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IL  NUOVO CIMENTO VOL. XXX,  N. 5 1 ~ Dicembre 1963 

On the von Neumann Algebras Generated by Field Operators. 

3[. G('E~[N (*) and  B. MlSltA 

Institute ]or Theoretical Physics, University o] Get, eva - Genevr 

(ricevuto il 26 Giugno 1963) 

S u m m a r y .  - -  I t  is shown that  the von Neumann algebra ~J~ which is 
generated by field operators of an open space-time domain A is never a 
factor of type In (with n <  c<~) or I[~. An argument is sketched to show 
that  the factor ~A associated with a bounded and open space-time 
domain A is not of type Ico either. I t  is noticed that  a varistor of this 
argument may be utilized for showing that  the factors associu.tcd with 
special space-time domains are not of type IIr The arguments foL' 
ruling out the possibility of <~ types ~) Ir and IIco are incomplete to the 
extent of two unproved mathematical propositions which however are 
likely to be true. Some of the known results pertaining to the structure 
of the algebra ~o~ which is generated by all field operators are also 
rederived from a slightly different point of view than the usual. 

1. - I n t r o d u c t i o n .  

The v o n  5Teumann algebras  g e n e r a t e d  by  the  field opera tors  are  conven ien t  

tools  for  f o r m u l a t i n g  and  discuss ing the  ax ioms of q u a n t u m  field t h e o r y  (1). 

I t  is the re fo re  of some in te res t  to  s t u d y  the  s t ruc tu res  of these  algebras.  The 

ques t ions  concern ing  the  s t r u c t u r e  of these algebras can  be d iv ided  in to  two 

groups .  The  first  g roup  inquires  abou t  the  s t ruc tu r e  of the  a lgebra  ~ gener-  

a t ed  b y  all field opera tors .  This g roup  of ques t ions  have  been  s tud ied  b y  

several  au tho r s  in recen t  yea r s  (2.~). I n  pa r t i cu l a r  ~BoRCHERS has  p roved  in 

(*) Supported by the Swiss National Research Foundation. 
(1) R. HAAG and B. SCItROER: Journ. Mat. Phys.,  3, 248 (1962). 
(2) H. J. BOI~CHERS: Nuovo Cimento, 24, 214 (1962). 
(3) T. F. JORDAN and E. C. G. SU])ARS~A~r Journ. Mat. Phys., 3, 587 (1962). 
(t) D. RUELLE: Itelv. Phys. Acta, 35, 147 (1962). 
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the f ramework of W i g h t l n a n ' s  formalisnt,  t l lat  tile c o m n m t a n t  9t'o: of ~:o is 

abelian.  F n r t h e r n m r e  it has been shown tha t  9 ~  is i r redueible  if and only 

if the  v a c u u m  s ta te  (which is assumed to be cyclic for 9~+) is unique.  I n  this 

paper  we do no t  add any  essent ia l ly  new resul t  concern ing  the  first g roup  of 

quest ions.  However ,  we shall reder ive  (in Append ix  i)  sonle of the  known 

results  f rom a s l ight ly  different  po in t  of view. 

The o ther  - ' roup of quest ions ,  t h a t  can be asked, pe r t a ins  to the s t ruc ture  

of the von N e u m a n n  al~zebra ~)~ ~, which are gene ra t ed  by  the  field opera tors  

of an  a r b i t r a r y  open space- t ime domain  1. REEH and  SCnLIEDF:I~ have  ob ta ined  

the  i m p o r t a n t  resu l t  t h a t  the  v a c u u m  s ta te  (which is a ssumed  to  be cyclic 

for ~)Lo) is also cyclic for 9~ ,. no m a t t e r  how small  /l is (~). I n  a recen t  paper  

HAAG and  Scm~oEi~ (~) have  out l ined  a m e t h o d  to p rove  t h a t  the  algebras ~)~ 

are indeed fa<;tors. In  this paper  we shall inves t iga te  the  s t ruc tu re  of these 

factors.  

I t  nmy  be i n t e r e s t i n /  to recall  in this connec t ion  t h a t  the factors  of 

~ type  II~ >~ were a special favom' i te  of y o n  N e m n a n n .  He  con jec tu red  t h a t  

all measurab le  f ie ld- theoret ic  quan t i t i e s  should be expressible in te rms  of oper- 

a tors  in <<type I1, ~> factors.  This conjec ture  would  indeed  be t rue  in the  

factors  ~i~'s associa ted wi th  bounded ,  open  space- t ime domains  were of t ype  II~. 

For, in this case all, so-called, quasi local  observables  would  be expressible 
in te rms  of << t y p e  II~ >> factors .  

Von N e u m a n n ' s  preference  for  <~ type  i i ,  ~> fac tors  can be unde r s tood  if 

one r emembers  t h a t  such fac tors  have some ve ry  re~'ular p roper t i es  r For  

example~ eve ry  closed, l inear  and hernf i t ian  opera to r  affiliated to a fae tor  of 

t y p e  II~ is au toma t i ca l l y  self-adjoint .  F u r t h e r m o r e  all closed l inear  opera tors  

wi th  domains  of definit ion dense in the  Hi lbe r t  space and affiliated to a <~ t y p e  I[~ ,> 

fac tor  are defined in a c o m m o n  dense domain .  A n y  po lynomia l  of such oper- 

a tors  is defined on a dense doma in  and  admi t s  of a elosure. Thus  the  t roubles  

connec ted  wi th  <lomain-quest ions of u n b o u n d e d  opera tors  do no t  arise in the 

case of opera tors  affiliated to  a << type  II~ >> factor .  

H o w e v e r  we shall  see (in Sect ion 3) t h a t  the  fac tors  9~A associa ted  wi th  

open space : t ime  dora,tins are neve r  of t y p e  II~ or of t y p e  I,~ (with ~ < oo). 

In  the  same sect ion we shall out l ine  an a rg 'ument  for  showing t h a t  the  9~A's 

associa ted  wi th  bounded ,  open space- t ime donmins  are no t  of t y p e  I . A 

var ian t  of this  a r g u m e n t  m a y  be used to rule out  the  poss ibi l i ty  of << type  I[~o >> 

fac tors  in ease of special space- t ime doluains. 

Our a r g u m e n t s  for  these eases are incomple te  to the  ex t en t  of an  u n p r o v e d  

m a t h e m a t i c a l  lenuna.  Never the less  we p resen t  this  incomple te  a r g u m e n t  wi th  

the  hope  t h a t  the  gap in it e 'm be filled even tua l ly .  

