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Introduction

Moduli spaces are geometric constructions whose points represent geometric objects.
For example, consider the set of lines going through the origin of a vector space. By
considering the equivalence classes of non-zero vectors that lie on the same line, the set of
lines can be given a manifold structure as the projectivisation of the initial vector space.
Thus the projectivisation of a vector space is the moduli space of lines going through the
origin, endowed with a natural manifold structure. Often moduli spaces will have a more
abstract structure than that of a manifold, such as a scheme.

The central object in this thesis is the moduli space M of certain vector bundles over
a smooth algebraic curve. Since we work over the complex numbers, these curves are,
topologically, orientable surfaces.

One would be interested in calculating the number of global sections of line bundles
over this moduli space. When the determinant of the vector bundles is fixed, every line
bundle over M can be written as a tensor power of a single line bundle £. Verlinde’s
formulse describe the dimensions of the cohomologies of £&F.

We would like to present a novel approach to this question. Instead of taking the
moduli space of vector bundles £, we can map these vector bundles via a sheaf embedding
into a trivial bundle O over the curve. Then we can parametrise the pairs consisting of a
vector bundle £ and a sheaf embedding f: £ — O. This is called the Quot scheme, and
we will denote it by Q.

In general, any vector bundle has multiple ways to be embedded into the trivial
bundle. To identify the different embeddings of isomorphic vector bundles, we can take
a group acting on the Quot scheme. With the appropriate choice of parameters, the
orbits on the Quot scheme under this action are exactly the pairs corresponding to all the
embeddings of a certain vector bundle £. Therefore the moduli space of vector bundles is
the quotient of the Quot scheme under this group action.

In our approach, we will calculate the Euler characteristic, the alternating sum of the
dimensions of the cohomology groups, of a line bundle £ over the moduli space of vector
bundles M. The Atiyah-Bott localisation tells us that the Euler characteristic of £ over
a quotient of the Quot scheme may be expressed as the invariant part of an equivariant
integral on Q.

In the present work we develop the above method in cases when M is not the quotient
of Q, and evaluate the equivariant integral. In order to verify that the new formula gives
the Euler characteristic, we look at another space that is birationally equivalent to the
Quot scheme, where such calculations are already known. We compare the results over
these two spaces for certain parameters. This leads us to our main conjecture that states
that localising over these two spaces gives the same results.



Introduction en frangais

Les espaces de modules sont des espaces géométriques dont les points représentent des
objets géométriques. Par exemple, considérons ’ensemble des droites passant par ’origine
dans un espace vectoriel. Cet ensemble admet une structure de variété, donnée par la
projectivisation de I’espace vectoriel initial. Ainsi la projectivisation d’un espace vectoriel
est un espace de modules des droites passant par I'origine. Souvent les espaces de modules
n’auront qu’une structure plus abstraite qu’une variété, comme celle d’un schéma.

L’objet central de cette these est I’espace de modules de certains fibrés vectoriels sur
une courbe algébrique. Nous choisissons une courbe complexe lisse C. La topologie d’une
telle courbe est celle d’une surface orientable de genre g. Deux parametres particulierement
importants pour cette étude sont associés a un fibré vectoriel V', son rang » = rk V' et son

degré d = degV. On dit de V qu’il est stable si pour tout sous-fibré U < V, on a
degU < degV
rk U rkV °

pour que l'espace de modules soit connexe. Par un résultat de Grothendieck, ’espace de

Comme les deux parametres r et d sont a valeurs discretes, on doit les fixer

modules M, 4 des fibrés stables de rang r et degré d sur la courbe C existe. Cet espace de
modules est muni d’un fibré universel non-canonique U sur M,. 4 x C' tel que pour chaque
xr € M, 4 correspondant au fibré V, la restriction de U au {z} x C est isomorphe a V.

Fixons un fibré A de degré d, et considérons le sous-espace Mﬁd qui consiste en tous
les fibrés dont le fibré déterminant est A. Les classes d’isomorphisme de fibrés sur un
schéma forment un groupe pour le produit tensoriel, que ’on appelle le groupe de Picard.
Pour MTA’d, ce groupe est isomorphe a Z, et il est engendré par un fibré £. Pour calculer
les dimensions des groupes de cohomologie de £L%*, on peut remarquer que Mﬁd est une
variété de Fano, et que H'(L®* M) = 0 pour tout i > 0. Les formules de Verlinde
expriment les cohomologies de degré ¢ = 0 pour les valeurs possibles de d dans le cas de
r=2.

Dans cette these on développe une nouvelle méthode qui nous permettra entre autres
de recalculer ces formules. L’espace de modules M = Mf’d est un schéma lisse qui
paramétrise certains fibrés E sur C'. Au lieu de ces objets, considérons les injections de
faisceaux £ — O®", ot O9" est le fibré trivial de rang n sur C. Par le théoréme de
Grothendieck, il existe un schéma Quoty(r,d,n) dont les points fermés correspondent a
ces injections. On appelle ce schéma le schéma de Quot. Il possede une suite exacte
universelle & — O%" — F sur Quoty(r,d,n) x C, telle que pour chaque point q €
Quot(r, d,n) qui correspond a la suite B, — O%P" — F,, la restriction de la suite exacte
universelle sur {¢} x C donne E, — O%" — F,.

Le schéma de Quot est birationnellement équivalent & I'espace P Hom(O®", V), parce
que chaque application £ — O9" admet un dual O®" — EY. On abrégera cet espace
par P. Cet objet n’est pas en général isomorphe a M, parce que chaque fibré peut
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s’injecter dans le fibré trivial de plusieurs fagons. Néanmoins, on peut identifier certaines
de ces injections par l'action de PGL(n) sur O®™. Ce groupe agit aussi sur P, et chaque
orbite consiste en un méme fibré avec ses différentes injections. La théorie géométrique des
invariants nous explique que pour créer un espace topologique de Hausdorff dont les points
correspondent aux orbites, il faut d’abord enlever certains points instables de ’espace. La
stabilité de ces points dépend du choix d’un fibré en droite L sur P et du relevement de
I’action de P a L. On appelle ce fibré en droite une polarisation de P. En choisissant bien
cette polarisation, on obtient un quotient au sens de la théorie géométrique des invariants,
qui correspond aux orbites de I'action de PGL(n).

A moins quen = dimT'EY, le quotient n’est pas M. Ses points s’identifient plutot aux
couples (V = EY, H <TV), qui forment une fibration sur M en fibres grassmanniennes,
Gr := Gr(n,I'cld). Au lieu de calculer les cohomologies des fibrés sur M, on peut aussi
les calculer sur Gr, car les deux sont liées par le théoreme Grothendieck-Riemann-Roch.
En plus, le groupe de Picard de Gr est engendré par le pullback du générateur de celui de
M, et par le fibré dual du déterminant du fibré tautologique des fibres de Gr.

La théorie géométrique des invariants nous fournit aussi un fibré Lg,, qui dépend
de la polarisation L sur P. En définissant la caractéristique d’Euler par la formule
xX(L) = Y (=1)"dim H*(L), et une forme équivariante analogue, le théoréme de Teleman
établit que y(Lg,) = x(L)PGH() .= S (1) dim H*(L)PS, ott H*(L)PCL signifie la par-
tie invariante de H*(L) sous l'action de PGL(n). Ainsi on peut calculer la caractéristique
d’Euler de certains fibrés sur Gr en cherchant un fibré correspondant sur P.

Dans notre approche, on doit remarquer que PGL(n) agit aussi sur le schéma de Quot
Q := Quoty(r,d,n). Pour calculer la partie invariante de x(Lg) pour un fibré en droite
Lg sur Q, on peut utiliser la formule de localisation d’Atiyah-Bott, qui est une intégrale
sur I’ensemble des points fixes de Q. Le résultat principal de ce travail est ce calcul pour
le cas r = 2. Afin d’utiliser cette approche pour calculer la caractéristique de Lg,, il faut
que Lg sur Q et L sur P soient isomorphes sur P N Q, ce qui a du sens parce que Q et P
sont birationnellement équivalents. Cela nous mene a notre principale conjecture:

Conjecture: Prenons un couple de polarisations Lp sur P et Lg sur Q, de fagon
que leurs restrictions sur P N Q soient isomorphes. Supposons que les points stables dans
P sous 'action de PGL(n) et la polarisation Lp sont contenus dans le sous-espace PN Q.
Alors x(Lp)PG™ et x(Lg)PEM ™ sont équivalentes.

Dans ce travail, on se concentre sur le cas ou les parametres r et d sont tels que r = 2
et (r,d) = 1. Pour vérifier cette conjecture dans certains cas, nous avons fixé g =2, n = 3
et d = 7, et nous avons évalué les parties invariantes des deux caractéristiques d’Euler
pour certaines polarisations L & ’aide de Maple. Chemin faisant, nous avons retrouvé les
formules de Verlinde.



Overview

One of the main goals of this work is to develop a new method to calculate the Euler
characteristic of line bundles over moduli spaces, in particular the moduli space of stable
vector bundles over a smooth complex curve.

The first three chapters are preliminary informations that are needed in this the-
sis. In chapter 1, the preliminary objects and concepts are introduced, and conventions
are established. Chapter 2 describes what is needed about moduli spaces and geomet-
ric invariant theory. Chapter 3 presents certain important prior results, including the
Grothendieck-Riemann-Roch theorem, the cohomologies of symmetric spaces, and the
Atiyah-Bott localisation.

In chapter 4, we introduce the main setup of this thesis, and our main conjecture is
announced. In particular, following [16], we study two objects, the Quot scheme Q over
smooth complex curves and a projective space P. Both of these describe certain pairs
of a vector bundle V and n of its sections, and they are, under the proper conditions,
birationally equivalent. There is a correspondence of polarisations Lo and Lp over Q and
P, respectively, that are isomorphic on their intersection. There is also a compatible pair
of natural PGL(n) actions on Q and P, and it extends to certain polarisations Lo and
Lp. Using the shorthand y(L)PGH() = S7(—1)" dim H*(L)PS*(™) | our conjecture is that
X(L£o)PEHM) = x(Lp)PE(™M) whenever Lp is ample. We verify this for certain cases.

In chapter 5, we calculate x7(Lg,t) for a maximal subtorus 7' of PGL(n) using the
Atiyah-Bott localisation. This is the novel part of the work, and the main result is in
5.9. Then in chapter 6, we calculate x(Lp)P (™ using already established methods, and
compare numerically the values of the two characters for some cases.

This is a joint work with Andras Szenes and Zsolt Szilagyi.

First and foremost I would like to thank my advisor, Andras Szenes, who provided
help, insight, vision and constant presence throughout my work.

I would like to thank Zsolt Szildgyi for his readiness in helping me with many details,
and providing several important calculations. In particular, most of chapter 6, and major
parts of the computer calculations were done by him.

Finally, I am indebted to Marton Hablicsek for his thorough reading of the early

version of this manuscript and his many meticulous remarks.



1. Preliminaries
1.1. Algebraic curve

Let us review a few definitions and classical results. For details, refer to [9].

In this dissertation, C' will be a smooth algebraic curve over C, the complex
numbers, unless stated otherwise. Every function shall be complex analytic, that is holo-
morphic, unless stated otherwise.

Since topologically a smooth algebraic curve is a real orientable surface, it is homeo-
morphic to the connected sum of several tori (or to a sphere, in which case it is understood
as the connected sum of zero tori). The number of such tori needed is called the genus
of C, denoted by g.

1.2. Sheaves and sheaf cohomologies

Let us denote by O¢ the sheaf of holomorphic functions over C. Every vector bundle
V over C has a corresponding O¢c-module of (holomorphic) sections, itself a sheaf.

All bundle maps between vector bundles are sheaf maps between their sheaves of
sections. However, a sheaf-map may be injective even when the corresponding bundle
map is not: an injective sheaf map can be degenerate on a Zariski closed subset of C'. In
this work, unless specified, I will consider all maps to be sheaf maps.

Each vector bundle and its corresponding sheaf has its corresponding sheaf cohomolo-
gies, H"(F). We will abbreviate dim H™(F) as h"(F). Since C'is a curve embedded inside
a projective space, it is covered by two affine spaces, and by Cech cohomology H*(F) = 0
if i > 1. In particular, H°(V) = T'(V) is isomorphic to the group of global sections of V.

Since the sheaf of sections of V' is an Oc-module, its holomorphic sections that are
not identically zero are in a bijection with injective sheaf morphisms from O to the sheaf
of V.

The set of sheaf morphisms between two vector bundles U and V is denoted by
Hom(U, V) and it is isomorphic to T'(U*®V'). The sheaf of maps is defined as Hom (U, V') =
UraV.

Theorem 1: Over a smooth curve C, a sheaf F is a vector bundle if and only if for any
p € C, there is a Zariski open p € U such that F|y is freely generated over O¢|y. This
condition is called a locally free sheaf.

Theorem 2: Over a smooth curve C, a subsheaf of a locally free sheaf is locally free.
Alternatively, subsheaves of a vector bundle may be represented as sheaf-embeddings of
vector bundles.



1.3. Line bundles

Let O denote the trivial line bundle.

The set of isomorphism classes of line bundles over C' is given by the first cohomology
group H(C,0*), where O* is the multiplicative sheaf of nowhere zero functions (note
that it is not an O¢-module). There is a short exact sequence of sheaves

052302 0% 0.

In the corresponding long exact sequence of sheaf cohomologies, H°(O) — H°(O0*) is
surjective, and thus can be ignored. Furthermore, H'(Z) = 729, H*(Z) = Z, and H'(0O) =
CY. This gives the sequence

0—2% 5C9—=JC)—=Z

where J(C) = H'(C,0*) is the Jacobian variety of C, and it is denoted by J(C). The
map J(C) — Z is the degree map. The kernel of the degree map is Jy(C'), the space of
degree 0 line bundles.

An important example of a line bundle is the canonical line bundle, defined as
T*C, the cotangent line bundle of C. It is denoted by K, and has degree 2(g — 1).

1.4. Divisors

The group of divisors over C, denoted by Div(C), is the free Abelian group generated
by the points of C. Divisors are thus of the form

k
Zmipi where m; € Z,p; € C.
i=0
A divisor is effective if all m; > 0.

For a non-zero meromorphic section s of a line bundle L, we will denote by [s] its
corresponding divisor that is defined as the sum of the zeroes of s multiplied by the degrees
of the zeroes, minus the poles multiplied by their degrees.

The degree of a divisor is defined via the map

k k
deg: Z m;p; — Z m;.
i=0 i=0

Theorem 3: The degree of a line bundle is equal to the degree of the divisor of any of

its meromorphic sections.



The holomorphic (and meromorphic) sections of O are in a one-to-one correspondence
with the holomorphic (respectively meromorphic) functions over C.

Given two non-zero meromorphic sections s and t of two line bundles, K and L over
C, s -t gives a well-defined section of K ® L. Multiplication of sections is additive on
the divisors: [st] = [s] + [t], and hence on their degrees: deg[st] = deg[s] + deg][t]. Also,
given a line bundle L over C with a meromorphic section s, % gives a section of L*, and
so [1] = —[s].

For a fixed point p € C of the curve, there is a degree 1 line bundle, denoted by O(p),
such that it has a holomorphic section whose divisor is [p].

For any divisor D = ), m;p;, there is a line bundle who has a meromorphic section
of divisor D:

O(D) = Q) Op)*™ & Q) (O(p:)*)*™
m; >0 m; <0

of degree ) . m;. For any vector bundle V' and divisor D, V ® O(D) will be shortened to
V(D).

Theorem 4: Denote by I'ye (L) the vector space of meromorphic sections of a line
bundle L, and let S be the set of pairs {(L,7) | ¥ € PI'mer(L), L € J(C)}. Then the map
[.]: S — Div(C) that sends a meromorphic section to its corresponding divisor is bijective.

