= (k2)V=(0 — k1 — ko) .
/2

-1
(2.7)
At this point, we make use of the diffusive nature of the problenifor, by introducing
scaling variables as in [W]. This will give us a more precise description of the conver-
gence process than the one obtained in [Sch]. We rescale the variables in Eq. (2.6) as
follows: We first fix, once and for all, a (large) constant> 0. Then we define

V<, t) = wh(sign@)y/|Ae|(t +to) , log(t +to)) |
V(L t) = wi(sign@)\/|Ac|(t + to) , log(t +to)) /(t + to)/?

whereA, = A\, for |¢| < £o/2 and is monotonically extended beyond thatregionin sucha
way thatitis parabolic for largé|. (This artifact is needed because we have no guarantee
that )\, itself is monotone.) Note that X, were equal to-const ¢2, this scaling would

(2.8)
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amount to the usual “diffusive” rescaling. Our choice takes into account higher order
corrections produced by higher order term& nif we let nowp = sign@)+/|A¢|(t + to),
andr = log(t + tg), then Eq. (2.6) implies that® andw® obey the following equations:

O-w® = (*pz — %pﬁp)wc
tel (fz(wca e T2 + fa(wC, e T/?) + fa(w®, w72, 6_7'/2)) ’

—T S — s, 1 —7,58 1 _—71 S T/2 c s —1/2 _—T1/2
e T0;w? = Mexpr/2yw” + 3¢ " w” — 3¢ pOpw +e/g(w,we 2 e /),

(2.9)
wheref,, f3, f4 andM in Eq. (2.9) are defined below. If

pe” /2 = p(t+to) T2 = sign@)\/|Adl ,
and if we denote the inverse transformation by
(= o(pe™7/?),

whered istheinverse function of — sign{)+/|A.|, then, given a functiom = w(¢, t),
we define the nonlinearity

[fa(w,e™7/2)] ()

(£, e)](@(pe™/?))
[FO(w(-, t + to) | (D((t + to)~Y/2)) .

(Note thatd(z) = x(l +O(x)).) Analogous definitions apply tfsy and f4. The operator
M will be described in detail in Eq.(2.13).

RemarkThe non-linearities,. . . depend on the choice &f. If we consider the initial
value problem for the Swift-Hohenberg equation, the “smallness” assumption on the
perturbation of the periodic state is to be understood with respect to a choice of a
(sufficiently large)to. As we will see, however, the nonlinear terms can be bounded,
independent ofy, for all tg > T > 0. To this change of variables will correspond

the following (non-exhaustive) list of substitutions in the integrals in Eq. (2.7): Let
a,b € [-3, 3]. Then

er/2q>—1(b)

b
\O [ db (e e | dq @' (ge™"/?)
a e™/2d1(a)
P = Pope-7/2) (2.10)
Pk—t — PLI(p,q,7) >
V(k,t) — w(p,7),
V(g - k> t) - ’U)(A(p, q, T)) .

Here, we define

F(p7 q, T) = (D(pe_T/z) - (D(qe_T/z) ’

Alp,gq,7) = er/zqu(q)(pe—r/z) B <I>(qe*7/2)) . (2.11)

It follows at once from the definition o that
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F(p7 q7T) = e_T/z(p - Q) ! (1 +7(p7 q7T)) )
A(p7Q7T) = (pf q) ' (1+%(p7Q7T)) )

wheres and~y are bounded and smooth.

We next discuss in detail thepectrumof Mey,,/2), Which is just the rescaled
linear operator for the “stable” part af, cf. Eq. (2.6). Recall first thal’s = (>, o1).
This introduces a natural decompositiomet = (w3, w3), as well as ofMeyp - /2) =
Mexp—r/2),1 © Mexp—+/2),2- From the definition of the first component, we get

(2.12)

m@m@ﬁELﬁxnv):(3—-m+@+i¢@e*ﬂ»%2—Km¢@e*”»)ﬁ@no,

(2.13)
where/C(¢) is a kernel given by

Kw=3/M@w@wwm.

(Recall thatyp, really depends og as well and should be writtep, ,.) SinceVs has
support bounded away frof= 0, say|¢| > {y/2, we see thab3(p, 7) will have support
in [ple”™/2 > | /|Ag/3l, and the spectrum afleyp-/2)1 is seen to be contained in
{o|Reo < g < 0}, for someo, and for allr > 0.

A very similar argument detailed in Appendix B shows that the spectrum of
Meyp—~/2),2 is also contained in such a set. Thtse linear evolution generated by
Mexp—~/2) CONtracts exponentiallysee Lemma B.6 below for details.

We next consider the operatdr = (—p? — %pap), which appears in the first
component of Eq. (2.9). The detailed study of the semi-group generated vioyl
be given in Appendix B. Here, we discuss its properties on an informal level. The
Fourier transform of_ is 62 + %m@x + 1, which is conjugate to the harmonic oscillator
Ho = 02 — 22/16 + 1/4 by the (unbounded!) transformatidh of multiplication by
exp@?/8). Informulas:L = T~1H,yT. Therefore Hy has (say, oi.?), discrete spectrum
w; =—3/2,7=0,1,....Itis this spectrum which leads to a nice interpretation of the
convergence properties of the Swift-Hohenberg equation. The eigenvallierefun-
changed by the transformati@h (and the eigenfunctions are multiplied by a Gaussian),
so to each eigenvalyeof L there corresponds a decay raté in the linear problem.
Because of the transformation of variables fraimr, this decay rate becomes-{o)* in
the original problem Eq. (2.6). In other words: Neglecting the non-linearities in Eq. (2.9)
and settingo® = 0, (and ignoring potential problems related to the unbounded operator
T) we have a solution

w(p, ) = iwme_Tm/z'Hm(Zp), (2.14)

m=0

whereH,, is them™ eigenfunction ofL. In the original variables, this means that

V<(,t) = iwm(ﬁto)—m/zﬂm (20(t + to) /21 + O(|(Y?)) . (2.15)

m=0

Thus,to eachm there corresponds a specific raje{ = —m/2) of decayfor a part of the
functionV' <. Note that a change @ just corresponds to a rearrangement of the series.
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(This is not contradictory, since a changetgflso changes the initial condition, and
hence the solution whose asymptotics we are computing.) In particular, the slowest rate
of decay is associated witty, which is Gaussian, and thus, at least at the linear level, a
“generic” perturbation of the stationary state will decay like exgt), for somec > 0.

In terms of the original independent variablest), it decays liket ~%/? exp(—x2/(4tc)),

ast — oo. This means that at this level, the periodic stationary states are stable, and
that perturbations of them decay like solutions of the linear heat equation. The invariant
manifold theory guarantees that this behavior persists in the non-linear problem, and in
fact it tells us more. We will see that in suitable spaces we can construct a sequence of
manifoldsM ; of dimensiony = 1,2, .. ., such that any solution of Eq. (2.9) approaches

a solution onM; at a ratee"#s-1, or again reverting to the originat(t) variables, at a

rate O((t + to)*-1). In the case at hand, this @((t + to)~7/?). Thus, in principle, we

can analyze finer and finer details of the asymptotics of perturbations of the stationary
state by considering the behavior of the solution on tlieste dimensionaianifolds.

3. Casting the Stability Theorem 1.2 into an Invariant Manifold Theorem

At the end of the preceding section, we have seen that the spectrum of the linear part of
Eqg. (2.9) has the following nature: The componefitsatisfies a differential equation
whose linear part has eigenvalyes= —;/2,j = 0,1,..., N, providedwe work on

a space of sufficiently smooth and rapidly decaying functions. The evolutiarf &f
governed by an equation with an even more stable spectrum.

The invariant manifold theorem will show in which sense the built-in scalings of
Eg. (2.14) survive the addition of non-linearities. While this presents no conceptual
problems at all — and this is the beauty of the present approach — some care is of course
needed in the application of the invariant manifold theorem. Another point which might
be overlooked is the following: The invariant manifold theorem doeissay that the
representation of the full non-linear problem is the same as in Eq. (2.15), but with slowly
varyingw;. Rather, we will show that on the complement of a dimengienl surface
in the function space, the solutions decay at leasttliké?, (for every; > 1), provided
the initial data are sufficiently small and smooth.

In order to apply the invariant manifold method to the problem, we need bounds on
the non-linearities and bounds on the semi-group generatdd While the factor of
t = exp() infrontof f>in Eq. (2.9) mightlook like a disaster, we will see that by working
in appropriate function spaces, and taking advantage of the nature of the nonlinear term,
this factor will disappear. Its presence is in part due to the fact that we chose to work
in “momentum” space, rather than “position” space, because the linear problem is most
naturally studied in Floquet variables. If we rewrote these terms in position sipace (
in the original (, t) variables), they would look much less singular.

We will work in Sobolev spaces, and we define

Hyp = {v| (11— 0221 +p?)"%v € L%}, (3.1)

equipped with the corresponding nofm ||,,. The functionw® will be an element of
Hy,.

