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ABSTRACT: We investigate the effect of higher-dimensional marginal operators on the thermo-
dynamics of cosmological phase transitions. Using the Abelian Higgs model as a representative
for radiatively-generated one-step transitions, we systematically match these operators, which
arise at higher orders in the underlying high-temperature expansion of thermal effective field
theory, and use field redefinitions to construct a complete, minimal, and gauge-invariant
operator basis. The Abelian Higgs model shares the essential infrared structure of more
realistic gauge-Higgs theories at high temperatures, allowing us to test the validity of di-
mensional reduction in a simplified setting. We argue that for strong transitions, temporal
gauge modes, which enhance the transition strength, should be treated on equal footing
with spatial ones. Marginal operators are found to weaken the transition and introduce
significant uncertainties for strong transitions. For transitions strong enough to produce
gravitational waves detectable by LISA, our findings suggest that the high-temperature
expansion may break down entirely. This would limit the applicability of effective theory
techniques, including their use in non-perturbative lattice studies.
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1 Introduction

Cosmological phase transitions offer a compelling window into the physics of the early universe,
potentially resulting in observational signatures such as gravitational waves (GWs). Since
the Standard Model does not exhibit a thermal phase transition [1-5], GWs from strong
first-order phase transitions would provide a particularly promising probe for new physics
beyond the Standard Model (BSM) [6]. Effective field theory (EFT) techniques such as
dimensional reduction at high temperatures [7, 8] play a central role in describing these
transitions. However, the effect of higher-dimensional marginal operators that arise from
higher-order matching contributions in the underlying high-temperature expansion, and
especially their impact on non-perturbative phenomena, remains an open question.

In the context of electroweak theories, this issue was framed more precisely in the seminal
reference [7], which stated that, apart from simple power-counting estimates, it remains



difficult to comprehensively assess the importance of dimension-six operators. While there
are comprehensive studies that have since examined the impact of parity-violating marginal
operators in the electroweak sector of the SM [9], fermion-induced operators in the minimal
SM [10], and marginal operators in effective theories of hot QCD [11-13], analogous estimates
for gauge-Higgs theories beyond the SM have indeed remained a long-standing challenge.
However, several recent works have reported simple estimates of the impact of higher-
dimensional operators in thermal EFTs for the Two-Higgs Doublet model [14-16], singlet [17—
20] and triplet [21] extensions of the SM, SMEFT [22, 23], and other theories [24-26].

The primary goal of this work is to extend these investigations by providing a compre-
hensive study on the impact of higher-dimensional operators in the Abelian Higgs model.
This simplified toy setup captures many key features of more complex gauge-Higgs theories
and BSM scenarios, including the role of temporal gauge fields, the hierarchy between gauge
and scalar modes, and radiative barrier formation, which result in a qualitatively similar
infrared structure at high temperatures. These structural similarities make the Abelian Higgs
model a useful proxy for studying cosmological phase transitions in generic gauge-Higgs
theories. However, applications to more intricate BSM theories are beyond the scope of
this article and are left for future work.

Notably, [24] found that even in the SM, the matching contribution to the Wilson
coefficient of the sextic (¢¢)? operator is gauge-dependent. This indicates that the chosen
operator basis for the matching is incomplete. Similar gauge-dependence issues, related to the
singlet-Higgs portal, have been reported in the singlet-extended SM [27]. Using the Abelian
Higgs model as a case study, we explicitly demonstrate how to overcome such problems
by employing field redefinitions to construct a minimal and fully gauge-invariant operator
basis. This approach not only ensures the theoretical consistency of thermal EFTs but also
clarifies the limitations of perturbative expansions in describing strong phase transitions.
We emphasize that an incomplete operator basis can introduce gauge artifacts, leading to
ambiguities in the computation of condensates and other thermodynamic quantities. These
deficiencies may, in turn, propagate into uncertainties in predictions of the GW spectrum
and other observables derived from the EFT.

Our findings directly impact the interpretation of potential future GW signals and aid
in assessing the reliability of non-perturbative studies in regimes where marginal operators
may not be negligible. Importantly, [17] demonstrated that any model which maps onto a
SM-like effective theory without marginal operators in the infrared (IR) cannot produce phase
transitions strong enough to be detectable by LISA. This result clearly motivates the inclusion
of marginal operators in effective theories to accurately describe the strongest transitions.
Recently, it was also demonstrated how higher-dimensional operators can influence the GW
spectrum in the Yukawa model [28] and the electroweak sector of the SM EFT [29] further
underscoring the importance of systematically incorporating them into EFT descriptions. In
particular, they can alter the transition dynamics and, consequently, the properties of the
predicted GWs. In fact, [28, 29] found that phase transitions strong enough to be observable
in LISA-generation GW detectors, often occur near the boundary of EFT validity. In this
work, we conduct a similar analysis and arrive at comparable conclusions. Our results
demonstrate that neglecting marginal operators can introduce uncertainties of up to O(5%)



even for moderately strong transitions. These uncertainties can be significant compared to
those from other sources in perturbative approaches and non-perturbative lattice simulations.
For the strongest transitions, which are characterized by large discontinuities in the scalar
background field and the resulting large Higgs mechanism-induced mass contributions, our
results suggest a breakdown of the high-temperature expansion. This breakdown would
severely limit the reliability of perturbative and non-perturbative methods that rely on such
an expansion. In this context, our results build on and strengthen the conclusions of [17],
suggesting that one-step phase transitions with radiatively generated barriers, strong enough
to be detectable by LISA, may face a serious breakdown of the high-temperature expansion.
This breakdown would imply that new methods beyond the standard effective dimensional
reduction framework at high temperature need to be devised. While our analysis is performed
in a simplified toy model, its key features, such as the IR behavior and the structure of the
dimensional reduction mapping, especially the generation of marginal operators, are shared
by more realistic gauge-Higgs theories, including the SU(2) gauge-Higgs model studied in [17].

It remains unclear how to include marginal operators in state-of-the-art, lattice simulations
of high-temperature EFTs. While they may be necessary to describe very strong first-order
transitions, they break the super-renormalizability of such theories and compromise the
exact lattice-continuum relations required to interpret lattice simulation results [30-32]. In
practice, direct lattice simulations of full theories are not feasible if they contain fermions
with non-Abelian chiral gauge couplings [33], though some approaches treat the fermionic
sector perturbatively [4, 34, 35]. This highlights the need to develop techniques to compute
phase transition thermodynamics entirely without relying on high-temperature expansions —
an endeavor we leave for future work. As shown in [20], this is especially relevant for BSM
theories with heavy additional scalars and large portal couplings to the Higgs.

The structure of this paper is as follows. Section 2 introduces the Abelian Higgs model,
followed by its dimensional reduction to thermal effective field theories in section 3, with a
focus on the role of dimension-six operators and the temporal gauge mode. In section 4, we
compute thermodynamic properties and discuss constraints on the validity of the effective
theory, emphasizing the role of higher-dimensional operators in modifying the transition
strength. In section 5, we briefly discuss the computation of three thermal parameters
required for predicting a GW background using results of hydrodynamic simulations [36].
Finally, section 6 summarizes our findings and outlines future directions. The main text is
supplemented by detailed appendices. Appendix A provides an overview of relevant field
redefinitions. The renormalization, S-functions, and operator matching for integrating out
the hard scale are covered in appendix B and for integrating out the soft scale in appendix C.

2 Model

We consider the Abelian Higgs model! at finite temperature [37-39]. The corresponding
four-dimensional (4d) Euclidean Lagrangian density is

£ = EFF + (Duda) (D) + 10}da + N@ha)* | (2.1)

'Also known as Scalar electrodynamics, Scalar QED or U(1)-Higgs theory.



where B, is a U(1) gauge field with gauge coupling g and ¢4 a complex scalar field. The
covariant derivative of the complex Higgs field reads D,¢4 = 0,¢s — igYy B, ¢4, the field
strength tensor F),, = 0,B, — 0,5, and the hypercharge for the complex scalar Y, = 1.
Since our goal is to compute the equilibrium thermodynamics (as well as the statistical part
of the bubble nucleation rate) of this model, we already define the Lagrangian in a Euclidean
(rather than Minkowski) spacetime. One can express the complex field in terms of real fields,

P4 = L (va+ ha +ixa) , (2.2)

V2

where vy is a scalar background field and hy and x4 are propagating mass eigenstates. We
apply general R¢ (or Fermi) gauge fixing [40, 41],
Re 1

Lor =

2 [F0r0D]* . F(o1,0) = 0,5, (2.3)

with the gauge fixing functional F'(¢y, qui) This implies the corresponding ghost Lagrangian
EFP - E(_D)C 5 (24)

where ¢, (¢) are (anti)ghost fields. Gauge-fixing choices are comprehensively discussed in [40,
41]. In this simple model, the ghosts completely decouple from other sectors and do not affect
our calculations. The resulting tree-level relations between (pole) masses and Lagrangian
parameters are

2 =2+ s (2.5)

2 _ 29 2 2 2 _
Mp4 =g vy, mp4 = 1+ 3Avy, my 4 =

Before proceeding, we briefly discuss our motivation for studying the Abelian Higgs model.
As a Higgs-gauge theory, it shares several key features with realistic models of electroweak
phase transitions, including similar scale hierarchies that enable EFT constructions at high
temperatures. It also provides a valuable framework for investigating effects related to
gauge-fixing, while its relatively small field content simplifies technical calculations, rendering
the required operator basis more tractable.

Beyond its aforementioned role in emulating electroweak physics, the Abelian Higgs model
has important applications for studying dark-sector phase transitions that are decoupled
from the SM [42]. One such example arises from introducing a Yukawa sector at high
energies, which could help to explain the recently observed pulsar timing array signals [43,
44]. The Abelian Higgs model also has deep connections to condensed matter physics,
where its three-dimensional EFT, the Ginzburg-Landau theory [45], serves as a mean-field
description for superconductivity [46—49]. The model is also known to exhibit a tricritical
endpoint separating regimes of first-order (type I super conductors) and second-order (type II
superconductors) phase transitions. This point was determined non-perturbatively [50] and
studied perturbatively in [45, 51]. In contrast to the second-order behavior of the Abelian
case, SU(N) models with a scalar in the fundamental representation exhibit only a smooth
crossover beyond their critical endpoint [1]. Topological structures in the Abelian Higgs model,
such as vortices, were studied in [48, 52, 53]. Such vortices are often used to model cosmic
strings [54] studied by large real-time classical field theory simulations [55, 56]. Recently,



the classically conformal Abelian Higgs model has been used to predict primordial black
holes from supercooled phase transitions [57-59], although their production appears to be
smaller than initially expected [60, 61].

3 Dimensional reduction with marginal operators

To study the thermodynamics of a field theory, one must compute its free-energy density,
which corresponds to the effective potential evaluated at its global minimum. Our objective,
therefore, is to determine the effective potential within perturbation theory. To achieve this,
we begin by reviewing the EFT construction of the effective potential, while adding as a
novel ingredient the leading marginal operators in the high-temperature expansion.

One major challenge in finite-temperature computations is the emergence of a hierarchy
of dynamically generated scales due to in-medium effects. These scales are defined relative to
the hard scale 71" that sets the typical energy of on-shell particles at high temperatures:

o The soft (or screening) scale gT is the characteristic scale of thermal masses and the
associated in-medium screening of charged particles. This screening regulates a number
of apparent IR divergences in the full theory by giving masses to temporal gauge boson
(or temporal scalar) modes.

o The supersoft scale g3/2T is the characteristic scale associated with radiatively-induced
first-order phase transitions [62—-64], which is particularly relevant for perturbative
computations of the effective potential.

o The ultrasoft scale g*T is the characteristic scale of the Linde problem [65]. At this
scale, sufficiently light bosonic degrees of freedom become strongly coupled and their
dynamics confining, ultimately invalidating perturbative expansions.

Fortunately, the confining ultrasoft scale contributes only subdominantly to scalar-driven
phase transitions. As a result, purely perturbative descriptions remain viable for sufficiently
strong transitions [19, 64], in which the thermally-induced field-dependent mass terms
(cf. eq. (3.5)) at the soft scale are large compared to the ultrasoft scale. Thus, while handling
the thermal scale hierarchy is a challenge, such a hierarchy is also a prerequisite to generate
phase transitions perturbatively [64, 66, 67].

One way to systematically handle the finite-temperature hierarchy in perturbative
computations is to use effective field theory techniques [7, 8, 64]. This approach constructs a
sequence of effective theories by first integrating out hard-scale contributions, then soft-scale
contributions, and finally arriving at a supersoft scale effective theory. In the imaginary-time
formalism, the full theory is formulated in four Euclidean dimensions, with a compactified
time direction. This compactification leads to a discrete spectrum of allowed energy modes,
known as Matsubara frequencies [68]:

= 2nnT for bosons, (3.1)

=(2n+ 1)nT for fermions . (3.2)



At the soft scale and lower, only bosonic zero modes (with w? = 0) remain dynamical.
Consequently, both the soft and supersoft effective theories are defined in a three-dimensional
(3d) Euclidean spacetime, with no explicit time dimension.

