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Résumé

L’intérét principal de la géométrie tropicale est qu’elle permet d’étudier des
problemes de géométrie algébrique classiques aux moyens d’objets plus simples. Lo-
calement ces objets sont des complexes polyhedraux munis des structures
supplementaires et sont appelés variétés tropicales.

Les variétés tropicales apparaissent en dégénérant des families des variétés algébriques
complexes a I’aide du logarithme, [30], [49], ou en considérant les amibes de variétés
définies sur des corps non-archimediens. Dans ces situations, la combinatoire de la
variété tropicale obtenue peut refléter la géométrie de 'espace de départ. Un des
premiers exemples principales de ce phénomene est le Théoreme de Correspondance
de Mikhalkin pour les courbes tropicales dans le plan. Ce théoreme est un des plus
grandes succes de la géométrie tropicale. Cette correspondance est au départ de
diverses applications en géométrie enumerative réelle et complexe dans le cas des
surfaces toriques. Elle a notamment permit d’obtenir des algorithmes combinatoires
pour calculer les invariants de Gromov-Witten et de Welschinger.

La géométrie tropical a aussi eu du succes avec la théorie d’intersection.
Naivement lintersection de variétés tropicales semble bien différente de
I'intersection des variétés classiques. Par exemple, deux droites dans le plan tropical
peuvent s’intersecter en un infinité de point. Relativement tot, I'intersection stable
des variétés tropicales en R" a été introduit [48], [38]. Dans ce cadre, de nombreux
théoremes établissent des correspondances entre intersections tropicale et classique
[9], [46], [42]. Plus tard, la théorie d’intersection tropicale basée sur les diviseurs de
Cartier était introduite dans [38], et dévelopée dnas [2]. En appliquant cette théorie
d’intersection sur les espaces de modules des courbes rationnelles tropicales, il est
possible de retrouver les invariants de Gromov-Witten et les invariants descendents
[30], [47].

Dans ce travail, on défine un produit d’intersection sur les cycles tropicaux con-
tenus dans des éventails matroidaux. Les éventails matroidaux peuvent se produire
comme des “tropcalisations” d’espaces linéaires, cependent ils sont plus généraux
[53], [54]. Ce type d’éventails correspond aux modeles locaux des variétés tropicales
lisses. Le produit d’intersection défini sur ces éventails s’inspire de l'intersection
stable en R". Pour le définir, on utilise une technique qui ressemble aux moving
lemmas en géométrie algébrique classique, a la différence que ce produit s’applique
a des cycles et non a des classes d’équivalence. Malheureusement, cette machinerie
ne fonctionne pas pour intersecter des cycles contenus dans le bord des variétés
tropicales.
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Jusqu’a présent, la majorité des résultats obtenus pour les variétés tropicales
abstraites sont en dimension un. Par exemple, il existe une version tropicale du
Théoreme de Riemann-Roch pour les courbes, [], [22], [40]. En plus, on peut
porter un point de vue tropical sur la théorie de Brill-Noether [14] et le théoreme de
Torelli [13]. Comme dans le monde classique, I’étude des dimensions supérieurs pose
des difficultés. Dans le cas des surfaces tropicales, différents problémes surviennent.
Le premier probleme est de savoir quelles surfaces considerer. En effet, il existe
des variétés tropicales auxquelles il ne correspond aucune variété classique. Ceci
se produit méme localement en dimension supérieure a un. Le second probleme
est de savoir quelles courbes considerer dans ces surfaces. En géométrie classique,
I’étude des surfaces repose sur I’étude des courbes qu’elles contiennent. En essayant
d’imiter cette approche pour les surfaces et courbes tropicales, on découvre encore
que la situation est bien différente. Par exemple, Vigeland a montré I'existence de
surfaces tropicales dans R*® de dégré d > 3 qui contiennent une infinité de droites
tropicales. Par un théoreme de Segre, une surface complexe de dégré d > 3 ne peut
contenir qu’un nombre fini des droites [51].

La théorie d’intersection tropicale se révele étre tres utile pour comprendre ce
genre de phenomene. Par exemple, on peut trouver des courbes dans une surface
tropicale qui s’intersectent proprement avec une multiplicité négative. En appliquant
la formule d’adjonction, on remarque également qu’il existe des surfaces tropicales
lisse qui contient des droites “singulieres”.

Cette these est divisée en trois chapitres. Dans le premier, on rappelle les
définitions nécessaires de [38], [48], [2] avec certaines généralisations. Ensuite, on
établit une relation entre les modifications tropicales d’un éventail matroidal et les
operations sur les matroides. A Daide de ces notions, on définit alors ce qu’est une
variété tropicale lisse. La premiere définition de variété tropicale abstraite a été
donnée par Mikhalkin dans [38]. Ici, la différence réside dans le fait que les modeles
locaux utilisés sont matroidaux.

Dans le chapitre [2| on développe une théorie d’intersection sur les variétés trop-
icales lisses. Premierement, on montre comment intersecter les cycles dans les
éventails matroidaux dans R". Dans certains cas, ce produit d’intersection lo-
cal s’étend aux variétés tropicales. Les problemes surviennent lorsque deux cycles
s'intersectent au bord de la variété tropicale. Il est tout de méme possible de définir
I'intersection au bord dans certains cas. On peut alors définir I’'équivalence ra-
tionelle des cycles tropicaux. Enfin, on définit I'intersection transverse dans le cadre
de I'homologie tropicale comme introduit par Itenberg, Katzarkov, Mikhalkin and
Zharkov [27].

Le dernier chapitre se concentre sur le cas des surfaces. Dans un premier temps,
on simplifie les produits de cycles et on décrit les intersections au bord d’une surface.
On montre aussi qu’on peut définir un produit sur les classes d’homologie (1,1)
dans une surface compacte. On introduit ensuite la somme tropicale fibrée de deux
surfaces en analogie a la somme classique des variétés lisses. En guise d’exemple, on
montre qu’on peut contracter des courbes tropicales rationelles non-singulieres avec
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auto intersection —1 dans une surface tropicale. Ensuite, on montre que la formule
de Noether est préservée sous la somme tropicale.

Les surfaces décomposées en étages dans espace projectif tropical fournissent un
autre instance de la somme tropicale. Pour de telles surfaces, on calcule I’homologie
tropicale (1,1) et sa forme d’intersection. La dimension de ce groupe coincide avec
celle du groupe H*! d’'une surface complexe du méme dégré comme indiqué dans
[27]. Cependant ces formes d’intersection different. Enfin, on montre que la formule
de signature de Hirzebruch doit étre modifiée pour subsister dans le cadre tropical.

Finalement, on démontre une correspondance locale entre les intersections de
courbes complexes et de courbes tropicales dans les surfaces. En utilisant cette
correspondance, on donne des obstructions a ’approximabilité locale des courbes
tropicales. Aussi, on classifie toutes les courbes trivalentes et localement approx-
imables. Ensuite, on applique la formule d’adjonction dans le cas local pour obtenir
des obstructions générales pour l'approximabilité des courbes. Pour conclure, on
donne une condition suffisante pour que le genre prédit par la formule d’adjonction
soit égal au premier nombre de Betti de la courbe tropicale.

Chaque chapitre fournit une introduction plus détaillée. Une partie du contenu
de cette these a été presentée dans [52] et [12]. Le deuxieme article est une collab-
oration avec Erwan Brugallé et certaines parties de ce travail apparaissent dans ce
texte.






Introduction

One of the main goals of tropical geometry is to study classical algebraic geometry
with the help of simpler objects. Locally these objects are polyhedral complexes
equipped with extra structure and are called tropical varieties.

Tropical varieties appear when degenerating families of complex algebraic vari-
eties under the logarithm map, [36], [49], or as non-archimedean amoebas [15]. In
these situations, the combinatorics of the tropical varieties can reflect the geometry
the original spaces. Perhaps the best known example of this is Mikhalkin’s cor-
respondence theorem for curves in R? [36]. This theorem is also one of the major
successes of tropical geometry. This correspondence yielded a variety of applications
to real and complex enumerative geometry of toric surfaces; namely combinato-
rial algorithms for computing Gromov-Witten invariants, and new results involving
Welschinger invariants.

Tropical geometry has also had success with intersection theory. Naively, at
first glance it seems that intersecting tropical varieties is nothing like intersecting
classical ones. For example, two distinct tropical lines in the plane may intersect in
an infinite number of points. Early on, stable intersection of tropical cycles in R" was
introduced and resolves this problem [48], [38]. Since then various correspondence
theorems have been proved for such intersections, [9], [46], [42]. Also, tropical
intersection theory based on Cartier divisors was introduced in [38], and developed
in [2]. This has been applied to tropical moduli spaces of curves in [30], [47]. With
these tropical calculations, the authors manage to recover classical Gromov-Witten
invariants, and descendent invariants.

In this thesis we define an intersection product on tropical cycles contained in
matroidal fans which extends to tropical manifolds. These fans may occur as the
tropicalisations of linear spaces, however they are more general [53], [54]. Non-
singular tropical manifolds as defined here are modelled on special types of fans
known as matroidal. The intersection product on these fans is similar in a way
to stable intersection in R". In order to define it we use a sort of moving lemma
technique, like in classical algebraic geometry, yet it has an advantage over the
classical theory. In classical intersection theory we have to pass to equivalence classes
of cycles to define intersection products. For the most part, in tropical intersection
theory no notion of equivalence is needed. Unfortunately, this advantage of tropical
geometry breaks down when we want to take self-intersections of boundary divisors.

To date most of the study of abstract tropical varieties has been in the case
of curves. For example there is a tropical version of the Riemann-Roch theorem



for curves, [4], [22], [40]. Also Brill-Noether theory and the Torelli theorem have
been studied tropically, [I4], [I3]. The last chapter of this thesis is dedicated to
the study of tropical surfaces. In general, the tropical world is different from the
classical algebro-geometric one, for instance there are tropical spaces which have no
classical counter-part. The first problem is to determine which surfaces to consider.
In addition, the classical study of surfaces relies heavily on studying the curves
contained in them. Trying to mimic this approach with our current definitions of
tropical curves in surfaces and we immediately encounter problems. For example,
Vigeland showed the existence of tropical surfaces in R of degree greater than two
containing infinite families of tropical lines [56], whereas classically it is known that
a surface of degree greater than two contains only finitely many lines [51]. Therefore
even if the tropical surface under consideration is realisable, there may be tropical
curves contained in the surface which are not.

Tropical intersection theory proves to be an indispensable tool to the study of
surfaces. By intersecting curves in surfaces we observe some strange facts about the
tropical world. For example, there are tropical curves in a surface which intersect
properly and have a negative intersection multiplicity. Even more strange, there are
non-singular tropical surfaces containing “singular” lines.

This thesis is divided into three chapters. The first chapter is a review of defi-
nitions from [38], [48], [2], with some necessary generalisations. We also establish a
relation between tropical modifications of matroidal fans and operations in matroid
theory. These preliminary definitions pave the way to introduce tropical manifolds.
A first definition of an abstract tropical variety appeared in [38]. The definition
presented here differs in that we insist that the local models be “matroidal fans”.

Chapter [2| develops intersection theory on tropical manifolds. First we show how
to intersect tropical cycles contained in matroidal fans in R"™. This product is then
carried over to manifolds. Intersections with boundary divisors are also given in
limited cases and we extract from this a definition of tropical rational equivalence.
At the end of the chapter we summarize tropical (p,q)-homology as defined by
Itenberg, Katzarkov, Mikhalkin and Zharkov. Then we describe intersections of
(p,q)-cycles in R™ in the transverse case and in matroidal fans contained in R"
moreover we define a cycle map proposed by Mikhalkin which identifies a tropical
k-cycle with a (k, k) cycle in a compact manifold.

The final chapter focuses entirely on surfaces. First we simplify the definitions
of intersection products of tropical cycles in the case of surfaces. We also show that
for a compact tropical surface X, there is an intersection pairing on (1, 1)-homology
classes. In this chapter we also give a way to glue two tropical surfaces satisfying
certain conditions, which we call the tropical sum, because of its resemblance with
the classical fiber sum. As examples of this construction we present tropical “blow-
downs” of non-singular fan —1-curves in a tropical manifold X. Not only does the
tropical fiber sum allow us to construct new tropical surfaces from old, but also to
prove classical formulae for sums of surfaces, for example Noether’s formula.

For a floor decomposed surface of degree d in tropical projective space we com-
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pute the tropical (1,1)-homology group and its intersection form. Its dimension
coincides with the dimension of H'! for a complex surface of the same degree, as
expected by [27]. However, the intersection forms are not the same.

Finally we use tropical intersection theory to provide obstructions to approxi-
mating fan tropical curves in fan tropical planes by constant families and provide
some classification theorems for locally approximable fan tropical curves. By trans-
lating the classical adjunction formula to the tropical world we obtain more general
obstructions to approximating curves in the local case. We also present a sufficient
condition for a tropical curve in a tropical manifold to satisfy the tropical adjunction
formula with the genus the first Betti number of the curve.

Each section presents a more comprehensive introduction. Some of the contents
of this thesis have been presented in [52] and [12]. The second article is a collabo-

ration with Erwan Brugallé, and only a selection of its contents appears here near
the end of Chapter
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Chapter 1

Tropical Manifolds

To describe a class of manifolds one first describes their local models (for example
neighborhoods of R" or C") and then the coordinate changes (for example smooth
functions or holomorphic functions). In tropical geometry the first task is slightly
more difficult. Tropicalisations of the same variety considered in different spaces
yield polyhedral complexes with different topology. For example, a complex line, C
tropicalises to T = [—00,00). A line C C C? given by the equation z; + 20+ 1 =10
may tropicalise to a trivalent graph in T? with a single vertex at (0, 0) and the three
outgoing rays in the directions (—1,0) (0, —1) and (1,1), see Figure[1.2

To start we consider standard tropical affine space which is just T". Here we
define tropical cycles and tropical functions. These definitions first appeared in
[38], except for the definition of boundary cycles. This leads us to define tropical
modifications, following [38]. We make a clear distinction between the tropical
modifications that are considered here (and which appeared in [38]) and the ones
presented in other works, [2], [I]. The main difference is that we work with the
boundary of T" and thus can obtain compact spaces as initiated in [3§].

Section [I.1.4] relates matroidal fans or Bergman fans of matroids and tropical
modifications. Bergman fans were initially defined to be the logarithmic limit sets
of complex algebraic varieties [5]. For varieties defined by linear ideals, Sturmfels
showed the Bergman fan depends only on the underlying matroid and he also gen-
eralized the Bergman fan construction to any loopless matroid [55]. Matroidal fans
are the local models of tropical manifolds to be defined in the following section.

Finally, Section defines tropical manifolds using matroidal fans as local mod-
els and integral affine functions as transition functions. The definitions of cycles,
functions, and divisors all extend to tropical manifolds. We also introduce a notion
of non-singular divisor and non-singular tropical modifications of manifolds. A pro-
posal of Mikhalkin in [38] is to generate an equivalence relation on tropical manifolds
based on these non-singular tropical modifications. Non-singular algebraic varieties
are manifolds. The spaces to be introduced behave similarly to the non-singular
spaces as we will see. However, these spaces are more general than non-singular
classical algebraic varieties.



2 Chapter 1. Tropical Manifolds

1.1 Local models

1.1.1 Standard tropical affine space

The tropical numbers T = RU{—oc} form a semi-field equipped with the following
operations:

“r-y’ =z +yand “v+y’ = max{z,y}.

As the multiplicative and additive identity we have 17 = 0 and Op = —oco respec-
tively. Tropical subtraction does not exist, however division in T corresponds to
subtraction.

One way of arriving at such a semi-field is via Maslov’s dequantisation of arith-
metic, the reader is referred to [32] for more details. In short, there is a one-
parameter family of semi-fields (T, &, ®;), for t > 0, such that,

log, : (R>o, 4+, x) — (T, ®¢, ®4)

is an isomorphism. Taking the limit, ¢ — oo, one obtains the tropical semi-field
(T, max, +).

From another point of view, one may consider K the field of generalised Puiseux
series, that is locally convergent series a = Y, ; a;t", where I C R is well ordered
and a; € C, see [34]. Since the indexing set I for a series is well-ordered there is a
valuation map, val : K — T, given by val(},; a;t') = —min I and val(0) = —oo.
The valuation map satisfies,

val(ab) = wal(a) + val(b)
val(a +b) < max{val(a),val(b)}.

If when added, the leading terms of the two series, a and b do not cancel we of
course have val(a+b) = max{val(a),val(b)}, and the resemblance with the tropical
operations becomes clear.

Equip T" = [—o00, 00)" with the Euclidean topology, and think of it as tropical
affine n-space. In R™ C T", fix the standard lattice Z", with basis e;,...e,. The
boundary of T" admits a natural stratification in the following way: Let H; = {x €
T" | #; = —oo}, be the i coordinate hyperplane and given a subset I C {1,...,n}
denote H; = N;erH;, and

Then,

™= [ H

PCIC[n]

For every I € [n], we have H; = T"l and H = R" |, In a boundary stratum
H) of T" fix the natural lattice isomorphic to Z"~ ! given by Z" /(e; | i € I).
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Definition 1.1.1. The sedentarity of a point z € T" is
S(x)y={iel|xz;=—oc0}.
The order of sedentarity of z is s(x) = |S(x)|.

The order of sedentarity is due to Mikhalkin and Losev. The notion of sedentarity
is necessary in tropical geometry as not all points of T" behave in the same way. For
a first glance at this, one may think of T" as the image of C" by the coordinate-wise
log map,

Log, : c” — T

(217"'azn) )_)(logt|zl|7"'7logt|zn|)‘

For a point x € T", its fiber is Log,(z) = (S')"*, where k is the order of sedentarity
of z. In particular, the fiber above (—oo,- -+ — 00) is just a single point (0,...,0).
Fixing polar coordinates r;, 6; on (C*)" = RZ; x(S)", the sedentarity as a subset
represents the cycles of the torus (S')" which get collapsed in the fiber over a point,
i.e. if S(x) = I, then

Log; ' (z) = (S")"/{6i | i € I).

It is perhaps due to this non-uniformity of tropical affine space that early works
in tropical geometry did not take into account the boundary and only worked in R".
Most of the necessary notions had been introduced in [38]. With the right definitions
compact tropical spaces are manageable and it can be quite useful to exploit the
different nature of points in T".

Call R" C T" the tropical torus, since R" = val((K*)") = Log,((C*)"). With
the boundary removed, the points in R" behave uniformly. Because of this the next
round of definitions is less technical in R", and so we start with this case and then
generalise.

1.1.2 Tropical cycles

Tropical cycles in R" have already been presented in various places, [2], [29], [38],
[48]. Here these definitions are reviewed and extended to define cycles in T". This
generalisation is not a difficult task, but it is necessary for the consideration of
compact tropical spaces.

To start we summarize some important terminology for polyhedral complexes.

e A polyhedral complex P C R" is a finite collection of polyhedra in R" which
contains all the faces of its members and the intersection of any two polyhedra
in P is a common face.

e A polyhedral complex P is rational if every face in P is defined by the in-
tersection of half-spaces given by equations (z,v) < a where a € R" and
velZ" CR"



4 Chapter 1. Tropical Manifolds

The support |P| of a polyhedral complex P is the union of all polyhedra in
P as sets, and P is pure dimensional if | P]| is.

A polyhedral complex P is weighted if each facet F' of P is equipped with a
weight wp(F) € Z.

A complex P; is a refinement of a complex P; if their supports are equal and
every face of P, is a face of P;.

The k-skeleton of a polyhedral complex P, denote P®*. is the union of all
faces of P of dimension 7 < k.

The star of a point p € P is

Star,(P)={veR" |3e>0, p+eve P}

The following is the balancing condition well known in tropical geometry.

Definition 1.1.2. [48§] [3§]A pure dimensional weighted rational polyhedral complex
C' C R" is balanced if it satisfies the following condition on every codimension one
face E C C: Let Fy,... F; be the facets adjacent to E and v; be a primitive integer
vector such that for an x € E, x 4 ev; € F; for some € > 0. Then,

S
E WF; Vs,
i=1

is parallel to the face F, where wp, is the weight of the facet [}, see the left hand
side of Figure [1.1]

Definition 1.1.3. [48] [38] A tropical k-cycle C C R" is a pure k-dimensional
weighted, rational, polyhedral complex satisfying the balancing condition.

Define an equivalence relation on tropical cycles by declaring a cycle with all
facets of weight zero to be equivalent to the empty polyhedral complex. The set of
tropical k-cycles in R™ modulo this equivalence will be denoted Z;(R™). Since this
equivalence relation is rather trivial we will abuse our nomenclature and refer to the
equivalence class of a cycle as just a tropical cycle. This set forms a group under
the operation of unions of complexes and addition of weight functions denoted by
+. See [2], [38] for more details.

Definition 1.1.4. A tropical k-cycle is effective if all of its facets have positive
weights.

Definition 1.1.5. Given two tropical cycles A,C' C R" we say A is a subcycle of C'
if |A| C |C] and given an open face F' of A there is an open face of C' which contains
it.
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Definition 1.1.6. An effective tropical cycle L C T" is a generic tropical line if it
has exactly n+1 unbounded edges in the directions —ey, ..., —e, and eg = e1+...¢e,
all equipped with weight one.

See Figure for examples of tropical lines. We will sometimes denote a tropical
line with a single vertex centered at the origin by L,.; C T". A tropical line which
is not “generic” may have unbounded rays in linear combinations of these vectors
with coefficients one.

Remark If A is a subcycle of C', then there exists a refinement of the polyhedral
structure on C' so that A is a polyhedral subcomplex of C'. Although we will not
need to consider this refinement of C', the polyhedral structure on A as a subcycle
of C' will be important.

There have been two approaches to intersections of cycles R". Firstly, tropical
stable intersection was defined for curves in R? in [48] and for general cycles by
Mikhalkin in [38]. The intersection product in R" of Allermann and Rau is based
on intersecting with Cartier divisors and the diagonal [2]. The two definitions have
been shown to be equivalent in both [47], [29]. We review the definition of stable
intersection in R".

Definition 1.1.7. [48], [38] Let A € Z;,(R") and B € Z,(R") then their stable
intersection, denoted A.B is supported on the complex (ANB)* where k = ki +ky—n
with weights assigned on facets in the following way:

1. If a facet FF C (AN B)* is the intersection of top dimensional facets D C A
and I/ C B and D and E intersect transversely, then

wap(F) =wa(D)wg(E)[Z": Ap + Ag],

where Ap and Ag are the integer lattices spanned by the faces D and E
respectively.

2. Otherwise for a generic vector v with non-rational projections and an € > 0,
in a neighborhood of F'; A, = A+¢€-v and B will meet in a collection of facets
Fy ... F, parallel to F' such that the intersection at each Fj is as in the case
(1) above. Then we set,

wp(A.B) = ZwFi(AE.B).

That the formula above is well-defined regardless of choice of the vector v follows
from the balancing condition. In fact, the above weight calculation is equivalent
to the fan displacement rule for intersection of Minkowski weights from [20]. For
more details see [2] or [2§]. By the equivalence of Mikhalkin’s stable intersection
and Allermann and Rau’s intersection product shown in [47] [29], the following two
propositions can be found in Section 9 of [2].
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x3

T

a) b)

Figure 1.1: a) Balancing condition for a surface b) Cycles of sedentarity in T®.

Corollary 1.1.8. [2] Given A, B tropical cycles in R" the following hold,
1. A.B C R" is a balanced tropical cycle.
2. (A.B).C = A.(B.C)
3. AB=B.A
4. A(B+C)=AB+ AC

Next we generalise the definition of cycles in R" to T" by allowing cycles con-
tained in the boundary strata.

Definition 1.1.9. A subset B C T" is said to be of sedentarity [ if it is the
topological closure in T" of some B® C H;. A tropical k-cycle C' C T" of sedentarity
I is the closure of a tropical k-cycle C° c R" Ml = H.

Again let Z; ;(T™) denote the quotient of the set of all k-cycles of sedentarity [
by those with only zero weights. Given two cycles A, B € Z;, ;(T") denote by A+ B
the closure of A° + B° as defined in R"~!. This gives a group structure on k-cycles
of sedentarity I and Zj ;(T") 2 Z,(R" 1.

Definition 1.1.10. The group of tropical k-cycles in T" is

Zy(T") = P Zia(T").

0CIC[n]

Just as in R", a tropical cycle in T" is effective if all of its facets are equipped
with positive weights. Also, a tropical cycle A C T" is a subcycle of a cycle C' C T"
if the supports satisfy |A| C |C| and for every open face of A there is an open face
of C' containing it.

Next we generalise intersections of cycles in R" to intersections in T" in a specific
case. Recall that the vectors ey, ..., e, denote the standard basis of Z" C R".
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Definition 1.1.11. Let A C T" be a k-cycle of sedentarity I then

o Ifi e, set AH; =0.

e If I = () then A.H; is supported on (AN H;)*~Y with the weight function
defined as follows: Given a facet F of (AN H;)*=Y it is adjacent to some
facets Fi,..., F, of A. Then,

wan,(F) =Y wa(B)[Z": Ay + A,
=1

where A = {z € Z" | (x,¢e;) = 0}.

e If I # () and ¢ € I then A.H; is the intersection of A.H, ; calculated in
H; = T " as in the case above.

Every cycle A C T" can be uniquely decomposed as a sum of its parts of different
sedentarity and we extend the above definition to cycles of mixed sedentarity by
linearity.

Proposition 1.1.12. Given cycles A, B C T" we have:

1. A.H; is a balanced cycle.
2. (A+ B).H; = A.H;, + B.H;.

Proof. For the balancing condition assume that A is of sedentarity () and let £ C
A.H; be a face of codimension one which is in the interior of a face of T" of sedentarity
1. Let Ej denote the faces of codimension one of A and of sedentarity () which are
adjacent to E. For M >> 0let Lyy = {x € T" | &y = —M} then E; N Ly is in
A.Ly and A.L,; is balanced at Ej N Ljs. This means that

> wary, (FNLyvp = > wa(F)[Z": Ag + AfJop =0 (1.1.1)

EjCﬁ E~jCF

where v is the primitive integer vector orthogonal to E generating F.

Let 717 : R® — R™" Wl be the linear projection with kernel < e; | 2 € I >. Then
a facet F' D Ej is adjacent to a face F' O E if and only if 77, (vz) = vp where vp is
the primitive integer vector in R orthogonal to F generating F. Applying mr,
to and taking the sum over all Ej adjacent to F we obtain balancing at E.

When A and B are of equal sedentarity distributivity follows from the additivity
of the weight function. For cycles of mixed sedentarity the intersection is defined by
extending the product linearly, so it is distributive. O
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1.1.3 Tropical functions, modifications and divisors.

Definition 1.1.13. [38] Let U be a connected open subset of T" and let S =
U,er s(x) C [n]. A tropical regular function f : U — T is a tropical Laurent

polynomial
f(a:) _ uzaaxom

aEA
where A C Z" is such that for all « € A, a; > 0ifi € S.

A tropical regular function is a piecewise affine, integer sloped, convex function,
whose graph is a finite polyhedral complex. Suppose U C R" C T" is connected,
then every regular function on U can be expressed as a tropical Laurent polynomial
flx) =“>" caaax®”. If U contains a point x for which z; = —oo for some i, then
“©UVVx;” = —x; = 00 ¢ T, and ‘1/x;” is not regular on U. Distinct tropical polyno-
mials may represent the same functions as some monomials may be redundant, for
example,

fi(z) = “z* + (=Dz + 1p" = max{2x,z — 1,0},

and
fo(z) = “2® + 17”7 = max{2z,0}.

Let Op»(U) denote the semi-ring of regular functions on U and Or» the regular
functions on T".

Tropical division corresponds to subtraction and so a rational function is of the
form h = “f/g” = f — g where g # —oco. On R" C T" such a function is always
defined since it is the difference of two continuous functions. At the boundary of
T™ where the function may take values +0o there may be a codimension two locus
where the function is not defined. For example the function f(z) = “21” on T? at
the point (—oo, —00). We denote the rational functions by Kp». Given a tropical
cycle C' € Zi(T") (or C € Z(R")) regular functions and rational functions on C,

denoted O¢ and K¢ respectively, are obtained by restriction of O and Krpn.

Definition 1.1.14. A function f € Oy is invertible on U if “%” =—fe€O(). For
a subset U C T" denote by O*(U) the invertible functions on U.

It is not difficult to see that if f € O*(R") then it corresponds to a tropical
monomial (i.e. it is an integral affine function). Similarly, if f € O*(T") then it
corresponds to tropical multiplication by a constant in T* (i.e. regular addition by
a scalar in R).

We examine the simple operation of taking the graph of a line. Let f; : T — T
be the regular function given by fi(x) = max{z,a}. The graph of this function is
drawn in black in the middle part of Figure [I.2 Notice that the graph does not
satisfy the balancing condition at the point (a,a), nor does it obtain tropical zero,
Or = —oo. There is a canonical way to fix both of these faults; add a ray in the
downward vertical direction to the graph at this point, (this is drawn in red in Figure
. If this ray is equipped with weight one then the resulting cycle is now balanced.
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1,1, 1)

T
fi(z) = max{x,a} fo(z) = max{x, b}

Figure 1.2: Two modifications of a tropical line,

The right hand side of Figure repeats this procedure for a function fy : T> — T,
to obtain a cycle in T®. Both of the cycles produced after this operation happen to
be tropical lines in this case.

Construction 1.1.15 Tropical modifications.

In general, given a cycle C C T" we may consider the graph I'c € T™*! of a function
f € O¢. The graph I'f(C) is still a rational polyhedral complex, moreover its facets
inherit weights from the corresponding facets of C'. But since f is only piecewise
affine, the graph I'/(C) is not necessarily balanced. At any unbalanced codimension
one face £ of I'f(C) we may attach a facet generated by the vector —e, 1, namely

Fp={(z,¢) |z € E,ce€ (x,—o0]}.

Moreover, for each new facet there exists a unique weight wp, € N balancing the
resulting complex at E. Call the undergraph of f restricted to C the weighted
complex:
2 (Ff (©)) = U Fpg.

ECIy(C)

codim(E)=1
In Figure , the undergraph for I';(T?) where f(r,y) = max{z,y,0} is drawn in
red. Then at last,

C =T;(C)uUT;(0))

is a tropical cycle in T"*!. Let 6 : T — T be the linear projection with kernel

generated by e,.1, then §(C) = C. Then § : C — C is a regular elementary
tropical modification of C' along the regular function f.
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(t, ¢, 1)

f(z,y) = max{x,y,0}

Figure 1.3: A modification of the tropical affine plane, § : P — T?. The undergraph
consists of the three faces drawn in red and the divisor is drawn in red in T?. The
fan P is the standard tropical plane in TP?.