The functionw® has two components. The first component comes from the central
branch of the spectrum of the linear operator (1.9), and will also & jn The second
component comes from the stable branches of the spectrum, and it depends pn both
andzx. It will be an element of the space:
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Hy o = {w=w(p; z) | wp;z) = w(p; z + 2n),
(1- )21 = Ry 2L +p?)?w € LR x [-m, 7))} .
By a slight abuse of notation, we will denote fy®||5, ., the sum of thef, ;. norm
of the first component ofv® and theH, ,.,, norm of the second component, and by
lw®]|q,r,», we will mean theH, .., norm of just the second component. We will also use

H,,r to denote the space of all functions with fink, .., norm.
The non-linearities satisfy the following bounds:

Proposition 3.1. For everyg > 2 and everyr > 0 there is a constanf’ for which

le” fa(w, e A g-1 < Cllwllz, (3.2)
le™ fa(w, e )llgr < Cllwll} '

q,r
forall 7 > 0.
Proposition 3.2. For everyg > 2 and everyr > O there is a constant’ for which

le7 fa(w®, we ™2, e/l

< CT [, ., (€T PwC g + €T 0,0 )

X (Le 2w g +e T wd,,.,)  (33)
g(®, we T2 ey, .,
< Ce (e P+ e 0l 0 )°

X (L+e 2 wdlgr + e w2, - (34)

HeT/Z

forall 7 > 0.

Remark.Note that every factor ofw®||, .. is multiplied bye~"/2 and every factor of
l|w®||%,,., is multiplied bye™".

RemarkAs we pointed out above, the nonlinear terms depend on the cofistbiaiwv-

ever, the bounds in the two preceding propositions are independgnhidre precisely,
foranyT > 0, the constant§’ in both propositions can be chosen so that the estimates
in (3.2)—(3.4) hold for alkg > T'. The proofs will be given in Appendix A. Note that

one loses a power of in the first estimate of Eq. (3.2), but of course, one “gains” the
square of the function.

We will regain the “lost” power op by examining in detail the semi-group generated
by L. We denote byPy the projection onto the space spanned by heigenvalues
{1tj = —3/2}j=0,....n—1 Of L. We defineQ) 5 = 1 — Px. (We verify in Appendix B that

these projections are defined.) On the space correspond®g tave expect the norm
of the semi-group generated liyto decay like expfu ). This is indeed the case.

Theorem 3.3. For everyd > 0, there are a constanty and a function(2V, ¢) such that
for everyN > Ny, everyq > 1 and everyr > r(N, q), thereis aC = C(q,r, N) < oo

such that o N)
L (L Ta
||e QNUHq,r < Ja()

wherea(r) =1—e 7 andL = —p? — %p(’?pThe proof will be given in Appendix B.

S G ] P (3.5)
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We also need an estimate on the linear evolution generatédey_-/2). Let U
be the solution of

e_TaTUT = Mexp(f‘r/Z)U‘r )

with initial conditionUy = 1. (Compare with the linear part of (2.9).) Then, in Appendix
B, we prove

Theorem 3.4. If wg € H, ., then there existg > 0, such that for allr > 0,
|Urwollse,,., < exple®/?)|wolls,,., -
With the help of the bounds Proposition 3.1-Theorem 3.4, we can now reformu-

late the problem in terms of invariant manifolds. Equation(2.9) can be written as an
autonomous systehy definingn = (t +tp) /2 = e~ 7/2

Orw® = Lw®+ 12 (faw® ) + fo(w®,n) + fa(w®, w®n,n)) |
n?0;w® = Myw®+ntg(w®, wn,n), (3.6)
87'77 = 7%77 .

We will construct an invariant manifold tangent at the origin to the eigenspace corre-
sponding to theV largest eigenvalues d@f, and the; direction. We subdivide the center
variablew® according to the projectiofp y defined earlier, wher&' is fixed once and
for all. Define

z1 = (- Qn)uw®, x = Qnuw®, x3 = w’. (3.7)

Note that the variable; is in a finite dimensional space, whilg andx; are in infinite
dimensional Hilbert spaces. The system of equations Eq. (3.6) now takes the form

O-x1 = A1z + No(z1,n, 22, 23) ,

6777 -
8-,—I2

1
—37,

(3.8)
AZIZ + NZ(x].) n, 22, I3) )

77237903 = A3,nm3 + Ng(CL‘]_, 7,22, {L‘3) .

HereA; = (1 - Qn)L, A2 = QN L, andAs,, = M,.

Remark.In view of later developments, we consider andn to be the “interesting”
variables and:, andxs the “slaved” variables, hence the new order of the variables.

RemarkEquation(3.8) is a very singular perturbation problem, because of the factor of
n? in front of the derivative of:s. What is more, sincg(r) = e~7/2, it becomes steadily

more singular in precisely the limiting regime in which we are interested. Nonetheless,
we will see that the invariant manifold theorem provides just the tool we need to under-
stand this limit. Singular perturbation problems of this type do not seem to have been
studied much, but they do arise naturally in other contexts, such as the study of parabolic
equations in cylindrical domains (JW2]).

We shall call Eq. (3.8) théull system To simplify the notation, we shall omit the
dependence onin As,. Consider the spectra of;, A>, Az. From what we have seen
earlier, we find that
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spec@d;) = {0,-1/2,-1,...,—(N —1)/2},
specidz) C [—oo, —N/2], (3.9)
SpeC(7_2A3) = [—OO, —C/UZ] 9
wherec is some positive constant. Thus, we expect to apply a pseudo center manifold
theorem to “slave” the variables, x3 to the variables:;; andrn. While there are certain

technical difficulties associated with the very singular perturbation, in Appendix C, we
demonstrate the following proposition:

Proposition 3.5. Fix N > 0. There exist- > 0, ¢ > 1, andv > 1/2, such that
the system of equations (3.8) has an invaridit 1-dimensional manifold, given in a
neighborhood of the origin by the graph of a pair of functions

hy :RY xR — H,, ,
h3 :RY xR — Hypy

We next turn to the task of showing that the invariant manifold we found for Eq. (3.6)

actually attracts solutions at an exponential rate.

Notation.It is useful to introduce the notatigh= (x1,n) for the two relevant variables.
Consider a solution of the forifw®(r), w(r)) of Eq. (3.6), Withw®(7) = (z1(7), z2(7))

as in Eq. (3.7), ana3(7) = x3(7). We wish to show that
(&(r), wa(r), w3(r)) — (&(7), h3(E()), h3(E(r)) )

ast — oo, and furthermore, that it does so at an exponential rate, given essentially by
the least negative eigenvalyey, of the operatord,.

Proposition 3.6. Fix N > 0. For every positive) there is apy > 0 such that if the
solution of Eg. (3.6) remains in a neighborhood of the origin of gig®ne has the
following bound: There is &* < oo for which

[22(7) = h3EE g + l23(7) = D3 (EE I, < CTe lrnl=oT
asT — oQ.

Proof. This proof is relatively standard, seeg, Carr [C]. Let
) = (xzm — h3(E) ) _ <22(T))
wa(r) — h3E(n) ) — \z(1) /)
Then we have

.- ( Apzp + No(€, 22, 23) ) 7 (3.10)

n~2Asz +172N3(¢, 22, 23)
where, with the notation of Eq. (3.8),
Nj(€, 22,28) = N 22+ h3(6), 23+ h3(€)) — N;(€, h3(8), h3(9))

for j = 2,3. The only novelty in Eq. (3.10) w.r.t. [C] is the factor gf 2 in the “3"-
component which is the reason for our repeating his arguments. But we can integrate
Eq. (3.10) explicitly and get
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2ar) = e 225(0) + / do Ty (£(0), 22(0), 23(0))
0
25(7) = M7= )4s )

T 1 _ _ ~
+/0 do We(n(ﬂ *=n(o) 2)A3N3<§(U)a22(0')723(0')) .

We assume)(0) > 0, since we are interested in the cag8) = tgl/z, and we have
chosen the scaling factog to be a positive, finite constant. Note also thaémains in

a neighborhood of the origin, as— oc. From the bounds on the non-linear terms we
see that if the solution satisfies

lz2(m) g + ll23(T) |2, < P

for all 7 > 0, then, withvy = N/2, the modulus of théV'" eigenvalueuy of L, we
have

[| 22(7)|

ar < €7V22(0)

q,”

"

+Ce / doe™ = (|l 200l + |22 ¢, ...) -
0

3(7) ||+, 0 )~ =07 23(0)|| %
. IR LR O R TP

- q,mv

)
1 () (o)t
+Ce / do = =01 (20| g + |22, ) -
0

n(o)?
(3.11)
In deriving these inequalities, we used the inequalities

€7 2N5(€, 22, 2) |l < € TN N2AE, 22, 23) | g—1.1

leP s Na(€, 22, 23)[¢,. < €7 | Va6 22, 23) 0

which follow from the bounds of Appendix B. If we now fix> 0 and define

Co(r) = sup ™ V= zo(r) g,
o<r'<r

Cs(r) = sup e g, ., -
o<r'<r

then Eq. (3.11) leads to the inequality
Co(7) < K1+ Ke(Co(r) + C3(7)) / doe =0
0
Calr) < Ka+ Kae(Calr) + Ca(r)) / do 7(1)2eww*z—v(or%e<T—a><vw—5> .
0 o

If we insert into these integrals the definitions

n(o) = expt=a/2)n(0), n(r) = expt=7/2)n(0),

we find that both integrals are uniformly boundedrin> 0 if n(0) is in a compact
subinterval of (Q1). The proof of Proposition 3.6 is complete. Thus, all solutions near

the invariant manifold approach it exponentially fastin
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One can now show without difficulty that every solution approaches exponentially
quickly aparticular solution on the (approximate) invariant manifold

(21(r),n = 0, h3(x1(7), 0), h3(a(7),0)) -

This consists simply in translating pp.21-24 of [C] into the present setting and thus there
is no need to repeat this argument here.

If we combine these results with Proposition 3.5, we arrive finally at a description
of the invariant manifolds which exist close to the origin for (3.8).

