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Chapter 1

Introduction

According to Igor Frenkel, there are many branches of mathematics but few fundamental objects,
which tend to reappear everywhere under different names. A fundamental family of examples in
mathematics is given by the Dynkin diagrams (simply laced, of finite type) which parametrise simple
simply laced complex Lie algebras, finite subgroup of SU(2), rational double points, quivers of finite
type, conical symplectic complete intersections. Here is a complete list of such diagrams:

In the theory of Hopf algebras, all finite type Dynkin diagrams parametrise simple complex Lie algebras
and a remarkable family of finite dimensional complex Hopf algebras, the small quantum groups (at
a root of unity) u(g). Introduced by Lusztig in [52] as a "quantum” analogue of the first Frobenius
kernel for an algebraic group in positive characteristic, it turned out to be connected with many other
areas of mathematics: of course representation theory, but also conformal field theory, knot theory,
topological field theory, affine Lie algebras.

Let us gives an intuitive motivation for the study of the quantum universal enveloping algebras, espe-
cially the case when the deformation parameter ¢ is a root of unity. Quantum groups were introduced
by Drinfeld and Jimbo (see [22], [37]), where the original motivation was to find a deformation (called
7 deformation-quantization” since it is motivated by quantum mechanics) of the ring of function O(G),
where G is a (semisimple) Lie group. In the dual setting, one needs to find a certain Hopf algebra
Uq(g)’, defined over Q(g) (where ¢ is a formal parameter), such that when ¢ — 1, Uy(g) just be-
comes the ordinary universal enveloping algebra U(g). This Hopf algebra was introduced by Jimbo
and Drinfeld, and it is what usually is called a quantum group. Even though the motivation comes
from quantum integrable systems, quantum groups found many other applications. A very beautiful
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application of quantum groups is the theory of crystal basis, initiated by Kashiwara ([39]) (Lusztig
also introduced a ”dual version” called canonical basis in [51]). Crystal basis are roughly obtained
by making ¢ — 0. Taken litteraly, it doesn’t make sense, but it is possible to turn this intuitive idea
into a well defined procedure, which builts a bridge between combinatorics and representation theory.
One might ask if other values of ¢ are interesting. It is an important theorem by Drinfeld that if
q is not a root of unity, then the the category of modules over the Drinfeld-Jimbo quantum group
U,(g)’ is equivalent to the ordinary category of representation of U(g) (however, this equivalence is
not monoidal. This observation is related to the beautiful theory of Drinfeld associators). In this
thesis, we are concerned with the situation when ¢ is a root of unity. In this case, the category of
finite-dimensional representations of U becomes much more complicated. Lusztig made a deep study
of quantum group at root of unity, that we will denote U, noticing the close relationship of its repre-
sentaion theory with algebraic groups in positive characteristic. Such a connection is made even more
precise in the work of [6], where is it proved that the representation theory of quantum groups a root of
unity U is mostly "independent” of the order of the root of unity, and is related to the representation
theory of algebraic groups in positive characteristic by a change of base (more precisely, there is an
algebra defined over Z from which both the small quantum group and the first Frobenius kernel for an
algebraic group can be obtained by base change). Quantum groups at root of unity are also related
to the affine Lie algebra by the work of Kazdhan-Lusztig and Finkelberg ([42], [40], [43], [44], [24]).
Finally, quantum groups at root of unity give rise to a family of topological quantum field theories
(641, 67, [68)).

The focus of this thesis is the small quantum group, built from the big quantum group. By defi-
nition it is an algebraic object, but work of Ginzburg-Kumar, Arkhipov-Bezrukavnikov-Ginzburg,
Bezrukavnikov-Lachowka revealed a geometric meaning to the small quantum group through the
nilpotent cone and the Springer resolution. New data obtained by geometric means in [48] lead the
authors to formulate a serie of beautiful conjectures that would describe quite precisely the center of
the small quantum group, the main object in this thesis. The affine Grassmannian and affine Springer
fibers (we will define them later in the text) play an important role in this picture, as explained in the
work of Arkhipov-Bezrukavnikov—Ginzburg ([8]), Boixeda-Alvarez—Losev. ([3]) and Bezrukavnikov—
Boixeda-Alvarez—Shan—Vasserot ([I4]). We also will look at the small quantum group through this
perspective. Other geometric realizations of the small quantum group have been constructed before,
for example via the semiinfinite flag variety in [7] or via factorizable sheaves on configuration spaces
via [65].

The main result of [I2] shows an isomorphism between graded vector spaces

Purwy=@PHuE.N)= P HW NTN)* (1.1)
s s i+j+k=s

where H H*(u) is the Hochschild cohomology of u = u(g), and HH (N) is the equivariant Hochschild
cohomology of the Springer resolution for G. The second isomorphism is a version of the Hochschild-
Kostant-Rosenberg. The isomorphism also respects the multiplicative structure, which is stated as
follows in [12]: the multiplication in HH*(u) is determined by the exterior algebra structure in A*TN.
However, the precise meaning of how it is determined is not specified. Our first focus in this thesis



is to clarify this statement and obtain an explicit formula for the multiplication in the Hochschild
cohomology of the small quantum group.

It is apparent from the formula that the center HH"(u) is bigraded. Recently, [14] proposed
another geometric interpretation of the center in terms of the geometry of a certain affine Springer
fiber. An affine Springer fiber is a infinite-dimensional space (we will define it later in the text). It
can be thought to be the affine analogue (in the Lie algebra sense) to the ordinary Springer fibers
(defined as zero set of invariant vector fields on G/B). An interesting feature of the affine Springers
is that their cohomology groups are acted upon by the affine Weyl group W = W  P.

Theorem 1.0.1 ([14]). There is an algebra embedding H* (X)W — 28",
Conjecture 1.0.2 ([I4]). The previous map is an isomorphism.

The second aspect of this thesis we are interested in is to determine the two gradings, that appear in
[1.1] in the setting of affine Springer fibers. This bigrading comes from the geometry of the Springer
resolution, appearing in the formula Assuming conjecture we try to construct the bigrading
from the geometry of the Hitchin fiber. Our main tool here is a degeneration of spectral curves inside
Hirzebruch surfaces. Using the product formula relating affine Springer fibers to Hitchin fibers, we
can use tools available for Hitchin fibers. We can match one of the two grading on both side.

In the last chapter of the thesis, we study more algebraic and computational aspects of the center: in
the last chapter we improve the sheaf-cohomology BGG algorithm (introduced in [32]). This algorithm
computes cohomology of equivariant vector bundles on G/ B in an efficient way, and can be used as tool
to compute the cohomology appearing in formula[T.1] We then compute many Hochschild cohomology
groups of small quantum groups, for example for g of type Ga, A4, B3. We verify the conjectures of
Lachowska-Qi in all the cases we computed. We also present a computation of the full Hochschild
cohomology of the parabolic Springer resolution Np = T*P2. Finally we also present a cocycle
computation related to the multiplicative structure of sls.

