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Chapter 1

Introduction

According to Igor Frenkel, there are many branches of mathematics but few fundamental objects,

which tend to reappear everywhere under different names. A fundamental family of examples in

mathematics is given by the Dynkin diagrams (simply laced, of finite type) which parametrise simple

simply laced complex Lie algebras, finite subgroup of SU(2), rational double points, quivers of finite

type, conical symplectic complete intersections. Here is a complete list of such diagrams:

An: (n ≥ 1)

Dn: (n ≥ 4)

E6:

E7:

E8:

In the theory of Hopf algebras, all finite type Dynkin diagrams parametrise simple complex Lie algebras

and a remarkable family of finite dimensional complex Hopf algebras, the small quantum groups (at

a root of unity) u(g). Introduced by Lusztig in [52] as a ”quantum” analogue of the first Frobenius

kernel for an algebraic group in positive characteristic, it turned out to be connected with many other

areas of mathematics: of course representation theory, but also conformal field theory, knot theory,

topological field theory, affine Lie algebras.

Let us gives an intuitive motivation for the study of the quantum universal enveloping algebras, espe-

cially the case when the deformation parameter q is a root of unity. Quantum groups were introduced

by Drinfeld and Jimbo (see [22], [37]), where the original motivation was to find a deformation (called

”deformation-quantization” since it is motivated by quantum mechanics) of the ring of function O(G),

where G is a (semisimple) Lie group. In the dual setting, one needs to find a certain Hopf algebra

Uq(g)
′, defined over Q(q) (where q is a formal parameter), such that when q → 1, Uq(g) just be-

comes the ordinary universal enveloping algebra U(g). This Hopf algebra was introduced by Jimbo

and Drinfeld, and it is what usually is called a quantum group. Even though the motivation comes

from quantum integrable systems, quantum groups found many other applications. A very beautiful
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6 CHAPTER 1. INTRODUCTION

application of quantum groups is the theory of crystal basis, initiated by Kashiwara ([39]) (Lusztig

also introduced a ”dual version” called canonical basis in [51]). Crystal basis are roughly obtained

by making q → 0. Taken litteraly, it doesn’t make sense, but it is possible to turn this intuitive idea

into a well defined procedure, which builts a bridge between combinatorics and representation theory.

One might ask if other values of q are interesting. It is an important theorem by Drinfeld that if

q is not a root of unity, then the the category of modules over the Drinfeld-Jimbo quantum group

Uq(g)
′ is equivalent to the ordinary category of representation of U(g) (however, this equivalence is

not monoidal. This observation is related to the beautiful theory of Drinfeld associators). In this

thesis, we are concerned with the situation when q is a root of unity. In this case, the category of

finite-dimensional representations of U becomes much more complicated. Lusztig made a deep study

of quantum group at root of unity, that we will denote U, noticing the close relationship of its repre-

sentaion theory with algebraic groups in positive characteristic. Such a connection is made even more

precise in the work of [6], where is it proved that the representation theory of quantum groups a root of

unity U is mostly ”independent” of the order of the root of unity, and is related to the representation

theory of algebraic groups in positive characteristic by a change of base (more precisely, there is an

algebra defined over Z from which both the small quantum group and the first Frobenius kernel for an

algebraic group can be obtained by base change). Quantum groups at root of unity are also related

to the affine Lie algebra by the work of Kazdhan-Lusztig and Finkelberg ([42], [40], [43], [44], [24]).

Finally, quantum groups at root of unity give rise to a family of topological quantum field theories

([64], [67], [68]).

The focus of this thesis is the small quantum group, built from the big quantum group. By defi-

nition it is an algebraic object, but work of Ginzburg–Kumar, Arkhipov–Bezrukavnikov–Ginzburg,

Bezrukavnikov–Lachowka revealed a geometric meaning to the small quantum group through the

nilpotent cone and the Springer resolution. New data obtained by geometric means in [48] lead the

authors to formulate a serie of beautiful conjectures that would describe quite precisely the center of

the small quantum group, the main object in this thesis. The affine Grassmannian and affine Springer

fibers (we will define them later in the text) play an important role in this picture, as explained in the

work of Arkhipov–Bezrukavnikov–Ginzburg ([8]), Boixeda-Alvarez–Losev. ([3]) and Bezrukavnikov–

Boixeda-Alvarez–Shan–Vasserot ([14]). We also will look at the small quantum group through this

perspective. Other geometric realizations of the small quantum group have been constructed before,

for example via the semiinfinite flag variety in [7] or via factorizable sheaves on configuration spaces

via [65].

The main result of [12] shows an isomorphism between graded vector spaces

⊕
s

HHs(u) ∼=
⊕
s

HHs
C∗(Ñ ) ∼=

⊕
i+j+k=s

Hi(Ñ ,∧jT Ñ )k (1.1)

where HH∗(u) is the Hochschild cohomology of u = u(g), and HH∗
C(Ñ ) is the equivariant Hochschild

cohomology of the Springer resolution for G. The second isomorphism is a version of the Hochschild-

Kostant-Rosenberg. The isomorphism 1.1 also respects the multiplicative structure, which is stated as

follows in [12]: the multiplication in HH∗(u) is determined by the exterior algebra structure in ∧•T Ñ .

However, the precise meaning of how it is determined is not specified. Our first focus in this thesis
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is to clarify this statement and obtain an explicit formula for the multiplication in the Hochschild

cohomology of the small quantum group.

It is apparent from the formula 1.1 that the center HH0(u) is bigraded. Recently, [14] proposed

another geometric interpretation of the center in terms of the geometry of a certain affine Springer

fiber. An affine Springer fiber is a infinite-dimensional space (we will define it later in the text). It

can be thought to be the affine analogue (in the Lie algebra sense) to the ordinary Springer fibers

(defined as zero set of invariant vector fields on G/B). An interesting feature of the affine Springers

is that their cohomology groups are acted upon by the affine Weyl group W̃ =W ⋉ P .

Theorem 1.0.1 ([14]). There is an algebra embedding H∗(X)W̃ → zG
∨
.

Conjecture 1.0.2 ([14]). The previous map is an isomorphism.

The second aspect of this thesis we are interested in is to determine the two gradings, that appear in

1.1, in the setting of affine Springer fibers. This bigrading comes from the geometry of the Springer

resolution, appearing in the formula 1.1. Assuming conjecture 1.0.2, we try to construct the bigrading

from the geometry of the Hitchin fiber. Our main tool here is a degeneration of spectral curves inside

Hirzebruch surfaces. Using the product formula relating affine Springer fibers to Hitchin fibers, we

can use tools available for Hitchin fibers. We can match one of the two grading on both side.

In the last chapter of the thesis, we study more algebraic and computational aspects of the center: in

the last chapter we improve the sheaf-cohomology BGG algorithm (introduced in [32]). This algorithm

computes cohomology of equivariant vector bundles on G/B in an efficient way, and can be used as tool

to compute the cohomology appearing in formula 1.1. We then compute many Hochschild cohomology

groups of small quantum groups, for example for g of type G2, A4, B3. We verify the conjectures of

Lachowska-Qi in all the cases we computed. We also present a computation of the full Hochschild

cohomology of the parabolic Springer resolution ÑP = T ∗P2. Finally we also present a cocycle

computation related to the multiplicative structure of sl3.

We now give a more precise outline of the thesis:

In chapter 2, we give the necessary background for the thesis. We tried to add many details and

examples to make it self-contained and easy to read. The first section sets up the conventions and

the notation. The second section gives basic definitions and theorems about quantum groups at root

of unity (big and small), and also provides motivation to study this (complicated!) object. In the

third section, we give a brief treatement of the relationship between the small quantum group and

the Springer resolution, following [27], [8] and [12]. Section 4 gives a very detailled treatement of

the BGG resolution and the sheaf-cohomology BGG algorithm of [48], that we develop further in

chapter 5. Then we state the conjectures introduced by Lachowska-Qi, relating the center of the small

quantum group with a combinatorial object constructed from the Weyl group, the so-called diagonal

coinvariants algebra

DRn = C[h⊕ h∗]/(C[h⊕ h∗]W+ )

Here, h is a Cartan subalgebra of g, W acts diagonally on h ⊕ h∗, and + means that we take the

augmentation ideal. The work of Lachowska-Qi is the background of chapter 3 and chapter 5. In the

fifth section, we discuss the relationship between the small quantum group and affine Springer fibers,

used in chapter 4, and the sixth section is about the Hitchin fibration and the perverse filtration, also

needed for the chapter 4.
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In chapter 3, we prove our first main result, a theorem which gives a multiplicative isomorphism

between equivariant Hochschild cohomology of the Springer resolution and the Hochschild cohomology

of the small quantum group. Section 2 is concerned with the proof of a torus-equivariant version of

the Hochschild-Kostant-Rosenberg theorem , and recall some facts about equivariant sheaves and the

theorem of Kontsevitch about the twisted Hochschikd-Kostant-Rosenberg theorem. Section 3 gives

applications to the small quantum group.

In chapter 4, we deal with the question of finding a bigrading on the affine Springer side corresponding

to the Springer resolution side. The method we use is a degeneration of spectral curves. Spectral

curves can be seen as parametrizing Hitchin fibers, which are closely related to certain affine Springer

fibers. These fibers are themselves related to the center of the small quantum group ([14]). This

degeneration of spectral curves allows us to construct a map from the diagonal coinvariants algebra

to the center of the small quantum group.

In chapter 5, we present several computations related to the Hochschild cohomology of small quantum

groups. After the introduction, the second section explains how to improve the BGG sheaf-cohomology

algorithm. Section 3 computes HH∗
C∗(ÑP ) where ÑP = T ∗P2 is the parabolic Springer resolution

corresponding to a non-trivial singular block for g = sl3. We describe this group both as G-module

and as a module over C[N ]. We also use our multiplicative HKR theorem proved in chapter 3

to compute some products inside this ring. In section 4, we compute the center (as bigraded vector

space) of the principal blocks for type G2, B3, C3, A4 (and some singular blocks as well). This confirms

the conjectures of Lachowska-Qi. In section 5, we compute some higher Hochschild cohomology group.

Finally, in section 6 we look at the case where G/P is a projective space. We compute an interesting

subalgebra of HH1 and find its ”positive part”. We compute explicit cocycles that provide a basis

for z0(sl3).

We hope that these three chapters will give more insight on the center of the small quantum group

and its mysterious relationship with combinatorics.
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Kivinen for doing mathematics with me, it has been very stimulating. Finally, I would like to thanks
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Chapter 2

Background

2.1 Conventions and notations

All the objects we will consider (different version of quantum groups, flag varieties, nilpotent cones,

...) usually depend on a complex semisimple Lie algebra that will be denoted by g. We will write G

for the corresponding simple algebraic group (in certain references, e.g [12] it is assumed that G is of

adjoint type).

We will often fix a Cartan torus inside a Borel subgroup H ⊂ B, and denote by h, b the corresponding

Lie algebra. The root lattice is written Q, the weight lattice is written P . The coroot/coweight lattices

are denoted Q∨, P∨. The dominant weights is the monoid P+ ⊂ P spanned by the fundamental

weights ϖi. The simple root αi ∈ h∗ is the eigenvalue of the Chevalley generators Ei. The Weyl

group W ⊂ GL(h∗) is the group generated by the reflection along the simple roots αi. The affine

Weyl group is defined as Ŵℓ :=W ⋉ ℓQ. The extended affine Weyl group is W ⋉ P .

2.2 The big and small quantum groups

2.2.1 Motivation to study quantum groups at root of unity

2.2.2 The big quantum group

We will give definitions of several versions of quantum groups, following Lusztig [54]. Fix a semisimple

Lie algebra g with symmetric Cartan matrix A = (aij).

Definition 2.2.1 ([52], 0.4). We define U′ to be the Q(v)-algebra by generators Ei, Fi,Ki and K
−1
i

with relations

1. KiKj = KjKi, KiK
−1
i = K−1

i Ki = 1.

2. KiEjK
−1
i = vaijEj,

KiFjK
−1
i = v−aijFj.

3. EiFj − FjEi = δij
Ki−K−1

i

v−v−1 .

9



10 CHAPTER 2. BACKGROUND

4. EiEj = EjEi,

FiFj = FjFi, if aij = 0.

5. E2
i Ej − (v + v−1)EiEjEi + EjE

2
i = 0,

F 2
i Fj − (v + v−1)FiFjFi + FjF

2
i = 0, if aij = −1.

Remark 2.2.2. One can define U′ for non-symmetric Cartan matrix as well but the definition is

slightly more complicated, we refer to e.g [54].

Let A = Z[v, v−1].

Definition 2.2.3. The subalgebra UA is the A-subalgebra of U′ generated by the elements E
(N)
i :=

ENi /[N ]!, F
(N)
i := FNi /[N ]! and Ki,K

−1
i , where [N ]! =

∏N
s=1

vs−v−s

v−v−1 ∈ A.

Remark 2.2.4. The subalgebra UA contains certain elements

[
K, c

t

]
introduced by Lusztig, that

generalise K−K−1

v−v−1 . When v is specialized to a ℓ-th root of unity q, we have K2ℓ
i = 1.

Definition 2.2.5. Fix a primitive ℓ-th root of unity q, we define U = UA ⊗A C, where the A-algebra

structure on C is given by evaluating v at q. The algebra U is called the big quantum group.

For λ ∈ P+, we will define the Weyl module W (λ). Let Y (λ) be the U′-module isomorphic to U′− (

as a Q(v)-vector space), where Fi acts by left multiplication, Ei · 1 = 0 and Ki · 1 = vλi · 1. Let Y (λ)

be the unique simple quotient module, then we write Y A(λ) for its UA-submodule generated by 1 and

W (λ) for its specialisation to v = q.

Definition 2.2.6. The Weyl module of highest weight λ is W (λ).

We also want to define the dual Weyl modules H(λ). To do this, we define the algebraic dual of a

U′-module M to be the U submodule of HomA(M,U) such that Ei, Fi acts locally nilpotently and Ki

acts semisimply (see e.g [8]).

Definition 2.2.7. The dual Weyl module H(λ) is the algebraic dual of W (−w0λ).

Remark 2.2.8. This notation is because if W is a module of highest weight µ, then its algebraic dual

has highest weight −w0λ, where w0 is the longest word in W .

Remark 2.2.9. As h-module (in particular, as vector space), W (λ) is isomorphic to irreducible

representation LC(λ) of the corresponding complex Lie algebra g.

Example 2.2.10. Let ℓ = 5 and g = sl2. We will look at the Weyl module W (8). As vector

space, it is generated by the usual weight basis e8, e6, . . . , e−8. Because E5 = [5]qE
(5) = 0, we have

Ee0 = E5e8 = 0. Similarly, we have Fe0 = 0. If we draw the action of E,F by plain arrows and the

action of E(5), F (5) by dashed arrows, it follows that W (8) can be pictured as:
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W (8) : 8 6 4 2 0 −2 −4 −6 −8

We see that the trivial module L(0) = Ce0 is a submodule of W (8), and that the quotient module is

ireducible. Hence we get a short exact sequence

0 → L(0) →W (8) → L(8) → 0

which is a general fact about Weyl module for U(sl2).

Similarly, one can write W (10) as follows:

10 8 6 4 2 0 −2 −4 −6 −8 −10

(For readability, the actions of E(5) and F (5) were restricted to e10, e0 and e−10). This time, the

simple submodule is L(8) and the simple quotient is L(10).

The dual Weyl module H(8) is given by (E(5), F (5) not shown):

8 6 4 2 0 −2 −4 −6 −8

Let us recall the strong linkage principle from [5] (an integrable moduleM is a module such that E,F

acts locally nilpotently and each weight space is finite-dimensional).

Theorem 2.2.11 (Linkage principle). Let V be an integrable indecomposable module. If λ, µ ∈ P+

such that L(λ) and L(µ) are composition factors of V , then µ ∈ Ŵℓ · λ.

In particular, it follows that there is a decomposition U ∼= ⊕µUµ, where the Uµ are two-sided ideas

called blocks, and that the blocks are parametrized by the orbits of P under the action of Ŵℓ.

Definition 2.2.12. We call U0 the principal block.

Example 2.2.13. For g = sl2, the simple modules belonging to the principal block U0 are exactly the

L(2kℓ) and L((2k + 2)ℓ− 2) where k ∈ Z≥0.

We now define a special class of modules called tilting modules, and explain the relation between

projective modules and tilting modules following [4].
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Definition 2.2.14. Let M be a U-module. A Weyl filtration is a filtration M0 = 0 ⊂ M1 ⊂ · · · ⊂
Mn = M such that each subquotient Mi/Mi−1 is isomorphic to a Weyl module W (λi) for some

λi ∈ P+. A dual Weyl module filtration is a filtration M0 = 0 ⊂ M1 ⊂ · · · ⊂ Mn = M such that

M i/M i−1 is isomorphic to a dual Weyl module H(µi) for some µi ∈ P+.

We now state important theorems about extensions and morphisms between Weyl and dual Weyl

modules.

Theorem 2.2.15. If λ, µ are dominant weights and n > 0, then Extn(W (λ), H(µ)) = 0. We have

dimHomU−mod(W (λ), H(µ)) = δλ,µ.

Definition 2.2.16. A U-module M is tilting if it admits both a filtration by Weyl modules and dual

Weyl modules.

Example 2.2.17. Let us give an example of a module that is not tilting. For g = sl2, both Weyl

and dual Weyl modules has a 2-steps filtration by simple modules. Hence, if a dual Weyl module is

tilting, we can deduce that H(λ) = W (µ) for some µ, λ. This is impossible in most cases, because

Hom(W (µ), H(λ)) = 0 if µ ̸= λ and H(λ) is rarely isomorphic to W (λ). Let us list such λ: for λ =

0, . . . , ℓ− 1, the Weyl and dual Weyl modules are actually simple (e.g we have W (0) = H(0) = L(0)).

Moreover, for λ = rℓ−1, all the modules coincide: L(λ) =W (λ) = H(λ) = T (λ). For the other cases,

the morphism W (λ) → H(λ) is not an isomorphism. This follows explicitely from the presentation of

Weyl and dual Weyl modules. Hence, this gives for g = sl2 the full list of dominant λ such that W (λ)

is tilting.

Example 2.2.18. Let us now give an example of a tilting module, T (10) with ℓ = 5:

8 6 4 2 0 −2 −4 −6 −8

10 −10

8 6 4 2 0 −2 −4 −6 −8

It is known that Rep(U) has enough projectives. Moreover, we have the following result:

Proposition 2.2.19. All projective covers of finite-dimensional simple modules are given by inde-

composable tilting modules of highest weight λ, written T (λ), where λ ∈ P+\Cℓ.

Since the dual of a tilting modules is tilting, it follows that injective and projective module coincide.

Let us state a more precise result, and for a dominant weight λ, we write λ = λ1 + ℓλ0 where

λ1 ∈ P+, λ0 ∈ Cl (Cℓ is the first ℓ-alcove). Let λ = 2 · (ℓ − 1) · ρ + w0(λ0) + ℓ · λ1. We have the

following theorem by Andersen:

Theorem 2.2.20 ([4]). Let I(λ) be the injective hull of L(λ). Then I(λ) ∼= T (λ).

Finally, to compute the multiplicities of Weyl modules inside tilting modules, one can use the following

theorem:
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Theorem 2.2.21. For any dominant weights µ, λ, we have (I(λ) : W (µ)) = [W (µ) : L(λ)] and

(I(λ) : H(µ)) = [W (µ) : L(λ)].

2.2.3 The small quantum group

The small quantum group was introduced by Lusztig in [52], as a quantum analogue of the first Frobe-

nius kernel of an algebraic group over a field of positive characteristic.

Consider the subalgebra u′ ⊂ U generated by Ei, Fi,Ki.

Definition 2.2.22. [52] The small quantum group u is the quotient u = u′/⟨Kℓ
i − 1⟩.

Alternatively, one can consider the Kac-De Concini version of a quantum group at root of unity, UKdC
which is a specialisation of the usual Drinfeld-Jimbo quantum group at v = q (factored by the ideal

generated by the Kℓ
i − 1, where qℓ = 1 is a primitive root of 1). There, the small quantum group is

just the kernel of the map UKdC → U, sending Ei → Ei, Fi → Fi and Ki → Ki.

Proposition 2.2.23. There is a short exact sequence of Hopf algebras

0 → (u) → U → Û(g)

where Û(g) is a certain completion of U(g), and (u) is the two-sided ideal generated by the small

quantum group.

Morally, we have U−mod ∼= u−mod ⊗ Rep(G). The precise relationship is explained by the work of

Arkhipov-Gaitsgory [9] (see also [25] and [2]). A key ingredient is the quantum Frobenius map (see

[53]), introduced by Lusztig.

Proposition 2.2.24. The assignement E
(ℓ)
i 7→ ei, F

(ℓ)
i → fi extends to an algebra morphism: U →

U(g) (a completion of the universal enveloping algebra).

The Frobenius map can be interpreted as a functor Fr∗ : Rep(G) → U−mod, V 7→ Fr∗ V , where

Fr∗ V = V as a vector space, and u acts on V trivially (i.e the K’s act by 1 and the E,F ’s act by zero),

and the divided powers acts via the Frobenius map. It gives a functor Rep(G)× U−mod → U−mod,

hence gives an action of the monoidal category Rep(G) on the category U−mod.

We state an important theorem relating modules over the big quantum group and modules over the

small quantum group:

Definition 2.2.25. A weight λ0 is ℓ-reduced if 0 ≤ ⟨λ0, αi⟩ < ℓ for all simple root αi.

Theorem 2.2.26 (Lusztig’s tensor product theorem). Let λ be a dominant weight. Write λ = ℓλ1+λ0,

where λ1 is dominant and λ0 is ℓ-reduced. Then, L(λ)|u ∼= Fr∗ LC(λ1)⊗ L(λ0).

Here, L(µ) is the simple module of highest weight µ for U, and LC(µ) is the simple module of highest

weight µ for U(g).

Finally, we state the linkage principle for the small quantum group.

Theorem 2.2.27. The blocks of u are parametrized by P/W̃ℓ, where W̃ℓ =W ⋉ ℓP .

Understanding the center of the small quantum group has been an important and complicated problem.
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The ”well-known” part of the center is the so-called Harish-Chandra center z̃, and it is isomorphic as

an algebra to the coinvariant algebra C[h∗]/C[h∗]W+ ∼= H∗(G/B,C) ( [17]).

The center for g = sl2 was computed by Kerler in [45] (1994).

Theorem 2.2.28 (Kerler). For g = sl2, we have z0 ∼= C3.

Hence, for g = sl2 we obtain z ∼= C3(ℓ−1)/2+1 for the whole center (the last term comes from the

singular block corresponding to the Steinberg module). However, even the case of g = sl3 was not

solved until 2016, by Lachowska-Qi [48], 20 years later.

In the meantime, the work of Lachowska [47] found a ”large” subalgebra inside z. Recall the homo-

morphism J : u∗ → u, p 7→ m(p ⊗ id(R21R12) introduced by Drinfeld ([23]), where R is the classical

R-matrix associated to u. The image of the complexified Grothendieck ring through J is central, and

the image is the Harisch-Chandra center z̃. Then, for any finite-dimensional Hopf algebra H there is

a map ϕ : H → H∗, constructed from the ”right integral” element ([62]). Composing these maps one

obtain a kind of ”Fourier transform” F = J ◦ ϕ. The main result of [47] reads as follows:

Theorem 2.2.29. The intersection of z̃ ∩ F(z̃) with each block is 1-dimensional.

Hence the subalgebra z̃+ F(z̃) is almost ”twice as big” as z̃.

We will understand later a geometric description of these algebras, but it is still unkown how to relate

the Fourier transform with the geometric description of the center obtained in [48]. For example, the

geometric description of the center is only ”block by block”, but it is known that the Fourier transform

is not block-preserving.

We now have a much better understanding of the center of the small quantum group: there are

various conjectures (to be described in the next section) that describe it, and link it with other

beautiful objects in mathematics (for example, the diagonal coinvariant algebra).

2.2.4 Relation between small and big quantum group (after Arkhipov-

Gaitsgory)

We now describe a result due to Arkihpov and Gaitsgory ([9]), which explains how to describe the

category u−mod in term of the category big quantum group U−mod. This result is crucial in order to

deduce the Bezrukavnikov-Lachowska’s equivalence from the Arkhipov-Bezrukavnikov-Gaitsgory [8]

equivalence. In [9], ℓ is assumed to be even, but we will consider the case where ℓ is odd (the results

still hold if one replaces the Langlands dual group G∨ by the original semisimple group G).

Let AG be the Hopf algebra such that the category of comodules over AG is equivalent to the category

of modules over U.