(5) I1. RIc~;H am[ S. SCHmm~E~: A:uoco C'ime~do, 22, 1051 (1961). 
(6) ,l. vox NEI:~IA'~N: r Works. wd. 3 (New York, 1961), pp. 116-119. 
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Before enter ing into the discussion of the s t ruc ture  of ~)~'s we shall begin 

(in the nex t  section) with a rapid survey of some of the m a t h e m a t i c a l  results  

t ha t  will be needed in the sequel. 

2 .  - M a t h e m a t i c a l  p r e l i m i n a r i e s .  

In  this section we shall collect together  some impor t an t  definitions and 

theorems,  :ill center ing round the  ma thema t i ca l  objects called (( yon ~ e u m a n n  
algebras ,). The l i te ra ture  about  yon ~ e u m a n n  algebras is voluminous (6-s) and 

the reader  should refer to some of t hem for a more  detai led discussion of the 

subject  m a t t e r  of the present  section. 

Le t  ~ be a set of (not necessari ly bounded) closed l inear  operators  in a 

Hi lber t  space ~ .  Then ~ '  will denote  the set of all bounded l inear  operators  

T of .~ such t h a t  T as well as T* commute  (*) wi th  every  opera tor  in ~ .  
I f  ~ is a *-set of operators ,  i.e., if wi th  the opera tor  S the  set ~ contains  the 
opera tor  b'* also, then  the  set ~ '  is ident ical  wi th  the  set of all bounded  l inear  

operators  which commute  with every  opera tor  of ~ .  The set ~ '  is called the  

commutant of the  set ~ of operators .  We now s ta te  the 

De]inition 1. A set ~ of bounded l inear  operators  in the Hi lbe r t  sp~ce 

is called a yon Neumann algebra if ~ is a *-set of operators  and Ol '~-- 9~. 

i t  can be easily verified t h a t  whenever  the operators  T~ and T~ belong to 

a yon !~eumann a lgebra  91, the  operators  I'~T2, T~+T2 and ~T (~, a complex 

number)  are also in ~ .  Ev iden t ly  the unbounded operators  cannot  be mem-  

bers of a yon  N e u m a n n  algebra.  
However  one can in t roduce  the  weaker  concept  of the  affiliation of an un- 

bounded opera tor  wi th  a yon ~Neumann algebra.  

De]inition 2. An operator  T (which is not  necessari ly bounded)  is s~id to 

be affiliated to the yon 7Neumann algebr~ ~ if every opera tor  of 9~' commutes  

wi th  T. 

The following theorems will i l luminate  the  not ion of affiliation: 

Theorem 1. A self-adjoint  opera tor  I '  is affiliated to the  yon  ~Teum~nn 

algebra 9~ if and only if all the  spectral  project ions of T are ia  Ol (9). 

(7) j .  DIXMIER: Les alg~bres d'opJrateurs clans l'espace Hilbertien (Paris, 1957). 
(s) M. -~-. NAIM)-RK: Normed Bings (Amsterdam, 1959). 
(*) A bounded operator T is said to commute with an unbounded operator S if 

the operator ST is an extension of TS: TS C ST. 
(9) j .  vo~ NEUMANN: Collected Works, vol. 2 (New York, 1961). 
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As a simple corol lary to T he o re m  1, it follows t h a t  T is affiliated with 9~ 

if and  only if all bounde d  fun(, t ions (in the  sense of func t iona l  calculus (to)) of 

T are in 9~. We tmve the f<)llowintz, s l ight ly more  ~eneral  

Theorem 2. A (.losed l inear  opera to r  7' with n o n e n t p t y  reso lvent  set (*) 

is affiliated to  the  yon  N e u m a n n  al,o'ebra 9~ if ~md only if all the  re,~olvent oper- 

a tors  of 7' are in 9~. 

We shall fo rnmla te  now ano the r  necessary and sufficient cr i ter ion for a 

closed opera to r  to be affiliated with a yon N e u m a n n  algebra.  

F o r  this  purpose  we recall  t h a t  every  d o s e d  l inear  ope ra to r  I '  can be tel)- 

resen ted  in the  fo rm I ' - - [ 2 B ,  where  .Q and  B have  the  fol lowing p roper t i e s :  

the  opera to r  B is a pos i t ive  definite self-adjoint  opera to r  such t h a t  B " - -  T*T 

the  opera to r  .(2 is a par t ia l ly  isonletr ic opera to r  whose ini t ial  domain  is the 

closure of the ra~)ge of T* and  whose range  is the  closure of the  range  of T. 

I t  can be shown fu r t he r  t h a t  the  decompos i t i on  T =  f2B h a v i n g  the  proper-  

ties just  m e n t i o n e d  is unique.  I t  is called the  polar decomposition of the  oper- 

a to r  T (u). The followino" t h e o r e m  provides  now the  necessary  and  sufficient 

condi t ion  which was a l luded to earlier. 

Theorem .'L Let the  closed l inear  ope ra to r  ~', with domain  of definit ion 

dense ill ,~3, have the  po la r  decompos i t ion  

7 ' - -  .QB. 

Then  T is affil iated with a von  N e u m a n n  ~lgebra 9~ if an only if .(-2 as well as 

a.ll the  spec t ra l  p ro jec t ions  of B are in 9~ (1.~). 

As before,  let ~ deno te  a g'iven set of closed l inear  opera tors .  I t  can be 

p roven  t h a t  the  set ~ '  is a yon  57eumann a lgebra  of b o u n d e d  opera tors  (~a). 

The  fol lowing i n lpo r t an t  t h e o r e m  is an easy corol lary  of the  p reced ing  s ta te-  

ment .  

Theorem 4. Let  ~ deno te  a set of closed l inear  opera tors .  Then  the  set ~ "  

is a yon  ~Neumann a lgebra  wi th  which  eve ry  opera to r  in ~ is affiliated. I f  9~ 

is a yon  N e u m a n n  algebra  such t h a t  eve ry  opera to r  of ~ is affiliated wi th  it,  

(10) F. RxJ~sz and B. Sz.-,NA~+Y: Lego~.s d'a~alyse ]onctio~nelle (Paris, 1955). 
(') A complex number  z is said to belong to the resolvent set of T if the  inverse 

( T - - z I )  -1 of ( T - z I )  exists and is .a (everywhere defined) bounded linear operator. 
Every operator which is of the form ( T - - z l ) - L  where z belongs to the resolvent set 
of T, is called a resolvent operator of 7'. 

