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Nous ne pouvons connaitre tous les faits et il faut choisir ceux qui sont dignes
d’étre connus. Si I'on en croyait Tolstoi, les savants feraient ce choix au hasard, au
lieu de le faire, ce qui serait raisonnable, en vue des applications pratiques. Les
savants, au contraire, croient que certains faits sont plus intéressants que d’autres,
parce qu’ils complétent une harmonie inachevée, ou parce qu’ils font prévoir un
grand nombre d’autres faits. Sils ont tort, si cette hiérarchie des faits qu’ils pos-
tulent implicitement, n’est qu'une illusion vaine, il ne saurait y avoir de Science
pour la Science, et par conséquent il ne saurait y avoir de Science. Quant a moi,
je crois qu’ils ont raison, et, par exemple, j’ai montré plus haut quelle est la haute
valeur des faits astronomiques, non parce qu’ils sont susceptibles d’applications
pratiques, mais parce qu’ils sont les plus instructifs de tous.

Ce n’est que par la Science et par 1’Art que valent les civilisations. On s’est
étonné de cette formule: la Science pour la Science; et pourtant cela vaut bien la
vie pour la vie, si la vie n’est que misére; et méme le bonheur pour le bonheur,
si ’on ne croit pas que tous les plaisirs sont de méme qualité, si 'on ne veut pas
admettre que le but de la civilisation soit de fournir de I’alcool aux gens qui aiment
a boire.

Toute action doit avoir un but. Nous devons souffrir, nous devons travailler,
nous devons payer notre place au spectacle, mais c’est pour voir; ou tout au moins
pour que d’autres voient un jour.

Tout ce qui n’est pas pensée est le pur néant; puisque nous ne pouvons penser
que la pensée et que tous les mots dont nous disposons pour parler des choses ne
peuvent exprimer que des pensées; dire qu’il y a autre chose que la pensée, c’est
donc une affirmation qui ne peut avoir de sens.

Et cependant — étrange contradiction pour ceux qui croient au temps — 1'histoire
géologique nous montre que la vie n’est qu'un court épisode entre deux éternités
de mort, et que, dans cet épisode méme, la pensée consciente n’a duré et ne durera
qu'un moment. La pensée n’est qu'un éclair au milieu d’une longue nuit.

Mais c’est cet éclair qui est tout.

— HENRI POINCARE, Valeur de la science

Dedicated to my wife Petra.
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RESUME

Les phénomeénes hydrodynamiques semblent omniprésents dans 1'univers. Qu’il
s’agisse de décrire la maniere dont I'eau s’écoule dans un tuyau ou les disques
d’accrétion ou le plasma quark-gluon, ’hydrodynamique fournit une description
effective et a longue longueur d’onde des systemes classiques et quantiques. Dans
cette thése, on utilise une perspective de 1’holographie, ou plus précisément de la
correspondance AdS/CFT.

Nous commengns par étudier les caractéristiques spatiales universelles de cer-
tains états stationnaires hors équilibre correspondant a des écoulements de fluides
fortement corrélés sur des obstacles. Cela nous permet de prédire caractéristiques
spatiales universelles des systemes éloignés de 1’équilibre. Nous identifions les
modes collectifs spatiaux du systeme de nombreux corps fortement couplés. En
holographie, ceux-ci peuvent étre considérés comme des analogues spatiaux des
modes quasi-normaux, qui sont responsables des aspects universels de la relax-
ation des systemes dépendant du temps. Ces modes peuvent étre d’origine hydro-
dynamique ou non-hydrodynamique. Nous trouvons des transitions intéressantes
entre les régimes oscillatoires et amortis et considérons les exposants critiques as-
sociés a ceux-ci. Les longueurs de décroissance des modes hydrodynamiques sont
fixées par 17/s, le rapport de la viscosité de cisaillement sur la densité d’entropie,
ce qui pourrait fournir une nouvelle avenue pour mesurer expérimentalement ce
rapport. Nous fournirons également une explication de la méthode numérique,
mais donnerons des exemples analytiques de ces modes. Des exemples analy-
tiques peuvent étre trouvés dans la limite de haute dimension de la théorie du
bulk, mais également en trois dimensions.

Motivés par notre étude des modes collectifs spatiaux, nous avons voulu trouver
un analogue non-relativiste. Pour ce faire, nous voulions mieux comprendre non
seulement I’hydrodynamique non-relativiste, mais 1’hydrodynamique en 1’absence
de symétrie de boost. Nous construisons donc la théorie hydrodynamique générale
du premier ordre, invariante sous les translations temporelles, le groupe eucli-
dien des transformations spatiales et préservant le nombre de particules, c’est-
a-dire avec symétrie R;xISO(d)xU(1). Ces théories sont importantes dans un
certain nombre de situations, de 1'hydrodynamique du graphéne au comporte-
ment de flocage des oiseaux et au mouvement d’organismes autopropulsés. A
partir de cette construction générale, nous sommes capables de dériver des cas
spéciaux avec une symétrie plus élevée en prenant la limite appropriée, telle que
I'hydrodynamique relativiste (c’est-a-dire 1’hydrodynamique invariante sous les
boosts de Lorentz).

Enfin, nous allons essayer d’appliquer notre modéle d’hydrodynamique aux con-
figurations d’écoulement. Nous le faisons afin d’avoir une meilleure compréhen-
sion des nouveaux coefficients de transport qui surviennent dans les relations
constitutives de fluides sans symétries de boost. Notre motivation est également
d’essayer d’étudier des configurations d’écoulement qui pourraient étre un jour
testées expérimentalement. Nous étudions les écoulements de Poiseuille, Couette
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et Taylor-Couette, avec I'hypothese supplémentaire que les écoulements sont in-
compressibles et trouvons des écarts intéressants par rapport a I'hydrodynamique
galiléenne conventionnelle. Nous dérivons également un analogue de I'équation
d’Orr-Sommerfeld et testons l'instabilité de I’écoulement de Poiseuille.



SUMMARY AND OUTLINE

Hydrodynamic phenomena seem to be ubiquitous in the universe. Whether it is
describing how water flows in a pipe or the accretion discs or quark-gluon plasma,
hydrodynamics provides an effective, long-wavelength description of both classi-
cal and quantum systems. In this thesis our point of view starts from that of
holography, or more precisely, AdS/CFT correspondence.

We start by studying the universal spatial features of certain non-equilibrium
steady states corresponding to flows of strongly correlated fluids over obstacles.
This allows us to predict universal spatial features of far-from-equilibrium systems.
We identify spatial collective modes of the strongly coupled many body system. In
holography, these can be thought of as spatial analogues of quasinormal modes,
which are responsible for universal aspects of relaxation of time-dependent sys-
tems. These modes can be both hydrodynamical or non-hydrodynamical in origin.
We find interesting transitions between oscillatory and damped regimes and con-
sider critical exponents associated with these. The decay lengths of the hydrody-
namic modes is set by 77/s, the ratio of shear viscosity over entropy density, which
might provide a new avenue of experimentally measuring this ratio. We shall also
provide an explanation of the numerical method, but give analytic examples of
these modes. Analytic examples can be found in the large-dimension limit of the
bulk theory, but in three dimensions as well.

Motivated by our study of spatial collective modes, we wanted to find a non-
relativistic analogue. In order to do so we wanted to understand better not just
non-relativistic hydrodynamics, but hydrodynamics in absence of any boost sym-
metry. We therefore construct the general first-order hydrodynamic theory invari-
ant under time translations, the Euclidean group of spatial transformations and
preserving particle number, that is with symmetry R;xISO(d) xU(1). Such theo-
ries are important in a number of situations, from hydrodynamics of graphene
to flocking behaviour of birds and motion of self-propelled organisms. From this
general construction, we are able to derive special cases with higher symmetry by
taking the appropriate limit, such as relativistic hydrodynamics (i.e. hydrodynam-
ics invariant under Lorentz boosts).

Finally, we shall try and apply our non-boost invariant model of hydrodynamics
to concrete flow configurations. We do so in order to have a better understanding
of the novel transport coefficients that arise in the constitutive relations of non-
boost invariant fluids. Our motivation is also to try and study flow configurations
that might be one day experimentally tested. We study the Poiseuille, Couette and
Taylor-Couette flows, with the additional assumption that the flows are incom-
pressible and find interesting deviations from conventional, Galilean-invariant hy-
drodynamics. We also derive an analogue of the Orr-Sommerfeld equation and
test the instability of the Poiseuille flow.

xxiii
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SUMMARY AND OUTLINE

OUTLINE OF THE THESIS

The outline of this thesis is as follows - we start with the introduction. In Chap-
ter 1 we give a brief summary of holography as we shall employ it. First we intro-
duce certain prerequisites - elements of conformal field theory and basic notions
of AdS spacetimes. Then we shall review the AdS/CFT correspondence as it was
tirst conjectured in [1], and describe the holographic dictionary and the GKPW for-
mula [2, 3]. Next, in Chapter 2 we familiarize the Reader with hydrodynamics. We
start with a conventional presentation of non-relativistic hydrodynamics, based on
[4]. We then proceed to do a similar, but more modern presentation of relativistic
hydrodynamics, based on [5]. In particular this more modern presentation, where
we identify the relevant symmetries of the system and write down the terms that
enter the derivative expansion, and thus, the constitutive relations, will be relevant
for our research. We conclude this chapter by giving a brief description of a more
modern and manifestly covariant formulation of non-relativistic hydrodynamics
that employs Newton-Cartan geometry [6, 7].

We then go onto the "meat and bones" of this thesis. Chapter 3 is based on [8],
which itself expands on the work presented in [9]. In this chapter we describe spa-
tial collective modes (abbreviated as SCM), identify non-hydynamical ones and
hydrodynamical ones, provide a description of the numerical method that we use
and give analytic examples as well. In the appendices we provide additional de-
tails on the equations of state that we use (Appendix A) and on extracting the holo-
graphic stress tensor (Appendix B). We continue with Chapter 4, which is based
on [10]. In this chapter we present a construction of the general first-order hydro-
dynamic theory without boost symmetries. Finally, we conclude with Chapter 5in
which we present novel results on applying the non-boost invariant hydrodynam-
ics to specific flow configurations that are standard in conventional hydrodynamic
literature. These results have not yet been published.
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The Reader hoping to find in this chapter a guide to creating holograms and woo-
ing their friends will sadly be disappointed. However, we hope that the topic will
prove to be equally, if not more, interesting. Holography, much like its namesake,
deals with objects in higher dimensions being "recorded" on an object of lower
spacetime dimension. In our case, there is a duality between a theory of gravity in
d + 1 dimensions and a strongly interacting quantum field theory in d spacetime
dimension. Holography in this context is also known as AdS/CFT correspondence, or
gauge/gravity duality. It is one of the major developments in theoretical physics in
the last several decades, especially in our endeavours to understand quantum grav-
ity, and is a field of active research to this day. The applications of this approach
present an interesting interface of high-energy physics and condensed matter the-
ory. We note however that holography is not just restricted to anti-de Sitter space-
times or conformal field theories. In fact, the story of holography has its roots in
black hole thermodynamics. Bekenstein [11, 12] and Hawking [13] showed that
the entropy of a black hole is given by

kBC3 A
Sy = GiNsz' (1.1)

where c is the speed of light, kp the Boltzmann constant, 7 the Planck constant, Gy
Newton’s constant, and A the area of the black hole horizon. Already here one can
see, in the relationship between the entropy and the area of a black hole horizon, a
glimpse of holography. Gerard "t Hooft first formulated the holographic principle in
[14], and Susskind further discussed it in [15]. It states that the information stored
in a spatial volume V in d dimensions is encoded in its boundary area A ind — 1
dimensions, measured in units of the Planck area E%_l. This is motivated by the
Bekenstein bound, which applies to systems where there is at most one degree of
freedom per Planck area.

In this chapter we aim to give a brief overview of what AdS/CFT correspon-
dence is, since it is relevant for the contents of the research in this thesis, especially
Chapter 3. We note that we will not go too much into the technical details. Over
the years there has been a plethora of reviews and books on this topic [16—21].

1.1 ELEMENTS OF CONFORMAL SYMMETRY

Since they are half the name, CFTs are an important concept in understanding
the AdS/CFT correspondence. We follow mostly the presentation of [19, 22]. A
conformal field theory (CFT) consists of fields that transform covariantly under
conformal coordinate transformations. Conformal transformations leave angles lo-
cally invariant. Let us consider flat d-dimensional spacetime with metric g,, =
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fuw = diag(—1,1,...,1) and line element ds* = g, dx#dx". We can define a differ-
entiable map ¢ as a conformal transformation if

¢ gu(x) — g;w(xl) = A(x)guv (). (1.2)
Under a coordinate transformation the metric tensor transforms as

0x'? 9x'7
x=x = g = g (X) = ngw(x). (1.3)

Therefore, conformal transformations of the flat metric obey

ox'P 9x'”
WWWTxV = A(x);yw,, (1-4)

where A(x) is called the scale factor. If A(x) = 1, we find the Poincaré group,
whereas if A(x) is a constant, this corresponds to global scale transformations. If
we now consider infinitesimal coordinate transformations to first order in e(x) <
1:

XM= xt + et (x) + O(e?), (1.5)

we find the conformal Killing equation

0u€y + dv€y = 20 (X)) o(x) = %8 ‘€. (1.6)

We also find that the scale factor for this infinitesimal coordinate transformation is

Ax) = 1+§8-e+0(62). (1.7)
In d = 2 dimensions, this reduces to the Cauchy-Riemann equations, which are
solved by any holomorphic function. This implies that in d = 2, conformal sym-
metry is infinite dimensional and thus leads to an infinite number of conserved
quantities. In d > 2, however, conformal symmetry is finite dimensional. The con-
formal Killing vector €, (x) is at most quadratic in x. This can be seen from the
conformal Killing equation (1.6), from which we can derive

(d—1)0(@-¢) = 0. (1.8)

The solutions to the conformal Killing equation can be written as

e (x) = a" + wh yx¥ + Axt + b —2(b - x)x*, (1.9)
ww/ = _wv;u (1.10)
o(x) =A—2b-x. (1.11)

It contains translations (of zeroth order in x*), rotations (linear in x*) and scale
transformations (quadratic in x*). The constant vector a, corresponds to an in-
finitesimal translation, and the corresponding generator is the momentum opera-
tor P, = —id,. The antisymmetric term w,,, corresponds to infinitesimal Lorentz
transformations x'* = (6", + w* ,)x", and the generator of these transformations
is given by L,, = i(xyav — xva},). The scalar term A corresponds to infinitesi-
mal scale transformations x'# = (1 + A)x#, and its corresponding generator is
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D = —ix#d,. Finally, the quadratic term corresponds to infinitesimal special con-
formal transformations, whose infinitesimal form is

XH = xt 4 2(x - b)xt — (x)b". (1.12)

The corresponding generator is K, = —i(2x,x"9, — (x?)d,,). The finite transforma-
tion associated with this generator is

xt — (x - x)b"

—2(b-x)+ (b-b)(x-x) (1.13)

X't =

There are a total of

d(d +1)

1 dilatation + d translations -+ d special conformal + rotations

_ @+ 1)(d+2)

5 generators.

We can see that the associated conformal algebra consists of the Poincaré algebra
supplemented by a few other relations that involve commutators with D and K},

D, P, = (1.14)
[D, Ky] = (1.15)
[D, L] =0 (1.16)
Ky, K,] =0 (1.17)
[Kw P)] = 2i (77va L) (1.18)

(Ko, Lyv] = i(npuKy — 100Ky1) (1.19)
[Py, Liw] = i(110uPy — 1100 Py) (1.20)

[Luv, Los] = (mpLW + uoLvp — MupLve — e Lyp) (1.21)

In Euclidean signature, the symmetry group generated by these transformations is
SO(1,d + 1), while in Lorentzian signature it is SO(2, d). Oftentimes it is referred
to as the conformal group.

For the representations we postulate

[D, $(0)] = —iAg(0) (1.22)
for any field ¢(x). This implies

p(x) = ¢'(x') = A2 (x) (1.23)

for x — x’ = Ax. A is the scaling dimension of the field ¢. For an infinitesimal
transformation this gives

5o = [D, 9(x)] = —idp(x) — ix'd,(x), (1.24)

with similar relation for the other conformal transformations ép¢p, dr.¢, dx¢.
For organising the representations, it is useful to define the quasiprimary tields
which satisfy

[Ky, ¢(0)] = 0. (1.25)
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This defines the fields of lowest scaling dimension in an irreducible representation
of the conformal algebra. All other fields in this multiplet, the conformal descen-
dents of ¢, are obtained by acting with P, on the quasiprimary fields.

Often, we are interested in calculating n-point correlation functions of fields. As
it turns out, conformal invariance imposes certain constraints on the form of the
correlation function. For example, let’s consider the 2-point function

(p1(x1)P2(x2)) = ;/D¢i¢1(x1)¢2(xz)€_s[®"], (1.26)

where ®; denotes the set of all fields in the theory, S is the conformally invariant
action, and ¢, ¢, are quasiprimary fields. Assuming the action and the integration
measure are conformally invariant, this correlation function transforms as

Ar/d Ay /d

(p1(x1)P2(x3))- (1.27)

X=X

ai'
ox

ox’

{1 (x1)2(x2)) = |7+

X=X1

Conformal symmetry constrains the form of the 2-point function to be

—C o, if Al=Ar=A,
(@1 (1) o (xa)) = G B BT (1.28)

0, otherwise.

Similarily, invariance under rotations, translations, dilatations and special confor-
mal transformations force the 3-point function to be of the form

A3
(471(x1)4>2(x2)<p3(x3)) Y VY A Ny vy S Sy VAT S (1.29)
X12 X3 X13

where x;; =[x; — x;[, and A1p3 are non-trivial parameters (structure constants). The
4-point function is not fixed by conformal symmetry because we can construct two
independent conformal invariant cross-ratios

2 2
u= <x12x34> , and v = <x14x23> . (1.30)
X13X24 X13X24
The general form of the 4-point function is given by
A(u,v
(P2 () ()) = aeD (130
(¥13%34)

For fields with spin, the conformal transformation acts also on the spacetime in-
dices and reads

A

0e0(x) = —LO(x), Le=e€-0y+ 7

i
0-€— EG[VGV]LW, (1.32)
for an operator O(x) of arbitrary spin. For these operators, the conformal corre-
lation functions are more involved. However, conformal symmetry still fixes the
two- and three-point functions up to a small number of independent contributions

[19].
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1.2 ANTI-DE SITTER SPACES

Anti-de Sitter spaces are the other half of the name, so it might be a good idea
to say a few words about them as well. Named after Willem de Sitter (1872-1934),
(anti-)de Sitter spaces are the simplest solutions of the Einstein equations with
a non-vanishing cosmological constant A # 0. They are maximally symmetric
Lorentzian manifolds with constant curvature, in particular anti-de Sitter spaces
have negative constant curvature (whereas de Sitter spaces have positive curva-
ture). Thus they are the curved counterparts of the flat A = 0 Minkowski space-
time. In order to study them in more detail, let us start by embedding a (d + 1)-
dimensional AdS space into (d + 2)-dimensional flat Minkowski spacetime

ds? = —dX§5 —dX3,, +)_dX;. (1.33)

Anti-de Sitter space in d + 1 dimensions is then defined as the hypersurface satis-
tying
X+, X~ I, (139

where L is referred to as the AdS radius. This embedding equation can be solved
in terms of d + 1 independent coordinates in several different ways. The group
SO(2,d) is the group of isometries of AdS; 1. As we have seen before, this is also
the symmetry group of a d-dimensional CFT.

The first set of coordinates that we mention, that can solve this equation, are
referred to as global coordinates. We can solve the embedding constraint by choosing
the coordinates

X% = LcoshpcosT, (1.35)
X4+ = LcoshpsinT, (1.36)
X' = LO;sinhp, i=1,...,d (1.37)

where Q); are the angular coordinates that satisfy }; (37 = 1, i.e. parametrize a
d — 1 sphere. The induced metric on the hyperboloid then is of the form

ds? = L? (— cosh p?d7? + dp? + sinh p?dQ)3_;), (1.38)

with 0 < p < 00 and —c0 < T < co. One could also choose T to be an angular
variable with period 27, T € [0, 271]. However, in that case we would find closed
timelike curves, which would present problems for causality in this space. That is
why we "unwrap" or decompactify the T coordinate in the global coordinates, i.e.
we take —oo < T < oo, with no identifications. This is known as the universal cover
of AdS space.

We can also solve the embedding equation by choosing

1
X = > (14 2(L2 42 — 17)] (1.39)
1
Xa= 5. [1—r(L* —x2 — 17)] (1.40)
X; = Lrx; (1.41)

X441 = Lrt (1.42)
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Now the induced metric on the hyperboloid becomes
ds? — 2 ar’ 5 Af2 & dx2
ST = T’T +r (— + xi)
dr?
=12 {”2 + rznaﬂdx“dxﬁ]

LZ
72

2 it L?

= [dz + 17qpdx dxﬁ} (r = Z) (1.43)
These are known as the Poincaré coordinates. They cover only half of the AdS hy-
perboloid (often called the Poincaré patch), since r > 0, but it is often very useful
to consider, as it corresponds to studying the boundary field theory simply on
flat Minkowski space. The boundary in these coordinates is located at r — oo (or
alternatively z — 0). Using the z coordinate, we may note that there is a coordi-
nate singularity at the boundary but the space remains regular since the curvature
remains finite. The Ricci scalar and the cosmological constant, as previously noted,
for AdS space are both negative

dd+1)  __dd—1)

R=-—"“"1"/ a2
L2 212

- (1.44)

1.3 ADS/CFT CORRESPONDENCE

AdS/CEFT correspondence was first conjectured by Juan Maldacena in his seminal
paper in 1997 [1]. This conjecture states that a four-dimensional CFT, ' = 4 super
Yang-Mills (SYM) theory with gauge group SU(N) is dynamically equivalent to
type IIB superstring theory on AdSsxS°. We can match their symmetries, spectra
and correlation functions. Although the conjecture has not been proven to this day,
there have been many tests that have convinced researchers of its general validity,
and since then there have been other dual pairs proposed and explored.

Let us describe the gist of the argument. We consider a large number N of Dp
branes stacked on top of each other. Dp branes are objects in string theory with
p spatial dimensions. A Do brane describes a point particle, a D1 brane describes
an extended string, a D2 brane describes a membrane, etc. Thus a Dp brane de-
scribes a physical object, a system that can have low energy excitations, and these
low energy excitations can be described in two limits. In Maldacena’s case, we
look at D3 branes within type IIB string theory. D3 branes are dynamical objects,
characterized by the string tension

11
T3 ~ ——, .
3 f;‘gs (1.45)

where /; is the string length, defined as /; = V!, and gs is the string coupling
constant.
At weak "t Hooft coupling

A=4ngN <1, (1.46)
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the gravitational effects of D3 branes are negligible. The branes live on flat 10-
dimensional space, and we have open strings ending on the D-branes, and closed
strings propagating freely in the bulk. In the opposite regime, at strong coupling

A=4ngN > 1, (1.47)

D3 branes gravitate very strongly, curve the spacetime substantially and collapse
to form extremal black 3-branes, with geometry [1, 16]

L4
ds? = f(r)_l/ziy;wdx"dxv + f(r)l/z(dr2 +12d03), fr)y=1+ e (1.48)

where L* = 471¢;N¢? is a parameter with dimension of length, the coordinates
x* = (t,x) are along the D3 brane worldvolume, and dQ% is the metric of a unit 5-
sphere. The radial coordinate r is the radius of the remaining, transverse directions
(with respect to the worldvolume) which contain the 5-sphere as well.

Apparently there seems to be no overlap between these two regimes, however
if we decouple the brane theory from gravity, things change. This we can do by
looking at the low energy limit. The low energy degrees of freedom in the first
case are strings stretching between pairs of D3 branes. The lightest string states
are massless, and there are N2 of them, since they can begin and end on any of the
N D3 branes. At the lowest energy scales, these N? massless strings are described
by N = 4 super Yang-Mills theory. This field theory has a Lagrangian that can be
schematically written as

JR (FZ + (V) +i¥DY +i¥[®, Y] — [, cp]z) . (1.49)
8Ym

where F is a SU(N) field strength coupled to bosonic fields ® and fermionic fields
Y, all in the adjoint representation. All of these fields are N x N matrices. The
coupling can be rewritten in terms of N and A, 1/ g%M = N/A, and A is the 't
Hooft coupling.

In the other limit, the low energy excitations are those occur in the region near
the horizon of the black brane, the so-called near-horizon geometry, » < L. In this
limit, the near horizon geometry is AdSsxS°, with metric

2 _ 1 g 287 o
ds” = ﬁiywdﬂ dx" + L 7 + L°dQs (1.50)
The AdS radius L can be related to two fundamental scales in string theory, the
string length /;, and the Planck length /p via

L = AY4%, = (4nN)V40p. (1.51)

An excitation with energy E measured by an observer at infinity has energy E, at
a point p, located at radial coordinate position r,, given by E = E,\/—git, so we
find .

E = f’1/4Ep ~ ZEP' (1.52)

A finite energy excitation E, # 0 will be seen to have lower and lower energy
at the boundary as the point p is brought closer and closer to the horizon at
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r = 0. In the low-energy limit we find two kinds of excitations: massless type
IIB supergravity excitations in the asymptotically flat region near infinity, and any
kind of excitations in the near-horizon region, which due to the redshift effect also
appears massless to a boundary observer. These two types are decoupled from
one another.

To summarize, the low energy limit gives two points of view on the D3 brane
system. When g;N > 1 it is described by a 10-dimensional string theory with just
closed strings in AdSsxS°, and when g;N < 1 it is described by a 4-dimensional
N =4 SYM SU(N) gauge theory. The gauge theory is, however, well-defined at
any coupling, so we can conjecture that this description applies even when gsN
is large, that is in the same regime where we have the closed string description.
Maldacena’s conjecture boils down then to that type IIB string theory on AdSsxS>
is precisely the strong coupling description of large N N = 4 super Yang-Mills
theory. Both sides describe the same physics. We should also note that when we
talk about string theory on AdSsxS’, we mean string theory on spacetime that is
asymptotically AdS;xS®, as we can still have all kinds of processes in the interior,
e.g. gravitons, D-branes, black holes, etc.

There have been other proposed dual pairs of classical gravitational theories
and quantum field theories, for example the duality between the 2+1 dimensional
ABJM theory, a Chern-Simons theory, and M-theory on AdS,; xS’ /Z.

1.3.1  GKPW formula and the holographic dictionary

Usually in quantum field theory we are interested in calculating the generating
functional, n-point functions, of operators in the theory

Zorr = <eXP </ d?x¢o(x)O(x) + ... > >QFT- (1.53)

In Euclidean signature, the AdS/CFT conjecture is summarized by the so-called
GKPW formula (named after Gubser, Klebanov, Polyakov [2] and Witten [3] who
tirst proposed it), a proposed relation between the gravity partition function in
AdS;,1 and the generating functional for the connected field theory correlation
functions :

Zting 003, = ()] = (xp ( [ drm(x)0(1)) ) (1.54)

CFT

This relation states that the string or (super)gravity partition function where the
bulk fields approach specific functions at the boundary, is equal to the CFT path
integral where we insert a source ¢ for an operator O. ¢y is an arbitrary func-
tion that specifies the boundary value of the bulk field ®. In other words, a
generic bulk field ®, sources a dual operator on the CFT side, and there is a
one-to-one correspondence between each field propagating in AdS space and
an operator in the field theory. In this way we build a kind of holographic dic-
tionary. In order to make things solvable, we take another limit - the limit of
classical gravity in which all graviton loops are suppressed, L > /{p. Hence,
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L*/ 0% ~ (gsa’?N)/(gsa’?) = N < 1. The GKPW formula (1.54) then implies that
classical gravity in AdS spacetime gives us access to the strongly coupled QFT
with a large number of colours, N, < 1,

A}\i]ri‘oo Zstring [P(x,7) |00 = Po(x)] = exp (_Sgrav [4’0]) . (1.55)

A natural question arises - how do we know which bulk field matches to which
field theory operator? In general this is a subtle question, but we can give some
simpler examples that are determined by symmetry. The simplest example is that
of a scalar field in the bulk ¢(x, z) that sources a scalar operator O(x) in the bound-
ary field theory. Fermionic fields in the bulk map into fermionic operators in the
boundary. The most important bulk field is the metric g4p and the corresponding
QFT operator is the energy-momentum tensor T"". Thus, the boundary value of
the bulk metric (or, more precisely, the induced metric on the boundary) acts as
a source for the energy-momentum tensor in the dual field theory. Moreover, dif-
feomorphism invariance in the bulk will ensure conservation of the energy and
momentum currents 9, T*". Likewise, vector fields will map into vector operators,
and the most important of those are gauge fields in the bulk A%, which corre-
spond to currents ]} in the dual field theory. Again, gauge symmetry in the bulk
will imply conservation of the boundary current d,,J*.

Taking functional derivatives of the gravity partition function with respect to its
boundary values, we can calculate Euclidean n-point functions

(Snsgn-shell (1 6)
: 5

) .0 "

¢(o)(x1) ¢(o)(x ) 9=

(O(x1)...0(xp)) =

An essential aspect of AdS/CFT is the IR/UV correspondence [23, 24]. The extra
radial dimension r is related to the energy scale of the field theory. It is often said
that the radial dimension geometrizes the renormalization group - processes close
to the boundary correspond to high energy physics in the dual QFT, while dynam-
ics deep in the bulk describes low-energy physics in the dual QFT. Therefore, the
near-boundary and the deep bulk regions correspond to the UV and IR regimes of
the dual field theory, respectively. This statement can be motivated from various
points of view. The divergence of the metric tensor near AdS infinity corresponds
to the UV divergence of the field theory, whereas the IR is controlled by the black
hole thermodynamics. If we slice the bulk along the radial direction and integrate
the slices out by starting from the boundary, we can show that this corresponds to
the Wilsonian integration of high-momentum modes in the boundary field theory.

11
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Examples of hydrodynamic phenomena are everywhere around us, from the mun-
dane, everyday experiences, such as a river flowing or water flowing in a pipe,
even bird flocking, to the more distant and exotic, such as gravitational fluctu-
ations of black holes, accretion discs around stars or quark-gluon plasma - the
scope of hydrodynamics is far and wide. It is also a very old topic of research
- already in the 3rd century B.C. Archimedes stated his principle, and over 260
years ago Euler discovered the fundamental equations governing the flow of an
ideal fluid, yet this topic is still far from complete and to this day provides new
applications and avenues of research.