Definition 2.2.30. The category C is the category where the objects are vector spacesM with an action

of the algebra OG and a co-action of the co-algebra AG, such that the co-action map M → AG ⊗M

is a map of OG-modules.

We first state their main theorem:

Theorem 2.2.31. [9] The category of all modules over the small quantum group u is equivalent to
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the category C. Finitely generated OG-modules correspond to finite-dimensional modules over u.

Actually, this theorem follows from a even more general formalism, for example developped in the

paper [25], or can also be seen as an instance of the Barr-Beck theorem (this was explained to us by

Sergey Arkhipov).

In an equivalent way, one can describe the category C as follows: objects are pairs (M,αV ), where

M ∈ U−mod and for each V ∈ Irr(G), we have a map αV : Fr∗ V ⊗ M → V ⊗ M (where for a

G-representation V , V is the underlying vector space), satisfying certain conditions. Let us sketch

how the equivalence goes: the action map OG ⊗M →M can be thought by the Peter-Weyl theorem

as a U-module map
⊕

V ∈Irr(G)(V ⊗ V ∗) ⊗M → M . We see that this is actually equivalent to maps

αV : Fr∗(V )⊗M → V ⊗M (here, we used that the U-module structure on V is compatible with the

G-action via the Frobenius morphism).

2.3 Geometry of the Springer resolution and quantum groups

at root of unity

2.3.1 The big quantum group

The origin of the geometric description of the (derived, mixed) category of modules over the big

quantum group originates in the following result:

Theorem 2.3.1. [27] There is a graded algebra isomorphism H2•(u,C) ∼= C•[N ]. Moreover H2•+1(u,C) =
0.

Here, N ⊂ g is the set of nilpotent elements, and C•[N ] is the graded ring of poynomial functions on

N . The cohomology H•(H,M) of a module M over a Hopf algebra H is defined as follows ([27]):

Definition 2.3.2. The cohomology groups Hi(H,M) are defined as ExtiH(C,M), where C is seen as

a trivial H-module via the augmentation.

The Ginzburg-Kumar isomorphism was enhanced to an equivalence of derived categories by Arkhipov,

Bezrukavnikov and Ginzburg in the paper [8].

Let G be the simple algebraic group associated to g, and B a Borel subgroup.

Definition 2.3.3. The algebraic variety Ñ = T ∗(G/B) is called the Springer resolution.

Let n = [b, b]. For varieties X,Y acted upon by a group H, let X ×H Y denote the quotient space

(by the diagonal action) (X × Y )/H.

Remark 2.3.4. We have Ñ ∼= G ×B n := (G × n)/B, and the map µ : (g, x) 7→ Ad(g)(x) is a

resolution of singularities of the nilpotent cone N , hence the name. We can also write Ñ = {(x, b′) ∈
N ×G/B : x ∈ b′}. (Recall that G/B can be seen as parametrizing all Borel subalgebra b′ ⊂ g).

The Springer resolution is very important in geometric representation theory, see e.g [59]. Let us

consider the natural G-action on Ñ , and the C∗ action on the cotangent fibers by t · (x, v) = (x, t−2v).

Let CohG×C∗
(Ñ ) be the category of coherent sheaves on Ñ , that are G× C∗-equivariant.

The main relationship between the principal block of the big quantum group and the Springer reso-

lution is as follows:



16 CHAPTER 2. BACKGROUND

Theorem 2.3.5. [8] There is a triangulated functor F : Db(CohG×C∗
(Ñ )) → Db(U0−mod), such that

the image of F generates Db(U0−mod) as triangulated categories, and for any F ,F ′ ∈ Db(CohG×C∗
(Ñ ))

induces canonical isomorphism:⊕
i∈Z

Hom•(F , zi ⊗ F
′
) ∼= Hom•(F (F ), F (F ′))

2.3.2 The small quantum group

In [12], Bezrukavnikov and Lachowska used theorem 2.3.5 to obtain a similar relationship between

CohC
∗
(Ñ ) and the principal block of the small quantum group u0:

Theorem 2.3.6. [12] There is a triangulated functor F : Db(CohC
∗
(Ñ )) → Db(u0−mod), such that

the image of F generates Db(u0−mod) as triangulated categories, and for any F ,F ′ ∈ Db(CohC
∗
(Ñ ))

induces canonical isomorphism:⊕
i∈Z

Hom•(F , zi ⊗ F
′
) ∼= Hom•(F (F ), F (F ′))

Let us sketch the proof of this theorem (for details see [12]). The idea is that the category of mod-

ules over u0 can be reconstructed from the category modules over O(G) in the category U−mod,

i.e u0−mod ∼= ModU0−mod(O(G)). A similar relationship can be obtained between the category

CohG×C∗
(Ñ ) and CohC

∗
(Ñ ), where sheaves in CohC

∗
(Ñ ) can be reconstructed from sheaves in

CohG×C∗
(Ñ ) that are modules over the algebra O(G). Hence, one just need to check the com-

patibility between the G-action in theorem 2.3.5.

Theorem 2.3.7. There is an isomorphism of algebras

z0 ∼=
⊕

i+j+k=0

Hi(Ñ ,∧jTÑ )k

This theorem is basically an equivariant version of the usual Hochschild-Kostant-Rosenberg theorem.

The technicality is that one has to extend the equivalence of categories to a ”doubled” version of it,

since the Hochschild cohomology is usually defined as derived endomorphisn of the structure sheaf of

the diagonal ∆ ⊂ X ×X.

In chapter 3, we will prove that this isomorphism can be extended to an isomorphism of algebras.

This is based on a theorem by Konsevitch, stating that twisting by the negative of the square root of

the Todd class induces a ring isomorphism between the Hochschild cohomology of a smooth complex

scheme, and the total cohomology groups of the poly-vector fields.

2.3.3 The center of the small quantum group: the Lachowska-Qi conjec-

tures

We now explain how to compute the center of the small quantum group using the ”sheaf-cohomology

BGG algorithm” (to be described in the next subsection, and in more detail in chapter 6). As we know

from 2.3.2, the center z0 is given by the equivariant Hochschild cohomology group
⊕

i+j+k=0H
i(Ñ ,∧jTÑ )−k.
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By definition, these pieces correspond to the sheaf cohomology Hi(G/B,Vj,k) for a certain vector

bundle Vj,k. Hence, we can use the sheaf-cohomology BGG algorithm to compute these cohomology

groups. In [48], the b-module Vj,k corresponding to the vector bundle Vj,k has been determined.

Consider the coadjoint action coadj : b → End(u) ∼= u⊗ n. It induces a map ∆ : b → g⊕ u⊗ n, where

∆ = (incl, coadj).

Definition 2.3.8. The k-grading on the algebra Sym(u)⊗∧∗g⊗∧∗n, is defined such that deg(g) = 0,

deg(n) = −deg(u) = −2.

Let

V1 :=
g⊕ u⊗ n

∆(b)

Definition 2.3.9. The modules Vj,k are defined as the k-th graded part of Vj := ∧jSym(u)V1.

Theorem 2.3.10. [48] We have Vj,k ∼= G×B Vj,k.

From the formula 1.1, one can already see that z0 has a natural bigrading. There is also an sl2-action

on the center:

Theorem 2.3.11. [48] Let τ ∈ H0(Ñ ,∧2TÑ )−2 be the Poisson bivector field (dual to the natural

symplectic form on Ñ = T ∗(G/B)). The wedge product of
⊕

i+j+k=0H
i(Ñ ,∧jTÑ )−k with τ induces

a sl2-action on z0, where τ acts as

(
0 1

0 0

)
.

Using this theorem, Lachowska-Qi explicitely computed the center z0(sl3).

Theorem 2.3.12. [48]

As bigraded vector space, the center of the principal block z0(sl3) is given by the following table:

i+j=0 1

i+j=2 2 1

i+j=4 2 3 1

i+j=6 1 2 2 1

hi,j j−i=0 j−i=2 j−i=4 j−i=6

Definition 2.3.13. Let W be the Weyl group associated to a complex semisimple Lie algebra g. The

diagonal coinvariant algebra is the algebra C[h ⊕ h∗]/(C[h ⊕ h∗]W+ ), where (C[h ⊕ h∗]W+ ) is the ideal

generated by the non-constant invariant polynomials.

We write DCm or DRm forW = Sm. It was noticed in [48] that the table for z0(sl3) coincide with the

diagonal coinvariant algebra for A2. Further computations (for g = sl4, sl5, b2, and various parabolic

versions) confirmed this coincidence. This motivated a set of conjecture from [48], [49] that we will

present now.

Conjecture 2.3.14. [48] In type A, z0(slm) is isomorphic as bigraded vector space to the diagonal

coninvariant algebra. More precisely:
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• There is a natural symmetric group Sm action on z0, extending the action of Sm on the coin-

variant algebra Cm ⊂ z0.

• The symmetric group action commutes with the sl2-action.

• As bigraded representation, we have z0 ∼= DCm ⊗ sgn. The bigrading match as follows: the

(i, j)-component

zi,j0
∼= (DCm ⊗ sgn)(

m
2)−

i+j
2 , j−i

2

In particular, the dimension of the center is dim z0 = (m+ 1)m−1.

Finally, in [49] the various blocks of the center has been computed for sl3, sl4. Summing up all

the blocks with multiplicities, one obtains a rational Catalan number. This motivates the following

conjecture:

Conjecture 2.3.15. [49] We have dim z(slm) = c(m+1)ℓ−m,m := 1
(m+1)

(
(m+1)ℓ
m

)
Conjecture 2.3.16. [48] The natural g-action on z0 is trivial if g = sln.

Remark 2.3.17. This has been checked for g = sl2 ([45], g = sl3, sl4 ([48]), g = sl5 ([49]). We will

see more example in chapter 4.

In this formulation, all the conjectures are currently open. However, significant progress has been

made toward these conjectures, using another (conjectural) description of the center in term of affine

Springer fibers. We will describe it in the next section. Let us mention than using a computer program

implementation of the BGG sheaf-cohomology algorithm introduced in [32], we verified various cases

of the conjectures in ([32] (this work is presented in chapter 5).

Let us brielfy describe the importance of the diagonal coinvariant algebra ( a beautiful survey of

Haiman’s work is [28]). There is a conjecture in combinatorics that certain (q, t)- symmetric poly-

nomials have positive coefficients, known as Macdonald positivity conjecture. This conjecture would

follows from the fact that certain bigraded Sn-modules M has character given by these polynomials.

This conjecture is called the n! conjecture, because these modules would actually be the regular rep-

resentation. Finally, the last conjecture gives a formula for the character of DCn. It is complicated

to state, but it implies that its dimension in type A is given by (n+1)n−1, and it implies also the two

last conjectures. All these conjectures have been proved by Haiman using combinatorics of DCn and

the geometry of the Hilbert scheme (a [30], [31]).

2.4 The Lachowska-Qi algorithm and the BGG resolution

Lachowska-Qi gave an algorithm to compute the center using the isomorphism

z0 ∼=
⊕

i+j+k=0

Hi(Ñ ,∧jTÑ )k

To do this, two steps are needed: first one needs to be able to compute efficiently sheaf cohomology on

G/B, we will briefly explain how to do it here (since more details will be given in chapter 5. The an-

swer is in term of Lie algebra cohomology, hence we need to have an algebraic precise definition of the

modules associated to the vector bundles (pr∗∧jTÑ )k (here, pr : Ñ → G/B is the natural projection).
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We recall the existence of the BGG resolution, a key ingredient:

Theorem 2.4.1 ([35], chapter 6). There is an exact sequence

0 →M(w0 · λ) →
⊕

ℓ(w)=n−1

M(w · λ) → · · ·
⊕

ℓ(w)=k

M(w · λ) · · · →M(λ) → L(λ) → 0

Let us explain the big picture of the work of Lachowska-Qi in [48]. Let E a B-module. We consider the

vector bundle E := G×B E on the flag variety X = G/B. Since E is G-equivariant, the cohomology

groups H•(G/B,G×B E) are naturally G-modules. In [48] these G-modules are computed using the

BGG complex. To compute H•(X, E), we only need to compute HomG(L(λ),H
•(X, E)) for all λ ∈ P+.

To obtain a list of dominant weights λ that might contribute to H•(X, E), we use a filtration of E

given by the n-action. The composition factors nkE/nk+1E are direct sums of 1-dimensional weight

spaces. It follows that E has a filtration with composition factors isomorphic to a direct sum of line

bundles. At this point it is useful to recall the Borel-Weil-Bott theorem:

Definition 2.4.2. We define Lλ be the homogeneous line bundle corresponding to the 1-dimensional

B-module C−λ, (so H acts by the character χ−λ : H → C and U = B/T acts by the identity).

Remark 2.4.3. The sign is just for convention, and makes the Borel-Weil-Bott theorem simpler to

state.

Theorem 2.4.4 (Borel-Weil-Bott). Assume λ ∈ P is dot-singular, then Hi(X,Lλ) = 0 for all i ∈ N.
If not, let w ∈ W the unique element so that w · λ is dominant. Then, Hi(X,Lλ) = L(λ) if i = ℓ(w)

and 0 else.

Let E be an homogeneous vector bundle. Then, E has a filtration, such that the composition factors

are isomorphic to a direct sum of homogeneous line bundles. It follows that there is a surjection from

the direct sum of cohomology groups of these line bundles onto H•(X, E). Hence, by the Borel-Weil-

Bott theorem, the only representations that can appear in H•(X, E) are given by the dot-orbits of the

set wt(E). Hence it is natural to try to find the kernel of this surjection to obtain the cohomology

H•(X, E), but it boils down to compute the map in the associated spectral sequence which is not trivial.

As an alternative road, it is possible to use the BGG resolution to explicitly compute the cohomology

as was done in [48]. The main role is played by Bott’s theorem relating the sheaf cohomology on X

with the Lie algebra cohomology of E.

Theorem 2.4.5. [16] Let X = G/B and E = G×B E for a B-module E. For each λ ∈ P+ there is

a vector space isomorphism HomG(L(λ),H
•(X, E)) ∼= H•(b, h,HomC(L(λ), E)).

Here, H•(b, h,HomC(L(λ), E)) is the h-equivariant Chevalley-Eilenberg cohomology of b with co-

efficients in E ⊗ L(λ)∗. By definition, this is the cohomology of the complex Hom(∧•(b/h)∗ ⊗
HomB(L(λ), E))h. We also need the following lemma, originally stated in [16]:

Lemma 2.4.6. [16] For a b-module F there is an isomorphism H•(b, h, F ) ∼= H•(n, F )h.

Following [48], we will explain how to compute the cohomology groups H•(G/B, E) using the BGG

complex. We need to compute H•(b, h,HomC(L(λ), E)) ∼= H•(n,HomC(Lλ, E))h . By definition, the

latter is computed by picking an h-invariant resolution of HomC(E,L(λ)) as a U(n)-module. We have



20 CHAPTER 2. BACKGROUND

H•(n,HomC(L(λ), E))h ∼= Ext•n(C,HomC(L(λ), E))h ∼= Ext•n(C, E ⊗ L(λ)∗)h ∼= Ext•n(E
∗ ⊗ L(λ),C)h).

Tensoring the BGG resolution for L(λ) with E∗ gives a projective resolution for HomB(E,L(λ)).

Hence a complex that computes H•(n,HomB(L(λ), E))h is given by Hom(M•(λ)⊗E∗,C)h. To describe
the terms in the previous complex, we use that for a Verma moduleM(µ) we have HomU(n)(M(µ), E)h ∼=
E[µ]. Hence the k-th term of the complex computing Hom(L(λ),H•(X, E)) is given by

⊕
ℓ(w)=k E[w·λ].

Definition 2.4.7. The BGG complex associated to E and λ, written BGG•(E, λ), is the complex

Hom(M•(λ)⊗ E∗,C)h.

By the discussion before, there is an identification BGGk(E, λ) ∼=
⊕

ℓ(w)=k E[w ·λ]. In this setting, the

maps E[x ·λ] → E[w ·λ] are just given by multiplication by F(x,w). To summarize, the multiplicities

HomG(L(λ),H
•(X, E)) can be computed using the BGG complex as explained.

Let us explain how to get similar results for partial flag varieties X = G/P . We recall that to any

subset J ⊂ S, where S is a set of simple roots, we obtain a corresponding standard parabolic subgroup

PJ , which Lie algebra is given by pJ := Lie(PJ) = b ⊕ ⟨fi : i ∈ J⟩, where ⟨fi : i ∈ J⟩ is the Lie

subalgebra generated by the fi for i ∈ J . A parabolic version of the BGG resolution exists but seems

more complicated to implement. However, by the degeneration of the Leray spectral sequence for the

projection p : G/B → G/P , if E is a vector bundle on G/P one has an isomorphism of G-modules

Hi(G/B, p∗E) ∼= Hi(G/P, E). In practice, it means that for a p-module E, to compute the cohomology

of the corresponding vector bundle we can compute the cohomology of E considered as a b-module

by restriction. Hence, to compute sheaf cohomology we only need to work with G/B. We will give

explicit examples of such computations in the last chapter.

2.5 The small quantum group and the affine Springer fibers

The main result of [8] actually gives two geometric pictures describing the category U0−mod. The

second picture uses the affine Grassmannian and constructible sheaves, and we will make it more

precise here.

If H is a reductive group, the affine is an ind-scheme (we will define this later in the text) GrH such

that GrH(C) = H(C((t)))/H(C[[t]]). Let ev0 : H(C[[t]]) → H the evaluation map, and I ⊂ H(C((t)))
be an Iwahori subgroup, that is the preimage ev−1

0 (B) of a Borel subgroup B ⊂ H. For a H-space Y ,

let Perv(H)(Y ) denote the abelian category of perverse sheaves on Y , constructible with respect to

the stratification induced by the H-action. (We will recall some facts about perverse sheaves in the

next section). We have the following result:

Theorem 2.5.1. [8] Let G be a simple algebraic group of adjoint type. There is an equivalence of

categories U0−mod ∼= Perv(I)(GrG∨).

Here, G∨ is the complex connected, simply connected semisimple Langlands dual group of G.

Hence one could try to understand the center using the geometry of the affine Grassmannian. Using

the formalism from [9], it should be possible to obtain a categorical description of u0−mod as the

”de-equivariantisation” of the category Perv(I)(GrG), but to our knowledge this has not been done.

Recent work where the relationship with affine flag varieties and the center of the small quantum group
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has been done in [15], [3], [14]. In [14] a certain subalgebra H ⊂ zG is constructed with the property

that dimH = c(m+1)ℓ−m,m (In [33], the dimension of H has been also computed independently).

Conjecturally, in type A, we have H = zG = z. These conjectures will mostly follow from the

conjecture made in [14] that H = zG in type A (see [3]).

2.6 The perverse filtration and the Hitchin fibration

We now turn to perverse sheaves and the Hitchin fibration, needed in chapter 4.

2.6.1 The perverse filtration

Let K be a complex of constructible sheaves on a complex algebraic variety X, and H∗(X,K) the

corresponding hypercohomology group. Recall that there are perverse truncation functors pτ≤i ∈
End(D(X)), where D(X) is the derived category of constructible sheaves of finite-dimensional Q-

vector spaces (with respect to a given stratification).

Let us recall how to construct these: if a triangulated category D get a t-structure, that is a pair of full

subcategories (D≤0, D≥0) satisfying certain axioms, then the inclusion functors D≥0 → D,D≤0 → D

admits adjoints functors pτ≥0 : D → D≥0, pτ≤0 : D → D≤0, called the truncation functors.

Definition 2.6.1. The perverse filtration on H∗(X,K) is the filtration defined as P rK = im(H(X,p τ≤rK) →
H∗(X,K))

This definition is quite abstract, but a beautiful theorem of de Cataldo-Migliorini tells us that there

is a geometric interpretation of this filtration. For simplicity, we assume that X ⊂ A is embedded in

an affine space. If L1 ⊂ L2 ⊂ . . . Ln = A is a complete flag of linear subspace, we also get a filtration

on H∗(X,K) as F iH∗(X,K) = ker(H∗(X,K) → H∗(Li−1,K|Li−1
)).

Theorem 2.6.2. [21] If the flag L∗ is a generic flag, then the two filtrations coincide, i.e

P r Hj(X,K) = F r+j Hj(X,K)

2.6.2 The Hitchin fibration

We introduce the Hitchin fibration, and the relationship with the affine Springer fibers defined earlier.

Let C be a smooth, connected projective curve (in our case we will take C = P1), and let D be a

divisor on C such that deg(D) is even and satisfies deg(D) > 2g(C). In our case, D = 2[0].

Definition 2.6.3. An twisted Higgs bundle on C is a pair (E, θ) where E is a vector bundle and θ

is a map of vector bundles θ : E → E ⊗O(D).

What is called a Higgs bundle in the litterature is a twisted Higgs bundle when D = KC is the

canonical divisor of C. In this text, ”Higgs bundle” means ”twisted Higgs bundle” (for a fixed divisor

D). We now define the characteristic polynomial of θ: we can look θ as a map of OC-modules

End(E) → O(D). Hence by looking at θ(idE), we obtain a section of H0(C,O(D)).

Definition 2.6.4. The trace of θ is θ(idE). Similarly, we have higher trace for any 0 ≤ i ≤ rank(E)

by trace(∧iθ) ∈ H0(C,O(iD)).
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Definition 2.6.5. The characteristic polynomial χθ is the polynomial

χθ(X) = Xn − trace(θ)Xr−1 + · · ·+ (−1)ntrace(∧rθ) ∈
r⊕
i=0

H0(C, iD)

Definition 2.6.6. Let us fix an integers r, d. The stack of Higgs bundle M = Md,r is the stack

classifying the pairs (E, θ) up to isomorphism, where E has rank r and degree d.

Formally, M is the functor sending a scheme S to the groupoid of pairs (E , ϕ) where E is a G-torsor

over S ×X and ϕ ∈ H0(S ×X, (E ×G g)⊗O(D).

Definition 2.6.7. Let C,D, r, d as before. Hitchin fibration is the map f : M → A, f(E, θ) = χθ,

where A is the affine space ⊕ri=0H
i(C, rD). The Hitchin fibers Ma are the fibers f−1(a).

We now define a parabolic version of the Hitchin fibration:

Definition 2.6.8. The stack of parabolic Higgs bundles is the stack classifying the tuples (E, θ, x, ϕx)

where (E, θ) is a Higgs bundle, x ∈ C and ϕx is a B-reduction of E along x.

Recall that a vector bundle of rank r over a space Y can be though as maps gij : Ui∩Uj → GLr called

cocycles satisfying certain conditions, where Ui is some covering of Y . If H ⊂ GLr, a H-reduction

at a point x is a choice of cocycle representative where gij(x) ∈ H. In our case, one can think of a

B-reduction of a vector bundle E at a point x ∈ C as the data of a complete flag on the fiber Ex.

We will use the geometry of Hitchin fibers and their relationship with affine Springer fibers in chapter

4.



Chapter 3

An equivariant twisted HKR

isomorphism and the small

quantum group

Recall that in [12] where the center was described geometrically via the Springer resolution. Before

stating the main result, let us introduce some notations: z is the trivial line bundle on Ñ with the

C∗-action given by (z, v) 7→ z2v, R is the principal block, viewed as bimodule over u. By definition

Hi(Ñ , (∧jT Ñ )k) := Hi(G/B, (pr∗ ∧j T Ñ )k). By definition HH•(u0) is the graded ring⊕
m

HomDb(u0⊗uop
0 )(R,R[m])

where the multiplication is given by the composition. Moreover, HH∗
C∗(Ñ ) is by definition the ring⊕

j+k=m

HomDb(CohC∗ (Ñ×Ñ ))(O∆,O∆[j]⊗ zk)

where the ring structure comes from the Yoneda product. The geometric multiplication comes from

the exterior algebra structure. The main theorem in [12] can be formulated:

Theorem 3.0.1. There is a ring isomorphism HH•(u0) ∼= HH∗
C∗(Ñ ).

The purpose of this chapter is to explain precisely how to obtain a multiplicative isomorphism, us-

ing a theorem by Kontsevitch. We will check the compatibility of the multiplicative version of the

Hochschild-Kostant-Rosenberg theorem with a action of a torus, and prove the following version:

Theorem 3.0.2. The composition

HH•(u0(g))
HKR−−−−→

⊕
i+j+k=•

Hi(Ñ ,∧jT Ñ )k
⟨−,Todd(Ñ )−1/2⟩−−−−−−−−−−−→

⊕
i+j+k=•

Hi(Ñ ,∧jT Ñ )k

is a ring isomorphism.

