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IL NUOVO CIMENTO Vor. XXX, N. 5 1¢ Dicembre 1963

On the von Neumann Algebras Generated by Field Operators.

M. GUENIN (*) and B. Misra

Institute for Theoretical Physics, University of Geneva - Geneva

(ricevuto il 26 Giugno 1963)

Summary. — It is shown that the von Neumann algebra 9:; which is
generated by field operators of an open space-time domain A is never a
factor of type I, (with n < oco) or II;. An argument is skeiched to show
that the factor 9,4 associated with a bounded and open space-time
domain 4 is not of type I, either. It is noticed that a variant of this
argument may be utilized for showing that the factors associated with
special space-time domains are not of type II,. The arguments for
ruling out the possibility of «types» I, and II, are incomplete to the
extent of two unproved mathematical propositions which however are
likely to be true. Some of the known results pertaining to the structure
of the algebra %, which is generated by all field operators are also
rederived from a slightly different point of view than the usnal.

1. — Introduction.

The von Neumann algebras generated by the field operators are convenient
tools for formulating and discussing the axioms of quantum fleld theory. (%).
Tt is therefore of some interest to study the structures of these algebras. The
questions concerning the structure of these algebras can be divided into two
groups. The first group inquires about the structure of the algebra R, gener-
ated by all field operators. This group of questions have been studied by
several authors in recent years (24). In particular BORCHERS has proved in

(*) Supported by the Swiss National Research Foundation.

(1) R. Haac and B. ScHROER: Journ. Mat. Phys., 3, 248 (1962).

(2) H. J. BorcHERS: Nuovo Cimento, 24, 214 (1962).

(3) T. F. Jorpax and E. C. G. Subarsuax: Jowrn. Mat. Phys., 3, 587 (1962).
(*) D. RusLLE: Helv. Phys. Acta, 35, 147 (1962).
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ON THE VON NEUMANN ALGEBRAS GENERATED BY FIELD OPERATORS 1273

the framework of Wightman's formalism, that the commutant 9, of 9N, is
abelian. Furthermore it has been shown that 9 is irreducible if and only
if the vacuum state (which is assumed to be cyelic for M) is unique. In this
paper we do not add any essentially new result concerning the first group of
questions. However, we xhall rederive (in Appendix I) some of the known
results from a slightly different point of view.

The other group of questions, that can be asked, pertains to the structure
of the von Neumann algebra 9¢, which are generated by the field operators
of an arbitrary open space-time domain . {. REEH and SCHLIEDER have obtained
the important result that the vacuum state (whieh is assumed to be eyclic
for 9t,) is also eyelic for 9¢,. no matter how small 4 is (*). In a recent paper
Haac and SCHROER (') have outlined a method to prove that the algebras 9,
are indeed factors. In thix paper we shall investigate the structure of these
factors.

It may be interesting to rvecall in this connection that the factors of
«type IT;» were a special favourite of von Neumann. He conjectured that
all measurable field-theoretic quantities should be expressible in terms of oper-
ators in « type I1,» factors. This conjecture would indeed be true in the
factors N 's associated with bounded, open space-time domains were of type II;.
For, in thix case all, so-called, quasilocal observables would be expressible
in terms of «type IT;» factors.

Von Neumann's preference for « type I1,» factors can be understood if
one remembers that such factors have some very regular properties (*). For
example, every closed, linear and hermitian operator affiliated to a factor of
type II, is automatically self-adjoint. Furthermore all c¢losed linear operators
with domainx of definition dense in the Hilbert space and affiliated to a « type IT, »
factor are defined in a common dense domain. Any polynomial of such oper-
ators is defined on a denxe domain and admits of a closure. Thus the troubles
connected with domain-questions of unbounded operators do not arise in the
case of operators affiliated to a «tyvpe II,» factor.

However we shall see (in Section 38) that the factors N, associated with
open space-time domains are never of tvpe II, or of type I, (with n < o0).
In the same section we shall outline an argument for showing that the 90 's
associated with bounded, open space-time domains are not of type I_. A
variant of this argument may be used to rule out the possibility of « type 1I_ »
factors in case of special space-time domains.

Our arguments for these cases are incomplete to the extent of an unproved
mathematical lemma. Nevertheless we present this incomplete argument with
the hope that the gap in it can be filled eventually.

(*) 0. Rern and 8. SCHLIEDER: Nuove Cimento, 22, 1051 (1961).
(8) J. von NEvwaNN: Collecled Works. vol. 3 (New York, 1961), pp. 116-119.
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1274 M. GUENIN and B. MISRA

Before entering into the discussion of the structure of 9,’s we shall begin
(in the next section) with a rapid survey of some of the mathematical results
that will be needed in the sequel.

2. — Mathematical preliminaries.