The initial hard-to-soft EFT is constructed following the standard generic rules used
to construct EFTs, by identifying the relevant degrees of freedom and symmetries, and
establishing a suitable power-counting scheme [7]. A key ingredient in this step is the high-
temperature expansion, since the masses of the surviving scalar and gauge bosons modes
must be small compared to the temperature. Integrating out the soft scale is more intricate,
as there are two main approaches [64],

4d 3d 3d supersoft

L — ‘Csoft — ﬁsofter - V;eff ) (DR—A)
4d 3d supersoft

L5 — Esoft — V;;ff . (DR—B)

Henceforth, we will suppress the 3d superscript of the Lagrangians and effective potentials.

In the (DR-A) approach, soft temporal scalar modes are integrated out to obtain an
effective description below the soft scale, the softer scale, assuming that their Debye mass
dominates over field-dependent masses in the Higgs phase. The effective potential is then
computed in the Higgs phase by integrating out the spatial gauge boson modes. In contrast,
the (DR-B) approach treats temporal and spatial modes on equal footing, integrating them
out simultaneously to directly construct the supersoft-scale effective potential. This approach
assumes instead that field-dependent masses dominate in the Higgs phase.

In the following, we first construct both the soft and softer EFTs before then detailing
how to obtain the resulting EFT-induced supersoft theory.

3.1 Soft scale

The degrees of freedom in the soft effective theory are the zero modes of the Higgs field ¢,
the spatial gauge field B;, and the temporal gauge field By, all of which have mass dimension
[¢] = [B;] = [Bo] = 3 when normalized canonically. The temporal gauge field, represented
by a Lorentz scalar (gauge) singlet, is symmetric under the transformation By — —B
while the Higgs boson zero mode exhibits a residual gauge symmetry under purely spatial
gauge rotations ¢ — ¢/, where a(z) is a complex phase. The associated 3d covariant
derivative is D; = 0; — ig3 B;.

Assuming that g* < A\ < g% [66], the leading matching contribution to an operator with
ng Higgs field insertions, np, temporal gauge field insertions, and m covariant derivative
insertions is

(27TT)3( D; )m( 9o )”¢(ng>nBo
8t \27xT 2rT 27T ’
where the constant prefactor is expected to be of O(1). This power counting implies that

Lo D const. X (3.3)

higher-dimensional operators are suppressed by factors of g according to their mass dimension.
Up to corrections of O(g®), corresponding to dimension-eight operators, the effective 3d
Lagrangian at the soft-scale is

1 1 1
Lot = FijFij + (Dig) (Dig)) + 156" + 5(0:B0) (9iBo) + 5mi B

+ 23(610)% + ha(676) BS + ks Be + L), + 0(6%) , (3.4)



where my, is the Debye mass and p3 the squared effective mass of the scalar field, while

A3, hs, and k3 are effective coupling constants. In the presence of a 3d background field
1

v o v4/T?2, the effective masses of the zero modes are

m? = giv?,  mi = pd+ 307, mi = 13 + Mg, m?go =m? + hzv?.  (3.5)
Finally, the term ££S%t collects higher-dimensional operators that contribute to correlation
functions at O(g®). Table 3 in appendix B.2 lists all sixteen allowed operators. Using the
field redefinitions detailed in appendix B.2, it is possible to eliminate eight of these operators,

which yields the final Lagrangian
£é§%t = a¢2F2Flsz]¢T¢ —+ O‘D2¢4¢T¢(D1¢))T(Dz¢) + OéBngBgFZJFZ] -+ aD2¢2Bg¢T¢(aiBO>2
+aps By + ageps(070) By + agip (670)° B + ags(67¢)° (3.6)

where the dimension-six Wilson coefficients are denoted by . The coefficients in eq. (3.4) are
known up to O(g*), see e.g. [69, 70]. The matching relations for the mass parameters are [70]

1 1 2
u%—u2+<g2+)\>T2+ K (392—4/\)Lb+5

4 3 (47)2
T2 8+39Ly 4, 2(1+3Ly) 5. 10, 6

— TN — @) 3.7
+(4ﬂ)2[ 5 9T 59 3 Lo }Jr (9), (3.7a)

1 g*u?  g*r? [7—Lb 4 ]

2 22 2 6

= —g¢°T “A +0(g%). 3.7b
mpy = 39 +47r2+(47r)2 g 9 T3At (¢°) (3.7b)

Notably, the expression for the Debye mass is only valid in the high-temperature expansion

. . 2 2 . . . .
since at low temperatures lim; o m2 = ¢t # 0. Likewise, the matching relations for

the coupling constants are

95 =0T — 250"+ 0(s"), (3.7¢)
K = 29::2 +O(g%, (3.7d)
hs = ¢°T + (43;)2 {4 _3ng4 + 8g2)\] +0(g%), (3.7e)
A3 = AT + (43;)2 (2= 3Ly)g" + 6Lyg*A — 10L,X2] + O(g°), (3.7f)
where the quantities
Ly=2In Zij; , 0= (41:)2 <c +In 3AT) [—694 + 82\ — 8)\2] , (3.8)

encode the dependence on the matching scale A,

1 8w

is a dimensionless constant, ¢, = ((n) is the Riemann (-function with (In¢,) = {'(n)/¢(n),
and ~g is the Euler-Mascheroni constant.



We determine the coefficients for the remaining higher dimensional operators in eq. (3.6)
by matching to the full theory at one loop; see again appendix B for details. In the following,
we focus in particular on the (¢'¢)? operator, which is the only dimension-six operator
contributing to the effective potential at tree-level. Its Wilson coefficient is

Co = Qgo = 3é‘%(gﬁ - %94)\ +5¢°2% + ?)\3) +0(g%). (3.10)
Notably, this expression is gauge-invariant, as expected. This resolves the issue with the
naive matching result reported in [24]. Although that work focused on the SM sector, the
gauge-dependence issue it identified can also be reproduced in the Abelian Higgs model.
The resolution lies in performing appropriate field redefinitions and adopting a physically
meaningful operator basis — precisely as anticipated in [24].

None of the Wilson coefficients in egs. (3.4) and (3.6) run at leading order, because the
soft EFT exhibits no one-loop ultraviolet (UV) divergences in dimensional regularization.
However, the mass parameter 3 does run at two loops. In fact, p3 is the only Wilson
coefficient that runs in the super-renormalizable soft theory without marginal operators. The
full effect of its running is captured exactly by replacing § according to [18], such that

3T
d— 03 = (c +1In A> {—4g§ + 8933 — 8)\3 — 2h§} , (3.11)

3d

1
(4m)?
where ]\3d is the renormalization scale of the soft EFT.

3.2 Softer scale

Next, we integrate out the temporal gauge field By, following the conventional approach
outlined in [7]. As alluded to in egs. (DR-A) and (DR-B), this procedure is more nuanced
than often acknowledged in the recent literature, with the exception of [25, 64, 71, 72]. We
revisit this issue in detail in the next section. We refer to the resulting theory as a softer-scale
EFT, rather than an ultrasoft-scale EFT, as the latter is a misnomer, as argued in [64].
The characteristic mass scale for a first-order, scalar-driven phase transition lies above the
ultrasoft scale, at the supersoft scale.

One important distinction compared to the soft theory lies in the somewhat more delicate
power counting of the softer EFT. Assuming g5 < A3 < g3, the leading matching contribution
to an operator with n Higgs field insertions and m covariant derivatives is given by?

3 D: m n
Leofter O const. X ZLD<1> <g3¢> s (313)

T \mp mp

where the constant prefactor is expected to be of O(1). At first glance, this might suggest that
the theory is ill-defined, since higher-dimensional operators are apparently not suppressed

2Since Fy; o< [D;, D;], insertions of F}; do not need to be accounted for separately. Matching contributions
generated at higher-loop level or by diagrams that involve insertions of A3, k3, or hs scale as

md 297 N\ /203\ " L hs\"h [ 12k3\ "k / D \™ n
> () (B ()" (5) " (2) (5 em
D 93 93 gg mp mp

where ¢ is the considered loop order using ny insertions of A3, n; insertions of hs, and n, insertions of ks.




by powers of g3 compared to super-renormalizable ones. However, when computing vacuum
diagrams in the symmetric phase, each additional vertex from an operator (3.13) introduces
a suppression

n+m-—3

2 n "
) () s (o) )™ 510

where ji3 < my, is the effective Higgs mass parameter and y = ji3/gs. This means that the

theory can be used to compute the effective potential in the symmetric phase if
(36°) P> 7> (4m) 2. (3.15)

The situation is more complex in the broken phase since the Higgs condensate can generate
contributions to the spatial gauge boson and Higgs masses that disrupt the validity of the
power counting for strong phase transitions. This imposes additional consistency constraints,
similar to those in eq. (3.15). These constraints are analyzed in detail in sections 3.3 and 4.2.

In practice, we construct the softer effective theory using the same process as in section 3.1.
By again including operators up to dimension six and using field redefinitions to then eliminate
redundant operators, we obtain the Lagrangian

1 — _ B _
Loofier = 7 Fij Fij + (Dig) (D) + 15676 + X3 (676)° + 5 (679)°
+ap24t ¢ (Di9) (D) + Ay Fij Fijd' o, (3.16)
where D; = 0; — ig3B; is the effective covariant derivative, g3 its associated gauge coupling,
and A3 is the quartic Higgs self-interaction. The corresponding effective masses are the ones

from eq. (3.5) adapted to the softer Lagrangian (3.16). After matching at one loop, the gauge
coupling g3 = g3 is the same as in the soft scale theory, while 3 is given as [69]

3 o )‘3 o :U’% h?ed 4
Msed = o = A = (14 55) 554 + 091, (3.17)
where
o h3 _ K3 - )\3
Nred = Armp 5 Rred = Armg s Ared = Mv (318)

are the relevant effective expansion parameters of the soft theory. Analogously to the soft
theory, the mass parameter [i3 is the only UV divergent Wilson coefficient in the super-
renormalizable theory without marginal operators. To ensure that its running is consistent
with that of ug, a two-loop matching is required, leading to the expression

_ A
ﬂ% = Mg - m%hred - m%hged |:1 +21In QT:Ld :| + 6m%hred’ired + 0(95) ) (319>
D

where the last term is of O(g%), which is already of the order of hard three-loop contributions
to the scalar mass, while the soft three-loop contribution is of O(g°). The result in eq. (3.19)



is readily obtained using DRalgo [73] or partially available in [69]. The dimension-six Wilson
coefficients at one loop,

6¢2F2 = CY¢2F2 + 0(92) s (320&)
h2
Tpegt = Ap2gt — 4wﬁ +0(¢%), (3.20b)
D
2 e 4
Qo = g + (4) % (Pred = Ared) +O(g7) , (3.20c)

were determined in appendix C. Written in terms of g and A, one has

V3g® mp?
(

8T \my

Co = ugo + )3(1 — 110) + O(g), (3.21)

9T

where we used the leading-order (LO) results of z.o = g% and mE°® = 75 As generally

expected from eq. (3.13), the leading non-vanishing contribution to @ appears at O(g?), while
higher-order corrections to the Debye mass myp, become important at O(g°). In the following
sections, when discussing the phase transition dynamics, we also require the combination

% o - L (1

2
r= —— — . ﬂ 2
5= =mo =g P (L) (14 )+0(? . (3.22)

6m?
It is this quantity, the ratio of thermal scalar self-coupling to thermal gauge coupling, that
controls the strength of a phase transition.

3.3 Supersoft scale effective potential

Before focusing on the thermodynamics, we first detail the regimes of validity for the two EFT
setups (DR-A) and (DR-B). To this end, we consider the effective potential; see also [69, 70]
for a more detailed derivation or [64] for further qualitative details.

In gauge-Higgs theories, and in particular in the Abelian Higgs model, radiative corrections
generically induce a barrier between the local minima of the effective potential. Therefore,
it is necessary to inspect these corrections to correctly describe first-order transitions. In
general, the leading contributions are generated by spatial and temporal gauge boson modes,
while the Higgs contributions are subdominant. Working within the soft scale EFT, and
expressing the effective potential in terms of the 3d background field v, one has

1 1 1
AViree = 5[{’2),7)2 + Z)\3U4 + g067)6 5 (323&)
1 1 3
AVvlloop,gauge = _ﬁ (277733 + m?éu) = —m (29%213 + (sz + h3U2)2> s (323b)

where AV (v) = V(v) —V(0), while mj is the spatial and my, the temporal gauge boson mass
defined in eq. (3.5). Notably, cg is the only marginal operator coefficient that contributes
to the tree-level potential, while all other coefficients only contribute at one-loop. Their
effect remains subdominant compared to the leading contributions from gauge fields and is
therefore omitted here. Additionally, since A3 is positive, the tree-level potential does not
exhibit a barrier between its minima; cf. [22].
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If there is no hierarchy between m?2 and Higgs contribution to the temporal gauge boson
mass hsv?, one has to use the (DR-B) setup. The leading-order effective potential is given
by the sum of tree-level and one-loop gauge field contributions,

A‘/soft = AV;;lfee + A‘/lloop,gauge

= %u%f + %)\3114 + éc(avﬁ - é <2g§’v3 + (m? + h3v2)%) : (3.24)

A hierarchy m2 > hqv? allows for constructing an EFT at the softer scale by integrating
out the temporal mode using the (DR-A) setup. In this approach, soft contributions are
perturbatively absorbed into the Wilson coefficients of the softer theory. This corresponds
to an expansion in hgv?/m32, or equivalently, using leading-order (hard-scale) matching
relations, an expansion in 3v2 /T, where the factor 3 results from the definition of the Debye
mass. Consequently, the softer EFT is only valid for relatively weak transitions, where
v?/T ~ v3/T? < 1/3. On the other hand, the softer EFT setup is not suitable for describing
strong phase transitions with large field-induced mass contributions.® In section 4, we
specifically demonstrate this by showing that for very strong transitions, higher-dimensional
operators become dominant when contributions from the soft temporal sector are properly
accounted for.