We now give a more precise outline of the thesis:

In chapter 2, we give the necessary background for the thesis. We tried to add many details and
examples to make it self-contained and easy to read. The first section sets up the conventions and
the notation. The second section gives basic definitions and theorems about quantum groups at root
of unity (big and small), and also provides motivation to study this (complicated!) object. In the
third section, we give a brief treatement of the relationship between the small quantum group and
the Springer resolution, following [27], [8] and [12]. Section 4 gives a very detailled treatement of
the BGG resolution and the sheaf-cohomology BGG algorithm of [48], that we develop further in
chapter[5| Then we state the conjectures introduced by Lachowska-Qi, relating the center of the small
quantum group with a combinatorial object constructed from the Weyl group, the so-called diagonal
coinvariants algebra
DR, =Clh&b*]/(Che b Y)

Here, h is a Cartan subalgebra of g, W acts diagonally on h & h*, and + means that we take the
augmentation ideal. The work of Lachowska-Qi is the background of chapter |3| and chapter [5| In the
fifth section, we discuss the relationship between the small quantum group and affine Springer fibers,
used in chapter 4] and the sixth section is about the Hitchin fibration and the perverse filtration, also
needed for the chapter [



8 CHAPTER 1. INTRODUCTION

In chapter 3, we prove our first main result, a theorem which gives a multiplicative isomorphism
between equivariant Hochschild cohomology of the Springer resolution and the Hochschild cohomology
of the small quantum group. Section 2 is concerned with the proof of a torus-equivariant version of
the Hochschild-Kostant-Rosenberg theorem , and recall some facts about equivariant sheaves and the
theorem of Kontsevitch about the twisted Hochschikd-Kostant-Rosenberg theorem. Section 3 gives
applications to the small quantum group.

In chapter 4, we deal with the question of finding a bigrading on the affine Springer side corresponding
to the Springer resolution side. The method we use is a degeneration of spectral curves. Spectral
curves can be seen as parametrizing Hitchin fibers, which are closely related to certain affine Springer
fibers. These fibers are themselves related to the center of the small quantum group ([I4]). This
degeneration of spectral curves allows us to construct a map from the diagonal coinvariants algebra

to the center of the small quantum group.

In chapter 5, we present several computations related to the Hochschild cohomology of small quantum
groups. After the introduction, the second section explains how to improve the BGG sheaf-cohomology
algorithm. Section 3 computes HH¢. (/\7 p) where Np = T*P? is the parabolic Springer resolution
corresponding to a non-trivial singular block for g = sl3. We describe this group both as G-module
and as a module over C[N]. We also use our multiplicative HKR theorem proved in chapter
to compute some products inside this ring. In section 4, we compute the center (as bigraded vector
space) of the principal blocks for type G2, Bs, C3, A4 (and some singular blocks as well). This confirms
the conjectures of Lachowska-Qi. In section 5, we compute some higher Hochschild cohomology group.
Finally, in section 6 we look at the case where G/P is a projective space. We compute an interesting
subalgebra of HH' and find its "positive part”. We compute explicit cocycles that provide a basis
for zg(sl3).

We hope that these three chapters will give more insight on the center of the small quantum group
and its mysterious relationship with combinatorics.

1.1 Acknowledgements

First, I would like to thanks Anna Lachowska for introducing me to the beautiful field of geometric
representation theory, for her constant help and explanations. I could have never make it without
your support. I would like also to thanks Anton Alekseev who accepted to co-supervise my thesis,
and gave me a lot of useful feedback and advices about my thesis. Thanks to Pierre Bieliavsky who
kindly accepted to be member of the jury. Special thanks go to Qi You, Rik Voorhaar and Oscar
Kivinen for doing mathematics with me, it has been very stimulating. Finally, I would like to thanks
my family, my friends and my colleagues for their support in these last five years.



Chapter 2

Background

2.1 Conventions and notations

All the objects we will consider (different version of quantum groups, flag varieties, nilpotent cones,
...) usually depend on a complex semisimple Lie algebra that will be denoted by g. We will write G
for the corresponding simple algebraic group (in certain references, e.g [12] it is assumed that G is of

adjoint type).

We will often fix a Cartan torus inside a Borel subgroup H C B, and denote by b, b the corresponding
Lie algebra. The root lattice is written @, the weight lattice is written P. The coroot/coweight lattices
are denoted QY,PY. The dominant weights is the monoid Pt C P spanned by the fundamental
weights w;. The simple root a; € h* is the eigenvalue of the Chevalley generators F;. The Weyl
group W C GL(h*) is the group generated by the reflection along the simple roots «;. The affine
Weyl group is defined as /Wg =W x £Q. The extended affine Weyl group is W x P.

2.2 The big and small quantum groups

2.2.1 Motivation to study quantum groups at root of unity

2.2.2 The big quantum group

We will give definitions of several versions of quantum groups, following Lusztig [54]. Fix a semisimple
Lie algebra g with symmetric Cartan matrix A = (a;;).

Definition 2.2.1 ([52], 0.4). We define U’ to be the Q(v)-algebra by generators E;, Fy, K; and K; *
with relations

1. BQBG :.K}BQ,IQf271=:K;4lQ:: 1.
2. K;E;K; ' =v¥ Ej,
K Fy K = v F).

L -1
3. BiF; — FjE; = §;; =i

v—v—1
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4. BiE; = E; B,
FiFj = FjFi, ifaij =0.
5. EEEJ — ('U + Ufl)EiEjEi + EJEE =0,
FZ-QFJ' — (’U + ’Ufl)FiFjFi + F}‘F’i2 = 0, ifaij =—1.
Remark 2.2.2. One can define U for non-symmetric Cartan matriz as well but the definition is

slightly more complicated, we refer to e.g [57).

Let A= Z[v,v™ 1.

Definition 2.2.3. The subalgebra U4 is the A-subalgebra of U' generated by the elements Ei(N) =
EN/IN), FN) .= ENJIN)! and K;, K;*, where [N]! = [, 2= € A.

s=1 v—v~1

K
Remark 2.2.4. The subalgebra Uy contains certain elements l t’C] introduced by Lusztig, that

generalise Igva:ll . When v is specialized to a {-th root of unity q, we have K?* = 1.

Definition 2.2.5. Fiz a primitive £-th root of unity q, we define U = U4 ® 4 C, where the A-algebra
structure on C is given by evaluating v at q. The algebra U is called the big quantum group.

For A € P*, we will define the Weyl module W (). Let Y () be the U’-module isomorphic to U'™ (
as a Q(v)-vector space), where F; acts by left multiplication, £; -1 =0 and K; -1 = v - 1. Let Y/())
be the unique simple quotient module, then we write Y 4()) for its U 4-submodule generated by 1 and
W(A) for its specialisation to v = q.

Definition 2.2.6. The Weyl module of highest weight X is W (X).

We also want to define the dual Weyl modules H(A). To do this, we define the algebraic dual of a
U’-module M to be the U submodule of Homy (M, U) such that E;, F; acts locally nilpotently and K;
acts semisimply (see e.g []]).

Definition 2.2.7. The dual Weyl module H()) is the algebraic dual of W (—wo)).

Remark 2.2.8. This notation is because if W is a module of highest weight p, then its algebraic dual
has highest weight —wgA, where wq is the longest word in W.

Remark 2.2.9. As h-module (in particular, as vector space), W (A) is isomorphic to irreducible
representation Lc(N) of the corresponding complex Lie algebra g.

Example 2.2.10. Let ¢ = 5 and g = sla. We will look at the Weyl module W (8). As wvector
space, it is generated by the usual weight basis es,es, . ..,e_s. Because E® = [5]qE(5) =0, we have
Eey = FE’eg = 0. Similarly, we have Fey = 0. If we draw the action of E, F by plain arrows and the
action of E®) FO®) by dashed arrows, it follows that W(8) can be pictured as:
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We see that the trivial module L(0) = Ceq is a submodule of W (8), and that the quotient module is
ireducible. Hence we get a short exact sequence

0— L(0)—>W(8) — L(8) =0

which is a general fact about Weyl module for U(sls).