In this section we shall colleet together some important definitions and
theorems, all centering round the mathematical objects called « von Neumann
algebras ». The literature about von Neumann algebras is voluminous (°*) and
the reader should refer to some of them for a more detailed discussion of the
subject matter of the present section.

Let @ be a set of (not necessarily bounded) closed linear operators in a
Hilbert space $. Then &' will denote the set of all bounded linear operators
T of  such that T as well as T* commute () with every operator in &.
If & is a *-get of operators, i.e., if with the operator § the set & contains the
operator S* also, then the set &’ is identical with the set of all bounded linear
operators which commute with every operator of &. The set &’ is called the
commutant of the set & of operators. We now state the

Definition 1. A set R of bounded linear operators in the Hilbert space £
is called a von Neumann algebra if N is a *-set of operators and N'=N.

It can be easily verified that whenever the operators T, and 7', belong to
a von Neumann algebra R, the operators 7,7,, T,+ 7T, and aT («, a complex
number) are also in 9. Evidently the unbounded operators eannot be mem-
bers of a von Neumann algebra.

However one can introduce the weaker concept of the affiliation of an un-
bounded operator with a von Neumann algebra.

Definition 2. An operator T' (which is not necessarily bounded) is said to
be affiliated to the von Neumann algebra 0 if every operator of R’ commutes
with T.

The following theorems will illuminate the notion of affiliation:

Theorem 1. A self-adjoint operator T is affiliated to the von Neumann
algebra M if and only if all the spectral projections of T' are in % (*).

(7) J. DixMier: Les algébres d’opérateurs dans Uespace Hilbertien (Paris, 1957).

(8) M. A. NAIMARK: Normed Rings (Amsterdam, 1959).

(") A bounded operator 7T is said to commute with an unbounded operator § if
the operator ST is an extension of TS: TS cS8T.

(*) J. von NeEUMANN: Oollected Works, vol. 2 (New York, 1961).
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ON THE VOXN NEUMANN ALGEBRAS GENERATED BY FIELD OPERATORS 1275

As a ximple corollary to Theorem 1, it follows that 7' is affiliated with W
if and only if all bounded functions (in the sense of functional ealeulus (“’)) of
T are in N. We have the following, slightly more general

Theorem 2. A closed linear operator 7 with nonempty resolvent set (%)
ix affiliated to the von Neumann algebra 9¢ if and only if all the resolvent oper-
ators of T arve in M.

We shall formulate now another necessary and sufficient criterion for a
closed operator to be affiliated with a von Neumann algebra.

For this purpose we recall that every closed linear operator 7' can be rep-
resented in the form 7'= 0B, where 2 and B have the following properties:
the operator B is a positive definite self-adjoint operator such that B*=T7*1
the operator £ is a partially isometric operator whose initial domain is the
closure of the range of 7™ and whose range is the closure of the range of 7.
It can be shown further that the decomposition 7= 2B having the proper-
ties just mentioned is unique. It is called the polar decomposition of the oper-
ator T (1), The following theorem provides now the necessary and sufficient
condition which was alluded to earlier.

Theorem 3. Let the closed linear operator 7', with domain of definition
dense in $, have the polar decomposition

T = 0B.

Then 7' is affiliated with a vou Neumann algebra 2 if an only it Q as well as
all the spectral projections of B are in % (2).

As before, let © denote a given set of closed linear operators. It can be
proven that the set &' is a von Neumann algebra of bounded operators (*3).
The following important theorem is an easy corollary of the preceding state-
ment.

Theorem 4. Let & denote a set of closed linear operators. Then the set &
is a von Neumann algebra with which every operator in & is affiliated. If N
is a von Neumann algebra such that every operator of & is affiliated with it,

(1) I*. Riesz and B. 8z.-Nacy: Lecons d analyse fonctionnelle (Paris, 1955).

(") A complex number z is said to belong to the resolvent set of T if the inverse
(I'—=zI) of (T—=zI) exists and is a (everywhere defined) bounded linear operator.
Every operator which is of the form (T —=zI)-!, where z belongs to the resolvent set
of T, is called a resolvent operator of 7.

(1) Ref. (8), p. 284.

(12) . MurraY and J. vox NEvuMANN: vef. (%), p. 33, lemma 4.4.1.

(13) Ref. (9), p. 121.
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1276 M. GUENIN and B. MISRA

then

Y.

©

In other words &” is the smallest von Neumann algebra with which every
operator of & is affiliated. The set &" will be referred to as the von Neumann
algebra generated by the set & of operators.

Definition 3. Let 9t be a given set of linear operators of the Hilbert space 9.
A vector ¥ in § is called a eyclic vector of the set N if the smallest closed linear
manifold spanned by all vectors of the form TY¥ with T'e <N coincides with
the space . Another important concept is that of a separating vector for a
set of operators.

Definition 4. A vector ¥ is called a separating vector of the set ¢ of
operators if Te® and T¥ =0 imply that T'=0.