The map arising from (L,v) — L between Div(C) and J(C) is the Abel-Jacobi
map.

1.5. Vector bundles

Let us reserve the notation V" for a vector bundle V of rank r. We will denote
Ve =@  Vand VO =Q._, V.

The top exterior product A" V is a line bundle. In analogy with matrices, it is called
the determinant line bundle of V', and it is denoted by det V.

The degree of a vector bundle shall be defined as the degree of its determinant
bundle: degV = degdet V. Then the degree of a tensor product of two vector bundles V'
and W is

deg(Ve@ W) =degVrkW + 1k V deg W. (1)

The Euler class e(L) of a line bundle L is defined by taking a generic meromorphic
section, and taking the difference of the Poincaré duals of the zeroset and poleset of the
section, taken with multiplicity. The first Chern class of a vector bundle is defined to
be ¢1(V) := e(det V). In particular, for line bundles L, their first Chern class is equal to
their Euler class, since det L = L. Then ¢1(A® B) = ¢1(A) + c1(B) and ¢1(A ® B) =
rk Bei(A) + 1k Acy (B) for any pair A, B of vector bundles.
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1.6. Coherent sheaves

A coherent sheaf can be defined as the quotient of a locally free sheaf by a subsheaf.
Every coherent sheaf over C' decomposes as the direct sum of a vector bundle and its
torsion sheaf, that is its maximal subsheaf supported on a finite set of points of C.

Subsheaves and quotients of coherent sheaves are also coherent. Furthermore, all
standard operations on coherent sheaves, such as direct sum, tensor product and the
Hom-functor give coherent sheaves. For this reason, we can restrict our study to coherent
sheaves.

Given a short exact sequence of coherent sheaves

0=+&—=F—=G—-0

with £ and F locally free, we define the rank and degree of G as rkF — rk& and
deg F — deg &, respectively.
The Euler characteristic of F is defined as

X(F) = (=1)" dim H'(F)
([19], p24). Note that since C is a curve, only dim H%(F) — dim H'(F) appears in this
formula.
1.7. Some essential theorems

Theorem 5: (Riemann-Roch theorem) For a vector bundle V,

x(V) =degV + (1 —g)rkV.

Theorem 6: (Serre duality) H' (V) = HI™X—{( @ V*)* where K is the canonical line
bundle over the curve.

Recall the notation F(D) = F ® O(D) for some divisor D € Div(C). Let us denote
by A the divisor that is the intersection of the curve with a hyperplane in the projective
space where C' is embedded.

Theorem 7: (Cartan’s theorem A and B) For a coherent sheaf F, there is a large
enough n such that F(nA) is generated by its sections, and HP(F(nA)) = 0 for p > 0.

([19], p25)



2. Moduli spaces
2.1. Introduction

Let us fix an algebraic curve C' and two parameters d and r, and consider the set of
isomorphism classes of vector bundles of degree d and rank r. In general, this set can not
be given a variety structure. However, when restricting the set to certain vector bundles,
called stable bundles, a variety structure exists. This variety is called the moduli space of
stable vector bundles.

One possible way to construct this moduli space is via geometric invariant theory and
the Quot scheme. In this chapter, I will give a brief review of these topics.

2.2. The Grassmannian

Let us fix a vector space V" and an integer 0 < k < n. The Grassmannian is a
variety whose points are the k-dimensional subspaces. It is denoted by Gr(k, V') or Gr(V)
when k is clear from the context. Equivalently, the points of a Grassmannian are the n—k
dimensional quotients of V.

The Grassmannian can be given a variety structure through the Pliicker embed-
ding. For each subspace U < V', we take a basis uy, ..., ux, and take their wedge product
u1 A -+ - Aug. This identifies the subspace up to a scalar, defining the Grassmannian as a
subspace of PA" V.

Given V := V x Gr(V) the trivial bundle with fiber V' over Gr(V), there is a subbundle
S:={(v,s) |ves} CV xGr(V). This gives us a universal sequence

0-8-5Hvs90-0 (2)

The bundle S is the tautological vector bundle. Taking O(1) := det S*, it can be
seen through a routine calculation that the global sections of O(1) correspond to k-forms

on V, hence I'(O(1)) is isomorphic to (/\k V) . Thus Gr(k,V) can be embedded into
A"V = Pr(O(1))* via the Pliicker embedding.

Theorem 8: The tangent bundle of Gr(V') is isomorphic to Hom(S, Q) where § -V — Q

is the universal sequence over the Grassmannian.

2.3. The Quot scheme

Let us fix a vector bundle W of rank n, in our case the trivial bundle O™ = O%", and
consider its sheaf quotients F' of a certain fixed rank r and degree d:

0O—-FE" " —W"—=F" —0.



There are multiple conventions in the literature for denoting the rank and degree of F
and F. In [8] and [19], F is of rank r and degree d, while E is of rank n — r and degree
degW — d (when W = O%" degE = —d), and this is the convention chosen in this
chapter. In [15], the subsheaves E are the center of attention, and there the rank and
degree of I/ are denoted by r and d. In later chapters, we will choose E of rank r and
degree —d.

Theorem 9: (Grothendieck’s Theorem) [8] Given a projective space X and a vector
bundle W over X, there is a projective variety called the Quot scheme, denoted by
Quot?&d(W), whose closed points correspond to rank r, degree d quotients of the vector
bundle W. Furthermore there is a universal sequence

0—-E&E—-W—->F—=0 (3)

over Quot;}d(W) x X, such that for a family of quotients W — F over T x X with W
being the pullback of W from X, there is a unique map from 7 to the Quot scheme where
W and F are the pullbacks of W and F, and the maps commute.

Grothendieck’s theorem holds over any projective variety, however we will only con-
sider sheaves over the curve C. Then, as a consequence of Theorem 2, F is always a
vector bundle.

Theorem 10: In a smooth point £ — W — F of the Quot scheme, the tangent space is
isomorphic to Hom(E, F'). The whole tangent bundle over the subspace of smooth points
is 7. (E* ® F) where m: Quoty* (W) x X — Quot’y*(W).

There is a more general notion, the Zariski tangent space, which is described in [8]
and [16] as Hom(F, F) in all points £ — W — F. The smooth points are those where
this is of minimal dimension.

Since x(E£* ® F) clearly does not depend on the choice of E apart from its rank and
degree, the smooth points are those £ where H!(£} ® Fg) is maximal. In particular, if
r = 0, used in [5], &g is always concentrated on a zero dimensional subset of C, and so
H' (&} @ Fg) is always zero. This gives us the following result:

Corollary 11: When r = rk F' = 0, the Quot scheme Quotg(’d(W) is smooth.

When W = Q%" there is a different characterisation of the Quot scheme. A quotient
(F,0%" — F) can be completely described as F and n of its sections that generate it,
up to a common scalar. Put differently, such a quotient is described by a pair (F, f €
P(HY(F)™)), or F and some of its sections, with the condition that the sections f generate
F.

10



2.4. Grothendieck’s theorem

In this section, we will review the embedding of the Quot scheme into a Grassmannian
for the case of W = O" over the curve C.

First consider the projective line P'. Every line bundle over the projective line is
completely determined by its degree. It is a simple calculation that dim H°(O(n)) = n+1
for n > 0 and zero otherwise. Using the Riemann-Roch theorem, x(O(n)) = n + 1, and
this implies that dim H'(O(n)) = —n — 1 for n < —1, and zero otherwise. For vector
bundles of higher rank, we have the following theorem:

Theorem 12: (Grothendieck’s theorem for vector bundles) Every vector bundle
over P! can be written uniquely as the direct sum of line bundles.

This makes it very easy to calculate properties of vector bundles over the projective
line, such as the following:

Lemma 13: Given a vector bundle B over P! with h%(B(—1)) = 0 and a coherent subsheaf
A, then h'(A(m)) =0 for m > —deg A + 1.

Proof: By Grothendieck’s theorem, every vector bundle decomposes as the sum of line
bundles. Since B is a vector bundle, its subsheaves are vector bundles as well, including A.
If h°(B(—1)) = 0, then A has no positive degree component, and so the smallest degree
component of A is at least deg A. Therefore h*(A(m)) =0 for m > —deg A + 1. O

Now consider an algebraic curve C' of genus g, embedded inside a projective space
as degree k curve. By taking hyperplanes passing through a hyperspace of codimension
2 that do not intersect C, we obtain a degree k map f:C' — P!. The dimensions of the
cohomology groups of coherent sheaves are preserved via pushforward, that is hi(f,F) =
hi(F) for a coherent sheaf F. In turn, the Euler characteristic is also preserved, and since
rk £,V = krkV, this gives us deg f.V = degV + (1 — g — k) rk V. Let us denote by A the
divisor that is the intersection of the curve C' with an affine hyperplane in P" with C'. It is
a degree k effective divisor. In fact, the line bundle O(A) is the same as the restriction of
the line bundle Opn (1) over P™ (defined as the dual of the determinant of the tautological
vector bundle) to C, and it does not depend on the choice of a hyperplane. This can also
be expressed as f*Opi(1) and A is the preimage of a point on P! via f. Consider the

following lemma:
Lemma 14: f.(F(mA)) = (f.F)(m) for any coherent sheaf F.
Using this lemma and Lemma 13, we arrive at the following result:
Lemma 15: Over C, given a coherent subsheaf A — O with tk A = r and deg A = —d,
then h*(A(mA)) =0form>1—d— (1 —g— k)r.
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Proof: Consider that h°((f.0)(=1)) = h°(O(=A)) is zero since deg O(—A) = —k <
0. Therefore the conditions for the previous lemma are set for the bundle f,O and its
subbundle f,A and h'((f.A)(—deg foA+1)) = 0. Recall that deg f, A = deg A+ (1 —g—
k)rk A, hence h'(A(mA)) =0form >1—d— (1 —g—k)r. O

Lemma 16: Given a vector bundle A over C, if h'(A(mA)) = 0 for every integer m > 0,
then A(A) is generated by its global sections.

Proof: First, we shall prove that for some m, A(mA) is generated by its global sections,
then that m = 1 suffices.

Consider the embedding of C' into P". By taking two affine hyperplanes H; and Hs,
the complements of their intersections with C' are two affine sets U; and Us that gives an
affine covering of C'. This intersection H; N C' may also be described as the zeroes of a
section f; of O(A) for i € {1,2}. For each open set U;, the restriction A|y, is generated by
some holomorphic algebraic sections s that nonetheless extend as a meromorphic section
of A. Then for some m, f"s is a holomorphic section of A(mA).

We need to prove that this can be done with the choice m = 1. Take a global section
s of A(mA), and we will prove that it is the linear combinations of global sections of
A((m —1)A), provided that m > 1. Consider +%, a holomorphic section of A((m —2)A)
over Uy N Us. Since h'(A((m — 2)A)) = 0, by the Cech cohomology this means that any
section over U; N Uy decomposes as the sum of sections over the two sets: ﬁ = 51+ S9
with s; and s, holomorphic over Uy and Us, respectively.

Multiplying the three by fo, this gives s/f1 — fas1 = fasa. Since the left-hand side is
holomorphic over Uy, fas2 is as well, and so it is a global section of A((m —1)A). Similarly
for fis1. Now s = fo(f151)+ f1(f2s2), therefore s is generated by f1s1 and fasa. Replacing
all ocurring s with s; and s9 for all sections of A(mA), this gives a set of global sections
of A((m —1)A) that generate the sheaf. O

Let us choose an integer m and consider the map from the Quot scheme Quotgd((’)n)
into a Grassmannian defined by taking the element A — O" — B in the Quot scheme to
the subspace H(A(mA)) of HO(O™(mA)). We will show that this is in fact an embedding.

Consider the short exact sequence A — O™ — B. Taking the cohomologies of their
twists, this gives a long exact sequence

0 —  HA(mA) —  HYO™mA)) —  HOB(mA)  —
—  HY(A(mA)  —

Provided that H'(A(mA)) = 0, this gives once again a short exact sequence. Furthermore,
the dimension of the subspace, h°(A(mA)), is determined by r and —d, since h!(A(mA)) =
0.

12



In order for this identification to give an embedding, any two subsheaves must have
different images. Consider the following maps:

HYA(mA)®O =  HYO"(mA)®O
{ 4
A(mA) — O™ (mA)

where the diagram commutes. To make sure that the downward arrows are surjective,
and thus generate the subsheaf A(mA), both A(mA) and O™(mA) must be generated by
their global sections. For O™(mA), this holds whenever m > 2g — 2 by Serre duality. For
A(mA), it is enough by Lemma 16 if H!(A(m/A)) = 0 for all m’ > m — 1. By Lemma
15, this holds whenever m > 1 —d — (1 — g — k)r. Therefore the image of a point of the
Quot scheme in the Grassmannian determines the point on the Quot scheme.

This can be summed up in the following theorem:

Theorem 17: The Quot scheme of rank r degree —d subsheaves of O™ can be embedded
into Gr(—d+(1—g+mk)r, H°(O™(mA))) provided that m > max(1—d—(1—g—k)r,2g—2).

2.5. Proj construction

Let us consider a vector space V and its projectivisation PV. Linear homogeneous
functions over V' correspond to sections of the bundle 7 := Opy (1), and degree d homo-
geneous functions to sections of 7®¢. The ring of functions O(V) is a graded ring that
decomposes as @, -, ['(7T%"). Note that evaluating a polynomial in a point is not well
defined, homogeneoﬁs polynomials have a well defined zero set in PV.

For any pojective variety @ C PV, there is a homogeneous ideal Iy within O(V),
consisting of polynomials that vanish in each point of (). Then the ring of functions over
@ may be defined as the graded ring A = O(V)/Iq.

The variety @ itself can be reconstructed from A using the Proj construction. The
elements of Proj A are the homogeneous prime ideals that do not contain the irrelevant
ideal A, consisting of functions with no degree-zero term. The topology is the same
Zariski topology as for the Spec. ([9], p76) Alternatively, Proj A can be constructed as
a GIT quotient of the complement of the irrelevant ideal within Spec A by the action of
C*. ([19], p96)

For any embedding ¢: Q — PV, we can take the pullback of the bundle Opy (1) from
over PV, £ := /*T. Since sections of L are linear functions on PV restricted to @, L is a
separable bundle, and @ embeds into PI'(£)*, itself a subspace of PV

In general, a line bundle £ over @ is called the polarisation of the space Q). The
bundle £ is very ample if the natural map @ — PI'(£)* is an embedding. ([9], p153) The
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ring of functions depends on this embedding, and since for very ample bundles A; = I'(L*),
the Proj construction gives a natural linearisation as well. Projective subvarieties of the
projective space are thus in a one-to-one correspondence with projective varieties with a
very ample linearisation.

A line bundle is ample if it has a positive tensor power that is very ample. An im-
portant example of a very ample line bundle is the line bundle Og(1) over a Grassmannian
g.

A smooth curve C' can always be embedded into a projective space P, given by
Proj K®" where K is the canonical line bundle, provided that n > 3 for g = 2, n > 2
for hyper-elliptic curves and n > 1 otherwise. Such a curve is of degree k = 2n(g — 1),
and the pullback of Op(1) onto C'is O(A) = K£®"

2.6. Geometric invariant theory

Definition 18: ([19], p85-p86) Let G be a reductive group. Given a algebraic variety @
and a G-action on it, a couple (Z, p: Q — Z) is a good quotient of ) if Z is an algebraic
variety with trivial G-action, ¢ is an equivariant map, and they satisfy the following three
conditions:

(1) ¢ is affine and surjective;

(2) The image of a closed invariant subset of @ is closed in Z, and two such disjoint subsets
have disjoint images in Z;

(3) The structure sheaf of Z is the sheaf of invariant sections of the structure sheaf of Q.

A good quotient for a projective variety () C PV can not always be obtained. However,
we can take the graded ring of functions A = O(Q), and consider the Proj of the invariant
graded ring Proj A%, where A% is the ring of G-invariant polynomials. Geometric invariant

theory explains that this is a good quotient of a certain open subspace of ().