Similarly, one can write W(10) as follows:

(For readability, the actions of E®) and FO) were restricted to e, ey and e_10). This time, the
simple submodule is L(8) and the simple quotient is L(10).

The dual Weyl module H(8) is given by (E®), F®) not shown):

Let us recall the strong linkage principle from [5] (an integrable module M is a module such that E, F
acts locally nilpotently and each weight space is finite-dimensional).

Theorem 2.2.11 (Linkage principle). Let V' be an integrable indecomposable module. If A\, € PT
such that L(X\) and L(p) are composition factors of V, then u € Wy - \.

In particular, it follows that there is a decomposition U = @ ,U,,, where the U, are two-sided ideas
called blocks, and that the blocks are parametrized by the orbits of P under the action of W,.

Definition 2.2.12. We call Uy the principal block.

Example 2.2.13. For g = sly, the simple modules belonging to the principal block Uy are exactly the
L(2kf) and L((2k + 2)¢ — 2) where k € Z>g.

We now define a special class of modules called tilting modules, and explain the relation between
projective modules and tilting modules following [4].
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Definition 2.2.14. Let M be a U-module. A Weyl filtration is a filtration My =0 C My C --- C
M, = M such that each subquotient M;/M;_1 is isomorphic to a Weyl module W (X\;) for some
\i € PT. A dual Weyl module filtration s a filtration M° =0 C M* C --- C M™ = M such that
M /M=t is isomorphic to a dual Weyl module H(u;) for some p; € PT.

We now state important theorems about extensions and morphisms between Weyl and dual Weyl
modules.

Theorem 2.2.15. If A\, i are dominant weights and n > 0, then Ext™(W(\), H(p)) = 0. We have
dim Homy—_mea (W (), H(1)) = 0.

Definition 2.2.16. A U-module M is tilting if it admits both a filtration by Weyl modules and dual
Weyl modules.

Example 2.2.17. Let us give an example of a module that is not tilting. For g = sla, both Weyl
and dual Weyl modules has a 2-steps filtration by simple modules. Hence, if a dual Weyl module is
tilting, we can deduce that H(\) = W (u) for some p,\. This is impossible in most cases, because
Hom(W (1), H(X)) = 0 if u # X and H(X) is rarely isomorphic to W(X). Let us list such X: for A =
0,...,£—1, the Weyl and dual Weyl modules are actually simple (e.g we have W(0) = H(0) = L(0)).
Moreover, for A\ = rf—1, all the modules coincide: L(A\) = W(X) = H(A) = T(A\). For the other cases,
the morphism W(\) — H () is not an isomorphism. This follows explicitely from the presentation of
Weyl and dual Weyl modules. Hence, this gives for g = sly the full list of dominant A such that W (\)
is tilting.

Example 2.2.18. Let us now give an example of a tilting module, T(10) with £ = 5:

/ K~ K~ K~ N_ _~ KX~ KX~ Y~ \
10
K~__~ K~ _~ K~ _~ K~__~ K.~ K.~ K —

It is known that Rep(U) has enough projectives. Moreover, we have the following result:

Proposition 2.2.19. All projective covers of finite-dimensional simple modules are given by inde-
composable tilting modules of highest weight \, written T(\), where A € PT\C,.

Since the dual of a tilting modules is tilting, it follows that injective and projective module coincide.
Let us state a more precise result, and for a dominant weight A, we write A = Ay + £\g where
A1 € Pt )\ € O (Cy is the first f-alcove). Let X = 2- (£ — 1) - p+wo(Xg) + £ - A\;. We have the
following theorem by Andersen:

Theorem 2.2.20 ([4]). Let I(\) be the injective hull of L()\). Then I(\) = T ().

Finally, to compute the multiplicities of Weyl modules inside tilting modules, one can use the following
theorem:
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Theorem 2.2.21. For any dominant weights p, \, we have (I(X\) : W(u)) = [W(u) : L(N)] and
(I(A) = H(p)) = [W () = LA)]-

2.2.3 The small quantum group

The small quantum group was introduced by Lusztig in [52], as a quantum analogue of the first Frobe-
nius kernel of an algebraic group over a field of positive characteristic.

Consider the subalgebra u’ C U generated by E;, F;, K.
Definition 2.2.22. [52] The small quantum group u is the quotient u = u’/(K! — 1).

Alternatively, one can consider the Kac-De Concini version of a quantum group at root of unity, Uk 4c
which is a specialisation of the usual Drinfeld-Jimbo quantum group at v = ¢ (factored by the ideal
generated by the Kf — 1, where ¢ = 1 is a primitive root of 1). There, the small quantum group is
just the kernel of the map Ugqgc — U, sending F; — E;, F; — F; and K; — K;.

Proposition 2.2.23. There is a short exact sequence of Hopf algebras
0— (u) = U—U(g)

where U(g) is a certain completion of U(g), and (u) is the two-sided ideal generated by the small
quantum group.

Morally, we have U—mod = u—mod ® Rep(G). The precise relationship is explained by the work of
Arkhipov-Gaitsgory [9] (see also [25] and [2]). A key ingredient is the quantum Frobenius map (see
[53]), introduced by Lusztig.

)

Proposition 2.2.24. The assignement Ei(g — e“Fi(Z) — fi extends to an algebra morphism: U —

U(g) (a completion of the universal enveloping algebra,).

The Frobenius map can be interpreted as a functor Fr* : Rep(G) — U—mod,V — Fr* V, where
Fr* V =V as a vector space, and u acts on V trivially (i.e the K’s act by 1 and the E, F’s act by zero),
and the divided powers acts via the Frobenius map. It gives a functor Rep(G) x U-=mod — U—mod,
hence gives an action of the monoidal category Rep(G) on the category U—mod.

We state an important theorem relating modules over the big quantum group and modules over the
small quantum group:

Definition 2.2.25. A weight g is {-reduced if 0 < (A, ;) < £ for all simple oot ;.

Theorem 2.2.26 (Lusztig’s tensor product theorem). Let A be a dominant weight. Write X\ = A1+ Ao,
where A1 is dominant and N is L-reduced. Then, L(\)|, = Fr* Le(A) ® L(Ao).

Here, L(u) is the simple module of highest weight p for U, and L¢(w) is the simple module of highest
weight p for U(g).

Finally, we state the linkage principle for the small quantum group.
Theorem 2.2.27. The blocks of u are parametrized by P/W[, where W( =W x (P.

Understanding the center of the small quantum group has been an important and complicated problem.
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The ”well-known” part of the center is the so-called Harish-Chandra center z, and it is isomorphic as
an algebra to the coinvariant algebra C[h*]/C[h*]"¥ = H*(G/B,C) ( [11]).

The center for g = sly was computed by Kerler in [45] (1994).
Theorem 2.2.28 (Kerler). For g = sly, we have zg = C3.

Hence, for g = sly we obtain z = C3(~1/2%1 for the whole center (the last term comes from the
singular block corresponding to the Steinberg module). However, even the case of g = sl3 was not
solved until 2016, by Lachowska-Qi [48], 20 years later.