(11) Ref. (s), p. 284. 
(1~) p.  Mum~AY and J. v()x N:zu~IA~x: ref. (6), p. 33, lemma 4.4.1. 
(la) Ref.(9),  p. 12]. 
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then 

~ "  _c9~. 

[11 other  words ~ "  is the smallest  von Neumann  algebra wi th  which every 
opera tor  of ~ is affiliated. The set ~ "  will be referred to as the von N e u m a n n  
algebra genera ted  by  the set ~ of operators .  

Definition 3. Let  ~ be a given set of l inear  operators  of the Hi lbe r t  space g~. 

A vector  T in g~? is called a cyclic vector of the set 9~ if the smallest  closed l inear 

manifold  spanned by  all vectors  of the form T~P wi th  T r  9~ coincides with 

the space g~. Another  i m p o r t a n t  concept  is t ha t  of a separating vector for a 

set of operators .  

De]inition d. A vec tor  T is called a separa t ing  vector  of the set ~)~ of 

operators  if T e  ~)~ and T ~ =  0 imply  t ha t  T =  0. 

In this connection we have the i m p o r t a n t  

Theorem 5. The vec tor  ~ is a cyclic vec tor  of the yon N e u m m m  Mgebra ~)~ 

if and only if i t  is a separa t ing  vec tor  of 9~' (~4). 

The s t ruc ture  of yon Neunmnn  algebras (or more precisely factors)  was 

first inves t iga ted  by  MURRAY and vo~  NEVSIA~.  W h a t  follows is a brief  
sketch of the  Murray-yon  N e u m a n n  classification of factors  into different 

types  r 

DeJinition 5. A yon N e u m a n n  algebra ~ is called a factor  if the center  

~)~ A ~ '  of ~ is the  mul t ip lum of the ident i ty .  

A t r iv ia l  example  of a factor  is the algebra ~(g2) of all bounded  (linear) 
operators  in the  Hi lbe r t  space ~ .  The factors  in a f ini te-dimensional  vec tor  
space have  a r a the r  simple s t ructure .  I t  can be p roved  t h a t  every  fac tor  in 

a finite dimensional  vec tor  space ~ is (algebraically) i somorphic  (*) to the 

algebra of all l inear  operators  in some suitable vec tor  space (which is in general  

different f rom ~0~). The proof of this simple resul t  hinges essential ly on the 

fact  t h a t  every  fac tor  in a f inite-dimensional space possesses min imal  projec- 

tions. I f  the preceding assert ions were also t rue  of factors  in the infinite-dimen- 

sional case the s t ruc ture  theory  of factors in a Hi lbe r t  space of infinite dimen- 

sions would be the same as t h a t  in a f inite-dimensional space. I t  was however  
discovered by  )IURRAY and y o n  NEU~ANN tha t  this is not  the case and  in 

(1~) Ref. (7), p. 5-6. 
(') Two von Neumann algebras ~)tl and 9~2 are said to be (algebrically) isomorphic 

if there exists a one-to-one and linear mapping ~: T-~ ~b(T), from ~I onto ~ such 
that O(TS):  qO(T)q)(S) and O(T*)= (r for all T, S ~ t l .  
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consequence  the fa(qm's in an inlinite flill)erl space b a r e  in Ia'encral a richer 

s t ruc ture ,  in  order  to reveal the new possibili t ies,  .~[I'RIIAY and \ o y  \ E l ' M A N N  

developed a theory  of (,Oral)arability of pro jec t ions  in the  factors .  In this 

( 'onneetion the  basic not ion is t ha t  of the equivalence  of two projec t ions  rela- 

t ive  to a yon N e u m a n n  alg'ebva. 

De//~dtio~ 6. The tw(Lie(.tions t '  t and 13~ axe said to t)e equ iva len t  rela- 

t ive to a v(m N e u m a n n  algebra 97 if there  exists  a par t i a l ly  i sometr ic  opera- 
to t  D in 9~ such t h a t  

f 2 * D  : t)l an( |  f 2 f ) .  * " 1 ' , ,  . 

[n  this  ease we wri te  1 '~ .  t'.,(... 9~). 

Eviden t ly ,  if two 1)rojeetions a r e  equ iva len t  re la t ive  to tile algebra ~R then 

they  behmo' to ?i. [1 is also ev iden t  t h a t  if two pro jec t ions  are equ iva len t  rela- 

t ive  to any  yon N e u m a n n  algebra 9i ~ then the  l inear  d imensions  of the closed 

l inear  subspaees,  onto  which the  pro jec t ions  project  the  ent i re  Hi lber t  spaee 

are equal.  The converse  of this s t a t e m e n t  is howeve r  no t  t rue.  One can now 

define an order-re la t ion in the  set of the pro jec t ions  of a faetor .  

Ile]it~itio~t 7. I~et [)1 lllll[ P.)  be t'A'o pro jee t ions  of a yon  N e u n m n n  al- 

~a'ebra 9~. We say t h a t  P~ is not  Vt'oater t han  P._, re la t ive  to 9~ (and write  

l'i~,~P.2(...gt)), if there  exists  a pro jec t ion  P, ,-P.2 (*) such t h a t  Po--~P~(...g?). 

If the  re la t ion I'1 ~ I'.,_(... s)~) holds, bu t  the re la t ion  P,--.~ P~(... ~)~) does not  

hold then we say P, ix less them t'.~ (relat ive to ~1~) mid wri te  P~ ~P,.(. .973. 

The set 9~ v of all p ro jec t ions  of a fac tor  9~ is to ta l ly  well-ordered with 

respect  to the  order  re la t ion  ( ~ )  i n t roduced  in Definit ion 7. This means  t h a t  

if P t  and  P~ are ally tWO pro jec t ions  in ')~ then at least one of the re la t ione 

P < tL(. . .  9~) : P.,.~Pt(...  9t) hohls. P m ' t h e r m o r e  if the  re la t ions  P~P. ,_( . . .  9~) 

and  P., ~ P~(... 9i') hoht s imul taneous ly  then we have  P ~  P._, (... 9~) . 

Defi~itio~ 8. A 1)rojeetion t ' in a yon  N e u m a n n  algebra  9~ will be called 
i~,Jinite re la t ive  to 9~ if there  exists  a p ro jec t ion  P0 such t h a t  P0 < P and  

P0~ P(...9~). Otherwise  it  is said to be finite re la t ive  to O~. 

i t  (:an be p roved  t h a t  an infinite i)roje(;tion of a f ac to r  in a separable,  

Hilbert  spa(,e is equ iva len t  (relat ive to O~) to the  iden t i ty  operator .  

