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We complete the perturbative program for equilibrium thermodynamics of cosmological first-order
phase transitions of gauge-Higgs theories that map into the (three-dimensional) superrenormalizable
SUð2Þ þ doublet effective theory at high temperatures. To this end, we determine their finite-temperature
effective potential at next-to-next-to-next-to-next-to-leading order (N4LO). The computation of the three-
loop effective potential required to reach this order is also presented for U(1) gauge theories and is readily
extendable to generic models in dimensionally reduced effective theories. Our N4LO result is the last
perturbative order before confinement renders electroweak gauge-Higgs theories nonperturbative at four
loops. By contrasting our analysis with nonperturbative lattice results, we find a remarkable agreement. As
a direct application for predictions of gravitational waves produced by a first-order transition, our
computation provides the final fully perturbative results for the phase transition strength and speed of
sound.

DOI: 10.1103/PhysRevD.110.096006

I. INTRODUCTION

Phase transitions are milestones in the early Universe—be
it by triggering inflation [2,3], sparking baryogenesis [4–6],
or creating a symphony of gravitational waves [7–11]. Such
transitions typically occur at high temperatures and their
properties are often difficult to predict reliably. Especially
for gravitational-wave (GW) production, where theo-
retical calculations can misjudge the peak amplitude by
ten orders of magnitude [12]. And with next-generation
GW experiments—LISA [13], DECi-hertz Interferometer

GW Observatory (DECIGO) [14,15], Big Bang Observer
[16], TAIJI [17], and TIANQIN [18]—on the horizon, it is
clear that theoretical predictions are not yet up to par.
As such there is a drive to improve the predictions and
augment conventional frameworks [19–24] with state-of-
the-art tools. The tool in question is effective field theory
(EFT) [25–28].
These theoretical difficulties manifest when considering

GW production during a primordial phase transition. As the
universe cools down, first-order phase transitions occur by
nucleating bubbles of the new phase within the old one. For
the electroweak case, an extended Higgs sector is required
to render the transition first-order; in which case these
bubbles release an enormous amount of latent heat and
are rapidly accelerated. As bubbles collide and generate
sound waves, a quadrupole moment is induced, which
subsequently sources gravitational waves. The production
and propagation of bubbles in a first-order phase transition
is a classical process. It occurs on length scales much larger
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than the temperature, viz. L ≫ T−1, while in the funda-
mental theory quantum fluctuations dominantly occur at
L ∼ T−1. Conversely, making classical predictions directly
within the quantum theory leads to a host of problems.
These problems include the presence of large loop correc-
tions and ad-hoc recipe for calculating thermodynamic and
dynamic quantities; see the discussions in [28,29].
A rigorous solution is to make all predictions directly

within a classical theory. To this end, quantum fluctuations
with a characteristic energy E ∼ T, are encoded in the
classical theory as effective parameters. Since equilibrium
dynamics is, by definition, time-independent, the effective
classical theory is static and fields only depend on three-
dimensional (3D) spatial coordinates. Thus the name
dimensional reduction [30,31]. Thermally induced bubble
nucleation is also a classical process and the rate of
nucleation, Γ, is set by the energy-cost of nucleating a
bubble at rest, Γ ∼ e−Ebubble=T . This energy is again a static
quantity, calculable within the dimensionally reduced
theory (3D EFT). The construction of such 3D EFTs is
a well-understood, purely perturbative process with ample
applications beyond the Standard Model (SM) [12,32–45].
By computing Feynman diagrams such 3D EFTs can be

studied perturbatively. At least up to a fixed loop order. One
complication is that 3D field theories are confining which
results in glueball-like bound states that become important
at high enough loop orders, which necessitates lattice
simulations [32,46–53]. For SUðNÞ gauge theories, non-
perturbative effects become important at four loops.
Intuitively, such nonperturbative effects are related to the
logarithmic dependence of the vector potential in (2þ 1)
dimensions,1 VðrÞ ≈ g2T ln r, where g is a generic coupling
constant. This gives rise to bound-states with a character-
istic mass mM ∼ r−1c ∼ g2T and the emergence of confine-
ment at a scale rc. In the broken-Higgs phase this is not an
issue as ðgϕÞ−1 ≪ rc for a nonzero classical scalar back-
ground ϕ. In the symmetric phase, however, gauge-boson
fluctuations are controlled by the magnetic massmM. Since
the free-energy has units of mass cubed in 3D, the non-
perturbative contribution is of the order Fnonpert

free ∼m3
M ∼

g6T3 in the symmetric phase. This is the same order as four-
loop diagrams in the broken phase. Thus nonperturbative
contributions can only be ignored up to three loops.
Alternatively, in the original argument by Linde [54],

such a breakdown of perturbation theory can be seen
directly by estimating the size of higher-order loops.
Since the free-energy within the 3D theory is computed
via l-loop vacuum diagrams linked by l − 1 vertices with
3D coupling g23 ∼ g2T and by 2l − 2 propagators with mass
mM (using here mM for dimensional reasons), the l-loop
integration in 3D yields m3l

M and renders the overall
diagram proportional to g63ðg23=mMÞl−4. Consequently, a

magnetic-scale mass mM ∼ g2T contributes at Oðg6T3Þ
irrespective of the loop order l. This results in a problem
deep in the infrared (IR), while modes with masses
m ≫ mM can still be treated perturbatively.
The perturbative program aims to determine all pertur-

bative orders before facing the IR problem. In hot QCD,
this program has a long history. While the leading-order
(LO) pressure p0 is described by the Stefan-Boltzmann
law, perturbative corrections to the pressure p=p0 were
computed at Oðg2Þ [55], Oðg3Þ [56], Oðg4 ln 1

gÞ [57],

Oðg5Þ [58,59]. The final perturbative Oðg6 ln 1
gÞ was

achieved already two decades ago [60]. At this final order,
also massless OðNÞ scalar field theories were studied
perturbatively [61,62] , and nonperturbatively using
numerical methods [63,64].
This article pushes the perturbative program in electro-

weak theories to its limit by studying the phase structure of
SUð2Þ and U(1) Higgs-gauge theories at three loops.2 This
endeavor is powered by EFT techniques combined with
the renormalization group, which allows for an all-order
resummation of leading logarithms [71]. We have also
automated the three-loop calculations for generic models,
which together with the technical details are relegated
to a companion paper [1]. Analytic, three-loop, results are
provided for scalar condensates and critical mass which in
turn can be related to the phase transition latent heat and
critical temperature. We also compare our results with
lattice Monte-Carlo simulations [72], and find that three-
loop corrections significantly improve the agreement with
the lattice in the perturbative regime.
The article is organized as follows. Section II defines the

effective theory of interest and describes the organization
of the three-loop computation. Section III presents the
results for the critical mass and scalar condensates and
compares the analytic results to previous nonperturbative
lattice simulations. In Sec. IV, we apply our computation
to illuminating setups of dark sector phase transitions
and discuss the impact of higher-order corrections to
GW predictions. We summarize our findings in Sec. V
and discuss future directions. Appendix A organizes the
broken-phase perturbative series. Appendix B collects the
thermodynamic results for the Abelian Higgs model.
Appendix C details the EFT construction for a simplified
model.

II. THREE-LOOP COMPUTATION

The construction of dimensionally reduced effective
theories from generic parent theories is detailed in [27],
and further automated in [41]. Here, we directly start with
the three-dimensional theory action

1In ðd − 1Þ þ 1-dimensions, the potential behaves as r3−d.

2For SUðNÞþ adjoint Higgs theory, which is the relevant EFT
of QCD, similar perturbative computation reached four-loop
level [65]; cf. also [66–70].
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S3 ¼
Z
x

�
1

4
Fa
ijF

a
ij þ ðDiΦÞ†ðDiΦÞ þ VðΦÞ

�
; ð1Þ

where
R
x ¼ R ddx and d ¼ 3 − 2ϵ. The gauge coupling is

denoted as g3 inside the covariant derivative DiΦ ¼
ð∂i − ig3AiÞΦ, where Ai ¼ Aa

i T
a and Ta are the generators

of SUðNÞ under which the scalar Φ transforms as an
N-tuplet. For the broken phase, we focus on the case where
Φ transforms as a doublet under SUð2Þ and, in Appendix B,
as a singlet under U(1). For the symmetric phase, we retain
a general N. The tree-level potential is

VðΦÞ ¼ m2
3Φ†Φþ λ3ðΦ†ΦÞ2; ð2Þ

with the scalar mass parameter squared m2
3 and scalar self-

coupling λ3. The subscript on these couplings reminds us
that these are effective parameters of the 3D EFT, and that
they have dimension of mass. While Eq. (1) describes
the Standard Model at high temperatures and vanishing
hypercharge coupling, many Standard Model extensions
also map to this theory due to its universal character , albeit
with different values of couplings. An example of such a
mapping is shown in Appendix C. Throughout our analy-
sis, we assume that Eq. (1) does not include any higher-
dimensional, marginal operators such as ðΦ†ΦÞ3. Given
this assumption, we complete the perturbative program for
equilibrium thermodynamics for a class of models that map
into this specific EFT in the infrared [Eq. (1)]. This allows
for directly comparing with earlier nonperturbative lattice
studies of the same model. In our companion article [1], we
generalize our computations to other types of models.
The potential in Eq. (2) does not exhibit a barrier.

However, a barrier can be generated if the vector-boson
mass is large. For this to happen, vector-boson induced
loops need to be comparable with the tree-level potential.
Formally, the vector bosons can be integrated out in the
broken phase. In the symmetric phase, where vector bosons
are massless, the full theory must be considered.