The soft to softer EFT matching relations (3.17), (3.19), and (3.20) follow from the
series expansion of last term in eq. (3.23b). However, the tree-level potential within the
softer EFT does not have a barrier, which is again generated by radiative corrections. By
including one-loop contributions generated by the spatial gauge boson modes, one obtains
the leading-order effective potential

AViofter = %,&%vQ + i&u“ + %éﬁu@' - %ggw : (3.25)

Conversely, while there is in principle no reason to presume a hierarchy between m?2

and hsv? in the soft theory setup, a reasonable estimate of the effective potential for strong
transitions, where h3v? > mp, can be obtained by setting m2 — 0 in eq. (3.24). In this
limit, one obtains

1 1 1 v

£ 2,2 4 6 3 3/2

AV = AVsoft|m2D<<h3v2 = gHzv" + 1)\30 +3%Y a(gg + *h3/ ) ; (3.26)
where the so-called enhancement factor & is defined in eq. (3.34). While this approximation
is relatively crude, it works reasonably well in the regime where v becomes large enough for
the high-temperature expansion to start breaking down. For a more detailed discussion, see
section 4.3. One key advantage of using the approximation is that it allows for an analytical

estimate of the latent heat at the critical temperature in the (DR-B) setup. Inspecting

3 For a generic SU(N) gauge-scalar theory with N; scalars in the adjoint and Ny scalars in the fundamental
representation, as well as N; fermionic degrees of freedom, a similar argument leads to v?/T < %N + %Nt +
%Nd + %Nf. Due to the large number of fermions with a high degree of internal symmetry, the fermionic
contribution can render the Debye mass large and hence increase the range of validity for a softer EFT. For
example, in the SM N¢ = 3(1 + N.) for 3 generations of both lepton and N. = 3 quark doublets, which leads
to v?/T < 1—31 using N =2, Ng = 1, N; = 0. For non-perturbative studies that explicitly retain the temporal
mode in the lattice action, see e.g. [74, 75].
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eq. (3.26), we see that the temporal mode effectively enhances the cubic term. Indeed,
utilizing leading-order (hard-scale) matching relations [76], one obtains

= g+ Sh%) = T 2192 ((2)spatiat + (Dtemporat) + Og") . (3:27)
In the limit where the field-dependent contribution dominates over the Debye mass, the
temporal mode gives a 50% soft-scale enhancement to the cubic term. Therefore, temporal
modes are expected to further increase the strength of already strong transitions that push
the high-temperature expansion to its limits.

Since the effective potential, due to its mass dimension being [AV] = 3, exhibits a trivial
T3 scaling, it is practical to define dimensionless potentials when computing thermodynamic
quantities

2

AV =" (3.28)

3
wq Wq

AV (p,0y) =

where w,; o< T is some characteristic energy scale. One convenient choice is to identify w
with the square of the gauge coupling that sets the size of the cubic v? term (i.e. the size
of the potential barrier separating the local minima), so that

g3 full soft potential (3.24)

1.2 3
wg =14 g3 full softer potential (3.25) 92 = g5 + §h§ ~ 595’ . (3.29)

g% m? < hsv? potential (3.26)

In this convention, the corresponding rescaled effective potentials associated with at leading
order effective potentials of (3.24)—(3.26) share the same overall shape

- Ao, B C 1 1
AV(p, A, B.C,D) = 5" + 7o'+ 2o — —¢ —E(Dﬂo) . (3.30)

ol

where the size of the ¢? term is not a free parameter but fixed by the normalization.
Explicitly, they are given as

~ y z C 1
AViofter = %802 + 2@4 + 3 80 — 67(,0 s (331&)
AViott = 5 = i 2 3.31b
ot = 59 +4so+8<p il el (RSO R (3.31b)
7 Y x Ce 1
AVE = A‘/soft|yD<<¢2 = 5902 + 1804 + 3 — b — 6790 . (3.31¢)
where we have defined the dimensionless quantities
A
x:ﬁ, =22 (3.32a)
Wy Wy
2 =2 2
u3 _ H3 mp
— — = — = —= . 3.32b
Yy wg ’ Y wg ’ Yo UJ; ( )

Notice, that the quantities z and y in the rescaled full soft potential (3.31b) are not
the same as the z and y in the approximated potential (3.31c), as the two potentials are

— 12 —



defined using different choices of w, to reflect the effective enhancement of the cubic term.
In general, if the size of the cubic term in the original potential AV (v) is rescaled by some
factor &, this leads to a corresponding rescaling

wq—>5§wq, x—>5_§x, y—)E_%y . (3.33)

In our case, the effective height of the barrier in the original approximated potential (3.26)
is enhanced by a factor

3
3
Szgﬂzﬁ, (3.34)

compared to the barrier in the softer potential (3.25) due to the impact of temporal gauge
modes. We expect that this enhancement is of the same order for general SU(V) theories
with one fundamental scalar.

To summarize, within our perturbative description of the Abelian Higgs model effective
potential, the supersoft scale is always the characteristic scale associated with first-order
phase transitions. We have constructed two approximations egs. (3.25) and (3.26) for the LO
potential eq. (3.24), corresponding to two limits, for relatively weak and strong transitions,
respectively. These approximations arise from how one treats the temporal mode. We remark
that the latter construction for strong transitions, where the temporal mode is not integrated
out to construct a softer EFT, has indeed been applied in recent work [25, 72] in the context
of other models, and analogous constructions can be obtained using the Higgs effective field
theory (HEFT) functionalities in HEFT.m of DRalgo [73] for generic models. See also [77]
for a recent application of DRalgo.

We emphasize that constructing the supersoft scale effective potential is qualitatively
different from the matching computations used to compute the Wilson coefficients in the
soft and softer EFTSs, which are performed in the symmetric phase with v = 0. In contrast,
the supersoft scale effective potential is constructed only in the Higgs phase around a non-
vanishing scalar background. In the Higgs phase, in addition to the temporal gauge field
mode, also the spatial gauge field modes are soft and hence integrated out to construct
the effective potential [63, 64, 76].

4 Phase transition thermodynamics

The free energy, or equivalently the pressure p(7T), governs the behavior of systems in thermal
equilibrium. In particular, the pressure determines the strength of a phase transition, which
is often characterized in terms of the parameter

a= A0 , (4.1)

3wy
where A = 6, — 0_ is the discontinuity of the pseudo trace anomaly 0+ = e — p/c? [78, 79]
across the transition, w = e 4+ p the enthalpy, e = T'0rp — p the energy density, and ¢, the
speed of sound in the plasma. The subscript i specifies that a quantity is evaluated in
either the high- or low-temperature phase, while the normalization factor 3 ensures that
« is consistent with the definition in the bag model [79]. In general, the speed of sound
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¢s is also determined by the pressure, but for our purposes below it is sufficient to use the
leading-order result ¢2 = 1/3 [80]. We likewise use the leading result for the pressure in
the high-temperature phase,

2
T
Pt = guge T + O(G°T"), (4.2)
where g, = gpsx = 4 is the effective number of relativistic degrees of freedom in the

dark sector (DS) Abelian Higgs model. This represents a simplification, as we do not
include the full number of relativistic degrees of freedom in the SM. In principle, the total
effective number should account for both the SM and the dark sector [17], leading to
Jtot,x = Gsmx T s« fg, where &, = Tps/Tsu accounts for a possible temperature difference
between the two sectors [81, 82].

The pressure in the low-temperature or Higgs phase is

p(T) =D+ — TAV(vmin) ) AVv(vmin) = ng‘F}(SOmin) ) vr2nin = quognin ) (43)

where A‘N/(gp) is the rescaled supersoft scale effective potential defined in section 3.3, wq
the corresponding normalization scale, and vpin(7") the value of the background field that
minimizes the potential. Above the critical temperature T,, the origin vy, = 0 is the global
minimum of the effective potential. For smaller temperatures, the global minimum shifts
to a finite value vy, # 0 that is separated from the now local minimum at the origin by a
potential barrier. Directly at the critical temperature, the two minima are degenerate, so
that AV (vmin) = 0. Using the definition (4.1), one obtains the relation

1 d 30 d w3 -
~ T— —3)AV = T—(-LAV 4.4
“ 38Tp+( 73 (27)29, (7587 (44)

which we use going forward.

4.1 Leading-order effective potentials

To proceed, one must provide a suitable expression for the effective potential. Following
the discussion in section 3.3, this can be achieved through different approaches, resulting
in at least two potentially viable EFT constructions: the (DR-A) or (DR-B) setups. We
now discuss each setup separately.

Softer-induced effective potential. In the (DR-A) EFT setup, the effective potential is
constructed by first integrating out the temporal scalar before addressing the spatial gauge
boson modes. At leading order in the super-renormalizable theory, one obtains the expression
given in [76]. Following [76], it is straightforward to add higher-order perturbative corrections
to the effective potential. We do not consider them in this work, but instead investigate
the impact of the leading correction due to the marginal operator (¢¢)3, which yields the
effective potential (3.25) and the associated rescaled potential

. i z %o 1 _
AVvsoft;er = 5(/72 + Z(Pél + §§06 - a@?) ) Wg = gg ) (45>
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which we have already defined in (3.31a). The field value @i, that minimizes the rescaled
potential is a function of the dimensionless parameters y, , and ¢g. Using that g§ /T, z, and
e, are temperature independent at leading order [17], cf. also egs. (3.7), (3.21), and (3.22),
one can simplify the expression for the transition strength of eq. (4.4) by using the chain rule
dy

gaﬁAV(SOmin) ) Ny = TdiT . (4'6)

Ti(AV(SOmin)) . 98n
dT T3 T3
At leading order (without including higher-order loop corrections), the derivative 85A1~/ is
just 2. . which yields the final result

15 g5y o
T) ~ sl 4.7

We emphasize that this expression is only valid at leading order. At higher orders, it is
the jump in the 3d scalar condensate [30]
d _ ~
A<</>T¢> = dTZQAV = ggaﬂAV(SOmin) ) (4.8)
3

that contributes to a.? At the critical temperature, where AV = 0 must hold, it is possible
to give an analytic expression for the Higgs phase minimum, which is located at

T 7
$Pmin 271_.%\/7; )

For y., one likewise obtains

Fo= (VIFFEVR), Fe ol 1Y)

(2m)? z3

- - =2 =2 =2 =2
L F-FPEAF) 1, F+F
Ye = (47‘(’)2@? - Qx(pmin 2 . (410)

When neglecting the impact of the sextic operator, these expressions reduce to the well-
known limit

1 1
Lo Jo = o . 4.11
Pmin = 3% Yo = 182z (4.11)

This result implies that the strength of the phase transition scales as ¢2; oc 272, while
including higher-dimensional operators is most relevant for large values of r, which scales as
773, In other words, small values of Z characterize the region of parameter space with both
the strongest transitions and the largest impact of higher-dimensional operators.

Soft-induced effective potential. Conversely, if the effective potential is computed by
treating temporal scalars and spatial gauge boson modes on equal footing, following the (DR-B)
setup, the leading-order potential — including the sextic operator — is given by eq. (3.24).

The associated rescaled potential is
oY 2 T 4 C 6 1

AViopy = = — — @’ = —

soft 290 + 4(;0 + ] ¥ 197

“4Calculation in terms of the condensate can be made manifestly gauge-invariant order by order, by applying

3
(26° + (o +¥9)?), wy = 93, (4.12)

strict expansion around the leading-order minimum. The leading-order result in eq. (4.7) is also gauge invariant,
since the minimum of the leading-order potential does not depend on the gauge fixing parameter.
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which we have already defined in (3.31b). In analogy to the (DR-A) setup, the minimum
of the rescaled potential i, depends on yp, ¥, x, and cg, where y is the only parameter
that is temperature dependent at leading order. This gives

1 6
a(T)N 5 g3y o

dy
" @rzg, TF P -

dTr

ny =T Ny - (4.13)
This expression is the same as eq. (4.7), expect that it contains g3 in place of g3 and that
¢min NOW minimizes soft-induced potential (4.12) instead of the softer-induced one given in
eq. (4.5). Hence, the main difference between the (DR-A) and (DR-B) approaches is the
predicted location of the minimum.

Due to the non-analytic structure of the potential (4.12), it is quite challenging to find
an analytic expression for ¢ni,. However, as discussed in section 3.3, we may estimate
the potential for strong transitions by setting y, — 0, which yields the rescaled effective
potential (3.31c). This potential is formally of the same shape as the softer-induced effective
potential (3.31a), allowing us to derive an analytic estimate for the minimum at T,. To
obtain the correct result, it is however important to remember that the potential (3.31c)
is defined using a normalization scale w, = g% that differs from the scale w, = g3 of the
full soft potential (4.12). This impacts the definition of z and y as well as the location of
the minimum ¢;,. Using the replacements (3.33) and ¢min — ©min/E 3 to account for the
change in w,, we find the minimum

3
(2m)2 23”7

1
fiz(\/l—i—ri\/fﬂ)?’, r=&2x (4.14)
where = \3/g3 is defined as usual. The quantity £ = 3/2 was already defined in (3.34)
and parametrizes the enhancement of the transition strength due to temporal gauge boson
modes. The corresponding soft-enhanced critical y. is

(Fy —F)AFi+F2) 1, (F2+F?)

