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ABSTRACT: We discuss a scale-free model of bigravity, in which the mass parameter of the
standard bigravity potential is promoted to a dynamical scalar field. This modification
retains the ghost-free bigravity structure, in particular it remains free of the Boulware-
Deser ghost. We investigate the theory’s interaction structure, focusing on its consistent
scaling limits and strong coupling scales. Furthermore we explore the model’s quadratic
action, both around generic background configurations and paying special attention to
cosmological backgrounds and to the associated background evolution. Finally we consider
the possibility of realising a phase of late-time acceleration as well as a quasi-de Sitter
inflationary stage at early times, when the promoted “mass scalar” becomes the inflaton.
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1 Introduction

The discovery of healthy massive and bi-gravity models ([1-3] and [4, 5] respectively) paved
the way for the exciting possibility that late-time cosmic acceleration could be driven by
massive spin-2 degrees of freedom. However, such theories generically come with a very low
strong coupling scale, which makes extracting the prediction of (a UV completion of) these
theories at high energies/early times very difficult, if not impossible. For example, around
Minkowski massive (bi-)gravity has a strong coupling scale Az = (m2Mp)'/3, where m
is the (technically natural) mass of the graviton. When this mass is of order the Hubble
scale — an identification phenomenologically motivated by the desire to have this theory
playing the role of dark energy at late times — we have that Az ~ 1000km~!. While such
a low strong coupling scale does not impact our ability to find cosmological solutions for



this theory at late times,' it seriously calls into question the predictivity of the theory at
small scales (e.g. solar system tests of gravity) and at high energies (early times).

An obvious modification of ghost-free massive and bigravity that may improve this
situation is to promote the small coupling constant of the theory — the mass of the graviton
m — to a field ® and render the theory scale-free up to the residual presence of Mp;.? This
is what we investigate in this paper. Theoretically the hope is to gain better (perturbative
and weakly coupled) control of the theory via a strong coupling scale, which depends
on the (local) background/vev value of the scalar field ® and indeed we will find such a
dependence. As such we will present the interaction structure of the resulting theory and
show that the presence of the new dynamical scalar degree of freedom ® leads to interesting
modifications also at low energies. Cosmologically speaking the hope is that we obtain an
extended bigravity model, which is capable of realising late-time accelerated expansion
as well as making reliable predictions for the early universe and an associated potential
inflationary period. We note that our approach is somewhat analogous to what has been
done in a more generic setting for massive gravity in the context of “mass-varying massive
gravity” models [14],® with tight additional restrictions arising from our requirement of
scale-freeness.

While this mass-varying nature of our model is what will allow us to have a “running”
strong coupling scale of the theory (i.e. one that depends on the evolution of @), this feature
of course replaces the technically natural mass scale m with an evolving field. As such we
are faced with a mass hierarchy problem, since at late times we will require ® ~ Hj in order
for a well-behaved dark-energy contribution to arise, yet Hy < Mp). Scale free models can
be powerful frameworks in addressing such mass hierarchy problems [7-13] and as such the
hope here is that, after promoting m to be a scalar field, we can dynamically generate the
correct scales without the need to introduce additional scales into the action by hand. Of
course, and as briefly mentioned above, our approach is only the first step in rendering
the theory fully scale free, even at the classical level. Rendering the classical action fully-
scale free one would need to pai our work with that of [7-13] in order to promote the
residual scale Mp; — ¥, where W is a dynamical field as well and supplement this with a
mechanism to dynamically recover the Planck scale, i.e. a Higgs mechanism for ¥ based
on spontaneous symmetry breaking that allows this field to settle to a value ¥ ~ Mpy.
However, we re-emphasise that here we only tackle the first part of this problem and probe
the most cosmologically interesting scale m and how this can be promoted to a field in a
scale-free way.? Also note that, even classically and in spirit with the scale-generation via,

Note that the strong coupling scale around a cosmological background does not immediately follow
from the Minkowski calculation, since this scale will be re-dressed with powers of the scale factor(s) and its
derivatives. This can be worked out in detail along the lines presented in [6].

2Less cosmologically relevant, but also very interesting from a theoretical perspective, would be an
attempt to make the theory fully scale-free by also replacing the Planck mass(es) of the theory by scalar
fields along the lines of [7-13].

3For related work on the cosmology of such models, see [15-17].

4From the fully scale free perspective, this corresponds to assuming that there is a cosmologically relevant
regime where spontaneous symmetry breaking has set the Planck scale already, so we can forget about the
dynamics of ¥ at leading order, yet ® is still evolving.



spontaneous symmetry breaking argument above, around a given non-trivial cosmological
background a scale will of course be generated spontaneously, as we will see explicitly in
section 5. Finally a comment on loop corrections: once our model has been fully embedded
in a fully scale-free classical theory, with all explicit mass scales in the action promoted to
fields and effective scales arising via symmetry breaking, it may still be the case that loop
corrections will generate an effective scale. Examples where loop corrections may break
scale freeness by introducing such a mass scale include [18], but notice that this does not
always have to be the case [8] and one can in principle build theories which are scale free
both at classical and quantum level. Here we will focus on the first step — constructing a
scale-free classical model — and will leave loop corrections and the stability of scale-freeness
under these to future work.

Outline. In section 2 we introduce and motivate scale-free bigravity. This is followed
by an investigation of its interaction structure, strong coupling scales and scaling lim-
its in section 3. Then, in section 4, we study the general quadratic perturbative action
of the theory, both for general backgrounds and specialised to cosmological Friedmann-
Lemaitre-Robertson-Walker (FLRW) backgrounds. In section 5 we finally consider specific
realisations of the theory and investigate whether they give rise to accelerated expansion
in the early and/or late universe, before we conclude in 6. We also collect some additional
useful results in the appendices.

Notation and conventions. Throughout we use the following conventions. We set
¢ = h = kBoltgmann = 1. Mp) = 1/\/% ~ 2.4 x 10'8GeV is the reduced Planck mass. We
work with the metric signature (—, 4+, +, +), and we restrict to D = 4 spacetime dimensions.
With ’ and with - we indicate derivatives with respect to conformal time and cosmic time,
respectively. We use Greek letters u,v,... to denote spacetime indices, which are raised
and lowered as specified. Capital Latin letters A, B,... are reserved for Lorentz indices
and are raised and lowered with the Minkowski metric n4p. Bracketed indices (i), (5),. ..,
label different fields — label indices are not automatically summed over; whether they are

upper or lower indices carries no meaning.

2 Scale-free bigravity

Ghost-free bigravity [4, 5] typically comes with two hierarchically ordered scales: firstly
)

interactions of the two spin-2 fields in the theory, which are in principle distinct but which

the (in principle) two Planck masses MS) and MS , directly associated to the kinetic
will be identified for the purposes of this paper. As such the first scale is Mp; = MF(,P =
MS). In addition there is the mass scale m, i.e. the parameter controlling the mass of the
massive graviton mode in the theory.® Note that m is technically natural and protected by
diffeomorphism symmetry. This ensures that the (late-)cosmologically motivated scenario
with a hierarchy m < Mp) can be realised, with dark energy-like self-accelerating solutions.

5We note that in general the mass of the graviton is a “dressed” quantity into which the §; parameters
as well as metric background quantities (if the background one expands around is dynamical), i.e. scale
factors, also enter.



Here we present and discuss a very simple extension of ghost-free bigravity in which the
mass scale m is promoted to be a dynamical field, as motivated in the introduction above.
We do this in such a way that no mass scale is introduced in the theory other than Mp;,
which makes this approach different from the closely related general mass-varying massive
gravity approach [14] (on top of the obvious fact that we also consider bi- and not massive
gravity, thereby also promoting a fiducial fixed reference metric to a dynamical field - we
will come back to the massive gravity limit later though). We can write our theory down
in two equivalent formulations, the vielbein and metric formulations. We will now briefly
discuss both and their equivalence, since both will be useful in different contexts discussed
later in the paper.

2.1 Vielbein and metric formulations of the theory

The vielbein version. The theory we propose is a very straightforward generalisation
of standard ghost-free bigravity [4, 5], closely related to models of mass-varying massive
gravity [14]. We promote the graviton mass parameter m to be a scalar field of mass
dimension one and endow that field with a canonical kinetic term and a potential. As such
our model has the following action

M?2 M?2
Syiel = % /GABCDEé) A Eggl) ARCEP [E(l)] +% /GABCDEé) N E(BQ) ARCP [E(g)]

Mg P2 60 EA EZ AES PLga » ES, AED
5 fABCD o) NEQ) AEG) ABQ + 50 By AR AEQ) AEG,

62 A B C ﬁ3 A B C ﬂ4 A B
+ o1 B A EG) AEQ) AER) + 51 EQ) AER) AEG) AR+ EG) AER) AEG ARG
+/d4xdetE(1 (— 7v<1>q>v71)<1> W(® )) /d zdet By Lo, [Eq), Wi (2.1)

formulated in terms of 2 vielbeins/spin-2 fields E(;) and E(,) and the corresponding vielbein
one-forms Eé) = E(i)ﬁdm‘“. This means each spin-2 field comes equipped with an Einstein-
Hilbert term (first line), we have massive bigravity interactions with a graviton mass that
has been promoted to be a field ® (second and third line), we have an additional piece of
the action giving ® dynamics (first term in the last line) and finally we have a minimal
coupling of matter, via the matter Lagrangian L,, containing the matter fields ¥;, to one
of the vielbeins F;) (second term in the last line).% Note that there are five dimensionless
coupling constants ; in addition to the dimensionful coupling constant Mp;. In an effective
field theory spirit we will consider the f; to be constant O(1) parameters. The metric
corresponding to each vielbein satisfies

9;(3 = Eé)uEg)yﬁA& (2:2)
and comes with an associated covariant derivative V;), while the wedge product A in (2.1)
has been defined as totally anti-symmetrising space-time indices as usual.