Theorem 3.7. Fix N > 0and¢ > 0. There exist > 0, ¢ > 1, andv > 1/2, such that
the system of equations (3.8) has an invaridttt 1-dimensional manifold, given in a
neighborhood of the origin by the graph of a pair of functiéggs: RN x R — H, ,,
andhj : RY x R — H,,,.,. Any solution of (3.8) which remains in a neighborhood
of the origin for allT > 0 approaches a solution of th& + 1-dimensional system of
ordinary differential equations

Orw1 = Ayxy + Ni(w1,n, ha (w1, 1), h3(21,7))

: (3.12)
= _ETI )

87'7] -

which results from restricting (3.8) to this invariant manifold. Furthermore, the rate of
approach to this manifold i®(exp(—7(N/2 — 0))).

Remark.This theorem almost suffices to prove Stability Theorem 1.2 . In particular, it
emphasizes that in a neighborhood of the periodic solutions of (1.1) there exists a family
of invariant manifolds)>, Ms, . . ., described in that theorem. The one remaining piece
of the puzzle is to describe the behavior of solutions restricted to the invariant manifold,
and that we do in the next section.

4. The Projection of the Non-Linearity onto Zero Momentum

We have already shown that there exists a (smooth) invariant manifold, parameterized
by (&, h3(£), h3(€)), where¢ = (z1,7n). This manifold satisfies Eq. (3.8), which, in the
case ofN = 1,i.e, in the case of a two-dimensional invariant manifold amounts to

8‘1'331 = N1($l7777h;(§)7h§(£)) )
— 1
O = =35m0, 1)
97 (h3(€)) = A2h3(€) + Na(x1,m, h3(€), h3(8)) ,

1120, (h3(6)) = Ash3(€) + Na(x1, 1, h3(€), h3(€)) -

Note that becaus®’ = 1 the operatord; equals zero (which is the highest eigenvalue
of L).

To understand the dynamics inside this invariant manifold, we now state and prove
the following proposition, which is based on Schneider’s beautiful observation: Let
Ni(x1,n) be the r.h.s. of the first equation in (4.1%., 0,x1 = Ni(z1,n).

Proposition 4.1. There is ancy o > 0such thatNl(ml, 0) =0, forall |z1]| < z1,0.Thus,

the non-linearityvanishes identicallyt “infinite time,” which corresponds tg = 0.
Before proving Proposition 4.1, we show that it implies the following important
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Theorem 4.2. If 21(0) is sufficiently close to 0, then there are a const@nt oo and
anz; such that

|z (7) — 2k < Ce™7/2. (4.2)

Proof. Using the fact that(7) = e~7/2, we can rewrite the equation fag as
drx1 = Ni(zy, e 7/?) . (4.3)

SincelNV; is a smooth (atleagt*) function witth(a:l, 0) = 0in some neighborhood of
the origin, there exists a constafit; > 0, such thatNy(z1, e~ 7/?)| < Cy exp(=7/2),
for |z, | sufficiently small. Integrating (4.3) and applying this estimate yields:

lz1(7) — z1(7)]

Tf -
/ do Ny(a(0),e/?)
Tf
< CN/ doe /2 = ZCNefﬂ/Z(l_e(ﬂfrf)/z)_

This estimate immediately implies the behavior claimed in Theorem 4.2.

Proof of Proposition 4.1The basic idea is to relaﬂéfl(azl, 0) to the non-linear term of
another problemwhich is known to be 0. This other problem is the center manifold
equation for the perturbations of a stationary solution of Eq. (Edfyicted to a space

of 2rr-periodic functionsin this case, the equation analogous to Eq. (1.12) is

Ov = Lpeww + F(v) ,

where F'(v) collects the non-linear terms in. The spectrum ofL,e, iS pure point,

with a simple zero eigenvalue, and all others negative, and bounded away from 0. The
eigenvector with O eigenvalue ig, whereu, is given by Eq. (1.5). If we calk1 per

the coordinate in the’ direction, then there exists a one-dimensional center manifold,
tangent to this direction and given as the graph of a funciid®, per). A very nice
observation by Schneider is that this center manifold must coincide with the translates of
the stationary state., which is formed of fixed points of the Swift-Hohenberg Eq. (1.1).
Hence, on this center manifold we must havg,, = 0. Using this information, the
equations for this center manifold take a particularly simple form.Rgtdenote the
projection ontou. and letQper = 1 — FPper. Then the preceding discussion implies that
the flowq), peris the identity oney per, and hence the equations for the invariant manifold
read:

-i'l7per = PperF(xl,pera H(prer)) =0, (4.4)

0
/ dr e_QpeererQperF(Qfl,pera H(xl,per))

— 00

H (33 1,per)

= - (Qpeerer) _lQperF(l’l,pera H(xl,per)) . (4.5)

We now wish to use this information to prove Proposition 4.1. The rough idea is to show
that
Ni(z1,0) = PperF(fl,per; H(xl,per)) ) (4.6)

and this quantity vanishes by Eq. (4.4). More precisely, we shall show:
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Proposition 4.3. The cubic term inc; of Nl(xl, n) coincides in the limity) — O with
the cubic term incy of PoerF (21 per, H (21,per)). All other terms inVy go to 0 asy — 0.

Remark.SincePperF(xl,per, H(ml,per)) = 0, this proves Eg. (4.6) and thus Proposi-
tion 4.1.

Proof. The proof of Proposition 4.3 will be given in Appendix D.

5. Completion of the Proof of Stability Theorem 1.2

We now consider exactly how the results of the previous two sections about the behavior
of solutions in, and near, the invariant manifold translate back into statements about
solutions in terms of the original variables. We will focus specifically on the case con-
sidered in the previous section in which the invariant manifold is two-dimensional, with
coordinates#y, ), but the results can be immediately extended to the case of a manifold
of arbitrary dimension. Suppose we have a solutigr= w¢ + w3, of the system (3.6),

which remains in a neighborhood of the origin forall> 0. This will be the case if its
initial condition is sufficiently small ind, . ® H, ... We measure the size afin the
norm||| - |||, which is the sum of théd, , norm ofw®, and the¥,, ,, norm ofwS. By
the results of Theorem 3.7, we know that there exists a solutitih, on the invariant
manifold such that

llwr = wiM|[| < Cem7@/279 (5.1)

with 6 > 0. In addition, from Theorem 4.2, we know that there exists serhavhich
lies in the invariant manifold for which

[ —w*|| < Ce™ /2. (52)
Here,w™* is the function whose coordinates in the invariant manifold representation
is just the limiting pointz; in Theorem 4.2j.e, w* = (7,0, h3(x3,0), h3(x},0)).
Combining (5.1) and (5.2), we see that for solutions that remain near the origin, there
exists a functionv*, for which
llwy —w*|| < Cem7/20), (5.3)

Our final task is now to untangle the various changes of variables which we made in

the original equation. If we first “undo” the rescaling in (2.8), we see that the solution
v(¢, t), corresponding taw(-, 7) = w, is

v(l,t) = w(sign@)/| At + to), log(t + to))
+Gﬁ§ﬁwﬁw@ | Ad|(t +to), log(t + to)) (4.4)
= %L, t) + 03¢, t) .

One can make a corresponding decomposition*pthe solution corresponding to*.
First considen®. From (5.3), one has

g — e

= / dp |(1— 02)" 21 +pH) 1 2w (p, ) — w*(p, 7)) 2 < Ce TR
(4.5)
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According to (4.4)w°(¢, 7) = v8(® ~Y(pe~7/?), t), S0 substituting this expression —and
the analog fow* —into (4.5) one finds that the left hand side of that inequality is equal
to:

/dp (1= 32721+ p2) 2 (5@ (pe™ /), 1) — 0™ (@ (peT/?), 1))

Y]

/ dp|(L+p?) "2 (0@ pe TP, t) — (@ pe AP (46)

v

_/W@+mf”dwna+a+wx¢wf¥“@%&n—v“wxnﬁ,

where in the last integral we changed the integration variablezo® ~Y(pe=7/2) =
O (p(t + to) /7).

Remark.We dropped the derivatives with respectptan the second line of (4.6) for
simplicity — one could retain them at the expense of complicating the following expres-
sions. Sinceb(z) ~ z, for z small, and is equal to a constant timefor |z| large (due

to the definition ofA ), we see that combining (4.5) and (4.6) and recallingthat O,

one finds:

/ A0 |1 + 63120, t) — v (L, )P < Ct3/20-20) 4.7)

Analogous estimates hold for the “stable” part of the solution. Proceeding as above,
one can show that

> (@+n?)” / A0 |1 + 0312, t) — v, )2 < Ot 5/220) (4.8)

Thus, the “stable” part of a solution near the origin approaches the solution the
invariant manifold faster than the “center” part of the solution. (An effect that is entirely
in accord with one’s intuition.)