In this connection we have the important

Theorem &. The vector ¥ is a cyclic vector of the von Neumann algebra 3¢
if and only if it is a separating vector of %' (14).

The structure of von Neumann algebras (or more precisely factors) was
first investigated by MURRAY and voN NEUMANN. What follows is a brief
sketch of the Murray-von Neumann classification of factors into different
types (*9).

Definition 5. A von Neumann algebra 9 is called a factor if the center
MNR of N is the multiplum of the identity.

A trivial example of a factor is the algebra B(9) of all bounded (linear)
operators in the Hilbert space $. The factors in a finite-dimensional vector
space have a rather simple structure. It can be proved that every factor in
a finite dimensional veetor space $, is (algebraically) isomorphic (*) to the
algebra of all linear operators in some suitable vector space (which is in general
different from $,). The proof of this simple result hinges essentially on the
fact that every factor in a finite-dimensional space possesses minimal projec-
tions. If the preceding assertions were also true of factors in the infinite-dimen-
sional case the strueture theory of factors in a Hilbert space of infinite dimen-
sions would be the same as that in a finite-dimensional space. It was however
discovered by MURRAY and voN NEUMANN that this is not the case and in

(14) Ref. (), p. 5-6.

(*) Two von Neumann algebras 9t, and 9%, are said to be (algebrically) isomorphic
if there exists a one-to-one and linear mapping @: T &(T), from N, onto N, such
that @(TS8)= &(T)B(S) and H(T*)= (S(T))* for all T, S x,.
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ON THE VON NECMWANN ALGEBRANY GENERATED BY 1IELD OPERATORS 1275

consequence the factors in an infinite Hilbert space have in general a richer
structure. In order to reveal the new possibilities, MURRAY and vON NEUMANN
developed a theory of comparability of projections in the factors. In this
connection the basic notion ix that of the equivalence of two projections rela-
tive to a von Neumann algebra.

Definition 6. The projeetions P and P, are said to be equivalent rela-
tive to a von Neumann algebra O if there exists a partially isometric opera-
tor 2 in M such that

In this case we write P~ P, (... ).

Jvidently, if two projections are equivalent relative to the algebra 9 then
they belong to . It ix also evident that if two projections are equivalent refa-
tive to any von Neumann algebra 9 then the linear dimensions of the closed
linear subspaces, onto which the projections project the entire Hilbert space
are equal. The converse of this statement is however not true. One can now
define an order-relation in the set of the projections of a factor.

Definition 7. Let P, and P, be two projections of a von Neamann al-
gebra M. We say that P, ix not greater than P, relative to M (and write
P P,(... M), if there existx a projection P, P, (*) such that Py~ P, (... N).

It the relation P, & P,(...9) holds, but the relation P~ P,(... M) does not
hold then we say P, is less than P, (relative to M) and write P, x P, (.. MN).

The set N” of all projections of a factor N is totally well-ordered with
respect to the order relation () introduced in Definition 7. Thix means that
if PP, and P, are any two projections in 9 then at least one of the relations
P Py(..0) o Py 20P (N holds. Farthermore if the relations P, P, (... 9)
and P, € Pi(... ) hold simnltaneouxly then we have P~ P,(...9).

Definition §. A projection P in a von Neumann algebra 9 will be called
infinile velative to 9 if there exists a projection P, such that Py <P and
Py~ P(...MN). Otherwise it isx xaid to be finite relative to 9¢.

It can be proved that an infinite projection of a factor in a separable,
Hilbert space ix equivalent (relative to 9¢) to the identity operator,

Definition 9.\ von Neumann algebra 90 is said to be of finite type if
every projection of 9t is finite relative to M. Otherwise it is said to be of
infinite type.

(") We write Py P, if Po(D)S Py(9); where Py(9) and P,(9) denote the subspaces
onto which P, and P, respectively project the Hilbert space .
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1278 ‘ M. GUENIN and B, MISRA

A trivial example of an algebra of infinite type is the algebra B(H) in an
infinite-dimensional Hilbert space $. It can be verified that if 9%, is a finite
(or infinite) von Neumann algebra then any other von Neumann algebra 9,
which is (algebraically) isomorphic to 9, is also finite (or, respectively, in-
finite). Von Neumann algebras can also be grouped into two classes according
as they contain minimal projections or not.

Definition 10. A projection P =0 of the von Neumann algebra 0 is called
a minimal projection of 9t if the conditions

a) P, is a projection of N, and
b) Py<P
imply that either P,=0 or P, = P.

We have now all tools on hand to introduce the Murray-von Neumann
classification of faetors.
Definition 11.
a) A finite factor containing minimal projeetions is called a factor
of type Tyu..
b) A finite factor which has no minimal projections is said to be of
type II;.
¢) An infinite factor having minimal projections is referred to as a factor
of type I_.

d) An infinite factor 9 which has no minimal projections and which
contains at least one finite projection (other than zero) relative to M is called
a factor of type IT.

e) An infinite factor 9t is said to be of type III if every one of its
nonzero projections is infinite (relative to 9t).