5Note that this matter coupling breaks the symmetry between the spin-2 fields/metrics/vielbeins in the
theory. For consistent couplings that restore this symmetry see [19-21].



The potential for ®, W(®) is in principle unrestricted. However, if we insist that
there are no other dimensionful scales in the theory other than Mp, i.e. we forbid any
dimensionful scales from hiding in W (®), this means we can write

W(®)=Ad* or W(®)=0, (2.3)

where ) is a dimensionless parameter of arbitrary size.” Note that the constraint structure
of healthy massive and bi-gravity models carries over and ensures that no ghostly Boulware-
Deser degrees of freedom propagate [14]. As such, around a flat Minkowski background,
we have 8 propagating degrees of freedom: 5 (massive graviton) + 2 (massless graviton)
+ 1 (the new scalar @), one dimensionful scale/mass parameter Mp; and six dimensionless
parameters 3;, A. For a more detailed discussion regarding degree of freedom counting for
analogous models see [22].

The metric version. For comparison we can also write down the metric version
of our theory. In the presence of the symmetric vielbein condition E(i);‘E(j)anB =

E(Z-)f}E(j)f nap, which we discuss further below, the two versions become physically equiv-
alent. In the metric picture our theory takes on the form

M2 M3
Smetric = i dPz\ /=g R [gq)] + ;/dDCE\/ 92 R [9(2))
M2
Pl Zﬁn dPz\/=ga) ey ( 9(_39(2))
APz /g0 1v<> VE D — W
+ T/ —9(1) T Vn (1) (@)
+/le‘\/—g(1)Em l91), 9] , (2.4)

where we will take D = 4 in what follows and for later convenience we define a potential

V(90902 Zﬂnen (Vo9e) - (2.5)

The B; are the same as above and the e, are elementary symmetric polynomials satisfying
(for some matrix X)

en (X) = 85 KL - - Ko, (2.6)
where we have defined
§ea- an — 1 Q1...QpA1...AD_n
5160 = 0D = )1 €61 BurAD - (2.7)

"Such a term is renormalizable, so we do not need to insist on this being O(1) even from an EFT
perspective.



As such, the elementary symmetric polynomials can explicitly be written as

w=1,  al =K,  e()=y (X - X),

es(%) = g (1% — 3XI0K%] + 2% |

ea() = 37 (X" — 60K + BRI + 3K — 6x)) = det X (2.8)
where square brackets [ - -] denote taking the trace. While we will use the metric formu-

lation of the theory when computing cosmological solutions later, we will find the vielbein
formulation more useful when probing the interaction structure of the theory.

Equivalence of formulations. Above we have discussed both the vielbein and metric
formulations of our model. Working in different formulations will be useful in what fol-
lows below, but we want to briefly recap why these two formulations are equivalent in our
context. On certain branches of solutions (the ones we will consider - for a more complete
discussion including alternative branches see [23, 24]) the “symmetric vielbein condition”
can be enforced. This is equivalent to the statement that we can set the so-called DvIN
(Deser-van Nieuwenhuizen) gauge® which imposes the following relation between two dis-
tinct vielbeins E(;) and E(;) (in matrix notation)

-1 _ -1 T
By Egn=n (E(i) EU)) ) (2.9)

where 1 denotes the flat Minkowski metric as before. We can then use this condition and
the expressions of the metrics in terms of their vielbeins to find [25]

/ d'z\/=g Z Buen (/951 90)) = / d'wdet By S Buen (EG Egy) . (210)

which relates our two formulations and identifies the two actions (2.1) and (2.4) (and in
particular the mass terms and the j; coefficients) as equivalent upon noticing that we can
re-write the mass terms in the following way

Mlgl B 2 A B C D

_ Mg 2
2 31(D —3)!

M2
= “hg, / d's ® det Eyyes (EGIE) )

= Plﬂ /d4{L‘(I)21/ ()63( 96%9(20 , (2.11)

where we have picked one particular mass term and B; for illustration, but have kept

/d4x % eppcpe™” Ej} 1) EY 2)ES 9)EP 2)

all numerical arguments as explicit as possible to emphasize that an analogous argument
follows through for all other mass terms too. Notice how all residual factorial factors are

8Essentially this gauge choice fixes the freedom associated with Lorentz transformations.



swallowed up into eg in moving to the third line. In moving from the second to the third
line we have also extracted an overall factor of det E(;y, where this choice is arbitrary (i.e.
we could just as well have extracted det E(y)).

2.2 Equations of motion and constraints

Equations of motion. We now move on to consider the dynamics of our model at the
level of the equations of motion. We will do so in the metric language and, in order to keep
notation clean, will define g(;) = g and g3y = f. The equations of motions for g,, and f..
are then given by

1
Ru(g) — 39 R(g) — ®? M3, = M2 Tlgy Mglﬁf;, (2.12)

R (f) — %fw R(f) - ®* ML, =0, (2.13)

where to simplify the notation we have introduced the following tensors

My = 2 L = L [ (V) e, (VAT 219
n=0

3

Ml = O V=1 S B [ Yoo (VITT9) a0, (Vi) (215)
n=0

:5f/t1/

while T, ﬁT) is the energy momentum tensor of matter and

=

1
T2 =V, 0V, ® — g <2 9PV, ® Vd + W(<I>)> : (2.16)

The definition of the Y(Z;L y (X) matrices closely mimics that of the elementary symmetric
polynomials and is as follows:

Yio) () =1, Yy (R)=%—1[x], (2.17)
Yio) (R) = X2 — X [X] + %u ([X]2 - [xﬂ) , (2.18)
Vi) (%) = X* = X2 [X] + %X ([X]2 - [xﬂ) - éu ([X]?’ —3[%] [%?] +2 [X?’]) . (2.19)

The equation of motion for the field ® can be written as
0P — We(®) — M3 @V (g, f) =0, (2.20)
where W g = dW/d®.

Bianchi constraints. As a consequence of the Bianchi identity, we find the following
Bianchi constraints (for each one of the two metrics)

1
vH <<D2 M, +M§1T$> e, (2.21)
2 <<I>2 M{jy) =0, (2.22)



where the overbar indicates covariant derivatives with respect to the f metric. Both these
constraints follow from the invariance of the action under the diagonal subgroup of the
general coordinate transformations of the two metrics.

It is easy to show that the Bianchi constraint (2.21) is equivalent to the covariant
conservation of the total energy momentum tensor

Ty = T, + T, (2.23)

v

where Tfy is the energy momentum tensor for the scalar field. The Lagrangian for ® is

[0} 2 M2 2
LP == (V,0)° - W(®) - 22V (g, [). (2.24)

1
2 2

Therefore, the energy momentum tensor for the scalar field is given by

Tfy = —225; +g,“,£q>,
=V, 0V,d + ME &* ;g‘:y — G G gV &V 5d + W (D) + Mfl 2 V) ,
= T + M @* MY, . (2.25)
It follows that
VET = VETg, + VPTG = V* (T + M2 M3,) + VT =0, (2.26)

where the last identity follows from equation (2.21).

3 Interaction structure and strong coupling scales

We now take our model (2.1) and make the propagating degrees of freedom explicit in
order to better understand the interaction structure of the theory. For this it will turn
out to be useful to work in the vielbein formulation. A priori one might expect that
the interaction structure is very different with respect to the “standard” bi-gravity case,
especially since scalar modes are expected to mix already at the level of the quadratic
action, which would result in a different diagonalisation procedure and different dynamics
for the propagating degrees of freedom. Also, several of the interactions which vanish up
to total derivatives in the standard bigravity case will now remain, since the “mass scale
prefactor” is now dynamical. As such we will take particular care in going through the
derivation and will not simply port expressions or field normalisations from the analogous
bigravity calculation [6].

3.1 The field content

Stiickelberg fields and degrees of freedom. We want to restore diffeomorphism in-
variance in our action in order to make the dynamics of the different helicity modes explicit
(as the helicity 0, 1 and 2 modes are all bundled together in h(;) and h) which are per-
turbations around the background for E(;) and Ey) respectively). As such let us begin by



briefly recapping the use of Stiickelberg fields to restore diffeomorphism invariance. We
have two vielbeins in the theory, E(;) and E(y), transforming under two copies of gen-
eral coordinate transformations, GC(;y and GC(z). The mass interaction term(s) break
this invariance down to the diagonal subgroup GC(1) x GC'). The Stiickelberg trick then
amounts to restoring the full unbroken invariance at the expense of introducing additional
gauge fields, which will eventually turn out to capture the different helicity degrees of free-
dom of the graviton(s) in the theory. In effect the diffeomorphism Stiickelberg replacement
amounts to a field transformation of one of the vielbeins

Ej @)le] = Bl oY (0)] = EJ ) [Y (2)]8,Y (5 2] - (3.1)

Here we have chosen to transform Ey), but this choice is of course arbitrary. For a dis-
cussion of dualities and ambiguities in the context of choosing Stiickelberg transformations
for bi- and multi-gravity models see [26, 27].” The kinetic, Einstein-Hilbert, terms are
gauge-invariant under diffeomorphisms, so remain unmodified under this replacement. We
may now expand the vielbeins and Stiickelberg fields as

hi
Ejiy =0, + 2}(};)17 Yiq) =2 + Bl +9"m6s), (3.2)
effectively choosing to expand our theory around a Minkowski background. In (3.2), h(1y,
h(z), B, m are the fields which will capture the two helicity-2 modes as well as helicity-1
and -0 modes of the massless and massive graviton respectively. Note that we have already
chosen to canonically normalise the h fields in the above, since this normalisation will be
controlled by the known Einstein-Hilbert term. The normalisation of the other fields is
left for later, since this will be determined by the quadratic action for those fields. In
what follows for simplicity we will drop the combined (i, j) indices, that keep track of the
symmetry group(s) the Stiickelberg fields know about, since having chosen to transform
E(5) here, there will only be one 7 and one B field.