De]i~iti(m 9. A yon N e u m a n n  algebra  ~)~ is said to be of finite type if 

every  projec t ion  of 9~ is finite re la t ive  to 9~. Otherwi.~e it is said to be of 

i~]inite type. 

(*) We wri le  Po<t'., if /~ P~.(~); where/~ ) and  P2('~) denote  the gub~paee,~ 
m~to which Po and P~ respectively project the Hilbert space &. 
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A t r iv ia l  example  of an algebra of infinite type  is tile algebra ~(@) in an 

infini te-dimensional  I t i l b e r t  space $~. I t  can be verified t ha t  if ~1 is a finite 

(or infinite) yon • eumann  algebra then  any  other  von 5~eumann algebra  9L 
which is (algebraically) isomorphic to 9ll is also finite (or, respect ively,  in- 
finite). Von ~Neumann algebras can also be grouped into two classes according 

as they  contain min imal  project ions or not. 

De]inition 10. A project ion P ~ e 0  of the yon Neumann  algebra 9~ is called 

a min imal  project ion of ~ if the conditions 

a) P~ is a project ion of 9}, and 

b) P I < P  

imply  t h a t  e i ther  P~ = 0 or  P1 = P. 

We have  now all tools on hand  to in t roduce the Murray-yon  :Neumann 
classification of factors.  

Definition 11. 

a) A finite factor  containing minimal  projections is called a factor  

of type  I~i~to. 

b) A finite factor  which ha~ no minimal  project ions is said to be of 

type IIi. 

c) An infinite factor  having minimal  project ions is referred to as a factor  
of type  I ~ .  

d) An infinite factor  9~ which has no min imal  project ions and which 

contains a t  least  one finite project ion (other than  zero) re la t ive  to 9~ is called 
a fac tor  of t ype  I [ ~ .  

e) An infinite factor  95 is said to be of type  I I I .  if every  one of its 
nonzero project ions is infinite (relative to ~) .  

I n  the i r  original papers  MURRAY and VO~ NEUMA~'N arr ived a t  the  clas- 

sification of factors  through a different method.  They in t roduced the  i m p o r t a n t  

notion of a (relative) dimension funct ion on the project ions of factors.  

De]inition 12. Le t  ~ be a factor.  A real -valued funct ion  D~(P) defined 

on the  project ions  of ~ is said to be a relative dimension ]unction on ~lt if the  

following condit ions are satisfied: 

1) D~t(P) - 0 for P - = 0  and D ~ ( P ) >  0 for P=/=0. 

2) D~(P)---- zo if and only if P is infinite re la t ive  to ~ .  

3) I f  PI,..~P~(... 9~) then  Do~(P) = D~(P2). 

4) I f  P1 P2 : 0 then  D~(P~ + P2) : D92(P1)+  DO2(P2). 

5) I f  P~ ~<P2 and P1 is finite re la t ive  to 9~, then  Dg~(P~)< D~(P2). 
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()he has the  i m p o r t a n t  

7'heorem 5. If 9~ is a fa( ' tor  then  there  exists  a re la t ive  d imension fun(,- 

t ion  on the  i)rojection of 9~. Any  two re la t ive  d imension  func t ions  on the  same 
fac to r  e 'm differ only by a (,(instant m u l t i p l y i n g  factor .  

I n  o ther  words if l)~ and l)e are two re la t ive  d imension func t ions  on ~.)~, 

t hen  we have  

D~( P) -= cz D,,( P) 

for all p ro jec t ions  P in 9t wi th  some c o n s t a n t  real  pos i t ive  ~. .~lurray-von 

N e u m a n n ' s  classification of factors  follows f rom the  following' 

Theorem 6. Let  9~ be a o'iveu factor ,  and D,)~ a re la t ive  d imens ion  func t ion  

of 9~. Then  a ( :onstaut  real m u l t i p l y i ng  fac tor  ~ can be chosen so t h a t  the  

set  of all values which  the  func t ion  :~D,,~ assumes will coincide wi th  one and 

only one of the  followintz sets :  

a) The set of lmmbers :  0, 1, t) . . . . .  tl ( w i t h ) t  ~< co). 

b) The set of all n u m b e r s :  0, 1. 2 .. . . .  n, .... oo .  

e) The ('h)sed in t e rva l  [(I, 1]. 

d) The in te rva l  [0, co t . 

c) The nmnbe r s  t) and oo. 

The fac tor  9t is of t ype  I,,, [co, i[1, I t + ,  or i f I +  accord ing  as ease a), b), 

c), d) or e) holds (respectively) .  I t  can be verified t h a t  the  classification of 

fac tors  as given by  Defini t ion 11 is the  same as the one jus t  described.  

The a lgebra  ~(,92) in the  ~l-dimensional (n m a y  be co) H i lbe r t  spaee g) is 

an example  of f ac to r  <)f t y p e  I , .  I n  fact  every  fac tor  of t y p e  I n is alge- 

bra ica l ly  isomorphi(;  to  the  algebra ~3(.~) in an  n-d imensional  space ~ .  Special  

examples  of fac tors  belongin,~' to  t y p e  II~, [[co or I I I +  can also be eon- 

s t rue ted  (,.8). Thus  fac tors  of all possible types  ac tua l ly  occur.  

We  shall close this  p r e p a r a t o r y  seetion with some add i t iona l  defini t ions 
which will t)e needed later.  

De]ij~itio~ 1.3. The VOll g e m n a n n  a lgebra  9~1 in a H i lbe r t  space .~, is said 

to be spatially isomorphic to a yon  N e u m a n n  algebra  3~.. in the  Hi lbe r t  spaee ,g32 

if there  exists  a u n i t a r y  m a p p i n g  (i.e., a one-to-one,  l inear  and  isometr ic  map- 
pin~) U f rom .g2~ onto  .~., su('h t h a t  

U~IU -1 = 9 ~ .  
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Here  U~I('-I denotes the set of all operators  (in .~)  of the form [ 'TU -1 

with T E ~)~1. 

I t  m a y  be noted tha t  if two yon ~ c u m a n n  algebras are spat ia l ly  isomorphic  

then  they  are also algebraical ly isomorphic.  Two yon  :Neumann algebras m a y  

however  be (algebraically) isomorphic  wi thout  being spat ia l ly  isomorphic.  