Definition 19: An algebraic group G is linearly reductive if all finite dimensional
G-modules are semi-simple. ([19], p88). From now on we will only consider such groups.

A point g € @) is semi-stable if there exists a homogeneous G-invariant polynomial
with strictly positive degree which does not vanish at q. The semi-stable points of ) form
an open subset Q)°°.

Theorem 20: There is a morphism Q% — Proj A% induced by the inclusion A C A
that is a good quotient of Q*°. ([19], p98)

We will refer to this projective variety Proj A® as the GIT quotient of the space
@. This quotient comes with a natural polarisation P via its embedding into a projective

14



space. When L is the pullback of the line bundle Opy (1) via the embedding @ — PV, we
will say that £ induces to the polarisation 7 on Proj A%.

A point v € V is semi-stable if 0 does not appear in the closure of its orbit. It can
be seen that v is semi-stable if and only if the point [v] € @ C PV is semi-stable according
to the above definition ([19], p98). The point v is defined to be stable if its orbit is closed
and its stabiliser is finite. ([19], p100)

2.7. Mumford’s criterion

To determine which points are semi-stable, we can use Mumford’s criterion, as seen
in [19], p101-102:

A one parameter subgroup of the group G is a multiplicative map A\:C* — G. It
can also refer to the image of the map, a subgroup of G.

Definition 21: Given a group GG, a G-module V', and a one parameter subgroup A: C* — G
and an element v € V', u(\,v) is defined in the following way: V' decomposes in a unique
way into subspaces €,,c; Vin, such that A acts on V,, as (t,u) — t"u. Then any v
decomposes as ., U, and p(A,v) = —min{m | v, # 0}.

Theorem 22: (Hilbert-Mumford criterion) If the linearly reductive group G acts on
a vector space V, then a point v € V' is semi-stable (respectively stable) if and only if for
every one parameter subgroup it is semi-stable (respectively stable).

If @ C PV is a closed G-invariant subvariety, then a point ¢ € @ is semi-stable
(respectively stable) if and only if for each one parameter subgroup A, then u(XA,q) > 0
(respectively u(A, q) > 0).

2.8. Moduli space of stable bundles

The set of isomorphism classes of vector bundles over C' of a fixed rank r and degree
d do not have a variety structure. However, when restricting the set to certain vector
bundles, it may be given a variety structure via geometric invariant theory.

The slope of a coherent sheaf F' is defined as u(F) := %. A vector bundle V is
semi-stable if for any subbundle U <V, u(U) < u(V), and it is stable if u(U) < u(V),
unless U = V. ([21], pl4; [19], p74-75) Equivalently, a vector bundle V is stable if for all

coherent subsheaves U, u(U) < p(V), or for all quotient bundles or coherent sheaves U,
p(U) > (V). ([21], p15)

Lemma 23: Given two semi-stable bundles U and V, either Hom(U, V) = 0, or p(U) <
(V). Furthermore, if they are stable and u(U) = u(V), then either Hom(U, V) = 0,
or Hom(U, V) contains only isomorphisms between U and V. For a stable bundle U,
End(U) = Aut(U) = C*. ([19], p74)
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We will first suppose that (r,d) = 1, so that semi-stability and stability are equivalent.

The moduli space of stable vector bundles is constructed in [19] as the good quotient
of a Quot scheme as follows. Recall that points of the Quot scheme Quotr’d(O”) can be
described as pairs (F, f) of some sheaf F' and n of its sections f: O — F', such that they
generate F' as a sheaf. The expected dimension of HO(F) is x(F) = d + (1 — g)r, and it
is equal if H'(F) = 0. Therefore if we choose n = x(F), and act on the Quot scheme by
PGL(H?(F)X()), the orbits of these pairs should identify F.

Theorem 24: Fix an algebraic curve C' and two relative prime parameters r and d and
X :=d+ (1 —g)r. If d is chosen large enough, the points of the GIT quotient of the Quot
scheme Quot™?(O®X) under the natural PGL(x) action are in a one-to-one correspondence
with rank r degree d stable vector bundles.

Quotienting the Quot scheme Quotd’T((’)X) via the action by PGL(x) gives the moduli
space of semi-stable vector bundles M := Quot(W)**/ PGL(n).

The tangent space of M in V € M is of dimension ~A'(End V). Since x(EndV) =
(1 — g)r? and h°(End V) = 1 for a semi-stable V, the dimension of the tangent space is
1 — (1 — g)r? independently of V, and hence the dimension of the moduli space.

2.9. The universal bundle

Let us fix the parameters r and d such that (r,d) = 1, and consider the moduli space
of stable vector bundles M.

Definition 25: A vector bundle U over the moduli space of stable vector bundles M is
such that for any V' € M, the pullback of U via the injection map fy:{V} xC — M x C
gives fr(U) = V.

Theorem 26: There is a universal bundle U/ over M x C.

This universal bundle can not be chosen in a unique way: for any line bundle L
over M, L ® U is also a universal bundle, and any two universal bundles differ in such
a line bundle. However, this ambiguity may be removed in a well defined way. In [2], a
normalisation is described to identify the normalised universal bundle, that we will
review here and give a generalisation.

First let us choose a bundle Y. Let U,, denote the pullback of U via the map M x{p} —
M x C and U the pushforward via the map M x C — M x {x}. Let us introduce
ay := c1(Up) and dy = 1 ().

Whenever one takes a vector bundle F' = F(U) defined on M using the universal
bundle ¢, and we replace U by U’ = U ® L, this will change F to I’ = F(U') = F @ £L%4
for some A € Z. 1 will call this the ambiguity of F'. Now if X = X (i) is a vector bundle
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over M defined using the universal bundle ¢/, and det X has an ambiguity of A, replacing
U with U’ will change det X to det X’ = det X (') = det X @ L®4. This results in c;(X)
changing to ¢1(X’) = c1(X) + Aci(L).

The ambiguity of detl, is r, and that of det m.Uf is x = d + (1 — g)r. Since r and
d are relatively prime, so are r and y, and there are integer coefficients x and A such
that kr + Ay = 1. Defining A := (detl,)®" ® (det 7.U)®?*, the new universal bundle
YV = U ® A*, the normalised universal bundle, has zero ambiguity. Therefore V only
depends on the pair x, A, but not U.

To calculate a; and dy, consider the following. If we started out with the universal
bundle U’ := V), since all universal bundles are equivalent up to a tensoring by a line
bundle, we would have V = Y ® L, and V' = V ® L®° = V. Since V' = V @ A",
we would obtain that A’ := (detV,)®" ® (det7.V)®* is the trivial bundle. Therefore
c1(A') = ka;+Ady = 0. Then the element G = xa; —rd; generates both a; and d;, and by
the previous theorem, the group Pic(M) is generated by Lver = (det V,)®X@ (det m, V)@ "
and a; = M\G, di = kG.

This can be summarised in the following lemma:

Lemma 27: Denote y = d+ (1 — g)r and consider some pair A and k where xr + Ay = 1.
The bundle V := U ® ((detU,)®" @ (det m.)®*)* is a well-defined universal bundle that
depends only on x and A. By introducing the line bundle

Lyer = (det V,)®X @ (det m, V)® ™"

we have
detV, = L) detm,V =L "

Lemma 28: Suppose that d =1 (mod r). Then there is a pair A, x such that

detV, = Lyer and detm,V =Lo. 7 .

Proof: Let us write d in the form r§ + 1. Then we may choose A=1and k =g —1—9,
giving the above equations. O

Atiyah ([2]) defines the normalised universal bundle this way for the case r = 2
and d = 49 — 3. 1 will refer to this construction as the normalised universal bundle in
general, however we will only use it when r = 2 and (r,d) = 1, when the conditions of
Lemma 28 are satisfied.
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3. Atiyah-Bott localisation
3.1. Characteristic classes

A characteristic class is a natural map from the set of coherent sheaves over a
smooth space X to the set of its cohomologies. A characteristic class C is additive
(or multiplicative) whenever for exact sequences 0 - G - E — F — 0, C(E) =
C(G) + C(F) (or respectively, C(E) = C(G) - C(F)).

The total Chern class is a multiplicative characteristic class, denoted by ¢(V'). Its
coefficients in the cohomology ring H*(X) are the Chern classes: ¢(V) =1+ ¢ (V) +
<+ ey (V), where 1 € H(X) and ¢;(V) € H*(X). The first Chern class ¢ (V) is
identical to the Euler class e(det V'), as defined previously.

The splitting principle states that to prove an identity for the Chern classes of vector
bundles, it is enough to prove it under the assumption that the vector bundle is a direct
sum of line bundles. Hence we may introduce formal variables \q, ..., Ay for a locally
free sheaf V', to represent the FEuler classes of the line bundles in a decomposition. These
are the Chern roots of the locally free sheaf V. Then the Chern classes of V' become the
symmetric polynomials of these variables:

1<ih <...<ip<rk V

Since the algebra of symmetric polynomials is generated by these polynomials, any
symmetric polynomial in the Chern roots gives a well defined class. In particular, if such a
polynomial decomposes as the sum or product of a single variable polynomial evaluated in
the Chern roots, the corresponding Chern class is additive or multiplicative, respectively.

Theorem 29: Any formal series f € C|[z]] defines an additive (also a multiplicative)
characteristic class that is defined for a line bundle L as f(ci(L)).

We will review a few important characteristic classes that we will need. I will give
their definitions for line bundles and whether they are additive or multiplicative.

The Euler class for line bundles is extended to other vector bundles multiplicatively.

The Todd class of a line bundle is td(L) = %, and is multiplicative. ([6],
p279)

The Chern character is ch(L) = ¢ (%) for line bundles, and it is additive. ([1]). A
neat feature of the Chern character is that ch(£ ® F') = ch(F) - ch(F).

For convenience, I introduce another class ab(L) = 1 — e~(5) (formally given by

c1(L) ), which I will call the AB-class, used in the Atiyah-Bott localisation formula.

td(L)
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3.2. K-theory and direct image

Let us review the parts of K-theory relevant for our study. The Grothendieck group
K (X) is defined as a group generated by coherent sheaves, and for a short exact sequence
A — B — C, we identify [A] — [B] + [C] with zero. ([9], p148) Additive and multiplicative
characteristic classes can be extended as functions over K(X).

We will also need the direct image of sheaves. For a proper function f: X — Y,
when taking the topological pushforward f.(FE), the stalk of f.(FE) for E — X over a point
y is going to correspond to the sections of E over f~!(y). Taking the derived functor R’ f,
of this pushforward, we arrive at the direct image fi(E), from which

dim X

HE) = (1) [Rf(B)].

=0

([9], p436)

3.3. Grothendieck-Riemann-Roch theorem

The Grothendieck-Riemann-Roch theorem is stated in its full form in ([9], p436).
Here, we will only need its following special case:

Theorem 30: Let f: X — Y be a bundle with smooth projective fibers over the smooth
projective variety Y. Then for any locally free sheaf F,

ch(fi(E)) = f.(ch(E) td(Tv X))

where Ty X = KerT'f is the vertical tangent bundle and f, is the cohomological pushfor-
ward f,: H*(X) — H*~dmF(y),

In particular when X = C is the curve and Y is a point, we obtain the classical
Riemann-Roch theorem.

3.4. Cohomologies of symmetric products

For our main calculation, we will need certain properties of the cohomologies of sym-
metric products of the curve.

The symmetric product of the curve C, Sym" C' is the quotient of the space C*"
by the symmetric group 5,,. The points of the symmetric product correspond to degree
n effective divisors over the curve, each giving a line bundle with a section over C: 0 —
O¢ — L, or in its dual form, 0 — L* — O¢. Therefore the symmetric product Sym™ C
is isomorphic to the Quot scheme of rank 1, degree —n subschemes of the rank 1 trivial
scheme O¢. It is a smooth space.
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Let us denote the generators of H'(C) by §; and §° (0 < i < g) and that of H?(C)

by w in a way that 6,07 = {w 1“:],
0 otherwise A A A
of Sym™ C, note that there is a natural map H*(C*") = H'(C)®" — H*(Sym" C). Then

for each factor Cy in the product C*™, we have the corresponding classes &; , §% and wy

for each ¢ and j. To calculate the cohomologies

that together generate H*(C)®™. Since Sym" C is a quotient by the action of S,,, we need
to consider the S,, invariant cohomology classes, H*(C*™)%~, in particular

n

@:IZ@‘,k fi:ch,i n:Zwk.
k=1 k=1

Theorem 31: The classes &;, £ and n generate H*(C*")%» and the map H*(C*")% —
H*(Sym" C) is an isomorphism. [13]

Let us also introduce
g
0=> &t
i=1

Since Sym" C' is a Quot scheme, there is a universal sequence
0L =-0—=>F—=0

over Sym” C x C, such that for any element d € Sym™ C, the dual of the above map
restricted to this point, O — L, has divisor d. £ is the universal line bundle. Its
first Chern class of degree 2 is found in H?(Sym”" C x C) = (H?(Sym" C) @ H°(C)) @
(H'(Sym" C) ® H'(C)) ® (H°(Sym" C) ® H?(C)), and so it can be written via the basis
{1,6;,...,0%, ...,w} of H*(C). By a simple calculation, it takes the following form:

Proposition 32:

alL)=n®1+) (E@8+E®6)+dow

1

Knowing that (3(§ ® 6"+ ¢ ® 50)2 = —20 ® w, since degree one elements of the
tensor product anti-commute, we may calculate the Chern character via Grothendieck-
Riemann-Roch:

ch(m L) =¢€e"(d— (g —1) —0). (4)

We will need this formula in our main calculation. Note that ch(m,.L*) = e™"(—d — (g —
1) —0).
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Consider the product Sym™ C' x Sym"™ C' with £; and £; the two universal line
bundles over Sym™ C and Sym™ C. The line bundle £; ® L7 is defined over Sym™ C' x
Sym™ C' x C. Following the steps of ([16]), we will be needing the characteristic classes
of m.(L; ® L) for m:Sym™ C' x Sym™ C' x € — C. Let us introduce indices ¢ ;, 38
n; € H*(Sym™ C) and & 5, 5]’?, n; € H*(Sym™ C) and the class

g9

bi; = Z(fk,iff + & &)

k=1

note that this formula gives 0,;; = 20; for ¢ = j. Then we can calculate
ch(m,(L; @ L3)) = e (d; — dy — (g — 1) — (0: + 05 — 035)). (5)
We will also need this formula in our main calculation.

3.5. The antidiagonal

The elements (p, ¢) € Sym™ C'xSym"? C' correspond to certain rank 2 vector bundles,
which may be written as £;, ® L2, using the universal line bundles £; and L£,. For
our main calculation, we will need the Poincaré dual of the set of those elements whose
determinant det(Ly , ® L2,4) = L1, @ L2 4 is a fixed line bundle. The actual class will not
depend on this bundle, so we may choose O.

The Abel-Jacobi map sends Sym™* C' x Sym"? C to J x J, where J = J(C) is the
Jacobian of C, a torus of 2¢g real dimensions. The image in J x J of those points (p,q) €
Sym"™ C' x Sym"? C where £, , ® L34 is the trivial line bundle correspond to the inverse
image of {0} € J for the addition in J x J. This is the set {(a,—a) | a € J} C J x J,
which is the antidiagonal A of J x J.

