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ABSTRACT: We study the semi-classical thermodynamics of two-dimensional de Sitter space
(dS2) in Jackiw-Teitelboim (JT) gravity coupled to conformal matter. We extend the
quasi-local formalism of Brown and York to dSs, where a timelike boundary is introduced
in the static patch to uniquely define conserved charges, including quasi-local energy. The
boundary divides the static patch into two systems, a cosmological system and a black hole
system, the former being unstable under thermal fluctuations while the latter is stable.
A semi-classical quasi-local first law is derived, where the Gibbons—Hawking entropy is
replaced by the generalized entropy. In the microcanonical ensemble the generalized entropy
is stationary. Further, we show the on-shell Euclidean microcanonical action of a causal
diamond in semi-classical JT gravity equals minus the generalized entropy of the diamond,
hence extremization of the entropy follows from minimizing the action. Thus, we provide a
first principles derivation of the island rule for U(1) symmetric dSy backgrounds, without
invoking the replica trick. We discuss the implications of our findings for static patch de
Sitter holography.
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1 Introduction

Observation suggests our universe is currently in a phase of accelerated expansion. If this
growth continues, the measurable universe will asymptotically approach de Sitter (dS)
spacetime, a maximally symmetric space with positive cosmological constant describing
an exponentially expanding spacetime. A striking feature of dS space is that, due to the
exponential inflation to the future, a static observer only sees a portion of the full spacetime;
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Figure 1. Penrose diagram of de Sitter space. The left and right (green) regions describe the static
patch of de Sitter space. The dotted curves (red) represent anchor curves which we use to define
quasi-local thermodynamics. The boundaries of the (blue) bulk spatial surface anchored between
the two (stretched) cosmological horizons are extremal surfaces whose area is proposed to compute
the entanglement entropy.

confined to the static patch, they encounter a cosmological horizon. The dS cosmological
horizon and event horizons surrounding black holes share similar features. Chiefly, both
have a temperature and an associated entropy proportional to the area of the horizon due to
thermal radiation emitted from their respective horizons [1]. However, the thermodynamics
of the dS horizon, and the subsequent microscopic interpretation, is more mysterious than
their black hole counterparts due to the observer-dependent nature of the cosmological
horizon and lack of unbroken supersymmetry in pure dS (see, e.g., [2-6]).

A promising explanation for the microscopics of dS thermodynamics relies on holography.
In particular, gravitational entropy in dS may correspond to a fine grained entropy of a
dual quantum mechanical theory. However, it is still debated on which boundary the dual
microscopic theory should be placed and where the extremal surface X whose area gives
the fine grained entropy is located. In the dS/CFT correspondence the dual theory lives on
the future conformal boundary Z* [7-10], whereas in static patch holography it lives on a
timelike surface inside the dS static patch [11-16]. In this paper we are interested in the
static patch and its holographic description, for which there are different proposals in the
literature. For example, according to the worldline holography by [13, 14] the dual quantum
theory lives on a screen near the north and south poles in the static patch. Alternatively,
it has recently been suggested to place the dual microscopic theory on the (stretched)
cosmological horizon, with a bulk surface ¥ anchored between the two stretched horizons
whose boundaries 9% are the extremal surfaces [17-20]; see figure 1 for a comparison. As
the red timelike curve hugs the south and north poles, one has the worldline holography
described in [13, 14], while as the curve approaches the horizon one has the holographic



description given by [17-20]. The two proposals for dS static patch holography can be
made consistent with each other if the stretched horizon describes the IR of the underlying
microscopic theory, while the worldline at the poles corresponds to the UV of the theory.
This would imply there exists a family of timelike surfaces in between the poles and the
stretched horizons which interpolate between the UV and IR of the dual quantum theory.
Moreover, note that in this unifying picture large distances (IR) in the bulk correspond to
low energies (IR) in the boundary theory, inverting the standard UV /IR correspondence
in AdS/CFT [15].

In this article, we address the aforementioned puzzles regarding both the thermodynamic
and microscopic aspects of de Sitter space. To do so, we consider Jackiw-Teitelboim (JT)
gravity [21, 22] with a positive cosmological constant. There are in fact two distinct versions
of this type of JT gravity depending on the higher-dimensional geometry one spherically
reduces: the half reduction of pure three-dimensional dS or the full reduction of the four-
dimensional Schwarschild-de Sitter black hole in the near-Nariai limit [23, 24]. Both versions
of JT gravity admit two-dimensional de Sitter space as the background, though the global
dSy geometry is different in each version. Specifically, dSs in the full reduction inherits a
black hole horizon, while the half reduction is more reminiscent of higher-dimensional pure
de Sitter space (see figures 2 and 3 below).

In either model, following [25-28], we enclose the horizons in a box by introducing
finite timelike anchor curves between the poles and cosmological horizons (figure 1). Doing
so allows us to study the thermodynamics of de Sitter space more carefully in the canonical
ensemble, where the dilaton and the local (Tolman) temperature are fixed on this timelike
boundary B. Using both covariant phase space techniques and a Euclidean path integral
we derive a quasi-local first law, cf. eq. (3.38),

dE = TdSy — odop, (1.1)

where E is the quasi-local energy, T' the Tolman temperature, Sg = A%{Q the entropy of the

bifurcate horizon H, o is a “surface pressure”, and ¢p is the value of the dilaton evaluated
at B. In the limit the timelike boundary is placed such that the thermodynamic system fills
the full static patch, we recover the 2D analog of the global first law of a Schwarzschild-de
Sitter black hole [1]. An appealing feature of the quasi-local approach is that the timelike
anchor curves we introduce interpolate between the boundaries where presumably a dual
microscopic theory lives, namely, the stretched horizons and the poles. Further, the anchor
curve naturally divides the spacetime into two systems: a “black hole system" between the
black hole horizon and the anchor curve, and a “cosmological system" between the boundary
B and the cosmological horizon. We find that the black hole system in the full reduction
model has positive heat capacity, while the cosmological system has negative heat capacity
(see figure 5).

An advantage of working with JT gravity is that we have full analytic control of
quantum backreaction. This is because in two dimensions semi-classical effects are fully
captured by the 1-loop Polyakov action [29]. In such toy models many conceptual issues of
horizon thermodynamics can be resolved. Recently, for example, the authors in [30] showed
that for conformal matter in an eternal AdSs black hole, the Wald entropy is equal to the



generalized entropy Sgen [31], the sum of the classical gravitational entropy Spn and von
Neumann entropy Syn of quantum matter,

Sgen = SpH + SuN - (1.2)

When semi-classical effects are included, the classical Bekenstein—-Hawking entropy appearing
in the first law is supplanted by Sgen, and where the area of the black hole horizon is replaced
with the area of a quantum extremal surface (QES), a codimension-2 surface extremizing
Sgen, also denoted by X [32]. Likewise, upon including semi-classical effects, we will derive
a semi-classical generalization of the quasi-local first law, where, particularly, the classical
entropy Sg in (1.1) is replaced by the generalized entropy. Further, we find that in the
microcanonical ensemble the generalized entropy obeys the stationarity condition

§Sgen = 0, (1.3)

a central result of this article, cf. eq. (3.99).

Crucially, this observation offers another way to think about how to compute fine
grained entropies in de Sitter space. Indeed, the fact that the entropy is stationary in the
microcanonical ensemble is consistent with the extremization of the generalized entropy
in the QES formula [32, 33]. The QES formula is a generalization of the (classical) Ryu—
Takayanagi formula [34, 35], which says that the von Neumann entropy in quantum gravity
Syn(Xx) of a codimension-1 slice ¥x bounded by a QES X may be computed in the
semi-classical approximation using the following extremization prescription

Area(X)

SiNn(Ex) = min e§t
On the right-hand side S{%; is the von Neumann entropy of quantum fields in the semi-
classical approximation. The term in brackets is thus the generalized entropy Sgen(Xx) (1.2).
The QES formula (1.4) also holds for the von Neumann entropy of Hawking radiation
Sradwhere it is known as the “island formula” [36]. In this case ¥ x may be disconnected,
Yx = Ypaq U I, where X,,q is the region outside of the black hole bounded by a cutoff
surface and a region at infinity containing the radiation, and I is an “island” with X = O1I.
Applying (1.4) to black holes in AdSs reveals a Page curve [37-39], arguably resolving the
black hole information paradox: while the semi-classical fine grained matter entropy may
exceed the coarse grained thermodynamic entropy, thus violating the Bekenstein entropy
bound [40], the total fine grained entropy in quantum gravity does not.

In cosmology one encounters a puzzle similar to the black hole information paradox,
such that fine grained matter entropies violate the Bekenstein entropy bound [41] (see
also [42]). Consequently, the QES and island formulae (1.4) have been employed to analyze
fine grained entropies in de Sitter space in different settings [23, 24, 43-47], e.g., in the
full or half reduction model, and for radiation collected inside the static patch or at future
infinity. Most relevant to our discussion here is the distinction between the full and half
reduction model of de Sitter JT gravity. In particular, in the full reduction model, and for
radiation collected at future infinity, the only non-trivial island is located in the interior



of the black hole near the singularity, and the full quantum gravity fine grained entropy
obeys a Page-like curve. On the other hand, in the half reduction model there are no
non-trivial islands.

Motivated by [48, 49], the island formula has been derived using the “replica trick”
in the context of JT gravity in AdS [50, 51]. The Page curve arises from a competition
between two saddle point geometries dominating the Euclidean gravitational path integral,
where “replica wormholes” dominate over the standard Euclidean black hole solution at
late times. Thus far, however, the replica trick derivation of the island formula has not yet
been accomplished in de Sitter space.

Our equilibrium thermodynamic result (1.3) leads us to provide a first principles
derivation of Sgen and its extremization, as in the QES formula, in de Sitter JT gravity
without invoking the replica trick. We work in the microcanonical ensemble [52, 53], defined
using a Euclidean gravitational dSy path integral, and show the on-shell microcanonical
action of dSs causal diamonds is equal to (minus) the generalized entropy. Minimizing the
action with respect to the background corresponds to extremizing Sge, with respect to the
location of a QES, analogous to the AdSy result in [54]. As an application, we find islands
— only in the full reduction de Sitter JT model — from which we can compute the fine
grained entropy of thermal radiation in dS quantum gravity. Our derivation thus justifies
the use of the island formula in dSs spacetimes.

To summarize, after detailing the differences between the half and full reductions of
de Sitter JT gravity in section 2, we study the quasi-local thermodynamics of dSs found
in both JT models in section 3. We provide a complete analysis of semi-classical de Sitter
JT gravity, where we show the semi-classical Wald entropy is equal to Sgen, and appears
in the semi-classical extension of the quasi-local first law. In section 4, we derive the
microcanonical action of Euclidean causal diamonds in dSy in semi-classical de Sitter JT
gravity, and show that the extremization of generalized entropy as in the QES and island
formulae follows from the minimization of the action.

To keep the article self contained we include a number of appendices. In appendix A we
derive the two versions of de Sitter JT gravity via a spherical reduction of the d-dimensional
Einstein—Hilbert action. We also list some useful coordinate systems of dSs. Appendix B
details the geometry of Schwarzschild-de Sitter black hole in the near-Nariai limit in arbitrary
dimensions. Appendix C summarizes the Noether charge formalism for arbitrary theories
of two-dimensional dilaton gravity, and in appendix D we describe the geometry of causal
diamonds in Lorentzian and Euclidean dSs.

2 Two roads to de Sitter JT gravity

Two-dimensional dilaton gravity is well known to describe the low-energy dynamics of a
wide class of charged, near-extremal black holes and branes in higher dimensions. A popular
such model is classical JT gravity in AdSy [21, 22], following from a spherical reduction of
the Einstein—Hilbert action describing near-extremal black holes with near-horizon geometry
AdSy x X [55-58], where X is the transverse space whose size is controlled by the dilaton.



Solutions to the theory are “nearly” AdSy in that the spacetime is asymptotically AdSs,
and the dilaton encodes deviations from extremality.

Here we review the derivation of de Sitter JT gravity, which is expected to describe the
low-energy physics of near-extremal solutions with a near-horizon geometry of the form
dSs x X. Unlike AdS JT, subtleties arise when performing a spherical reduction of the
higher-dimensional theory. In particular, there are two versions of de Sitter JT gravity:!
one following from the spherical reduction of three-dimensional pure de Sitter space (dSs3),
and another from a spherical reduction of the four-dimensional Schwarzschild-de Sitter
(SdS4) black hole in the near-Nariai limit. Both versions of de Sitter JT have “nearly”
dSs solutions, however, we will see the geometry and the thermodynamics for each will be
different. Our discussion largely follows the spirit of [23, 46, 60-62].

2.1 Half reduction from pure de Sitter

We first review the derivation of the classical de Sitter JT action via a spherical reduction of
pure de Sitter space in three dimensions. Consider the Lorentzian Einstein—Hilbert action
with positive cosmological constant A in d spacetime dimensions,

(d—1)(d—2)

A=
* 212

/dXF[R 2A

I
4= 167er

(2.1)
Here §psn is the d-dimensional metric and Ly is the curvature radius of dSy. We have
included a (d — 1)-dimensional Gibbons-HawkingYork (GHY) boundary term, where hp;y
is the induced metric of the boundary with K being the trace of its extrinsic curvature.
De Sitter space (dSy) is the maximally symmetric spacetime with positive cosmological
constant. In static patch coordinates the de Sitter line element is

7”2

e (2.2)

de? = —f(r)dt* + f1(r)dr? + r2dQG_,,  f(r)=1-
The positive root r. = Lg of f(r) gives the location of the observer-dependent cosmological
horizon. For an inertial observer moving along any timelike geodesic, the cosmological
horizon appears to emit thermal radiation at the Gibbons—Hawking temperature [1]

K
Ton = 7 , (2.3)
T
where k. is the surface gravity of the horizon, defined by £2V,£? = k.£P, and €2 is the time
translation Killing vector. The horizon also has a thermodynamic entropy proportional to

the horizon area A,
Ac
4Gy’

ScH = (2.4)

!There are also two distinct versions of AdS JT gravity, obtained by dimensional reduction of higher-
dimensional extremal black holes, and by dimensional reduction of AdSs. Similar to the half and full
reduction models of de Sitter JT gravity, these two versions of AdS JT gravity differ in that no topological
contribution appears when reducing AdSs (see [55, 59]).



analogous to the Bekenstein—-Hawking area formula for black holes. In the static patch,
moreover, the horizon obeys a first law,

— 0H¢ = TndScu where 0H¢ = / ST, &% uydV (2.5)
b

is the variation of the matter Killing energy on a spatial section X of the static patch with
future-pointing unit normal «®. The minus sign in front indicates an increase in the matter
stress energy inside the static patch leads to a decrease in the cosmological horizon and its
associated entropy.

JT gravity arises from a spherical reduction of the Einstein—Hilbert action (2.1) using
the metric Ansatz

d? = gyndXMdxN = g, (x)dz"dz” + L3022 (2)d02_, . (2.6)

Here M,N =0,1,...,d — 1, u,v = 0,1, and ®(z) is the dilaton. In d = 3 we find the
following two-dimensional JT action (see appendix A for detaﬂs)

Iir = 1o G2 /d%\ﬁ‘l’( L2> SWGQ [y heK (2.7)
where we introduced the two-dimensional Newton’s constant 2w L3/Gs = 1/G5. The above
action is the JT action in de Sitter space, which at this stage we recognize as the Wick
rotated (Laqgs — iLqs) version of the standard JT action in AdSs. It is worth emphasizing
that here we have not explicitly introduced the usual purely topological term. While
the additional topological term does not alter the equations of motion, it does influence
the boundary dynamics of the theory and the Euclidean gravitational path integral [60].
Whether we include the topological term is one of the essential differences between the two
versions of JT gravity we mentioned before.
The gravitational and dilaton equations of motion of the JT action are, respectively,

2 8T 1 1

T =0, T® =-— =— ( LO-V,V, + — ,,)fI’, 2.8

124 224 \/jg5g“V 87TG2 gu 1Y + L% gN ( )
2

Thus, the dilaton equation of motion fixes the background to be dS,. To find explicit
expressions for the metric or the dilaton we can solve the field equations outright. From (2.9),
we may write the 2D geometry in static coordinates

-1
2 _ _i 2 _Lz 2
dt L= |d?+ (1= 5 ) dr?, (2.10)

where L = L3. The range of coordinates defining the static patch is 0 < r < L, where at
r = L the 2D geometry has a cosmological horizon.

Generally, the dilaton may be time-dependent; here, we restrict to a time-independent
solution, in which
(2.11)



solves the gravitational equations of motion (2.8). Here ®, > 0 is some positive constant
chosen to normalize the entropy as we see below. When we normalize the timelike Killing
vector such that ¢ = —1 at the origin 7 = 0, 4.c., £ = 0y, we have that the surface gravities
of the 2D and 3D cosmological horizons are given by x = 1/L = 1/L3 = k.. Therefore, the
Gibbons-Hawking temperatures of the 2D and 3D cosmological horizons are both equal to

1
oL’

The entropies in 2D and 3D likewise coincide, when we choose ¢, = 1. This can be easily

Ton = (2.12)

checked using the Wald entropy functional [63]

a,CJT ‘137.[ 27TL3
S :—Q/dAi Vepe = —— = = Squ, 2.13
o L  OR e M7 T 4G, 4G5 CH (213)
where €, is the binormal to the horizon satisfying €,, " = —2, dA is the infinitesimal area

element of the bifurcation codimension-2 surface H of the Killing horizon H, and Lyt is the
Lagrangian density defining the theory. Selecting ®, = 1 is also natural from comparing
the 2D reduction to the dS3 geometry (see, e.g., [23]), but in the following we will keep the
constant general. Further, the first law relating the matter Killing energy H, temperature
Teu and horizon entropy Syt for the JT model is given by, cf. eq. (3.47),

§E = TaudSyr + 6H (2.14)

where we introduced a new form of energy £ = + the quasi-local energy (3.4)

P,
7GoL’
evaluated at rp = 0, which vanishes in higher dimensign§2but is nonzero in 2D.
The de Sitter JT model found from the reduction of pure dSs is known as a “half
reduction”, a name inherited from a similar partial reduction of AdS JT gravity [55, 59].
The name follows from the fact that for » = L3 cos#, the two-dimensional de Sitter line

element becomes

de* = —sin? 9dt* + L2do* . (2.15)

A constant time slice of dSg corresponds to a circle parametrized by 8. The three-dimensional
parent geometry demands cosf > 0, i.e., 0 € [—7/2,7/2], where § = 0 corresponds to
the cosmological horizon. Consequently, the coordinate 6 only covers a semi-circle with
endpoints fixed at the north and south poles. The dilaton (2.11) is never allowed to take
negative values, ® > 0.