De]inition 14. Let  0~ be a yon N e u m a n n  algebra and 9 ) ~ - 0  a closed 

l inear  subspace of ~). Consider those operators  A of 0~ which are reduced by  
and form the res t r ic t ions  A(o~) of A into ~ .  The set of all such operators  

A(9)b will be denoted by  O~(9~) and will be called the reduct ion of the  algebra O~ 
to the  subspace ~J~. I f  P is the project ion opera tor  onto ~ one wri tes  some- 

t imes Re to denote  ~(~.~). 

3 . -  The yon Neumann algebras of field operators associated with open space- 
time regions. 

A field is usual ly defined as a l inear  and (weakly) continuous m a p p i n g  of 

a cer tain space of functions (called the test-functions)  defined on the space- 
t ime manifold,  into the  set of closed l inear  operators  in a Hi lbe r t  space ~3 (15). 

The field opera tor  corresponding to the tes t - funct ion ](xo, x) will be denoted 
by  A(]). Le t  A be an open domain  of the space-t ime manifold.  Wi th  tile 

domain  A we shall associate the yon ~ e u m a n n  algebra 0~A genera ted  by  all 
field operators  A(]) corresponding to tes t-funct ions which vanish  outside the 

region A. 
As ment ioned  in the  in t roduct ion,  HAAG ~nd SCnnOER have  outl ined an 

a rgument  to show t h a t  the yon N e u m a n n  algebras ~ j  are in fact  factors.  

In  this  section we shall a t t e m p t  to de te rmine  the  (( t ype  ,) of these factors  ~ j .  
Before proceeding with  this t ask  we shall first rapidly  enumera te  the  pos- 

tu la tes  of q u a n t u m  field theory  tha t  are used (either explici t ly or implici t ly) 

in our discussions: 

1) The Hi lbe r t  space .~ is wi th  posi t ive  definite metr ic .  

2) For  ~b and T in the  common domain  of all field operators  A(])~ the 

funct ional  (~ ,  A( / )T)  is u t empered  distr ibut ion.  

3) Rela t iv is t ic  invar iance:  There exists  a un i t a ry  representa t ion  (a, A) -~ 

~-~ U(a,A) of the  proper  inhomogeneous Lorentz  group such t h a t  

U(a, A)O~ A U - l ( a ,  A)  ~- YJ'~IA1(a,A) " 

(15) n.  S. W1GHTMAN** Probl~mes Mathdmatiques de la Thdorie Quantique des Ghamps, 
C.N.R.S. (1957). 
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Here [A](a, A) denotes the set of ~11 space-time points of the form Ax4-a  
with x c A. 

4) The spectrum condition. 

5) Local commuta t iv i ty :  If  the space-time domain 52~ is total ly space- 
like with respect to the domain ~J2 then 

~j~ c ~'~. 

6) Exis tence of a cyclic vacuum state. 

7) The completeness postulate:  The algebra 9 ~  generated by all field 
operators A(]) is irreducible, 

In addition to these postulates several restrictions of technical nature  are 
imposed on the domains of definition of the field operators A(]) (,5). A detailed 

discussion of the postulates enumerated  above can be found in the paper of 
HAA(~ and SCHROER (]) and in tha t  of WHIGHT~IAN (1~). 

We ~lso formul~te the addit ional  postulate  of 

8) The strong <~primitive causality~): the von bTeumann algebra ~ 
associated with a spatially complete (*) open space-time region LI is identical  
with the algebra ~o. generated by all field operators A(]). 

We m~y note  tha t  the postulate  of <<primitive causality )) (as formulated 
in the paper  of HAAG and SCmCOE[r (1)) is a special case of postula te  (8). 

i t  may  be tha t  postula te  (8) can be derived from the usual postulates of 
quan tum field theory  and the postula te  of (<primitive causality ,~. In  fact  
BORCgE~S has proved tha t  the algebra 9~j associated with a special type  of 
spatially complete region is identical  with the algebra 9 ~  (~6). However  we 
shall not  discuss here fur ther  about  the val id i ty  of postulate  (8) and only 
remark  tha t  the proper ty  of being a factor, of the algebra 9~ (associated with 
open domain A) is an immedia te  consequence of the postulates (5), (7) and 
(8) (~). In  the following discussion the postulate  (8) is used only in so far as 
it  is necessary to prove tha t  the algebras 9~j's are factors. 

After  these prel iminary remarks, we now prove the 

(') A space-time region A is said to be spatially complete if there exists no open 
space-time domain which is totally spacelike with respect to A. Otherwise a space- 
time region A is said to be spatially incomplete. 

(1G) H. J. BORCHERS: NUOVO Cimento, 19, 787 (1961). 

Sl  - I I  Nuovo  Cimento. 
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Theorem A ('). The factor  ~ z  associated with an opens pace-t ime region zl 
is not  of finite type.  In  other  words ~ z  is not  of type  I~ (with n < c~) nor 
of t ype  II1. 

Proo] o] theorem A.  We first remark  tha t  i t  is sufficient to prove the 
theorem for a (arbitrari ly small) spatially incomplete  open domain 3. This 
is because any open domain 3~ will always contain a spatial ly incomplete open 
domain,  say z]o, and if ~ o  is not  finite then the algebra ~zo which contains 
~Jo can not  be finite either. Fur thermore ,  for the sake of easy visualization, 
we shall consider bounded cylindrical regions of space-time; i.e., collection of 
all space-time points (x, t) such tha t  

I x I< r and It ]< v,  (r, v > 0 and f ini te) .  

One m a y  convince oneself as before tha t  this is not  an essential restr ict ion.  
In  order to complete the proof of the theorem A we need the following 

lemmata .  

Lemma 1. The factor  ~ z  associated with a spatially incomplete open domain 
A is of finite type  if and only if i ts commutan t  ~'z is of finite type.  

Proo] o] Lemma 1. We recall t ha t  the vacuum s ta te  To is cyclic for ~ z  (5); 
since the  domain A is spatial ly incomplete there  exists an open domain A~ 
which is to ta l ly  space-like with respect to 4 .  The vacuum s ta te  is also cyclic 

t 

for ~z l  and hence i t  is, a ]ortiori, cyclic for ~ z  which contains ~zl" Thus ~P~ 
l 

is both  a cyclic and a separat ing vector  of ~ z  as well as ~ z .  I t  is well known 
tha t  if there  exists a vector  which is a cyclic as well as a separating vector  of 
a yon Neumann  algebra (say ~)  then  either,  bo th  ~ and ~ '  are finite algebras 
or  b o t h  a re  infinite (17). Hence either, bo th  ~ z  and ~ 'zare  finite or bo th  are 

infinite. 