23
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Let T be a complex torus, and X be an irreducible smooth complex variety acted on by T . More

generally, one can consider an arbitrary complex reductive group acting on a smooth variety X, if

there exists an affine cover by invariant open subset. Let HH•(X) be the Hochschild cohomology of

X, defined as Ext•Coh(X×X)(O∆,O∆), where ∆ ⊂ X ×X is the diagonal (for a variety Z we denote

OZ the structure sheaf), and HT •(X) denotes the bigraded vector space
⊕

i,j H
i(X,∧jTX). Our

first result is:

Theorem 3.0.3. The twisted HKR morphism HH•(X) → HT •(X) is T -equivariant.

This result relies on the following two propositions:

Proposition 3.0.4. In the derived category of coherent sheaves on X Db(Coh(X)), the quasi-isomorphism

ι∗O∆
∼=
⊕
i∈X

ΩiX [i]

is T -equivariant.

Here ι : ∆ → X ×X is the inclusion map, ΩiX is the sheaf of differential forms of degree i, and [i] is

the shift functor in the derived category.

Proposition 3.0.5. Let t ∈ HΩ•(X) be the Todd class of Ñ . Then, twisting with t−1/2 gives a

T -equivariant multiplicative isomorphism HH•(X) ∼= HT •(X).

When no group action is involved, the two statements are well-known ([26], section 9). The first

proposition implies the famous Hochschild-Kostant-Rosenberg (HKR) theorem relating the Hochschild

cohomology of X with sheaf cohomology of poly-vector fields. The second statement relates the

multiplicative structures on both sides. Hence the essence of our results is the compatibility with

the action of T . Using our first theorem, we can deduce an explicit way to make the Bezrukavnikov-

Lachowska isomorphism multiplicative. Setting X = Ñ and T = C∗, we will deduce in section 3 the

following theorem, describing geometrically the multiplicative structure of z0(g):

Theorem 3.0.6. The composition

HH•(u0(g))
HKR−−−−→

⊕
i+j+k=•

Hi(Ñ ,∧jT Ñ )k
⟨−,Todd(Ñ )−1/2⟩−−−−−−−−−−−→

⊕
i+j+k=•

Hi(Ñ ,∧jT Ñ )k

is a ring isomorphism.

Taking the zero degree part of the previous isomorphism gives the following corollary:

Corollary 3.0.7. The natural bigraded vector space isomorphism

HH0(u0(g)) ∼=
⊕

i+j+k=0

Hi(Ñ ,∧jT Ñ )k

can be upgraded to a multiplicative isomorphism using a twist.

The theorem 3.0.6 and the corollary 3.0.7 also hold for singular blocks, where one needs to twist by

the corresponding “parabolic Todd class”.



3.1. GEOMETRY 25

Let us briefly outline the contents of this chapter: in section 2 we study equivariant sheaves on smooth

varieties, give background material for the Kontsevitch theorem and prove theorem 3.0.3. In section

3 we explain the connection with the small quantum group, and derive some consequences for the

structure of z0(g).

3.1 Geometry

We first recall a theorem by Sumihiro:

Theorem 3.1.1. [66] Let T be a torus and X a complex T -algebraic variety. Then, there is an open

cover U of X, which is T -invariant (i.e for all U ∈ U, we have TU ⊂ U).

This theorem reduces many statements about algebraic varieties with a T -action to an affine statement

about graded R-modules that are easier to prove.

3.1.1 Equivariant sheaves

Let X be a variety over the complex numbers, with an algebraic action of a complex reductive group

K (which is not related to the Lie algebra g mentioned at the beginning of the introduction). We will

use QCohK(X) for the category of quasi-coherent K-equivariant sheaves. First we recall the definitions

and standard facts of an equivariant sheaf:

Definition 3.1.2. A sheaf F ∈ QCoh(X) is K-equivariant if there is an isomorphism θ : m∗F ∼=
pr∗2F , where m, pr2 : K ×X → X are respectively the action and the projection (moreover, θ should

satisfies a cocycle condition).

Taking the stalks of θ at (g, x) ∈ K×X gives an isomorphism θx : Fg·x ∼= Fx. A K-equivariant sheaf

F is equivalent to the data of a sheaf F with such isomorphisms. We also have

Lemma 3.1.3. A K-equivariant sheaf F is equivalent to a sheaf F with maps g : Γ(U,F ) →
Γ(g(U),F ) for each g ∈ T and U open, commuting with restrictions and such that g1·(g2·s) = (g1·g2)·s
for all g1, g2 ∈ K and all s ∈ F (U).

Corollary 3.1.4. There is a natural structure of K-modules on Γ(X,F ) for any equivariant sheaf

F . More generally, there is a structure of K-modules on HomQCoh(X)(F1,F2) if Fi ∈ QCohK(X).

Proof. The first point is clear. The action in general is defined as follow: if φ : F1(U) → F2(U), we

define g · φ = g ◦ φ ◦ g−1, where g denotes the map in lemma 3.1.3.

Definition 3.1.5. The category QCohK(X) is the category where objects are K-equivariant quasi-

coherent sheaves of OX-modules, and morphisms are equivariant morphisms of OX-modules, i.e. the

maps f : F1 → F2 such that that f(g · s) = g · f(s) for all s ∈ F1(U) and all g ∈ T .

To give more intuition, we recall that there is an equivalence of categories between the category of

locally free coherent K-equivariant sheaves and the category of finite-dimensional vector bundles with

an action of K, linear on each fibers, where morphisms are K-equivariant morphisms of vector bundles

(see [59], chapter 5).
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Lemma 3.1.6. The K-module V := HomQCoh(X)(F1,F2) is semisimple. Moreover there is an

isomorphism HomQCohK(X)(F1,F2) = (HomQCoh(X)(F1,F2))
K .

Proof. The induced K-action is algebraic, i.e given by a ring map V → V ⊗ O(K). It follows easily

that V is the union of its finite-dimensional K-modules, and hence semi-simple. The second part

follows from the definition of the K-action.

We now investigate basic properties of K-equivariant sheaves in order to be able to describe derived

functors, now computed in the equivariant category.

Remark 3.1.7. Let us emphasize that in geometric representation theory, the usual definition of

the ”equivariant derived category” (as defined e.g in Bernstein-Lunts:[38]) does not coincide with the

derived category of equivariant sheaves (the one we consider here).

Lemma 3.1.8. For each F ∈ QCohK(X), there is an injective object I ∈ QCohK(X) and a K-

equivariant monomorphism F → I. Moreover Fgt(I) ∈ QCoh(X) is still injective, where Fgt :

QCohK(X) → QCoh(X) is the forgetful functor.

Proof. The first part is proposition 5.1.2 in [29]. The second part follows from the explicit construction

of I in the same paper.

This lemma ensure that we can consider right derived functors of Hom(F1,−).

Corollary 3.1.9. Let F1 ∈ Coh(X)
K
(X) and Γ1 = HomQCohK(X)(F1,−) : CohK(X) → K − Mod.

Then there is a canonical isomorphism R(Γ1 ◦ Fgt) ∼= RΓ1 ◦ Fgt.

Corollary 3.1.10. For any equivariant sheaf F1, there is an isomorphism between the functors

QCohK(X) → Vect:

R(Inv ◦ ΓF1
) ∼= Inv ◦ RΓF1

where ΓF1 := HomQCoh(X)(Fgt(F1),Fgt(−)), and Inv : K − Mod → Vect, Inv(M) = MK . In

particular if F1,F2 are K-equivariant sheaves on X, there is an isomorphism

Extq
QCohK(X)

(F1,F2) ∼= (ExtqQCoh(X)(F1,F2))
K

Proof. Recall the Grothendieck formula to derive compatible left-exact functors: R(F◦F ′) ∼= RF◦RF ′.

Taking invariant is exact on the subcategory of semisimple K-representations, and by lemma 3.1.6

Γ(HomQCoh(X)(F1,F2)) is semisimple. Hence RInv = Inv and the formula follows.

Corollary 3.1.11. If F is a K-equivariant sheaf, then there is an isomorphism

RHomQCohK(X)(OX ,F ) ∼= (RHomQCoh(X)(OX ,F ))K

Lemma 3.1.12. If 0 → F1 → F2 → F3 → 0 is a K-equivariant sequence of K-equivariant sheaves,

and F3 is locally free, then the corresponding cohomology class in H1(X,F1 ⊗ F ∗
3 ) is K-invariant.

Proof. By definition the short exact sequence gives a map F3 → F1[1] in D
b(QCohK(X)). This is the

same as an element in Ext1
QCohK(X)

(F3,F1). Since Ext1
QCohK(X)

(F3,F1) ∼= Ext1
QCohK(X)

(OX ,F1 ⊗
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F ∗
3 ) we can apply the corollary 3.1.10 and compute the latter as H1(RΓ(X,F1 ⊗ F ∗

3 )
K) which is

K-invariant.

Now we specialize to the case where K = T is a complex algebraic torus.

Lemma 3.1.13. Assume that the T -action on X is trivial and that E is a T -equivariant vector bundle

on X. Then, there is a decomposition into eigenspace E = ⊕λE [λ] where λ : T → C∗ is a character

and we have Hi
T (X, E) = Hi(X, E [0]).

Proof. If U ⊂ X is affine, then E|U ∼= E × U for some vector space E. The action of T is given

by an action on the first component, and we get a decomposition E ∼= ⊕λE[λ] into T -eigenspaces.

Hence E|U ∼= ⊕λE|U [λ], and we get a global decomposition E ∼= ⊕λE [λ] since the T -action does not

depend on U . Moreover, there is an isomorphism of functors ΓT (X, E) ∼= Γ(X, E [0]). It follows that

Hi
T (X, E) = Hi(X, E [0]) by taking derived functors.

Most of these results were used implicitly in [12].

3.1.2 Kontsevitch’s theorem

Let X be a smooth algebraic variety over the complex numbers. The Hochschild cohomology of

X is defined as HH•(X) =
⊕

i Ext
i
OX×X

(O∆,O∆) where ∆ ⊂ X × X is the diagonal. It contains

information about deformations of X, for example H1(X,TX) is the space parametrizing complex de-

formations of X. Let us recall two important theorems about the Hochschild cohomology of a smooth

complex algebraic variety. The first theorem is the Hochschild-Kostant-Rosenberg isomorphism

Theorem 3.1.14. ([26],) Let ι : ∆ → X×X be the diagonal inclusion. There is a quasi-isomorphism

ι∗O∆
∼=
⊕
i∈N

ΩiX [i]

in the derived category Db(Coh(X)).

Here ΩiX is the sheaf of differential forms on X of degree i, and [i] is the cohomological shift functor.

This is a stronger version of the HKR theorem (that appeared first in [34]) stating that there is an

isomorphism of graded vector spaces

IHKR : HH•(X) → HT •(X) :=
⊕
i+j=•

Hi(X,∧jTX))

Let us recall the proof of theorem 3.1.14: a non-trivial argument using sheaves (see [69], [26]) reduces

it to the statement when X = Spec(R) is affine. This is the case treated in [34]. We use the bar

complex C•(R), which is a flat resolution of O∆ by OX×X -modules. Recall that the bar resolution is

given by Bi(R) := R⊗(i+2). We define Ci(R) = R ⊗R×R Bi(R). The differential on B•(R) is given

by

d(1⊗a1⊗· · ·⊗ai⊗1) = a1⊗a2 · · ·⊗ai⊗1−1⊗a1a2⊗a3⊗· · ·⊗ai⊗1+ · · ·+(−1)i+11⊗a0⊗· · ·⊗ai
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A quasi-isomorphism I : C•(R) → (
∧•

(Ω1
R[1]), 0) is given by

1⊗ (1⊗ a1 ⊗ · · · ⊗ ai ⊗ 1) 7→ da1 ∧ da2 · · · ∧ dai

Since the bar complex resolves R as R-bimodule, this bar complex is isomorphic to O∆ in Db(X×X).

This finishes the proof.

In general, IHKR is not multiplicative. To understand how the multiplications are related, we need

to introduce the Todd class. We use the formalism of Atiyah class explained in section 1 of [58].

There is an exact sequence

0 → ΩX ⊗ TX → J1(TX) → TX → 0

where J1(TX) is the bundle of first-order jet of TX. Such sequence gives a class in Ext1(TX,ΩX ⊗
TX) = H1(X,ΩX ⊗ End(TX)).

Definition 3.1.15. The Atiyah class of X is defined as the class of this extension: At(X) ∈
H1(X,ΩX ⊗ End(TX)).

Definition 3.1.16. The Todd class of X is defined as

Td(X) = det

(
At(X)

1− e−At(X)

)

A more familiar definition of the Todd class involves Chern classes of TX. Our definition is equivalent

to that, according to the following statement (see [58], formula 1.4.1):

Proposition 3.1.17. We have tr(∧iAt(X)) = ci(X) where ci(X) is the i-th Chern class of the

tangent bundle TX.

Now we can state Kontsevitch’s theorem:

Theorem 3.1.18. [46][19] Let X be as before and t be the Todd class of X. Then, the composition

⟨t−1/2,−⟩ ◦ IHKR : HH•(X) → HT •(X)

is a ring isomorphism.

3.1.3 Equivariance of the twisted HKR isomorphism

We now assume that T is a complex torus acting on a smooth variety X.

Lemma 3.1.19. If X is affine, the isomorphism IHKR is T -equivariant.

Proof. Say X = Spec(R). Let us keep notation from the discussion after 3.1.14. The differential of

the bar-complex is T -equivariant, hence the bar-complex gives a flat T -equivariant resolution of O∆.

Moreover the map I : A→ ΩR, a 7→ da is T -equivariant, where ΩR is the module of Kähler differential.

This is because there is a natural identification ΩR ∼= J/J2, da 7→ a⊗ 1− 1⊗ a, where J is the kernel

of the multiplication map R⊗R→ R. Under this identification, the map a 7→ da is T -equivariant. It
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follows that the quasi-isomorphism I : C•(R) → (
∧•

(Ω1
R[1]), 0) is also T -equivariant.

Lemma 3.1.20. If X is a quasi-projective smooth variety acted upon by T then the previous lemma

holds.

Proof. By Sumihiro’s theorem, there is an T -invariant affine open cover. So we can check the statement

on each affine open set U ⊂ X that is T -invariant. But recall that in the discussion sketching the

proof of theorem 3.1.14, we saw that we could glue together the bar complex to construct a global

quasi-isomorphism IHKR. So it means that the invariance can be only checked for the bar complex

C•(R), that was precisely given by our previous lemma. Hence IHKR is T -equivariant.

Lemma 3.1.21. If X is as before, then the Atiyah class of X is T -invariant. Therefore the Todd

class of X is also T -invariant.

Proof. This follows from lemma 3.1.12 because the exact sequence defining the Atiyah class is T -

equivariant.

It follows that the twisted HKR morphism HH•(X) → HT •(X) is T -equivariant, which completes

the proof of our theorem 3.0.3. It would be interesting to generalize theorem 3.0.3 and relate it with

the geometry of X/G, where G is a complex reductive group. However it is known that even when G

is a finite group, the analogue of Kontsevitch’s theorem does not hold for the stack [X/G], see [60].

Without Sumihiro’s theorem,(i.e without the existence of an invariant cover) it seems non-trivial to

prove that IHKR is G-equivariant.

3.2 Applications to the small quantum group

We prove theorem 3.0.6. As an application, we show that the multiplication on the subalgebra

generated by the Harish-Chandra center and the Poisson bi-vector field τ is untwisted.

We can now give a proof of the theorem 3.0.6:

Theorem 3.2.1. The composition

HH•(u0(g))
BL→

⊕
i+j+k=•

Hi(Ñ ,∧jT Ñ )k
⟨−,Todd(Ñ )−1/2⟩→

⊕
i+j+k=•

Hi(Ñ ,∧jT Ñ )k

is a ring isomorphism.

Proof. Let us recall how to deduce the isomorphism 1.1 from the theorem 3.0.1. There are isomor-

phisms

HH•(u0)
3.0.1∼=

⊕
q+k=•

Extq
CohC∗ (Ñ×Ñ )

(O∆,O∆ ⊗ zk) ∼=
⊕

i+j+k=•

Hi
C∗(Ñ ,∧jT Ñ ⊗ zk)

Here Hi
C∗(−) = Ri(HomC∗(OX ,−)). The second isomorphism follows by taking the C∗ invariant on
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both side of the usual HKR isomorphism (and using corollary 3.1.10). Hence we know that

Hi
C∗(Ñ ,∧jT Ñ ⊗ zk) = (Hi(Ñ ,∧jT Ñ ⊗ zk))C

∗
= (Hi(G/B, pr∗ ∧j T Ñ ⊗ zk))C

∗

since pr : Ñ → G/B is an affine C∗-morphism. Since the C∗-action is trivial on G/B by proposition

3.1.13 we obtain an isomorphism

(Hi(G/B, pr∗ ∧j T Ñ ⊗ zk))C
∗ ∼= Hi(G/B, (pr∗ ∧j T Ñ ⊗ zk)[0]) ∼= Hi(G/B, (pr∗ ∧j T Ñ )−k)

Putting everything together we obtain indeed the isomorphism stated in Theorem 3.0.6:

HH•(u0) ∼=
⊕
q+k=•

Extq(O∆,O∆ ⊗ zk) ∼=
⊕

i+j+k=•

Hi(Ñ , (∧jT Ñ )k)

Now the isomorphism HH•(u0) ∼=
⊕

q+k=•Ext
q(O∆,O∆⊗zk) is multiplicative. Since the Todd class

is T -invariant by lemma 3.1.21, and that IHKR is T -equivariant by lemma 3.1.20 it follows that the

usual multiplicative HKR theorem restricts to a multiplicative isomorphism⊕
q+k=•

Extq(O∆,O∆ ⊗ zk) ∼=
⊕

i+j+k=•

Hi
C∗(Ñ ,∧jT Ñ ⊗ zk)

Finally the isomorphism⊕
i+j+k=•

Hi
C∗(Ñ ,∧jT Ñ ⊗ zk) ∼=

⊕
i+j+k=•

Hi(G/B, (pr∗ ∧j T Ñ )k)

is multiplicative, because for an affine map q : X → Y , the equivalence Coh(X) ∼= Coh(Y )− q∗OX is

monoidal, hence respect the cup-product.

3.2.1 Multiplicative structure of HC[τ ]

We will compute the multiplicative structure of a subalgebra of z0(g), already noticed in [48], where

the arguments was given at level of sheaf cohomology.

Lemma 3.2.2. If Y = T ∗X is a cotangent bundle of a smooth algebraic variety X, with projection

morphism pr : Y → X, then the Todd class of Y is given by the pullback to Y of∏
α,β∈C

−αβ
(1− e−α)(1− e−β)

∈ HΩ•(X)

where C is the set of Chern roots of TY . In particular, this Todd class can be written 1 + pr∗a where

a ∈ H≥2(X).

Proof. The map pr : Y → X induces a short exact sequence

0 → TY/X → TY → pr∗TX → 0

Moreover, TY/X ∼= pr∗(T ∗X). Using the naturality of the Todd class and the additivity on short exact

sequences the result easily follows.
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For example if X = G/B then C is the set of positive roots of g and the Todd class of G/B is given

by

Todd(G/B) =
∏
α∈Φ+

α

1− e−α

Let τ be the the generator of H0(Ñ , End(T Ñ )) given by the identity map.

Definition 3.2.3. We define HC[τ ] to be the subalgebra of z0(g) generated by the Harish-Chandra

center HCλ and τ .

Of course, for singular blocks uλ(g) there is a similar subalgebra inside zλ(g), also written HC[τ ] if

there is no confusion.

Proposition 3.2.4. For any block, the multiplicative structure of HC[τ ] is untwisted.

Proof. Let us take U ⊂ G/P an affine open set isomorphic to an affine space. If pr : ÑP → G/P is the

projection, then pr−1(U) is an affine space with coordinates (x, y). In these coordinates the Poisson

bivector field is τ =
∑
i
∂
∂xi

∧ ∂
∂yi

and the Todd class is t = 1 +
∑
aijdxi ∧ dxj + higher order terms.

It follows that (1− t, τ) = 0 where (·, ·) is the pairing T ∗ÑP ⊗ T ÑP → OÑ . In the exact sequence

0 → pr∗T ∗(G/P ) → ÑP → pr∗T (G/P ) → 0

the left hand-side corresponds to the fiber of pr since ÑP = T ∗(G/P ). In particular an element

α ∈ HT •(Ñ ) coming from H•(X,Ω•) can we written in local coordinates as a polynomial in ∂
∂yi

. For

such a class it is again clear that (1− t, α) = 0. In particular it holds for the Harish-Chandra center

HC ∼= H•(G/P ).

Corollary 3.2.5. If G/P is a projective space Pn, then HH0(uλ(g)) = zλ(g) is the polynomial algebra

C[x, τ ]/(xaτ b : a+ b > n).

Proof. It follows immediately from the previous proposition and the fact (proved in [49]) thatHC[τ ] =

zλ(g) if G/Pλ is a projective space.
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Chapter 4

Spectral curves, affine Springer

fibers and a bigrading

The starting point of the relationship between small quantum group and affine Springer fibers is a

conjecture from Ginzburg–Kumar ([27]), relating the affine Grassmannian with the cohomology of

the small quantum group. A refined result was obtained by Arkhipov–Bezrukavnikov–Ginzburg ([8]),

namely an equivalence of abelian categories between Iwahori-constructible perverse sheaves on the

affine flag variety and the category of modules of the principal block of the small quantum group. In

the work by Bezrukavnikov–Boixeda-Alvarez–Shan–Vasserot ([14]), the center of the small quantum

group is investigated from this viewpoint. They use deformation technics, to ”degenerate” a certain

algebra to the small quantum group. For the corresponding algebra, the center has a description in

term of the cohomology of a certain affine Springer fiber, defined in the next paragraph. One of the

main theorem from [14] states as follow (for simplicity we restrict ourselves to type A):

Theorem 4.0.1. There is an injective map of algebra H∗(FℓγI )Λ → zG
∨
.

Here, FℓγI is a certain affine Springer fiber, γ is a certain element in sln((t)), and Λ is the centralizer

of γ. We will carefully define these objects in the next section.

Conjecture 4.0.2. The map H∗(FℓγI )Λ → zG
∨
is an isomorphism.

Motivated by this conjecture, it is natural to try to understand the center of the small quantum group

from the perspective of affine Springer fibers. In this chapter, we are using the relationship between

Hitchin fibers and affine Springer fibers to obtain a natural geometric bigrading on the center. Our

main construction is a degeneration of spectral curves, inducing a map from the diagonal coinvariants

algebra to the center of the small quantum group. We conjecture that this map is an isomorphism.

Our geometric map preserves the multiplication, so it would conjecturally give another approach to

understand the multiplicative structure of the small quantum group. Our main theorem can be stated

as follows:

Theorem 4.0.3. Let G = SLn. There is a degeneration of spectral curves X → A1, which induces

a map RW → zG0 .

33
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We can interpret this degeneration as an explicit geometric construction of a map RW → zΛ0 . We

expect this map to be an isomorphism of bigraded vector spaces. It is not a ring isomorphism but our

construction also explains where precisely this map fails to be multiplicative.

4.1 Affine Springer fibers

We give formally definitions of affine Springer fibers, affine Grassmannian and explain a precise rela-

tionship with the small quantum group, following [14].

Definition 4.1.1. Let G be a reductive group over the complex numbers. The affine Grassmannian

is the ind-scheme Gr, such that the set of C-points are given by Gr(C) = G(C((t))/G(C[[t]]).

An ind-scheme can be understood as an inductive limit of schemes, see [71] for a precise definition. For

example, the Laurent polynomial ring C[t, t−1] is not a subscheme of the infinite-dimensional affine

space A∞ =
∏
i∈Z Cti, because the condition of being a Laurent polynomial is not cut by polynomial

equations. However, Ui = C[tj : |j| ≤ i] is a scheme. Taking the inductive limit of these schemes gives

the ind-scheme C[t, t−1]. In a similar way, we can write the affine Grassmannian (or more general

affine flag varieties that will be introduced a bit after) as increasing union of various affine spaces,

this is the so-called Bruhat decomposition (first introduced in [36]).

If G = GLn, there is a geometric interpretation of the affine Grassmannian: one can see GLn(C((t)) as
the space of trivial GLn-torsors on the formal punctured disk, i.e a vector bundle of rank n. Moreover

GLn(C[[t]]) can be seen similary as the space of vector bundles over the formal disks. Hence, the

affine Grassmannian is the space of trivial vector bundle on the punctured disk, modulo the bundles

that extends to the full disk.

Let B ⊂ G be a Borel subgroup of a reductive subgroup G. The preimage of B by the evaluation map

ev0 : G(C[[t]]) → G is called an Iwahori group, usually denoted I.

Definition 4.1.2. The affine flag variety is the space FℓG = G(C((t)))/I.