Definition 1.1.16. Given a cycle C' C T" and a regular function f € Oc¢, the
regular elementary modification of C' along f is § : C —s C. Where C is given
by Construction and ¢ is the linear projection with kernel —e, ;. Also, C is
called a regular elementary contraction of C'.

If the terminology Definition seems confusing, the reader is encouraged
to think of the notation and terminology used for the operation of blowing up in
classical algebraic geometry. The blow up of a of a variety X refers to the map
T X — X, yet the term is also used to denote just the space X. In this spirit, a
modification will sometimes refer to simply the space C' where the existence of the
modification map § : ¢ —» C is implied. Continuing with this analogy, tropical
contraction is the counter part to blowing down in algebraic geometry.

Definition 1.1.17. A regular modification, (respectively regular contraction), is any
composition of regular elementary modifications, (respectively regular elementary
contractions).
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22:()

23:0

Z():O

P PCT?

Figure 1.4: a) The line £ drawn in the plane P C C* with respect to the coordinate
axes. b) The tropicalisation (P, L) in T? of (P, L) in C*.

Using modifications we define the divisor of a function on a cycle C' C T".
Divisors have already been introduced in [38], and studied in depth in [2].

Definition 1.1.18. Let f,g : T" — T be regular functions and suppose g # Or
and let C' C T" be a cycle and 6 : C' — C' the modification of C' along the function
f- Then,

1. the divisor of the function f restricted to C is dive(f) == 07(C.Hyys).
2. if h = “f/g” then dive(h) := dive(f) — dive(g).

Proposition 1.1.19. For functions f,g € Kt and cycles A, B C T". We have,

divarp(f) = diva(f) + divg(f).

Proof. This follows directly from Proposition [1.1.12] and Definition [1.1.18 m

Example 1.1.20
Consider the plane P C C? given by the zero set of the linear equation

.F(Zl,ZQ,Zg) = Z1 —|—22 +23+ 1.

We may tropicalise this plane by taking the following limit, also known as the
“logarithmic limit” set or Bergman fan [5],

lim Log,(P).

This is the same two dimensional fan P C T?® shown in Figure . Consider the
line £ C P defined by the additional equation z3 = —1. It is not difficult to check
that limy_,, Log,(£) C T? is an affine line, L C P, passing through the origin of R?
in direction (1,1,0), see Figure We say L C P is approximated by a line £
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in the plane P. It was remarked in both [38] and [2] that L C P is not the divisor
of a tropical polynomial restricted to P, however, it can be given as the divisor of a
tropical rational function, namely.

f(z1, 29, x3) = max{zy, x2} + max{xs, 0} — max{z, s, x3,0}.

The easiest way to see that this is the correct rational function is to compute the
sum of cycles,

divp(f) = divp(fi) +dive(f2) — dive(fs),

where
fi= maX{$1,iU2}, fo= max{:cg,()}, and f3 = maX{ﬂ?l,xQ,l’&O}-

Thus a curious phenomenon occurs, the complex line £ is the divisor of a polynomial
on P, but this no longer holds for the tropicalised pair L C P.

This example motivates us to allow elementary tropical modifications along more
general functions, namely tropical rational functions which have effective divisors.
The construction of the modification cycle C is the same as in the regular case. The
modification C' remains an effective cycle because of the effective condition on the
divisor.

Definition 1.1.21. Given an effective cycle C' C T" and a rational function f € K¢
such that dive(f) is effective, the elementary modification of C along f is §7 : C —

C. Where C' is given by Construction [L.1.15 and d; is the linear projection with
kernel —e, 1. Also, C' is called an elementary contraction of C.

A modification, respectively contraction, is any composition of elementary mod-
ifications, respectively contractions. Given a rational function with effective divisor
on C, it in fact defines a continuous function on all of (', including the boundary,
there is no codimension two locus of indeterminacy. For a modification of a cycle
C C T" we can define pullback and pushforward maps on subcycles.

Definition 1.1.22. Let ¢' C T" be an effective cycle, f € K¢ be a function with
effective divisor on C' and § : C' — C be the elementary modification along f, so
that e, generates the kernel of 6. We define the following:

1. The push-forward map of cycles is d, : Z,(C) — Zx(C). For a cycle of seden-
tarity order 0 it is given by 6,A = 0(A) with weight function,

ws A(F) = ) wa(F)[Ag : Apl,

F,CA8(Fy)=F

where Ap, is the image under § of the integer lattice generated by F; and Ap
is the integer lattice generated by F'. If A is of sedentarity [ where n+1 ¢ I,
then 6,A is given by restricting the above definition to the modification ¢ :
CNH; — CNH;. Ifn+ 1€ then 6,A=§(A).
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Up + Uz + Uy

Uy + U3 + Uy
/ \/ \ ’
\ /

UTp(f))

Ul + U + Uy

Figure 1.5: The fan P C T* from Example 1.1.23]is the cone over the graph on the
left. The undergraph of the modification § : P — P is a single face shown on the
right. The pullback 0*L is not effective.

2. The pull-back map of cycles 6* : Z,(C) — Z,(C) for a cycle A € Zy(C),
d*A is the cycle obtained from the graph {(z, f(x)) | * € A} by adjoining the
unique collection of weighted facets in the direction —e,, 1 so that the resulting
complex is balanced.

The complex 0, A inherits its weights from A in such a way that the equilibrium
of A guarantees that 0, A is also balanced. Notice that 6,6*A = A but §*9, A is not
always equal to A. The pullback of an effective subcycle may not be effective if the
modification is along a rational function.

Example 1.1.23

We return to the situation of Example to examine the modification along the
rational function f satisfying divp(f) = L. Denote this modification by ¢ : P— P.
The fan P  T* is the cone over the graph drawn on the left of Figure The
undergraph of the modification consists of one face which is drawn on the right of
Figure The pullback of the cycle L, §*L, is not an effective cycle in P, a weight
of —1 must be added to the edge in direction —e4 in order to satisfy the balancing
condition.

All of the above definitions of regular modifications, modifications, and divisors
given for cycles in T" restrict to cycles in R". For a cycle C' C R" and a function
f € O¢, the modification is constructed in the same way as in Construction [1.1.15]
and the resulting cycle C' is contained in R™ x T. This is contrary to in [2], where
the modification is contained in R™™, however this does not change the definition
of the divisor of a function f restricted C' C R". The reader may see [2] for this
definition or simply think of it as being the part with order of sedentarity zero of
divz(f) where C C T and f is extended naturally to C. We cite the following
proposition which will be used later on in Section [2.1.1]
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Proposition 1.1.24. [2/, [28] Given tropical rational functions f,g € Kgr and
tropical cycles A, B C R"

1. div(f)rr. A = diva(f)

2. divayp(f) = diva(f) + divg(f)

8. diva(“f - g") = diva(f) + diva(g)

Following part (1) of Proposition we have:

Corollary 1.1.25. If f € O(R") then div(f)rr.C is effective for every effective
cycle C C R".

As mentioned above, the procedure of tropical modification presented by Aller-
man and Rau in [2], considers the resulting cycle in R"™. To distinguish this from
the modifications we presented in this section they will be called open tropical mod-
ifications.

Definition 1.1.26. An elementary open tropical modification of a cycle C' C T"
(similarly C' C R") is

§:C — C,
where C' C T" x R (similarly Cc R™*1) is given by Construction|1.1.15/by removing
{41 = —co} and § : T" xR — T" (similarly § : R"" — R") is a linear

projection.

An elementary open tropical modification is still given by Construction [I.1.15]
except that we do not take the closure of the undergraph in T"*!, (or R" x T).

Elementary open tropical modifications should be thought of as an embedding of
the tropical cycle C' with the divisor dive(f) removed, where f is the function of the
modification. Similar to the case of normal tropical modifications, an elementary
open tropical modification is regular if it is along a regular function f and an open
tropical modification is a composition of elementary open tropical modifications.

1.1.4 Matroidal fans and modifications

This section provides a correspondence between certain types of tropical modifica-
tions and existing operations in matroid theory via the Bergman fan of a matroid.
There are various ways to define a matroid, [44] all of them being equivalent. Here
we will use most often the definition given by the rank function.

Definition 1.1.27. A matroid is a pair M = (E,r), where F is a finite set and
r:2F — NU{0} is the rank function satisfying the following,

1. Forall AC BC E, r(A) <r(B) < |B|. (bounded and monotone)
2. Forall AABC E, r(AUB)+1r(ANB) <r(A)+r(B). (submodular)
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Matroid theory is a very rich subject, only the necessary definitions and termi-
nology will be reviewed here. The reader is referred to [44] for a comprehensive
introduction. Here is a quick glossary of matroid terminology to be used involving
a matroid M = (E,r).

e The rank of a matroid is r(FE).

e A subset I C E' is independent if r(A) = |A| and dependent if r(A) < A.
e A subset B C F is a basis r(A) = r(E) = |A|.

e An clement e € E is a loop if 7(e) = 0.

e An element e € F is a coloop if e € B for every basis B of M.

e The matroid is said to have double points if there exists i, 7 € F such that
r(ij) = 1.

e A subset F' C F is a flat if for all e ¢ F, r(F) < r(F Ue). The flats of
a matroid form a lattice Ay, called the lattice of flats in the sense of a
partially ordered set.

Example 1.1.28

A projective hyperplane arrangement A = U} ;H; where H; € P* are hyperplanes,
gives rise to a matroid M = (E,r) in the following way: Let E = {0,...,n}
and define the rank function by r(I) = codimpr (N;erH;). We will always assume
that N;epH; = 0 so that the rank of the matroid is k + 1, these are often called
“non-central” arrangements in the literature. The independent sets correspond to
collections of hyperplanes which intersect properly. Bases are collections of k 4 1
hyperplanes with empty intersection. A loop is a degenerate hyperplane given by
the linear form f(2) = 0, and i, j are double points if and only if H; = H;. Flats are
in one to one correspondence with the linear subspaces arising from the intersections
of the hyperplanes in A.

Given a matroid M of rank k 4+ 1 on a ground set £ = {0,1,...,n} we will
consider a projective version of the Bergman fan of M as seen in [55].

Definition 1.1.29. [38] Tropical projective space is
TP" = (T"*'\(—o00,...,—00))/(z0, ..., Tn) ~ (X0 + A, ..., T + )
for A € R.

Tropical projective space is topologically the n-simplex. We can equip TP" with
tropical homogeneous coordinates [zg : -+ : x,] similarly to the classical setting.
Also it is equipped with n + 1 charts, U; = {z | ; # —oo} = T" which can be
identified via integer affine maps. Tropical projective space is a tropical toric
variety, as to appear in Section [1.2.1]
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Figure 1.6: The compactifications of two tropical planes in T P3. On the right there
is a corner point p; ;x corresponding to a triple of lines.

Notice that R" C TP" is dense. The boundary of TP" is stratified in a way similar
to T". Given ) #1 C {0,...,n+ 1} we have a face of the n-simplex corresponding
to the subset of TP" where x; = —oco in homogeneous coordinates. Moreover such
a face is isomorphic to TP 11,

Construction 1.1.30

First assume that the matroid M = (E,r) is loopless, meaning it contains no loop
elements. Suppose the ground set is £ = {0,...,n} and M is of rank k+ 1. Let Ay,
denote the collection of flats of M. Recall that eq, ..., e, denotes the standard basis
of R". For 1 <i<nsetv,=—e; and vy = Z?:l e;, where e; are the standard basis
directions in R". For every maximal (meaning longest) chain ) # Fy C --- C F, # E
in Ay take the k dimensional cone given by the positive span of {vg,...,vp, }
where vp, = ), p ;. Finally, B(M) is the closure in TP" of the union of all such
polyhedral cones. This is the fine polyhedral structure on B(M) as defined by
Ardila and Klivans [3]. There is also a coarse structure on this set, which can be
obtained from the combinatorics of the lattice of flats, see [3]. This construction is
a projectivisation of the definitions given in [16], [3] up to a reflection caused by the
use of the maz convention instead of min.

Returning to the situation when the matroid M arises from a non-central hyper-
plane arrangement, as in Example , the complement P* \\A can be canonically
embedded into (C*)" in the following way. Each hyperplane is defined by a linear
form f; up to a constant. This provides a map,

F:.PF — P
= [folz) - ful2)],

Restricting F' to the complement and we obtain Fi : P*\ A — (C*)", call the
image V.
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\ A\

Figure 1.7: The line arrangements corresponding to the tropical planes from Figure
1.0l

When the arrangement is loopless, it was shown by Sturmfels in [55] that the
logarithmic limit set [5] of V C (C*)", i.e.
lim Log, (V)

t—o00

is the Bergman fan of the corresponding matroid. As mentioned in Example [1.1.28|
if 7 is a loop of a matroid corresponding to a hyperplane arrangement, then H; is the
degenerate hyperplane defined by the linear form f; = 0, and so ¢(PP*) is contained
in the " coordinate hyperplane of P". A Bergman fan of a matroid with loops will
be contained in the boundary strata of TP".

Definition 1.1.31. Given a matroid M = (E,r), let I C E denote its collection of
loops. Then the complex B(M) is contained in the boundary of TP" corresponding
to 2; = —oo for all [ € I and is equal to B(M\I) C TP~ 1,

The next two operations from matroid theory are related to tropical modifica-
tions.

Definition 1.1.32. Let M = (F,r) be a matroid,

1. The deletion with respect to e € £, M\e is the matroid (E\e,r|g\¢).

2. The restriction with respect to e € E, M|e is the matroid (E\e,r’) where
(1) =r(IUe)—r(e).

3. A matroid @ is a elementary quotient of M if there exists a matroid N on a
ground set ' = E'U ¢’ such that N\e/ = M and N|e/ = @, and N is called a
elementary extension of M.

Again if My is the matroid arising from a hyperplane arrangement we can in-
terpret the above operations geometrically. M 4\i corresponds to the arrangement
given by removing the e* hyperplane,

A= A\H,,
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and the restriction M 4|e corresponds to the induced arrangement on H.,,
./4// - {HZ N He}i;ée-

For more on this see Section 1 of [41].

We can actually perform deletions and restrictions with respect to a subset I C
E, these will be denoted M\ I and M |I respectively. Also @) will be called a quotient
of M if there is a matroid N with ground set £ U F' such that N\F = M and
N|F = @, and N will simply be called an extension. By the following lemma all
quotients of a matroid M can be represented geometrically as Bergman fans which
are subfans of B(M) considered with the fine subdivision.

Lemma 1.1.33. Q is a quotient of M if and only if B(Q) C B(M).

Proof. We may assume M is loopless and that ) is a single element quotient of
M, since every quotient can be formed by a sequence of single element quotients.
Moreover, by Proposition 7.3.6 of [44] @ is a quotient of M if and only if Ag C Ayy.
So supposing @ is loopless, the lemma follows immediately from the above statement
and the construction of B(M) in terms of the lattice of flats. If ) contains loops
L C E, then B(Q) is contained in the boundary stratum of TP" corresponding to
x; = —oo for all [ € I. A face of B(Q) corresponding to a chain of flats [ = Fy C
Fy C--- CFs;#A{0,...,n} of Ag, is contained in the boundary of B(M) if and only
if the same chain is a chain in Ay, and the lemma is proved. O

We have the following simple proposition relating tropical modifications, con-
tractions and divisors to matroid extensions, deletions and restrictions, respectively.
Recall that an element i € E is a coloop of a matroid M = (E,r) if i is contained
in every basis of M, i.e. i € B for every B C E for which r(B) = |B| = r(F). If a
matroid M contains m coloops then the corresponding Bergman fan B(M) C TP"
contains an m dimensional subspace of R".

Proposition 1.1.34. Let M be a rank k + 1 matroid on the ground set I/ =
{0,...,n}. Suppose i € E is neither a loop nor a co-loop, then in every chart
Ui ={x € TP" | z; # —oo} = T" C TP" there is an elementary tropical modifica-
tion

d; : B(M)NU; — B(M\i)NU,

with corresponding divisor B(M /i) N U;.
Proof. For the lattice of flats of deletions and restrictions we have:

Ay ={F C E\i | For FU1is a flat of M}
Ay ={F C E\i | FUiis a flat of M}.

Let §; : T" — T™! be the projection in the direction of e;. Then the image under §;
of a k-dimensional cone of B(M)NU; corresponding to a chain of flats Fy C --- C Fj,
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is still a & dimensional cone if and only if ¢ & Fj. In other words, if and only if the
corresponding chain is a chain of flats of Ayp\;. Therefore, we have

§(B(M)NU;) = B(M\i)NUj,

where U7} is a chart of T"!. In addition, 0 contracts a k-dimensional face of B(M)nN
U; if and only if ¢ € Fj,. Thus the image of all contracted faces is exactly B(M /i) N
U; C B(M\i) N U

By the next lemma the codimension one cycle B(M /i) N U; must be the divisor
of a tropical rational function f on B(M\i)NU;. Then up to tropical multiplication
by a constant (addition) this function must satisfy

T (B(M\i)NU;) C B(M)NU;,
and so it must be the function of the modification 9. ]

Lemma 1.1.35. Let B(M) C TP" be the Bergman fan of a matroid, and V =
BM)nU; c T" for somei € {0,...,n}. If D C V is a codimension one tropical
subcycle then there ezists a tropical rational function f € Kpn such that divy (f) = D.

Proof. First suppose V' = T", and that D has order of sedentarity 0, then the
statement is equivalent to showing that every codimension one cycle in R" is the
divisor of a tropical function f € Kgn. If D is effective, it is a tropical hypersurface
and is given by a tropical polynomial by [33]. When D is not effective the following
argument is due to an idea of Anders Jensen. Let D~ denote the collection of facets
of D which have negative weights. For a face F in D™, there exists a v € Z" and
a € R such that < x,v >= a for all z € E. Define a regular function hg : T" — T,
by
hg(z) = max{0, —wg(< z,v > —a)}

where wgp < 0 is the weight of £ in D. The function hg is given by the tropical
polynomial = “ax™"E” + 11”7, and divre(hg) is an affine hyperplane containing FE
and equipped with positive weight —wpg. Let h : T" — T be given by h(z) =
> pep- Pe(x), this corresponds to the tropical product of the tropical polynomials,
so h is again a tropical polynomial. Moreover, D + divre(h) is an effective cycle of
order of sedentarity zero in T", and thus is the divisor of a tropical polynomial f.
By part (3) of Proposition [1.1.24] D = divy»(f — h), and the difference f — h is a
tropical rational function.

Now suppose the fan V' C T" is the closure of a k-dimensional affine subspace
in R" and D C V a codimension one cycle. Therefore, the matroid corresponding
to V consists of k 4+ 1 coloops. There is a unique surjective linear projection 9§ :
V — T* with kernel generated by standard basis directions. The image §(D) C T*
is isomorphic to D as an integral polyhedral complex. Moreover equipped with the
weights from D, §(D) is a balanced codimension one cycle in T*. Therefore, it is
the divisor of a tropical rational function f on T*. Let f be the pullback of this
function to T". It is again a tropical rational function and we have divy (f) = D.
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To prove the general case we use a two step induction argument, first on the
codimension of the fan V' and secondly on m = k — ¢(V') where ¢(V) is the maximal
dimension of an affine space contained in V. The base case of the two inductions
were covered above, namely when V = T" and when V = T¥ ¢ T". Again, we
restrict to the case when D is of sedentarity order 0. First, take a linear projection
§:T" — T" ! with kernel generated by u; where i is not a coloop of the matroid
M corresponding to V. Then 6(V) = V/ where V"’ is also a k-dimensional matroidal
fan corresponding to the matroid M\i and let D" C V' be the matroidal fan cor-
responding to M/i. By induction on the codimension of the matroidal fan there
exists a rational function f on T ! such that divy.(f) = §,D. From f we obtain
a function f on T" which is constant in the variable z;, therefore f is a rational
function on T". Moreover, dives (f) = divps—1(f) x T C T" and divy (f) = §*8,D.

We will show that 6*6,D — D is also the divisor of some rational function g on
V, therefore D = divy (“f/g”) by part (3) of Proposition and this will finish
the proof. This difference, Ap = §*0,D — D is a cycle contained in the closure of
the faces of V' which get contracted under the projection ¢, let us call the union
of these faces the undergraph U of V' as in Construction [I.1.15] Therefore, it may
also be considered as a cycle in the matroidal fan D’ x T C T". By induction on
m = k — ¢(V) there exists a rational function h on T" such that divp/«r(h) = Ap.
Now let us restrict the function h to V. If divy(h) = Ap we are done. Otherwise
the cycle which is the difference of these two must be contained in V—\Z/{, since
divy (h) agrees with divp/w(h) on the undergraph. Therefore, 6*0,(divy (h)—Ap) =
divy (h) — Ap. Again by induction on the codimension of the matroidal fan, the
cycle d,(divy (h) — Ap) is given by a rational function A’ on V. Similarly as above
h’ also gives a function k' on T" and dlvv(h’ ) = divy(h) — Ap. Therefore, taking
g = h—h we have divy (¢g) = Ap. This completes the proof when D is of sedentarity
order 0.

If D does not have order of sedentarity 0 then D decomposes into a sum of
cycles of sedentarity order 0 and order 1 because of its codimension, so it suffices to
prove the claim when D is of sedentarity i. Then D is contained in the boundary
hyperplane of T" corresponding to x; = —oo and equipped with an integer weight
w. Then D is the divisor of the Laurent monomial z}". This completes the proof.

]

In fact even when i is a loop Proposition holds, but in a particular sense
where the function on B(M\i) producing the modification is the constant function
f = —oo. The divisor of such a function is all of B(M\i) which is equal to B(M /i),
if 7 is a loop.

Corollary 1.1.36. Given a k-dimensional Bergman fan B(M) C TP", every con-
traction § : B(M) — TP* corresponds to a choice of basis of M.

Proof. Given a basis B of M the deletion M\B¢ produces the uniform matroid
Uk+1,k+1 corresponding to TP*. If we delete along a set which is not the complement
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Figure 1.8: The link about the origin (or Bergman complex [55]) of the sequences
of modifications producing M 5. The divisor at each step is marked in white, the
iy indicate the cone of M5 corresponding to a trivalent curve, see [39], [23] .

of some basis then we decrease the rank of the matroid, meaning at some step we
deleted a coloop. This does not correspond to a tropical contraction. O

The next example presents Mé’:gp as a composition of elementary open matroidal
modifications. It is not possible to find a sequence of regular elementary matroidal
modifications.

Example 1.1.37
The embedding of the moduli space of tropical rational curves with 5 marked points,
Mg e into R® (see [39], [54], [23] ) is the first example of a realisable fan not obtained

by a sequence of modifications along regular functions. The plane P ¢ T* can be
obtained from a different sequence of modifications which are both regular. It was
shown in [3] that /\/lf)’:flp corresponds to the Bergman fan of the complete graphical
matroid K,,_;. Tropical contractions of M@fff correspond to the deletion of an edge

of K,,_1. So the very first elementary tropical contraction of Mf{g’p is unique by the
symmetry of K. The link of singularity of the fans obtained by a series of elementary
contractions starting from M ¥ and finishing at R* are drawn in Figure , with
the divisors of each modification marked in white. In Example [3.4.18] it will be
shown that the corresponding divisor of this contraction cannot be the divisor of a
regular function on R* restricted to V by showing that its tropical self intersection

is not effective.

Definition 1.1.38. Two matroids M = (E,r) and M’ = (E’,r’) are isomorphic if
there is a bijection f : E — E’ such that r(S) = r'(f(5)).
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Lemma 1.1.39. Let M and M’ be loopless matroids.

1. If M = M', then there is a T € GL,(Z) such that T(B(M)) = B(M') where
n=|E|=|F'|, and T is the extension of T to TP".

2. Ifi,j € E are double points of M, then B(M) and B(M\i) are isomorphic
fans, (i.e there is a one-to-one correspondence between cones), moreover the
linear projection with kernel generated by e; is invertible on B(M\i).

Proof. Given a matroid isomorphism f : M — M’, it also maps L to L’ their
respective lattices of flats. Define T'(e;) = ey, it is an isomorphism since f is a
bijection of sets. By the construction of the Bergman fan of a matroid via the lattice
of flats, it is clear that T'(B(M)) = B(M’).

If 7, j are double points of M, then j is a loop of M|i. The tropical modification
b : B(M) — B(M\i) is along a integer affine function f, because the divisor
B(M /i) € B(M\i) is of positive sedentarity. The graph of f restricted to B(M\7)
and 0 give the homeomorphism. Combined with part 1 we have the result for an
isomorphic matroid M. H

Corollary 1.1.40. Given a loopless matroid M, the restriction matroid M/i con-
tains loops if and only if in every chart U; the function f; corresponding to the
modification §; : B(M) NU; — B(M\i) N U; is the extension to T" of an affine
linear function on R".

In this case the linear projection in a chart 6 : B(M)NU; — B(M\i) N U; is
invertible on the fans, and can be extended to the entire fans. Therefore, B(M) and
B(M\i) are isomorphic as polyhedral complexes.

From now on to simplify notation we will drop the use of B(M) and insist that
a fan be matroidal, we will only recall the underlying matroid when necessary.

Definition 1.1.41. A tropical cycle V- C T" (similarly V' C R") is a matroidal fan
if there exists a matroid M on n+ 1 elements such that |V| = |B(M)NU;| for some
coordinate chart U; = {x; # —oco} C TP", (or |V| = |B(M)NR"|).

Remark Notice that the above definition forgets the polyhedral structure of both
V and B(M) and considers just the support of the complexes. It is known that up
to integer linear transformations the underlying matroid may not be unique. More
precisely, given a matroidal fan V' C R"™ and a map M : R" — R" which is in
GL,(Z), it could happen that M(V) C T" is also matroidal but the corresponding
matroid may not be isomorphic to the initial M. As matroidal fans will be considered
as local building blocks of tropical manifolds, which matroids give equivalent fans
up to this GL,(Z) action this is a question which requires investigation.

Definition 1.1.42. An elementary tropical modification 0 : V — V is matroidal
if the fans V', V' and the divisor D are all matroidal (i.e. corresponds to a quotient
of the matroid corresponding to V).
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Va

Figure 1.9: The two cycles V4, V5 C R? from Example[1.1.44] the divisors div n(W) C

Vi, divy, (V2) C Vi are drawn in red in each case.

Recall the pushforward and pullback maps defined on cycles for an elementary
tropical modification. The next proposition says that the maps are well-defined for
compositions of elementary matroidal tropical modifications.

Proposition 1.1.43. Giwen a matroidal modification ¢ : V — V the maps 6* :
Z (V) — Zp(V) and 6, : Z, (V) — Zx(V') are group homomorphisms for all k,
and 0,0* = id.

Proof. 1t was already mentioned that the pushforward and pullback maps are group
homomorphisms when the modification is elementary. Therefore, we must only show
that the maps d,,0* are well defined when we compose open elementary modifica-
tions. Moreover, it suffices to prove this for a cycle with order of sedentarity zero.
This is because every cycle in T" splits as sum of cycles of the different sedentar-
ities, and an elementary matroidal modification restricted to a boundary stratum
§:VNH ;1 — V N Hyp, is a again a matroidal modification.

Suppose 0 : V — V is the composition of two open matroidal modifications.
Set 8y : V —> V, and (51 Vo — V', so that (51(52 = ¢, and denote the other sequence
of modifications by d; : V — V; and 62 Vi — V, so that 6251 =0, (see Example
[[.1.44] for a case when the fans V; and V, differ). Without loss of generality we
may suppose the kernels of 9y, ds : R™? — R"™ are generated by e, and e,
respectively. Then the maps 0; and 0 are linear projections R™™' —s R”, with
kernels e, 1 and e, s respectively.

For the pushforwards, the sets satisfy, 6;0;(A) = 6,0;(A), since the §;’s and 0;’s
are orthogonal projections. Let C denote the closure of the collection of facets of C'
contracted by both 41, d,. If a facet I’ of A is outside of C then its contribution to the
weight of 0(F) C J,A is the same if we permute the order of contractions. So assume
F C C, then the lattice index may be rewritten as, [0;Ap : Asp)] = [Z" : Ap + A
and F' contributes a weight of,

wA(F)[Zn . AF + Af‘][Zn . Agl(p) + Aj'] = wA<F)[Zn . AF + AZJ' N Aj‘],
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to 6(F'). Which is independent of the order of contractions.

For the pullbacks, take a cycle A in V and let T'(A) € T"*? denote the graph
of A along either pair of functions yielding the modification. Although the pairs
of functions may differ, (see Example m, the resulting graphs must be the
same. Let A denote the pullback of A along the composition 0201 and A’ denote
the pullback of A along the composition 6105. Since A and A’ are modifications of
cycles in V' the restriction of the linear projections d; and 5 to A and A’ are either
one to one or send a half line to a point.

If E4 is an unbalanced codimension one face of I'(A), then it is unbalanced only
in the e, and e, o directions. First, if V contains one or both of the faces:

{z —tepy1 | x € Eqand t € Roo}, {v —tepio | € B4 and t € Ry},

then these are the only facets of A adjacent to E4 and not contained in I'(A), and
similarly for A’. The balancing condition at E4 guarantees that the weights are the
same, (remark that if I'(A) is already balanced in one of these directions then we
do not need to add the corresponding facet).

For an unbalanced codimension one face E4 of I'(A) suppose the above faces do
not exist. Then there is a single facet F; of A adjacent to E, and not in T'(A).
Otherwise the projections d; and d, restricted to A would have a finite fiber of size
at least two. The same holds for A’, whose single face satisfying these conditions we
call F;,. Now A — A’ must be balanced at F4 and so the faces F; and F;, are the
same and equipped with the same weights.

In this case there may be codimension one faces of F'; at which there are other
facets of A adjacent. This occurs when the divisor D, C WV of the modification
81 is contained in the undergraph of the modification d5 and 5*A and in addition
intersects D C V; in some codimension one face. Call the resulting codimension
one face G4 of F'; C A. Then G4 is contained in the skeleton of V and it is also a
face of F' g C A’. If the cycles are unbalanced at G4 the other facets adjacent to it

in A and A’ must be:
{(L’ — t€n+1 | T e GA and t € Rzo}, {(L’ - t6n+2 | S GA and t € RZO}7

otherwise the projections d;, d2 would have a finite fiber of size greater than one.
Again, by the balancing condition the weights of these faces in A and A’ agree. [

The following example shows a composition of open matroidal modifications for
which the intermediary fans V7, V5 appearing in the proof above are not the same.