Hydrodynamics (or, in this context, fluid dynamics) studies the motion of flu-
ids and the phenomena that it deals with are macroscopic phenomena. Thus, in
hydrodynamics one considers a fluid to be continuous. In addition to that, we
are not restricted to merely classical systems, but we can apply hydrodynamics
to quantum many-body systems as well. Naturally, we know today that all matter
is built out of more elementary units. Depending on the resolution we are talk-
ing about, we are interested in elementary particles, or atoms, or molecules, etc.
However, in hydrodynamics we do "coarse-graining" in the sense that any small
volume of the fluid of interest is made out of a great number of elementary units
(e.g. atoms, molecules, birds, etc.). What "coarse-graining" means then, is that we
average physical quantities, such as particle and energy density or velocity, over
volumes or distances much greater than the spacing between elementary units. In
this sense "coarse-graining" is much like zooming out of a part of a grainy, pix-
elated picture and seeing that it forms a sensible whole. At great distances even
discrete systems appear continuous. Therefore, hydrodynamics is an effective long-
distance description of a system.

Symmetries will play an important role in the following chapters. Following
Noether’s theorem, if there are continuous symmetries in the system, there are
corresponding conserved quantities (conserved currents). The fundamental equa-
tions of hydrodynamics express conservation laws.

2.1 NON-RELATIVISTIC HYDRODYNAMICS

Let’s start with non-relativistic hydrodynamics, i.e. hydrodynamics that is invari-
ant under Galilei transformations. This is a well-known subject with many refer-
ences and textbooks [4, 25—29]. In what follows we give a brief overview of the
fundamental equations and concepts that describe a non-relativisitic fluid. In our
considerations, we restrict ourselves to one-component fluids (i.e. one species of
particles), that are parity-invariant. We will try to give a more conventional pre-
sentation of the topic, basing most of the section on [4]. There is a more modern
interpretation of non-relativistic hydrodynamics, especially from the point of view

13
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Figure 2.1: Chuck Close, Self-Portrait (2000-2001), 0il on canvas. This large painting is di-
vided into numerous elements, each, when viewed close-up (no pun intended),
has it’s own distinct features, colors, even patterns. However, when viewed
from afar ("coarse-graining” in a sense) they constitute a different whole, an
almost continuous, realistic portrait.

of gravity and field theories on a curved background, which we will briefly revisit
in one of the following sections.

In non-relativistic hydrodynamics we have conservation of particle number (or
mass) and conservation of momentum. Let’s derive these equations.

2.1.1  Ideal fluids

We start with the conservation of mass. The total mass contained in some volume
V of the fluid is given by [, p(t, x)d?x, where p is the local fluid density (i.e. mass
per unit volume). Now, the flow of mass out of this volume in unit time is given
by
/ p(t,x)v-dS, (2.1)
aV

where v(t, x) is the local fluid velocity and dS is an infinitesimal area element on
the boundary surface of the volume V. By convention one thinks of it as a vector
pointing along the outward normal. The integral is taken over the entire closed
surface that surrounds V. At the same time, this outflow of mass results in the
decrease of the total mass that is contained in V

—%/Vp(t,x)ddx. (2.2)

Since mass is conserved in non-relativistic hydrodynamics, we have

0
5 /Vp(t,x)ddx = — /an(t,x)V -dS. (2.3)
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Applying Gauss’ theorem, we transform the surface integral to a volume integral

/ p(t,x)v-dS:/ai (ov;) dx, (2.4)
v v

which gives us
/v [0sp +9; (pvi)] dx = 0. (2.5)

However, since this must be true for any volume, we must have

[ dip + 9i(pv;) = 0. ] (2.6)

Thus, conservation of particle number or mass is given by the well-known conti-
nuity equation. Using similar arguments we can derive the equation that describes
conservation of momentum. Again, we consider some volume of the fluid and
look at how momentum changes when it is under the influence of a force. The
total force acting on V is given by

- / pdsS (2.7)
oV
taken over the boundary surface of the volume. We can transform it in a volume
integral, and find
—/ pdS = —/ o;p d’x. (2.8)
v 14

We can recognize —d;p as the force density acting on the fluid. Using Newton's
second law, we can write the equation of motion for a fluid element

dl)l’ . ‘
PE - _azp' (2~9)

The 2¥ that appears here is not the rate of change of the fluid velocity at a fixed
point in space but the rate of change of the velocity of a given fluid particle as it
moves about in space. This is called the material derivative, and it is given by

d(),‘

T 010; + U104 0;. (2.10)

Making use of this fact, we find
1
0:0; + U0kV; = —Eaip. (2.11)

This is known as Euler’s equation, named after Leonhard Euler (1707-1783) who
first obtained it in 1755. It represents the equation of motion of an ideal fluid. We
can also take into account external forces acting on the fluid element (e.g. gravity
or, in the case of a charged fluid, external electromagnetic forces). In that case
Euler’s equation becomes

010; + Uk0kV; = —:)aip + :)fi/ (2.12)

15
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where f; is the external force density (i.e. force per unit volume). We can rewrite
Euler’s equation in the form of a conservation equation. With the help of the
equation of continuity, we write the temporal derivative of the momentum density
00; as

9¢(0v;) = poyv; + Vo = —p (vj9;) vi — dip — v;id; (pv;) = —9; (6;p + pviv;),
(2.13)
where J;; is the Kronecker delta. Putting the pieces together, we find the momen-
tum conservation law

[ o¢ (pvi) = —ajni]‘, Hij = p5l] + PO;0;. ] (2.14)

[1;; is a symmetrical, rank 2 tensor called the momentum flux density tensor.

We now have d 4 2 unknown functions p, p and v (d components for d spatial
dimensions), but d 4 1 equations. This would imply we are missing an equation.
The missing piece is the equilibrium equation of state which provides a relation
between p and p. However, this depends on the nature of the fluid and often
introduces another parameter in the picture, such as entropy. The missing equation
can be taken to be entropy conservation

9ts + 0; (sv;) =0, (2.15)

where s is the entropy density (entropy per unit volume).
Finally, let’s look at how energy of a fluid element varies with time. A fluid
element has energy
pv?
— +e, (2.16)
2
where the first term is the kinetic energy density, and the second one is the internal
energy density. With the help of thermodynamic relations

dw = Tds+dp, w is enthalpy per unit volume: w =¢€+p, (2.17)
de = Tds — pdV, (2.18)

and conservation of entropy (2.15), we can write down the law of conservation of

energy as
2 2
ot (P;J + e) +0; [(P; + w> vl} =0. (2.19)

The above equations, along with the equation of state which relates p, € and p, are
all the necessary equations to describe an ideal non-relativistic fluid. If we have
a non-homogeneous fluid, e.g. a mixture of different fluids, this set of equations
needs to be expanded to reflect that each of these fluids has a conserved particle
number [4]:

ong + 9; (ngv;) =0, (2.20)

where K denotes the species of the particles in question.
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2.1.2 Incompressible, irrotational and steady flows

One situation in which the equations of hydrodynamics are simplified are steady
flows. Steady flows are flows in which the velocity of the fluid is independent of
time, at any point in the fluid

al),‘

ot
Thus, velocity is a function of only the coordinates. Steady flows represent equi-
librium states of the fluid [29] - the individual elements that make up the fluid
are moving, but in such a way that another element takes their place so that the
overall state of the fluid does not change in time.

Another situation which is useful for purposes of calculations is when the den-
sity p is assumed constant throughout the fluid, independent of p. Since it is con-
stant, there is no compression or expansion of the fluid. We call this an incompress-
ible fluid. For incompressible fluids the relevant equations of hydrodynamics (such
as Navier-Stokes equations and equation of continuity) are simplified, especially
in the case of dissipative fluids which we will discuss later on. For constant p,
conservation of mass (2.6) becomes

=0 (2.21)

aivi =0. (2~22)

This equation is also used as a definition of an incompressible flow. The difference
between an incompressible fluid and an incompressible flow is that for an incom-
pressible flow we define the material derivative of the density to be zero, but p
itself need not be constant:

dp

27 = %ip +0idip = 0. (2.23)

Using the equation of continuity, we have

d
dit) = —pd;v; = 0. (2.24)
Hence, (2.22) is the equivalent condition.
We define the vorticity of the fluid flow as

w=V Xxv. (2.25)

If the vorticity is zero in all space for a fluid flow, we call it an irrotational flow.
Furthermore, if there exists a scalar field such that the fluid velocity is its gradient

v=Vg, (2.26)

such a fluid flow is, by definition, irrotational. In such instances we call ¢ the
velocity potential. This is why these flows are also called potential flows. If a flow
is both potential and incompressible, one finds that the velocity potential has to
satisfy Laplace’s equation

V2p =0. (2.27)

17
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2.1.3 Dissipative fluids

So far our discussion did not include effects of energy dissipation, which is a result
of the thermodynamic irreversibility of the fluid motion due to internal friction and
thermal conduction. Simply put, different layers of the fluid rub against each other
and in the process transfer some of the energy of the collective motion to heat.
This is a form of internal friction called viscosity. An illustrative example of the
importance of dissipation would be sound waves propagating in air - if we ignore
viscosity, the sound waves we derive from ideal hydrodynamics would propagate
indefinitely, without dampening. We know that this is not true from our everyday
experience.

To better understand how we can account for viscous effects let us look at mo-
mentum flow across a small surface. Conservation of momentum tells us that

J¢ (pvl-) = —ajni]‘, Hi]‘ = p(sij + PU;0;. (2.28)

We need to insert an additional term in this relation in order to account for the
irreversible transfer of momentum due to friction. We write

I = pdij + pviv; — 0f; = —03j + pV;V;. (2.29)
0jj is called the stress tensor, and it is responsible for momentum transfer not
directly due to the mass of the fluid. (Ti/j is known as the viscous stress tensor.
To write its general form we note that processes of internal friction occur when
different parts of the fluid move at different velocities. Hence, it should depend
on v; and its spatial derivatives. It is often assumed that these gradients are small
enough that we can only keep the first derivatives. Furthermore, it must vanish
for constant velocity, so ai’j needs to depend on the derivatives aivj of the velocity.
In general, we can decompose such a rank 2 tensor into a part proportional to the
identity, a symmetric, traceless part and an antisymmetric part

2
d

(7'1/] —ra- 5ij8kvk +b- <aiv]‘ — éjvi —

8k0k> +c- (aivj - a]‘Ui) . (2.30)
We also note that this tensor must vanish for a fluid that is rotating uniformly, since
there is no friction between different layers of the fluid in this case. For a fluid in
uniform rotation v = Q x r, where Q) is the angular velocity, the derivative 9;v; is
antisymmetric. Consequently, we only keep the symmetric combinations. Finally,
the viscous stress tensor can be written as
, 2
0'1] =7 aiU]‘ + ajvi - Hakvk - §5i]-8kvk. (2.31)

n and { are called transport coefficients. 1 is known as shear viscosity and ( as
bulk viscosity (sometimes called second viscosity). In general they both depend on
thermodynamic variables, e.g. temperature T and chemical potential y, though of-
ten in the literature they are considered to be constants. Transport coefficients can
be considered as input parameters - since hydrodynamics is an effective theory,
they cannot be evaluated within hydrodynamics, but rather from the underlying
microscopic theory [5]. We also have to note that, although this simple model of
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viscous stress is empirically valid for many fluids, there are cases where it fails.
For example, fluids with elaborate molecular structure or asymmetrical shape of
molecules, where the length in one direction is comparable to the free mean path
for collisions. Such fluids are called non-Newtonian [28, 29].

In general, dissipative corrections in fluid dynamics are formulated as a deriva-
tive expansion. As the power of the derivative goes higher, the term itself gets
smaller, so that one-derivative terms are smaller than zero-derivative ones, two-
derivative terms are smaller than one-derivative ones, etc. This is based on the
assumption that we are describing a system near thermal equilibrium, and the devi-
ations from this thermal equilibrium are assumed to be small. This is akin to the
approach found in effective field theory [5], the cutoff now being a characteristic
mean free path Ay, The requirement of small gradients now translates into the
requirement that the mean free path in the fluid is smaller than the system size,
Amgp < L. Thus, when the size of the system L is shorter than An,¢, hydrodynamics
ceases to be a sensible description.

Having seen how viscosity affects momentum transfer, we can modify Euler’s
equation. We get

2
p(at + Z)]'a]')vi = —a,-p + a]' [17 (8,@]- + a]'vi — d(SijakUk)] + 0; (gakvk) +fi-

(2.32)
If we regard 1 and { to be constants, we have

d—2
p(at + Uja]')vl' = —aip + 17821)1' =+ <§ + dﬂ) ala]U] (233)

This is the Navier-Stokes equation named after Claude-Louis Navier (1785-1836) and
George Gabriel Stokes (1819-1903). They represent the equations of motion of a
viscous fluid.

For an incompressible fluid Navier-Stokes equation becomes much simpler, since
d;v; = 0. Dividing by p, we find

1
01v; + vj0jv; = —Eaip + Zazv,- + fi. (2.34)

The viscosity of an incompressible fluid is described by only one coefficient, #. The
ratio

V= E (235)

is often called kinematic viscosity.
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We can write the incompressible Navier-Stokes equation in a dimensionless
form. Such a procedure can give us insight into the relative importance of vari-
ous terms in the equation. First, we define dimensionless variables®

x-—ﬁ t 0; p x
l_L/ L/V/

b=, p=——0, 0;=L0 0= %at (2.36)

where L and V are the scale factors for the spatial characteristic length and charac-
teristic velocity of the flow, respectively. For example, if we consider a flow past a
sphere or radius R which tends at infinity to a constant velocity U, we could define
the characteristic length to be L = R and the velocity V = U. Inserting these, the
incompressible Navier-Stokes equation (ignoring external forces) then becomes

00; + 3,00, = —0;p + % 0*6;, Re= p‘;L, (2.37)
where we have defined a dimensionless parameter Re, known as the Reynolds
number. Large Reynolds number corresponds to nearly ideal fluid flow, whereas
for small Reynolds number dissipation is dominant. We can interpret the Reynolds
number as a measure of importance of the nonlinear convective term v;d;v;, versus
the viscosity term 29%v;. Velocity profiles obtained by solving this equation are
then given by a function of the form

v=Vf (%,Re) . (2.38)

If we have two incompressible flows of the same type (e.g. flow past spheres with
different radii) and with the same Reynolds number, then they are described by
the same function. In other words, these flows are similar (this is called the law of
similarity). Many flows at large values of the Reynolds number become turbulent.

The other dissipative effect that occurs in viscous fluids is thermal conduction.
If the temperature is not constant throughout the volume of the fluid, there can
be another mode of transferring energy - transfer of heat or thermal conduction.
Thermal conduction accounts for the transfer of internal energy in collisions and
interactions of constituent particles of the fluid (e.g. molecules) from points of
higher temperature to points of lower temperature. Recall that for an ideal fluid,
the conservation of energy is given by equation (2.19). For viscous fluids energy is
still conserved, but the equation that describes it is modified - we need to account
for the flux due to processes of internal friction. This we can write as a vector (T{jv]-.
The other term we need to add is the heat flux density due to thermal conduction,
denoted by a vector g;. In cases where the temperature gradient is not large, we can
write this vector as an expansion in powers of the temperature gradient. Taking
only the first derivative, we can describe g; by Fourier’s law

qi = KaiT/ (239)

where « is another transport coefficient, called thermal conductivity.

The choice of L/U for scale of time, and of pU? for pressure is appropriate for flows where the
non-linear terms dominate, i.e. high-velocity flows. For flows where viscous effects are dominant
we can use f = ‘%t and g = q%p [27].
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Now that we have a description for thermal conduction, we can modify the law
of conservation of energy for a dissipative non-relativistic fluid. The total energy
current (or energy flux density) is given by

i€ = va v —x0:T
i=lw+ 5 ) Vi — 03jvj — KT (2.40)

Consequently conservation of energy is now described by the following equation

2
o (w + P;J) —0;j; = 0. (2.41)

We have completed the set of fundamental equations of dissipative non-relativistic
hydrodynamics.

2.2 RELATIVISTIC HYDRODYNAMICS

Now let’s turn our attention to relativistic hydrodynamics. We recommend to the
Reader a very nice review of relativistic hydrodynamics [5], which serves as the ba-
sis of this section and that goes in greater depth. The systems we inspect here will
be symmetric under spacetime translations, rotations and Lorentz boosts. There
can also be an additional symmetry - e.g. a conserved U (1) number, such as baryon
number. Furthermore, we assume the systems in questions are symmetric under
parity, for simplicity. As before, conservation laws will play an important role in
the hydrodynamic description of a relativistic system. Spacetime translation sym-
metry is associated with the conservation of the energy-momentum tensor TH":

9, T" = 0. (2.42)

If the system in question is in d spatial dimensions, there are d + 1 components
of the equation above. Symmetry under rotations and Lorentz boosts is associated
with the conservation of currents MM = xHT'A — xVTHA which are identically
conserved due to the conservation of the energy-momentum tensor:

9\ MM = . (2.43)

As previously stated, there can be additional symmetries in the system. One of
the more relevant and physically interesting is a global U(1) symmetry which is
associated with charge conservation:

9 J! = 0. (2.44)

The charge conservation equation contains only one component. In total, if we are
in d spatial dimensions, we have d + 2 equations coming from (2.42) and (2.44),
while there are (d + 1)(d +2)/2 components of T and d + 1 components of JH.
We build the energy-momentum tensor and charge current out of hydrodynamic
variables (also known as fields): a local temperature T(x), a local chemical potential
#(x) and a local fluid velocity v(x). In total, there are d + 2 of these fields.
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The energy-momentum tensor and the charge current can be decomposed, using
a timelike vector u/, into components that are transverse and longitudinal with
respect to u#. This decomposition can be written as [5, 30]

TH = Eulu’ + PA" + (ghu’ +q"ul') + £, (2.45)
JF = Nut + j*, (2.46)

where we have used the projector A¥ = y*” + utu', and 7, = diag(—1,1,...,1)
is the flat-space Minkowski metric. £, P and N are scalars, while g# and j# are
transverse vectors, i.e. u,g" = u,j* = 0. t"" is a transverse, symmetric and traceless
tensor. We can write these coefficients explicitly, in terms of u#, T*" and J#:

1
E=uu, T, P = EAVVT”V/ N = —uyJ", (2.47)
A = _AW”ﬁTaB/ =B8], (2.48)
1 2
t],“/ — E <A”aAy,B + AVIXA]/lﬁ - dAV’VA‘X'B> T“ﬁ. (2.49)

(2.45) are identities, they are valid locally for any symmetric tensor TH'(x) and
any vector J#(x), given a timelike u/(x) [5]. What will make this decomposition
specific for our purposes is that we will use hydrodynamic variables u,, T, and u
to express the coefficients £, P, N, g#, j*, and t"". The expressions we get in this
way for T*” and J# are called constitutive relations.

Constitutive relations in hydrodynamics are written in a derivative expansion.
The terms that enter the expansion are powers of derivatives of the hydrodynamic
variables

T = T + T + Ty +.., (2.50)
]y:]élo)‘f’]ﬁ)"i‘]é)‘i'---/ (2.51)

where the number in the bracket denotes the derivative order of the correction. If
we take into account only the zeroth-order terms (i.e. the non-derivative terms),
we find what is known as ideal hydrodynamics, with many applications in astro-
physics and cosmology. If in addition to these, one takes into account the one-
derivative terms, we get conventional dissipative (or viscous) hydrodynamics.

2.2.1 Zeroth-order hydrodynamics

Just as we did with non-relativistic case, let’s start with ideal hydrodynamics. We
take no derivative terms into account, which means that ¢¥, j* and t*" in (2.45)
are zero, since they can be only composed of derivatives of the hydrodynamic
variables. The coefficients £, P, and N are then functions of T and p. In order to
get a better understanding of these coefficients, let’s look at what happens in static
equilibrium, in the local rest frame. In static equilibrium the energy-momentum
tensor is given by

T" = diag(e, p,...,p), (2.52)
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where € is the equilibrium energy density and p is the equilibrium pressure. Simi-
larly, the U(1) current is given by

Ji = (n,0), (2.53)

where 7 is the equilibrium charge density. Now, if we have a fluid which is moving
with constant velocity u¥, we can perform a corresponding Lorentz boost and find
the energy-momentum tensor and current

™ = eulu’ 4+ pA", (2.54)
' = nut, (2-55)

These expressions are quite similar to (2.45). In fact, what we do in ideal hy-
drodynamics is to promote €, p, n and u* to slowly varying fields and match
E(x) =€(x), P = p(x), and N (x) = n(x) [5]. In this way we find a physical inter-
pretation for the coefficients in (2.45) - we can identify £(x) with the local energy
density, P(x) with the local pressure, N (x) with the local charge density, and u*
with the local fluid velocity. Let us recall that the equilibrium equation of state - in
this case p(T, ), provides the relationship between p and the other hydrodynamic
fields - the energy density €, charge density n and entropy density s. We can find
these as

€e=—p+Ts+un (2.56)
_9p

n= @ (2.57)
_9p

s = 5T (2.58)

This equilibrium relation needs to be provided by an explicit calculation in the un-
derlying equilibrium quantum system [31]. Furthermore, using (2.56) along with
the Gibbs-Duhem relation dp = sdT + ndu and the conservation equations (2.42),
(2.44), we find

dy (su") = 0. (2.59)

This is equation is interpreted as the conservation of entropy current su/, meaning
that locally the entropy does not increase in ideal hydrodynamics [5].

2.2.2  First-order hydrodynamics

Let us now move on to the next step where we take into account terms in the
derivative expansion up to one derivative of the hydrodynamic variables. This
seemingly simple step, however, hides an important, yet subtle notion that the
hydrodynamic fields - local temperature T(x), local chemical potential p(x) and
local fluid velocity u*(x) - are not uniquely defined out of equilibrium [5]. We
can define many local temperatures or chemical potentials or velocities that differ
from each other by gradients of the hydrodynamic variables, yet tend to the same
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equilibrium value, when those gradients tend to zero. To put it in mathematical
terms, we can express the coefficients in the decomposition (2.45) as

E=¢e(T,u)+ fe(0T,ou,ou), (2.60)
P =p(T,u) + fp(oT,ou, ou), (2.61)
N =n(T,u) + far(0T,ou, ou), (2.62)

where €, p, and n are equilibrium values and are determined by the equation of
state, while f¢, fp, and fyr are the out-of-equilibrium gradient corrections. These
corrections depend on the definitions of local temperature, local chemical poten-
tial and local fluid velocity. Herein enters an important concept in hydrodynamics -
field redefinitions. We can, in fact, redefine the hydrodynamic variables (or fields)
in any way we wish as long as the energy-momentum tensor and U(1) current
remain unchanged under these redefinitions. The reason for this is that local tem-
perature T(x), local chemical potential y(x) and local fluid velocity u*(x) have
no fundamental, microscopic definition out of equilibrium. They are simply auxil-
iary parameters that we use to parametrize quantities that do have a microscopic
definition - the energy-momentum tensor T#’ and the U(1) current J¥. This is
why, in hydrodynamics, redefinitions of the hydrodynamic fields are often called
a choice of frame [5, 32]. We can consider such a redefinition

T(x) = T'(x) = T(x) +6T(x), (2.63)
p(x) = ¢ (x) = u(x) + ou(x), (2.64)
wh(x) = u(x) = ut(x) + out(x), (2.65)

where 6T (x), ou(x), and du¥(x) are composed of first-order derivatives of the
hydrodynamic variables. Using (2.47) we can see how the coefficients change with
respect to this redefinition, up to first order in derivatives:

0 =0, 0P=0, 6N =0, (2.66)
84y = — (€ +P)ouy, 8ju=—Nouy, (2.67)
Sty = 0. (2.68)

Here we have used several things - T*” and [/ remain invariant under these field
redefinitions, g#, j#, and t*V are quantities that are first order in derivatives, as
well as that du’ is transverse, i.e. u,éu’ = 0. This is because we normalized it to
be u? = —1.

Now, the choice of frame boils down to choosing a particular éu,. Canonically,
in the literature, there are two most often used choices. One is that we choose 6,
such that j, = 0. This choice was adopted by Carl Eckart in [30], thus it is often
called the Eckart frame. We can also choose du, such that g, = 0. This was adopted
by Lev Landau and Evgeny Lifshitz in [4], so it’s often called the Landau frame.
This is the frame choice we will pick, not just in this chapter, but in the rest of the
thesis as well. The Landau frame implies no energy flow in the local rest frame of
the fluid [5].
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scalars [u10,T], [utoru], o\u?

vectors A, T, A™oyu, [AM (1 uy)]

tensors | 0" = AP*AYP (311p + dpite — 317400 u")

Table 2.1: An overview of all the different one-derivative terms of the hydrodynamic vari-
ables we can write down, with respect to the symmetries of a relativistic system.
The terms in square brackets are the terms we eliminate using the equations of
motion at zeroth order. Here d is the number of spatial dimensions.

Notice that eq. (2.66) essentially tells us that

e(T,u) + fe(9T,0u,0u) = (T, u') + f£(oT', o', 0u’), (2.69)
p(T,u) + fp(dT, op,0u) = p(T',u') + fp(oT', 0p', 0u'), (2.70)
n(T,u) + far (9T, 0u,0u) = n(T',u') + for (OT', op’, 0u’), (2.71)

which implies

/ a a
=t (5r) o= (5) 72

/ a a
fo=fp— (a;)yéT— (a;’j)T&y, (2.73)

/ a a
Fio = fv — <a’;>H(5T— <aZ>T5y. (2.74)

Therefore, we can use the field redefinitions (2.69) to set two of the three functions
fé, fp,and fj, to zero. By convention with most of the literature, we set f¢ and f},
to be zero, which means that we redefine T and u such that £ = € and N = n[5].

What remains are the coefficients P, j# and t". These we need to express in
terms of derivatives of hydrodynamic variables, up to first order. In order to do
that we need to know what are all of the possible terms we can write in this
expansion. We are limited by the symmetries of the system - all of the terms that
appear in the expansion need to obey spacetime translation, rotation and Lorentz
boost symmetry. P is a scalar, so let’s think of all the scalar terms we can build
out of one-derivatives of T, u, and u¥, that also obey the required symmetries.
Similarly, for j* and t*¥ we think of transverse vectors and transverse traceless
symmetric tensors we can construct in this way. The kinematic structures we can
write are given in table 2.1. Using this, we can write the scalar coefficient, P in a
derivative expansion as

P =p+cu'o, T+ coutdru + c30\u’ + 0(9?). (2.75)

Here p is the thermodynamic pressure in the local rest frame of the fluid, ¢; are
coefficients, and O(9?) stands for terms that are second-order in derivatives or
quadratic in one-derivatives.
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There still exists a redundancy here - namely, we can use the zeroth-order equa-
tions of motion (i.e. equations of ideal hydrodynamics)

0T =0, (2.76)

gy =0, (2.77)

to get rid of some derivative terms we have written in the table, or to be more
exact, to re-express them in terms of remaining tensor structures. Let’s look at the
scalar terms first. We have two scalar equations,

uyal,T(}S; =0, (2.78)
Illg =0, (2.79)

which provide us two relations between the three one-derivative scalar terms in
table 2.1. By convention, we use these two equations to express #19, T and u"9,u
in terms of d,u" [5]. Now the derivative expansion for P looks like this

P =p—gow'+0(d%). (2.80)

Here { is a physical transport coefficient which can be determined from the micro-
scopic theory. In particular, { is called bulk viscosity.

A similar procedure is applied to j#. We have one transverse vector zeroth-order
equation

A0y T{’O’; =0, (2.81)

which we can use to eliminate one of the three vector terms in table 2.1. Again, by
convention, we choose to eliminate A*Y (u/\a /\uv) , and the derivative expansion for
j* becomes

j' = —oTama, (L) +xraa,T+0(). (2.82)

Now ¢ and xr are transport coefficients. ¢ is called charge conductivity. Since o
is the only transverse traceless symmetric tensor, we can immediately write the
derivative expansion

t = —pa +0(9?), (2.83)

where 7 is a transport coefficient, called shear viscosity. Finally, putting all of these
things together, we can write the constitutive relations of first-order relativistic
hydrodynamics in the Landau frame as:

TH = eutu’ + pA" — not’ — A" ut + 0(9%), (2.84)
JH = nut — o TA"9, (4/T) + xrA"9,T + O(9?). (2.85)

There are in total 4 transport coefficients - 7, ¢, o and xr. However, there will
be further constraints on these coefficients coming from the entropy current. But
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before that, let us for the sake of comparison and completeness, look at the consti-
tutive relations in the Eckart frame

T = eulu’ + pA" + (g"u¥ + q"ut) — notV — A" u’ + 0(9%), (2.86)
J¥ = nut 4+ 0(8?), (2.87)

where
€E+p

g = (eTA™O (/T) = xr&",T) — = + O(?). (2.88)

We see that, despite using a different frame choice, we still find the same 4 trans-
port coefficients as in the Landau frame. One can also often in the literature find
the expression for g* written as

€E+p
n

gl = —xA" (Tu)‘aAuv + BVT) — xt (A"9,T) + O(az), (2.89)

where « is called heat conductivity. One can express x in terms of ¢ as

2
K:U(€+p) % (2.90)

n

We get (2.89) by using the zeroth-order EOM to re-express A*d,u in terms of
AM9,T and A" (19 u,). Note that from eq. (2.86) with x = 0, we find eq. (2.32)
and (2.41) in the non-relativistic limit [5].