The affine flag variety is closely related to the affine Grassmannian: by definition there is a fiber

bundle Fℓ→ Gr, with fiber G/B. There are also partial affine flag varieties FℓJ , where J is a subset

of the (affine) Dynkin diagram associated to G. There is also a notion of affine Springer fibers:

Definition 4.1.3. Let γ ∈ g((t)) be regular semisimple.The affine Springer fiber Grγ associated to

γ is the subset

{gG(C[[t]]) : Ad(g−1(γ) ∈ g[[t]]}

In this context, regular semisimple means that over an algebraic closure of C((t)), γ is regular semisim-

ple in the usual sense.

Finite-dimensional Springer fibers are classified by the nilpotent orbits. However, for affine Springer

fibers the situation is quite different (for example they can be empty!).
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Example 4.1.4. Let us explicitely compute an affine Springer fiber for G = SL2. We pick γ =(
t 0

0 −t

)
∈ sl2((t)). We use the non-archimedian Iwasawa decomposition ([18]) to write SL2(C((t)) =

⊔n∈Z N

(
tn 0

0 t−n

)
SL2(C[[t]]), where N ⊂ SL2(C((t))) is the subgroup N = {

(
1 x

0 1

)
: x ∈ C((t))}.

In this case, an easy calculation gives that for an arbitrary element g =

(
1 x

0 1

)(
tn 0

0 t−n

)
we have

Ad(g−1)γ =

(
t 2t1−2nx

0 −t

)
. Hence, we want x ∈ t2n−1C[[t]]. It is easy to see that x actually belongs

to C((t))/t2nC[[t]], appropriately left-multiplying by an element of SL2(C[[t]]). Hence, we have x ∈ C
which gives exactly an affine line for each n ∈ Z.

By definition, the affine Springer fiber associated to γ is included in the affine Grassmannian, but

for each partial affine flag variety FℓJ there is a corresponding affine Springer fiber. These varieties

are actually ”finite-dimensional up to a lattice action”, by an important theorem by Kazhdan and

Lusztig. Before stating it, let us define this lattice. We assume now that γ is regular semisimple. It

is known that the centralizer Gγ is a torus. For λ ∈ X∗(Gγ) a cocharacter, we consider λ(t) ∈ Gγ .

We get an injective morphism λ→ λ(t), from X∗(Gγ) to Gγ . Its image is denoted by Λγ .

Theorem 4.1.5. [41] Let γ ∈ g(C((t))) be semi-simple regular, then Grγ/Λγ is a finite-dimensional

projective variety.

The dimension was conjectured by Kazhdan-Lusztig and the formula was proved by Bezrukavnikov

[13].

A very important fact about affine Springer fibers is that their cohomology groups are acted upon by

the affine Weyl group:

Theorem 4.1.6. [55] There is an affine Weyl group action on H∗(Grγ).

This action is constructed by using the ordinary Weyl group action of finite Springer fibers.

We explain the set-up of [14]. Recall that ℓ is the order of the root of unity of our quantum group.

There is a Gm ⊂ Gγ(C((t))) action on the affine Springer fiber, hence we can look at the fixed point

of Grγ under the action of the group generated by ζ ∈ Gm, denoted by Grζγ = Grγ ∩Grζ

Theorem 4.1.7 ([14]). There is an injection H∗(Grζγ)
Λ → Z(U)G

∨
, where γ = s⊗ tℓ. Here, s ∈ h is

a semisimple regular element.

Under the action by ζ, is it actually possible to write down a decomposition of Grζγ into various

”parahoric” (affine version of parabolic) ordinary affine Springer fibers. The induced decomposition

on the cohomology corresponds to the block decomposition for the small quantum group by results

from [14].
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4.2 The main construction

In this section we explain how to get a bigrading on the space H∗(FℓγI )W̃ ∼= H∗(FℓγI )Λ for G = GLn,

which corresponds to the principal block of the center under Conjecture 4.0.2, using the perverse

filtration on the parabolic Hitchin fibration. The advantage of using the Hitchin fibration is that

there is a natural ”Lefschetz element” coming from the relatively ample determinant bundle on the

parabolic Hitchin fibration. We conjecture that the sl2-action on the center obtained this way coincides

with the one given by the wedge product with the Poisson bivector field on the Springer resolution.

Further, we conjecture the bigradings obtained in these two ways are the same (up to an explicit

change of variables).

4.2.1 The parabolic Hitchin fibration

First, we want to construct a particular compactification of the singular curve given by xn + yn = 0 ⊂
C2, inside a Hirzebruch surface Σ. Most importantly, this compactification will be irreducible, i.e. a

spectral curve for the anisotropic locus of the Hitchin fibration, and have only an isolated singular

point which is an ordinary n-uple point.

Let Σr = P(OP1(r) ⊕ OP1) be the r-th Hirzebruch surface. The Picard group of Σr is generated by

the zero section Er and the class of a fiber F , with intersection form determined by F 2 = 0, E2
r = −r

and ErF = 1.

Recall that there is a birational map from Σr to Σr+1, called an ”elementary transform” (see [11,

Chapter 3]), constructed as follows. We choose some fiber F , and consider the surface Σ′
r, the blow-

up of Σr at p := F ∩ Er. Let F ′, E′
r the strict transforms of F,Er and Ẽ be the exceptional divisor

of this blow-up. Then we have

0 = F 2 = (F ′ + Ẽ)2 = (F ′)2 + 2− 1

hence F ′ is a (−1)-curve and can be contracted, the resulting surface being Σr+1. See Figure 4.2.1

for the toric picture, where the red line is the contracted curve.

Figure 4.1: The toric blow-up and contraction giving a birational map Σr → Σr+1.

Now we can prove:
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Lemma 4.2.1. For all n ≥ 0, there is a curve C ⊂ Σ2 such that C is irreducible, has a unique

singular point, with singularity type xn + yn = 0.

Proof. Let C2 ⊂ P2 be a smooth curve of degree n, and Σ1 be the blow-up of P2 at a point a /∈ C2. We

denote by C1 the strict transform of C2. Consider a generic fiber F0 and the corresponding elementary

transform.

The strict transform C ′ of C1 inside Σ′
1 is isomorphic to C1. Denote by C the image of C ′ under the

contraction of F ′. Since F ∩ C1 is given by n points, we see that C is analytically isomorphic to C2

where n points have been glued transversally together, resulting in an ordinary n-uple point q. It’s

clear that C\{q} is smooth. Since C\{q} is connected, C is irreducible.

Remark 4.2.2. Since C2 is the normalization of C, the geometric genus of C is gg =
(
n−1
2

)
. Since

the blowdown introduces
(
n
2

)
nodes to C ′, the arithmetic genus is ga = gg +

(
n
2

)
= (n− 1)2.

Definition 4.2.3. Let X/C be a smooth projective curve, G a split reductive group, and L a line

bundle on X with degL ≥ gX . The Hitchin moduli stack is the functor

M : SchC → Grpd

sending

S 7→ {(E,φ)|E is a G− torsor over S ×X,φ ∈ H0(Ad(E)⊗ L)}

Definition 4.2.4. Let X,G,L be as above. The parabolic Hitchin moduli stack is the functor

M̃ : SchC → Grpd

sending

S 7→ {(E,φ, x,Ex)|(E,φ) ∈ M, x ∈ X,Ex is a B − reduction along Γ(x) of E}

Let D be a divisor so that O(D) = L. The Hitchin moduli stack can be interpreted as classifying

sections

a : X → O(D)×Gm [g/G]

, see [61, Lemme 2.4.].

Definition 4.2.5. The morphism

M → A :=

n⊕
i=1

H0(X,O(diD))

sending a section a to its image in O(D) ×Gm Sym(t∗)W is called the Hitchin fibration. The base A
is called the Hitchin base. The composition

M̃ → M×X → A×X

is called the parabolic Hitchin fibration.
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Let now G = SLn and L be a line bundle of degree ≥ 0 on P1. By the BNR correspondence [63], we

may realize the curve C from Lemma 4.2.1, or rather its intersection with Tot(O(2)) as a spectral

curve {det(xI − φ) = 0} for the Hitchin fibration

M → A

associated to the data of P1, G, L. Let a ∈ A be such that C is the associated spectral curve. Note

that we in fact have a ∈ Aani ⊂ A♡, the locus where the spectral curves are irreducible, resp. reduced

(we will not need a more general definition of Aani or A♡ here, for that see [61, § 6.1]).

The relationship to the affine Springer fibers we are considering is as follows. The curve C may be

chosen so that the unique singularity is over 0 ∈ X. Its local form corresponds to γ = st ∈ g(K) as

before, for s = diag(1, ρ, . . . , ρn−1) where ρ is a primitive n-th root of unity. Let (a, 0) ∈ A♡ × X.

Then [70, Proposition 2.4.1] says that

Pa ×P
red
0 (Ja) FℓγI → M̃a (4.1)

is a homeomorphism of stacks.

Here Pa is the generalized Picard stack, P red0 (Ja) the reduced quotient of the local Picard stack at 0.

Modding out by Pa, the left-hand side of Eq. (4.1) simplifies to FℓγI /P red0 (Ja). By taking γ = st for

s ∈ treg as above, it is easy to compute by hand in this case that P0(Ja) = T (C)× Λ where T is the

diagonal torus in GLn and Λ = X∗(T ) ∼= Zn is the lattice part of the centralizer.

Modifying the proof of [61, Proposition 4.13.1] slightly, we can write the following variant of Eq. (4.1):

M̃a/P♭a ∼= FℓγI /Λ (4.2)

where P♭a is the Picard group of the normalization of C as in [61, 4.7.3].

The upshot of this analysis is that we may define the perverse filtration on H∗(FℓγI /Λ). Namely, if

π : M̃ → M× {0} → Aani denotes the restriction of the parabolic Hitchin fibration to the locus of

irreducible spectral curves and with the parabolic reduction at 0 ∈ X, π∗C acquires a filtration from

the t-structure on the base as

P≤i := im(pτ≤iπ∗C → pτ≤i+1π∗C).

Restricting to the stalk at a, we get a filtration P≤i on H∗(M̃a/P♭a) ∼= H∗(FℓγI /Λ). By results of

Maulik-Yun [56] this filtration is independent of the choice of deformation of C used here (we only

require the total space to be smooth and a codimension estimate on the base, handled in this case by

[61]). See also [56, Section 3.1.3.].

We make the following conjecture, which holds for G = SL2.

Conjecture 4.2.6. As bigraded vector spaces

DRn ∼= grP H∗(FℓγI )
Λ (4.3)
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Proposition 4.2.7. The conjecture 4.2.6 is true for G = SL2.

Proof. In this case, the two vector spaces are equal to C3, hence we just need to check that the

gradings agree. The affine Springer fiber FℓγI can be identified with an infinite chains of P1, and the

lattice action is obtained by translation by 2 ([70]). Hence the quotient X0 = FℓγI /Λ is isomorphic

to an elliptic curve with a singularity of type I2 (i.e two P1 glued transversally twice). By the

discussion before, this curve also appears as a spectral curve inside a cotangent bundle of P1, hence

its compactified Jacobian is a Hitchin fiber inside the corresponding Hitchin fibration. Since X0 has

arithmetic genus 1, it is isomorphic to its own compactified Jacobian. It follows by versality of the

Hitchin map in this case that the restriction of this fibration to a generic line is simply a smoothing

of X0, say f : X → L = C. Let L∗ = L\{0}. By the decomposition theorem, we have

f∗CX = CL ⊕ CL[−2]⊕ C0[−2]⊕ L [−1]

where L is the rank 2 local system on L∗ given by the matrix

(
1 2

0 1

)
. The pure part is given by

CL⊕CL[−2]⊕C0[−2]. The perverse degree are −2, 0, 2. Up to renormalisation, we obtained the same

bigrading as the diagonal coinvariants in this case.

We now turn to the sl2-action. Let Ldet be the determinant line bundle on M. The iterated cup

product by c1(Ldet) induces a map

∪c1(Ldet)ga−i : pHdimA+iπ∗C → pHdimA+2ga−iπ∗C

and therefore maps

∪c1(Ldet) : grPH∗(FℓγI /Λ) → grpH∗(FℓγI /Λ)

of bidegrees (a, b) = (2, 2), where a is the cohomological degree and b is the perverse degree.

The first Chern class c1(Ldet) coincides with a certain polynomial in the ring of diagonal coinvariants,

under Conjecture 4.2.6 (see next theorem). We can hope that c1(Ldet) also coincides with the Poisson

bivector field on the Springer resolution as explained in more detail in Conjecture 4.2.9.

Theorem 4.2.8. Under the identification Eq. (4.3), the element c1(Ldet) ∈ grP H∗(FℓγI )Λ corresponds

up to a nonzero scalar to the ”Haiman determinant” ∆(n−1,1) ∈ DRn given by

∆(n−1,1) = det(y
pj
i x

qj
i )1≤i,j≤n

where (p1, q1), . . . , (pn, qn) is any ordering of (0, 0), (0, 1), . . . , (0, n− 1), (1, 0) ∈ Z2
≥0

The theorem is clear because both bigraded pieces are 1-dimensional.

Finally, note that by the Jacobson-Morozov theorem, the nilpotent action of e = ∪c1(Ldet) extends

to an sl2-triple (e, f, h) acting on grpH∗(FℓγI /Λ). By [56, Conjecture 2.17.] the Jacobson-Morozov

filtration induced by c1(Ldet) on H∗(FℓγI /Λ) is opposite to the perverse filtration. It is clear that the

Jacobson-Morozov filtration induced by ∆(n−1,1) on the diagonal coinvariants induces the filtration

by antidiagonals.
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Recall that the Combining Theorem 2.3.6 and Conjecture 4.0.2, we also have the following conjecture.

Conjecture 4.2.9. There is a bigraded algebra isomorphism

⊕i+j+k=0H
i(Ñ ,∧jT Ñ )k ∼= H∗(FℓγI )

Λ

where the bigrading on the right will explained later. The bigraded pieces (i, j) on the left should go to

the piece griHj(FℓγI )Λ. Moreover, the element τ on the left should correspond up to a scalar to the

polynomial ∆(n−1,1) introduced in Theorem 4.2.8 on the right, or in the second version equivalently to

c1(Ldet).

Combined with the Carlsson-Mellit conjecture, this Conjecture would imply [48, Conjecture 4.9(3)].

4.2.2 A degeneration of spectral curves

We define certain elements γn+1/n. Let Φr the set of roots of height r. Letm = ah+b where 0 ≤ b < h

(here, h is the Coxeter number associated to g). Define

γm/h = ta

t ∑
ϕ∈Φh−b

eϕ +
∑
ϕ∈Φ−b

eϕ


To propose yet another model for the center in type A, we will study the elliptic homogeneous affine

Springer fibers of slope (n+ 1)/n associated to the elements γn+1/n and their relation to FℓγI , where
γ is as in the introduction. It is known by e.g. [20] that

grP H∗(Fℓγn+1/n) ∼= DRn

We will construct a a family of irreducible spectral curves Ct ⊂ Tot(OP1(2)), such that the associated

family of parabolic Hitchin fibers models the degeneration of affine Springer fibers of slope n/n to the

one of slope (n+1)/n. One can then ask whether the specialization map from the cohomology of the

total family (which turns out to be just that of the central fiber) gives an injection to the cohomology

of the special fiber, respecting the perverse filtration.

Theorem 4.2.10. There exists a family of irreducible curves C → A1, arising as a restriction of

the Hitchin system to a line on the Hitchin base, so that the spectral curve Ct, t ∈ A1 will have two

singular points: one ”constant” (i.e independent of t) singular point with equation yn = zn−1, and

another singular point of the form yn = txn + xn+1.

Remark 4.2.11. Let us notice that if t ̸= 0, this singular point is isomorphic to the singularity

yn + xn = 0. Indeed, in C[[x, y]] the equation can be written (t + x)−1yn = xn. Taking a n-th

root of the unit (t + x), say a, we can use the coordinate change Y = a−1y and X = x to get

Y n = Xn. Hence, around this second singular point we are degenerating the singularity yn = xn into

the singularity yn = xn+1.

Proof. We construct the family of spectral curves realizing this degeneration as follows: let E ⊂ Σ1

be the exceptional section inside the first Hirzebruch surface, and F ⊂ Σ1 some fiber, which we will

call ”the fiber at infinity”. Let U = Σ1\(E ∪ F ). Take coordinates x, y on U such that the straight
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lines x = constant are the fibers of the projection U ⊂ Σ1 → P1. Let us consider the curve Ĉt ⊂ U

given by the equation yn = t + x. The effect of a positive elementary transform φ : Σr 99K Σr+1 is

given by the change of variables u = y/x, v = x.

Hence the strict transforms of Ĉt (inside φ(U)) have local equation given by un = tvn + vn+1, giving

the desired degeneration. Now let us describe the singular point at infinity (i.e compute the closure

of these curves inside Σ2), and prove that Ct is irreducible for all t ∈ A1.

First, we claim that the closure of Ĉt doesn’t intersect E. Indeed, recall that Σ1 is the blow-up of

P2 at a point. Hence, it’s enough to take the closure of the preimage of Ĉt inside P2 (call this curve

C̃t) and check that C̃t doesn’t intersect the center of the blow-up. On U , we have coordinates x, y,

that form a dense open of P2 (recall that U and E are disjoint by definition). Because U ∼= A2, we

can take homogeneous coordinates [x : y : z] on P2. The fiber at infinity is given by z = 0 and U is

given by z = 1. The fiber x = 0 and z = 0 both contains the center of the blow-up which is therefore

[0 : 1 : 0].

The closure of C̃t has equation y
n = tzn + xzn−1, which clearly doesn’t contain [0 : 1 : 0].

Since the elementary transforms are isomorphism outside the exceptional locus, it follows that the

closure of Ct coincide with the closure of C̃t inside P2, i.e the curve with equation yn = tzn + xzn−1.

The only point at infinity is [1 : 0 : 0], and has local equation yn = tzn + zn−1 as claimed. To check

that Ct is irreducible, it’s enough to check that Ct is irreducible on the chart x ̸= 0. On this chart,

Ct is isomorphic to the curve given by yn = zn−1, which is irreducible.

Consider the associated family of parabolic Hitchin fibers, which is a restriction of the family in 4.2.5

to a line. Using Eq. (4.1), we note that the only affine Springer fibers contributing to the cohomology

are the ones coming from the singularities described above. We will ignore the one which is constant,

for there is an injective map in cohomology sending the cohomology classes α ∈ H∗(FℓηI /Λη) of interest
to

α⊗ 1 ∈ H∗(FℓηI /Λη)⊗H∗(Fℓγn−1/n

I ) ∼= H∗(M̃a)

where η is either γ or γn+1/n.

In particular, by Theorem 4.2.10, we get a pullback map i∗ : H∗(Fℓγn+1/n

I ) → H∗(FℓγI /Λ). Now, both

of these spaces are endowed with the perverse filtration, as the family comes by restriction of the

Hitchin fibration and on the locus of interest the map is proper, so that the decomposition theorem

applies. Note however that it is unclear how this filtration compares to that induced by the t-structure

on A1, as the pullback along the inclusion to the base is in general only right t-exact.

Remark 4.2.12. It seems likely that the map i∗ is injective and its image is exactly H∗(FℓγI )Λ.
Moreover, the map respects the perverse filtration. Note that as the map is a pullback in cohomology,

it automatically respects the multiplicative structure.

The only supporting evidence for this remark is that these properties are true for G = SL2, where they

are easy to check. In general, we observe that Fℓγn+1/n

I has only even-dimensional cohomology as it

is paved by affines. It is also known that it has n! components, as does FℓγI /Λ. On the level of top

cohomology, it is clear that the map is injective, but in general it seems hard to control the associated

vanishing-nearby cycles-central fiber exact sequence in cohomology.

Let us recall the main result of [20]:
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Theorem 4.2.13. There is an isomorphism DCn ∼= H∗(Fℓγn+1/n

I ), and a filtration such that the

natural Q[x]-action is equivariant on the subquotients of the filtration.

Using this result, we obtain a map DCn → zG. Our conjecture would imply that this map is an

isomorphism, and understanding the y-multiplication on H∗(Fℓγn+1/n

I ) could relates the multiplication

on both sides.



Chapter 5

The BGG sheaf-cohomology

algorithm and examples

5.1 Overview

In [48], the sheaf-cohomology BGG algorithm was introduced, and was used to compute the center for

g = sl3. Unfortunately, the computations for higher ranks are too complicated to be done by hand,

even for type g2. Later in [32], we developed the algorithm further and implemented it as a software

package. We provided several geometric applications of the method, but the original motivation was

to study the center of the small quantum group. This is what we will do in this chapter.

In Section 5.2 we recall some facts about the small quantum group. In Section 5.3 we compute the full

ring HH•(u1), where u1 is the non-trivial singular block for g = sl3. Using the BGG sheaf cohomology

method, we express this ring as g-module and as a module over the functions on the nilpotent cone

C[N ]. The C[N ]-module structure of HH•(u0) was computed in [50] for g = sl2. In Section 5.4 we

compute the center for all blocks of G2, B3, C3 and A4, confirming the conjectures by Lachowska-Qi for

each case. In Section 5.5 we discuss higher Hochschild cohomology groups and give several examples.

Finally, in Section 5.6 we consider the case when G/P ∼= Pn, for which HH0 was previously computed

in [49]. We present partial results for higher Hochschild cohomology.

5.2 The small quantum group and the BGG complex

In this section we recall the algorithm of Lachowska-Qi to compute its center. We will then give explicit

formulas for the BGG maps of the higher cohomology of sl3, and we give a simplified description of

the modules used to compute the Hochschild cohomology of blocks of the small quantum group.

Let us recall the main theorem of [12]:

Theorem 5.2.1 ([12]). There is an isomorphism HHsC×(Ñ ) ∼= HHs(u0), where the left-hand side is

the C∗-equivariant Hochschild cohomology of Ñ .

This isomorphism is compatible with the g-module structure [50]. In [48] and [49], the left-hand side

43
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was explicitely computed in terms of the BGG resolution associated to a finite-dimensional irreducible

representation of g. Let us recall briefly how to do this. There are certain G-equivariant vector bundles

Vj,k = G×BVj,k (where j, k are integers) onG/B such that the Hochschild cohomology can be obtained

from sheaf cohomology of the Vj,k. We will describe the B-modules Vj,k in section 5.2.2. The precise

relation is

HHsC∗(Ñ ) ∼=
⊕

i+j+k=s

Hi(G/B,Vj,k). (5.1)

It follows that the center has a natural bigrading. One can reduce the computation of the right-

hand side of equation (5.1) to a Lie algebra cohomology computation [48]. The BGG resolution is a

convenient tool for this computation, and we will recall its basic properties in the next subsection.

These observations lead to the following structure result:

Theorem 5.2.2 ([48], Theorem 4.3). For any s ≥ 0, there is an sl2-action on the Hochschild coho-

mology HHs(u0), where the generator e ∈ sl2 acts as a homogeneous element of bidegree (i, j) = (0, 2).

More precisely, this homogenous element is the Poisson bivector field τ ∈ H0(Ñ ,∧2T Ñ )−2 (which is

the dual of the canonical symplectic form ω ∈ H2(Ñ ,Ω2)2). The action of e is hence given by the

map

τ ∧ − : Hi(Ñ ,∧jT Ñ )k → Hi(Ñ ,∧j+2T Ñ )k−2.

In particular, there are canonical isomorphisms ([48], Corollary 4.4)

τ j ∧ − : Hi(Ñ ,∧n−jT Ñ )k → Hi(Ñ ,∧n+jT Ñ )k−2j .

We can represent the action of τ on the bigraded table as follows (we took g = sl3 and s = 0):

i+ j = 0 H0(Ñ ,∧0T Ñ )0

i+ j = 2 H1(Ñ ,∧1T Ñ )−2 H0(Ñ ,∧2T Ñ )−2

i+ j = 4 H2(Ñ ,∧2T Ñ )−4 H1(Ñ ,∧2T Ñ )−4 H0(Ñ ,∧4T Ñ )−4

i+ j = 6 H3(Ñ ,∧3T Ñ )−6 H2(Ñ ,∧4T Ñ )−6 H1(Ñ ,∧5T Ñ )−6 H0(Ñ ,∧6T Ñ )−6

hi,j j − i = 0 j − i = 2 j − i = 4 j − i = 6

τ∧−

τ∧− τ∧−

τ∧− τ∧− τ∧−

To compute the bigraded table corresponding to HHsC∗(Ñ ), we hence just need to compute the top-left

half of the table (including the diagonal starting at the bottom left), and use the sl2-action to obtain

the full table.