! 

Lemma 2. Let  ~ and ~1 be two factors such t h a t  a) 9~x c ~ ;  b) ~1 n ~ # {hi}. 

Fu r the r  let  there  be a vector,  say T,  which is a cyclic vector  for ~1 and a 
separat ing vector  for ~ .  Then there  exists a vector  ] ( # 0 )  such t h a t  

{g~d} c {~1} (.:). 

(*) The proof given here was stimulated by a communication from Professor WIGHT- 
~AI~ where it was mentioned that this theorem had been proved by Professor KADISO~. 
The proof given here is however independent of Kadison's. 

(") If ~ is a yon Neumann algebra then we denote by { ~ }  the smallest closed 
linear manifold spanned by the vectors of the form T~ with T E 3. 

(17) Ref. (7), p. 250, ex. 2. 
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ProoJ o/ Lemma 2. Let  P ( # 0 ,  r be a project ion of the algebra 
9t~ o 9L We shall show t h a t  the  vector  PgP~]  has the  desired propert ies .  

Since P (J-0) belongs to 92 and T is a separa t ing  vector  for 9~, we cannot  

have  J ( - - P T ) - - 0 .  F u r t h e r m o r e  i t  is evident  t h a t  {~1/}c{9~J}. Therefore 
we have  only to prove  the existence of a vector  in {gtJ} which does not  belong 

to {9~1]}. Let  U ( r  be a un i t a ry  operator  of 9~ which does not  commute  

with  P.  (Such un i t a ry  U exists,  for otherwise the project ion P (re0, V-I) 

of ~ would commute  wi th  every  un i t a ry  operator  of Y~ and hence i t  would 

belong to the center  of the factor  9~, which is not  possible.) Ev iden t ly  both  

U / a n d  U*] are in {92J}. We now show t h a t  a t  least  one of t hem is not  in {9~1/} 
Suppose, to the cont rary ,  t h a t  both  U/ and U*] are in {9~1]}. We have  

(1) (**) 

Therefore we should find 

(2) 

and 

(3) 

I t  follows t h a t  

(4) 

and 

(5) 

P U / =  P U P T =  U ] =  U P T  

PU*] = P U * P T  = U*J = U*Pg j .  

( P U P -  U P ) T  = 0 

( P U * P - -  U * P ) T  = 0 . 

Since the operators  ( P U P - - U P )  and ( P U * P - - U ' P )  belong to 9~ and T is 
a separa t ing  vector  for ~ ,  we should have:  

(6) P U P  = UP 

and 

(7) PU*P = U*P.  

Taking  the adjoint  of the last  equat ion we obtain  P U P = P U  Thus we are 

led to the impossible conclusion t ha t  U and P commute .  Hence the hypo th-  

esis t ha t  bo th  U/ and U*] belong to {9~1f} mus t  be false. 

Lemma 3. Le t  ~ be a finite factor  and D ~  a (relative) dimension funct ion 

of ~ .  I f  9~1 is a subfactor  of i)~ then  the res t r ic t ion of D~t to the set of projec- 

(') As before P(~) denotes the range of the projection operator P. 
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ti0ns of 9~1 is again a (relative) dimension funct ion on 9~1. In  other  words if 
we define a funct ion Dgt , by  se t t ing D~,(P) ---- Dg~(P), for all P ~ 9~1 then  D911 
is a (relative) dimension funct ion of 921. 

The proof of Lemma 3 consists in verifying tha t  the conditions 1 through 5 
of the definition 12 (Section 2) are fulfilled by  

\ It / the  funct ion D~h. 
~ / ~  z ~ / ~ ,  We c a n n o w c o m p l e t e t h e p r o o f o f  Theorem 

x A as follows. Consider a bounded and open 
space-time cylinder A. Ev e ry  open space-time 
cylinder contains two open domains which are c o n e  

Fig. 1. total ly  spacelike to each other.  Le t  A 1 and zI 2 
be two such open sub-domains of A (Fig. 1). 

In  the following we write,  for the sake of convenience, 9~, 9~1 and 9~2 in 
place of 9 ~ ,  9~.  and 9~ , ,  respec t ive ly .  Now we first note  the following facts:  

a) 9~1c9~; and ~ ' 1 n ~ 2 ~ : { ~ I } .  

b) The vacuum state ~Po is a cyclic vector  as well as a separat ing vector  
for 921 and also for 9L We have already noticed this fact  in the course of the 
proof of Lemma 1. 

Our task now will be to show tha t  the facts a) and b) are inconsistent  
wi th  the assumption tha t  9~ is a finite factor. If  9~ is of finite type  then i ts  
subfactor  9~1 is also finite. F rom Lemma 1 i t  follows tha t  9~'~ is also finite. 
Le t  D and D'~ be two relat ive dimension functions on 92 and 9~'~ respectively.  
The restr ict ion of D onto 921 and tha t  of D'~ onto 9~', will be respectivei~ 
denoted by  D~ and D' (note tha t  !}l'c 9~'~). According to Lemma 3 D~ and 
D' are re la t ive dimension functions on 921 and 9~' respectively.  

The desired contradict ion will now result  from an application of the fol- 

lowing well-known. 

Thec,~em 7 (18). Le t  D and D' be re la t ive  dimension functions of a factor  9~ 

and its commutan t  ~ ' ,  respectively.  Then there  exists a (real, positive) cons- 

t an t  c such tha t  

for all vec to r s  ] of the  under lying Hi lber t  space (*). 
Before applying the Theorem 7 to the case in hand i t  may  be well to add 

the following explanatory  remarks.  Excep t  for the case when 9~ and 9~' are 

(18) Ref. (~), p. 72, theorem X. 
(*) It  can be easily verified that the projection Pt onto {91']} belongs to 3.  Here 

we write D({9~']}) to denote D(PI). The notation D'({91/}) has similar significance. 
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of t y p e  I I [ ~ ,  the  cons t tmt  c of T h e o r e m  7 is un ique ly  de t e rmined  b y  the  given 
pa i r  D and D r of re la t ive  d imens ion  funct ions �9  I n  pa r t i cu la r  when  bo th  ~ 

and  Y~' are finite (so t h a t  D and  D '  assume only  finite values),  the  cons tan t  c 

is ob ta ined  by  fo rming  the  ra t io  

D({~ ' / } )  
c~ 

wi th  any  vec tor  ] ~ 0. 
We  now choose of vec to r  ] (~-0)  such t h a t  {~t~f}c{Ot]}. L e m m a  2 gua- 

I 
ran tees  the  poss ib i l i ty  of such a choice. Since b o t h  ~tx and  ~ 1  a r e  finite, 

the  ra t io  

r 

is a finite real  number ,  say  G. Accord ing  to Theo rem 7 this  ra t io  is inde- 

p e n d e n t  of the  vec to r  ] and  hence we can wr i te  

(8) cl --  
D~ ({sJtiTo}) D ( { ~ T o } )  

The last  equa l i ty  in re la t ion  (8) holds because D~ is a res t r ic t ion  of D. 