— &2 == i e A 4.15
Ye (47’()21'7“ 2x¢m1n 9 ( )

When neglecting the impact of the sextic operator, one finds the limit

& &2

Prmin = Ry Yo = 1872

(4.16)

As in the (DR-A) setup, small values of x characterize the region with both strong transitions
and the largest impact of higher dimensional operators. Therefore, our analysis will primarily
focus on the regime of small z-values.

4.2 EFT consistency at the critical temperature

Qualitatively, small values of x and x ~ z yield strong phase transitions because they
correspond to large values of the background field @i, ~ 27!, In section 3.3, we already
discussed how the high-temperature expansion and with it consistency of the EFT description
breaks down for sufficiently large values of ¢min (or equivalently, small values of z). On
the other hand, it is well known that the thermal EFTs remain consistent but become
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non-perturbative for large values of x [1, 52, 83]. In the softer theory, this non-perturbative
behavior is often related to the existence of a critical endpoint for the transition, which is
characterized by a divergent correlation length that is said to signal the associated breakdown
of perturbation theory. For the Abelian Higgs model it is located at Z. ~ 0.28 [50]. The
existence of this endpoint is not readily apparent in perturbation theory and is thus typically
investigated using lattice or other non-perturbative methods.

In this section, we quantitatively examine constraints on the consistency and perturba-
tivity of the soft and softer EFTs. One particular focus is the impact of higher-dimensional
operators in the regime close to the eventual breakdown of the high-temperature expansion.
For each EFT introduced in section 3, we examine (i) the power counting that is used to con-
struct the EFT by truncating the infinite tower of higher-dimensional operators that contribute
to it in principle, and (ii) the perturbative power counting that underlies the loop expansion
within the EFT. It is important to emphasize that these are two independent considerations:

(i) Validity of power counting:
if the truncation of higher-dimensional operators is invalid, the resulting effective
theory becomes inconsistent, as it would require accounting for the entire tower of
effective interactions even at leading order. In the soft and softer EFTs, this signals
the breakdown of the high-temperature expansion and the EFT cannot be applied to
compute observables.

(ii) Perturbativity of the loop expansion:
if the power counting holds but the loop expansion fails, the EFT remains consistent
but becomes non-perturbative. In this case, non-perturbative methods like lattice
simulations are needed to compute thermodynamic quantities such as (7).

One important factor in the context of the soft and softer EFTs is that non-perturbative
behavior propagates upwards through the chain of effective theories. Therefore, if the softer
EFT is non-perturbative, then so is the soft EFT; and if the soft EFT is non-perturbative,
then so is the full theory.

(i) Consistency.

In the symmetric phase, the power counting (3.3) ensures that the soft-scale EFT is consistent
as long as the coupling constants in the full theory are perturbative,

A g < (4m)? . (4.17)

The power counting for the softer theory is more subtle, and only consistent if condition (3.15)

1

is satisfied. Working at the critical temperature 7. and using y. ~ g7z,

this gives the
further constraint

92 2 8
—— =~ 0.017 T — . 4.18
672 LT K 9 ( )

In the broken phase, the Higgs mechanism generates additional mass contributions to the
effective masses of the Higgs boson, the spatial gauge boson modes, and the temporal gauge

,17,



boson modes which can spoil the consistency of the EFT power counting. The most stringent
constraint turns out to be associated with the mass of the spatial gauge boson modes,

mp = gs3v = gua(14+ O (gQ) ). (4.19)

To ensure consistency of the soft theory in the broken phase, this mass has to be small

£g3

compared to the hard-scale 7T. Working at the critical temperature T; and using v ~ 52,

this yields the constraint

£ 2
3% ~0.051¢> < x . (4.20)

Since the leading contribution to the effective potential from higher-dimensional operators
in the soft theory scales as
qu 2n

Viorr 5 7°T° (5

(4.21)

this condition also ensures that contributions from higher-dimensional operators are suppressed
compared to those from super-renormalizable operators.

To also ensure consistency of the softer theory, myz has to be small compared to the
Debye mass mp ~ %‘ Working at the critical temperature T, and using v ~ 2 this
gives the constraint

V3

S 9~ 0189 <7 (4.22)

The leading contribution to the effective potential from higher-dimensional operators in
the softer theory scales as

3 2n
Mmyp (g3v
AVvsofter D) E(mi])) . (423)
Thus, as in the soft case, eq. (4.22) also ensures that higher-dimensional operator contributions
remain subdominant, provided the effective theory is consistent from the outset.

(ii) Perturbativity.

In general, thermal field theories are non-perturbative if they contain light bosons with
masses that are not much larger than the relevant non-perturbative scale associated with
the Linde IR problem. Since particles are generally heavier in the broken phase than in
the symmetric phase, the resulting constraints are more stringent in the symmetric phase.
Furthermore, non-perturbative behavior in the softer theory implies that the soft theory is
also non-perturbative. Therefore, we only consider the behavior of the softer theory in the
symmetric phase, as that is sufficient to test the onset of non-perturbativity.

As a starting point, we consider diagrams that contain only g2B?¢'¢ interactions. In
the symmetric phase, the effective expansion parameter for this subset of diagrams is

Qleff = — = . (424)
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Both the soft and softer theories can only be perturbative if a.g < 1. Again working at the
this yields the condition

critical temperature 7. and using y. ~ HBTlQ:E’

2
T 5022, (4.25)

This constraint is equivalent to demanding that mass of the Higgs my ~ p3 is larger than
the non-perturbative scale Axp = %, thereby avoiding the Linde IR problem. A very similar
bound can be obtained by noting that perturbation theory is expected to break down in the
vicinity of the critical point at x. =~ 0.28 due to the associated divergence of the correlation
length £ = 1/113. On a quantitative level, the relevant statement is that perturbation theory
is expected to break down if the Ginzburg-criterion [84]

1_ _
59%%01211111 > 52 da (426)

is violated in d = 3 dimensions. Again working at the critical temperature T, and using

o 1 — _ 1 . . .
®Ymin = 3,7 and Yo = 1523, this gives the constraint

1/3
7 < (#) P <018, (4.27)
which is very similar but somewhat more stringent than eq. (4.25).

Finally, since the parameter = receives loop corrections from integrating out both the hard
and soft scales, one might also be worried that sufficiently small values of x are fine-tuned.
This concern is more immediate in case of the softer theory, since the matching contribution
from integrating out the soft scale is larger than the hard scale contribution. Indeed, choosing

the matching scale such that thermal logarithms vanish (viz. Ly = 0), one has

T=20— -+ 25 +0(%), (4.28)

which implies that values of x much smaller than

_ V3
0Z1l00p = e 0.07g, (4.29)

require large cancellations between loop-orders, leading to fine-tuning and the associated
instability of the perturbative expansion. However, since this constraint is less stringent than
condition (4.22), it is fortunately not relevant in practice.

Summary. Combining the aforementioned constraints and working at the critical tempera-
ture, we find that the softer EFT remains consistent and perturbative in both the symmetric
and the broken phase if

0189 < 7 < 0.18 . (4.30)

This narrow region suggests that the softer EF'T should be applied with caution, particularly
in the broken phase, where it becomes inconsistent for z < 0.18 g. In contrast, eq. (4.18)
implies that in the symmetric phase, the softer EFT remains consistent for much smaller
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values, breaking down only at z < 0.017 g2. Therefore, one viable approach for the description
of strong first-order transitions may be to use the softer EF'T only for computing the effective
potential in the symmetric phase, while using complementary techniques [85, 86] for the
computation in the broken phase.

The soft theory remains consistent and perturbative at the critical temperature 7¢ in
a larger regime

0.051g> < < 0.18 . (4.31)

For even smaller values of x, higher-dimensional operators start to contribute at leading
order to the soft theory and eventually dominate the effective potential. In this regime, the
high-temperature expansion breaks down, which also means that thermodynamics cannot be
studied using non-perturbative lattice simulations that are performed in the EFT with only
super-renormalizable operators. Any accurate study in the small-x region then necessitates a
computation without resorting to high-temperature expansions; see e.g. [85, 87].

We note that our findings can readily be generalized to more general gauge groups. In
particular, SU(N) theories typically exhibit larger Debye masses than the U(1) theory due to
group factors (see also footnote 3), which would extend the regime of consistency for the soft
and softer theories to smaller values of x. However, relatively large gauge couplings, similar to
the SM SU(2) gauge coupling g3 ~ 0.4, restrict the regime of consistency to larger values of .
Furthermore, for a SU(2) theory with a scalar in the fundamental representation, the critical
endpoint is located well below that of the U(1) case. We therefore expect perturbativity
to break down for smaller x values compared to the Abelian Higgs model, further limiting
the regime in which perturbative techniques can be applied.

4.3 Impact of higher-dimensional operators

To investigate the impact of the (qﬁTqﬁ)?’ operator on the strength of the phase transition in
a more quantitative way, we consider the ratio

o(Te)
R=———-——. 4.32
ol T2) 432
Working with the (DR-A) setup, we immediately find the analytic expression
_OF _F 2, 8 2
R = 4?7(?+ Fo) =1 o7 +0O() . (4.33)

Finding an exact analytic expression or R in the (DR-B) setup is challenging due to the non-
analytic structure of the effective potential (4.12). Instead, we determine the ratio numerically.
However, an analytic estimate for R can still be obtained by approximating the effective
potential with eq. (3.26), where the Debye mass my, is set to zero. This yields the ratio

9 8r

R~ —(Fy—F. )2 =1——+0(?, 4.34

L(F - F P =1- 2400 (434)
which we shall compare to the full numerical result in the regime where the effects of cg
become relevant.
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Figure 1. Impact of the (¢T¢)? operator on the transition strength o for go = g(A = T) = 1 and
various o0 ~ = &~ Z. Left: blue lines are obtained from the softer-induced potential (3.25) and
magenta lines from the soft-induced potential (3.24). Uncertainty bands arise from varying the hard-
to-soft matching renormalization scale within A € [T, 5T] where T = 4me "ET and 210 = z10(A = T).
The dashed magenta line depicts the mp — 0 limit for A = T using eq. (3.26). Horizontal dotted lines
mark relative differences of 5% and 1% compared to the result without the sextic operator. The dark
gray region is excluded by the critical endpoint z. &~ 0.28 [50] and the light gray region is excluded by
perturbativity constraints (4.30). The soft-scale contribution to « has a significantly greater impact
than that of the hard scale alone. For the soft potential (cf. section 3.3), and strong transitions
(small z), the numerical evaluation of eq. (3.24) agrees with its dashed analytical estimate (3.26).
Right: the same ratio as on the left but at 7. (dotted) and T}, (solid) using A = T.

Figure 1 (right) depicts the various expressions of the ratio R as a function of the
reference value g = 1 and 2o = \/ 92 at T.. The blue lines are obtained in the (DR-A)
setup, while the magenta lines are obtained in the (DR-B) setup. The shading indicates
the region with x. o > 0.2, where our current perturbative approach is not applicable due
the Linde IR problem. The softer theory is expected to be inconsistent for z < 0.2 since
higher-dimensional operators start to contribute to the effective potential at leading order.
Indeed, figure 1 shows that the (¢$)? operators rapidly becomes dominant for smaller values
of r1o &~ T, and that correctly accounting for it significantly decreases the transition strength.
For sufficiently low o, the value of a becomes negative since it is dominated by ¢g through
eq. (4.9), which further indicates that this regime is unphysical.

On the other hand, the soft theory is expected to remain consistent for significantly
smaller values of z. In the plot, the (¢7¢)3 operator becomes dominant for z o < 0.05. In the
intermediate regime, 0.05 < xo < 0.2, where we expect the soft theory to be applicable, it
decreases the strength of the transition by less than 10%. We also observe that the analytical
estimate (4.34) is in excellent agreement with the full numerical result for R in the soft theory.

Overall, both the soft and softer theories become increasingly unreliable for small values
of x1o, where the high-temperature expansion is expected to break down. While our analysis
has focused on the critical temperature, there is no reason to expect that neglecting higher-
dimensional operators would yield more accurate results for e.g. « at lower temperatures,
particularly below T, where bubble nucleation occurs. Indeed, we have already plotted the
ratio R at the percolation temperature 7},, where the transition completes, as shown on the
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right-hand side of figure 1. In section 5, we explore how T}, is determined by estimating the
statistical contribution to the bubble nucleation rate and relating it to cosmological evolution.

4.4 Comparing higher-dimensional operators and loop corrections

Given the stringent consistency and perturbativity constraints on the softer EFT, one
natural question that arises is what role the higher-dimensional operators actually play in
a perturbative computation of the effective potential. Our previous discussion provides a

clear answer for both limiting cases of Z:

o For z > 0.2, the softer theory is consistent but non-perturbative, which means that
loop corrections dominate the effective potential, rendering a perturbative computation
unfeasible, while higher-dimensional operators are essentially irrelevant.

o For z < 0.2 g, the softer theory is formally perturbative, so that loop corrections remain
subdominant. However, higher-dimensional operators start contributing at leading
order and ultimately lead to the breakdown of the high-temperature expansion.