In [48], the center of u0(sl3) was obtained as bigraded vector space, and it was noticed that, as a
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bigraded vector space, HH0(sl3) is isomorphic to the double coinvariant algebra DC3, where

DCm = C[x1, . . . , xm, y1, . . . , ym]/I,

and I is the ideal generated by invariant polynomials (for the diagonal Sm-action). This motivated

the following conjecture:

Conjecture 5.2.3 ([48]). As a bigraded vector space, there is an isomorphism z(u0(slm)) ∼= DCm.

In particular, dim z(u0(slm)) = (m+ 1)m−1.

It is also conjectured that, as slm-module, z(u0(slm)) only contains the trivial representation. In other

types, the presence of non-trivial representations made the formulation of a general conjecture more

difficult. Computations for b2 showed that the g-invariant part was also isomorphic as a bigraded

vector space to the double-coinvariant algebra (which is defined for any Weyl group W ). One could

thus still hope for the following:

Conjecture 5.2.4. [49] Let g be a semisimple Lie algebra with Weyl group W . Then, z(u0(g))
g ∼=

DC(W ).

For g = sln, it is expected that the whole center is g-invariant:

Conjecture 5.2.5. [48] Let g = sln. Then, z(uq(sln)) = z(uq(sln))
sln .

Finally, outside the simply-laced case, non-trivial representations appear. Based on our computations,

we make the following conjecture:

Conjecture 5.2.6. Let L be an irreducible non-trivial representation appearing in z(uq(g)), and let

h be the Coxeter number of g. Then, h+ 1 divides dimL.

5.2.1 The BGG complex

We recall the BGG complex and some of its basic properties. Fix a triangular decomposition g =

u⊕ h⊕ n, and let b = h⊕ n. Recall that, for any µ ∈ h∗, the Verma module is defined as M(µ) =

Ind
U(g)
U(h⊕ n) Cµ, where Cµ is a one-dimensional b-module, and where h acts by µ and n by zero. Let

P+ be the set of dominant weights, and let λ ∈ P+.

Theorem 5.2.7 ([35], chapter 6). There is an exact sequence

0 →M(w0 · λ) →
⊕

ℓ(w)=n−1

M(w · λ) → · · ·
⊕

ℓ(w)=k

M(w · λ) · · · →M(λ) → L(λ) → 0

We now state the following facts needed to understand the maps in this complex:

Proposition 5.2.8 ([35], p.75). For all µ, λ ∈ P we have dimHomg(M(µ),M(λ)) ≤ 1. Moreover, if

λ is dominant, then for any x,w ∈ W a morphism M(w · µ) → M(x · µ) exists if and only if x < w.

Such a morphism is always an embedding.

It follows that the maps in the BGG complex are essentially given by scalars. As we will see later, it

is proved in [57] that this complex is independent of the choices of the scalars.

Proposition 5.2.9 ([1], Lemma 10.3). If w,w′ ∈W are such that there is x ∈W with w′ → x→ w,
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then there are exactly two such elements, say x and y. We call such a quadruple of elements a square

in W and denote it by (w′, x, y, w).

Proposition 5.2.10 ([35] p.118). Let α be a simple root, β be a positive root and x, y ∈W . The first

diagram exists if and only if the second diagram does:

y y

α

!!
sαx

β

==

α

!!

sαy

x x

sαβ
==

We also require the following lemma:

Lemma 5.2.11. For each edge x
t→ w, there is a square (w′, x, y, w) and a simple reflection s so that

either w = sx or w = sy.

Proof. The lemma is obvious if w = w0 so we assume w ̸= w0. Since we assumed w ̸= w0 there is a

simple root α so that y := sαw → w. Taking β = sαγ (where γ is the positive root corresponding to

t) proves the existence of the right part of the diagram in proposition 5.2.10, so the proposition 5.2.10

finishes the proof.

In light of proposition 5.2.8 and theorem 5.2.7, the maps in the BGG complex exactly correspond to

pairs (x,w) with x,w ∈ W , such that x → w, i.e. there is a reflection t ∈ W so that w = tx and

ℓ(w) = ℓ(x)+1. Hence, the maps in the BGG complex exactly corresponds to the edges of the Bruhat

graph B of the corresponding Weyl group W .

We recall the definition of the Bruhat graph: the vertices of B are given by W , and there is an edge

from x to y if and only if x → w, i.e. there is a reflection t ∈ W with w = tx and ℓ(w) = ℓ(x) + 1.

For example, for sl3 the BGG complex associated to λ is represented by the following diagram:

M(s1s2 · λ) M(s1 · λ)

M(s1s2s1 · λ) M(λ) → L(λ)

M(s2s1 · λ) M(s2 · λ)

s1s2s1

s2

s1

s1

s2

s2s1s2

s1 s2

Here each column represents a term of the BGG complex, and each edge σ(x,w) corresponds to an

element t ∈W so that tx = w. For example, for the lower horizontal arrow we have x = s2, w = s2s1
and t = s2s1s2.

Now let us describe in more detail the maps associated to edges in the Bruhat graph. A non-zero map
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M(w ·λ) →M(x ·λ) is injective (by 5.2.8). Hence we can write M(w ·λ) = U(n)u where u ∈M(x ·λ)
is a highest weight vector of weight w · λ. The map M(x · λ) →M(w · λ) is determined by the image

of u, which is a highest weight vector of weight w · λ− x · λ, so it can be written as Fu for a unique

F := F(x,w) ∈ U(n)[x · λ− w · λ]. We emphasize that F(x,w) depends on λ. Explicitly computing

all these elements F(x,w) is an important part of the algorithm. An easy case is when w · λ− x · λ is

a multiple of a simple root αi (i.e. when the element t ∈W associated to the edge σ(x,w) correspond

to a simple reflection). In this case, the element F will simply be a scalar multiple of f
1+⟨w·λ,α∨

i ⟩
i .

Now assume that we found all the elements F(x,w). These elements are well-defined up to scalar

multiplication. To obtain a complex, we should pick scalars for each edge to ensure the equation

d2 = 0. In view of propositions 5.2.9 and 5.2.10, to check that d2 = 0 it is enough to check it ‘square-

wise’. That is, for each square w → x → w′, w → y → w′ we require the equality F(w, x)F(x,w′) +

F(w, y)F(y, w′) = 0. In practice it is easier to solve the equation F(w, x)F(x,w′) = F(w, y)F(y, w′)

and then assign signs σ(w,w′) to each edge so that σ(w, x)σ(x,w′) + σ(w, y)σ(y, w′) = 0. Note that

then the maps σ(x,w)F(x,w) will form a complex. The two following results ensure that the BGG

resolution is in fact exact, and moreover unique:

Theorem 5.2.12. [1] For any choice of scalars such that d2 = 0, the corresponding BGG complex is

exact.

Theorem 5.2.13. [57] Different choices of scalars give isomorphic complexes.

So we can just pick an arbitrary choice of scalars such that d2 = 0. Finally we explain how we compute

the maps. For each square, we can recursively solve the equation fg = hk where we know all but one

map. We surely know the first column since each map corresponds to a monomial. For any edge t we

can then find a square where the opposite edge is a simple reflection by lemma 5.2.11 (hence we know

all but one map and can compute the map corresponding to t). Once we have solved each system, we

just distribute signs for each edge so that each signed square has 1 or 3 negative signs.

As an example we compute the first non-trivial map in the BGG resolution for g = g2 and λ = 0 (note

that the maps depend on the weights in general). We write α1 for the short root and α2 for the long

root, and obtain s1 · 0 = −α1, s2 · 0 = −α2, s2s1 · 0 = −α1 − 2α2 and s1s2 · 0 = −4α1 − α2. Therefore

the beginning of the complex is:

// M(−4α1 − α2) //

��

M(−α1)

''
. . . M(0) → L(0)

// M(−α1 − 2α2) //

??

M(−α2)

77

Write M(0) = U(n)v0 where v0 = 1 and M(−α1) = U(n)v−α1
. Looking at the weight, it is clear that

the mapM(−α1) →M(0) is given by v−α1 7→ f1v0, up to scaling. Similarly, the mapM(−4α1−α2) →
M(−α2) is given by v−4α1−α2

7→ f41 v−α2
up to scaling. Since we require the upper square to commute,

we need to solve the equation f41 f2 = Ff1 where F is the unknown. For this particular case, the
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solution follows easily from the Serre relation ad(f1)
4(f2) = 0, giving F = 4f31 f2 − 10f21 f2f1 +

4f1f2f
2
1 − f2f

3
1 . Similarly, the map M(−α1 − α2) → M(−α1) is obtained from the other Serre

relation ad(f2)
2(f1) = 0. A possible choice of signs for g2 is shown below (solid arrows correspond to

+ and dashed arrows to −):

• //

��

• //

��

• //

��

• //

��

•

��
•

??

��

•

• //

GG

• //

GG

• //

GG

• //

GG

•

??

Here, w · µ = w(µ + ρ) − ρ is the dot-action, where ρ is half the sum of positive roots. We de-

note the resulting complex made of Verma modules by BGG•(λ). The maps of this complex are

given by monomials in U(n). For a finite-dimensional b-module E, there is an associated complex

BGG•(E, λ) := (Homn(BGG•(λ), E))h. Using that Verma modules are free U(n)-modules, we can

identify

BGGk(E, λ) =
⊕

ℓ(w)=k

E[w · λ],

where E[µ] denotes the weight space corresponding to the weight µ. This complex can be used to

compute certain sheaf cohomology groups:

Proposition 5.2.14 ([48]). Let E = G×B E be the associated vector bundle on G/B. Then,

HomG(L(λ),H
•(G/B, E)) ∼= H•(BGG(E, λ)).

For example, if g = sl3, and λ = n1α1 + n2α2 is a dominant root weight, i.e. n1, n2 ≥ 0, 2n2 ≥ n1
and 2n1 ≥ n2, then the corresponding BGG complex is:

E

[
−n1 + n2 − 1

n2

]
E

[
−n2 − 2

n1 − n2 − 1

]

E

[
n1
n2

]
E

[
−n2 − 2

−n1 − 2

]

E

[
n1

n1 − n2 − 1

]
E

[
−n1 + n2 − 1

−n1 − 2

]

s1s2s1

s2

s1

s1

s2

s2s1s2

s1

s2
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Here E

[
a1
a2

]
denotes the weight space of weight a1α1 + a2α2.

This for example implies that the map E[λ] → E[s1 ·λ] is given by multiplication by f2n2−n1+1
1 , since

it has to be h-equivariant. Up to symmetry, the only non-trivial map is the map E[s1 ·λ] → E[s1s2 ·λ].
Let us compute this map as an example. We know that this map is given by multiplication by an

element f1→12 ∈ U(n) of weight (n2 + 1)α1 + (2n2 − n1 + 1)α2, and which satisfies the equation

f1→12f
2n1−n2+1
1 = fn1+n2+2

1 f−n1+2n2+1
2 .

If we assume m ≥ n, we then have

fm1 f
n
2 =

∑
0≤r≤n

(
n

r

)r−1∏
j=0

(m− j)

 fr12f
n−r
2 fm−r

1 .

It follows that fm1 f
n
2 is right divisible by fa1 if and only if m ≥ a+n. This is the case for the operator

f1→12 in our BGG complex, hence we obtain:

Proposition 5.2.15. The BGG operator f1→12 is given by

f1→12 =
∑

0≤r≤−n1+2n2+1

(
−n1 + 2n2 + 1

r

)r−1∏
j=0

(n1 + n2 + 2− j)

 fr12f
−n1+2n2+1−r
2 f−n1+2n2+1−r

1 .

These formula will be used later in calculations.

We will use the BGG complex in the next section to compute Hochschild cohomology of the block

u1(sl3). Let us mention that a parabolic version of the BGG resolution exists (cf. [35, §9.16]), but
implementing a parabolic version of the sheaf-cohomology BGG algorithm is not easy. However, since

we are only interested in computing sheaf cohomology, we can simply consider a p-module E as a b-

module by restriction and compute its cohomology as b-module. This gives the correct result because

the spectral sequence associated to the projection G/B → G/P degenerates. Finally let us present

some concrete computations with the BGG resolution:

Below we present two examples that can be computed by hand, using the algorithm previously de-

scribed. The computations were done by hand and confirmed by the computer implementation of the

BGG algorithm presented in [32]. Our first example is the cohomology of the flag variety G/B for G

of type G2. Unlike the traditional approach via the Chevalley-Eilenberg complex, the computation

using the BGG resolution is straightforward. In our second example (which is more involved), we

compute the Hochschild cohomology of the complete flag variety X = G/B for G = SL4.

Cohomology of G/B, G = G2

Let X be the complete flag variety of type G = G2. We recall that any partial flag variety X =

G/P is a smooth projective algebraic variety, with Picard rank given by the number of simple roots

corresponding to P . Hence here, our X has dimension 6 and Picard rank 2.
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Figure 5.1: Root system of G2.

We would like to compute Hq(X,C). By the Hodge decomposition and the fact that Schubert classes

are algebraic, this group is isomorphic to Hq(X,ΩqX). Moreover, thanks to Poincaré duality we only

need to compute it for q = 1, 2, 3. Finally, it is a well-known fact that the g-structure on Hq(X,ΩqX)

is trivial, hence we can focus solely on the multiplicity of the trivial representation.

Let α1 denote the short root and α2 the long root. We pick a Chevalley basis of n with elements

f1, f2, f12, f112, f1112 and f11122 where the subscript indicates the weight. The following diagram

represents the dot-orbit of 0, indexed by the Weyl group of G2. It shows which weights will appear

in the BGG complex associated to λ = 0.

−9α1 − 6α2 −9α1 − 4α2 −4α1 − 4α2 −4α1 − α2 −α2

−10α1 − 6α2 0

−10α1 − 5α2 −6α1 − 5α2 −6α1 − 2α2 −α1 − 2α2 −α1

In order to compute H1(X,Ω1
X) we use that Ω1

X = G×B n. Hence, by our previous discussion we need

to compute H1 BGG•(n, 0). We have BGG2(n, 0) = n[−α1−2α2]⊕n[−4α1−α2]. However it’s clear that

these weight spaces are zero, and it’s obvious that BGG0(n, 0) = 0. Hence we get H1(X,ΩX) = L(0)⊕2,

generated by f1 and f2. That was the expected answer since the Picard group of G2/B is generated

by the divisors associated to the line bundles Lα1 and Lα2 . Let us compute H2(X,C) = H2(X,Ω2
X).

This time our vector bundle is G×B ∧2n, so we would like to compute H2 BGG•(∧2n, 0). Clearly, we

have ∧2n[−α1] = ∧2n[−α2] = 0 and ∧2n[−6α1 − 2α2] = ∧2n[−4α1 − 4α2] = 0 by direct inspection.

So our cohomology is generated by ∧2n[−4α1 − α2] (generated by f1 ∧ f1112) and ∧2n[−α1 − 2α2]

(generated by f1 ∧ f12). As a last example, let us compute H3(X,Ω3
X). Once more it is clear that

∧3n[−9α1 − 4α2] = 0 = ∧3n[−6α1 − 5α2], and similarly ∧3n[−α1 − 2α2] = 0 = ∧3n[−4α1 − α2].

It follows that H3(X,Ω3
X) ∼= ∧3n[−6α1 − 2α2] ⊕ ∧3n[−4α1 − 4α2], generated by f1 ∧ f12 ∧ f112 and

f2∧f12∧f11122 respectively. Other computations are similar. We present the final result in a table 5.1.

One can notice the Poincaré duality through the BGG complex. For example f1 and f2 ∧ f12 ∧ f112 ∧
f1112 ∧ f11122 are Poincaré dual to each other. This duality is specific to the case where λ = 0. In the

next example, such duality does not appear.

Hochschild cohomology of G/B,G = SL4

Recall that the Hochschild cohomology of a smooth scheme X over a field is defined as HH•(X) :=

Ext•X×X(O∆,O∆), where ∆ ⊂ X×X is the diagonal. By the Hochschild-Kostant-Rosenberg theorem
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q dimHq(X,ΩqX) Explicit BGG generators
0 1 1
1 2 f1, f2
2 2 f1 ∧ f1112, f2 ∧ f12
3 2 f1 ∧ f112 ∧ f1112, f2 ∧ f12 ∧ f11122
4 2 f2 ∧ f12 ∧ f112 ∧ f11122

f1 ∧ f112 ∧ f1112 ∧ f11122
5 2 f2 ∧ f12 ∧ f112 ∧ f1112 ∧ f11122

f1 ∧ f12 ∧ f112 ∧ f1112 ∧ f11122
6 1 f1 ∧ f2 ∧ f12 ∧ f112 ∧ f1112 ∧ f11122

Table 5.1: Cohomology of G/B for G = G2

there is an isomorphism HH•(X) ∼=
⊕

i+j=• H
i(X,∧jTX).

In this paragraph we compute the Hochschild cohomology of G/B for G of type A3. It is a classical

result (see [10]) that H0(G/P, TG/P ) = g ifG is of type A. Hence we just need to compute H0(X,∧jTX)

for j = 2, 3, 4, 5, 6. We have TX = SL4×Bu where u ∼= g/b is the Lie subalgebra generated by e1, e2, e3.

In order to not duplicate computations we will use the symmetry exchanging α1 and α2. Below we

list the cohomology H0(X,∧jTX) for each j.

• H0(X,OX) = C

• H0(X,TX) = L(α1 + α2 + α3)

• H0(X,∧2TX) = L(α1 + α2 + α3)⊕ L(2α1 + 2α2 + α3)⊕ L(α1 + 2α2 + 2α3)

• H0(X,∧3TX) = L(α1 + α2 + α3) ⊕ L(2α1 + 2α2 + α3) ⊕ L(α1 + 2α2 + 2α3) ⊕ L(2α1 + 2α2 +

2α3)⊕ L(α1 + 2α2 + α3)
⊕2 ⊕ L(3α1 + 2α2 + α3)⊕ L(α1 + 2α2 + 3α3)⊕ L(2α1 + 3α2 + 2α3)

• H0(X,∧4TX) = L(2α1 + 2α2 + α3) ⊕ L(α1 + 2α2 + 2α3) ⊕ L(2α1 + 2α2 + 2α3)
⊕2 ⊕ L(2α1 +

3α2 + 2α3)
⊕2 ⊕ L(3α1 + 3α2 + 2α3)⊕ L(2α1 + 3α2 + 3α3)⊕ L(2α1 + 4α2 + 2α3)

• H0(X,∧5TX) = L(2α1+3α2+2α3)⊕L(3α1+3α2+2α3)⊕L(2α1+3α2+3α3)⊕L(3α1+3α2+

3α3)⊕ L(3α1 + 4α2 + 2α3)⊕ L(2α1 + 4α2 + 3α3)

• H0(X,∧6TX) = L(3α1 + 4α2 + 3α3)

We consider the computation for H0(X,∧2TX) in some more detail. We fix the notation and take

the following basis of h: h1 = diag(1,−1, 0, 0), h2 = diag(1, 0,−1, 0) and h3 = diag(1, 0, 0,−1). For

i = 1, 2, 3 we take fi, ei ∈ sl4 so that fi is lower-triangular and each (ei, fi, hi) is a sl2-triple. We

define f12 := [f1, f2], f23 := [f2, f3] and f123 := [f1, f23] = [f12, f3] and e12 = [e2, e1], e23 = [e3, e2] and

e123 = [e3, e12]. Let us compute the coadjoint action of b on u. Note that the h-action is the same as

the adjoint action. Here we list the non-zero coadjoint actions of n on u:

e12 e23 e123

f1 e2 0 e23
f2 −e1 e3 0

f3 0 −e2 −e12
f12 0 0 e3
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Since u is nilpotent there is a natural filtration on it, and each composition factor splits as a direct sum

of 1-dimensional weight spaces. Geometrically it means that the vector bundle TX has a filtration with

direct sums of line bundles as composition factors. For example, in our case the composition factors for

TX are Lα1 ⊕Lα2 ⊕Lα3 ,Lα1+α2 ⊕Lα2+α3 and Lα1+α2+α3 , where for µ ∈ P , Lµ is the line bundle

G ×B Cµ. By considering the associated long exact sequences it is clear that there is a surjection⊕
µ∈wt(∧2u) H

0(X,Lµ) → H0(X,∧2TX). However, since line bundles might have higher cohomology,

there could be some cancellation in the long exact sequence. Using the Borel-Weil theorem it is at

least clear that dot-singular weights will not contribute, hence we can restrict ourselves to line bundles

so that the corresponding weight is dot-regular. For each such weight λ, the cancellation will come

from a dot-regular, non-dominant weight µ in the same dot-orbit as λ. Hence, if there is no such µ we

know that the L(λ)-isotypical component of H0(X,∧2TX) is given by the λ-weight space of ∧2n. In

most cases we don’t know how to compute the maps in the long exact sequence explicitly. However,

we can still compute the multiplicity of L(λ) in H0(X,∧2TX) using the BGG complex.

The dominant, dot-regular weights appearing in ∧2u are α1+α2+α3 with multiplicity 2, α1+2α2+α3

with multiplicity 2, 2α1 + 2α2 + α3 and α1 + 2α2 + 2α3 with multiplicity 1. The dot-regular weights

that are non-dominant are α1 + α3, α1 + 2α2 and 2α2 + α3. We have s2 · (α1 + α3) = α1 + α2 + α3

and s3 · (α1 + 2α2) = α1 + 2α2 + α3. This means that these two dominant weights might appear in

the cohomology.

To compute the multiplicity of L(α1+α2+α3) in H1(X,∧2TX), we use the BGG complex BGG•(∧2u, α1+

α2 + α3). Since s1 · (α1 + α2 + α3) = −α1 + α2 + α3 and s2 · (α1 + α2 + α3) = α1 + α3. We see that

BGG1(∧2u, α1 +α2 +α3) = C{e1 ∧ e3}. Clearly BGG0(∧2u, α1 +α2 +α3) is spanned by e1 ∧ e23 and

e12 ∧ e3. The differential given by the coadjoint action is x 7→ f2x and it is clearly surjective, hence

Hom(L(α1 + α2 + α3),H
1(X,∧2TX)) = 0 and Hom(L(α1 + α2 + α3),H

0(X,∧2TX)) = C.

To compute Hom(L(α1 + 2α2 + α3),H
1(X,∧2TX)) we also use the BGG complex:

∧2u[α1 + 2α2 + α3] → ∧2u[2α2 + α3]⊕ ∧2u[α1 + 2α2] → 0 (5.2)

A basis of ∧2u[α1 + 2α2 + α3] is given by e12 ∧ e23 and e2 ∧ e123 and ∧2u[2α2 + α3]⊕ ∧2u[α1 + 2α2]

has basis spanned by e2 ∧ e12 and e2 ∧ e23. The differential is

d(e2 ∧ e123) = e2 ∧ e23 − e2 ∧ e12
d(e2 ∧ e123) = e2 ∧ e23 + e2 ∧ e12

meaning that d is surjective so again there is no cohomology. We get

HomG(Lα1+2α2+α3
,H1(X,∧2TX)) = 0, and HomG(Lα1+2α2+α3

,H0(X,∧2TX)) = C.

To summarize, H•(X,∧2TX) is concentrated in degree 0, and

H0(X,∧2TX) ∼= L(α1 + α2 + α3)⊕ L(2(α1 + α2) + α3)⊕ L(α1 + 2(α2 + α3)). (5.3)
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5.2.2 An improvement of the BGG sheaf-cohomology algorithm using the

modules Vj,k

To compute HHsC∗(Ñ ) using (5.1) we need a description of the modules Vj,k. Let us recall the

construction of Vj,k from [48] and [49]. Let P be a standard parabolic subgroup, p = Lie(P ), pr :

ÑP = T ∗G/P → G/P be the projection, np the nilradical of P , and up its dual seen as a subset of

g using the Killing form. Recall that p acts on its nilradical by the adjoint action, and on up by the

coadjoint action. We hence have a map ad: p → End(np) ∼= np ⊗ up. Let ∆ = (ι, ad) : p → g⊕ np ⊗ up,

where ι is the inclusion. We also write ∆ for the induced map of Sym•(up)-modules

∆: Sym•(up)⊗ p → Sym•(up)⊗(g⊕ np ⊗ up). (5.4)

Here the p-action on Sym•(up) is induced from the coadjoint action, and the action on g and np is the

adjoint action.

Proposition 5.2.16 ([49]). Let pr∗TÑP
= G×P V1., then we have an isomorphism of p-modules

V1 ∼=
Sym•(up)⊗ g⊕Sym•(up)⊗ np

Sym•(up)⊗∆(p)
. (5.5)

All exterior powers of pr∗TÑP
are described in [49] as well. For example, if V2 : = ∧2

Sym•(up)
V1 then

V2 ∼=
Sym•(up)⊗(∧2g⊕ g⊗ np ⊕ ∧2np)

∆(Sym•(up)⊗ p) ∧ (Sym•(up)⊗(g⊕ np))
.