In the meantime, the work of Lachowska [47] found a ”large” subalgebra inside z. Recall the homo-
morphism J : u* — u,p — m(p ® id(Ra1R12) introduced by Drinfeld ([23]), where R is the classical
R-matrix associated to u. The image of the complexified Grothendieck ring through J is central, and
the image is the Harisch-Chandra center z. Then, for any finite-dimensional Hopf algebra H there is
amap ¢ : H — H*, constructed from the "right integral” element ([62]). Composing these maps one
obtain a kind of ”Fourier transform” F = J o ¢. The main result of [47] reads as follows:

Theorem 2.2.29. The intersection of z N F(z) with each block is 1-dimensional.
Hence the subalgebra z + F(z) is almost ”twice as big” as z.

We will understand later a geometric description of these algebras, but it is still unkown how to relate
the Fourier transform with the geometric description of the center obtained in [48]. For example, the
geometric description of the center is only ”block by block”, but it is known that the Fourier transform
is not block-preserving.

We now have a much better understanding of the center of the small quantum group: there are
various conjectures (to be described in the next section) that describe it, and link it with other
beautiful objects in mathematics (for example, the diagonal coinvariant algebra).

2.2.4 Relation between small and big quantum group (after Arkhipov-
Gaitsgory)

We now describe a result due to Arkihpov and Gaitsgory ([9]), which explains how to describe the
category u—mod in term of the category big quantum group U—mod. This result is crucial in order to
deduce the Bezrukavnikov-Lachowska’s equivalence from the Arkhipov-Bezrukavnikov-Gaitsgory [§]
equivalence. In [9], ¢ is assumed to be even, but we will consider the case where ¢ is odd (the results
still hold if one replaces the Langlands dual group GV by the original semisimple group G).

Let Ag be the Hopf algebra such that the category of comodules over Ag is equivalent to the category
of modules over U.

Definition 2.2.30. The category € is the category where the objects are vector spaces M with an action
of the algebra Og and a co-action of the co-algebra Ag, such that the co-action map M — Ag @ M
is a map of Og-modules.

We first state their main theorem:

Theorem 2.2.31. [9] The category of all modules over the small quantum group u is equivalent to
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the category €. Finitely generated Og-modules correspond to finite-dimensional modules over u.

Actually, this theorem follows from a even more general formalism, for example developped in the
paper [25], or can also be seen as an instance of the Barr-Beck theorem (this was explained to us by
Sergey Arkhipov).

In an equivalent way, one can describe the category € as follows: objects are pairs (M, ay ), where
M € U—mod and for each V € Irr(G), we have a map ay : Fr* V@ M — V. ® M (where for a
G-representation V', V is the underlying vector space), satisfying certain conditions. Let us sketch
how the equivalence goes: the action map Og ® M — M can be thought by the Peter-Weyl theorem
as a U-module map @y ¢y, () (V ® V') @ M — M. We see that this is actually equivalent to maps
ay :Fr* (V)@ M — V. ® M (here, we used that the U-module structure on V' is compatible with the
G-action via the Frobenius morphism).

2.3 Geometry of the Springer resolution and quantum groups

at root of unity

2.3.1 The big quantum group

The origin of the geometric description of the (derived, mixed) category of modules over the big
quantum group originates in the following result:

Theorem 2.3.1. [27] There is a graded algebra isomorphism H?® (u, C) =2 C*[N]. Moreover H**(u,C) =
0.

Here, N C g is the set of nilpotent elements, and C*[N] is the graded ring of poynomial functions on
N. The cohomology H*(H, M) of a module M over a Hopf algebra H is defined as follows ([27]):

Definition 2.3.2. The cohomology groups H*(H, M) are defined as Extt,(C, M), where C is seen as
a trivial H-module via the augmentation.

The Ginzburg-Kumar isomorphism was enhanced to an equivalence of derived categories by Arkhipov,
Bezrukavnikov and Ginzburg in the paper [g].

Let G be the simple algebraic group associated to g, and B a Borel subgroup.
Definition 2.3.3. The algebraic variety N' = T*(G/B) is called the Springer resolution.

Let n = [b,b]. For varieties X,Y acted upon by a group H, let X x# Y denote the quotient space
(by the diagonal action) (X xY)/H.

Remark 2.3.4. We have N = G xB n := (G x n)/B, and the map p : (g,2) — Ad(g)(z) is a
resolution of singularities of the nilpotent cone N, hence the name. We can also write N' = {(z,b’) €
N x G/B:xz €b'}. (Recall that G/B can be seen as parametrizing all Borel subalgebra b’ C g).

The Springer resolution is very important in geometric representation theory, see e.g [59]. Let us
consider the natural G-action on A, and the C* action on the cotangent fibers by ¢ (z,v) = (z, ¢ 2v).
Let Coh®* (/\7 ) be the category of coherent sheaves on N, that are G x C*-equivariant.

The main relationship between the principal block of the big quantum group and the Springer reso-
lution is as follows:
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Theorem 2.3.5. [§] There is a triangulated functor F : D*(Coh®*®" (N)) — D?(Uy—mod), such that
the image of F generates D*(Ug—mod) as triangulated categories, and for any F,.F' € DP(Coh®*C (N)
induces canonical isomorphism:

PHom* (7.2 © F') = Hom* (F(F), F(F'))
i€EZ

2.3.2 The small quantum group

In [12], Bezrukavnikov and Lachowska used theorem to obtain a similar relationship between
Coh® (N) and the principal block of the small quantum group ug:

Theorem 2.3.6. [19] There is a triangulated functor F : D*(Coh® (X)) — D?(up—mod), such that
the image of F generates D*(ugp—mod) as triangulated categories, and for any F, F' € Db(Coh® (N)
induces canonical isomorphism:

PHom* (7.2 © F') = Hom®*(F(F), F(F"))
1E€EL

Let us sketch the proof of this theorem (for details see [I2]). The idea is that the category of mod-
ules over uy can be reconstructed from the category modules over O(G) in the category U—mod,
i.e up—mod = Modyy—moed(O(G)). A similar relationship can be obtained between the category
Coh®*C" (N) and Coh® (N), where sheaves in Coh® (N) can be reconstructed from sheaves in
CthXC*(/\? ) that are modules over the algebra O(G). Hence, one just need to check the com-

patibility between the G-action in theorem [2.3.5

Theorem 2.3.7. There is an isomorphism of algebras

202 P HN NIN)

i+j+k=0

This theorem is basically an equivariant version of the usual Hochschild-Kostant-Rosenberg theorem.
The technicality is that one has to extend the equivalence of categories to a ”doubled” version of it,
since the Hochschild cohomology is usually defined as derived endomorphisn of the structure sheaf of
the diagonal A C X x X.

In chapter [3, we will prove that this isomorphism can be extended to an isomorphism of algebras.
This is based on a theorem by Konsevitch, stating that twisting by the negative of the square root of
the Todd class induces a ring isomorphism between the Hochschild cohomology of a smooth complex
scheme, and the total cohomology groups of the poly-vector fields.

2.3.3 The center of the small quantum group: the Lachowska-Qi conjec-
tures

We now explain how to compute the center of the small quantum group using the ”sheaf-cohomology
BGG algorithm” (to be described in the next subsection, and in more detail in chapter 6). As we know

from the center zo is given by the equivariant Hochschild cohomology group €D, , ;, —o i(N,NTN)F,
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By definition, these pieces correspond to the sheaf cohomology Hi(G/B,Vj,k) for a certain vector
bundle V; ;. Hence, we can use the sheaf-cohomology BGG algorithm to compute these cohomology
groups. In [48], the b-module V} j corresponding to the vector bundle V; ;, has been determined.