2.2 Full reduction from Schwarzschild-de Sitter

Another solution to the d-dimensional Einstein-Hilbert action (2.1) is the Schwarzschild-de
Sitter (SdS) geometry, describing a neutral, non-rotating black hole in de Sitter space. In
static coordinates the line element takes the form

r2 167Gy M

2 _ 2, -1 2, .27102 1
dtc = —f(r)dt*+ f~(r)dr°+r<dQ;_o, f(r)y=1 2 =20y

(2.16)

where M is the mass parameter of the black hole and Qq_o = 27(@=1/2/T[(d — 1)/2] is the
volume of the unit (d — 2)-sphere. When M = 0, the SdS solution (2.16) reduces to pure



dSq in static patch coordinates (2.2). For d > 3 and 0 < M < My, the factor f(r) has two

positive roots associated with the locations of the black hole and cosmological horizons, 7,
and r¢, respectively, with r, < r..

The upper bound My corresponds to the Nariai solution [64], when r, = r. = rn with

ry -

Y S PNV S
NENT T N T T T 8y N

For masses M > My the SdS has a naked singularity, hence the Nariai black hole is the
largest physical black hole that fits inside the cosmological horizon. Moreover, the sum of

(2.17)

the black hole and cosmological horizon areas is less than the area of the pure de Sitter
cosmological horizon, obeying the bound A(ry) + A(r.) < A(L), i.e., putting a black hole
inside de Sitter only leads to a decrease in entropy.

The Smarr formula and first law for Schwarzschild-de Sitter are given by [1, 65, 66]

KpAn  KeAe O:A Kh Ke
0= - —§H, = A A, 2.18
817Gy | 871Gy (d—2)4nGy’ €T 860 T Bray (2.18)

where ky . are the surface gravities associated to the black hole and cosmological horizon,

Ap ¢ are the respective horizon areas, and dH¢ is the matter Killing energy variation in
(2.5). Further, ©¢ is the quantity conjugate to the cosmological constant in an extended
version of the first law where A is allowed to vary. It can be defined as a surface integral of
the Killing potential [67], or equivalently as the “Killing volume” O¢ = [y, [£|dV [68], where
€] = /=& - € is the norm of the time translation Killing vector £, and dV is the proper
volume element of the spatial section . In the limit r, — 0 the Smarr formula reduces to

the one for pure de Sitter: 0 = g;ré; -1 dﬁ%ﬂg e Below we will see what form the Smarr

relation and first law will take after a dimensional reduction of the SdS black hole.

We will be interested in the near-Nariai limit of the SdS black hole. In this limit
the coordinates describing the SdS solution (2.16) are inappropriate because the function
f(r) = 0 in between the black hole and cosmological horizons. Instead, following [64, 69],
the Nariai metric may be cast as a dSs x S%~2 geometry (see appendix B for details),

: AP AP
d d
with Ly = Ly /v/d — 1. In this geometry, the black hole and cosmological horizons are at
p= —Lg and p= La, respectively. They are a finite proper distance apart in a single static
patch and are in thermal equilibrium with each other at the Nariai temperature,
RN 1
INn=—=—+, 2.20
N 27 2w Ly ( )

because the surface gravities are the same for the two horizons in the Nariai limit Ay = 1/ ﬁd,
cf. eq. (B.18). Moreover, since a single static patch has both the black hole and cosmological
horizons, the total entropy of the Nariai solution Sy in this patch is given by the sum of
the black hole and cosmological entropies S}, and Se:

d—2
QQd_Q’FN

Sy =Sy + S = 1G,

(2.21)



The dimensional reduction of the near-Nariai limit of the SdS; solution for d > 3 leads to
another version of de Sitter JT gravity, described by the action (see appendix A for details)

1
167Gy

Iyt =

[ dav=g ((czm +o)R - égﬁ) Yorg AV TRG oK, (222)

where we have identified the dimensionless two-dimensional Newton’s constant G9 as

Qd,QT%_Q i
Gd G .

(2.23)

The dilaton ¢ is related to ® via the expansion ® ~ ¢¢ + ¢, where & = ¢y corresponds to
the metric Ansatz reducing to the Nariai geometry, and ¢ represents a deviation away from
the Nariai (“extremal”) solution, analogous to the case of AdS JT gravity. Notice that ¢
is proportional to the entropy of the Nariai black hole

$o _ Qq_ord?
4G9y 4Gy

1
= 35 (2.24)

and hence we restrict to positive values ¢y > 0. Since ¢g in the action is just a topological
term, the equations of motion are identical to (2.8) and (2.9). The 2D de Sitter geometry in
static coordinates is still given by (2.10), but now the radial coordinate ranges from r, = —L
(black hole horizon) to r. = L (cosmological horizon) in the static patch. Furthermore,
in this paper we consider the static dilaton solution ¢ = ¢,1, with ¢, > 0, and the
Gibbons-Hawking temperature is again given by Tap = 1/27L (2.12).

The total entropy of the near-Nariai solution can be computed using the Wald entropy
functional (2.13). It includes both the entropy of the Nariai black hole and the dilaton
correction, and for each horizon it is given by
_ Pne b0 | Dne

.= - = . 2.2
Shv 4G2 4G2 + 4G2 S¢0 + S¢h,c ( 5)

Here Sy, = 4%)2 is the entropy for each horizon in the extremal Nariai solution and the

term Sy, == £ 4%"2 is the non-extremal dilaton correction to the Nariai horizon entropy,

where the plus sign corresponds to the cosmological horizon r. = L and the minus sign
to the black hole horizon r, = —L. Hence, if we add the entropies of the black hole and
cosmological horizons, the dilaton corrections cancel in the total entropy, and the sum 24%2
matches with the total entropy Sy (2.21) of the higher-dimensional Nariai black hole.

Moreover, the Gibbons-Hawking temperature Tgy (2.12), the horizon entropies Son.c
(2.25) and the matter Killing energy H¢ (2.5) are related via the Smarr formula and first
law for the dimensional reduction of the near-Nariai solution

0= TGHSqSh + TGHquC , —6H§ = TGH65¢h + TGH65¢C . (2.26)

Above we have left out the entropy of the Nariai black hole Sy, in both relations. In
particular, ¢ has been held fixed in the first law, and we will do so in the rest of the paper.?

2In [30, 70] an “extended” first law for AdSs was derived, where ¢o, A and G were allowed to vary.
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Figure 2. Two-dimensional de Sitter space in the half reduction model. The left and right (green)
triangles represent the two static patches. In the half reduction model, the dilaton ¢ > 0, where it
formally diverges at past and future infinity Z* and vanishes at the poles.

It is possible to include Sy, in the Smarr formula, however, one must then also add a term
proportional to the cosmological constant A and the Killing volume ¢ = [y, [{|dV/, as in
the Smarr formula (2.18) for Schwarzschild-de Sitter space. Indeed, in section 3.3 we derive
the following Smarr relation for de Sitter JT gravity, cf. eq. (3.36),

PoA

0="TcSy +TeuS: —
GHOh + LgHOC 871Gy

O . (2.27)

One of the main goals of this paper is to extend this Smarr relation and the first law for
dSy (2.26) to quasi-local boundaries and to include semi-classical corrections.

Finally, the de Sitter JT action found from reducing d-dimensional SdS in the near-
Nariai limit is known as the “full reduction” model. This is because now the coordinate
6 in (2.15) ranges from 0 to 2w, along the full circle. Consequently, one relaxes ¢ > 0
to ¢o + ¢ > 0, such that ¢ may take on negative values [23]. Further, we emphasize
spherical reduction of the d-dimensional Nariai black hole gives rise to a topological term
in the action (2.22), whose importance was analyzed in [43, 60]. Lastly, without loss of
generality, for the remainder of the article we work with the JT action following from the
full reduction (2.22), dropping the subscript from L;. The half reduction model can be
obtained by setting ¢o = 0 and restricting the range of coordinates for dSs.

2.3 Geometry of dSs

While dSs is the fixed geometry in either the full or half reduction versions of JT gravity,
the global structure of the two-dimensional space in either model is different due to the
higher-dimensional solution from whence they came. In the half reduction model, spatial
sections of dSg are semi-circles where the polar angle runs from —7/2 to +m/2, whereas in
the full reduction model spatial sections are entire S'’s where the polar angle runs from
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Figure 3. Two-dimensional de Sitter space in the full reduction model. The left and right green
causal diamonds are the static patches, while both the blue shaded and unshaded white regions
are referred to as hyperbolic patches. The near-Nariai black hole geometry is imprinted in the
two-dimensional geometry via the “black hole" interiors, the white regions, with past and future
singularities residing inside, where the dilaton takes arbitrarily large negative values. The left and
right edges are identified.

—m to w [23, 24]. This explains why the Penrose diagram of the full reduction de Sitter
space (figure 3) is twice as wide as the Penrose diagram of the half reduction de Sitter
space (figure 2). Equivalently, the Penrose diagram of two-dimensional de Sitter in the full
reduction is a rectangle whereas the Penrose diagram of higher-dimensional de Sitter is a
square.® This is simply a consequence of the fact that dS, in the full reduction follows from
dimensionally reducing a Schwarzschild-dS black hole.

To illustrate this point, and since it will benefit us when we discuss different de Sitter
vacua, let us briefly introduce two sets of coordinate systems for dSy (see also appendix A).
First, let (v, u) denote advanced and retarded time coordinates for the static patch (2.10),
defined respectively by

v="=14r,, u=t—ry. (2.28)
Here r, = Larctanh(r/L) is a tortoise coordinate, which ranges from r, = —oo (black hole

horizon) to r, = +o0o (cosmological horizon). In these null coordinates the static patch line
element (2.10) becomes

2 oaofv—u
dl* = —sech <2L >dvdu. (2.29)

3Note that two-dimensional de Sitter can in principle be infinitely extended, just as the Penrose diagram
of Schwarzschild-de Sitter, i.e., there is no requirement from the field equations on the periodicity of the
global spatial coordinate (¢ in eq. (A.23)). Only if one demands that dS. arises as a hyperboloid in the
embedding space RY? is the global coordinate restricted to be periodic (¢ ~ ¢+ 27m). We assume this
periodicity here, as represented in figure 3. We thank Jan Pieter van der Schaar for stressing this.
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Static patch coordinates (2.29) only cover a part of de Sitter space. To describe the regions
to the future and past of the cosmological horizons one may consider coordinate ranges
r € (L, £+00), however, we can instead cover the full space of the half reduction model by
introducing global Kruskal-like coordinates (V,U):

V=Lt U=—Le/E, (2.30)

The line element in Kruskal coordinates is

dl* = ——————dVdU. (2.31)
uv
( T L?
In these coordinates, UV = —L? corresponds to the location of the poles r = 0, while

UV = +L2? yields r = 400, corresponding to the future and past conformal boundary Z*.
Moreover, the cosmological horizons are located at (V =0, U = 0). Both the static patches
and global structure of dSy are depicted in figures 2 and 3.

Again, the key difference between the half and full reduced models is that in the former
the dilaton is strictly non-negative, while the latter allows for ¢ to be infinitely negative.
The consequence of this is that the global geometry of dSs arising from the half reduction
resembles that of pure dSs. In this case, the dilaton vanishes at the poles and grows infinite
at Z%, as displayed in figure 2. Alternatively, the dS; geometry coming from the full
reduction is simply the full dSs spacetime, which has a different Penrose diagram than
the higher-dimensional dSy, as illustrated in figure 3 (and it can be infinitely extended,
see footnote 3). Moreover, it includes features of the higher-dimensional Nariai black hole.
Specifically, the dSs geometry contains the black hole interiors, hiding past and future
singularities where the dilaton diverges to negative infinity.

3 Quasi-local thermodynamics and generalized entropy

Spatial sections of de Sitter space are compact and hence there is no asymptotic boundary
where conserved charges, such as the energy, can be defined. One way to circumvent this is
to define conserved charges at future infinity Z*, as done for instance in [71, 72], but a static
observer does not have access to this region (although a meta-observer does). Alternatively,
one may introduce a timelike boundary B at a radius r = rp, where quasi-local conserved
charges can be defined [28] (see figure 4). One benefit of the quasi-local method is that
the charges, especially the energy, are well defined in the static patch. However, the main
advantage of this second approach is that by fixing the temperature at the timelike boundary
the canonical thermodynamic ensemble is well defined. More precisely, in a Euclidean
path integral description of the canonical ensemble, one has to fix the temperature at
a certain boundary. Since there is no asymptotic boundary in Euclidean de Sitter, one
has to introduce an auxiliary boundary where the temperature is uniquely specified. The
naive evaluation of the on-shell Euclidean action for de Sitter space a la Gibbons and
Hawking [1, 73] indeed gives the correct entropy for de Sitter space, but it is not clear
how this entropy follows from a canonical partition function, given that Euclidean dS
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has no asymptotic boundary where a temperature may be fixed. Thus, the Brown-York
quasi-local method seems necessary to properly define the canonical Euclidean path integral
for asymptotically de Sitter space.?

3.1 Tolman temperature and quasi-local energy

For de Sitter JT gravity, we define the canonical ensemble by fixing the dilaton and the
(local) temperature at the timelike boundary B located at » = rp. The boundary B is
equivalently defined as a flow line of the Killing vector £ = 0, generating time translations
in the static patch, along which the norm of £ is constant,

N = —§M§H:\/1—7j§. (3.1)

The temperature at the boundary is uniform and is given by the redshifted Gibbons—Hawking
temperature, also known as the Tolman temperature,

K 1 1

27N 2L 1_h
2

T(rp) = (3.2)

Notice the Tolman temperature attains its minimum value at the origin, T'(rp = 0) = 1/27L,
and diverges at the two horizons rg = £L.

In the following we consider two different thermodynamic systems: (1) the “black hole
system” between the black hole horizon and the boundary at radius r = rp, and (2) the
“cosmological system” between the boundary B and the cosmological horizon (see figure 4).
We derive the thermodynamic variables using the canonical Euclidean path integral for
these two systems. A similar analysis was performed, for instance, for Schwarzschild black
holes in [25], for two-dimensional black holes [75, 76], and for SdS black holes in [74].

Before we study the path integral, it is worth pointing out that the quasi-local energy
can be directly computed from the Brown-York stress-energy tensor [28]. In particular, for
JT gravity the stress tensor is (see appendix C)

o — 2 5IJT: 1
V=0  8mGH

where n* is an outward-pointing spacelike unit normal to the boundary B of the system

YN Vad, (3.3)

under consideration, with induced metric v,, = g — nyn,. The quasi-local energy E

1 O r2
E= wo— _ o b=+ 1—--B 3.4
Ut T s, Vel = t5aL V' 12 (3.4)

with u, being a future-pointing timelike unit normal to a Cauchy surface X with induced

is then

metric hy, = guw + uuu,. The plus/minus signs in the last expression for £ correspond to
the cosmological /black hole systems, since the outward pointing unit vectors normal to

2
Baren=Fy1-— Z—%@T, respectively. Notice further in the full reduction model (¢g # 0
and rp € [—L, L]) the total energy of the static patch of two-dimensional de Sitter space

4We acknowledge Ted Jacobson for pointing this out to us. See also [74].

— 14 —



T-

Figure 4. Introducing a Brown-York timelike boundary B (red) at radius r = rp in dSo. We define
quasi-local charges with respect to this boundary, a surface with a fixed Tolman temperature. In the
full reduction model B rests somewhere between r = —L and r = L in the static patch. The shaded
blue region refers to black hole system, while the shaded magenta region describes the cosmological
system. The constant-t slice > has boundary 9% = S UH with S being the intersection of ¥ and
B, and H is the bifurcation point of the Killing horizon located at ry or r. for the black hole or
cosmological system, respectively.

vanishes, since for rg = +L we have E = 0. However, in the half reduction model (¢y = 0
and rp € [0,£L]) the total energy of the static patch is non-zero, since for rp = 0 we

_ br
have F = iSﬂ'GgL'

3.2 On-shell Euclidean action, free energy and heat capacity

Next, we compute the quasi-local thermodynamic quantities for the black hole and cosmo-
logical systems separately by evaluating the Euclidean action on-shell. To compute the
on-shell Euclidean action, we Euclideanize the Lorentzian dSs static patch geometry (2.10)
by analytically continuing t — —i7,

de* = f(rydr® + f~1(r)dr?, firy=1-— (3.5)
Removing the conical singularity at the horizons yields a periodicity of the Fuclidean time
circle, equal to the inverse Gibbons—-Hawking temperature Sgy = 27/k = 2rL. When the

Euclidean time has periodicity 7 ~ 7 + 8cg, the line element of Euclidean dSo describes a
round two-sphere, cf. eq. (A.34). The proper length of the boundary at radius r = rp is

BcH r2
B(rg) = /0 dry\/ f(rg) = Ban\/ f(rp) = 2Ly 1 — L—Jg, (3.6)

which we recognize as the inverse of the Tolman temperature (3.2).

equal to

~15 —



Following Gibbons and Hawking [73], we express the gravitational canonical partition
function as a Euclidean path integral, which can be computed by a saddle-
point approximation

Z(8) = Tre #H — / Dipe e~ e T | (3.7)

where 1) denotes the set of dynamical fields, namely the metric g,, and dilaton ¢. We em-
phasize that here the canonical ensemble is defined with respect to the Tolman temperature,
not the Gibbons-Hawking temperature. The total off-shell Euclidean action of de Sitter JT
gravity I?T in the full reduction model is

I8 = — 16;G2 d%cf [¢OR+¢( ;)] SWGQ/ drvVh(¢o + ¢)K (3.8)

Note that on-shell the bulk contribution proportional to ¢ vanishes due to the dilaton
equation of motion, R = 2/L?. We now compute the on-shell Euclidean JT action for the
two thermodynamic systems, starting with the cosmological system.