We now recall that in order to apply this to studying the small quantum group, we need a C∗-grading

(which we will call the k-grading).

Definition 5.2.17. The k-grading on Sym•(up)⊗ g⊕Sym•(up)⊗ np is defined by deg(np) = −2,

deg(Symm(up)) = 2m and deg(g) = 0. We write Vj,k for the k-th graded part of ∧jSym•(up)
(V1) (for

the natural induced grading). Note that k has to be even.

We can give an alternative description of the p-modules ∧jSym•(up)
V1 and the graded pieces Vj,k that

is more convenient algorithmically. This description essentially follow from the short exact sequence

of vector bundles (recall that ΩX is the cotangent sheaf of X):

0 → pr∗OÑP
⊗ΩG/P → pr∗T (ÑP ) → pr∗OÑP

⊗TG/P → 0

Lemma 5.2.18 ([48]). Let Sp := S•(up). There is a vector space isomorphism ψ : Sp ⊗(up ⊕ np) → V1.

Proof. Note that the map

ψ̃ = (ι, id) : Sp ⊗ up ⊕Sp ⊗ np → Sp ⊗ g⊕Sp ⊗ np

induces a map ψ : Sp ⊗(up ⊕ np) → V1. To show that ψ is surjective, let p⊗x + q⊗ y ∈ V1 where

p, q ∈ Sp and x ∈ g, y ∈ np. Let us write x = u + w where u ∈ up and w ∈ p. Using the relations in

V1 we get w =
∑
i pi⊗wi where wi ∈ np, giving p⊗w =

∑
ppi⊗wi. Hence p⊗x + q⊗ y = p⊗u +
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∑
i ppi⊗wi + q⊗ y is in the image of ψ. To prove injectivity of ψ, suppose that ψ(p⊗u+ q⊗ y) = 0.

This means that ψ̃(p⊗u+q⊗ y) ∈ Sp ⊗∆(p), hence there are polynomials ri ∈ Sp and elements xi ∈ p

(we can assume that xi are linearly independent) such that p⊗u + q⊗ y +
∑
ri⊗(xi + ad(xi)) = 0.

Now it is easy to see that we should have ri = 0, and it follows that p = q = 0 since u ∈ up and

y ∈ np.

Corollary 5.2.19. For any j ≥ 0, the map ∧jψ : ∧jSp
(Sp ⊗(up ⊕ np)) → ∧jSp

V1 is an isomorphism

of vector spaces.

This isomorphism preserves the k-grading. Hence we obtain:

Corollary 5.2.20. There is a h-equivariant, k-graded vector space isomorphism

Vj,k ∼=
⊕

r2+r3=j,r1−r3=k/2

Sr1(up)⊗
r2∧

up ⊗
r3∧

np

The isomorphism is also compatible with the p-structure in the following sense:

Lemma 5.2.21. There is a p-module structure on ∧jSp
(Sp ⊗(up ⊕ np)) such that ∧jψ is p-equivariant.

Proof. It is sufficient to prove the case j = 1. For u ∈ up and x ∈ p, write [x, u] = u1 + x1 where

u1 ∈ up and x1 ∈ p. We then define a p-module structure on Sp ⊗(up ⊕ np) by

x · (u, x′) = (u1,− ad(x1) + [x, x′]).

This induces an obvious p-module structure on Sp ⊗(up ⊕ np) and on ∧jSp
(Sp ⊗(up ⊕ np)). By con-

struction ψ (resp. ∧jψ) is p-equivariant.

Example. We take g = sl3 with the usual Chevalley generators ei, hi, fi. Pick the vector e
2
2 ⊗ e1 ⊗ f1∧

f2 ∈ S2(u)⊗ u⊗∧2n. We have f1 · e2 = 0, f1 · f1 = 0 and f1 · f2 = f12. We also have [f1, e1] = −h1
and adn(h1) = −2e1 ⊗ f1 + e2 ⊗ f2 − e12 ⊗ f12. Hence we get

f1 · (e22 ⊗ e1 ⊗ f1 ∧ f2) = e22e12 ⊗ f1 ∧ f2 ∧ f12 + e22 ⊗ e1 ⊗ f1 ∧ f12.

5.2.3 The improved sheaf-cohomology BGG algorithm

The presentation of Vj,k of corollary 5.2.20 is very helpful for computing the cohomology of the

BGG resolution by hand. However, the resulting p-module structure on Vj,k is difficult to implement

algorithmically. Instead, we will consider Vj,k as cokernel of the map between spaces with simple

p-module structure. We define

Mj =

j⊕
r=0

Sym•(up)⊗
r∧
g⊗

j−r∧
np.

Note that the map ∆ defined in (5.4) extends to a map

∆: Mj−1 ⊗ p →Mj−1 ⊗(g⊕ np ⊗ up) ⊂Mj .
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Note that now per definition Vj :=Mj

/
∆(Mj−1 ⊗ p) = coker∆. If we define the k-grading of p by 0,

then ∆ respects the k-grading and thus

Vj,k = coker (∆: Mj−1,k ⊗ p →Mj,k) .

The map ∆ therefore induces a short exact sequence of p-modules

0 Mj−1,k ⊗ p Mj,k Vj,k 0.∆ ϖ

Note that the U(n) action on Vj,k is defined in terms of that onMj,k; suppose F ∈ U(n), andX ∈Mj,k,

then we have that F ·ϖ(X) = ϖ(F ·X). Now let us choose a linear section σ of ϖ (respecting the

h-grading). Then if Y ∈ Vj,k we have that F · Y = ϖ(F · σ(Y )). Since the differential in the BGG

complex is given by multiplication by elements of U(n) on weight components of Vj,k and Mj,k, we

have the equality dV = ϖdMσ, with dV and dM the respective differentials on BGG•(Vj,k, λ) and

BGG•(Mj,k, λ).

We will describe how one can find the map ϖ and the associated σ. We will always use a basis of

Mj,k and Tj,k induced from a Chevalley basis on g. In practice we realize Vj,k as coker∆ = ker∆⊤,

where the transposition is with respect to the Chevalley basis. For practical reasons we choose a

basis of coker∆ with integer coefficients to describe the map ϖ. Furthermore instead of using a true

differential we take,

d̃V := ϖdMϖ
⊤. (5.6)

A priori the rows of ϖ are just a basis, and we thus have that ϖϖ⊤ ̸= Id. Therefore d̃2V ̸= 0, and d̃V
is hence not a differential. We could choose ϖ such that ϖϖ⊤ = Id but this is in general impossible

with integer entries, and by using integer entries we get a big computational benefit for exact linear

algebraic operations. Nevertheless we do have that

dimker d̃V − dim im d̃V = dimker dV − dim im dV ,

and therefore d̃V can be used to compute the cohomology of BGG•(Vj,k, λ). This is because ϖ
⊤ can

be transformed to a section of ϖ by the isomorphism (ϖϖ⊤)−1. The images of d̃V and dV are hence

identical, while the kernels have the same dimension.

The cokernel of ∆ can be efficiently computed using the isomorphism ψ of lemma 5.2.18. The fact that

ψ is an isomorphism gives us a convenient subspace imψ ⊂Mj,k such that ϖ|imψ is an isomorphism,

but this is not yet a full description of ker∆⊤. The subspace imψ has a basis {xi}i∈I , and we can

define ϖ(xi) = ei with ei an elementary basis vector. Each element i ∈ I then corresponds to a row

of ∆⊤. To obtain a full description of ϖ we simply need to write the remaining rows of ∆⊤ as a linear

combination of the columns corresponding to the indices in I, i.e. if j /∈ I then we write

∆⊤
j =

∑
i∈I

ci∆i, ϖ(xj) :=
∑
i∈I

ciϖ(xi) (5.7)

Thus to compute ϖ we need to solve a linear system, which is much cheaper in integer arithmetic
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than directly computing the kernel of ∆⊤. In summary:

Proposition 5.2.22. To compute the BGG cohomology of Vj,k we use

dimHi(BGG•(Vj,k)) = dimkerϖdMi
jk
ϖ⊤ − dim imϖdi−1

Mj,k
ϖ⊤

with ϖ as in (5.7).

5.3 Equivariant Hochschild cohomology of the non-trivial sin-

gular block of uq(sl3)

In this section we will compute the equivariant Hochschild cohomology of the non-trivial singular

block of u1(sl3). This corresponds geometrically to the equivariant Hochschild cohomology of T ∗P2.

A good understanding of these Hochschild cohomology groups is highly desirable since it could lead

to an explicit description of the geometric cup-product and Gerstenhaber bracket. The Hochschild

cohomology HH•
C∗(P1) is already described in [50] (we will recall their results later), and P2 is the

next non-trivial case.

Let us fix the notation for this section: we take g = sl3, p = b⊕C{e1}, and P a parabolic subgroup

such that SL3/P ∼= P2. As a result np = Cf2 ⊕Cf12 and up ∼= g/p ∼= Ce2 ⊕Ce12. We use the

same convention as [48], that is, e1, e2, f1, f2, h1, h2 are the usual Chevalley generators, and we define

f12 := [f1, f2] and e12 := [e2, e1]. Furthermore for a root weight λ = n1α1 + n2α2, let Ln1,n2 be the

irreducible sl3-representation with highest weight λ.

We now state an elementary but useful lemma about root weights of sl3:

Lemma 5.3.1. Let λ = n1α1 + n2α2 be a root weight, and assume n2 ≥ n1 ≥ 0. Then exactly one of

the three cases occur:

• λ is dominant.

• s1 · λ = (n2 − n1 − 1)α1 + n2α2 is dominant.

• λ is dot-singular. (In this case, 2n1 = n2 − 1.)

In particular, the cohomology of the corresponding line bundles is concentrated in degree 0 and 1.

Proof. If λ is not dominant then n2 ≥ 2n1 +1. We then obtain s1 · λ = (n2 − n1 − 1)α1 + n2α2. This

is dominant if 2(n2 − n1 − 1) ≥ n2, i.e, if n2 ≥ 2n1 + 2. Hence, if λ and s1λ are not dominant, we

should have n2 = 2n1 + 1, which implies that s1 · λ = λ.

5.3.1 Description of HH•
C∗(T ∗P2) as g-module

The purpose of this subsection is to prove the following theorem:

Theorem 5.3.2. Let uλp
(sl3) be the block of the small quantum group corresponding to p. For s ≥ 2,

HHs(uλp
(sl3)) is given by the following tables:
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For s = 2m+ 1 odd:

i+j=1 Lm,m⊕Lm+1,m⊕Lm,m+1 ⊕Lm+1,m+1

i+j=3 0 Lm,m⊕Lm+1,m⊕Lm,m+1 ⊕Lm+1,m+1

hi,j j−i=1 j−i=3

For s = 2m even:

i+j=0 Lm,m
i+j=2 0 Lm,m−1 ⊕Lm−1,m⊕L2

m,m⊕Lm,m+1 ⊕Lm+1,m

i+j=4 0 0 Lm,m

hi,j j−i=0 j−i=2 j−i=4

For s = 1:

i+j=1 L0,0 ⊕L1,1

i+j=3 L0,0 L0,0 ⊕L1,1

hi,j j−i=1 j−i=3

For s = 0 this was computed more generally for all projective space in [49]. For s = 1 this is an easy

computation, hence we assume now that s ≥ 2 and divide the proof into a series of lemmas. Notice

that using the sl2-action, we only need to compute half of the table, as explained in section 2.

Lemma 5.3.3. We have H0(P2,Symm(TP2)) ∼= Lm,m.

Proof. We need to compute the BGG complex associated to Symm(up). A basis of Symm(up) is given

by {em−i
2 ei12}0≤i≤m. If 0 ≤ a ≤ m then, em−a

1 ea12 and ea+1
1 em−a−1

12 have weights in the same dot-orbit.

By lemma 5.3.1, one of the weights µ is dominant and the other weight µ′ is such that s1 ·µ′ dominant

(if they coincide, then by definition µ is dot-singular). It is easy to see that the corresponding map

in the BGG complex is non-zero, hence the contributions cancel for a = 0, . . . ,m− 1. For a = m the

BGG complex is C → 0, giving the result.

Corollary 5.3.4 (i = 0, j = 0). There is an isomorphism of G-modules H0(ÑP ,OÑP
) ∼=

⊕
m≥0 Lm,m.

If k = 2m, the k-th graded part corresponds to Lm,m.

Proof. For a vector bundle pr : E → X we have pr∗OE
∼= Sym•(E∨). Hence,

H0(E,OE) ∼= H0(X,Sym•(E∨)),

and thus

H0(ÑP ,OÑP
) = H0(P2,pr∗OÑP

) = H0(P2,Sym•(TP2)).

The result now follows from the previous lemma.
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Proposition 5.3.5 (i = 0, j = 1). Let 2m = k. If m ≥ 2, we have

H0(ÑP , TÑP
)k ∼= Lm,m⊕Lm,m+1 ⊕Lm+1,m⊕Lm+1,m+1.

Proof. Let us first write the weight spaces of the corresponding module Sm(up)⊗ up ⊕Sm+1(up)⊗ np
in a table:

Weight Modules Vector Value of a

aα1 +mα2 Sm+1(up)⊗ np em+1−a
2 ea12 ⊗ f2 0 ≤ a ≤ m+ 1

(a− 1)α1 +mα2 Sm+1(up)⊗ np em+1−a
2 ea12 ⊗ f12 0 ≤ a ≤ m+ 1

aα1 + (m+ 1)α2 Sm(up)⊗ up em−a
2 ea12 ⊗ e2 0 ≤ a ≤ m

(a+ 1)α1 + (m+ 1)α2 Sm(up)⊗ up em−a
2 ea12 ⊗ e12 0 ≤ a ≤ m

The set of admissible dominant weights are hence of the form n1α1 +mα2 and n1α1 + (m+1)α2 (for

appropriate values of n1). Notice that we have s2 · (aα1 +mα2) = aα1 + (a−m− 1)α2. It is obvious

that there are no vectors with this weight (and similarly for the weight s2 · (aα1+(m+1)α2)). Hence

the differential E[λ] → E[s2 · λ] = 0 is zero, and therefore the BGG complex in our case is simply

given by f t1 : E[λ]→E[s1 · λ] for some integer t.

We begin with the case λ = n1α1 +mα2, where 2n1 ≥ m, which means that λ is dominant. For now

wee assume that n1 ≤ m − 1. The BGG complex is then d : C2→C2, where the differential is given

by multiplication by f2n1−m−1
1 . Let us write the formula for d. In a basis, we have

d(em+1−n1
2 en1

12 ⊗ f2) =
n1!

(m− n1 − 1)!

(
en1+2
2 em−n1−1

12 ⊗ f2 + (2n1 −m+ 1)en1+1
2 em−n1

12 ⊗ f12
)
,

and

d(em−n1
2 en1+1

12 ⊗ f12) =
(n1 + 1)!

(m− n1 − 1)!
en1+1
2 em−n1

12 ⊗ f12.

Indeed, f1 · f2 = f12, f1 · f12 = f1 · e2 = 0, and the action of f1 is given by

f1 · er12 e
r2
12 ⊗ f2 = r2e

r1+1
2 er2−1

12 ⊗ f2 + er12 e
r2
12,⊗ f12

and by induction the formula for the differential follows. It also follows easily that d is an isomorphism,

thus these weights do not contribute to the cohomology. We look at the remaining case: n1 ∈
{m,m+1}. For n1 = m the complex is given by C2 → C, where the basis of C2 is given by e2e

m
12 ⊗ f2

and em+1
12 f12, and the basis of C by em+1

2 ⊗ f12. Since fm+1
1 · em+1

12 ⊗ f12 = em+1
2 ⊗ f12, it follows

that the differential is non-zero. Hence Lm,m appears in H0(ÑP , TÑP
)k with multiplicity one. For

the weight (m+1)α1 +mα2, the complex is C → 0, therefore Lm+1,m appears in H0(ÑP , TÑP
)k with

multiplicity one.

Now we consider the case λ = n1α1 + (m+ 1)α2. We take λ dominant and first consider n1 ≤ m− 1.

Let us recall that, by definition, the action of f1 on e12, e2 ∈ ∧1up is given by f1 · e12 = e2 and

f1 · e2 = 0. The differentials are given by

d(em+1−n1
2 en1

12 ⊗ e12) =
n1!

(m− n1 − 1)!

(
en1+2
2 em−n1−1

12 ⊗ e12 + (2n1 −m+ 1)en1+1
2 em−n1

12 ⊗ e2
)
,
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and

d(em−n1
2 en1+1

12 ⊗ e2) =
(n1 + 1)!

(m− n1 − 1)!
en1+1
2 em−n1

12 ⊗ e2.

It follows again that all these weights do not contribute to the cohomology. We are left with the weights

mα1 + (m + 1)α2 and (m + 1)α1 + (m + 1)α2. In the former case, the complex is C2 → C, where a

basis of C2 is given by em12 ⊗ e2 and e2e
m−1
12 ⊗ e12, and where a basis of C is given by em2 ⊗ e2. The

differential is again surjective, thus Lm,m+1 appears with multiplicity one in H0(ÑP , TÑP
)k. Finally,

the BGG complex in the latter case is given by C → 0, and the proposition follows.

Lemma 5.3.6 (i = 1, j = 1). We have H1(ÑP , TÑP
) = 0.

Proof. It follows from the previous proof that E[λ] → E[s1 ·λ] is surjective for each λ that can possibly

contribute to the cohomology.

Proposition 5.3.7 (i = 0, j = 2). Write s = 2m. We have

H0(ÑP ,∧2TÑP
)k = Lm,m−1 ⊕Lm−1,m⊕L2

m,m⊕Lm,m+1 ⊕Lm+1,m

Proof. We have i+j+k = s, hence k = 2(m−1). As before, let us first split the module into different

weight spaces:

Weight Modules Vector Value of a

(a+ 1)α1 + (m+ 1)α2 Sm−1(up)⊗∧2up em−a−1
2 ea12 ⊗ e2 ∧ e12 0 ≤ a ≤ m− 1

(a+ 1)α1 +mα2 Sm(up)⊗ up ⊗ np em−a
2 ea12 ⊗ e12 ⊗ f2 0 ≤ a ≤ m

aα1 +mα2 Sm(up)⊗ up ⊗ np em−a
2 ea12 ⊗ e2 ⊗ f2 0 ≤ a ≤ m

aα1 +mα2 Sm(up)⊗ up ⊗ np em−a
2 ea12 ⊗ e12 ⊗ f12 0 ≤ a ≤ m

(a− 1)α1 +mα2 Sm(up)⊗ up ⊗ np em−a
2 ea12 ⊗ e2 ⊗ f12 0 ≤ a ≤ m

(a− 1)α1 + (m− 1)α2 Sm+1(up)⊗∧2np em+1−a
2 ea12 ⊗ f2 ∧ f12 0 ≤ a ≤ m+ 1

As in the previous case, for all the weights λ that appear, there is no element of weight s2 · λ. First

we compute the cohomology for a dominant weight of the form λ = n1α1 + (m+ 1)α2. We then have

s1 · (n1α1 + (m + 1)α2) = (m − n1)α1 + (m + 1)α2. If we assume n1 ̸= m, then n1 ≥ 2(m + 1) and

the BGG complex is C → C, em−n1
2 en1

12 ⊗ e2 ∧ e12 7→ en1
2 em−n1

12 ⊗ e2 ∧ e12, and hence these weights do

not contribute to the cohomology. Finally, for n1 = m we get the BGG complex C → 0, therefore

Lm,m+1 contributes with multiplicity one.

We now consider dominant weights of the form λ = n1α1 + (m− 1)α1. We know that −1 ≤ n1 ≤ m.

Moreover, s1 · λ = (m− n1 − 2)α1 + (m− 1)α2, and for these weights the BGG complex is 1 : C→C.
For −1 ≤ n1 ≤ m − 1 the weights hence do not contribute to the cohomology. The only remaining

weight is λ = mα1 + (m− 1)α2, where the BGG complex is C → 0. Therefore Lm,m−1 appears with

multiplicity one.

Next we consider the case where λ = n1α1 +mα2 is dominant. If n1 ≤ m− 2, then we claim that d is
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invertible, and these weights do not contribute to the cohomology. Indeed, the matrix of d is given by
S 0 0 0

−T S 0 0

T 0 S 0

− (2n1−m)T
m−n1+2 −T −T S

 ,

where T = (2n1 −m + 1)(n1 − 1) . . . (m − n1 + 2) and S = (n1 − 1) . . . (m − n1 + 1). Since S ̸= 0

it follows that d is an isomorphism. The entries of d are obtained by induction. For example the

coefficients in the first column can be deduced from

f1 · (em−n1
2 en1−1

12 ⊗ e12 ⊗ f2)

= (n1 − 1)em−n1+2
2 en1−2

12 ⊗ e12 ⊗ f2 − em−n1
2 en1−1

12 ⊗ e2 ⊗ f2 + em−n1
2 en1−1

12 ⊗ e12 ⊗ f12.

The remaining cases are n1 ∈ {m−1,m,m+1}. For the case λ = (m+1)α1+mα2, the BGG complex

is C → 0.

If λ = (m − 1)α1 + mα2, then s1 · λ = mα2 and there is no vector of this weight on the form

em−a
2 ea12 ⊗ e12 ⊗ f2. Hence the BGG complex is d : C4→C3 and using the previous formula we easily

see that d is surjective. This means that Lm−1,m also appears with multiplicity one.

Finally, if λ = mα1 +mα2, the BGG complex is C3 → C, with basis of C3

e2e
m−1
12 ⊗ e12 ⊗ f2, em12 ⊗ e2 ⊗ f2, em12 ⊗ e12 ⊗ f12,

and for C1 basis em2 ⊗ f12. It follows again from the explicit formula that d is surjective, hence Lm,m
appears with multiplicity two.

Lemma 5.3.8 (i = 1, j = 2). We have H1(ÑP ,∧2T ÑP ) = 0.

Proof. It follows from the previous proof that H1 = 0, since for each dominant weight d was always

surjective.

Lemma 5.3.9 (i = 2, j = 2). We have H2(ÑP ,∧2T ÑP ) = 0.

Proof. The module V2,m is given by

(Symm(up)⊗∧2up)⊕(Symm+1(up)⊗ up ⊗ np)⊕(Symm+1(up)⊗∧2np).

By lemma 5.3.1, we only need to check weight λ = n1α1 + n2α2 with n1 < 0 or n2 < 0. There is

a single weight µ with such coefficients, given by µ = −α1 + (m + 1)α2. Since s1 · µ = (m + 1)ρ is

dominant, H2 = 0 as claimed. (If m = 0, there is also the exceptional case e2 ⊗ f2 ∧ f12 with weight

−α1 − α2 = −ρ. But such a weight is dot-singular.)
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5.3.2 Relation to the nilpotent cone

In this subsection we describe HHC∗(T ∗P2) as a module over C[N ], where N ⊂ sl3 is the nilpotent

cone. The following theorem relates uq(g) with N :

Theorem 5.3.10 ([27]). There is an isomorphism of algebras H2•(uq(g),C) ∼= C[N ]. Moreover we

have that H2•+1(uq(g),C) = 0.

Since H•(uq(g),C) acts on HH•(uq(g)), the G-representation HH•(uλp
(g)) is actually a G × C∗-

equivariant coherent sheaf on the nilpotent cone for each block. There is a H0(G/P,pr∗OÑP
)-module

structure on HH•(uλp
(g)), hence a C[N ]-module structure. For g = sl2 the module structure is known:

Theorem 5.3.11 ([50]). As module over C[N ], the even Hochschild cohomology of u0(sl2) is given

by the following table:

i+j=0 C[N ]

i+j=2 C C[N ]

hi,j j−i=0 j−i=2

The odd Hochschild cohomology is concentrated in bidegree (0, 1) and given by

HH2•+1(u0(sl2)) ∼= C[N ]+[1]⊕ C[N ][−1],

where [1] is a shift in the s-grading and C[N ]+ is the augmentation ideal.

We would like to obtain a similar result for g = sl3 and p = b⊕Ce1, i.e., when G/P ∼= P2. Let

u1 := uλp
(g) and Y := Op. Corollary 5.3.4 and the previous discussion imply:

Proposition 5.3.12. There is a graded G-module isomorphism, C[Y ] ∼=
⊕

m≥0 L(m,m).