In their original papers MURRAY and voN NEUMANN arrived at the clas-
sification of factors through a different method. They introduced the important
notion of a (relative) dimension funection on the projections of factors.

Definition 12. Let M be a factor. A real-valued function Dg(P) defined
on the projections of M is said to be a relative dimension funciion on N if the
following conditions are satisfied:

1) Dyp(P)=0 for P=0 and Dxy(P)>0 for P=0.
2) Dyp(P)= oo if and only if P is infinite relative to M.
3) If Pi~P,(...N) then Dy(P)= Dy(P,).
1) If P,P,=0 then Dw(P,+ P,) = Dyp(P,)+ Dy(P,).
3) It P, < P, and P, is finite relative to N, then Dyn(P,) < Dy(P,).
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ON THE VON NEUMANY A\LGEBRAX GENERATED BY FIELD OPERATORN 1279

One has the important

Theorem . If M ix a factor then there exists a relative dimension fune-
tion on the projeetion of . Any two relative dimension functions on the same
factor can differ only by a constant multiplying factor.

In other words if D, and D, are two relative dimension functions on N,
then we have
Dy(P) = o Dy(P)

for all projections P in 9¢ with some constant real positive z. Murray-von
Neumann’s classification of factors follows from the following

Theorem 6. Let N be a given factor, and Dg; a relative dimension funetion
of 9. Then a constant real multiplying factor « can be chosen so that the
set of all valuex which the function xDy; assumes will coincide with one and
only one of the following sets:

a) The set of numbers: 0, 1, 0,.... n (with n <7 co).
by The set of all numbers: 0, 1.2, ..., n, ..., co.

¢) The closed interval [0, 1].

d) The interval [0, col.

¢) The numbers 0 and co.

The factor N is of type 1,. T, II,, IT_, or IIT according as case a), b),
¢), d) or ¢) holds (respectively). It can be verified that the classification of
factors as given by Definition 11 ix the same as the one just described.

The algebra B(H) in the n-dimensional (» may be oo) Hilbert space © ix
an example of factor of type T,. In fact every factor of type I, is alge-
braically isomorphic to the algebra B(9) in an n-dimensional space §. Special
examples of factors belonging to type II,, IT_ or IIT_ can also be con-
structed (**). Thux factors of all possible types actually occur.

We shall close this preparatory xection with some additional definitions
which will be needed later.

Definition 13. The von Neumann algebra 9t in a Hilbert space $, is said
to be spatially isomorphic to a von Neumann algebra 9, in the Hilbert space £,
if there existx a unitary mapping (i.c., a one-to-one, linear and isometric map-
ping) U from $, onto $H, such that

DR U =N,

L8337



1280 M. GUENIN and B, MISRA

Here U$, 0! denotes the set of all operators (in $,) of the formy U'TU 1
with Tei,.

Tt may be noted that if two von Neumann algebras are spatially isomorphic
then they are also algebraically isomorphic. Two von Neumann algebras may
however be (algebraically) isomorphic without being spatially isomorphic.

Definition 14. Let 9¢ be a von Neumann algebra and M+#0 a closed
linear subspace of ©. Consider those operators 4 of 9 which are reduced by
M and form the restrictions Ay of A into M. The set of all such operators
Ay will be denoted by 9tgp) and will be called the reduction of the algebra i
to the subspace IMM. If P is the projection operator onto I one writes some-
times N, to denote Nqy).

3. — The von Neumann algebras of field operators associated with open space-
time regions.

A field is usually defined as a linear and (weakly) continuous mapping of
a certain space of functions (called the test-functions) defined on the space-
time manifold, into the set of closed linear operators in a Hilbert space $ (1%).
The field operator corresponding to the test-function f(z,, x) will be denoted
by A(f). Let A be an open domain of the space-time manifold. With the
domain A4 we shall associate the von Neumann algebra 3, generated by all
field operators A(f) corresponding to test-functions which vanish outside the
region /.

As mentioned in the introduetion, Haae and SCHROER have outlined an
argument to show that the von Neumann algebras N, are in fact factors.
In this section we shall attempt to determine the « type » of these factors 9t .

Before proceeding with this task we shall first rapidly enumerate the pos-
tulates of quantum field theory that are used (either explicitly or implicitly)
in our discussions:

1) The Hilbert space £ is with positive definite metric.

2) For @ and ¥ in the common domain of all field operators A(f), the
functional (@, A(f)¥) is a tempered distribution.