Cosmological system. The bulk term in the action proportional to ¢ is

B 2 _ Bgugo . B
167Gy /MEd w900l = 87TG2L2(L rs) = 4Gy L 4Gy’

where we integrate from the timelike boundary r» = rp to the cosmological horizon r. = L.
Note that the second term on the right-hand side is (half) the entropy of the Nariai solution,
cf. eq. (2.24). The first term actually cancels against the GHY term proportional to ¢,

_Beug¢ors _ ¢o B
SWGQ/ drv/hioK = 87Gy L2 4Gy L’ (3.10)

where we inserted the trace of the extrinsic curvature of the boundary B

1 f'(rg) rg/L?
2\/f (rB) \/1_7

The remaining GHY term contains the essential information about the quasi-

(3.11)

local thermodynamics,

Blrp)or /L2 _, o \/77% 6
87er/df<z>K e A el A R BT A

11—

where we used the inverse temperature relation (3.6).
In total, combining the ¢y and ¢ terms (3.9), (3.10) and (3.12), the full on-shell
Euclidean JT action for the cosmological system is

Or 7"B oo
5 = LS . 1
ITe ™ " 4Gs L2 4Gs (3.13)

When evaluating at either horizon, we find the total action is minus the cosmological

horizon entropy: I}ET&(rB =+L) = —S.. From (3.12) we see the on-shell action can also be
expressed as
Iy = BEc— Se, (3.14)
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Figure 5. Plot of E (left) and Cy, (right) as a function of radius rp for both cosmological (violet)
and black hole (blue) systems. We have set ¢, = L = Gy = 1.

where [ is the inverse Tolman temperature (3.6), and the quasi-local energy FE. and
cosmological horizon entropy S, are

or 7“23 ¢o + O
1--—= .= . 1
8mGaoL L2’ 5 4G4 (3.15)

Note that these expressions agree with the quasi-local energy in (3.4) and the JT entropy

in (2.25). More precisely, these quantities can be obtained from the standard definitions

oIk oIk
B- (ag) . s=p (ag> e (316)
oB oB

where instead of the surface area of the boundary, the dilaton ¢p at r = rp is kept fixed.
See figure 5 for a plot of E as a function of rp (violet curve).
The free energy follows directly from the on-shell Euclidean action

o (z)r TJZE;/L2 - ¢0 1
8tGol [, 1% 8tGLL [; %
L? L?

Fe=TI}p,=E.—TS. = (3.17)

The free energy diverges at the two horizons. Further, recall that ¢g > 0 in the full reduction
model and ¢¢9 = 0 in the half reduction model, such that the free energy is always less
than or equal to zero, F, < 0. Subtracting the free energy of pure dSs with a constant
dilaton, Fy = —T'Sy,, the difference in free energies is always non-positive, Fr — Fy < 0,
implying the nearly dSs geometry (¢, # 0) dominates the canonical ensemble over the pure
dSs spacetime (¢, = 0). Since the F,(rp) plot only has a single branch, there is no phase
transition for the cosmological system in nearly dS; (see figure 6).
Moreover, the heat capacity Cy, . for the cosmological system at constant ¢p is

05, OE. ¢r B
C -7 — — — <0. 3.18
oB e ( or ) on ( or ) oy AGH L2 (3.18)
The heat capacity is negative everywhere between the two horizons, r, = —L and r. = L,

and vanishes precisely at the horizons (see figure 5). Hence, the cosmological system is
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Figure 6. Plot of the free energy FF = E — TS as a function of radius rp in cosmo-

logical (left) and black hole (right) systems, for various values of ¢o: {0,1/2,1,3/2,2} =
{blue, orange, green, red, purple}. Here ¢, = L = Go = 1.

always unstable for thermal fluctuations, which seems to be a general feature of cosmological
horizons. For instance, in higher-dimensional SdS space the cosmological system defined
between a boundary at radius » = rp and the cosmological horizon also has a negative
heat capacity.” This result appears to be in contradiction with [14], where the authors
find a positive heat capacity for the cosmological horizon. However, the difference can be
attributed to the choice of sign of the dilaton: they assume the dilaton is negative in dSs,
whereas we have taken it to be positive in the vicinity of the cosmological horizon.

Black hole system. For completeness, consider the black hole system, where r € [—L, rpg],

2
and K = -7 /4/1— TL—B;. The above analysis goes through similarly, where the on-shell
Euclidean action is again
I;ET,h = fEp — 5, (3.19)

except now the energy FE}, and entropy Sy are given by

N P _$o—¢r
Bv= g\l -3 S= g (3.20)

At the two horizons, the total action is minus the black hole entropy: I JET,C(T B ==*L)=—5.

Consequently, the free energy Fj, and heat capacity Cy, 1, are

Or TQB/LZ oo 1
F, = = — =, (3.21)
87TG2L /1 _ f]g 87TG2L _ TI’%
and )
or B
C = - —= 0. 3.22
¢B,h 4G 12 > ( )

Note that Cy, 1, is positive everywhere between the horizons at rp = +L, and is zero at
the horizons. Thus, the black hole system is stable with respect to thermal fluctuations
(see blue curve on the right side in figure 5). A similar result was obtained for AdSy black

®This result was thoroughly analyzed in [74]. See also the recent article [77].
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Figure 7. Plot of the free energy FF = E — T'S as a function of the Tolman temperature for the
cosmological (left) and black hole (right) systems, for various values of ¢¢: {0,1/2,1,3/2,2} =
{blue, orange, green, red, purple}. We have set ¢, = L = Gy = 1.

holes in [76], where the system between the black hole horizon and the timelike boundary
always has a positive heat capacity.
Further, in the half reduction model for ¢y = 0 we observe that the free energy is

non-negative Fy, > 0 everywhere, approaching positive infinity as one asymptotes to the
(br"’QB

horizons. In the full reduction model the free energy obeys F;, < 0 when ¢¢ >
Subtracting the free energy of the pure dSs solution, Fy = —T'Sy,, the difference in free
energies is always non-negative, Fj, — Fy > 0, which means the pure dSy solution dominates
the canonical ensemble for the black hole system. Finally, from figure 6 for the Fy,(rg)
plot and figure 7 for the F},(T') plot we see there are no phase transitions for the black
hole system.

3.3 Quasi-local Euler relation and first law

The quasi-local thermodynamic quantities are related to each other by the Euler equation
(or Smarr formula) and obey a first law, as shown by York for a Schwarzschild black hole
in [25]. In this section we derive both of these relations for de Sitter JT gravity using the
Noether charge formalism [63, 78] (see [30] or appendix C for a summary).

Quasi-local Euler relation. In [30, 68, 79] the Smarr formula was derived from the
following integral identity

Lic=§_@e=f e+ ac (3.23)

where j¢ is the Noether current 1-form associated with the Killing symmetry generated by ¢,
and Q)¢ is the associated Noether charge O-form, obeying the on-shell identity j¢ = dQ¢.
In our set-up, X is a constant-t surface in the static patch, and its boundary is given by
0¥ = S UH, with H being the location of the bifurcation point of a Killing horizon (either
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the black hole or the cosmological horizon) and S is the intersection of ¥ and the timelike
boundary B. The first equality in (3.23) is an application of Stokes’ theorem, and in the
second equality the orientation of the Noether charge integral at H and & is taken to
be outward. We now compute both sides of the integral identity explicitly for de Sitter
JT gravity.

To evaluate the left-hand side we need the definition of the Noether current 1-form je

Je =0, Lep) =& Ly (3.24)

The symplectic potential 1-form of classical JT gravity vanishes when evaluated on the Lie
derivative along the Killing vector &, i.e., §(1), L¢op) = 0. The (Lorentzian) JT Lagrangian
2-form Lyt is on shell given by

€

167Gy

_ %0
87TG2L2 ’

Lyt = (3.25)

(60 + OB~ 9]

with e being the spacetime volume form, and we inserted the dilaton equation of motion
R =2/L? in the last equality. Therefore, the left-hand side of the integral relation is

) b0 / do
_ e 2
/z e 8tGaL? Jx §-e 87(Go Oc (3.26)

Following [30, 68], we introduced the “Killing volume” O, which is defined as the proper

volume (length in 2D) of ¥ locally weighted by the norm of &,

O = /E €|de . (3.27)

Here we have written £ - €|y = |{|d¢, where d/ is the infinitesimal proper length d¢ =
dr/+/f(r) and the norm is |¢| = \/f(r). Thus, for the cosmological system the Killing
volume is given by ©¢ . = L — rp, whereas for the black hole system we have O¢y, = L+ rp.

On the right-hand side of the integral identity (3.23) we use the expression for the
Noether charge in JT gravity, cf. eq. (C.7),

Q" = [(¢ + do)VHE” + 264V (¢ + o)l , (3.28)

——¢

167Gy "
where €,,|ox = (nyu, — nyuy,) is the binormal of 0¥, satisfying €,, " = —2, and we used
that the volume form is egy, = 1 in 2D. At the bifurcation point H we have {|y = 0 and
V,&v|ln = —keu. Hence,

K
§ Qe = —gig G0+ ow). (3.29)

which is equal to minus the Gibbons—Hawking temperature Tgy = /27 times the horizon
entropy Sy (which is the same everywhere on the Killing horizon H).® Meanwhile, since

5The minus sign arises here since we have chosen the orientation of the Noether charge integral to be
outward away from the origin (which follows from Stokes’ theorem), whereas for black holes the orientation
is usually chosen to be towards spatial infinity, such that 3%2 Qe = foo Qe — f% Q¢ (see also footnote 8
in [68]).
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the boundary S is defined as the intersection of ¥ (with unit normal u* = ¢{#/N) and B
(with unit normal n*) we have n - u|s = 0 or n - £|s = 0, hence the Noether charge at S is

1 ,
¢ .
= g |~ N au(é0 +6) + Nn* V(oo +9)]|

In the first equality we used —u - ¢ = N and —u, V#E¥ = VAN, where N = [{] is the
norm (3.1) of the Killing vector £. Further, we inserted the extrinsic curvature of B,
K, =2V (,n,), and the relation K, = K+, in two dimensions. In the second equality
we employed the trace of the extrinsic curvature K = %n“VMN = nta,, which is equal to
the normal component of the acceleration vector a* = u"V, £* = %V“N .

Thus, inserting (3.26), (3.29) and (3.30) into the integral identity (3.23) we arrive to
the following relation

P\ K Nnta,
87TG2 @E N 87['G2 <¢0 + ¢H) + 87TG2

(¢o + ¢B) —

*V .0 . 3.31
87TG2n N(rb ( )
Our notation above reflects that ¢s = ¢(rg) = ¢p, and similarly ¢y = ¢(rg) = om.
Dividing by N yields the quasi-local Euler relation

oA

E =TSy —o(¢o+ ¢B) — 87TG2N@§’

(3.32)

where F is the quasi-local energy (3.4), T' is the Tolman temperature (3.2), Sy is the
horizon entropy (2.25), and we introduced the “surface pressure” o
nta, 1 rp/L?

- 817Gy 87Go /1727%'

The plus sign applies to the cosmological system, while the minus sign is associated to

o (3.33)

the black hole system. We emphasize that the quasi-local Euler relation holds for both
thermodynamic systems. We can compare the definition of the surface pressure in JT
gravity to the standard definition of surface pressure in d-dimensional Einstein gravity:
o= m(—k‘“ﬁ + (n*a, + k)o®?)o,5, where 0,5 is the induced metric on S [28].
Setting the extrinsic curvature & of the codimension-two surface S to zero, since the
surface is just a point in 2D, and using a‘maag = d — 2, we recover the definition in (3.33).
Notice that in the half reduction model the Killing volume term in the Euler relation
(3.32) vanishes since ¢g = 0. In fact, the Euler relation splits into two separate equations

o

E=T — =T — — .
Sey —0OB, 0 Sepo — TPo STFGQNGE

(3.34)

Hence, in the half reduction model the second equation is trivial and the Euler relation
reduces to the first expression. The first equation can be interpreted as the Euler relation
for nearly dSy with ¢g = 0 but ¢, # 0, while the second equation is the Euler relation for
dSy with a constant dilaton ¢g # 0 but ¢, = 0. The two relations in (3.34) can be verified
explicitly using the expressions for the thermodynamic variables in static patch coordinates.
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In the limit that the thermodynamic systems become the full static patch, i.e., rg —
+L for the respective systems,’ the product N n*a, in eq. (3.31) is equal to minus the
surface gravity

Nnta, — —k as B — The- (3.35)

This is equivalent to the standard definition of surface gravity x = limy(Na) where the
magnitude of the acceleration is defined as a = /a”a,. Further, we have N — 0, £ — 0,
and ﬁ(% + ¢B) = Shc as 7 — rnc. Hence, if we take the limit of (3.31) to the full

static patch, then the Euler relation becomes

oA

0="TauSh +TguSe — ——
GHPh + 1GH $7Go

O¢, (3.36)
where the Killing volume (3.27) is now defined between the cosmological and black hole
horizon, ©¢ = f_LL dr = 2L. Equivalently, for the full static patch the two separate equations
in (3.34) become
_ _ PoA
0= TGHS¢h + TGHS¢>C , 0= QTGHS¢O — 7@5 . (3.37)
1G9
We anticipated the first relation in eq. (2.26), and the second equation is the Euler relation
for the dimensionally reduced extremal Nariai solution.

Quasi-local first law. The quasi-local first law for both the cosmological and black hole
system is
dE =TdSy — odop. (3.38)

This follows from the coordinate expressions for the relevant thermodynamic quantities.
In particular, it can be checked that the Tolman temperature (3.2) and surface pres-

sure (3.33) satisfy
oF oF
T 7 __ (92 3.39
(@) 7= (G0 (339)

Ultimately, these relations contain the same content as the quasi-local first law (3.38).
Further, we point out that the first law follows from the dimensional reduction of the
quasi-local Euler relation for Schwarzschild-de Sitter, dE = T'dSy — odA, because the area
of & becomes equal to ¢p after a spherical reduction.

In addition, although the relations (3.39) can be checked in terms of static patch
coordinates, a covariant derivation of the quasi-local first law is desired. In fact, the first
law follows also from varying the Smarr relation (3.23), which leads to the fundamental
variational integral identity [63, 78]

[ ww.bv, cev) = 72 [6Qe — €+ 6(v.6v). (3.40)

where w(1), 019, 92¢) = 610(¢), d2vp) — 020(1), 61%)) is the symplectic current 1-form, cf.
eq. (C.4) for an explicit expression in dilaton gravity. Since L¢7) = 0, and the symplectic

"For example, suppose the cosmological system is under consideration, such that ¢z = ¢.. Then in the
limit the system becomes the full patch we have rg — —L, such that ﬁqﬁB — —ﬁqﬁr = Sh.
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current is linear in L¢1), the left-hand side of (3.40) is zero. The right-hand side of (3.40)
splits into an integral at the bifurcation point H of the Killing horizon (either the black
hole or the cosmological horizon)

K
,16Qe — ¢ 0(6,00)] = — =60 (3.41)

where we used {|y = 0 and eq. (3.29), and an integral at the intersection point S = ¥ N B.
The latter can be computed by evaluating the variation of the Noether charge (3.30)

6Qels = 873G25(Nn“au(¢0 + ¢B)) +6(EN), (3.42)

and the symplectic potential at B, cf. eq. (C.6) of [30] (ignoring the dC' contribution since
£-dC = L¢C — d(& - C) vanishes after integration over S),

1 1
0 (0.60) 1 = oo (Kb6m + 37" Vabd ) = -8 (enk (b0 -+ 63)
(3.43)
N _GB%W - 8:2‘2 {(‘;50 +¢p)d(n*a,) + %”u%(% +¢p)ON| .

Here, we inserted K =n*a,, %7’“’5%“,:5]\7/]\7, E= _87r1GQ n*Va¢, and deg = (%’7“'/5’7/“,)63
in the second equality. Using £ - eg = —N and combining (3.42) and (3.43) we find

N
§.160c € 6(0,60)) = NOE+

T2

n*a,0¢p . (3.44)

Substituting (3.41), and (3.44) into (3.40) yields the covariant relation

KR

0F =
87TG2N

d¢g —0dgp, (3.45)

recovering the quasi-local first law (3.38).
Multiplying the quasi-local first law by the norm N and taking the limit rp — +L,
such that the thermodynamic system becomes the full static patch, we find

0="TgudSc + TeudSh, (346)

since NT = T, and NOE — 0 and No — —ﬁTGH in this limit. We recognize this as
the 2D analog of the global first law (2.18) for Schwarzschild-de Sitter black holes. Note
that this global first law only holds in the full reduction model of JT gravity. In contrast, in
the half reduction model, when we take the limit where the thermodynamic system becomes
the full patch, such that rg — 0 and N — 1, the energy contribution is non-vanishing while
the surface pressure (3.33) tends to zero. Consequently, in the half reduction model we
attain the following “global” first law

§E = TaudSi , (3.47)

valid for either the cosmological or black hole system. In this case, for rp = 0 the energy is
E=+g%; =TauSh.
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The covariant derivation of the first law (3.45) may be generalized by including classical
matter contributions, where the variation of the matter Hamiltonian H is characterized by
the matter energy-momentum tensor 7),, and can be cast as 0Hg = — [, 0(T,")& e, [68].
The quasi-local first law with a matter Hamiltonian variation reads

K
8 GQN
In the limit rg — £L, the global first laws (3.46) and (3.47) are appropriately modified.

0F = ddpr —0(5¢B+(5H§, (3.48)

3.4 Including semi-classical backreaction

A notable feature of JT gravity is that the effects of backreaction are fixed by the two-
dimensional Polyakov action capturing the contributions of the conformal anomaly [29],
in the semi-classical limit. Here we solve the problem of backreaction in de Sitter JT
gravity and derive the semi-classical extension of the first law. In particular, we will find
that the classical entropy is replaced by the semi-classical Wald entropy, which is equal to
the generalized entropy, as we will discuss. Our treatment here largely follows the recent
work [30].

3.4.1 Vacuum states and generalized entropy

Semi-classical JT gravity in de Sitter space is described by minimally coupling the classical
JT action (found from the full reduction) (2.22) to a dynamical two-dimensional conformal
field theory Icpr of central charge ¢. Adding Icpr makes the semi-classical model an
effective theory; unlike the classical action, the 2D CFT action does not follow from a
dimensional reduction. Including Icpr modifies the classical equations of motion (2.8) by
semi-classical effects

1 1 CFT
m (!J;WD - Vuvv + ngl“/> ¢ = <T/w > ) (3-49)
where <TEVFT) = —\/% 5;;5} is the expectation value of the stress-energy tensor T’ EVFT with

respect to some unspecified quantum state |¥).