2.2.3 Entropy current

Now, let’s turn our attention to one last element of this theory - the entropy current.
In thermal equilibrium, if we have a relativistic fluid moving with constant u*, we
can define the entropy current as S# = su¥, where s is the entropy density of the
system. We have already seen that for ideal fluids (zeroth-order hydrodynamics)
9, 5" = 0. In first-order hydrodynamics it is natural to assume we can modify this
current in the following way

S* = sut 4 (gradient corrections), (2.91)

where the gradient corrections are built out of derivatives of T,  and u#, similar to
what we had with the constitutive relations. These gradient corrections vanish in
equilibrium. The entropy current defined in this way is not unique but demanding
that

9,5" >0 (2.92)

can provide constraints on the transport coefficients . We can derive an expression
for S* by writing down a covariant version of the Euler thermodynamic relation
Ts = p+e—un33]

TS" = put — THu, — uJ*. (2.93)
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Using the decomposition of the energy-momentum tensor and the current (2.45)
we can write S¥ as

§t = |5+ (8 —e) — KV =) [+ gt = L (299
where the coefficients £, N, g# and j* were defined in (2.47). This expression
for the entropy current is invariant under frame transformations and simplifies
whether we choose the Landau frame or the Eckart frame (since we have then
for both frames £ = €, N' = n, as well as g# = 0 or j» = 0, respectively). One
important result of this entropy current analysis is that, once we have made our
frame choice, the positivity of entropy production (2.92) gives certain restrictions
on the transport coefficients. Concretely

>0, (>0, c¢>0, xr=0. (2.95)

The canonical form (2.94) of the entropy current and the constraints (2.95) arise by
demanding the positivity of entropy production in curved spacetime, V,S* = 0,
as seen in [32]. These same conditions (2.95) can be obtained in the linear response
theory, without reference to an entropy current [5].

2.3 NON-RELATIVISTIC HYDRODYNAMICS REVISITED: NEWTON-CARTAN

There is a more modern approach towards non-relativistic, Galilean-invariant hy-
drodynamics by way of coupling Galilean-invariant field theories to a curved back-
ground, described by Newton-Cartan geometry. With this approach one can sys-
tematically build the constitutive relations, and recast them in a manifestly covari-
ant way, not unlike what one does in relativistic hydrodynamics. In this section we
shall try to summarize, as compactly as we can, the salient points of this theory, fol-
lowing mostly [6, 7]. We encourage the Reader to read these and other references,
e.g. [34—41], that go into far more detail, applications and other aspects, than we
will here.

2.3.1 Elements of Newton-Cartan geometry

The starting point is the notion of Newton-Cartan geometry. We can equip a
smooth (d + 1)-dimensional manifold M with tensor data (1,1, A;), where
Ay is a U(1) gauge field which couples to the particle number current, 1, is a
nowhere-vanishing one-form which effectively defines a local time direction, and
h,y is a symmetric rank-d tensor, the so-called "spatial co-metric". One also de-
mands that

Vv = Nty + hyy, v = det(yu), (2.96)

is positive definite and invertible. We denote the inverse of ,, as 7y"". We can
obtain the contravariant data (v*, hi*) via

ot = y"'n,, Rt = o#V — oty (2.97)
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which satisfy
n-o=1 h"n, =0, h,v" =0, h,h"= P;j = 5; —o'ny,. (2.98)

Because there is no underlying metric, we need to distinguish between tensors
with upper (covariant) and lower (contravariant) indices, even though in some
cases indices are raised using h*".

A Galilean-invariant theory that is placed on M should be coupled to the
Newton-Cartan data in such a way that it is invariant under reparametrization
of coordinates, U(1) gauge transformations, and Milne boosts. Milne boost in-
variance is a key requirement, since it imposes a local version of Galilean boost
invariance. Under Milne boosts, the background fields transform as

1

where 1, is an arbitrary one-form satisfying v"¢, = 0, and ¢* = P, 9" = P, p,h"".
The upper index data transforms as

ot — ot ¢t (2.100)

while #* is invariant. We can also uniquely define a covariant derivative, which
actsona (1,1) tensor ¥ as

D% =0, % p +T" 0y T p = T7 0y T . (2.101)
To make this choice unique, we demand that
Dyn, =0, D,h"f =0, (2.102)
and that the torsion is completely temporal
Ty =Ty —Thy,  huwT7y =0. (2.103)

The unique connection that satisfies these conditions is given by [6, 7]

1
I* = 0"dpn, + Ehw (0vhoe + Ophye — Oshyp) + h!'7 1 Fp)es (2.104)
TH ) = UVF;V, (2.105)

where Fyy is the field strength of Ay
Fu = 0,A, —dyAy, (2.106)

and
Fj, = oyny — dyny. (2.107)
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One can derive Ward identities arising from the symmetries listed above by
varying the generating functional W of correlation functions (W = —iln Z, where
Z is the partition function)

1 -
oW = /d‘”lx\ﬁ {(SAH Jt —on & — oot Py — E(Sh’” T#V} . (2.108)

with respect to the background fields. Here J¥ is the particle number current, P, is
the momentum density current, £¥ is the energy current and T, the spatial stress
tensor. Invariance under Milne boosts leads to

Py =huw]" (2.109)

which tells us that momentum is equal to particle number current. The Ward
identities corresponding to invariance under U(1) gauge transformations and co-
ordinate reparametrizations can be written as

(Dy — Gy) EF = Gu&E' — hy( Dy o TH, (2.110)
(Dy = Gu) TH = — (F")" , €Y, (2.111)

where
Gu=T" w=—-F,0" (2.112)

For vectors, (D, — G,) represents the usual divergence with a volume element /7y

(D, — G0 = \%ay (Vo). (2.113)

Here 7" represents the Milne-invariant spacetime stress tensor, defined as
P p
TH =T + ProY + Po¥ 4 vfv'n, J°. (2.114)

On the other hand, the energy current £¥ is not invariant under Milne boosts,
the reason being that the underlying Newton-Cartan data, connections A, and
I',,, are not invariant under Milne boosts. This can be ameliorated by equiping
the spacetime with a Milne-invariant vector field u* which is timelike everywhere,
meaning n,u" > 0. As it turns out, we can use the fluid velocity u;é as our Milne-
invariant vector field. We normalize it so that ul:n, = 1. We can also define its
lower index counterpart as

2 _ 1
UG y = hug, UG = ug ulg. (2.115)

Using these ingredients we can construct the Milne-invariant versions f,,, 4, and
P}, as well as define a Milne and U(1) gauge invariant connection fﬁv that is
compatible with Newton-Cartan data.

2.3.2  Hydrodynamics

Let’s now look at fluid dynamics. The program for constructing nth order hydro-
dynamics is simple - first we write down the most general constitutive relations
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for T#" and £* with tensors containing up to 1 derivatives of the fluid variables
and background fields. Secondly, we demand the existence of the entropy current.
Much like before, to write the first-order hydrodynamic constitutive relations we
encounter field redefinitions and choice of frame. But here, for brevity’s sake, we
only look at the zeroth order.

We build constitutive relations, the spacetime stress tensor 7" and energy cur-
rent £/, in terms of (T,u,u") of the background fields (n,,hyy, Ay), and their
gradients. The Ward identities then give us the equations of motion for the fluid.
The constitutive relations for 7#" and £* need to be expressed in terms of U(1)-
invariant contravariant symmetric tensors and vectors, respectively. 7" is already
Milne-invariant, but £ is not. So we separate it into a manifestly Milne-invariant
part £, and a part constructed algebraically from 7#' and the fluid data:

EH=EM 4 <qu — ;nvué> TH. (2.116)

Finally, the constitutive relations for Galilean-invariant fluids at zeroth order in
the derivative expansion (i.e. ideal fluids) are given by

T = Ph" + pulsuf, (2.117)

Eh = eué, (2.118)

where P is the pressure, p is the particle number density, and € is the energy

density. These are all now Milne-invariant functions of the Milne-invariant tem-

perature T, and chemical potential y. Specializing to flat space and repackaging

things a bit, one can see that we reproduce the familiar constitutive relations for
non-relativistic fluids

I°=p, J' = pug, (2.119)
EV=¢+ %puz, g = (e +P+ ;puzc> ub, (2.120)

Pi = pug i, Tij = Péjj + pug iug j- (2.121)

31






Part II

THE SHOWCASE

Karen Gunderson, Silver Dusk






=

OVERCOMING OBSTACLES IN
NONEQUILIBRIUM HOLOGRAPHY

3.1 INTRODUCTION

Holographic duality duality as a tool for applications to strongly coupled field
theories is most effective whenever one is able to identify universal quantities or
mechanisms which do not depend on the precise details of the bulk theory em-
ployed, as encoded for example in the couplings appearing in the bulk action, but
instead relies on universal gravitational physics, such as that associated with black
hole horizons. A striking example of this universality, namely the universal ring-
down of deformed horizons, has taught us a great deal about the thermalization
of strongly coupled field theories with holographic duals. Linear infalling pertur-
bations of black hole horizons in the bulk are characterized by a set of complex-
frequency modes, the so-called quasinormal modes (QNM) [42—45]. Physically ad-
missible modes must satisfy regularity at the future horizon and decay (usually
exponentially) as a function of time. These modes are ubiquitous in our explo-
ration of strongly coupled quantum matter via holographic duality, not least be-
cause they manifest themselves as non-analytic features in field-theory correlation
functions, most commonly as poles in retarded correlation functions. By studying
the dispersion relations of these poles, that is by calculating their complex frequen-
cies w(k) € C as a function of real momentum, much can be deduced about the
relaxation dynamics of the dual field theories, including all the information about
the hydrodynamic effective description of the system, that is transport coefficients,
dispersion relations, and so forth.

In this chapter we study a similarly universal set of modes, which govern the
behavior of non-equilibrium steady states of strongly coupled field theories with
holographic duals. These modes reverse the relationship of frequency and mo-
mentum described above. In other words we shall be interested in the analytic
properties of correlation functions in the complex momentum plane, k(w) € C,
as a function of real frequency. As will be described in detail below, these modes,
which we term stationary collective modes (SCM), are generically independent
and distinct from QNM. However, as we shall see, for relativistic field theories,
they can be related to QNM via a procedure involving Lorentz transformations
and analytic continuation.

The physical significance of these modes is broad and universal®. In this work,
as in [9], our main interest is in spatial features of non-equilibrium quantum mat-
ter, but like QNM, these modes crop up in many places, and in fact variants have
already been encountered in [48-54]. Suppose a strongly coupled field theory with
a holographic dual is set up to flow across an obstacle, as might be achieved, for

Nontrivial predictions for nonequilibrium behavior based on equilibrium modes also are at the heart
of the Kibble-Zurek mechanism [46, 47]. This analogy was pointed out previously in [9].
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example, by applying a thermal gradient or an electric field. Suppose furthermore
that this flow is disrupted by some obstacle, in other words that translation in-
variance along the flow is broken. In this case the system will arrange itself in
such a way that there exists an asymptotic flow velocity, v, far from the obstacle
and ‘to the left” and a generally different asymptotic flow velocity, vg, far from
the obstacle and ‘to the right’. See Figure 3.1 for an illustration. In between these
asymptotic regions the flow will be complicated and strongly non-linear. Never-
theless, as we show, the spatial approach towards the asymptotic regions can be
universally characterized using non-analytic features of correlation functions in
the complex momentum plane. Holographically these correspond to linear modes
of the perturbed black hole which are both regular at the future horizon and which
decay appropriately as one of the asymptotic spatial regions is approached. These
modes are what we call spatial collective modes (SCM), as they correspond to
collective excitations governing the spacelike relaxation of the strongly coupled
theory.

flow vy,

eika

fL

universal non-universal universal

Figure 3.1: Schematic illustration of the nonequilibrium steady state corresponding to flow
across an obstacle. Far to the left (x = —o0) and far to the right (x — +c0) the
flow returns to a steady, homogeneous flow, different on each side. In the vicin-
ity of the obstacle (hatched region) the flow is nonlinearly deformed. Connect-
ing these two regions are a set of spatial collective modes which describe the
exponential (and sometimes oscillatory) spatial relaxation back to equilibrium.

In situations where the underlying theory enjoys a boost invariance, an alterna-
tive point of view on these types of steady states is provided by transforming into
the frame where the fluid on the upstream side of the obstacle is at rest. In this
frame, then, the physical picture is one of dragging a co-dimension one obstacle
through a fluid at rest, building up a bow wave in front and leaving a wake behind,
whose spatial and temporal profiles are precisely what is captured universally by
the SCM described in this chapter. A fixed position in the fluid at rest experiences
modes which grow exponentially with time until the obstacle arrives (the bow
wave), and then decay exponentially in time after the obstacle recedes (the wake).
This alternative point of view is schematically depicted in Figure 3.2.

We give the definition of these SCM in full generality, underlining their universal
appeal, but we also find it instructive to illustrate this fact by exhibiting these
modes in a number of interesting contexts, both analytically and numerically. Two
such contexts in which we have in fact analytical control over the spectrum of
SCM is the three-dimensional BTZ black hole, as well as the Schwarzschild black
brane in a large number of dimensions d — co. In both cases we find that the SCM
are purely decaying, in other words that their defining complex momenta are in
fact purely imaginary. This is not a general feature of such modes, and we go on
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fluid at rest dragged fluid

Figure 3.2: Schematic illustration of the nonequilibrium steady state of the type depicted
in Figure 3.1 in a boosted frame where the upstream fluid is at rest (here we
have allowed for a fluid flow incident angle 6). This corresponds to the time-
dependent process of dragging a co-dimension one obstacle (hatched region)
through a fluid at rest. As in Figure 3.1 the fluid returns to a steady homoge-
neous flow far from the obstacle, and the spatial collective modes describe this
process, indicated here by the spatial profiles of a bow wave and a wake.

to demonstrate that oscillatory decaying modes which also have a non-vanishing
real part of the complex momentum in fact exist. We find the requisite modes in
certain regimes of the dual field theory at non-zero charge density, that is in a state
that is dual to a bulk Reissner-Nordstrom black brane.

A second major focus of this chapter is a more detailed treatment of the nu-
merical construction of non-equilibrium steady states dual to four-dimensional
black branes with non-Killing horizons. Pursuing holographic insights into the
physics of nonequilibrium steady states has proven to be a fruitful endeavour,
as evidenced for example in [55-68], which all underline the efficiency of the
holographic approach to far-from-equilibrium physics by elegantly exposing fas-
cinating features such as emerging effective temperatures, non-equilibrium fluc-
tuation relations, which are highly non-trivial to derive from a microscopic ap-
proach based on field theory methods. Holography serves both to reformulate the
underlying non-equilibrium problem in terms of a well-posed system of partial
differential equations, suitable for numerical solution, as well as to expose mech-
anisms and universal features through analytical insight. In this work we strive
to combine both numerical and analytical insights into a quite general picture of
the kind of situation described in [9], namely stationary flows over obstacles, first
introduced in [67] and termed ‘stationary quenches’.

These solutions were employed and briefly described in [9], and we wish to sup-
ply a more detailed treatment of both the properties of these intriguing solutions
as well as the numerical methods employed in their construction as full non-linear
solutions to the bulk Einstein equations. The method is a variant of the Einstein
DeTurck method of [69] that applies to situations in which the generators of the
bulk horizon are not Killing fields. This is essential for the non-equilibrium steady
states we wish to construct, as these have broken translation invariance in the di-
rection of the flow as mentioned above. We will also present a three dimensional
example, based on the Janus solution of [70], where both the non-linear and the
linear analysis can be carried out fully analytically, beautifully confirming our pro-
posal of SCM in detail, that is we are able to exhibit exactly the dominant modes
governing the spatial relaxation towards the left and right asymptotic regions. In
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fact, we demonstrate that the black Janus solution itself should be viewed as a back-
reacted version of the entire tower of SCM of the three dimensional (‘BTZ’) black
hole, which we also construct analytically. Once this is appreciated, the spectrum
of SCM can in fact be recovered as an inverse Laplace transform of the non-linear
solution and is seen to coincide precisely with the aforementioned tower of SCM
of the three-dimensional black hole.

The large array of examples we present in this chapter underscore the ubiquity
of the modes proposed and defined in [9], and we conclude with an outline of fur-
ther contexts and situations were they have promising applications. In particular
as emphasised in [9] some of the dominant modes decay universally with a length
proportional to 77/s, presenting new opportunities to experimentally determine
this ratio for strongly interacting many body systems.

The structure of this chapter is as follows. In section 3.2 we give a definition
of SCM from a purely field theoretic perspective focusing on translation symme-
try breaking, followed by a simple example drawn from hydrodynamic diffusion.
We then work out the complete theory of SCM in charged hydrodynamics be-
fore doing the same in bulk Einstein-Maxwell theory. The remainder of section
3.2 serves to illustrate the general definitions with a host of examples, notably a
fully analytic treatment in the large-dimension limit of the bulk, as well as the
three-dimensional case. In the latter we have constructed a fully non-linear exam-
ples, based on the black Janus solution, and we dedicate section 3.3 to a detailed
study of this illuminating example. Section 3.4 is dedicated to a detailed descrip-
tion of the numerical method employed in constructing examples of non-linear
steady states where an analytical treatment is not possible. The final section, 3.5
recaps the most salient features of our analysis and gives an outlook of some inter-
esting future directions. Certain technical details throughout are relegated to two
appendices to avoid overly complicating the main thrust of the chapter.

3.2 UNIVERSAL MODES IN GRAVITY AND HYDRODYNAMICS

Our first task will be to characterise the modes which play the central role in this
chapter. These modes achieve for breaking spatial translations what quasinormal
modes achieve for the breaking of time-translations.

When a system is perturbed by adding a time dependent source, one can extract
universal features of the late-time decay by studying certain modes in the complex
frequency plane, the quasinormal modes (QNM). This is to be contrasted with our
nonequilibrium steady states, where the system is perturbed along a distinguished
spatial direction. Then its universal spatial relaxation at large distances from the
disturbance is given by stationary collective modes (SCM), to be defined below.

3.2.1  Definition of stationary collective modes

Let us commence with a seemingly standard discussion, namely the evaluation
of expectation values of operators in the interaction (‘Dyson’) representation of a
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quantum field theory. Let us suppose we have the four-momentum vector P* of
the undeformed theory, such that a Heisenberg picture operator is given by

O (x#) = e~ P Peifu” (3.1)

Correspondingly we have the Heisenberg equation of motion for the evolution
operator

ol (x, xp)

oxH

Usually in quantum field theory, one takes the zero component of this equation
to define the time evolution of the system in question, and interprets the spatial
components as giving the momentum of the system governed by its Hamiltonian
evolution. For reasons that will become clear, we continue with the covariant treat-
ment for the time being. We then have the formal solution

0, P (x) =i [Py, P] = iP,U(x, xo) (3.2)

U(x,x0) = Pexp <i /x Pydx’ﬂ> (3-3)

0

in terms of the path-ordered exponential function, in the sense that one should
interpret the integral as being a long a parametric curve x#(s) with x#(s;) = x})
and x*(sf) = x* and the operators appearing being ordered in increasing order

with respect to the parameter s. Say we now deform the theory by adding a term

X

U (x,x0) — UM (x,x0) = Pexp <1/ (Pu + py)dx”‘) , (3.4)

0
where we have emphasized that we naturally obtain the evolution operator of
the deformed theory in the Heisenberg picture. It is then customary to switch to
the “interaction” representation, where states evolve according to the undeformed
theory, i.e. with respect to U, while operators evolve according to

O (x") = U™ (x, x0) P (x0) U™ (x, x0) with U™ (x,x9) = Pexp (z/ pydx’”> ,
X0

(3.5)
where the x* dependence of p, itself is governed only by the undeformed evolu-
tion operator U (x, xp). This construction is particularly useful if we are interested
in evaluating the influence of a perturbation on expectation values of the system.
Let us examine this for our operator ® above, with respect to the deformation p,,.

We have
(P(x)) = <Pexp <—i/ pwlx”‘) P Pexp <z/ pydx”>>
X0 X0

X
— (@)= [ (@), pu))gdx" +- 66
0

up to first order in the deformation. The subscript ‘0" on the correlator indicates
that the expectation value is to be evaluated in the undeformed state. We will now
describe a familiar example, where one adds an explicitly time-dependent term to
the Hamiltonian of the system, before turning to the less familiar example that is
the focus of this work.
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BROKEN TIME TRANSLATIONS
The familiar case usually involves the choice p* = h(t)6"°, which leads to the
well-known result

5(D(tx)) — i/t ([@(t,x), h(t)]), ¥

—00

= / F(t"Gr(t —t',x — x")dt'dx’ (3.7)
where in the second line we have specialised to an /(t) given by an external source
h(t) = [F(t)®(t x)dx, and we have introduced the retarded correlation function

Gr(t—t,x—x) :==i0(t — ') {[®(t,x), (¥, X)]), (3.8)

The presence of the Heaviside function, which simply came from extending the in-
tegration range to (—oo, ), has the important consequence that the Fourier trans-
form Ggr(w,k) is analytic in the upper-half complex frequency plane, but may
contain poles or branch cuts in the lower half plane.

Let us conclude this section by remarking that a system with the deformed
Hamiltonian H = Hy + h(t) does not conserve energy, while momentum remains
a conserved quantity

[H,E] #0, while [H,P;] =0, (3.9)

which is a direct consequence of the Heisenberg equations of motion (3.2) applied
to the deformed Hamiltonian.

BROKEN SPATIAL TRANSLATIONS

We now consider situations in which translation invariance is explicitly broken
along a special direction s, while it remains intact along the remaining spatial di-
rections, x/I. Let us define some coordinates by writing x = (x - 8,x/l) = (x,xl). Let
us thus examine the choice of deformation p* = p(x)s¥, for some spacelike vec-
tor s = (0, §), along which we assume spatial homogeneity to be broken, while all
other directions remain homogeneous?. A particular example of such a situation is
given by the type of non-equilibrium steady states mentioned in the introduction,
where we consider the stationary states of an interacting quantum fluid flowing
over an obstacle, the obstacle being evidently the origin of the breaking of spa-

An alternative picture of this situation may be given as follows: let us, for argument’s sake, consider
adding a term [ F(x')¢(t,x',xI)dx’dx|l to the Hamiltonian. Here x’ is the special direction along
which translation invariance is broken. Then the exponent of the evolution operator (3.1) formally
gets a new contribution of the form

t
Ht—P-x— Ht—P-x+ / F(x (', x, xI)dxdxlat’.

J —00

Since we are interested in steady states, we may safely take the ¢t — co limit. We now specialize
to a source F(x') = ©(x — x’) f(x’). At this point, it becomes more natural to actually think of the
deformation as pertaining to the momentum operator, so that

X
P-x—>P-x—/ p(x)dx

with p(x) := [ F(t, ', xI)p(t, ', xIldtdx|l. This is precisely the spacelike case treated above.
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tial translations. This also explains the ‘parallel” superscript which refers to the
directions which are unbroken, i.e. parallel to the obstacle. This gives3

5 (®(tx)) = —i/ ([®(t,x), p(x)] )y sy
= —i/x ([®t,x), p(x")]),dx’

= / F(NGM(t =, x — 2, xI = xI'||)d#'ax’ . (3.10)
In the first line the upper limit of the integral instructs us to integrate along the
direction s* up to the spatial position x - § of the operator we are interested in mea-
suring. In the second line we have introduced the parametrization s,dx" = dx and
written the limits on the integral accordingly. The source F(x) now depends only
on the spatial direction x. Finally, in the last step we have written the deformation
as p(x) = [ F(x-8)®(t,x)dtdx|, and introduced the ‘decay to the right’ correlator

G (x — ) = —ib(x — ') ([@(t,x), D(t',x)]), (3.11)

where we have suppressed the dependence with respect to t — ' and the remaining
spatial directions for simplicity. At first sight this looks very unfamiliar, taking the
form of a ‘retarded’ correlation function with respect to some spatial direction. We
now explain why such a definition is useful.

k k

90— 00—

Figure 3.3: (color figure) poles of the Fourier transform of the ‘decay to the right” correla-
tion function, G (k), and of the ‘decay to the left’ correlation function, G(k),
in this order, and as defined in the text. The blue contour corresponds to the
region to the right of the obstacle, and the green contour to the left.

We first note that the Fourier transform of this object with respect to the special
direction

A dx ;
N — “r AN —ikx
G (k) - / 27TG (x)e (3.12)
is analytic in the lower half complex k plane, but may show non-analytic features,
such a poles and branch cuts in the upper half complex k plane. This corresponds
to the situation illustrated in Figure 3.3 and gives rise to modes that are decaying

in the positive x direction. In other words, there is an obstacle breaking spatial

By assumption our system is in a steady state with respect to the undeformed Hamiltonian. There-
fore the entire time dependence, comes from the undeformed part of the Hamiltonian.
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homogeneity in the special direction, and we enquire about the spatial profile
of the expectation value of ® to the right of the obstacle. The relevant physical
solutions contributing to this quantity are therefore modes which have regular, i.e.
decaying, behavior as we approach the right asymptotic region x — +oo, while
they are unconstrained as x — —oco.

The analytic structure discussed here parallels what is found in the w — 0 limit
of [49], and we refer the reader to this work for an insightful discussion. Illus-
trating further the ubiquity of SCM, these authors study modes at complex mo-
mentum in the context of equilibrium attenuation lengths of a holographic plasma,
while our present work emphasizes the relevance of SCM to non-equilibrium prop-
erties of stationary states.

The analogously defined correlator

G (x —x') =i0(x" — x) ([®(t,x), P(t',X)]), (3.13)

instead involves only excitations which are regular as the left asymptotic region
x — —oo is approached, while being unconstrained for x — +o0. The correspond-
ing Fourier transform

27

is analytic in the upper half complex k plane, while allowing for non-trivial struc-
ture in the lower half complex plane, illustrated in Figure 3.3. In a further analogy
to the previous subsection, the system described here conserves energy, but does
not conserve momentum

= [ B Gl (x)e (3.14)

[H,E| =0, while [H,P] #0. (3.15)

Without anticipating too much of our discussion in section 3.2.5 below, let us
briefly remark that these modes can be computed from a simple holographic pre-
scription. There SCM are found by studying linear modes around a finite-v black
brane background, which are regular at the future horizon as well as regular for
x — oo for G (k) or regular as x — —oo for G!(k), where x is the distinguished
direction along which translational symmetry is broken.

We will now illustrate our definitions in various different situations. We will
start by a simple example, namely the hydrodynamic theory of diffusion. We will
then work out the general description within a charged relativistic hydrodynamic
effective theory before moving on to holography in a number of different contexts.
The latter remains the focus of this chapter, so we aim on giving a clear prescrip-
tion of how to compute these modes in theories with holographic duals.

3.2.2 A simple hydrodynamic example

Let us furnish the definition above with a simple example. Consider a diffusive
linear fluctuation, n(t,x), obeying the equation

(u"9, — DA¥9,0,) n(t,x) =0, (3.16)
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with diffusion constant D > 0 where u” is unit-normed, timelike and future di-
rected, which we may parameterise by a (d — 1)-velocity, u" = (1, v)¥, where
v = (1 —v-v)~/2. The projector orthogonal to u" is given by A" = y*' + utu".
With the choice v = 0 (3.16) reduces to the diffusion equation. A defining fea-
ture of the modes we are interested in is the absence of temporal growth or decay
since we are seeking the late time behaviour of a system, and this may be either
steady or time-oscillatory. A second defining feature of the collective modes is
unbounded growth in one spatial direction. This is so that the mode can grow in
order to match on to a source, such as an obstacle. Let us therefore single out the
coordinate x = x - § (see above), in which we permit unbounded growth, and we
denote all other spatial directions by x| in which we do not. For convenience we
can decompose in Fourier modes in ¢ and X,

dwdi 1k , ,
n(t, x,x)) = / (27T)d”ﬁ(x,w,k|)elk"‘—wf, (3.17)
and then the desired stationarity / temporal regularity condition is expressed by
Imw = 0 and the desired spatial regularity condition is expressed by Imk; = 0,
whilst 71(x, w, k”) may be unbounded in x. We make no restriction on v in general,
but for the sake of simplicity in this example we restrict to flows which satisfy
v| - k| = 0. Solutions to (3.16) are then given by,

i(x,w k) = Ape™ " + A"t (3.18)
where
1 4Di
Ny = 39D (ZJ F \/vz +4D2kﬁ — r;w> + viw. (3.19)

With the given conditions on D, kH, w one can prove that Rex, < 0whenv > 0and
so the associated mode (with coefficient A;) does not diverge as x — +oo. Thus
this mode describes decay in the downstream direction. Similarly the a_ mode
describes decay in the upstream direction.

In the notation of section 3.2.1, the «_ mode would appear as a pole in G (k),
while the a; mode would appear as a pole in G (k).

We note that k| # 0 cannot induce a nonzero Ima_ at w = 0, but such oscilla-
tions are seen if w # 0 — a source that is oscillating in time leaves an imprinted
pattern on both the upstream and downstream sides of the flow, with a wavelength
set by the velocity of the flow itself.

Finally, let us remark that a similar hydrodynamic analysis for the timelike case
would appear to give rise to modes that appear as poles both in the retarded and
the advanced correlation function. This is actually not the case, as the diffusive
nature of the hydrodynamic equation dictates a direction of time and therefore
selects one or the other of the retarded or advanced correlation function depending
on the sign of D. In other words, one cannot run the diffusion equation backwards
in time without un-physically changing the sign of the diffusion constant. There
is an interesting link with analyticity and causality underpinning this behavior,
which we further elaborate in the discussion section.
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3.2.3 Charged hydrodynamics

Although we are mostly concerned with two and three dimensional field theories,
the analysis is easily performed in d space-time dimensions. As usual in hydro-
dynamics we begin by writing down the stress tensor and current in a derivative
expansion
0 1
T, = Tyt + 114/ +0(2)?, (3-20)
Jo= 1 + 1) +0(@)? (3:21)

where, up to first order, we have the Landau frame expressions

T}(,B) = euyuy + pDyy, (3.22)
Hitlv) = —NO0w — gAyva U, (3.23)
) =y, (3-24)
];(,1) = —0TA,"9, (%) . (3.25)
Here the shear tensor is given by
. 1
O = 20, PA, <8(pu[,) — ﬁqwa . u) , (3.26)

where ¢ is the energy density, p is the pressure, u/ is a timelike unit-normalised
d-velocity field while # is the charge density. The tensor A*” = y*V + utu" projects
orthogonally to u*. The quantities # and ( are the shear and bulk viscosities, and
o is the charge conductivity. The energy-stress tensor and the current are subject
to conservation equations:

0, T" =0, (3-27)
9, J" = 0. (3.28)

These conservation laws give rise to d + 1 equations for the d 4 2 unknowns con-
tained in u¥, ¢, p, n. Consequently, this system of equations still needs to be closed
by specifying an equation of state p(T, u). This equation of state depends on the
physical system under consideration, but for the majority of this chapter we are in-
terested in holographic field theories, which are conformal in the UV. The required
general conformal equation of state, and the specific example of the conformal
equation of state for the Reissner-Nordstrom solution can be found in appendix A
together with its associated transport coefficients.