Consider the coadjoint action coadj : b — End(u) 2 u®n. It induces a map A : b — g D u® n, where
A = (incl, coadj).

Definition 2.3.8. The k-grading on the algebra Sym(u) @ A*g® A*n, is defined such that deg(g) = 0,
deg(n) = —deg(u) = —2.
Let ghu®n
Vii=———
LAQ

Definition 2.3.9. The modules Vj;, are defined as the k-th graded part of V; := /\%ym(u)Vl'
Theorem 2.3.10. [/8] We have V;;, 2 G xB V; .

From the formula one can already see that zg has a natural bigrading. There is also an sly-action
on the center:

Theorem 2.3.11. [48] Let 7 € HO(N,A>TN)~2 be the Poisson bivector field (dual to the natural
symplectic form on N'=T*(G/B)). The wedge product of B, ;o HY(N,NTN)=* with 7 induces

. 0 1
a sla-action on zg, where T acts as 0 ol

Using this theorem, Lachowska-Qi explicitely computed the center zg(sl3).
Theorem 2.3.12. [/§]

As bigraded vector space, the center of the principal block zy(sl3) is given by the following table:

i+j=0 | 1

i+j=2 | 2 1

itj=4 | 2 3 1

i+j=6 | 1 2 1

hd | j—i=0 j—i=2 j—i=4 j—i=6
Definition 2.3.13. Let W be the Weyl group associated to a complex semisimple Lie algebra g. The

diagonal coinvariant algebra is the algebra Clh & §*]/(C[h & b*]}), where (C[h @ h*]V') is the ideal
generated by the non-constant invariant polynomials.

We write DCy, or DR, for W = S,,,. It was noticed in [48] that the table for zy(sl3) coincide with the
diagonal coinvariant algebra for A;. Further computations (for g = sly4, sl5, b2, and various parabolic
versions) confirmed this coincidence. This motivated a set of conjecture from [48], [49] that we will
present now.

Conjecture 2.3.14. [/8] In type A, zo(sl,,) is isomorphic as bigraded vector space to the diagonal
coninvariant algebra. More precisely:
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e There is a natural symmetric group Sy, action on zg, extending the action of Sy, on the coin-
variant algebra C,, C zg.

e The symmetric group action commutes with the sly-action.

o As bigraded representation, we have zg = DCy, ® sgn. The bigrading match as follows: the

(i, §)-component
it i

Zé’j o (DCm ® Sgn)@)_ CRED]

In particular, the dimension of the center is dimzg = (m + 1)™~ L.

Finally, in [49] the various blocks of the center has been computed for sls,sl;. Summing up all
the blocks with multiplicities, one obtains a rational Catalan number. This motivates the following
conjecture:

Conjecture 2.3.15. [{9] We have dimz(sl,,) = c(m41) : L ((m+1)e)

L—m,m = (m+1) m

Conjecture 2.3.16. [/8] The natural g-action on zq is trivial if g = sl,.

Remark 2.3.17. This has been checked for g = sl ([{7], 9 = sls,8ly ([48]), 9 = sls ([{9]). We will
see more example in chapter [}

In this formulation, all the conjectures are currently open. However, significant progress has been
made toward these conjectures, using another (conjectural) description of the center in term of affine
Springer fibers. We will describe it in the next section. Let us mention than using a computer program
implementation of the BGG sheaf-cohomology algorithm introduced in [32], we verified various cases
of the conjectures in ([32] (this work is presented in chapter [5)).

Let us brielfy describe the importance of the diagonal coinvariant algebra ( a beautiful survey of
Haiman’s work is [28]). There is a conjecture in combinatorics that certain (g,t)- symmetric poly-
nomials have positive coefficients, known as Macdonald positivity conjecture. This conjecture would
follows from the fact that certain bigraded S,-modules M has character given by these polynomials.
This conjecture is called the n! conjecture, because these modules would actually be the regular rep-
resentation. Finally, the last conjecture gives a formula for the character of DC,,. It is complicated
to state, but it implies that its dimension in type A is given by (n+1)"~!, and it implies also the two
last conjectures. All these conjectures have been proved by Haiman using combinatorics of DC,, and
the geometry of the Hilbert scheme (a [30], [31]).

2.4 The Lachowska-Qi algorithm and the BGG resolution

Lachowska-Qi gave an algorithm to compute the center using the isomorphism

Zo = @ Hi(ﬁ, /\jTﬁ)k

i+j+k=0

To do this, two steps are needed: first one needs to be able to compute efficiently sheaf cohomology on
G/ B, we will briefly explain how to do it here (since more details will be given in chapter |5} The an-
swer is in term of Lie algebra cohomology, hence we need to have an algebraic precise definition of the
modules associated to the vector bundles (pr, A TA))* (here, pr : N = G/B is the natural projection).
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We recall the existence of the BGG resolution, a key ingredient:

Theorem 2.4.1 ([35], chapter 6). There is an exact sequence

0= Mwo-N) = P Mw-A) = € Mw-N)--— MK = LX) >0
l(w)=n—1 L(w)=k

Let us explain the big picture of the work of Lachowska-Qi in [48]. Let E a B-module. We consider the
vector bundle £ := G x g E on the flag variety X = G/B. Since £ is G-equivariant, the cohomology
groups H*(G/B, G x g E) are naturally G-modules. In [48] these G-modules are computed using the
BGG complex. To compute H* (X, £), we only need to compute Homg (L(A), H* (X, €)) for all A € PT.
To obtain a list of dominant weights A that might contribute to H®*(X, &), we use a filtration of F
given by the n-action. The composition factors n*E/n*T1E are direct sums of 1-dimensional weight
spaces. It follows that £ has a filtration with composition factors isomorphic to a direct sum of line
bundles. At this point it is useful to recall the Borel-Weil-Bott theorem:

Definition 2.4.2. We define £, be the homogeneous line bundle corresponding to the 1-dimensional
B-module C_y, (so H acts by the character x_x : H — C and U = B/T acts by the identity).

Remark 2.4.3. The sign is just for convention, and makes the Borel-Weil-Bott theorem simpler to
state.

Theorem 2.4.4 (Borel-Weil-Bott). Assume A € P is dot-singular, then H' (X, £\) = 0 for all i € N.
If not, let w € W the unique element so that w - X is dominant. Then, H (X, £\) = L(\) if i = £(w)

and 0 else.

Let £ be an homogeneous vector bundle. Then, £ has a filtration, such that the composition factors
are isomorphic to a direct sum of homogeneous line bundles. It follows that there is a surjection from
the direct sum of cohomology groups of these line bundles onto H*(X, £). Hence, by the Borel-Weil-
Bott theorem, the only representations that can appear in H*(X, £) are given by the dot-orbits of the
set wt(E). Hence it is natural to try to find the kernel of this surjection to obtain the cohomology
H*(X, &), but it boils down to compute the map in the associated spectral sequence which is not trivial.
As an alternative road, it is possible to use the BGG resolution to explicitly compute the cohomology
as was done in [48]. The main role is played by Bott’s theorem relating the sheaf cohomology on X
with the Lie algebra cohomology of E.

Theorem 2.4.5. [16] Let X = G/B and £ = G xp E for a B-module E. For each A\ € P* there is
a vector space isomorphism Homeg(L(\), H* (X, €)) 2 H®* (b, h,Homc(L(A), E)).