Example 1.1.44

Consider the fan V' C R* obtained from R? via two elementary open modifications,
1, 02. The first modification is along the function fy(x,y) = max{x,y,0} and yields
the cycle V; C R® shown on the left of Figure The next modification is taken
along the function f; : R® — R given by

fi(z,y, z) = max{z, y} + max{z,0} — max{z,y,z,0}.
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This modification was seen already in Example [I.1.20] It may be verified that the
following different sequence of modifications yields the same fan, V' C R*, after
a change of coordinates. If one first modifies R? along the function g¢,(z,y) =
max{z,y}, to obtain a cycle C, C R?, see the right hand side of Figure 1.9, Next,
modify V; along the function g : R® — R, given by gs(z,%,2) = max{z,0}.
Notice on the one hand V is produced by a composition of two elementary regular
modifications, and on the other by an elementary regular modification composed
with an elementary modification along a rational function.

1.2 Tropical manifolds

1.2.1 Definitions

An integer affine map ® : R" — R is a composition of an integer linear map Z
and a translation in R™. In fact such a map can be given by m tropical monomials
ie. (“ay -z - “ay, - 27), where (aq,---a,) € R™ gives the translation and
together the a; € Z" form an integer m X n matrix. Any integer affine map can be
extended to @ : T" — T™.

A tropical manifold has coordinate changes integer affine maps and local models
matroidal fans V' C T", introduced in the last subsection. We will always restrict to
matroidal fans which correspond to matroids without loops or double points. The
following definition is an adaptation of the one given of a tropical variety in [38].

Definition 1.2.1. A n-dimensional tropical manifold X is a Hausdorff topological
space equipped with an atlas of charts {U,, ®,}, @, : Uy, — V,, C T, such that the
following hold

1. for every « there is a map ¢, : U, — V,, C TNe, where V,, is n-dimensional,
matroidal, loopless and without double points, such that &, is a homeo-
morphism onto its image.

2. the overlapping maps ®,, o @;21 : TNez — TNe1 are extensions of integer affine
linear maps R¥e2 — RVer,

3. X is of finite type, i.e. there is a finite collection of open sets {W;}?_; such
that (JI_, W; = X and W; C U, for some a and ®,(W;) C ®,(U,) C T,

The main difference between the above definition and that of a tropical variety
appearing in [38] is that we insist that the spaces be locally matroidal, this also
accounts for the removal of condition (3) appearing in [38].

Just as with smooth manifolds, we say two atlas {Ua, ®o}, {Uj, @} on X are
equivalent if their union is also an atlas, just as for smooth manifolds. Meaning,
Pyo® ! and @, 0 CID,’B_I are transition maps for all «;, f.

Example 1.2.2 Tropical toric varieties
An n-dimensional tropical toric manifold X has local charts ® : U — T" and
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Figure 1.10: Quadric hypersurface in TP?.

coordinate changes given by integer linear maps. Topologically these are equivalent
to the Delzant polytopes of toric manifolds from symplectic geometry, however they
have a different metric as all sides of the polytope are of infinite length. Tropical
projective space appeared already in the beginning of Section [1.1.4]

Example 1.2.3 Smooth tropical hypersurfaces of toric varieties

A tropical hypersurface in R" is the divisors of tropical Laurent polynomials polyhe-
dral complexes dual to regular subdivisions of lattice polytopes. If a subdivision is
primitive, meaning each polytope in the subdivision has normalized volume equal
to one, we say the hypersurface is non-singular and it is a tropical manifold. Indeed,
a primitive polytope is the standard simplex up to a transformation in GL,(sZ),
and dual to the standard simplex is the matroidal fan corresponding to U, ,,+1. Nor-
mally, tropical hypersurfaces are considered in R", [36], [48], however we may also
consider the closure of the hypersurfaces in tropical toric varieities mentioned above.
In Figure is a quadric hypersurface in TP?, with the different colored tropical
curves representing some lines of the double ruling.

Example 1.2.4

Abstract tropical curves are metric graphs [38] and have appeared in many places.
A neighborhood U of a k-vertex of a tropical curve C' k > 1 is has a chart & :
U — L, C T" ! where L, € T" ! is a tropical line when & > 1. When k = 1 then
the vertex is a leaf and we have ® : U — T which sends the vertex to —oo. The
integral affine transition charts give the metric on the curve C.

Example 1.2.5
As an example of a space which is not a tropical manifold, consider T \{a}, for
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a € R. Equipped with the two charts Uy = [—00,a), Uy = (a,00) it is not of
of finite type. In any finite cover {W;} there is a W; C U, such that a € W,.
Similarly for any sedentarity zero cycle, A C T" the complement T" \ A cannot be
given the structure of a tropical manifold. However, removing one of the boundary
hyperplanes, e.g. from T\ — co = R is a tropical manifold. One can use two charts
to cover R and model each infinite open end on the open end of T = [—o00,00). To
remove the point a from T, we may perform an open tropical modification along
f(z) = “c+ a” = max{x, a}, and obtain §° : L° — T, where L° C T x R. Then
L° has a single trivalent vertex, where two of the three infinite rays are open.

1.2.2 Boundary divisors

For a tropical manifold, the sedentarity of a point as defined as a subset in Section
is not independent of the choice of charts. However, since we require the ma-
troidal fans V,, to be loopless and without parallel elements, the order of sedentarity
s(z) is independent of the chosen charts.

Definition 1.2.6. For a point € X of a tropical manifold, the order of sedentarity
of x is s(x) = |S(®(z))], where & : U — V C TV, is a chart in a neighborhood of
.

Some tropical manifolds have a boundary, these correspond to the points with
positive order of sedentarity.

Definition 1.2.7. The boundary of a tropical manifold X is
0X ={z € X | s(z) > 0}.

Proposition 1.2.8. The boundary of an n-dimensional tropical manifold X satisfies

0X ={re X |s(x)=1}

and {x € X | s(x) = 1} consists of a collection of connected components D°, such
that D = D¢ is a tropical manifold of dimension n — 1.

Proof. In each chart ® : U — V the matroid M corresponding to V has no
multiple elements, so {x € V | s(z) > 1} has codimension at least two in V,
therefore, 9V = {v € V | s(x) = 1}. Then by Definitions [1.2.9 and [1.2.7 we have,
0X ={z € X | s(x) =1}. Let {U,, ®,} be an atlas for X and set U., = U, N D. If
U, # 0, let @), = |y, then,

@, U, — V,=Von{z €T |z; = —cc} =T""!

for some j =1,..., N,. If M, is the matroid corresponding to the fan V, then the
matroid restriction M, /j corresponds to V!  T"*' and {U’,®’ | U! # (0} gives
an atlas for D. ]
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A boundary divisor of a tropical manifold X is D = D° C X where D° is
a connected component of the set {x € X | s(z) = 1}. Every boundary divisor is
of codimension one in X. Call the set of boundary divisors A the arrangement
of boundary divisors of X. Using the boundary divisors we can define a chart
independent sedentarity notion of sedentarity for a tropical manifold.

Definition 1.2.9. For a point x € X we define its sedentarity,
S(x)y={D|xeDe A} C A.

Remark that the set of points of a given sedentarity of a tropical manifold X are
in general not connected, moreover the connected components may not even be of
the same dimension.

Definition 1.2.10. An n-dimensional tropical manifold X has simple normal cross-
ing boundary divisors if the connected components of the intersection U;c;D; are all
of dimension n — |1|.

In particular, if X is n dimensional and has simple normal crossings, then a
neighborhood U, of a point z of sedentarity order n will have a local neighborhood
and chart ®, : U, — T".

1.2.3 Cycles and functions on manifolds

This section extends the definitions of tropical cycles and functions to manifolds.

Definition 1.2.11. [38] Let X be a tropical manifold, A C X is a tropical k-cycle
if in every chart ®, : U, — V., C T"* there exists a k-cycle A, C V, such that
D (ANU,) =AaNDL(U,).

A cycle A C X is said to be of sedentarity zero in X if it is the closure in X of a
set A° C X of sedentarity (). If A is irreducible and not of sedentarity zero then it
is contained in the intersection of some boundary divisors of X and can be assigned
a sedentarity S(A) C A as for a point in Definition [[.2.9] As in Section the
set of k-cycles considered modulo zero weighted complexes forms a group which we
will denote Zy(X).

Definition 1.2.12. s Let X be a tropical manifold, a function f : X — T, is
tropically regular if in each chart ®, : U, — V,, € T there is a tropical regular
function f, € O(V,) such that fl, = fa o P.

Definition 1.2.13. A tropical rational function f on X is locally given by the
tropical quotient of two regular functions, i.e., f\ v, = “Gao®q [hao®,” where g, hq
are tropical polynomials on T"* and h,, # Or = —oc such that “f,/fs” = 1t = 0
on Ua N Ug.
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Recall that a tropical rational function on T" may have an indeterminacy locus
of codimension two. The same is of course true for tropical rational functions on a
manifold X. Analogous to classical algebraic geometry, there are tropical Cartier
divisors. These have already been introduced in [38] and [2]. Although in the later
the definitions again excluded boundary considerations.

Definition 1.2.14. A Cartier divisor of a tropical manifold X is a collection of
functions f = {f.}, such that f, is a rational function on U, C X, and “f,/fs" is
regular and invertible on U, N Us.

A Cartier divisor f = {f,} on X defines a codimension one cycle div(f) C X.
In each chart this divisor is given by divy, (f, o ®,) C V4. So,

div(f)NU, = (I)‘l(divva (fao®a)),

and the complexes agree on the overlaps U, N U because the functions “f,/fs” are
regular and invertible.

Definition 1.2.15. A Cartier divisor f on a tropical manifold X is effective if
div(f) C X is an effective cycle.

Note the difference with the above tropical definition and the classical case.
Classically, an effective Cartier divisor is one given by regular functions. It is because
of tropical examples like that we choose the above definition over the classical
one. The following proposition can be interpreted as the equivalence of Weil and
Cartier divisors on tropical manifolds.

Proposition 1.2.16. Every codimension one tropical cycle D in a tropical manifold
X is a Cartier divisor.

Proof. By Lemma [1.1.35 in each chart ®,(D NU,) C V, is given by a rational
function, call this function f,. On an overlap U, N Uz the functions “f,/fs” are
regular and invertible because divy,ny,(“fa/f3”) = 0. O

From [38] we recall the most basic type of morphism between tropical manifolds,
these are called tropical linear morphisms.

Definition 1.2.17 ([38]). A map f: X — Y is a tropical linear morphism if for
every point x € X there is a neighborhood U, of « and U, of y = f(z) with charts
¢, : U, — V, TV, &,:U, — V, C TV such that &, 0 fod, :V, C TV —
Vy C T is induced by an integer affine map from R — R,

1.2.4 Non-singular tropical modifications

First we generalise modifications from Section to tropical manifolds. Given
an effective Cartier divisor f of a tropical manifold X, in each chart it is possible
produce an elementary tropical modification o, : V., — V, along f,. If in each chart
the elementary modification is matroidal then the V,, form a collection of charts of
a tropical manifold. We denote this § : X — X and call it a non-singular
modification of X.
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Definition 1.2.18. A tropical linear morphism § : X — X is an elementary
non-singular modification of tropical manifolds, if in borrowing from notation of
Definition at every point x € X the composition &, 060, : V, C ™ —
Vy C T™ is an elementary matroidal modification.

As in the local case of matroidal fans, a non-singular elementary modification is
regular if it is the modification along a regular Cartier divisor f € Oy. A tropical
linear morphism 6 : X —» X is a non-singular modification if it is a composition
of elementary non-singular modifications. When 6 : X — X is an elementary non-
singular modification of tropical manifolds, then although topologically different, X
should be considered as another model of X.

Definition 1.2.19. An effective tropical k-cycle A C X is non-singular in X if there
exists an atlas of X with charts @, : U, — V4, such that ®,(ANU,) corresponds
to a matroid quotient of the matroid corresponding to V.

If f is the Cartier divisor given a non-singular modification of § : X — X, then
div(f) € X is a non-singular codimension one cycle. The next corollary follows

from Proposition [1.2.16|

Corollary 1.2.20. Given an effective codimension one non-singular cycle D C X,
there exists an elementary modification of tropical manifolds 6 : X — X along a
Cartier divisor f with div(f) = D.

Example 1.2.21 Compactifications of matroidal fans

An n-dimensional matroidal fan V' C TP" as seen in Section is a global modi-
fication of TP". If the corresponding matroid is without loops or double points then
V has N + 1 boundary divisors each of which is a matroidal fan of dimension n — 1
corresponding to the matroid M\i for 0 < i < N. The matroidal fan V NRY may be
compactified in other tropical toric varieties to obtain different spaces to obtain for
example, mgtflp [28]. Although the approach to tropical compactifications is not the
same in the above mentioned works it may be easily translated. Moreover, global
modifications provide a way of representing the complement of a divisor as a tropi-
cal manifold. As mentioned in Example the complement of a sedentarity zero
divisor is not a tropical manifold. If it is possible to perform a modification sending
this divisor to a boundary divisor, we may then remove it. Matroidal fans V N RY
being obtained via matroidal modifications and representing the tropicalisation of
the complement of the hyperplane arrangement is an example of this.

In general it is tough to determine sequences of modifications relating equivalent
spaces. Figure shows a quadric surface S and TP' x TP'. Although there does
not exist an elementary contraction § : S — TP! x TP, there is another tropical
manifold X and maps X — S, X — TP! x TP' which are both sequences of
modifications.

Recall the pullback and pushforward cycle maps defined for modifications in T",
in Definition [1.1.22] These definitions extend naturally to a non-singular tropical
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modification of manifolds § : X — X. The pushforward will be denoted

and the pullback

6 Zp(X) — Zp(X).
The boundary divisors of a non-singular modification X of X are related to the
boundary divisors of X.

Lemma 1.2.22. Let § : X — X be an elementary non-singular tropical modfica-
tion along Cartier divisor f with div(f) = D C X. Then the boundary divisors of
X are .

.AX = {5*Dl | D; C .Ax} UbD.

where Ax are the boundary divisors of X and 6,D = D.

We end this section with some remarks on possibilities for a tropical category.
Tropical manifolds along with tropical linear morphisms do form a category, call it
the pre-tropical category pTrop. In pTrop it would be desirable to localise, in the
categorical sense, all the morphisms which correspond to non-singular modifications
§: X — X. See for example [21] for details of localising categories. This would
in turn make all tropical manifolds related by non-singular modification isomorphic.
In the next sections, when we define intersection products and rational equivalence
we make an effort to show where possible that these definitions behave well with
respect to modifications. See for examples, Propositions [2.1.24] and [2.1.27]
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Intersection theory

2.1 Intersections of tropical cycles

The principle aim of this section is to describe intersections of cycles in tropical
manifolds. In many situations such products may be determined “locally”, similar
in style to tropical stable intersection of cycles in R".

As a first step we show how to intersect cycles contained in matroidal fans in
RY. The method used here to construct this product is similar in spirit to moving
lemmas from classical algebraic geometry. This one approach to classical intersection
theory begins with a notion of equivalence of cycles (such as rational equivalence),
then given two cycles X, Y C W, one shows that there exists a class X’ rationally
equivalent to X which intersects Y properly. Naively speaking, many tropical cycles
contained in a matroidal fan may not “move” on their own, recall for Example
1.1.20] The idea is to construct a procedure which allows us to “split”, instead of
move, the tropical cycles into a sum in such a way that the intersection product on
the components may be defined. The technique used here to construct this splitting
comes from tropical modifications. Just as in the case of stable intersection, the
product is defined on the level of cycles and there is no need to pass to equivalence
classes.

This intersection product defined on cycles in matroidal fans can be transferred
to sedentarity zero cycles intersecting away from the boundary in a tropical manifold.
However, dealing with boundary intersections is more delicate and cannot always be
“locally” be determined. In Subsection we define intersections with boundary
divisors of a tropical manifold in certain cases by extending Definition which
gives the intersection of a cycle with a coordinate hyperplane of TVV. Later in this
subsection we use this to define rational equivalence in a tropical manifold and
the Chow groups. This is a suitable definition of tropical rational equivalence for
compact spaces, the definition of which first appeared in [38]. It should be noted
that a “bounded” version of tropical rational equivalence also appears in [2] where
the authors consider non-compact spaces. We also show that the tropical Chow
groups are preserved under global modifications of tropical manifolds.

At the end of this chapter we summarise the definitions of tropical (p, ¢)-homology
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from [27]. This first requires an introduction of the “framing” groups which are re-
lated to Orlik-Solomon algebras of matroids. Under the appropriate transversality
assumptions we may define intersections of such tropical homology cycles. These
definitions will serve us in Chapter [3| when we consider (1, 1)-cycles on surfaces.

2.1.1 Intersections in matroidal fans

In this section we intersect tropical subcycles of an open matroidal fan V' C R", so
throughout we restrict our attention to open matroidal tropical modifications. Set
dim(V) = k,dim(A) = my,dim(B) = my, and the expected dimension of intersec-
tion of A and B to be m = m; + mo — k. Also for any complex C' whose support is
contained in V, let C'®) denote the s-dimensional skeleton of C' with respect to the
refinement induced by the inclusion to V.

Definition 2.1.1. Let V C R" be a matroidal fan and A, B C V be subcycles.

1. AN B is proper in V if AN B is of pure dimension m or is empty.

2. AN B is weakly transverse in V if every facet of (AN B)(™ is in the interior
of a facet of V.

3. AN B is transverse in V if it is proper, weakly transverse and every facet of
AN B comes from facets of A and B intersecting transversely.

Example 2.1.2
The standard hyperplane P C R?® was shown in Figure [1.3] it is obtained by modi-
fying R? along the standard tropical line. Let A be the sub-cycle parameterized by
(t,t,0) and B be the union of the positive span of the rays (0,1, 1), (1-d, —d,0), (d—
1,d —1,—1), see Figure[2.2]

The curves A and B intersect only at the vertex p of the fan. This intersection
is proper but not weakly transverse. Moreover both cycles are rigid in P, meaning
they cannot be moved in P by a translation. Consider the contraction § : P — R?,

iii)

Figure 2.1: Cycles in the standard hyperplane in R®. i) Transverse intersection ii)
Weakly transfer intersection iii) Neither
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given by projecting in the ez direction. Set Ay = "6, A — A and Ag = §*0,.B — B.
An intersection product should of course be distributive, so we ought to have,

A.B = (§"0,A— AL).(070.B — Ap)
= §%0,A.070.B — 070, A ANg — AN4.070,B + Ay.Ap
Now, the cycles §*0, A, 6", B are free to move in P in the same way that J,A4,J,B

are free to move in R?. By translating 6*5, 4, 6*6, B until they intersect transversally
and then translating back we can associate the weight,

Wa+s, A.5+5.8(D) = 1 = ws,46.8(0(p)).

The cycles A4, Ap are contained in the undergraph of the modification, see Figure
2.4 and are free to move in this direction. Also the cycle §*0, A restricted to the
undergraph is just diva(f) x R, and similarly for 6*6, B .

Now the cycles A4, Ap may be moved by a translation into a single facet of P,
see Figure 2.4 We can calculate

W5, 405 (D) = WA, s+5.8(p) =0,

and
wAA,AB(p) =1- d

Combining all of these we obtain:

wa.B(P) =Ws+5, A.5%5,B(P) — Ws+5, 4.8, (D)
—wa, 546.8(D) F Wa,ay(p) = —d+2.

Our aim is to obtain a general procedure to split cycles contained in a matroidal
fan V in a way so that they may be intersected. To do this we first need some
technical definitions and lemmas.

Definition 2.1.3. Given § : V' — V' an elementary open matroidal modification,
let f denote the corresponding tropical rational function and D its divisor. Let
A C V a be cycle, then denote:

1. Ay =60,A— A
2. Dy = dng*A(f) xRcCDxR.

Lemma 2.1.4. Given § : V. — V' an elementary open matroidal modification, let
f denote the corresponding tropical rational function and D its divisor. Let A, B be
subcycles of V' then,

1. App=A4+Ap

2. Dyyp=Dys+ Dp.
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Figure 2.2: The tropical cycles in the standard hyperplane in R? from Example

Proof. The first statement is clear since 0*, d, are homomorphisms, and the second
follows from diva,p(f) = diva(f) + divg(f). O

Lemma 2.1.5. Let 0 : V. — V' be an elementary open matroidal modification
along the rational function f and having divisor D. If a cycle A C'V is in Ker d,,
then it is contained in the closure of the undergraph U(L¢(V")). In particular, it is
also a subcycle of D x R where R is the affine space spanned by the kernel of o.

Proof. Away from the divisor D C V' the map ¢ is one to one thus no cancellation
of facets can occur in §,A outside of D. So §(A) must be contained in D which
implies the lemma. [

A quick check shows that Ay is in the kernel of §,, since §,0* = id. Therefore,
for an elementary open modification of matroidal fans § : V. — V’ and any cycle
A CV we have Ay, Dy C D x R, where D C V' is the divisor of the modification.

Using this we define an intersection product on V' in terms of a product on V' and
D x R.

Definition 2.1.6. Given cycles A, B C V C R" and an elementary open matroidal
modification ¢ : V' — V' with associated divisor D, define,

A.B =6"(0,A.0.B)+ Cap
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0.B

0, A
RQ

Figure 2.3: The pushforwards of the cycles A, B C P from Example [2.1.2] where
§ : P — R? is the linear projection in the vertical direction.

with
Cap=A0A4Ap —A4x.Dg— Dy.Apg,

where these products are calculated in the matroidal fan D x R C R".

AA - (th tl) t2)

Ay —tes 1-d
_ /
Ap—les Ap — (#, 1), 1)
D xR
RQ

Figure 2.4: The second and then third translations of the cycles Ay, Ag from Ex-
ample [2.1.2]

The above definition gives the product of two cycles A, B in V as a sum of
products of cycles in fans V/ and D x R, one of which is of lower codimension, and
the other containing the linear space spanned by the kernel of §. Continuing to apply
this procedure to V' and D we continue to decrease the codimension or increase the
dimension of the affine linear space contained in the fan and we can eventually reduce
the intersection product in V to a sum of pullbacks of stable intersections in RF,
where k is the dimension of V. A priori this definition depends on the choice of all
contraction charts. Before showing the above definition is independent of the chosen
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charts in Proposition [2.1.11| we state some properties of the intersection product as
defined relative to a fixed collection of open matroidal contractions.

Lemma 2.1.7. Suppose § : V. — V' is an elementary open modification of ma-
troidal fans and A, B are cycles in'V'. The intersection product in V' from Definition
calculated via the modification & satisfies

0*A.6"B = 6" (A.B).
Proof. In this case Ay, Ap = 0 so the term Cy4 p from Definition is also 0. [

Corollary 2.1.8. Suppose the matriodal fan V- C R" is a k-dimensional subspace
of R", and let § : V. — R* be an open matroidal contraction. For subcycles A, B
m V' we have,

A.B = §"(5,A.5.B).

Proposition 2.1.9. Let V. C R" be a matroidal fan and A, B,C be subcycles of
V. Then the intersection product given in Definition [2.1.6] relative to any choice of
contraction charts satisfies the following:

1. A.B is a balanced cycle contained in V
AC=CA

A1.(Ay+ Ag) = A1 Ay + Ay Ag
Aj.(Ag.A3) = (A1.A3). A3

diva(g) = divy(g).A

Proof. The above properties all follow by induction. The base case being V = R,
where all of the above properties are satisfied. Suppose we have chosen, ¢ : V. — V’
as the first elementary open matroidal contraction, and let its divisor be D C V.
We may assume all of the properties stated above hold for intersections in V' and
D x R.

For (1), the weighted balanced complex, A.B is the sum of 6*(0,A.0.B) and Cy g
which are both balanced by the induction assumption, so it is balanced. Commu-
tativity also follows immediately by induction. By Lemma and distributivity
for products in V’ and D x R, we get distributivity in V.

For associativity, first notice that

AAi-Aj = AAi~DAJ- + DAZ-'AAJ- — AAI--AAJ-
Da;a; = D, Day,.

The first line follows from the definition of Ay4,. A The statement (3) follows from
Lemma [2.1.10| which follows this proposition. Then,

Ar.(Ay.Ag) = (5, A1.(5,A2.6,A3)) — Aa, . Day ay — Day Aayag + Aay Ay iy
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Assuming associativity in V' and D x R and using commutativity we can remove
brackets and write:

D A AuDa — Da D As, — Ay Da, Ay,

1<i<j<3
ktig
Regrouping terms and using (2) and (3) we get,

Ap(Ag.Ag) = 0" ((0,A1.5,A2).0,A3) — Aa, ay.Doay — Day sy Dy + Aayay.Aag
= (Ay.Ay). A

Lastly, given a divisor D = divy(g) we may write it as §*6,D — Ap. Then
g(x) = g(6(x)), is the function of the divisor 6*0,D where f is the function of the
modification §. So §— g gives Ap by part 3 of Proposition[1.1.24. The result follows
by distributivity and by applying the induction hypothesis to both parts. O

We require a final lemma before proving that the product is independent of the
choice of contractions.

Lemma 2.1.10. Let V C R" be a matroidal fan and A, B be subcycles of V, set
A=AxR, B=BxR, and V=V xR.
Then, we may choose contraction charts so that by Definition we have
AB=ABxRCV.

Proof. The above statement holds for stable intersections in R" and R"™. If V
corresponds to a matroid M on E then V corresponds to a matroid M on E U e
with bases B U e for every base B of M, in other words we have added a coloop
e to the matroid M. Given an elementary open modification of matroidal fans,
0 : V — V'’ with divisor D we have a corresponding elementary open modification
6 :V — V' with divisor D = D x R and V' = V' x R. In order to define the
product in A.B, a collection of contractions are fixed. To intersect A, B in V, simpl

choose the corresponding collection of contractions of V. Applying Definition m
we obtain the lemma by induction. O]

Theorem 2.1.11. The intersection product from Definition|2.1.6 is independent of
the choice of open matroidal contractions.

Proof. Fix a matroidal fan V' C R"™ and subcycles A, B of V. We may assume by
induction that the product is well-defined on D x R and V' where § : V. — V' is
any elementary open matroidal modification and D is its associated divisor.

By Corollary |1.1.36| any two open matroidal contractions 4,0 : V' — R* can
be related by a series of basis exchanges. So it suffices to check two things: that
we may transpose the order of any two elementary open contractions to R¥ and
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obtain the same intersection cycle and that if 6 : V' — V' is the composition of
any two elementary open matroidal modifications, we may permute the order of
the elementary contractions and obtain the same product. In other words we must
show that the definition does not depend on the paths taken in the following two

/\
O

h 62’—)61

We will start by showing the latter, let §;,0, : V — R* be two elementary open
matroidal contractions. Then V is of codimension one in R¥™ and thus corresponds
to a corank one matriod M. Suppose without loss of generality that the open
contractions d; correspond to the deletion of the element 7 from the corresponding
matroid, Then we may assume that ¢ = 1,2 are not coloops of M. If we exchange
any two non coloop elements ¢ and j of a corank one matroid M we obtain a matroid
isomorphism Also, restricting the matroid M to ¢ or j produces isomorphic matroids
M/i = M/j. Therefore the divisors DZ7 D; C R* of the corresponding elementary
open matroidal modifications 6;,6; : V. — R* can be identified as well as the
functions f;, f; on R”.

First we will construct cycles A,B C V such that 6, A = 0, A C R¥ and
5;“51-*121 = A for i = 1,2 and similarly for B. Then by the above remarks concerning
the two modifications the definition of the product A.B = §7(6;,A.6;,B) does not
depend on the choice of i =1, 2.

To construct A and B, let C € V denote the union of all faces of V that
are not generated by the vectors vy, vy, where v; generates the kernel of d;. Let
A= 0700705+ A and similarly for B. The cycle A (respectively, B) is well-defined
mdependent of the order of ¢§;, J; since it is obtained from ANC (respectively, BNC)
by adding uniquely weighted facets to all codimension one faces E of A (respectively,
B), parallel only to the cones spanned by E and v; for i = 1,2, so that the result
satisfies the balancing condition. Similarly, in R* we have 5i*f~1 = §j*f~l and analo-
gously for B, since the weighted complexes §;, A N § (C) are equal for i = 1,2 and
balanced in all but the J;(v;) direction where j = 1,2 and i # j. Adding the nec-
essary uniquely weighted facets to the codimension one faces of this complex in the
di(v;) direction gives i A for i = 1,2 and similarly for 6;,B. Also by construction
we have §f (52*14 A and similarly for B.

For i = 1,2, define Ay = 0;6;,A — A and DYy = diva(f;) x R C D; x R and
similarly for B. Assume first that A = A — Al — A%, and analogously for B. Tt
follows that 5;-‘53»*Ai = AY;, and similarly for B. Then we obtain,

A.B =67 (6;.(A = N).(6;.(B — A})) — Dy, A, — AY.Diy + Al Al
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By distributivity, Lemma and the assumption that 670, A’ = A’ and 070;, A =

K
‘s we have,

A.B=67(6,A.0.B) — AN, — N\ B+ N,.N,
— DAy — AL DY+ AL LAL.

The last three terms are products in D; x R, and fl.A%, AQ.B and AQ.A% are
products in V. By applying the contraction d; to calculate these three products we
AN — AN — AYB =N AL — D) AY — A D

Combining this with the equation above and we get,

A.B = 67(6;,A.6;.B) — D’} A}, — N, DL, + N, .\,
— Di,.AL — A'.Di + AlLAL,

which is symmetric in i and j except for the first term 67(0;A.0;,B) which was
already shown to be the same for i = 1,2. So A.B is independent of the contraction
chart chosen.

Dropping our previous assumption, for any cycle we may still write A = A-—
AL — A% — =4, where Z,4 is a cycle contained in the kernel of both §y, and da,.
Letting A = A + Z4, and analogously for B, and using distributivity with respect
to either contraction chart we have

AB=AB - A=Z—-=4.B +Z,.55. (2.1.3)

As seen above, the product A’.B’ does not depend on the choice of chart d;,. More-
over since =4, =g are in the kernels of both d;, for both i = 1, 2, the product =4, Zpg
descends to D;; x R? where D;; is the matroid corresponding to M/{i, j} where M
is the matroid of V. This doesn’t depend on the order of 7 and j, see Section 3.1 of
[44]. The other two products also descend to D;; x R? as:

A Ep=(A—2,).E5 = (D- 4+ D. —2,).E5

which are symmetric in ¢ and j.

Now we treat the case of two elementary contractions. Let § : V' — V' be the
composition of two elementary open matroidal contractions. First we set up notation
to distinguish between the two orderings, similar to the proof of Proposition [I.1.43]
We will call 6; : V — V; and 9, : V; — V' for i # j. Let D; C V; be the divisor
associated to ¢; and suppose D; = divy,(f;). Similarly, D; ¢ V' will denote the
divisor of &; and f; its function. Keeping the notation from the beginning of the
proof for A’ and Dy, we also set:

Al =026, A— ACV,
D'y =divs a(f) x RC D; x R
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_ Applying Definition first by contracting with ¢; and then contracting with
d; we obtain: .
A.B = 0"(6,A.6.B) + C; + 0;C

C, = Al.Al, — A, Dy — D'\ Al

with these three products calculated in D; x R, and

Gy = By, = B D~ DL B
with each product being calculated in f)j x R.