Another note is in order before we proceed: in the vielbein formulation it is not just
copies of general coordinate invariance which interactions break down to their diagonal
subgroup, but the same also happens for Lorentz invariance. The Lorentz Stiickelberg
fields will crucially modify the interactions of the helicity-1 mode, which is why in the
following we contain ourselves to investigating the helicity-2/0 interactions and we leave an
investigation of interactions involving helicity-1 modes for future research - for an analogous
calculation in the standard massive (bi-)gravity setting, see [6, 29]. From here on we will
therefore set B = 0.

A local field expansion and scaling limits. There is an inherent tension in what we
are trying to achieve here. On the one hand we have intentionally built an, except for
Mpy, scale-free theory. Yet on the other hand we are here trying to obtain a perturbative
understanding of the interaction structure of the theory. The helicity-0 mode will inherit its
normalisation from the mass term, which now comes with a time-dependent “mass scale” ¢.

9The different dual ways of doing so are also directly related to the existence of “Galileon dualities” [28].



From the form of the interactions one should therefore expect that the scales determining
when any particular perturbative expansion of the theory is valid (strong coupling scales),
will now depend on the background value of ® (or, in a different language, on its vev).
In order to make this explicit and understand the evolving strong coupling scale while
simultaneously maintaining our scale-free theory, we will perform a local expansion of ®
around some fixed reference value ¢9. We emphasise that ¢q is fixed, so it is not a dynamical
background field. In other words we will perform the split

D =g+ 00 where 0p < ¢y . (3.3)

The condition §¢ < ¢g ensures that we can normalise modes coming from the mass term
using ¢g at leading order and have a well-defined perturbative expansion in powers of d¢.
Obviously this will only give a locally valid expansion, as there is no guarantee that the
evolution of ® will not eventually lead to d¢ = ¢ for an arbitrary previously chosen ¢q.
However, locally (by which we mean: local in space-time, but particularly “local” in time)
this will be a useful expansion to use. In this way we will get a handle on what interactions
exist locally, for which configurations the perturbation theory breaks down and what the
relevant strong coupling scales are.

3.2 Propagating degrees of freedom

Tadpole cancellations. Armed with the above Stiickelberg and field expansion schemes,
we can now go through the action order-by-order. Throughout we will ignore contributions
coming from W (®) — these can straightforwardly be added once a concrete form for this
potential is specified.!? First up are terms linear in the fields, i.e. tadpole terms. We would
like to remove these terms so that the backgrounds we have chosen really are solutions of
the theory.!! This will impose a condition on the dimensionless order one coefficients 3; of
the theory. Using the above expansions we find that the resulting linear terms are given by

“tadpole terms” = Mp,(By + 401 + 68 + 485 + B4) o 6¢

M,
TH(BO + 3B, + 3By + Bs) g h'y

M,
+ =5 (By+ 38y + 385 + B)# 1, (3.4)

+

where we have defined h = h(;) and | = h(y) to avoid clutter. Removing these terms
imposes the following conditions (which we choose to express as conditions on Sy and f4):

Bo=—3p1 —3P2 — B3,
By =—P1—3P2—3B3. (3.5)

In what follows we will impose those conditions, so that we are in effect left with three
dimensionless O(1) parameters: (31, 32, O3.

"Note that a power-law W (®) will typically introduce a tadpole for ¢, which cannot be removed. This
effectively just means that d¢ = 0 is not a solution of the theory in general in this case.
111 other words we require that Minkowski is a solution, which imposes these extra conditions.

~10 -



The quadratic action. Next up is the quadratic action, which importantly will deter-
mine how we have to normalise the 7 field. We should expect mixing not just between the h
fields and 7 (scalar-tensor mixing) but also between d¢ and 7 (scalar-scalar mixing), both
of which should be removed via diagonalising transformations. We begin by ignoring mass
terms (i.e. quadratic non-derivative interactions) and look at the kinetic interactions at the
quadratic level. We split these into pure scalar, pure tensor and scalar-tensor interactions
S%(in = é{ci:lar + S‘g(eir?sor + Sé(é:lar—tensor : (36)
We first look at pure scalar interactions, involving the Stiickelberg field = and the
scalar d¢. The field w does not have its own kinetic term and in the standard bigravity
case obtains its kinetic term via demixing from the tensors. Here scalar interactions are
in principle also mixed, which (after demixing the scalars) would give rise to an apparent
ghost. Explicitly we find

. 1
Sicalar = / d'z [—28u5¢8“6¢+ MB\(By + 365 + 365 + B)dgdonly| . (3.7)

where we have used the shorthand w,;, = 0,0"m. This immediately looks dangerous, since
the associated kinetic mixing matrix has opposite sign eigenvalues, so one of the two modes
would behave as a ghost. However, a closer look shows that the tadpole cancellation
requirements from above in fact eliminate the scalar mixing term and as a result the scalar
action simply reduces to

Site = [ |~ j0,600%50 55)

This means that m will have to inherit its kinetic term from scalar-tensor mixing terms as
usual and that §¢ is automatically decoupled from the other fields at quadratic level. As
such the rest of this section can proceed just as for the standard bigravity case.

Moving on we now consider pure tensor and scalar terms together, where we recall
that we defined h = h(;y and | = hz). We focus on the h — m mixing (the argument will
be the same for [ — 7). Pure tensor interactions for h (and analogously for [) are given by

tensor

. 1 1 1 1 1
Skin — /d4x [Shw/auayhpp_4huyapayhup+8hppau8yhlw+8h’w|jhuu_8hMuDth
_ / o CER() | (3.9)

i.e. a linearised Einstein-Hilbert term, whereas the scalar-tensor mixing interactions be-
tween the scalar m and h at quadratic order are

: 1
Sé(g;larftensor = §MP1¢(Q)(51 + 252 + 63) /d43j [hM,UJDﬂ- - huuﬂ./ﬂ/] . (310)

Note that here we have already substituted in all the expressions above the expression for
Bo, B4 in equation (3.5), coming from tadpole cancellation requirements, as we will in what
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follows throughout this section. Demixing these h — 7 interactions and the analogous [ — 7
interactions amounts to performing the following two linearised conformal transformations

h,uzz — h;w + MP1¢3 (/31 + 262 + 63) Ny ™
luu — l/J,I/ - MPIQ% (51 + 252 + 53) Ny, (311)

where 7 denotes the flat Minkowski metric as usual. Finally we can canonically normalise

7w by sending
T

™ — ) (3.12)
V3Mpy (B + 268, + B3) ¢4
which then results in the fully demixed kinetic quadratic action
‘ 1 1
Skin — / d'z [—Qaﬂaqsa“w — 5 O0umd'T + L5 (h) + 5 ()] . (3.13)

Finally we look at the potential interactions at quadratic order. After the replacements
for tadpole cancellation, demixing kinetic modes and normalising the fields, we find

1

1 1 1
Sgot — /d4;1: [¢3(51 + 2085 + B3) <4hwhw _ Zhu“hy” + ZZ“VW _ 1zuﬂzuy

1 1
= S+ ShE I — V3hH T+ V3T — 4w2> — W2(5¢>)] . (3.14)

The mass matrix between the different modes remains mixed just as in the standard bigrav-
ity case, with all residual terms proportional to powers of q%. Note that d¢ is completely
decoupled, but h,l, 7 are all mixed.

3.3 Non-linear interactions and strong coupling

Cubic interactions. We can now finally move on to higher order interactions, which in
particular will set the strong coupling scales of the theory and describe its true “interaction
structure”. The same tensor-scalar interactions (and resulting pure scalar interactions
via (3.11)) are present as for the standard bigravity theory. However, in addition new
tensor-scalar and scalar-scalar interactions are present in our theory as well.

In order to disentangle these two types of interactions, and their different physical
properties, we will use two types of scaling limits. We begin by taking the following scaling
limit, which will eliminate all cubic interactions involving tensors

SL1 : Mp] — 0. (315)

This limit isolates pure scalar-scalar interactions at cubic order, which are given by

3—scalar __ 4 | 2 57(1) _ (6¢(D7T)2 — 5¢7rl“’ﬂ-lw)
SSr, = /d x [ 8(81 + 2B, + B3)poddm +2¢07TD7T 603, + 28, + By)00
) op

Yo L

~ /d4a: |:¢)05¢7TQ + %FDW + (ZTg(DTr)2 + ngWWW , (3.16)
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where we have suppressed constant dimensionless O(1) factors in going to the second line.
These pure scalar interactions immediately underline the need for d¢ < ¢y in order for
our perturbative approach to be valid. Otherwise e.g. the second term above immediately
becomes larger than the (quadratic order) kinetic term for 7, invalidating a perturbative
expansion like ours here, which implicitly assumes that higher orders are subsequently more
suppressed than lower orders (otherwise we in general need to keep track of arbitrarily large
orders and can never truncate). Also note the first term, which is simply a non-derivative
potential-type term, has not disappeared here since ¢y cannot simply be taken to zero
without invalidating the perturbative approach. Note that one can, however, take ¢g — 0
if one is willing to scale (and in principle eliminate) d¢ at the same time (see below). As
long as §¢ < ¢o and, as inspection of the above action shows, also [d¢(07)?| < |gam, "],
the cubic action is under control. This is effectively a restriction on the validity of our
local ® — ¢o + d¢ expansion. Since ¢y can be chosen arbitrarily, we can always (at least
for a ‘short time’) satisfy these conditions.'? Even though it may therefore be tempting
to turn these conditions into a new additional “cutoff”, one should refrain from doing so,
since this is purely a result of the initial choice of ¢¢ and a choice that satisfies the above
inequalities can always be made.'?