We want to understand the C[Y ]-module structure on HH•(u). Using that C[ÑP ] ∼= C[Y ], we can

reduce the problem to understanding the OÑP
-module structure on the cohomology HH•

C∗(ÑP ). Using

the equivalence OÑP
–mod ∼= pr∗OÑP

–mod, we can reduce the problem to understanding the maps

H0(pr∗OÑP
)⊗

 ⊕
i+j+k=s

Hi(P2,Vj,k)

→
⊕

i+j+k=s+2

Hi(P2,Vj,k),

where Vj,k is the vector bundle associated to the module Vj,k introduced earlier. Since C[Y ] is

generated by its degree one elements C[Y ]1 ∼= L1,1
∼= sl3, it is enough to compute the maps

L1,1 ⊗

 ⊕
i+j+k=s

Hi(P2,Vj,k)

→
⊕

i+j+k=s+2

Hi(P2,Vj,k).

We notice that, for m ≥ 2, the only non-zero contribution to HHm(u1) is when i = 0. By definition,

if E is a p-module and v ∈ EnP [µ] for some µ ∈ P+, then v is the BGG representative corresponding

to an irreducible representation Lµ ⊂ H0(G/P, E). This vector can be found from the representation
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as follows: Lµ has a highest weight vector w, corresponding to a section sw : G/P → E. Then,

sw(eP ) = v is the corresponding vector. This is by definition, because H0(G/P,E) = IndGPE. In

particular, it follows that when multiplying global sections we can multiply the corresponding BGG

representative together (since the multiplication is an equivariant map, we only need to know what

happens at one point, for example at eP ).

Let Wm = Lm,m⊕Lm+1,m⊕Lm,m+1 ⊕Lm+1,m+1. This is the summand of bidegree (i, j) = (0, 1) in

HH2m+1(u1). Since the sl2-action obtained from the Poisson bivector field commutes with the C[Y ]-

action, we just need to understand the C[Y ]-module structure on this summand, since the summand

of bidegree (i, j) = (0, 3) will be isomorphic to Wm. Let W 1
m = Lm,m,W

2
m = Lm+1,m,W

3
m = Lm,m+1

and W 4
m = Lm+1,m+1.

Proposition 5.3.13. The map L1,1 ⊗Wm →Wm+1 is given by L1,1 ⊗W l
m →W l

m+1 ⊂Wm+1, where

the first map is the projection onto the corresponding isotopic component.

Proof. This directly follows from the representatives we computed in the proof of Theorem 5.3.2 and

the discussion before. Let us remark that the projection onto the isotopic component is only defined

up to multiplication by a non-zero scalar, but it can be fixed by choosing a highest weight vector vm
in each W l

m such that the projection sends vm to vm+1.

A similar proposition holds for s = 2m. We now describe the corresponding C[Y ]-modules. We

define the module M1 as (M1)m = Lm+1,m if m ≥ 1 and (M1)0 = 0. The C[Y ]-module structure

is obtained from the maps L1,1 ⊗W 2
m → W 2

m+1. Let M2 be the module such that (M2)m = W 3
m if

m ≥ 1 and 0 otherwise, with similar C[Y ]-module structure. We also define shifted modules N1, N2 by

(N1)m = (M1)m−1 and (N2)m = (M2)m−1, with the same C[Y ]-module structure. Finally, let C[Y ]+
be the ideal sheaf of the origin 0 ∈ Y , and C0 be the skyscraper sheaf at 0. We obtain the following

description of the Hochschild cohomology as C[Y ]-modules:

Proposition 5.3.14. The following tables give the even (resp. odd) Hochschild cohomology groups of

u1(sl3), as C[Y ]-modules:

i+j=0 C[Y ]

i+j=2 C0 C[Y ]⊕N1 ⊕N2 ⊕C[Y ]+ ⊕M1 ⊕M2

i+j=4 C0 C0 C[Y ]

hi,j j−i=0 j−i=2 j−i=4

i+j=1 C[Y ]⊕M1 ⊕M2 ⊕C[Y ]+
i+j=3 C0 C[Y ]⊕M1 ⊕M2 ⊕C[Y ]+

hi,j j−i=1 j−i=3

Let us now investigate the multiplicative structure. A presentation by generators and relations would

be cumbersome, but we can describe the multiplication by looking at each pair of bidegree. For

degree reason, we see that the last lines in the two previous tables are included in the annhilator of

the nilradical (i.e the multiplication with the positive degree part is zero), so we can only look at the

remaining pair of relevant bidegree. Inspecting at the proof, we see that all the relevant Hochschild

cohomology is concentrated when i = 0, or comes from the Harish-Chandra center. Hence our theorem

implies that the original HKR isomorphism is already multiplicative. Let us give an example how to

compute the multiplication:
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HHC∗(T ∗P2)(1,1) ⊗HHC∗(T ∗P2)(1,1) → HHC∗(T ∗P2)(2,2)

The multiplication is by definition the cup-product in de Rham cohomologyH1(P2,Ω1
P2)⊗H1(P2,Ω1

P2) →
H2(P2,Ω1

P2), i.e this the map C⊗ C → C, 1⊗ 1 7→ 1.

HHC∗(T ∗P2)(1,1) ⊗HHC∗(T ∗P2)(0,2) → HHC∗(T ∗P2)(1,3)

Since HHC∗(T ∗P2)(1,3) = C, and that HHC∗(T ∗P2)(1,1) ⊗HHC∗(T ∗P2)(0,2) contains only a single copy

of the trivial representation, we conclude that the product is at most non-zero with a single element

inside a weight basis of HHC∗(T ∗P2)(1,1). Such element is given by the Poisson bivector field, and

the product is non-zero because we know that cup-product with the Poisson bivector field induces a

sl2-action.

HHC∗(T ∗P2)(0,2) ⊗HHC∗(T ∗P2)(0,2) → HHC∗(T ∗P2)(0,4)

Because each C[Y ]-submodule of HHC∗(T ∗P2)(0,2) is generated in degree 1, we just need to compute

the degree 1 multiplication. Now, let us write explicitly the vectors in the BGG complex that span

the modules C[Y ],M1,M2, N1, N2,C+[Y ]:

C[Y ]

M1 em12 ⊗ e12 ⊗ f2

M2 em−1
12 ⊗ e2 ∧ e12

N1 em+1
12 ⊗ f2 ∧ f12

N2

C+[Y ]

5.4 Computation of z0(uq(g)) for type G2, B3, C3 and A4

We now present our results obtained using the algorithm described in [32], using the description of

Vj,k introduced in section 5.2.3.

5.4.1 Type G2

For type G2, we let α1 be the short root and α2 be the long root.

Theorem 5.4.1. The center of the principal block of the small quantum group for g of type G2 has

dimension 91. The bigraded dimensions are given by the following table:

i+j=0 C
i+j=2 C2 C
i+j=4 C2 C2 C
i+j=6 C2 C2 C2 C
i+j=8 C2 C2 ⊕L2

2,1 C2 ⊕L2,1 C2 C
i+j=10 C2 C3 ⊕L2,1 C2 ⊕L2

2,1 C2 C2 C
i+j=12 C C2 C2 C2 C2 C2 C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12

The trivial representation has multiplicity 49 in total. The table confirms the conjecture 5.2.4 for g
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of type G2, and hence for all complex simple Lie algebras of rank 2 using previous work from [48] and

[49]. We also computed the center of the singular blocks of type u1(g2):

i+j=0 C
i+j=2 C C
i+j=4 C C C
i+j=6 C C⊕ L2,1 C C
i+j=8 C C⊕L2,1 C⊕L2,1 C C
i+j=10 C C C C C C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10

and similarly for u2(g2):

i+j=0 C
i+j=2 C C
i+j=4 C C C
i+j=6 C C⊕ L2,1 C⊕ L2,1 C
i+j=8 C C C⊕L2,1 C C
i+j=10 C C C C C C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10

5.4.2 Type B3 and C3

Definition 5.4.2. For a subset J ⊂ I, let uJ be the block corresponding to a singular weight λ with

stabiliser generated by ⟨sj : j ∈ J⟩.

Theorem 5.4.3. In type B3, the center of the principal block is given by the following table:

i+j=0 C
i+j=2 C3 C
i+j=4 C5 C3 C
i+j=6 C7 C6 C3 C
i+j=8 C8 C10 C6 C3 C
i+j=10 C8 C14 ⊕L1,1,1 C10 C6 C3 C
i+j=12 C7 C15 ⊕L3

1,1,1 C14 ⊕L4
1,1,1 C10 ⊕L1,1,1 C6 C3 C

i+j=14 C5 C12 ⊕L2
1,1,1 C15 ⊕L6

1,1,1 ⊕L1,2,2 C14 ⊕L4
1,1,1 C10 C6 C3 C

i+j=16 C3 C8 C12 ⊕L2
1,1,1 C15 ⊕L3

1,1,1 C14 ⊕L1,1,1 C10 C6 C3 C
i+j=18 C C3 C5 C7 C8 C8 C7 C5 C3 C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14 j−i=16 j−i=18

The invariant part of the center coincides with the invariant part of the center of the principal block

for type C3.

We also computed the corresponding diagonal coinvariants for type B3, and confirmed Conjecture

5.2.4 for B3 and C3. We note that the vector space isomorphism z(u0(so7))
so7 ∼= z(u0(sp6))

sp6 was

also predicted by the conjecture since they have isomorphic Weyl group. We now give the answer for

other blocks, and for simplicity we only give the result for g of type B3.

Theorem 5.4.4. The centers of u1(so7) and u2(so7) are isomorphic as bigraded vector spaces, and
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given by the following table:

i+j=0 C
i+j=2 C2 C
i+j=4 C3 C2 C
i+j=6 C4 C4 C2 C
i+j=8 C4 C6 C4 C2 C
i+j=10 C4 C7 ⊕L1,1,1 C6 ⊕L1,1,1 C4 C2 C
i+j=12 C3 C6 ⊕L1,1,1 C7 ⊕L3

1,1,1 ⊕L1,2,2 C6 ⊕L1,1,1 C4 C2 C
i+j=14 C2 C4 C6 ⊕L1,1,1 C7 ⊕L1,1,1 C6 C4 C2 C
i+j=16 C C2 C3 C4 C4 C4 C3 C2 C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14 j−i=16

The center of u3(so7) is given by the following table:

i+j=0 C
i+j=2 C2 C
i+j=4 C3 C2 C
i+j=6 C4 C4 C2 C
i+j=8 C4 C6 ⊕L1,1,1 C4 C2 C
i+j=10 C4 C7 ⊕L2

1,1,1 C6 ⊕L2
1,1,1 C4 C2 C

i+j=12 C3 C6 ⊕L2
1,1,1 C7 ⊕L4

1,1,1 C6 ⊕L2
1,1,1 C4 C2 C

i+j=14 C2 C4 C6 ⊕L2
1,1,1 C7 ⊕L2

1,1,1 C6 ⊕L1,1,1 C4 C2 C
i+j=16 C C2 C3 C4 C4 C4 C3 C2 C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14 j−i=16

The center of u12(so7) is as follows:

i+j=0 C
i+j=2 C C
i+j=4 C C C
i+j=6 C2 C2 C C
i+j=8 C C2 C2 ⊕L1,1,1 ⊕L1,2,2 C C
i+j=10 C C C2 C2 C C
i+j=12 C C C C2 C C C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12
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The center of u13(so7) is as follows:

i+j=0 C
i+j=2 C C
i+j=4 C2 C C
i+j=6 C2 C3 C C
i+j=8 C2 C3 ⊕L1,1,1 C3 C C
i+j=10 C2 C3 ⊕L1,1,1 C3 ⊕L2

1,1,1 C3 C C
i+j=12 C C2 C3 ⊕L1,1,1 C3 ⊕L1,1,1 C3 C C
i+j=14 C C C2 C2 C2 C2 C C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14

The center of u23(so7) is as follows:

i+j=0 C
i+j=2 C C
i+j=4 C C C
i+j=6 C C⊕L1,1,1 C⊕L1,1,1 C
i+j=8 C C C⊕L1,1,1 C C
i+j=10 C C C C C C
hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10

The isomorphism of bigraded vector spaces z(u1((so7))) ∼= z(u2((so7))) is reminiscent of a similar

isomorphism found in [49], where two non-conjugated blocks were found to have isomorphic centers.

This suggests that the corresponding categories might be Morita equivalent.

5.4.3 Type A4

We check the conjectures 5.2.4 and 5.2.5 for g = sl5. Since the center is g-invariant, we only report

the dimensions.

Theorem 5.4.5. There is an isomorphism of bigraded vector space z(u0(sl5)) ∼= z(u0(sl5)
g ∼= DC5.

The table is as follows:

i+j=0 1

i+j=2 4 1

i+j=4 9 5 1

i+j=6 15 14 5 1

i+j=8 20 29 15 5 1

i+j=10 22 44 33 15 5 1

i+j=12 20 51 54 34 15 5 1

i+j=14 15 46 66 58 34 15 5 1

i+j=16 9 31 56 66 54 33 15 5 1

i+j=18 4 15 31 46 51 44 29 14 5 1

i+j=20 1 4 9 15 20 22 20 15 9 4 1

hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14 j−i=16 j−i=18 j−i=20
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Let us present the other bigraded tables. We label the singular blocks as before, i.e as a subset

J ⊂ {1, 2, 3, 4}. However we consider them up to the involution i 7→ 5 − i (i.e up to conjugacy in

the extended affine Weyl group). There are also non-conjugated blocks giving isomorphic centers:

z(u1(sl5)) ∼= z(u2(sl5)), z(u12(sl5)) ∼= z(u23(sl5)) and z(u13(sl5)) ∼= z(u14(sl5)). We also know that the

block u123(sl5) correspond to a projective space and was computed in [49]. Hence we only need to

present u1(sl5), u12(sl5), u13(sl5) and u124(sl5). We will only present their dimension table, since for

all blocks, the center is g-invariant.

Theorem 5.4.6. The center of u1(sl5) is as follows:

i+j=0 1

i+j=2 3 1

i+j=4 6 4 1

i+j=6 9 10 4 1

i+j=8 11 18 11 4 1

i+j=10 11 23 21 11 4 1

i+j=12 9 23 29 22 11 4 1

i+j=14 6 17 28 29 21 11 4 1

i+j=16 3 9 17 23 23 18 10 4 1

i+j=18 1 3 6 9 11 11 9 6 3 1

hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14 j−i=16 j−i=18

The center of u12(sl5) is as follows:

i+j=0 1

i+j=2 2 1

i+j=4 3 3 1

i+j=6 4 5 3 1

i+j=8 4 7 6 3 1

i+j=10 3 6 8 6 3 1

i+j=12 2 4 6 7 5 3 1

i+j=14 1 2 3 4 4 3 2 1

hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14

The center of u13(sl5) is as follows:

i+j=0 1

i+j=2 2 1

i+j=4 4 3 1

i+j=6 5 7 3 1

i+j=8 6 10 8 3 1

i+j=10 5 11 12 8 3 1

i+j=12 4 9 14 12 8 3 1

i+j=14 2 5 9 11 10 7 3 1

i+j=16 1 2 4 5 6 5 4 2 1

hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12 j−i=14 j−i=16
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The center of u124(sl5) is as follows:

i+j=0 1

i+j=2 1 1

i+j=4 2 2 1

i+j=6 2 3 2 1

i+j=8 2 3 4 2 1

i+j=10 1 2 3 3 2 1

i+j=12 1 1 2 2 2 1 1

hi,j j−i=0 j−i=2 j−i=4 j−i=6 j−i=8 j−i=10 j−i=12

5.5 Higher Hochschild cohomology groups

We present some tables of higher Hochschild cohomology groups, obtained by our computer algorithm.

These results are not complete, and there are additional results available on the repository of the

algorithm: https://github.com/RikVoorhaar/bgg-cohomology.

Recall that HH•(u) is a Gerstenhaber algebra, and that the bracket is of degree −1. In particular,

HH1(uq(g)) acts on HH0(uq(g)). This gives a large group of symmetries, and understanding it could

lead to a better understanding of the center.

Proposition 5.5.1. For type A2, for 4 ≤ s ≤ 14 and s = 2k even we get the following bigraded table:

i+j=2 L (k, k)
2

i+j=4 0 L(k, k − 1)2 ⊕L(k − 1, k)2 ⊕L(k, k)4 ⊕L(k + 1, k)2 ⊕L(k, k + 1)2

i+j=6 0 0 L(k, k)2

hi,j j−i=0 j−i=2 j−i=4

For 3 ≤ s ≤ 15 and s = 2k + 1 odd (the second column of the table can be deduced from the sl2
symmetry) we get:

i+j=3 L(k, k)2 ⊕L(k + 1, k)2 ⊕L(k, k + 1)2 ⊕L(k + 1, k + 1)

i+j=5 0

hi,j j−i=1

In type G2, HH1(u0) is given by the following table:

i+j=1 C⊕L3,2

i+j=3 C2 ⊕L2,1 ⊕L2
3,2 C⊕L3,2

i+j=5 C2 ⊕L2
2,1 ⊕L2

3,2 C2 ⊕L2,1 ⊕L2
3,2 C⊕L3,2

i+j=7 C2 ⊕L2
2,1 ⊕L3,2 C3 ⊕L6

2,1 ⊕L2
3,2 ⊕L4,2 C2 ⊕L2,1 ⊕L2

3,2 C⊕L3,2

i+j=9 C3 ⊕L2,1 C4 ⊕L6
2,1 ⊕L3,2 ⊕L2

4,2 C3 ⊕L6
2,1 ⊕L2

3,2 ⊕L4,2 C2 ⊕L2,1 ⊕L2
3,2 C⊕L3,2

i+j=11 C2 C3 ⊕L2,1 C2 ⊕L2
2,1 ⊕L3,2 C2 ⊕L2

2,1 ⊕L2
3,2 C2 ⊕L2,1 ⊕L2

3,2 C⊕L3,2

hi,j j−i=1 j−i=3 j−i=5 j−i=7 j−i=9 j−i=11

As noticed in [50], we obtain that g is a subalgebra of HH1 sitting in bidegree (1, 1). Their results

imply that this copy of g is acting in a compatible way on the center with both the algebraic and

geometric g-action. We hope to understand the full action of HH1 on HH0, by understanding the

https://github.com/RikVoorhaar/bgg-cohomology
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geometric action of HH1
C∗(Ñ ) on HH0

C∗(Ñ ).

We also computed HHs(uq(g)) for s ≤ 3 and g = sl4. We present the tables for s = 1:

Proposition 5.5.2. The group HH1(uq(sl4)) is given by the following table:

i+j=1 C⊕L1,1,1

i+j=3 C4 ⊕L3
1,1,1 C⊕L1,1,1

i+j=5 C9 ⊕L5
1,1,1 C5 ⊕L4

1,1,1 C⊕L1,1,1

i+j=7 C11 ⊕L3
1,1,1 C13 ⊕L8

1,1,1 ⊕L3
1,2,1 C5 ⊕L4

1,1,1 ⊕L1,2,1 C⊕L1,1,1

i+j=9 C8 C17 ⊕L5
1,1,1 ⊕L3

1,2,1 C13 ⊕L8
1,1,1 ⊕L3

1,2,1 C5 ⊕L4
1,1,1 C⊕L1,1,1

i+j=11 C3 C8 C11 ⊕L3
1,1,1 C9 ⊕L5

1,1,1 C4 ⊕L3
1,1,1 C⊕L1,1,1

hi,j j−i=1 j−i=3 j−i=5 j−i=7 j−i=9 j−i=11

5.5.1 Limits of the algorithm

With the computational resources available to the authors, it is not feasible to do the computation of

the center of the principal block for type D4 and B4 with the current implementation of the algorithm.

Hence, it seems that most of the computations are not accessible in rank ≥ 4. For higher Hochschild

cohomology, in type A2 we could go up to s ≤ 13, but for type B2 only s ≤ 7. However, considering

singular blocks makes the computation easier, and even for A4 we could compute the Hochschild

cohomology of the projective spaces up to s ≤ 6 (this specific computation will be detailed in the next

section).

5.6 Remarks on projective spaces

We now look at X = Pn = G/P . For s = 0, the Hochschild cohomology was computed in [49]. Let us

call a bidegree (i, j) positive if i > 0, and let us call the positive part of HHsC∗(T ∗(G/P )) the direct

sum of the positive bigraded summands. For s = 1, we show that the positive Hochschild cohomology

is generated by the first column under the sl2-action. For s ≥ 2, we prove a vanishing property, and

we compute several Hochschild cohomology groups for T ∗P3 and T ∗P4.

5.6.1 A subalgebra of HH1

In this subsection we will compute the positive part of HH1
C∗(Pn), and we present the full computation

for 3 ≤ n ≤ 6. We will need the following lemma:

Lemma 5.6.1 ([49]). Let p′ ̸= p ≤ n. Then Hp
′
(Pn,Ω⊗ p

Pn ) = 0. Moreover, Hp(Pn,Ω⊗ p
Pn ) = C.

Let us emphasize that the non-trivial cohomology comes from the split summand ∧pΩPn ⊂ Ω⊗p. We

now want to compute the first column of HH1
C∗(Pn). For this, we introduce 1 ≤ p ≤ n such that

j = i+ 1 = p. It follows that k = −2p, and s = i+ j + k = 1.

Proposition 5.6.2. Let 1 ≤ p ≤ n. Then Hp−1(Pn,∧ppr∗(TÑP
)−2p) = C if p ̸= 1 and C⊕ g if p = 1.
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Proof. First, we assume p > 1. By definition, there is a short exact sequence

0 TPn ⊗∧pΩPn ∧ppr∗(TÑP
)−2p TPn ⊗∧p+1ΩPn 0.

As usual, let ωPn = det(ΩPn) be the canonical bundle on Pn. Using ∧pΩPn ∼= ∧n−pTPn ⊗ωPn , we

obtain by Serre duality that

Hp(Pn, TPn ⊗∧pΩPn) ∼= Hn−p(ΩPn ⊗∧n−pΩPn)∗.

By lemma 5.6.1, we know that the cohomology group Hq(Pn,ΩPn ⊗ ∧mΩPn) is nonzero if and only if

q = m+ 1. Hence we have that

Hp−1(Pn, TPn ⊗∧pΩPn) = C, Hp−1(Pn, TPn ⊗∧p+1ΩPn) = 0, and Hp−2(Pn, TPn ⊗∧p+1ΩPn) = 0.

It follows that the long exact sequence in cohomology gives the short exact sequence

0 C Hp−1(Pn,∧ppr∗(TÑP
)−2p) 0,

proving the proposition if p > 1.

If p = 1, then the composition factors of (pr∗TÑP
)0 are TPn ⊗ΩPn and TPn . We have

H0(Pn, TPn ⊗ΩPn) = C, respectively H0(Pn, TPn) = g.

By the Borel-Bott-Weil theorem, H1(Pn, TPn) = 0 so the result follows using the long exact sequence.

Corollary 5.6.3. There is a subalgebra of HH1
C∗(TPn) of dimension (n+ 1)n/2 + (n2 − 1)n.

Proof. This follows easily from the existence of the sl2-action on HH1
C∗(Pn), together with the fact

that the Poisson bivector field has bidegree (i, j) = (0, 2).

Proposition 5.6.4. The positive part of HH1
C∗(Pn) coincides with the positive part of the subalgebra

from the previous corollary, i.e for (i, j) with i ≥ 1 we have HH1
C∗(Pn)(i,j) = C.

Proof. We fix 1 ≤ i ≤ n ≤ j ≤ 2n, where i + j = 1 mod 2 and let t = j − i, and r = (t +

1)/2. The corresponding cohomology group is HH1
C∗(Pn)(i,j) = Hi(ÑP ,

∧i+t
T ÑP )

−2i−t+1. The sheaf

pr∗(
∧i+t

T ÑP )
−2i−t+1 has a filtration by factors Fl (where 0 ≤ l ≤ r) given by

Fl := Sr−lTPn ⊗
l∧
TPn ⊗

i+t−l∧
ΩPn .

We want to compute Hi(Fl). Using Serre duality we obtain an isomorphism

Hi(Fl) ∼= Hn−i
(
Sr−lΩPn ⊗

∧l
ΩPn ⊗

∧n+l−i−t
ΩPn

)∗

.
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Denote the last factor in the tensor product above by Ql. Note that Ql is then a direct summand of

Ω⊗(n+l+1−i−r). Notice that l + 1 − r − i ≤ 0, because l ≤ r and i ≥ 1 by hypothesis, hence we can

apply Lemma 5.6.1. When l = r − 1, we have

Ql = ΩPn ⊗
∧r−1

ΩPn ⊗
∧n−i−r

ΩPn ,

hence Ql contains the direct summand ∧n−iΩPn , thus by Lemma 5.6.1 we obtain Hn−i(Fr−1) = C.
For other values of l, Ql does not contribute. Therefore, again by Lemma 5.6.1, we have Hn−i(Fl) = 0.