Again we first assume that A = "6, A + A} + A%. Then we have §;A] , =
Ail. Restricting d; to D; X R we get an elementary open matroidal modification
0; + D; x R — D; x R. This can be checked on the level of the corresponding
matroids. The divisor D, corresponds to the matroid M\ j/i and contracting D; by
d; corresponds to M/i\j. By Proposition 3.1.26 of [44] these matroids are equal.
Now applying Lemma for the products in D; x R we have, C; = of C; and we
obtain the same cycle regardless of order.

The general case follows an argument similar to the general case of two distinct
elementary contractions to R¥. We can once again write A = §*6,A — Al — A% —Z,4
and similarly for B. The rest of the argument follows exactly as above with the
products in the end being in D;; X R?, where again D;; corresponds to the matroid

M/{i, j}- N

Now for weakly transverse intersections in a k-dimensional matroidal fan V' we
can make use of the definition of stable intersection in R*. For each facet F of V
we can find a contraction chart § : V' — R¥ which does not collapse the face F.
Recall, each facet of V' corresponds to a maximal chain in the lattice of flats of the
corresponding matroid. If after deleting an element ¢ from the matroid the chain
corresponding to F’ is still of length £+ 1, the tropical contraction §; of the Bergman
fan does not collapse the face F. If the chain is of length £+ 1 on n+ 1 elements we
can find n — k elements to delete and not collapse F'. Using this contraction chart
to calculate the multiplicity we arrive at the following corollary.

Corollary 2.1.12. Let V C R" be a matroidal fan and suppose the intersection of
the two subcycles A, B C V is weakly transverse when restricted to an open facet
F CV then A.BNF corresponds to the stable intersection of Definition [1.1.7,

Proposition 2.1.13. For two cycles A, B in a matroidal fan V' C R", the product
A.B is supported on (AN B)™, where m is the expected dimension of intersection.

Proof. Once again our proof goes by induction. Given a facet F' of A.B, choose a
elementary open matroidal contraction chart § : V' — V' which does not contract
the face & C V containing F. Again, we may take any chart which does not contract
all of the facets adjacent to E. Let f be the function on V' giving the modification
0 and D the corresponding divisor. Then F' is contained in I'y the graph of f. Let
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I'p C T'ys be the graph of f restricted to D. If §(F) ¢ D then 6(F) must be a facet
of 0,A.0,B. By induction §(F) C (6,ANd,B)™, so we must have F' C (AN B)™).

If on the other hand F' C I'p then §(F) is an m dimensional face contained
in 6,ANd,B N D where D the divisor of the elementary modification § and F
must be in one of the products A4.Dg, Ag.D4 or As.Ap which occur in the fan
D x R. Then assuming the statement holds on D x R, the facet F' must be in one
of (AaN D)™ NTp, (DaNAR)™ NTp, or (AxNAR)™ NTp. In any of these
three cases I must be a facet of (I's, s N[5, 3)™ NTp, and so in (AN B)™. O

2.1.2 Intersections in manifolds

Recall the definitions of cycles in manifolds from [1.2.11] A k-cycle A C X in every
chart @, : U, — V,, satisfies A, N ¢(U,) for some k-cycle A, C V.

Definition 2.1.14. A k-cycle A C T" of intersects the boundary properly if dim(AN
H;) = k—|I| or —1 when k—|I| > —1 and ANH; = () otherwise for all I C {1,...n}.

Definition 2.1.15. Let V' C T" be a matroidal fan and suppose A, B C T" are
cycles intersecting the boundary of T™ transversally. Then define,

A.B = Ao Bo,

where A°, B° are the sedentarity zero points of A and B respectively and A°.B° is
the product in the open matroidal fan V° C R"™ given by Definition [2.1.6]

Definition 2.1.16. A cycle A C X intersects the boundary 0X properly if for every
subset of boundary divisors A" C A we have

dim(ANpea D)=k —|A|or —1,
when k — | A'| > —1 and the intersection is empty otherwise.

For two cycles transverse to the boundary in a tropical manifold, we make use
of the definition of the intersection product given in the last section.

Definition 2.1.17. For cycles A, B C X intersecting 0X properly, the intersection
A.B is given in each chart ®, : U, — V,, by the product A,.B, C V, see Definition
2.1.15

As mentioned, it may happen that a matroidal fan V' can be expressed as the
fan of two different matroids under a coordinate change. In [I7], an equivalent
intersection product is using Cartier divisors and intersecting with the diagonal.
Here the authors show the intersection product to be well-defined under the integer
affine coordinate changes. See Section 6 of [I7] for more details. Therefore the above
definition works for cycles in tropical manifolds under the provided assumption on
the boundary intersections.

Back in Section we gave the intersection of a k-cycle in T" with a boundary
hyperplane H;, in Definition [I.1.11] Using this we define the intersection of a k-cycle
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in a manifold X with a boundary divisor D when the k-cycle has no component
in contained D. Consider a chart &, : U, — V,, and suppose without loss of
generality that in this chart ®,(D N U,) is contained in H;, N V,, where H; =
{r € T" | ;, = —o0}. Let ®,(ANU,) be represented by the cycle A,. Then
H;_ .A, may be intersected in T"*, moreover it is a dimension k — 1-cycle contained
in V, N H;,. Then D.ANU, is given by the inverse ®~'(H;, .A,) restricted to the
image.

Definition 2.1.18. Let D C X be an irreducible boundary divisor of a tropical
manifold X, and suppose A C X is a k-cycle such that dim(A N D) < k, then
D.A C X is the k — 1-cycle given in each chart U, by

O (H,, . Ay),
where H;,_ .A, is given by Definition [I.1.11]

Other intersections in tropical manifolds are more challenging to describe. For
example, there is no “local” formula for the self intersection of a boundary divisor
of a manifold. It suffices to look to TP? for an example. A boundary divisor
represents a line and ought to have a self-intersection equal to one. However, there
is no distinguished point on this boundary divisor which may support the self-
intersection like in the case of sedentarity @) cycles in T2, The self-intersection of
boundary divisors requires an equivalence relation on tropical cycles. The next
section presents tropical rational equivalence.

2.1.3 Rational equivalence and Chow groups

We provide the details of the definition of tropical rational equivalence given in [38].
This definition uses families over TP'. This is the classical approach to rational
equivalence given in Chapter 1 of [1§].

Recall that TP' = [—00,00], it is a tropical manifold covered by two charts
Uy, Uy = T with transition map x — —z defined on U; N U; = R. Given a tropical
manifold X, consider the product of topological spaces: X x TP'. This is also a
tropical manifold, given a collection of charts {U,, ®,} for X we may take

{Ua X Uia q)a,i}

for i = 1,2 where
Op; Uy x U — Vo, xT.

The fan V,, x T is matroidal since it is just an extension of the matroid corresponding
to V,, by a coloop. See [I7] for more on products of matroidal fans in the non-
projective case. The transition charts U, x U; — Ug x U; are given by A,z X Bjj,
where A, : U, — Ups are the transition charts for X and Bjs(z) = —z is the
coordinate change for TP,

For a tropical manifold X, we distinguish two of the boundary divisors of X x TP!

X oo=Xx{-0} and X, =X x {o0}.



2.1. Intersections of tropical cycles 45

For i = 1,2 let p; denote the projection onto the first and second factor, i.e.
p: X xTP' — X and py: X x TP' — TP'.

Ak +l-cycle Y € X x TP', will be called a family if po(Y) is surjective.

Definition 2.1.19. If Y € X x TP! is a family, then define
Y(—00) =p1(Y X ) and Y(oc0)=pi(Y.Xs).

The map p; restricted to the two above cycles is one to one, and if we equip
Y (—o00) (respectively, Y (o0)) with the corresponding weights in Y.X_, (respec-
tively, Y. X,) we have a subcycle of X =2 X x {—oc} (respectively, X = X x {co}.

Definition 2.1.20. A k-cycle C' C X is rationally equivalent to 0, written C' ~,. 0, if
there exists a k+ 1 dimensional family, Y € X x TP' such that C' = Y (—00) —Y (c0).

Denote the k-cycles rationally equivalent to 0 by Rx(X). They form a subgroup
of Z(X) since if C;,Cy ~, 0 then the cycle Y] — Yy € X x TP' gives the family
providing C; — Cy ~,. 0, where Y; is the family for C;. A (k + 1)-dimensional family
Y C X x TP' and any p € R € TP' also gives a k-cycle Y(p) C X in the following
way: Consider the function on X x TP' given by f,(z,t) = max{t,p}, where z is
a coordinate on X and t the coordinate on TP', then divy(f,) = X x {p} and we
define,

Definition 2.1.21. For a family Y ¢ X x TP' and p € R ¢ TP, then

Y(p) = pr(divy (fp)).

There is another version of tropical rational equivalence defined by Allermann
and Rau in [2]. This relation is the same as the one generated by Y (p)—Y (¢) ~, 0 for
only —oo < p,q < oco. By part (1) of the next proposition this equivalence relation is
finer than the one given here. Using only this bounded version of rational equivalence
yields different Chow groups for most varieties X. For example, Proposition
to come is not true if we use only this bounded rational equivalence from [2].

Definition 2.1.22. For a tropical manifold X we define the Chow groups to be

Ap(X) =
Proposition 2.1.23. Let X be a tropical manifold and 6 : X — X a non-singular
modification of tropical manifolds.

1. C ~, 0 in X if and only if there exists a cycle Y C X x TP' and points
p,q € TP' such that C =Y (p) — Y (q).

2. If Cy ~, Cy in X then their pullbacks satisfy 6*C ~, 6*Cy in X.
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3. If Cy ~, Cy in X then 6,Cy ~, 6,Cy in X.

Proof. Given a family Y such that C' = Y (p) — Y(q) we construct a family Y’ so
that C' = Y'(—o00) — Y'(00). Assume without loss of generality that p < q. Let U =
[—o0,t) for p < t < ¢ be an open neighborhood of TP'. Consider the non-singular
tropical modification 7, : U — U given by the regular function f,(t) = max{t, p}.
There is another contraction chart m, : U — U’ given by projecting in the other
coordinate direction of T2. Now, V = X x U is an open subset of X x TP', and
we may take the product of the modification map on U with the identity map on
X to get, m, : V —> V. Then the pullback 6*Y of Y in V C X x T? intersects the
x = —oo coordinate plane of T? in divy (Y) = Y(p). Performing the contraction
7, V — V' we obtain a family Y’ € X x TP' with Y’(—o0) = Y (p). A symmetric
sequence of modification and contraction can be done in the other coordinate chart
of TP' to send the point ¢ to co. The pullback of Y’ then gives the desired cycle.

For part (2), given a non-singular modification § : X — X and a family Y C
X x TP', the modification § can be extended to the first factor giving X x TP' —»
X x TP'. The pullback ¥ = Y C X x TP' gives a family. Moreover, the
modification restricts to the boundary to give: Y (—o0) = 6*Y (—o0) and similarly
Y (00) = 6*Y (00).

For (3) the situation is similar to above. Now we have a family Y ¢ X x TP,
using again that the modification can be extended, we get 6,Y C X x TP! giving
(5*01 ~p 6*02 D

Proposition 2.1.24. A non-singular tropical modification § : X — X induces

group isomorphisms . @ Ag(X) — Ap(X) for all k.

Proof. Taking the pullbacks of cycles in X gives us a homomorphism ¢* : Z,(X ) —
Zp(X). By the last two parts of Proposition [2.1.23| this descends to an injective

morphism of the Chow groups Ax(X) — Ax(X). It remains to see that this map
is surjective. This follows from the next lemma. m

Lemma 2.1.25. Let ¢ : X — X be an elementary tropical modification, and
suppose C' 1s a cycle in X, then C ~, 6*9,C.

Proof. Suppose that we have an atlas of charts U, of X and U, of X such that
5a((~]a) = U, and in each chart the divisor of the modification ¢ is D, C U,. Then
in each chart U,, the cycle C, — 6%6,C,, is contained in §~1(D,). Construct a family
of cycles

By, = C = 6%60.(C) —t-ey, C Uy x [—00,0],

for each a. These provide a family B C X x [0,00] such that By, = 0 since
dax(Co = 050ax(Ca))) = 0. So every cycle is rationally equivalent to the pullback of

a cycle in X and §* : Ap(X) — Ax(X) is in fact an isomorphism of groups. O
Given a non-singular modification 9 : X — X call A alift of Aif5,A = A.

Corollary 2.1.26. For a non-singular tropical modification 0 : X — X, and a
cycle A C X any two lifts Ay, As of A are rationally equivalent.
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Proposition 2.1.27. Given a non-singular tropical modification 0 : X — X, and
cycles A, B C X such that A, B intersect X properly and 6*A,6*B intersect X
properly then

0*A.0*B = §*(A.B).

Proof. By Lemma from Section for a primitive modification in each chart
we have 0} (A,.By) = 65(An).05(By). O

In order to fully describe the Chow ring of a tropical manifold we must be able
to intersect boundary cycles and cycles not transverse to the boundary. In Section
this is done for curves in surfaces. To intersect boundary divisors of a tropical
manifold it is finally necessary to pass to equivalence classes as mentioned in the
beginning of this section.

2.2 (p,q)-homology

2.2.1 DMatroidal fans and the Orlik-Solomon algebra

The definition of (p, g)-cycles and (p, ¢)-homology summarized in this section are
due to Itenberg, Katzarkov, Mikhalkin and Zharkov [27]. Recall that in Section
1.1.2 for a polyhedral complex P C R" and a point p € P, we defined the star,

Star,(P)={veR" [Te>0, p+eve P}

This definition can be extended naturally to polyhedral complexes in T". For a
point p € P C T" of sedentarity i, Star,(P) C R™ will be contained in the half-
space defined by (z,e;) > 0.

Definition 2.2.1. Given a matroidal fan V' C T" of sedentarity () we associate to
each point z € V' a collection of groups Fy(z), for k € N. Let Fo(x) = Z, and for
k > 0 define

e If x € V is a point of sedentarity (), then
Fr(z) =<vi A+ Awvg | v1,...,0, €T C Star,(V)NZ" >,
where 7 is any face of Star,(V).

e If x € V is a point of sedentarity I, Fo(z) is a quotient of the above construc-
tion. More precisely,

C<u A A v,y €7 C Star,(V)NZT >
B <e |liel>

Y

where e; is the standard basis in R".
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€0

PcCT?

Figure 2.5: The matroidal fan P C T* with showing the six points from Example
222

Example 2.2.2
Consider the tropical fan P C T seen previously in Chapter 1, in Examples [1.1.20

and The fan is drawn again in Figure 2.5 for each of the points on P in the
figure, we give F,(z). Starting with the points of sedentarity we have:

Folzo) =Z Folr1) =Z Folzs) =7Z
fl(xo) = Al(Z3) .7-"1(51;1) =< eq,e9 > ]:1(362) =< e1,€6p >
ZP) Falwe) =< ei1Neg,e1 Aeg > Faolmg) =< ey Aey >

J
®
s
I
=

Folyo) =Z Foln) =Z Folyz) =7
Fi(yo) =0 Fi(y) =< e > Fi(y2) =< ey, e3 >
fQ(yO) =0 f2(y1) =0 .Fg(yQ) =0.

If o is an open cone of V' then F, is constant along o, meaning F,(z) = Fo(y)
for x,y € 0. Because of this we will sometimes use the notation F(c). When we
speak of F4(M) for a matroid M we mean the algebra associated to the origin which
is contained in B(M).

Definition 2.2.3. If 7 C & define the map i, : Fo(0) —> Fo(7), induced by the
inclusion map and the quotient by all e; for j € s(7)\s(o).

We choose the terminology “inclusion map” for i, ,, despite the fact that these
maps are not always injective, (if ¢ C 7 is a face of greater sedentarity the map is
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the quotient). Denote the dual algebra by F*(z) = Hom(F,(x),Z), then we have
restriction homomorphisms r,, : F*(7) — F*(0).

The Orlik-Solomon algebra of a matroid, OS®*(M) is defined as a quotient of
the free algebra A®*Z". We refer the reader to [41], particularly Sections 3.1 and
5.4 for the definitions and details. When the matroid M arises from a complex
hyperplane arrangement A, the next theorem was proved for braid arrangements and
conjectured for general arrangements by Arnol’d. Later following work of Brieskorn

[8] it was proved for general arrangements using the Thom isomorphism theorem by
Orlik-Solomon [41].

Theorem 2.2.4 (Theorem 5.89 [41]). Given a non-central arrangement A of hy-
perplanes in CP* there is a ring isomorphism,

H*(C(A), Z) = O5*(M)
where M is the matroid of the arrangement A and C(A) = CP*\ A.

Even without the definition of OS*(M) the above theorem is interesting as it
implies that the cohomology of the complement is a combinatorial invariant. It does
not depend on the choice of hyperplanes in A only on their intersection properties.

The key ingredient to the proof of Theorem is the existence of the following
exact sequence relating the Orlik-Solomon algebras of deletions and restrictions of
a matroid from Definition [LT.32]

Proposition 2.2.5 (Theorem 3.65 [41]). Let M = (E,r) be a matroid and i € E
then
0 — OS™(M\i) — OS™(M) — OS™ Y (M]|i) — 0

18 an eract sequence.

We include the next theorem simply because its proof is a nice application of
tropical modifications. An algebraic proof can be found in [27], their proof also
shows that there is an isomorphism of algebras.

Theorem 2.2.6. For a matroid M, there is a group isomorphism F™(M) = OS™(M)
for all m > 0.

We first prove the following lemma:

Lemma 2.2.7. Let M be a matroid on the ground set & and suppose 1 € E is not
a coloop, then for each k we have the short exact sequence,

0 — Frr(Mi) - Fo(M) = Fy(M\i) —> 0.
Proof. Set,

V=BM)NU; C T
V= BM\i)nU; C T,
D=B(M/i)ynU; c T" .
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By Proposition 0 : V. — V' is a tropical modification with divisor D where &
is the linear map with kernel e;. Let f : R"' — R be the integer affine piecewise
linear function which extends to T" ! to give the above modification. For a vector
veV'let v(v) = (v, f(v)) € R" be its lift under the modification.

From [1.1.34] the function f is integer affine if and only if the divisor D is of
sedentarity meaning F,(M|i) = 0. From Lemma[1.1.39]

Fr(M) = Frp(M\7)

and we have short exact sequence.

Otherwise, given a collection of integral vectors vy, ...,v,_1 in a cone 0 € D C
R™! the collection e;, y(v1),...,y(vr_1) is contained in a cone & € V, generated by
v(0) and e;. Although f is not linear, the map given by

Ul/\.../\yk_l»—>ei/\7(v1)/\-"/\7(vk—1)

is still well defined, since (v + w, f(v + w)) = v(v) + y(w) + me;, where m € Z.
Taking the exterior product with e; kills any indeterminacy. This gives the injective
morphism Fy_1(M|i) == Fp(M).

Given a collection of integral vectors vy, ..., vy in a cone of V| §(vq),...,0(vg)
are contained in a cone of V'. So Fy(M) N Fr(M\i) given by

VI A Avg = 0(v) A A (o),

is also a surjection. Finally, Ker(v.) = Im(d.), since v € Ker(d,) if and only if
v="1"Ne;, but v Ne; € Fi(M) if and only if v € Fj_1(M|i). This completes the
proof. O]

All the groups are free, so the Hom functor preserves exactness and we also get:
0 — FH(M\i) — F"(M) — FF1(M]i) — 0

Proof. Theorem |2.2.0l The Orlik-Solomon algebra and F* have similar exact se-
quences by Proposition and Lemma [2.2.7 If M is the uniform matroid U,,
there are graded isomorphisms:

F*(U,,) =2 0S*(U,,) = A Z".

For every rank r matroid there is a sequence of matroidal deletions along non-
coloop elements ending at the uniform matroid U,,. By an induction on the rank
and corank of the matroids, the vertical arrows at the right and left of the following
diagram are isomorphisms.

0 —— OS*(M\i) — OS*(M) —— OS*}(M]i) — 0

L)

0 —— FF(M\i) —— F*M) —2 FFY(M|i) —— 0

By the five lemma the vertical arrow in the middle is also an isomorphism. O
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2.2.2 (p,q)-cycles

The following is a summary of definitions of tropical (p, ¢)-homology which are to
appear in [27]. To get an idea of the objects we start by describing (p, ¢)-cells
contained in a matroidal fan V' C T". Consider the coarse polyhedral structure
on a matroidal fan V' C T", and let ¢ C V be a closed face. Consider the singular
g-cells contained in o such that their interior is contained in Int(o). Each such g-cell
may be equipped with a framing coefficient, this is an element in F,(c). Let C,(0)
denote the group of singular g-chains formed by taking integer linear combinations
of such singular g-cells. Then the (p, ¢)-chains in o, denoted C, (o) are the formal
linear combinations over Z of p-framed g-cells, i.e.

Cp,q(”) = Oq(a) ®z ]:p(a)‘

The (p, q)-chains of V' is the direct sum of all groups C,,(0) for o a face of V,
Le. Cpy(V) = ®ocvCyy(o).

For faces 7 C o C V there is a homomorphism between the groups, i, :
Fo(T) — Fo(o) from Definition [2.2.3] This allows us to define a boundary map
on (p, q)-chains:

0:Cpy — Cpya

It is easy to see that 9% = 0 since it acts only on the singular cells.

The above definitions may be extended for a tropical manifold X [27]. Then,
tropical (p, ¢)-homology is the homology of the chain complex of C,, groups and
the above boundary operator. The group H, ,(X) may be thought of as homology
with coefficients in F,(X). The (p, ¢)-chains on a manifold are denoted C, ,(X). As
usual we call a (p, ¢)-chain ¢ a cycle if it is in the kernel of 0, denote the (p, q)-cycles
by Z,,(X). A boundary is a (p, ¢)-chain contained in the image of 0, denote the
(p, q)-boundaries by I'm, ,(X).

Definition 2.2.8. The (p, ¢)-tropical homology groups of a tropical manifold X are

Htrop(X> = Zpy(I(X) )
P Iy, q(X)

The singular part of a (p,¢)-chain may not be closed in ordinary singular ho-
mology however equipped with a coefficient in F, it may become closed. Take
for example a chain whose boundary is of greater sedentarity. Then, the map
Fplo) — Fp(1) is a quotient and the framing coeflicient may be sent to zero.
Also a ¢-chain homologous to zero in singular homology may no longer be trivial
when equipped with a framing.

Example 2.2.9 Tropical toric surfaces

As an exercise we compute the (p,q) homology groups of a tropical toric surface
X. Following the argument given by Mikhalkin in [35] for TP". To start, for ¢ < 2
every (p,q)-cycle in X is homologous to a (p, ¢)-cycle supported on the boundary
0X of X. This is because the groups

Hy(X,0X;Ap(2")) = 0
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for all (p,q), so for every (p,q)-cycle there is a cycle in X such that their sum is
the boundary of a (p,q + 1)-cycle.

Now that any (p, ¢)-cycle can be moved to a ¢ dimensional part of the boundary,
if p > ¢ then the framing must vanish, since the framing coefficient here is contained
in

A(Z™)) <wv |iel>.

For p = 0 we just have homology with Z coefficients of X. This space is con-
tractible so Hyo(X) = Z and Hy, = 0 if ¢ # 0.

If p=1,q = 2, there are no non-trivial closed cycles. If the boundary of a 2-cell
is not of sedentarity then the framing coefficient cannot vanish, so the 2-cell must
be all of X. Even still the framing only becomes zero on the boundary when it is
the normal direction to a divisor. Not all divisors can have parallel normal vectors,

If p = q¢ = 2 then the 2-cell must be supported on all of X since the 2-framing
could only vanish on the boundary if it is contained in dX. The framing ¢ € A%(Z?)
can be expressed as kej A ey, for k € Z, so Hyo(X) = Z.

Finally the interesting case when p = ¢ = 1. Any cycle is equivalent to a sum
of boundary divisors which must have a parallel 1-framing, meaning orthogonal to
normal vector of a face. The surface X induces an orientation on the boundary
divisors. Let oy = (D;, ¢;) where ¢ is the framing with the same orientation as D;.
Then H,, is generated by the a;’s with two relations coming from the boundaries
of the (2,1)-cells 71 = (X, e1) and 75 = (X, e3), these boundaries are determined by
the combinatorics of the dual fan of X.

@iNzl o Z

Hix = (Or, 0m)

Example 2.2.10 Abstract tropical curves
An abstract tropical curve is a graph equipped with a complete inner metric [38].
A neighborhood U of a non-leaf vertex v € C has a chart ® : U — L, C TF!
where k is the valency of the vertex and Ly is the 1-dimensional fan in TF! with
directions

—e1,...,—¢, and eg = €1 + ..., €.

These charts provide the framing groups, Fe(z), (only Fo(x ) nd Fi(z) may be
non-zero). Since C' is one dimensional, connected and Fy(z) = Z, Fa(z) = 0 for all
x € C we have

H[)V()(C) = Z, HQQ(C’) = H270 = 0, and Hp7q(X) =0 lfp +q > 2.
Let g denote the first Betti number of the graph. Then, we also have
Ho:(C) = Hi(C,Z2) = 27

The cycles Z;o(C) are 1-framed points. Consider a collection of breaking points of
the graph {z1,...,z,}, and let {l1,...,{,} be a collection of cycles in Zg;(C') such
that x; € [; if and only if ¢ = j. Assign a primitive integer framing to x; so that it
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is in the same direction as the oriented tangent vector of [;. This defines a bilinear
pairing on the cycle groups and it is easy to check that it descends to homology, so

H071(C) X HL()(C) — 7.

This form is diagonalised over Z by the framed points z; and the cycles [;, so H ¢(C)
is dual to Hy1(C).

Finally, if a is a (1,1)-cycle then the boundary of its supporting 1-simplicial
chain must be on the vertices of the curve. For da to be zero at an interior vertex,
which recall is modeled on L, C T", all adjacent edges must be contained in «. Since
C' is connected « in fact contains all edges of the graph. Choosing an orientation
on each of the edges of C' and equipping every edge with a primitive integer vector
that is consistently oriented with the edge we obtain a generator of Hy ;(C) = Z.
We may also choose a primitive integer vector with opposite orientation and obtain
the negative of this .

2.2.3 Intersection of (p,q)-cycles

For the following definitions, we fix the standard orientation on R", namely the
standard basis vectors, {e1,...,e,} form a positively oriented basis. Suppose, ¢ €
AP(Z™) and ¢ € AP'(Z™), then we may assume:

G=wi N ANWpey NI A+ NUpypp

P=U1 A NUpyprn NUL A - NUp_p.

In particular, if ¢ and ¢ correspond respectively to p and p’-dimensional lattices
which intersect transversally, then vy, ..., vy, is a basis for the intersection (we
do not need to bother with whether this basis is oriented).

Definition 2.2.11. Let a = (¢, a) be a (p, g)-cell in R" and § = (¢, b) be a (p', ¢')-
cell in R™. Suppose the underlying g-cell a and the ¢'-cell b intersect transversally
in R". Then the product of (¢,a) and (¢, b) is the (p+p' —n,q+ ¢ — n)-cell

w(é ~p,a ~Db)
where,
1. the (¢ + ¢ — n)-cell @ —~ b, is the oriented intersection of the simplicial cells;
2. the weight is the determinant,
w = Det(wy, ..., Wn_p, V1, ., Uptprmny Uy - o -y Un—p),
where,

Q=W AN NWpey NUT A+ NUpyprp

O=VL A ANUpypr g ANUL N -+ N Up_p;
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3. the (p+ p’ — n)-framing is
¢AS0:/UI/\"'/\Up+p’—n-

We pause to make some remarks about parts two and three of the above defi-
nition. First, notice that if the lattices Ay, A, C Z" corresponding to ¢, ¢ do not
intersect properly, (i.e. dim(Ay N A,) > p+p' —n), then the determinant from part
(2) is zero, making the entire intersection zero. Moreover, the above definition does
not depend on whether {vy,...v,4y_,} is oriented or not, since an opposite choice
of orientation changes the sign of w and also of ¢ —~ ¢ in part (3). Also notice that
Definition [2.2.11]is in general not commutative, there may be a sign difference when
we change the order of intersections.

Fixing the opposite orientation on R" then in fact the total intersection product
does not change since the change in orientation will produce a sign change in both
the intersection of the singular cell and a sign change in the framing.

Lastly, there is topological reasoning behind the definition of the framing ¢ —~ ¢
and weight w in parts two and three above. Let T}, = (S!)" = R"\ Z" denote the
n-dimensional torus,

H(TZ)=2)  and HP(T,;Z) = AP(Z").

By Poincaré duality we have an intersection pairing on He(7),;Z). A p-framing ¢
represents a class in H,(7,,;7Z) and intersecting with a p’ framing ¢ gives a class
in Hyypy—n(Th;Z). The p+ p' — n framing: w¢ —~ ¢ defined above represents this
intersection.

Example 2.2.12

Consider the two cycles «, 8 in R? on the left of Figure . At the intersection point
x, the cycle « is given by the cell (e; + e2,a) and f is given by the cell (e, b). The
positively oriented tangent vector to a being also e; + e; and to b it is e5. Therefore
a —~ b= x but the weight w from part 2 is equal to —1. Therefore, the intersection
is —x.

Let us suppose we were to consider (p, ¢)-cycles in an n-dimensional matroidal
fan V. C TV. Then a (p,q)-cell (¢,a) and (p',¢')-cell (p,b) intersect transversally
in V, if Int(a), Int(b) are contained in an open facet F° C R™ C R¥of V, and they
intersect transversally in R". Then, Definition [2.2.11| can be extended to transverse
intersections in V.

Definition 2.2.13 (Transversal intersections). Let V' C TV be a matroidal fan of
dimension n and o € Z, (V) and 8 € Z, ,(V), then o and (3 intersect transversally
in V if the following hold,

1. the g-chain supporting « and the ¢’-chain supporting [ intersect transversally;

2. the interior of each cell of dimension ¢+ ¢’ —n in the intersection is contained
in the interior of a facet of V.
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Figure 2.6: a) Two (1,1) homology cycles in a plane. b) A close up of their only
point of intersection. Solid arrows denote their framings and the other arrows the
orientations of the cells.

Example 2.2.14
On the right side of Figure [2.6] there are two (1, 1)-cycles «, 3 intersecting transver-
sally in a facet of the matroidal fan P C T®. The point of intersection is in the
interior of a facet of V', moreover zooming into the intersection point in the facet,
the cycles are exactly the o and S drawn on the left. Therefore, the weight of the
intersection is —1.