Here, H*(b, h, Homc(L(N), E)) is the h-equivariant Chevalley-Eilenberg cohomology of b with co-
efficients in £ ® L(A)*. By definition, this is the cohomology of the complex Hom(A®*(b/h)* ®
Homp(L()), E))". We also need the following lemma, originally stated in [16]:

Lemma 2.4.6. [16] For a b-module F there is an isomorphism H*(b, b, F) = H*(n, F)Y.

Following [48], we will explain how to compute the cohomology groups H*(G/B, £) using the BGG
complex. We need to compute H®(b, b, Homc(L()), E)) = H*(n, Homg(Ly, E))Y . By definition, the
latter is computed by picking an h-invariant resolution of Home (E, L(\)) as a U(n)-module. We have
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H* (n, Home(L(A), E))? & Ext® (C, Home (L()\), E))? 2 Ext®(C, E @ L(\)*)" = Ext®(E* ® L(A),C)").
Tensoring the BGG resolution for L(A) with E* gives a projective resolution for Homp(E, L(\)).
Hence a complex that computes H® (n, Homp(L()), E))Y is given by Hom (M, (A\)®E*,C)Y. To describe
the terms in the previous complex, we use that for a Verma module M (1) we have Homy () (M (1), E)" =
E[p]. Hence the k-th term of the complex computing Hom(L(A), H* (X, £)) is given by @,y E[w-Al.

Definition 2.4.7. The BGG complex associated to E and A, written BGG*(E, \), is the complex
Hom(M,(\) ® E*,C)".

By the discussion before, there is an identification BGG*(E, \) = Di(w)—r Elw-A]. In this setting, the
maps E[z-A] — E[w- A] are just given by multiplication by F(z,w). To summarize, the multiplicities
Homg(L(X\),H*(X,€&)) can be computed using the BGG complex as explained.

Let us explain how to get similar results for partial flag varieties X = G/P. We recall that to any
subset J C S, where S is a set of simple roots, we obtain a corresponding standard parabolic subgroup
Py, which Lie algebra is given by py := Lie(Py) = b ® (f; : ¢ € J), where (f; : i € J) is the Lie
subalgebra generated by the f; for i € J. A parabolic version of the BGG resolution exists but seems
more complicated to implement. However, by the degeneration of the Leray spectral sequence for the
projection p : G/B — G/P, if £ is a vector bundle on G/P one has an isomorphism of G-modules
HY(G/B,p*€) = H(G/P,€&). In practice, it means that for a p-module E, to compute the cohomology
of the corresponding vector bundle we can compute the cohomology of E considered as a b-module
by restriction. Hence, to compute sheaf cohomology we only need to work with G/B. We will give
explicit examples of such computations in the last chapter.

2.5 The small quantum group and the affine Springer fibers

The main result of [8] actually gives two geometric pictures describing the category Up—mod. The
second picture uses the affine Grassmannian and constructible sheaves, and we will make it more
precise here.

If H is a reductive group, the affine is an ind-scheme (we will define this later in the text) Gry such
that Gry (C) = H(C((t)))/H(C[[¢t]]). Let evp : H(C|[[t]]) — H the evaluation map, and I C H(C((t)))
be an Twahori subgroup, that is the preimage evgl(B) of a Borel subgroup B C H. For a H-space Y,
let Pervz(Y') denote the abelian category of perverse sheaves on Y, constructible with respect to
the stratification induced by the H-action. (We will recall some facts about perverse sheaves in the
next section). We have the following result:

Theorem 2.5.1. [§] Let G be a simple algebraic group of adjoint type. There is an equivalence of
categories Ug—mod = Pervp)(Grgv).

Here, GV is the complex connected, simply connected semisimple Langlands dual group of G.

Hence one could try to understand the center using the geometry of the affine Grassmannian. Using
the formalism from [9], it should be possible to obtain a categorical description of up—mod as the
”de-equivariantisation” of the category Perv p(Grg), but to our knowledge this has not been done.
Recent work where the relationship with affine flag varieties and the center of the small quantum group
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has been done in [15], [3], [I4]. In [14] a certain subalgebra H C z% is constructed with the property
that dim H = c(m41)0—m,m (In [33], the dimension of H has been also computed independently).
Conjecturally, in type A, we have H = z® = z. These conjectures will mostly follow from the
conjecture made in [14] that H = z% in type A (see [3]).

2.6 The perverse filtration and the Hitchin fibration

We now turn to perverse sheaves and the Hitchin fibration, needed in chapter

2.6.1 The perverse filtration

Let K be a complex of constructible sheaves on a complex algebraic variety X, and H*(X, K) the
corresponding hypercohomology group. Recall that there are perverse truncation functors P7<% €
End(D(X)), where D(X) is the derived category of constructible sheaves of finite-dimensional Q-
vector spaces (with respect to a given stratification).

Let us recall how to construct these: if a triangulated category D get a t-structure, that is a pair of full
subcategories (D<°, D=°) satisfying certain axioms, then the inclusion functors D=° — D, D<0 — D
admits adjoints functors Pr20 : D — D20 P7r<0. D 4 D=0 called the truncation functors.

Definition 2.6.1. The perverse filtration on H*(X, K) is the filtration defined as P"'K = im(H(X,? 7S"K) —
H* (X, K))

This definition is quite abstract, but a beautiful theorem of de Cataldo-Migliorini tells us that there
is a geometric interpretation of this filtration. For simplicity, we assume that X C A is embedded in
an affine space. If Ly C Ly C ... L, = A is a complete flag of linear subspace, we also get a filtration
on H*(X, K) as F'H*(X,K) = ker(H*(X,K) — H*(Li—1, K1, ,))-

Theorem 2.6.2. [2]] If the flag L. is a generic flag, then the two filtrations coincide, i.e

P H/(X,K)=F""H (X, K)

2.6.2 The Hitchin fibration

We introduce the Hitchin fibration, and the relationship with the affine Springer fibers defined earlier.
Let C be a smooth, connected projective curve (in our case we will take C = P'), and let D be a
divisor on C such that deg(D) is even and satisfies deg(D) > 2¢(C). In our case, D = 2[0].

Definition 2.6.3. An twisted Higgs bundle on C is a pair (E,0) where E is a vector bundle and 0
is a map of vector bundles § : E — E ® O(D).

What is called a Higgs bundle in the litterature is a twisted Higgs bundle when D = K¢ is the
canonical divisor of C. In this text, ”Higgs bundle” means ”twisted Higgs bundle” (for a fixed divisor

D). We now define the characteristic polynomial of §: we can look 6 as a map of Og-modules
End(E) — O(D). Hence by looking at 0(idg), we obtain a section of H°(C, O(D)).

Definition 2.6.4. The trace of 6 is 0(idg). Similarly, we have higher trace for any 0 < i < rank(E)
by trace(A9) € H°(C,O(iD)).
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Definition 2.6.5. The characteristic polynomial xg is the polynomial

xo(X) = X" — trace(0) X"~ + - + (=1)"trace(A"0) € @HO(C’, iD)
=0

Definition 2.6.6. Let us fix an integers r,d. The stack of Higgs bundle A4 = My, is the stack
classifying the pairs (E,0) up to isomorphism, where E has rank r and degree d.

Formally, .# is the functor sending a scheme S to the groupoid of pairs (£, ¢) where £ is a G-torsor
over S x X and ¢ € H(S x X, (€ x% g) ® O(D).

Definition 2.6.7. Let C,D,r,d as before. Hitchin fibration is the map f : M4 — A, f(E,0) = xq,
where A is the affine space ®7_oH'(C,rD). The Hitchin fibers .#, are the fibers f~'(a).