The conformal matter thus backreacts on the classical solution. To study the problem
of backreaction consistently, we work in the large-c limit® such that Icpr is given by the
non-local 1-loop Polyakov action Ipyy [29]. This 1-loop action can be put into a localized
form by introducing a massless auxiliary scalar field x, modelling the 2D CFT, such that

C C
Ipgly = ~5in /Mdgac\/—g {(Vx)2 + xR} - on 8j\c/ilt\/—th. (3.50)

The boundary contribution we have included is a GHY term such that the localized 1-loop
action has a well-posed variational problem. The equation of motion for y is

20y = R, (3.51)

8Since we have also maintained Newton’s constant G4, the proper semi-classical limit is G2 — 0, ¢ — 0o
while keeping cG2 fixed, where ¢ > 1 keeps the 1-loop corrections to the dilaton suppressed compared
to the CFT. Dimensional reduction tells us our semi-classical approximation is only valid in the regime
¢0/G2 > ¢r/G2 > c>1 [30].
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whose formal solution x = 3 [ d*y\/—g(y)G(z,y)R(y) puts the local action (3.50) into
its original non-local form. From the action (3.50), the semi-classical gravitational field
equations are given by (3.49) where (T, EZ,FT> is now replaced by

Ty — &
( W> 127

Using the equation of motion for x (3.51), it is easy to show (T},) has the well-known

(90— VT X+ (Vi) (Vox) — 50w (V2| - (352)

conformal anomaly

C
H(TX) = —R. 3.53

In [80] it was recognized that in two dimensions the conformal anomaly captures all 1-loop
quantum effects and the full backreaction.

Crucially, since the Polyakov action (3.50) does not directly couple to the dilaton ¢, it
does not alter the dilaton equation of motion (2.9) and the background geometry remains
exact dSs. The classical solution of ¢ will be modified due to backreaction, but in the case
of interest, ¢ will only be shifted by a constant proportional to c¢Go, as in the AdSo model.

To proceed with the semi-classical analysis, we must specify the vacuum state of the
quantum matter. We accomplish this as follows. First, we work in the conformal gauge,

arr = —e2rly* Y ) dytdy~, where (yT,y~) are some null conformal coordinates. One finds
the solution for the auxiliary field x to be
x=-p+(yty7) . with  DE=0=¢(yhy) =& (v)+e ). (359
The &4 (yT) constitute functions ¢ (y™),
b (v") =016 — (0:640)7,  t(y) =026 —(0-6)%, (3.55)
which characterize the normal-ordered stress-tensor
(W] TX (55) £ |9) = —1o—te () - (3.56)

From the definition of normal ordering, : T¥, := T¥, (yF) — (0,|T%, (y*)[0,), the vacuum
state |0,) with respect to the positive frequency modes in coordinates y™ is the state obeying

Oy : TXL(yF) 1 10,) =0 & te(y™) =0. (3.57)

Moreover, the transformation properties of p and £ reveal that the normal-ordered stress

tensor obeys an anomalous transformation law under a conformal transformation y* —
x¥ (y*), such that

(O] : T (%) :10,) = — 57— {y* ™} (3.58)
and
(0T (@4)10,) = (0| T2 (%)100) — 5 {y" "} (3.59)

Here |0,) is the vacuum defined with respect to the positive frequency modes in the z®
coordinate system, and {y*, ¥} denotes the Schwarzian derivative

N\ +\1\ 2 +
ety =) —3(%) ey =2 (3.60)

The central lesson of (3.58) is that observers in different coordinates will experience the

same vacuum differently.
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Static and Bunch—Davies vacua. Let us now be more explicit and consider two vacuum
states of interest, the static (S) and Bunch-Davies (BD) vacua. We do this by choosing two
conformally related sets of null coordinates. The static vacuum |S) characterizes the state of
a static observer confined to the static patch of dSs, i.e., (v, u) coordinates (2.29). The static
vacuum is conformally related to the Rindler vacuum in Minkowski space, and analogous to
the Boulware vacuum of a black hole. The Bunch—Davies vacuum |BD) characterizes the
state of an observer in Kruskal-like coordinates (V,U), given in (2.31). It is conformally
related to the global Minkowski vacuum state, and analogous to the Hartle-Hawking state
of a black hole in thermal equilibrium with its Hawking radiation.
By the normal-ordered relation (3.57), we have

(S| :TX :|S)=(S|: Tk, :|1S) =0 < t,(v)=ty,(u)=0, (3.61)
and
(BD|: Ty, : |IBD) = (BD| : T}, : [BD) =0 & ty(V)=ty(U)=0. (3.62)
Moreover, it is straightforward to show that for the static vacuum,
c c
(S| TPy + S) = (S|TPy[S) = TR (S| Ty [S) = (S| Ty lS) = TARTU2’ (3.63)
c
X — X 1Q) —
(SITAIS) = (SITXIS) = =" (3.60)
and for the Bunch—Davies vacuum,
(BD| : TX, : [BD) = (BD| : T, : [BD) = %TC%H, (3.65)
(BD|Ty,|BD) = (BD|T},;|BD) = (BD|T,,|BD) = (BD|T)X,|BD) = 0. (3.66)

To summarize, from (3.63) we see the static vacuum state expectation value of the renor-
malized stress-tensor in Kruskal coordinates becomes singular on the past and future
cosmological horizons (V' = 0 and U = 0). In static null coordinates (v,u), we find a
negative energy density, (3.64). This behavior is analogous to the Casimir energy of the
Boulware state in an eternal black hole background. Alternatively, an observer in the
static patch will see the Bunch—Davies vacuum as a thermal state at the Gibbons-Hawking
temperature, cf. (3.65). More precisely, a static observer detects a left and right flux of
particles at the same temperature Tgy, such that the static patch of dSs is a thermal system
at temperature Tgy, and |BD) restricted to the static patch is a thermal equilibrium state.
Indeed, the Bunch—Dayvies state can be written as a thermofield double state with respect
to energy eigenstates |E;) 1 g characterizing left and right static patches

1 _BE
BD) = S e PERIE) LBk, (3.67)

Tracing out the degrees of freedom of, say, the left static patch, the reduced density matrix
is a thermal Gibbs state

1 _BE.
pBy =trrpep = 7 Ze PE\E) p(EilR - (3.68)
:

In the following we will only work with the Bunch—Davies vacuum state precisely because
of its thermal nature.
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Wald entropy is generalized entropy. Since it has a temperature, it is natural to
assign a thermodynamic entropy to the cosmological horizon. Given the semi-classical
JT action, we do this by following the Noether charge method and computing the Wald
entropy [63], including quantum backreaction. One finds

1 c
SwWald = @(% + o) — GXH (3.69)

where the backreacted solutions for ¢ and x are evaluated on the horizon. With respect
to the Bunch—Davies vacuum, a state in thermal equilibrium, we justifiably interpret the
Wald entropy as a thermodynamic entropy.”

The first term in the Wald entropy (3.69) is the usual “area” law in the Gibbons—Hawking
entropy formula for de Sitter space. Assuming the conformal matter is in the BD vacuum,
the backreacted ¢ is the classical solution shifted by an unimportant constant proportional
to ¢Ga. The second term is purely due to the 1-loop Polyakov action, entirely encoding the
entropy due to the CFT represented by x. In fact, as recently argued in [30], this second
term is eractly equal to the von Neumann entropy Syn of a 2D CFT restricted to a single

interval [(y1, 1), (¥5,%5 )] on a two-dimensional background d¢? = —e2r Ty dy Tt dy~
(cf. [81))
_ ¢ 1 + ot (o — =) oP(ui ) (v ws)
SvN—610g[5152 (y2 _yl)(yZ_yl)e VL enimR R (3.70)

Here 01 2 are independent UV regulators which resolve divergences arising from evaluating
Syn at the endpoints of the interval. With respect to the Bunch—Davies vacuum, we can
show explicitly that the general backreacted solution for x in global coordinates (V,U) (2.31)
takes precisely the form of SyN

c c 16 c 1 9 9
——x = — log 5 5| + 75 log |:22(U2 —U1)*(Va — V1)
6 12 (1 _ %) (1 _ %) 12 0765 (3.71)
= 5%

Here the CFT is restricted to the interval [(Uy, V1), (Ua, V2)]. The entropy is generically
time-dependent, despite the spacetime being static. This form of the von Neumann entropy
is for a single interval inside the shaded regions in figure 3; it does not give the entropy for
an interval with endpoints in different hyperbolic patches, as could be the case for the full
reduction model. This scenario is dealt with by performing the continuation (A.33) on one
of the endpoints.

While we explicitly computed (3.71), the result S,x = —gx holds for any 2D gravity
theory coupled to a large ¢ CFT and with respect to any vacuum state [30]. This primarily
follows from the fact that generically x = —p + &, as in (3.54), and imposing x obeys
Dirichlet boundary conditions.'® Thus, the general solution for y is proportional to the

9The static vacuum, found by taking the 8 — oo limit of the reduced state (3.68), is a factorized pure
state and is not thermal, such that the Wald entropy with respect to the backreacted solutions found in the
static vacuum is not a thermal entropy.

10Technically, x formally diverges logarithmically at the location where the Dirichlet boundary condition
is imposed. The divergence is regularized via a cutoff, such that x is equal to a constant which we set
to zero.

_97 —



von Neumann entropy (3.70) of a 2D CFT in vacuum reduced to a single interval in a
curved background. The semi-classical Wald entropy (3.69), then, is exactly equal to the
generalized entropy!!

SwWald = Sgen - (3.72)

Relating Swald t0 Sgen Was previously hinted at but not realized in [84] in the case of 2D
flat space; the observation (3.71) has seemingly only been recognized in [30]. It is worth
pointing out that normally the Wald entropy represents only the gravitational contribution
to the generalized entropy, while the matter entropy is solely due to the von Neumann
entropy of the quantum fields living on the background. In the context of two-dimensional
gravity, however, the entire effect of conformal matter living on the background is encoded
in the 1-loop Polyakov action, for which we may apply the Wald formalism to compute the
entropy. We do not expect this observation to be true in higher dimensions as the trace
anomaly does not provide complete information of the matter fields.

A comment on CFTs in the half vs. full reduction models. As emphasized in
section 2, the half reduction model of de Sitter JT gravity leads to a dSo geometry that is
restricted, due to the fact that the dilaton ® > 0. No such restriction occurs in the full
reduction model. Here the quantum matter is described by a two-dimensional CFT in both
versions of JT gravity. This is not a natural viewpoint for the half reduction because the
CFT does not see the full space: the half reduction effectively restricts the CFT from a
cylinder to the half plane. Therefore, it is more natural to describe the quantum matter as
a CFT in the full reduction model, while in the half reduction one should probably consider
a boundary CFT.

3.4.2 Semi-classical thermodynamics

Briefly, let us now derive the semi-classical extension of the quasi-local Euler relation and
first law of thermodynamics in dSe. We again use Noether charge techniques, following [30].
In principle, we could have performed an on-shell Euclidean action analysis when y is
static, as we did in the classical case. However, for a time-dependent x this approach is
conceptually and computationally challenging, and a covariant analysis is desired.

Semi-classical quasi-local Euler relation. We use the integral identity (3.23), where
now we include the Noether charge and current associated with the 1-loop Polyakov action.
We begin with the right-hand side of (3.23). The Noether charge Q? for the auxiliary
field x is

X ¢ v v
Q¢ = Sy IXVHEY + 26KV ] . (3.73)
Evaluating this at the bifurcate point H of the Killing horizon H yields
= 22 3.74
$, QX = o (3.74)

HNote the von Neumann entropy depends on a cutoff § such that, via (3.72), the generalized entropy
depends on a UV cutoff. However, Sgen is expected to be a UV finite quantity [82], independent of the cutoff
(the regularized terms in the gravitational and matter sectors cancel). Likewise, the Sgen here can be made
UV finite by introducing a renormalized Newton’s constant G2, as done in higher dimensions, e.g., [83]. We
thank Ted Jacobson for emphasizing this point.
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where xy = xg. Clearly this is equal to the temperature times the semi-classical correction
to the Wald entropy due to x (3.69). Meanwhile, the Noether charge Q? associated to y

evaluated at S is

¢ 14
Q¥ls = 13- (NnFaux + Nn*Vux) s (3.75)

Note xs is not the same as xp when y is time dependent. Consider now the left-hand
side of the relation (3.23), where the only new contribution arises from y. The associated
Noether current 1-form j? on shell is given by

j§|2 = —{ - Lpoly =

c L? 9
1oxL2 X+7(VX) §-€, (3.76)

where we used 0, (¢, L¢tp)|s, = 0, since x is static at ¥ and L¢g,, = 0, and the Polyakov
Lagrangian 2-form Lp,ly is

xR+ (Vx)?] - (3.77)

C
LPoly = _mf [

Thus, analogous to (3.26), we may express the left-hand side of (3.23) in terms of a
semi-classical “Killing volume” @2‘:

x_ D oy xz/ Lo e,
/2]5 ey, er= E<X+ (VX)) €. (3.78)

Adding the semi-classical corrections (3.74), (3.75), and (3.78) to the classical Euler rela-
tion (3.31) yields the semi-classical quasi-local Euler relation for de Sitter JT gravity:

2G A A
FE = TSgen,H — 0 <(¢0 + (bB) - QCXS) - (bo ¢

e ox. 3.79
3 SrGaN 6 T 12aN € (3.79)

Here F refers to the sum of classical and semi-classical contributions to the energy, namely,

1 c
E=—- "V, —n'Vyx=Es+ E,. 3.80

Sy VO T g VX = Eo 1 By (3:80)
The semi-classical quasi-local Euler relation (3.79) may be split into three equations. The
first two involve ¢, and ¢q, respectively, and are equivalent to the classical expressions in
eq. (3.34). The third equation is proportional to ¢ and is given by

2Goc cA
E, =TSy, + —3 XS + 1277]\795 . (3.81)

Further, in the limit the thermodynamic systems become the full static patch, in the full
reduction we have that the quasi-local Smarr formula (3.79) becomes the semi-classical
Euler relation

PoA cA

X
87rG2N@5 T N O

X (3.82)

0= TGHSgen,h + TGHSgen,C -
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Semi-classical quasi-local first law. The semi-classical first law follows from the vari-
ational identity (3.40). Unlike the classical case, the left-hand side of (3.40) is generally
non-zero solely due to the presence of the auxiliary field y. This is because the symplectic
current 1-form with respect to the Polyakov action is (see eq. (4.88) of [30])

wy (0,09, Ley) [2 = —ﬁeu (79 = 9" 9°7) V. (Lex) 8gap — 29" (Lex) 0x ]Z ,
(3.83)
where we used L¢g,,, = 0 and L¢x|s = 0. This is non-zero because generally V,(Lex)|s #
0.2 Moreover, we cannot explicitly evaluate the integral of the symplectic current over
Y. Thus, we express the left-hand side of (3.40) formally, via Hamilton’s equations, as
the variation of the Hamiltonian associated to the y field, generating evolution along the

flow of &,
SHY = [ (w00, £c0). (3.84)

Moving to the right-hand side of (3.40), the integral at the bifurcation point of the Killing
horizon is

QY =€ 0,(0.60)] = {3 b (3:85)

The integral at S due to x is given by the difference of
c
5@2‘\3 = _Eé (Nn*a,xs) +0(NEy), (3.86)

and £ - 6y (1, 0v)|s, where

12 12 B
0, (1), 50)|p = — L Kn”au + ”EX> SxB + ”XaN] + —5(epxpntay)
127 c c N 127

(3.87)

= —€pLiy | OXB N 127r€BXB n-ay n-a, N )

where we used n*V,x = 12rE, /c. With - ep = —N, we find
f [6QX — €+ 0(9,69)) = NOEy — NEybxs — - Nn'ayéxs (3.88)
S

Substituting (3.84), (3.85), and (3.88) into (3.40) and adding the result to the classical
quasi-local first law (3.45), we arrive to

QGQC
3

1
§(Ey+ Ey) =T6Sgen,g — 0 (5(;35 - 5)(5) + Edxs + NéHg‘ . (3.89)
This is the semi-classical quasi-local first law. The second and third term on the right side
may be more neatly expressed as —040¢s—0,0xs, with the “dilaton surface pressure” defined
as 05 = n*a, /871Gy and the “conformal matter surface pressure” o, = —g5-n*a, — Ey.
Moreover, multiplying both sides of the quasi-local first law by N and taking the limit

12The contribution will in fact vanish in the special case the radius associated with endpoint (Va, Uz) lies
near the cosmological horizon, i.e., U2V2 = 0.
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where the thermodynamic systems become the full static patch, leads to the global first law
in the full reduction model,

0= TGH(SSgen,h + TGH(sSgen,C +0H) R (3.90)

where we used NE, — 0 as rg — £L. This first law suggests that the total semi-classical
entropy of the static patch is given by the sum of the generalized entropy associated to the
black hole horizon and the one associated to the cosmological horizon, .e.,

Stot = Sgen,h + Sgen,c ) (391)

which is the semi-classical generalization of the standard Nariai entropy (2.21). Finally, in
the half reduction model the global first law follows from the limit r5 — 0 and N — 1,
yielding

0(Eg + Ey) = TaudSgen,r + ExOxs + 0HY (3.92)

where Ey = E,(rp = 0) = Z35-7, where the positive (negative) sign refers to the

cosmological (black hole) system. This is the semi-classical extension of the first law (3.47).