In the next chapter on a smooth compact tropical surface X we construct an
intersection product on homology classes in H; 1(X). We end with a way of relating
the previously encountered k-cycles to tropical (p, q)-cycles.

2.2.4 The cycle map

Recall the definition of a tropical cycle A € Z;(X) from Section [1.2.3] If X is a
compact tropical manifold, there is a cycle map

for every k. Just as in complex geometry, see [I§]. A facet of a tropical cycle
A € Zy(T") is almost a k-cell, except it lacks an orientation and framing. For a
facet F' choose any orientation, there is a Zy choice, (in the end this choice will not
make a difference). Since A is rational, each facet F' is parallel to a k-dimensional
lattice Ap. Choose a basis {vy, ... v} for Ap, that is positively oriented with respect
to the chosen orientation of F. The framing ¢ will be v; A --- Av, € A¥Z". Then
F becomes wg(F, ¢r), where wp is the integer weight of F' in A. This does not
depend on the initial choice of orientation since (F, ¢r) € C, ® F.

Cyc(A)= > wp(F,¢p).

F facet of A
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Figure 2.7: a) A framing given by C'yc. b) A framing given by C'yc ¢) An inconsistent
framing giving a cycle that is not closed.

Alternatively, one may take a negatively oriented basis for the framing of each face,
this would give —Cyc(A).

Proposition 2.2.15. Let X be a compact tropical manifold and A C X a tropical
k-cycle then, 0Cyc(A) = 0.

Proof. When a codimension one face of A is of sedentarity () this follows from the
balancing condition on A. This is because the coefficient of this face in 0Cyc(A) is
the sum

> tw(F)ér € AP Z

FiDE
where the sign depends on the orientation of the faces. But because we have chosen
a parallel framing, for each F; we may write vy, = u; A vg, where ¢p € AL 7N g
a positively oriented basis of Ag and w; is the outward pointing normal vector F;
relative to E. The sum above becomes

F,DOF

By the balancing condition r~p Wi 1s parallel to the face £, and so the above
wedge product is zero.

Now if E is of positive sedentarity, it follows from above if A has the same
sedentarity. Otherwise, take a chart ® : U — V C TV, then E must be in the
closure of ®(U N F)° C RY, where F is some face of A therefore the framing of
®(U N F) becomes zero when we take the boundary. O



Chapter 3

Tropical surfaces

The study of tropical surfaces presented here relies on the intersection theory of
curves and of (1,1)-cycles. The first part of Section simplifies the intersection
products defined in Chapter [2]in the case of surfaces. We also show that the product
for transverse (p, g)-cycles in a tropical manifold can be defined on (1, 1)-homology
classes of a compact tropical manifold and use this to define the self-intersection of
boundary curves.

Section describes a procedure called the tropical sum, used to construct new
tropical surfaces from old. As an example we use the sum construction to describe
blow downs of submatroidal —1-rational fan curves in tropical surfaces. In we
consider tropical versions of some equalities for complex algebraic surfaces, namely
Noether’s formula and Hirzebruch’s signature theorem. Noether’s formula is proved
for a certain class of surfaces described in Proposition

In Section we compute the (1,1)-homology of a floor decomposed tropical
hypersurfaces in TP? and also the intersection form on H 11- 1t follows from Theorem
[3.3.5], that the tropical homology of such a surface does not satisfy an analogue of the
Hodge Index Theorem. However, the signature of the form on H;; is the signature
of the intersection form on H? of a non-singular complex hypersurface in CP? of the
same degree.

The final part of this section considers local approximability of tropical curves in
surfaces. To do this we establish a relation between tropical and complex intersection
multiplicities for curves. This is then applied throughout the rest of Section to
completely classify approximable fan tropical curves contained in the intersection of
the standard tropical hyperplane in R? and an rational affine hyperplane. This is the
case considered by Bogart and Katz in [7]. Furthermore, in this classification
is generalised to cover all trivalent tropical fan curves contained in any fan plane
P CRY.

Section [3.2.2] presents the canonical class, Ky, of a tropical surface X as a tropical
1-cycle following [38]. Theorem establishes the following adjunction formula
for tropical curves which are locally submatroidal (non-singular),

_ Kx.C+C”

h(C) = =25

+ 1.



58 Chapter 3. Tropical surfaces

The dramatic result of this section is the discovery of irreducible tropical curves
in surfaces for which the right hand side of the above equation is negative. We
establish a correspondence between the classical adjunction formula and the above
tropical one for constant families which leads to a general local obstruction to lifting
tropical curves in surfaces given in Theorem [3.4.36] An interesting conclusion to be
deduced from this section is highlighted in Example [3.4.40] which shows that there
are singular lines in smooth tropical surfaces. This leads to the curious phenomenon
that being non-singular is not an intrinsic property of tropical varieties.

The results in presented in Sections [3.4.1} and parts of are joint work
with Erwan Brugallé from [12].

Before we begin we make some global definitions. A tropical curve in a surface
is an effective 1-cycle. A fan cycle (respectively curve) in a matroidal fan V' C R" is
a tropical cycle (respectively curve) with a single vertex coinciding with the vertex of
V. The terms boundary curve and boundary divisor will be used interchangeable
to denote a boundary divisor equipped with weight one. We call points which are
intersections of two or more boundary divisors of X corner points. The intersection
A.B of two 1-cycles is a well defined collection of points in (AN B)(®, in Section
and onwards we will be interested in numerical properties of intersections. Therefore,
after summarizing and simplifying the local definitions we will usually just mean by
A.B the sum of the local multiplicities, i.e

AB= Y  (AB).

z€(ANB)(0)

This should be clear from context. Lastly, before the precise definition is given in
Section one should think of the tropicalisation of a complex curve C C (C*)V
as the logarithmic limit set, Trop(C) = lim;_, Log,(C) equipped with weights. The
tropicalisation of a curve will only be used sparingly in examples until the precise
definition is provided.

3.1 Intersections in surfaces

3.1.1 Intersection with a boundary curve

All points of a boundary divisor in a tropical manifold are of sedentarity greater
than zero. A boundary curve D and a non-boundary cycle C' in a tropical surface
always intersect in a finite collection of points of sedentarity one or two.

Definition 3.1.1. Let C' C X be a cycle of sedentarity zero and D C X an irre-
ducible boundary divisor. We define,

C.D= Y (C.D),z.

zeCND

Where
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(1) If z is a point of sedentarity one in C' N D adjacent to an edge e of C' then
(C.D), = w,, where w, is the weight of e.

(2) If x is a point of sedentarity two, choose a neighborhood U of = and take a chart
®:U — V TV, so that z is the point of sedentarity two and the image of DNU
is contained in the divisor of V corresponding to z; = —oo in the coordinates of TV,
Let vy, ...vs denote the primitive integer directions of all rays of ®(C' N U) which
end at the corner of V and wy, ... ws their respective weights. Then

(C.D), = Z wj(e;, v;).

In different charts the weights are preserved and under a integer affine trans-
formation and so is the inner product is preserved, so the intersection multiplicity
defined in part (2) of Definition is independent of the chart chosen. Any bound-
ary divisor can be decomposed into a sum of irreducible boundary divisors, and we
extend the product by linearity.

Definition 3.1.2. Given two distinct irreducible boundary curves Dy, D5 in a trop-
ical manifold X, then
Dl.D2 = Z xI.

xeD1ND2y

3.1.2 Intersections at corner points.

Two non-boundary tropical cycles may still intersect at the boundary of X. Given a
point x € (C;NC,)© in the interior of a boundary divisor, we define the intersection
multiplicity to be zero.

We now consider corner points. Figure [3.2] shows two cycles, which are both
affine lines, meeting at the corner of T?. Their primitive integer directions are (p, q)
and (r, s), where we insist that p, ¢, 7, s < 0. Let w, v be the weights of the edges of
these two cycles. After a small deformation of one of the two curves, tropical stable
intersection gives intersection multiplicity wv min{ps, gr}.

Example 3.1.3
In Figure [3.1] is the real drawing of two complex curves

Ci={Y—-X*=0} and Cy={Y+X*=0}

The curve C; has an inflection point at (0,0) to the line {Y = 0}, and the curve C
has a tangency at the same point also to the line {Y = 0}. In this simple example
it is easy to check that the curves have intersection multiplicity 2 at (0,0) despite
the fact that the product of the multiplicities of the curves at this point is 1. The
tropicalisations of the curves are dual to the Newton polytopes so, Trop(C;) = C} is
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? (1,3)

I 2
C1

Ca

y=—00

Figure 3.1: The intersection of two curves at an inflection point and a tangency,
along with the tropicalisation.

(p,q) (p,q)

(r,s) (r,s)

wp

wq

a) b)

Figure 3.2: a) Two cycles intersecting in a corner of T?> b) A small deformation
showing their intersection multiplicity.
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(2,3) (1,1) (1,1)

Figure 3.3: On top are the two configurations of curves with respect to the coordinate
axes which appear in Example|3.1.5| Below are their respective tropicalisations.

a ray in the direction (1,3), and Trop(Cs) = C5 is a ray in the direction (1,2). The
tropical multiplicity at the corner is

(C1.C) (—ooo0) = 2.

Definition 3.1.4. Let C;,C, € V C TV be two tropical cycles of sedentarity
zero in a two-dimensional matroidal fan V. Suppose V' contains the corner point
x = (—00,...,—00) and the cycles each have exactly one ray converging to x.

1. If P = T? suppose the ray of C; has primitive integer direction (p,q) with
weight w and Cy has primitive direction (r,s) with weight u then define,

(C1.03)(~00,—00) = wumin{ps, qr}.

2. Otherwise, fix a projection 7 : TV — T? which does not contract the faces
of V' containing the two rays of the cycle then define,

(C1.03)p = (m(C1).7m(C2) ) (—00,—00)-

When the cycles have multiple rays converging to the corner point extend by dis-
tributivity:.
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Example 3.1.5
At the top left of Figure is a cuspidal cubic C = {X® — Y? = 0} and a line
L ={X —Y =0} drawn with respect to the coordinates X,Y. Again the tropical
curves are dual to the Newton polytopes, so Trop(C) = C'is a ray in direction (2, 3)
and Trop(L£) = L a ray in direction (1,1). Their tropical intersection multiplicity
at (—oo, —00) is 2 and corresponds with the complex one at (0, 0).

The right hand side of Figure depicts and the tropicalisations Trop(C) =
C and Trop(L') = L are both supported on the ray of (1,1), however in C' this
ray is equipped with weight 2. From the definition, (C.L')(—x,—o0) = 2 whereas
(C.L)00) = 3. The complex intersection multiplicity at (0,0) of two curves is not
always equal to the multiplicity of their tropicalisations at (—oo, —00).

3.1.3 Intersection at points of sedentarity zero

Given two cycles: O, Cy C X, let z be a point in (C;NCy)® of sedentarity zero. The
intersection multiplicity at such a point has been given in Section for general
tropical manifolds. Here we give an alternative and simpler definition in the case of
surfaces. To begin, choose a neighborhood U of = and a chart ® : U — V ¢ RY
where V' is a matroidal fan and for i = 1,2, C;NU is a fan with vertex v the vertex of
V. Throughout, V' C TP will denote the compactification of V' C RY given by the
unimodular basis uy, ..., ux used to construct the fan V' as in Section [I.1.4] Then
V is a modification of TP?. We will assume as usual that the matroid corresponding
to V' contains no loops nor double points.

The compactification of the plane V . RY to V C TPV determines an arrange-
ment of tropical lines

Li=Vn{z; = —co0} C TP",

for 0 < i < N where [z : --- : 2] are tropical homogeneous coordinates on TPY.
The arrangement will be denoted A = {Lyg,...,Ly}. A point of A is a point
contained in at least two lines of A, denote the collection of points p(A). For a
point p € p(A) we may associate to it the maximal subset I C {0,..., N} such that
p € NierL;, therefore we may index the points by p;. . The size of a point py is
|I|. The points p(A) are in correspondence with flats of the matroid corresponding
to V that are of size greater than 1 but rank less than 3. A point p; € p(A) has a
neighborhood U and a chart ® : U, — TP/l such that ®(p;) = (—o0, ..., —00).
Given two cycles C,Cy C V their closures C,,Cy CV may intersect at points
pr € p(A). The intersection multiplicity being given by Definition . Using the
intersection multiplicities at the points p(A) we will give an alternative formula for
the intersection of two fan cycles Cy,Cy € V C RY at v the vertex of V. First we
define the degree of a fan cycle in a matroidal fan V.

First suppose that a vector v € Z" is contained in V. By the construction
of V' described in Section [I.1.4] v is contained in a cone generated by w;, u; for
some I € p(A) and i € I, where u;y = > . ;u;. Therefore, there is a unique
expression, v = p;(v)u; + pr(v)u; where p;(v), pr(v) are non-negative integers. Set
ri(v) = pi(v) + pr(v) if the direction v is contained in a cone generated by w; and uy
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for some I 3 i, and r;(v) = 0 otherwise. Given an edge e € Ed(C'), we denote by v,
the primitive integer vector of e pointing outward from the vertex of C.

Definition 3.1.6. Let V' C RY be a 2-dimensional matroidal fan with respect to
the unimodular basis uq,...,uy and C C V be a fan tropical cycle. For an edge
e € EA(C), let u. denote the primitive integer vector in the direction of e and w.
the weight of e. Choose a u; and define,

deg(C) = Y weri(ve). (3.1.1)

ecEd(C)

It follows from the balancing condition that the above definition is independent
of the choice of wu;.

Theorem 3.1.7. Let V. C RY be a matroidal fan, given two tropical fan cycles
Cy,Cy C V, let Cy,Cy denote the closures of the cycles in V. C TPY and let A
denote the arrangement defined by V. The intersection multiplicity of the two cycles
C1,Cs at the vertex v of V is,

(Ol.Cg)v = deg(C’l) deg(C’z) — Z (6162)3;

z€p(A)

Proof. If V = R? for two curves C;, C, the statement follows immediately by calcu-
lating the difference in the mixed volumes of the polytopes dual to the curves Cf,
C5 and the simplicies of size deg(C}), deg(Cs). For general cycles we may sum with
curves to obtain effective cycles and deduce the result by linearity.

Suppose V' C R¥ is of codimension at least one. Choose an elementary open
contraction 6 : V. — V', and denote the associated divisor D C V’. Suppose
without loss of generality that the kernel of § is generated by uy. By induction we
may assume that the statement holds for the cycles §,C4,,Cy C V'. Moreover, by
Definition it is mere linear algebra that deg(C;) = deg(0.C;). The statement

reduces to: o
D (0.C10.Ch)y — > (C1.Co)y = (A1.A,), (3.1.2)

p'ep(A) PEP(A)
where A; is the correction cycle for C; from Section and v is the vertex of the
fan. For a point p; € p(A), if N & I then p; € p(A’) and moreover,

(5*_01 '5*_02)171 - (61 .62)1,1 .

If |I\N| =1 then I\ N does not correspond to a point in p(A’) so declare




64 Chapter 3. Tropical surfaces

For a point p; € p(A) such that N € I and a cycle C' C V let,
Edget:(pr) = {e C Edge(C), |pree, eg VU]

For each edge e € Edge:(pr) define a trivalent cycle C'(e). This cycle consists of an
edge in the direction of e of weight w,., an edge in the direction uy, and the third
edge in the direction of §*d,(e), i.e. it is supported on the 1-skeleton of V. The
weights on the last two edges are determined by the balancing condition. The cycle
A; splits into the sum:

2. > Gl

prep(A) eEEdgeC (p1)
st.Nel
If I = {s,N}, and e € Edgeg, (pr) and f € Edgeg, (pr). Denote the primitive
integer vectors in the directions of e, f by w.,u; respectively, and suppose u, =
pus + quy and uy = rus + suy. Then,

(C1(€)-Colf))o = ~(@T)ps = —werwy min{ps, gr}. (3.1.3)

For I such that [I| > 2 and N € I, and an edge e € Edgef.(p;) the cycle C(e)
has rays in directions u., uy,u; and suppose u, = pus + quy and uy = ru; + qun.

(5*6.5*f)pI\N = WWpr.

If e € Edgeg, (pi) and f € Edgeg, (ps) then (Ci(e).Ca(f)), = 0 and the product
of the correction cycles is:

(A1.A9), Z Z (Ci(e)Ca(f))o-

prep(A) ecEdgeg, (pi)
sLNEL feRdge?, (1)

The theorem now follows from the distributivity of the intersection products. O

This alternative definition of the local intersection product will serve us in Section
where we relate complex and tropical intersection numbers.

3.1.4 Intersection form on (1,1)-cycles

Recall that we defined in Section the intersection product of a (p,q) and a
(p', q')-cycle intersecting transversally in R"™ and in V' C T". Recall that the choice
of orientation on R" did not effect the product of transversal (1,1)-cycles. So the
intersection can be extended to (1, 1) cycles in X intersecting transversally in every
chart. The intersection of two transversely meeting (1, 1)-cycles is a collection of
Z, weighted points. Throughout we let a.3 denote the sum of the weights of these
points, (i.e. a.f is a class in Hyo(X)). We will prove that this product descends to
(1,1)-homology classes on a smooth compact tropical manifold X.
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<€j7 ¢e)

Figure 3.4: Intersection on an edge of a matroidal fan V' C T and the splitting
from Equation [3.1.5]

First we extend the product in the following case: Let o and 3 be (1, 1)-cycles of
X which intersect properly. Let x be a point in their intersection (i.e. a point in the
intersection of the underlying simplicial 1-cycles); moreover, suppose that x lays in
the interior of a framed edge (e, ¢) of 5 where e is contained in a codimension one
face of X, (e may be in the boundary of X). See Figure . Label the facets of X
adjacent to e, by Fp,..., Fy. Then there exists a splitting of the framing,

k
¢=cet+ > 0 (3.1.4)

1=0

where ¢, is parallel to the edge e, and for all 0 < ¢ < k, there exists a small € > 0
such that x + €¢; € F; and < ¢;,¢. >= 0. Let e; = e £ €¢; be a translation of e
contained in the facet F;. Then (e;, ¢;) is a (1, 1)-cell which intersects « transversally
in the facet F; in a finite collection of points in a neighborhood of x. Define

k

(@.B)s = a(ej, de) + . Y (es, ). (3.1.5)

=1

See the right hand side of Figure [3.4]

Notice that the first term of the above expression requires a choice of e; C Fi.
We must verify that the above definition does not depend on this choice of e; nor on
the choice of splitting of the framing ¢ from [3.1.4 Firstly, for every (1, 1)-chain in
a adjacent to x, we may suppose that the 1-chain f is oriented outward from x as
a singular chain and has coefficient one. This is simply by transferring any change
of orientation or multiplicity to the framing vector ¢¢. In addition, for a (1, 1)-cell
(f,¢f) of a contained in a facet F;, we have ¢y = pv; + qu, for some p, ¢ € Z. Here,
v, is the primitive integer vector in the direction of e, and v; is the primitive integer
direction orthogonal to v, and parallel to F;. Thus, (f, ¢s).(e;, ¢.) = p. Moreover,
the vectors vy, . . . vy satisfy Zf’;:o v; = 0. Then the fact that («./3), does not depend
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on the choice of face F; follows from

> ¢p=0. (3.1.6)
fea
zef

This is the condition that « is closed.

To show that Definition does not depend on the splitting it suffices to
consider the case when the initial edge of 3 is (e, v;), where v; are one of the vectors
from above. Without loss of generality we may assume ¢ = (0. Here the other
representation of the framing is given by vy = — Zle v;. So the corresponding edge
of 8 may be simply moved to (e, vg) or split as — Zle(e, v;), and then each (e, v;)
translated to (e;,v;). A (1,1)-cell (f,¢y) of c, adjacent to x and contained in the
facet F; again satisfies ¢y = pv; + qu., so that (f, ¢r).(e;,v;) = ¢. Once again the
two splittings give the same result for (a.(), because « satisfies the Equation .

Notice that in showing the intersection product in the above case is well defined
we used that X is locally matroidal. Say a (1,1)-cycle « in a surface X properly
intersects the skeleton of X if

anX©® =0 and dim(anX®)=0.
Then we have the following lemma.

Lemma 3.1.8. Suppose X is a compact tropical surface, and suppose «, 3,5 are
(1,1)-cycles such that

1. B~ p;
2. «a and f intersect transversally in X, similarly for o and f';
3. «, B, all properly intersect the skeleton of X ;

then a.p = a.f3'.

Proof. 1t suffices to consider the case when § — /3’ is the boundary of a single (1, 2)-
cell 7. By subdividing the (1, 2)-cell if necessary, we may suppose that 7 € U where
U has a chart ® : U — V' C T". We identify 7 and all of the (1, 1)-cycles with their
images in V. This (1,2)-cell must be contained in a closed facet of V', and 07 is
equipped with a constant framing ¢. First suppose that 7 is contained in the interior
of a facet F' of V, then in particular 7 contains no points of positive sedentarity,
and 07 is also in the interior of F', in this case we may also suppose that a and 07
intersect transversally. The cycle a intersects 7 in a finite collection of points, in
the interior of cells (f,¢f) of a. Once again we may assume that all 1-cells f are
oriented to point outwards from 7 and have multiplicity one. Then since « is closed

we have,
>, dr=0.

(f:9f)€c
fNoT#D
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> Pa
\
» a —» a Bl
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Figure 3.5: Intersection with a boundary 97 when the boundary is of sedentarity
and when it is of mixed sedentarity.

" f f
T - & M Q
# T2 //
A V. A i N
// V N
71 I
// > //
FcVv Uy T?
Figure 3.6:

The framing on 07 is constant, say ¢,, so we obtain

or.a ==+ Z Or Ny =0.

(f?¢f)€a
fNOT#£0

See the right hand side of Figure [3.5

If 7 is not contained in an open face, then 07 has edges on the one skeleton, and
the cycles f and 7 may intersect properly at such an edge. If 7 contains no points
of positive sedentarity, then .07 = 0 follows from Definition [3.1.5] and the above
argument by translating each edge of 07 into the interior of F. Otherwise we may
assume without loss of generality that 7 contains a single edge e of sedentarity {1}.
Also we may suppose for simplicity that 7 intersects no other edges of V. Let vy, vy
denote a primitive integer basis of the facet of V' containing 7 where < vy, vy >= 0
and vy is the direction orthogonal to the stratum of the boundary containing e. Also,
suppose T is equipped with framing pv; + quy for p,q € Z then all edges of 07 have
framing pv; + quo except e which is equipped with framing qus.
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For edges of « intersecting O we have

> dp—ru =0,

(fidr)€a
fNOT#D

for some r € Z. The term rv; appears since the boundary map takes the quotient
of the framing of an edge of a intersecting the edge of 07 contained in the boundary

of V. Then,

0={(¢-, Y ¢r—ruv)

(f:df)€a
fNOTH#D
0= <¢T? Z ¢f> + <¢T7 Z ¢f - TU1>
(f:dr)€a (f:¢f)€c
FNoT#£0, fne=0 FNOT#D, frne#d
0={¢, > ) +lgm > oy
(f7¢f)€a (fz(bf)ea
FNoT#£0, fne=0 FNOT#£0, fne£d
0=a.0r
This proves the lemma. O]

Lemma 3.1.9. Let « be a (1,1)-cycle in X, then there exists a (1,1)-cycle o' such
that o ~ o' and o intersects the skeleton of X properly.

Proof. Tf « contains a (1,1)-cell (e, ¢) where e is in the one skeleton of X, we can
choose a splitting of ¢ as in and then move the cells (e, ¢;), and (e, ¢.) into
the interior of the facets of X. So we may suppose that dim(a N X®) = 0 and let
z € anN X© be a point of sedentarity order 0. Take a chart ® : U — V C R™ and
identify a neighborhood of x in X with a the neighborhood of a vertex of a matroidal
fan V' € R", similarly identify o with its image in the fan V. Let Ly, C TV denote
the 1-dimensional fan with rays uq,...,uy where as usual u; = —e; for 1 <i < N
and ug = e; + --- + ey. Since V. TV contains no loops, Lyyy C V.

We first show that we may find a; ~ « such that in a neighborhood of z, « is
supported on Ly,; and is equipped with weight d on all of its edges. If the first
statement is true the second statement about the weights is trivial by linear algebra
since «q is closed. To prove the claim, we first move all of the edges of « that are
adjacent to z to the 1-skeleton of V', this is Step 1. Denote the (1, 1)-cells of «
adjacent to z by (¢y, f). Once again suppose that the 1-cell f is oriented outwards
from x and has coefficient one. If f is in the interior of a facet F' of V| generated
by integer vectors vi,vs then we may write ¢y = piv1 + pavs for some pi,ps € Z
since V' is unimodular. In the facet F' consider the (1,2)-cell with framing p;v; and
supported on a two cell contained in a ball of radius € about x, whose boundary
contains x and has components laying on f and the boundary of F' generated by v;.
Then av — 01, — 05 is equivalent to a. Repeating this procedure for all f contained
in the interior of facets of V and we obtain a cycle a; supported on the 1-skeleton
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of V' in a neighborhood of x. See the left hand side of Figure Step 2 is to move
the cells passing through the vertex to be supported on edges of Ly C V C T". If
the skeleton contains a ray which is not in the direction u; it must be u; = ZZ.G JUr
for some I C {0,..., N}. Moreover for every ¢ € I there is a facet of V' spanned by
u; and u;. Now we may apply the same procedure used to move the rays of a to the
skeleton to move any edges of a; supported on the rays in direction u; to the rays
in direction u;. Therefore o ~ a; and « is supported on Ly in a neighborhood
of x.

Finally Step 3 moves a; away from the vertex. This is easy to do if we can
deform Ly, to another tropical line L' contained in V. To see that this is always
the case, consider a full contraction § : T" — T2, then 6, Ly is the tropical line
with vertex at the origin and consisting of three rays. Let L = §,Ly,1 + ev C T?
be a translation for a generic vector v and a small € > 0. Then L' = §*L C V not
containing the vertex of V. Now, the cells of a; contained on the edges of Ly
may be deformed in V' to the edges L. See Figure 3.7

If x € V is a point of positive sedentarity I, then a similar procedure near the
boundary produces a cycle o' whose only cell intersecting x is supported on the ray
of the skeleton in direction u;. Once again we may split this cycle in the directions
u; for ¢ € I and obtain a cycle homologous to a which no longer passes through z.
See the righthand side of Figure (3.6

The only case left to consider is when « is contained in a boundary divisor of X,
this is proved in the following lemma. O

Lemma 3.1.10. Let o € Zy1(X) be supported on an irreducible boundary divisor
D C X, then there exists a (1,1)-cycle o/ € Zy1(X) such that o ~ o and o
intersects the skeleton of X properly.

Proof. In each chart ® : U — V C T it is clear that we may move ®(a N U) so
that it intersects the boundary in at most a finite collection of points. So it suffice to
match the images up in the overlaps of two open sets UNU’. As 1-cells this is simple,
however the result may not be closed. Its boundary will be a collection of points
with framing orthogonal to ®(D N U), call this direction v. At all such points add
a ray in the direction v with the appropriate weight. Doing this in all overlaps we
obtain a cycle o which is homologous to a and intersecting the boundary in a finite
collection of points. Now we may apply Lemma to obtain a cycle intersecting
the skeleton of X properly. n

The above lemma along with Lemma[3.1.8 allows us to calculate self-intersections
of boundary divisors of a surface X. The next lemma proves that on a compact
tropical surface, the product on 1-cycles A, B reviewed in the last section gives the
same result as the (1,1) product on Cyc(A), Cye(B).

Theorem 3.1.11. Suppose A, B are two tropical 1-cycles on a smooth compact
tropical surface X, then

Cyc(A.B) = Cyc(A).Cyc(B).
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3)

Figure 3.7: The three steps of moving a (1, 1)-cycle away from a vertex of V' C T".
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Proof. Let x be a point of (AN B)® and let (A.B), denote its multiplicity in A.B.
Choose a neighborhood of z € X such that U N A, U N B are both contained in
fan cycles in V' C T" under a chart ® : U — V C T". We identify z, A, B and
U with their images in V, and set D = U\U. Then, Cyc(A) NU and Cyc(B) N U
are relative (1,1) homology cycles, i.e. they are in Hy (U, D). Let K be a small
compact set containing a ball of size € about x. By the last lemma we can find cycles
a, f homologous to Cyc(A), Cyc(B) respectively, which intersect transversally in
K and agree with Cyc(A), Cyc(B) outside of K. Moreover, the total intersection
multiplicity of «v, 5 in K is the same as (A.B),. If z is in a facet, or on an edge this is
trivial. If z is a corner point it follows from the definition of corner multiplicities and
the splitting given above. Moreover, if x is a vertex of V' then by using Definition
and the splitting from the above lemma we can easily compare the intersection
multiplicities.

It remains to show that away from the points z € (AN B)©® there is no contri-
bution to the intersection multiplicity. Outside of the compact sets K about every
point z € (AN B)© if the cycles a, 3 intersect then they must do so in parallel
edges of rational slope, moreover the framing coincides with the rational direction.
Therefore «, § have parallel framings, we may move the cycles to meet transversally
while keeping their framings constant. Then every additional intersection point
will contribute 0 since by Definition the weight w = 0. This completes the
proof. O

For tropical 1-cycles in a surface we now have two equivalent ways of defining the
intersection product (assuming we do not need to take self-intersections of bound-
ary divisors). Because of the equivalence of the two products we will not make a
distinction and apply which either one is most convenient for the given situation.

3.2 Tropical sums

Given two tropical surfaces X, X’ each with isomorphic boundary divisors D, D’
satisfying certain conditions we construct a new tropical surface X# X' by “glueing”
the two original surfaces. The resulting surface, called the tropical sum, is analogous
to the fiber sum for manifolds and symplectic sum in the symplectic category [24].
With the tropical sum we may construct new surfaces from old. Examples which will
be presented are instances of tropical blow downs and “floor decomposed” surfaces,
previously introduced by Mikhalkin [37].

3.2.1 The construction

As a warm up, the next example describes the sum of two tropical curves.

Example 3.2.1
Given two abstract tropical curves C4, Cy suppose D; is a finite collection of leaves
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of C; and f: Dy — Dy a bijection. As a graph, the tropical sum is simply:
CruUCy

{i ~ f(2) | 2 € D1}

An abstract tropical curve is also equipped with a metric. On the sum C}#C5 we

may impose lengths on the k new bounded edges where k = |D;|, therefore we obtain
a k-parameter family of abstract tropical curves.

Ci#Cs =

Definition 3.2.2. An isomorphism of tropical curves is an isometry f : C; — Cj.