In order to find the collective modes, we solve the conservation equations for
linear perturbations about a long-range stationary state characterised by ¢, p, n and
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a (d — 1) velocity v, such that u* = (1,v) where v = \/&ﬁ We then consider

time-independent perturbations of the form

e (x") = e+ Jeeke™, (3-29)
p(xt) =p+ope, (3-30)
n(x") = n+ oneo™ (3-31)
ul (x) = ut + sut e (3-32)

The modes we are interested in are time independent in the laboratory frame,
namely the frame in which we have a steady state, that is they have k, = (0,k) in
the frame where u* = (1, v). Inserting these perturbations into the energy-stress
tensor, we find

6Ty = ("G + AMop +2(e + p)ulrou’) ) e, (3-33)
o) = (‘217AP<V5uV> + <dz_;71 N > AW{W) kg™ (:34)

The conservation equations (3.27) then give
ik, 0T}y + ikyan}‘f) +0(kK) = 0, (3-35)
0.

(0 (
ikullg) + ikuJ(yy +O(K) = (3.36)

Finally let us use the equation of state to define the suceptibilities

_ (o) _p(oT _ (o) _p(oT
w=(5), -1 (5%) ““(an)s t\an), O

0 0
ne (), me(2),

We now have all formulae and definitions in place to determine our SCM. Once
an equation of state is specific these quantities can be found explicitly, see for
example A for the case of the conformal equation of state in d dimensions. In
the following, it is most convenient to split the analysis into different channels,
according to whether the velocity field perturbation is transverse or longitudinal
with respect to the momentum.

and

3.2.3.1 Transverse channel

We start with the transverse channel, that is velocity field perturbations du, such
that k- éu = 0. We find

(k-u)on —icAp (x10e +a26n) =0 (3.39)
(k-u)u’oe + ky,AF (B1oe + Baon) + (e + p) (k- u)ou’ — inApdu” =0  (3.40)

where here and below we use the shorthand

A =k k,AM. (3.41)
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Let us first examine the case when k - u = 0, i.e. when the momentum of the pertur-
bation, in addition to being transverse to Ju, is also transverse to the background
flow velocity. First we note that the stress-tensor conservation, contracted with u
gives the relation

(k-u)oe = —(e+p)k-du (3-42)

i.e. that k- u = 0 implies that the perturbation is transverse k - u = 0. Assuming
this is the case, the charge conservation equation gives

on = —"Loe (3.43)
X2

which when plugged back into the stress tensor conservation tells us that

_ tfr —aipo k¥
= R (3-44)

out
However, this contradicts our assumption that du is normal to k, implying that our
system of equations has no solution unless the quantity in the numerator above
vanishes. As we will see below, this combination of susceptibilities is related to the
charge diffusion constant, which is generically non-zero. We conclude that no non-
trivial mode for k - u = 0 exists. We may thus proceed with our analysis, assuming
k-u#0.

In order to make further progress, we start by projecting Eq. (3.40) onto u*,
keeping in mind that the normalization condition on the flow velocity implies that
u - éu = 0. We immediately find that de = 0. Projecting (3.40) onto k, we discover
in addition that én = 0. Notice that this follows from the fact that Ai # 0, since
both contributing terms are positive definite for our choice of k* in the lab frame.
We are thus left with the nontrivial condition

[(e+p)(k-u) —inAp]éut =0 (3.45)
Writing
' =v(1,v), K'=(0Kk)", (3.46)

so that v -k = vkcosf, we conclude that there is a non-trivial transverse mode
with dispersion relation

kvcosf . ,1— (vsinf)? 3
(e+ P)ﬁ mki—— 7+ O(k”) = 0. (3-47)
for which
be=6n=0, out #£0, (with k-déu=0). (3-48)

This concludes our analysis of the transverse channel. Let us now turn to the
longitudinal channel.

3.2.3.2 Longitudinal channel

A longitudinal perturbation satisfies du” = dup A"k, /k, where k = |/k,k" is the
norm of the spacelike momentum. As we argued above, without loss of generality
we can take k - u # 0 in the longitudinal channel and we do so from now on. There



3.2 UNIVERSAL MODES IN GRAVITY AND HYDRODYNAMICS 47

are three independent modes in this channel, which we determine as follows. We
first substitute the form of duy into the dynamical equations (3.35). These then
take the form of a scalar equation (the current conservation equation) and a vector
equation (the stress tensor conservation equation). We may use the equation of
state to eliminate ép from these, and finally project the vector equation first onto
k, and then onto u,,. This results in the following system of three linear equations

k-u 0 (e+p) A?% Je 0
2
—ioA2ny k-u—ioAa, n% om |+ O®k)? | =0,
2 2 2
B 8py N (kou—indy) )\ our O(k)?
(3-49)
expanded in small momentum k and where we have defined
d-2
12 +E
_ d—1
V=T P (3-50)

Note that the first of these equations corresponds to the conservation of energy
and is exact in k. The second of these is the charge conservation equation and is
correct to second order in k with order k* terms truncated. The remaining equa-
tion is correct to second order in k. A physical mode, that is a hydrodynamic SCM,
corresponds to a non-trivial solution of this linear equation, in other words an
eigenmode with eigenvalue zero. Each eigenvalue is a polynomial in k and the
vanishing of this polynomial gives the dispersion relation of a non-trivial longitu-
dinal SCM admitted by the system of equations (3.27).

We shall now explicitly construct the eigenvalues and associated eigenmodes
for the system (3.49), working order-by-order in k. Specifically, denoting the matrix
multiplying (é¢, 61, 6ur)T in (3.49) by M, we wish to solve,

M-V =AV; (3.51)

where I = 1,2,3 labels the eigenmode. As in the transverse channel we have
v - k = vk cos 6. Next we expand as follows in powers of k,

M = MWk+MPE2 1+ 0(k)° (3-52)

vi = V2 +v{Vk+0(k)? (3.53)

A= AWk AP £ 0ok)? (3.54)

v = vgo) + vgl)k + O(k)? (3-55)

Then we solve the eigenmode equation (3.51), where at each order setting /\gn) =0
determines vgnfl) for the mode in question labelled by I. Note that in the results

that follow we have fixed a freedom to shift Vl(l) by a multiple of VI(O), and we
have done so simply by looking for the most compact presentation.
At O(k) we have the following eigenmode problem,

MO .y = AWy (3.56)
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(1)

which we solve directly to obtain VP and A;”’. Each solution to this leading or-

der problem picks a different physical mode, with Agl) = 0 corresponding to the
leading order part of its dispersion relation. In the following we shall treat each in

turn, denoting cy = cos 6 and sy = sin 6, for compactness.

DIFFUSIVE MODE
In this case the fluctuations, up to first order in the momentum expansion, have
dispersion relation and eigenmodes, given by

D
v o= ré?k+O@V (3-57)
{6e,6n,6u.}0) = {—PBy, B1,0} (3-58)
D
(1) _ . «p
{58,(57’1,5ML} {O’O’Z'Bze—i—p} (359)

Where we have defined a diffusion constant and the speed of sound,

arB1 — x1B2
c2

szﬁ =0 ’ C = ﬁl + AB (3.60)

z—:+p

We may think of this mode as primarily accounting for charge density perturba-
tions since, for example, in a conformal theory (8, = 0, see appendix A) it consists
solely of 6n, even at nonzero background velocities. In more general theories, we
still have a diffusive (purely imaginary) dispersion relation for charge fluctuations,
which are, however, coupled to non-trivial energy and velocity fluctuations.

SOUND-LIKE MODES
For sound-like modes the fluctuations, up to first order in the momentum expan-
sion, take the form

(1-s303)”
v = Zug+il 2 Yok + O(k)? (3.61)
{0, 0n,6u.}0 = {(1—s505) v5(e+p), (1 550%) Y51, Fcav000 } (3-62)
— Vs 1

{6e,6n,6u,}V) = 93 (1 s303) {0 j:zcevo g =370 (1—(1+c5)v5) F}

(3.63)
where we have introduced a second diffusion constant
B2 (a1 + &

=7+ ( SP), (3.64)

2
Cs

and where vy = \/117 for a speed of sound modified by the angle of incidence,
Y0

Cs

\/ €255 + c3

v = (3.65)
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Note that this mode does not contain any dn component for neutral backgrounds
pu=n=0.

Let us now further explain why we used the terminology diffusive and sound
like for our SCM, which will also show that I' is related to conventional sound
attenuation.

RELATION TO CONVENTIONAL HYDRODYNAMIC MODES

Our SCM in the laboratory frame are defined to have vanishing imaginary part
of the frequency and appear for complex values of momentum. For simplicity we
here restrict to zero frequency. More generally one can also consider SCM with
nonzero frequency similar to the equilibrium modes studied in [49]. Due to the
underlying Lorentz symmetry it is possible, at least formally, to transform these
modes back into the rest frame of the fluid. There they can be analytically contin-
ued into modes which satisfy dispersion relations, more conventionally associated
with hydrodynamic modes, or in the gravity case, hydrodynamic quasinormal
modes. In this way the diffusive SCM is related to ordinary charge diffusion in
the fluid rest frame where this mode obeys the dispersion relation w = —iD,gq*.
Similarly the sound-like SCM is related via boost and analytic continuation to a
standard sound mode with dispersion relation w = =csq — i5g?. We emphasize
once more that this procedure relies on the Lorentz symmetry of the underlying
theory, as well as analytic continuation, and will fail for a non-relativistic theory.
In general, i.e. in the absence for Lorentz symmetry, the SCM considered in this
chapter, are physically distinct from and independent of quasinormal modes.

3.2.4 Neutral hydrodynamics

Here we review briefly the special case of a neutral fluid, which was previously
discussed in [9]. In the present context the results of [9] can be recovered simply as
the limit of zero charge density, n — 0, of the charged case. For completeness we
repeat the salient equations here. [9] did not consider charge density fluctuations,
as there was no bulk gauge field. In that case, only the sound-like mode arises,
whose dispersion relation indeed corresponds to the n — 0 limit of (3.61).

3.2.4.1 Transverse channel

The analysis for the transverse mode proceeds as for the charged case above, re-
sulting in the un-modified transverse mode dispersion relation

kvcos® . ,1— (vsinf)?
V1—102 11—

which was given previously in [9].

(e+p) +0(K¥) =0, (3.66)
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3.2.4.2 Longitudinal channel

DIFFUSIVE MODE

. e 1 . . .D,
We again have a diffusive mode with dispersion relation v = i C(f k + O(k)?, and
mode structure

{6e,6n,0u.}0) = {—PBa, B1,0} (3.67)
D

oe,on, 6u vV = {o,o,' “ﬁ}. 68

{0¢,0n, our } 1[328+p (3.68)

The constant D,z is defined as before, and the speed of sound reduces to 2 =
B1. This mode is primarily a charge diffusion mode, and was consequently not
considered in the analysis of the neutral fluid in [9].

SOUND-LIKE MODES

Finally, we have the sound mode with dispersion relation v = £vg + ir(l%fgjg)zyok +
O(k)? and mode structure
{oe,0m,6ur}9 = {(1—s303) v3(e + p),0, Fcoyovo } (3.69)
{0e,6n,0u,}V) = 93 (1 s303) { E'yo (1—(1+c3)vf) F} (3.70)
We can solve the dispersion relation for k to obtain
chp B o 679

= =2+ 17 (1 — (vosin6)?)?

which is the form given in [9]. We shall now move on to a different arena in which
we can characterise our SCM in a detailed fashion, namely holography. Since this
is a microscopic theory going beyond the hydrodynamic limit, we will also be able
to illustrate SCM that are not captured by a hydrodynamic effective theory.

3.2.5 Reissner-Nordstrom AdS

Since we would like to compute modes pertaining to steady states of a finite-
temperature finite charge system, the appropriate bulk theory is Einstein-Maxwell.
We start from such a theory in the bulk in the conventions of [71]

Spulk = /ddﬂx\/jg [Zl;cz <R+ d(szl)> — {ZFZ] . (3.72)

43

Here ¢ is the Maxwell coupling and « = 87 Gy. The relevant background is the
Reissner-Nordstrom black hole in AdS, with line element given by

2 2
ds® = 2—2 (—f (z)dt* + Jﬁlé) + dxfdx') , (373)
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where L is the AdS radius and

2242 e d 2,2 e 2(d-1)
- () (N E R e

In the expression for f(z) we have introduced the dimension-dependent constant
4, defined as

o (d—1)L?
?= W (3-75)

In these coordinates the conformal boundary is located at z = 0, and we denote
the position of the horizon by z;,. The scalar potential is nontrivial and given by

> d—2
At =HU [1 - <Z> ] ’ (376)
h

and the Hawking temperature by the expression

d— 2.2
1 (d—( 2)z ) (3.77)

- 47z, 72

Now, we boost along the planar horizon direction by u,. Writing the boosted
metric in ingoing Eddington-Finkelstein coordinates we have

LZ
At osted = = (—f(z)(uydx’*)2 + 2uydxtdz + Ay dxtdx), (3.78)

where ,

Ay =y +upuy  and  uy = ﬁ(l,v). (3-79)
The Greek indices y, v refer to boundary coordinates, i.e. u,v = v, x,y, while the
Latin indices encompass all of the coordinates. To construct the spatial collective
modes from the bulk perspective, we linearly perturb the metric. We take the
following ansatz for the perturbations

6gap(z, xM)dxdx" = hyy (z)e*™ dxidx”, (3.80)
0A.(z, x")dx" = Hy, (z)e™e* dxt. (3.81)

There are no perturbations that involve the radial direction z by our choice of axial
gauge.

For sake of specificity in the calculations, which we eventually perform numeri-
cally, we boost the metric in the x-direction

v = (0,7,,0) (3.82)

The perturbations (3.80) give rise to a set of coupled ODEs in z in the Einstein
and Maxwell equations. It is most convenient to organise them into a transverse
and longitudinal channel with respect to the obstacle*. The h,y, h, and H, belong

4 For a detailed covariant treatment of this decomposition, for a general incident angle, see the Sup-
plementary Material of [9]
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to the transverse channel, whereas hyy, hyx, hyy and Hy, H, belong to the longitu-
dinal channel. The two channels cannot mix and thus form two sets of mutually
decoupled linear differential equations.

We must also specify boundary conditions. In analogy with a similar procedure
for calculating black hole quasinormal modes, we require regularity on the future
event horizon, and in addition regularity in one of the two asymptotic directions
[9]. For a detailed discussion, the Reader may refer back to section 3.2.1.

We have not been able to solve the equations analytically>. We therefore solve
these ODEs numerically, utilizing a double-sided shooting method. We specify
input boundary and horizon data and then integrate the equations on one side
from the boundary, and on the other from the horizon to a common mid-point. In
order to have a solution the numerical values obtained by integrating from both
sides must match at the mid-point for the functions and whenever a component
equation is of second order, also their first derivatives. This is achieved by find-
ing suitable values of the input data via a Newton-Raphson routine. The routine
changes the values we initially specify incrementally, until the mid-point solutions
are a match up to a certain precision we specify. In our case, for most solutions,
the threshold for an acceptable solution was chosen such that the absolute value
of the difference at the mid-point was less than 10~8.

In the concrete calculations we report on below, we choose d = 3, that is we
work in AdSs and to simplify things further, we choose L = z; = 1 and units in
which § = 2«2 = 1.

3.2.5.1 Transverse channel

The ODEs in the transverse channel are given by the following expressions,

, — 1)vy? 1+ (f—1)9?
1kx')/hvy + ﬂv’)’Hy + (le),)/ (Zzhvy)/ + w (Zzhxy)/ =0, (3.83)

!/
pwy (2% (hoy + Uhxy))/ + k39" Hy + 2ikyvyHy — (fH;) =0, (3.84)

kZ,YZ f U'Yz ,
xf (2hoy)" + i3 (2 (hxy + vhoy))

1 !
+ (zz(hvy - zh;,y)) —0. (3.85)

2ik. vy
zf

ikypoy?
f

Hy + pyH, + hoy +

where f is the metric function defined in (3.74), and primes denote derivatives
with respect to z. Just like the QNM case, our holographic model UV completes
the hydrodynamic analysis given above. In other words, we expect to find modes
corresponding to the hydrodynamic poles we exhibited above, as well as an infi-
nite tower of additional non-hydrodynamic modes which are specific to the holo-
graphic model we analyse. More specifically, in the transverse channel, we expect
to find the hydrodynamic shear diffusion mode calculated in section 3.2.3.1, given
by the dispersion relation

k= —ie—;Pvc059+O(k2), (3.86)

5 Although, see section 3.2.7 for the AdS; case, where analytical solutions can in fact be obtained.
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as well as a tower of higher non-hydrodynamic modes. In fact we will see a fas-
cinating interplay of hydrodynamic poles and non-hydrodynamic poles, which
gives rise to a rich analytic structure in the complex momentum plane recently
observed in [72]. Such an analytic continuation suggests a path for a definition of
QNMs in terms of hydrodynamic resummations, as indeed has been already ex-
plored in [73] for the Miiller-Israel-Stewart theory [74, 75]. The neutral case (4 = 0)
has been reported previously in [9] and so we are mostly interested in the behavior
of these modes at finite chemical potential p.

In Figure 3.4 we plot the spectrum of spatial collective modes, as a function
of asymptotic flow velocity, for values of y = 1 (left panel) and y = 1.5 (right
panel). We show the imaginary part of the complex momentum k in suitable
units along the vertical axis as a function of asymptotic flow velocity v along
the horizontal axis. The red dashed line represents the dispersion relation given
by hydrodynamics (3.86). It can be seen that indeed one of the modes we find nu-
merically corresponds to hydrodynamic shear diffusion in the low k limit, while
there exist, as expected, higher non-hydro poles. It is of particular interest to no-
tice the pole collisions that take place between the hydrodynamical mode and a
non-hydrodynamical mode for a critical value of the background flow velocity
U = Ugitical @S indicated by turquoise diamonds in Figure 3.4: initially the poles
have purely imaginary momentum k (shown in orange), while, at the critical ve-
locity vitical, the poles collide with the resulting mode (shown in blue) acquiring
a real part of k.

transverse channel

transverse channel

\\\\\\ ¥ \\}\ '..'Q .
1\1 0 } 0
8 i
-
BN te,
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=10 =05 0‘0 0. 1.0 -1.0 —0. (ll(l 0. 10
v v
Figure 3.4: (color figure) Spectrum of SCMs in the transverse channel for values of y = 1.0

(left panel) and p = 1.5 (right panel). The motion of the imaginary part of the
complex momentum is shown as a function of background velocity. Parts of
the spectrum where the mode is purely imaginary are shown in orange, while
blue dots correspond to the parts where the mode has non-trivial imaginary
and real parts. These behaviors transition into each other at the collision points
indicated by turquoise diamonds. The red dashed line shows the SCM as pre-
dicted in our charged hydrodynamic effective theory.

This pole collision is the SCM analog of similar QNM collisions, encountered
previously in in [76-79]. The relevance to nonequilibrium phase transitions, as is
also the case here, was first noted in [77]. Accordingly we find that the vanishing
of the real part as one approaches the critical point follows a power law

Rek = A (vcritical - U)a (387)
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where A is a proportionality coefficient, v.iticq) is the critical velocity at which the
transition occurs, and « is the critical exponent. We can numerically extract from

this relation the value of the critical exponent a. By defining f(v) = (Re k)* one
can see that the following function
1
a(0) = L [1 f"(@) f(o >] , 59
2 (f'(0))*

where a prime denotes a derivative with respect to v, gives the critical exponent «
in (3.87) when evaluated at the critical velocity, i.e. « = a(v.). We use this relation
to plot the behaviour of the critical exponent. By plotting the behaviour of this
combination of derivatives for the range of velocities at which there exists a real
part of the momentum (see Figure 3.5), one can see that it converges to % as we
approach the critical velocity. This corresponds to the value of the critical exponent
one might expect from a mean-field theory of this transition.

transverse channel

Figure 3.5: The critical exponent in the transverse channel for y = 1.0, exhibited by the
function a(v) defined in (3.88). It can be seen that the mean-field value of
« = 1/2 is approached at the critical velocity, v.

We also analyzed how the critical velocity depends on the dimensionless ratio
u/T. The results are shown in Figure 3.6. One can see that for very low u /T (the
high-temperature limit) the critical velocity approaches values nearing 1.

3.2.5.2 Longitudinal channel

The perturbation equations in the longitudinal channel are unwieldy and un-
enlightening, so we do not give them here. We repeat a similar analysis as in
the transverse case, mutatis mutandis.

From the hydrodynamic analysis in section 3.2.3.2, in the longitudinal channel
we expect to find hydrodynamic sound modes

2cos6

k= —i (v Fvg) + O(K), (3.89)

T'(1 - sin? 003)270
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Figure 3.6: Behaviour of the critical velocity for flows of a holographic plasma at finite
charge density as a function of /T, above which the transverse channel SCM
wavevector develops a real part, and the spatial relaxation becomes oscillatory.
For specific values of u/T these transitions are shown by the turquoise dia-
monds in Figure 3.4.

as well as a charge diffusion mode

k— _Z.COSQ
Dup

v+ O(k%). (3.90)

The numerical spectrum of bulk SCMs in the longitudinal channel for y = 1.0
and y = 1.5 is given in Figure 3.7. The modes we calculate show good agree-
ment with hydrodynamics (3.89) and (3.90) in the regime of small k, as required
by hydrodynamics, and these are shown in Figure 3.7 as the green and red dashed
lines, respectively. As in the transverse case, we can again observe a pole collision
at a certain critical velocity, indicated in Figure 3.7 by yellow and turquoise dia-
monds. In the case indicated by the turquoise diamond the two sound and charge
diffusion poles collide, after which the resulting pole has a non-zero value of Re
k. Both these poles are visible within a hydrodynamical analysis, and their point
of collision appears to be well approximated by the extrapolation of their first-
order in hydrodynamics dispersion relation as we discuss below. Within a purely
hydrodynamical analysis, however, one does not observe the actual collision, the
two modes remaining distinct through the would-be collision point. The yellow
diamond corresponds to a collision between the hydrodynamic sound mode and
a non-hydro SCM, which shows oscillatory behavior for small flow velocities, i.e.
v < v, contrasting with the behavior of the collision between the two hydrody-
namical modes marked in turquoise.

As shown in Figure 3.8, the value of the critical exponent again converges to 0.5
as one approaches the critical velocity. This is in agreement with what we found
in the transverse channel and, again, with expectations from mean-field theory.
The numerical error in the computation of the expression (3.88) becomes more
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Figure 3.7: (color figure) Spectrum of SCMs in the longitudinal channel for values of
# = 1.0 (left panel) and y = 1.5 (right panel). As before purely imaginary-
k poles are shown in orange, while poles with both imaginary and real parts
are shown in blue. In the longitudinal channel there are two kinds of pole
collisions, where these behaviors transition into one another, one indicated by
turquoise diamonds, and the other by yellow diamonds. Green and yellow
lines show the predictions on the basis of our hydrodynamic effective theory.

pronounced as we go further away from the critical point, as evidenced by the
noisier data.

longitudinal channel

0.82 T 0.84 0.86 0.88 0.90 0.92

Figure 3.8: The critical exponent in the longitudinal channel for u = 1.0, as exhibited by
the function a(v) defined in (3.88). As for the analogous transition in the trans-
verse channel Figure 3.5, the value mean-field value « = 1/2 is approached at
the critical velocity, v..

Likewise, the dependence of the critical velocity on yu/T (Figure 3.9) is rather
similar to the transverse case. In Figure 3.9 we also show a hydrodynamic estimate
for this collision obtained simply by equating the analytic expressions for k(v)
for the one of the sound modes (3.89) with the diffusion mode (3.90), at normal

incidence,

hydro. (4
Y = iior%. (3.91)

1- 2D,
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longitudinal channel
'

0.90 -

0.95

0.85F ~

0.80 .

Figure 3.9: Behaviour of the critical velocity for flows of a holographic plasma at finite
charge density as a function of /T, above which the longitudinal channel
SCM wavevector develops a real part and the spatial relaxation becomes oscil-
latory. For specific values of y/T these transitions are shown by the turquoise
diamonds in Figure 3.7. The dashed line indicates the hydrodynamic estimate

for this collision point, v?ydro' given in (3.91).

3.2.6  Spatial Collective Modes in a large number of dimensions

In order to gain further analytic insight into the spectrum of SCMs in holographic
models, we turn our attention to large-d general relativity [80o-82]. In this approach
one gains a small parameter, 1/d, and an associated increase in analytic control.
In this limit the set of quasinormal modes is partitioned by the scaling of their
frequencies with d. In particular, there is one family of light modes with w = O(d°)
and g = O(d'/?), whose dispersion relations can be constructed analytically. These
modes will be the focus of this section.

The dispersion relations for the light modes in AdS were given in [83] at charge
neutrality, order-by-order in powers of 1/d. In order to compute the correspond-
ing SCM dispersion relations we simply perform a Lorentz boost to introduce a
background velocity v, which transforms the frequency and wavenumber (w, q) of
[83] to a perturbation with zero frequency and wavenumber k(v) which we analyt-
ically continue into the complex plane. Restricting for simplicity to the case where
q,v,k are all in the x direction, the Lorentz transformation relates them as follows,

w = —yvk, q=7k (3.92)

From these relations and the large-d scaling of w,q we immediately see that we
should treat v = O(w/q) = O(d~1/2), which is in keeping with the scaling of the
speed of sound for a conformal theory, ¢ = O(d~1/2). We further conclude that
v = O(d°) and thus k = O(d"/?). Based on these scalings, let us define the order
d° quantities:

_ K o
k ﬁ’ 0= \/Hv, (3.93)
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Our goal is to now find k(9) order-by-order in d~! from the dispersion relations
given in [83]. This can be achieved by replacing w, g using (3.92) then converting
to barred quantities (3.93). We then expand

k(o)=Y C(l?), (3.94)
i=0

and solve for the coefficients k;(7) in the 1/d Taylor expansion of the dispersion
relation.

3.2.6.1  Transverse channel

The dispersion relation is given by [83]°

w = i’ (1 +22@QP — 400B) (P +7%) + 5804) (2477 +8°) + O<d>‘5>

(3.95)
where we have introduced the order d° quantity, § = q/v/d. At leading order in

the conversion to SCMs we find the following choice,
ko(ko + i7) = 0. (3.96)

Choosing kg = 0 results in a trivial k, and so this is a zero mode shifting the
moduli of the equilibrium state. For the second root of (3.96) we obtain a non-
trivial mode, whose wavenumber k(@) can be written in a reasonably compact

way by identifying an overall factor of ¢ = \/%T/’

%I_c =1+ 25{({3) —40°(1— 52)91(1?) +20%(4— 130" + 4@4)%(;) +0(d°). 3.97)

From this expression we conclude that Rek = O(d ).

6 In the notation of [83] § = khere and d = Dypere — 1.
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3.2.6.2 Longitudinal channel

The dispersion relation is given by [83]
. 1 1 m 1 47? P 4
w= —ig7| 1—-=—=(1—"F97] -5 1+ T+8§(3) g-+4¢(3)7
1 ot 5 317 4 At
(10 (5 -5 1)) - (T et ) gt - )|
) 1/1 1 /3 ™ 1\ L, 14
iq[ 1+d<2+q>+d2 <8+<3_2)q 21

+= < > (9 Lz +4g(3)> 7+ (z + - 2g(3)> 7+ ;cf)

B\16 \8 6
_|_l ﬁ_ §+37712_ﬁ_2€(3) —2_|_ E_LTCZ+29H4_5§’(3) 74
A\128 \16 7 8 45 16 2 ' 45 1
- §+5—7T2—7i4+22g(3) o2 +0d™) (3.98)
4" 6 15 g1 39
Similarly at order d° we find
iko (ko +i(0+1)) =0 (3.99)

The choice ky leads to a zero-mode, whilst the other root leads to,

1
—ﬁi<2—52>

(25 352 3% @°

1
i

ivk = (77:|:1)—|-1

d

=2 ~4
+ <; + - Z’2> + (20 & 47% + 27°) g(z)]

% +—>+<26—853:F2<52+254)>C(2)

+ 6 8 ' 4 2

+ (—4@ +247° 4+ 49° + (—2 + 80% + 1854)) 6(3)]

363 115* 78* 53® 588 3 302 4
:|:<128—16—16+4—8>+<4’0+2U ﬂ:<2+6’0 —2’0))(7(2)

1
da*

+ (—45 - 165° — 365° + (—5+ 1057 — 550* — 65°) ) £(3)

+

+ (—34@ — 98% + 1007° + 87 + (—112@2 + 385" + 5056)) 2(4)| +0(d)5. (3.100)

Once more, from this expression we conclude that Rek = O(d~>). We expect that
Rek = 0 continues to all perturbative orders in 1/d.

3.2.7 BTZ black hole

An example in which we can find the exact SCM analytically [9] and without
any approximation is the three-dimensional BTZ black hole, dual to the thermal
ensemble of a two-dimensional relativistic CFT. We follow the conventions of [84].
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In particular we will study modes of a probe scalar field, ¢(t, p, p) ~ ®(p)e wHiae,
of mass m in the background

0 — 0 &
ds? = — 7 Lt + p*de? + — — do?. (3.101)
[
This background has Hawking temperatures T = % which are related to its
mass M as -
_
M= ET . (3.102)

The strategy here is to exploit the Lorentz invariance of the underlying CFT, to
construct the SCM from the known spectrum of quasinormal modes [84-86]. For
a scalar field ¢, dual to an operator O of dimension A = 1+ /14 m?¢?, the
quasinormal modes occur in two integer series, [84]

A
w,(li) = +q —4miT <2 + n) , nez. (3.103)
We are, as before, interested in purely spatial modes at complex momentum in
a frame where the fluid has a finite background velocity. The four-momentum of
such a mode is thus given by k|, = (0,k)* in the lab frame. We can then boost to

the fluid rest frame to obtain

w=—yvk, q=nk. (3.104)

Plugging these values into equation (3.103) and solving for k, we find two series
of purely imaginary SCM at

k —iﬂ é—kn (3.105)
T wED \2 : 3105

We show the resulting SCM spectrum in Figure 3.10.
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Figure 3.10: (color figure) First three modes of the spectrum of SCM of a neutral CFT,
at temperature T, as deduced from the mode spectrum of the boosted BTZ
solution. The positive branches correspond to k; modes, while the negative
branches correspond to k— modes.
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Let us note that in this case there is an intuitive explanation in terms of the
relativistic Doppler shift. The prefactor on the right-hand side of (3.105), namely
v(TTﬂ), can be interpreted as the Doppler shifted temperature
vEl
vF1

TPoppler — T (3.106)
experienced by an observer in relative motion measuring a black-body spectrum,
or equivalently the black-body spectrum with respect to a Doppler shifted wave-
length if the observer instead chooses to interpret the spectrum keeping the tem-
perature constant. This simple relationship between the quasinormal modes and
SCM is special to the BTZ case. As one can easily verify, it depends crucially on the
fact that w depends only linearly on momentum, while any non-linear correction
term would spoil this simple relationship. We have explicitly confirmed that our
higher-dimensional SCM do not follow a functional form that is simply given by a
Doppler-shifted temperature. Finally, it is clear that in non-relativistic systems no
relationship relying on boost symmetry will be applicable.
Somewhat remarkably, in three dimensions we can actually go further.