This shows that dimHH1
C∗(Pn)(i,j) ≤ 1, and using the sl2-action and Proposition 5.6.2 we conclude

that dimHH1
C∗(Pn)(i,j) = 1.

One can visualize this result as follows (we let g′ := C⊕ g, and ? denotes an unknown factor):

i+j=1 g′

i+j=3 C g′ ⊕ ?

i+j=5 C C g′ ⊕ ?

i+j=7 C C C g′ ⊕ ?
...

...
...

...
...

. . . g′ ⊕ ?

i+j=2n−1 C C C C · · · C g′

hi,j j−i=1 j−i=3 j−i=5 j−i=7 . . . j−i=2n−3 j−i=2n−1

We computed the bigraded summands of HH1
C∗(Pn) for i > 0 in the previous proposition. We cannot

compute these summands for i = 0 in general, but we present the missing bigraded summand for

3 ≤ n ≤ 6 (giving the complete HH1 using the sl2-symmetry), obtained using our computer algorithm:

Proposition 5.6.5. For 3 ≤ n ≤ 6, the bigraded summands HH1
C∗(Pn)(0,3) and HH1

C∗(Pn)(0,5) are

given by the following table:

n=3 g′ ⊕L1,2,1 g′

n=4 g′ ⊕L1,2,2,1 g′

n=5 g′ ⊕L1,2,2,2,1 g′ ⊕L1,2,2,2,1 ⊕L1,2,3,2,1

n=6 g′ ⊕L1,2,2,2,1 g′ ⊕L1,2,2,2,1 ⊕L1,2,3,2,1

i=0 j=3 j=5

5.6.2 Higher Hochschild cohomology groups

We prove that HHsC∗(Pn)(i,j) = 0 if s ≥ 5 and i ≥ s− 2. We also present some low-degree Hochschild

cohomology groups for n = 3, 4. We begin by a lemma:

Lemma 5.6.6. Let a, b, c be positive integers where a ≥ 3 and a + b + c = j. Then, if V is a finite-

dimensional vector space, the SL(V )-module Syma(V ) ⊗ ∧b(V ) ⊗ ∧c(V ) does not contain a copy of

∧j(V ).

Proof. Let V = Cn+1, and Γa1,...,an be the irreducible SL(V )-representation of highest weight
∑
i aiϖi,

where ϖi are the fundamental weights. We have Γa,0,0,... ∼= Syma(V ) and Γ0,0,...,0,1,0,...,0
∼= ∧b(V )

(where the 1 is at the b-th position). We recall that as a special case of the Littlewood-Richardson
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rule we have,

Γa1,...,an ⊗ ∧kV ∼=
⊕

(b1,...,bn)∈B

Γb1,...,bn ,

where B is a certain subset of Nn, such that, if (b1, . . . , bn) ∈ B, then |bi − ai| ≤ 1. We get

Syma(V )⊗ ∧b(V )⊗ ∧c(V ) ∼=
⊕

Γc1,...,cn ,

where (c1, . . . , cn) are certain integers such that c1 ≥ 1, and thus the lemma follows.

Proposition 5.6.7. If s ≥ 4, and s− 2 ≤ i, we have HHsC∗(Pn)(i,j) = 0.

Proof. As before, we fix 1 ≤ i ≤ n ≤ j ≤ 2n, and 1 ≤ r ̸= n denotes the column in the bigraded table.

We want to compute Hi(ÑP , (∧s+i+2(r−1)T ÑP )
−2i−2r+2. As usual pr∗∧s+i+2(r−1) T ÑP )

−2i−2r+2 has

a filtration with summands

Fl := Sr−l+s−2TPn ⊗
∧l

TPn ⊗
∧s+i+2(r−1)−l

ΩPn .

Again, by Serre duality we have

Hi(Pn,Fl) ∼= Hn−i(Pn, Sr−l+s−2ΩPn ⊗
∧l

ΩPn ⊗
∧n−s−i−2(r−1)+l

ΩPn)∗.

Denote the last sheaf byQl, and note that it is a direct summand of Ω⊗(n−i+l−r). We know l ≤ r+s−2,

and, by hypothesis, s−2 ≤ i, hence l ≤ i+r. Therefore we can apply Lemma 5.6.1 to p = n− i+ l−r,
and get Hi(Pn,Fl) = 0 if l ̸= r. If l = r, the only summand that can contribute to the cohomology is

∧pΩ. But Fr does not contains ∧rΩPn by Lemma 5.6.6, hence we have Hi(Pn,Fl) = 0 as well.

We think that this vanishing holds more generally for all i > 0 and s ≥ 2, based on our computer

computations. This should hold only for projective spaces: already for Grassmannians we found

several counterexamples.

We conclude this section by presenting tables of HHsC∗(P3) for 0 ≤ s ≤ 9 and HHsC∗(P3) for 0 ≤ s ≤ 6.

We present truncated tables for readability, but the remaining part can be deduced from the sl2-action,

as explained in Section 5.2.

Proposition 5.6.8. The group HH6
C∗(P3) is given by the following table:

i+j=0 L3,3,3

i+j=2 0 L3,3,2L2,3,3L4,3,2L
2
3,3,3L2,3,4L3,4,3L4,4,3L3,4,4

i+j=4 0 0

i+j=6 0 0

hi,j j−i=0 j−i=2
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The group HH7
C∗(P3) is given by the following table:

i+j=1 L3,3,3L4,4,3L3,4,4L4,4,4

i+j=3 0 L4,3,2L3,3,3L2,3,4L3,4,3L
2
4,4,3L

2
3,4,4L5,4,3L4,4,4L3,4,5L4,5,4

i+j=5 0 0

hi,j j−i=1 j−i=3

The group HH2
C∗(P4) is given by the following table:

i+j=0 L1,1,1,1

i+j=2 0 L2
1,1,1,1L1,2,2,1L2,2,2,1L1,2,2,2

i+j=4 0 0 L2
1,1,1,1L

2
1,2,2,1L2,2,2,1L1,2,2,2L2,3,2,1L1,2,3,2

i+j=6 0 0 0

i+j=8 0 0 0

hi,j j−i=0 j−i=2 j−i=4

The group HH3
C∗(P4) is given by the following table:

i+j=1 L1,1,1,1L2,2,2,1L1,2,2,2L2,2,2,2

i+j=3 0 L1,1,1,1L1,2,2,1L
2
2,2,2,1L

2
1,2,2,2L2,3,2,1L2,2,2,2L1,2,3,2L3,3,2,1L1,2,3,3L2,3,3,2

i+j=5 0 0

i+j=7 0 0

hi,j j−i=1 j−i=3

5.7 Multiplicative structure of z0(sl3)

We now look at the principal block u0(sl3). We let X = SL3/B. We recall the additive structure of

z0(sl3):

Theorem 5.7.1. [48] As a vector space, z0(sl3) = HC[τ ]⊕ C{ξ}, where ξ ∈ H1(Ñ ,∧3(T Ñ ))−4.

To study the multiplicative structure, we can look at G/B rather than Ñ . This is clear that the

multiplicative structure is preserved. Hence, if x, y is a basis of H1(X,ΩX) and τ is as before, we

need to compute ξ · x, ξ · y and ξ · τ . Actually, ξ is determined only up scaling and adding xτ and yτ .

5.7.1 The local Cech complex and function on G (after Steven Jackson)

We explain a construction, due to Steven Jackson, which compute cohomology of homogeneous vector

bundles on X = G/B, using explicit Cech cocycles. We will then compute explicit cocycles basis of

z0(sl3). We expect that these computations can be used to compute the ring structure of z0(sl3). Let

V be a finite-dimensional vector space over a field of characteristic zero k (in our case, V is indexed

by W , thought as indexing an open cover {Uw}w∈W of a given open covering of G/B, and k = C(G)).
Pick a basis e1, . . . , en of V and let x1, . . . , xn be the dual basis. Let e =

∑
i ei and x =

∑
i xi.

Definition 5.7.2. The local Cech complex of V is the complex Ci := ∧i+1V , with cohomological

differential d(ω) = e ∧ ω.

Theorem 5.7.3. We have Hi(C∗) = k if i = 0, and 0 otherwise.
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Proof. We notice that Ci can be made into an homological complex by ∂(ω) = ιxω. Then, we have

the identity ∂ ◦ d+ d ◦ ∂ = n. It follows that if ω is a cocycle, then (∂ω/n) is a primitive of ω (except

in degree 0).

Hence, if d(c) = ω, and deg(ω) ̸= 1 we deduce than c = ∂(ω/n) + d(Ξ) for Ξ ∈ Ci−2. If degω = 1

then c = ∂(ω/n) + ke.

Recall that we are especially interested in cohomology of homogeneous vector bundles E = G×B M
on X = G/B, for a B-module M .

Proposition 5.7.4. With same notation as before, there is a G-equivariant isomorphism Γ(X,E) ∼=
HomB(M

∗,C[G]).

Actually, such a description works also for Γ(U,E) where U is open, but we need to replace C[G] by
C[π−1(U)] where π : G→ G/B is the projection.

Theorem 5.7.5. There is a cover UW = {Uw}w∈W of G/B such that for G = GLn we have

C[π−1(U1)] = C[X1,1, . . . , Xn,n,det
−1, (∆1

1)
−1, (∆12

12)
−1, . . . , (∆12...n−1

12...n−1)
−1]

where if S, T ⊂ {1, . . . , n} have same cardinality, ∆S
T is the minor with columns indexed by S and

lines indexed by T . Functions on Uw are obtained by inverting minors where the lower entries are

permuted by W .

Proposition 5.7.6. For the regular left and right G-action on C[G], the functions ∆1,...,i
T are right

U -invariant, have right weight ωi. According to the left action, the functions ∆1,...,i
T span a copy of

the representation ∧i(Cn)∗.

Let us also explicitely write the action of X1 and X2:

Proposition 5.7.7. The action of X1, X2 on the set of minors ∆T
S is as follows:

∆1
j ·X1 = ∆3

j ·X1 = 0,∆2
j ·X1 = ∆1

j ,∆
12
kl ·X1 = ∆13

kl ·X1 = 0,∆23
kl ·X1 = ∆13

kl

∆1
j ·X2 = ∆2

j ·X2 = 0,∆3
j ·X2 = ∆2

j ,∆
12
kl ·X2 = ∆23

kl ·X2 = 0,∆13
kl ·X2 = ∆12

kl

Now, let us explain how to encode the cocycles using this data.

Proposition 5.7.8. The data of a i-th cochain c ∈ C∗(UW , E) is the same as B-equivariant maps

c′ :M∗ → C[π−1(Uj1 ∩ · · · ∩ Uji)] for each j1 < · · · < ji.

Let us relate the Cech complex C∗(UW , E) to the local Cech complex. The rings C[Uj1 ∩ · · · ∩Uji ] are
all subrings of k = C(G), hence we obtain that C∗(UW , E) is a subcomplex of

⊕
dimM∗ C, where C is

the local Cech complex associated to k = C(G) and V = ⊕w∈W k. An open Uk1 ∩ · · · ∩Uki correspond
to the element ek1 ∧ · · · ∧ eki . However, ∂ is not a map compatible with the global Cech complex,

hence even if we know all local primitive of a given cocycle ω, maybe none of them are global primitive.
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Hence, if E = G×BM , a cochain c ∈ Ci(UW , E) is the same as a set of B-equivariant map mapsM∗ →
C[Uj1∩· · ·∩Uji ] for each i-uple j1 < · · · < ji. We can think of it as a list of sums

∑
j1<···<ji fj1,...,jiej1∧

· · · ∧ eji , indexed by a basis of M∗.

5.7.2 Some useful tables

From now on, G = SL3.We list here useful tables for us later. We enumerate first the Weyl group S3:

Index W

1 e

2 (12)

3 (13)

4 (23)

5 (123)

6 (132)

We write the set of elements A such that C[Ui ∩ Uj ] = C[G][A−1] and S for the function ∆1,...,i
S .

Indices A

12 {1}, {12}, {2},
13 {1}, {12}, {3}, {23}
14 {1}, {12}, {13}
15 {1}, {12}, {2}, {23}
16 {1}, {12}, {3}, {13},
23 {2}, {12}, {3}, {23}
24 {2}, {12}, {1}, {13}
25 {2}, {12}, {23}
26 {2}, {12}, {3}, {13}
34 {3}, {23}, {1}, {13}
35 {3}, {23}, {2}
36 {3}, {23}, {13}
45 {1}, {13}, {2}, {23}
46 {1}, {13}, {3},
56 {2}, {23}, {3}, {13},

5.7.3 The cocycles needed for the small quantum group

In this subsection, we will compute all the cocycles necessary to compute the products ξτ, ξx and

ξy. It is especially useful to remember how we encode a cocycle using proposition 5.7.8 and the

discussion after. It is also useful to remember the b-module V kj constructed in [48] such that⊕
i+j+k=0H

i(n, V kj ) = z0(g).



76 CHAPTER 5. THE BGG SHEAF-COHOMOLOGY ALGORITHM AND EXAMPLES

The line bundle L−α1

We have L−α1 = G×BM where M is the 1-dimensional B-module, with trivial U -action and weight

α1 = (1,−1, 0). A 1-cocycle associate to each pair of elements i, j ∈W a section sij ∈ C[π−1(Ui∩Uj)]
such that: 1) the left weight is (0, 0, 0) (this is because we know H1(X,L) is a trivial representation)

and 2) the right weight is (−1, 1, 0) (the weight of M∗), and that the sections are right U -invariant

(this is the B-equivariance condition). Hence candidates to construct the cocycles are the functions

f1 = {23}
{2}{3} and f2, f3 defined similarly. Here, we abreviate the function ∆1,...,i

S as S. Now, these

functions are not regular everywhere, and we can make the list of pairs i, j such that fk is regular on

π−1(Ui ∩ Uj). Hence, a candidate cocycle is

c(1) = (a1e23+a2e26+a3e35+a4e56)f1+(b1e13+b2e16+b3e34+b4e46)f2+(c1e12+c2e15+c3e24+c4e45)f3

Recall the Plucker relation f1− f2+ f3 = 0. Using this relation, we can solve the equation dc = 0 and

obtain up to a nonzero scalar multiple

x̃ := c(1) = (e23 + e26 − e35 + e56)f1 + (e13 + e16 − e34 + e46)f2 + (e12 + e15 − e24 + e45)f3

Now, primitive of c(1) are on the form ∂c(1) + fe, for f ∈ C(G). To be admissible, such a primitive

should be regular on each open, and it’s easy by looking at poles at the divisor {1} for example than

such f does not exist. Hence c(1) is a basis of the space H1(G/B,L−α1
).

The line bundle L−α2

We omit details and just write the final answer for the cocycle:

ỹ := c(2) = (e14 + e16 + e24 + e26)g1 + (e13 + e15 + e23 + e25)g2 + (−e34 − e36 + e45 − e56)g3

where g1 = {1}{123}
{12}{13} , g2 = {2}{123}

{12}{23} and g3 = {3}{123}
{13}{23} .

The bundle Ω

We now need to lift our cocycle c(1) and c(2) found earlier to obtain representatives in H1(X,Ω). For

example, let us try to lift c(1). We have Ω = G×B n. The module n is given by

Basis Weights X1 X2

X1 (1,−1, 0) 0 −X12

X12 (1, 0,−1) 0 0

X2 (0, 1,−1) X12 0

and the dual module is given by
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Basis Weights X1 X2

Y1 (−1, 1, 0) 0 0

Y12 (−1, 0, 1) −Y2 Y1
Y2 (0,−1, 1) 0 0

Recall that each coefficients in front of eij in the expression of c(1) is a B-equivariant map from

the 1-dimensional vector space C{Y1} to C[π−1(Ui ∩ Uj)]. To extend it in a B-equivariant way to

M∗ = C{Y1} ⊕ C{Y12} ⊕ C{Y2}, for each open Ui ∩ Uj we need to find an element Fij such that

c(1)ij = Fij · X2. Then, we can find the value of Y12, and applying X2 will gives us the value of

Y2. The non-trivial coefficients appearing in c(1) are f1, f2 and f3. We want to lift f1 = {23}
{2}{3} ,

f2 = {13}
{1}{3} and f3 = {12}

{1}{2} . Using proposition 5.7.7, we see that F1 =
∆13

23

{2}{3} , F2 =
∆13

13

{1}{3} and

F3 =
∆13

12

{1}{2} works. We obtain

x̂ := c̃(1)(y13) = (e23 + e26 − e35 + e56)F1 + (e13 + e16 − e34 + e46)F2 + (e12 + e15 − e24 + e45)F3

Hence the lift c̃(1) is fully computed. Since fi and Fi have the same poles for i = 1, 2, 3, we see

that these lifts are still regular. It turns out that the analoguous of Plücker relations still holds:

{1}∆13
23 − {2}∆13

13 + {3}∆13
12 = 0. It follows that dc̃(1) = 0, hence our lift of c(1) is a cocycle as well.

It’s easy to check that c̃(1) admits no primitive.

Completely similar computations apply for c(2). The value of ŷ := c̃(2)(Y12) is obtained by replacing

the coefficients gi by −Gi, where Gi =
∆2

i {123}
{ij}{ik} (where {i, j, k} = {1, 2, 3}). Again, a Plücker-like

relation {12}∆2
3 − {13}∆2

2 + {23}∆2
1 = 0 ensures that c̃(2) is indeed a cocycle, and it’s easy to check

that c̃(2) is non-trivial.

The bundle Ω⊗ T and the products xτ, yτ

The module is M = n∗ ⊗ n. We pick the standard basis X1, X2, X12 of n, with dual basis Y1, Y2, Y12
and the cocycle is given by the constant function τ =

∑
w∈W,I∈{1,2,12} δIIew, where δIJ(YK ⊗XL) =

δIKδJL. Let us compute the product xτ .

The bundle Ω2 ⊗ T

A basis of Ω2⊗T is given by UI,J,K where I ̸= J and I, J,K ∈ {1, 2, 12}, for example U1,2,1 corresponds

to X1 ∧ X2 ⊗ Y1. We notice that the b module n2 ⊗ n∗ has a one-dimensional quotient with basis

U1,2,12. Let M = ∧2n⊗ n∗/U1,2,12. The action of X1 and X2 on M∗ are given by the following table

(we pick the basis VI,J,K dual to UI,J,K):
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V1,12,2

V1,12,12 V1,2,2

V1,12,1 V2,12,2

V1,2,1 V2,12,12

V2,12,1

X1 −X1

−X2 X2

−X1 X1

X2 −X2

For example, the first line means that X2 · V1,12,2 = 0, X1 · V1,12,2 = V1,12,12 − V1,2,2. Let M1

be the submodule generated by V1,12,12, V1,2,2, V1,2,1 and V2,12,12, and M2 = M/M1. We see that

M2 = L(1)⊕2 ⊕ L(2)⊕2, where L(i) is the 1-dimensional b-module with weight −αi. In particular,

lifting the cocycle that corresponds to (1, 1, 0, 0) ∈ L(1)⊕2 ⊕ L(2)⊕2 gives a cocycle (say ξ). Let us

write the cocycles xτ, yτ and ξ in H1(G/B,Ω2 ⊗ T ):

Cocycles V1,2,12 V1,12,2 V2,12,1 V1,12,12 V2,12,12 V1,2,1 V1,2,2 V1,12,1 V2,12,2

xτ 0 0 0 x̃ 0 0 x̃ −x̂ x̂

yτ 0 0 0 0 ỹ −ỹ 0 −ŷ −ŷ
ξ 0 0 0 x̃ 0 0 x̃ −x̂ x̂

The bundle (pr∗ ∧3 T Ñ )−4

Let V −4
3 the b-module corresponding to the vector bundle pr∗(∧3T Ñ )−4 (for more details, see [48]

section 2.2 and 2.3). We have a short exact sequence

0 → ∧3n⊗ u → V −4
3 → ∧2n⊗ u → 0

and we went to lift the cocycles x, y, ξ to cocycles in H1(G/B, (pr∗ ∧3 T Ñ )−4). Let us write uI :=

X1∧X2∧X12⊗YI (I ∈ {1, 2, 12}) for a basis of ∧3n⊗u, and vI for the corresponding dual basis. The

vectors UI,J,K such that uL appear in Xi ·UI,J,K are given by X1 ·U1,2,1 = U1,12,1−u12, X1 ·U1,12,1 =

−u2, X1 · U2,12,1 = −2u1, X2 · U1,2,2 = −U2,12,2 − u12, X2 · U2,12,2 = u1 and X2 · U1,12,2 = −2u2. We

also have the natural b-module structure on ∧3n⊗ u given by the coadjoint action. It follows that the

dual b-action on vI is given by the following table:

Vector X1 X2

v1 2V2,12,1 v12 − V2,12,2

v2 V1,12,1 − v12 2V1,12,2

v12 V1,2,1 V1,2,2

We obtain the following cocycles:
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Cocycles v1 v2 v12

xτ ? ? ?

yτ 0 0 −ỹ
ξ −2x̃ 0 −2x̂

5.7.4 Multiplicative structure of z0(sl3)

A basis of the module (∧3n⊗ ∧2u)∗ (corresponding to the vector bundle Ω3 ⊗ T 2) is given by W1 =

Y1 ∧ Y2 ∧ Y12 ⊗X2 ∧X12,W2 = Y1 ∧ Y2 ∧ Y12 ⊗X1 ∧X12,W12 = Y1 ∧ Y2 ∧ Y12 ⊗X1 ∧X2. We have

the following cocycles:

Cocycles W1 W2 W12

xτ2 x̃ 0 x̂

yτ2 0 −ỹ ŷ

ξτ −2x̃ 0 −2x̂

Finally, for the bundle Ω3 ⊗ T , we get the basis ZI = Y1 ∧ Y2 ∧ Y12 ⊗XI (I = 1, 2, 12):

Cocycles Z1 Z2 Z12

x2τ 0 0 0

y2τ 0 0 0

xξ 0 2x̃x̂ 0

yξ −ỹx̂ ŷx̃ −x̃ỹ

Hence we obtained explicit cocycles that represent the product, which is a significant progress to-

ward understanding the multiplicative structure of the center. Indeed, it is easy to see that the Bott

isomorphism relating sheaf cohomology to Lie algebra cohomology doesn’t respect the product. How-

ever, these cocycles we computed with algebraic methods are exactly cocycles in the Cech complex

associated to our bundles, hence the cup-product is the right one. We hope that this method can lead

to a full description of the ring structure on z0(sl3).
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Chapter 6

Table of symbols

• g: Lie algebra of the corresponding Lie group G

• B, b: a fixed Borel subgroup and its corresponding Lie algebra

• n: the nilradical of b

• T/H,≈, h: a fixed torus inside B, and its corresponding Lie algebra

• P : the weight lattice

• Q: the root lattice

• ρ: half of the sum of all positive root

• U(g): the universal enveloping algebra of the Lie algebra g

• U′: Drinfeld-Jimbo quantum group

• U: the big quantum group

• u: the small quantum group

• L(λ): simple U-module of highest weight λ

• W̃ℓ: the affine extended Weyl group W̃ℓ =W ⋉ ℓP

• z(u): the center of u

• u0: the principal block of u

• uλ: a block of u

• z0: the principal block of the center

• zλ: the corresponding block of the center

• N : the nilpotent cone (associated to a Lie algebra g)

81
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• Ñ : the Springer resolution

• Coh(X): the category of coherent sheaves on an algebraic variety X

• QCoh(X): the category of quasi-coherent sheaves on an algebraic variety X

• w · λ: the dot-action, given by w · λ = w(λ+ ρ)− ρ

• Lλ: the line bundle on G/B associated to λ ∈ P

• E[λ]: the λ-weight space of the g-module E.

• Vj,k: certain g-modules used in chapter 5

• τ ∈ ∧2T ∗(Ñ ): the Poisson bi-vector field

• DCm: the diagonal coinvariant algebra associated to slm.

• ca,b: the Catalan number 1
a

(
a
b

)
• GrG: the affine Grassmannian associated to G

• Perv(H)(X): Category of perverse sheaves on X, constructible along the H-orbits

• M : the moduli stack of twisted Higgs bundles

• M̃ : the moduli stack of parabolic Higgs bundles

• A =
⊕r

i=1H
0(C,Ki): the base of the Hitchin fibration

• f : M → A: the Hitchin fibration

• ∆ ⊂ X ×X: the diagonal

• t ∈ HΩ•(X): the Todd class of X

• CohH(X): H-equivariant coherent sheaves on X

• FℓI: the affine flag variety

• FℓγI : an affine Springer fiber associated to γ ∈ g((t)).

• Pa: the generalised Picard stack associated to a ∈ A

• P red0 (Ja): the local Picard stack at 0.

• grPH∗(X): the perverse filtration.

• Σr: the r-th Hirzebruch surface.
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