As a consequence, the LO broken-phase action for SU(2)
contains only scalar fields [73,74]

SLO ¼
Z
x

�ð∂iΦÞ†ð∂iΦÞ þ VLOðΦÞ�;
VLOðΦÞ ¼ m2

3Φ†Φþ λ3ðΦ†ΦÞ2 − g33
2π

�
Φ†Φ
2

�
3=2

: ð3Þ

We remark that this construction only works if m2
3=m

2
A ∼

λ3=g23 ≪ 1, where mA ∼ g3ϕ is the broken-phase vector-
boson mass and m2

3 ∼ λ3ϕ
2. The LO potential in Eq. (3)

then admits a first-order transition, and therefore serves as a
good starting point for a perturbative treatment.
Adding perturbative corrections can be guided by

assigning a power counting for EFT parameters in terms
of a formal counting parameter g of an underlying parent
theory with temperature T [74] 3

m2
3 ∼ g3T2; λ3 ∼ g3T; g23 ∼ g2T: ð4Þ

Then, the effective potential can be expanded as

Veff

T3
∼ g3

LO

þ g4

NLO

þ g9=2

N2LO

þ g5

N3LO

þ g11=2

N4LO

þOðg6Þ: ð5Þ

As mentioned in the introduction, Oðg6Þ terms require
nonperturbative input. To compute the effective potential,
we first keep g as an expansion parameter before later
choosing a more appropriate expansion parameter in the 3D
theory. Concretely and as depicted in Fig. 1, the first five

FIG. 1. Diagrams contributing to the symmetric- and broken-phase effective potential up to N4LO. In the symmetric phase, wiggly
lines denote SUðNÞ vector bosons Aa

μ, directed dotted lines ghosts, and directed dashed lines the Higgs N-tuplet, Φ. In the broken phase
and for SUð2Þ, wiggly lines denote the vectors bosons Z;W�, and dashed lines scalars h;G;G�. Blobs correspond to mass and boxes to
field renormalization insertions of eqs. (20)–(21). The diagrams were drawn with AXODRAW [75].

3This assignment ties together the scalings of EFT parameters,
and only assumes that the formal expansion parameter of a parent
theory is g2, cf. [74].
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orders of Eq. (5) originate from

VLO
eff ∼ g3 Tree-level scalar and one-loop vector;

VNLO
eff ∼ g4 Two-loop vector;

VN2LO
eff ∼ g

9
2 One-loop scalar;

VN3LO
eff ∼ g5 Three-loop vector and subleading;

two-loop vector-scalar;

VN4LO
eff ∼ g

11
2 Subleading one-loop scalar:

For the symmetric-phase potential, multiple diagrams
contribute as depicted in Fig. 1. While for the first two
orders at leading and next-to-leading order (NLO)
Veff jsymLO ¼ Veff jsymNLO ≡ 0, the first nonvanishing contri-
butions arise at next-to-next-to-leading order (N2LO),
next-to-next-to-next-to-leading order (N3LO), and next-
to-next-to-next-to-next-to-leading order (N4LO), viz.

Veff

��sym
N2LO

¼ −
N
6π

ðm2
3Þ

3
2; ð6Þ

Veff

��sym
N3LO ¼ −

g23m
2
3

ð4πÞ2
NCF

2

�
−3þ 4 ln 2þ 2 ln

m2
3

μ̄23

�
; ð7Þ

Veff

��sym
N4LO

¼ g43CF

ð4πÞ3 ðm
2
3Þ

1
2

�
81N2 þ 10N − 87

24
þ NCF

3
π2

þ 12N2 − 7N þ 27

6
ln 2

þ 4N2 − N þ 3

4
ln
m2

3

μ̄23

�
; ð8Þ

computed in general Rξ (or Fermi) gauge; see [76] for the
generalized gauge fixing. Here, μ̄3 is the 3D renormaliza-
tion scale and CF ¼ ðN2 − 1Þ=ð2NÞ is the Casimir operator
in the fundamental representation. The full SUðNÞ
Standard-Model symmetric pressure including adjoint
(temporal) scalars is given by [77–79].
The two-loop β-functions for the mass and the vacuum

running, using t3 ¼ ln μ̄3, are

∂t3m
2
3 ¼ −

2

ð4πÞ2
1

N

�
CFð4N2 − N þ 3Þ

4
g43

þ 2NðN þ 1Þ	CFg23λ3 − λ23

�
; ð9Þ

∂t3V0 ¼ −2NCF
g23m

2
3

ð4πÞ2 ; ð10Þ

where the field-independent V0 ¼ VjΦ¼0. Since the 3D
EFT is super-renormalizable [71], the mass β-function
is exact, while the vacuum β-function will also receive a
four-loop contribution. The potential Veff jsym is

renormalization-scale independent to the computed order.
The running at N2LO, using Eq. (9), is canceled by the
explicit logarithm at N4LO, and the explicit logarithm at
N3LO is canceled by the vacuum running of Eq. (10).
After splitting the scalar field into Φ → 1ffiffi

2
p ϕδi;N þΦ,

the broken-phase effective potential is composed of the
diagrammatic contributions given in Fig. 1. Henceforth, we
focus on SU(2), for which the broken-phase potential
amounts to

Veff

��bro
LO ¼ 1

2
m2

3ϕ
2 þ 1

4
λ3ϕ

4 −
1

16π
g33ϕ

3; ð11Þ

Veff

��bro
NLO ¼ g43ϕ

2

ð16πÞ2
3

4

�
11 − 42 ln

3

2
þ 34 ln

μ̄3
g3ϕ

�
; ð12Þ

Veff

��bro
N2LO ¼ −

1

12π

�
m̃3

h þ 3m̃3
G

�
; ð13Þ

ð14Þ

Veff

��bro
N4LO ¼ −

g3
ð16πÞ2

2

ϕ
½11m̃3

h þ 48m̃3
G�

þ 6g43
ð16πÞ3

�
m̃h

�
20þ 21 ln

3

2
− 17 ln

μ̄3
g3ϕ

�

þ 3m̃G

�
3þ 21 ln

3

2
− 17 ln

μ̄3
g3ϕ

��
; ð15Þ

computed in Landau gauge.4 The three-loop constant used
above is defined as

ð16Þ

4Throughout this article, we use a gauge-invariant method and
explicitly verified the gauge-invariance of most contributions;
barring some three-loop diagrams where we only used Landau
gauge.
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where α ¼ arcsin 1
3
. Due to the vector Mercedes diagram

( ) [80], it contains the transcendental functions for the
polylogarithm LisðzÞ and log-sine integral

LsjðθÞ ¼ −
Z

θ

0

dτlnj−1
����2 sin τ2

����; ð17Þ

where Ls2ðθÞ ¼ 1
2i ðLi2ðeiθÞ − Li2ðe−iθÞÞ.

The resummed scalar masses for Higgs and Goldstone
bosons in the EFT are

m̃2
hðϕÞ ¼ ∂

2
ϕVLO; m̃2

GðϕÞ ¼ ϕ−1
∂ϕVLO; ð18Þ

ΠhðϕÞ ¼ ∂
2
ϕVNLO; ΠGðϕÞ ¼ ϕ−1

∂ϕVNLO; ð19Þ

where we treat higher-order corrections perturbatively.
The N3LO and N4LO potential comes from a direct

computation of three-loop diagrams in Fig. 1. The N4LO
potential can also be found by using the background-field
method [81–83], and we have verified that the two methods
agree. The direct three-loop computation is detailed in the
companion paper [1] and was conducted in Rξ gauge [76]
for the symmetric-phase and Landau gauge for the broken
phase. This computation uses both FEYNCALC [84] and
FIRE [85]; as well as in-house FORM [86] software for
Feynman diagram computations after their generation with
QGRAF [87] and for three-loop integration-by-parts (IBP)
identities such as in [88].
For simplicity, we illustrate the background-field deri-

vation. By integrating out the vector-boson field in the
scalar-field background, corrections to the mass, coupling,
and kinetic terms are generated. In turn, these corrections
produce the N4LO potential. For example, inserting the
NLO mass corrections and field renormalization in the one-
loop scalar diagram as in Fig. 1, gives

ð20Þ

ð21Þ

where a summation over s ¼ fh;Gg is implied and where
Cs ¼ 1 for the Higgs and Cs ¼ 3 for Goldstones. The field
renormalization corrections, Zs ¼ 1þ Π̄s, are

Π̄h ¼ −
11

16π

g3
ϕ
; Π̄G ¼ −

1

π

g3
ϕ
: ð22Þ

This leads to a k-momentum-dependent effective two-point
vertex

R
xð∂isÞZs → −k2Π̄s giving rise to the N4LO con-

tribution of Eq. (21).
Using the β-functions of Eqs. (9) and (10), one can

confirm that the effective potential, Veff , is renormalization-
scale invariant to the compute order. The running at LO

cancels explicit logarithms at NLO and N3LO, and the
running of N2LO is compensated by explicit logarithms at
N4LO. Vacuum running also cancels mass-dependent scale
dependence at N3LO.
Contributions of Oðg6 ln gÞ appear at the four-loop level

and have been computed in electrostatic QCD [60,65].
Such contributions can also be included without an actual
four-loop computation by utilizing renormalization-scale
invariance of the effective potential, i.e., ∂t3Veff ¼ 0, and
the fact that the 3D EFT is superrenormalizable and its
running known exactly. For SUð2Þ with a doublet scalar,
this Oðg6Þ contribution (including logarithms) is

Veff

��sym
N5LO

¼ þ 1

ð4πÞ4
�
Aþ 153

128
g63 ln

m2
3

μ̄23

×

�
−1þ 4 ln 2þ ln

m2
3

μ̄23

��
; ð23Þ

Veff

��bro
N5LO ¼ −

3ϕ2λ23
ð4πÞ2

�
1þ ln

μ̄3
3m̃h

þ ln
μ̄3
3m̃G

�

þ 1

ð4πÞ4
�
B þ 153

256
g63 ln

μ̄3
g3ϕ

×

�
5þ 12 ln 2þ 8 ln

μ̄3
g3ϕ

��
: ð24Þ

The coefficientsA and B are determined through a genuine
four-loop computation and they are functions of m2