We now define a parabolic version of the Hitchin fibration:

Definition 2.6.8. The stack of parabolic Higgs bundles is the stack classifying the tuples (E,0,x, ¢;)
where (E,0) is a Higgs bundle, x € C and ¢, is a B-reduction of E along x.

Recall that a vector bundle of rank r over a space Y can be though as maps g;; : U; NU; — GL, called
cocycles satisfying certain conditions, where U; is some covering of Y. If H C GL;, a H-reduction
at a point z is a choice of cocycle representative where g;;(z) € H. In our case, one can think of a
B-reduction of a vector bundle E at a point x € C as the data of a complete flag on the fiber E,.

We will use the geometry of Hitchin fibers and their relationship with affine Springer fibers in chapter
@



Chapter 3

An equivariant twisted HKR
isomorphism and the small

quantum group

Recall that in [I2] where the center was described geometrically via the Springer resolution. Before
stating the main result, let us introduce some notations: z is the trivial line bundle on N with the
C*-action given by (z,v) — 22v, R is the principal block, viewed as bimodule over u. By definition
H{(N, (NTN)¥) := H(G/B, (pr. NN TN))¥). By definition HH*® (1) is the graded ring

@ Hom pe (uo®ug?) (Ra R[m])

where the multiplication is given by the composition. Moreover, H H¢. (/\7 ) is by definition the ring

@ Home(Cohc* (J\7x/\7))(OA’ Oalj] ® zk)
Jj+k=m

where the ring structure comes from the Yoneda product. The geometric multiplication comes from
the exterior algebra structure. The main theorem in [I2] can be formulated:

Theorem 3.0.1. There is a ring isomorphism HH®(ug) = HH{. (N).

The purpose of this chapter is to explain precisely how to obtain a multiplicative isomorphism, us-
ing a theorem by Kontsevitch. We will check the compatibility of the multiplicative version of the
Hochschild-Kostant-Rosenberg theorem with a action of a torus, and prove the following version:

Theorem 3.0.2. The composition
S _ Todd(N)-1/2 e
HH*(uo(0)) 25 @@ HW AT SN D Oy H W A TAY

i+jt+k=e i+jt+k=e

is a ring isomorphism.

23
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Let T be a complex torus, and X be an irreducible smooth complex variety acted on by T. More
generally, one can consider an arbitrary complex reductive group acting on a smooth variety X, if
there exists an affine cover by invariant open subset. Let HH*(X) be the Hochschild cohomology of
X, defined as Extg,,;,x« x)(Oa,Ona), where A C X x X is the diagonal (for a variety Z we denote
Oz the structure sheaf), and HT*®(X) denotes the bigraded vector space P, ; HY(X,NTX). Our
first result is:

Theorem 3.0.3. The twisted HKR morphism HH®(X) — HT*(X) is T-equivariant.
This result relies on the following two propositions:
Proposition 3.0.4. In the derived category of coherent sheaves on X D?(Coh(X)), the quasi-isomorphism
Oa = Pk |i]
ieXx
is T-equivariant.

Here ¢ : A — X x X is the inclusion map, Q% is the sheaf of differential forms of degree 4, and [i] is
the shift functor in the derived category.

Proposition 3.0.5. Let t € HQ*(X) be the Todd class of N. Then, twisting with t='/% gives a
T-equivariant multiplicative isomorphism HH®*(X) = HT*(X).

When no group action is involved, the two statements are well-known ([20], section 9). The first
proposition implies the famous Hochschild-Kostant-Rosenberg (HKR) theorem relating the Hochschild
cohomology of X with sheaf cohomology of poly-vector fields. The second statement relates the
multiplicative structures on both sides. Hence the essence of our results is the compatibility with
the action of T'. Using our first theorem, we can deduce an explicit way to make the Bezrukavnikov-
Lachowska isomorphism multiplicative. Setting X = Nand T = C*, we will deduce in section 3 the
following theorem, describing geometrically the multiplicative structure of zp(g):

Theorem 3.0.6. The composition
Lo~ .~ —,Todd )~ 1/2 L~ L~
HH*(uo(g)) 1EE, Hi(N, TN TR D) Oy (W AT
i+jth=e i+j+h=e

is a Ting isomorphism.
Taking the zero degree part of the previous isomorphism gives the following corollary:
Corollary 3.0.7. The natural bigraded vector space isomorphism

HH(w(g) = € H'N,NTN)*

i+j+k=0

can be upgraded to a multiplicative isomorphism using a twist.

The theorem [3.0.6] and the corollary [3.0.7] also hold for singular blocks, where one needs to twist by
the corresponding “parabolic Todd class”.
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Let us briefly outline the contents of this chapter: in section 2 we study equivariant sheaves on smooth
varieties, give background material for the Kontsevitch theorem and prove theorem In section
3 we explain the connection with the small quantum group, and derive some consequences for the
structure of zy(g).

3.1 Geometry

We first recall a theorem by Sumihiro:

Theorem 3.1.1. [66] Let T be a torus and X a complex T-algebraic variety. Then, there is an open
cover Y of X, which is T-invariant (i.e for all U € i, we have TU C U).

This theorem reduces many statements about algebraic varieties with a T-action to an affine statement
about graded R-modules that are easier to prove.

3.1.1 Equivariant sheaves

Let X be a variety over the complex numbers, with an algebraic action of a complex reductive group
K (which is not related to the Lie algebra g mentioned at the beginning of the introduction). We will
use QCoh¥ (X) for the category of quasi-coherent K-equivariant sheaves. First we recall the definitions
and standard facts of an equivariant sheaf:

Definition 3.1.2. A sheaf F € QCoh(X) is K-equivariant if there is an isomorphism 0 : m* F =
pryF, where m,pro : K x X — X are respectively the action and the projection (moreover, 8 should
satisfies a cocycle condition).

Taking the stalks of 6 at (g,x) € K x X gives an isomorphism 0, : %#,., = #,. A K-equivariant sheaf
Z is equivalent to the data of a sheaf .# with such isomorphisms. We also have

Lemma 3.1.3. A K-equivariant sheaf F is equivalent to a sheaf F with maps g : T (U, F) —
T'(g(U),.Z) for each g € T and U open, commuting with restrictions and such that g1-(g2-s) = (g1-g2)-s
for all g1,92 € K and all s € F(U).

Corollary 3.1.4. There is a natural structure of K-modules on T'(X, F) for any equivariant sheaf
F . More generally, there is a structure of K-modules on Homqconx)(F1, F2) if Fi € QCth(X).

Proof. The first point is clear. The action in general is defined as follow: if ¢ : #1(U) — F2(U), we
define g- ¢ = go o g~ !, where g denotes the map in lemma O

Definition 3.1.5. The category QCth(X) 18 the category where objects are K-equivariant quasi-
coherent sheaves of Ox-modules, and morphisms are equivariant morphisms of Ox-modules, i.e. the
maps [ : F1 — Fo such that that f(g-s)=g- f(s) forallse€ F(U) and all g€ T.