But what about the intermediate regime 0.2 g < z < 0.27 In the symmetric phase, spatial
gauge boson modes are approximately massless, leading to a Linde problem at the ultrasoft
scale. The resulting non-perturbative contributions to the effective potential are expected
to scale as

A3 i3 1 3 32
Vip ~ 22 = 23 Ayp = 52 4.35
YU 4r T 4n ((47T)2y) ’ N g (4.35)
In comparison, the leading contribution due to higher-dimensional operators scales as
03 2/ a3
H3 1 3

5 23 il 4.36
471'((47r)2y> (mD) ’ (4.36)

which implies that higher-dimensional operator contributions are expected to be small com-
pared to non-perturbative corrections, and therefore largely unimportant for the computation
for the effective potential in the symmetric phase.

A priori, we expect higher-dimensional operators to be relatively more important in
the broken phase, since they can contribute to the effective potential at tree level. Since
gie?

61
question is whether the (ng(Z))S contribution is substantial compared to the size of the neglected

we already include the leading term from one-loop gauge boson diagrams, the main

higher-loop corrections. Adapting the power counting from [76], at the critical temperature

Te, and using v ~ % as well as y. =~ higher-order loop corrections to the effective

1
18722
potential in the broken phase scale as

. (4‘?@)@71 = 10g8g7r4 (z)eilx_ﬁﬁw ’ 3

(g3v)’x
4

where ¢ denotes the loop order and n) the number of Higgs self-interaction vertices. The
parameter 0 < m < 3 depends on the effective mass scale of the diagram. In diagrams without
Higgs self-interactions, m = 0 since the effective mass scale is determined by the gauge boson
mass, and in pure scalar diagrams without vector boson lines, m = 3 since the effective
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mass scale is determined by the Higgs mass. Using (3.21), (4.37), and g2 = ¢>T + O(g*),
this implies the next-to-leading (NLO) loop correction, generated by two-loop gauge boson
diagrams with ny = m = 0, is expected to be subdominant compared to the (¢Tqﬁ)3 operator if

IS
%
e
—
Nej

<)

ESS

;e (ﬁéﬁ,)ig (439

The analysis in [76] includes diagrams up to N 4L0, which scale as 22, but neglects N°LO
diagrams with ¢ = 2 and n) +m = £ 4+ 2. These neglected diagrams are expected to be
subdominant compared to (¢'¢)? contributions if

i< (3(;)3)9

These estimates show that for small x, uncertainties from neglecting higher-dimensional

[
%
<
w
w

Q

(SIS

(4.39)

operators outweigh those from neglecting higher-loop corrections. Specifically, for z < 0.19 g%,
the contributions due to higher-dimensional operators dominate even over the leading two-
loop contributions to the effective potential.

5 Gravitational wave prospects

In the previous section, we discussed the impact of higher-dimensional operators on the phase
transition strength at the critical temperature. To relate these findings to gravitational wave
predictions, we need to consider the impact below the critical temperature, and in particular
at the percolation temperature 7},, where the phase transition is completed.

To analyze the leading effect of the sextic operator, we consider the leading-order
potentials of egs. (3.31a) and (3.31c) and use FindBounce [88] to construct a semi-classical
bounce solution v, that extremizes the effective action

1 ~ ~ 1
Sylv] = /}({2(@-@)2 + V) V)=S0 + 2ot + b =0t (51)
and thus solves the classical equation of motion §S3[vp] = 0. This stationary solution

corresponds to the physical profile of the critical bubble, and the resulting extremal value of
the effective action Ss[v] = S3(z,y, ¢g) is the main ingredient needed to determine the thermal
bubble nucleation rate at leading order in the semi-classical approximation or nucleation
EFT [62]. This formulation guarantees theoretical self-consistency, including the gauge-
invariance [70, 89], and avoids double counting contributions of different energy scales [62].
In particular, it would allow for a consistent inclusion of all large thermal corrections from
the hard scale, including two-loop thermal masses essential for the renormalization scale
independence [24, 90]. We emphasize that resolving these aforementioned issues is essential
for theoretical consistency and ensuring physically meaningful results, but commonly not
achieved, cf. e.g. [91-94].

The form of the potential in (5.1) encompasses both the softer-induced potential (3.31a)
and the approximated soft-induced potential (3.31c). Higher-dimensional kinetic (or deriva-
tive) effects from the scalar and vector sectors of the corresponding EFT also contribute to
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the effective action. These effects can arise both from a derivative expansion of the prefactor
A in the nucleation rate and from the high-temperature expansion. Since the derivative
expansion does not necessarily converge at the tail of the bounce [25, 71], we do not include its
higher-order derivative terms explicitly in eq. (5.1). Instead, we argue that their effects can be
more systematically included through the corresponding fluctuation determinants [71, 95, 96].

Using the same approach as [24, 76, 97] (also cf. [98]), we follow [99] and define the
percolation time ¢, as the time at which volume fraction of space in the metastable phase
is f(tp) = 1/e. While it should be possible, in principle, to capture the time-evolution
and higher-orders of this volume fraction from first principles using perturbative real-time
computations [100-102] or non-perturbative, numerical simulations [103-107], the standard
approach in the literature is to follow [108, 109] and utilize the phenomenological expression

Ft)=e 10 I(t) = /dt’F(T(t’))V(t,t’), V(t,t/):%vi(t—t’):S. (5.2)

Here, t. is the time at which the temperature of the early universe plasma is equal to the
critical temperature Ty, T'(t) = A(t) e~ the bubble nucleation rate (i.e. the probability of
nucleation per unit time per unit volume), V(¢,t') the volume of a (spherically symmetric)
bubble that nucleated at ¢ at some later time ¢, v,, the terminal bubble wall velocity, and
the exponentiation in eq. (5.2) accounts for the fact that bubbles can overlap. Formula (5.2)
implicitly assumes the thin-wall approximation, where the volume occupied by the bubble
walls is negligible, and that all bubbles grow at the same rate.

The explicit expression for V(¢,t’) in terms of v, (t) also assumes that the bubble wall
velocity rapidly reaches its terminal value, and that this value remains approximately constant
over time. Further assuming that the non-equilibrium prefactor A(t) is approximately
constant, the volume fraction integral becomes

tp
Arud ) Ae53() |1 <1
I(tp) ~ Trva/dt,e_SS(t )(tp _ t/)?) ~ 8WU3674P v , (5.3)
3 7 B el y>1
where
dSs
B = T v =Bty —te) - (5.4)
P

The quantity 5 defines the inverse duration of the phase transition. The integral in eq. (5.3)
has been evaluated by expanding the action to linear order in ¢’ — ¢,

Sa(t) = Ss(tp) + ifj(t — 1))+ O ((t - tp)2) . (5.5)

This approximation captures the correct leading-order dynamics of bubble nucleation because
the integrand in eq. (5.3) is exponentially suppressed and therefore rapidly decreases for smaller
values of ¢'. This also further justifies our assumption that both A and v, can be treated
as approximately constant. Nevertheless, higher-order corrections can be systematically
included by evaluating eq. (5.3) numerically, while tracking the full temperature dependence
of each quantity [103, 105, 106].
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Using the approximate expression on the right-hand side of eq. (5.3) and assuming
that v < 1, the percolation condition I(7},) = 1 for maximally colliding bubbles® thus
yields the relation

A
S3(Tp) = In(87) + 31Inv, + In i~ 41n % . (5.6)
In a radiation-dominated FRW cosmology with an ideal gas equation of state, the Hubble

rate is given by®

_ [4g.m® T?

H(T) =
T) 45 My’

My, = 1.22 x 1012 GeV . (5.7)

At this stage, we have not yet specified explicit expressions for the prefactor A or the bubble
wall velocity v,,. However, since these quantities appear in eq. (5.6) only logarithmically,
their exact values are unimportant at leading order; it suffices to estimate their order of
magnitude. Accordingly, we approximate A ~ T* by dimensional analysis and take v,, ~ 1,
and then impose the approximate condition [71, 76, 97, 111]

Sg[l}b”T:Tp ~ 126, (58)

to find the percolation temperature. Inverting this condition, one obtains a relationship
y(Tp) = yp(x, ce) that makes it possible to find the percolation temperature T}, purely in
terms of the 3d quantities y, z, cg, allowing for efficient scans in the (z,y)-plane (while also
varying cg). However, it is also straightforward to relax the assumptions underlying eq. (5.8)
for a given parameter point of the parent theory, and to determine 7}, directly from eq. (5.6).
For vanishing cg, one could find a fit function for S3(x,y, c¢ = 0) in analogy to the one in [97].

For non-zero cg, deriving a general fit becomes more challenging. Instead, we evaluate
S3 using eq. (5.1), including the soft enhancement with the coefficient c¢g = c¢(g) at fixed g.
This approach allows us to illustrate our key findings during the parameter scan outlined
below. The corresponding fit takes the form

C D

Sy =k|A+ By+ +

L=y (1=7)2) (59)

32 n = y/ye(x, cg) with y.(z, cg) given in eq. (4.15). In the soft theory,

where k = 64712y
the action fitting parameters are given in table 1 (left) while in the softer theory, they
depend on the value of g as given in table 1 (right). In the softer theory, the fit is also
more sensitive to values of g as the fitted S3(z,y, ) utilizes ¢ ~ ¢° from eq. (3.21) instead
of cg ~ ¢° from eq. (3.10).

The right panel in figure 1 compares the ratio of the transition strength R = o/(T") /cveg=0(T")
at the critical temperature (dotted lines) and the percolation temperature (solid lines). As

5The percolation condition used here is more conservative than the standard one [94, 110], which requires
the probability of a point in space remaining in the false vacuum to be P(Tp) = e 1) ~ 71% corresponding
to I(Tp) ~ 0.34.

5The effective number of radiation degrees of freedom, g,, explicitly enters this relation. If our setup is
treated as a dark sector decoupled from the SM, the numerical values of eq. (5.7) differ from those in the SM,
as discussed below eq. (4.2).
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A B C D g A B C D
0.751 | -0.413 | 0.704 | 0.075 0.9 | -30.418 | 56.244 | -2.310 | 0.267
0.7 | 3.353 | -2.030 | 0.484 | 0.206
0.5 | 4.178 | -4.383 | 0.945 | 0.196

Table 1. Soft (left) and softer (right) theory fit parameters for the 3d action (5.9).

expected, for each fixed z; the sextic operator is slightly more important at 7}, < 7T, and
reduces the transition strength by O(1%) more than at the critical temperature in the regime
that is still within reach of the high-temperature expansion. For the inverse duration, we
find a smaller ~ 1 — 4% reduction due to the sextic operator in the range x € [0.02,0.1],
concluding that this quantity appears less sensitive compared to «, based on our simple
leading-order estimates.

Besides the transition strength «, gravitational wave predictions also depend on average
bubble separation R.H, (relative to the Hubble parameter in radiation dominated epoch),
which can be related in our setup to the inverse duration of the transition /3, via [112] (cf. [99])

1 —1

R.H, ~ (87)3 max{uw,cs}(ﬁ) : (5.10)
H,

where for the strong transitions in our case v, > ¢;. We compute the inverse duration of

the transition by using the relation [17]

,5 —T ng [’Ub]

H dT

~ Oy Salnl| (5.11)

=Ty

To connect our computation to observational prospects of LISA and DECIGO detectors,
we scan over the model parameters of the parent theory, and compute thermal parameters
a and §/H at Tp.

First, we work in the softer EFT (DR-A). To employ eqgs. (4.7) and (5.11), we insert
the leading-order temperature dependence of y via its n-function

dy 2 12 1 M?
WELAar T T AT T AT (5.12)
where we have used leading-order matching relations, as well as tree-level relation p? = —%M 2

between the 4d scalar mass parameter and physical scalar mass M.” Next, we could directly
compute thermal parameters T}, o and §/H in terms of three input parameters g, A = z10 g°
(using the LO relation) and M. However, we can simplify the parameter scan considerably
by eliminating the ratio M/T. To this end, we note that at the critical temperature
y(T.) = ye(z) = 1/(1872x) and by using the leading-order matching relation, we find

~
~

M? 92 g4 2925%0 93 M?
— T — =F N —. 5.13
T2 2 9m2210 3 7-2\/571' (9,210, 7) Tg ( )

"To relate the scalar mass parameter to its pole mass M at higher orders as well as relating other MS and
physical parameters, one needs to employ zero-temperature one-loop vacuum renormalization, cf. e.g. [7, 18].
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For convenience, we defined an auxiliary parameter 7 = 1 for the softer theory, while for the
soft enhancement 7 = 0. We know that for a radiatively generated barrier, the amount of
supercooling, i.e. the difference AT = T, — Ty, is small [76]. Therefore, we also approximate
M?/T? =~ F(g,x) using eq. (5.13). We have thus eliminated the ratio M?/T7 in terms of
g and =, and can hence express

B 1
T ~ g—4F(g, x,1)0yS3(yp, z, cs) , (5.14)
30 ~
o~ g F0:2 1)y AVaotter (yp, . c6) (5.15)

at leading order. Within these approximations, we can readily scan the entire parameter
space, i.e. the (z, g)-plane. For this, we perform a uniform scan with

x € [0.01,0.3] with step size Az =0.002,
g €10.1,0.9] with step size Ag =0.02, (5.16)

and recast our result in the (ap, 3/Hp)-plane in figure 2 (top row).