3, g3, λ3,
and ϕ but, crucially, do not involve logarithms. The N5LO
broken-phase potential can also be expressed diagrammati-
cally and would compose of four-loop gauge-scalar dia-
grams with vanishing scalar masses, two- and three-loop
gauge-scalar diagrams with scalar mass insertions, and
pure scalar two-loop sunset diagrams, in analogy to Fig. 1.
Diagrams with mass insertions are ultraviolet (UV) finite
and do not involve a logarithmic dependence, i.e., they
are captured by B. Since perturbative contributions do not
fully describe the N5LO due to nonperturbative physics
(cf. [70,89]), we do not include these corrections in
our analysis. In the pure IR scalar sector, all one-loop
diagrams with higher-order mass and kinetic insertions
contribute at the next order, Oðg13

2 Þ, and are hence absent
in Eq. (23).
The free-energy of the broken phase is obtained by

formally expanding the potential around the LO minimum

Fbro ¼ VeffðϕminÞ ¼ Veff jLO þ Veff jNLO þ Veff jN2LO

þ 	Veff jN3LO þ ϕ1V 0
eff jNLO þ 1

2
ϕ2
1V

00
eff jLO



N3LO

þ 	Veff jN4LO þ ϕ2V 0
eff jNLO

þ ϕ1V 0
eff jN2LO þ ϕ1ϕ2V 00

eff jLO


N4LO; ð25Þ
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where primes denote derivative with respect to back-
ground field. The minimum is expanded formally as ϕmin ¼
½ϕ0 þ ϕ1 þ ϕ2 þ…� and all terms are evaluated at the LO
minimum

ϕ0 ¼
3g33 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9g63 − 1024π2λ3m2

3

q
32πλ3

; ð26Þ

and where

ϕ1 ≡ −
V 0
eff jNLO
V 00
eff jLO

; ϕ2 ≡ −
V 0
eff jN2LO

V 00
eff jLO

; ð27Þ

are evaluated at ϕ0.
As a practical step, rescaling the fields Φ → g3Φ and the

potential in Eq. (3) as VLOðΦÞ → g−63 VLOðΦÞ, gives

VLOðΦÞ → yΦ†Φþ xðΦ†ΦÞ2 − 1

2π

�
Φ†Φ
2

�
3=2

: ð28Þ

Below we also rescale μ̄3 → g3μ̄3. As a result, the theory is
characterized by two dimensionless couplings

x≡ λ3
g23

; y≡m2
3

g43
: ð29Þ

In the following, the perturbative series will be organized in
powers of x ≪ 1 since y ∼ x−1 in the vicinity of the phase
transition. The expansion of the effective potential becomes

Veff

g63
∼ x−3

LO

þ x−2

NLO

þ x−
3
2

N2LO

þ x−1

N3LO

þ x−
1
2

N4LO

þOð1Þ; ð30Þ

which reformulates Eq. (5) in terms of an expansion
parameter within the 3D EFT [73]. This has the advantage
that the EFT can be treated independently of any parent
theory.
To summarize, at higher orders two types of contribu-

tions arise,
(i) full powers of x from integrating out heavy, UV,

modes including all vector bosons,
(ii) fractional powers of x from calculating loops with IR

modes of the transitioning scalar.
To determine the phase transition critical temperature Tc,

or equivalently critical mass yc, we must find the value of y,

given x, where the free energies of the two phases coincide:

ΔFðycðxÞ; xÞ ¼ ½Fbro − Fsym�ðycðxÞ; xÞ ¼ 0; ð31Þ
where for a quantity X, differences between the broken
and symmetric phase are henceforth denoted as ΔX ¼
Xbro − Xsym. The goal is to find yc order by order in xwhich
has the added advantage that observables are manifestly
renormalization-scale invariant at every order.
The entropy-difference between the two phases, ΔS ¼

d
d lnTΔFðyc; xÞ, characterizes the amount of heat released by
the transition, and thus its strength. In the effective theory
all temperature dependence is encoded in the effective
couplings. The chain-rule can be used to rewrite temper-
ature derivatives as y and x derivatives [50]

ΔhΦ†Φi≡ ∂

∂y
ΔF; ΔhðΦ†ΦÞ2i≡ ∂

∂x
ΔF; ð32Þ

and express the entropy in terms of so-called conden-
sates [46]

ΔS ¼
�

dyc
d lnT

�
ΔhΦ†Φi þ

�
dx

d lnT

�
ΔhðΦ†ΦÞ2i; ð33Þ

where hΦ†Φi is the quadratic scalar condensate and
hðΦ†ΦÞ2i, the quartic condensate.

III. RESULTS FOR THE CRITICAL MASS
AND SCALAR CONDENSATES

Perturbative results for the critical mass, and the con-
densates of SUð2Þ with a fundamental Higgs are known to
N2LO [73]

yc ¼
1

23ð4πÞ2x
�
1 −

51

2
x ln μ̃3 − ð2xÞ32

�
; ð34Þ

ΔhΦ†Φic ¼
1

23ð4πÞ2x2
�
1þ 51

2
xþ 13

2
ð2xÞ32

�
; ð35Þ

ΔhðΦ†ΦÞ2ic ¼
1

26ð4πÞ4x4
�
1þ 51xþ 7ð2xÞ32�; ð36Þ

where μ̃3 ≡ e
11
34
−42
34
ln3

2ð8πxμ̄3Þ ≈ 0.84ð8πxμ̄3Þ.
After including the three-loop corrections to the poten-

tial, we find the critical mass and condensates at N3LO and
N4LO to be

ð37Þ
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ð38Þ

ð39Þ

ycjN4LO ¼ x
5
2

2
5
2ð4πÞ2x

�
51 ln xþ 1025

4
þ 6π2 þ 197 ln 2 − 126 ln 3

�
; ð40Þ

ΔhΦ†ΦicjN4LO ¼ −
x
5
2

2
7
2ð4πÞ2x2

�
255 ln xþ 4715

4
þ 30π2 þ 985 ln 2 − 630 ln 3

�
; ð41Þ

ΔhðΦ†ΦÞ2icjN4LO ¼ −
x
5
2

2
9
2ð4πÞ4x4

�
102 ln xþ 2671

8
þ 12π2 þ 394 ln 2 − 252 ln 3

�
; ð42Þ

where the constant term is given in Eq. (16).
Note, that the scalar condensates are renormalization-

scale invariant at every order. Furthermore, the scale
dependence of yc is fully consistent with the exact
β-function given in Eq. (9). Here, in its dimensionless
form, using ∂t3 ≡ ∂ln μ3 ,

βy ¼ ∂t3y ¼ 1

ð4πÞ2
3

16
ð17þ 48x − 64x2Þ: ð43Þ

The above expressions mark the final result obtainable
within perturbation theory since four-loop calculations are
nonperturbative [54,60,65].
For the critical mass and the two condensates, we

contrast our perturbative results with lattice simulations
[32,72,90–92] in Figs. 2 and 3. All three quantities display
a marked improvement at small x; this is especially
poignant for ΔhðΦ†ΦÞ2i. However, for ΔhΦ†Φi, the
perturbative prediction at NLO appears to agree best with
the lattice data and only at very low x, higher-orders
become the most accurate predictions; see [93] for a similar
trend in the Abelian Higgs model. As a consequence of
including the final perturbative corrections, the departure
of perturbation theory from lattice data is delayed until
x ∼ 0.04–0.05. A subsequent breakdown of perturbation
theory is indeed expected as a second-order transition takes
place at x ¼ x� ¼ 0.0983ð13Þ [90,91].
To illustrate the perturbative uncertainty at each order,

we varied the renormalization scale in Fig. 2, in the range
μ̄3=ð2mAÞ ¼ ½10−1

2; 10
1
2�. An optimized value for μ̄3 can be

found à la principle of minimal sensitivity [52,94,95].

IV. IMPACT ON GRAVITATIONAL WAVES

To investigate the importance of three-loop corrections,
we apply the results of Sec. III to a four-dimensional parent

theory that maps into Eq. (1) in the high-temperature limit.
For maximal freedom of the analysis, we treat our setup as a
toy model for gravitational waves from a purely dark sector
[96], and do not assume the Standard Model field content.
To this end, we assume a SUð2Þ gauge theory with a scalar
doublet Φ and an additional scalar singlet S. The model
definition and its mapping into the thermal EFTare detailed
in Appendix C.
Pressure (p). To derive the relevant equilibrium thermo-

dynamic quantities for GW production, we construct

FIG. 2. The renormalization-scale invariant quantity
yc − βy ln μ̄3, where yc is the critical mass, μ̄3 is the renormaliza-
tion scale, and βy is the β-function for y from Eq. (43).
Theoretical uncertainties for lattice data from [32,72,90–92]
are shown as error bars, uncertainties for the perturbative calcula-
tions are shown as error bands by varying μ̄3=ð2mAÞ ¼
½10−1

2; 10
1
2�. The line of first-order phase transitions ends in a

second-order transition at x ∼ 0.1, indicated by the rightmost
lattice point. The orders NLO and N2LO are almost identical.
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the pressure in the high-temperature expansion. It is
composed as

p ¼ p0 − TVeff ; ð44Þ

where Veff is the effective potential of the 3D EFT
computed in Sec. II, separately for different phases. The
unit operator p0, or the field-independent pressure [25],
comes from thermal corrections to the vacuum. From the
pressure, we can find the enthalpy ω≡ Tp0, the speed of
sound c2s ≡ p0=e0, and the energy density e ¼ Tp0 − p,
where we use the shorthand p0 ≡ dp=dT.
To keep the discussion simple, we regroup the different

perturbative orders of the pressure as “1-loop,” “2-loop,”
and “3-loop.” A detailed composition of different pertur-
bative orders of the pressure is given in Appendix C 6.
We consider two scenarios for the dark-sector model:

(A) If the singlet is weakly coupled to a light doublet, the
doublet can undergo a first-order phase transition
while the singlet decouples.