We next take a closer look at the solutiefi (or v*) on the invariant manifold. From
the computation in the previous section, we know that since the eigenfunctionan the
direction is exp{-p?), cf. Eq(2.14), we haver*(p) = ¢* exp(p?) + hi(c* exp(p?)). If
we now rewrite this in terms of the(¢, t) variables, we find

v*(l,t) = crem Mt +t71/2h§(c*efA‘t) . (4.9)

Thus, ifu(4, t) is a solution of (1.12) (in the unscaled variables), we see from (4.7)—(4.9)
that in theL?((1 +¢%)9/2d¢) norm,

v(l,t) = cre Mt + Ot~V (4.10)

But we know from Sect. 2 thak, = co(2)¢? + O(¢%) for ¢ small, andA , = c¢?, for |¢|
large, so one finds by an easy and explicit estimate that

/ Al |(L+ )1/ (Mot — g2 < 0712, (4.11)

Combining (4.10) and (4.11) one has

Proposition 4.4. If v is a solution of (1.12) with sufficiently small initial condition (in
H,,® Hgr,) then
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(/ |(1 +£2)q/2(v(€7 t) . C*efco(az)fzt)‘ZdZ)l/Z < Ct71/4(1726) )

Note that if we transform back to the,(¢) variables, this implies the asymptotic estimate
in Stability Theorem 1.2 , and hence the proof of that theorem is complete.

A. Bounds on the Non-Linearities

In this section, we prove Proposition 3.1 and Proposition 3.2. We begin by studying the
kernelsK,(¢, k), and K3(¢, k) introduced in (2.7).

Lemma A.1. There is a constan® such that

|Ko(¢, k)| < Cemin((|k[>+]¢),1) .

Proof. By the definition of Eq. (2.7), we have

&@@:/M@@%@%@Ww@- (A1)

Sinceu. andypy, are both uniformly bounded, we have immediately thai(k, ¢)| < Ce.
The crucial observation of Schneider[Sch] is that because of Eq. (1.11), repeated here
for convenience

pep(w) = ul(z) +ilg(x) + he o(@)0? (A.2)

(with realg.), K, has an expansion
/ dz ue(x)(ul(@))® + uo(z)(ul(z)) 2gE () (—il+ik+i(0 —k)) +eO(*+k?) . (A.3)

Note that the first term vanishes becauss a symmetric function and hena¢u’)? is
odd, and the term which is linear inand /¢ vanishes as well, because of momentum
conservation, so the proof of Lemma A.1 is complete.

RemarkNote that a similar calculation immediately shows that the keffyedatisfies:
|K3(£7 k17 kZ)‘ S C.
We now need the following auxiliary result:

Lemma A.2. If p, andpz are in H, ., and if p1 = p1(p, p’) is aC” function, then

5@:/@m@wmmm¢ﬂMW)

isin H,, and

1Zllq.r < Clipallerllp2llg.rllpsllg.r -

p’, so we are really estimating

Proof. Recall from Eq. (2.12) that\(p,p’,7) ~ p —
= (p — p'), the proof is easy using the

a slightly distorted convolution. IA(p, p’, 7)
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definition of the norms. In the present case, whalp, p’, 7) is not trivial, the result
follows in a similar way by “undoing” part of the variable transformation which led
from the variableg, k to the variable®, p’. To simplify matters, we consider only the
somewhat easier problem of bounding

/ dp' &' (e~ 2o A, ' )pale) (A.4)

Using the definition ofA(p, p’, 7) this is equal to

/dpl ®/(p677/2)p2(6‘r/2®71(q)(pef'r/Z)_qD(plef‘r/Z))) p3(€7-/2q)71(q)(p/67‘r/2))) )

(A.5)
Changing variables th = ®(e~7/2p) and/ = ®(e~7/?p’), we get

/ ey (e7 2Dk — £)) pa(eT/ DY) . (A.6)
We now define a functiod’. by

W (/%) = €20 Y (x),

and note that fron®(z) = z - (1 +O(x)) it follows that ¥, (y) = y - (1 +O(e~"/?y)).
We can rewrite Eq. (A.6) as

[t 2oa (w2 - 03) pa(w,(20) A7)

We define nexp;(k) = p; o ¥, and we see that Eq. (A.7) is equal to

/ de pak — ) pa(0) . (A8)

Thus, we can bound th&,, . norm of Eq. (A.4) by||2|4..||#3]l4.r» and, since, is
uniformly close to the identity for ait, this is in turn bounded by consgtps ||, || p3llq,r-

This proves Lemma A.2 in this special case. The extension to the general case is easy
and is left to the reader. We now have the necessary tools to attack the proofs of

Proposition 3.1 and Proposition 3.2.

Proof of Proposition 3.11f we write out the transformation leading 6, i.e., from
Eq. (2.7) to Eq. (2.9), we get, using Eq. (2.10),

P(r)
er . (fz(w,eff/z))(p) - eTBX(CD(pef'r/Z)) /P( )dp/ e*‘r/Zq)/(p/efT/Z) (A 9)

< Ko(®(pe™/%), @(p'e /A w(A(p, p, I)w(')
where
P(r) = @1 (3)e™/? = 3e7/2.
We bound |K,(®(pe~7/2), d(p'e~7/?))| by Ce|®(pe=7/?)2 + d(p'e~7/?)?| using
LemmaA.1. Since the expressich&e—"/2), and®(p'e~7/2),in Eq. (A.9) are bounded,

and®(z) = z(1+0(x)), we can extract another factorof™/2 and get a bound o £,
of the form
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P(r)
const 67/2)((‘1)(1?6_7/2))/ a(lp)/ (Io@e™2)| +|0@'e™ ™)) - [w(Ap, ', Dw )

< const x(®(pe~"/?)) /Oo dp’ |p +p'|lw(A(p, P, T))w®)| .

- (A.10)
If wisin H,,, then with the aid of Lemma A.2, we can estimate g 1 , norm of
Eq. (A.9) byC|lw||2 ... Note further, that from the above discussion it is also clear that

e” fo(w®, e~ 7/?)(p) is also a smooth function ef 7/2.

RemarkThe factorgp|, [p’| are responsible for the loss of one power in the norm estimate
of Proposition 3.1. It is only in the study of the flow within the invariant manifold that
we will need the second order bound of Lemma A.1.

Remark.Note that the nonlinear terms depend (implicitly) on the constamthich
entered the definition of the new temporal variablélowever, all the estimates above
(as well as those which follow in the proof of Proposition 3.2) are independent of this
constant. The bound ofy is similar, but no additional regularization is needed, since

there aré@wointegrations, each of which contributes a faetof/2. We leave this to the
reader. The proof of the asserted bounds of Eq. (3.2) is complete.

We now turn to the estimates of the nonlinear terfpandg. Because these terms
involve thewS, we begin with a discussion of the appropriate function space for these
components. These were defined in Sect. 3, but we repeat them here for convenience.
Recall thatw® € H, ,, whilew® € H, , & H, ., Where

Hy oy = {w=w(p;z) | wp, ) = wp; z + 2r),
(L— 2)/%(L— 02 /A(L+p))%w € TAR x [~m,7])} .

The fact thatw® is an element of the direct sum of two spaces reflects the fact (see
the paragraph preceding (2.6), and then (2.8) ) that it has two components, the first of
which comes from the central branch of the spectrumi gfbut with ¢ localized away

from zero, and the second component coming from the stable branches of the spectrum
of L,. In a slight abuse of notation we will denote bS5, ,, the sum of thef, ,

norm of the first component af® and theH, ,.,, norm of the second component, and

by ||wS|lg,r», we will mean theH, .., norm of just the second component.

RemarkAn easy fact which will be useful later is that if we expantp; ) € H, ., in
a Fourier series with respect 19

w(p, QC) = Z einwﬁ)n(p)a

n=—oo

then theH,, ,., norm ofw is equivalent to the norm

o0
lwliy,,, = D @+n?)"|dy,

n=—oo

(A.11)

2
q,r -’

Thus we will use the two norms interchangeably. Now consider

e” fa(w®, w72, e /2. (A.12)
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We shall concentrate on the most “dangerous” piece which is the quadratic term with
one factor ofw® and one ofws. Other terms are “less dangerous” in the sense that they
contain either more factors af® each of which contributes a small factor of7/?,

or more convolutions which again contribute a factoeof/2. The quadratic piece of
(A.12) has the form

NG ) / 0t Gagpe»r2(x) ue(z)

P(7)
> / dp/ 677—/2©/(p/€7T/2)U}C(A(p,p/, 7_)) (A13)
—P(7)

X o @) e 2w z) .
As we mentioned abovey® has two components — one H, ., and one ind, . ,,.

The contribution from the component H, , is bounded by the same techniques used

to control f3 — note that it is not necessary to extract any additional factoes of2,
since we get one from the integration, and one from the fact that each facigrisf
multiplied by e~7/2. Thus, we restrict our attention to the componenwdin H, .,
which is where the new ingredients are necessary.

Interchanging the order of theandp’ integrals, we use Lemma A.2, with

pi.9) = SUPIB (P06 )@ We ) gy rne) @10
palr) = ()]
pale) = | / de (' 2)]

Sincey,(x) andu.(x) are smooth, 2-periodic functions oft, and||p1]|c- is bounded,
Lemma A.2 implies that thé/, , norm of (A.13) is bounded by

g | / do w2y (A14)

The H, , norm of the integral can be bounded by

sup||w®(:; @)[|q,r < Cllw’|a (A.15)

q,rv )

providedv > 1/2, where we used Sobolev’s inequality to estimate the supremum over
x. Inserting (A.15) into (A.14) yields the bound claimed in (3.3).

The remaining terms irfi, can be bounded in a similar fashion, but as noted above,
they will tend to 0 as- — oo. In fact, they will be bounded bce—7/2.