Secondly we consider another limit, which essentially recovers the standard decoupling
limit of bigravity. Here we eliminate the new dynamical scalar d¢ altogether, in order
to focus on the d¢-independent part of the interactions, and afterwards (the ordering is
important) take a scaling limit SLy resembling the bigravity As decoupling limit, where
¢o plays the role of the bigravity mass parameter m. The SLy scaling limit is therefore
given by

SLy : Mp — 00, bo — 0, A3 = Mp3 — fixed. (3.17)

In order to have a nice shorthand for identifying the d¢-independent part of interactions
and then applying the SLo scaling limit, we define Lo to be

Lo: ¢ — 0 and subsequently SLo, (3.18)

where we emphasise that, while SLs is indeed a scaling limit, Lo as a whole should not
be labelled as such, since it will trivially discontinuously change the propagating degrees

12When expanding around the value taken by ® at a given time, instantaneously (i.e. at that given time)
6¢ = 0 and the inequality is trivially satisfied for any non-zero ®. How long the expansion around ¢o
remains valid will depend on the evolution of ® and hence on the choice of potential and mass interactions
and coupling constants in the action. However, for a smoothly and continuously evolving ® and hence §¢
the expansion will always remain valid for a finite and non-zero length of time.

13For example, consider a monotonically growing ¢. Once the perturbative description around a given
initially chosen ¢ becomes strongly coupled (since d¢ becomes larger and larger and eventually dominates
over ¢o), we simply choose to expand around a new more ‘recent’ bo, where ¢ = D(t1), bo = D(t2) and
ta > t1, and can recover a valid perturbative description in the process. In this sense we suggest thinking of
¢o as a ‘reference value’ - while it does instantaneously satisfy the background equations of motion for ®,
¢o once chosen and as defined by us here, has no dynamics (i.e. it is not a dynamical background variable).
It is a constant reference value useful to keep track of the dominant normalising effects for the fields, but
all the dynamics for ® resides in d¢.
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of freedom of the theory (d¢ is eliminated). Focusing on the cubic scalar interactions
that arise from the scalar-tensor interactions via the demixing transformation (3.11), we
then find

n
SIZ’;Q—scalar _ /d4x (/?13"’_362—’_2&3) [W(Dﬂ')Q—?Tﬂ'/uﬂrlw]"i‘ ~37TH7T um
3vV3A3(8, +28,+85)? 2v/3A3(8, +28,+65)
~ Al:z/dzlx [7(On)? =7 + ot o] (3.19)
3

where we have suppressed constant dimensionless O(1) factors in going to the second
line. These interactions unsurprisingly are precisely analogous to those found for standard
bigravity, with m — ¢y and an associated strong coupling scale As.

Having considered two particular scaling interactions, let us now pull everything to-
gether and look at the complete set of interactions at cubic order involving scalars only
(post-demixing via (3.11)). We find

. P, mH

3 T (8,138,125, >

4,3
S3—scalar — Sé’)glscalar _{_ng—scalar + 2(%}51) /d4$ |:4¢07T
3
where the additional terms that are suppressed in the two scaling limits considered above
are pure 7 interactions suppressed by scales larger than As, as they would exist in standard
bigravity as well. In summary, the final result for the cubic action shows that we have the
same cubic interactions as for standard bigravity, with m — ¢q, supplemented by pertur-
bative corrections suppressed by 1/ Q%’, where p is some power p < 3. When ¢q is chosen
such that our perturbative expansion is valid,'* A3 therefore is the strong coupling scale of
the theory, as may have been guessed naively. We emphasize that, just as the discussion of
the quadratic action, this hinges on enforcing the tadpole cancellation requirements (3.5).
Otherwise a whole new host of interactions at different scales would apparently be present.

Higher order interactions. The structure we observed for cubic interactions is generic.
Consider as a second explicit example interactions at quartic order. Taking our first scaling
limit SL; we then find

4—scalar __ 4 2,2 6¢2 (7'('“1,71'“” B (DT{-)2)
SSLl = /d X [—4(61 + 2ﬂ2 + ﬂ3)5¢) ™+ gbig (Tr[\ﬂ' + 12(51 T 2/82 T /33)¢%

5 2 2 Y uv
~ /d4:1; [—5(1)2%2 + ;% <7TD7T - (D¢%) + W”qb%r )] ; (3.21)

where as before we have suppressed constant dimensionless O(1) factors in going to the
second line, we have a potential-term like contribution and extra derivative interactions
suppressed by powers of ¢g. Note that the same conditions as for the quadratic and cubic
interactions still ensure that our perturbative expansion is valid at this order.

1Recall that this requires d¢ < ¢o as well as a restriction on the relation between d¢ and @3, as
discussed above.
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Moving on to look at Lo for quartic interactions we have
1

4—scal 4 3 2

Sy, X~ Ag/d ¢ [r(O7)° + 7,7t (O7)° + Tt O

+ Tt — mOrT T — T, T (3.22)

where we now suppress constant dimensionless O(1) factors from the start to avoid clutter
and we can read off the effective strong coupling scale As again and see the same type
of interactions as for the standard bigravity decoupling limit. Note that the pure-scalar
interactions from before de-mixing, which come in at lower scales (1~X5 for cubic order, Ay
for quartic order etc.) cancel up to total derivatives due to the anti-symmetric structure
of the interaction potential, just as for standard massive and bi-gravity.

The above interactions are supplemented by other scalar interactions that vanish in the
limits considered above, i.e. suppressed by scales larger than As and /or powers of ¢g. All
the interactions are (Boulware-Deser) ghost-free, as shown by the constraint analyses [14],
even though the corresponding equations of motion at higher orders naively (i.e. with-
out applying additional transformations) become higher-order in derivatives (and hence
naively lead to Ostrogradski instabilities), just as for the standard bi- and multi-gravity
cases [27, 28].

Given that this overall structure stays in place also at other generic higher orders, it
makes sense to write

Astrong coupling — AS) (323)

which is the scale where perturbative unitarity is lost.'

We re-emphasise that this result is
highly non-trivial, given that the terms with the new dynamical scalar ® = ¢g+ d¢ change
the structure of interactions (by providing additional vertices) and could have changed the
relevant suppressing energy scales as well. What was crucial for Az to become the effective
strong coupling scale was that the extra scalar d¢ decoupled at quadratic order due to the
tadpole cancellation conditions (3.5), so that no extra de-mixing at this order was necessary

and the field normalisations therefore stayed as they were in standard bigravity.

3.4 Vainshtein screening and the equations of motion

In order to see what phenomenological effects the new scaling limit interactions might
have, we now compute the contribution to the 7w equations of motion from the different
limits presented above. We do so in the case of a spherically symmetric and static field
configuration (e.g. around a central point-like matter source), in close analogy to what
is done for galileons [31]. We focus on the cubic order contributions and find that the
contribution to the 7 equations of motion coming from (3.16) is

£ = Godgm + j;éw' + (Ziw’ + %&w' + (;%w’ + f;sw”

’ "

5 1" 5 " 6 " 6 ' mr 5 1"
P e B B b
0

3
o 0 o o
15Note that, while the Vainshtein scale also descends from this, there will be an extra dependence e.g. on

(3.24)

the mass of the object around which we investigate screening, just as in massive gravity [30].
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where we have suppressed constant O(1) dimensionless constants from the start this time
and " = 9/9,. From (3.19) we have

" ron 12
1 "2 rom "
gﬁ—scalar — T 47w +am + ﬂ + T + L . (325)

2 A% r r r2

The contribution seen in (3.25) are exactly as for standard bigravity with m — ¢o, as
expected. Note the higher-derivative nature of the equations of motion — this does not
lead to an Ostrogradski ghost, since the cubic order action is complemented by infinitely
many higher order terms and the full action written in this way is therefore degenerate. We
will discuss this issue at the level of the action in the following subsection. The new terms
in (3.24), suppressed by powers of ¢ as expected, give new non-linear contributions in the
spherically symmetric and static case considered here. This is consistent with the standard
Vainshtein screening (since we can make d¢ arbitrarily small for the initial evolution from
any point onwards by choosing ¢ appropriately), but the terms in (3.24) will modify the
non-linear background solution for m and hence also modify the Vainshtein radius and
screening effects. How this takes place again will be highly dependant on the evolution of
® and hence on the choice of potential and initial conditions for ®. It is also worth noting
that As should be small enough, when compared with Mp;, in order for the Vainshtein
mechanism to operate at the scales where we want to observationally recover GR (see the
related discussion in [32]). In the context of our model, this is effectively a constraint on
the background evolution (and field values) of ®.

3.5 The massive gravity limit

Having discussed the interaction structure for our “scale free” model of bigravity above,
we can easily deduce what the interaction structure would be for an analogous model of
scale-free massive gravity, which would be a particular model of the so-called “mass-varying
massive gravity” type [14]. It corresponds to freezing one of the dynamical vielbeins in (2.1)
— for definiteness (this is an arbitrary choice) we freeze E(9) by sending E@ﬁ — 5;? or
equivalently by setting g,(f,,) = N in (2.4). We still introduce Stiickelberg fields via this
now fixed reference metric. We emphasise that what we mean by the “massive gravity
limit” here literally consists of freezing one metric/vielbein and we do not try to obtain
this limit as a decoupling limit of the full action, but we do keep the 4 term, which now
becomes a simple standard mass term for ® in flat space. In the following we briefly go
through the same steps as above to show what the interaction structure of the corresponding
scale-free massive gravity model is and what changes in comparison to the bigravity case
considered above.