(B) Even if the doublet is too heavy to accommodate a
phase transition, a transition can be catalyzed if the
interaction with the singlet is sufficiently strong.
Here, we will work in a mass regime that admits
integrating out the singlet such that only the doublet
remains in the EFT.

By focusing on option (A), we fix the parameters of the
parent theory (defined in Appendix C 1) to

g2 ¼ 0.5; λϕ ¼ 0.0075; Mϕ ¼ 10
ffiffiffi
2

p
; ðBM-AÞ

(in arbitrary units of mass) and assume a simple tree-level
relation μ2ϕ ¼ −M2

ϕ=2 between the doublet mass parameter
and the pole mass. This follows our general strategy, that
the 3D EFT computation is at its final perturbative order
while zero temperature MS relations are kept minimal, in
our toy model. 5 The ratio λϕ=g2 ¼ 0.015 is the leading,
temperature-independent contribution to the dimensionless
variable x that controls the behavior of the EFT. In our
analysis, we employ the power counting λϕ ∼ g3 since it
seems like a natural choice given the formal limit g4 ≪
λϕ ≪ g2 [97].
We illustrate the pressure as a function of temperature in

Fig. 4 (top) and normalize the pressure in both phases by
the one-loop symmetric-phase pressure. Two-loop correc-
tions affect the pressure at the 1% level, and subsequent
three-loop corrections affect the pressure at at the 0.1%
level, indicating excellent convergence.
Critical temperature (Tc). The critical temperature Tc, at

each order, corresponds to the temperatures where the
pressure-difference of the phases vanishes. For (BM-A) the
critical temperatures are listed in Table I and depicted by
the three rightmost vertical lines of Fig. 4. Since the
broken-phase pressure has the symmetric-phase pressure
subtracted, the pressure vanishes exactly at the critical mass
ycðxcÞ at each order.6

In the temperature window of Fig. 4, the critical
xc ≈ 0.021, as contributions of temporal scalars slightly
increase the value of x from its leading value set by

FIG. 3. The jumps in the quadratic ΔhðΦ†ΦÞi and quartic
ΔhðΦ†ΦÞ2i scalar condensates as functions of x, computed in the
x-expansion and on the lattice. Both condensates are manifestly
gauge and renormalization-scale invariant. The lattice data is
taken from [32,72,90–92].

5To reach maximal perturbative accuracy in terms of 4D
parameters (in realistic models), one also needs to improve the
relations between physical observables and MS parameters
beyond tree-level [27]. In our toy model, this is not necessary
as computing its thermodynamics in terms of MS parameters is
identical, regardless of the accuracy of MS parameters and
physical observables.

6For determining Tc, we employ the mixed method of [74].
Therein, only the effective potential is expanded in strict pertur-
bation theory. For Tc, we do not perform a strict expansion
directly since a similar fully strict expansion for the phase
transition strength, α, would become a functionally formidable
task.
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λϕ=g2 ¼ 0.015; see Appendix C. Since also T2=M2
ϕ ∼ 6,

the high-temperature expansion is applicable.
We have verified that points with smaller (larger) λϕ=g2

lead to increased (decreased) convergence in perturbation
theory. Benchmark point (BM-A) illustrates such generic
trends.
Phase transition strength (α). The convergence of the

pressure is inherited by all quantities further derived
from it. One such quantity is the phase transition strength
defined via [98,99]

α ¼ Δθ̄
3ωsym

¼ 1

3p0
sym

�
ΔVeff

c2s;bro
− Δ

dVeff

d lnT

�
; ð45Þ

where ωsym is the enthalpy of the symmetric phase, the
pseudotrace anomaly is θ̄≡ e − p=c2s;bro and where we
used the notation Δp≡ pjbro − pjsym ¼ −TΔVeff .
In Fig. 4 (bottom), we depict the relative-to-leading-

order convergence of α, in analogy to Fig. 4 (top). For the
pressure, the relative difference between different loop
orders are minute due to the dominating unit operator p0.
Since α depends on the pressure difference, it is indepen-
dent of p0. Conversely, for α, relative differences between
one- and two-loop level can reach 10%, while the differ-
ence between two- and three-loop level displays great
convergence.
Speed of sound (cs). While α is dominated by the second,

derivative, term in Eq. (45), the term proportional to ΔVeff
is subdominant. This term also depends on the broken-
phase speed of sound which is plotted in Fig. 5. The
symmetric-phase result is very close to the LO result
c2s ¼ 1=3 at all orders. The broken-phase speed of sound
significantly deviates from this LO value but quickly
converges with the loop order. Such deviations can be
important for analyses of hydrodynamic properties of the
phase transition as they could affect the shape of the GW
signal and suppress it by an order of magnitude [98,99].
A careful computation of the speed of sound is required
especially for theories whose particle content deviates
strongly from the Standard Model one [100]. The article
at hand completes the perturbative determination of the
speed of sound.
Bubble nucleation rate (Γ). Both Figs. 4 and 5 depict

the results for the bubble nucleation temperature, given
by the three leftmost vertical lines from Table I. These
results are obtained by directly following [101,102]; see
also [28,103–107]. Here, we merely summarize the ration-
ale for completeness. The bubble nucleation rate can be
approximated by Γ ≃ κ

2π Σ, where the dynamical prefactor κ
depends on dissipative processes [108]. Its statistical part Σ
can be computed within the 3D EFT as

Σ ≈ ½detS�e−SBðx;yÞ; ð46Þ

FIG. 4. Pressure (top) and phase-transition strength (bottom) as
function of temperature T (scaled by scalar mass Mϕ) in a
benchmark point (BM-A). From left to right, vertical lines
indicate the nucleation temperatures and critical temperatures
of Table I.

TABLE I. The critical temperature Tc and percolation temper-
ature Tp in units of the scalar mass Mϕ for benchmark point
(BM-A) at different perturbative orders.

Tc

1-loop 2.589
2-loop 2.587
3-loop 2.578

Tp

LO 2.545
NLO 2.529
N2LO 2.520
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where SB is the bounce action and higher-order corrections
are described by the determinant ½detS�. Henceforth, we
simply work in approximations that ignore the dynamical
prefactor κ [109].
In the 3D EFT, Σ depends only on x, y and we can

formally write the statistical part of the rate as an expo-
nential expð−SB þ ln½detS�Þ≡ expð−SeffÞ, and further find
the effective action in a strict expansion

Seff ¼ SLO þ xSNLO þ x
3
2SNNLO þ…: ð47Þ

Here, the powers of x merely indicate the suppression
relative to LO.7 Expressions for each order can be found
in [102]. In analogy with Sec. II, integer powers of x come
from integrating out vector bosons (in the UV), while
fractional powers come from scalar fluctuations (in the IR).

To relate the statistical Seff to cosmology and the
temperature evolution of the universe, we can approximate
the condition for successful percolation after bubble nucle-
ation as

Seffðx; ypÞ ≃ F½HðTpÞ�; ð48Þ

where F is a function of the Hubble parameter HðTÞ. The
exact form of F can be found in [72,110,111], but here we
approximate it as a constant F½HðTpÞ� ≈ 126, which
corresponds to about two-thirds of the universe being in
the broken phase [111]. We remark that several definitions
of Tp appear in the literature [10,12,112], and subtleties
concerning this reference temperature for GW production
were recently discussed in [113,114].
Given Seffðx; ypÞ≡ 126, we can (numerically) find ypðxÞ

as a curve in the ðx; yÞ-plane. For any parameter point of a
parent theory, the percolation temperature Tp is given by
the condition yðxðTpÞÞ ¼ ypðxÞ.8 This is analogous to
finding the critical temperature from the condition
yðxðTcÞÞ ¼ ycðxÞ [32].
In perturbation theory, we can find the LO result from

yðxðTLO
p ÞÞ ¼ yLOp ðxÞ where yLOp is determined by SLO. The

higher-order corrections TNLO
p and TN2LO

p are then found in
a strict perturbative expansion, as detailed in [102]. In
Figs. 4 and 5, we observe that in (BM-A), the percolation
and critical temperatures are rather close. This is a generic
feature of this EFTwhere percolation occurs with relatively
little supercooling below the critical temperature.
While for the critical temperature, we found all results

including corrections up to and including N4LO, the strict
expansion for the percolation temperature is performed
only for the first three orders. The two remaining orders for
the bubble nucleation rate are promoted to future work.
Inverse duration (β=H). Another important thermal

parameter for GW production is the inverse duration of
the transition, defined as

β

H
¼ −

d lnΓ
d lnT

: ð49Þ

For the benchmark point (BM-A) of Figs. 4 and 5, we
report the values listed in Tab. II for the phase transition
strength, α, and the inverse duration β

H at T ¼ Tp.
9

Higher-order corrections increase α and the overall
convergence is good, while they decrease β

Hp
and conver-

gence is less pronounced, even for the relatively small
value of x ≈ 0.021 of (BM-A). The underlying pertur-
bative computation of the bubble nucleation rate breaks

FIG. 5. As Fig. 4 but depicting the speed of sound squared, c2s ,
as a function of temperature for the symmetric (top) and broken
(bottom) phase.

7The vector-contribution to the effective action can be ex-
pressed with a derivative expansion as ∇2ϕ ∼m2

Hϕ ≪ m2
Aϕ.

8As [72], we employ yp which is the “nucleation mass”
yn of [102].