Proof of Eq. (3.4) of Proposition 3.2Ve finally bound the non-linear term
e 2g(wC, wseT/? e 7/?) | (A.16)

In boundinge™/2g(w®, we~7/2; e~ 7/2), recall that just as® did, this expression will

have two components — one i, ., and one inH, ,,. The component irH, , is
bounded using exactly the same techniques used to control thefieabove, so we
concentrate here on explaining the new ingredients necessary to bound the component
inHyry.
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As in the bound onf,, the potentially largest terms are those of minimal order,
because each additional order provides a facter 6f2. So we look at the terms which
are quadratic and which are of ordefw®, wcw*, andw®w?®, respectively. The first term
leads us to study

1/2
ez (o) [ V=DV @y ®). @
Rescaling as in (2.8), we see we must bound
P(r)

Piperr2) (ua(x) / dp' @' (p'e”7/?)

—Pm (A.18)
X <'O‘P(p'e‘*/z)(ag) rpp (@) w(p") w (A, p', 7)) | -
Note that the prefactor ef /2 has disappeared due to the factoeof/? which we gain
as usual from the change of variables.

Since the projectio®;- has bounded norm and is a smooth functiord,ofie can

discard this factor at the price of introducing an overall constant in the estimate. Note
next that the square of thi, .., norm of the remaining expression is equal to:

P(r)
|[ a owe 0. 0)
AL (A.19)

X |Jue(z) <Pc1>(p/e—f/2)(x) er(p,p,) () ||§{V(dz)

b
Hgy -(dp)

where theH” norm is theH”-Sobolev norm of the quantity

UE(Z‘) ()O(IJ(p’e*T/Z)(x) L)01—‘(p,p’,7')(x) )
considered as a function ef and theH, ,, norm is the norm of the resulting function
of p. Sinceu. () e c—r/2(x) Yrepp () is @ smooth function of, p’, andp, there
exists a smooth, bounded functigitp, p’), such that
V(,p") = Jue(x) Copre—r/2(T) erepp (@) || Hv () - (A.20)
But now, by Lemma A.2, we can conclude that (A.19) is bounded by

P(7)
H/ dp' &' (p'e” T 2)w (@Y (AW, ', D D), apy < CIO" 3w, -

—P(r)

(A.21)

We next consider the quadratic termgrwhich contains one factor af® and one
factor of w®. In this case, the analog of (A.18) is

P(T)
Py (0 [ @
- (A.22)
X ot @) WA, 1 )0 x)) .

Note that in this case, we pick up an extra factoeof/2, in comparison with (A.18),
since each factor af® is multiplied by this exponential.
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Once again, we must contend with the fact th&has two components. However, the
componentirf, , behaves exactly as in the estimates leading to (3.2), so we concentrate
on the component i, ., .

As above, the projection operator can be dropped at the cost of an overall constant,
and we are left with the task of bounding thg ,, norm of the remainder. The square
of this norm is equal to

P(7)
|/ ar owe o)

~P(r)

X ||us () (lod)(p’e*"'/z)(x) ‘PF(p,p’,T)(x) ws(p/; x)”%f”(dw)

Hq,r(dp)
< O fler [[w°lF,,

% 14 @ore—r2y(@) 17 @) €@ ) e an :
Hg,r(dp’)
(A.23)
by Lemma A.2. Note that the pair of norms on the last factor is equivalent to computing

the square of théf,, ., norm of

ue () QOCD(p/e*T/Z)(x) Prp,p’,7) () ws(p/; x). (A.24)
Sinceu,, ®, ¢r, andA are all smooth, bounded functions, we see just by writing out
the definition of the norm that this is bounded by
Cllwdf, ., - (A.25)

q,m,v

If we estimate the term quadratic ir® in a similar fashion, and combine this estimate
with that in (A.21) we see that the quadratic termsifi/2g(w®, we~7/%;e~7/2) are
bounded ir, .., by

Cllwllm,.. + e 2 wln,,.)° - (A.26)
Analogous estimates of the cubic terms lead to a bound
Ce  (|[ulm, , + e TP wl,..)° (A.27)

where the additional factor ef 7/2 comes from the additional convolution. Combining
(A.26) and (A.27) leads to the estimate in (3.4) and completes the proof of Proposi-
tion 3.2.

B. Bounds on the Linear Operators

In this Appendix, we give bounds on the semi-group generatefl éyd on the linear
evolution defined byMeyp 7 /2).

B.1. Bound on the semi-group generated lhyWe consider the semi-group whose
generator i = 92 + 229, + 1. Note that in this section, for ease of use, we define

in the Fourier transformed variables, compared to Sect. 2. Fourier transformation is an
isomorphism fron¥,, ,- (in thep-variables) taH,. , (in thez-variables), so establishing

estimates on the semigroup associated3c- %x@w + % in the spacef,. ,(dz) will
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immediately imply estimates on the representatioi. afi the p-variables in the space
H, ,(dp). In order to avoid confusion, in what follows we will denote|by, . the norm
on H, ,(dz). With this notation, the normg- ||, and| - |, resp. the spacel, ,.(dp)
andH, ,(dz) are equivalent.

The integral kernel of the semigroup generated kg given by [GJ]

(eTLv)(m) - /2 dz 67Z2/(4a(7—))v(67—/2(x + Z)) ,

1
Vara(T) ¢

wherea(r) = 1 — e 7. If we denote byT" the operator of multiplication by expf/8)
and by Hy the harmonic oscillator Hamiltonially = 9% — 22/16 + 1/4, (note the
unconventional sign!), then

L =T HT.

Thus, the two operators and Hy are “the same,” but they act on two quite different
spaces. Ifthdp; },>0 are the eigenfunctions dfo, then they); = T-1¢; are the eigen-
functions ofL, with the same eigenvalugg = —j/2. We letP, f = 3=, (¢, g,
where ¢, -), is the scalar product B

(f,9)q = (Tf, T(A—Lo)?g) = (Tf,(1— Ho)'Ty).

We next show that for < ¢ — 2, the operatof’, is bounded inH, ,(dx). First of

all, the eigenfunctiong; are bounded bgD(l)\a:Pe‘f”z/S at largez. Therefore, we also
havey; = T~1p,; € H, ,(dz), since it decays exponentially. Finally,

(s g = (T, (1= Ho)'Tf) = |1 — p|*(;, Tf)
and the last scalar product is bounded i€ H, ,(dz) whenr > j + 2, since, with a
weight functionlV (z) = (1 +z?)Y/2,
(@, TH < CIW7, )l < CIW W)
< O|w7fll2 < C|f
ThusP, is defined. We leQ),, = 1 — P, (in H, ,(dz)).

Theorem B.1. For everys > 0, there exists amg and a function-(m, ¢) such that for
everym > my, everyqg > 1 and everyr > r(m,q), there is aC = C(q,r,m) < oo
such that

o,r -

Clg,r,m)

. C ., _
le Lva|q7r < NGO e~ T(kml 5)‘v‘q717r. (B.1)

Remark.The functionr(m, g) is of orderO(m + q).

Proof. To explain the strategy of the proof, we need some notationP{®tdenote the
projection inHo ,(dx) onto the subspace spanned{gy; },<, and letQ® =1 — PO,
Then, formallyT'Q,, = QOT, andLQ,, = T~ HoQOT. This suggests thdt restricted
to @, has no spectrum in the half-plade | Rez > —|un+1|}, and thus one can
understand the decay in Eq. (B.1). The square-root singularity=a is related to our
gain in smoothness. The problem is tia®,, = QOT is ill-defined. However, it will
be well defined if we localize near= 0. In that region, the heuristic argument will be
seen to be valid, whereas in the complement of such a region, whenR, decay will
be shown by direct methods, using the explicit form of the integral kernel.
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We study first the quantity ze™”, wherex is a smooth characteristic function
which vanishes fofz| < R and is equal to 1 fofx| > 4R /3. Thus we study a region
far from the origin. Our bound is

Proposition B.2. For everyq > 1and every > Othere exists &'(¢q, ) < oo such that
for all v € H, 4(dx) one has

T C(q,r) T —Tr —3R?
Ixre  vlgr < ook a/2 (e /2 4 —3R /16) 0]g—1r » (B.2)
e ol < Clgr)e 2 (772 4 e ) o), (8.3)

Corollary B.3. For everyq > 1 and everyr > 0 there exists &'(q, ) < oo such that
for all v € H, 4(dx) one has

C(er) 2
IBTLUI L< e/ [V)g=1,r (B.4)
T V() !
e 0lgr < Clg,m)e™ 2 vl g, - (B.5)

RemarksThe improvement over [W] is that we “gain” a derivativeanThe corollary
follows easily by repeating the proof of Proposition B.2 with= 0.

Proof. We let D =3, and denote, as before, B the operator of multiplication by
(1 +z2)Y/2. Then

xre™wl?, and Y [W'DY xpe w3
7'<q

are equivalent. We shall only consider the term with the highest derivative, because only
there is the issue of regularization important. Thus we are led to bound

X2 = W DIxge w3 .
SinceL = 92 + 320, + 3, a quick calculation shows that
quTL - e-rq/Ze-rLDq )
The diverging factor expfg/2) will appear in the final bound. Note now that

1
VAara(r)

which upon integrating by parts becomes

(7" D) (x) = e™/? [ dze /@) (D) (/X +2)),  (B.6)

ﬁ/dz %(T)e—zz/(éla(ﬂ)(Dq—lv)(e'r/z(w+Z)).

Use now the Schwarz inequality in the form (for positjzfandg),
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1 *gl3 / da / dzy dzp f(o1) [ (2)9(x — 21)g(e — 22)

IN

/ dzdzs () f(2)lgC — )l2llgl — 222

2
( [ a=5@lat - z>||2> .