3.3 BLACK JANUS: A FULLY NON-LINEAR ANALYTIC EXAMPLE

As we have argued, SCMs describe steady states. But, up to this point, the evidence
we presented was numerical [9] (see section 3.4 below for more details on the nu-
merical method employed in that work), due to the difficulty in obtaining analytic
solutions describing the requisite non-linear steady states. In fact, analytical back-
grounds illustrating the importance of SCM can be obtained. A particularly sharp
example of this is provided by the finite T black Janus solution of [70]. This solu-
tion describes a finite T defect solution created by turning on a step function for
a source of a scalar operator in the field theory. As argued previously, the physics
of the SCM is universal and therefore independent of how they are excited, and
here that excitation is the spatial variation of the scalar source. In fact, we now
show that the black Janus solution may globally be regarded as a self-consistently
backreacted sum of infinitely many SCMs. This makes it clear that at large dis-
tances from the obstacle, as predicted from our analysis, a single SCM dominates
the spatial profile. We will now demonstrate this structure explicitly.

Having this analytic solution will also allow us to take the T = 0 limit, where
the SCMs coalesce in the complex k-plane and the Janus tail becomes power-law.
This emergence of a branch cut from the coalescence of poles is expected to be
relevant also in other examples.

The black hole of [70] at temperature T may be written in the following form

ds* = f(y)z(—sinhz(ZnTp)dTZ+dp2—|—dy2), (3.107)
¢ = ¢(n) (3.108)
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where

(3-109)

e3¢ — , (3.110)

where sn, cd and dn are Jacobi elliptic functions and m is the elliptic modulus?.
This is a solution to the Einstein-massless scalar equations of motion for d = 2
with negative cosmological constant [70]. It is described by an angular coordinate

y and a radial coordinate p. The angle is bounded by || < pg = - K(m) where
K is the complete elliptic integral of the first kind, the limit being saturated on the
AdS boundary. The defect itself can be reached by taking p — co at fixed y. An

illustration of the geometry and the coordinates employed is given in Figure 3.11.

defect, p — oo
= —fio L= +pio

Figure 3.11: Coordinates for the black Janus solution. The defect is located at the origin
p = 0. We reach the asymptotic regions on either side by taking p — oo
with angular coordinate # = £ . In the asymptotic regions the scalar field

approaches the limiting value ¢(£po) = +2log (1;;\_/7?)

Finally, the solution is parameterised by the elliptic modulus m, which is the
parameter that determines the size of the step, i.e. it dictates the value of the scalar
tield source on either side of the defect, through the relation

)

— (3.111)

$(E£uo) = £2log (

3.3.1 One-point functions

We first focus our attention on the CFT one-point functions, which we compute
by going to Fefferman-Graham coordinates, (f, x,p), near the boundary on either

This is denoted ‘k’ in the original references, but we prefer to relabel is ‘m” in order to avoid any
confusion with the momentum k.
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side of the defect, i.e p = %p. In the new coordinates the boundary is given by
p = 0, and the coordinate transformation is given by

T = t+0(p)
u = =pp+csch(2nTx)p — %(ZNT)2 esch®(271Tx) (5 + 3 cosh(471Tx)) p> + O(p)*

p = —% log (4 tanh(7wTx)) — 7T coth(27Tx) csch(27tTx) o> + O(p)*  (3.112)

Note that we take x > 0 for all 0 < p < co at p = o and similarly x < 0 for all
0 <p < ocoatyu= —pp. We do not consider the defect location x = 0 directly. The
metric and scalar field in these coordinates are given by the expressions,

dp? 1 27T)? 1 21T)?
d? = P <p2 — (7T2)> dat* + (pz + (712)> dx* +0(p)?, (3.113)

2
o = + (ZIOg (1 + ﬁ)  Vk(27T)? csch (27th)p2+O(p)4> (3.114)

vV1—m 1+k

where the upper sign corresponds to the right asymptotic region and the lower
sign to the left asymptotic region. There is no p*logp term since the source is
constant on either side of the defect. Going into the bulk, the metric eventually
becomes deformed by the scalar backreaction at order p? as we outline below. From
the above results, using holographic renormalisation [87], we find the expectation
values

(Tw) = (27T)*60 (3.115)
2
(Op) = :FZW csch?(27Tx). (3.116)

3.3.2 Extracting the SCM

We begin our comparison by studying the behaviour of the one-point functions.
For this we recall that the spectrum of SCM for a scalar field on BTZ were com-
puted in (3.105). In the present analysis we only need the v = 0 cases. Specializing
to a massless field, we have A = 2, whence

ki = +idnT(1+ n). (3.117)

Then, we can explicitly see that (3.116) can be expressed as a linear sum of these
modes, on either side of the defect. On the x > 0 side of the defect we have

o0 ' 2
<O¢> _ Z Aﬁelk;x with AZr — _M(m + 1), (3,118)
four 14+ m

and on the x < 0 side of the defect we have,

2 - 8y/m(2nT)?
(Og) = Z Ay elfnx with A, = \/T_('_:')(n +1). (3.119)
n=0
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For large distances from the obstacle one readily sees that the solution falls off
exponentially in either direction with a characteristic length scale k, = 47T to the
left and |kj| = 47T to the right, in other words according to the dominant SCM
in either sector.

The above one-point functions combined with metric and scalar boundary con-
ditions are sufficient to determine the full bulk solution. Thus, the one-point func-
tions tell us that the bulk black Janus solution is simply the result of summing
infinitely many SCMs and matching at a defect boundary condition. It may be
tempting to then conclude that the full bulk metric is a linear sum of SCMs, in
the way that the one-point functions are. However this is only true asymptoti-
cally, near the AdS boundary. Specifically, up to and including stress-tensor and
expectation-value order in the small p expansion there is no trace of backreaction
of the modes. However, moving to higher powers in p one encounters non-linear
backreaction, (presented here for the x > 0 side)

+

2
5(ds?) = — <?g> csch® (271 Tx) (df? + dx®)p* + O(p)*, (3.120)

where §(ds?) is the difference between the linearized and the fully backreacted
metric, e.g. 8(ds?) = ds* — (ds?),, . Subsequently, at even higher powers of p, the
scalar modes can interact with each other resulting in non-linear adjustments to
the ¢ profile,

2 ASL 3 6 6 8
S = 3\ 1¢ csch® (2t Tx) p° 4+ O(p)°, (3.121)

with the J notation defined as an obvious extension of the above. Thus we regard
the black Janus solution as a self-consistently backreacted solution resulting from
the linear sum of infinitely many BTZ SCMs.

3.3.2.1 Zero-temperature limit and analytical structure

Finally, we would like to comment on the T = 0 limit. Here the expectation value
(3.116) becomes power-law in x rather than exponential,

(Og) = $21\_/|_me12 , (T =0), (3.122)

and in this limit the SCMs appear to accumulate at the origin (3.117), which be-
comes in fact a branch point, conforming with the usual intuition of power laws
coming from branch cuts.

We can make this precise by writing the expectation value as a Laplace trans-
form

(Og) :/0 A(s)e *ds. (3.123)

Note that we are specialising in the modes to the right of the obstacle, but an
analogous formula obviously exists for the modes on the left. We are interested in
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the function A(s) which describes the density of SCM in the complex momentum
plane. We can calculate this using the usual Bromwich inversion formula

1 Y+ico o
A(s) = 5 [Yioo (Op(x)) e¥dx, (3.124)
substituting the form of (Oy(x)) for black Janus, i.e. Eq. (3.116). We start with the
finite-temperature case, which results in a sum of delta functions,

Als) =Y Afo(s—su), with s, =4nT(1+n) (3-125)

n=0

for A} as defined above. Evidently we have recovered a discrete infinity of modes.
Plugging this back into (3.123), we find

[oe]

(Op)y =) Afe =13 Afeix (3.126)
n=0 n=0

In other words, we recover the discrete set of purely imaginary SCM ascending
the positive imaginary momentum axis of (3.118) by means of the Laplace trans-
form. Repeating now the same procedure for the zero-temperature expression for
(Og(x)) we find
vm
A(s) =2 Tom
i.e. a continuum of modes emanating from s = 0. This spectral density, translated
into the complex k plane, corresponds to a continuum of modes lying on a branch
cut along the positive imaginary k—axis emanating from a branch point k = 0. Let
us finally remark that this coincides, as expected, with the naive continuum limit
in Eq. (3.117), i.e. taking T — 0, and defining a continuum variable s = Tn. This
analytic structure is illustrated in Figure 3.12.

L3 k

=)

s, (3.127)

Figure 3.12: (color figure) Analytic structure in the complex momentum plane for the black
Janus solution. At finite temperature we have two sectors of SCM along the
positive and negative imaginary axis (we summarize all poles, that is both
those of G (k) and Gl¥/(k) in the same figure). In the T — 0 limit these
condense into a continuum in the form of two branch cuts along positive and
negative imaginary axes. This continuum, for example, manifests itself as a
power-law decay at large distances (3.122) or as a discontinuity in the spectral
representation of the two point function.
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3.4 NONLINEAR SOLUTIONS: STEADY STATES WITHOUT KILLING HORIZONS

In [9], two of the authors of the material presented in this chapter constructed a
class of non-equilibrium steady states, and pointed out the relevance of SCM to
their spatial asymptotic behavior. In this section, we give more details about the
numerical aspects of the construction.

In what follows we will construct a holographic example of a nonlinear non-
equilibrium steady state. Our goal is twofold: on the one hand we wish to demon-
strate the role played by the spatial collective modes that have been explored in
this chapter, and on the other, we wish to supply more detail on the actual numer-
ical construction employed to obtain the fully non-linear solutions. Specifically we
will demonstrate that the approach to equilibrium at long distances is governed
by the SCM.

We construct non-Killing black brane solutions corresponding to flow-past-obstacle
steady states in the dual field theory. Solutions of this type, stationary quenches?,
have been constructed before, [67]. Indeed our results for this section draw on the
methods introduced in [67]. Here we shall elaborate on the numerical techniques
we used, which extend those of [67] to include transverse velocity and supersonic
asymptotic flow velocities. This extension is necessary so that we may compare to
our transverse and supersonic collective modes.

3.4.1  Numerical method

One way to understand the method is to consider a steady state formed by waiting
for a time-dependent process to settle down. This is an inefficient way to access the
steady state, and offers little control over which steady state is reached, since the
resulting steady state at late times will have its moduli governed by the chosen
initial conditions. Specifically, the moduli are a set of numbers which label the
flowing solutions, and so for instance dictate the left and right asymptotic energy
densities, velocities and incident angles. Instead, one may skip to the end and look
directly for the stationary solution. In this case there are no initial conditions to
determine which solution is obtained, and so the moduli must be fixed by other
means. In this work the moduli are conveniently fixed by imposing additional
boundary conditions at points behind the future event horizon, following [67].
We find that three boundary conditions are required to fix three moduli, which
we think of as an asymptotic flow velocity, an asymptotic energy density and an
asymptotic incident angle, and we go into some detail on these choices below.

We denote our bulk metric as g,, witha,b =0, ..., 3 and boundary directions la-
belled by 1, v = 0,...,2. To keep things as simple as possible we use the boundary
metric itself, 7y, in order to produce an obstacle,

Yuv = Nuv + v (X), (3.128)

which depends non-trivially only on one boundary direction, x. As is apparent
from the rest of this chapter, the interesting spatial behavior we observe is ex-

Other interesting discussions and constructions of non-Killing black holes are provided by [68, 88—
92]. Nonlinear solutions with time-dependent horizons have been studied earlier, for example in the
work of [93].
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pected to be fully universal [9] and would manifest itself in many other ways of
introducing an obstacle. Our present choice of obstacle as a boundary metric de-
formation allows us to consider a minimal bulk theory of pure gravity in AdS,,
with no matter fields required. To deal with the usual gauge issues we adopt the
Einstein-DeTurck or ‘generalised harmonic” equations [69, 94, 95], and we recom-
mend these references for further details. Briefly, one introduces a reference metric
Zap and a vector &% = g% (I —T* ) and modifies the equations of motion,

Rop — v(u(:b) +38a = 0. (3-129)

To define our reference metric we first introduce Schwarzschild-AdS, boosted by a

2-velocit with corresponding 3-vector u# = ——L— (1, B), written in ingoin
y B p g3 Ty (B going

Eddington-Finkelstein coordinates,

1

st ., = ) (—f(z) (uudx)? + 2uydxtdz + Apydxdx") (3.130)
3
= 1_=
f=1 Z?l (3-131)

where Ay, = 17,y + uyu,. This metric also introduces the holographic coordinate z
chosen such that the conformal boundary is defined by the double-pole at z = 0.
We choose our reference metric to be this solution manually adjusted to match the
boundary metric choice (3.128) in the following way,

ds” = ds2 ., + 2 25 (x)dxdx”, (3.132)

which is not a metric which solves the Einstein equations in general. We ensure
that the source components are orthogonal to u#,

s = Dy B Sy (3-133)

In this way u/ is still unit-norm, -y, u#u” = —1, despite the presence of the obsta-
cle, s, (x). For concreteness we adopt a particularly simple choice of source,

Sy = Suy = s(x)nyny, (3.134)

~1/2
where 1, = (,Bi - ,85) (0, —By, Bx) with a Gaussian choice

s(x) = Ae BY (3.135)

and free parameters A, B. At this point we also introduce the angle of incidence
parameter in the reference metric as,

tan® = p¥/B~. (3.136)

We emphasise that ', z; and 6 are simply reference metric parameters, and do not
directly correspond to a final velocity, energy density or angle of incidence in the
resulting solution.
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Finally, we find it convenient to factor out the leading divergence in the bulk
metric, defining instead h,;, through,

hab<zl x) = ZZgab(Z/x)- (3137)

3.4.1.1 Implementation details

To aid the construction of flows that are infinitely extended and inhomogeneous
in the x direction, we compactify using a coordinate p,

_p/t
x_l—p2

(3-138)

with p € [—1,1]. The other non-trivial direction is labelled by the holographic
coordinate z € [0, z;.,] with the conformal boundary of AdS at z = 0 and the set
Z = Zyax should be entirely behind the future event horizon of the solution, H™.
The parameter ¢ allows us to adjust the overall scale of the grid relative to the
characteristic size of the inhomogeneities. In practice, typical choices of ¢ are O(1)
in our simulations. Finally there is no dependence in the remaining two directions,
t,y. The resulting domain is shown in Figure 3.13.

conformal boundary, z =0

Figure 3.13: A sketch of the domain used for the numerical construction of holographic
non-equilibrium steady states. The spatial field theory direction is compacti-
fied using coordinate p as defined in (3.138). The “x’s mark the points where
boundary conditions are imposed to fix moduli of the solution. The gray filled
region schematically indicates the presence of the obstacle, in the sense that
far to the left or to the right the bulk is described by an equilibrium solution
with spatial collective modes.

We use Dirichlet boundary conditions to fix /i, to be the conformal boundary
metric (3.128) at z = 0 for all p. As discussed we must also introduce data which fix
the moduli of the solution, as in [67]. This is introduced as additional Dirichlet data
behind the horizon in the corners of the grid, at z = zuux, p = £1 for some metric
components. Roughly speaking we have three moduli fixing boundary conditions
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because we have three solution moduli: an energy density, a velocity and an angle
of incidence for the flow. Specifically, at these points we set /i, = z2 Zap as follows:

asymptotic v ‘ upstream corner ‘ downstream corner
subsonic hit, bty hey
supersonic hit, hiy, Btz -

Whilst the above choices work well in practise, in the sense that the numerical
method converges to a solution to the Einstein equations, we do not have a rig-
orous understanding of why these particular choices work where certain others
do not. For instance, the choice we arrived at for the supersonic case amounts to
a specification of all three moduli in the upstream asymptotic region; it would
be interesting to understand the connection to the character of the corresponding
problem in fluid dynamics. Finally we impose Neumann boundary conditions on
all fields along the remaining points of the p = £1 edges. The remaining points at
Z = Zpgy are left free to obey the equations of motion.

We utilise a regularly spaced discretisation of p, z with N,, N, grid points respec-
tively, taking N, = 4N,. We adopt sixth-order finite difference approximations of
the derivative operators. The resulting system of equations is solved iteratively us-
ing the Newton method. The Jacobian is computed numerically, utilising a second-
order centre-difference stencil for taking derivatives of the equations, which is
slower to compute but results in considerably better convergence of the Newton
method than the first-order finite difference. Computing the Jacobian can be sped
up by restricting the difference computation to only the affected areas, i.e. roughly
speaking in a stencil-sized box around the varied grid point. The resulting sparse
linear system is then solved directly using the LU-factorisation algorithm provided
by UMFPACK[96].

The initial guess for the Newton method is taken to be the reference metric, to-
gether with a low amplitude (A) source. Once obtained we use small A solutions
as initial guess metrics for larger A solutions. In all cases we find it is convenient
to start at low resolutions (typically N, = 80, N; = 20), and then use sixth-order-
interpolated versions of these as solution guesses for higher resolutions. The inter-
polated guess converges in one or two Newton steps to a solution. In this fashion
we have obtained solutions up to N, = 520, N; = 130, limited ultimately here by
the memory required for the direct linear solver, but a resolution that is more than
sufficient for our requirements.

For a selection of representative solutions (examples (a), (b) and (c) defined later
in section 3.4.2) we have carried out convergence tests, looking at the approach to
the continuum limit of the vector ¢*. This is shown in Figure 3.14 demonstrating
results consistent with fourth-order convergence.

3.4.2 Results

With solutions obtained our next task is to interpret the results from the CFT
perspective. Our first task is to read off the one-point function of the CFT stress
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10~

® (a) Subsonic, § = 7/4
S +  (b) Subsonic, # =0
4 (c) Supersonic, § =0

20 40 60 80 100 120 140

Figure 3.14: Convergence tests of the numerical method for non-Killing black branes de-
scribing NESS. We show the approach to the continuum limit of the ¢” vector,
whose maximum value on the numerical grid approaches zero as a power law
with order (a) 4.4, (b) 4.2, (c) 4.2.

tensor, <Tw>, from the bulk solutions. The details of this calculation are set out in
appendix B, and we quote the main result here for convenience,

Yuv

1
(T = 39|+ 5+ Vi (3-139)

where V), is a known term which vanishes outside the obstacle. With <Tw> in
hand, we solve the following eigenvalue problem at each point x along the flow,

(T")Hu' = —el" 7y, U'U" = -1, (3.140)
and define the local flow velocities

vx

Il
<
|

U v = T (3.141)

Note that it is not always possible to solve (3.140) within the obstacle region where
the flow becomes strongly non-linear. For illustrative purposes we restrict our
attention to three different points in moduli space,

a) Subsonic flow at non-zero angle of incidence. The parameters used are, z, =
0975, = 0.15,8, = 0.15,A = 1.0,B = 3.0,/ = 0.5. The corresponding
g, 0%, 0¥ are shown in Figure 3.15.

b) Subsonic flow at zero angle of incidence, 6§ = 0. The parameters used are,
z, = 0.975,B, = 0.6, 8, = 0.0,A = 0.1, B = 2.9618, ¢ = 0.5. The correspond-
ing ¢, 0" are shown in Figure 3.16.

¢) Supersonic flow at zero angle of incidence, § = 0. The parameters used are,
zy = 0.975,8x = 0.8, ﬁy =0.0,A =0.1,B = 3.0,/ = 0.5. The corresponding
g, v" are shown in Figure 3.17.
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Figure 3.15: Flow profiles for solution (a): subsonic-to-subsonic non-equilibrium steady
flow at incidence parameter 6 = /4. In this case the fluid is rarefied, re-
fracted and sped up by the obstacle. Note that v% = v%. The tails visible in
these spatial profiles are the spatial collective modes.

The imprint of the spatial collective modes is already apparent in the flow pro-
files of Figure 3.15, Figure 3.16, and Figure 3.17. To demonstrate this more clearly
we take derivatives of the data in order to extract the decay length and com-
pare it to the modes of section 3.2.5, given the specific asymptotic equilibrium
approached. Specifically, for some quantity f we define,

1 03
Ke(x) = _81/38;(:;' (3-142)

Then, if the asymptotic functional form of f is given by f = C + Age ™%, the
asymptotic value of x; will be the wavenumber itself, Imk/€3 = limy_s 400 Kf(x).
A comparison is shown for the solution (a) in Figure 3.18, illustrating the ex-
istence of these modes in the flow profile, including a mode which is of non-
hydrodynamic origin.

Next, we perform a similar analysis in order to investigate the asymptotic be-
haviour of solutions (b) and (c). In moving from (b) to (c) we move from subsonic
to supersonic flows and we expect to see the non-equilibrium phase transition
due to a complex-k mode crossing the real axis. To illustrate this more clearly,
we restrict to the downstream side and subtract the asymptotic value. Then on a
log-linear plot, the slope will give the appropriate spatial collective mode. This is
shown together with the leading pole structure in the complex-k plane for down-
stream (b) and downstream (c), in Figure 3.19.
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Figure 3.16: Flow profiles for solution (b): subsonic-to-subsonic non-equilibrium steady
flow at normal incidence. Here the fluid is rarefied and sped up by the obsta-
cle. The tails visible in these spatial profiles are the spatial collective modes.

3.5 SUMMARY AND DISCUSSION

Before moving to discuss open issues and future work, let us pause to briefly re-
capitulate the salient features of this work. In [9] two of us proposed a universal
description of a class of nonequilibrium steady states, motivated by holographic
duality. This description relies on a set of modes, the spatial collective modes
(SCM), defined in the complex momentum plane, which are spacelike cousins of
quasinormal modes, used to describe universal equilibration dynamics in holog-
raphy for systems excited by an explicit time-dependent perturbation. The SCM,
instead, describe the spatial relaxation of nonequilibrium steady states, and are ex-
cited by spatial inhomogeneities. The behavior away from the source is universal
in the sense that it depends only on the theory and the asymptotic configuration
that is approached but not on the details of the inhomogeneities.

In section 3.2.1 we gave a description of these modes from the point of view
of the boundary field theory, where they appear notably as poles of correlation
functions in the complex momentum plane. We then embarked on a range of
calculations in order to illustrate SCM, in various interesting contexts. The most
complete understanding, unsurprisingly, is obtained in holography. We explicitly
construct non-linear solutions (based on the methods described in [67]) by forc-
ing the strongly coupled fluid dual to Einstein gravity over an obstacle, modelled
by sourcing the boundary metric, and match the asymptotic spatial behavior of
such steady state solutions to the leading SCM appearing in the complex momen-
tum plane of the relevant two-point functions. As we have pointed out these are
defined by boundary conditions which are regular at the horizon and in one of
the nontrivial spatial directions. We have considered the SCM in a variety of sys-
tems and have given a general numerical recipe for their calculation. There are a
number of contexts where we can determine the spectrum of modes analytically,
notably three-dimensional holography (the BTZ black hole) and the large-D limit
of [83]. An interesting feature of all cases we considered is that the SCM were
always purely imaginary for a neutral fluid, but could acquire non-zero real parts,
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Figure 3.17: Flow profiles for solution (c): supersonic-to-supersonic non-equilibrium
steady flow at normal incidence. Here the fluid is compressed and slowed
through its encounter with the obstacle. The tails visible in these spatial pro-
files are the spatial collective modes.

that is represent damped oscillatory behaviour, at finite chemical potential. We
pointed out that there are interesting critical phenomena at the points where pure
decay transitions into damped oscillations, producing nonequilibrium phase tran-
sitions of the same flavor as those first described in [77]. Due to the ubiquity of
SCM as well as QNM we expect to find examples of such transitions recurring in
many more contexts, and indeed we remark that similar phenomena have already
appeared in [76, 79]. Each of these transitions can be reduced to either a pole
collision or an exchange of dominance between poles. In the former case, the van-
ishing of the real part of the mode proceeds with a critical exponent 1/2. It would
be of interest to develop a general mean-field treatment of these phenomena, in
the spirit of the theory of dynamic critical phenomena of [97].

A particularly well controlled case arises for three dimensions, where we already
pointed out that we can construct the full spectrum of SCM analytically. As it
turns out, in this case we were able to find a full non-linear example analytically,
namely the black Janus solution of [70] and we point out that its spatial relaxation
on either side of the obstacle is precisely given by the leading SCM. In fact one
can go further and show that the entire black Janus solution can be re-expressed
as a sum over the full spectrum of SCM of the BTZ black hole, which start out as a
linear superposition in the boundary, and construct the in-filling bulk solution as
a non-linear backreacted version of the tower of modes. This is reviewed in detail
in section 3.3 where we also point out that one can reconstruct the spectrum SCM
via an inverse Laplace transform of the boundary expectation values of fields in
the black Janus solution of [70].

A subset of the SCM appearing this work can be constructed using a hydro-
dynamic effective theory, with decay lengths depending on hydrodynamic trans-
port coefficients, such as 77/s and various diffusion constants. Interestingly we
also exhibited cases where the hydrodynamic effective theory does not capture
the leading behavior in one or the other asymptotic direction, and we see direct
manifestations of higher SCM, as well as interesting phase transitions between
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Figure 3.18: Comparing the asymptotics of solution (a) to the spatial collective modes
appropriate to each asymptotic equilibrium region. The points are given by
derivatives of the spatial profiles of solution (a), according to the definition
(3.142). The spatial collective modes are shown by the coloured solid lines.
Note that a non-hydrodynamic mode is excited in the transverse channel on
the downstream side.

hydrodynamic and non-hydrodynamic fall-offs. The steady state thus encodes in
a time independent way the hydrodynamic transport coefficients, which may be
read off from the spatial decay properties of certain modes excited by the obstacle.
In particular the shear SCM decays with length proportional to 77/s and is thus a
direct probe of the shear viscosity to entropy density ratio of whatever strongly-
coupled fluid is set up in such a steady state. Experimental evidence for strongly
coupled electron flow has been seen in PACoO; [98] and graphene [99]. In [9] we
have estimated these decay lengths for graphene at charge neutrality as well as
N = 4 SYM, and we give a few more details about these analyses here?. For the
transverse mode in first order neutral hydrodynamics the dispersion relation is
given by (3.66), leading to a decay length for a flow v at normal incidence to the

obstacle (6 = 0),
7
\Imk!fl =1L

C
ST (3-143)

9 We thank an anonymous referee of [9] for encouraging us to produce such an estimate.
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Figure 3.19: Matching the downstream asymptotics of the subsonic flow solution (b) (left
column) and the supersonic flow solution (c) (right column) to spatial collec-
tive modes. Upper panels show the leading pole structure in the complex-k
plane as computed in [9] in the neutral case of relevance here, and in section
3.2.5 with finite charge density. Lower panels show the asymptotic behaviour
of € using log-linear axes. The black dots are the nonlinear solutions and the
solid lines are the spatial collective modes. As vy is increased through c; the
hydrodynamic spatial collective mode (red) transitions from downstream to
upstream and the long-range behaviour downstream jumps to the longest
non-hydrodynamic mode (blue).

where we have re-introduced the speed of light, c. To estimate this length for
graphene we utilise a number of existing results in the literature. Firstly, we in-
troduce the Fermi velocity via ¢ = vr which we take to be vr = 10%m /s as in
the experimental results of [100]. Next we utilise the value for 77/s computed in
kinetic theory in [101], i.e. we take 77/s ~ 0.00815 (log TA/T)2 % with UV cutoff
To = 8.34 x 10*K. Finally we must provide v and T for the experiment of inter-
est. For flow velocities at around v ~ 10*m/s as in the setup of [102] we obtain
]Imk|71 o~ 0.7um at standard temperature, whilst the experiments of [103] obtain
much higher velocities v ~ 3 x 10°m/s giving rise to [Imk| ™" = 15nm at T =~ 400K.
For comparison we may consider the strongly interacting N' = 4 SYM plasma
with ¢ = 3 x 108m/s, under the same conditions, finding |Imk| ™' ~ 2cm and
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[Imk| ™" ~ 0.4mm in each case. The main difference between the decay lengths in
the two theories arises from the quadratic scaling with the speed of light in (3.143),
rather than the minor differences in #/s.

Let us now move on to a discussion of interesting open issues as well as promis-
ing directions for future work. Throughout this work we have emphasized par-
allels between the SCM here and their timelike cousins, the QNM. Let us now
address some important differences. An important conceptual point concerns the
issue of causality. From our construction one may get the impression that there re-
ally exists a notion of a ‘spatially retarded” correlation function as defined in 3.2.1,
in complete analogy to the temporally retarded, i.e. causal, one. This is not so, and
our construction should be seen more as a convenience in order to exhibit a partic-
ular set of modes in the field-theory, essentially by defining correlation functions
that are analytic in either the upper or lower half complex k plane. Note that in the
QNM context, for a stable system, the analyticity in the complex w plane really is
dictated by causality; a system reacts to a disturbance after the quench is applied,
and does not have a way of “knowing’ that it will be perturbed before it actually
gets hit. In other words, only modes decaying towards the future are physically
relevant and therefore only retarded correlation functions enter the discussion. By
contrast, for the ‘spatial quench’” considered here, the system does exhibit both
modes that decay toward positive x as well as negative x (although these modes
are generically different from one another). This becomes clear if we consider such
a steady state as something that is formed at late times via a time dependent pro-
cess, since in this case all parts of the system have had causal contact with one
another regardless of the flow velocity. Thus, even though for much of the discus-
sion we can think of the SCM as being spacelike analogs of QNM with the special
direction x being treated like time, fundamentally the equations both of the dual
gravity and the field theory are hyperbolic with respect to the time coordinate ¢
and thus the above causal restrictions apply.