9For β
Hp
, we determine the first three orders in strict perturbative

expansion as described in [102].
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down for x > 0.058 [102]. We have verified improved
convergence for parameter points that map into smaller
values of x. Furthermore, we have verified that the afore-
mentioned trends for α and β

Hp
also hold for other parameter

points.
Gravitational waves. After detailing several phase tran-

sition thermodynamic quantities over a range of temper-
atures, we now emulate a scan over the model parameter
space, typically performed in studies of cosmological
phase transitions in beyond the Standard Model theories
or dark sectors; cf. [10] and references therein. Along the
lines of [10], we recast our scan results in the ðα; β=HÞ-
plane in Fig. 6 for the benchmark point (BM-A), varying
λϕ ∈ ½0.001; 0.03� which corresponds to x∈ ½0.006; 0.068�
within the EFT. For illustration, we show tentative sensiti-
vity regions of LISA and DECIGO in analogy with [115].10

While none of the transitions have sufficiently large time-
scales for LISA to probe them,11 DECIGO and other
future GW observatories could observe a primordial GW
echo from a dark sector phase transition such as those
analyzed here.
Parameter points with small λϕ result in small x, which

provide the largest (smallest) value for αp (β=Hp) toward
the bottom right. Even for the smallest values of x,
perturbative corrections to β=Hp are sizeable. When x
increases, the perturbative computation for the inverse
duration breaks completely, as indicated by the deviation
of different orders toward the top left. Encouragingly,
perturbation theory behaves best toward and within the
DECIGO sensitivity, and a total breakdown of perturbation

theory occurs only for weaker transitions, which is to be
expected.
In Fig. 6 and in addition to the benchmark point (BM-A)

(blue), we also report on another benchmark point (BM-B)
(red), viz.

g2 ¼ 0.9; λs ¼ 1.0; sinθ ¼ 0.2;

Mϕ

GeV
¼ 125;

Ms

GeV
¼ 325;

v0
GeV

¼ 246; ðBM-BÞ

where parameters are defined in Appendix C 1. This
scenario emulates the Standard Model augmented with
a new scalar field. By design, the singlet is sufficiently
heavy to be integrated out from the final EFT; see
Appendix C. This serves as an illuminating example that
the 3D EFT of SUð2Þ with a doublet is an invaluable
tool for studying the thermodynamics of electroweak-
like first-order phase transitions in the presence of field
content beyond the dynamical degrees of freedom of the
final EFT [33,38,50,118–121].

V. DISCUSSION

This study delivers the final verdict of perturbation
theory on electroweak gauge-Higgs theories at high tem-
perature. By accounting for three-loop contributions, any
further study perforce requires nonperturbative analyses
due to the Linde problem. This article builds upon the
recent formulation of the re-reorganized perturbative

TABLE II. The phase transition strength, α, and inverse
duration β

Hp
for the benchmark point (BM-A) of Figs. 4 and 5.

Percolation temperatures correspond to Table I.

α1−loopðTLO
p Þ 0.014

α2−loopðTNLO
p Þ 0.020

α3−loopðTN2LO
p Þ 0.021

	 β
Hp



LO

13578	 β
Hp



NLO

7182	 β
Hp



N2LO

4329

FIG. 6. Connecting our thermal computation to experimental
probes via the ðαp; β=HpÞ-plane by projecting results for bench-
mark points (BM-A) but by varying λϕ ∈ ½0.0001; 0.03�
(x∈ ½0.0054; 0.068�) and (BM-B) by varying λm ∈ ½2; 2.55�
(x∈ ½0.017; 0.098�). Also shown are the tentative sensitivity
regions for LISA [10] and DECIGO [15]. For these curves, x
decreases from left to right. For large x, the perturbative
expansion for the bubble nucleation rate breaks down, resulting
in tails of rapidly falling β=Hp.

10For connecting with LISA-generation experimental
probes [116], we henceforth assume the scalar mass Mϕ and
all other dimensionful quantities in units of GeV. The tentative
integrated sensitivity regions at a wall velocity vw ¼ 0.95 for
LISA at SNR ¼ 5 [117] with T ¼ 4 year mission duration [10]
and DECIGO with the Correlation design [15] were taken
from [115].

11This result is expected since phase transitions that map
into he 3D EFT of SUð2Þ with a doublet are not observable by
LISA [50].
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expansion [73]. While [73] computed its first three orders,
here we deliver the remaining two perturbative orders and
herald the culmination of a three-decade program initiated
by [71,97] for the perturbative analysis of cosmological and
electroweak phase transitions in particular.
A similar perturbative completion was previously only

achieved for pure scalar theory and QCD at high temper-
atures. For both theories, perturbative results are in remark-
able agreement with nonperturbative lattice Monte-Carlo
analyses [52,65]. In turn, for electroweak gauge-Higgs
theories, we find remarkable agreement between perturba-
tion theory and lattice simulations by reorganizing the
perturbative expansion. This provides additional evidence
that the Linde problem is of minor significance in cosmo-
logical phase transitions driven by a fundamental scalar
field.
Naturally, the precision of our perturbative results

diminishes as we approach the critical point. At this
juncture, the transition becomes second-order and sub-
sequently evolves into a crossover. Perturbation theory is
inherently unreliable for such weak transitions. One esti-
mate suggests that perturbation theory can be trusted for
positive critical masses, yc. However, once yc turns neg-
ative, a second-order transition is expected within pertur-
bation theory.
The perturbative toolbox completed in this article readily

generalizes to more complicated theories with multiple
scalar fields [74]. Thus, computing large perturbative
higher-order corrections can follow the methodology out-
lined in this article. In particular, by utilizing the general
mass hierarchy between the broken-phase vector bosons
and the light transitioning scalar(s), we reorganized the
theory to all perturbative orders.
For predictions of a stochastic GW background from a

dark sector phase transition, we found that higher-order
perturbative corrections ensure a well-controlled perturba-
tion theory for equilibrium thermodynamics. However, the
remaining significant uncertainty stems from the current
inability to determine the bubble nucleation rate with
similar precision. The extension of our findings to more
complicated and widely studied theories with nonminimal
scalar sectors, and their implications for collider phenom-
enology and GW predictions, is left to future studies.
Outlook. With the perturbative program now completed,

there is ample opportunity for future lattice studies. While
perturbation theory can reliably predict the properties of
strong transitions, it falls short in describing weak tran-
sitions where nonperturbative effects are large. To reliably
rule out the possibility of a first-order transition, non-
perturbative lattice analyses are essential. These analyses
are particularly important for the phenomenological study
of extensions of the Standard Model [53] and understand-
ing their potential signatures at future colliders [122]. To
this end, not only deciding the phase-transition character

with lattice techniques is important, also future simulations
for bubble nucleation [72,103,109,123] and sphaleron
rates [124–126] are required.
To further enhance precision in understanding cosmo-

logical phase transitions, we consider the following future
directions:

At Oðg6Þ, additional contributions arise in the dimen-
sional reduction via higher-dimensional operators
within the 3D EFT. While evaluated for the pure
gauge sector of QCD [127], accurately determining
their effect in generic theories remains important for
probing the validity of the 3D EFT. This validity forms
a backbone not only for perturbative, but also lattice
studies.
Purely perturbativeOðg6Þ contributions from the hard
scale could still be computed for the symmetric-phase
pressure; cf. progress in hot QCD [128].
Building on [102,129], the final perturbative correc-
tions for the thermal bubble nucleation rate and
the phase transition duration are yet to be computed.
They still source one of the largest uncertainties for
predicting GW signals from cosmological phase
transitions.
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APPENDIX A: EXPANSION OF BROKEN PHASE
EFFECTIVE POTENTIAL IN TERMS

OF EFT MATCHING

This Appendix illustrates the organization of the per-
turbative series of Fig. 1 for the broken-phase effective
potential, in terms of an EFT matching between the mass
scale of the vector bosons and the scale of the phase
transition. By adopting the terminology of [74], these
scales are dubbed soft and supersoft.
The supersoft scale EFT is constructed by integrating out

the soft scale. The resulting action is
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ðA1Þ

where the summation over the s soft scalar fields is implied.
The construction of the EFT action follows a standard
EFT matching computation using the background-field
method [81–83]; see also [130] for an intuitive explanation.
In this framework, the strategy is to integrate only over soft,
UV, momenta and expand the propagators in supersoft, IR,
scalar masses before integration.
Hence, scalar propagators are treated as massless and

their mass effect is included as a perturbative two-point
interaction, presented as a blob at N4LO in Eq. (A1). These
two-point interaction vertices appear at two-loop level, and
are effectively counted as three-loop diagrams. The field
normalization factor Zs, resulting from the soft gauge field
modes, is computed at one-loop order; see, e.g., [105]. Pure
scalar-field diagrams vanish in dimensional regularization
given that no scales appear in the propagators. They do not
contribute to the matching. However, scalar-field loops are
computed within the supersoft EFT in the IR, and at one-
loop order are

ðA2Þ

where the “x-expansion” is enforced by treating higher-
order contributions (in powers of x) to the scalar mass as
perturbative corrections. These corrections are denoted
by a blob insertion of Πϕ; see Eq. (18). A box denotes
the insertion of the two-point vertex Π̄ϕ arising from field
renormalization; see Eq. (22). Two-loop diagrams within
the supersoft EFT are of higher order than N4LO and can
thus be omitted in our computation. Combining the results
for the soft expansion of Eq. (A1) and the supersoft
corrections in Eq. (A2), yields the perturbative expansion
of the broken-phase effective potential in Fig. 1.