Tadpoles and the quadratic action. Inspection of (3.4) suggests that the tadpole
conditions do not change in the (single) massive gravity case and an explicit check verifies
that we still require

Bo = —361—3B2 — B3, (3.26)
Ba=—P1—3B2—3Bs, (3.27)
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for the linear tadpole terms to cancel. Moving on to the quadratic action, we see that
scalar-scalar mixing is again forbidden by implementing the tadpole conditions (otherwise
it would still take on the form (3.5)). Scalar-tensor mixing at quadratic order is still
eliminated by the linearised conformal transformation

Ry = By + Mp19g (By + 285 + Bs) (3.28)

and of course no transformation for the second tensor (1) is needed any more, since [ is not
a dynamical degree of freedom in massive gravity. Finally we can canonically normalise

by sending
T

— )
! V/3/2Mp (B + 285 + B3) 5

which then results in the fully demixed kinetic quadratic action and where we note that

(3.29)

we have an extra factor of v/2 in comparison to the bigravity case, owing to the fact that
we only demixed from one and not from two tensors.

Non-linear interactions (cubic). We will again utilise the two limits SLj, Ly defined
above in order to disentangle interactions. At cubic order we now have

2_ v
Sgiscalar = /d4f’7 [_4(51+252+53)¢05¢7r2+25¢ﬂ'[17r— (5¢(DW) 0T )

o 3(8,+28,+B5)08 | (3.30)

where nothing has changed in comparison with the bigravity case except for some numerical
factors due to the changed normalisation of 7w for the quadratic action. However, for our
second scaling limit, i.e. the one resembling the standard bigravity decoupling limit, we have

3—scalar __ 4 (52 + 53) 2 v
5L = / S JBTER5, + 26, + By)? ron) =] B3

We notice two differences when comparing with (3.19): (1) Firstly the absence of a term like
m,m#Om. This is due to the fact that now we are Stiickelberging a fixed reference metric,
whereas previously we had to Taylor-expand E(y) post-Stiickelberging, which gave rise to
a non-local dependence on 7 via terms such as the one missing here.'® Note that at cubic
order scalar-tensor mixing, and hence the appearance of terms like the one missing here,
could also be removed by a local field re-definition in the bigravity case, but at higher orders
this is not the case. We will see the difference between the scale-free massive and bi-gravity
cases related to these terms even more clearly at quartic order below. (2) The now non-
dynamical nature of E(3) also leads to a different S-dependence when compared with (3.19).
Unsurprisingly the interactions found in the Lo limit here are precisely analogous to those
found for standard massive gravity, with m — ¢y and an associated strong coupling scale
As. Pulling everything together at cubic order we find that the complete set of interactions

1By ‘non-local dependence’ we mean that this introduced infinitely many interaction terms for = at
arbitrarily high orders in derivatives and fields. The m,7"0O7 term discussed here is the cubic order term
from that infinite expansion.
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at this order is

S3—scalar _ S3fscalar S3fscalar

SLy
L [ [P el (5 e
V/3/2A3 3 (B + 265 + Bs)

where comparison with (3.20) reveals a modified -dependence compared with the bigravity

(3.32)

case as discussed above.

Non-linear interactions (quartic). Moving on to quartic interactions, in our first
scaling limit SL; we find

4 scalar 4 5¢2 (WMVFMV_(DW)2)
SL1 /d [ 614‘252‘1‘,@3)5@5 ?(2) <7TD7T+6(51—|—2I32—|—63)¢3 . (333)

In this limit we again see no differences to the bigravity case except for numerical factors
coming from the slightly different normalisation for 7. Differences to the bigravity case are
more pronounced in the Ls limit, where we obtain

Sﬁ;scalar = 27RN(4, f;% ) /d41: [F(Dﬂ')g + 27t ol — 3nOrm, ], (3.34)
and comparison with (3.22) empasises the point discussed for cubic interactions above.
Namely that additional higher-derivative interactions coming from the dynamical nature
of both vielbeins in the bigravity case are absent in the massive gravity case. As before,
at quartic order the above interactions are supplemented by other scalar interactions that
vanish in the limits considered above, i.e. suppressed by scales larger than As and/or by
powers of ¢q.

4 Quadratic action on generic backgrounds

In the previous section we have investigated the interaction structure of scale-free bigrav-
ity around flat-space configurations for the metrics and a constant configuration for the
scalar field. We will now turn to analyze the structure of the quadratic action of the
model, expanded around generic background configurations. To derive the quadratic action
for generic backgrounds, we generalize the method introduced in [33] for massive gravity
and applied in [34] to the (standard) bigravity case. We then specialize to homogeneous
and isotropic backgrounds (FLRW) for the metrics and we write down the most general
parametrization for the quadratic Lagrangian in this context. We conclude commenting
on the background evolution of the model in the cosmological ansatz.
The perturbed metrics are defined as

_ _ h
g}tl/ - g;u/ + [h,u,y = g/,u/ + MLV ; (41)
Pl
_ oy
fuuzfuu+uuu5fpy+ﬁ, (4.2)
Pl
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where g, and fuu indicate generic background solutions and h,, and ¢,, are canonically
normalized variables. From now on, the indices of the tensor h,, and h,, will be raised
and lowered with the physical background metric g,,, whereas the indices of the tensor
I, and £, will be raised and lowered with the background metric fuv- The scalar field is
expanded around a background configuration as

d=¢+5¢. (4.3)

We underline that in the equation above, ¢ is a dynamical field, solution of the background
equation of motion for the scalar field ®.'7

Using the method illustrated in appendix B and based on the results of [34], we derive
the general expression for the perturbed action, quadratic in the canonically normalized
metric perturbations h,, and ¢,, and d¢

Sy = Shin s (4.4)
Skin — 5 / dz /=3 (hwgwﬁ(g)h —(V, 5¢ / d*z\) — FlLEM P (Flas, (4.5)

1 r vo r rvo r
S == [ dhov=G0 M (7, g s+ M (7 ) MG L) b
M} = v
2R [ e =50 (2 (]9 80+ 25 (F,5)60 80 -
oPwW

o, (4.6)

MQ/d‘*xF V(g, f)6¢* — /d‘*xf

where the tensors MY and MY are defined in appendix B and £#8(g) is the Lich-
nerowicz operator in curved space-time, whose explicit expression can be found in ap-
pendix B.

We observe that when the massive gravity limit ¢, — 0 is taken, we recover a specific
implementation of the mass-varying massive gravity model proposed in [14]. The resulting
mass term in this limit is the one derived in [33] for (standard) massive gravity, with an
additional contribution mixing the scalar field with the metric perturbation A, .

4.1 Cosmological background case

We now want to specialize our results for the quadratic action (4.4) to the case of cosmo-
logical backgrounds. The kinetic structure of the linearized theory is standard (two copies
of GR plus a scalar field). We will focus on the parametrization of the mass term in the
case of homogeneous and isotropic background solutions.

Cosmological ansatz. We consider solutions of bigravity where both metrics are spa-
tially isotropic and homogeneous. For simplicity, we also assume that both metrics have

"We emphasize that our approach here is different from that of section 3. There, in the context of
studying the interaction structure of the theory around Minkowski backgrounds, we considered the split
P = ¢ + d¢p, with ¢y being a fized reference configuration for the scalar field.
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flat spatial sections, K = 0. Modulo time re-parameterizations, the most general form for
the metrics (in conformal time 7) is

Gudr'd” = a*(t) (—dr? + §;5dz'da’) (4.7)
fudrtda” = b*(7) (—02(7')d7'2 + 8;5dz"da’)

Here a and b are the scale factors of the two metrics and ¢ is a lapse function for f. It is
convenient to define both the conformal Hubble parameter (H) and the standard one (H)
for both metrics Y o ” "

H=—=". Hf:Tf:%, (4.9)
where ’ denotes the derivative with respect to the conformal time 7. We introduce also the
ratio between the two scale factors

r=-. (4.10)

a
We indicate with ¢ the background value of the scalar field ®.