Let us denote the generators of H!(J) by z1, ..., xa5. The Poincaré dual of the
diagonal is in the group H*(J x J) = H*(J) ® H*(J), given by
* S|+o
A* = Z (—1)151+ s.xsl...x5|3|®x§l...m§|§|
Sc{l...2¢g}

where S = {S1,..., 5|5} and the terms are ordered, S={5,... ’glgl} is the complement
of S'in {1...2g}, while

os = #{permutations in (1,2,3,...) = (S1,52,...,51,S2,...)}
The anti-diagonal is obtained by flipping the signs of all the 1-classes inside the second

Z* - Z (—1)05 "TSy .- TS, ®l‘§1...$§‘§‘
Sc{l...2g}
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Note that using the notations of the previous section, §; € H'(C) is the preimage of
z; € J(C) under the Abel-Jacobi map, while 6° € H'(C) is that of z,4; € J(C). Hence
the 61, 0> and 6,5 defined in the previous section are the pullbacks via the Abel-Jacobi
map of the following classes in the cohomology group H*(J) ® H*(J):

g g
0 = inxg—i-i ®1 0y = Z 1®@zixgyy
i=1 i=1

g

012 = Z(Sﬂz ® Tgtri + Tgyi @ T;)
i=1

With this identification, the following statement, announced only for Sym™ C x Sym™? C,
is true in J x J as well.

Proposition 33: Denoting by A" the Poincaré dual of the anti-diagonal in Sym"! C' x
Sym"? C, it can be expressed as

*

— 1
A = 9(91 + 602+ 012)7

3.6. Representation theory

Let us consider a torus 7" with Lie algebra t and exponential map exp:t — T'. Let us
fix an isomorphism 7' 2 (C*)* = {(t1,...,tx) | t; € C*} that also identifies the Lie algebra
t> CF = {(r,...,m7) | 77 € C} and exp(ry,...,7) = (e*™™,...,e?™). Consider T
acting on a vector space V. Since T is commutative, its irreducible representations are
one dimensional, and so V' decomposes into one dimensional subspaces that are preserved
under the action.

Let us consider the lattice t; < t*, identified with Z* = {(w1,...,ws) | w; € Z}.
Then any element w € t, gives a one dimensional representation on some one dimensional
vector space L, given by t xv = t¥ - v = (Hle t}:’“> -v for any v € L and t € T. In fact,
the one dimensional representations are in a bijection with elements of t;, independently
of the identification T =2 (C*)¥.

For a representation p: G — End(V), let us denote the invariant subspace of V' by
V. Let us define the trace of the action p on V as trpy := trop: G — C.

Theorem 34: (Weyl character formula) Let G be a group acting on V and T a
maximal torus of G, with t the Lie algebra of T. Let SR, SR~ be the positive and negative
roots in t*, respectively. Then dim V& is the constant coefficient of the Laurent polynomial
given by

I] @=t) vt

aER—
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where try t is the trace of the T action. The coefficients of this Laurent polynomial
with monomials ¢* having ) in the dominant chamber of the G action correspond to the
multiplicities of the irreducible representations of G, parametrised by their highest weight,
A

For PGL(n), choosing the maximal torus corresponds to diagonal matrices in a certain
basis. We may assume that the diagonal elements are t; to t,, defined up to a common
scalar multiple. Then the Laurent polynomial [] o (1 —t*) gives for the n = 2 case

1—ty/t (6)

and for the n = 3 case
(1 —t2/t1)(1 —t3/t1)(1 — t3/ta). (7)

3.7. A few lemmata about the Grassmannian

A group acts on the trivial line bundle by a character y: G — C* when the image of
z € Op by g is x(9)z € Ogyp. When G = C*, x(z) is of the form z¥, and it is called an
action of weight k € Z.

Lemma 35: Take a vector space H with the scalar action by C*, whose quotient is
PH. Then acting on the trivial bundle Oy over H with weight 1 induces the polarisation
O(1)py over PH.

Let us consider H = Hom(C", V') for some vector space V. Under the actions GL(n)
and SL(n) that send ¢ € H to ¢ og, and with respect to the polarisation O%* with action
v — det g - v, the stable points contained in H®* C H, correspond to injective maps in
Hom(C"™, V).

When acted on by SL(n), the quotient of H® is a subset B C A" V, while acting by
GL(n) gives Gr := Gr(n, V). The projection B — Gr(n, V) is a fibration whose fibers are
C\ 0, so it can be extended into a vector bundle B of rank 1.

Lemma 36: The vector bundle B over Gr = Gr(n,V) is isomorphic to Og,(—1), the
determinant of the tautological vector bundle.

Lemma 37: The polarisation O%*, with GL(n) acting by the character det, induces the
polarisation B 2 Og,.(1) over Gr.

We can collect these two lemmata in this illustration:
O(l)PH — OH = O(;Iet /Cﬂn) O(l)gr
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The action by C* can be identified by the action by diagonal matrices in GL. However,
the determinant of this diagonal action is of weight n, so we need to change the diagram
accordingly.

Corollary 38: The GIT quotient of PH := PHom(C", V) by the natural PGL(n) action
and with polarisation O(n)py is Gr = Gr(n, V') with the induced polarisation O(1)¢ .

This can be summed up in the following diagram, where arrows denote induced po-
larisations over quotients via the actions written on the arrows:

C*

O%}jt /—> O (n)pH

I 1/ PaL(n)
on ' 00

3.8. Atiyah-Bott localisation formula

We will denote by C[T] the ring of Laurent polynomial functions on the torus T =
{(t1,...,tx) | t; € C*}, ice. C[T] = Clty, t7 .. i, t1 1.

The equivariant Euler characteristic of a coherent sheaf F that is acted on by T
is defined as the Laurent polynomial

XT(Fot) = Y (=) tr pri ) (¢)

%

or x#(t) for short. This generalises the non-equivariant case since tr py = dim V' for the
trivial action.

Given a connected, smooth variety A and a torus T acting on a vector bundle V'
over A, if T acts on A trivially, then the fibers are preserved, and the weights on each
fiber are the same. The T-equivariant Chern class is an additive class that is chr(L,t) =
t“ ch(L) € C[T|®@H*(M) for line bundles L over A with a fiber preserving T-action, where
w is the weight of the representation of T" on the fibers. The T-equivariant AB-class is a
multiplicative class that is abp(L,t) = 1 — chp(L*) for line bundles.

For a smooth variety A and a smooth subvariety X, the normal bundle of X in A,
denoted by N4X, is given by the short exact sequence TX — TA — N X.

Theorem 39: (Atiyah-Bott localisation, [3]) Given a torus action on A by the torus
T and a line bundle L over A, the equivariant Euler characteristic can be calculated as
follows: let us take Fix(A) the set of components of the fixpoint set AT. For one such
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component X € Fix(A), let NoX be the normal bundle of X within A. Then, by the
Atiyah-Bott localisation

XT(Lﬂt) =

/ ch(L) td(TX)
XeFix(A) X

abT(NAX)

Now let us suppose that A is a complete intersection, which means the following.
A is embedded into some space Z in an equivariant manner, and there is a vector bundle
B on Z with linearisation of the T action and an non-degenerate equivariant section
0:Z — B such that A = {p € Z | o(p) = 0}. Then there is a short exact sequence of

tangent bundles TA — T'Z — B. Then we can replace aby(N4X) by abr (T'Z)

abr (TX)abr () and
SO

abT (TX) abT (B)
abT (TZ)

xr(Lt)= Y / chr (L) td(TX)
XeFix(A) X
This is true even when the space A is not smooth, and when the sections exist only
locally, meaning that for a point p there is an open set p € U C Z and an equivariant
section o: U — B|y such that ANU is its zero set. [7]
Since the equivariant classes are defined for arbitrary elements of K (A), we can replace
T A with the formal difference [T'Z] — [B].
We will apply this formula in an even more general framework. Let us consider a space
A endowed with a perfect obstruction complex Ay — A1 (see [12] for details), generalising
the previous sequence T'B — Z. This motivates the introduction of a virtual equivariant
Euler characteristic that is equal to the equivariant Euler characteristic in the previous

cases.

Definition 40: Let us consider a space A endowed with a perfect obstruction complex
Ao — A1, and a torus action on A by the torus 1" and a line bundle L over A. Let us
denote by Fix(A) the set of components of the fixed point set of A under the action by 7.
Then the virtual equivariant Euler characteristic is

abp(TX) aby (A7)

vitt([, ) = /ch D) td(TX
xr (L) Xe%(A) . 7 (L) td(TX) abr(Ao)

For such a space, the expected dimension of the tangent space is dim Ay — dim A;.
When the expected dimension is equal to the actual dimension of the space, the virtual
equivariant Euler characteristic is equal to the equivariant Euler characteristic. For ex-
ample, as seen in [16], the Quot scheme of sequences £ — O — F admits a perfect
obstruction complex, and its expected dimension is x(E* @ F).
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4. Moduli spaces and polarisations
4.1. Introduction

Verlinde’s formulee express the number of sections of the powers of an ample line
bundle over the moduli space of vector bundles over a curve. In this thesis, we present a
novel approach to calculate this number using localisation.

This chapter describes the setup used here, which is similar to that found in [15] and
[4]. We introduce two birationally equivalent spaces, a Quot scheme Q and a projective
bundle P over the moduli space of vector bundles. For a certain choice of parameters,
certain line bundles over the two spaces can be identified in a canonical manner. There is a
compatible group action on both of these spaces and line bundles. The GIT quotient of P
is a bundle Gr over the moduli space with Grassmannian fibers, and the ample line bundles
over P induce line bundles over Gr as well. The number of sections, or rather the Euler
characteristic, of an ample line bundle £ over the moduli space or Gr can be obtained by
taking the invariant part of the equivariant Euler characteristic of a polarisation Lp over
P that induces £. Our conjecture is that by taking another line bundle Lo over Q, we
may instead count the invariant part of the equivariant Euler characteristic of Lo, which

then may be done through localisation.

4.2. Moduli space and fixed determinant

Let us fix the curve C. Let us denote the moduli space of rank r and degree d stable
vector bundles £/ by M,. ;4 or M when the parameters are clear from the context. Note
that M, 4 = M, 41k, as any vector bundle may be multiplied by a fixed line bundle of
degree k. Hence we may assume 0 < d < r.

When r = 1, the moduli space is isomorphic to the Jacobian [J; of degree d line
bundles. These Jacobians are isomorphic for all values of d.

When the determinant bundle det E = \" E = A is fixed, there is a moduli space of
stable vector bundles of rank 7, degree d and determinant A, denoted by M. For any two
A and A/, the moduli spaces Ma and Ma/, since there is a I' such that I'®" = A’ ® A*,
and det(E®@T) =A% = A

The determinant map det: M — 7 sends a bundle to its determinant line bundle.
The fiber of this morphism is isomorphic to Ma ;. 4 or Ma when the parameters are clear
from the context.

We will consider the (r,d) = 1 case, and fix r = 2 and d for most of this work.

We will denote the map 7:e x C — e for some variety e. For the same variety,
*p: @ X {p} — @ x C is the embedding of a point p € C.
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4.3. Verlinde’s formulae

Since the Picard group of M is of rank 1, we may choose an ample line bundle Ly,
that generates it. For r = 2, d = 0, Verlinde’s formulee ([25]) are as follows:

dlmHO(E%)ekr?MA,TZQ,d:O) — <2> ZSIHQiQ‘g )

9 4 9\ 9~ 1 2k+1 ' .
+ Y (1) tsin220 T
2 2k + 2

dlm HO (£§§I‘7 MA,T:27d:1) - (
j=1

These formulee have a residue form ([22]) as well, which is closer to what we expect
to have after localisation:

(k + 2) cot((k + 2)x)dx
(2sinz)2(9—1) ’

dim HO(LY%, Ma r=2,4—0) = —(2(k +2))9 " ljfg

. 0/ P&k _ g—1 (2k 4 2) csc((2k + 2)x)dx
dim H (‘CVer’ MA,T:Zd:l) = (Q(Qk + 2)) Ig}:ets) (2 sin $)2(gfl) .

Since the Moduli space is a Fano variety, there are no higher cohomologies, and

H°(Ma) = x(Ma).

4.4. The universal bundle

Recall from Theorem 26 that if (r,d) = 1, there is a universal bundle & over M x C,
such that for any point E € M, the pullback via the injection map fg: {E} xC — M xC,
fi(U) — C is isomorphic to E. This bundle can be restricted to the fixed determinant
moduli space, Ma. Consider the following theorem, a special case of a more general
theorem found in [2].

Theorem 41: a; = ¢1(detU,) and d; = c1(det 7.U) generate H*(Mn,Z).

The bundle U is not uniquely defined, but only up to tensoring with a line bundle
L over Ma. That is, £L ® U is just as well a universal bundle as U is, and any other
potential universal bundle I/’ can be expressed as U ® L for some L. However, as seen in
Lemma 27, by fixing a pair of numerical parameters, there is a canonical way to choose
a normalisation of the universal bundle V), such that det V,, and det 7, ) are tensor powers
of a certain line bundle, denoted there by Lve,.

Since ay and d; are integer multiples of ¢; (Lver), the bundle Ly, generates Pic(Ma).
A corollary of Lemma 27 and Lemma 28 for the fixed determinant case is the following:
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Lemma 42: Denote x = d+ (1 — g)r and consider some pair A and x where kr+ Ax = 1.
The bundle V := U ® ((detU,)®" @ (det m.U)®*)* is a well-defined universal bundle that
depends only on k and A. By introducing the line bundle

Lyer = (det V)X @ (det m, V)@ "

we have
detV, = L) detm,V =L "

Furthermore, if d =1 (mod r), then A\, k can be chosen in a way that

detV, = Lyer and  detm,V = L5 7

Since we will only consider the case r = 2, (r,d) = 1, we can apply the last statement

to all our calculations.
Lemma 43: When d > 4g — 3, a stable bundle V of degree d and rank 2 has h'(V) = 0.

Proof: By Serre duality we have h'(V) = h%(V* ® K) where K is the canonical bundle of
degree 2g — 2. The bundle V* ® I is stable, so if its degree is negative, it does not have
non-zero sections. Hence it is enough to choose d > 4g — 4. O]

From now on, we will only consider d > 4¢g — 3, and in this case . is a vector bundle
for the projection map m: M x C' — M.

4.5. Spaces of pairs

Let us consider the set Sect™ of isomorphism classes of pairs (V, f) that consist of a
vector bundle V' over the curve and n non-zero sections of V, represented by f: O™ — V.
We will consider two particular subsets that can be endowed with a projective scheme
structure.

Recall from Theorem 9 that the Quot scheme consists of exact sequences of sheaf
homomorphisms

E"—-O0"—F""

where > n. Over curves, subsheaves of locally free sheaves are locally free, hence F is
also a vector bundle and £ — O" is a generically injective vector bundle map. So by
denoting V' := E*, we may consider the Quot scheme as a subset of Sect™:

Lemma 44: The Quot scheme Q := Quot™ "4(O") parametrises maps O™ — E* =V
that are generically surjective.
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The expected dimension of Q is x(E* @ F) = nd + (1 — g)(n — r)r, attained when d
is large relative to n, r, g ([4], Theorem 4.28) and there is a universal exact sequence

over é
0=E&" =-0" = F""—0. (3)

On the other hand, we may restrict Sect” to stable bundles V', but permit all non-zero
maps f: O™ — V, or equivalently n sections C* — I'E* = I'V of I'V that are not all zero.

Lemma 45: Suppose that d > 4g — 3. Then the projective space P := PHom(C™, m.U)
where 7 denotes the map P x C' — P, parametrises all stable bundles with n sections that

are not all zero.

It is a fibration over M, and is of dimension dim M + nh®(V) —1=1— (1 — g)r? +
nd + (1 — g)nr — 1. Each fiber is a projective space, and so there is a universal sequence

over the fibration:
St — Hom(C", m.Ud) — Q. (2)

We will denote the line bundle IIp(U) := S*, and Op(1) := Ip(V) for the normalised
universal bundle V.

The same spaces can be defined for vector bundles of fixed determinant A as the fibers
of the fibrations @ — J3 and P — J4, where J; is the Jacobian of degree d line bundles.
Since the complex dimension of the Jacobian is g, their dimensions can be calculated
easily.