This leads to a bound

eTa/2 2| 2
X < —= dz =% /G|y o (DT 2w) (e7/2(- + 2)) |2
= Vara® St 2000 IW7x5(D* ) Il g7
= X3+ X5,

whereweleR?; = {z : |z| < 7R/8} andR; = R\ R;. To be more precise, we defige
by the scaling of a fixed functioryz (z) = x(z/R).If R — oo, thend, xr(z) = O(R™1)
and therefore it is uniformly bounded.

Lemma A.2 of [W] B.4. One has the bounds

Ce ""vlg ., if |z] <7R/8,

c@+2y o, itls|>7rm8 BB

W xRl + 2B < {

Proof of Lemma B.4Consider first the cade| < 7R/8. Since|z| > R on the support
of xr, we havelz + z| > |z|/8 and hence

1 +1;2)/(1 + (e ?|z + z|)2) < conste 7.

Using this, we bound

dr (1 + xz)T|XR(x)v(eT/2(x + z))|2
Ry

_ (L+a2%)" /2 AT 7)2 2
B /Rl o L+ /2z+2)2) (14 7w ) el + )

< conste e "/2Jv|3, < conste " |vf3, .

In the second case, we get

/ dz (1 +22)" |xr(x)v(e™?(x + 2))|?
R;

1 —7/2,, _ )\2\"
= e‘T/Z/dy ( +(€(1+yy2)r ) L+ v(y)?

< const e /21 +22)"|vf3, < const (1+2%)"|v[3, .

The proof of Lemma B.4 is complete. Continuing the proof of Proposition B.2, we first
bound the integral oveR; in Eq. (B.7). We get from the first alternative of Lemma B.4,
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1 lz]  _. _ _
X1 = 7q/2 d 2%/ @a(m) e pe—1 T/2(. 4
1 47m(7)€ . Z 2a(7)e [ XR( w)(e (+2)l2
< const Tq/2 || e—zz/(4a(7'))e—7'7'/2|w‘q

—1r

1
Varan)© Jr " V2a(m)

1
< const ————e W2 y|

- Vama(r)
Similarly, using the second alternative in Eq. (B.8), we get
Xy = ez [ g Pl ey ot e 2 )
Vara(T) R, V2a(T)

1 . ‘Z| .2

< const ————e792 [ dz(1+22)2 e /Gl |y, 4,

Vama(r) Ry V2a(T) N

1 2

< const ————e79/2e 73/l

— \/We e |w|q 1

since 316 < (7/8)?/4. Note that the constants above depend @mdq, but can be
chosen uniformly for allR > 1. The proof of Eq. (B.2) is complete. Omitting the
integration by parts in Eqg. (B.6), the assertion Eq. (B.3) follows in the same way. The
proof of Proposition B.2 is complete.

We next study"Q,,(1 — x g)w. We have the following bound

Proposition B.5. For everyd > 0, ¢ > 1, and everyr > Othere is aC(d,q,7) < o0
such that

Cc@,q,7) _ oy R
le™EQn (L — xR)w|yr < we (Hnnl=d)7 o R /6|w|q_177.. (B.9)

va(r)

Proof.Recall thaf” = ¢=°/8 and thatZ, = T~1H,T. The operatof’'(1— xg) is bounded
and||T'(1 — xr)|| < const e’/ Therefore we have

QnT(L—xr) = - P)T(L— xr) = T(L — xr) — TPO1 - xR)
T - POYA - xz) = TQVL - xr),

whereQ© is the orthogonal projection onto the complement of the subspace spanned
by the firstn eigenvalues ofip in H, 0. It is easy to see that oH, ,(dx), the operator

(1 +2?9)Y2(1 — Hy)~ Y2 is bounded. Thus, we get, using the spectral propertigé,of
(onQY),

|eTHOTQn(1 - XR)w|q,r

—1/2

(1 — Ho) %eo(r(1 — Ho))Y*QOT(1 - xr)wly.,
const 7~ Y2|emHo(7(1 — Ho))Y?2QOT(1 — xr)w|qy_1.
const 7~ Y2 kel = T(1 — y pYwl, 1.,

ININ X

< const 7_—1/2€—T(|lm+1\—6)6R2/6|w|q71T _
(B.10)
The proof of Proposition B.5 is complete.
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End of proof of Theorem B.We first rewritee™(Q,, as
e‘rLQn — e‘rL/ZQneTL/Z — eTL/ZQnXReTL/Z + GTL/ZQn(l 7 XR)GTL/Z )

The second term can be bounded by Proposition B.5 and Eq. (B.5) as

1€2/2Q, (1 — xr)e ™M 2wl < \/Zj)eRz/G_T“”*ll/4|eTL/2w|q_1,r
< W%) FE/6=Tlimnl (AgTal Ay
This quantity is bounded by
\/%eTn/Swlq—l,y- ’ (B.11)

providedn is much larger thag and R? /6 < 7n/16. The first term can be bounded by
Eq. (B.5) and Eq. (B.2) as

C
|eTL/2QnXR€TL/2w|q7T < meTq/4|XR€TL/2w\q—1,r
C 2
< e‘rq/2 (efrr/Z +673R /16) |w| e (812)
~ Val(r) "
C —T
< ﬁe n/g‘w|q71,r s

providedr > n/4 +q and 3??/16 > 7(n/8 +¢/2). Note that the conditions aR from
the first and second term are compatible Combining Egs.(B.11)—(B.12), we get

C
va(r)

It remains to improve the decay rate from8 to |u.,.+1|. The idea is to just take =
8(m + 1). Then we find

eTLQ77L = eTLQTLQ’"L + eTLPH'LQ’"L + eTL(PIL - PH’L)Q77L . (814)

The first term is bounded by Eq. (B.13), amd8 > —|u,+1|. The second term vanishes
and the third is diagonalized explicitly:

\eTLan|q,r < e*m/s\w|q_17r . (B.13)

Py — Pp)Qp = T e ™T(P, — P)Q, = T e Ho(PO — POYTQ,, .

We are operating here on the finite dimensional subspace spanned by the eigenvectors
©m+1s - - -, Pn, and there the technique of Eq. (B.10) yields a bound

¢ [T pomsn| e IHmealT
Va(7)

Combining this with the bound on the first term in Eq. (B.14), we complete the proof of
Theorem B.1.
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B.2. The linear evolution generated by, ». In this section, we deal with the problem of
giving bounds on the linear evolution generated by the opefdips, which is defined

by
Myo = My20 @® G_BZMn,z,m

where
Myon = ((62 — @A+ @n+ icb(pn))z)z — K(@(pn))) — 7]2%])5}, .
We want to bound the solutiaii, , of the equation
e "0 Unr = Mexp—r/2),20Un,r (B.15)
with U, o = 1. Recall the definition of. = —p? — 3pd,,, and rewriteMeyp 7 /22,1, S

Mexp(ffr/z),Z,n
(52 — (1+ (in +id(pe~7/2)?)? — K(D(pe~ "/ 2))) — e "1po,

(é — (1 + (in +id(pe7/2))?) - /C(@(pe_T/z))) +e TPl He L

Xn(pe_T/z) +e L,

whereX,,(¢) =2 — (1+ (in+ z‘d)(g))z)2 — K(®(£)) + £2. We want to solve Eq. (B.15):
e 70 Un, = (€ "L+ Xn(pe U ,

with initial conditionU,, o = 1. Observe now thak’,, is an operator of multiplication
by a function ofpy. Since the commutatop{*, —p? — %pé)p] is equal to’3p™, we find
[7(p), L] = 5ph/(p), and, furthermore,

1 = (L+ %ph/(p))eh(p) ]
It follows that the solution of Eq. (B.15) is
Upr = e(eT—l)Xn(peff/z)eTL ,

as one can check by explicit computation.
From the explicit form ofX,,, (in particular, the factor of-n*), and the estimates
derived in Theorem B.1, we see that for any e H, ., we have

”Un,‘ranq,r < Cexp(—co(e” — 1)n4)67q/2Hanq,r .

Combining this with the Remark of (A.11), we immediately obtain
Lemma B.6. If U, satisfies

e_TarUT = Mexp(f'r/Z).,ZUT )
with Up = 1, then there exist&(r, ¢, v) > 0, and acg > Osuch thatforanw € H, , .,

||UTw||q,r7V < CeXp(_ecoT/z)Hqu,r,V- (B.16)
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To complete the proof of Theorem 3.4, we also need an estimate of the semigroup
generated by, 1. This is simply obtained, however, because from (2.13) we see that
M1 = Mexp—r/2),2,1, restricted to functions whose Fourier transform is supported away
from the origin. Using this fact, and the explicit formula given aboveMQg, - /2)2
we see immediately that for any, € H,, ,, there exists a constaat > 0, such that if
U1 is the semigroup generated BY, 1 one has

[Urawillgr < Cem 7 [Jwn

q,T

C. The Pseudo Center Manifold Theorem for the Singular System Eq. (3.8)

In this section, we prove Theorem 3.7. Before we start with the proof, we wish to point
out in which sense we are here confronted with a new problem, which does not allow
for a straightforward application of results from the literature. If we write the system
Eq. (3.8) in the form

87'1'1 = A]_.’L']_ + N1($17777$27$3) )
67' =-1 )

e (C.1)
87'1'2 = A2x2 + NZ(xla n, T2, 1L'3) )

87—.1'3 = 77_2‘43,171;3 + 77_2]\[3(‘%‘17 1, T2, .133) )

then, in view of the spectral properties of Eq. (3.9), there is a “gap” between the “central”
part (corresponding te; andn) and the “stable” part (corresponding g, x3). The
problem is that we are really dealing with a singular perturbation because the non-
linearity in the equation for; also diverges ag | 0. This problem would be more
easily overcome ifA, were bounded. In that case, for sufficiently smalthe spectra
of A, andn~2A3 would not overlap, and we could define first an invariant manifold
by “eliminating” z3, and then the true invariant manifold by eliminating from the
equations obtained after elimination @f. However, since the spectra overlap for all
values ofy, we resort to a strategy which consists of a converging sequence of alternate
eliminations ofz, andxs.