In the matter sector, we consider the energy-momentum tensor of a covariantly con-
served perfect fluid with equation of state p = wp and 4-velocity u*. Explicitly,

T = (p+ p) wptty + P Guw (4.11)
p=-3p+p)H, (4.12)
p=wp. (4.13)

Background equations. The equation of motion for the background value of the scalar
field, ¢ = ¢(7) can be written as

¢+ 2HY +a* Wy +a® MV (r,e) =0, (4.14)
where
V(r,e) = V(g,f) = o+ Bi(c+3)r+3Bc+1)r’ + B3 (1+3c)r® + fyert. (4.15)
It is useful to introduce an effective potential
W6, 7,6) = W(9) + 5 M V(r,0) 6. (116)

The quantity V(r, c) gives a time-dependent correction to the scalar field mass. We observe
that if we set the potential of the scalar field to zero from the very beginning, W = 0, we
still get a quadratic potential from the coupling to the matter sector, W =1/ QME,l V.18

As already shown, the Bianchi constraint (2.21) is equivalent to the covariant conserva-
tion of the total energy momentum tensor. In the cosmological ansatz it can be written as

Prot = —3H (Prot + Prot) (4.17)

18We observe that our model can be easily generalized promoting in equation (2.4) the factor appearing

in front of the bigravity potential to a generic function of the scalar field ®, i.e. ®* — P(®). In this case
setting W = 0 we generate an effective potential for the scalar field given by the function P(®).
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where piot = pm + pg and py is the energy density of the scalar field. Explicitly

o_ 9" ¢° 3 2
pyp =—(To)y = 2az T Wi(¢) + e (B3’ +3B2r° + 3681+ fo) - (4.18)
The associated pressure py = wy py is given by
ZE(T )i = QLZ—W@)—LQ(B cr® + Bo(2c+ 1)r® + Bi(c+2)r + Bo) . (4.19)
P =300 = 502 167G\ 2 ! 0) - %

Note that both pg and pg include contributions coming from the bigravity potential, which
would still be relevant if ¢ were not a dynamical field, but just a fixed mass scale. In the
limit when ¢’s evolution is frozen this will be the dominant contribution together with
the stationary value of W(¢), so in a slight abuse of notation we will still refer to these
contributions via pg and p, even when there is (effectively) no dynamical ¢. It is easy to
show that the Bianchi constraint equation (2.22) is equivalent to

2¢' (B1 + 3Bar + 3B3r% + Bar®) + 3¢ (H — Hy) (B1 + 2Bor + B3r?) =0, (4.20)

which reduces to the standard constraint in bi-gravity for constant ¢ e.g. see equation (59)
in [34]. We distinguish in the following two branches of solutions according to how the
Bianchi constraint (4.20) is realized. We can either implement the constraint extracting
e.g. the lapse ¢ or asking that the combinations of 8; and r in the round parenthesis are
vanishing. Explicitly

First Branch. (51 + 3Bar + 36312 + 547’3) =0, (61 + 28or + 53r2) =0, (4.21)

' 24" B+ 3Por + 3P5r” + Bar®
r 3¢ B1 + 2B + P3r?

The first branch is the analogue of the algebraic branch in the standard bi-gravity formu-

Second Branch. 1—c)Hy= (4.22)

lation while the second one corresponds to the so called dynamical branch. For standard
bi-gravity, the existence of two branches of solutions has been pointed out for the first
time in [35]. In the standard case, the evolution of perturbations in the second branch has
been intensively studied in [36-40] while the evolution of tensor perturbations in the first
branch is presented in [34]. In the next section we will analyze the main features of the
two branches (4.21) and (4.22).

The equations of motion (the Friedman equation and the acceleration equation) for
the metric g are given by

3H? = 871G (p+ pg) (4.23)
2H'
3H? + — = =87G (p+py) , (4.24)

while for the f metric we find the equations of motion

2
3H§:i(f§+i@2+3f?’+ﬁ4>, (4.25)
2H 2 —
=T 09 (528 4 ) (4.26)
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First branch. In the first branch the ratio between the two scale factors is constant
r = 7 and there are the following two constraints

(B1 + 32 + 3657 + Bai®) =0, (B1 + 227 + B57°) = 0. (4.27)

We assume one can solve both the equations simultaneously. This imposes a relation be-
tween /restriction on the f3; and 7, which would not be satisfied by an arbitrary choice of ;.
However, by looking at (4.25), (4.26) we see that the above constraints impose H; = 0 and
H } = 0 respectively. Using the definition (4.9) this results in a constant b. Consequently
for r = 7 = cnst we have a constant scale factor a and thus H = 0. This branch is therefore
not viable to describe (homogeneous and isotropic) background cosmology.

Second branch. In this branch (4.22), the Bianchi constraint (4.20) can be used to
extract the lapse c. We get

1 3¢ (' +1rH) (B + 2Bar + B3r?)
r 2¢' (B1 + 3Par + 38312 + Lur3) + 3OH (81 + 2821 + B3r?)

c= (4.28)
It follows that in general in this branch the correction to the mass of the scalar field is a
time-dependent quantity V (r,c) given by equation (4.15).

The Friedmann equations in this branch are given by egs. (4.23) and (4.25) with

2 2

Pp = % +W(g) + Hf;_G (53 3+ 3812 + 3811 + ﬁo) ) (4.29)
/2 2

Po = oz~ W(O) = oo (Bher® + Bal2e+ i+ Bule+ 2+ 40) . (430

The state parameter wg = py/pe is given by

(1= o) r12n(Bar2 + 2827 + B1)
25+ W(B) + 1o (B3 + 38272 + 3617 + Bo)

(4.31)

W¢:—1

If the scalar field ¢ is slowly varying, the background evolution in this second branch will
be very close to the one of standard bigravity in the dynamical branch.
4.2 Mass term on cosmological backgrounds

With the ansatz (4.7), (4.8) for the background metrics, homogeneity and isotropy re-
quest that the tensors MBI and MY in equation (4.6) admit the following general

parametrization. For the gg and ff terms of MEPH e have
MRP(f,9) = a  ae(7), (4.32)
MEP(F,9) = MRV (F,9) = a™e(1)07 (4.33)
MIO(f,9) = MU (f.9) = a”"ea(1)07, (4.34)
ME(fg)=a" {n.(r)éija’fl + ”‘éﬂ (657" + 5“53"“)} : (4.35)

—99 _



where e stands for either g or f. For the mixed terms g¢f, the parametrization takes

the form
MIPO(F,g) = a  agp(r) | (4.36)
M (F,9) = a” "y (1)o7, (4.37)
M7 (F.9) = = ypg(7)07 (4.38)
My (F.9) = Myp? (F.9) = a”eqy(7)87 | (4.39)
szfkl(f, g) —a {77 (7_)5%]6]6[ + gf2(7') (5zk5jl + 5zl6]k) } (4 40)
For the tensors M4" the parametization takes the form
ME(f,9) = a2G(7)/2, A1)
Mi(F,g) = a6 (r)/2 69 (4.42)

where e stands for either g or f.

The functions e, Ve, €e, o, 7e (With @ = g, f. gf or fg) and (,, & (With ¢ = g, f)
depend on conformal time through the ratio between the two scale factors, r, and the lapse
function c. Their explicit expressions are given in appendix C. Note that contrary to gg
and ff, M ” 00 # MOOU and we have introduced 7,5 # 7¢g-

Given thls parametrization it is straightforward to write the mass term for any type
of perturbations on a cosmological background,

Syt = f%/d“z [.ng +L8)+ 'CEJQJ”)+£(2)+E§2+E;2£],

Loy = ¢° [agh30+’yghoohij5ij+269h0ih0j5ij+nghijhkl5ij5kl+%hij‘hkl (5ik6jl+6i15jk)}
;Qf) = ¢? [afﬁooJr’YféooZ”d J+2€f5025035 J+nfg”gkl5zg5kz ffijsz (5”&%5“5]”6)}

EE;Qf) = ¢ [Olgfh00£00+’}/fgh00€ij5ij_’_,ygfgoohijdij+2€gfh0i5ij£0j_’_ngfhijgkl(sijékl

+ P iy (678457 57) |

£§2¢3 = a® ¢ Mp6¢ |:<g hoo+&g hijzsij] (4.47)

£37) = a® & Mp1 6 ¢ Loo+&5 L1507 (4.48)
oW

Loo = a* | MAV+ 5555 i (4.49)

In eq. (4.49) V = V(g, f) while the explicit form of the last term depends on the choice
of the potential for the scalar field. In particular, for the scale-free potential defined in
eq. (2.3) we get

L) = o [MEV + 122¢%] 69 (4.50)

We have at this point all the ingredients needed to study perturbations of the theory: it
is just a matter of varying the total quadratic action (4.4), where Skm is the kinetic action
evaluated on cosmological backgrounds and S3* is given by equation (4.43). We observe
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that taking the massive-gravity limit ¢,, — 0 in (4.43), i.e. setting C%),Eg} ,Cﬁ) to zero

in equation (4.43), we get the generic parametrization of the mass term in a cosmological
setting for a specific implementation of the “mass-varying massive gravity” model proposed
in [14], as discussed above. On the other hand, the results presented in [34] for the standard
bi-gravity context are exactly recovered once the limit d¢ — 0 is taken in (4.43).

As pointed out in [41], in the context of standard bigravity, gradient exponential insta-
bilities may arise in the scalar sector, therefore making the model not viable to describe the
process of structure formation. In [40] anyway it was shown that there exists a choice of pa-
rameters of the bigravity potential such that in the sub horizon limit, exponential gradient
instabilities are absent in the scalar sector of perturbations. In this last work a model (the
so-called f; — B4 model) was identified to be the only one with both a viable background
evolution and exponential gradient instabilities absent in the scalar sector. However, fur-
ther investigations (see e.g [36, 38]) pointed out that this sub-model suffers from another
problem: in the scalar sector the Higuchi bound is violated during an early de Sitter infla-
tionary phase, rendering it impossible to use the model for primordial cosmology, e.g. to
embed the model in inflation.

In our scale-free model, an additional scalar field is present, which at the perturbation
level is mixing with the scalar perturbations of the metric. The mixing is only in the
mass matrix (the kinetic structure is standard) of scalar perturbations. In principle, one
would expect to find an analogous situation as before: for a special choice of parameters,
gradient exponential instabilities are absent. Once a sub model (i.e. identified by the 3; non
vanishing) with such a good behaviour is pointed out, it would be interesting to consider
the Higuchi bound for it. A full analysis of this type is quite involved and deserves a
separate investigation, which we are planning to present in a future work.