Lemma 46: Let us define Q := QN Sect} and P := P N Sect’k (where Sect’} is the fiber
of the map Sect” — Jy), the fibers of the map Sect” — J;. The dimension of P and the
expected dimension of Q is

nd+(1—-g)(n—r)r—g.

The intersection of @ and P within Sect” is open in both of them, with the same
topology. This intersection will be denoted by @ NP.

4.6. The Grassmannian over the moduli space

The points of the space P correspond to pairs of some vector bundle V€ Ma, and
an indexed set of n vectors in I'V, given up to a common scalar. This set gives a subspace
of I'V with a fixed basis (up to scalar).

There is a natural PGL(n) action that removes the choice of the generators of the
subspace of I'V generated by the n sections. When these sections are linearly independent,
each orbit gives an n dimensional subspace of I'V, or an element of Gr(n,I'V). This
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Grassmannian is defined universally for all V'€ Ma by creating a Grassmannian bundle
over Ma: Gr := Gr(n,m.U). This space does not depend on the choice of the universal
bundle, since multiplying a vector space by a scalar gives the same Grassmannian, and so
tensoring U with a line bundle over M will not change Gr.

We will construct this Grassmannian as a GIT quotient of P under the action PGL(n).
Recall that by Corollary 38, we have a natural PGL(n) action on Op(n) := Op(1)®".
Since Lyer is ample over Ma and Op(1l) is ample along the fibers of P — Ma, an
appropriate tensor combination of these two is ample over P.

Lemma 47: Consider the fibration P over Ma. Let us denote the pullback of Lye, from
MAa to P by Lyer as well. Then for a large enough K, the set of stable points of P under
the action PGL(n) and polarisation E%elf ® Op(n), denoted by P*, is such that the closed
points correspond to those maps O™ — V where the n sections are linearly independent,
and the GIT quotient is Gr.

Since each fiber is a Grassmannian, there is a universal sequence over the fibration
Gr, where 7 denotes the map Gr x C' — §r.

S" = m U = Q (2)

We will denote the line bundle Ilg, (/) := det S*, and Og,(1) := Ig, (V) for the normalised
universal bundle V.

Note: We could also define the Grassmannian over M, denoted by @7“ Most of the
results of this chapter hold also when replacing Ma, 9, P, Gr by M, Q, P and Gr, with
a few exceptions, among others those about their dimensions and cohomology numbers.

4.7. Birational equivalence

In this section, we will construct explicit parameters where P and Q are birationally
equivalent. Furthermore, we will choose the parameters in a way such that for any pair of
line bundles L£p and Lo over P and Q, respectively, that are isomorphic over Q NP, any
section over Q NP of one of them extends to a global section of Lp and Lo as well.

We have denoted by P* the stable points of P under the action PGL(n), according
to the polarisation £§§ ® Op(n). With the proper conditions, P* is a subset of QN P.

Lemma 48: Suppose that r =2, g > 2 and d > 49— 3. Then if max(x/2,2g—2) <n < x,
P* is a subset of QN P.

Proof: Clearly n must be at most dimI'V = y, otherwise the Grassmannian does not

exist.

30



Let us recall from Lemma 47 that the stable points of P are those maps O™ — V
where V' is stable and the n sections are linearly independent. On the other hand, points
in Q are maps O™ — V that are generically surjective.

Suppose that there is a map O™ — V that is a stable element of P but does not appear
in Q. This means that this map is not generically surjective. Therefore the n sections
generate a subbundle of rank lower than 2, i.e. 1. Let us denote this line bundle by L.
Since the map O™ — V is an element of P, V is stable, and so deg L < %d. Furthermore,
the n sections are linearly independent, since they correspond to a stable element of P.
These are sections of L, and so h°(L) > n. There are three cases:

1. degL > 2g — 2 and L is not the canonical line bundle. Then by Serre’s duality,
h'(L) = 0, and so by Riemann-Roch, h?(L) = x(L) =degL+1—g > n. Soif ¥ <n,
this is a contradiction.

2. L is the canonical line bundle of degree 2g — 2. Then h'(L) = 1, and h°(L) = g > n.
Since d > 4g — 4, we have ¥ > 29 —2 > g, and so if ¥ < n, this gives a contradiction
as well.

3. deg L < 2g—2. In general, h°(L) < max(0,deg L + 1), so we may suppose 0 < deg L.
Then h°(L) < deg L + 1 < 2g — 1. Hence if n > 2g — 2, we obtain a contradiction in
this case as well. OJ

Theorem 49: Suppose that g > 2, (r,d) =1,r =2, d > 6g—6, max(x/2,2g—2) <n < x,
P# C Q, and the following conditions are satisfied:

d+2g—ng >3 (8)
n<d-2g+1 (9)
d>(n+3)(g—1). (10)

Then the dimension of the Quot scheme Q is equal to that of P, and they are bira-
tionally equivalent.

Furthermore, given a pair of line bundles £p and Lo over P and Q, respectively, that
are isomorphic over Q NP, then any section over Q NP extends to a section of both Lp
and Lg, and so H(Lp) =2 H(Lg)

Proof: Since P? is included in Q, and it is open in Sect” with respect to the topology
of 9, the dimension of the corresponding component is that of P*. We will show that
the dimensions of the other components are smaller then this, thereby proving that Q is
of the same dimension as P. In fact, we will show that the codimensions of the other
components are at least 2, thereby proving that @ and P are birationally equivalent. Also
by Hartog’s theorem, any section of a Lp will extend to one over Lo, and vice versa.
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Let us define V. = E* with rkV =r = 2 and degV = d, x(V) = d + 2 — 2¢ for an
element £ — O — F. Since O — E* is surjective, V must be generated by n sections.
The expected dimension of the Quot scheme is 3g — 4 + n(d + 2 — 2g).

We will choose a component of the Quot scheme that does not contain a stable bundle.
Choose an unstable bundle V.

Lemma 50: Given an unstable bundle V' of rank 2, there is a unique destabilising line
bundle L, i.e. L =V — M with p(L) > u(V).

Since we fixed the determinant of V', det V = A, given a line bundle L, it determines
M =det L* ® A, and vice versa. Then the extensions of L and M are in a bijection with
the elements of H'(M* ® L) up to isomorphism, with 0 corresponding to the splitting
extension V =L & M.

Here are a few lemmata about the relation between cohomologies and the degree for
line bundles:

Lemma 51: If deg L > 2g — 2, then h'(L) = 0.

Lemma 52: If deg L > 0, then h°(L) < deg L. If deg L = 0, then h°(L) = 1 if and only
if L = O, otherwise h°(L) = 0.

Corollary 53: By Serre duality, if deg L = 2g — 2, then h'(L) = 1 if and only if L = K,
otherwise h'(L) = 0.

Lemma 54: If deg L > 2g — 2, then H*(V) = H°(L) ® H°(M).

Proof: If the condition holds, then by Lemma 51, H'(L) = 0. The long exact sequence
of cohomologies then becomes a short exact sequence H°(L) — H°(V) — H°(M). O

We will take each component of the Quot scheme, and calculate the codimension of
this component. For this, we will first need the dimension. Let us denote by Sqeg ar the
moduli space of degree deg M line bundles that admit a non-zero section.

Lemma 55: Consider a subvariety S C Sqeg as 0f certain line bundles, and fix an extension
L —V — M with L € §. The dimension of the corresponding component in the Quot
scheme is then dim S + h'(M* @ L) — dim Aut V + nh%(V).

Lemma 56: Let ¢ = 2 if the short exact sequence L — V' — M splits, € = 1 otherwise.
Then dim AutV = h°(M* ® L) + ¢.

Proof: Since L is the unique destabiliser by Lemma 50, an automorphism of V' preserves
L. Supppose the elements of L are fixed. Then there is a natural map a: M — L
corresponding to such an automorphism, and if m: M — L, ¢(v) := v + a(7v) defines an
automorphism. The action on L gives a multiplication by a scalar on the whole bundle V.
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Since the representant in H!(M* ® L) must be preserved, the action on L determines
the generated action on M, unless the representant is zero, hence ¢ = 1. Otherwise the
two are independent, giving € = 2. O

Corollary 57: Let us use the notations in the previous two lemmata. Supposing that
H'(L) = 0, the dimension of the component of the Quot scheme, if not empty, is dim S —
X(M* @ L) — e+ n(x(V) + h'(M)).

We will use this formula to calculate an upper bound for the dimension of the com-
ponents of the Quot scheme.

Since L is a destabiliser, clearly deg L > %d > 29— 2, and so H(L) = 0. In order for
the component not be empty, we need h®(M) # 0, and so deg M > 0. We will parametrise
the components by § := deg M, and since deg L = d — d, we have 0 < § < %d.

The expression dim Sy is bounded. On one hand, it is part of the Jacobian, hence at
most g. On the other hand, since h®(M) # 0, this M is defined by an effective divisor,
that appears as the image of Sym‘S C inside the Jacobian, of dimension at most deg M.
Therefore dim S5 < min(deg M, g).

Remark that deg(M* ® L) = d — 2degM and x(M*® L) = d—2degM + 1 — g.
Whenever § < % — g+ 1 (which is larger than 2¢g — 2 since d > 6g — 6), the extension splits,
since h!(M* ® L) = 0. However, we can say slightly more when deg(M* ® L) = g — 1
because of the following lemma:

Lemma 58: If L is a line bundle and deg L < g, then H(L) = 0 generically.

This, when applied to M* ® L, gives h!(M* @ L) = —x(M* ® L) = 0 generically.
Therefore, for this deg M, we can consider the two cases when the extension splits and
when it does not. When it splits, we have ¢ = 2, and we look at the whole S5. The non-
splitting case, with € = 1, corresponds to a subvariety & C S5 with dimS < dim S5 — 1.
Since dim S5 — 2 = (dim S5 — 1) — 1, we may assume that the extension splits for this ¢ as
well when looking for the largest dimensional components.

The formula for the dimension becomes
dimS +25 —d+g—1—ec+n(d+2—2g+h'(M))

Supposing that the dimension of the Quot scheme is equal to the expected dimension, we
shall calculate the expected codimension of this part instead:

29 —3+e+d—dimS — 20 — nh'(M) (11)

and this must be at least 0 to be the correct formula for the codimension. Also, it must
be at least 2 for Hartog’s theorem.
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Now let us consider the following components, separated according to deg M = 4.
We will look at only the smallest values of the codimensions, as that is what determines
whether we may use Hartog’s theorem.

/=0

Since h°(M) # 0 if and only if M = O, dimS = 0 and h'(M) = g. The codimension
formula (11) becomes

20—-1+d—ng

If (8) is satisfied, this is at least 2.
e g<i<29—2

This case only happens when g > 2. We have € = 2. In this case, h°(M) < §, thus
hY(M) = RO (M) — x(M) < degM — (degM + 1 —g) = g — 1. Also, dimS < g. The
codimension (11) is

g—1+d—25—n(g—1)

which is the smallest when § = 2¢g — 3:
—3g+5+d—n(g—1)

If (10) is satisfied, this is at least 2. Note that (10) is equivalent to (9) when g = 2.
o) =29—2

Since 2g — 2 > g, dimS = g. We have € = 2.

In the generic case, M # K, and so h!'(M) = 0. The codimension formula (11)
becomes

d—3g+3
Since d > 4g — 3, this is at least g > 2. Hence we don’t need to consider it.
Otherwise, h'(M) = 1, but dim S = 0, since only K is considered.
20—d+g—3+n(d+3—29)
The codimension (11) is
d—29g+3—n
If (9) is satisfied, this is at least 2.

e0<d<gandd<2g—2
We have ¢ = 2. h9(M) < §, thus bt (M) = h°(M)—x (M) < deg M —(deg M +1—g) =
g — 1. Also, dimS < ¢. The codimension formula (11) becomes at least

20—14+d—36—n(g—1)
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If g > 2, this is the smallest when § = g:
—g—14+d—n(g—1)

However, this is strictly larger than the codimension in the case ¢ < § < 2g — 2.
Otherwise, if g = 2, it becomes the smallest when § = 2g — 3 = 1:

2g—4+d—n(g—1)=d—n

However, for the M = K case, the codimension is d — 29 + 3 —n = d — n — 1, which is
strictly smaller.
Hence this case is subsumed by the previous two cases.
0e2g—2<d< %d
This case only happens when 4g — 1 > d. In this case, h'(M) = 0, dimS = g.
d—1 d—g+1

There are two cases: when § < 5= —g+1or d = —5

the later case, only generically), and ¢ = 2. Otherwise ¢ = 1. The codimension (11) is

, the extension V splits (in

g—3+e+d—26

For the non-splitting cases, this is the smallest for § = %(d —1) when g > 2, becoming

g — 1, and this is always at least 2. It always splits for g = 2.

d—g+1

For the splitting case, if 2 | g, then the codimension is the smallest for § = “5*=,

becoming 2¢g — 2, and this is at least 2.
When 2 1 g, the codimension is the smallest for § = %, becoming 3¢ — 2, which
is also at least 2. ]

Note: It is easy to check that the conditions are satisfied for the case ¢ = 2, d = 7,

n = 3, for instance.

4.8. The universal sequence

In the following sections, we will construct a correspondence of certain line bundles
over P and Q that are isomorphic over @ NP. In this section in particular, we will give a
pair of vector bundles over these two spaces that are isomorphic over the intersection.

Recall from Theorem 9 that Q has a universal sequence & — O%" — F over it.
Recall also from Theorem 26 that there is a universal bundle ¢/ over M. We will denote
by U the pullbacks of the universal bundle onto both P and Gr.

Theorem 59: The universal bundle £g over Q x C' and the bundle IIp(U)* @ U* over
P x C have isomorphic restrictions to @ NP, and Ilp(U)* @U* = Op(—1) ® V* does not
depend on U.
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Proof: Since IIp(U @ L) = 1Ip(U) @ L*, IIp(U ® L) does not depend on U, and we may
assume U =V and IIp(U) = Op(1).
Let us consider P = PHom(C", 7, V). There is a universal sequence over each fiber,

each isomorphic to a projective space, that gives a sequence over P:
0— Op(—1) - Op @ Hom(C", m.V) - Q — 0 (12)

where the first morphism gives a canonical global section of the Hom-bundle Op(1) ®
Hom(C",7,V). Since Hom(C", 7,V) = Hompy. (O™, V), this gives a global section of
Hompy (O™, Op(1) ® V), or a map

o Lo e V.

Now consider a point (V, f: O™ — V) € P. Restricting the universal sequence to
this point, the first morphism in (12) becomes @ — Hom(C", 7, V), which is equal to f,
and hence F|, ) as well. If such a point appears also in Q, the maps f = F|,s) are
generically surjective. Thus Op(1) ® V is a quotient of the trivial bundle O™ over the
subset of stable points.

Let us consider the dual map F* over Q N P:

0= Op(-1)@V* 250" » R — 0.
The universal sequence over Q restricts to the intersection as well:
0— &lonp = O" = Flonp — 0. (3)

Since the first arrow is identical to F*, the two sequences are isomorphic, and the subsheaf
Op(—1) @ V* of O™ is isomorphic to € on (QNP) x C. 0

4.9. Correspondence of line bundles

Let us fix U4 := V to be the normalised universal bundle. By identifying £o and
Op(—1) ® V3 through Theorem 59, we may create corresponding line bundles over Q
and P that are isomorphic over Q@ NP. To better understand this correspondence, let us
consider two line bundles over P, and another one parametrised by an integer (and the
corresponding line bundles over Q):

over Q over P
det &, Op(r) ® detV, =L
det(m.E*) Op(x) ® det(m,V) =: L3
det(m.E(mA))* Op(xm) ® det(m V*(mA))* = Lom
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where x := x(V) =d+ (1 — g)r and xp, := x(V*(m)) = mkr —d+ (1 — g)r.
Furthermore, there is a compatible pair of natural SL(n) actions on £g and Op(k)

(and the action is trivial on Vp). Whenever we have a polarisation on P, it induces a

polarisation on Gr. By Corollary 38, this polarisation takes the following form:

Lemma 60: Suppose that Op(k) ® ®p is ample over P for some n | k > 0, where ®p
denotes the pullback of a line bundle ®»; on Ma, with trivial action. Then there is an
induced polarisation O(k/n) ® ®g, on Gr, where ®g, is the pullback of the bundle ® 4.