3) Relativistic invariance: There exists a unitary representation (a, A) —
— U(a,A) of the proper inhomogeneous Lorentz group such that

Ula, YN, U a, A) = Ry 430, 4y -

(%) A. 8. WiGHTMAN : Problémes Mathématiques de la Théorie Quantique des Champs,
C.N.R.8. (1957).
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ON THE VON NEUMANN ALGEBRAS GENERATED BY FIELD OPERATORS 1281

Here [A](a, A) denotes the set of all space-time points of the form Ax+ a
with xe 4.

4) The spectrum condition.

5) Local commutativity: If the space-time domain $; is totally space-
like with respect to the domain A, then

N, CNy.

6) Existence of a cyelic vacuum state.

7) The completeness postulate: The algebra 9t generated by all field
operators A(f) is irreducible,

7

RN, = ().

In addition to these postulates several restrictions of technical nature are
imposed on the domains of definition of the field operators A(f) (35). A detailed
discussion of the postulates enumerated above can be found in the paper of
Harc and SCHROER (1) and in that of WHIGHTMAN (%),

We also formulate the additional postulate of

8) The strong « primitive causality »: the von Neumann algebra N,
associated with a spatially complete (*) open space-time region A is identical
with the algebra 9t generated by all field operators A(f).

We may note that the postulate of « primitive causality » (as formulated
in the paper of Haac and SCHROER (1)) is a special case of postulate (8).

It may be that postulate (8) can be derived from the usual postulates of
quantum field theory and the postulate of « primitive causality »» In fact
BorcHERS has proved that the algebra 9t associated with a special type of
spatially complete region is identical with the algebra N _ (1¢). However we
shall not discuss here further about the validity of postulate (8) and only
remark that the property of being a factor, of the algebra 9, (associated with
open domain A) is an immediate consequence of the postulates (5), (7) and
(8) (1. In the following discussion the postulate (8) is used only in so far as
it is necessary to prove that the algebras 9 's are factors.

After these preliminary remarks, we now prove the

(") A space-time region A is said to be spatially complete if there exists no open
space-time domain which is totally spacelike with respect to 4. Otherwise a space-
time region A is said to be spatially incomplete.

(1%) H. J. BorcHERS: Nuovo Cimento, 19, 787 (1961).

81 - Il Nuovo Cimento.
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1282 M. GUENIN and B. MISRA

Theorem A (*). The factor N, associated with an opens pace-time region A
is not of finite type. In other words 9, is not of type I, (with » < oo) nor
of type II,.

Proof of theorem A. We first remark that it is sufficient to prove the
theorem for a (arbitrarily small) spatially incomplete open domain A. This
is because any open domain A, will always contain a spatially incomplete open
domain, say A,, and if R, is not finite then the algebra 9, which contains
9t,, can not be finite either. Furthermore, for the sake of easy visualization,
we shall consider bounded cylindrical regions of space-time; ¢.e., collection of
all space-time points (x,t) such that

|x|<T and ' |t|< T, (r, >0 and finite).

One may convince oneself as before that this is not an essential restriction.
In order to complete the proof of the theorem A we need the following
lemmata.

Lemma 1. The factor N, associated with a spatially incomplete open domain
A is of finite type if and only if its commutant N, is of finite type.

Proof of Lemma 1. We recall that the vacuum state ¥, is cyclic for i, (5);
since the domain A is spatially incomplete there exists an open domain A,
which is totally space-like with respect to 4. The vacuum state is also cyclic
for N, and hence it is, a fortiori, cyeclic for 92'4 which contains %, . Thus ¥,
is both a eyclic and a separating vector of R, as well as R/. It is well known
that if there exists a vector which is a eyclic as well as a separating vector of
a von Neumann algebra (say 9) then either, both 3¢ and R’ are finite algebras
or both are infinite (). Hence either, both 9, and %; are finite or both ave
infinite.

Lemma 2. Let R and N, be two factors such that a) N, c N; b) N; "N =~ {AI}.
Further let there be a vector, say ¥, which is a cyclic vector for R, and a
separating vector for %. Then there exists a vector f (s40) such that

O c O3 ().

(*) The proof given here was stimulated by a communication from Professor WicHT-
MAN where it was mentioned that this theorem had been proved by Professor KAapisox.
The proof given here is however independent of Kadison’s.
(") If % is a von Neumann algebra then we denote by {9y} the smallest closed
linear manifold spanned by the vectors of the form Ty with T %.
(*7) Ref. (7), p. 250, ex. 2. ‘
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ON THE VON NEUMANN ALGEBRAS GENERATED BY FIELD OPERATORS 1283

Proof of Lemma 2. Let P (0, £I) be a projection of the algebra
N, N N. We shall show that the vector P¥=f has the desired properties.