APPENDIX B: THERMODYNAMICS
OF Uð1Þ +HIGGS THEORY

The three-dimensional theory action of the Abelian
Higgs model is given by Eq. (1) and its tree-level potential

by Eq. (2) where the scalar Φ transforms under U(1). This
model has previously been studied in [131–136]. Contrary
to the SUð2Þ model, there is no magnetic mass for the
photon. Thus making four-loop computations tractable; at
least in principle. However, a nonperturbative mass exists
for finite lattice spacings [137,138], and topological effects
such as vortices are relevant [139–141]. In the context of
SUð2Þþ adjoint Higgs theory, similar effects were recently
discussed in [142].
For the symmetric phase, the first two orders

Veff jsymLO ¼ Veff jsymNLO ≡ 0. The first nonvanishing contribu-
tions arise at N3LO and N4LO,

Veff

��sym
N2LO

¼ −
1

6π
ðm2

3Þ
3
2; ðB1Þ

Veff

��sym
N3LO

¼ −
g23m

2
3

ð4πÞ2
1

2

�
−3þ 4 ln 2þ 2 ln

m2
3

μ̄23

�
; ðB2Þ

Veff

��sym
N4LO

¼ g43
ð4πÞ3

ðm2
3Þ

1
2

12

×

�
97þ 4π2 − 136 ln 2 − 24 ln

m2
3

μ̄23

�
; ðB3Þ

computed in general Rξ (or Fermi) gauge.
The broken-phase effective potential amounts to

Veff

��bro
LO ¼ 1

2
m2

3ϕ
2 þ 1

4
λ3ϕ

4 −
1

6π
g33ϕ

3; ðB4Þ

Veff

��bro
NLO ¼ g43ϕ

2

ð4πÞ2
�
−1 − 2 ln

μ̄3
2g3ϕ

�
; ðB5Þ

Veff

��bro
N2LO ¼ −

1

12π

�
m̃3

h þ m̃3
G

�
; ðB6Þ

Veff

��bro
N3LO ¼ 4g23

ð16πÞ2
�
m2

3

�
3þ 4 ln 2þ 8 ln

μ̄3
2g3ϕ

�

þ λ3ϕ
2

�
7þ 4 ln 2þ 16 ln

μ̄3
2g3ϕ

��

þ g53ϕ
ð16πÞ3

16

3
½77þ 4π2 − 104 ln 2�; ðB7Þ

Veff

��bro
N4LO ¼ −

g3
ð16πÞ2

1

ϕ

4

3

�
11m̃3

h þ 16m̃3
G

�

þ 2g43
ð4πÞ3

�
−m̃h þ ðm̃h þ m̃GÞ ln

μ̄3
2g3ϕ

�
; ðB8Þ

computed in Landau gauge.
The perturbative results of the critical mass and con-

densates for this model up to N2LO, are
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yc ¼
1

2ð3πÞ2x
�
1þ 9

2
x ln μ̃3 −

�
x
2

�3
2

�
; ðB9Þ

ΔhΦ†Φic ¼
1

2ð3πÞ2x2
�
1 −

9

2
xþ 25

2

�
x
2

�3
2

�
; ðB10Þ

ΔhðΦ†ΦÞ2ic ¼
1

22ð3πÞ4x4
�
1 − 9xþ 13

�
x
2

�3
2

�
; ðB11Þ

where μ̃3 ≡ e
1
2
þln3

2ðπxμ̄3Þ. After including three-loop corrections, we find the critical mass and condensates at N3LO and
N4LO to be

ycjN3LO ¼ −
x2

23ð4πÞ2x
�
64 ln

	
x
9
8μ̄3π


þ 63þ 4π2 − 152 ln 2þ 64 ln 3
�
; ðB12Þ

ΔhΦ†ΦicjN3LO ¼ x2

23ð4πÞ2x2 ½24 ln xþ 111þ 4π2 − 104 ln 2�; ðB13Þ

ΔhðΦ†ΦÞ2icjN3LO ¼ x2

26ð3πÞ4x4
�
216 ln xþ 1755

2
þ 18π2 − 576 ln 2þ 144 lnð3πÞ

�
; ðB14Þ

ycjN4LO ¼ −
x
5
2

2
5
2ð4πÞ2x

�
12 ln x −

85

6
− 2π2 þ 32 ln 2

�
; ðB15Þ

ΔhΦ†ΦicjN4LO ¼ x
5
2

2
7
2ð4πÞ2x2

�
60 ln x −

143

2
− 10π2 þ 160 ln 2

�
; ðB16Þ

ΔhðΦ†ΦÞ2icjN4LO ¼ x
5
2

2
9
2ð3πÞ4x4

�
54 ln x −

1341

8
− 9π2 þ 144 ln 2

�
: ðB17Þ

APPENDIX C: THERMAL EFT FOR SU(2) WITH
A DOUBLET AND SINGLET DARK SECTOR

This Appendix details the model employed in Sec. IV.
While most of the results can be extracted from the
literature [27,39,40,100,118], we include and display novel
thermal corrections.

1. Model at zero temperature

We define our setup through the Lagrangian

L ¼ 1

4
Fa
μνFa

μν þ ðDμΦÞ†ðDμΦÞ þ 1

2
ð∂μSÞ2 þ VðΦ; SÞ;

ðC1Þ
where the covariant derivative DμΦ ¼ ð∂μ − igAμÞΦ,
where Aμ ¼ Aa

μTa. The scalar potential is

VðΦ; SÞ ¼ m2
ϕΦ†Φþ λϕðΦ†ΦÞ2 þ 1

2
m2

sS2 þ
1

4
λsS4

þ 1

2
μmðΦ†ΦÞ2Sþ 1

2
λmðΦ†ΦÞ2S2

þ μ1Sþ 1

3
μ3S3: ðC2Þ

The cubic portal allows for doublet-singlet mixing. We
work in a parametrization where the mixing angle sin θ, the
scalar mass squared eigenvalues M2

ϕ, M
2
s ,
12 the doublet

vacuum expectation value (VEV) at zero temperature v0,
the gauge coupling g2, the singlet self interactions λs, μ3,
and the portal coupling λm are treated as input parameters.
We fix the singlet VEV to vanish which fixes singlet
tadpole coupling μ1 ¼ −μmv20=4. Concretely, we use the
tree-level relations

m2
ϕ ¼ −

1

4

	
M2

ϕ þM2
s þ ðM2

ϕ −M2
sÞ cosð2θÞ



;

m2
s ¼

1

2

	
−λmv20 þM2

ϕ þM2
s − ðM2

ϕ −M2
sÞ cosð2θÞ



;

λϕ ¼ 1

4v20

	
M2

ϕ þM2
s þ ðM2

ϕ −M2
sÞ cosð2θÞ



;

μm ¼ −
2

v0

	
M2

ϕ −M2
s



sin θ cos θ: ðC3Þ

12For a small mixing angle sin θ ≪ 1, the mass Mϕ describes
the mostly doublet and Ms the mostly singlet state.
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For a realistic theory, instead of a dark-sector toy setup,
it would be warranted to improve these relations by the
corresponding zero-temperature one-loop corrections [27],
cf. [40].

2. Effective theory

At high temperatures m2
ϕ=T;m

2
s=T ∼ g ≪ 1 and the 3D

zero Matsubara modes live in the IR at the soft scale
jpj ∼OðgTÞ. In turn, the nonzero Matsubara modes in the
UV at scale jpj ∼OðπTÞ can be integrated out [143]. The
resulting 3D EFT is of the same functional form as Eq. (C1)
with the addition of the Lagrangian for the temporal
component of the gauge field

L3d
temporal ¼

1

2
ðDrAa

0Þ2 þ
1

2
m2

DA
a
0A

a
0 þ

1

4
κ3ðAa

0A
a
0Þ2

þ 1

2
h3ϕ†ϕAa

0A
a
0 þ

1

4
y3S2Aa

0A
a
0 þ

1

2
x3S2Aa

0A
a
0;

ðC4Þ

where the covariant derivative for triplet SUð2Þ temporal
scalars, reads DrAa

0 ¼ ∂rAa
0 þ g3ϵabcAb

rAc
0. Here, we chose

different normalizations for h3 [12,27], y3, and x3 com-
pared to [39]. In addition, κ3 ≡ 2λVLL½1� compared to the
convention used by DRalgo; see the dark-su2-
higgs-singlet.m model file [144].
In analogy to Eq. (A1), the construction of the EFT

can be schematically illustrated in terms of the effective
action as

ðC5Þ

where encircled numbers indicate the loop order and boxes
indicate kinetic insertions on external lines in analogy with
Eq. (21). Here, the effective action is computed using the
background field method, in terms of a formal scalar
background field φ. For simplicity, we present here only
one such background field, keeping in mind that for
multiple scalar fields within the EFT, each field has its
own background. Furthermore, in this simplified illustra-
tion, we do not detail the background field method for the
gauge sector.

In the first line of Eq. (C5), loop diagrams involving
Matsubara sum-integrals are integrated over the hard
momenta, i.e., over nonzero Matsubara modes in the
UV. Masses M2ðφÞ in propagators depend on the back-
ground field, and sum-integrals are computed in the high-
temperature expansion of M2=T2 ∼ g2. Matsubara zero
modes in the IR are treated as massless. The field
normalization factor

ðC6Þ

is likewise obtained by integrating over nonzero Matsubara
modes, and computing the relevant scalar two-point func-
tions in an expansion of soft external momenta k.
In the second line of Eq. (C5), we have expanded the

action in terms of background field, φ. We have highlighted
that the unit operator p0 is field-independent, and return to
its computation below. Terms with nonvanishing back-
ground field correspond to Green’s functions generated
by the effective action, and the ellipsis denotes eight- and
higher-point correlators.
In the third line of Eq. (C5), we identify these Green’s

functions with EFT parameters of the scalar potential, that
we denote by a schematic m2

3 and λ3 for this simplified
illustration. We remark, that in the second line, the effect of
the Z-factor is captured by the Green’s functions13 which is
illustrated by a box on the external lines. In practice, the 3D
parameter matching relations can be determined by directly
computing Green’s functions without the presence of the
background field, instead of computing the action. This is
practical, especially for the gauge, and gauge-scalar mixed
sectors [27].
Assuming a power counting in which the parent theory

squared mass parameters are soft ∼ðgTÞ2, in the high-T
expansion and the quartic couplings scale as Oðg2Þ, allows
for determining all 3D EFT parameters at Oðg4Þ provided
that the masses are determined at two-loop and couplings
at one-loop level. Sextic and higher operators can be
neglected as they contribute at Oðg6Þ.
Within the so-far constructed EFT, the Debye massm2

D is
soft, and parametrically larger than the mass of the scalar
doublet Φ that undergoes the transition deeper in the IR.
This allows to integrate out the temporal scalar Aa

0, to build
an EFT at a softer scale. In addition, we assume that the
singlet mass ms ∼mD, and hence the singlet is integrated
out as well. The resulting EFT in the IR is given by Eq. (1).
Constructing this softer EFT aligns with Eq. (C5) with a

few modifications. In this case, only the soft loops of the
temporal scalar and the singlet are integrated over, while
the doublet (as well as spatial gauge field) are treated as