The distinction between QNM and SCM is particularly salient for non-relativistic
theories, where we cannot define one as an analytic continuation of a boosted ver-
sion of the other. Note that this was the way we constructed the tower of SCM in
three dimensions. In looking for SCM about an asymptotic state with flow velocity
v we instead boosted into a frame where the fluid was at rest and solved the QNM
dispersion relation for the boosted values of the frequency and momentum (3.104).
The resulting mode necessarily had complex momentum k, and could also have
been constructed directly by solving the perturbation equations in the lab frame
where the fluid has finite velocity v. In other words, in the relativistic context we
can consider the dispersion relations of linear modes as being defined on a C?
spanned by both complex w and complex k and SCM and QNM are merely two
different slices (real k and real w respectively) of the more general situation. This
will not be true in the non-relativistic context, which illustrates that generically the
two really describe two different classes of physical phenomena. For this reason it
would be enlightening to explore our construction of SCM in non-relativistic the-
ories, perhaps starting from a hydrodynamic effective treatment and then moving
on to a model with non-relativistic holography.

Other future directions of interest relate to decreasing the amount of symmetry
in the steady state, either by increasing the co-dimension of the obstacle, or by
adding spatial inhomogeneities along the direction(s) of the obstacle. In the most
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general setups one will likely have to confront the issue of heating and whether a
parametrically large steady state region (both in space and time) can be established
[104, 105].

Finally it will be important to study issue of time dependence, both in the sense
of establishing the steady state from an initial equilibrium state, say by gradually
switching on the obstacle, and in the sense of stability to perturbations of the
steady state itself (this latter question has already been considered for steady states
in ideal hydrodynamics by [106]).
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HYDRODYNAMICS WITHOUT BOOSTS

4.1 INTRODUCTION

Any system that finds itself in a state of local thermodynamic equilibrium, is
thought to evolve to its global equilibrium state, described by universal long-
wavelength, long time-scale hydrodynamics, respecting positivity of entropy pro-
duction. The universal theory governing this dynamics, corresponds to the relax-
ation of all conserved quantities of a given system, and can be adapted to particu-
lar physical situations of interest by specifying an equation of state, as well as the
functional form and value in equilibrium of a specified set of transport coefficients
[4]-

Hydrodynamics is an extremely successful practical example of the philosophy
of effective field theory. Its equations are formulated by arranging terms in as-
cending order of derivatives, truncating at a specified order in this expansion®.
The possible terms that may appear in this expansion are restricted by the symme-
tries as well as the usual rules of effective field theories, in such a way as to reduce
an a-priori redundant set of transport coefficients to a smaller, purely physical sub-
set. The fewer symmetries one requires, the more general the resulting framework,
and the larger the number of allowed transport coefficients. From this one may
recover previously known, more symmetric versions by taking appropriate limits.

The main impetus to develop the general theory, apart from being structurally
interesting, is of course that situations arise in which the least symmetric theory
is the only one applicable. For example, in order to clarify the distinction between
ordinary quasi-normal modes and the spatial collective modes of [8, 9] one should
look to non-boost invariant systems. A non-relativistic hydrodynamic theory with-
out Galilean invariance is furthermore needed to describe the electron fluid of
graphene at finite carrier density [107, 108]. Another area where such examples
are relevant is biophysics. Consider, for example, the case of a system of a large
number of self-propelled organisms such as birds, moving through a fixed medium,
such as the air. A coarse grained description of such a collection of self-propelled
“particles” in terms of fluid dynamics will be translation invariant, but not invari-
ant under any form of boosts. For a perspective of applying non boost-invariant
hydrodynamics to flocking behavior of birds, the reader may want to consult [109].
Applications to the theory of active matter are discussed in [110-112]. It should
be noted that our results are not directly applicable to the settings discussed in
references [109—112] as these involve translation-breaking terms visible at the level
of the equations of motions already at ideal order, as well as non-conservation
terms on the right hand side. Such effects could be systematically studied by fur-
ther breaking the symmetries of our setup to allow for broken translations, and by
turning on appropriate sources.

1 For a clear review of this procedure in a relativistic system, see [5]
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In the spirit of proceeding from the most general to the more specific, in this
chapter we formulate the complete first-order theory of hydrodynamics invari-
ant under time translations RR;, the Euclidean group of spatial symmetries ISO(d)
and containing a conserved charge or particle number leading to the total sym-
metry group R;xISO(d)xU(1). Such a theory does not possess any form of boost
symmetry, be it of non-relativistic Galilean or relativistic Lorentz form. We also
explain how to recover previously known examples of Galilean-invariant, Lifshitz-
invariant and relativistically invariant hydrodynamics as a limiting procedure. In
all these the number of transport coefficients is reduced, sometimes drastically.

We approach this theory from the non-relativistic, non-boost invariant side, but
it is also interesting and informative to ask the opposite question: if we were to
start with a relativistically invariant theory, what different patterns of symme-
try breaking and what kind of non-relativistic and non-boost invariant structures
can possibly arise? This was answered for equilibrium configurations in [113],
where the resulting states can be classified according to eight different symmetry-
breaking patterns, according to how the remaining generators of Poincaré are
twisted with internal symmetries. In their language we are developing the hydro-
dynamics of a“type-I framid", which breaks full Poincaré invariance down to only
translations and rotations without any internal symmetry twist, in other words
to R¢xISO(d) X Ginternal- We will exclusively focus on the case where the inter-
nal symmetry is U(1). As was already noted in [113] this pattern of symmetry
breaking is closely related to Einstein-Aether theory [114] and can be seen as the
breaking of Poincaré invariance induced by a time-like expectation value of a vec-
tor operator.

The authors of [115-117] analyse linearised hydrodynamic fluctuations at first
order in the derivative expansion for fluid flows at rest with respect to the pre-
ferred reference frame. As our analysis in the following shows, the more general
case of arbitrary velocity with respect to the preferred reference frame, forces one
to introduce a larger number of additional transport coefficient and thus exhibits
new physics associated with these.

4.2 NON-BOOST-INVARIANT HYDRODYNAMICS

Figure 4.1 gives a conceptual overview of the procedure we follow in order to
construct the general non boost-invariant hydrodynamic theory at first dissipative
order. The challenge in this construction lies in the large number of allowed tensor
structures (45 in the general setting) and transport coefficients (29 in the general
setting®) and so it is essential to ensure one includes all terms and to be calcu-
lationally as efficient as possible. Hydrodynamics, being defined as a gradient
expansion, contains the usual field redefinition ambiguities inherent in effective
field theory constructions. At first order — the highest order to we explore in this
work — one may adjust the coefficients of a certain subset of tensor structures, by
a) using the zeroth-order equations of motion and b) by redefining the zeroth-
order hydrodynamic variables (temperature, velocity and chemical potential) by
first-order shifts. This means that not all coefficients appearing at first order are

This count includes both dissipative and non-dissipative transport coefficients at first order. Elimi-
nating the latter class reduces the count further to 20.
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Special cases: ) Ry x ISO(d) x U(1)

1. Lorentz ) spacetime \
2. Lifshitz

3. Galilei / Bargmann Symmetries <  determine

N/
\ /

\ Kinematic structures > Dynamics

(covariant tensors) (current conservation)

l 1. Field redefinition

Redundancies: v 2. Equations of Motion

Constitutive Relations /

Figure 4.1: Here we give the roadmap of our construction. In the spirit of effective field
theory, we first identify the most general symmetry group applicable for our
purposes. For the purpose of this chapter we focus on Ry x ISO(d) x U(1). Next
we write down all possible kinematic structures compatible with that symme-
try, which are then constrained by the fixing redefinition ambiguities present
in the construction. Finally the remaining physical quantities are then subject
to a dynamical principle, which in the case of hydrodynamics follows simply
from conservation of the stress tensor and current. From the most general and
therefore least constrained structure we also recover more highly symmetric
previously known examples as limiting cases as shown in the leftmost box.

physical transport coefficients and our goal becomes to isolate only those that are.
Once all equations of motion have been imposed, the remaining ambiguities are
those associated to shifts of the hydrodynamic variables. In a boost-invariant set-
ting these ambiguities are typically fixed by a choice of hydrodynamic frame, such
as Landau frame. Here, in the non boost-invariant setting, we demonstrate simi-
larly that all remaining ambiguities are fixed by an appropriate frame choice. It
is encouraging that the resulting theory, in all limiting cases, reduces to the pre-
viously known constructions with the right number of transport coefficients and
tensor structures.

4.2.1  The ideal fluid

We being our construction of the general first-order hydrodynamics theory with
symmetry R; xISO(d) xU(1) by writing the constitutive relations up to first order
in derivatives. This task is facilitated by the work of [115, 116], who wrote down,
in the first instance, the constitutive relations for an ideal fluid in this symmetry
class. These authors write the constitutive relations in the laboratory frame where
the fluid has velocity v':

TOY = ¢, T(O)Oj = pvf, 7O = —(E+ P)vi, T(O)ij = P&i]- + pvivf. (4.1)
](0)0 =n, ](O)i = no' (4.2)
In these expressions £ and P are the energy density and pressure, n is the parti-

cle density or charge density (depending on the chosen interpretation of the U(1)
symmetry), while p is the “kinetic mass density" [115]. This additional thermody-
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namic function is generically different from the mass density due to the absence of
a boost symmetry and must therefore be included independently in all boost-non-
invariant cases. In total we thus have the thermodynamic functions &, P,n and p,
which are arbitrary functions of the thermodynamic variables, namely the temper-
ature T(t, x'), the square of the velocity field v?(t, x') and the chemical potential
p(t, x'). A related quantity that we will sometimes find convenient is the internal
energy £ := &£ — pv?. The principal interest of this chapter is to extend this to
the dissipative level, more precisely to first order in the hydrodynamic expansion,
keeping arbitrary the velocity with respect to the preferred reference frame, v'. A
linear analysis in v around v' = 0 is performed in [116], giving the hydrodynamic
modes in the preferred frame.

4.2.2 Dissipative corrections

The goal of this section is to write down the general constitutive relations for stress
tensor and current at first order in derivatives with respect to the hydrodynamical
variables. Keeping with common notation in the literature we write

™, = TOK, 4117, (4.3)
o= JOr I, (4.4)

where IT¥, and IT¥ contain terms of first-order or higher in derivatives of the
hydrodynamic variables. These contain the dissipative terms (in addition to several
non-dissipative transport coefficients which we will discuss in detail).

As has been outlined above, there is a large degree of redundancy to be fixed,
which stems from the way hydrodynamics is arranged as an expansion in deriva-
tives. The ambiguity is usually fixed by making use of a particular ‘frame’ (e.g.
Landau frame). We will ultimately make such a choice as well, but not before
systematically exploring precisely what ambiguity is present in the general non
boost-invariant hydrodynamic theory, and that our choice of frame consistently
fixes the ambiguity. A loose, but helpful, analogy here is the construction of a
putative new gauge theory, where one would be interested to demonstrate that a
particular gauge condition actually fixes the full redundancy.

Let us therefore now discuss in more detail what sort of redundancies arise in
the construction.

4.2.2.1 Field redefinitions

The first class of redundancy we need to take into account comes from the fact
that shifts of the form

T(t,x') — T(t,x') + 6T (t,x'),
o' (t,x") — v (t,x') + 5Ui(t, x'), (4-5)
u(t,x')y — u(t,x') + ou(t,x*),

where the 6T (¢, xi) etc. are of first order in derivatives, do not affect the ideal

part of the theory, but do introduce shifts at first order. Physically this means
that we may consider a family of redefinitions of the hydrodynamic variables
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scalars | [0"9,T], v*0x0?, v*oik, [0/T), 9i0?, [0¢k], 9Oxot

vectors [0,T], 9;0%, ai%, 00!, vk9pvl, v'- (scalars)

tensors Tij, ol (vectors)), 5]1 (scalars)

Table 4.1: An overview of all the different one-derivative terms of the thermodynamic
variables we can write down, with respect to the symmetries of the system.
The parentheses around the indices denote a symmetric tensor, since T; = T.

The terms in square brackets are the terms we eliminate using the equations

of motion at zeroth order. Here 0;; = 0,0/ + 8]-vi — (Sij%Bkvk is the shear tensor

and d is the number of spatial dimensions. Note that we do not decompose the
vectors into components transverse to the velocity, since we are also interested
in situations where v' = 0.

T(t,x'),v'(t,x), u(t,x') by gradient terms which all agree in equilibrium, when
those gradient terms vanish. Such a redefinition, by the chain rule, also causes
shifts of the thermodynamic functions &, P, p, n.

The second kind of ambiguity arises since, when working to first order in the
gradient expansion, one may always use the zeroth-order equations of motion in
order to simplify the expressions appearing at first order.

4.2.2.2  Tensor structures and equations of motion ambiguity

Concretely this is done by using the equations to express certain tensor structures
in terms of the remaining ones. The most efficient way to implement this, is by
first enumerating all possible tensor structures allowed by the symmetries at first
order and then eliminating a convenient set using the zeroth order equations of
motion. This then results in a smaller effective set of tensor structures, which are
then still subject to the field redefinition ambiguity mentioned above. However, it
is considerably simpler to apply the latter to the reduced effective set of tensor
structures, which is the procedure we will follow. Indicated in table 4.1 are all
the allowed tensor structures at first order, classified by their content under the
ISO(d) symmetry. In this work we focus solely on parity-preserving transport.
Note it is natural to consider further decomposing the vectors listed in 4.1 into
scalars (by contracting with v’) and pieces transverse to the velocity (by using a
projector P = 6/ — v'vl /9?). However, we opt not to take this step since such a
decomposition fails to be well-defined for v' = 0. This is to be contrasted with the
relativistic case where one may always decompose with respect to u*.

Note that the same tensor structure can appear multiple times in different cur-
rents. For example, the scalars are counted seven times, because they contribute
five times to the stress tensor, and two times to the U(1) current. To be more pre-
cise, they appear once in J° and once in ], where they are multiplied by v’ to form
a vector. Similarly they contribute to different index structures in the stress tensor
multiplied by appropriate combinations of the v and 6.
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Having thus defined the full set of tensor structures, we use the equations of
motion at the ideal fluid level,

9, TV =0, (4.6)
9, TO" =0, 47)
ay](O)y =0, (48)

to eliminate as many first-order structures as possible. We have of course a large
amount of freedom to choose which ones to eliminate. We go with the customary
selection of eliminating 9;T,d;T and at%. This gives us the desired reduced set of
physical tensor structures, in which to expand our field-redefinitions.

We now have all the ingredients necessary to write down and constrain the
first-order stress tensor and current.

4.2.2.3 First-order constitutive relations and choice of frame

Expanded in our reduced basis of tensor structures (see table 4.1), the field redefi-
nitions now take the form

0T — mv*o,0® + azvkak% + a30;0% + 2490 (4-9)
o — a50% 0, v* + a6vk8k% + a70,0% + agd v (4.10)

5ot —s agaivz + aloai% + anatv" + alzvk8k0i+

+ vt (ﬂlgvkak'l)z + a14vkak% + 11158{02 + aléakvk) (4.11)

with free coefficients {ai}}il. These redefinition ambiguities see themselves con-
fronted with the most general first order stress tensor, again expanded in the re-
duced basis of tensor structures

H
T
H%:@%¥+%%%+w&ﬂ+%ﬁﬁﬂ+

1% = c10°950% + 20" 0k & + 30107 + 490" (4.12)
+ o/ (cwkakvz + ckaak% + 110:0° + clzakvk) (4.13)
IT) = c130;0% + 61431'% + €159¢0" + 160040 +
+ 0 (C17Ukakv2 + Clsvkak% + €190¢0% + Czoakvk) (4.14)
IT) = cn105 + ez <vi8j02 + vfaivz> + 3 (v"a]% + vfai%)
+ oy (viafvj + vjatvi) + c5 (vivkakvj + vakakvi>
+ vl (c%vkakvz + cmkak% + 280,07 + czgakvk)

+ 5;: (C3ovkak02 + C310kak% + C328tvz + C338kvk> (4.15)

containing the set {ci}?il of unconstrained coefficients. To this we add the cur-
rent
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I = C34Ukakl)2 + C35Z)kak% + C36at02 + C378kvk (4.16)
I = C3gaivz + ngai% + C408tvi + C417)kak0i+

+ vt (C42?Jkak02 + C43Ukak% + C44at02 + c458kvk> (4.17)

which carries the set { ci}?i34 of unconstrained coefficients, which, using the am-

biguities above get whittled down to 29 remaining physical transport coefficients.

Imposing that non-dissipative contributions vanish may further reduce this num-

ber and we return to this point in our analysis of the entropy current. This is still

a somewhat large number, but in the following we will develop more intuition for

their physical meaning by considering limiting cases with more symmetries.
Implementing the zeroth-order shifts results in

T, = TO#, 4+5(TOR) +11%, ({c}) (4.18)
=IT", ({¢:})

o= O (JOR) 4T (), (4.19)
=I1"({¢:})

in other words we may think of the field redefinitions as acting on the first-order
stress tensor and current by moving in the space of coefficients

¢~ CG=c+ Mz-jaj, (4.20)

where the coefficients M;; form the elements of a 45 x 16 matrix.
The structure we just exposed means that the ambiguities of the first-order
stress tensor and current can be understood as a linear, x-dependent trajectory
in the space of coefficients {c;}. Any two stress tensors lying on the same trajec-
tory through this space are physically equivalent (and similarly for the current),
and so our next goal is to put conditions on the first-order stress tensor and current
that fix the ambiguity. In other words, we would like to select one representative
for each orbit through the space of {c;}. We will now demonstrate that the natu-
ral generalization of what is usually called the Landau frame supplies a sufficient
number of conditions on the first-order quantities to fully fix their form. The Lan-
dau frame conditions appropriate to our symmetry class were given in [116] and
read
u=0: T00+T0]'Uj:—g

Thu' = —Eut — (4.21)

U=i: Tio—i—Ti]'vj:—gvi

The eigenvector u is parametrized as u# = u°(1,v'), where 1 is a function of ther-
modynamic variables and is not fixed. The frame condition for the U(1) current
can be taken as [115]

iV = ——n. (4.22)
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In fact u° is not the only freedom that enters in the choice of frame. Due to the
lack of a metric structure to lower the index on u*, the corresponding object with
index down, i, is again for us to choose. We shall employ the same choice as
[115], namely we take i, such that

uti, = —c2, with i, = %(—c2 — Bv?, BY') (4.23)
parametrized in terms of v and the free function B, which may in general de-
pend on the thermodynamic variables. The parameters B,c?> and u° are all free
choices giving different hydrodynamic frames, that is for each choice of B,c?, u°
there is a corresponding Landau frame. However, we retain them explicitly in our
construction, as this facilitates our later analysis of limiting cases. In certain more
highly symmetric situations these parameters are naturally chosen by the require-
ment that the frame condition is constructed in accordance with the symmetries
at hand. For example for a Lorentz invariant fluid (1°)?> = B = kz}ﬁ' while a
Galilean invariant fluid has B = 0 and u° = 1.

Fixing the frame will reduce the number of coefficients we have in the consti-
tutive relations. Initially, we had 45 different coefficients {c;} in (4.12) - (4.17). The
Landau frame conditions, (4.21) and (4.22), give us 16 constraints, resulting in
29 physical transport coefficients. In practice, we solve the Landau conditions by
requiring all the coefficients that multiply different tensor structures in different
components of IT#, and J# to vanish. These coefficients are functions of ¢; and a;,
and we solve the resulting 16 equations for a3, ..., a16. Having done that, the new
coefficients are functions of only ¢; and we can explicitly see that there are only
29 different coefficients. These we have relabelled as detailed below, and each are
functions of T, v?, u. This brings us to our main result for the constitutive relations
at first order.
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Stress tensor
% = 720°00% + (1192 + £) 950 + 730%00F + (71402 — T(& + 7)) v* 0k &
Ho] = ’)/58]‘02 + ’Y(,Z)kakvj + T((Y + 7)81% — ﬁatvf

— 0! (525 (272 + 275 + 76) 0 O0* — 140 Ok — 110107 — y300F)
Hio = (’)/802 + g) aivz + (’)/1302 + 77) vkakvi + ’)/7UZatUi + ’)/140281'%

+v' (’79Ukak02 + Y1000* + (’71102 +7—- 27]7) ook + ’levkak%)
I = 5]’: (7150 0k0? + 1170% 0k + 7160¢0% — J0x0*) — 70

—g (0'9;0% 4+ 0/9;v?) — 714 (0'95 + 010 k)

—y7 (01910 + V/0y0') — 115 (V000 + v/vko)

+% (3713 — 715 + 18 — 79) %00 — (712 — Y14 + 717)0* Ok

— (710 + 716 — 377)0:0* — Y11079,0F)

U(1) current

+0' (55 (2719 — 2722 — 723) V" 0k 0? + Y210F Ok + 7189507 + 720040 )

Transport coefficients

7,0,0,8,%,7, Yi,-..,723 (each a function of T, v?, 1)

0 = 5 (190" 0k0% + 5 (& + 202718 — 7)3r0% 4 Y2002 0" + (Y2107 — To)0* 0y k)
I = ’)/2281'1)2 + 'YZSUkakUi - T@—ai%ﬂ + (& — '7)atvi

(4-24)

Note that 29 transport coefficients is the count before the constraints of positiv-
ity of entropy current have been applied. The transport coefficients 7,{,7, &, ¥, 7T
become those utilised in [116] in a linear perturbation analysis around a uniform
zero-velocity background, i.e. 79, {o, 00, %0, Yo, 70, respectively, but otherwise differ
as here they are functions of v? too. We will see that imposing boost symmetry, be
it Lorentz, or Galilean, significantly reduces the number of transport coefficients.
Imposing Lifshitz symmetry will constrain the functional form of the transport
coefficients as well as reduce their number (though not as significantly as boost
symmetry).

4.2.3 Entropy current

One of the physical requirements of any theory of hydrodynamics is its adher-
ence to the second law, namely the positivity of entropy production. At equilib-
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rium one can readily identify a unique entropy current, however at first order in
the hydrodynamic expansion there can be several ambiguities. Nevertheless, as
is well-known, the process of defining the most general entropy current and de-
manding that its divergence is non-negative can still lead to definitive constraints
on transport coefficients. We shall elucidate this in what follows.

The procedure outlined above is straightforward; we wish to construct the most
general expression for the entropy current S* consistent with the symmetries at
hand, up to first derivative order, and then ensure that aySP‘ > 0. The entropy
current at ideal order is then given by S* = sv# 4+ O(9) where v* = (1,7')". One
can verify that with this definition, 9,S* = 0+ O(9)?, ensuring there is no entropy
production at this hydrodynamic order.

In order to construct the most general first order contribution to S¥ consistent
with symmetries, it is convenient to split S¥ into two contributions, a canonical
part, and a non-canonical part,

St = Sélan + Sﬁon- (425)

We shall begin with the canonical part. Consider the expression for the entropy
density,

Ts = e—pv*+P—un (4.26)
— Tsot = —TOr " 4 pot — Ok, (4.27)

Inspired by (4.27) we now define Sf,, which, by construction, differs from sv* by
terms that are at least first order in derivatives,

TStan = —TH,0" + Po¥ — uJ¥, (4.28)

whose divergence is easily evaluated,

14
0uStan = —I1",0, = — 11", & (4-29)
and crucially depends only on products of first derivatives; there are no explicit
second derivative terms. What remains in order to construct S proper is the non-
canonical part, which is simply the most general set of terms consistent with the
symmetries at hand. In other words, the construction of Shon parallels our enumer-
ation of the possible terms allowed in the constitutive relations:

Ston = G10°007 + 520](31# + 830,07 + E40x0F, (4.30)
Shon = 05010 + 5631'% + E700" + Gg0k v’ +
—|—Ui (590kak02 + 51001‘8;(% + 5118ﬂ)2 + 51zakvk) . (4.31)

There are two types of contribution to d,S": there are products of first derivatives
(as is the case for ausé‘an), and there are second derivative terms. Our first task
is to use the equations of motion to maximally reduce the number of terms that
can appear, and we do so here by eliminating all terms that contain one or more
time derivatives. We then require that the coefficients of the remaining second
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derivative terms vanish, since they do not have a definite sign. This results in
equality-type constraints (as opposed to inequality-type) that fix 8 out of the 12
coefficients in the definition of S/,,,

C10 =0C2 3 = miCy

9 = MiyC2

& =0 & =0
’ ° c (432)

&1+ ¢ = (my +mp)és

C4 + C7 = myly | Cg + C1p = M3l

where mj 534 are constants of proportionality determined completely by the equa-
tion of state.3 After imposing these conditions d,,S" is then quadratic in derivatives,
taking the general form,

T
o;T Ty Aix B ok T

aySH: aiy Aki My Cikl Bky (4-33)
9,0; Buij Cuij Vi) \9kvui

where the components of the matrix are given by all possible index contractions,

Tk = bodix + brojvy (4-34)
A = bdix + b3vjvg (4-35)
Mix = bsbix + bsv;0k (4.36)
By = beviby + b7vvkv; + bgdixv + bodijvk (4.37)
Ciii = D100 + b110;00; + b126ixv; + b136;;0% (4-38)
Vi = b146ixj1 + b15616jx + b166i0ks + b170;0j00;

blg(vivjékl + vkvléij) + blg(vivléjk + U]‘Uk(sil) +
baovivdji + b1 vjv S (4-39)

We have computed each of these b; coefficients explicitly, and in general they
depend on the transport coefficients, the remaining redundancies in the definition
of Shon (i.e. the ¢) plus equation of state data.# For example, some of the more
compact expressions we have encountered are,

by = % (4-40)
bis = 58"‘% (4-41)
T+ Y6 — 77+
by = Y6 T’Y7 Y13 (4.42)
by by b 105 o
1 2" 2007 +43

So far, we have ensured that second derivative terms vanish, and computed the
resulting quadratic form explicitly (4.33). We note that there are 22 coefficients
appearing in the quadratic form but there are a total of 29 transport coefficients,
and so we expect there to be non-dissipative combinations of transport coefficients
which we will enumerate in the next section 4.2.3.1.

3 These coefficients are provided in a companion notebook to the paper [10].
4 These coefficients are provided in a companion notebook to the paper [10].

89



90

HYDRODYNAMICS WITHOUT BOOSTS

We also expect an additional class of equality-type constraints on transport co-
efficients. These usually arise in considerations of couplings to background fields,
and by imposing time-reversal covariance in the form of Onsager reciprocal rela-
tions. In some cases these may be related to the non-dissipative contributions we
discuss below.

Finally, the physical requirement of the second law 9, 5" > 0 requires that the
quadratic form (4.33) be non-negative for all fluid configurations. These result in
inequality-type constraints. As many of the coefficients appearing in (4.33) are of
considerable length, we will not present an exhaustive analysis of these inequali-
ties. However in section 4.2.3.2 we present a complete analysis of the inequalities
that can be extracted by studying shear-type perturbations of uniform flow.

4.2.3.1  Non-dissipative transport coefficients

There are linearly independent combinations of transport coefficients that do not
enter d,,S*. Such terms are therefore responsible for effects which are nonuniform
and non-dissipative, and thus potentially interesting physical effects in their own
right. Moreover a theory constructed from such terms alone contains an additional
conserved current, S¥, and may therefore not be subject to the usual difficulties in
constructing Lagrangian descriptions of hydrodynamics (see, for example, [118]).
On the other hand, there may be physical requirements which dictate that such
terms vanish. For example, constraints on such terms arise in the study of hydro-
static partition functions [119, 120]. To explore these terms in detail, in this section
we enumerate the constraints that must be placed on the general theory to remove
all non-dissipative contributions.

We begin by decomposing the currents appearing in aysé‘an, (4.29), into dissipa-
tive and non-dissipative pieces,

HVV = (HD)FV—{_(HND)VV/ (4-44)
" = (Ip)" + (Inp)”, (4-45)

where the non-dissipative pieces (ND) do not enter d,S" by definition, and the
dissipative pieces (D) are here assumed to take the form,

oY
aysy = _<HD)H1/814T - <HD)H8;4%- (4.46)

There are two classes of such non-dissipative transport coefficients.

The first class are those which arise directly in d,, Sh ., as these manifestly do not
enter (4.46). These, as we have already seen, are constructed from the remaining
coefficients in the constitutive relation for Sk, after second-derivative constraints
are imposed, namely (4.32), and are given by ¢y, €2, C4, Gs. There can be additional
equality-type constraints that result from considering new second-derivative terms
that arise when background fields are turned on, as was demonstrated in the
Lorentz invariant case [32]. Having recognised these terms as non-dissipative, for
this section we now set ¢; = ¢, = ¢4 = Cg = 0 and the remaining entropy current
is purely of canonical form.

We now turn to the second class of non-dissipative transport coefficients. Hav-
ing imposed the vanishing of the first class of coefficients, there are 29 transport
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coefficients remaining (those appearing in the constitutive relations for IT#, and
IT") but only 22 independent terms in the quadratic form (the b;) (4.33). Thus there
are additional independent linear combinations of transport coefficients that are
non-dissipative. We can now count how many such non-dissipative transport co-
efficients there are. Denoting a general transport coefficient as t;, we can define a
linear map M from the space of transport coefficients to the space of quadratic-
form coefficients,

bi = Myjty, (4.47)

where M is a 22 x 29 rectangular matrix. We are interested in how many linearly
independent vectors there are in the vector space of transport coefficients that do
not contribute to b;. By direct computation we find that the rank of M is 20 and the
dimension of its null space is 9. Thus we conclude that there is a vector space of
dimension 20 spanned by dissipative transport coefficients (the image of M), and
a vector space of dimension 9 spanned by non-dissipative transport coefficients
(the null space of M). The linearly independent non-dissipative coefficients are as
follows;

Y23 + % +Tv1a — T2, (4.48)
T8 + 2T 74 4 20°9, (4.49)
Y16 — Y2 + 273, (4.50)
Y15 + 2711 — Y9, (4.51)
Y10 — Y2, (4.52)
oM
(A G (4.53)
2T 5 .
720 = 555 (717 = 12) +2Q20% (11 + 73) + Q10 (4.54)
¢+ Bo
2
c
- - 2 2 , .
(e ¢ + Bv? 2712+ 2Q1711 + 2Q2v" (79 + 72) (4.55)
BT s ) 47 o
2 + B2 V4 173 2(72 ")+, 4.5

where we have defined the following thermodynamic quantities,

B Py(TPTT+}4PT;4)_PT(TPTy+,uPyy)

Ql = CZ + BUZ T(P%]l — PTTPW/I) ’ (457)
Q _ B PUZV(TPTT + ‘I/lPT‘u) — PTvz(TPT]/l + ‘MP;,V) ( 8)
> T 24B? T(P}, — PrrPu) ’ 2

where P, = 9,,P, Py, = 0,29, P and similarly for other derivatives. The orthogonal
complement of this space of transport coefficients is purely dissipative, and an
analysis of a theory where these are set to zero would be interesting to study
further. One simple example is to set ;0 = —72 and then set all other transport
coefficients to zero. This theory has IT# = 0 while,

vlvF o v? ; v'v/94v?