Since P (£0) belongs to N and ¥ is a separating vector for 90, we cannot
have f (=P¥)=0. Furthermore it is evident that (% f} c {3f}. Therefore
we have only to prove the existence of a vector in {f} which does not belong
to {N, fi. Let U (s£I) be a unitary operator of % which does not commute
with P. (Such unitary U exists, for otherwise the projection P (0, ==I)
of N would commute with every unitary operator of 9 and hence it would
belong to the center of the factor %, which is not possible.) Evidently both
Uf and U*f are in {3tf}. We now show that at least one of them is not in {, f}

Suppose, to the contrary, that both Uf and U*f are in {0, f}. We have

1)) ufl = (PP} = (PR, P} = P(D) .

Therefore we should find

(2) PUf=PUPY¥Y =Uf= UP¥Y
and
(3) PU*f = PU*PY = U*f = U*PV¥ .

(4) (PUP—UP)¥ =0
and
(5) (PU*P—U*P)Y¥W = 0.

Sinee the operators (PUP— UP) and (PU*P— U*P) belong to N and ¥ is
a separating vector for M, we should have:

(6) PUP = UP
and
(7) PU*P = U*P.

Taking the adjoint of the last equation we obtain PUP=PU Thus we are
led to the impossible conclusion that U and P commute. Hence the hypoth-
esis that both Uf and U*f belong to {SQJ} must be false.

Lemma 3. Let 9 be a finite factor and Dy a (relative) dimension funection
of M. If M, is a subfactor of N then the restriction of Dy to the set of projec-

(°) As before P(9) denotes the range of the projection operator P.
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1284 M. GUENIN and B. MISRA

tions of M, is again a (relative) dimension function on N,. In other words if
we define a function Dy, by setting Dy, (P)= Dx(P), for all P e R, then Dy,
is a (relative) dimension function of 9¢,.

The proof of Lemma 3 consists in verifying that the conditions 1 through 5
of the definition 12 (Section 2) are fulfilled by

Tf the function Dg,.
2 We can now complete the proof of Theorem
—— » A as follows. Consider a bounded and open
space-time cylinder 4. Every open space-time
wlight cone  cylinder contains two open domains which are
Tig. 1. totally spacelike to each other. Let A, and 4,
be two such open sub-domains of A4 (Fig. 1).
In the following we write, for the sake of convenience, N, %, and N, in
place of 9,, N, and N, , respectively. Now we first note the following facts:

a) R,cN; and N, 0N>N, (A1}
b) The vacuum state ¥, is a cyclic vector as well as a separating vector

for 9¢, and also for 9. We have already noticed this fact in the course of the
proof of Lemma 1.

QOur task now will be to show that the facts a) and b) are inconsistent
with the assumption that 9 is a finite factor. If 9 is of finite type then its
subfactor 9, is also finite. From Lemma 1 it follows that 9, is also finite.
Let D and D, be two relative dimension functions on 9 and 9, respectively.
The restriction of D onto 9%, and that of D, onto %', will be respectively
denoted by D, and D’ (note that R'c N). According to Lemma 3 D, and
D' are relative dimension functions on %, and N’ respectively.

The desired contradiction will now result from an application of the fol-
lowing well-known.

Thecrem 7 (¥). Let D and D' be reiative dimension functions of a factor iR
and its commutant 9, respectively. Then there exists a (real, positive) cons-
tant ¢ such that

D({®f}) = eD'((R1}) ,

foi' all vectors f of the underlying Hilbert space (*).
Before applying the Theorem 7 to the case in hand it may be well to add
the following explanatory remarks. Except for the case when % and %' are

(18) Ref. (%), p. 72, theorem X. :
(") It can be easily verified that the projection P, onto {R'f} belongs to 9. Here

we write D({R'f}) to denote D(P,). The notation D'({9f}) has similar significance.
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of type 11T, the constant ¢ of Theorem 7 is uniquely determined by the given
pair D and D' of relative dimension funetions. In particular when both N
and RN’ are finite (so that D and D’ assume only finite values), the constant e
is obtained by forming the ratic

with any vector f==0.

We now choose of vector f(0) such that {Sﬁ‘f}g{ff} Lemma 2 gua-
rantees the possibility of such a choice. Since both €, and 5)%'1 are finite,
the ratio

D,({%f})
Di({.1})

is a finite real number, say ¢;. According to Theorem 7 this ratio is inde-
pendent of the vector f and hence we can write

® o, DAEETY) D)
CODIEY) DR

The last equality in relation (8) holds because D, is a restriction of D.
Similarly we can also show that

) . DEWD) _ DR
D'({Rf})  Di({NP,})

Since ¥, is a cyclic vector for every one of the factors 9¢, ', N, and ‘JEZ
we obtain

- Do)
Dy(H)

(10) c=c

On the other hand we have chosen f such that [3¢f}2 {W,f]. Therefore
we should find -
(1) () DI({Rf}) = Di({07}) > Di(f}) -

(") The equality of the relation (11) is due to the fact that D’ is the restriction
of D;. The inequality follows from property (5) in definition 12 (of Section 2).
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Evidently {%f} 2 {N'f} (recall that N, ON'). Hence we also have

(12) D,({%,1}) = DT} > D) .