A polarisation over Gr induced from Op (k) is only well defined when n | k. None of
Ly, L3 and L ,, give actual line bundles over Gr, however their product, with appropriate
powers, may give one, if the formal degree of the bundle Og,(k/n) is an integer. To
show this correspondence, I will use Og,(k/n) as a shorthand even when n { k. Then the
corresponding line bundles over Q and Gr can be written as in the following table:

over Q over P over gr
L4 det &; Op(r) ® det V), Ogr(r/n) ® detV,
L3 det(m.E¥) Op(x) ® det(m, V) Ogr(x/n) ® det(m, V)

Loy det(mE(mA))*  Op(xm) @ det(m V*(mA))*  Ogr(xm/n) @ det(mU*(mA))*

The Picard group of Gr is PicGr = Z%2, and it is generated by the pullback of the
generator of Pic Ma, Lyer, and the bundle Og,.(1).

Lemma 61: Let r and d be such that d =1 (mod r) and define y =d+ (1 — g)r. Let V
denote the normalised universal bundle and its pullback to Gr = Gr(2, 7.V) as well. Then
Pic Gr is freely generated by the line bundles

17
@n—=%

Lyver = LXQ L™ and  Lyaw = Ogr(1) = L7 7 @ L™

Proof: Let us now consider the normalised universal bundle V, defined for some pair of
r and A such that k7 + Ax = 1, and recall from Lemma 42 that the group Pic(Ma) is
generated by

Lyer = (det V,)®X @ (det 7. V)® "

where x = r(g — 1) + d. Furthermore, we have ¢;(V,) = L5 and ¢;(det 7.V) = E%C(r_”).
We will compare the equivariant line bundles £; and L3 with the two generators of Pic Gr:
Lver, the pullback of the generator of Pic Ma, and Lraus = Ogr(1).

Recall from Lemma 28 and Lemma 42 that when d is of the form ré + 1 (i.e.
d=1 (modr)), x=r(l—-g+ )+ 1, we can choose A = 1 with Kk = g — 1 — J to obtain
the normalised universal bundle. Then Lye. = detV), generates the Picard group, and
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det .V = (det V,)®179%° (with § = (d—1)/r). Consider the line bundles £; and L3 on Gr-.
By taking their appropriate combination so that Og, (1) falls out, we obtain the pullback
to Gr of the generator of Pic Ma we just described: £?X ® L?” = Lver. We also know
that £ ® E?"’\ = Og,(n(kr + Ax)/n) = Og,(1), as (det V,)®* @ (det(m.V))%* = O .
Then k = 177", giving the formula in the lemma. O

The conditions of this lemma are satisfied in the case r = 2, (r,d) = 1.

Since £1 and L3 have corresponding equivariant line bundles over Q as well, for any
element o € PicGr = Z92, we have a triplet of corresponding line bundles £%, L% and
Lg,., where the first two are isomorphic over QNP, while whenever L% is ample, it induces

&, when quotiented by PGL(n). To any such triplet, I will use the same notation for all
three line bundles, hence L1, L3, L2, Lver and Lraye can be line bundles over all three
spaces. To obtain Verlinde’s formulse, we must choose the tensor powers of Ly, as the
polarisation.

4.10. The main conjecture

Our goal is to calculate the cohomologies of line bundles over M a, or more generally
over Gr = Gr(n,m.V). The Picard group of Gr is PicGr = Z%2, and by Lemma 61,
Pic Gr is generated by the pullback of the generator of Pic M, Lyer, and the line bundle
Lraut := Og. (1) over Gr.

Acting on P via the action of PGL(n), the GIT quotient of P is the Grassmannian
fibration Gr over M. Consider the following theorem (see Teleman’s theorem in [24]):

Theorem 62: Choose an ample line bundle £ over P with a PGL(n) action. Since Gr is
the GIT quotient of P under such a polarisation, there is an induced line bundle Lg, over
Gr. Denoting x(£)PGLM =5 (—1)"dim H*(L£)PE™) | we have

X('CQT) = X(E)PGL(n) .

We will refer to x(£)PGH") as the invariant part of x(£). Using this theorem, we can
calculate the Euler characteristic of a line bundle Lg, over Gr by taking a polarisation Lp
over P, such as the one described in Lemma 60, and calculating X(EP)PGL(”) instead.

Conjecture 63: Suppose that P? is contained within Q. Consider a pair of line bundles
Lo and Lp over Q and P, respectively, that are isomorphic over the common part. If
Lp is ample over P, then the invariant parts of the equivariant characteristics are equal:
X(£p)POH — (£o)PEHD.

If this conjecture is true, then we can calculate x(Lg)PS(™ instead of x(Lp)PCGL(™)

and obtain the same result. In this thesis, we will check that for certain pairs of Lo and
Lgr, X(L)PMM = x(Lgy).
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5. Computation via localisation
5.1. Introduction

In this section, we will fix an equivariant line bundle £ over the Quot scheme Q of
fixed determinant subsheaves, and calculate the invariant part of the equivariant Euler
characteristic x7(£,t)T where T = T"~! < SL(n) is the subgroup of diagonal matrices,
which is a maximal torus in SL(n). Using the Atiyah-Bott localisation (Theorem 39 and
its virtual form Definition 40)

XT([” t) =

/ chp(L) td(TX)
XeFix(Q) /X

abT (NQX)

where the sum goes over the connected components of the fixed point set, we can calculate
this value through an integral over the fixed point set Fix(Q) of Q7.

In the first few sections, we will consider the case of an arbitrary parameter r in the
Quot scheme of rank r embeddings, provided that (r,d) = 1, and later we will return to

our concrete case when r = 2.

5.2. Fixed point set

Let us choose d and 7 such that (r,d) = 1, fix an n and consider the Quot scheme Q
of degree —d, rank r subsheaves of O™ of arbitrary determinant (or equivalently, degree
d, rank n — r quotients). First we will consider this space instead of Q, the space of
subsheaves whose determinant is fixed.

Let us write O™ as the direct sum @;_, O;. As seen in [16], the points of the fixed
point set correspond to those

0—-E—->0"=>F—0 (3)
in O where the whole sequence decomposes as n exact sequences
00— FE, —0;,—F,—=0

with £ = @ E; and F = @ F;. Since E; is a vector bundle, it is either a line bundle or
E; = 0. When FE; is a line bundle, the subsheaf F; — O, is determined by an effective
divisor given by the section O — E. When E; = 0, we obtain the degenerate map

0-0—-0,—-0;,—=0

with F; = O;, so to characterise one fixed point, it is enough to consider the set of

indices where E; # 0, and the corresponding divisors. As a set, Fix(Q) consists of pairs
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(I,(D;)i_y) where I C {1,...,n} is a subset of r elements, and for each i € I, D; € DivC
is an effective divisor, such that Y ;_, deg D; = d.

In one connected component of the fixed point set, the set of indices I such that F;
is a line bundle may not change. Also, the degrees d; = deg D; of the divisors are fixed
within each connected component. The effective divisors of degree d; are parametrised by
Sym® C. Hence we obtain the following characterisation:

Lemma 64: The space Fix(Q) is the union of connected components Xy (4,)r  such that
I C{1,...,n} is asubset of 7 elements, d; are non-negative integers such that d = ), d;,
and X1 gyr_, = [[;e; Sym™ C.

(3)
Over each connected component X of the fixed point set, we have universal bundles
& = L}, and the universal sequence (3) takes the form

O—>é§&-—>0”—>é§]ﬁ@0”‘r—>0.

i=1 =1

When we consider one connected component, we may suppose that I = {1,...,r}
and that & = 0 and F; = O; whenever i > r.

5.3. Virtual tangent space and normal space

The tangent space of Q at a smooth point £ — O™ is isomorphic to Hom(E, F') by
Theorem 10. When considering a point in the fixed point set, this space decomposes
into ®z j HOI’I](EZ‘, F])

Lemma 65: Consider a connected component X of the fixed point set. Then the tangent
space of X and the normal bundle in @ at a smooth point are

@Hom(Ei, E)) and @ Hom(E;, Fj)
i=1 1<i<r
1<j<n
i#]

respectively.

A space is smooth when the tangent space has the same dimension at all of its points.
However, the Quot scheme is not smooth, and the above spaces are not of the same
dimension at all points, hence the Atiyah-Bott localisation formula may not be used in its
classical form. As seen in [16], we may replace the tangent space of the Quot scheme by
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a virtual tangent space and calculate the virtual Euler classes via the virtual Atiyah-Bott
localisation.

Recall from [16] that the virtual tangent bundle of the Quot scheme may be con-
structed as a two-step complex of vector bundles Ay — A; with the property that for all
sheaves Z on the Quot scheme,

0— Hom(E, FOm*I) - AT = A @T — Ext}(§,F) @ T — 0.

Then K-theoretically Ay —.A; = Hom(&, F) — Ext' (€, F) at any point, which is the direct
image m(€* ® F) at that point. Therefore, instead of using the characteristic classes of
the complex Ay — A, we may replace them with the characteristic classes of m(£* ® F).
When applying the Atiyah-Bott localisation, we replace the tangent bundle with the virtual
bundle m (£* @ F).

Following the setup in [16], we obtain via calculation the virtual tangent space of a
connected component X of the fixed point set

TX =P Ta, (13)
i=1
and the virtual normal bundle in @
NX=NzX= P Ty (14)
1<i<lr
1<j<n
i£]

Then we can use the following form of the virtual Atiyah-Bott localisation (Definition

40)
v1rt ChT td TX)
(L t) Z / abT NX
Xele(Q)

by replacing [Ag] — [A1] — [T'X] with [IVX], according to (13) and (14).

5.4. The characteristic classes over the fixed point set

Let us fix a connected component X of the fixed point set. To calculate the Atiyah-
Bott formula, we need to calculate td(TX) and abp(NX) where TX and NX are the
virtual tangent and virtual normal bundles of X, respectively. Recall that the charac-
teristic classes are defined on elements in K(Quot) via td(A — B) = td(A)/td(B) and
abr(A — B) = abp(A)/abp(B), and as seen in the comments after Theorem 39, we
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may apply the Atiyah-Bott localisation to the characteristic classes of the virtual bundles,
td(TX) and aby(NX) to obtain the virtual Atiyah-Bott formula.

Recall that the virtual normal bundle is n = &, +; Tij, while the virtual tangent
bundle is T' = @, Ti; where T;; = m(&EF @ F;) = m(E @ O;) — m(EF ® E;). Since both td
and abg are multiplicative, it is enough to calculate td(7};) and abz(7};).

Recall that £ is none other than the universal line bundle £; over Sym% C, and so
we can write the needed equivariant Chern characters over the fixed point set

chr(m(& @ O0))) =" (di — (g — 1) = 6;) - (t;/t:) (4)
chr(m(&f ® &) =" (d; —d; — (g —1) — (0i + 0; — 055)) - (;/t:). (5)

([16])
To obtain td(7X) and abyp(NX), we will apply the following proposition to these

Chern classes.

Lemma 66: Given k variables z; in a commutative ring, if > 2 =0 for all k >n > 1
and » z; = 0, then a symmetric sum foll . a:f" is 0 if and only if any of the k; are
greater than 1, and Yz, ---2;, = L0,

n nf
Proposition 67: Let us suppose that a (possibly virtual) vector bundle V has a T-

equivariant Chern character of the form ch” (V,t) = t“e"(n + 0) with n and 6 degree 2
cohomology classes and n € Z. Then the Todd and equivariant AB-classes are as follows:

td(V) = <177€_n>n.exp <f} - 67707 1)

abr (V) = (1 — =%~ exp <69_1> .

Proof: With this condition, the symmetric polynomials constructed from the Chern roots
of this vector bundle behave in the way described in Lemma 66.

Let us consider the Chern character of the form ¢=*(n + 6) where ¢ = t~te™"7 is a
degree 2 equivariant cohomology class. Suppose that the roots are \;. Then the AB-class
is JJ(1 — ge=*#). It can be expanded as [] (1 —q+q)\i — %q)\? +.. ) Expanding the
product gives us a symmetric polynomial. Because of the Lemma 66, any higher power
in the As will disappear, so we can suppose that A? = 0, and we look at [ ((1 — q) + g\;).

Then the AB-class is equal to

(Zu ot qk;!ek> — (- e (2.

k
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or

t=%e "4
1—tYe " — .
=1

In a similar way, assuming that the Chern character is e”(n+0), the Todd class would
be [] #ﬁ” Looking at only the denominator, one factor can be then rewritten as
Yoo m(—l)k(n + \;)*. As before, we can ignore the higher powers of \;, which gives
us > ﬁ(nk + kPN,

Let us group the terms of this sum using the notation f(n) = > ﬁnk, g(n) =
> ﬁknk_l. The reciprocal of the Todd class can thus be rewritten as [[(f(n)+g(n)\;).
Once again, we can rewrite in terms of the symmetric polynomials, the denominator
becoming >_,_ f(n)" *g(n)* 6%, which is equal to f(n)" exp (%).

Since f(n) = % and g(n) = f'(n) = W, the complete formula for the
Todd class becomes as in the proposition. O

Using these results, we can give the expression for abp (N X):
N — (1 — (+. /. )M \di—(9—1) _ (ti/tj)e_m . 0.
abp(Ti;) = (1 — (t;/tj)e ) exp ( T (6/t)e 0;

it j > r, otherwise:
N — (00— i/ti)e M
(1= (t:/tj)e )%= Dexp (‘% : Qi)

(1= (ti/t;)e=m+m)di=d=(s=1) exp (_M (0; +0; — 01’3‘))

1—(ti/tj)677“+nj

abr(Tj;) =

and td(7'X):

—_— . —Clq;—‘r(g—l) _n
1 — i i 1
) = (=) oo (- 1) n),
ni L—emm

The complete characteristic classes are then the products of these formulze:

abp(NX) = [[abr(T;)  td(TX) =[] td(T).
i#] i

Note that ch(m (& ® &)) = —(g — 1), so td(m(& ® &;)) = 1.

5.5. Line bundles over the symmetric products

To calculate the localisation formula, we need to fix an equivariant line bundle £ over
the Quot scheme. Among others, we are going to look at these three particular virtual
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equivariant line bundles: det &,, det m&(mA) and det mE* (where A is a degree k divisor
in C).

Lemma 68: If we restrict £ to the fixed point set [] Symdi C, we obtain

chy(det&,) = [ [ tie ™, (15)
chT(det mg(mA)) — H(tie*m)mk—dif(gfl) e 27 91" (16)
chr((detm&*)*) = H(tie*m)di*(gfl) e b, (17)

%

Proof: Let us consider det £, which becomes ), & over the fixed point set. Given the
line bundle det &£,, which is the pullback of det £ via the injection {p} — C, and knowing
that the first Chern class is —n, the equivariant Chern character becomes [ [ t;e=".

Taking the line bundle det m&(mA), then according to the Grothendieck-Riemann-
Roch theorem (and knowing that ¢;(Oc(A)) = k-1 ® w over H*(Sym(C) ® H*(()),
ch(m&;(mA)) = tie™" (mk — d; — (g — 1) — 0;). Knowing that for ch(X) = te™(n £ 0),
ch(det X) = tet™e*? we obtain (16).