Recall that an irreducible boundary divisor D is said to have simple normal
crossings with the rest of the boundary divisors of X if DN D; N D; = ) for all
other distinct boundary divisors D;, D; not equal to D. For such a divisor we define
the normal bundle of D in X. Tropical vector bundles have already been treated in
the “open” case by Allermann in [I].

Definition 3.2.3. Let D C X be a boundary divisor having simple normal crossings
with the other boundary divisors of X, let {U;} be a covering of D in X, such that
U/ = DNU; is simply connected for all 7. The normal bundle Nx (D) is the tropical
manifold given by the open sets U/ x T with charts @ : U/ x T the extension of the
charts ®; : U; — V; x T C TV from X.

Rational sections were also defined in the open case in [I].

Definition 3.2.4. Let D C X be a non-singular tropical curve in surface X and
7 : Nx(D) — D be its normal bundle. A continuous function o : D — Nx (D)
is a rational section if m o 0 = id and in every chart o is a piecewise integer affine
function.

Let N%(D) = Nx(D)\0_oo, where o_ is the —oo section. Then, N% (D) is an
R bundle. By Definition it is tautological that a neighborhood of D in X may
be identified with a neighborhood of the zero section in Nx (D). For simplicity we
will restrict ourselves to the case when the restriction of the normal bundle to D°
is trivial. In particular, this is the case if by (D) = 0. In this case, we can easily find
a non-zero rational section of Nx (D), where by zero we mean Oy = —o0.

For an irreducible boundary divisor let B(D) C D denote the bounded edges of
D. If D = [00, —00] then set B(D) =0 € D. Then D\B(D) is a collection of edges
adjacent to the leaves of D.

Lemma 3.2.5. Let D C X be an irreducible boundary divisor and suppose D has
simple normal crossings with the other boundary divisors of X. If Nx(D°) is trivial,
then there is a non-zero section o : D — Nx (D) which is constant on B(D) and
integer affine linear on each leaf of D.

Proof. By assumption Nx(D°) = D° x T. However, the closure in Nx (D) of a
constant section of Nx(D°) may zero or undefined on the boundary. For an edge e
of D adjacent to a leaf [, let v denote the unit tangent vector to e pointing away
from B(D). Then there is a unique integer k, such that if do(v) = k then o(l) € R.
By continuity this defines a section o. m
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Figure 3.8: A section o from Lemma of the normal bundle Nx (D) where
Nx(D°) is trivial.

In the case that the normal bundle restricted to D° is trivial, the section from
Lemma |3.2.5| gives the self-intersection of D.

Corollary 3.2.6. Let D C X be an irreducible boundary divisor having simple
normal crossings with the other boundary divisors of X . For every edge e in B(D)\ D
let ve denote a unit tangent vector to e pointing away from B(D). If Nx(D°) is
trivial and o is a section from Lemma then,

D.D ~ Z do(ve).

e€B(D)\D

Proof. Suppose the section o(D) C Nx (D) is contained in a neighborhood of the
—oo section which can be identified with a neighborhood of D C X, (if not we may
translate substract from o a constant 0 << M € R). The section, o(D) can be
completed to a balanced tropical cycle (D) C X simply by adding to every leaf [
of B(D) a vertical ray with weight

Z do(ve).

leee B(D)\D
It is easy to see that (D) ~ D as (1,1)-cycles. This proves the corollary. O
In Section [1.2.3], we defined tropical linear maps of manifolds.

Definition 3.2.7. Suppose D and D’ are irreducible boundary divisors in tropical
surfaces X and X' respectively and having simple normal crossings with the other
boundary divisors of X and X' respectively. An invertible tropical linear map ¢ :
N (D) — N%(D') is an isomorphism if there is an isomorphism of curves f : D —
D’ such that fr = 7'g. It is orientation reversing if it reverses the orientation of
each fiber ~ R.
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In each fiber a bundle isomorphism g : N% (D) — N$%(D') must be integer
affine linear and invertible. If g also reverses orientation then restricted to a fiber it
is given by x — —x + M where M € R.

To form the tropical sum we assume the following conditions:

1. The boundary divisor D C X (respectively D’ C X’) has simple normal
crossings with the other boundary divisors of X and (respectively X');

2. The normal bundles Nx(D°) and Ny, (D) are both trivial;

3. There is an isomorphism f : D — D’ and an orientation reversing bundle
isomorphism g : N (D) — N%,(D’) such that fr = n'g;

4. Let U C Nx(D) be a neighborhood of the —oo section such that there is an
inclusion i : U — X, where i(U) is a neighborhood of D in X. Similarly
let U' C N (D') be a neighborhood of the —oo section such that there is
an inclusion ¢’ : U" — X'. Suppose ¢ C U is a section of Nx(D) given by
Lemma [3.2.5 such that o/ = gooo f~' C U’

Under these assumptions X \i(o) consists of two connected components, let X,
denote the closure in X of the component not containing D, and analogously for
X!, where 0/ = gocoo f1.

Definition 3.2.8 (Tropical sum). Let X and X’ be tropical surfaces and suppose
D C X, D' ¢ X’ are irreducible boundary divisors, f : D — D’ an isomorphism,
and g : N4 (D) — N%,(D’) an orientation reversing bundle isomorphism satisfying
conditions (1) — (4) above. Then the tropical sum of X and X’ with respect to g
and o is,

X, UX,
ioo(x) ~i'ogoo(x)

X#X' =

In general, different choices of o and g will amount to a one-parameter family of
tropical manifolds. However changing the isomorphism f : D — D’ may produce
completely different spaces.

Lemma 3.2.9. Suppose X is a tropical fiber sum of X1 and X5 along the irreducible
boundary divisors D C X1 and D" C X5, for some o and g. Then,

L (K%, + (K%,)* = (K%)*
2. D?=-D"

Proof. The intersection (K%)? is supported on points of X ©) that are corner points
of X of size larger than two or are points with sedentarity (). Such a point is in exactly
one of Xfo) or XQ(O). Therefore the statement of (1) follows from local intersection
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multiplicities and the assumption that D, D" have simple normal crossings with the
other boundary divisors of X; and X5 respectively.

Part (2) follows from Corollary and that g(o0) = ¢’ where g is orientation
reversing. O

Example 3.2.10 Contracting fan —1-curves

Let £ C X be an irreducible boundary divisor of a surface X with simple normal
crossings to the other boundary divisors. Suppose that £? = —1 and that E is a
fan with the valency of its interior vertex k. Then, the normal bundle restricted to
E° is trivial and

Nx(E°) =Ly x T Cc RF ' xT.

Where L{ is the fan tropical line in R*!. Without loss of generality we may assume
that a section o is the closure in Nx(F) of a fan with vertex (0,...,0,—M) €
Ly x T for some M >> 0 and k outgoing rays in primitive integer directions:
—e1,...,—€,_1, and e; + --- + ez_1 — e;. This is due to the fact that E? = —1.

To “contract” E we perform a tropical sum with the right modification of TP?.
Let V =L, x T C T" and let V C TP*, so that V is a non-singular modification of
TP?. Then V has exactly one boundary divisor L which is k valent (the rest are all
[—00, 0]). The normal bundle to L° is

Ny (L°) = Ly x T c RF ' x T,

and a section o’ of Ny-(L) is the closure of a fan with outgoing rays in primitive
integer directions: —ej,..., —e,_1, and ey + -+ ex_1 + ;. The map L) x R —
L x R given by (z,t) — (z, —t) induces an orientation reversing isomorphism of
g N%(E) — NZ(L). The sum X' = X#V is the contraction of the —1-curve
E.

If £ C X is a non-singular fan curve with £E? = —1 and not necessarily a
boundary curve, we may perform a non-singular modification, ¢ : X —X along a
Cartier divisor corresponding to E. Then X has boundary divisor E2 = —1. Now it
is possible to sum X and V along E and L as above. This gives a way of contracting
E up to modification of X.

Remark The above gives a partial tropical version of the Castelenovo-Enriques
criterion for blowing down —1 rational curves in classical algebraic geometry. It is
clear that it is not complete since it only works for fan curves. Even still there are
minus —1-fan curves that do not fit our definition of non-singular, and we are not
able to perform a modification sending them to the boundary. These curves appear
in Example in the section on locally approximable curves.
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X X#V
Figure 3.9: A neighborhood of a —1-fan curve £ in a surface X, and the result
after summing with V.

3.2.2 Noether’s formula for sums and modifications

In this subsection we show that a tropical version of Noether’s formula can be proved
combinatorially for tropical surfaces constructed from toric varieties and abelian
varieties via modifications and tropical sums. Classically Noether’s formula states
that for a compact complex surface X' [25]:

K3 + co(X)

X(Ox) = T

Where x(Oy) is the holomorphic Euler characteristic of X', Ky is its canonical class
of X and ¢5(X) is its second Chern class. This formula is one of the steps to proving
Riemann-Roch for line bundles on surfaces [25] which states that for a line bundle
L on a compact complex surface X':

L.L-L Ky

X(£) = x(Ox) + 5

We first define a 1-cycle, Kx, in a tropical surface X representing its canonical
class as given by Mikhalkin in [38]. This is a cycle supported on the codimension one
skeleton of X with weights determined by the local structure of X. The following
definition is for all tropical manifolds.

Definition 3.2.11. [38] Let X be a tropical manifold, the canonical class Ky is
supported on the codimension one skeleton of X, with the weight of a face E of
codimension one equal to wg, (E) = v(F) — 2, where v(FE) is the number of facets
of X adjacent to E.

Notice that the canonical class of X decomposes as Ky = K% — Z?Zl D;, where
KY% is a cycle of sedentarity zero supported on the one skeleton of X and D; are the
boundary divisors of X.

Lemma 3.2.12. For § : X — X a tropical modification we have: Kg ~ 0"Kx.
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Proof. Let D be the divisor of the modification ¢ and D be the corresponding
boundary divisor of X. We have

d
0" Kx =6"K% —> D,
=1

where D; = §*D; along with D are the boundary divisors of X. Moreover, Kg( =

§8*K$ + 6*D. By, Lemma [2.1.26( 6*D ~, D. Combining all this we obtain Kg ~,
0" Kx. O

As also mentioned by Mikhalkin in [38] it is possible to describe a cycle repre-
senting the Chern class ¢x(X) of a tropical manifold. In general, the class ¢, (X)
is supported on the codimension k skeleton with weights determined by the local
geometry of the manifold. To describe the multiplicities of points z € X© in ¢y (X)
for a surface, we first give the multiplicity of a vertex of a plane P C R,

Definition 3.2.13. Let P € RY be a plane and A be the arrangement defined by
P. For each tropical line L; € A let A; denote the point arrangement on L;. Let v
be the vertex of P, then,

N

my = [3 = [p(A)] + 3 (Ip(A)] - 2)] (3.2.1)

=0

and
c2(P) = myv.

Definition 3.2.14. For X a surface define,

ca(X) = Z My

zeX(0)

where,

1. if x € Dy N Dy for Dy, Dy boundary divisors of X then m, = 1.

2. if x € D{ where D is a boundary divisor of X then, m, = 2 — val(z), where
val(z) is the number edges of D adjacent to x.

3. if # € X\OX then for a neighborhood U > z fix a chart ® : U — P C T so
that ®(z) is the vertex of P. Then, m, = m, as defined in Equation [3.2.1]

Notice that for the compactification of a plane P C TP we have deg(cy(P)) = 3.
This follows from the fact that [p(A)| is the number of sedentarity > 2 points of P
and |p(A;)| is the valency of a point of sedentarity 1.
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Remark Part (3) of definition has a fault, namely it is not a priori clear
that this definition does not depend on the choice of chart ® : U — P and com-
pactification of P. It is necessary to find a definition for the multiplicity in c3(X)
of a point of sedentarity zero which depends only on the combinatorics of the fan
P c RY. Up until now we have yet to uncover one.

The next lemma is a hint that the Hirzebruch’s signature formula may hold also
for sums of tropical surfaces. Hirzebruch’s signature formula (see [50]) states that
for a compact complex surface X,

3Sign(X) = K3 — 2¢,(X).

Where Sign(X) is the signature of the intersection form on H?(X’). By Novikov ad-
ditivity, the signature for real manifolds is additive under cobordism, [31]. The next
lemma shows the right hand side is additive under taking tropical sums. We return
to Hirzebruch’s formula at the end of Section in the case of floor decomposed
surfaces.

Lemma 3.2.15. Suppose X 1is a tropical sum of X1, Xs along boundary divisors
D C Xy, D' C X5. Let A denote the boundary arrangement of X and A; the
boundary arrangement of X; fori=1,2. Then,

(D_DP=()_ D)+, D)*—4U(D),

DeA DieAy Dyc Ay

where [(D) is the set of leaves of D.

Proof. The divisors D of A give a partition of A; U A, the size of D. For every
D C A we can take a non-boundary (1,1) cycle o in X homologous to D intersecting
o C X only on unbounded rays of o with framlng orthogonal to o. If a divisor D € A
is a result of combining divisors D;,,...,D;, of A; and divisors DJI, ...Dj, of Ay
along some collection of leaves [y, .. .1, of D, then aNX, = (D;, +---+ D;, ) N X,.
So, D? = D? + D%, where

D[:D“—i——i—DZk andDJ:Djl—i—---—i—Djl.

Similarly, D.D’ = D;.Dy + D;.D . Moreover by Lemma m, D? = —D'. So the

difference .
YD = (Y. D)= (> Dy
DecA DieA DycAg
is exactly —4|l(D)| as claimed. O

Lemma 3.2.16. Let X1, Xy be compact tropical surfaces and D C X1, Xo a bound-
ary diwvisor of each such that the tropical sum along D exists. Suppose X = X1# X5,
then

K% —26(X) = K%, + K%, — 2[ca(X1) + e2(Xa)).
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Proof. Notice first that

a(X) = aX)+alX) -2 ) (2-va())
veV(D)
= CQ(Xl) + C2(X2) + 201(D)

Here c1(D) = >, ey (py(val(v) — 2)v is the canonical class of the curve, V(D) is the

vertex set of the curve and val(v) is the valency of a vertex.
Applying the equalities from Lemmas [3.2.9| and [3.2.15| to obtain:

K% — (K%, +K%,) = —2)>_ DiD+> Dj.D'— K%,.D— K%,.D]
= 4 (val(v) — 2)v
veV (D)
= 401(D)

Thus, K% — (K%, + K%,) = 4¢1(D) = [c2(X) — (c2(X7) + 2(X5))] and the proof is
complete. O

Noether’s formula for an algebraic surface X relates its holomorphic Euler charac-
teristic with its first and second Chern classes. By the conjectured tropical Hodge de-
composition [27] the holomorphic Euler characteristic x(X) = > h®"(X), should
be replaced by the topological Euler characteristic of the tropical surface X. As not
every tropical surface may arise from a degeneration of an algebraic surface, it is
not clear whether Noether’s formula holds for all tropical surfaces. However it holds
under sums and modifications as the next proposition shows.

Proposition 3.2.17. Given X a compact tropical surface, let x(X) be the Euler
characteristic of the complex X. Then Noether’s formula

K% + co(X)
X)=—"2>—""-+
X(X) B
holds if
1. If X s a tropical toric variety.

2. If X is a tropical abelian surface i.e. X = R* /A where A is an integral lattice,
see [40].

3. If 6 : X — X is a non-singular modification and the formula holds for X .
4. If X = Xq#X5 and the formula holds for X, Xs.

Proof. The first two are simple, in both cases y(X) = 0 since on one hand X is
a closed polygon and in the other case X is a torus. A combinatorial proof of
Noether’s formula for toric varieties using only the polygon, can be found in [45].
For the abelian surface both Kx and c3(X) are zero and this is trivial.
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In part (3), we have x(X) = x(X) since X is a retraction of X. For K% = K%,
first apply Lemma [3.2.12] Then it is simple to check that, we have 6*D;.6*D; =

D;.D; and 6*K%.0*D; = K%.D;. To see that co(X) = c2(X), suppose D C X is the
divisor of the modification d. If = & D(?), then the contribution of = to ¢o(X) is the
same as the contribution of 0*x to co(X). Otherwise, we may check that

M (X) = Mger(X') + ma (X),

where ' is the point corresponding to x € DO c X in the corresponding boundary
divisor D C X. Therefore, c3(X) = c2(X) and the statement of (3) holds.
For the sum formula, apply Lemma [3.2.16| to obtain:

Ki +e(X) = K)Q(1 —2c(Xy) + K)Q(2 — 209(X3) + 3e2(X)
= 12x(Kx,) + 12x(Kx,) + 3[ca(X) — ca(X1) — ca(X2)]
= 12x(Kx,) + 12x(Kx,) — 6¢1(D)
= 12x(Kx,) + 12x(Kx,) — 12x(D)

By the formula for Euler characteristics of non-disjoint unions Noether’s formula
holds. ]
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3.3 Signature of floor decomposed surfaces

3.3.1 Floor decomposed tropical surfaces

Floor decompositions were first introduced for tropical curves by Brugallé and
Mikhalkin in [IT]. Here the authors recover recursive formulas for counting tropi-
cal curves in toric surfaces which reduces to counting certain kinds of graphs with
multiplicities. Floor decomposed surfaces in R? were also introduced by Mikhalkin
[37]. Such a surface is dual to a special type of subdivision of its Newton polytope,
allowing it to be separated into “floors”.

For d a natural number fix,

Ay = Conv{(0,0,0), (d,0,0), (0,d,0), (0,0,d)}.

A tropical surface X C TP? of degree d is the closure in TP? of a tropical hypersurface
given by a tropical polynomial

where x € R, [48]. Such a tropical polynomial defines a subdivision S of A, and
this subdivision is dual to the tropical surface X, see [48]. A subdivision S of a
Newton polytope A, is primitive if for every A’ € §, we have vol(A’) = vol(A,).
A tropical surface of degree d is a tropical manifold, if it is dual to a primitive
subdivision of Ay.

Definition 3.3.1. A smooth tropical surface of degree d, X C TP?, is floor de-
composed if its corresponding dual primitive subdivision contains the hyperplanes

{(z,y,2) | z=k} for 1 <k <d—1, (see Figure [3.10)).

Removing all open faces containing the vertical z direction from a floor decom-
posed surface X C R? there are d connected components, where d is the degree of
the surface. These are called the floors. We denote the floor dual to the part of the
subdivision S laying between hyperplanes z =d—i7and z =d—1i—1 by Fj1,. Two
adjacent floors, Fj,_y and Fj.,,, are joined by walls. A wall of X is a connected
component of the complement of the floors. In Figure [3.11] are the floors and walls
of the quardric surface from Figure [3.10]

Topologically, a wall is a cylinder over a tropical curve. Denote by C; C R? the
curve corresponding to the projection of the wall joining the adjacent floors Fj;_;
and Fi;1;. Then Cj is dual to the subdivision S restricted to the two dimensional
simplex,

Conv{(0,0,d — 1), (¢,0,d — 1), (0,4,d — 7) }.

Moreover, the tropical polynomial defining the curve C; is defined by a tropical
polynomial f;(z,y), obtained by restricting the polynomial f(z,y,z) defining the
surface X to the above 2-simplex and substituting z = 1t = 0.
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Figure 3.10: A subdivision of the size two simplex and a dual floor decomposed
tropical surface of degree 2.

Definition 3.3.2. A floor plan for a surface is a collection of tropical plane curves
{C4,...,C4}, C; € R? such that:

1. C; is dual to a primitive subdivision of Conv{(0,0), (¢,0), (0,4)} for 1 <i < d.

2. for 1 <i<d-—1, C; intersects Cj11 in i(i + 1) points contained in the interior
of edges of both C; and Cj,;.

Part a) of Figure shows two curves of the floor plan {Cy,Cs} C R* A
floor decomposed surface X C R* determines a floor plan. Each curve C; C R? is
the image of a wall joining floors F;;_; and Fjy;, under the linear projection in the
vertical direction, as mentioned above. Conversely, given a floor plan {C},...,Cy},
using a pair of curves C;,Ci,q C R?, we may construct a floor Fii; C R3 of a
floor decomposed surface X, up to a translation in the vertical direction. A curve
C; C R? is a tropical hypersurface and so it is given by a tropical polynomial f;.
The difference f;11 — f; gives a tropical rational function, (recall Section. For
a real constant a € R, the floor Fy 1, is simply the graph of R* along the function
a+ fix1 — fi. If the real constants are properly chosen, the graphs corresponding to
adjacent floors may be joined via vertical faces and the result is a floor decomposed
tropical surface of degree d.

In fact, we may view a floor decomposed surface as a result of the tropical fiber
sum of surfaces from Section From a floor Fji;;, we may construct another
compact tropical surface X;;;,; by adding a unique collection of faces at any un-
bounded codimension one face of Fji;;. The procedure is identical to adding the
undergraph of a tropical modification, except that for unbalanced edges of Fji;;
corresponding to C; faces must be added in the upward vertical direction. Denote
by Xit1,; the closure of this tropical cycle in the tropical toric variety given by the
polytope A which has outward pointing primitive integer vectors of its facets given
by:

(—-1,0,0), (0,-1,0), (0,0,—1), (0,0,1) and (1,1,1).
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d)

Figure 3.11: a) The floor plan of the degree two floor decomposed surface from
Figure b) The floor corresponding floor Fy;. ¢) The walls corresponding to
C} and Cj along with sections. d) The surface Xs ;.
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Equivalently X;;; is the closure in A of the tropical hypersurface X?,, . obtained

i+l
by restricting coefficients of the tropical polynomial f of X to be in
Ai—i—l,i: {([L‘,y,Z) € Ad ‘ d—1i—1 SZSd—Z}

The surface X1, contains C; and ;41 as boundary curves and the self-intersections
of these boundary curves in X, ; are:

C;=—i and C},=i+1.

(2

This can be seen by taking piecewise integer affine sections o;, ;.1 of the normal
bundles, Nx,,,,(C;) and N, ,,(Cit1) by Lemma and Corollary [3.2.6] Such
sections are drawn in the walls for Xy ; in Figure[3.11] For all 1 < < d, the surfaces
Xii—1 and X,;;,; may be glued along the common boundary curve C; by Definition
[3.2.8] Moreover, we have proved the following lemma.

Lemma 3.3.3. A floor decomposed tropical surface X C TP? of degree d is the
tropical sum of d surfaces Xo1,...,Xa4-1 such that

1. each Xii1, is the closure in T(A) of the tropical hypersurface given by restrict-
ing fto Ajpry;

2. the surfaces X;;—1 and X;11,; are summed along the common boundary curve
C;.

3.3.2 Tropical (1,1)-cycles in floor decomposed surfaces.

In this section we calculate tropical H; ; for a floor decomposed surface in TP3. The
dimension of Hj ; corresponds to the dimension of the classical Hodge group Hi 1 (X))
for X a complex surface in TP? of the same degree. In addition an explicit set of
generators of H;; can be given based on the combinatorics of the floor decompo-
sition. However, by calculating the intersection form on these (1, 1)-cycles we find
that for d > 3 they do not satisfy the Hodge Index Theorem from complex algebraic
geometry. We state this theorem in the case of surfaces below.

Theorem 3.3.4 (Hodge Index Theorem). For a smooth projective surface X C
CPY, let H C X denote the hyperplane section. Then,

H"'(X) = (H) @ (H)*
where the intersection form Q(X) is negative definite on (H)*.
It follows directly from the above theorem, that the signature of the intersection

form on HM(X) is surface X is (1,h"'(X) — 1). For smooth floor decomposed
tropical surfaces in TP?® we will prove the following theorem.
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Theorem 3.3.5. A smooth tropical floor decomposed surface Xy C TP* of degree d
has Hy1(X4) = 7" where

d—1
N =1+2by(Xs)+ Y i*+i— 1.

i=1
Moreover, the signature of the intersection form on Hy1(Xg) is:
(14 b2(Xg), N — 1 —bo(Xy)).
Following immediately from this theorem we have:

Corollary 3.3.6. The Hodge Index Theorem does not hold on Hy 1(X) for a smooth
tropical floor decomposed surface X C TP3.

To describe a set of generators for Hy ;(X), we use the description of X as a
sum of the surfaces X, ;1 and a Mayer-Vietoris sequence. When taking the tropical
fiber sum of two surfaces X;, X, along a common boundary curve C' to obtain
X = X #X,, the tropical homology groups H;; are related by the following long
exact sequence:

s — Hy9(X) — H11(C) — H11(X?) & Hi1(X5) —
— Hi1(X) — H1o(C) — Hyo(X7) @& Hio(X5) — -+ (3.3.1)

Above X? denotes X;\C fori = 1,2 and C'is a surface constructed from the curve
C which will be described below. The inclusion and boundary maps are the same
standard maps from the long exact sequence in topology with constant coefficients,
(see Chapter 2 of [26]). Notice that the boundary map Hy (X) — Hys_1(C) only
decreases in the p-index.

To prove Theorem [3.3.5| will require some preparation. First let us describe a
collection of cycles on the surfaces X1 ;.

Lemma 3.3.7. The surface X;;11 C T(A) has
Hl,l (Xi,i—i-l) — Zi(i+1)+1
and intersection form of signature 1 —i(i + 1).

Proof. Consider the projection map 7 : X1, — TP?. We claim that Hi1(Xit1,4)
is generated by the tropical 1-cycles By = w‘l(xk) such that z;, € C; N i1, and a
cycle L. First we describe L, let L € TP? be a generic tropical line and consider
7 LN Fiy1, thisis a (1, 1)-chain whose boundary is a collection of vertically framed
points, which occur when L intersects either C; or C;;;. Attach to these points of
7' LNF,; 1, positively weighted rays in the +e3 direction to obtain a closed balanced
1-cycle L. Performing the same procedure to any translation of L, L’ C TP? and we
obtain a homologous cycle L, and so L? = 1. Moreover, Ey.L = 0 and Ey.E; = 0.
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7
.

Figure 3.12: A —2 cycle on a floor (L, C)

The self-intersection E? is supported at a single point which is a vertex of X;,1;. A
calculation shows E7 = —1 for all k.

For any (1,1)-cycle @ € Hj; choose a representative such that all edges not
contained on the floor have vertical framing and all edges contained on the floor
have framing parallel to the edges of Fj,;;. Then, a projection m(a) C TP?, is a
(1,1) cycle if we equip and edge 7(f) with framing m(¢;). Now consider the lift of
7(a) just as we did for L ¢ TP?. Call this lift &. If @ ~ & then o = kL. Otherwise,
«a — & is a non-trivial cycle, equipped only with the vertical framing. This implies
a — & is a combination of Cyc(Ey). This proves the lemma. O

Remark The map 7 : X;;11 — TP? is a tropical blowup at i(i + 1) points of
sedentarity (). Indeed it is the graph of a rational function, and so it is the blow
up along the common zeros of the curves C;, C;1 1 C R2. The 1-cycles Ej, are the
exceptional divisors, F? = —1 and L is the proper transform of a line. Of course
the points of the blow up are not in generic position as soon as 7 > 1.

We can describe another set of generators of Hj1(X;;1,) that consist of “floor
cycles”

Definition 3.3.8. Let X, ; be a smooth compact tropical surface dual to a primi-
tive subdivision of A;;; ;. A floor cycle on X, ; is any simplicial 1-cycle supported

on the 1-skeleton FV

i1 € X1, and equipped with a constant vertical framing.

As convention we choose the vertical framing on floor cycles to always be up-
wards, i.e. in the direction +e3. Thus for a floor cycle «, the negation —« is obtained
by reversing the orientation of the simplicial 1-cycle and keeping the upward vertical
framing.

An example of a floor cycle on Xy ; is drawn in red in Figure . A floor
cycle is indeed closed since its base is a simplicial cycle and it is equipped with a
constant framing. The 1-skeleton Fz(i)“ is topologically the union of the two curves
C;, C;11 defining the two floors. Therefore any simplicial 1-cycle in C; U C;, 1 gives
a (1, 1)-floor cycle.
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Let C;,Ci11 C R? be two curves defining the surface X;;1, (and thus also the
floor Fj;1,;. Call an intersection point € C; N Cy41 a junction. Every (1,1) floor
cycle o determines a function on the junctions.

6@ : CZ N Ci-l-l — {-1,0, 1},
where

0 if x ¢ a or a goes from C; to C; through z
do(x) =< 1 if « is oriented from C;,, to C; through x
-1 if v is oriented from C; to C;,1 through x

It can be verified that the intersection of any two floor cycles is

a.o = — Z 0o ()00 ().

$Eciﬁci+1

Moreover, L.av = 0.

Proposition 3.3.9. For a surface Xiy1; C T(A), the tropical homology group
Hy1(Xi114) is also generated by the cycles L,Ci,aq,...,ap for m = i* +1 —1
where ay, are floor cycles (recall Definition . Moreover,

Ll{ay...cq) and af = —2

forall1 < k <i(i+ 1) — 1 and the intersection pairing is negative definite on the
floor cycles.

Proof. The difference of any two exceptional divisors E; — £ is equivalent to a floor
cycle a having 6,(z;) = 1,94(z;) = —1 and 4 (xx) = 0 for k # i, 5. It is clear that
for such a cycle a®? = —2 and H.a = C.a = 0. O

Therefore, the floor cycles supported on a floor Fi11; C X form a i +i — 1
dimensional vector subspace and the intersection form of Hj ;(X) restricted to this
space is negative definite.

Example 3.3.10
A quadric has two floors, the top having no such cycles and the bottom having just
one. Together with the hyperplane section H they give the intersection form

2 0

0 -2 )°
Just as for H“'(CP' x CP') = H?(CP' x CP') taken with generators £; + L, and
Ly — L.
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Example 3.3.11

For a floor decomposed cubic there is one floor cycle on X5 ; as in the example above.
By Proposition the floor F34 supports 5 floor cycles with a negative definite
intersection form. Together with the hyperplane section H, these cycles form a 7
dimensional vector space with intersection form

This agrees with the intersection form on a smooth complex cubic surface X.

A floor decomposed tropical surface of degree larger than or equal to 4, has
bo(X) > 0. In this case there are additional (1,1)-cycles obtained from joining the
floors.

Proposition 3.3.12. A smooth floor decomposed tropical surface X C TP? of degree
d has independent (1,1)-cycles

{517 BT )ﬁbg(X)a ’sz(X)}

such that,

1. Bi.H =~;.H =0 for all 1 <i < by(X).

3. ;. = 0 where « is a floor cycle from Definition [3.3.8 supported on any floor
of X.