3.5 Stationarity of generalized entropy in the microcanonical ensemble

We can use the quasi-local first laws (3.45) and (3.89) to define different thermal ensembles
and find the associated equilibrium conditions. Recall from ordinary thermodynamics that
the stationarity of the Helmholtz free energy F' = F — T'S at a fixed temperature T and
volume V follows from the first law dE = T'dS — pdV, since dF = —SdT — pdV vanishes at
fixed (T, V). Importantly, the stationarity of the free energy F' in the canonical ensemble
is equivalent to the stationarity of the entropy .S in the microcanonical ensemble. This is
because dF'|7y = dE —TdS and dS|gy = dS — pdE, so dF|r,y = —TdS|g,y which means
that dF|ry = 0 is equivalent to dS|g v = 0. The last equilibrium condition states that the
microcanonical entropy is extremized at fixed energy and volume. Below we will derive a
similar statement for the generalized entropy in semi-classical JT gravity.
The quasi-local Helmholtz free energy F' (3.17) in classical JT gravity is defined as

F=FE-TSy, (3.93)
whose stationarity follows from an application of the first law (3.45),
5F\T¢B = —SydTl —odpp =0. (3.94)

Compared to the discussion of standard thermodynamics above, here the pressure is
replaced by surface pressure ¢ and the volume by the dilaton ¢p. When we include semi-
classical corrections the classical entropy is replaced by the generalized entropy and the
classical quasi-local energy is replaced by the semi-classical energy (3.80), such that the
free energy becomes

Fsemi—cl = E¢> + EX - TSgen,H ) (3-95)

which is stationary at fixed (T, ¢p, xs, H g‘) due to the semi-classical first law (3.89).
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The stationarity condition of the Helmholtz free energy characterizes the canonical
ensemble. The canonical ensemble may be transformed into the microcanonical ensemble by
an appropriate Legendre transformation of the free energy. In particular, under a (negative)
Legendre transform of SF with respect to 3, the classical entropy Sy is recognized as the
thermodynamic potential of the microcanonical ensemble,

Sy =—-p(F—F). (3.96)
It follows from the classical first law (3.45) that Sp is stationary at fixed F and ¢p,
6SH’E,¢B =0. (3.97)

Likewise, when semi-classical corrections are included, the generalized entropy Sgen is
identified with the microcanonical entropy,

Sgen,H = _ﬁ(Fsemi—cl - E(;S - Ex) ) (398)
and obeys the stationarity condition

6Sgen’H|(E¢>vEx7¢37Xs,H?) =0 (3.99)

We may interpret this as the microcanonical equilibrium condition for semi-classical de
Sitter JT gravity. It holds both for the black hole system as well as for the cosmological
system, in the sense that H can represent both the black hole horizon and the cosmological
horizon in dSs. If the thermodynamic systems become the full static patch, less variables
need to be kept fixed in the microcanonical ensemble: in the full reduction model the sum
Sgen,h + Sgen,c is stationary at fixed H, 2‘ in the static patch, as follows from (3.90), while in
the half reduction model Sgen g is stationary at fixed (Eg, Ey, X, Hg), according to (3.92).
A similar relation as (3.99) was uncovered for semi-classical JT gravity in AdS in [30].

It is worth recalling that quantum extremal surfaces are defined as codimension-2
surfaces which extremize the generalized entropy; this is the essential content of the QES
prescription (1.4). Thus, when backreaction effects are taken into account, the semi-
classical first law in the microcanonical ensemble may be regarded as the first law of
thermodynamics of quantum extremal surfaces in dSs. This observation motivates us
to explore the connection between the QES formula and microcanonical semi-classical
thermodynamics in the next section.

4 Islands from the microcanonical action

In the previous section we have established two key insights about semi-classical JT gravity in
de Sitter space: (i) the semi-classical Wald entropy is equal to the generalized entropy (3.72),
and (ii) Sgen is the microcanonical entropy and is stationary in the microcanonical ensemble.
Following [30, 54], we may combine these two observations and provide a first principles
derivation of the extremization condition appearing in the QES formula (1.4) via a Euclidean
microcanonical gravitational path integral. More precisely, at leading order in a saddle-
point approximation, the Euclidean microcanonical action Ig° is equal to (minus) the
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generalized entropy, where the extremization of Sge, follows from minimizing I7°. An
important distinction is that in the previous section we studied the thermodynamics of
Killing horizons, while here we consider the thermodynamics of finite causal diamonds
which have a conformal Killing horizon in dSs. This is because we are interested in the
entropy of entanglement wedges, which take the form of causal diamonds. Time evolution
in the former quasi-local set-up is generated by the standard time translation Killing vector
0¢, while in the latter diamond context it is generated by a conformal Killing vector (see
section 4.2).

It is worth emphasizing our approach does not rely on an underlying holographic
duality, such as AdS/CFT or dS/CFT. We also will not need to invoke the replica trick,
as done in [50, 51, 85|, since we are working with an eternal background with a U(1)
Killing symmetry. Thus, we will not find replica wormhole geometries. Moreover, while the
arguments below hold for two-dimensional models, we will provide a derivation of the island
formula for de Sitter JT gravity, which thus far has been assumed to hold in the literature.

4.1 Microcanonical action

Recall from ordinary thermodynamics that a system may be described using various
ensembles depending on which thermodynamic data is held fixed. For example, the
canonical partition function Z(f) characterizes a system of fixed size and temperature
T = B!, defining the canonical ensemble. Meanwhile, when the total energy Ej is fixed,
the system is best described using the microcanonical partition function, i.e., the density
of states W(Ep). One may relate the canonical and microcanonical ensembles via an
appropriate Legendre transform of the thermodynamic potentials, as described above.

It is well known, moreover, that the canonical partition function may be cast as a
Euclidean path integral, i.e., a functional integral over field configurations v with fixed
boundary data, weighted by the (canonical) Euclidean action I§*" defining the theory, all

at fixed temperature,
Z(B) = /D@Z) e BT (4.1)

Here D1 denotes the functional integration measure over dynamical fields v, and, as is
standard practice with thermal path integrals, the Euclidean time variable is periodic in

—IE" [0l where v are solutions to the

B. In a saddle-point approximation we have Z ~ ¢
semi-classical field equations.

It is not immediately clear whether the density of states W (Ey) can likewise be cast in
terms of a path integral. This is because, for a theory without gravity, the total energy
of matter fields permeates all space and is not fixed by only specifying boundary data.
However, as recognized by Brown and York [52] (see also [27]), when gravity is included, the
total energy of the system is entirely given by the behavior of gravitational field variables
at the boundary. This makes it possible to express W (Ey) as a path integral over field

configurations at a fixed energy, weighted by the Euclidean microcanonical action I3,

W (Ep) = / Dy e BT o5 o] | (4.2)
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The form of the microcanonical action can be deduced, at least to leading order, in a
saddle-point approximation, since the canonical and microcanonical actions are related
via a standard Legendre transform. To see this, recall the canonical and microcanonical
partition functions are connected by a Laplace integral transform

Z(B) = / dEyW (Eg)e PFo . (4.3)

In a stationary phase approximation and in the (near) thermodynamic limit, the canonical
partition function is given by log Z(8) ~ log W (Ey) — SEy. Identifying the canonical free
energy —(F () = log Z(f) and microcanonical entropy Smc(Eo) = log W (Ep), this relation
is recognized as the Legendre transform —pF = Sy, — BEy. Expressing Z(f) in terms of a
path integral as in (4.1) with log Z(5) ~ —I§*", to leading order one finds a transformation
between the microcanonical and canonical actions, I§'¢ = Ig*" — BEjy.

Formally, for a gravity theory on a Euclidean manifold Mg with a timelike Killing
symmetry, generated by & = 0y, the off-shell Euclidean microcanonical action is given
by a Legendre-like transform of the (canonical) Euclidean action involving the Noether

charge Q¢ [86]
Tt = (/MEL - /8/\/1? . Qg) ' 44

Here, L is the Lagrangian form in Euclidean signature. This version of the action is found
by explicitly comparing its variation 0I5 to the variation of the microcanonical action
developed in [52]. In the context of an eternal black hole in an arbitrary diffeomorphism
invariant theory, one finds the on-shell microcanonical action is equal to the Wald entropy

15 = —Swald - (4.5)

This on-shell relation can be understood as a path integral derivation of the Wald entropy
functional for stationary black holes in the microcanonical ensemble.

Another, seemingly less well-known, path integral method for deriving the entropy of
a bifurcate Killing horizon in an arbitrary theory is known as the Hilbert action surface
term method, developed by Baniados-Teitelboim-Zanelli (BTZ) [53]. In this approach, as
detailed in [87], the on-shell microcanonical action is equal to the Gibbons—Hawking—York
surface term evaluated on the boundary of an infinitesimal disk D, of radius e orthogonal
to punctures in the Euclidean spacetime, corresponding to the bifurcate Killing horizon in
Lorentzian signature. Hence, the Wald entropy may be written as the GHY surface term
evaluated on infinitesimal boundaries surrounding the analytic continuation of the bifurcate
horizon.'® Providing more details below, we will use the BTZ prescription to compute the
on-shell microcanonical action; an equivalence between this method [53] and the Noether
charge formalism was established in [86] (see also appendix C in [54]).

131t is worth emphasizing that the horizon entropy does not follow from inserting a GHY boundary
term near the horizon in the standard (canonical) Gibbons-Hawking path-integral method. For example,
in asymptotically flat backgrounds, the on-shell canonical Euclidean action is given by the GHY term
evaluated at infinity, while in Euclidean dS there is no boundary term and the entropy is computed using
the bulk action.
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Figure 8. A (rectangular) Lorentzian causal diamond in two-dimensional de Sitter space in the full
reduction model.

Lastly, as eluded to in the introduction, the Bekenstein-Hawking entropy formula
applies to surfaces other than black hole horizons. As such, the respective off-shell and
on-shell relations (4.4) and (4.5), as well as the BTZ method may be generalized to other
spacetimes with horizons. In the next two subsections we will introduce causal diamonds in
dS2 and apply the microcanonical action to this geometric setup.

4.2 Causal diamonds in dS»,

We are interested in evaluating the microcanonical action on the entanglement wedge of an
interval ¥ in dSs, i.e., the domain of dependence of any achronal surface with boundary 9.
The entanglement wedge is given by a finite, rectangular causal diamond, the intersection
of the past and future domains of dependence of . In a generic two-dimensional spacetime
in the conformal gauge d¢f> = —e?’dudv, the causal diamond consists of the intersection
of the regions [u — uyp = —a,u —up = a] and [v —vg = —b,v — vy = b] for constants
a,b,ug,vg. Positive length scales a and b define the null boundaries of the diamond,
(u—up = +a, v—vg = £b). A square diamond is one with a = b. The maximal spatial slice

¥ in the diamond is given by u — up = —+/(v — v9)2 + a2 — b2, and the line between the

future and past vertices is given by u — ug = /(v — v9)? + a® — b? (see appendix A in [54]).
An illustration of a (Lorentzian) causal diamond is given in figure 8.

Such a causal diamond has a conformal isometry generated by a conformal Killing
vector ¢, obeying the conformal Killing equation in two dimensions 2V (,(,) = G (V-
) [68, 88, 89]. Specifically, when we put the diamond into two-dimensional de Sitter space,
and we require that ( is proportional to d; in static coordinates in the maximal diamond
limit a, b — oo, then the conformal Killing vector takes the unique form (see appendix D)

¢ =As(u—1up)0y + Ap(v —v9)0y , (4.6)
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ith
wi Lk,

sinh(a/L)

and similarly for A;(y). Here k, and ky are surface gravities associated with length scales a

Auly) = [cosh(a/L) — cosh(y/L)] , (4.7)

and b. On the null boundaries of the diamond we have ¢ = 0, thus they are conformal
Killing horizons generated by (. The surface gravities are constant and positive (negative)
along the future (past) horizon.

We can cover the causal diamond with inextendible “diamond universe” coordinates
(s, z) adapted to the flow of ¢ [68]. Here s is the conformal Killing time, satisfying ¢ -ds = 1,
with range s € [—00, 00|, while x is a spatial coordinate 2 € [—00, 00]. In these coordinates,
the two-dimensional line element is

d* = C* (s, ) (—d52 + dazz) . (4.8)

The conformal factor C? is explicitly derived in appendix D for diamonds in dSs. In these
coordinates the conformal Killing vector is simply the generator of the conformal Killing
time, ¢ = Js. The null boundaries of the horizon are located at x = oo, where the diamond
line element (4.8) approximates to

d0? = AL kgrpeT Ratro)T (—ds2 + de) . (4.9)

We recognize this as the flat Rindler metric d¢? = —x?p?ds? + dp?, with radial coordinate
0= 4L\/M(ma+&b)_1e¢(“a+”b)$/2 and surface gravity k = %(F&a—l-fib) = FC10,C) 1400
Thence, ¢ = 05 approaches an approximate boost Killing vector near z = +oc.

The Euclidean continuation of the diamond universe coordinates follows from Wick
rotating the conformal Killing time s — —isg. Similar to causal diamonds in four dimen-
sions [90], the Euclidean continuation of the finite diamond covers nearly the entire space
of Euclidean dSs; only the bifurcation points x — 400 are missing (see appendix D). Thus,
the null boundaries are mapped to punctures in the Euclidean spacetime, and correspond
to a conical singularity o = 0 in the Rindler metric (4.9). To remove the conical singularity,
we must periodically identify the Euclidean time coordinate, sg ~ sg + 27/k. As such,
when we restrict the Bunch—Davies state to the causal diamond, the diamond has a natural
temperature Tcp = k/27. Thus, the Euclidean causal diamond in dSs may be represented
by a two-sphere with two punctures corresponding to the horizons of the Lorentzian diamond.
We illustrate the Euclidean diamond spacetime in figure 9.

4.3 Generalized entropy from the microcanonical action

We now have all of the ingredients to find the microcanonical action of dSs causal diamonds
in semi-classical JT gravity. We start from the microcanonical density of states W (Ep) (4.2)
in the saddle point approximation, where ¥g = {g,, ¢, x} are the solutions to the semi-
classical JT equations. Following [54], the off-shell Euclidean microcanonical action for
causal diamonds is defined as

MCD

=i [ L-— ds A O, ch/))] (4.10)
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Figure 9. Euclidean dS, diamond spacetime in Kruskal coordinates (Tg, Xx) (D.27). Lines of
constant x (red) and lines of constant sg (blue) are at equal intervals of 0.2. High contour density
corresponds to the two horizon punctures at & = +oo. We have set a=b=1/2, L=k, =Ky =1
and ug # vy # 0. For the square diamond, the punctures at x — +o0o0 are mapped to the points
(T, Xx) = (0, Lete/L).

This differs from the microcanonical action for black holes (4.4), since causal diamonds have
no asymptotic region like black holes and they admit a conformal isometry instead of a true
isometry. Here 6 is the symplectic potential 1-form, with (1), L¢1)) non-vanishing since ( is
a conformal Killing vector rather than an exact Killing vector. Writing L = ds A (- L, we see
the two terms between brackets combine into an integral over the Noether current 1-form
Je =0, Lep) — ¢ - L associated with diffeomorphisms generated by ¢. Using the on-shell
identity jo = dQ¢, with Q¢ the Noether charge 0-form, and applying Stokes’ theorem we
find the on-shell Euclidean microcanonical action for diamonds is equal to

2w
IEIC:/6/\/(CDCLSE/\QC:,‘<v 82Q<:*SWald|aE. (4.11)
E

To arrive to the second equality we used the fact that 8/\/1%]3 has topology S' x 9%, such
that the Noether charge restricted to 0¥ is independent of Euclidean time sg since the
dilaton ¢ and auxiliary field x are constant in the limit z — £oo. This allows us to integrate
out the Euclidean time. The last equality follows from the definition of the Wald entropy,
with Swald = ﬁ((ﬁo +¢) — §X- Thus, the on-shell microcanonical action of Euclidean dSg
causal diamonds is equal to minus the Wald entropy.

Equivalently, the on-shell microcanonical action (4.11) is given by a GHY boundary
term inserted at the bifurcation points {0% : z = oo} [54, 90]. To see this, note the
Hamiltonian H. for a theory, which fixes the induced metric of the boundary dM of a
(Lorentzian) manifold M, is given by an integral over the codimension-2 slices Cs where ¥
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orthogonally intersects dM [30, 86],

He= § (Qc=C-b)= § comNe. (4.12)

Here b is the GHY boundary term 1-form (C.2), € is the quasi-local energy density (C.16),
and N = —(*u,, is the lapse. Importantly, at the bifurcation points 93 the lapse N = 0
such that H: = 0 on 0X. Now, let (0X), denote a 1-parameter family of surfaces in Xy
obeying lim._,¢(9%). — 0. Using Hs = 0 in (4.12), it follows

lim = lim - b, 4.13
e—0 (0%). QC e—0 (@E)EC ( )

leading to, for the case of semi-classical JT gravity,

(¢0+¢)_CX] ‘

—_— 4.14
871Gy 127 ( )

Here /v = C' is the induced metric on constant sg slices and the trace of the extrinsic
curvature of these slices is K = FC 20, C. Since the fields ¢, x are independent of sg and
VYK — k in the limit © — +oo, the integral over sg is trivial, and the right-hand side is
equal to minus the Wald entropy. This establishes the equivalence between the BTZ [53, 90]
and Noether charge [86] methods for the case of causal diamonds.

From either (4.11) or (4.14), since Swald = Sgen (3.72), we see the on-shell microcanonical
action in semi-classical JT gravity is given by the generalized entropy

T = —Syen s (4.15)

The density of states is thus W (Ey) ~ e e, identifying Sgen as the microcanonical entropy.
As a microcanonical entropy, Sgen is maximized at a fixed energy. Therefore, the micro-
canonical action is minimized at fixed energy Ey. We may formally determine the energy
Ey by computing the variation of I;2¢ over the full Euclidean causal diamond. Specifically,

0l = /MCDdSE Aw(1, 61, [’Cw) = /SldSE(SHC , (4.16)
E

where 0 H; = fZSEw(w, 0, L)) is the variation of the Hamiltonian generating the evolution
along ¢. This shows I3 is stationary at fixed energy Ey = £H; + const. We set the
constant to zero, and the sign is determined by imposing consistency with the first law of
causal diamonds, 5-0Swalq = —6H¢ [54, 68]. Hence, the energy to be fixed is Ey = —H¢.

Furthermore, minimizing the microcanonical action with respect to the background
is equivalent to extremizing Sgen With respect to the shape and location of ¥. This is
consistent with the extremization prescription in the QES formula. One subtle difference
with the QES formula is that we derived the extremization of Sge, in Euclidean signature,
whereas the QES formula is usually stated in Lorentzian signature. We have thus derived
the generalized entropy in de Sitter JT gravity and its extremization from a Euclidean
action principle.
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Lastly, note that here the Euclidean time sg = is is imposed to be periodic, sg ~ sE—&-%ﬂ,
in order to remove the conical singularities at * = 4+oco. This is a regularity condition
at the horizon which happens to be consistent with our choice of vacuum state. Thus,
while we work in the microcanonical ensemble, the vacuum state of matter remains in the
Bunch—Davies vacuum, which is a thermal state when restricted to the causal diamond at a
fixed, positive temperature Tcp = k/27.