To define these successive eliminations, we consider two equivalent representations
of Eq. (3.8), one being Eq. (C.1) above and the other being

825371 = Alxl +N1(.’131,7’],J)2,J}3)) )

n?(

_ 1,3

8t77 2277 ’ (CZ)
7

atl‘Z A2[L’2 +N2(1'1,77,CC275C3)) l

Oir3 = Aspxs+ Na(xy,n, 22, 23) .

We shall again omit the indexfrom A3. We obtain Eq. (C.2) from Eq. (C.1) by rescaling
the evolution parameter of the autonomous syster+ag = exp(). (Note that time

is really given by ¥n? — to, while we viewt andr as the evolution parameters of the
vector fields.) We will calld®™® the flow corresponding to Eq. (C.1) adg®® the

flow corresponding to Eg. (C.2). A simple inspection of the definition of these flows
yields the useful identity:
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DI i (&, ) = DIEIRE, ) (C3)
where
g = (1.1777)7 r = ((Ez,(Eg) . (C4)

We shall use the relations (C.4) throughout. The identity (C.3) holds faralt,, x3
and fornp > 0. Note that the initial conditions are given for the parameteO and the
parameter = log(to), and that)(0) = tgl/z. Thus,n(0) is small if the parametep has
been chosen sufficiently large. (The bounds on the nonlinearities are unifégr ity
as follows from the calculations.)

Let hg be a function oft. This function will always be an approximate invariant
manifold for one of two problems. To define these problems, we first introduce two
effective non-linearities

FJ(h01€7x2) = NJ ($1a7773727h0(§)> ) for.j = 1727

GJ(hOI§7x3) = N] (xl7777h0(£)7x3) ) forj = 173
We then define two equations (corresponding to the two different time scales Eq. (C.1)
and Eq. (C.2) of the same problem Eg. (3.8)): The first equation will be callexttiter

system
Orx1 = Aixg + Fi(ho; €, 2)

8777 = —%77, (CS)
Agzz + Fo(ho; €, 22) -
Similarly, we define thetable system

a-,—l‘z

Oy = NP Ay +n°Ga(ho; €, x3)
atn = _%7731 (C6)
Azxaz + G3(h0; &, l‘3) .

(915.%‘3

Assume now that, andhgz are two given functions of; andr. We define a map

i)~ (i)

F — ,

(ha hy

through the following construction: We lét,(¢) be the function whose graph is the
invariant manifold for the center system Eq. (C.5) with non-lineaFiffhs; £, «»), and

similarly we leth}(€) be the function whose graph is the invariant manifold for the stable
system Eq. (C.6) with non-linearit§/; (hz; £, 3). Our main result here is

Proposition C.1. The mapF has a fixed poin{h3, h3). This fixed point provides an
invariant manifold for the system Eq. (3.8).

Remark We shall in fact show thaf is a contraction in a suitable function space. In
particular, we show that™ (0, 0), then-fold iterate ofF, converges to the limit{;, h3).

The intuitive approach behind this construction is that/#€0, 0) provide a sequence

of successive approximations to invariant manifolds for Egs.(C.6) and (C.5), in which
the non-linearities at the'" step are given by the approximate solutions for the invariant
manifold problem of the other equation: The non-linearities are fF}eéh(sn’l); £, x2)

(in Eq. (C.5)) and7;(h"~Y; ¢, x3) (in Eq. (C.6)).
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Proof. That the systems of equations (C.5) and (C.6) have invariant manifolds follows
from our estimates (given in Appendix B) on the semi-group generated by the linear
operatorsA, and Az, and our estimates on the non-linear terms. (For expositions of
this theory that are particularly relevant in the present contexesg¢H, M, G].) The
functionsh} andhj whose graphs define the invariant manifolds satisfy well known
integral equations, see below. Fix= (h,, h3) and consider Eqg. (C.5). We want to find

the functionisy(h; £) which eliminates:,. To constructhy, we first consider the equation

aT.Tl A]_"E]_ + Fl (h31 ga h2(§)) )

(C.7)
Orm = —%n.

This is a differential equation on a finite dimensional space and we?lg; ) denote

the corresponding flow. (Of course, thecomponent of this problem can be explicitly

integrated.) We can then formulate the problem of finding the invariant manifold which

eliminatesr, from Eg. (C.6) by looking at the map defined by— F>(h) where

0
Fa(h) = / dr e 427 Fy (ha; W2(&; ), ha(W2(E; 1)) - (C.8)

(A particularly clear derivation of these equations can be found in [G].) In a similar way,
we define the flowd3 (¢; h) for the equation

Ovxr = n?Asxy +?Ga(hg; x1, h ,
tT1 77113151 n 1( 221 3(5)) (C.9)
O = —3M,
and the map
0
Fat) = [ dee 1 Galh WHE ), haWHE 1) (C.10)

We now specify the function spaces in which we work. Recallthat RY,n € R and

thaté € RV*L. We let£¢ = RY @ R with the usual Euclidean norm. We also assume
that£2 and&£® are the Banach spaces in which theandz:z live. In our problem, these
Banach spaces are the Hilbert spafgs. andH,, ..., but since we believe the present
theory of singular vector fields may have further applications, we consider the more
general case for the moment (see, for example, [W2]). These Banach spaces should
have theC* extension property [BF]. The functioths andhs will be Lipshitz functions

from a ball of radius- in £2 and&3, respectively. They satisfy;(0) = 0 and are tangent

at the origin tag7, for j = 2, 3. Thus, we define the metric spaces, fo¥ 2, 3:

Mo = {h; 1 €= & | h;(0)=0,[[h;(€) — hi@)lles < oll&— €]}
We also define a distance

1h;€) — R (©) e,
€] ’

pr, . (hj, hj) = sup (C.11)
£70

and introduce the notation

prt, (o h) = pr,. (B2, T2) + prgs,, (ha, Pa) -
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Standard results about the existence and uniqueness of solutions of systems of differential
equations now imply that

[W2(&; h) — W2(E h)|| < Ce®ITlje — ¢, (C.12)
while ) N
[W2(&; h) — W2(& R < Ce® ™l py (R, R), (C.13)

for any 3, > (N — 1)/2. Analogous estimates hold for the flol#, though in that case
one can choose any exponential growth rage> 0, provided|n| is sufficiently small.
This is due to the presence of the factoréfl; in the first equation of Eq. (C.6). With

this in mind we define two more metric spaces (far 2, 3):
Kig;p, = {¥: :R" x ES X Hay x Ha o — E° |
Wo(&;h) = €, W (0;h) =0, W, isCtin T,
IW- (€, 1) — W (€, )|
< DT (llg = &l + pre, (h, WIEN Y
with a corresponding Lipshitz metric
di(W, ) = ¥ - Y, (C14)

where

Bt 1}
¥k, = SupsupM .
120 ecee €]l

These spaces are modeled on those used in [EW].

Remark.Since we are interested lacal invariant manifolds, we will assume that the
non-linear terms have been cut off outside a ball of radiimseach of their arguments.
Since in the applications of this paper all our functions are elements of Hilbert spaces,
we can assume that there exist smooth cut-off functions which are equal to 1 inside a ball
of radiusr/2 and are equal to zero outside a ball of radiuand we multiply each of the
non-linear terms in Eq. (3.8) by such a cutoff. For example, in Eq. (C.6), we certainly
need to cutoff the function? by 7%x(n) (wherey is the cutoff function) to avoid blowup
problems. Given this setup, we show that the nfajs a contraction of{s , x Hs .

In terms of the notation given abov&is now defined as(h) = (Fz(h), F3(h)). One
must first show thaF maps this space to itself. This step is however an easy variant of
the argument which shows thatis a contraction, and we leave it as an exercise to the
reader. To show th&k is a contraction, we use the maps (C.8) and (C.10). Then we see
that the %" component,j = 2, 3, of F(h2, h3)(§) — F(h2, h3)(€) is given by

0 ~
A = / dre AT <Uj(h;§,7') Uj(h;§77)> ) (C.15)

where
Fy(ha; WA(&; h), ha(W2(&; 1))
N (W2 (& h), ha (W5 (& ), ha(W2(63 h)))
Ga(hay W3(&; h), ha(W3(&: 1))
N3(W3(&: h), ha (W3 ), ha(W2(&5 h)))

UZ(hv 57 T)

U3(hv 57 T)
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cf. Egs.(C.5), (C.6). Consider nov,. From the estimates on the non-linear tekinin

Eq. (3.8), we see thdt, is a multi-linear function of its arguments. Thus, we can estimate
the difference in the integrand &, by the sum of the differences in the arguments of
F», multiplied by the Lipshitz constant ¢f,. Because we have cutdff, outside a ball

of radiusr, this Lipshitz constant can be made arbitrarily small by makisgfficiently
small. Thus, calling this Lipshitz constaf(r), we see from the estimates ef¢* which
follow from the results of Appendix B and from Egs.(C.11)—(C.14) that

lAaller < /O T %em%(r) (m(h, P)
+[|W2 (g, h) — W2 (&, R)|| + [|ha (W2, h)) — ha(W2(E, R)) ||gz)
< /0 ir \%e—NT/%(r) <PHa(h7 )
+ pr, (h, R)Ce™ + pyy (B, E)C€BZT> < const £2(r)py, (h, h) .