13Z-factor contributions are crucial to obtain a renormalization-
scale invariant, gauge-independent result [12,105].
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massless. The convergence of the soft theory is slower as
each new loop order is suppressed by g, whereas in the
hard-to-soft matching, the loop suppression is g2. Typically,
in softer theory only one-loop effects from the soft scale are
included for the scalar quartic coupling [27]. While this is
numerically an excellent approximation for contributions of
the temporal scalar, for the singlet, also two-loop effects
can be sizable. Similarly, effects from the soft singlet can
induce sizable corrections to the sextic operator, to which
soft contributions in general are parametrically Oðg3Þ [27].
While at first glance this might seem alarming, we com-
ment on these issues in Sec. C 5 when we present concrete
expressions and further discuss our numerical analysis.
The unit operator in the final EFT composes of p0 ¼

pE þ pM [77], where hard and soft contributions, typically
labeled as electrostatic (pE) and magnetic (pM), follow
from vacuum diagrams of the form (here in four-
dimensional units)

ðC7Þ

ðC8Þ

where each loop order is represented by its most compli-
cated topology.
For pE, the loop integration is over nonzero Matsubara

modes and each order is suppressed by g2. For pM, loops
involve soft fields and each order is suppressed by g. In both
cases, all contributions are purely perturbative and for hot
QCD, the computation of the four-loop Oðg6Þ has recently
been organized at the level of master integrals [128].

3. Collection of expressions

This section collects all relevant thermal corrections for
the softer EFT. Installing the power counting

m2
ϕ; m

2
s ∼ ðgTÞ2; λϕ; λs; λm ∼ g2;

μ3; μm ∼ g2T; ðC9Þ

leads to a similar EFT construction as in [40], and the hard-
to-soft matching relations can be read from therein (by
omitting U(1), SUð3Þ, and fermionic sectors contributions).
Alternatively, one can compute the parameters using
DRalgo [41] via the model file [144]. Hence, we do
not list these relations here.
The matching results in the two-loop mass parameters

(and singlet tadpole) and one-loop couplings. Such rela-
tions are renormalization-scale invariant at Oðg4Þ, and in
our numerical analysis, we apply one-loop β-functions to
run parameters to the optimal thermal scale μ̄opt ¼ 4πe−γET
[71], where γE is the Euler-Mascheroni constant. Since the
required β-functions can be obtained with DRalgo, we do
not list them explicitly.
If the singlet decouples, we need smaller doublet self-

coupling which satisfies the parametric scaling λϕ ∼ g3=π;
cf. (BM-A). Also in this case, we include Oðλ2ϕÞ terms in
the hard-to-soft matching, yet remark that these contribu-
tions, as well as Oðg2λϕÞ, are miniscule compared to pure
gauge contributions of Oðg4Þ that dominate.
In (BM-B), and by further fixing λm ¼ 2.5 in this

section, we find that λϕ, λm, λs, and the gauge coupling
contribute with approximately equal importance to the two-
loop thermal mass parameters, while the effect from cubic
couplings is less important.14 Cubic couplings, however,
yield the largest (one-loop) correction for the singlet
tadpole which is dominated by its tree-level value while
two-loop corrections are further suppressed. For both mass
parameters, tree-level and one-loop contributions are dom-
inant while the two-loop correction is subdominant. This
indicates a controlled high-T expansion, and concretely
m2

ϕ=T ∼ 1=4 and m2
s=T ∼ 4=5 in vicinity of critical temper-

ature Tc ∼ 188 GeV.
The unit operator for the hard modes from Eq. (C7) and

the soft modes from Eq. (C8), can be obtained with
DRalgo and reads

pE ¼ 11
π2

90
T4 −

T2

576

	
T2ð39g2 þ 24λϕ þ 4λm þ 3λsÞ þ 24

	
4m2

ϕ þm2
s




þ T2

ð4πÞ2
�
m2

s

24
Lbð2λm þ 3λsÞ þm2

ϕ

�
Lb

�
λϕ þ

1

12
λm

�
þ g2

8

	
−2þ 12 lnð2πÞ − 12ðln ζ2Þ0 þ 9Lb


�

−
1

48
ð4μ23 þ 3μ2mÞð2 lnð2πÞ − 2ðln ζ2Þ0 þ LbÞ

�
−

Lb

ð4πÞ2
�
μ4ϕ þ

1

4
μ4s

�

þ T2

ð4πÞ2
�
αEg4g

4 þ αEλϕg2λϕg
2 þ αEλ2ϕλ

2
ϕ þ αEλmg2λmg

2 þ αEλϕλmλϕλm þ αEλ2mλ
2
m þ αEλmλsλmλs þ αEλ2sλ

2
s

�
; ðC10Þ

14Contributions of μ3, μm to one-loop thermal masses are ∝ Lb and vanish at the optimized μ̄opt ¼ 4πe−γET. Further corrections to the
matching relations from these couplings are ∝ ζ3=ð4πÞ4 or ζ5=ð4πÞ6 and we find them to be negligible; cf. Sec. 4.2 of [39].
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pM

T
¼ −

1

12π

	
3m3

D þm3
s;3



−

1

ð4πÞ2
�
g23m

2
D

�
9

2
þ 6 ln

μ̄3
2mD

�
þ 3

4

	
5κ3m2

D þ λs;3m2
s;3


�

−
2mD

ð4πÞ3
�
g43ð23þ π2 − 11 ln 2Þ þ 12h23 þ

9

8

	
g43 þ 8h23



ln

μ̄3
2mD

�
; ðC11Þ

where Lb ≡ 2 ln μ̄eγE
4πT , ζn ¼ ζðnÞ is the Riemann zeta func-

tion, and ðln ζnÞ0 ≡ ζ0ðnÞ=ζðnÞ. For the T4-coefficients, we
adopted the (slightly modified) notation of [78,100], and
results for these coefficients can also be read from therein.
In fact, the term proportional to κ3 in Eq. (C11) is Oðg6T4Þ
and could hence be dropped. In the three-loop contribution,
however, we have included only the temporal scalar contri-
bution, as these can be conveniently read from [77], but not
the singlet contributions which are currently beyond reach
for the fangs of DRalgo.
Corrections from different loop orders to p0 ¼ pE þ pM

with respect to its LO result are listed in Table III. For
(BM-A), and as already highlighted above, these correc-
tions are dominated by pure gauge contributions, and
corrections involving λϕ and m2

ϕ=T
2 are minor. Also for

(BM-B), these relative corrections display great conver-
gence, albeit not as good as in (BM-A).
The explicit “soft-to-softer” EFT matching relations,

where the temporal scalar and the singlet are integrated
out, read

ḡ23 ¼ g23 −
�

1

24π

g43
mD

�
; ðC12Þ

λ̄ϕ;3 ¼ λϕ;3 −
�

1

32π

�
3h23
mD

þ λ2m;3

ms;3

��

þ 1

ð4πÞ2
�
1

m2
D

�
3

4
h33 −

3

2
h23g

2
3 þ

3

8
h3g43 −

3

128
g63

�

þ 1

4

λ3m;3

m2
s;3

�
þ Γ3; ðC13Þ

m̄2
ϕ;3 ¼ m2

ϕ;3 −
�
1

8π
ð3h3mD þ λm;3ms;3Þ

�

−
1

ð4πÞ2
�
3

4
h23 −

15

4
h3κ3 −

3

2
h3g23 −

3

4
λm;3λs;3

þ
�
3

2
h23 − 6h3g23 þ

3

4
g43

�
ln

μ̄3
2mD

þ 1

4
λ2m;3

�
1þ 2 ln

μ̄3
2ms;3

��
þ Π3: ðC14Þ

Here, we have included two-loop contributions to the self-
coupling. While these corrections are often omitted, they
are formally of the same order as the two-loop thermal
mass. They can readily be found using the two-loop
effective potentials computed in [40,51].
The contributions of the singlet cubic couplings are

Γ3 ¼
1

4
μ1;3

�
2
λm;3μm;3

m4
s;3

−
μ3;3μ

2
m;3

m6
s;3

�
−

μ2m;3

8m2
s;3

þ μ2m;3

32πm5
s;3

�
5

4
μ2m;3 − μm;3μ3;3 − μ23;3

�

þ μ2m;3

32πm3
s;3

�
5λm;3 − 12λϕ;3 − 3λs;3 − 2

λm;3μ3;3
μm;3

�

−
1

48ð4πÞ2m4
s;3

ð4μ23;3 þ 3μ2m;3Þ −
λϕ;3
24π

μ2m;3

m3
s;3

; ðC15Þ

Π3 ¼ −
μ1;3μm;3

2m2
s;3

þ μm;3

16πms;3
ð2μ3;3 − μm;3Þ

þ μ1;3
32π

�
μ2m;3

m5
s;3

ðμm;3 − 2μ3;3Þ þ
4λm;3

m3
s;3

ð2μm;3 þ μ3;3Þ
�

þ λm;3

24ð4πÞ2m2
s;3

	
4μ23;3 þ 3μ2m;3



−
m2

ϕ;3

48π

μ2m;3

m3
s;3

: ðC16Þ

Our computation of these contributions is diagrammatic
[118] and involves a class of one-particle-reducible (1PR)
diagrams as detailed therein. We, however, integrate out the
singlet at the soft scale, whereas in [118] the singlet is
integrated out along with nonzero Matsubara modes.
Consequently the integrals associated with the required
diagrams are different. We have included the 1PR con-
tributions at tree- and one-loop level but omitted them
at two-loop level. There, we only include one-particle-
irreducible (1PI) contributions. These 1PI contributions can
be found using the two-loop effective potential [40,51].

TABLE III. Corrections to the unit operator p0 ¼ pE þ pM
with respect to its LO result for benchmark points (BM-A) and
(BM-B) originating from soft and hard modes.