Before discussing the result, we note that our discussion so far has considered only the
softer EFT (DR-A). Since we have already concluded that the soft-to-softer EF'T construction
is unreliable for strong transitions (at small ), we also consider the soft-to-supersoft EFT
utilizing the approximated soft-induced effective potential (3.26). In this case, the formulae
for v and B/H need to be adjusted to include the effects of soft enhancement factor £ = %
This yields

4
E73
% ~ S F(g.2.0) 9y S3(¥. X ) (5.17)
30 2 ~
o~ Gy E5g°F(g,2,0) 0yAV,2 cp 2 (Yps T, C6) (5.18)

where we defined the notation X = £ 3z and Y = € 7%3/. The subscript {«, 5} indicates
the inclusion of the soft enhancement.

Figure 2 depicts the predicted values of a and S for various values of g and x. The
top row is obtained using the soft-to-softer EFT setup (DR-A), while the bottom row is
obtained using the soft-to-supersoft EFT (DR-B). In each plot, the value of = decreases from
left to right, with the smallest x values mapping into the bottom right corner. The points
approach the tentative LISA sensitivity window® for large values of a and small values of
B/H.® To showcase the dependence on g, the plots of the left-hand side display results for
three fixed values of g = 0.5,0.7,0.9 while varying x. In each case, including the leading effect
of the dimension-six operator reduces . The branching between the curves with and without
higher-operator effect increases as « and [ approach the LISA sensitivity region, which

8 The sensitivity regions are taken purely tentative at a wall velocity v, = 0.95 for LISA at SNR = 5 [114]
with 7 = 4 year mission duration [112] and DECIGO with the Correlation design [113] were taken from [115].
As discussed below eq. (4.2), g. = 4 which differs from the SM one used in the sensitivity regions.

9For a signal to be visible for LISA and DECIGO, the temperature T}, has to be in a ~ 100 GeV range
to produce a GW power spectrum in the appropriate frequency range. To ensure this, we have implicitly
assumed here that the scalar mass M is O(100 GeV).
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Figure 2. Top left: parameter scan over z of the softer EF'T potential (3.25) at fixed values g = 0.5
(dotted), g = 0.7 (dashed), and g = 0.9 (solid), were x decreases from left to right. Bottom row:
as the top row but for the soft EFT potential (3.24) which exhibits soft enhancement due to the
included temporal mode. Bottom right: parameter scan using the grid (5.16) in the (v, 8/Hp)-plane
with (red) and without (blue) LO effect from c¢g. Also shown are the tentative sensitivity regions for
LISA [112] and DECIGO [113]; see footnote 8.

indicates the increasing uncertainty and an eventual breakdown of the high-temperature
expansion. The same trend is evident in the plot on the bottom right-hand side of figure 2,
where the tail containing the strongest and longest transitions shifts to lower values of a.

Comparing the top and bottom plots on the left-hand side, we observe that it is crucially
important to treat the temporal mode correctly for strong transitions. In the top row,
including sextic operator effects shifts all points within the reach of LISA and DECIGO
toward undetectably small values of a. This signals the limitation of the softer EFT at
small z, and is consistent with the behavior in figure 1. Numerically, in the regime of even
larger x, the curves for the softer EFT with ¢g # 0 and ¢g = 0 do not fully converge. This
is due to the limitations of our simplified scanning setup, described by the fit in eq. (5.9),
which is more sensitive in this region to large derivatives of G”%Sy,(x,y, ¢s). While this
regime lies outside the focus of our analysis, a more accurate approach would be a direct
computation of the bounce action.

The bottom row of figure 2 shows that the temporal mode strengthens the transition in
the small-z regime due to soft enhancement, shifting points toward larger . However, even
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with this improved treatment of the temporal mode, the impact of the sextic operator remains
significant in the tentative LISA window and is still non-negligible within the tentative
sensitivity range of DECIGO. This suggests that even if the temporal modes are treated
correctly, the high-temperature expansion may become unreliable for sufficiently strong
transitions such as those targeted by next-generation GW detectors.

In this regard, our work builds on and extends the findings of [17], which concluded that,
in the absence of higher-dimensional operators, radiatively-generated one-step transitions
strong enough to be detectable by LISA cannot be reliably described. Our results suggest an
even stronger conclusion. The high-temperature expansion itself may break down entirely,
thereby invalidating the EFT description. While we arrive at this result within a simplified
toy model, we expect the conclusion to hold more broadly. This is due to the generic
infrared structure of gauge-Higgs theories and the qualitatively similar features of dimensional
reduction, including the emergence of sizable higher-dimensional operators in the regime of
strongest transitions. To reach these conclusions regarding the relevance of higher-dimensional
operators, we adopted the following simplifying assumptions: (i) leading-order in dimensional
reduction, (ii) leading-order in the nucleation effective theory, and (iii) negligible supercooling,
as noted below eq. (5.13). Each of these approximations is individually robust when including
higher-order corrections. Accordingly, we anticipate that our main conclusions will remain
valid when such corrections are taken into account.

6 Conclusions and outlook

Comprehensively understanding the effects of higher-dimensional operators in thermal EFTs
for the electroweak phase transition has been a long-standing challenge. In this article, we
take a significant step toward this goal by studying the Abelian Higgs model as a simplified
toy model. This model shares many important features with more complex and realistic
gauge-Higgs theories relevant for electroweak phase transitions, allowing us to probe the
impact of higher-dimensional operators in a controlled setting.

In particular, we have achieved a complete matching of the marginal sextic operators
by constructing a complete, minimal, and fully gauge-invariant operator basis in both the
soft and softer EFTs. This step is crucial for ensuring the theoretical consistency of the EFT
framework and accurately capturing the physical properties of the full theory. As is often
the case in advancing the understanding of hot electroweak-like theories, we have drawn
inspiration from analogies in hot QCD [11, 13] and weaponized existing tools for general EFT
matching, such as Matchete [116]. We anticipate that these developments will enhance the
capabilities of DRalgo[73], which, in turn, utilizes functionalities from GroupMath [117].

We have also clarified the role of temporal gauge boson modes by demonstrating that
treating them within the framework of soft-to-softer EFT matching — i.e., integrating
out temporal modes and absorbing their effects into the scalar sector parameters [7, 69]

— induces large contributions from marginal operators in the regime of strong transitions.
As a result, soft-to-softer EFT matching proves unreliable for strong transitions.'® Instead,

0This conclusion is softened in theories with larger Debye masses, such as SU(N) theories with many
charged fermions, where the softer EFT is expected to perform better. This could be tested by repeating a
similar study within SU(2) gauge-Higgs theory and by computing higher-loop corrections akin to [76], while
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temporal modes should be treated within the framework of soft-to-supersoft matching [64],
as implemented in [25, 71, 72, 121]. This refinement leads to an enhanced potential barrier
compared to including only spatial mode contributions.

For radiatively induced phase transitions in the Abelian Higgs model, we demonstrated
that including the leading effect of the sextic (¢!¢)3-operator in the effective potential leads
to a significant O(5%) reduction in the phase transition strength in the regime of strong
transitions that are still within reach of the high-temperature expansion. For even stronger
transitions, the sextic operator contribution quickly increases. This signals a potential
breakdown of the EFT description due to a lack of thermal scale hierarchies, as the large
background field value induces masses for the Matsubara zero-modes that are comparable to
the hard scale. Such a breakdown would not only limit the applicability of state-of-the-art
perturbative techniques, but also of non-perturbative lattice studies. Overcoming these
limitations would require the development of new techniques to compute the phase transition
thermodynamics entirely without using high-temperature expansions [85, 87], while still being
able to resum infrared-sensitive contributions at small field values. Our findings highlight
the importance of such endeavors, and in particular the need for direct lattice simulations
of the full theory in four dimensions [4, 34, 122-124].

Extending the present study to more complicated BSM theories could help to compre-
hensively investigate the reliability of current state-of-the-art non-perturbative studies, such
as [16, 19, 125], which rely on the high-temperature expansion and thermal EFTs that are
truncated to not include marginal operators. Scrutinizing the accuracy and the limits of such
analyses is of key importance to reliably predict the thermodynamics of cosmological phase
transitions, which, in turn, affect open problems such as the matter-antimatter asymmetry of
the universe in the framework of electroweak baryogenesis [126], as well as predictions for
a gravitational wave background generated by such transitions [6, 112, 127].

For gravitational wave predictions, we found that including the sextic operator in the
small-z regime decreases both o and 3/H. While the reduction in 8/H improves sensitivity
for LISA, the overall weakening of the transition is generally unfavorable for observational
prospects, which benefit from stronger phase transitions. We have found that it is indeed
the strongest transitions that are most affected by higher-order operators and the associated
possibility of a breakdown of the high-temperature expansion. While this puts serious
limitations on the predictability of primordial remnants from thermal phase transitions at
LISA and similar experiments, it also poses an opportunity to refine theoretical approaches.
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A Field redefinitions

To construct an effective field theory, one has to specify a power counting in terms of some
small parameter e such that, at any given order in €, only a finite number of operators
contribute to its action

Seer [{@i}] = D 'S [{®3}] (A1)
n=0

where {®;} collectively denotes the various fields of the theory. If the action contains a term

0So

Sepr [{Bi}] D € / ddg OH®Y(z), n>1, (A.2)

where O[{®;}|(z) is a composite operator that depends only on fields evaluated at coordinate

n+1

x, this term can be removed from the action up to corrections of order ¢ by means of

the field redefinition
®; — & — "O[{D;}] . (A.3)

Since the action (A.1) must already contain all operators that are consistent with the
symmetries of the effective theory, the net effect of (A.3) is to rescale the Wilson coefficients
of higher-order operators.!! Furthermore, working in dimensional regularization and excepting
fermions that are subject to a chiral anomaly, it can be shown [128]'2 that field redefinitions
of the form (A.3) do not alter the path integral measure D{®;} in the generating functional

Z[Jz} _ eiW[Ji] — % /D{(I)z} e*SEFT[{‘Pi}]Jrfdda:Ji(aS)CI)i(x) ’ (A4>

which is normalized such that Z[0] = 1. The source term J;(x)®;(x), and with it Z[.J;]
as a whole, is not in general invariant under (A.3), but this can be shown to not affect
on-shell S-matrix elements [128, 129]. We focus on the Euclidean 1PT effective action I'[¢;],
which obeys the recursive relation

o Tl — /D{‘I)i} e—SEFT[{q%'}]-Ffddwli(w)(q%(x)—(ﬁi) 7 Ji(z) = oT ) (A.5)
For field configurations that obey the equations of motion J;(z) = 0, this relation, together
with the invariance of the path integral measure, implies that the effective action is not
affected by the field redefinition (A.3). Since the effective potential V' (¢) is just the effective

1Note that if ®; is a gauge field, the gauge-fixing and ghost Lagrangians should be considered a part of the
zeroth-order effective action Sp, so that the field redefinition (A.3) implicitly changes the gauge-fixing. The
original gauge-fixing can then be restored by using a normal gauge transformation.

2While [128, 129] only consider theories in Minkowski space, our primary focus is on Euclidean theories.
However, the proof does not rely on any information about the signature of the metric tensor and hence
translates to Euclidean geometry without modification.
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action of a constant field configuration divided by the volume of spacetime, this result implies
that both the location of the minima of the effective potential as well as the value of the
potential at those minima are likewise unaffected by the field redefinition.

To utilize the field redefinition (A.3) in practice, one has to identify the leading-order
non-vanishing contribution to the effective action Sgpr. In our setup, the first non-vanishing
contributions are of O(g?), so that the corresponding effective Lagrangian is
1

L=D;¢"D;p + ,LL§¢T¢ + )\3(¢T¢)2 + 1

1 1
FijFij + 5(0:Bo)* + g3¢ 0BG + ;mpBj . (A.6)
This yields the equations of motion

D% = (13 +20(0%0) + 63B3) ¢, "By = (m +263(670) ) Bo, (A.Ta)
D*¢" = (143 +2Xa(670) + 63B3) o', 0;F;j = igs 6'Djop + h.c., (A.7b)

which we can use to eliminate any higher-order operator containing the terms D¢, D2,
62B0, and 6ZEJ

B Details of dimensional reduction

This appendix collects renormalization group equations (RGE), the matching relations of
the fundamental, four-dimensional theory, defined in eq. (2.1) to its dimensionally reduced,

three-dimensional, effective theory in eq. (3.4), and the thermal effective potential computed
within the EFT.