Relations (11) and (12) now yield ¢,>e¢, which contradicts relation (10).
Thus the assumption that 9 is finite leads to contradictory conclusions and
hence must be false.

We now mention a simple corollary of Theorem A. For this purpose we
introduce the

Definition. A bounded linear operator T is said to be a « quasi-local » ope-
rator if there exists a bounded and open space-time region A such that
TeN,: More generally an (not necessarily bounded) operator S is said to be
a quasi-local operator if it is affiliated to the algebra 9, of a bounded space-
time region 4.

We can now formulate the

Corollary to the Theorem A. A quasi-local operator is never a compact
(completely continuous) operator.

Proof of the Corollary. Suppose, to the contrary, that a compact operator 7',
belongs to the factor R, of a bounded space-time region 4. It would imply
that 9, contains at least one projection, say P which projects the Hilbert
space onto a finite-dimensional subspace. It is however not possible since the
reduction (9,), of ETE; onto the range of P would be algebraically isomorphic
to %', which is a factor of infinite type.

Theorem A leaves open the possibility of the types I, I, and IIT_.
We now briefly sketch an argument to show that the factor %, which is asso-
ciated with a bounded and open (space-time) domain A, is not of type I .
It is clear that by translating (spatially) the region 4, we can obtain another
space-time region 4, which is totally spacelike with respect to 4.

Evidently we have

(13) N, N,
and
(14) RN,, = Ul@)R, U(a).

It :%, is of type I, then 9, (which is spatially isomorphic to N,) would
also be of type I. We consider now the von Neumann algebra {) 2,UR Ag}s xN.
The relation (13) and the assumption that 3¢, and %, are factors of type I,
imply that 9 is also a factor of type I (**). Let now P be a minimal projec-

(1%) Ref. (%), p. 81, lemma 11.5.2.
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tion of 9, . Then the reduction 9, of N to the range of P is (algebraically)
isomorphic to %, (*). Since 3¢, is an infinite factor, the minimal projection P
of 9, , and therefore a fortior: all projections of N 4, Will be infinite relative
to M. This conclusion which is derived here under the assumption that ¢,
is of type I, remains true in general. In other words it can be shown that
if 4, is any spatially incomplete (or bounded) region then there exists another
spatially incomplete (or bounded) region 4 such that A,c A and every pro-
jection in 9, is infinite relative to 9, (**). However this conclusion and the
assumption that N, is of type I, are in contradiction with the following
plausible

Proposition. B, (*). Let 9t and M, be factors of type I, sueh that 9%,CN.

Furthermore let there be a vector ¥ which is a eyclic vector of %, and a
separating vector for . Then a minimal projection of 9, is a finite projection
relative to M.

Therefore if proposition B, turns out to be true then we would have a
proof that 9t, is not of type I,.

The following generalization of the proposition B, suggests itself imme-
diately.

Proposition B,. Tet M and N, be two factors which fulfil the following
conditions

a) M M.

b) There exists a vector ¥ which is a cyclic vector for R, and a sepa-
rating vector for 9.

c) M, and N are spatially isomorphic, and
d) {(M AR 0N =N,

Then a projection (of %,) which is finite relative to R,, is finite relative
to N also. Proposition B, is a special case of proposition B, because when
both M and N, are « type I » factors the conditions (¢) and (d) are implied
by the conditions (a) and (b) (**). We remark now that if proposition B, is
true then one can prove that the factor N 4, of a space-time cylinder A,, which

(2°) Ref. (%), p. 80, lemma 11.5.1.

(*') B. M1sRA: On the algebra of quasi-local operators of quantum field theory, to be
published.

(") See note added in proof.

(%) Ref. (7), p. 121 (lemma 6-7), p. 233 (theorem 3) and p. 307 (ex. 13).
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extends (spatially) to infinity on one side of the light cone (see Fig. 2) is not
of type II_. Before ending this paper we may add the following additional
remark: if the factor 9, associated with a bounded space-time cylinder A°

is not of type I, then the factor 9t,

@ !

Tt o (or %,) of the unbounded cylinder A,
(or 4,) (see Fig. 2) ean not be of type I
SER\V W,A°/ AN\\s> either. In order to prove this remark we
>< note that the union of A,, 4, and A4, is
a spatially complete open space-time do-
Fig. 2. main. Hence we may assume
(15) R0 (R, UR,Y =N,
Evidently we also have
(16) - {%Ao Y (%Al v %Az)}”: {%An uRy,

where we have written 3% to denote the algebra {9, UR,}". If N, is of
type I, then by reason of symmetry %, is also of type I,. Hence 9t is of
type I,. Therefore the algebra {R, UN}'= N, will be of the same type as
N, (**). Since N, is assumed to be irreducible it is of type I, and so should
be 9, . Thus we have proved that 9, is of type I only if %, isalso of
type I,.