BM-A Hard Soft

1-loop 1.60%
2-loop 1.7% 0.32%
3-loop 0.9% 0.30%

BM-B Hard Soft

1-loop 8.7%
2-loop 6.9% 1.7%
3-loop 3.3% 0.1%a

aThis number is only for temporal mode contributions as
singlet terms were omitted as described earlier.
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In addition, we have included the leading contribution from
the one-loop Z-factor induced by the singlet, described by
the very last terms in Eqs. (C15) and (C16).
In (BM-B), in which mD=T ∼ 4=5 and ms;3=T ∼ 4=3 in

vicinity of Tc and where integrating out the singlet is
justified, we find that the dominant effect in Γ3 and Π3

comes from the tree-level terms. The one-loop contribu-
tions ∝ 1=π are subdominant while two-loop as well as
Z-factor contributions are negligible.

4. How a singlet catalyzes strong transitions

A relatively heavy singlet with sufficiently strong portal
interaction to the doublet can enhance the transition
strength by reducing the effective quartic coupling for
the doublet

x≡ λ̄ϕ;3
ḡ23

≈
1

ḡ23

�
λϕ;3 þ

μ1;3λm;3μm;3

2m4
s;3

−
μ2m;3

8m2
s;3

−
λ2m;3

32πms;3

�
: ðC17Þ

Here, we only kept terms that produce a significant effect,
i.e., tree-level cubic contributions (for simplicity, we
omitted terms ∝ μ3) and one-loop Z2-symmetric contribu-
tions.15 When the singlet tadpole μ1;3 is negative, all singlet
effects in Eq. (C17) come with opposite sign compared to
λϕ;3, and hence reduce x. The presence of cubic couplings
ease the realization of this effect significantly as their effect
appears already at tree-level. In Eq. (C15), we carefully
inspected that higher-order corrections preserve this effect.
In general, two-loop effects to Eq. (C17) tend to come with
positive sign, and hence diminish the effect of reducing the
effective doublet self-interaction.
To further understand the role of the singlet in a doublet-

driven phase transition, it is illuminating to consider the
soft-to-softer EFT construction as follows. The one-loop
contribution to the effective potential from the soft
modes are

VeffðφÞ ¼
1

2
m2

ϕ;3φ
2 þ 1

4
λϕ;3φ

4 −
1

16π
g33φ

3

−
1

12π

�
3

�
m2

D þ 1

2
h3φ2

�3
2

þ
�
m2

s;3 þ
1

2
λm;3φ

2

�3
2

�
; ðC18Þ

where we neglected the singlet cubic couplings for sim-
plicity. The last three terms are contributions of the vector
boson, temporal scalar, and the singlet, with masses

m2
A ¼ g23φ

2

4
; m2

A0
¼ m2

D þ 1

2
h3φ2;

m2
S ¼ m2

s;3 þ
1

2
λm;3φ

2; ðC19Þ

respectively. The essence of the softer EFT construction is
the mass hierarchy m2

A ≪ m2
A0
; m2

S which holds for field
values toward the symmetric phase where the back-
ground field vanishes. In the broken phase, expansions
in h3φ2=m2

D and λm;3φ
2=m2

s;3 yield the one-loop contribu-
tions in Eqs. (C13) and (C14). From Eq. (C13), it is evident
that a larger portal interaction leads to a smaller effective
quartic coupling of the transitioning field, and therefore
smaller x, allowing to strengthen the transition.
For the temporal scalar, this expansion is always sen-

sible, as the Debye mass mD is always soft as there is no
negative zero temperature contributions that could make it
smaller. For the singlet m2

s;3 ∼m2
s þ g2T2, and the situation

is different, since m2
s could be negative.16 In that case, it is

possible thatm2
s;3 ≪ 1

2
λm;3φ

2 and the singlet shall be treated
on same footing as the spatial gauge field. It is not integ-
rated out together with the temporal scalar, but remains in
the final EFT and is treated in analogy to the vector boson
as described in Appendix A. In this case, the cubic term in
the LO potential becomes

−
φ3

16π

�
ḡ33 þ

ffiffiffi
2

p

3
λ
3
2

m;3

�
≡ −

φ3

16π
η3: ðC20Þ

We observe, that the singlet can significantly increase the
height of the potential barrier generated by the vector
boson, and therefore enhance the transition strength. Or in
other words, one can define a new, effective xeff ≡ λ̄ϕ;3=η2,

where η2 ≡ ðḡ33 þ
ffiffi
2

p
3
λ
3
2

m;3Þ
2
3 and larger λm;3 lead to smaller

xeff , and hence stronger transitions. In practical applica-
tions, the portal coupling is significantly larger than the
gauge coupling. In such a limit, it is really the ratio λϕ=λm
that controls the perturbative expansion. Indeed, one should
always organize the perturbative power counting in terms
of the largest dimensionless coupling in a parent theory,
in this case λm. The setup discussed in this paragraph was
recently formulated for general models in [74] up to and
including N2LO corrections. With the technology pre-
sented in this article together with the companion article
[1], such computations can be performed at maximal
perturbative accuracy.

15Subdominant effects come from temporal scalar and two-
loop Z2-symmetric singlet contributions in Eq. (C13) as well as
one-loop cubic contributions in Eq. (C15). Effects of two-loop
temporal scalars in Eq. (C13) and other cubic contributions in
Eq. (C15) are negligible. A similar organization of relative sizes
of different contributions holds also for the mass parameter (and
hence y); cf. Eqs. (C14) and (C16).

16In our numerical study in (BM-B), we ensure thatm2
s remains

positive and sufficiently large to integrate out the singlet.
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5. Higher-dimensional operators

Integrating out both the soft temporal scalars and the
singlet, induces the following contribution to the doub-
let higher-dimensional operator17�

c6 þ
1

192π

�
3h33
m3

D
þ λ3m;3

m3
s;3

�

þ μ2m;3

24

�
λm;3

m4
s;3

−
μm;3μ3;3
m6

s;3

��
ðΦ†ΦÞ3: ðC21Þ

Here, c6 ∼Oðg6Þ encodes contributions from the hard
modes [39]. The remaining terms result from the soft
modes, and one-loop contributions scale formally as
Oðg3=πÞ while tree-level cubic terms are even larger,
Oðg2Þ. In practice, contributions from the hard modes
and the temporal scalars produce a negligible effect, which
is also the case for singlet contributions—despite their
formal, parametric counting— provided that the singlet is
sufficiently heavy.
We remark, however, that the operator (C21) cannot be

neglected when λ̄ϕ;3 and hence x become negative in the
vicinity of the critical temperature. This commonly occurs
in many theories (cf. e.g., [50,119,120]) and happens
also in our toy dark sector setup for large (small) portal
couplings (singlet masses). For studies in which this
higher dimensional operator is kept within the 3D EFT
see [12,102] (cf. also [145]).

6. Perturbative expansion

To capture the thermal contributions enhanced in the IR,
we have utilized a chain of EFTs starting from the hard
(πT) to the soft (gT) to the softer to supersoft (g

3
2=

ffiffiffi
π

p
T)

scale. It is this high tower of effective theories above the
nonperturbative, ultrasoft scale (g2=πT) that brew the
ultimate potion for resummations required to construct
the pressure at high temperature.
In terms of the formal power counting of a parent theory,

the different contributions to the pressure scale as

p ∼ T4

 
g0 þ g2 þ g3

“1-loop”

þ g4 þ g
9
2

“2-loop”

þ g5 þ g
11
2

“3-loop”

þOðg6Þ
!
: ðC22Þ

The coupling orders contributing to the different “loop
orders” are convoluted—due to various resummations. We
comment on the following subtleties

1-loop: The orders Oðg0Þ and Oðg2Þ only arise in the
symmetric phase from hard modes. While the Oðg2Þ-
terms technically originate from two-loop diagrams, it
is sensible to group them with the broken-phase LO
Oðg3Þ soft contributions.

2-loop: Terms of Oðg4Þ arise from various two-loop
diagrams, except for hard contributions in the sym-
metric phase that appear at three-loop level. Terms of
Oðg9

2Þ appear at one-loop, but are be numerically close
to Oðg4Þ terms.

3-loop: Terms of Oðg5Þ and Oðg11
2 Þ require three-loop

computations and are, similar to “2-loop”, numerically
almost identical in practice.

Since we do not perform strict expansions for the pressure,
the speed of sound, and α, we have found the above
grouping of different orders practical for our results in
Figs. 4–6. In turn, we do not truncate the effective theory
matching relations at “1-loop,” “2-loop,” or “3-loop,” but
work with the full relations in all cases. As a consequence,
many expressions at higher orders include formally higher-
order tails in the full EFT spirit.
In (BM-A), for increasing orders in g in Eq. (C22), we

find for the symmetric-phase pressure that corrections
relative to its leading Oðg0Þ appear with the importance
listed in Table IV. The same table also lists the corrections
for the broken-phase pressure pbro ¼ psym − TΔVeff and
free-energy difference, relative to its leading contribution at
Oðg3Þ. Since these numbers depend on the value of T at
which the pressure is evaluated, they are taken to be
tentative. In particular, we find that “supersoft” corrections
with fractional powers are minute, despite their apparent
counting. For this reason, we group them together with
integer power orders as in Eq. (C22). Similar observa-
tions also hold for (BM-B) which we do not illustrate
separately.

TABLE IV. Symmetric-phase pressure and free-energy differ-
ence relative to their respective leading order for benchmark point
(BM-A).

Order
psym

psym;g0

ΔVeff
ΔVeff;g3

g2 1.72%
g3 1.64%
g4 0.62% 35.4%

g
9
2 0.004% 1.4%

g5 0.31% 24.3%

g
11
2 0.0001% 1.1%

17Naturally, several higher dimensional operators are generated
at the same order. Such operators involve gauge fields and their
effect for the phase-transition thermodynamics is often argued to
be subdominant compared to the sextic scalar operator.
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