B.1 Renormalization and S-functions at zero temperature

The renormalization group equations listed below are associated with the parameters of the
model in eq. (2.1) and encode their running with respect to the MS renormalization scale
A via the p-functions. To this end, we use

t=InA?, (B.1)

where A2 = 47we A2, and find at one-loop level

0,9° = ( 47102 (%94) : (B.2)
Opu? = (4@2#2 (42 - 3¢%) , (B.3)
O\ = (471r)2 (m? — 6%\ + 394) . (B.4)

B.2 One-loop dimension-six coefficients of the soft 3d EFT

Dimension-four vertices and matching relations for the Abelian Higgs model are known [69, 70].
Below we collect the results for the corresponding matching relations up to dimension-six
operators and before field redefinitions. Results are given in dimensional regularization and
with dimension d = 3 — 2e.
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dimension 2 dimension 4
BS ZBy fﬁ%/Q (82'30)2/2 ZBy
O'o | Zs i3 FF/4 Zp,
(D:9) (Di6) | Zs
Gk Z3ai
(¢'9)Bg Z 25,022
Bj Z%,aps

Table 2. Super-renormalizable operators and their corresponding Wilson coefficients in the soft-scale
3d effective theory. Note that the wave-function renormalization constants Z,;, Zp, and Zp, are
subsequently reabsorbed into field operators ¢, By, and B; to ensure canonical normalization.

dimension-six operator basis Redundant operators
F;;F;; B} Zp,Zp,Gpzp> (0:F)* Zp,0p2pe
FyiFij¢l¢ 75, Z B2 2 Bo[*By Zp,0pipz
(Di¢'Did)(610) | Ziap2ga BiOBy 2%, p2ps
(Di¢'D;¢) B2 Z6ZBoOp2g2R2 3 (D?¢")(D?¢) ZpQpage
B Z%OaBg (679)(¢T D¢ + h.c.) | Z3ap2g1 2
Bi(¢'9) 252}, 02 (0 Fy)idt (Dj9) Zs 2y Gpeger
Bi(¢1¢)? Z(%ZBOCAX&Bg (¢'¢) BBy Z$ZBo0p242p2 1
(¢79) Z30 46 ¢'(DF¢)BE + hoc. | ZyZpyaprgepz s

Table 3. All possible dimension-six operators in the soft-scale 3d effective theory. The operators of
all the redundant operators can be eliminated using the leading-order equations of motion (A.7). In
the final Lagrangian, we also combine partial integration with the equations of motion to remove the
operator (D;¢!D;¢)B2 in favor of (¢!$)(0; Byd; By).

In tables 2 and 3, all the operators up to dimension 6 along with their respective Wilson
coefficients are listed (D; = 0; — ignglg/i 2BZ»). Operators containing an odd number of By fields
are excluded because the matching conditions require them to vanish due to the Abelian
nature of the theory and charge conjugation symmetry [120].

Below, we present the result of the one-loop matching between the two theories. The
fundamental theory lives in D = d + 1 spacetime and the EFT in d = 3 spatial dimensions.
Together with the field normalizations

1
Zp, =1+ 59212 ; (B.5)
1
Zp, = 1+ 5(4 —d)g*T, , (B.6)
Zy =1+ (£~ 3)9Ty (B.7)
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we display the coefficients up to dimension-four operators wviz.

) 1
932, = 92T[1 - §9212} ) (B.8)
03 = p® + (dg® + 4NT, (B.9)

m2 = 2(d — 1)1, , (B.10)
A3 = AT — [dg4 — 6¢°)\ + 10A2}12 T, (B.11)
hy = ¢*T — g[(m 5)gt +12(d - 3)g°N| T, T, (B.12)
ki3 = —g(d—3)(d—1)g4I2T. (B.13)

Here and henceforth, we employ hatted coefficients (e.g. @;) for quantities before field
redefinitions and un-hatted coefficients (e.g. «;) for quantities after field redefinitions.
The novel dimension-six operator coefficients read

Qpepe = —%9223 ) (B.14)
Opapz = %(d —6)9°Ly (B.15)
Gpaps = f%(d _5)(d—4)g T, T, (B.16)
Apppe = —é(d — 5", T, (B.17)
Qg = %(d —5)(d - 3)(d - 1)g°T, T2 , (B.18)
Qpig2 = —%(35 —5)9°T; , (B.19)
Gprgig = % [(15 — 2d)g" + 80¢°\ — sﬂzg T, (B.20)
Aprgis = —é [(2d+5)g" — 4(3¢ + 5)°A + 16X%| 7, T, (B.21)
Aprgep = ;1 ST, TV (B.22)
Qgopr = 6[794 —492A}13T , (B.23)
Gprgepey = —1[(d—2)g4+4(d—6)g2x}13T, (B.24)
Gprgeps = é[ (d+2€ — 6)g" — 4(d — 1)g°\| T, T, (B.25)
prgeps = é(d 179" — 49\ T, T, (B.26)
Ggipe = g[dg +3(d — €)g"\ + (134 - 63)g*X?| 7, 7 , (B.27)
Gyt = é[ (d—4) ~ 3)g° + 4(d — 3)(d — 5)g' |, 7| (B.28)
Qo = g[dgﬁ 3¢g°A% + 28A3}13 T2 . (B.29)

Some of these 6-point vertices exhibit evanescent operator terms, whose coefficients vanish
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Figure 3. One-loop contributions to the Abelian Higgs model 2-point function at the soft EFT.
Dashed directed lines denote soft scalars and wiggly lines soft spatial gauge fields. Diagrams are
generated with Axodraw [131].

in d = 3, akin to the behavior observed in QCD [13]. Such operators can in general be
eliminated through a shift of the operator basis [130].
The thermal master integrals used in this context have the form

. B T (s — )
70 = i —oT Conod s B.30
- [P ani T (B.90)
e e (3) o] +oe)
7 =" 22— 1+ 2|l 1-— == B.31
3 1587172 + 2¢|ln T + Y + G +O(e%) ¢, (B.31)

where ¢, = ((n) and Z, = Z°. Along the way, we utilized the one-loop integration-by-parts
(IBP) identity
d

7o = (1- %)Ig. (B.32)

B.3 Dimension-six vertices of the soft 3d EFT in the S/T basis

Below, we collect the results for dimension-six vertices and the corresponding mapping to
the operator coefficients defined in the previous section.

Because the presence of a heat bath breaks Lorentz invariance, we need to introduce
separate notation for spatial and zero spacetime indices akin to [13]. The full Kronecker
symbol is denoted by

Oy = T+ S T = 000005 S = 0,0, (B.33)
We also introduce the totally symmetric tensors
T,ul/pa = 5#06V06p0600 ’ (B34>
Tpl/pcraﬁ = 5/1,061/05,005005&0560 ’ (B35)
Spwpo = 00,5 + 2 permutations (B.36)
S wpoap = 0 0ps045 + 14 permutations . (B.37)

It is advantageous to employ a basis in which the spatial and temporal indices are strictly
separated from each other.

The 2-point vertex can be expressed as

0S50 = B,(@) B(—0) {m *(4*S0 — 0,0,) + 120" T, } + 130" 6(@) 6'(—q) . (B.38)
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Figure 4. One-loop contributions to the Abelian Higgs model 4-point function at the soft EFT. Lines
are defined in figure 3. Additional scalar line orientations are omitted for compactness.

Here and henceforth, for the matching coefficients in the action, field normalization is
1 1

accounted for such that for a general correlator e.g. 'y, 4, = 77¢1.--¢nZ¢?1 . ..Zg . The

n

contributing 2-point diagrams are collected in figure 3. A representation of the coefficients
was chosen to map directly into the a coefficients of section B.2,

m = &D2F2 y N2 = aD4B[2) y n3 = aD4¢2 . (B39)
The 4-point vertex can be expressed as
4 _
0S5 = 0(qg+7r+s5+1)

+B,,(¢) B,(r) B, () B, (1) {1(S,0 - 7+ 6u1) T + 2 6 T }

+B,,(q) B,(r) 6(s) 6" (1) {3 (S,00> = 4uav) + 4 (Spua -7 — qur)
+ s (S (5% + %) = (qu + 2,) (s + 25,))
+ (s @ + Uy (8 +17) + g s - 1) TW}

+6(g) 6(r) &' (s) 67 (t) { Yo (¢* + 5*) + 10 s}} : (B.40)

where the contributing 4-point diagrams are collected in figure 4. Purely spatial contributions
to the Bf; correlator vanish identically after symmetry shifts and momentum conservation
due to the Abelian nature of the theory. A representation of the coefficients can be chosen as

Y1 = —2app2, o= —Qpps, VY3 = —GgsQp2g2p, P2 = —204p2,
POIPS ~ ~ ~
Vs = g3 Opag? , e = —Ap242B2.1 > Yy = —Ap2y2B2 2, g = —Ap2y2B2 3,
wg - —&D2¢472, wlo - —&D2¢471 . (B41)

The 6-point vertex can be expressed as
6
6Ss(ogt = /X Bu Bl/ Bp BO’ Ba B,B {Xl S;U/Spasaﬁ + X2 SMVSpO'Ta,B + X3 S;U/Tpaaﬁ + X4 T;uzpooa,@}
+ /X Bu BV Bp BO‘ ¢¢T {XS S;UJSpJ + X6 SuVTpJ + X7 Tuupa}

+ /X Bu BV ((b ¢T)2 {XS Sw/ + Xo T;UJ} + /){(¢¢T)3 X10 5 (B42)
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Figure 5. One-loop contributions to the Abelian Higgs model 6-point function at the soft EFT. Lines
are defined in figure 3. Additional scalar line orientations are omitted for compactness.

where the contributing 6-point diagrams are collected in figure 5. While purely spatial
contributions vanish, we present the relationship between the coefficients y; and @;:

Xx1=x2=x3=0, Xe=dps, X5 =030pig,
X6 = gg(aDQ(zﬁB(ZNg — 2&D2¢2B(2)’2) 5 X7 = angp y X8 = g%(aD2¢4’1 — 2@D2¢472) s
X9 — aB(2)¢4 , X10 = a¢6 . (B.43)

B.4 Lagrangian of the soft 3d EFT after field redefinitions

Below, we rewrite the most general 3d theory Lagrangian from egs. (3.4) and (3.6),

1
L35 = JFuli + (Dig)'(Digp) + 130T d + A3(79)?
1 1
+ 5(31'30)(@‘30) + hs(¢'¢)BE + §m2DB§ + k3B
+ g FijFijd' 6 + apegid 6(Did) (Dig) + apa pa B Fij Fij + apegepz ' 6(0,Bo)’

+ @Bg‘Bg + 0‘¢2Bg(¢T¢)B§ + O‘¢4B§<¢T¢)2B(2) +ags (1) (B.44)

Here, we included operators up to dimension six in the physical basis, ensuring that redundant
operators — those removable via field redefinitions — are excluded. Utilizing Matchete [116],

— 37 —



the coefficients of the physical basis up to dimension four are given by
pi = p3(1+ Gpigafi3) |
mi, = mg (1 + 2aD4Bgm%) ;
rg = fig(l+ 8771%@1)433) + m%aD2Bg ,
hy = hy(1+ 4MD8 s + 2038 page) + 13 (202452 » = Bpegepa )
+img (@p2gepz1 + Gp2g2pzs) »

Ay =As(1+ 438 page) + 132050 a2 + 20 pga o + G380 p2ger)

(B.45)
(B.46)

(B.47)

where g2 = g2. While these relations hold to all orders up to dimension-six operators, we

effectively truncate them at NLO i.e. O(g*) during the matching, omitting terms of O(g°).

Therefore dimension-six induced field redefinitions only start to affect the dimension-four

Wilson coefficients at next-to-next-to-leading order (NNLO) which in particular corresponds

to three-loop level for the effective masses and two-loop level for the effective couplings.

The non-renormalizable dimension-six derivative-operator coefficients

Op2g2p2 = ¥p242B2 3
o =
B2F? B2F? s
04¢2F2 = a¢2F2 5
~ PPN A ~
Ap2ga = Qp2gd | + 393 Ap2g2p + 693 Ap2p2,

are truncated at O(g?). The field-redefined marginal dimension-six coefficients,

g = Qg + 4&3(aD233 - 4%@]3433) :
Qpeps = a¢233 + 4k3 (aD2¢2Bg,1 + aD2¢2B§,3 + 4ﬁ3aD4Bg)
+ 33(26‘17%233,2 —Qpogaps 3+ 20pp1) + 3@ page
Qpap2 = a¢4Bg + 23‘3 (QaD%?Bg,Q - aD%QBg,B,)
+2h (@pegepe ) + Opegape s + 2Xs8pige + Ap2gt) +4h3apeps |

Oé¢6 = a¢6 + 45\3(C~1D2¢4 + j\gaDzld)Q) s

are truncated at O(g%), using

1
~ o~ A~ A ~
OZD2¢4 = OéD2¢472 + 593 aD2¢2F + 93 Qp2p2 -

(B.58)

Below, we present the expressions for the previously defined a-coefficients both in general

d and d = 3 — 2¢ dimensions. Notably, these coefficients are entirely independent of the gauge-

fixing parameter £, except for terms consistent with corrections arising from the matching

of the two theories at the three-loop level. Therefore, in this basis, the gauge independence
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of physical observables is manifest, viz.