* % %
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from CERN for several interesting discussions.

APPENDIX

It is amusing to note that some of the well-known results about the
von Neumann algebra N, are immediate consequences of the following
postulates:

Postulate a). — Let @ denote the von Neumann algebra generated by all
observables. Then

(A1) QC R -
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The meaning of postulate a) is that every observable can be expressed in
terms of field operators.

Postulate b). — There exists a complete set of commuting observables (:3).
It has been shown (2¢25) that postulate b) is equivalent to the assumption
that the commutant ¢’ of @ is abelian.

(A.2) Q0'c.

The later assumption is often referred to as the «assumption of commutative
superselection rules ».
It follows now immediately from (A.1) and (A.2) that

(A.3) N COTCPC N .

Thus the commutant N, of N, is abelian; a result which had been established
by BORCHERSs (2) in the framework of Wightman’s formalism.

Another result which has been proved by BorcHERS (2) is that the unitary
operators U(a, /1) representing the connected component of the inhomogeneous
Lorentz group, belong to .. We shall rederive here this result. To this
end we assume that the superselection observables have purely discrete spectra
so that the Hilbert space $ of state vectors can be written as a countable
direct sum of coherent subspaces (22-2°%),

If Te@' and V¥ is any vector which lies wholly in any one of the coherent
subspaces then we should have

TV = u¥,
for some complex number u. Therefore we obtain
Uia, YTV = pU(a, )V .

On the other hand since we are considering only the connected component
of the Lorentz group, the vector U{a, A)¥ will lie in the same coherent sub-
space as ¥ (*%). Hence we have

TC(a, HY¥Y =uUa, )YV .
Thus we obtain
Cia, YTV =TU(a, )V,

for all ¥ which lie wholly in one of the coherent subspaces. Since the set of
these vectors is dense in § we have

Ula, )T = TU(a, A).

(33) For a discussion of this postulate see J. M. Javcu: Helv. Phys. Acta, 33,
711 (1960).

(24) J. M. Javcn and B. Misra: Helv. Phys. Acta, 699 (1961).

(3%) A.GALINDO, A. MORALES and R. NUXEz-LAGOS : Journ. Math. Phys., 3, 324 (1962) .

(26) Cf. A. S. WicHT™MAN: Suppl. Nuovo Cimento, 14, 81 (1959).
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Thus
(A.4) Ula, YeQ'=QCc N, .

BoRCHERS has also shown that the algebra N, is irreducible if and only if
the invariant vector (vacuum), (which is assumed to be a cyclic vector of M)
is unique. We shall prove here the following statement which is related to,
though slightly different from, Borcher’s. The algebra R. is irreducible if
and only if the invariant vector (which is assumed to be a physically realizable
veetor) is cyeclic.

If N, is irreducible then every vector, and hence a fortiori the invariant
vector also, is cyclic for N, (27). Suppose conversely that the invariant vector ¥,
is cyclic for N,. Since ¥, is assumed to be a physically realizable vector it
lies wholly in one and only one of the coherent subspaces. Therefore if
T eN, cQ' we should obtain

(A.5) TP, = u¥,,
for some complex number u. The relation (A.5) implies that
STV¥,=T8Y,= uSY,, for all SeMN..

Since ¥, is assumed to be a cyclic vector of N, the set of all vectors of the
form SY¥, with S€eRN., is dense in . Therefore it follows that T=ul and
hence %, is irreducible.

(27) Ref. (]), p. 255.

Note added in proof.

We have received a communication from Piof. H. ARaK1 containing a counter-
exemple to our proposition B,. He also has given a proof that the algebras 9,
are not of type I for a special ¢lass of domains A.

RIASSUNTO (%)

Si dimostra che I’algebra di von Neumann 9t,, che & generata dagli operatori di
campo di un dominio aperto A dello spazio-tempo, non & mai un fattore di tipo I,
{con n<< c0) 0 IT,. Si abbozza un ragionamento per dimostrare che il fattore 9t asso-
ciato con un dominio limitato ed aperto A dello spazio-tempo non & neanche di tipo
I.. Si nota che una variante di questo ragionamento pud essere usata per dimostrare
che i fattori assoeciati con domini speciali dello spazio-tempo non sono del tipo II.
I ragionamenti per escludere la possibilitd dei tipi I, e II, sono incompleti per quanto
riguarda le implicazioni di due proposizioni matematiche non dimostrate ma che pro-
babilmente sono vere. Si deducono nuovamente da un punto di vista lievemente diverso
da quello usuale alcuni risultati noti relativi alla struttura dell’agebra 9t, generata
da tutti gli operatori di campo.

(*) Traduzione a cura della Redazione.
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