To prove (17), we can use the same argument, using that ch(m&;) = t; *e" (d; — (g —

1) —6,). O

Comparing the Chern characters of these three line bundles, we see that we may
choose two parameters y and v as follows:

ch
Ly = A—1,0 det &, [tie ™
Ez,m =L _mktg—1,—1 det(m&(mA)) ([Ttie™) (Tt
£§ = Eg—l,l det(mé’*)* (H tiefm)_(g_l) . (H t?iefdmﬂr@i)
E—p,,u general case (11 tie*m)“ . (H tlf_liefdmﬁei)y

The Chern character calculation suggests that by introducing E_W, = 5?(“ M E?V,
the line bundle £3 ,, = £_pk4g-1,—1. We will see this proven in a later chapter.
Note that we can conclude from Lemma 61 that the Verlinde polarisation is Ly, =

L.
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5.6. Calculating the localisation formula

We will calculate the Atiyah-Bott localisation formula (Theorem 39) for one con-
nected component of the fixed point set X € Fix(Q) over the Quot scheme Q, in the

chy (L) td(TX)
/X abT(NX)

non-fixed determinant case:

choosing the general case L = L_ -
Let us plug in the values of these classes for Quot x C' for one connected component

of the fixed point set X:
r H r v
/ <H tie"i> . (H t?iedini+9¢>
X \i=1 i=1

ChT(L)
T o\ —di+(g—1) r .

1— M4 i 1
1) (B0 ) o)
i=1 i - N )

td(TX)
H (1 — (ti/t;)e™ ™)~ di+(g—1) H H (1 — (t:/t;)e —mitnyydi—d; (9= 1.
i=1 j=1 i=1 j=1
i#] i#]

part of abp (NX)

T n
(ti/tj)e"m (t;/t;)e it
exp Z;Zl—t/t e _Zzl_t/t e—"Mit1; (0: +0; — 0i5)
1= j=1
i#] i;ﬁj

part of abp (NX)
Henceforth I will only write the limits of the summation when it is for the index j, as i is
always summed from 1 to r.
The sum of (0; + 6; — 6;;) can be regroupped by i < j, and since
(ti/tj)e” ™ (tj/t)e™ ™™
T (/e 1= (e

the exponential part can be rewritten as

L (tift)e ™ e 1
Z Zl_(ti/tj)efm—i_l_efm ) 6+Z€+0

i VE) i 1<J
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- (ti/tj)e*"i e 1 -
— — -1)]-6;,—> 0.
Z Z 1— (t;/t;)em + 1—e -+ (r—1) Z J

i j#i i i<j
This way the formula can be rewritten as

/ Lot e > (utdiv)ni+r Y 6
X

1 — e\ %tle—1) n .
H <> H(l — (ti/tj)e )~ dit D) H(l — (ti/t;)e et ydi—di—(9=1)
i " 7 i#]

" (ti/tj)e_’“ e 1 "
B -0 - s
exp | Y Zl_(ti/tj)efm + T +r=1)] 0= 0

i G i i<j

By properly combining terms, we can get rid of the conditions i # j, giving the following

result.

Proposition 69: In the non-fixed determinant case, taking a connected component of
the fixed point set in the Quot scheme, X7 (4,), € Fix(Q), corresponding to the index set
I ={1,...,r} and degrees det&; = —d;, the Atiyah-Bott localisation integral over this

connected component is

/ TTeet e S (utdiymity Y 0
X

Hngi_(g_l) H(l _ (ti/tj)e—m)—dri-(g—l) H(l _ (ti/tj>e—7]i+7lj)di—dj—(g—l)

i i i
n T
(ti/tj)e_”i 1
exp ———— — — 4+ (r—=1)| -0;— > 0
2\ T @er T TN

5.7. Fixed determinant case

Up till now, we have considered the case when the determinant of E is not fixed. The
Quot scheme of all degree —d, rank r subsheaves, which we denoted by é, contains the
Quot scheme of those subsheaves of a fixed determinant D, denoted by Q, as a subvariety.
Since the T action on the two spaces are compatible, Fix(Q) = Fix(Q)NQ. The localisation
formula over @ is then equal to that of é, but with an additional factor corresponding to

the Poincaré dual of Q.
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Lemma 70:

oo T[S0 .
X CFix(Q) X e

Now let us restrict ourselves to rank » = 2 bundles. Such a bundle in the fixed point set
is one that decomposes as a sum E = E1®Fs. Its determinant, which is now fixed, becomes
a product D = det E = det £} ® det F5. Under the determinant map, this becomes
[D] = [E41] + [Es] € J. This means that the fixed determinant part of the fixed point set is
the preimage via the determinant map of the set of pairs (det Ey,det E3) = (a,b) € J x J
such that a — b = [D] € J. This is a translation of the anti-diagonal in J x J.

This anti-diagonal is calculated in Proposition 33, and since Q@ N X = A, the

integration becomes

A h A = —(01+ 602+ 612)7.
/s abr(NgX) o e & =it he)

5.8. The Hausel-Szenes formula over symmetric products

From now on, we will only consider the r = 2 case.
In the article of Hausel and Szenes ([10]), a consequence of theorem 8.4 is the follow-
ing:

Proposition 71: Given polynomials A and B;; in several variables,

[ A exox(B) - ©7) = Rega(a) - LD

_ : 1 _ o l@,;j le 75 j .
for D = B + diag (5), where B;; = B;; and ©;; = 5 £ i . are symmetric
i r=7
matrices, while 77 = n; is a vector. Also, diag (%) is the diagonal matrix with entries mi

The notation Res is shorthand for the sequence Res ... Res.
=0 x1=0 z,=0

In our case,

n

n 1
D — Zj:l (t;/t1)em —1 +1+v -1
= 1
-1 21 W men—1 T 1TV

To restrict this integral to the fixed determinant subset of the fixed point set, that is
the anti-diagonal A, we need to multiply the integrand by A”. In order to write

/ A7) (6: +8; + 07)9 exp(tx(B(7) - OT))
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we will write B’ = B + € - [1 1] in the place of B, and derive it g times. Since
detD’ = det D + ¢ - D where D = D11 — D13 — Doy + Doy, the right hand side becomes

D(x)

I“Res A(%) - ———F—.
9" Res (@) [Tot @D

For our D

n n 1
1 S | 9 —
E:t/hem71+ +u |+ E:@thm—1+ +u |+

j=1 j=1

= 1 - 1
_ _ 444
2 men =1 L T fmen—1 72T

—1

Then, after multiplying the body of the integral by Z*, and regrouping the 6; vari-
ables:

1
/ 5(91_1_92_1_912)9.H(tiefni)/i‘l’diV
X .

%

n 2
Hmdi—(g—l) H(l — (t;/t;)e M)~ dit D) H(l — (t;t;)e~ T )di=di=(9=1)
i ij i#j
n

1 1 .
exp Z ZW—E—I—U—%(Z—D -Hi—ZQij =

i \j=1 i<j

= Res Res | [(tie%1)nrdv

xr1= 0%2 0
1

n

H(l _ (ti/tj)e_mi)_di"r(g_l) H(l _ (ti/tj)e_xi'f'mj)di_dj_(9_1)

(2] i#]
n n g
S Y L oid) dode
2dx7.
= (t]‘/tl)eml —1 = (tj/t2)€x2 —1
. . —x; . dXi
After changing variables X; = e™% du; <5

X1 =Y; =1, giving the following result:

Proposition 72: In the fixed determinant case, taking a connected component of the
fixed point set in the Quot scheme, X € Fix(Q) a connected component, corresponding
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to the index set I = {1,...,r} and degrees det&; = —d;, the Atiyah-Bott localisation
integral over this connected component is

Res Res | [(t:X;)» v
Xi=1X,=11
7

> di—d;—(g—1)

[[0 - (6t oo ”H(

i, i#]
- 1 ¥ " ax, dx
> -+ > Fow44 | 22220
i—1 (t/tl)Xl =1 t /tQ -1 Xy Xy
5.9. Summation over the connected components
di—dj—(g9-1)
First, let us rewrite the terms ] oy ( Z];) i as
2
H(thj — ;X)) H(tiXi)—deﬂr(g—l)
i#j i

and combine the second factor with the first line; then rewrite the term HZ2 £ (t; X; —
t; X;) %4 —(9-1) a5 (—1)d+(9—1) (1 Xy — t2X2)2(179) . Also note that in the last line, we
can replace the terms Zj((tj/tl)Xl_1 — 1)~ ! by >.(1= (t1/t;)X1)"t — n.

2

Tay.ap(tr tosts, ..o ty) o= )l({esl Res1 (£ X; ) 2dit (g=D+div | x =1y
1

i=1
n
H(1 _ (ti/tj)Xi)fdﬁ(g*l) . (_1)d+(971) (1 Xy — t2X2)2(1*9)

g

-2 2 4| dXodX
Z_: tl/t +Zl—t2/t n—+2v + 2d X1

To calculate the contribution of all connected components, we have to sum these formulae
for all d; + do = d and for all choice of the subset {t;,,t;,} within {¢1,...,¢,}. One way
to write this formally is

Z Z Idl,dz (ta(l)ata(Q); t0(3)7 B 7t0(n))'

di+dz=d €Sy,
o(1)<o(2)
c(3)<...<o(n)
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Let us fix o and sum these for d; and dsy. Since dy +ds = d, we can introduce a single
variable, and write § := d; and dy = d — 9:
d

1
Z Res Res (tthXlXQ)“ d+(g— 1)(t X, )26+61/(t X, )2d+d1/ 26—dv
XXy
g—1
n n n
[T = i/t x0) T = /) X)) 70 T = (/1) X2)0
i, i=1 i=1
(_1)d+(g*1) (X — t2X2)2(1*g).
n n g
-2 2u+4 | dX.dX;.
;1—t1/t +;1 tz/t n+2v+ 2d Xy
Then regroup the factors according to whether they depend on § or not:
1
X, X pu—d+(g—1) X 2d+dv
)Ee_s Res (tltg 1 2) (t ) X1X2
[T = /e Xt - T = (o /t) Xo) ™ (=) P00 (1 X — 1, X5)20 79
2] i=1
. g
—2 2 4
le—(tl/t +Zl—t2/t nevE
d 24v n 4
t1X4 L — (t2/ti) X
N == | dXadX;.
() i) wee
We can proceed to sum the geometric series in
<t1X1>2 H 1— (t2/t:) X
taXo LT — (/)X
giving:
1
p—d+(g—1) 2d+dv
)Eesl Res (tlthng) (t2X2) X%,
[T =/t xa)o - TT = (2/t) X2)? 7 74 (=)D (1 X — 15 X5)20 9
i=1 i=1
n n g
> ! +)° ! —2n+2v+4
S1-W/)X o 1= (/)Xo
24v
X n 1—(t ti)X
((gxé) iz 1(5?@))5) -1
dXodX;.

2+v
X 1—(t2/t:) X
(ib{é) 'H?:l 1_&%%{ -1

50



Let us consider the new term

n d+1
<t1X1>2+” H (ta/t:) X
e Tt /t)x ‘

When we calculate the inner residue in X5 = 1, we will be looking at the order of terms

in some expansion of 1 — X5. Without actually calculating the expansion, we can see that
in this term the smallest exponent is (1 — X5)4*!. However, combining all other factors
in the formula, the smallest exponent there may appear is —d — 1, found in

1 g
(1 — (ta/tg) X gflfd'...- —_— 4 ...
(1~ (t2/12)X) (o )
Therefore this factor can be eliminated.

This gives us the main result of the thesis:

Theorem 73: Consider the Quot scheme Q of fixed determinant subsheaves of rank r = 2,
and fix the line bundle L = £_, ,. Then the Atiyah-Bott localisation integral over the
complete fixed point set is

~ 1
= _1)d+(g—1) | p—d+(g—1) 2d+dv
X(E_.Uuy) Z )Ef;sl)]{%ezsl( 1) ( t X1X2) (t X) X1X2
1<i;<ia<n
H( = (/1) %0)7 H (tin /85)X2) 97170 (1, Xy — 1, X))
Jj=1 j=1
n n 9
1 1
+ —2n+2v+4
;1(1'1/75]'))(1 ;1(%/%’)){2

-1

X\ 2T o 1= (f, /1) X
1-— L . AL VeVl dX,dX;.
(t Xz> Hl—(til/mxl 2

12

J=1

5.10. A special case: n =2

In [5], a Quot scheme is studied with parameters r = n = 2, which is a smooth space,
since by Corollary 11, the dimension of the Zariski tangent space is constant throughout
the space. We will give a more concrete expression of the previous integral for this case.

We may calculate the localisation for n = 2 for the SL-action. In that case, t1ts = 1,
so we can replace t; by t and t5 by t~'. To simplify the notation, we will also replace X;
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by X and X, by Y.
1
XY
(1-X)9 1 1—2X)97 L. (1—¢t2Y)9 4. (1 —y)9~ 4. (1 X — 7 1y)2(-9).

1 1 1 1 9 g
+ + + +2v ) -
1-X 1—t2X 1—t2Y 1-Y

-1
X\ 12y 1-Y

1— (¢ . : X

( <t Y) 1—£2X 1—X> dyd

Res Res(—1)4T0=1 . (Xy)r-dtla=1) (= 1y)2d+dv
X=1Y=1

Then combine (1 — X)9- (1 —t2X)9-(1 —t72Y)9 - (1 — Y)9 with the second to last line,
to obtain the following form:

Proposition 74: Consider the Quot scheme of fixed determinant quotients Q with r =
n = 2. Then the Atiyah-Bott localisation integral over the complete fixed point set is

Res Res(_l)d-i-(g—I) . p—2d—dv xp—d+(g=1) 1y ptd+(g—1)+dv—1,
X=1Y=1
(1 — X)—l . (1 — t2X)_1 . (1 _ t_2Y)_1_d . (1 _ Y)—l—d . (tX . t—ly)z(l—g)_

(I-X+1-£X)1-t2YV)1-Y)+ (1 -t Y +1-Y)1-£X)(1 - X)+
+20(1 -t 2Y)1-Y)(1 - £2X)(1 - X))

-1
X\ 12y 1-Y
— 27 . .
(1 (t Y) 1—£22X 1-X dydx.

5.11. Computer calculation for n =3

Together with Andrés Szenes and Zsolt Szilagyi, we have written a Maple program
that calculates the formula in Theorem 73. We have chosen the parameters r = 2,
n=3,9=2,d=717, and considered the Verlinde direction (5x, —2x) (Lemma 61) in
coordinates £1 and L3 (note, this is not the basis we chose for calculating the Atiyah-Bott
localisation). We obtain a homogeneous Laurent polynomial in three variables ¢y, ta, ts,
corresponding to the diagonal entries of SL(3).

In the first image (k = 7), we show the signs of the coefficients of the monomials (blue
for positive, red for negative, empty if zero). The coordinates are t1/ty and ty/t3, skewed
by rotating the vertical axis 30° to the left.

The multiplicities of the irreducible representations of the SL(3) action are shown
in the second image. These can be derived using the polynomial in Theorem 73 via
Theorem 34, by multiplying the polynomial with the Laurent polynomial (7) and taking
the coefficients in the dominant chamber.
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By taking the invariant part of the SL(3) representation — appearing as the origin in
the diagram — we were able to numerically verify Verlinde’s formula for these parameters.
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6. Calculation on the Grassmannian
6.1. Introduction

To verify Conjecture 63, we need to calculate x(Lp)PS(™ (where x(L)PEHM) is
defined as 3, (—1)"H*(£)PEL(M™) and compare it to y(Lo)PM™ for a certain pair of
line bundles £p and Lg, isomorphic over Q@ NP. As we have seen in Theorem 62,
X(Lp)PEH™) = y(Lg,) when Lp is ample, so we will calculate the Euler characteristic of
line bundles over Gr.

To do this, in this chapter we will review some results on the Grassmannian, mostly
from [26], and compare them with the equivariant integrals of the previous chapter.