1% = 10 o0?, Il = —10'd0?, T1% = ERLCI i="2

02
(4-59)
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and is non-dissipative as is easily verified by evaluating the quadratic form.

As a cautionary remark, the above procedure has to be repeated in cases where
additional linear constraints are imposed, such as those arising due to enhanced
symmetry. The calculation of the null space should be performed only after ad-
ditional constraints have been imposed. The reason is that non-dissipative terms
in the general theory may not respect those symmetries and consequently con-
tribute to dissipative transport in the more symmetrical theory. On the other hand,
once the dissipative terms have been computed as the orthogonal complement
of (4.48)-(4.56), then one may assess whether or not dissipative terms in a more
symmetrical theory are zero, simply evaluating them on the particular transport
coefficients of the theory in question. This is the same as computing the quadratic
form coefficients.

Before concluding, we can check our non-dissipative constraints for perturba-
tions around v’ = 0 flows. In this case, the dimension of the null space is much
higher, since there are many fewer terms that can appear in the quadratic form. In
particular, the null space is enlarged to include all 7y as independent basis vectors.
Hence setting all these to zero, leaves a single constraint in (4.48)-(4.56), namely
Y(T,v* = 0,1) = v0(T, 1) = 0. This constraint was also found in [116] but based
on imposing Onsager reciprocity. The connection between Onsager reciprocity and
non-dissipative coefficients is manifest when the antisymmetric components of the
conductivity matrix are linearly independent of all other contributions. However
the interaction between strictly dissipative coefficients, strictly non-dissipative co-
efficients and those coefficients which are required to vanish due to Onsager reci-
procity is not clear in this most general case. In order to understand the role of
Onsager and the requirements of microscopic time reversal invariance we would
need to conduct an analysis of modes and associated Green’s functions along the
lines of [5], which we postpone to future work.

In summary, if we require that all non-dissipative contributions vanish (these
are given in (4.48)-(4.56)), the number of transport coefficients appearing in the
stress tensor and U(1) current is reduced from 29 to 20.

4.2.3.2  Example: shear modes and shear viscosity

Consider the fluid configuration corresponding to a shear-type velocity perturba-
tion around uniform flow,

T(t,%) =T, ut,®) =g o =045tk %) (4.60)

where k' is a spatial wavevector and k- §v = @ - §v = 0. For this perturbation the
only contributions to the quadratic form (4.33) at second order in the perturbation
are,

0,S" = bu(T, v?, y)aivjaivj + byo(T, 22, y)vjvkajviakvi (4.61)
= (ba(T, 7% @)k* 4 by (T, 7, 1) (k - 5)%) (9200')? (1.62)
= (b1a(T, 7% 1) + 0%boo(T, 0%, 1) (cos 0)?) k*(3200")2. (4.63)
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where 0 is the angle between k and ¢ and 0, denotes derivative with respect to the
second argument of the function dv’. Hence for perturbations satisfying 6 = /2,
positivity of entropy production requires

bis(T, 0%, ) > 0. (4-64)

Positive by4 allows by to take on negative values, with 9,S* minimised at 6 = 0,
hence we also require

b1a(T, v?, 1)+ vzbzo(T, v?, u) > 0. (4.65)

In terms of transport coefficients listed above, (4.40) and (4.42), these constraints
become

720,

L (4.66)
7+0v (71’—|—’)’6—’)’7—|—’)’13) > 0.

We will show that these constraints coincide with those arising out of the require-
ment of dynamical stability. Finally, we shall see later in section 4.3.1 that for
theories with Lorentz boost invariance the two constraints (4.66) coincide, becom-
ing 7 > 0 where 7 is the usual shear viscosity transport coefficient of relativistic
hydrodynamics. Additionally it coincides with the conclusion of 779 > 0 reached
in [116] where 779 = lim> ., 7.

4.2.4 Hydrodynamic shear mode

In this section we consider hydrodynamic modes, that is, perturbations of a back-
ground uniform flow that satisfy the hydrodynamic conservation equations. They
describe how small departures from uniformity relax over time (quasinormal
modes), or how they decay spatially in the context of non-equilibrium steady
states (spatial collective modes). We consider a background temperature T chem-
ical potential i and velocity @, and consider the equations of motion resulting
from the general first order constitutive relation (4.24). Specifically we focus on
the shear-type perturbation (4.60) in Fourier space, 6v'(t, k - ¥) = e~ k%5l Such
perturbations are also hydrodynamic modes provided a dispersion relation w (k')
is satisfied. To linear order in amplitude, and to first hydrodynamic order, the
constitutive relations are perturbed as follows,

6T = e kT (o ik - Toyg + i) 60, (4.67)
6T = e T (o — ik 0913 + icoy7) (060 + D60 — i (Kioo! + KI6v) ) (4.68)

and the equations of motion thus give rise to the following dispersion relation, as
a Taylor series in gradients,

ip(k -7 — w) + (7w + (76 — y7)k - 6w + 7jk* + (k- )*y13) + O(w, k) = 0. (4.69)
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There are two roots of this polynomial, w(k), however one root w = ip/ 7T+ O(k) is
not consistent with the hydrodynamic gradient expansion and we discard it. The
other root is,

_ i’7k2 + (T + 76 — v7 + 713) (k- 9)°
%

wk) =k o + O(k)>. (4.70)
We observe that this hydrodynamic mode is stable, with a frequency in the lower-
half complex plane, provided the conditions derived from positivity of entropy
production are met, (4.66). Therefore the conditions of dynamical stability and pos-
itivity of entropy production coincide here. We also note that all combinations of
transport coefficients entering here are in the orthogonal complement of the purely
non-dissipative sector (4.48)-(4.56) and so in a theory with only non-dissipative
terms these O(k)? pieces vanish.

So far we considered the requirements according to w € C with k € R?. Of re-
cent physical interest are modes with complex momenta; spatial collective modes
which can obtained from this dispersion relation by fixing w = 0 (or more gener-
ally, w € R) and continuing to complex momenta k € C“, yielding a dispersion
relation of the form k'(@/) describing how decay lengths in stationary systems
depend on background velocity [8, 9].

From (4.70) we can see that the mode is purely diffusive if we move to a coordi-
nate system that comoves with the fluid at velocity 7, but as the explicit 7* depen-
dence makes clear, the different ¢ frames are physically inequivalent as expected
due to the lack of boost invariance. We can see a particular combination of the
29 transport coefficients enter this dispersion relation; it would be interesting to
analyse the physical consequences of the other new transport coefficients through
studying hydrodynamic modes in other sectors: sound and charge diffusion.

4.3 SPECIAL CASES
4.3.1 Lorentz boosts

Theories admitting Lorentz invariance are a special case of our general R; xISO(d)
xU(1) construction, enlarging the number of symmetries. Imposing such addi-
tional symmetry requirements on our constitutive relations (4.24) severely con-
strains the allowed form of the 29 transport coefficients. In this section we will
calculate these 29 coefficients for a Lorentz invariant theory, and show how they
are completely determined by only 4 free functions of two variables. This is further
reduced to 3 after imposing positivity entropy production. These are of course the
well-known transport coefficients of first order relativistic hydrodynamics.

A Lorentz boost by a velocity ¢, with respect to the speed of light c, is achieved
by the following coordinate transformation,

,Bixi i i i
t—>t+T, x'— x' + Blct, (4.71)
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working to linear order in B, the velocity transforms as

vt — vl + cﬁi — gvi. (4.72)

In addition, as we shall see, we also require that the following quantities are in-
variant in order that we have a non-trivial equation of state,

T =T, fl=u (4.73)

where we have introduced the Lorentz factor v = (1—v?/ cz)_l/z, and which
completes the transformation rules for all hydrodynamic variables,

‘v v
T — T—’BTT, u— y—’BTy. (4.74)

We require that the stress tensor and U(1) current transform as Lorentz tensors
under the above linearised transformations, for any boost parameter . This gives
rise to a set of equations that must be satisfied, leading to constraints on both the
thermodynamic variables and the transport coefficients. In more detail, recall that
all thermodynamic variables and transport coefficients are functions of T,v?, y,
and so performing the above boost (4.71) — which affects the hydrodynamic vari-
ables through (4.72) and (4.74) — leads to a Taylor expansion of the transport co-
efficients to order B’. Thus, demanding the correct transformation rule under any
linear boost parameter ' results in a set of partial differential equations for the
transport coefficients in terms of T, 2, i, the solutions to which we will set out in
the two subsections that now follow.

4.3.1.1  Ideal hydrodynamic order

At ideal hydrodynamic order, by demanding that the component T(O)O]- transform
correctly, we find the following constraint (as a coefficient of the parameter of the
boost p/),

p2 =P+ E&. (4.75)

This is so far independent of any transformation rules for T, iz, which cannot con-
tribute to the term proportional to f/. Upon utilising thermodynamic identities
this gives the following PDE for the equation of state,

(no, —2(c* — v*)d,. + Tor) P(T,v*, 1) =0 (4.76)
with a general solution

P=P(yT,yu)=P(T,j). (4.77)

where T, ji are defined in (4.73). All remaining PDEs resulting from demanding
Lorentz invariance at ideal order are now solved by (4.77), provided we also en-
sure that T, u transform leaving T, fi invariant, i.e. under the rule (4.74). If we do
not, then additional constraints arise on P and prevent us from having a general
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function of two independent variables. Furthermore demanding that the frame
conditions (4.21) and (4.22) take Lorentz covariant form determines

2
B=9% u'=q (4-78)
where we have also fixed an arbitrary constant of proportionality in u°. (4.78) fur-
nishes us with a covariant vector u* which we can now use to construct covariant
forms of the constitutive relations in the usual way. With (4.77) imposed, we arrive
at the following familiar constitutive relations at ideal order,

T(O),”V _ guﬂuv

5+ A (4-79)
JOB = gyt (4.80)

where we have introduced the projector,

1
A, =68 + c—Zu”uV (4.81)

and the thermodynamic relations,

§ = 04P, (4.82)
§ = —DP+3T+iiji. (4.84)

4.3.1.2  First order

At first order, after solving the multitudinous PDEs, we arrive at the following
expressions for the first 6 transport coefficients

7(T, 0% u) = yn(T,f) (4.85)
QT ) = 7v¢(T,f) (4.86)
AT ) = LE () (45)
KT =~ T (4.88)
HTRA ) = LT (45)
o(T, ) = W(T,ﬁ)+7T~T~f~ﬁ}1x(iﬂ) (4:90)

where P; = 0;P and similarly for other derivatives. In solving the equations we
have introduced the integration constants #, {, x, o above, which are each arbitrary
functions of T,ji. We shall see that these integration constants serve as the only
remaining transport coefficients for a Lorentz invariant theory. The remaining 29 —
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6 transport coefficients are given as follows, where we have omitted functional
dependence detailed above for brevity.
5 5(c2(d—2)+dv? d
vlz%é_i_% 72: 2C4€ 077})17 r)/3: Czé dCZ
Y4 =0 5 = —@77 Yo = — 1]
=2 - = m il
V7 =2 i Y8 = 32l Y9 ZCZC + 4 dcz U]
5 _ 3 3
710—252€+%§2+dy) 11:72C—%’7 Y12 =10
T3 =% 1 Y12 =0 Y15 = ZczC+ dcﬂ?
Y16 = — Zng—i- dc277 B 117 =0 B 718——2C4X
TP; s TP; v TP;
1o = —Tex+ 550 (0 + g iimx) | 10 =50 (0 + mpamx) | + C4Q(0+TP R
Y21 =0 722 =0 V23 = —*TX
(4:97)
where we have defined the following combination of thermodynamic quantities
. —Pu(TPrg + fiPr;) + Pr(TPry + fiPa)
0= ki Vi (4:92)
T(P7, — PaaPr1)

Indeed, once the above relations are imposed, the first order constitutive relations
reduce to the familiar form of relativistic hydrodynamics, viz.,
I, =

J-1u,

_UAH“AVﬁUa/S - gAHva “u, (493)

. 2
with 0y, = dyuy +dyuy, — EWV

I =

—oTAM9, (;) +xA"9,T. (4-94)

Imposing Lorentz invariance has thus reduced the number of first order transport
coefficients from 29 to 4: the shear viscosity 7, bulk viscosity {, conductivity ¢ and
x- To reiterate, each of these are arbitrary functions of T, ji in the usual way.

4.3.1.3 Entropy current

With Lorentz invariance imposed, the divergence of the canonical part of the en-
tropy current is given by
(4.95)

3,8 . 9, 1w,
H=c H T VT’

u’ i
13y H’*BV%. (4.96)

Imposing that S¥ transform as a Lorentz vector, together with the constraints that
0, S" contains no explicit second derivative terms constrains the coefficients in the
non-canonical entropy current (4.30), (4.31) to take the form

=0,
57 = —D(/TZ,

0,
—a/T?,

54 = DC/TZ,

¢10 =0,

¢z =0,

™
—

G = 0/

512 = lX/T2

s =0, &p=

) ) ) (4.97)
8 = Gg =0, i1 =0,

)



98

HYDRODYNAMICS WITHOUT BOOSTS

where & is an unconstrained function of T,i. The non-canonical entropy current
then takes the form

Shon = a(T, 1) (u"d - u — u"d,u"), (4.98)

and thus an ambiguity has appeared. However, as was shown in [32], placing the
theory on a curved background provides additional constraints. In particular new
terms o R, u"u" appear in 9,5*, and since depending on the chosen background
curvature this term can take any sign, it forces « = 0. Adopting this result the
entropy current is given entirely by the canonical piece.

Without loss of generality we now extract positivity constraints by checking the
quadratic form for fluctuations around v’ = 0. We find,

s 1 . , i N2 a2
w_ - gy AV o~ E X ) _ X 2
To,S 217(71](7 + (00" )" 4o <81y (T + 20) 81T> 4—0(81T) ,  (4.99)

and hence imposing 9, 5" > 0 enforces

>0, (>0, ¢>0, x=0. (4.100)

4.3.2  Galilean boosts

Another special case of interest are theories with non-relativistic boost symmetry,
extending the symmetry algebra of the system H, P;, J;;, M for time translations,
spatial translations, spatial rotations, and U(1) respectively, to include a boost
generator K;. A particularly simple example can be reached by starting with a
relativistic theory and sending ¢ — oo, corresponding to a group contraction from
ISO(1,d)xU(1). The resulting theory is invariant under so-called massless Galilean
boosts, for which, most notably,

[K;, P;] = 0. (4.101)

This algebra will be the present focus of this section, which can be reached by
contracting the results we have obtained in section 4.3.1. It is important to note
that since we also have particle number / charge conservation, this algebra can be
centrally extended to the Bargmann algebra [121] (see also [122]), namely,

[Ki, Pj] = iMd;;, (4.102)

where M, as the U(1) generator, is the centre. This is part of a rich vein of research
into non-relativistic boost-invariant hydrodynamics and couplings to gravity via
the Newton-Cartan formalism. We will not consider the centrally extended case
in this chapter, but simply refer the interested reader to important papers in this
hydrodynamic context [7, 115, 116, 123, 124].

The limit ¢ — oo for the relativistic boost (4.71), (4.72), (4.74) results in the
Galilean boost with parameter u' = cf,

t—t, X s xfult, oo tul, TST, u—p (4.103)
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In particular the Lorentz factor v — 1 as ¢ — oo, and T =T, fi. = p, with the
equation of state P = P(T, u). From this we conclude,

p=0, £=E&, ii=n, (4.104)
and an ideal stress tensor (see also [115])

TO% =—-¢, TOH=—(£+P), TO% =0, TO,=Pps (4.105)

](O)O =n, ](O)i = no (4106)

where 1, €, P are each functions of T, i only.

At first hydrodynamic order, recall that in the relativistic case we have 3 trans-
port coefficients remaining after analysis of the entropy current: 7,(,0, each a
function of T, fi. In the ¢ — oo limit, each of these are functions of T, . We can
choose how each of these transport coefficients scale with ¢ so that they provide
finite contributions to the constitutive relations as ¢ — co. This is achieved without
any additional rescaling,

n= O(C)O, = O(c)o, o= O(C)O as ¢ — oo (4.107)

then the 29 transport coefficients of the general theory take on the following val-
ues,

7=mn (= 0=o0, others=0, (4.108)

and the first order constitutive relations (4.24) become

Y, — o, (4109)
HOj — 0, (4.110)
I, = gaivz + ok oo’ + (§ - 2;) v'oif, (4.111)
Hi]- = —ga;iakvk — 103, (4.112)
1’ = o, (4.113)
I = —(TTBZ%, (4.114)

where 7, {, 0 are arbitrary non-negative functions of T, y.

4.3.3 Lifshitz scale invariance

In this section we compute the form of the 29 transport coefficients for the R; xISO(d)
xU(1) theory in the case where we further restrict to invariance under the inho-
mogeneous scale transformation

F— A%, X — Ax (4.115)

for some arbitrary dynamical critical exponent z. At first sight, such invariance is
merely imposed by restricting all terms in the constitutive relations to have the
correct scaling weights. However, the hydrodynamic theory is treated here as an
effective description of an underlying microscopic theory with a Ward identity
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for scale transformations. This Ward identity imposes further constraints which
causes transport coefficients, or linear combinations thereof, to vanish. In the case
of scale transformations this point was made clear in [125], where it was shown
that conformal invariance leads to vanishing of bulk viscosity. We direct the inter-
ested reader to other results on Lifshitz invariant hydrodynamics [126-135].

Let us begin with a discussion of the scaling weights. It is convenient to denote
a quantity that scales as A~ to have scaling weight w. In other words, the scaling
weights of t and x as presented above, are w; = —z and w,; = —1 respectively,
whilst the scaling weights of the hydrodynamic variables (T, v, u) are,

wr=z, wy=z-1, w,=z (4.116)

In particular, for a transport coefficient (T, v?, ) with scaling weight w, it must

. . . . . . . (z=1)
be an arbitrary function of the scaling invariant combinations v?/ T and u/T,
together with an overall factor of T to make up its weight, i.e.

T o2 u) = T24 o
vi(T,v%, 1) VI 0T ) (4.117)
T =z

This is a severe restriction on the functional form of the 29 transport coefficients,
albeit not a reduction in their number. The scaling weights for the transport coef-
ficients are as follows,

wy =d wr =d Wy =d—z |wy=d—z |w;=d—2

Wy =d+4—4z | w,, =d Wy, = d Wey,, = d Wy =d+2—32

Wy =d—2 Wy =A =2 | Wyyy =d =2 | Wypy =0 —2 | Wy, =d —2z
(4.118)

while the weights for the remaining coefficients (7T, 2, v3, Y4, V5, Y6, Y7, V8, Y9, Y10, Y11,
Y13, 715, Y16) are each d + 2 — 2z.
We now turn to the Ward identity, for which we impose the following relation

2T4 + T = 0. (4.119)

At ideal hydrodynamic order (4.119) corresponds to an appropriate restriction of
the equation of state. Namely,

dP —zE +v*0 =0 (4.120)

which implies the following PDE for the equation of state, through standard ther-
modynamic relations,

(zTor +2(z — 1)v*0,2 + zudy, — (d +z)) P(T,v%, ) = 0. (4.121)
The PDE (4.121) has the general solution

2
diz A v
P f— T z P <,1_,2(21)’ ;i) 7 (4.122)

which is of course the expected functional form for the equation of state of a Lif-
shitz invariant system given the scaling weight of P, i.e. it is of the form (4.117)
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with wp = d + z. If we furthermore impose (4.119) at first hydrodynamic order,
there are four constraints, as the coefficients of the four possible scalar terms
{vkaszZ, vkak%, 0,70, atzﬂ}. These constraints can be expressed as follows,

7 = W (4123)

_ 227+ 298+ 279+ 713
Y15 = 2[d—1) ’ (4.124)

_zZt+ 227107 — 7 — 2710
Y6 = 2[d—1) , (4.125)

T2 (i + &) — 2
vy — z(x + ) ;7_4?1 T2 F Y4 (4.126)

To summarise this section, imposing Lifshitz scaling weights and the Ward iden-
tity (4.119) reduces the number of transport coefficients from 29 to 25, and more-
over places stringent constraints on the functional form of all of them (4.117).

4.4 DISCUSSION

In this chapter we have constructed the first-order hydrodynamic theory describ-
ing a fluid in the presence of a preferred reference frame, which possesses no boost
invariance, neither Galilean nor Lorentzian. In this frame the theory is rotationally
invariant and ISO(d) acts naturally. If we nevertheless boost to a reference frame
with boost parameter f/, the resulting theory will contain explicit dependence on
B’ and will no longer be rotationally invariant. Of course ISO(d) is still preserved,
however it acts in a less natural way. The symmetry is realised by boosting back
into the preferred frame, where rotation invariance is manifest, and then boosting
back to the finite g’ frame.

A consequence of this relaxed symmetry group is the appearance of many new
transport coefficients. In principle each of these transport coefficients is associated
to a distinct physical effect which can be accessed by considering general fluid
flows with respect to the preferred reference frame. Some of these are accessible
in hydrodynamic modes. Indeed, in section 4.2.4 we computed the shear diffusion
mode, which grants independent access to the combinations of transport coeffi-
cients 77 and 7T + ¢ — 7 + 713 through varying the angle of the mode with respect
to the background fluid flow. In addition there may be coefficients that are only ac-
cessible through nonlinear considerations. We leave a more comprehensive study
of the physical effects to a future publication.

We also considered the constraints resulting from imposing the positivity of en-
tropy production for all possible fluid configurations. We constructed the general
entropy current to first order in derivatives, and found all constraints that reduce
its divergence to a quadratic form.> By restricting this quadratic form to shear-
ing perturbations around a general uniform flow we extracted two very simple
positivity constraints, (4.66), which coincide with the linear stability requirements
for the shear diffusion hydrodynamic mode. Constraints may also more easily be
extracted in special cases, such as those enjoying Lorentz boost invariance.

5 This quadratic form is available explicitly in an accompanying notebook to the paper [10].
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We also enumerated all independent linear combinations of transport coeffi-
cients that are non-dissipative, i.e. that do not contribute to 9,5". We counted
9 such combinations, listed in (4.48)-(4.56). Understanding the relation between
dissipative coefficients, non-dissipative coefficients, requirements of Onsager reci-
procity and the constraints arising from hydrostatic partition functions [119, 120],
is an interesting problem that deserves further study.

Finally, we note that our constitutive relations contain only parity-invariant
terms. Clearly it would be interesting to extend our analysis to include parity
non-invariant effects.



FLOWS WITHOUT BOOSTS

5.1 INTRODUCTION

Recently, there has been increasing interest in studying hydrodynamics without
boost invariance [115-117, 136, 137]. In the previous chapter we constructed such
a theory, at first-order in the gradient expansion for parity-invariant fluids on a
flat background. The system in our case was invariant under time translations, the
Euclidean group of spatial transformations and had a conserved particle number,
i.e. with symmetry R;xISO(d)xU(1). The constitutive relations that we found
contained 29 physical transport coefficients, much more than is found in non-
relativistic or relativistic hydrodynamics. We would like to understand better the
physical interpretation of these new transport coefficients as well as see what are
the possible applications of this model, e.g. graphene, cellular membranes, bird
flocking etc. One might perhaps experimentally observe these new coefficients in
various flow configurations. An example would be how one can experimentally
observe hydrodynamic signatures of a Fermi liquid in the flow of an electron fluid
through a narrow channel (i.e. a Poiseuille flow), driven by an electric field. There,
the velocity profile and the resistance per unit length R of the channel depend on
the viscosity 77 of the fluid [108, 138]. Another example might be motor molecules
described by the flow of an active polar fluid in the Taylor-Couette geometry [112].

5.2 THE SETUP

We start with the constitutive relations for a non-boost invariant fluid as described
in [10, 115, 116]. For an ideal fluid in the laboratory frame where the fluid has
velocity v’ the constitutive relations were given in (4.1). For a dissipative fluid, the
constitutive relations at first order in derivatives were given in (4.24). To make
matters more solvable, we will look at incompressible flows, i.e. 8ivi = 0. This
is how incompressible flows are defined in conventional, non-relativistic Galilei-
invariant hydrodynamics, along with taking the kinetic density p being a constant.
Let us also take the ratio of chemical potential and temperature y/T to be con-
stant, as well as take all of the transport coefficients to be constants. To further
simplify things, let’s also assume the flows to be steady, time-independent. With
these assumptions in mind, the conservation of stress-energy tensor

0,TF, =0 (5.1)
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gives:

v=0: —0'9;(e + P) + 9; (’)’802 + Z) 0;0% + (’)/802 + g) 9%0? +9; (1130% +177) v 00!
+ (71302 +177) 0; (vkakvi) + 0'9; (790k8kv2> =0 (5.2)

v=j: 0P + 0'9;00! + pv'9;0 + d; {71507‘8;(02} — 70%0 — 9,790/

—0; [78 (viajvz + vaiUZ)} —0; [713 (vivkakvj + vjvkakvi)}
+ %viaizﬂ' (...)+ Zviai (...)=0 (5-3)

These are our equations of motion, they are our analogue of the Navier-Stokes
equations. In what follows we will study the velocity profiles that we calculate,
either analytically or numerically, from these equations for various flow configu-
rations. We will look at what happens in a planar 2D flow through a channel (for
Poiseuille and Couette flows), as well as a circular flow of a fluid between two con-
centric cylinders (i.e. Taylor-Couette flow). We will compare our results to those
familiar from usual non-relativistic hydrodynamics.

5.3 FLOW IN A 2D CHANNEL

Let’s consider a non-boost invariant fluid flowing steadily along a long channel of
width W and length L, located in the xy-plane, with the x-axis pointing along the
channel. In the limit of an infinitely long channel, the velocity should be indepen-
dent of x. Thus, we have

v = (vx(y),0) (5-4)

Depending on the boundary conditions and whether or not there is a pressure
gradient present, we can distinguish several situations (depicted in Figure 5.1):

* Couette flow with pressure gradient: this is the most general case in which one
of the walls is at rest, while the other has velocity U in the direction along
the channel (in this case, in the x-direction). We also have a pressure gradient
present in the channel. See Figure 5.1 (a).

® Couette flow: This case is the same as the previous one, with one difference -
there is no pressure gradient in the channel. See Figure 5.1 (b).

e Poiseuille flow: In the case of the Poiseuille flow both walls are fixed, and
there is a pressure gradient in the channel. See Figure 5.1 (c).

We will start with the general case, and then specialize to the other two cases.
The boundary conditions are given by:

0:(0) =0, v, (W)=U. (5-5)

To find the velocity profile of the general flow, we first turn our attention to the
equations of motion. We start from (5.3). For j = y:
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y n(W)=U y n(W)=U

v ()

> X

[

T

High pressure p
— = const.

dr v.(0)=0 v, (0)=0

(@) (b)

> X

High pressure Low pressure

(©

Figure 5.1: Sketch of a planar flow in a channel. We distinguish three cases: (a) general
Couette flow with a pressure gradient, (b) Couette flow, (c) Poiseuille flow.

For j = x, we have
d,P — ﬁaﬁvx — ayvxayﬁ — ay'ygayvzvx — 'ygayvxayvz — 'ygvxaﬁvi =0 (5.7)
If we assume the transport coefficients to be constants, we have

o,P =0, (5-8)
0P — ﬁai?}x — Wgayvxayvi - 'YBUxa;v?c =0. (5'9)

From the first equation one can see that the pressure depends only on x. The
second equation can be separated into terms that depend only on x and only on y.
This can be true only if both sides are constant. Thus, d,P = constant, the pressure
is a linear function of the coordinate x along the direction of flow. We can write
the pressure gradient as —|AP|/L, where L is the length of the channel and |AP|
is the magnitude of the pressure difference between the ends of the channel. The
pressure is then

P(X) = —Tx, (5.10)
and equation (5.9) becomes
G— ﬁ&ﬁvx — fygayvxayvi — 'ygvxaivi =0, (5.11)

where G = 9d,P. We see that there are only two transport coefficients in play here -
77, what in the non-relativistic case would correspond to the shear viscosity, and 7s.
From now on we will suppress the subscript x on the velocity and simply write
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v. We can write the equation in a dimensionless form, by selecting the following
scales

y=Wyj, dy=—0dj and v=70f7, (5.12)

w
where W is the width of the channel, and vr is some reference (Fermi) velocity.
This gives us

3
UF

3
OF L Up o
G — 200 — Taqy 990 00" — Y35 0950° = 0 (5-13)

w2Y

Now, dividing this equation by 7vr/ W2, we find

2 2
GW _ VS_UF 7 (5/)2 B ’78_7)1? 5(52)// -0

— (5.14)
oF U n >

where the primes denote derivatives with respect to 7. We can define dimension-
less quantities
-~ GW? v2
G=——, and RE%_F, (5.15)
NoF Ul
with R is the dimensionless ratio of g and 7. The dimensionless equation of
motion for the Poiseuille flow is

G —4R3(7)? — 2R7*9" — 3" =0, (5.16)
and the boundary conditions
5(0) =0, (1) = 0. (5.17)

We find analytical solutions using Wolfram Mathematica’s DSolve function,

1 62
2 +2iv/3)R + (=1 +i/3)8%/3
5y(j) — 2 H2V3) L ((mmf ) (5.19)
2 —2iv/3)R+ (=1 —iv/3)6%/3
03(7) = (2-2v5) 4;(21/3 V) (5.20)

6 = R* [60 +4RUP +3G(-1+9)] 7+ \/R3 [8 + R (60 +4RUP +3G(-1+7))

Interestingly we find three solutions. We can look at how the real and imaginary
parts of these solutions behave when we vary the numerical values of the ratio R.
The resulting plots are given in Figure 5.2. Note that 7; () is a purely real solution
for R > 0, while the other two solutions are complex conjugates of one another.
We can also solve the equation numerically, e.g. using Wolfram Mathematica’s ND-
Solve function. The numerical solution corresponds to the purely real analytical
solution 93, eq. (5.18) if R > 0, as seen from Figure 5.3. Increasing R seems to
flatten and decrease the velocity profile, so we might think of it (and by extension,
78) as a some kind of second viscosity.
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Figure 5.2: Real (a) and imaginary (b) part of the velocity profile solutions of the Couette
flow with pressure gradient, for various values of R. 77 is given by lines colored
in shades of red, 9; in green-yellow, and @3 in blue. In all cases we’ve fixed
0=2and G = —10.