Proof. The surface X C TP? is the sum of a surface X,_; of degree d—1 and Xad—1-
The proposition holds for X, so suppose by induction it holds on X; ;. By the
Mayer-Vietoris sequence with constant coefficients we have:

bg(Xd) = bg(Xd_l) + bl(Cd_l). (332)

So we must describe a pair of (1, 1)-cycles «, § for each simplicial 1-cycle of Cy_;.
Recall Example described Hy(Cy—1) and Hy1(Cy_1), and gave dual bases of
I-cycles: [i,... Iy, (¢, ,) and framed points: xy,..., 74, (¢, ,). The cycles [; can be
identified with 1-cycles in X on a wall. Equipping this cycle with a constant vertical
framing and we obtain a (1, 1)-cycle 7; = (es, ;) for all 1 < i < b(Cy_1). See Figure
29
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\

C’3 F3,2

Now a framed point x; € Cy_; corresponds to framed points y; € Fjy4-1 and
Yi € Fy_1.4-2. Moreover, y; — y; bounds a framed one cell on the wall joining Fy 41
and Fy_14-2. In addition, the framed point y; is a boundary in Fj4 1, and y; is
a boundary in Fj;_;4-9. To see this, consider a path from z; € Cy_1 C TP? to a
corner, as in the righthand side of Figure ??. Lifting this path to both Fy_; 4o and
F44-1 it bounds a collection of vertically framed points which are all homologous to
zero in X. This produces a cycle §;.

Now to prove the claimed intersection properties. We can choose a hyperplane
section H such that H N~;, H N §; = () therefore statement (1) is true. For 7; and
f; coming from the same curve C; statement (2) follows easily from the duality of
the 1-cycles and framed points. Otherwise, the cycles are disjoint and the statement
is clear. Finally, any cycle 7; can be translated along the wall joining F;; ; and
Fi 11, thus not intersecting the floors or any floor cycles at all. This completes the
proof. O

The cycles §;,~; are exactly analogous to the new cycles appearing in the ho-
mology of a glueing of two 4-manifolds along a boundary, [31].

Lemma 3.3.13. For a floor decomposed surface X, we have
1. the three groups Hy2(X), Hio(Xg ), and Hy (X7, 4) all vanish.
2. Hyo(Cyy) = 79(Ca-1) 1
3. Hy1(Cyoy) = 729G

Proof. For the first statement, H;2(X) = 0 for dimension reasons the same as in
Example . For the next two groups first notice that H; o(TP?) = 0. Now given
(¢,p) € Z10(Xg_, 4) if the framing ¢ is vertical then it is clearly homologous to zero.
Therefore we may suppose < e3, ¢ >= 0, where e3 = (0,0, 1). Extend the projection
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in the vertical direction in an affine chart to obtain: m : X¢,; , — TP?. The
framed point (7(¢), m(p)) is homologous to zero in TP?. We may lift the (1, 1)-chain
which has (7(¢), 7(p)) as its boundary back to Xg, | by taking the graph along the
rational function fi,; — f; from which X3, ; is constructed to a (1,1)-chain 7 in
Xg4-1- Then the boundary is:

k

o7 = (6,p) + (e, py).

=1

where the points p; lay on the skeleton of X7, ;. Since all vertically framed points
are homologous to 0, we have (p,¢) = 97/, and so it is also homologous to 0.
The same claim for H; o(XJ_;) follows by induction and the isomorphism

Hio(X3) =2 Hio(Xa—1,0-2) ® Hi9(Xa—2),

obtained again from Mayer-Vietoris.

For the second statement, first notice that a vertically framed point on Cy_;
represents a class in Hl,O(éd—l)- A 1-framed point (¢, x) where < ¢, e3 >= 0, repre-
sents a framed point on the underlying curve Cy_;. Therefore we have H 1,1(@14) =
7=+ by Example .

Finally for Hl,l(é’d,l), since Cy_ is open, we may assume every (1,1)-class has
a representative which is bounded. Therefore, it must be a framed bounded class in
H I(C’d_l). The only such classes come from cycles in Cy_; equipped with a vertical
framing, thus H171(C~’d_1) = 7,9Ca-1), O

Finally we give the proof of the main theorem of this section.

Proof of Theorem |3.3.5. Combining Lemma(3.3.13|and the Mayer-Vietoris sequence
gives:

Hy 1 (X) = Hl,l(Xd—.l) D Hi,l(Xd,d—l) ® Hyo(C).
iHy1(C)

Therefore, Hy 1(X) is a free group. By a dimension count the floor cycles span all
but 1 + 2b5(X) dimensions of Hy1(Xy). Moreover, there are an additional 2b5(C)
cycles which we have seen. These are the vertically framed loops of the curves Cj
living on the walls joining two floors and their duals constructed in Proposition
0.0.12)

It remains only to prove the above expression for the signature. Let, 3, 7, be a
pair of dual (1,1)-cycles arising from a cycle of the curve Cy_; in the floor plan of
X4. The intersection form restricted to this pair is:

(v2)

So the intersection pairing on H; ;(X,) has the form:
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| A A |v| B | ¢
Al | 0 * 0
Ay || 0 | % | % * 0
v * * | % * 0
1
B * | x| *x *
1
1
C 0 010 0
1

Where:

e A; is the subspace generated by cycles contained entirely in X7 ; and not in
Hi1(Cy-a).

e A, is the subspace generated by the floor cycles in ng_l.

e (' is the subspace generated by the cycles v and B is the subspace generated
by the duals £ from Proposition [3.3.12]

We have seen already that the subspaces A, Ay, B and C are all orthogonal to
the hyperplane section H and H? > 0. Using this and the above matrix of the
intersection form we have:

Sign(X) =1+ Sign(Ay) + Sign(As),

similar to the proof of Novikov additivity in [31]. The form is negative definition on
A, and since it has basis the floor cycles, we have

Sign(As) =d(d—1) — 1.

Now the space A; with intersection product is the same as the orthogonal comple-
ment of the hyperplane section in H; ;(X4-1). By induction we have:

Szgn(Al) =2 + 2b2(Xd_1> - hl,l (Xd—l)'
Combining the above three equalities we obtain
Sign(X) = 2+ 2by(Xg-1) — 1 (Xa—1) + d(d — 1), (3.3.3)

which reduces to Sign(X) = 2+2by(Xy) —h1,1(X4) after substituting Equation [3.3.2]
along with
hl,l(del) = hl,l(Xd) — d(d — 1) — 2g(0) + 1.

This completes the proof of the theorem. n

It also follows from the above theorem that the signature of the form on Hy 1(Xy)
is additive under the sum Xy = Xgq_1#X44-1.
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Corollary 3.3.14. Let X; C TP? be a smooth tropical floor decomposed surface
and let Xq = Xq_1#Xqa—1 be its decomposition. Then,

Szgn(Xd) = Sign(Xd_l) + Sign(de_l).

By a direct comparison with the complex case, for a smooth floor decomposed
surface of degree d, X; C TP? we obtain:

Corollary 3.3.15. Let Xy C TP? be a smooth floor decomposed tropical surface of

degree d, then

where Xq C CP? is any smooth complex degree d surface, and Sign denotes the
index of the intersection form on H?*(X4).

Finally we return to the Hirzebruch Signature Formula, as mentioned in Section

3.2.2. For a complex surface
3Sign(X) = K3 — 2c5(X),

where Sign(X) is the signature of the intersection form on H*(X). Lemma [3.2.16
shows that the tropical version of the right hand side of the above formula is additive
under a tropical fiber sum. By this lemma and Corollary |3.3.14] we obtain.

Proposition 3.3.16. A smooth floor decomposed surface X C TP? satisfies
3Sign(X) = K3 — 2cy(X), (3.3.4)
where Sign(X) is the signature of the intersection form on Hy1(X).

Proof. It remains only to show that the formula holds for X C TP? of degree 1, as

well as for the surfaces X4 1. When X is of degree one we verify that K% = 9 and
c2(X) = 3 and Sign(X) = 1, so the formula holds. For X441,

Sign(Xdyd,l) =1- d(d — 1),
by Proposition [3.3.9] For X;4_1 we calculate:
CQ(Xd,dfl) =3+ d(d — 1) and K—?(d,d—l =9— d(d — 1)

This verifies that Equation holds for X, 41 and the proposition is proved. [
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3.4 Local approximation of curves

With the exception of parts of [3.4.2] the next few sections are results from joint
work with Erwan Brugallé which appear in [12].

A tropical curve in a surface C C X C (C*)¥ is said to be globally approximable
if there exists families C; C X; C (R*)" such that,

C = lim Log(C;), and X = lim Log(X}),
t—o00 t—o0

( along with a way of determining the weights of the limit so that they coincide with
C and X). As usual, we mean here the Hausdorff limit of sets. When such families
exist the pair (X, C) is said to be approximable.

There are known examples of non-approximable tropical pairs (X, C'). Perhaps
the first such examples were provided by Vigeland, who constructed in [56] examples
of non-singular tropical surfaces in R* of degree d > 3 containing infinitely many
tropical lines. It is a well known fact that a surface X C CP? of degree 3 contains
exactly 27 lines, since it is the blow up of CP? in 6 points. Moreover, it is a theorem
of Segre that a non-singular general surface of degree 4 contains no lines [51]. Up
until recently, it was not possible to prohibit Vigeland’s lines without appealing to
this theorem of complex geometry. In [7], Bogart and Katz are able to prohibit
the trivalent members of the families of lines given explicitly by Vigeland by using
only the tropical data. In [I2], we prohibit all possible families on a surface of
degree greater than or equal to 3 and in addition are able to remaining cases and
the problem of Vigeland’s lines is completely resolved. To summarize we obtained
the following theorem.

Theorem 3.4.1. [12] Let X C R3 be a smooth tropical hypersurface.

o [f deg(X) = 3 then there are at most a finite number of tropical lines which
are approzimable in X .

o [fdeg(X) > 4 and X is generic, then there are no tropical lines which are
approzimable in X .

In both cases the obstructions are based on a technique of tropical geometry
known as initial degeneration or localisation. Given a tropical variety X ¢ RY
for any point x € X let

Star,(X) = {v € RY | z + ve € X for € > 0}.

If X is approximated by Log,(X;) for a family X; C (C*)", then for every point
r € X, Star,(X) may be approximated by a constant family, (see [6], [33]). The
situtation is the same for pairs, if the pair (X, C') is approximable then Star,(C) C
Star,(X) is approximable by a pair of constant families. In other words, if a pair
C c X c RY is globally approximable it is everywhere locally approximable by
constant families.
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Here we will consider local approximability of tropical curves in tropical surfaces.
It should be noted that there are also non-trivial global obstructions to approxi-
mating tropical curves in R® and also of pairs of surfaces and curves. Mikhalkin
constructed an example of a non-planar tropical elliptic cubic curve in R® which is
everywhere locally approximable. However, by the Riemann-Roch theorem a com-
plex spatial elliptic cubic is always planar. Mikhalkin and Brugallé also constructed
the following example of a curve in the standard hyperplane which is everywhere
locally approximable but not globally approximable [10].

In this section P C (C*)" will be a plane, (i.e. a two dimensional linear space).
Equivalently, P C (C*)Y is defined by N — 2 equations of degree one. Here we will
always compactify the plane P C (C*)N to P = CP* ¢ CP", where CPV is the
toric compactification of (C*)" given by the standard simplex A ¢ R, In general,
there may be other toric compactifications of P C (C*)¥ to CP* ¢ CP". See [12]
for a more general presentation without a fixed compactification and when P is a
plane up to the action of GL,(Z) on the torus.

A fan tropical plane in R" is a two dimensional matroidal fan. A fan tropical
plane P C R" is approximated by a plane P C (C*)V if

P = Trop(P) = Jim Log,(P) c RY.

The tropical plane P is the logarithmic limit set or Bergman fan of P as
mentioned in Section [1.1.4] As a reminder, Trop(P) can be constructed using only
the matroid underlying the plane P. We fix the same vectors as in Section [1.1.4]
Uy, ... uy, and set ug = — szil u;. These are the outward pointing primitive integer
vectors of the facets of the standard simplex A.

Recall in Section , we considered the Bergman fan of a matroid in TP". By
declaring, log,(0) = —oo, the coordinate-wise logarithm, Log,, can be extended to
CP". The operation of taking the closure in TPY and tropicalising in CPY commute

so that,

Trop(P) = Trop(P).
The compactification Trop(P) will often be denoted by P. In Section we
described an arrangement A of tropical lines defined by P and the set of points
p(A). _

Given a plane P C (C*)" the compactification P also defines an arrangement
of lines A = {Ly,...,Ln}, where £; = P N {z = 0}, where the z;. A point of the
complex arrangement 4 is a point p contained in at least two lines of A, denote
the collection of points by p(A). For a point p € p(A) we may associate to it
the maximal subset I C {0,..., N} such that p € N;e;L;, therefore we may index
the points by p;. The points p(.A) are in correspondence with flats of the matroid
corresponding to P that are of size greater than 1 but rank less than 3. They are also
in correspondence with the points p(A) of the arrangement A defined by Trop(P).
Again the size of a point p; is |I|. So for a plane P C (C*)" and a tropical plane
P C R" there is a correspondence between A and A and p(A) and p(.A).
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22:0 21:0

Z3 = 0 2
Trop(C)
C

Figure 3.13: The curve C C (C*)? from Example with respect to the three
coordinate lines along with its tropicalisation Trop(C) C R?.

ZQZO 21:0

Figure 3.14: The curve C' C P drawn with respect to the four lines in the arrange-
ment determined by P along with its tropicalisation Trop(C) C Trop(P) C R®.

Given a complex algebraic curve C C P C (C*)¥, its tropicalisation is supported
on

C = Trop(C) = Jim Log,(C) C P

and comes equipped with weights assigned to the edges. To obtain these weights for
a curve C C (C*)V| take a non-singular compactification X of P such that the curve
C intersects no D; ND;, where D;, D; are boundary divisors of X. Such a compacti-
fication of C in (C*)V is called compatible. Let C denote the compactification of C
in X. An edge e of Trop(C) corresponds to a boundary divisor D, of X'. The weight
w, assigned to the edge e is the intersection multiplicity of C and D, in X.
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Definition 3.4.2. The tropicalisation Trop(C) of a curve C C (C*)" is
lim Log,(C)
t—00

equipped with weights on edges as described above.

Example 3.4.3
Consider the curve C C CP? given by the homogenous equation

2 2
f(z1, 20, 23) = 2123 + 2923 — 227 + 25 + 2129

and let C = CN(C*)2. See Figure for the complex conic with respect to the three
coordinate lines of CPP? and its tropicalisation to R%. Let £ C CP? be the line with
equation z; + 2y — 23 = 0. Let P C (C*)? be the zero set of 24 — 21 — 29 + 23 = 0 and
let C' C P be defined by both equations f(z1,29,23) and z; + 20 — 23 = 0. The curve
C is drawn with respect to the four lines determined by P and its tropicalisation

Trop(C) C Trop(P) are drawn in Figure [3.14]

The tropicalisation as defined above is the tropical limit of a constant family.
Such tropical limits may also be referred to as the constant coefficient case due
to their appearance as images under the valuation map of varieties over K defined
by equations with coefficients in C [6]. If a tropical curve, Trop(C), is the limit of
a constant family as above, it is always a fan curve with vertex v, the vertex of the
plane Trop(P). Throughout this section we will entertain the following question.

Question 3.4.4. Fiz P C (C*)V a plane, given a fan tropical curve C C Trop(P) C
RY does there exist a complex algebraic curve C C P C (C*)N such that Trop(C) =
C?

When the answer is yes, the tropical curve C' is said to be coarsely approx-
imable. When in addition the curve C is reduced and irreducible we say that C' is
finely approximable or simply approximable. We will mostly be interested in
the case of fine approximability, hence the shortening to “approximable”.

In general, the answer to Question depends on the fixed plane P and not
just its tropicalisation Trop(P). This was noticed by Bogart and Katz in [7]. Here,
Example of the next section is a simple case of the examples provided in [7].
This phenomenon also reappears in the complete classification of trivalent curves
to be given in Subsection [3.4.4 We may also refine Questions to consider
parameterised curves and their tropicalisations. This is done in [12].

To tackle these questions our main technique is to apply tropical intersection the-
ory of curves along with its relation to complex intersection multiplicities established
in the next section.

3.4.1 Realisability of intersections.

Here we relate the tropical and complex intersection products for two curves of
sedentarity zero in surfaces in the local case. To relate the intersection multiplicity
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of two fan tropical curves Trop(C;), Trop(C2) C Trop(P) at the vertex v, with
the intersection of their respective approximations in P € CV we must define an
appropriate compactification of the plane P. This is done shortly in Definition [3.4.6]
but first we relate the tropical degree of a fan curve as given in Definition with
the degree of its approximation.

Lemma 3.4.5. Let P C (C*)V be a plane and suppose the tropical fan curve C' C

Trop(P) is coarsely approzimable by the curve C C P, then deg(C) = deg(C), where
C is the closure of C in the compactification P = CP* ¢ CPV.

Proof. Consider the tropical hyperplane H C RY given by the tropical polynomial,
“Up + -+ uy + 07 = max{uy, ..., uy,0}.

For every 1 < ¢ < N there is a translation H' = H + v such that H’ intersects

the tropical curve C' C P only in the facet of H whose normal vector is u; and in

edges e of C such that (u;,u.) > 0. Each such edge e that intersects the tropical

hypersurface H' does so with multiplicity we(u;, u.). Therefore by Definition [3.1.6]

deg(C) = deg(H'.C') = deg(H.C), where H'.C' is the tropical stable intersection.
The translation H' is approximated by the family

Ht = {(t”lzl, .. .tvNZN | (21, .. ;ZN) & H}

in the sense that lim; . Log,(H;) = H’. The family H, can be considered as a
hypersurface defined over the field of Puisseux series, and C as a curve defined over
the Puisseux series but with constant coefficients. The intersection of H' and C
is proper, so by Theorem 8.8 of [29], it is the intersection number of #H; and C.
Compactifying RY to TPV, the closures H' and C do not intersect at the boundary
for a generic translation. Therefore deg(C) = deg(H'.C)) = deg(H.C) = deg(C),
and the lemma is proved. O

We will now describe the compactification of the open space P needed to relate
the tropical and complex intersection numbers. Recall that before Definition |3.4.2]
we described compatible compactifications of a curve C C P C (C*)V.

Definition 3.4.6. Given two curves in a plane C;,Co C P C (C*)Y, a compacti-
fication X of (C*)" is compatible with Cy,Cs, P C (C*)" if it is compatible with
both curves and the compactification P C X of P is a non-singular toric surface.

Example 3.4.7
To construct a compatible compactification of two curves C;,Cy C P C (C*)V, first
let ¥ € RY be the complete unimodular fan yielding CP" as its toric variety with
respect to the basis uq, ..., uy, therefore P=CP?C X (A). Let 3 be a unimodular
completion of

> U Trop(C;) U Trop(Cy) € RY.

Then, X = X(X) is a compatible compactification of Cy,C and P. This compact-
ification P of P can be obtained from the compactification P = CP? by blowing
up points in p(.A) and points above them which are the intersections of boundary
divisors.
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Figure 3.15: The curve Cy and the line L from Example [3.4.10}

The following theorem states the correspondence between the complex and trop-
ical intersection numbers for curves.

Theorem 3.4.8. IfC,,Co C P C (C*)N approzimate Cy,Cy C P C RY respectively,
then

C1.Cy = C1.Cy

where C; is the compactification of C; in the compatible toric compactification P C X

from Ezample[3.4.7.

We postpone the proof of Theorem to present the some corollaries and
examples.

Example 3.4.9

Let P be the standard tropical hyperplane in R® and let L C P be the affine
line in the direction (1,1,0). It is the red curve depicted in Figure and also
the curve encountered in Example 0 in Section [I Using T heorem B.I.7] to
compute the self-intersect of L, we ﬁnd, LL=-1.As shown in Example[I.1.20] L is
approximated by aline £ C P, see again Figure[I.4]for a real drawing of £. The blow
up of CP? at the two points £; N L; and LN L; gives the desired compactification
P. The proper transform of £ in 77 is indeed a curve of self intersection —1.

Example 3.4.10
Once again let P C R?® be the standard tropical hyperplane, L be the line from
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Ty + To)\[A1 + Ag]

Figure 3.16: The polygons of the proof of Lemma [3.4.13|

Example and Cy to be the trivalent tropical curve of degree d centered at the
vertex of P with weight one rays in the directions

uo +u1, (d—Dug+dug, and (d— 1)u; + dus,

see Figure m These curves intersect at two corner points of P C TP?. Locally
at these two corners the curves appear as rays converging at the corner of T?, L in
the direction (—1, —1) and Cj in the direction (—d,1 — d). Using Theorem we
have

CoL=d-1-2(d—1)=—-d+2.

Two distinct irreducible algebraic curves in a compact non-singular surface al-
ways have non-negative intersection multiplicity. Calling upon this well-known fact
we obtain the following two corollaries to Theorem [3.4.8]

Corollary 3.4.11. Suppose that C, D C P C RY are two irreducible tropical curves
such that C'# D and C.D < 0. If C' is approximable then D is not approrimable.

It follows from this corollary that the curve Cj from Example [3.4.10] is not
approximable for d > 3. An earlier proof of this appeared in [52] but made use of
tropical modifications instead of a correspondence of intersection numbers.

Corollary 3.4.12. If C C P is approxzimable and C? < 0 then C is approzimated
by a unique curve C C P.

Before giving the proof of Theorem [3.4.8 we first introduce some notation. Given
C an algebraic curve in affine space C* defined by a polynomial P(z,w) = " a; jz'w,
we denote by A(C) = Conv{(i,j) € Z* | a;; # 0} its Newton polygon, and we define
(see Figure

D(C) = Conv(AC) U {(0,0}), and Ty(C) =T(C)\ A(C).
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Once a coordinate system is fixed in C?, the equation of an algebraic curve is defined
up to a non-zero multiplicative constant. In particular the polygons A(C), I'(C), and
['o(C) do not depend on the particular choice of the defining polynomial P(z,w).
The latter definition translates literaly to tropical curves in T2 If C is the
tropicalisation of a projective plane curve C in the coordinates (z,w), then we have

A(C) = A(C), T(C)=TD(C), and Dy(C)=T,(C).

The tropicalisation Trop(C) C T? determines the Newton polytope with respect to
the fixed coordinate system of a complex curve C such that Trop(C) = C.

Lemma 3.4.13. Let A(Cq1),A(Cs) be the Newton polygons of two affine algebraic
curves Cy,Co C C? with respect to a fized coordinate system and set C; = Trop(C;)
fori=1,2. Then,

<0102>(—oo,—oo) — MV(F(Cl), P(Cg)) - MV(A(Cl), A(Og))
Where MV denotes the mized volume of the two Newton polytopes.

Proof. To shorten notation we will denote A(C;) by A; and analogously for I'; and T%.
When A; =T for i = 1 or 2 we have (C1.03)(—c0,—o0) = 0 and also MV (A, Ay) =
MV (T'y,Ty). Otherwise, I' = T;\A; # 0 for both i = 1,2. Figure shows the
non-convex polygons, [I'y + ['3]\[A; + Ay], T'§ and I'§. Observe that

MV (I'y,T2) = MV(Ay, Ag) = A([I'1 + o]\ [Ar 4+ Ag]) — A(T']) — A(L5),

where A denotes the lattice area. The intersection A; NI'{ consists of a collection of
edges which will be called outward edges of A; and we will denote by ;. Similarly
the edges of Ay NT'§ will be called the outward edges of A, and denoted 7;. Since
the curve C' is a fan tropical curve each such outward edge o; is dual to an edge e; of
the tropical curve which converges to (—oo, —o00) and analogously for the outward
edges of A,.

Subdividing the polygons [y 4+ I'o]\[A; + Ay], I'§ and T'§ as in Figure [3.16} it
is clear that the above difference in areas is the sum of the areas of all the shaded
rectangles in [I'y + T2]\[A1 + Ay] in Figure 3.16] Each such shaded rectangle is
formed from a pair of outward edges o; C Ay NIY, 7; C Ay NI, Suppose the
primitive outward vectors of o;, 7; have directions (p;, ¢;), (1}, s;) respectively, and
also that o; and 7; have integer lengths w; and u; respectively. Then the area of
such a rectangle is given by w;u; min{p;s;, ¢;r;}. By duality, the tropical curve C4
has an edge e; of weight w; with primitive integer direction (p;,¢;) converging to
(—00, —00), and similarly Cy has an edge f; with primitive integer direction (r;, s;)
and weight u;. By Definition these rays contribute exactly w;u; min{p;s;, ¢;r;}
to the tropical intersection multiplicity at the corner (—oo, —oc). The difference in

the mixed volumes
MV (T'y,Ty) — MV (Aq, As)

is distributive amongst the outward edges of A; and A, and so is the tropical
intersection multiplicity at the corner, thus the lemma is proved. O
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Corollary 3.4.14. Let C C T? be a tropical curve, then
(C*)(—o0,-o0) = A(T*(C)),
where A(I'°(C)) is the normalized area of I'°(C').

Together with the next corollary, the above lemma relates the intersection prod-
uct of two curves after blowing up the necessary points above a single p;. Recall
that in Example a compatible compactification Ci,Co C P C X is obtained
from P = CP? by performing a sequence of blowups at points starting with the
points p; € p(A) and then continuing at points infinitely close to p; which are in-
tersections of the boundary divisors. For two curves C1,Cy C P let P be the surface
obtained from P = C P? by making all necessary blowups only at and above the
point p;. Applying the relation of mixed volumes and intersection numbers from
toric geometry, (see Section 5.4 of [19]), when I = {i,j} we obtain the following

corollary to Lemma [3.4.13]

Corollary 3.4.15. Let P C (C*)V be a plane with associated line arrangement A
and let C1,Cy C P be two curves. Suppose p; ; € p(A) and let C, denote the closure

of Cy. in 73” and Cy = Trop(Cy) then
C1.Cy = deg(Cy) deg(Cy) — (C1.C2)p, ;-
Proof of Theorem[3.4.8. In P = CP?, Bézout’s Theorem gives
C,.Cy = deg(C;) deg(Cs).

We claim that after the sequence of blowups starting at p;, the degree of the in-
tersections of the curves after the blow up decreases by the tropical multiplicity
(C4.Cy),, at the corresponding point.

When I = {i, j}, the claim follows directly from Corollary [3.4.15] When |I| =
m > 2, suppose the tropicalisations C4,C, each have a single ray converging to the
point p; € P and that the ray of Trop(C;) is contained in the face F; and the ray of
Trop(Cs) is contained in the face Fj.

If i # j then after blowing up at p; the proper transforms of C'; and C; do not
intersect at any points £;N Ly for ¢/ € I, and further blow ups do not affect the
intersection number of the curves. In a chart given by the projection m; ; the blowup
at p; is toric, therefore after the blowup the intersection of the curves decreases by
(75,5 (C1).73.5(C2) ) (—00,—00), Which by Definition is (C1.Cy)y,, see Figure 3.2

If 7 = j then after blowing up at p; the proper transforms C/,C,, will contain
ErNLy if and only if i = i. Therefore, in a chart m;; for any ¢ € I all further
blowups at points above p; are toric and by applying Corollary the claim is
proved.

The claim holds in the case when multiple rays of the tropical curves C, Cy con-
verge to py, since the multiplicity of the curves Cy, Cy at the point p; is a distributive
function of the rays of the tropical curve converging to the corresponding point p;.
Continuing the process at each point p; € p(.A) we obtain the theorem. O
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3.4.2 Approximable lines in planes

Here we further simplify intersections in the case of lines in a tropical plane P C RY
and describe them combinatorially using their corresponding matroids. Given two
tropical lines Ly, Ly € P C RY where P is a tropical plane. Let A denote the
arrangement of tropical lines defined by P and let A; denote the arrangement of
points on a line defined by L;. As usual we suppose that P does not contain loops
nor double points, however the lines L; may contain double points.

Lemma 3.4.16. Let Ly, Ly C P C RY be two tropical fan lines in a tropical fan
plane, then their intersection multiplicity at the vertex v is given by,

(L1.Lo)y =1—[{pr | p € p(A1) Np(A2) and |I]| > 2}|.

Proof. The degree of a line L C P is one, so Theorem [3.1.7], gives

(Li.Lo)y = 1= Y (L1.La)a.

z€P(A)

Moreover, for points + € P(A), we have x € L; if and only if z € p(A;). By
applying the definition of corner intersections in we have (L1.Ls), = 1 if
x € p(A1),p(As). This proves the lemma. ]

Corollary 3.4.17. Let L ¢ P C RY be a fan tropical line in a fan tropical plane,
then

(L) =1—{prep(4) | | > 2}|.

~

b)

Figure 3.17: a) The arrangement corresponding to M 5 in black with the Fano and
Anti-Fano divisors drawn in blue and red respectively. b) The line arrangements

from Example [3.4.19]
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Example 3.4.18
The moduli space of five marked points on CP?* M, is the complement of a
hyperplane arrangement 4 whose underlying matroid is the graphical matroid given
by K4, [3]. This fan also previously appeared here in Section We also exhibited
the tropical moduli space Mys C R® as a result of three modifications of R? and
showed that all elementary contractions ¢ : Mys — V C R* lead to isomorphic
fans V' and divisors D. Moreover, the arrangement corresponding to the divisor D
has three points of size 2. By Corollary [3.4.17, (D.D), = —1 in V. This along with
Corollary proves the claim delivered in Section that My s C RY can not
be obtained via a sequence of modifications along tropical regular functions.

Next we consider a pair of fan tropical lines L, Ly C My 5. The line L; consists
of 3 rays with directions:

ug + Uy, Ug +uz, and uy + us.
The line Ly has 4 rays in directions:
ug + w1, Us +us, uy, and us.

A quick verification shows these lines are contained in the fan M5 C R®. By Lemma
3.4.16| (Ly.Ly), = —1. Therefore, Ly, Ly may not be simultaneously approximable.
Indeed the matroid extension along L, yields the Fano matroid realisable only over
a field of characteristic two, and the extension L, the anti-Fano matroid, realisable
over any field not of characteristic two.

Example 3.4.19
This example presents a tropical line in a plane, L € P C R®, for which the answer to
the approximation problem depends on the complex plane P C (C*)® approximating
P, such examples were already presented in Section 8 of [7]. It also follows from this
that that the relative lifting problem cannot be solved using only tropical data.
Choose a hyperplane arrangement A on CP? with corresponding matroid Us.
There are 15 point flats p;; corresponding to the intersection £; N L; for any pairs of
lines in A. Let P C (C*)® be a linear embedding of the complement and P C R® be
its tropicalisation. Suppose three point flats corresponding to three disjoint pairs of
lines happen to be collinear, say pis, P34, Psg- Lhen the line containing these three
points tropicalises to a trivalent line L C P with L? = —2. However, choosing a
generic configuration A" with matroid Us g, P’ C (C*)® the three points pys, P34, Psg
would not be collinear, and joining any two produces a line which tropicalises to
Lijmw C P with L7, = —1. Moreover, L.L;jj, = —1 confirms that the two lines
cannot be simultaneously approximable.