6.2. Basics

Consider the algebraic curve C' of genus g > 2 and let 1,eq,...,e25,0 be a basis of
H(C) with 1 € HY(C), o0 € H*(C), e; € H'(C) and e;e; = %5“,3-‘,90. We will denote
the moduli space of rank r = 2, degree d vector bundles of determinant A by MY = Ma.
Recall the notation U for the rank r = 2, degree d universal bundle over M x C' and the
projection w: e x C' — e,

Let W C End(U) be the subbundle of traceless endomorphisms, and assume that
d > 4g — 3. Let us introduce the classes o € H>(Ma), 8 € HY(Map), ¥; € H}(Mp) in
the Kiinneth decomposition of the second Chern class of W:

2g
W) =20R0+4) ¢;®e;—Bo1eH (MaxC)
i=1
and the abbreviated classes
2g 2g
V=4 ®e;  y=-2) tithiry € H(Ma).
i=1 i=1

Note that U2 =y ® 0.

6.3. Chern classes of the universal bundle

Once again, we will look at the universal bundle &/. Recall from Lemma 28 and
Lemma 42 that we may choose the normalised universal bundle V, for which ¢;(V,)
generates Pic M

(g = Der(Vp) = ea(mV).
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Consider the first Chern class of the universal bundle:
aUd)=d@o+y®1e€ H*(Ma x O)

with y = « in the case of U =V (note that y = ¢1(U,)); also its total Chern class:

cU)=14c(U)+ 301(1/1)2 + %CQ(W).

Introducing the formal parameter /3, we can formally decompose this formula as

cU) = (1+ altd) +2\/B®1) : <1+ alth) _2\/B®1> +6 b= %a@a—kﬁl.

Lemma 75: ([26]) Let £ be a vector bundle over X with the (formal) decomposition
c(€) = (1 +21)(1 + 22) + 0 with 21, 22 € H*(X) and § € H*(X) and 63 = 0. Then

el — e*? el — "2 el + "2
ch(§) = e™ +e™2 + o — — 52
© <($1 —w2)® 2z - 1‘2)2>

Then if { has the decomposition ¢(§) = (1 4+ z1 + 22)(1 + 21 — 22) + J, the formula

becomes.
sinh x5 sinhxy coshxa
ch(§) = e™ <2 coshxy — . 0 — ( 123 — 123 ]

In particular, for £ = U,

ch(U) = e#-
sinh(v/8/2) . (sinh(v/B/2)  cosh(v/B/2) "
<2C°Sh VB2 - =55 ( BB/ VB >”® )

6.4. Functors of the universal bundle

One can calculate the total Chern character of mi via the Grothendieck-Riemann-
Roch formula

ch(mid) = /C ch(U) td(TC) =

({3 (5+3) =472)
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or, by introducing the notation ch(¢,t) = > e*?s when 6; are the Chern roots of &, and
=27+ ap,

enimit, ) = et ((a+2 29+ Lt = 1) conhv/Ft/2) - %W)

Then its determinant has Chern character

ch(det(mid), t) = exp (y(d 2 - 29) = O‘t)

On the other hand,
ch(Uy,,t) = 2e% cosh(y/Bt/2)

and so
ch(det(U,),t) = e¥*

6.5. Push-forward to the Grassmannian bundle

Proposition 76: Let £ — X be a complex vector bundle of rank n. Consider the
Grassmannian bundle f:Gr(n,&) — X. Let S(§) — Gr(n,&) be the tautological bundle
and denote £(§) = det(S(£)*). Then

ch(fi(L(§)®*)) = Schur(eny (€™, e7"")

where Schur ) is the Schur polynomial associated with partition (k,...,k) (n times) and
Vi,...,V, are the Chern roots of V. — X.

Lemma 77: The degree zero and degree one parts of the following polynomial are
_ _ k
Schur(gny(e™,...,e"") =D — Dn—v+...
n

n
for some D and for v := )", v;.

Proof: Since we are not interested in higher degree terms, we may assume that v;v; = 0
for all v; and v;. Then the Schur polynomial takes the form

hi hey1 oo RArgn—
hy—1 Iy, P () S
hisn—1 Pign—2 ... hy
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where
e — A+n—1 B Atn—1
AT A r-1 )"

or hy = ay (1 — %y) with the shorthand notation ay = (>‘+;\171).

To calculate the determinant of the above matrix A, we may consider a permutation
o € S, and define L7 :=sgn(o) [, As(i),i» a summand in det A. Since v? =0, and each
term hy decomposes as a) — %a,\u, instead of considering all the expansions in L%, we
only have to treat those that contain a single v.

Denote by L§ the same summand with v replaced by 0 (hy replaced by ay). Consider
Aji = hyyi—j, and write

L° =L§ (1,/.214;—1'271_0@)) :Lg.<1n,’]z]/>

i=1

where each index ¢ corresponds to the decomposition with v chosen from column ¢. Finally,
when summed for all o, we obtain D - (1 — n%l/), where D is the determinant of the A
matrix with all hy replaced by ay. O

6.6. Integration on Ma

We want to calculate the formula [ iy F(B)a™(v*)Pe”. Let us first review some
results of Zagier.

Zagier introduced the class v* = 2y + a8 € HS(Map). Let R = Q[o,3,7] =
Qle, B8,7*]. For every g let us define the linear function E,: R — Q by specifying its

values on the monomials

B [ anir

A

and summing for g to obtain Er: R — Q[T):
o] 1 g—1
erla] = Y Byl (~17)
g=1
which is a polynomial, since for large enough ¢ the integral E,[z] is zero.

Proposition 78: ([26], Proposition 2) Let F', u, w € Q[[5]] such that «(0) # 0. Then
defining the power series @ through its inverse Q~1(3) = %, we obtain

cu(Batw(B)y] _ VBF(B)Q'(T)
Er[F0) sinh[v/B(u(B8) + Bw(B))] B=Q(T) '
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Or, in residual form:

fes  (CUINF(S?)u(s?)

5=0 S29—2sinh[S(u(S?) + S2w(S?))] 4

Proposition 79: ([26], Proposition 3) Let F, h, u, w € Q[[]] such that A(0)u(0) # 0.
Then defining the power series g through its inverse ¢~ ! = W, we obtain

_ BREY)
sinh[v/B(u(B) + pw(s))] B=q(T) .

By [F(B)h(g)e Pt @

Or, in residual form:

Rog (C9IF(S)u(8%)01(5%)?

5=0 5292 sinh[S(u(S?) + S2w(S?))] 4

To calculate [,, F(B)a™(y*)Pe®, consider

/ F(B)a™(y*)Pe™ = m! p! Coeffmmgp/ F(B)eltt@atzy"
Ma Ma

so replacing u(8) = 1 + = and w(3) = z in the first proposition gives

/ F(B)el+Iatm" — peg (V' ES) A1) o
Ma

5=0 S29=2sinh[S + xS + 259]

thus

1 (TS + o)
MAFNP o — ) d
/MA F(R)a™(a7)ret = ml pl RegRes ey ot iort 52072 smh[S + 25 1 299] 207

6.7. Line bundles

Proposition 80: Denote by f:Gr — M the projection. Then det fi(L®F ® O(M)) is
positive over M if 2Kx > nM (x — 1), where x =d + 2(1 — g) and £ = Lye,.

Proof: Let us consider a general line bundle B := L®X @ O(M). By Grothendieck-
Riemann-Roch, we know that ch fi(B) = f.(ch BtdTF) where f:Gr — M, and TG =
Ty Gr is the vertical tangent bundle via the projection. Since £ is a pullback,

fo(ch LEE ch O(M)td TG) = ch LEK £, (ch O(M) td TG).
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The line bundle det fiB is determined by the degree 1 term in ch fi(B).
Recall from Proposition 76 and Lemma 77 that

M
fe(chO(M)tdT) =D — Dn;y—l—...

for some D and for v := Z?zl v; the Chern roots of V. We know that chm.V =d+ 2 —

29+ =29 4 henceV:sz_Zq

5 a= X7_1a. Therefore

ch fi(B) = (ch£)® f.(chO(M)td TG) =
Y —1

— (1+aK)D (1 M

-1
a+...> —D+Da<K—nMX2 >—i—
X

X
Since the constant term must be positive, ch fi(B) is positive if 2Kx > nM(x —1). [

Corollary 81: If LK @ O(M) is ample over Gr, then its pushforward to M must be
positive, hence 2K x > nM (x — 1), where x = d + 2(1 — g).

Lemma 82: The line bundle Ly ,,, defined as Og,(xm/n) @ det(m.U*(mA)) with x,, =
mkr —d+ (1 — g)r, can be decomposed in PicGr as [La,,] = (mk + 2(1 — g))[L1] — [L3].

Proof: It is a simple calculation that the powers of Og,(1) add up, hence it suffices to
verify that ¢q (mU*(mA)) = (mk+2(1—g))cr (mld), —c1(mld), as Pic M is generated by a
single element. This is a simple consequence of the Grothendieck-Riemann-Roch theorem.
[

Recall the notation Lray,g for the line bundle Op(n). Recall also from Lemma 61
that [Lver] = X[£1] —2[L3] and [Lrau] = n25X[L1]+n[L3], giving [£1] = [Lver] + 2 [Lraud]
and [£3] = X[Lraut) + 25 [Lver]-

Recall from Theorem 17 that over Q, Lo ,, is ample whenever m > max(l —d —
2(1—g—k),29—2). Recall that C' can be embedded into Proj K®" provided that n > 3 for
g =2, n > 2 for hyper-elliptic curves and n > 1 otherwise. Then k = deg A = 2n(g — 1).
Therefore:

Lemma 83: Let us fix a parameter k& = 2n(g — 1) such that C' can be embedded into
Proj K®™. Then whenever m > max(l —d — 2(1 — g — k), 2g — 2), the line bundles

(mk +2(1 — g))[£1] — [£3]

are ample over Q.

On the other hand, if a line bundle is ample on Gr, then its push forward must be
positive on M by Corollary 81, giving the following condition:
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Lemma 84: If the line bundle A[L;] + B[L3] over Gr is ample, then A > 0.

6.8. Computer calculation

We have checked together with Andrds Szenes and Zsolt Szilagyi in Maple several
values for the case g =2, r=2,d=7, x =5.

Over the Quot scheme, we evaluate the localisation formula for different equivariant
line bundles, and take the SL(3)-invariant part. We also calculate the corresponding
integral over the space Gr for the corresponding line bundles. We obtain two tables with
similar entries. The left-top corner starts at O, while the horizontal coordinates are the
negative powers of L3, and the vertical ones are the positive powers of L;.

According to Conjecture 63, we expect that in this diagram, in the ample chamber
of the space P, the values will match in the two diagrams. This chamber is delimited by
the Verlinde direction, which is (x, —r) = (5, —2) by Lemma 61, marked like this. The
values that match are marked like this, and the first entries in each column where the two
tables diverge is marked like this.

We can verify two important properties from this diagram: the ample cone must
contain only positive line bundles. By Lemma 84, these are the elements where £; has
positive powers. The matching part is contained within.

Furthermore, the line bundles that are ample over Q may not appear inside the ample
cone of P. Recall from Lemma 83 that for m > max(2(k — 2),4), (mk — 2, —1) is in the
ample cone of Q. For g = 2, we may choose k = v -2(g — 1) = 2v with v > 3. Hence for
m > max(4(v —1),4), (2vm — 2, —1) is in the ample cone of Q. These appear outside the
matching part in fact for any v > 1.
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o ch (£5)®2? (£5)®3 (£5)®4 (£5)®5 (£35)®8 (£5)®7 (c5)®8
(@] 1 69 213529 10856560 159439822 1241803165 6557484419 | 26606035859 | 89198380777
Ly 20 0 63176 5907352 107368640 932136700 5252743496 | 22243653152 | 76845639108
L?Q 175 0 4426 2612533 65628849 658693900 4031540106 | 18003106996 | 64523990726
L?g 980 134 —3410 778850 35465716 435975812 2964529304 | 14123682704 | 52884841526
6?4 4116 2945 0 3225 15764320 265866978 2078455904 | 10726448130 | 42310813310
Li@‘r’ 14112 21504 a4 —131516 4492976 144121160 1374427016 7854964876 | 32994078572
£i®6 41580 96546 2905 24671 —603676 63609755 839858463 5505154259 | 24998102805
Ligﬂ 108900 326018 34944 0 —1667736 16156260 454824568 3645547994 | 18303712570
Li®8 259545 911050 208332 1275 —536699 —6453911 196092380 2228515821 12841339875
[,(18)9 572572 2223296 827640 27480 0 —11884248 39559728 1198077384 8509439520
Li@lo 1184183 4899183 2553188 218484 231 —6841516 —38244736 494967109 5188281166
[,(1811 2318680 9967382 6632206 1053360 14070 3242560 —59153188 59925098 2749387994
Ci®12 4331600 19016613 15209885 3729583 162736 0 —42581434 —164069710 | 1061970532
L?la 7768320 34411736 31733560 10670660 963072 4504 —4882024 —230138556 | —2597460
6?14 13441968 59566962 61464766 26215360 3907695 92335 0 —186133127 | —567489775
6?15 22535064 99285942 112115742 57506512 12399530 711816 670 —73454698 —T747803490
L?IG 36729945 160179458 194629127 115604151 33040280 3377880 38915 73887737 —648301397
£i®17 58373700 251172448 324119496 216849184 77183808 11923340 435176 0 —361420296
Li@ls 90684055 384113147 520997225 384505475 162921795 | 34412287 2516148 10901 34384350
L?lg 138003404 574498218 812296602 650710310 317510180 85753440 10058730 216410 0
[,(18)20 206108980 842328881 1233231571 1058765600 580278499 190955016 31671783 1628508 1469

Values of X(CQ)i“V
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o £} (£5)®2 (£35)®3 (£3)®4 (£5)®5 (£3)®8 (£5)®7 (£5)®8

ol m 1 —6804 518661 — 8302392 65033144 335815389 | —1318191424 | —4259587371

£4| 20 0 —320 —174240 — 4585920 — 45733380 272259000 | —1172727520 | —4042746540
%2 —1120 0 61 —28908 1834833 — 25683345 183996780 | —890803179 | —3327370288
£P3| —20232 134 0 1120 — 493922 11735712 — 107652006 | —603274230 | —2482916480
24 161535 2045 0 1055 —51480 — 4145960 — 54404505 — 368218500 | —1706216595
£P5| —sa7704 21504 aa 44 20832 922064 — 22930416 201244296 | —1082475576
£%6] —3396120 83160 2905 0 9095 30855 — 7261040 — 96067895 — 629694000
£P7| —11236320 179322 34944 0 914 127080 — 1048138 — 37668906 — 329820920
Li@s —32200839 46137 208332 1275 0 51296 564707 —9973968 —149516675
£%9] —82483940 — 1430720 827640 27480 0 8260 526680 313040 — 53002020
£8P0 —103051144 | —7511688 2496637 218484 231 231 217812 2422277 —9093096
£ 419497000 | 26067810 6107920 1053360 14070 0 47490 1738770 5828960
£12| 56589175 | —73852471 12498672 3729583 162736 0 3639 754812 7489573
£813| —1659003696 | —183414880 | 21430404 10670660 963072 4504 0 203784 4907760
£®14 ~3070049040 | —413712000 | 29398985 26053520 3907695 92335 0 26985 2245320
£815| 5460495744 | —865723950 | 25603600 56139984 12399530 711816 670 670 711144
£®10| _9379973205 | —1704652335 | —14800500 109063515 33040280 3377880 38915 0 133765
£817| —15623767260 | —3190581504 | —141270480 | 193563216 77183808 11923340 435176 0 9316
£O18 _25318246928 | —5719809392 | 443626659 | 315971700 162550719 | 34412287 2516148 10901 0
5?19 — 40028577160 | —9879407370 | —1074628640 | 474552000 314559630 85753440 10058730 216410 0
£920 _61892817679 | —16517947407 | —2281328192 | 650041119 566863704 190955016 31671783 1628508 1469

Values of x(Lg,)
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