1 — G=-001
— G=-01

&=-10
G=-100
G=-1000
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Figure 5.3: Couette flow with pressure gradient, comparison of ¢; with the numerical so-
lution, for various values of R > 0. The analytical and numerical solutions are
in agreement for a wide range of values of R and G. In all cases we've fixed
U = 2. In (a) we fixed G = —10, while in (b) we fixed R = 1.

5.3.1 Flow characterization

To get a better understanding how these solutions arise, let us rewrite the equation
of motion in the following way

G —4R5(7')? — 2R7*9" — 3" =0
= (7(14+2R#*)) -G =0.

(5.21)
(5.22)

This can be integrated once with respect to jj. We arrive at a first order ODE,

(1+2R7)7 = G+ A, (5.23)
where A is an integration constant. We can further integrate the left-hand side of
the equation with respect to v and the right hand with respect to 7, and find

2 G
5+7Rz73:5g2+Ay~+B.

3 (5-24)
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A necessary (but not sufficient) condition for (7 = 0) = 0 is B = 0. Imposing the
other boundary condition ¢(1) = U gives us
- - G
A= (1 + §RU2> ) (5.25)

Thus the solutions are the roots of the following cubic polynomial

5+§R53— [(2;(32—1)+H<1+§RCIZ>]?=0- (5-26)

This cubic has a discriminant

A= %R [—S—R(6H+4RCI3+3G(}7—1))2y"2}. (5.27)

If A > 0 then there are three real roots, if A < 0 there is one real root and two
complex non-real roots. Note that this is a local condition, for each . A > 0 can
only occur for R < 0, then the two regions are delineated by A =0, i.e.

—8—R (61 +4R0P +3G(j— 1)) 5% = 0. (5.28)
From here we can look at several different cases, namely
e General flow, with both U # 0 and G # 0.
e Poiseuille flow, for which U = 0 and G # 0.

* Couette flow, for which I # 0 and G = 0.

We will inspect the special cases in the following subsections.

5.3.2  Planar Poiseuille flow

The dimensionless equation of motion for the Poiseuille flow is
G — 4R3(?')* — 2R#*0" — 0" = 0. (5.29)

with the no-slip boundary conditions

3(0) = 5(1) = 0. (5.30)
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We find again three analytical solutions to this equation using Wolfram Mathemat-
ica’s DSolve function,

_ — 2/3
~2R+ (2GR (~1+§)j + /R (8 + G*R(~1+7)27?))

109

771(]7) = 1/3 (531)
2R (2GR (~1+ )7 + VR (8+G2R(~1+ 727))

gy L 2T IVOIR V) (2R 4 )7+ O 3+ PR o))
02(Y) =

4R (2GR(~1+7)7 + /R® (8 + G2R(~1 + g)ZgZ))l/3

(5:32)
~ _ 2/3

) 2(1+ V3R +i(i + v/3) (26RA(~1+ )7 + /R® (8 + G2R(~1+7)*72) )
73(7) = /3

4R (2GRA(=1+7)7 + /R® (8 + C2R(~1+§)2?) )
(5.33)

Following up on the discussion in the previous section, the discriminant in eq.
(5.27) for the Poiseuille case becomes

R ~ _
Apoiseuille = _§ (8 + 9G2Ry2(1 - y)Z) . (534)
Since Apgiseuille > 0 can only occur for R < 0, the two regions are delineated by

Apoiseuille = 0 i
8 +9G?R7* (1~ §)* = 0. (5.35)

The smallest |R| for which this can happen in § € [0,1] is given by RG? = —128/9.
In particular, if RG*> < —128/9 then there is no solution which is real for all
7 € [0,1], and satisfies (0) = 0. This can be seen in Figure 5.4. We can look
at how the real and imaginary parts of the solutions behave when we vary the
numerical values of the ratio R. The resulting plots are given in Figure 5.5. To sum
up, when R > 0, 71(i7) is a purely real solution, while the other two solutions
are complex and we don’t consider them to be physical. On the other hand, for
—19@ < RG? < 0, 7, is purely real, and satisfies the boundary conditions. The
other two solutions are also real for those values of RG?, but they do not satisfy
the boundary conditions, and we thus consider them unphysical.

We can also solve the equation of motion numerically. The numerical solution
corresponds to the purely real analytical solution 71, eq. (5.31) if R > 0, and to 0
for —% < RG? < 0, as seen from Figure 5.6. In the same dimensionless variables,
the non-relativistic, Galilean-invariant solution is given by

yy—1). (5.36)

Unsurprisingly, for very small values of R, 71 and the Galilean-invariant velocity
are in great agreement (see Figure 5.6). Both velocity profiles are parabolic, the
difference is that as we increase R, the new velocity profile decreases and becomes
flattened compared to the non-relativistic one.
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Figure 5.4: Real and imaginary parts of the velocity profiles 3; (a), ¥ (b), and 33 (c). Real
parts are given by full lines, imaginary by dashed ones. We can see that if
RG? < —128/9 there is no solution which is real and satisfies the no-slip
boundary conditions.

1.0} 10}
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. os| =R=01 _ = R=0.1
s s
= = R=1 = 0 = R=1
e _ £ _
& =R=10 £ = R=10
0.0
R=100 s} 1 = R=100
R = 1000 R = 1000
o8l 10} 1
00 02 0.4 06 08 70 00 02 04 06 08 T0
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Figure 5.5: Real (a) and imaginary (b) part of the velocity profile solutions of the Poiseuille
flow, for various values of R. 7y is given by lines colored in shades of red, 7 in
green-yellow, and 73 in blue. In all cases we’ve fixed G = —10.
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Figure 5.6: Poiseuille flow comparison of #; with the numerical solution (blue dashed
lines) and the Galilean-invariant solution (green dotted lines), for various val-
ues of R > 0, and 0, for RG < —128/9. The analytical and numerical solutions
are in agreement for a wide range of values of R and G. In (a) and (c) we fixed
G = —1, while in (b) we fixed R =1, and in (d) R = —1.

5.3.3 3D Poiseuille flow in a pipe

We can repeat the analysis that we’ve done for the 2D case, in 3D for a Poiseuille
flow in a pipe. Working in cylindrical coordinates, the problem is axisymmetric,
with the pipe stretching along the z-direction. As a result, the velocity of the flow
is

v = (0,0,0,(r)). (5-37)

The equation of motion becomes

/ 20,0
Gy (%40t~ 2mon(et)? = v (225 4 2002 + 200 ) =0, (539

with the boundary condition
v:(r=a) =0, (5.39)

where a is the radius of the pipe, and ticks denote derivatives with respect to r.
Similarly in dimensionless variables,

F=-, 0f=ad, and v, = UFD,, (5.40)

r
a
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the equation of motion and the boundary condition become

~_~//_ﬁ;_2R (=l \2 =~ (=) ==\
G-t ————0 [27(3)* + 0. (0, +70))| =0, (5.41)
0.(F=1) =0 (5.42)
We find three solutions, much like in the previous case
) 21/3 51/3
0z1 = _51/3 + 7. 21/3 R/ (543)
21/3 .4 (1 + l\/§) R +22/3 (_1 + l\/§) 52/3
’0212 = 8R (51/3 4 (5'44)
2174 (1-iV3) R+223 (~1-i/3) 823
U3 = SRo1/3 , (5-45)
§=3G(P-1)R*+ \/R3 (32 +9G2 (72 —1)° R). (5.46)

In Figure 5.7, we can see the plots of these solutions for different values of R > 0,
as well as a full 3D surface plot of the velocity profile in Figure 5.8

2 10
= R=0.01 5F ] = R=001
— 1 = R=01 — = R=01
3 >
N = R=1 T o0 =R=1
& =nR=10 £ = R=10
0 R =100 -sf 1 R =100
R = 1000 R = 1000
-1 -10} ]
-0 05 0.0 05 T0 10 05 0.0 05 T0
' 4
() (b)

Figure 5.7: Real (a) and imaginary (b) part of the velocity profile solutions of the 3D
Poiseuille flow, for various values of R. 7, is given by lines colored in shades
of red, 7, in green-yellow, and 7, 3 in blue. In all cases we fixed G = —10.

Figure 5.8: 3D plot of 3y , for R = 10 and G = —10.
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5.3.4 Planar Couette flow

Similar to the planar Poiseuille flow, we consider a steady flow between two long,
parallel plates, width W apart. The difference with respect to the Poiseuille flow
is that now only one of the plates is at rest, while the other has velocity U in the
direction along the channel. Moreover, we set the pressure gradient d,P = d,P = 0.
Expressed in dimensionless units, the equation of motion becomes

4R3(7')? + 2R7*0" + 3" =0, (5.47)
with the boundary conditions
5(0)=0, and (1) =U. (5-48)

Again, we find 3 analytical solutions,

L 1 61/3

U1 (y) = 71/351/3 + 22/3R (549)
n1/3 1/3

. -3 i(14++/3)0

o =2(=2)23R 4+ 21/3(—1 —i+/3)6%/3

03(7) = (=2) AR5 /(3 ) (5.51)

5 = R (34 2R(P)  + \/R3 24RE(B+2RE1 ] (552
The discriminant of the cubic (5.27) in this case becomes
4 ~ ~OND
AcCouette = gR [_2 - Ru2(3 + 2Ru2)2y2] (553)

Much like in the Poiseuille case, Acouette > 0 only for R < 0. Moreover, instead of
RG?, the controlling parameter now is RU2. The two regions are delineated by the
equation

—2— RU%(3 4 2RU*)%*7* = 0. (5.54)

In order to have three real solutions in i € [0,1], we must have —2 < RU? < 0.
None of these solutions, except for 73 when RU? = —1/2, satisfies the boundary
conditions, as can be seen from Figure 5.9. Interestingly, if we take the limit RU —
—oo, we recover another real solution, 7, that satisfies the boundary conditions
(see Figure 5.9 (b)). Again, when R > 0 we have one solution 7 is real, and the
other two are complex conjugates. The numerical solution is in agreement with the
purely real analytical solution @; for R > 0. The results are given in Figure 5.10
and Figure 5.11. The Galilean-invariant, non-relativistic solution is given by

96(9) = 9- (5.55)
Unlike the Poiseuille flow, the velocity profile one finds in standard non-relativistic
hydrodynamics can be vastly different from the one we find. A comparison is
given in Figure 5.11. They seem to agree quite well for very small values of R,
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but as we increase R the new velocity profile seems to increase relative to the
non-relativistic one.
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Figure 5.9: Real and imaginary parts of the velocity profiles 7; (a), 72 (b), and @3 (c) of the
planar Couette flow. Real parts are given by full lines, imaginary by dashed
ones. We can see that if —2 < RU? < 0 there are three real solutions, however
none of them satisfy the boundary conditions, except for &3 at RU? = —1/2.
Note that for RU — —oo we find a purely real solution that satisfies the bound-
ary conditions (see (b)).

= R=001 sb = R=001
_ =R=01 _ = R=041
s S
= = R=1 S of=—— = R=1
2 — S — —
o R=10 = R=10
0.0 R =100 _sf ] R =100
R = 1000 R = 1000
-10} 4
-0.5¢
00 02 0.4 0.6 0.8 7.0 0.0 0.2 0.4 0.6 038 T0
y y
() (b)

Figure 5.10: Real (a) and imaginary (b) part of the velocity profile solutions of the Couette
flow, for various values of R. 7; is given by lines colored in shades of red, 3,
in green-yellow, and @3 in blue. In all cases we've fixed U = 1.
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y

Figure 5.11: Couette flow comparison of 9; with the numerical solution (blue dashed line)
and the Galilean-invariant case (green dotted line), for various values of R > 0.
The analytical and numerical solutions are in agreement for a wide range of
values of R. The Galilean-invariant solution is in great agreement for very
small values of R. In all cases we've fixed U = 1.

5.4 TAYLOR-COUETTE FLOW

One can also consider the motion of a fluid trapped between two infinite rotating
coaxial cylinders. The cylinders have radii R;, R, (where R, > R;) and rotate about
their axis with angular velocities wj, w, respectively. A sketch of the geometry of
the problem is given in Figure 5.12. This problem can be solved in cylindrical polar
coordinates, with the z-axis along the axis of the cylinders. From the symmetry of
the problem one can look for a solution with

v = (0,04(r),0). (5.56)

At the surface of the cylinders, the fluid the velocity needs to be equal to the
velocity of the corresponding cylinder. This defines our boundary conditions

v5(R1) = Riwy, and v4(R2) = Ryws. (5.57)

We take the same assumptions as before (i.e. incompressible flow, etc.) and from
(5.3) find the following equations

2’)/8045

_ 2

] Y137y

3 [v(p — r(vfp + rvg)] + — <v¢ + 377);,) — [rv;, + 04)(202,, + rvg)] =0,
(5.59)

where ticks now indicate a derivative with respect to r. Note that we can derive
the Navier-Stokes equations for the Galilean-invariant case by simply setting s
and 713 to zero in the equations above. First we solve the second equation (5.59) in
order to find the velocity profile. Thus far, we’ve been unable to solve this equation
analytically. We can solve it numerically, using Mathematica’s NDSolve. The veloc-
ity profile in the Galilean-invariant case is independent of transport coefficients. In
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our non-boost invariant model on the other hand, there seems to be a dependence
of the velocity profile on 77 (see Figure 5.13), as well as on g and 3.

Q,

Figure 5.12: A sketch of the Taylor-Couette flow.

20

— =001
n=1
~— n=100
1 — n=1000
— p=10°

vo(r)

Galilean-invariant solution

Figure 5.13: Comparison of the velocity profiles in our case vs. standard Galilean hydro-
dynamics. We can see that, unlike conventional hydrodynamics, the velocity
profile depends on the value of # in our case. Here we used vy = 713 = 1,
and for the boundary conditions vy(R; = 1) = 15, and vy(R, = 5) = 20.
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Although unable to find the full analytical solution, we can find perturbative
corrections in a double expansion for small g and 713. At first order, we find

vp(r) = 03 (r) + 150, (r) + 713057 (r) + O(73, 7hs) (5.60)
RZRZ(Op— )1  OHR3 — O4R?
Ug(}’) = IZQZ — R2 ; R% — R2 : (561)
2 1 2 1
1
Lys (. 8 4 3 300.)2
’)’gv(p (7’) = 21’3(R1 n R2)45}L{ 77{47’ 5R25Q (Rleﬂl — RlRZQZ) IOgT’
—4r? R R} (r* — R3) 6% 00 log Ry —4r* RIR3 (r* — R3) 6% 60 log Ry
— (P = R}) (© ~ R3) e ((RaRo)*%, — 21763 ) } (5.62)
Y1305 3 (r) = — 1 m{12r45R250 (R3RO — Rlenz)2 log
¢ 413(Ry + Ry)40% 177

+12r R1 R} (r* — R3) 0% 00 log Ry — 121> RER; (r* — R}) 0%, 0 log R,
+ (7 = R) (P — R3) dre ((R1R2)*6%, — 263, } (5:63)
with the following shorthands
50 = Qz — Ql, 5R = R2 — Rl, 5R2 = R% — R%, 5RQ = R%Qz — R%Q1 (564)

We can transform the equations of motion into dimensionless form, by introducing
dimensionless variables

r=(fr+Ry), o= ga% Uy = UFD, (5.65)

where g = Ry — R is the difference between the outer and inner radii. With this
choice of variables, the dimensionless radial variable 7 runs from o (inner cylinder)
to 1 (outer cylinder). Equation (5.59) then becomes

5—(F+e) (0 + F+e)d") —2R(F+e€)d [2(F+€)(8) +v (28 + (F+€)7")]
+ T5? [U + (77 + 6)5/] =0, (5.66)

where we have two dimensionless quantities acting as transport coefficients

-~

2
R= 78170, and T = 71;’]%, (5.67)

and € = Ry /JR. Results for various values of R and T are given in Figure 5.14. We
can see that R and T seem to have inverse effects. For low values of R the velocity
profile is concave, for higher values it is convex, whereas for T it is vice versa.
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— R=001 — T=001
R=0.1 6 1 T=01

T=1

— R=10 / —T=10

/ 1 —T=100

— R=1000 — T=1000

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8

(@) (b)

Figure 5.14: Velocity profile of the Taylor-Couette flow for various values of the ratio R and
T. In all cases we used € = 1, and for the boundary conditions (R =0) =1,
and (R, = 1) = 10. In (a) we fixed T =1, and in (b) R = 1.

5.5 (IN)STABILITY OF THE POISEUILLE FLOW

Let us consider a small perturbation to the equations of motion (5.1) around the
real solution of the 2D Poiseuille flow

v(ix,y,t) =V4eu= (V(y) +eux(x,y,t),euy(x,y,t)), (5.68)
Ptot(x/y/t) = P(x) + sp(x,y, t)/ (5-69)

where V(y) and P(x) are the solutions of the background 2D Poiseuille flow. To
first order in the perturbations (i.e. first order in ¢), we find

v=1x: 0yp— (T +271V?)0Fuy + p(uy V' + Oty + Voyuy) — V' (2(72 + 75)0euy + 3v13V0x1y)
+ s [—4u (V2 + V V") = V' (31, + 8Vyuy — 2Vyuty) — V (92 1y + 2V Vuuy) ]
— 113V (9% ty + 031ux) — TV 1y — 299V (V'04u, + VOuy)
-2V (')’10 — Y16+ Y2+ Y6 — %) 0%y =0 (5.70)
v=y: yp+p Oy + Vouy) — 7V, — 7o7u, + 275 (V’atux + Vaitux> + Y6 V02 uy
— 713vza§uy + 2716 (V’E)tux + Vaitux) =0. (5.71)

Here, primes denote a derivative with respect to y. Note that this problem is now
time-dependent, thus we must account for terms in the constitutive relations that
we eliminated before by stating that the flow was steady. In other words, we must
bring back time derivative of the velocity terms. We will eliminate u, and p, by
first using the incompressibility of the flow

V-u=0, (5.72)

to replace all derivatives of u, in favor of u,. Then we differentiate the x-equation
(5.70) with respect to x and y, and we differentiate the y-equation (5.71) twice
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with respect to x. Finally, we subtract one from the other. We then assume the
perturbations are of the form

wy(x,y, 1) = A(y)e! =), (5.73)

where A(y) is a complex function. Inserting this ansatz into the resulting equation,
gives us our version of the Orr-Sommerfeld equation
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i+ 278V2A(4) N 1294V V’A(3) N {iwk [—iV n (2710 + 272 + 295 + 276 — v7 + y8) WV
0

LG -2nV) 2R+ (ns+19)VP) L 127 (V2 VV) |

p p p
n [k(z’ho + 296 — v7)wV’ L K (37113 — 2(715 + 378+ 79)) V' V
% %
+471w2v’ V. 4yg(BV' V" +V V) A
%

N {ks [iV L (e - ’YS)WV] 4 k(77 +713V?) Lk [iv// 272+ 295+ vs)wV”}

Iy
7w? (3 2(715 — 3 V24 vy
K2 | —iw + ”;‘] L B+ 2(ms 78:79)) (V2+VV7) }A = 0. (5.74)

If we were to take a limit where all the new transport coefficients go to zero
(7i, T — 0), we would get the well-known original Orr-Sommerfeld equation

— 2_ 4_
ZA(4) - (/\ + szpn + isz) A+ (azA + "‘p’? +ia (a2V + V”)) A=0, (5.75)

where we have used « = k and A = —iw, which is common in the literature.
Furthermore, this equation is subject to boundary conditions

A(=h)
A'(=h)

A(h) =0, (5.76)
A'(h) =0, (5.77)

where h is the half-width of the channel. This is an eigenvalue problem for A. If
the real part of A is positive, the perturbation will grow with time. In the usual
Orr-Sommerfeld problem, we can test for instability by looking for values of 77/p,
or more commonly, the Reynolds number Re and wave number &, which give
eigenvalues A with positive real part. This problem was solved in the 1970s by
Orszag [139], determining that the critical Reynolds number and the critical wave
number, at which turbulence sets in, are

Re® ~ 577222 &9 ~ 1.02056. (5.78)

For a planar Poiseuille flow there is a critical set («0, Re?), and for all values less
than these the flow is stable to all two dimensional disturbances that satisfy eq.
(5.75)-
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This problem can be solved using spectral methods. We will try to solve an
analogous problem for our case, using a modified code of [140] that implements a
spectral collocation method described by [141]. We would like to find corrections
to the usual, Galilean case, and see whether turning on new transport coefficient
changes the stability picture of the Poiseuille flow. To make matters simpler, we
will only account for 77 and <g, and set all the other, new transport coefficients to
zero in (5.74). We can rewrite the resulting equation in dimensionless variables

~ 1 u -
y="hy, V=UmxV, a= Eﬁc, A= I;;ax)x, (5.79)
where Upax = —%;2 is the maximum velocity of the non-relativistic Poiseuille

flow. It corresponds to the velocity at the mid-center of the channel in the Galilean-
invariant flow

2
VGal.(y) = Umax |:1 - (%) :| . (5.80)
We can use the same quantity to define the Reynolds number and R as
2
Re = Phb};m“, R= VSimaX. (5.81)

Furthermore, we linearize the equation in R, up to first order

A — Ag+ RAy,
A — Ag+ RA;,
o — ng + Raq,
L i 2
V= Vo+RV=(1-y%)— SR - ¥?)3, (5.82)
and find
AW 202 o '
RO : Rie - <R€O + 10(0V0) Ag + <R(; + ZIXSV() + ZDCOV(;/) A=A (Ag — DC%A()) p
2VZ @ 12WV) 3 , —dagar +12 (V)2 + Vo V)
R': oA+ = 04 4 | —i(aoVy + a1 Vo) + s Al
1 (3)
+ [4 (3ng5’ + ViV ) - 604%V0V(§} Al
1
+ [iDCSV1 + Biagad Vo + iagVy' + e (daq0 — 6 ((V5)* + V0V6’))] Ao

A(4) 20(2 ) . 0C4
AT (2 o) a7+ (1o i)+ 58) 4

Re
ilXo(Vél + DC%VO) Ao ig Vo
Re 0 Re

— [Aﬁ’ —a3A; + (—2041040 + Ag} Ao+ (Af — a3 Ao) Av.

(5-83)

The zeroth-order equation reproduces the standard Orr-Sommerfeld equation for
this flow. Now we can solve the problem perturbatively and using the spectral
collocation method to find corrections A; to the zeroth-order eigenvalues Ag. The
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input parameters of our program are the Reynolds number Re, the zeroth-order
wave number &g, and the first-order correction to it a1, and the number of colloca-
tion points N. We find corrections to the "critical" eigenvalue, for which Re(A)=o,
at N = 60 collocation points:

(g, Re?)

(oc? +Raq, Re?)

— A9~ (=3-10"7 —i0.269205) (5.84)
— AP+ RA~ A+ R(2-10710 +13188.262), (5.85)

and a1, = —8321.9. For an illustrative example, let’s look at an unstable mode
given by Re = 5780, and &g = a? = 1.02056. Solving the standard Orr-Sommerfeld
equation, we find that it’s eigenvalue is Ap = (0.0000130641 — i0.269367). The
real part is positive, so it is indeed unstable. Now, taking the same parameters
in our case and taking ay = 0, it would seem that the effect of increasing R is
that it pushes the critical mode back into "stable territory", as can be seen from
Figure 5.15.

0.000

-0.001 °

Re(A)

-0.002} ° R T « 2+R A

-0.003 - °

-0.004 L+ L L " L
0.00 0.02 0.04 0.06 0.08

Figure 5.15: A comparison of the zeroth-order result (red line), corresponding to the
eigenvalue of a mode that is unstable at zeroth-order Ay = (0.0000130641 —
10.269367), and the first-order result obtained by increasing R and setting
] = 0.

5.6 DISCUSSION

We have analyzed several flow configurations for a non-boost invariant fluid flow.
We looked at a 2D flow through a channel (Poiseuille and Couette flow), a flow
through a 3D pipe (Poiseuille flow) and a flow between two concentric, rotating
cylinders (Taylor-Couette flow). We found that the flow is characterized by R, the
ratio of g and 77. Unlike ordinary Galilean fluids, the velocity profile of non-boost
invariant fluids, in this configuration, is not just controlled by the shear viscosity,
but also by another transport coefficient that seems to act like a "second" viscos-
ity. Interestingly, solving the equation of motion we find three solutions, which
depending on the values of R, the pressure gradient and the boundary conditions,
can consist of one real and two complex solutions, or three real solutions. How-
ever, in all cases there is only one physical solution - one of the three will satisfy
the boundary conditions and be purely real. In the case of Taylor-Couette flow,
we were unable to find analytic solutions, but were able to find numerical ones.
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Unlike Galilean fluids, the velocity profile here depends on what would in the
Galilean case be the shear viscosity, as well as new transport coefficients yg and
713. In dimensionless variables we define two ratios R (ratio of g and 77), and T
(the ratio of 713 and 77), which parametrize the velocity profile, and seem to have
inverse effects of one another. Finally, we have derived the analogue of the Orr-
Sommerfeld equation, and explored the instability of the 2D Poiseuille flow. As a
matter of further investigation, it might be interesting to look at other flow config-
urations from which we might clearly identify the effects of other, new transport
coefficients. It might be of interest to test the instability of the Taylor-Couette flow,
and see what are the effects of yg and 713 there.
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EQUATIONS OF STATE

A.1 CONFORMAL EQUATION OF STATE

For a conformal system at temperature T and chemical potential y in d-dimensions
we have the following general expression for the equation of state,

p(T,1) = T'o (£) (A1)

From which follows charge, entropy and energy densities using standard thermo-
dynamic relations,

n(T,u) = <SZ>T = T 1g/ (%) (A.2)
s(T,u) = <§§>y = -2 (chp (%) — e’ (%)) , (A3)
e(T,u) = —p+Ts+un=(d-1T® (%) (A.g)

After some manipulations, we may obtain the quantities defined in the hydrody-
namic analysis in section 3.2.3,

p1 = ﬁ, (A.5)

,32 = 0/ (A6)
Tlqu)/

o (d—1) (P)? — dDP" (A7)
_ —d

Ky = dTZ ® (A8)

5 .
(d—1) () — ddD"
A.2 REISSNER-NORDSTROM ADSj,1 EQUATION OF STATE

For a strongly coupled fluid holographically dual to a Reissner-Nordstréom AdS;4
black brane, as a solution to the equations of motion of (3.72) with 2x? = §> = L =
1, has the following conformal equation of state,

w2
d(X) = R(X)d (1 + 2<L§d_1>21)5(<X>2> (A.9)

where R is the positive solution of

Cdme  (d-2PX2

2
R 7 m =0. (A.10)
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Using the above definitions this leads to the expressions,

d—2 u?
2(d—1) 73
where rg = TR (%) gives the coordinate position of the event horizon in a Schwarzschild
coordinate system. For completeness we finish this section by providing the asso-
ciated first order hydrodynamic transport coefficients for this state,

S sT \?
== ¢=0, U:<€+P> . (A.12)

n=(d-— Z)yrg_Z, s =4mrd1, e=(d—1)rd (1 + ) , (A.11)

where ¢ was computed in [142].



EXTRACTING THE HOLOGRAPHIC
STRESS TENSOR

Once we have numerically constructed the NESS, as described in section 3.4.1, we
wish to extract the one-point function of the CFT stress tensor. Holographic renor-
malisation is readily performed in Fefferman-Graham (FG) coordinates, where the
one-point function is given by a term in the near-boundary expansion there. How-
ever our numerical solutions are not obtained in FG coordinates, rather, they are
obtained in coordinates defined by ¢ = 0. To compute the stress tensor using ex-
isting holographic renormalisation results [87] we must find the coordinate map
which relates the two.

B.1 NEAR-BOUNDARY SOLUTION IN FG COORDINATES

We seek the near-boundary solution in Fefferman-Graham form so that we may
use existing results for holographic renormalisation. Taking z, x* to be such coor-
dinates, then by definition h,, = 0 and h,, = 1. Additionally, we compute the
following near-boundary expansion of the solutions to (3.129) at ¢ = 0 as

Ty (2,X) = + 500 (%) + 15 ()22 + B3 (2)2% + O(2)* (B.1)

where the h;(ﬁ,) are given by

2 91 " ()2
GO 52
h(()zZ')(x) =0 (B.3)
2 " (o2
hl(J'Z) (%) By 2L+ _(5) (1ij + sij(x)) (B.4)

Bi+py  8(1+s)

Aside from constraints imposed by the conformal and diffeomorphism Ward iden-

tities, the hﬁ) (x) are unconstrained, and in holographic renormalisation yield the
one-point function of the stress tensor, [87],

(Tyw) = 3hiy). (B.5)
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B.2 CONVERTING FROM FG TO C = 0 COORDINATE SYSTEM

From the above analysis we have an expression for the CFT stress tensor in terms
of data in a FG near-boundary expansion. Let us map from FG to a new set of
coordinates near the boundary

t = t4+ ) Tu(x)z" (B.6)
x - x+n_21 Xy (x)z" (B.7)
y — y+n§Yn(x)Z” (B.8)
z — z—l—gzn(x)z”” (B.9)

We take the line element in near-boundary FG expansion and apply these coordi-
nate transformations. The resulting near-boundary metric is then used to compute
the vector . For the first few couple of orders we find the following choices render

¢=0,

=2 Xi=%Bx, Y1=7By, Z1= B (B.10)
’ ’ v 16(1 +s)
B 12 B2(64(1 +s)s" — 57(s")?

TI,=0 Xo=0, Y2=0 2

1024(1 +5)2 (B.11)
We continue in this way to reach the order at which the stress tensor enters, with
expressions that are too cumbersome to present here. The resulting metricin ¢ = 0
coordinates contains the sought after data defined through the FG expansion, i.e.
(Tuw), and so by identifying where these terms appear allows us to extract the
stress tensor from a bulk solution in ¢ = 0 coordinates. We find,

1., Yuv
<T}l1/> == Eazh;wt:o + g + V;u/ (B.IZ)
where V},, vanishes when s = s” = s = 0. Note that this expression depends

explicitly on the quantities zj, B; which are introduced by the gauge ¢ = 0 through
the reference metric.
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