The following simple lemma describes when a line L C Trop(P) is approximable
by a line £ C P.

Lemma 3.4.20. Let P C (C*)N be a complex plane, and let ug, . ..,uy denote the
unimodular basis used to construct Trop(P). Then there is a k-valent fan tropical
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line L C Trop(P) approzimable in P if and only if for some 0 < m < k the
arrangement determined by P contains m collinear points py,, ..., p; such that the
sets Iy, ..., I, are disjoint and [y U --- U I,, = {0,..., N}\J where |J| = k —m.
Moreover, L is the tropical line with rays in directions:

Ur, ... ur,, ond u; forjeJ,

where uj, = Zseb_ us. This line is approximated by the line passing through the m
collinear points py..

Proof. Suppose a curve £ approximates L, since deg(L) = 1, £ must be a line
in the compactification of P to P = CP?. Therefore, £ intersects each line in the
arrangement determined by P exactly once, and because L is k-valent and each edge
is of weight one, £ may intersect the arrangement in only k£ points. As the N + 1
lines of the arrangement are indexed by {0,..., N}, there must be a partition of
this set into k subsets, Iy, ..., I;. The subsets I; of size greater than one correspond
to points p;, of the arrangement through which the line £ passes, therefore these
points must be collinear. This completes the proof. O]

Definition 3.4.21. Let P C (C*)" be a plane and C' C Trop(P) be a fan tropical
curve, define the approximation space of C' in P to be

App(P)e ={C C P | TropC = C}.
Corollary 3.4.22. Let P C (C*)V be a plane and L C Trop(P) C RY then,
1. (L.L), =1 <= dim(App(P)1)

L
L), =0 <= dim(App(P).,

~—

. (L.L =2
2. (L.L =1
5. (L.L)y = -1 = [App(P).| = 1

4 (L.L)y < —2 = [App(P)1| = 0,1
5. App(P)L = ) = (L.L), < —2

3.4.3 Classification of affine planar curves in the standard
hyperplane

In this section we fix P, C R® the standard hyperplane, and Py C (C*)? a plane
such that Trop(Py) = Py, any generic plane in (C*)? will do. Recall that Py =
CP*\ A where A = {L, L1, Ly, L3} is an arrangement of four generic lines. Up to
automorphism of CP? there is only one such arrangement.

For a fan tropical curve C' let Aff(C') denote the affine span of the curve C' and
affo denote the dimension of the affine span of the curve. In this section we will
suppose that affo < 2 so that C is contained in an affine hyperplane H C R? of
rational slope. The plane H is the tropicalisation of a toric surface in (C*)%. In [7],
Bogart and Katz provide some necessary conditions to approximate such a curve.
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(dd—1,d) ¢
—€2 d-1 e
(—1,-1,0)
(1,0, —d)

Figure 3.18: The trivalent tropical curve Cy C P in from Example |3.4.26

Theorem 3.4.23. [7] Let C be a fan tropical curve in Py C R® the standard trop-
ical hyperplane, such that C is also contained in H C R® an affine rational plane.
Suppose C' is finely approximated by C in Py C (C*)3. Then one of the following
must hold:

1. C is equal to H.Py, the stable intersection of Py and H in R3, or
2. H.Py contains one of the affine bisecting lines contained in Py.
This theorem is based on the two following observations:

Lemma 3.4.24 (Bogart-Katz, [7]). If H is a rational affine plane in R* containing
C and if C is approzimable by a reduced and irreducible complex algebraic curve
C C Py, then there exists a non-singular binomial algebraic surface H C (C*)? such

that H = Trop(H) and C C H.

Lemma 3.4.25 (Bogart-Katz, [7]). Let H C (C*)? be a non-singular binomial sur-
face. If the intersection of Py and H in (C*)? is non-complete, then the curve
PaNH has a unique singular point which is a node. Moreover, if Py NH has two
irreducible components Cy and Cy, then the two embedded tropical curves Trop(Cy)
and Trop(Cs) are at most 3-valent, and at least one of them is 2-valent.

By Theorem 5.3.2 of [43] all curves which are stable intersections of Py and H are
coarsely approximable. However, condition (2) is not sufficient for approximability.
For example, the non-approximable curves presented in Example [3.4.10] happen to
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satisfy condition (2) of the above theorem of Bogart and Katz. The next example
presents the only family of curves satisfying part (2) which are in fact approximable.

Example 3.4.26

Let wug, u1, us, and uz denote the primitive integer directions of the four rays of the
standard hyperplane P,; C R®. For d > 1 consider the tropical curve Cy C Py with
three rays in the directions:

u; +uj, dug +u;, and du; + u;.

Where the edge in direction u; + u; is of weight d — 1, and the two other rays are
of weight one. For d = 1, let C; be the bivalent line with rays of weight one in
directions:

up +u;,  and w4+ uy.

The curve Cy is of degree d and an example is drawn in Figure [3.18]

Figure 3.19: The plane P drawn as CP? minus the four lines £, L;, Ly, L;, with the
curves Cq drawn for d = 1 and 2.

For every d > 1 we will construct an irreducible rational curve Cg4 C P C (C*)3,
such that TropCq = Cy. This curve has multiplicity d — 1 at the point £;, £;, and
tangencies of order d to the lines £ and £; at the points £; N Ly, and £;NL;. Up
to automorphism of CP? we are free to fix the 4 generic lines of the arrangement
corresponding to P as we wish. Let £; be the line at infinity and

Ly={y=0}, Lj={r=0}, and L;={r+y—1=0}

The existence of an approximation is equivalent to the existence of an irreducible
complex algebraic curve C in C? defined by the equation yP(z) — 1 = 0 where P(x)
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is a complex polynomial of degree d — 1 with no multiple root, and such that C has
order of contact d at (0, 1) with the line £;. Now it is not hard to check that one has
to have P(z) = 14+x+...+2% ! The curve C has the correct order of contact with
each of the lines £; of P\ P in order to tropicalise to C' C P. A quick verification
shows that C is parameterised by a rational curve with d + 1 punctures.

Theorem 3.4.27 (Brugallé, S., [12]). If C C Py N H then C is approzimable by an
irreducible curve if and only if C is one of the following:

1. C 1is the stable intersection of Py and H.

2. up to symmetry of Py, C' = Cy from Example where d = deg(C).

As noticed by Bogart and Katz, Lemma implies immediately that if C' C
Py, is a fan tropical curve with affo < 2 which is finely approximable in P and not
equal to the tropical stable intersection of P,; and H, then C' is either 2 or 3-valent.
In addition to this we now extract further information from the Lemmas [3.4.24] and
3.4.25] in order to prove Theorem Suppose that C' C HN Py is approximable
by an irreducible curve C, and let H C (C*)3 be the binomial hypersurface given
by Lemma (3.4.24] which contains C and tropicalises to H. Let A be the Newton
polytope of the surface Py UH C (C*)3, and X(A) the associated toric variety.
Denote the compactifications of Py and H in X(A) by P, and H respectively, and

let éo =HN 75575- Note that 7:12 = 0, which implies that 6(2) =0.

Lemma 3.4.28. Let P C (C*)? be a uniform plane, and let H C (C*)? be a reduced

and trreducible binomial surface. We denote by Ap 4 the Newton polytope of the

tropical surface Trop(P) U Trop(H), and by X (Apy) the toric variety defined by

Apy. Let P and H be respectively the closure of P and H in X(Apy), and let

C = PNH. Then the curve C is reduced and C’=01n P. Moreover, if C is reducible,

then C has exactly two irreducible components C1 and C, and Ef = E; =—11in P.
In particular, Trop(C1)? = Trop(C2)? = —1 in Trop(P).

Proof. We define C = PNH = C N (C*)%. According to Lemma , the curve C
has at most one singular point, so it has to be reduced and cannot have more than
two irreducible components. Hence the same is true for C. Since H = 0, we also
have C = 0 in P. Suppose that C has two irreducible components C; and Cs. Since
H’ = 0 we have
C,.C=Cy.C=0
which implies that
Ci+C1.Co=Co+Ci.Cy=0.

So we are left to show that C;.Co = 1. Since the curve C is reducible, it follows from
Lemma that C has a unique singular point, which is a node, in (C*)3. Hence

the result will follow from the fact that C intersects the boundary X (Ap )\ (C*)3
transversally at non-singular points of C.
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To prove this last claim, we may assume that H is a subtorus of (C*)%. In this
case, there is a surjection ¢ : Hom((C*)3,C*) ® R — Hom(H, C*) @ R. Moreover, if
Q € Hom((C*)3,C*) is an equation of P in (C*)3, then ¢(Q) is an equation of C in
‘H. In particular, the Newton polygon of ¢(Q) is dual to the tropical curve Trop(C),
seen as a tropical curve in Trop(#H). According to Lemma , the tropical curve
Trop(C) is 4-valent, so the Newton polygon of ¢(Q) is a quadrangle. The polynomial
() has exactly 4 monomials and ¢(@) has no few monomials than @, so we get that
#(Q) also has exactly 4 monomials. In particular, the only non-zero coefficients
of #(Q) are the vertices of its Newton polygon. This implies that C intersects the
boundary H \ H transversally at non-singular points of C. O]

To complete the proof of Theorem [3.4.27] it remains to list all possible 3-valent
fan tropical curves C with affo < 2 and to compute C? for each of them. This is
the content of the next lemma.

Lemma 3.4.29. Let C C P, be an irreducible 3-valent fan tropical curve with
affc < 2. Let H be the non-singular binomial tropical surface containing C, and
e1, es, and ez the edges of C. Let ug, uy, us, uz denote the primitive integer directions
of the four rays of Psy. Then the curve C' is one of the following types:

1. There exists 0 < «,  with ged(d, o, ) =1 and o + B < d, such that
We, Uy, = AU +QU;j,  WeyUe, = Puj+dug, and wWe,te, = (d—a—F)u;j+duy,

see Figure (1). In this case the curve C is the tropical intersection of Py
and H, and C? = 0;

2. There exists 0 < a, f < d with ged(d, «, ) = 1 such that
We, Uy, = dU4QUj,  We,Ue, = (d—)uj+(d—F)ug, and We,uey = Pug+duy,

see Figure (2). In this case, C* = —af3;
3. There exists 0 < a < < d with ged(d, o, 5) = 1 such that

We U, = QUAPU;,  WeyUe, = (d—a)u+(d—P)uj,  and  we e, = dug+duy,
see Figure (3). In this case, C* = —d* + Bd — af3.

Note that cases (1) and (2) when v = 8 = 0 (and consequently d = 1) coincide
with the case (3) when a =0 and f=d = 1.

Proof. The intersection numbers follow from a direct computation using Theorem
B-1.71 In case (1), we have to prove in addition that the curve C' is the tropical
intersection of Py and H, which is non-trivial only for o # 0 and 8 # 0. Let us
denote by C” the tropical intersection of Py; N H. In this case it is clear that C' and
C’ have the same underlying sets. Since C' is irreducible, it remains to prove that
(" is also irreducible.
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Uz

uy

us

Figure 3.20: The three types of curves from Lemma [3.4.29] listed in order from left
to right.

Without loss of generality, we can assume that
u = (1,1,1,1), wu; =(-1,0,0), wuy=(0,—-1,0), and wuz=(0,0,—1).
The surface H is given by a classical linear equation of the form
ax +by+cz=0 with ged(a,b,c) = 1.

Let us denote by wy o (resp. wq3) the weight of the edge of C lying in the convex
cone spanned by u; and uy (resp. us and ug). A computation gives wy = ged(a, b),
and wy = ged(b, ¢). Hence wy and wq are relatively prime and C” is irreducible and
C'" = C. This completes the proof. n

Remark Note that the same proof gives that the tropical stable intersection of any
tropical surface of degree 1 in R? made of an edge and 3 faces with any non-singular
binomial tropical surface in R? is always irreducible.

Proof of Theorem [3.4.27. Combining Lemmas|[3.4.28 and [3.4.29 we see that the only
possible approximable curves C' are of type (1) in the list given in Lemma |3.4.29|
or of type (2) with « = = 1. As mentioned in the statement of Lemma [3.4.29|
the curve of type (3) when a = 0,5 = 1 coincides with curves of type (1) and (2).
A curve of type (1) is always approximable as it is a stable intersection of Py and
H, see Remark . The curves of type (2) with a = 8 = 1 already appeared in
Example [3.4.26, where they were shown to be approximable in every degree by a
rational curve. This completes the proof of the theorem. O

Combining Lemma [3.4.29| and Theorem [3.4.8] we obtain immediately the follow-
ing simple criteria for approximating trivalent fan curves in Py;.

Corollary 3.4.30. Let C' C Py be a trivalent fan tropical curve. Then C is finely
approximable in Py if and only if C* =0 or —1.
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Figure 3.21: The curve C from Lemma [3.4.31] with respect to the lines indexed by

1,7, k, l,m,n.

3.4.4 Trivalent curves in planar fans

Combining the complete classification of curves C in the standard plane P, C R3
with affo < 2 given in the previous subsection, along with the case of lines presented
in Subsection we may classify all approximable trivalent fan tropical curves
in planes of any codimension.

Given two line arrangements on CP? such that A C A’ there is a natural inclusion
of their respective planes i : P’ < P. Moreover, if C C P is a curve, there is a curve
C' C P’ such that the closure of i(C’) in P is C. This is used in the next lemma.

Before considering the general case we remark that not every tropical plane
P C RY contains trivalent fan tropical curves. In fact, in order for P to contain a
trivalent curve there must exist three sets I, I, I3 satisfying: 1ULUI3 ={0,..., N}
and if |I;| > 1 then py, is a point of the corresponding line arrangement.

Given two line arrangements A C A’ in CP?, there is a natural inclusion of their
respective planes i : P’ < P.

Lemma 3.4.31. Let P C (C*)? be a uniform plane, and denote the lines of the
associated arrangement by L;, L;, Ly, and L;. In addition, let Co C P be the degree
2 curve from part (2) of Theorem . Then the further fan tropical curves are
finely approzimable in the plane P in following cases (see Figure :

1. the plane P" C (C*)* corresponds to the arrangement of 5 lines obtained by
adding to the arrangement of ‘P the unique line L,, which passes through the
two points p;y, P;; the three rays of C C Trop(P') are of weight one with
primitive integer directions

Ui + Uy, U+ 20+ Uy, and U+ 20 F Uy,
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2. the plane P' C (C*)* corresponds to the arrangement of 5 lines obtained by
adding to the arrangement of P the unique line L, which is tangent to Co at
the point p; ;; the three rays of Cy C Trop(P') are of weight one with primitive
integer directions

U; + Uj + 2Um U; + 2uk, and U + 2ul.

3. the plane P' C (C*)° corresponds to the arrangement of 6 lines obtained from
the arrangement of P by adding the lines L,, and L, from parts (1) and (2);
the three rays of C C Trop(P') are of weight one and with primitive integer
directions

Ui +Uj 42Uy, U+ 2up Uy, and w2+ Uy,

Proof. In each of the three above cases the tropical curves are approximated by the
curve C =CyNP. O

Theorem 3.4.32. Let N > 3, let P C (C*)Y be a non-degenerate plane, and let
C' C Trop(P) be an irreducible 2 or 3-valent fan tropical curve. Then the curve C
s finely approximable in P if and only if we are in one of the following cases:

1. deg(C) =1 and C and P satisfy Lemma|3.4.20;

2. C and P satisfy one of the three situations described in Lemma|5.4.51;

3. the plane P C (C*)? is non-uniform and C is any irreducible trivalent fan
tropical curve;

4. the plane P C (C*)? is uniform and C' is a trivalent curve from part (2) of

Theorem or part (1) of Lemma|3.4.29,

As a remark we mention that the trivalent lines with N > 6 in case (1) of
Theorem and the curves of case (2) and (3) of Lemma [3.4.31] are exceptional,
in the sense that for a generic choice of plane P which tropicalises to the fans in
each of these cases (i.e. whose line arrangement has the right intersection lattice),
the corresponding tropical curve will not be approximable.

Proof. All of the above tropical curves were shown to be approximable in the cor-
responding plane in Lemmas [3.4.20] Remark [3.4.3] and Theorem [3.4.27]

Let C be an irreducible 2 or 3-valent fan tropical curve which is finely approx-
imable by a curve C in some plane P. It remains to show that the pair (P,C) is
one of those described in the theorem. According to Lemma [3.4.20] this is true if
deg(C) =1, so let us suppose that deg(C') > 2.

Suppose first that the arrangement determined by P contains a uniform sub-
arrangement Ay of 4 lines £;, £;, L, and L; yielding a plane Py. Then there is a
natural inclusion P < Py. If C C P approximates C, let Cy C Py be the closure of
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C in Py and Cy C Trop(Py) its tropicalisation. Then deg(Cy) = deg(C) > 2, which
implies by Theorem that the curve Cj is trivalent. Therefore Cj is either of
type (1) from Lemma or from case (2) of Theorem [3.4.27]

Suppose it is the former. Since deg(Cy) > 2, up to relabeling the four lines in Ay,
it follows from Lemma that Cy C Py intersects this uniform arrangement in
the three points p; ;, p; ., P;;- Let £ be another line of the arrangement A determined
by P. Since C' is trivalent, the line £ must intersect C with multiplicity deg(C) at
one of these three points, which is impossible according to Lemma |3.4.29

If Cy C Trop(Py) satisfies part (2) of Theorem [3.4.27 then Cy is the unique curve
given in the proof of Theorem (up to relabelling the four lines in 4p). This
curve intersects the arrangement Ag in the points p; ;, p;x, and p;,. Note that the
only singular point of C C P may be at the point p;; and that the tangent line to
Cy at the points Pi ) and p;, is already contained in the arrangement A,. Therefore,
any other line passing through p; ; or p;; has intersection multiplicity 1 with Cy at
this point. Let £ be a line in A\ A,. Since the tropical curve C' is trivalent, we are
in one of the following two situations:

1. the line £ passes through the points p; ;, p;;, and the sum of the intersection
multiplicities of C and £ at these two points is equal deg(C); since the in-

tersection multiplicity of C and £ is 1 at these points, this is possible only if
d=2;

2. the line £ passes through the point p;;, p;;, or p;;, and intersects C with
multiplicity deg(C) at this point; since the intersection multiplicity of C and
Lis 1 at p;; and p;,, the line £ necessarily passes through p; ;, which is an
ordinary point of multiplicity d — 1 of C; since C' is 3-valent, the line £ must
have the same intersection multiplicity with all local branches of C at Pij
which is possible only if d = 2.

Hence if we are not in cases (1) or (4) from the statement of the theorem, we are
necessarily in case (2).

If the arrangement A does not contain a uniform subarrangement of 4 lines
then according to Lemma below, all but one line of A must belong to the
same pencil. The arrangement A contains a subarrangement A of 4 lines, 3 of
which belong to the same pencil, and defining a plane Pj. As previously, if C C P
approximates C, let C; C Pj be the closure of C in Py and C} C Trop(Py) its
tropicalisation. Since deg(Cy) > 2, the curve C is trivalent. Hence according to
Remark [3.4.3] C} is the tropical stable intersection of Trop(P}) and Aff(C). If C
does not pass through the triple point of Ay, then since Trop(C) is trivalent we must
have A = Aj. If Cj passes through the triple point of Aj, then there exist |I| — 2
lines of A such that each branch of C at p; has order of contact deg(C') with these
lines. This implies that |I| = 3, which completes the proof. O

Lemma 3.4.33. If A is a line arrangement not containing a uniform subarrange-
ment of 4 lines then all but one of the lines in A are contained in the same pencil.
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Proof. By assumption not all lines of A belong to the same pencil, so there is a
subarrangement of 3 lines £;, £;, and Ly, that is uniform. Every other line in .4 must
belong to the pencil determined by a pair of lines in this subarrangement, otherwise
there would be 4 lines forming a uniform subarrangement. If two of the additional
lines indexed by [, m belong to different pencils given by say p; ; and p,, then the
subarrangement given by j, k, [, m is uniform, and we obtain a contradiction. O

As a remark we mention that curves of Case (4) and (5) are exceptional, in the
sense that for a generic choice of plane P which tropicalises to the fans in these two
cases the curves mentioned above are not approximable.

Corollary 3.4.34. Let P C (C*)N be a non-degenerate generic plane approxvimating
P = Trop(P), if N > 5 there are no trivalent tropical curves C' C P with deg(C') > 1
approximable in P.

For case (1), when deg(C') = 1, the above corollary does not always hold. Pap-
pus’s Hexagon theorem gives an arrangement of 9 lines containing 3 points which
are always collinear over any field. This yields an example of a trivalent tropical line
L C P C R which is approximable in every P C (C*)7 such that Trop(P) = P.

Corollary 3.4.35. The tropical curves of Theorem[3.4.39 are all approzimated by
rational curves with three punctures.

3.4.5 Obstructions from the adjunction formula

In algebraic geometry the adjunction formula relates the canonical class of a smooth
hypersurface D to the canonical class of the smooth ambient variety X by,

Kp = (Kx +D)|p,

see for example [25]. The canonical class of a Riemann surface of genus g is 2¢g — 2,
so for a smooth curve C in a projective surface X the formula reduces to,

. KX.C+C2

g(C) 5 +1, (3.4.1)
where ¢(C) is the genus of C. If C C X is not a smooth curve the right hand side
of Equation defines the arithmetic genus of the curve and we denote it by g,.
Let g, denote the geometric genus of a curve, which is a birational invariant and
is the genus of a resolution C' — C, where C’ is a smooth curve, see [25]. If C is

irreducible then ¢,(C) > 0. Then Equation yields the inequality

_ Kx.C+C*+2

0 < g(C) < 94(C) 5 :

(3.4.2)

and ¢,(C) = ¢4(C) if and only if C is smooth. In the case fan tropical curves
in planes, Theorem |3.4.36| interprets the above inequality using combinatorial data
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from the tropical curve and the arrangement defined by the plane P to give a general
obstruction to approximation.

Beforehand, we introduce some more notation. Recall that if the arrangement A
determined by a plane P C (C*) contains a point p;, then the fan tropical plane
P = Trop(P) C RY contains a ray in the direction u; = Y ier Wi, where uy, ... uy is
a unimodular basis used to construct the fan P. Given a fan tropical curve C' C P,
let w; denote the weight of the edge of C' in the direction u;, with the convention
that w; = 0 if C' does not contain a ray in this direction.

Theorem 3.4.36. Let P C (C*)Y be a non-degenerate plane, and C C Trop(P) be
a fan tropical curve. If C is finely approximable by a complex curve C C P then

29(C) < C*+ (N —2)deg(C) = > we,— Y (I[-2uwr+2,  (34.3)

e; CEd(C) prEp(A)
with equality if and only if C is non-singular.

Proof. Again let P be the surface compatible with C;,Cy obtained from P = CP?
by blowing up at the points p; and points above them which are intersections of
boundary divisors. Let 7 : P — CP? denotes the contraction map. The boundary
P = 73\ P is a collection of non-singular divisors consisting of the proper transforms
of the N + 1 lines in P \ P along with all exceptional divisors. Given p; € p(A),
we denote by &; the proper transform in P of the exceptional divisor of the blowup
of CPP? at the point p;, by AP the sum of all divisors in 75\ P, and by L the divisor
class of a line in C P2. Note that the divisors £; are contained in the support of dP.
We will prove in Lemma that the canonical class of P can be written in the
following way:
Kp=(N-2x L-0P— Y (I|-2)¢&,
p;EP(A)
With K5 written this way, we may calculate K5.C using just the tropical curve

C' = Trop(C). Firstly, 7* L.C = deg(C'). By definition of the weights of the edges
of Trop(C') we have

ecEd(C)
and
Kz.C= (N - ) we— > (I -2uw
ecEd(C) pP;EpP(A)

By Theorem we have ¢~ = C2. Applying the adjunction formula for C C P we
obtain the claimed inequality. O]

Not only does Theorem |3.4.36| provide information about the genus of a possible
parameterisation of a curve C C P approximating C' C P, it also has the following
corollary when we insist that C' is finely approximable.
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Corollary 3.4.37. Let P C RY be a non-degenerate fan tropical plane and C C P
a fan tropical curve. If the pair (P,C) is finely approzimable, then

C®+ (N =2)deg(C) = > we— Y (I 2w +2>0.

ecEd(C) prep(A)
The following lemma completes the proof of Theorem |3.4.36,

Lemma 3.4.38. Using the same notations as in the proof of Theorem we
have 3
Kp=(N-2n L-0P- > (I|-2)&;.

prep(A)

Proof. To see that the canonical class can be expressed as claimed we first start with
N
Kepe=-3L=-Y Li+(N-

where the £;’s are the lines in P\ P. If 7/ : P’ — CP? is the blowup of CP? at the

point p;, the canonical classes are related as follows:
K'p/ - W/*K(CPZ + g[

Then

N
Kp = (N=2)n"L—n"() L) +&;

1=0

N
= (N=2a" L= Li—I|E+E&,

i=0
where £, is the proper transform of £;. Moreover 0 P’ = Zi]io Li+E I, SO
Kp=(N—-2)7"L-0P —(|I| —2)&;.

Blowing up further at points above p; that are the intersection of two boundary
divisors, the exceptional divisor is again a boundary divisor of the new surface.
Continuing the process at each p; to obtain P we obtain:

Kp=(N-=2)m"L-0P— > (lI|-2)¢&,
Pr€p(A)

which completes the proof. O]

We conclude this part with some examples and remarks surrounding Theorem
3.4.36] Notice that the Corollary|3.4.37] makes no distinction between approximabil-
ity in different complex planes which have the same tropicalisation. As such, a curve
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C C P which is approximable in some P tropicalising to P will never be obstructed
by the condition given in this corollary.

The inequality given in Corollary is by no means a sufficient condition
for approximability. As the next example shows there are non-approximable curves
C C X for which the adjunction formula holds. An interesting question to ask is
which such curves may be approximated by pseudo-holomorphic curves for example.

Example 3.4.39
Consider the fan tropical curve C' C P, C R* with three rays of weight one in the
primitive integer directions:

(1-4d,1,1), (d—1,d—2,d—1) and (0,1—4d,d).
The degree of this curve is d, and its self-intersection at the vertex of Py, is
CY=d*~(d-1)—d—dd—1)=1—d.

Therefore the right hand side of Equation [3.4.3| is equal to 0, and the curve is not
obstructed by Corollary [3.4.37]

It should be noted that by applying an integer affine transformation to R® the
pair (P, C') may be transformed to the pair (S, L) where L is a line and S is a tropical
surface of degree d. This line and surface along with many others were presented by
Vigeland in [56]. Here Vigeland presented generic tropical surfaces of degree greater
than three containing infinite families of lines. However, a generic complex surface
in CP? of degree three contains no families of lines, and a general surface of degree
greater than three contains no lines, see [25]. Therefore, the above tropical curve C
is not approximable in a generic surface S for d > 4. However, it was not until the
results of Bogart in Katz [7] that an obstruction based only on tropical data was
presented. These curves are not approximable for d > 3 by their proposition cited

here as Theorem [3.4.23].

This section is concluded with another example which demonstrates a strange
phenomenon of tropical subvarieties.

Example 3.4.40

Consider the curves Cy C Py from Example [3.4.10, For d > 3 there are many ways
to see that such a curve is not approximable. For d > 3 these curves are obstructed
by Corollary and Theorem [3.4.23] In addition a quick calculation shows that,
(C)2 = —d*>+2d—1, and the right hand side of Equation is equal to —d*+3d—2
which is less than zero for d > 3. So for d > 3 the curves are again obstructed by
Corollary [3.4.37]

What is interesting is that there exists an integer affine linear map which sends
the pair (Py, Cy) to a pair (Sy, L), where Sy C R? is a tropical surface of degree d
and L a tropical line. So separately the line L and the surface S; are both tropically
smooth, however L considered as a subvariety of the surface Sy is singular since it
does not satisfy the adjunction formula. Thus being tropically smooth is not an
intrinsic property!
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3.4.6 A sufficient condition for the tropical adjunction for-
mula

Tropically, the situation is this, given a tropical curve C' in a surface X, we may
naively define the tropical genus to be the first Betti number of C' viewed as a graph.
Yet with this definition there are many examples of complex curves whose tropical-
isations are too coarse and thus may “hide” some genus of the original curve. For
example, the tropicalisation as defined in the beginning of Section always results
in a fan, so that b;(Trop(C)) = 0 and is strictly less then ¢(C) for curves of positive
genus. In addition, the next subsection explores more examples of tropical curves
for which the adjunction formula fails more dramatically. Imposing the condition
that a tropical curve C'is locally submatroidal in X, meaning that C' is locally given
by a Bergman fan of a rank two matroid which is the quotient of the local matroid
defining X the following proposition holds.

Theorem 3.4.41. For any irreducible non-singular curve C C X for a compact
tropical surface X we have

B Kx.C+C?
S

Proof. Suppose C' is a boundary divisor of the surface X. Then we may write:

b1(C) +1. (3.4.4)

d
Ky=KY-C-> D,
=1

where the boundary divisors of X are the set {C, Dy,..., Dy}. So we must verify:

K%.C—-Y¢ D.C
9= 5 -

This equality is verified by a simple Euler characteristic computation. For every
leaf [ of the curve C| there is a collection of boundary divisors D; which meet C at
this point. We construct a new graph G from C' by adding to each leaf [ an edge
for each boundary divisor which meets C' at [. Let V(G) and E(G) denote the edge
and vertex sets of a graph G, and vg(x) denote the valency of z € V(G) in G. By
subsection we obtain,

1.

K%.C= > walx) -2 (3.4.5)
zeV(G)
Subsection gives:
d
> DiC= > wvell) -2
=1 leL(C)
So that,

d
K%.C — ZDZ-.C = ) welz) —2=2(E(C)| - |V(C)]) =29 — 2.

zev(C)
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When C' is not a boundary divisor we modify X along the Cartier divisor cor-
responding to C' and obtain a new tropical manifold X which has the curve C
corresponding to C' at the boundary. Then C' C X is a boundary divisor thus it
satisfies the adjunction formula. Moreover, C? = §*(C')*> = C2. By Lemma ,
K5.C = 6" Kx.0*C = Kx.C. Moreover, b;(C) = b;(C) so that C' C X satisfies the
the formula B.4.4] as well. O

The condition that C' be non-singular (meaning locally sub-matroidal) in X is
not a necessary condition for the adjunction formula to hold. As an example, it
may be checked that the approximable fan curves C,; C P, satisfy the adjunction
formula [3.4.4] as stated in Theorem [3.4.41] This is expected since such curves are
approximated by rational curves Cy C Pg.
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