Simi lar ly  we can also show t h a t  

D({~t'/}) = D({~'kPo}) 
(9 )  c = 

D r - -  D'({9~/}) l ( { ~ o } )  

Since ~Po is a eyclic vec to r  for every  one of the  fac tors  95, 9t', ~Jt, and  9t', 
we obta in  

D ( , 9 )  
t ~ (10) c .... cl - -  D , ( ~ )  

On the  o ther  h a n d  we have  chosen / such t h a t  {~t]} ? {~tl]}. Therefore  
we should find 

( ] l )  (') D ' ( { ~ I } )  = D~({O~/}) :> D ~ ( { ~ d }  ) . 

(') The equality of the relation (11) is due to the fact that  D'  is the restriction 
of D~. The inequality follows from property (5) in definition 12 (of Section 2). 
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Evidently {~l!ff}_~ (9l']} (recall that  ~'~ ~ ' ) .  Hence we also have 

(~2) D I ( ~ )  ---- D((-~-~J})>D((gl'/}) . 

Relations (11) and (12) now yield cl>c,  which contradicts relation (10). 
Thus the assumption that  ~ is finite leads to contradictory conclusions and 
hence must be false. 

We now mention a simple corollary of Theorem A. For this purpose we 
introduce the 

De/inition. A bounded linear operator T is said to be a (~ quasi-local ~ ope- 
rator if there exists a bounded and open space-time region A such that  
T e ~ :  More generally an (not necessarily bounded) operator S is said to be 
a quasi-local operator if it is affiliated to the algebra ~ of a bounded space- 
time region A. 

We can now formulate the 

Corollary to the Theorem A. A quasi-local operator is never a compact 
(completely continuous) operator. 

Proo/o/the Corollary. Suppose, to the contrary, that  a compact operator T1 
belongs to the factor ~A of a bounded space-time region A. I t  would imply 
that  ~ contains at least one projection, say P which projects the Hilbert 
space onto a finite-dimensional subspace. I t  is however not possible since the 

! ! 

reduction ( ~ ) p  of 9~z onto the range of P would be algebraically isomorphic 
to ~ which is a factor of infinite type. 

Theorem A leaves open the possibility of the types I=,  II~ and I I I~ .  
We now briefly sketch an argument to show that  the factor ~A, which is asso- 
ciated with a bounded and open (space-time) domain A1 is not of type I~.  
I t  is clear that  by translating (spatially) the region d~ we can obtain another 
space-time region A2 which is totally spacelike with respect to d~. 

Evidently we have 
! 

(13) ~ C  ~ ,  

and 

(14) ~A, = U(a)~)~A, U-l(a) �9 

If 9l~ is of type I~ then ~ ,  (which is spatially isomorphic to ~ )  would 
also be of type I~.  We consider now the yon Neumann algebra {glj u~d, } -  ~.  

The relation (13) and the assumption that  9~, and ~ ,  are factors of type I~ 
imply that  9~ is also a factor of type I~ (19). Let now P be a minimal projec- 

(19) Ref. (~), p. 81, lemma 11.5.2. 
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t ion of ~ .  Then the reduct ion ~tp of 9~ to the range of P is (algebraically) 
isomorphic to ~ (~o). Since 9~.. is an infinite factor, the minimal projection P 
of 9 t~ ,  and therefore a ]ortiori all projections of 9 ~ ,  will be infinite relative 
to .~t. This conclusion which is derived here under  the assumption tha t  ~ ,  
is of type  Ir remains t rue in general. In other  words it  can be shown tha t  
if A~ is any spatially incomplete (or bounded) region then there exists another  
spatially incomplete (or bounded) region A such tha t  A~=A and every pro- 
jection in ~t~, is infinite relat ive to ~ (~). However  this conclusion and the 
assumption tha t  ~ ,  is of type  Ir are in contradict ion with the following 
plausible 

Proposition B 1 (*).  Let  ~ and ~t~ be factors of type  I| such tha t  Yt~0~. 

Fur the rmore  let there  be a vector  [P which is a cyclic vector  of 9~ and a 
separating vector  for ~ .  Then a minimal project ion of ~ is a finite projection 
relat ive to ~ .  

Therefore if proposit ion B1 turns out  to be t rue then we would have a 
proof tha t  ~ ,  is not  of type  I~ .  

The following generalization of the proposition B~ suggests itself imme- 
diately. 

Proposition B.2. Let  ~ and ~ be two factors which fulfil the following 
conditions 

a) ~, ~ ~. 

b) There exists a vector  h v which is a cyclic vector  for ~ and a sepa- 
ra t ing vector  for ~ .  

c) ~1 and 9~ are spatially isomorphic, and 

Then a projection (of ~')~1) which is finite relat ive to ~1, is finite relat ive 
to 0~ also. Proposi t ion B1 is a special ease of proposit ion B~ because when 
both ~ and ~1 are (~ type  I~  )~ factors the conditions (c) and (d) are implied 
by  the conditions (a) and (b) (22). We remark  now tha t  if proposit ion B 2 is 

t rue then one can prove tha t  the factor  9~z, of a space-time cylinder 31, which 

(20) Ref. (6), p. 80, lemm~ 11.5.1. 
(21) B. MISaA: On the algebra o] quasi-local operators of quantum ]ield theory, to be 

published. 
(*) See note added in proo/. 

(~2) Ref. (7), p. 121 (lemma 6-7), p. 233 (theorem 3) and p. 307 (ex. 13). 
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extends (spatially) to infinity on one side of the light cone (see Fig. 2) is not 
of type i I . .  Before ending this paper we may add the following additional 
remark: if the factor 9~0 associated with a bounded space-time cylinder A ~ 

is not of type I~ ,  then the factor ~ ,  

,\\Voo 

Fig. 2. 