L

*B§ T 15 (d—5)(d—3)(d—1)g°Z; T* + O(g°)
d=3—2¢
=" 0(g%, (B.59)
1
app = [(d=5)(d = 1)g° +12(d = 5)(d — 8)g"\|Z; T* + O(g")
d=3—-2¢ C3 6 8
3-2 _ B.
5329 TO07), (B.60)
2
Opipg = IE [(36d —139)¢% 4+ 10(35 — 3d)g*\ + 10(13d — 67)g2A2}13 T2 + 0(g®)
d=3—2¢ (3 6 4 22 8
32 _ 1¢% — 260 g* A + 280 g% A B.61
50 =1 (319° —2604* A +2804°N) + 0(¢) . (B.61)
4
ap = [5(196 — (5d 4 3)g*\ + T5g°\% + 100)\3}23 T? + O(g%)
d=3-2¢ (3 6 1q 4 22 3 8
5 48%4(159 189" A+ 75.9° X2 + 100 3*) + O(¢%) , (B.62)
1
gy = 5= 4)|Tg' 47 ML, T+ 0(°)
d=3—2¢ € 4 2 6
32 _ Tgt—4g2\) + 0O B.63
3847T4T(g g*A) +0(g°) , (B.63)
1
apepz = —g(d =5)¢" I, T + O(¢°%)
d=3-2¢ (3 4 6
=" gqpapd TOW), (B.64)
1
app = 79" — 4g*\|Z, T + O(g")
d=3—2¢ C3 4 2 6
B g (T = 14°0) + 006 (B.65)
2
apg = 1 (66 — 5d)g" + 20097 X — 2002|Z, T + O(g°)
d=3-2¢ (3 4 2 2 6
3 1g*+2 —2 B.
960W4T(5 g +2009% A = 20X?) + O(g) , (B.66)
where
A
Ly=2In T 2(In(47) — vg) . (B.67)

After performing field redefinitions, the Wilson coeflicients are not completely gauge-
independent, as the dimension-four coefficients ,u%, hs, and Ag, still contain terms proportional
to £. However, these gauge-dependent terms are of the same order as the corrections arising
from three-loop dimensional reduction.'® This suggests that such higher-order corrections
may further cancel the residual {-dependence. The matching relations in d = 3 — 2¢ up to

13This conclusion also holds for the three-loop dimensional reduction matching of the dimension-six operator
coefficients Qp2pd; Cpip2, and e which is of O(g'?).
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O(g%) for the scalar and Debye masses, are given by

1 1 1 1
2 2 2 2 2 22 2
_ [l ! 2+t a2z
3 |:M }tree level |:3 49 :|1100p |:( 4g 3 ) ¢:| 2loop

T2 8+39Ly 4 2(1+3Ly) o, 10 5 u?
— S T PN Ly N+ (342 — AN Ly
+(47r)2[ 6 0t 3 9 3 LeA+ (39 ) Lo
T\ 4gi+8X2+2h2—8¢2 )3, A
+(—8/\2—Gg4+892/\)(c—|—ln3_)+ 95+ 3+2 8 =503 3ln_3d}
A T 2loop
T? [Ly(216¢1 — 16 +138L,) +5C3 ¢ Lp(108c; — 18 +54L,) —5(3 4
+ 1 g — g A
(47) 24
2(162 ¢y Ly + 270 +5(3) 5.9  (27LE 4 5C3)g% — 4(27LE — 5C3)A o i
+ g AN+ 9 =5
27 3 T2
10 4
10 e et } + [5,@] + O (B.68)
3 T e FR 3loop
2 [1 QTQ} +92T2 {7_Lb92+4</\+3ﬂ2)] +[(5m2}
mp = 1|=¢g — —
° 3 1loop (4’/’(’)2 9 3 T* 2loop ° 3loop

42 2 2
giT {5Lb—25Lb—70—6(3 ) 4(Lb+2)< " )} .

e L2y (W Yol +0(g%), (B.69)
(47)* 135 9 72)] .

where terms arising through a field redefinition (FR) are indicated explicitly. From eq. (B.69),
one can directly infer the gauge-independence of the Debye mass at three-loop level; see the
QCD Debye mass [132]. The soft EFT couplings are

e <4:7C>2 Egﬂ Hoop <4Z>4 [424739} . 95 1+ O B

hs = [92 T} tree level (43;)2 [4 _3Lb 94 * 892/\} 1loop - [5h3 B gQT(éZBO + 6Z¢)} 2loop

Xy = [AT] o (;)2 [(2-3Ly) g* + 6 L, A — 10 L \?] _ (625 — 2AT 62, ] oo
R TR R T e
ey (B.73)

which are gauge-independent at the given two-loop level. Here, ¢ = %(ln %’r + (In¢2) — 2vg),
c1 = In(2m) — (In¢a)’. We also introduced, 6u3 as the scalar and dm? as the Debye mass
three-loop contribution including their 3d running. The coefficients 0Zy, dZp,, dx3, dhs,
dA3 are the two-loop contributions to Zy, Zp,, k3, h3, A3 including their 3d running, while
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dimension 2 dimension 4 dimension 6
oo | Zy 13 || FijFi;/A Zs, (0;Fy;)? Zp, am P2
(D)1 (D) | Zy (D?¢1)(D?¢) Zya 04D4¢>2
(¢7¢)? Z2ag || (¢10)(Dig' Dig) Z¢ Op2gi,1
(¢7¢)(¢T D¢ + h.c.) Z¢ ap24t 2
(9:F3y)i¢! (D;0) ZsZy, Gprger
FiiFijot Zp, Zd) O 2 p2
(p7p)® Z¢> O‘qbﬁ

Table 4. All possible dimension-six operators in the softer-scale 3d effective theory.

QO 00 0Re D
O 6 Ox Ox -

Figure 6. One-loop contributions to the Abelian Higgs model 2-point, 4-point and 6-point functions
at the softer EFT. Dashed directed lines denote softer scalars, wiggly lines softer spatial gauge fields,
and solid lines temporal scalars By. Additional scalar line orientations are omitted for compactness.
The diagrams listed in the second row contribute only to operators in the softer theory that are
beyond dimension six.

the residual gauge dependent part corresponds to

Ly(216 ¢y — 16 + 138L,) + 9¢ Ly(12¢1 — 2+ 6L,) — ¢
& 1 b 3 6 b 1 b 3 4)\
Ciy = 72 g+ 3 g
2(18¢1 Ly +3L2 + (3 4(3L% — (3 u? ut
_ ( 5 b >92)\2—{(3L§+C3)g2— ( b3 )}2 Cg
(B.74)

C Softer-scale EFT

Our goal now is to integrate out the soft scale and especially the massive field By. The
interactions between the Higgs and spatial gauge fields, including all terms up to dimension-
six operators, are summarized in table 4. Here, the covariant derivative is defined as
D; =0; — @32}9{_ 2Bi. To this end, we determine the softer EFT coefficients at the full one-
loop level, following the same approach as for the soft EFT in section B.3. The contributing
diagrams are collected in figure 6.

The expressions for the dimension-four coefficients of the one-loop matching read

§§ 295[1_404381:2[1} ) (C.1)
/i?% = M% + [h3 - m%a[ﬂqug} Il s (C2)
2 2 2d d+ 2

A3 = )\3 =+ |:_h§ d 2m2 a¢>432 + d 2h3m O‘D2¢2BQ - d 2m4 O[2D2¢232i|] (C3>
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In the corresponding field normalizations, only the spatial gauge bosons receive a non-trivial
one-loop contribution at O(g°),

Zp, =1+4dappl Zy=1. (C.4)

In this context, we also defined the 3d one-loop master integrals

e d d
gon?) = [ OV sep T TGO 0 =) ©3)
p (P +m?) (4m)2 T(B)I(4)
where [, = [ (gil)’d, I, = I%(m?). Explicitly, one has
I d:3:—26 _Mp 0(6),
4
—1
d=3—2¢ mD
I, = O
2 o o),
-3
d=3—-2¢ Mg
I = .
) LT o), (©6)
or can use the IBP identity
dy 1
2y _ (1_ 2\ L 2
L (m?) = (1 ZS)mZIS(m ). (C.7)

For determining the dimension-six coefficients and since the softer Wilson coefficients
originate from the purely spatial part of the Lagrangian, the mappings in eqs. (B.39), (B.41),
and (B.43) can be directly reused. For the 2-point correction, we obtain a vanishing result

771:07 ﬁ3:O7 (C-B)

since only for the non-Abelian case, cubic vertices between gauge fields can generate a 2-point
O(k*) contribution, and since the soft-theory coefficients ap2p2 and a D4g2 Vvanish in their
physical basis (B.44) after field redefinitions.!*

For the 4-point contributions to the action, the result reads

Y1 =13 =15 =0, (C.9)
- 1

¢4 — —20&¢2F2 + 16 |:—d_4h3m%OéB(2]F2 + mméaBgFgaDg(bng I3 y (010)
_ 1 2d+2 1 d&*+6d—4

¢9 = |:3h§ — gmh3m2DO[D2¢ng + gmméa%%g% _[3, (Cl].)

P10 = —apegi + 299 . (C.12)

1n the matching of EQCD and MQCD [13], these coefficients have been kept in the soft EFT and introduced
effective 2-point vertices. By employing field redefinitions, however, the effect of these 2-point vertices can be
absorbed by the other Wilson coefficients.
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For the 6-point contributions to the action, the result reads

X1 =x5=0, (C-13)
X8 = 9%041)2(;54 ) (C.14)
2dm? 2m?2 dm?
- 3
X10 = Qs +4 §h3 - m #1B2¥D2p2B2 T d D4}130‘(15432 T4 ]jlh?;O‘D?qﬁ?B?
d(d+2) 4 92 L(d+2)(d+4) ¢ 5

T2y d— 0D T 3 (g a)(d )P0 | s (C.15)

Here, the hard contributions are 67; = 1;, 61 = Vi, OXi = Xi-

In the following, we truncate the Wilson coefficients from the matching above at the
corresponding orders in a power counting in the gauge coupling, g, of the fundamental 4d
theory using eq. (3.12). This way, we exclude orders of

O(g*), for masses: 3,

O(gh), for relevant couplings: j\g .93,

O(g"), for marginal Wilson coefficients: Oé¢6 ,

O(g?), for non-renormalizable Wilson coefficients: @ p2 g2 ,5D4¢2 ,5D2¢471 ,

3D2¢472,3D2¢2F,a¢2pz . (Clﬁ)
The corresponding coefficients of the one-loop matching read, for the field normalizations,
ZBi =1+ 0(94) ) Z¢ =1, (C.17)

and for the dimension-four coefficients,

12 = 2+ hy I, + O(gh) (C.18)
9 =93 +0(g"), (C.19)
A3 = A3 — h3l,+0O(g") . (C.20)

For j\g soft one-loop corrections are parametrically larger than hard one-loop correction. By
employing the one-loop computations detailed below eq. (C.1) together with the mappings,
eqs. (B.39), (B.41), and (B.43), the novel dimension-six operator coefficients, @, before field
redefinitions are

ap2p2 =0, (C.21)

Qpige =0, (C.22)

QUp2gi ] = p2gs — % 3 I3+ O(g%) (C.23)
fprots = —3 1+ O(?) (C.24)
Qpeger = 0, (C.25)
Qgepe = agep2 + 0(¢%) (C.26)

Qo = Qo + ghg I+ O(g") . (C.27)
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The Lagrangian in the physical basis is defined in eq. (3.16). From the redefinition of fields
previously outlined in the dimensional reduction procedure (cf. section B.4), we can deduce
the expression for the coefficients in the physical basis for operators up to dimension four wiz.

g = pz+hyli+0(gY)
d=3—2¢ 1
= ug—ﬂmnhﬁO(g‘l)
1 1 1
2 2 2 2 3 4
= T?| = =\ T?| — ) C.28
pot [49 +3LR+ [ 4\/§7T9LS+ (9%) (C.28)
- 2
A3 = Ng—h3l,— g(h?,ll + M%)h?))@ +0(g°)
d=3—2¢ 1 h2 1 A3 1 u2h?
3-2 /\3_8773 2732_7#333 O(g")
™ mp 19274 mg 48T my
T
= T 2 —3Ly)g* + 6Ly g> X — 10Ly \2
A +(47T)2 [( 3Lp)g" +6Lyg b }DR
1 w2 1
T| — 27¢° +4g\+ 129 = 4 O(g* C.29
T = oo (2790 49N+ 120 5) + 5 0]+ 06, (C29)

where §§ = §§ and where, due to the truncation (C.16), we do not include the two-loop
correction to pi3 from eq. (3.19). And for operators of dimension six

2
§D2¢4 = OéD2¢4 — g h% I3 + 0(92)
d=3—2¢ 1 h% 2
= OJD2¢4 — 48771'77”7’54_0(9 )
GT 4 2 2
= 1 2 A—20A
9607 5lg" 4200 0 }DR
1 V3 1
= =g+ —————((Ly —4)g® — 249\ O(g? C.30
71 165 9 Tagmas (b= 99° = 2490)|_+0(5%) . (C:30)
a¢2p2 = Oé¢2F2 + 0(92)
d=3-2¢ (3 17, 4 2 2
= —|Tg" —4g°\ (@) C.31
7687T4T[g g ]DR+ (9°) (C.31)
4
Qg6 = Qe + gh% (h% Ih — A3+ hg)[g -+ 0(94)

d=3—2¢ 1 h3 1 hy 4
R —(hy—Ag) 2 540
@0+ 247r( 2= %) ms T 1922t T O

- 48(4;4 [15 g% — 18 g* N+ 75¢2\% + 100 A?’]
DR
\/39 2 3 4
+[87(9 “A) 64n2?
+\/§(€m)3 (3(Ly +1) g* = 8(Ly — 4)g*A + (15L; — 24)\?)
4
g

Contributions labelled DR (dimensional reduction) come from the hard modes and SS (soft
scale) come from integrating out By.
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