5 A scale-free model of inflation and dark energy

In this section we focus on the background evolution of scale-free bigravity in the cosmolog-
ical ansatz of section 4.1. In particular we want to analyze if the model can be effectively
used as a model of dark-energy at late times. Indeed, we know that if the scalar field is
non-dynamical (i.e. in the standard bigravity scenario), in the cosmological ansatz, a phase
of accelerated expansion can be recovered at late-times. The dark energy contribution be-
comes constant at late-times, when p — 0, and it drives a quasi-de Sitter expansion phase.
In section 5.2, we will then turn to consider the case in which the scalar field is promoted
to be the inflaton field and we study if it is possible to recover a viable inflationary scenario
in this way. We focus on the second branch, which is the only one which can give rise to a

viable cosmology.

5.1 Late-time accelerated expansion

We start exploring which conditions need to be satisfied in order to get a late-time phase
of accelerated expansion. For convenience we will here use cosmic time ¢ as the time
variable (dt = adr) and indicate with - derivatives with respect to cosmic time. We want
the energy density py defined in (4.18) to play the role of dark energy at late times. We
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underline that in pyg there is a contribution coming from the fact that we are dealing with a
modified gravity model, and proportional to the bi-gravity potential V' (7, c) together with
a contribution coming from the kinetic and potential terms of the scalar field.

If we want accelerated expansion at late times to be driven by the (bigravity) mass
term, we need (1) to choose the parameters of the model in such a way that py gives
the dominant contribution to the total energy density at late times (2) to recover at late
time a quasi de Sitter stage, i.e. py ~ —py. Note that in some sense this is an abuse of
notation, since we really just want ¢ to freeze and let the massive interactions for the tensor
(whose potential contributions are also captured by pg, ps as defined in (4.18) and (4.19))
drive accelerated expansion in the same way as for standard bigravity. Indeed, when ¢
is frozen, from an inspection of equation (4.28), we see that the expression defining the
lapse ¢ in terms of the other background quantities is exactly the standard bigravity one.
As a consequence, in this limit, eqs. (4.29) and (4.30), which give the energy density and
pressure of the scalar field, have exactly the same form of the dark energy density and
pressure in standard bigravity, with the addition of a constant contribution coming from
the potential W .20

In this sense we can enforce the essence of our requirement via these conditions, which
can be achieved choosing at some time t¢, ¢(t¢) ~ Hy and

|6t g)| < @(t)H(ty). (5.1)
We observe that, assuming ¢(t¢) < Mpy, this last condition implies
o(tr)* < MBH?(ts) = [W(9)lr; . (5.2)

where in the last equality we have used the Friedmann equation for the g-metric. In the
regime (5.1), the Bianchi constraint reduces to

i+rH  1b
B S 5:3)
which, once it is substituted in the Friedmann equation for the f-metric (4.26) gives
2
3H? = % (f} + 382 + 3631 + 547’2> : (5.4)

Substituting in (5.4) H from the Friedmann equation (4.23) (for p — 0 and in the

regime (5.1)), we get the following condition?!

2
#W((b) +35 (63r3 +362r% + 3617 + fo — % — 302 — 3037 — @17«2) =0. (55)
Pl

19This last contribution is vanishing in the standard bigravity limit, i.e. ® — m and W — 0.

20Tn the limit of slowly evolving ¢, the contribution proportional to W in egs. (4.29) and (4.30) can be
considered as renormalising the S term.

Z'For the scale-free potential defined in eq. (2.3), this condition reads 220t +
M}%ld)Q (/337‘3 + 3ﬂ27“2 4+ 381r + Bo — ﬂl/T — 382 — 38B3r — ,347’2) =0.
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From this equation we read that if the condition (5.1) holds, the ratio between the two scale
factors r has to be constant, independently of the value of the 8; and of the parameters
of the potential W. Therefore, from the Friedmann equation (4.23), it follows H =~ cnst
and we recover a late-time de Sitter phase. In particular, since ¢ ~ 1, we get an equation
of state (4.31) for the fluid py ~ —py. Anyway, we observe that the condition (5.1) at late
times can be satisfied only by fine-tuning the parameters of the model. Indeed, deriving
equation (5.2) and substituting it in the equation of motion for the scalar field (4.14),
we get

o(ty) ~ Mg,
H(tp)p(ty) — H(ty)
which is compatible with the slow-roll condition (5.1) only if the parameters of the bigravity

Vi(r,e)le, (5.6)

potential are chosen in a such a way that V(r,c) ~ H?(ty)/M3,, i.e. V is (severely) fine-
tuned to be suppressed in this way. It follows that using this model at late times as an
effective model for dark energy requires a price to pay. The first option is to accept the
above fine-tuning of the model parameters.?? Alternatively another possible way out is
to give up our requirement on the model to be scale-free and introduce in the potential
W a constant contribution to play the role of dark energy at late times, thus essentially
reintroducing an explicit cosmological constant. Needless to say that both options do not
really present an improvement over the standard (cosmological constant problem plagued)
ACDM solution. Anyway, even if recovering viable dynamics at late times is not trivial
in this model, if the scalar field is promoted to be the inflaton, this model can be used at
early times as a model of inflation, with interesting phenomenological features, as we will

explain in section 5.2.

5.2 Early-time inflationary evolution

This scale-free model of bigravity constitutes a generalization of the standard bigravity
model, in which the mass parameter in front of the bigravity potential is promoted to a
(dynamical) scalar field. The next step is to promote this scalar field to be the inflaton
field and to study if it is possible to recover a viable inflationary scenario in this way. The
remainder of this section is devoted to exploring this intriguing possibility.

For definiteness, we specialize to the case of a quartic potential for the inflaton field
in equation (2.3). The field ¢ can in principle interact with other fields such as fermions,
gauge bosons, etc., but we assume that this interaction can be neglected during inflation
and that energy and pressure are dominated by the contribution from the inflaton. The
energy-momentum tensor of ¢ is given by equation (2.25). The effective potential defined
in (4.16) reads

W(6) = gmd(r)é*+ 5ot mir) = MA V(o). (57)
where we have defined a time-dependent mass for the inflaton and V(r,c) is defined in
equation (4.15). Since the effective inflaton mass is a time-dependent quantity, the shape
of the effective potential (5.7) changes with time.

22That such a fine-tuning is required is not surprising, since we are effectively using a massive scalar field,
with mass ~ MpV (7, c), to drive late-time acceleration.
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At early times we now impose the standard slow-roll condition on ¢ and we show that
it is sufficient to get an early deSitter stage. We assume that at a given time 7;, there
exists a region of space in which

¢"(ri) < > (T) W(9) . (5.8)
It follows that the Friedman equation (4.24) reduces to (considering p — 0 at early time)
3H? ~ 8nGW(¢). (5.9)

Using the slow-roll condition (5.8), it follows
¢ (13)] < Mp/H(7i) S (1) H(mi), (5.10)

where the last inequality follows from the standard assumption that at an early inflationary
stage ¢(7;) = Mp). We therefore see that at early time the condition (5.1) which guarantees
the existence of a de Sitter stage is automatically implemented as soon as the standard slow-
roll conditions (5.8) are imposed. Therefore, the same reasoning presented in section 5.1
applies and as a direct consequence of (5.8) we obtain

r~cnst — c¢~1 — H ~cnst, (5.11)

i.e. at early-time, a de Sitter-like inflationary stage is recovered.?3

The evolution of the time-dependent mass depends on the details of the background
evolution and in general it is different for different choices of the values of the parameters
of the bigravity potential, 5,. We distinguish two different regimes. If we are in the regime
in which m%(T) > 0, the minimum of the effective potential is constant and given by ¢ = 0.
If instead we have mi(T) < 0, then the shape of the effective potential is a double well
and at a given instant of time 7, the minimum is given by ¢(7) = £my(7)/V\.

In full generality, a transition between the two regimes is possible. If the evolution of
mi is such that approaching the end of inflation it goes to positive values, then we recover
the standard scenario, with the inflaton field oscillating around its constant (and vanishing)
minimum configuration. After inflation, since then ¢ = 0, the coupling between the two
metrics is vanishing and each of the two gravity sectors is evolving independently.

The opposite situation, i.e. mé < 0 at late inflation, gives rise to a richer cosmology: in
this case the expectation value of the inflaton field is non vanishing and (in general) a time-
dependent quantity. Therefore the cosmological dynamics of the background after inflation
is more complicated, with the two gravity sectors interacting through the potential term.
This second scenario in the limit of mg ~ const corresponds to the so called dynamical
branch in standard bigravity.? After inflation the energy density of the inflaton defined in
equation (4.29) is still a time dependent quantity and plays the role of a dynamical dark

#3The slow-roll condition (5.8) used in the equation of motion for the inflaton leads to (5.6). This last
equation at early times is consistent with the slow-roll condition assumed, for a proper choice of the model
parameters (not necessarily fine-tuned in this case).

24We observe that the condition mg ~ const after inflation is automatically realized if after inflation
there exists a region of space in which the slow-roll condition (5.8) is satisfied.
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energy contribution. However, we stress that the only way to get a positive dark energy
contribution at the end of inflation here, is to add to the inflaton potential W a constant
contribution, i.e. to introduce a cosmological constant-like term in the action, which also
adds a new scale to the theory (and hence destroys its ‘scale-freeness’).