(or 9~A~ ) of the unbounded cylinder A~ 
(or A2) (see Fig. 2) can not be of type I~ 
either. In order to prove this remark we 
note that  the union of Ao, A1 and A~ is 
a spatially complete open space-time do- 
main. Hence we may assume 

05) {';)L,. u (~d, u ~ , , ) } "=  '~,~ 

Evidently we also have 

(16) 

where we have writ ten ~ to denote the algebra { ~  u~2}".  If ~ ,  is of 
type I~ then by reason of symmetry 92a2 is also of type I~.  Hence ~ is of 
type I~ .  Therefore the algebra {~~  u ~}"= ~ will be of the same type as 
~ ~  (19). Since ~ is assumed to  be irreducible it is of type I~ and so should 

be ~a0" Thus we have proved that  ~ is of type I~ only if 92z, is also of 
type I~.  

* *  * 

We thank Prof. J. M. JAUCH for his encouraging interest in this work and 
also for many constructive criticisms and suggestions. Prof. J. DIXMIER has 
kindly communicated to us some useful hints concerning the propositions B1 
and B2. We take this opportunity to thank him. We also thank Dr. EPSTEIS" 
from CEI~T for several interesting discussions. 

APPENDIX 

I t  is amusing to note that  some of the well-known results about the 
yon Neumann algebra 9~  are immediate consequences of the following 
postulates: 

Postulate a). - Let Q denote the yon 57eumanI1 algebra generated by all 
observables. Then 

(A.1) Q _c 9 ~ .  
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The meaning of postulate a) is tha t  every observable can be expressed in 
terms of field operators. 

Postulate b). - There exists a complete set of commuting observables (:a). 
I t  has been shown (~.~5) tha t  postulate b) is equivalent to the assumption 
that  the commutan t  Q' of Q is abelian. 

(A.2) (2'c ~ .  

The later assumption is often referred to as the ((assumption of commutat ive  
superselection rules ,,. 

I t  follows now immediate]y from (A.1) and (A.2) tha t  

(A.3) 9~" c Q'c p c 1)~ . 

Thus the commutan t  9~'~ of ~J~ is abelian; a result which had been established 
by BORCHERS (2) in the framework of Wigh tman ' s  formalism. 

Another  result which has been proved by BORCHERS (~) is tha t  the uni tary  
operators U(a, A) representing the connected component  of the inhomogeneous 
Lorentz group, belong to s)t~. We shall rederive here this result. To this 
end we assume tha t  the superselection observables have purely discrete spectra 
so that  the Hilbert  space ~ of state vectors can be wri t ten as ~ countable 
direct sum of coherent subspaces (2a-26). 

If  T ~ Q '  and kP is any vector which lies wholly in any one of the coherent 
subspaees then we should have 

T T  = # T ,  

for some complex nunlber #. Therefore we obtain 

U(a, A) T g  j = t~ U(a, A) T .  

On the other hand since we are considering only the connected component  
of the Lorentz group, the vector  U(a, A ) T  will lie in the same coherent sub- 
space as 'P (=G). Hence we have 

TU(a, A) T -- 1~ U(a, A) T .  

Thus we obtain 

U(a, A ) T T  TU(a, A) T ,  

for all T which lie wholly in one of the coherent subspaces. Since the set of 
these vectors is dense in ,~ we have 

U(a, A) T = TU(a, A ) .  

(2a) For a discussion of this postulate see J. M. JAUCH: Helv. Phys. Acta, 33, 
711 (1960). 

(24) j .  M. JAUCH and B. MISRA: Helv. Phys. Acta, 699 (1961). 
(25) A. GALINDO, A. MORALES and R. NE~]~z-LAGOS : Journ. Math. Phys., 3,324 (1962). 
(26) Cf. A. S. WI(mTMAN: Suppl. 3"uovo Cimento, 14, 81 (1959). 
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Thus 

(A.4) U(a, A)  e QH : Q c ~ . 

BORC~_EaS has also shown tha t  the algebra ~ is irreducible if and only if 
the invariant  vector (vacuum), (which is assumed to be a cyclic vector  of ~ )  
is unique. We shall prove here the following statement  which is related to, 
though slightly different from, Borcher 's .  The algebra ~ is irreducible if 
and only if the invariant  vector  (which is assumed to be a physically realizable 
vector) is cyclic. 

I f  ~ is irreducible then every vector, and hence a f o r t i o r i  the invariant  
vector  also, is cyclic for ~ (27). Suppose conversely that  the invariant  vector  To 
is cyclic for ~ .  Since To is assumed to be a physically realizable vector it 
lies wholly in one and only one of the coherent subspaces. Therefore if 
T e ~'~ c Q' we should obtain 

(A.5) T T o  = ~To, 

for some complex number  /~. The relation (A.5) implies tha t  

S T  To : T S T o  : / ~ S T o ,  for all S e ~ .  

Since To is assumed to be a cyclic vector  of ~ ,  the set of all vectors of the 
form STo with S e ~ ,  is dense in ~.  Therefore i t  follows tha t  T ~ - # I  and 
hence ~ is irreducible. 

(27) Ref. (s), p. 255. 

Note  a d d e d  in  p roo f .  

We have received a communication from P1of. H. ARAKI containing u counter- 
exemple to our proposition B 1. He also has given a proof that the algebras 9~ 
are not of type I for a special class of domains /l. 

R I A S S U N T 0  (*) 

Si dimostra che l'algebra di von Neumann ~ ,  che ~ generata dagli operatori di 
campo di un dominio aperto A dello spazio-tempo, non ~ mai un fattore di tipo In 
(con n <  ~)  o II  1. Si abbozza un ragionamento per dimostrare che il fattore 9~ asso- 
ciato con an dominio limitato ed aperto A dello spazio-tempo non ~ neanche di tipo 
Ir Si nota che una variante di questo ragionamento pub essere usata per dimostrare 
che i fattori associati con domini speciali dello spazio-tempo non sono del tipo IIr 
I ragionamenti per escludere la possibilit~ dei tipi I~ e IIr sono incompleti per quanto 
rigaarda le implicazioni di due proposizioni matematiche non dimostrate ma che pro- 
babilmente sono vere. Si deducono nuovamente da un punto di vista lievemente diverso 
da quello usuale alcuni risultati noti relativi alla struttura dell'agebra ! ~  genexata 
da tutti gli operatori di campo. 

(*) Traduzione a cura della Redazione. 