4.4 Islands in the full reduction

Quantum extremal surfaces arise from extremizing the generalized entropy (3.69), where
the von Neumann entropy (3.71) is of a single interval with endpoints [(U1, V1), (Us, V2)].
Equivalently, we search for QESs by minimizing the microcanonical action of a causal
diamond in dSs, where the bifurcation points 0% of the diamond are identified with the
endpoints of the interval. In our computation, we will keep one endpoint of the interval fixed,
and vary the position of the other endpoint. When looking for QESs, it is important to
distinguish between the dSo geometry which arises from the half or full spherical reduction.
In the full reduction, one may consider an interval with one endpoint in one hyperbolic
patch, and another endpoint in a different hyperbolic patch. The authors of [43] showed
non-pathological quantum extremal islands only arise in this scenario, thus implying islands
do not arise in the half reduction model. Our calculations below are consistent with the
results in [43].

QESs in half reduction. Let us look for quantum extremal surfaces, and, consequently,
islands, in the dSe geometry found via half reduction (figure 2). This follows from extremizing
the generalized entropy. The matter entanglement entropy is given by the von Neumann
entropy of the conformal matter, x, in the Bunch—Davies vacuum restricted to an interval
with both endpoints in the half reduction dSy space. One can consider a similar set-up for
the dSy geometry from full reduction, and therefore our discussion here applies equally to
that case as well (hence ¢ is not set to zero).

The total generalized entropy (3.69) is

! LY ey e 16w meen -y
e (e (L) ) s
ge 4G ( 1 — Ui;/l 3 12 5%5% (1 _ %)2 (1 — %)2

(4.17)
Here we will keep the endpoint (Us, V2) fixed while varying the first endpoint (Uy, V7).

Doing so, we find two possible locations for a QES. The first is at

L3¢ L%e

2 2
~ ~ € 4.1
Vim g+ 00, Ui g+ 0(), (4.18)
and the second is at
L? — 20U, V% L? — 20U, V%
v, EZ2R) 0(?), Ui~U,— L7 - 200Vs) O(e?), (4.19)
3Us 3V,
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where ¢ = % < 1. In the classical limit'* ¢ — 0, the first solution reduces to the

cosmological horizon (U; = V; = 0) for any choice of (U, V2). The second solution places
the two endpoints very near each other, coinciding as ¢ — 0. We thus reject the second
solution, and find that the QES (4.18) lies near the cosmological horizon,

~ I — 4.20
TQES 9 (L _ TQ) € Y ( )

where ry denotes the radial coordinate associated with endpoint (Uz, V). The location
of this QES coincides with the one attained in [24]. Further, note that for UsVs = L? or
r9 — 00, then Sgen(r = L) > Sgen(r = rqus), consistent with the QES formula.'> Further,
the generalized entropy for the second solution (4.19) is parametrically larger than Sgen
evaluated at the QES in (4.18), which is another reason to ignore the second solution.

The island formula is an application of the QES formula (1.4), which may be used
to compute the von Neumann entropy associated with radiation emitted from a horizon.
Formally, one computes the von Neumann entropy associated to the entanglement wedge of
radiation, namely, the causal development of the codimension-1 slice X7 = ¥;2q U 1. One
imagines collecting the radiation in a weakly gravitating region X,,q, here placed near future
infinity Z7, as the dilaton diverges near there, a herald for weak gravity. The boundary of
the island OI corresponds to the location of the QES. For ¥,.q near Z* (ro — 00) we see the
QES (4.20) is located just outside of the cosmological horizon, and hence the island is timelike
separated from the radiation region ¥,,q.'® While computing the entanglement entropy of
an interval between timelike separated points is not unreasonable, such entropies have been
shown to lead to bag-of-gold and strong subadditivity paradoxes [91, 92]. Moreover, our
derivation of the QES prescription only applies for an interval between spacelike separated
points, and therefore, as in [43], we neglect such scenarios. Consequently, there are no
non-trivial islands spacelike separated from X,,q to consider.

QESs in full reduction. We now turn to the dSs geometry found via full reduction,
where we place the endpoint (Uy, V1) inside the hyperbolic patch coinciding with the black
hole interior, whilst fixing the endpoint (Us, V2) in the neighboring hyperbolic patch (future
blue region in figure 3). To move the point (Uy, V) into the other hyperbolic patch we
employ the continuation (A.33), such that the generalized entropy is now

S — 1 <¢0 — & (1 + Ui‘;l ) + GC) 4+ & log [16[’4 (L + U1 U2)*(L? + ViVa)?
STe \1-4h 3 12 6262 (L2 — U1 V1)2(L2 = UpVa)? |
(4.21)
where we point out the relative minus sign in front of ¢, in the “area” term. It is worth
noting that the quantum state of matter is in the vacuum with respect to global coordinates
of the full space (0, ) (A.22). This vacuum state is still the Bunch-Davies vacuum, which
follows from the fact the continuation (A.33) leaves the line element invariant.

MWhen Planck’s constant 7 is restored one has € = Gaohc/¢r, and the € — 0 limit corresponds to i — 0.
5Moreover, as r2 — oo, the QES position (4.20) simplifies to rqrs =~ L(1 + %62)7 identical to the location

of a QES in AdS; [30]. This is an approximation to the exact value rqus(ra — 00) = 2Ley/1+ 12 [54].
6 Further note that the neglected QES (4.19) is also timelike separated from X,aq.
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Figure 10. Islands in two-dimensional de Sitter in the full reduction. When an island 7 is included,
the entanglement wedge of radiation is the causal development of ¥,.,q U I. Since the global vacuum
state is pure, one instead computes the entanglement entropy of the complement (X,.q U )¢, the
two intervals [Qr,, Pr] U [Pr, Qr| (purple). The entanglement wedge of the complement is given by
two rectangular causal diamonds (blue).

Varying with respect to endpoint (Uy, V1) while keeping (Us, V2) fixed, we find two
possible locations for a QES. The first one is
_ U Vac

Vim o=+ o), U= <5+ O(e?), (4.22)

and the second is

Vi =~

3V, 3

L2 2L Uy
3Us 3

2 2
—— —>e+(’)(62), Uy ~ L <2L Y
Va

o+ 5w ) e+0().  (4.23)

When the point (Us, V2) lives near ZT, it is straightforward to show the second solution (4.23)
is timelike separated from the radiation region, and for the reasons described above, we
neglect such a solution. The first solution (4.22) is located near the black hole singularity,
and thus the associated island is spacelike separated from X,.q (see figure 10). In static
patch coordinates, the QES (4.22) is

~—-L+ — . 4.24
rass =L+ 5 () 424

This QES is the same one uncovered in [43]. In the classical limit, the QES lies at the black
hole horizon r = — L, while for € £ 0 and 9 — 0o, the value of the dilaton at this QES is

Or Ge (26)2 Ge
—_% Y £ B i R 4.2
P(rQEs) 7 TQEs T Gy 1+ 3 T3 (4.25)
As in the half reduction model, Sgen(r = rQEs) < Sgen(r = —L), consistent with the

QES formula.

Note that the radiation, modeled by Yy, is in the Bunch—Davies vacuum, a pure state.
Hence, Sun(2ar) = Syn(X§;), where £§; = (Xaq UI)€ is the complement of Xy; = Xaq U1,
and in practice we therefore compute Syn(2§;) using the island formula. Thus we consider
the microcanonical action of the complement of the entanglement wedge of radiation:
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Figure 11. Causal diamond associated with computing semi-classical entanglement entropy of ¥,.4
in the absence of an island.

the union of the domain of dependence of achronal surfaces ¥ and Y’ with boundaries
0¥ = BU P, and 9% = PrUB’, respectively. Upon extremizing the microcanonical action,
the point B becomes the QES @1, and similarly B’ = Q g, such that we compute the entropy
of the two intervals [Qr, Pr] U [Pgr, @r], and the island is I = [Qr,Qr| with boundary
0I = Qr U Q (figure 10). We thus evaluate the on-shell microcanonical action for two
identical causal diamonds with edges 0% and 0Y'. In the previous subsection we showed
the on-shell (Euclidean) microcanonical action of a causal diamond in semiclassical JT
gravity is equal to minus the generalized entropy of the diamond. Even though the causal
diamonds in figure 10 include the black hole singularity, this does not pose a problem to
evaluating the microcanonical action of the diamonds. The action is on-shell given by a
boundary term, i.e. (3 times) the Noether charge of the edge 9%, which is not close to the
black hole singularity.

In an appropriate OPE limit, the von Neumann entropy of the CFT factorizes, such
that we may treat each causal diamond separately. Consequently, the total island entropy
is, to leading order in UsVs ~ L2,

SVN(Eal) = Sgen(QL) + Sgen(QR)

2 c 4L* 2ce 4.26
~ 4G (60 + ¢(rqes)) + 3 log [5152([/2 - U2V2)] 9’ ( )
consistent with the result found in [43]. Here we used Sgen|ox = Sgen(Qr), and similarly
for Sgen|asy, since Pr 1, belong to the weakly gravitating region, such that we ignore the
contribution to the dilaton, and where y = 0, due to the Dirichlet boundary condition
imposed on x (see footnote 10) [30].

Note that the entropy (4.26) is constant with respect to time t or equivalently “length”
X = £1og(V/U) in coordinates (A.29). This is analogous to the behavior of the entropy
of radiation emitted by an eternal AdSs black hole in the island phase [39]. When the
island is taken to be the empty set, however, one neglects the dilaton and the von Neumann
entropy of radiation is given by the semi-classical entanglement entropy, which is found to
grow linearly in X at large X [43]. The linear growth also follows from extremizing the
microcanonical action, where now there is only a single (square) causal diamond with edges
0¥ = P U Pg (figure 11). Specifically, similar to [54], extremization of S{{ for a single
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interval contained in the expanding hyperbolic patch yields Ur, = Vi and Vi, = Ug (such
that TR = T, =T and Xgp = — X7, = X), and X > L and T < L. Substituting these
conditions into the semi-classical entanglement entropy gives

€ <2L2(VR—UR)> < g<2L sinh X > X

W (Zrad) = (4.27)

38\ 52 —vave) ) ~ 3\ G sty T3 T
where we expanded for X > L to obtain the linear growth in X, analogous to the “Hawking
phase” for black hole radiation, and in agreement with [43]. There exists a critical length, the
“Page length” Xp at which the island entropy (4.26) equals the semi-classical entanglement
entropy (4.27):
2
(Vp=Up) = %64& [Poté(ras)] - or  Xp ~ Larcsinh ((fmgc [¢°+¢(TQES)]> : (4.28)
1 1

A global minimization of entropies (4.27) and (4.26) reveals a transition occurring at this
length, analogous to the transition seen in the Page curve for eternal AdSs black holes [39].

5 Discussion

In this article we explored thermodynamic and microscopic aspects of two-dimensional
de Sitter space using semi-classical de Sitter JT gravity. Specifically, we extended the
quasi-local analysis of York to the case of dSe by introducing an auxiliary timelike boundary
in the static patch that interpolates between the black hole and cosmological horizons.
With this timelike boundary we were able to properly define conserved charges, namely
the energy, and uncovered a quasi-local first law of thermodynamics. Backreaction due
to quantum matter is fully incorporated via the 1-loop Polyakov action, leading to a
semi-classical extension of the quasi-local first law of thermodynamics, where the classical
Gibbons—Hawking entropy is replaced by the generalized entropy. Crucial to this extension
was the observation that in two dimensions the semi-classical Wald entropy is ezactly equal
to the generalized entropy, where the semi-classical contribution arises from expressing
the Polyakov action in a localized form. Including semi-classical backreaction, the first
law of horizon thermodynamics was modified such that the classical entropy is replaced
by the generalized entropy. This is expected to be a feature for systems which include
backreaction; indeed, the same modification appears in the three-dimensional semi-classical
Schwarzschild-de Sitter black hole [93].

Further, in the microcanonical ensemble we found that the generalized entropy is
equal to the microcanonical entropy, whose stationarity condition implies extremizing
the generalized entropy, similar to recent results for eternal AdSs black holes [30]. This
observation suggests a first principles derivation of the QES formula [54] in U(1) symmetric
backgrounds (alternative to previous derivations invoking the replica trick) which we have
extended to the case of de Sitter JT gravity. Thus, we provided evidence that the QES
and island prescriptions hold beyond AdSs systems. The crucial new insight is that the
on-shell microcanonical action of (Euclidean) causal diamonds computes the generalized
entropy, whose extremization follows from the minimization of the action. This leads to
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the appearance of quantum extremal islands in the full reduction model of JT gravity,
consistent with [43], where the island lives near the singularity of the black hole.

There are a number of exciting prospects of our work, which we have only eluded to
thus far. Let us discuss them now in some detail.

De Sitter holography. The Gibbons-Hawking entropy formula suggests the microscopic
description of de Sitter space obeys the holographic principle. That is, the putative dual
quantum theory accounting for the underlying microscopics of dS lives on a holographic
screen. Evidence is mounting that dS holography is strikingly different from AdS/CFT
holography (cf. [15]). For example, the number of degrees of freedom increases in the IR
direction of the microscopic theory, indicating the dual quantum theory description of dS
is unlikely to be a local quantum field theory. Additional evidence that the underlying
microscopics of de Sitter space is not well characterized by a local quantum field theory has
been given via matrix model descriptions of dSy [94]. Further, the UV /IR connection for
dS appears to be inverted: long distances (IR) in the bulk correspond to low energies (IR)
in the microscopic theory. This is consistent with the worldline holography proposed in [13]
(see also [14]) where the UV theory lives on a surface near the origin r = 0, in contrast with
AdS/CFT where the UV description lies on the conformal boundary.

The differences between dS holography and AdS/CFT are further exemplified in the
way entanglement entropy of the dual quantum mechanical theory is computed using bulk
quantities. The Ryu-Takayanagi entropy formula says that the entanglement entropy of a
CFT state restricted to a boundary subregion is equal to the area of the (bulk AdS) extremal
surface anchored at the endpoints of the boundary subregion. In contrast, it was recently
proposed that in de Sitter space the extremal surface whose area computes the entanglement
entropy is anchored between the two stretched horizons where the holographic degrees of
freedom reside [17-20] (see also [95, 96]). Thus, the UV boundary of AdS is replaced by the
IR boundary of the static patch, compatible with the aforementioned worldline holography.

A toy quantum mechanical model which exhibits these features of static patch hologra-
phy has been conjectured to be the SYK model in the “hyperfast” limit [18]. This is because
the holographic degrees of freedom of the cosmological horizon are hyperfast scramblers,
scrambling on a time scale equal to the de Sitter radius, implying the complexity growth is
hyperfast. In the SYK model, the hyperfast scrambling property is a consequence of taking
the infinite temperature limit of SYK, such that the temperature is greater or equal to the
fundamental energy scale of SYK.

The transition from low to high temperature in the dual bulk (AdS JT gravity) picture
suggests a connection with the quasi-local thermodynamics studied here. At low temperature,
the boundary bends slightly inward toward the horizon [97], while at high temperature the
boundary nearly coincides with the horizon, such that the holographic boundary degrees of
freedom become horizon quasinormal modes. The timelike screen one introduces to study
quasi-local thermodynamics interpolates between the UV (r = 0) surface and the IR static
patch boundary (stretched horizon), and shifting its position may be capturing this low
to high temperature transition of SYK. It would be interesting to pursue this connection
further and see whether the quasi-local thermodynamics of dS JT gravity provides insights
into hyperfast SYK, and vice versa.
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Furthermore, the semi-classical thermodynamics may deepen our understanding of
entanglement entropy in de Sitter space. For example, according to the proposals of [17, 19,
20], the Gibbons—Hawking entropy of pure dS is identified with the entanglement entropy
between modes living on the left and right horizons, Sepy = Sgp. Similarly, the entanglement
entropy between left and right sides in a Schwarzschild-de Sitter background is given by the
sum of the gravitational entropies of the black hole and cosmological horizon, Seny = Sh + Se.
Therefore, thermodynamic relations directly translate into relations for the entanglement
entropy. Our global first law for dSs (3.90) suggests that when quantum matter is included,
the total semi-classical entropy of SdS is Sent = Sgen,n + Sgen,c. Moreover, semi-classical
corrections affect the probability of creating a black hole in de Sitter, which in semi-classical
gravity should be P ~ exp(—AS) with entropy deficit AS = Sgen ds — Sgen,h — Sgen,c, Where
the last term is the generalized entropy of pure dS.

Quasi-local thermodynamics and T'T deformations in dSs. It is well known that
finite cutoff holography in AdSs is dual to 7T deformations of a holographic CFT, where
TT is related to the trace of the quasi-local Brown-York stress tensor. Further, AdS JT
gravity with a finite cutoff is precisely described by a Schwarzian theory deformed by the
one-dimensonal analog of T'T [98], providing evidence that T'T deformations in a holographic
theory correspond to moving the conformal boundary to a finite radial distance in bulk AdS.
In three (bulk) dimensions, these deformations were generalized to TT + A deformations
of the CFT to reconstruct patches in three-dimensional de Sitter space [99], and were
recently used to provide a microstate counting interpretation of the Gibbons—Hawking
entropy of global de Sitter space [100]. In particular, one constructs microstates of the patch
containing the cosmological horizon from the (dressed) microstates of the BTZ black hole
at a particular energy level. This “cosmic horizon patch" is defined as the region between
the cosmological horizon and a timelike boundary B. This picture suggests, holographically,
that the 7T deformation corresponds to the movement of a holographic screen in the bulk.
The quasi-local thermodynamics studied here may shed light on the one-dimensional analog
of TT deformations to the dual quantum mechanical theory.

Microcanonical action and multiverse models. We found that the von Neumann
entropy of radiation collected at ZT in global dSs during the island phase is equivalent to
evaluating the microcanonical action on two finite causal diamonds (figure 10). Recently,
JT de Sitter multiverses, where global dSs is extended, have been used as toy models to
study false vacuum decay in inflationary universes with multiple vacua. For sufficiently
large radiation subregions 3,4, the fine grained entropy of radiation, captured using the
island rule, leads to an analogous Page-like transition [101]. Crucial to this analysis is
the assumption the island formula holds for the extended dSs multiverse. However, it is
not immediately clear how reasonable this assumption is as a Euclidean description of JT
multiverses is currently lacking, as is the replicated manifold necessary for the replica trick.'”