6 Conclusions

In this paper we have investigated a “scale-free” extension of massive (bi-)gravity models,
where the mass parameter m is promoted to be a dynamical scalar field. Our model is
completely captured by the actions (2.1) and (2.4) and its main features are the following:

e Strong coupling scales. Perturbatively investigating the interaction structure of
the theory around Minkowski, we find a strong coupling scale /~\§ = Mplgbg in analogy
with standard bi- and massive gravity (see e.g. equations (3.18) and (3.19)). Here
we have employed a perturbative expansion of ® = ¢y + d¢ around a fixed and non-
dynamical reference value ¢g. Different to the standard massive (bi-)gravity cases,
enforcing tadpole cancellation conditions is crucial for this strong coupling scale to
be made explicit.

e Modified low-energy physics. Additional interactions, not present in standard
massive and bi-gravity decoupling limits, can be found in our model due to the new
dynamical scalar degree of freedom ®. They generically affect scaling limits and the
low-energy physics of the model. We capture these new interactions in a scaling limit
(see e.g. equations (3.15), (3.16) and (3.21)) different from the standard decoupling
one, which clearly illustrates the regimes where our pertubative expansion is valid
and the conditions necessary to satisfy it.

e Cosmological framework. Exploiting the method presented in [34], in section 4
we derived the quadratic action of our theory around both generic and explicitly
FLRW background configurations. We find the precise form of new interactions due
to the additional scalar ® complementing the standard bigravity ones derived in [34].
This will also enable the detailed study of cosmological perturbations in future work.
Furthermore we have derived the background dynamics and established the nature
of the two different branches of solutions in our model.

e Dark Energy and Inflation. Finally we explicitly study how periods of early and
late-time acceleration, i.e. an inflationary and dark energy phase, can be realised at
the background level in our model. Inflation can be successfully (and without fine-
tuning parameters) realized, with the scalar field ® acting as a slowly-rolling inflaton
and leading to an early-time quasi-de Sitter inflationary stage (see section 5.2). Sur-
prisingly, generating a period of late-time acceleration is significantly more difficult
and requires either extreme fine-tuning of parameters or the (re-)introduction of an
explicit additional (mass) scale in the potential for ® (see section 5.1).2° This re-

Z>More specifically, if we want the inflaton energy density to play the role of a (positive) dark energy
contribution at late times, the inflaton after inflation has to sit on a positive minimum of its effective poten-
tial. This can be realized only by introducing a positive shift in the inflaton potential (i.e. a cosmological
constant like term in the action), to play the role of dark energy at late times.
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striction will also apply to our massive gravity limit and generic mass-varying models
such as [14].

Throughout this paper we have considered both a scale-free extension of bigravity and
also its massive gravity limit. Various extensions are worthy of further investigation, rang-
ing from extending the work presented here to fully-fledged multi-gravity models (see ap-
pendix A) to considering couplings of matter and/or the additional scalar ® to more than
one metric (i.e. going beyond the minimal coupling of GR). The perturbative properties of
the model in a cosmological setting as well as a study of the explicit evolution of strong
coupling scales in different background configurations and throughout different phases are
also left for future work. Finally, and in the spirit of scale-freedom, it would be interesting
to embed our approach in a fully scale-free framework where the Planck mass(es) are also
promoted to become dynamical (scalar) fields and their present-day fixed nature arises via
spontaneous symmetry breaking along the lines of [7, 9-13].

We conclude by summarising and emphasising the defining features of the scale-free
extension to massive (bi-)gravity considered here. This extension eliminates one of the mass
scales in the original theory, replacing it by a dynamical field and in the process can alleviate
low strong-coupling scale problems at early times which hinder the predictivity of the theory
then, essentially via having ® > Hj at early times whilst ® eventually transitions towards
smaller values at late times. This does enable us to nicely describe inflationary physics
within this model, although a successful period of late-time acceleration (i.e. obtaining
® ~ Hy at late times) requires resorting to either fine-tuning or the (re-)introduction of a
separate mass scale in the potential for ®. We hope that our work both helps to clarify
the nature of scale-freeness in and mass-varying extensions of massive bigravity and paves
the way to understand and fully extract the physical signatures of these models.
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A Scale-free multi-gravity

The vielbein version of our extended bigravity theory (2.1) can be straightforwardly ex-
tended to analogous “scale-free” (up to the Planck masses for the different fields) multi-

gravity theories. The generalised ghost-free multi-gravity theory reads

N
M2
Syva = Z % / GABCDEé) A Eg) ARCP [E(i)]
(4)

MI%I al 2 A B C D
=5 D> Bk / ©"eapop B AEG A By A Eg)
(/L‘7j7k7l)
4 ~(le = 4 n n
+ /d 2 det E(ivucwwp - W(@)) + /d z det B L, [E \y} : (A1)
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where we have set all Planck masses to be identical as before (this is straightforwardly gen-
eralisable), the  parameters are dimensionless constant coefficients completely symmetric
in their label indices (i, j, k,!) and we have allowed matter and the scalar ® to minimally
couple to the general effective vielbein construction for consistent matter couplings [19-21]

where the « ;) are dimensionless constant coefficients. As before each spin-2 field comes
equipped with an Einstein-Hilbert term (first line in (A.1)), we have massive (multi-)gravity
interactions with a graviton mass that has been promoted to be a field ® (second line),
and we have an additional piece of the action, giving ® dynamics, as well as a coupling
of gravity to matter fields ¥; (third line). Note that we have chosen to write explicit
expressions for four space-time dimensions — generalisation to arbitrary D dimensions is
straightforward.

B The perturbed mass term

In this appendix, we present additional details for derivation of the quadratic mass term of
scale-free bigravity around generic backgrounds, discussed in section 4. Using the technique
described in [34], it is possible to write the perturbations for the object X = y/g~!f in
terms of perturbations of g71f = g#°f,,.2% In writing the perturbed mass term, we keep
only terms up to second order in the metric and scalar field perturbations. Therefore, for
example, the fundamental quantity ¢! f is expanded as

9" fow = (8 — b +BEI2) 5% fop (6] + 1) + O(B) . (B.1)

Up to second order in the perturbations h,, and /,,, the bigravity potential can be

written as?’

V=detg V(f,9) =v=3 |V(F,9)+ M (f, 9w+ M (F, 9w+ My (F, §)huwbag

+ M (L 9Pyl MY (F )l (B.2)
where
My (f.g) = \/1_796(\/—7;;;(1’ .9)) . (B.3)
M ) = \/i*gaW—*équy(f,g)) . -
Myg7.g) = 3L D) o ©5

26We omit here the detailed description of the procedure, which is the main core of [34].
2"We will always denote the indices of h with the letters uv and the indices of £ with the letters af in
the mixed term, Ms;aﬁ(f, Ghuvlas.
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1 PW=gV(}9)

’Waﬂ f.g) = B.6
Myocﬁ r — 1 1 82(\/ —g V(f: ))
R IV T %] A D

The mass matrices ML (g, f) have been calculated for the first time in [34] in the context
of standard bigravity. For mass-varying bigravity, the expression of M4, yap (g, f) in terms
of background matrices are exactly those of [34] with the replacement m? — 1/2. The
terms linear in the metric perturbations M4"” in the standard bigravity formulation of [34]
were canceling on shell. In our model they give genuinely new mass terms, mixing &
perturbation and metric perturbations. These are explicitly given by

. Vo1 1<
My(FLg =5 50" V| == S8, (7 Yios (%) 432 Y0, (%)) (BB)
v g, n=0
i F o= OV L) 1~ gt "
M (9= -+3 0" V| == D e w [P on )+ FAYE, (%)), (B9)
i g, n=0

where X, = g1 f, Xp =+/f1g.
The quadratic kinetic action for gravity (both for g and f) can be written in term of
the Lichnerovitz operators on curve space time as in equation (4.5), where

1
5uyaﬂ(g) — Z |: (g,u,aguﬂ _ guugaﬁ> 0

+ (g“”go‘pgﬂa n gaﬁgupgya’ o guﬁgypgoza gaugﬁpgua) vag}

R g — o=V, P e — UV = 1 vV Do « v
_ (89)<gug/3+g guﬁ_gugﬁ> 4(MRB()+9/3RM())
1
+ 5 (@R @ + 3B (@) + 7 R7(@) + 3R ) | (B.10)

and an analogous result holds for f.

C Parametrization of the cosmological mass term

We give here the explicit expressions for the functions which parametrize the mass tensor
on cosmological backgrounds, as presented in section 4.2:

ag = —i (Bo + Bsr® + 3Bar* + 3B17) (C.1)

Yg = i (50 + 527“ =+ 2517’) (02)
1 3¢+ 2)r 3¢+ 1)r? s

eg:4<ﬁo+(c )B B(Ccil)T +fgir1)7 (©.3)

o = 7 (Bo+ Bacr® + ale+1)r) (C4)

og = _i (280 + Bscr® + Ba(3c+ 1)r* + B1(2c + 3)r) (C.5)
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ap = 7%63 (ﬂ4 + 3837 + 3Bar 2 + 517“_3) , (C.6)

V= —i (Ba+2B5r ™" + Bor™?) (C.7)
s (B et ey
ng = i (Bac+ Bs(c+ 1)r~ 1+ Bor™?) (C.9)
of = —i (28sc+ B3(3c+2)r ' + Bo(c+ 3)r 2 + Bir?), (C.10)
agfr =0, (C.11)
Yof = —% (B1+ 282r + B3r?) (C.12)
Vig = 72%6 (Br + 2821 + B3r?) (C.13)
= 30tar (B + 2Bor + B3r?) (C.14)
Ngf = % (B + Bser® + Bolc+ 1)r), (C.15)
Ogf = —% (B + Bser® + Bo(c+ 1)r), (C.16)
(g = (Bo+ 3B + 3Bar® + PBar’) (C.17)
&g =— (B2 + B1(2+ )1 + Ba(1 + 2¢)r® + Bser?) (C.18)
Cr = % (ﬁ4+3€f”+3f§+f§), (C.19)
ffz—é <Cﬁ4+€3(2c+ 1)+f§(2+c)+f§>, (C.20)
V =P80+ Bi(c+3)r+3P(c+1)r? + B3 (1+3c)r® + Bycr’. (C.21)
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