Thus, we have shown thé is a contraction.

We next consider the manifoliit given by €, h3(£), h5(€)) —wherez is in a small
neighborhood of 0 and is in a small positive interval & n < 7. We want to show
that M is indeed an invariant manifold for the full system Eg. (3.8). From this it follows,
since the flowsbs'®®and ®°"e gre equivalent, up to rescaling of time, thiat is also
an invariant manifold for Egs.(C.1) and (C.2). If we set= h}(£) andzs = h3(€), then
the third equation of Eq. (C.2) is satisfied because the third equation, when restricted to
the manifoldz, = hj is just the second equation of the stable system Eq. (C.6). with
non-linearityGs(h3; . . .). To see that the remaining equations are satisfied just note that
the first, second and fourth equations in the full system Eq. (3.8) become, after rescaling
of time,

Ty = Agxa + Na(21, 7, 72, 23) ,

S _ 13
n-= _E’r] )
Tp = Apxp + No(x1,m, 22, 23) ,

and if we setr, = h3 andxz = h3, we see that we are just on the invariant manifold for
the center system Eq. (C.5). Hence, we have found the invariant manifold for the full
system Eq. (3.8).

D. The Vanishing of the Non-Linearity at Zero Momentum

In this Appendix, we prove Proposition 4.3. This proof is essentially a scaling argument.
We shall study the nonlinearity;(x1, n, z2, x3) and we restrict it to the invariant man-
ifold, i.e., we replace it byVi(x1, ) and lety go to 0. In particular, we shall show that
only one term survives, namely the one which is cubiejnand all others go to 0 as

n — 0.

To prove this, we will analyze the nonlinearitid§ term by term, using their defini-
tions as given in Eqgs.(3.6) and (3.8). Recall again that 0 since we are considering
here the projection onto the first eigenvaluelofin Eq. (3.6), the nonlinearities are
given by the termg5, f3, f4, andg, and these have been bounded in Proposition 3.1 and
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Proposition 3.2. Recall finally that every factorw0of contributes a factor of~7/2 =
and every factor ofv® contributes a factor of~" = ? to these bounds.
Begin by considering the contribution frofy. According to Eqg. (A.9), we can extract
another factoiof n from Eq. (A.10), by using the quadratic naturegff, cf. Lemma A.1.
Using Proposition 3.1 and Proposition 3.2, we see that the only contributions from
f3, f4, andg which do not vanish ag — 0 are those of the type«€)® in fs, of the type
wS(w®)? in f4, and of the type®)? in g.
We start by analyzings. If we write it out, we find

()G = 1 (@) [ do Fogn (o)

ne(1/2)
x 0 / dp1 dpz @' (p11) @’ (p2n)
n~ld(-1/2)

X L) (L) L) (L) P (pn)—o(pin)—2n)(7)
x w(p1) w(p2) w®(n~ @YD (pn) — P(pan) — P(p2n))) ,
cf. Eq. (2.11). Upon taking — 0, this converges to

) / dz Fo(r) (@) / dpy dpo WS PP p — pr—p2) . (D)

Analogous arguments can be used to discuss the “surviving” terrfisasfdg. We
just summarize the steps analogous to the calculatigh.@ne gets, ag — 0,

02 ( fa, . ) () — 6x(0) / d Go(e)u-(2)po(a) / dp' @y — o' 7).
(D.2)
and

1 (g, wn,m) () — —3uc(@)ph(x) / dp’ w(p — p)w(p’) - (D.3)

We next study these limiting expressions in the b&sis(p) } 52, of eigenfunctions
of L = —p? — 1pd,. Then we can writev®(p) as

w1o(p) + > a5 (p) - (D.4)

n=1

The crucial remark is now than the invariant manifoldz{" will be replaced bys; ™,
and similarlyw® will be equal toh}. We now compute the limiting forms @f; andhj,
and then we substitute these values in Egs.(D.1)—(D.3). Consider the equatidn for
Then from Eq. (C.9), we have

at.’lfl UZGl(h;: T, h’; (g)) )
dn = —3n°,
because we are considering the cAse 1 where the linear part vanishes. We also have
from Eq. (C.10),

0
ha(x1,m) :/ dt e~ ' Gy (hy; Wilar, n; B*), h3 (Vi (e, m; 1Y) - (D.5)

— 00
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Now, wheny = 0, we have¥3(¢; h) = (x4, 0; 1) = 1, and this reduces to

0
hi(z1,0 :/ dt e~ 430t Gg(hs: 21,0, hi(z1,0
3(21,0) - 3(h3; #1,0, h3(z1,0)) (D.6)

—A35Gs(h3; 21,0, h3(1,0)) -

Note nextthat for, = 0 we haved; g = My, cf.Eq. (3.8), and this means o = QperLper-
We denote by, (x) the eigenfunctions and hy, the eigenvalues of)perLper. Using
Eg. (1.9) and Theorem 1.1, we see that= /=0 ,—1 and therefore they are given by
o1 = —0(?) ando,, ~ —(1— (n — 1)2)?, whenn # 1. Then thex™ component (in this
basis) ofh} (atn = 0) is given by

Wy @) = —ort- (-3 / dz & (2)ue (@) 23(@)) / dp'w(p =), (D7)

since all other terms vanish in the limjt— 0. We next substitute the value Eq. (D.4)
for w® and setr, = A5 in Eq. (D.7), and get

BOp) = —aZort (-3 / d & (@) (2)P3(a))
. ( [ e voty — )+ Ot + <hz)2)> .

Next, we replacey®in Eq. (D.2) withh}, and in that same equation make the substitution
for w® that we used above, and we find:

183> o ( / da &, (x)uc(2)p3()) ( / da’ Po(aYue(z')én(2"))
n=0 (D.8)

x ( [ dos 2 volpn)iotv2volp — pr ~ pa) + Ot + (h;)z)) .

Thus we see that the only terms which surviveNipand N, in the limit » — O result
from adding together Egs.(D.8) and (D.1). We obtain

X = xi{ [ 7))+ 183 o [ ! e
n=0
< ([ o Gyt | (0.9)

X (/ dp1 dp2 Po(p1) Yo(p2) Yolp — p1 — pz)) :

This coefficient will turn out to be exactly the same as that which appears below as the
coefficient of the cubic terms in the center manifold in the periodic case, and since we
know that in the periodic case this coefficient (and indeed, the entire nonlinear term) is

zero, it must vanish in the present case as well. The only remaining point in the proof of
Proposition 4.3 is the computation of the coefficient of the cubic term in the equation in
the center manifold in the periodic case, and we do that in the following subsection.



210 J.-P. Eckmann, C.E. Wayne, P. Wittwer

RemarkThe above argument might seem incomplete since itignored(thgh; +(h3)?)
error terms in (D.8). In fact, those terms vanish fersmall. To see why, note that our
computations of theg — 0 limit of f,, f3, f4 andg apply also to the nonlinear term
Na(x1,n, h3(€), R5(€)) in the equation fork3 in (4.1). Thus, in they — O limit A
satisfies:

By (x1,0)N1(w1,0) = Azhj(w1,0) + Na(x1,0, h3(x1,0), h(x1,0))
Using the estimates ohj and k3 derived above, we see that this equation implies
h3(z1,0) = 0 for all z1 sufficiently small, and hence the error terms in (D.8) vanish.

D.1. The non-linearity in the periodic casé this subsection we compute the explicit

form of the non-linearity (which we know to be 0 because the invariant manifold is made

up of fixed points in this case). But this explicit form will allow us to compare it with the

expression obtained in Eq. (D.9) so that the proof of Proposition 4.3 will be complete.
We start from the equation

0-v = Lpe — 3u.v? — 3. (D.10)

Let yo be the component af in the direction of the highest eigenvalug,= 0, of Lyer,
andy,,, the projection onto the directiorg, defined after Eq. (D.6), associated to the
eigenvalues,,. Then the invariant manifold can be written in the form

Yn = Yolyo), m=L12.... (D.11)
Using the fact that the eigenfunction with eigenvalue @liswe can decomposeas:

(@) = youl(x) + > &nl@)Yalyo) , (D.12)

n=1

the projection of Eq. (D.10) onto the invariant manifold leads to

drigo = — / dz ul(z) (3us(z)v(z)? +v(z)?) . (D.13)

Note that there is no linear term becauge= 0.
We are interested in the exact form of the cubic termpion the r.h.s. of Eq. (D.13).
There are two contributions, one from, leading to

—v / d ul(z) (D.14)
and one from the quadratic non-linearity:
Y = <610 > Y0 [ do o) o) i) (o). (D.15)
n=1

Here,Y?)(yo) is the quadratic term iy of Y;,. Substituting Eq. (D.13) into the equation
for Y,,, we find the perturbative result:

Y@(y0) = 43 - 307t / da & () () L (@)
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Inserting into Eq. (D.15), it is seen to become
Y = —4318) ot / dz ul.(2)? ue () €0 (2) / da’ & (2) ue(a') ul(x) . (D.16)
n=1

Combining Egs.(D.14) and (D.16), we get the desired result, namely that the cubic non-
linearity in the periodic case coincides with the quanfityof Eq. (D.9), provided we
recall thatyo = u.. This completes the proof of Proposition 4.3.
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