17See, however, [44], where the replica method is used to compute the entanglement entropy between two
disjoint universes, one gravitating and one non-gravitating.
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An appealing feature of our first principles derivation of the QES prescription is that it
naturally applies to these multiverse models. We find an island develops and covers nearly
the entire dSy multiverse, consistent with [101]. To carry out the analysis explicitly, one
must consider causal diamonds in extended dS%, which globally has the same line element
and static dilaton solution as in (A.23), except where the coordinate ¢ € (0,27n) for integer
n. The Euclidean diamond universe in dS%, which the microcanonical action is evaluated
over, is given by the Euclidean continuation of dS5, modulo the horizon bifurcation points.
The calculation then proceeds as before (4.14), where the microcanonical action is equal to
the Gibbons-Hawking—York boundary term evaluated on the boundary of an infinitesimal
disk surrounding the punctures. This is reminiscent of the observation made in [101]: an
island always forms for sufficiently large X,,q, independent of the global geometry beyond
Yad- This suggests the global spacetime does not capture fundamental degrees of freedom
independent from those in ¥,,4, i.e., there is a redundancy in the rest of the global spacetime.

Dynamical backgrounds and beyond two dimensions. Our derivation of the QES
prescription only applies to two-dimensional static backgrounds. It is natural to wonder
whether we can extend this work to higher-dimensional and dynamical settings.'® The
derivation I§'¢ = —Swala for causal diamonds is actually valid for any diffeomorphism
invariant theory in any dimension [54]. It is unclear, however, whether the connection
SwWald = Sgen holds beyond two dimensions; in fact it seems unlikely since here we used the
fact that the Polyakov action is 1-loop exact in two dimensions. Nonetheless, it would be
interesting to see what one could glean from the Wald entropy associated with the anomaly
induced action for four-dimensional general relativity. Finally, our results reasonably apply
in equilibrium settings, and therefore we cannot comment on Page curves in dynamical
backgrounds, including the dSs scenarios described in [23, 24, 46, 47]. It would be interesting
to see whether one can express the dynamical black hole entropy proposal of [78] as a
“microcanonical” action, and apply it to diamonds. This could also prove useful to extend
the de Sitter holographic entropy proposals in [17-20] to dynamical setups. We leave this
for future exploration.
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A Reductions and coordinate systems

Here we provide details of the half and full spherical reductions of the d-dimensional
Einstein—Hilbert action (2.1), leading to two different models of de Sitter JT gravity.

Half reduction. For the half reduction, consider the metric ansatz
di? = gyndXMax"N = g, (v)datdz” + L2042 (2)d02_, . (A1)

Here M,N =0,1,...,d — 1, p,v = 0,1, and ®(z) is the dilaton. A standard calculation
using Cartan’s structure equations (see e.g. [103, 104]) shows the d-dimensional Ricci

scalar ist?

d-3)(d—2) (d—3) 1
12022 ' (d—2)%?

where R is the Ricci scalar and V the covariant derivative with respect to the two-dimensional

A 2
R=R+ (Vo) - S09, (A.2)

metric g,,. It is also straightforward to show the (d — 1)-dimensional extrinsic curvature K

reduces to 1
K=K+ 37 Vu®, (A.3)

where K is the extrinsic curvature of the 1-dimensional boundary and n* is the normal
vector used to define the (d — 1)-dimensional boundary metric. We further have

/ X5 = L0, / d*x/—g (A.4)
M M

where M is the two-dimensional Lorentzian manifold endowed with metric g,,,. Substituting
the dimensionally reduced scalar curvatures (A.2) and (A.3), and (A.4) into the d-dimensional
Einstein—Hilbert action results in the following two-dimensional dilaton theory of gravity,

/dzxr <(I)R 2AD + W@EZ:;; + (d — 3) (V(I))2>
(A.5)

I;=

167TG2 L2 d—2) @

d vV—hOK
87TG2 y

where we performed an integration by parts on the [J® term in the two-dimensional “bulk”
integral, which cancels against an identical term in the GHY integral, and we defined the

two-dimensional Newton’s constant as
= d  ld72 (A.6)
We notice a dramatic simpliﬁcation when d = 3:

/d%\ﬁcb( 2)+

L2

dyﬁ PK (A7)

Iyt =

167rG2 e

where 1/Go = 2w L3/G3. Importantly, here the dilaton ® only takes on positive values.

190ur conventions differ slightly from [103]. Namely, our metric Ansatz takes a more convenient form and
we work in the “mostly plus” Lorentzian signature.
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Full reduction. When d = 3 the dimensionally reduced action (A.5) greatly simplifies
since the potential and kinetic terms drop out. For d > 3 this is no longer the case.
For d > 3 we can remove the kinetic term via an appropriate Weyl rescaling of the
two-dimensional metric, such that a spherical reduction of the near-Nariai solution in
d-dimensions leads to another form of de Sitter JT gravity.?? First, recall how the Ricci
scalar and trace of the extrinsic curvature transform under the Weyl rescaling g,, = ngW
in a two-dimensional spacetime

R=w 2R — 2w 30w + 2w 4(Vw)?, K=w'K+w?n,Vie. (A.8)

Then, rescaling g, — w?g,., the reduced action (A.5) becomes

(d—2) 2 (4
L Qg — -9 (d—4)
[p=2d a2 /d%,ﬁg {@R 90 100w + 220 (Vew)? + & 3)(612 W p i
167Gy M Ly
oNdw? 1 117 3)1(V‘1>)2] + Ly 0 dyv/=h (DI +w ™ on, Vi)
YT ad-20 87Ga  Jord woR VW)

(A.9)
By an integration by parts, the Uw term is partially cancelled by the GHY integral and
after simplifying we are left with

=2 d—3)1
(A.10)
_ _ 2 (-4
T (d 3)<d2 2)w qnd—m} dyv —h®K .
L; oM

We can eliminate the kinetic term by choosing w = a®” for 8 = —(d — 3)/2(d — 2) and «
some constant, which we judiciously choose to be a = 1/v/d — 1. Then we have

( D04

I pu—
d 167er

-2
/d%\ﬁ¢>3+U( )]+ U iy ety (A.11)

881Gy M

where we have introduced the dilaton potential
-2
u(@) = ¢ 2) (@1/=2) _ gi/a=2) (A.12)
Ly

Let us now show how to derive the JT action from the Nariai limit of a SdS; black hole.
This is accomplished by modifying the metric Ansatz (A.1) to

di? = gyndXMax"N = g, (z)detdz” + r3 0% @D (2)d03_,, (A.13)
which reduces to the Nariai geometry (2.19) for ® = 1. Moreover, clearly

du 2
U@®=1)=0 — =——. A.14

20We thank Watse Sybesma for discussions on this and for sharing notes on the spherical reduction
ind=4.
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Then, expanding the reduced action (A.11) about ® ~ ¢ + ¢ for ¢9 = 1, we find to
leading order

1
167Gy

Iy =

2 1
/Mde\/?g ((% +O)R — Lﬁ) o e /a AV R0+ 6K, (A5)

where we have identified the dimensionless two-dimensional Newton’s constant G5 as

d—2
1 Qd_QTN

= A.16
a G (A.16)
Notice then ¢q is proportional to the entropy (2.21) of the Nariai black hole:
b0  Qiord? 1
= = -S\. A7
4G, 4Gy 27N (4.17)

Thus, analogous to the case of JT gravity in AdS, ¢ represents a deviation from the Nariai
(“extremal”) solution.

Coordinate systems. Here we summarize various useful coordinates to describe two-
dimensional de Sitter space (see also [46, 61, 105]).

Static patch. In static patch coordinates (¢,r), the dSs line element and static dilaton
take the form:

2 2\ !
P = - (1 - ;) dt* + (1 - ;) dr®,  o(r)= @% (A.18)

Let (v,u) denote advanced and retarded null coordinates for the static patch (A.18),
respectively defined by

V=t+Te, U=T—Ty, (A.19)

with 7, being the tortoise coordinate,

r /
Ty = / L,Q = Larctanh(r/L) . (A.20)
0 1—-"

In the full reduction the ranges are r € [—L, L] and r, € [—00, 00| in the static patch, where
r« = 0o (r = L) is the location of the cosmological horizon and r, = —oo (r = —L) is
the location of the black hole horizon. In the half reduction the ranges are r € [0, L] and
r« € [0, 00|, where r, = oo and r = L correspond to the location of the cosmological horizon.

In these null coordinates the static patch line element (A.18) and dilaton become

df? = —sech? (1}2—Lu> dvdu, o(u,v) = ¢, tanh <v2—Lu> . (A.21)

— 49 —



Global conformal coordinates. The full space of dSs is covered by global conformal
coordinates (o, ¢),

1 1
tanp = —v/ L% — r2cosh(t/L), tano = TV L2 — r2sinh(t/L), (A.22)
r

with line element and dilaton:

2 COS

A2 = (—do® +dp*), ¢lo.p)=¢

(A.23)

2 r :
Cos® o COS o

Here the ranges are o € (—7/2,7/2), where future/past infinity corresponds to o = +m/2,
and ¢ € (0,2m) for the full reduction model. In the half reduction model the metric takes

the same form, however, the dilaton is given by ¢ = ¢, zg;‘g, with ¢ € (0,7).

Global coordinates. In standard global coordinates the line element and dilaton are
dl* = —dr* 4+ L? cosh?(1/L)dy? (T, ) = ¢ cos pcosh(r/L), (A.24)

where 7 € (—o00,00) and the range of ¢ is the same as for the global conformal coordinates.
The global coordinates (7, ) are related to the static patch coordinates (¢,7) by

inh(7/L
r = Lcosh(r/L)sin¢y, sinh(t/L) = sinh(r/L) , (A.25)
\/1 — cosh?(7/L) sin? ¢
and to global conformal coordinates (o, ) by
tan(o/2) = tanh(7/2L) . (A.26)

Kruskal coordinates. We introduce global Kruskal-like coordinates (V,U) to cover the
full two-dimensional geometry in the half reduction model

V = Le'/t = Lef/L,/ﬁJ_r:, U=—Le %t = —Le—f/L,/ﬁJ::. (A.27)

The line element and dilaton become

414 L?+UV
A = ———  _4vdU UV)=¢, | ——— | . A.28
(L2 -UV)?  HOT)=¢ (LQ—UV) (A.28)
In these coordinates, UV = —L? corresponds to the location of the poles r» = 0, while

UV = +L? corresponds to the past and future conformal boundary Z*. Moreover, the past
(future) cosmological horizon is located at V =0 (U = 0).
It is also useful to express Kruskal coordinates (V,U) as

V= LT/ U= LX)/ (A.29)

such that the line element (A.28) and static dilaton solution are

de* = smhzl(T/L) [—dT? +dX?], (1) = —¢, coth(T/L). (A.30)
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In these coordinates Z7 is located at T'= 0. The region to the future of the cosmological
horizon is defined by X € R and T' < 0, such that for ¢, > 0 the dilaton is strictly positive,
diverging to +oo near Z*. Coordinates (T, X) are related to coordinates (o, ¢) (A.22)

B cosh(X/L)} B {sinh(X/L)}
o = Larctan { Sh(T/L) ) ¢ = Larctan cosh(T/L)] (A.31)
and to static coordinates by
coth(T/L) = —% ., tanh(X/L) = coth(t/L). (A.32)

Interior region in full reduction. To describe physics in the interior region containing
the black hole singularity in the full reduction model, one must analytically extend the
Kruskal coordinates to move between each hyperbolic patch [43]. The standard branch of
the arctan function in (A.31) only covers the hyperbolic region in the exterior of the black
hole (blue region in figure 3). The hyperbolic patch in the interior of the black hole (white
region in figure 3) is attained by shifting ¢ /L — ¢/L + . This amounts to performing the
continuation (7', X) — (=T + iwL, —X), such that
Vo g By eweon D

1788 U’
which leaves the line elements (A.28) and (A.30) invariant, but alters the sign of the
dilaton, i.e., ¢ = —¢, f;fg“; = ¢, coth(T'/L). Equivalently, the continuation of static patch
coordinates is (t,7) — (=t +inL,—r), or (v,u) — (—v +iwL, —u +iwL).

(A.33)

Euclidean two-dimensional de Sitter space. As is well known, the Euclidean contin-
uation of two-dimensional de Sitter space is a two-sphere S2. In static patch coordinates
(A.18) this can be seen by analytically continuing ¢/L — i¢ and introducing a polar
coordinate via r = L cosf. This leads to the line element of a round two-sphere

de? = 12 (d6? + sin® 0dg?) | (A.34)

with 6 € (0,7) and ¢ ~ ¢ + 2m. The periodicity in the Euclidean time ¢ follows from the
requirement that the Euclidean geometry is regular at the poles. Note the cosmological
horizon r = L resides at 8 = 0, whereas the black hole horizon is located at 6 = .

Alternatively, in global coordinates one can Euclideanize de Sitter space by taking
7/L — i(9 — w/2), such that the line element becomes

de* = L? (d0* + sin? vd?) | (A.35)

where ¥ € (0,7) and ¢ ~ ¢ + 27m. So both static patch and global coordinates describe the
geometry of a two-sphere in Euclidean signature.

B Nariai geometry in general dimensions

The Schwarzschild-de Sitter (SAS) black hole in d spacetime dimensions in static coordinates
has the line element
r? 167G M

2 2 1 2, 2342 _
dtc = —f(r)dt* + [~ (r)dr* + r°dQ5_,, fry=1- fg — (d—2)Qy o4 3

(B.1)
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where M is the mass parameter of the black hole and Qq_y = 27(@=1/2/T[(d — 1)/2] is
the volume of the unit (d — 2)-sphere. For d > 3, the blackening factor f(r) will have two
positive roots corresponding to the locations of the black hole and cosmological horizons, 1,
and r., respectively, with r, < r.. Using f(rn) = f(rc) = 0, we can express the dS radius
L4 and black hole mass parameter M as

d—1 d—1 d—3,.d—1 d—1,.d-3
L?z re =T 167Gy M oy Cre Ty e (B.2)
=< —h = — — .
rd=3 _ pd=3 (d—2)Qq_s rd=1 — pd=1

The Nariai solution is the special case of the SdS black hole when ry, = r. = ry, for which
the mass of the resulting black hole My forms an upper bound on the mass parameter M,
avoiding a naked singularity. The Nariai radius and mass may be found using f(ry) =

f(rn) = 0, yielding

~ Jd-3 d—2Qu 4
rN = d_ 1Ld, MN = ﬁSﬂ'GdT’N . (B3)

In the Nariai limit, the static coordinates (¢, r) are insufficient since f(r) — 0 between the

two horizons. We may nonetheless take the near horizon limit where we zoom into the
region between the two horizons.

To find the Nariai geometry in d dimensions we follow [6, 89] (see also [61, 105, 106]).
First note that using (B.2) the function f(r) factorizes as

1 9 g3 41 16mGqML? 1
f(r)= W (Ldr — Tt = (d— 200 = 12,0 (r—ry)(re = r)P(r),

(B.4)
where P(r) is a polynomial in r that is invariant under the exchange r. <> r,. For example,
Piza(r) =r+rn+tre,  Pa=s(r) = (r+m)(r+7c). (B.5)

Next, introduce dimensionful coordinates (7, p) and parameter /3

r=é, p=__"  g_Te"Th (B.6)
€ €

Substitute r = ép + ry, into (B.4) and expand around € = 0, leading to

2r, . d— 3)Bpe2 riri(re +r
f(p)%—fhpe—l-( )Bp ch?f dh)

2 2 d 3
Ly Ly TeTh — Th'e

e (1 _ (d=3)(d = 2)rdry (12 — 1})
L 2(rfiré —réri)

(B.7)

>+O@y

Carefully taking the limit r. — r, and € — 0 while keeping [ fixed, it is straightforward

to show?! I
lim fff) :p(ﬁ;p), with  [g= ——=4_ (B.8)
Tgﬁ?(ﬂ)h € Ld d—1

21Taking the simultaneous limit 7. — r7n and € — 0 is delicate in d > 5. First send r. — r~ + d and
rh — r~ — 0 for small 6 and then take the limit § — € using L’Hépital’s rule.
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Figure 12. Penrose diagram of the Nariai black hole. The black hole and cosmological horizons are
located at p = 0 and p = 3, respectively, and are in thermal equilibrium. Clearly there is a finite
proper distance between the two horizons.

from which the line element (B.1) becomes

— L2dp?
a2 — _PB=P) g Ladp” s e (B.9)

12 p(B = p)
The original black hole horizon now lives at p = 0 while the cosmological horizon is at
p = [ (see figure 12 for an illustration of the Penrose diagram). The Nariai geometry is
dSy x S92, which is more easily seen by introducing the coordinates

. B 2L B
such that
ﬁ? ﬁ? -1
art = — (1 - L2> d7? + (1 - L2> dp* + r&dQ5_, . (B.11)
d d

The curvature radii of the two-dimensional de Sitter space and the sphere S¢~2, given by
Ly = Lg/vVd—1 and ry = Ld\/% respectively, are thus generically different, but they
coincide for d = 4. With respect to the metric (B.11), it is easy to see there is a finite
proper distance between the two horizons

Lq
522/ L
0 R

Nat iz

Moreover, in the Nariai limit the black hole and cosmological horizons are in thermal

=7ly. (B.12)

equilibrium at a temperature
1

B 271'ﬁd .

This temperature can be derived in two-dimensional de Sitter space, for instance, by removing

Tx (B.13)

the conical singularity in the Euclidean static patch geometry. It can also be obtained from
the higher-dimensional perspective by taking the Nariai limit of the temperatures of the
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Figure 13. Temperatures of SdS vs. horizon radii ry, ., where we have set d =4 and Ly = 1. The
blue and red curves correspond to the temperatures T}, = xy, /27 and T, = k./2m, respectively, where
the surface gravities are defined with respect to the timelike Killing vector £ = 0;. The pink and
orange curves show the Bousso-Hawking temperatures T}, = iy /27 and T, = Re /27, respectively,
where &nc = Kne/\/f(r0) given in (B.17). Whereas the former temperatures Tj, . vanish for the
Nariai black hole with horizon radius 7y = L4/v/3 (the dashed line), the latter Th,c are finite and
equal to T\ = v/3/27L, in the Nariai limit.

black hole and cosmological horizons. Interestingly, if we normalize the timelike Killing
vector of SdS as & = J;, then the temperature of the Nariai black hole vanishes. Namely,
for this normalization the (positive) surface gravities of the black hole and cosmological
horizon can be found to be

(d—3)—(d—Dri/LG _ X —ri

K/h: =

2ry 27“hIAJ(21 ’ (B.14)
—(d=3)+(d—1r2/LF ri—1% '
KRe = = = .
¢ 2re .13

We indeed observe that k. vanishes if r, = r. = rn. However, Bousso and Hawking [107]
argued that £ = J; is not the correct normalization of the timelike Killing vector of SdS.
This is only true for pure de Sitter space, where this choice corresponds to setting ¢2 = —1
at the origin r = 0, and for the asymptotically flat Schwarzschild geometry where this
normalization yields ¢2 = —1 at spatial infinity 7 = co. These locations in pure de Sitter
and Schwarzschild have in common that an observer can stay in place without accelerating.
In other words, these radii are maxima of the blackening factor f(r) in the respective
spacetimes. Alternatively, for Schwarzschild-de Sitter space the function f(r) attains its
maximum when

d—38tGyML? d—3
/ o d—1 _ d d _
f(ro) =0—rj i 2 0., 5

rﬁ;3<L§ — i) (B.15)

The sphere of radius rg is the place where the cosmological expansion and the black hole
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attraction cancel each other exactly. The function f(r) at this radius is given by

d—lr% r%
—1_ 0 _q1_0 B.16

The idea by Bousso and Hawking is now to normalize the Killing vector on the geodesic at

fixed radius rg, such that £ = \/h&t. This has a similar effect on the surface gravities of
70

the cosmological and black hole horizon

N 2 .2
_—— Khe 2 % Th,c|
¢ T - :
V f(ro) \/T2 B [d—S d-3 (dfl 2 )}2/(‘1_1)

2
N ) d—3"N ~ Th,c

(B.17)

2 Th,c

Expanding the denominator on the right near r, . = rn gives \/7”12\1 — 7"(2] ~v/d— 3|rN — -
Thus, in the Nariai limit we find

- . - 1 d—1 d—1
AN = rh,lclgTN Hh’c - fd - Ld - TN N 27TLd ' (B18)

This agrees with the expected temperature (B.13) in two-dimensional de Sitter space.

C Noether charge formalism for 2D dilaton gravity

To keep this article self contained, here we summarize elements of the Noether charge
formalism [63, 78] in the context of a wide class of two-dimensional dilaton theories of
gravity. For a more thorough analysis, see appendix C of [30].

Lagrangian formalism. Let 1) = (g, ®) denote a collection of dynamical fields, where
guv 1s an arbitrary background metric of a (1 + 1)-dimensional Lorenztian spacetime M and
® represents any scalar field on M. Consider the following covariant Lagrangian 2-form L

L = Loe [RZ(D) + U(@)(VD)? - V(D)] , (C.1)

where € is the spacetime volume form, Lg is some coupling constant, and R is the Ricci
scalar. This is the most general Lagrangian for two-dimensional Einstein gravity coupled
non-minimally to a dynamical scalar field, and includes JT gravity and the localized form
of the 1-loop Polyakov action. For spacetimes M with boundary dM, one should also add
a boundary Gibbons-Hawking—York 1-form b

b= —2L063MZ(CI))K . (C2)

Here € is the volume form on OM, K is the trace of the extrinsic curvature K, = %L,ﬂw
of the timelike boundary, and v,, = —n,n, + g, is the induced metric on oM, with n,
the (outward pointing) unit normal to M.
The symplectic potential 1-form (v, 61) and symplectic current 1-form w(v), 614, d21)) =
010(1, 021)) — 020(1), 611)) are, respectively,
0 = Loeu| 2 (®) (679 — 9" 4°7) Vibgas + (¢°°V"Z (@)

(C3)
— PPV Z (®) )dgas + 2U (®) V#00D]
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and
w = Loey, [Z (D) SHPP 51 Gy V62 Gas + %g“ﬂga”gwélgpa%gaﬁvﬂ (@)
+ (9“59"‘” - g’“’go‘ﬁ) (01 (Z (®)) Vib2gap — 01 (Vv Z (®)) 62908) (C4)
+ U (®) VFDG51g0pba® + 261 (U (B) VFD) 62® — [1 <> 2] } .
Here Z'(®) = 92 and SHePr7 is given by

Suaﬁupa _ gupgaagﬁu _ %guugapgﬂa _ %guagﬁugpa _ %gaﬁgupgau + %gaﬁguugpa ) (05)
Let ¢ be an arbitrary smooth vector field on M representing an infinitesimal generator of
a diffeomorphism. The Noether current 1-form jc associated with ¢ and arbitrary field
configuration v is defined as j- = (¢, L)) — ¢ - L, with L being the Lie derivative along
¢. The associated Noether charge 0-form Q¢ is defined on-shell via j. = dQ¢. Explicitly,
with respect to the theory (C.1)

jo =€y [2/:0vy(2(c1>)v[”<M + 20l vH Z(9)) + 2E#V<V} , (C.6)

Q¢ = —Loew [Z(®)VHC" +20"V" Z(®)] (C.7)

where €, is the volume form for the codimension-0 surface 9%, which is a cross section of
the spatial part of M, and E,, are the metric equations of motion. On-shell, w, Q¢ and ¢
obey the fundamental variational identity

w(¥, 09, Lep) = d[6Q¢ — C- (3, 6¢)] - (C.8)

Hamiltonian formalism. The Hamiltonian H. generating time evolution along the flow
of ¢ follows from the variational identity (C.8). Specifically, let 3 be any Cauchy slice of M.
Denote the induced metric on ¥ by hy, = uuuy + g, with u, the (future-pointing) unit
normal to ¥. Then, the variation § H: and the Hamiltonian itself are given by [30, 108]

SH = 16Qc = ¢ db— 6C(w, £v)] (C.9)

He= [ [Qc— ¢ b= O Lo+ cst. (C.10)

The constant represents a standard ambiguity to the energy of any Hamiltonian system,
which we will set to zero. Moreover, C is a local O-form defined over the boundary dM and
is covariant under diffeomorphisms preserving the location of the (spatial) boundary B in
OM, and obeys 6| g = 0b+dC if Dirichlet boundary conditions are imposed [108]. Explicitly,

C=c-enr, =—LoZ(®) n"dgy, . (C.11)

For the 2D dilaton-gravity model (C.1), the terms on the right-hand side of H. pulled back
to 0% are [30]

Qclys = +Locos (upn, — wymn,) [Z()VHCY + 20MVY Z(D)] (C.12)
¢ blox = —2LoeoxnCHuu Z (@)K, (C.13)
C(, Le)|as = —Loeas (u!'n” +u'nt) Z(®)V (0 , (C.14)
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where we used €., |px = nyu, —nyu, and (egnr), = +uyegs. It follows that the Hamiltonian
for 2D dilaton gravity is

HC = % eagNE, (015)
ox
with N = —(*u,, being the lapse function and € being the quasi-local energy density,
€ = uyu, ™ = —2Lon* Vo Z(P). (C.16)

Here 7, = 2Loyun®VoZ(®) is the Brown-York stress-energy tensor [28].

D Conformal isometry and diamond universe coordinates

Here we detail the geometry of rectangular causal diamonds in two-dimensional de Sitter
space. To accomplish this it is necessary to compute the conformal Killing vectors of dSs,
and for completeness we start by deriving the true Killing vectors of dSs. Our approach
largely follows appendices A and B of [54] (see also [68, 89]).

Killing vectors of dSs. A systematic way of deriving the Killing vectors of dSs is to
use the embedding formalism. Two-dimensional de Sitter space can be embedded into
three-dimensional Minkowski space R"? with line element

a? = — (ax°)" + (ax*)" + (ax?)". (D.1)
dSs is a hyperboloid in this embedding space, described by the equation
- <X0)2 + <X1)2 + (X2)2 = +12. (D.2)

The embedding space induces a metric on the hyperboloid, recognized as the metric on dSs.
For example, dSs in static patch coordinates follows from the embedding coordinates

X% =+L2 —¢2sinh(t/L), X'=r,  X*=+/L2—r2cosh(t/L), (D.3)
when r < L, while for » > L we have
X% =+/L2 —r2sinh(t/L), X'=r, X?=—VL2—r2cosh(t/L). (D.4)

We will be primarily interested in the former case r < L, for which (D.3) in terms of
advanced /retarded coordinates (v, u) is

X0 — Lsinh (Z{LZ) | [ Lsinh (ZQ:Z) ? X2 Lcosh (:;:Z) . (D.5)
cosh (57*) cosh (‘%) cosh (*57*)

The isometry group of Lorentzian dSs is O(1,2) with %(2)(2 + 1) = 3 Killing vectors. With
respect to the embedding coordinates the single rotation generator J and the two boost
generators By o of the isometry group are

J=XYyx2 — X?0x1, By =X'"9x0 +X%y1, By=X?0x0+ X2, (D.6)

— 57 —



obeying the algebra
[J,B1] = =Ba, [J.Ba]=DBi1, [B1,Bs]=1J. (D.7)

Substituting the embedding coordinates (D.3) into the generators (D.6) yields the true
Killing vectors of dSs in static patch coordinates:

J= _\/% sinh(t/L)d; — /L2 — r2 cosh(t/L)0, ,

By = \/% cosh(t/L)0 + V L? — r?sinh(t/L)d,, Bs = L0;.

We see the boost By generates time translations in the static patch. Alternatively, the
22

(D.8)

generators in null coordinates (v, u) are

J = L[cosh(u/L)0, — cosh(v/L)d,],
(D.9)
By = L[sinh(v/L)d, —sinh(u/L)d,], Bz = L(0y+ 0y).
Conformal Killing vectors of causal diamonds in dS;. Consider a rectangular
causal diamond in a generic two-dimensional spacetime in conformal gauge d¢? = —e?’dudv,
as described in section 4. The conformal isometry of such a diamond is generated by [54]

C = Aa(u - uﬂ)au + Ab(v - UO)av s A](y) = g](y)[h(]) - h(y)] 3 (D.lO)

where ¢ and h are even functions, and j is a length scale taking the values a or b. The
conformal Killing vector field { is constructed by demanding it respects the reflection
symmetries across the maximal slice > and the line intersecting past and future vertices
when a and b are interchanged. Furthermore, we require that ¢ maps the diamond onto itself,
i.e., ¢ must be tangent to the null generators of the null boundaries, imposing A;(43j) = 0.
This implies that the past and future null boundaries are conformal Killing horizons.
Generally, the length scales a and b are different, leading to two positive surface gravities,

Fa = gl (@), hp = g (BN (D), (D.11)

defined via VNCQ = —2k(y, evaluated on the future null boundaries u — up = a and
v — vy = b, respectively. The prime denotes the derivative with respect to y (denoting u
and v respectively). The surface gravities are constant and hence they satisfy the zeroth
law for bifurcate conformal Killing horizons proven in appendix C of [68].

Furthermore, for square causal diamonds (when a = b) there is only a single surface
gravity x, and the conformal Killing vector becomes approximately a boost Killing vector
near the bifurcation surface of the horizon

¢ ~ g(a)h/(a) [005 — u0g) at  a=9=0, (D.12)

with &t = u — ug — a and © = v — vg + a. The vector field between brackets is the boost
Killing vector in null coordinates in flat space, and we regonize the normalization as being
the surface gravity in (D.11).

221t is useful to know 9 = 0, + 9., and 9, = cosh? (“_“) (0y — Ou).
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We can restrict the form of ¢ in (D.10) further by placing the diamond in two-dimensional
de Sitter space and requiring that { become the generator of time translations when the
causal diamond coincides with the static patch (the maximal diamond). First, we express
the conformal Killing vector in terms of Kruskal coordinates (U, V) = (—Le %%, Le¥/F),

and set ug = vgp =0 and a = b = —Llog(B/L) for simplicity,

kL g(Y)

¢= [A<V)V8V - A(U)UaU] ) A(Y> = B—lh/(B—l) g(B)

[h(B) = h(Y)],

(D.13)
where now the prime denotes the derivative with respect to Y, denoting U and V respectively.
Further, the functions g and h satisfy g(Y) = g(Y 1) and h(Y) = h(Y1). Next, we require
that in the maximal diamond limit (a,b — oo or B — 0) we have

|

lim € = H(V@V — U@U) = EBQ, (D.14)
B—0

where Bj is the time translation generator in (D.9). This implies

B . C
g(Y) = 1, élglom = 1, élino m =0. (D15)
Assuming the function h(B) can be expanded as
hMB)= Y a,B" (D.16)

n=—oo

with a, = a_p, since h(B) = h(B~!). The second condition in (D.15) implies a,, = 0 for
n > 1, hence only ag and a; are nonvanishing. Therefore, we arrive at the unique form
for the conformal Killing vector by inserting g(Y) = 1 and h(Y) = a1Y ! +ag + a1Y
into (D.13)

1 1+ B2 Y+y!
¢= 7 [A(V)Voy — A(U)UdY] , AY) = nLl vl Ry B_I] (D.17)
Transforming back to static null coordinates using (2.30) yields
KL
C=A)0, +A()dy,  Aly) = sinh(a/L) [cosh(a/L) — cosh(y/L)] . (D.18)

This is the expected result since it is identical to the conformal Killing vector of a spherically
symmetric causal diamond in d-dimensional de Sitter space [68]. In higher dimensions,
however, the spherical symmetry of a diamond restricts the form of the conformal Killing
vector uniquely, whereas in d = 2 we need the additional requirement (D.14) to arrive at the
same unique form. For a rectangular diamond in dSy centered at (ug,vg) this generalizes to

Kol

¢ = Au(u—u0)0ut+ Ap(v = v0)0y,  Auly) = e

[cosh(a/L) — cosh(y/L)] ,

(D.19)
and similarly for Ay(y). It is straightforward to verify ( is a conformal Killing vector, obeying
the conformal Killing equation, 2V ,(,) = (V - ()g,u- Incidentally, the expression (D.19) is
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equivalent to the form of the conformal Killing vector preserving a causal diamond in AdS,
when we set ¢ = —1 and L — ¢L in equation (A7) of [54]. To summarize, the maximal
diamond in the de Sitter static patch (which is the static patch itself) admits a true isometry,
whereas finite causal diamonds only admit a conformal isometry generated by (D.19).

Diamond universe coordinates. We now introduce inextendible coordinates (s,x)
adapted to the flow of ¢ that cover the causal diamond [68]. The coordinate s is the
conformal Killing time defined such that - ds = 1 and, for a = b, s = 0 on the maximal
slice ¥ and has the range s € [—o00,00]. Similarly, the spatial coordinate x € [—o0, 0]
obeys ¢ - dx =0 and |dz| = |ds| and, for a = b, the origin x = 0 is at 7. = 7,9 = 3(vo — up).
From these conditions, the two-dimensional line element in so-called “diamond universe”
coordinates is

di? = C? (s,x) (—ds® + da?) = —C? (u,v) dudv, (D.20)

with null coordinates, 4@ = s — « and ¥ = s + x, and C? is a conformal factor determined
below. In these coordinates, the null boundaries of the diamond are located at u = Fo0
(u —up = +a) and v = £oo (v — vy = £b).

From the line element (D.20), it is clear ( = 05 = Jz + Jp is a conformal Killing vector,
which should be equivalent to the vector field (D.19) preserving the diamond in dSs. Setting
the expression (D.19) for ¢ equal to 0y + 0y yields the following transformation between
null coordinates (u,v) and (u,v) [54]

Juuo)/r _ Cosh[(@/L+kau)/2) oy _ cosh[(b/L + kpD) /2] (D.21)

cosh [(a/L — kqu)/2]’ cosh [(b/L — kp0) /2]

With this coordinate transformation, we uncover the conformal factor C2(i,v) by comparing
line elements (2.29) and (D.20),

Akgrip L2 efaTtr0+2r.0/L (62b/L _ 1) (eQa/L _ 1)

C%(u,v) = )
[(eb/L + e?) (ea/Ltrall 4 1) 4 e2re0/L (ea/L 4 ghalt) (eb/ Lt 1)}
(D.22)
For the special case vg = up and a = b, the (square root of the) conformal factor reduces to
Lsinh(a/L
C(s,z) = nLsinh(a/L) (D.23)

cosh(a/L) cosh(kz) + cosh(ks)

This is the conformal factor for a spherically symmetric causal diamond in higher-dimensional
de Sitter space centered at 19 = 0, see equation (B5) in [68] (where we have set k = 1).
Furthermore, for a maximal diamond we see that the conformal factor (D.23) becomes
identical to the conformal factor of the static patch itself given in (2.29), i.e., in the limit
a,b — oo and vy — ug we have C' — kLsech(kz).

Euclidean continuation of causal diamonds. Ultimately we are interested in the
Euclideanized diamond, where we Wick rotate the diamond time s — —isg. In diamond
universe coordinates, the line element (D.20) becomes

de? = C*(sw, v) (dsg + da?) (D.24)
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where sg is periodic in 27/k, so as to remove the conical singularity in the Euclidean
spacetime due to the horizon. To visualize the Euclidean diamond, it is convenient to
introduce a set of Kruskal coordinates

1 1

with U = —Le "L and V = Le¥/L. For convenience, consider the case when ug = vg =0
and a = b, where the conformal factor C(s,z) is given by (D.23). From the coordinate
transformation (D.21), we have

T — Lsinh(a/L) sinh(ks) o — L (cosh(a/L) cosh(ks) + cosh(kx))
K™ cosh(ks) + cosh(a/L — kz) ' K= cosh(ks) + cosh(a/L — kx) ’
(D.26)
Upon Wick rotating the conformal Killing time s, we have
T = —i Lsinh(a/L)sin(ksg) =
cos(ksg) + cosh(a/L — kx)
(D.27)

L (cosh(a/L) cos(ksg) + cosh(kx))

X
K= cos(ksg) + cosh(a/L — kx)

Remarkably, as realized in higher-dimensional black hole geometries [11] and in AdSs [54],
the Euclidean continuation of the finite causal diamond covers nearly all of Euclidean
dS,. The only difference is that the Euclidean diamond spacetime has two punctures
corresponding to the horizons at x — 00, as visualized in figure 9. For the square diamond,
the punctures at x — £o00 are mapped to the points (TIE, Xk) = (0, Lei“/L).
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