To give more intuition, we recall that there is an equivalence of categories between the category of
locally free coherent K-equivariant sheaves and the category of finite-dimensional vector bundles with
an action of K, linear on each fibers, where morphisms are K-equivariant morphisms of vector bundles
(see [B9], chapter 5).
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Lemma 3.1.6. The K-module V = HomQCOh(X)(ﬁhyg) is semisimple. Moreover there is an
isomorphism Homqoonk (x)(F1, F2) = (Homqeonx) (1, F2)) X

Proof. The induced K-action is algebraic, i.e given by a ring map V — V @ O(K). It follows easily
that V is the union of its finite-dimensional K-modules, and hence semi-simple. The second part
follows from the definition of the K-action. O

We now investigate basic properties of K-equivariant sheaves in order to be able to describe derived
functors, now computed in the equivariant category.

Remark 3.1.7. Let us emphasize that in geometric representation theory, the usual definition of
the "equivariant derived category” (as defined e.g in Bernstein-Lunts:[38]) does not coincide with the
derived category of equivariant sheaves (the one we consider here).

Lemma 3.1.8. For each F € QCoh®(X), there is an injective object I € QCoh™(X) and a K-
equivariant monomorphism & — I. Moreover Fgt(I) € QCoh(X) is still injective, where Fgt :
QCoh®(X) — QCoh(X) is the forgetful functor.

Proof. The first part is proposition 5.1.2 in [29]. The second part follows from the explicit construction
of I in the same paper. O

This lemma ensure that we can consider right derived functors of Hom(%#y, —).

Corollary 3.1.9. Let .7, € Coh(X)*(X) and T'; = Homqcons x)(F1,—) : Coh®(X) — K — Mod.
Then there is a canonical isomorphism R(T'y o Fgt) & Ry o Fgt.

Corollary 3.1.10. For any equivariant sheaf F1, there is an isomorphism between the functors
QCoh®(X) — Vect:
R(Invol'g ) ZInvoRI %,

where Tz, := Homqconx)(Fgt(#1),Fgt(—)), and Inv : K — Mod — Vect, Inv(M) = M¥. In
particular if 1, %o are K-equivariant sheaves on X, there is an isomorphism

Bty x) (F1, F2) = (Bt ) (F1, Fy))K
Proof. Recall the Grothendieck formula to derive compatible left-exact functors: R(FoF') =2 RFoRF".
Taking invariant is exact on the subcategory of semisimple K-representations, and by lemma [3.1.6

I'(Homqeoh(x) (F1, %2)) is semisimple. Hence RInv = Inv and the formula follows. O

Corollary 3.1.11. If % is a K-equivariant sheaf, then there is an isomorphism

RHomqconk (x)(Ox, ) = (RHomqconx)(Ox, )™

Lemma 3.1.12. If 0 — % — F5 — F3 — 0 is a K-equivariant sequence of K -equivariant sheaves,
and F3 is locally free, then the corresponding cohomology class in HY (X, 71 ® F}) is K-invariant.

Proof. By definition the short exact sequence gives a map %3 — .%[1] in D?(QCoh® (X)). This is the

(ﬁg,fl). Since Extl (ﬂg,g\l) = El’tl (OX,J@H ®

same as an element in Ext}! QT (X) QCohX (X)

QCohX (X)
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Z3) we can apply the corollary [3.1.10] and compute the latter as H'(RI'(X,.%; ®@ #5)K) which is
K-invariant. O

Now we specialize to the case where K =T is a complex algebraic torus.

Lemma 3.1.13. Assume that the T-action on X is trivial and that € is a T-equivariant vector bundle
on X. Then, there is a decomposition into eigenspace £ = @\E[N] where A : T — C* is a character
and we have HH(X,E) = H'(X, £[0]).

Proof. It U C X is affine, then £y = E x U for some vector space E. The action of T' is given
by an action on the first component, and we get a decomposition E = &, F[)\] into T-eigenspaces.
Hence &y = @&y [A], and we get a global decomposition £ =2 @,E[)] since the T -action does not
depend on U. Moreover, there is an isomorphism of functors I'r(X, £) = I'(X, £[0]). It follows that
HL(X,E) = HY(X,E[0]) by taking derived functors. O

Most of these results were used implicitly in [12].

3.1.2 Kontsevitch’s theorem

Let X be a smooth algebraic variety over the complex numbers. The Hochschild cohomology of
X is defined as HH*(X) = 6, ExtégXXX(OA, Oa) where A C X x X is the diagonal. It contains
information about deformations of X, for example H'(X, T X) is the space parametrizing complex de-
formations of X. Let us recall two important theorems about the Hochschild cohomology of a smooth
complex algebraic variety. The first theorem is the Hochschild-Kostant-Rosenberg isomorphism

Theorem 3.1.14. ([26],) Let v : A — X x X be the diagonal inclusion. There is a quasi-isomorphism
Oa = P Q]
i€N
in the derived category D®(Coh(X)).

Here QY is the sheaf of differential forms on X of degree i, and [i] is the cohomological shift functor.

This is a stronger version of the HKR theorem (that appeared first in [34]) stating that there is an
isomorphism of graded vector spaces

Inkr: HH*(X) - HT*(X) = @ H'(X,NTX))

it+j=e

Let us recall the proof of theorem a non-trivial argument using sheaves (see [69], [26]) reduces
it to the statement when X = Spec(R) is affine. This is the case treated in [34]. We use the bar
complex €o(R), which is a flat resolution of Oa by Ox xx-modules. Recall that the bar resolution is
given by %;(R) := R®(*2). We define €;(R) = R @rxr %i(R). The differential on %,(R) is given
by

dl®a® --®ee1)=0®a Qa1 -10a10: 0039 ®a; @1+ 4+ (=1)M®Ra®---®a;
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A quasi-isomorphism I : G4 (R) — (A\*(Q%[1]),0) is given by

1(1®a1®--®a; ®1)— dag Adag - -+ A da;

Since the bar complex resolves R as R-bimodule, this bar complex is isomorphic to Oa in D?(X x X).
This finishes the proof.

In general, Iy kR is not multiplicative. To understand how the multiplications are related, we need
to introduce the Todd class. We use the formalism of Atiyah class explained in section 1 of [58].

There is an exact sequence
0= QxTX = JY(TX) > TX —0

where J'(TX) is the bundle of first-order jet of TX. Such sequence gives a class in Ext!(TX,Qx ®
TX) = H'(X,Qx ® End(TX)).

Definition 3.1.15. The Atiyah class of X is defined as the class of this extension: At(X) €
HY(X,Qx ® End(TX)).

Definition 3.1.16. The Todd class of X is defined as

Tt = o (250

A more familiar definition of the Todd class involves Chern classes of TX. Our definition is equivalent
to that, according to the following statement (see [58], formula 1.4.1):

Proposition 3.1.17. We have tr(A'At(X)) = c;(X) where ¢;(X) is the i-th Chern class of the
tangent bundle T X .

Now we can state Kontsevitch’s theorem:

Theorem 3.1.18. [[6][19] Let X be as before and t be the Todd class of X. Then, the composition
(t12 Volygr: HH*(X) — HT*(X)

18 a ring isomorphism.

3.1.3 [Equivariance of the twisted HKR isomorphism
We now assume that 7' is a complex torus acting on a smooth variety X.

Lemma 3.1.19. If X is affine, the isomorphism Ik g is T-equivariant.

Proof. Say X = Spec(R). Let us keep notation from the discussion after The differential of
the bar-complex is T-equivariant, hence the bar-complex gives a flat T-equivariant resolution of Oa.
Moreover the map I : A — Qg, a — da is T-equivariant, where g is the module of Kahler differential.
This is because there is a natural identification Qg = J/J? da +— a ® 1 — 1 ® a, where J is the kernel
of the multiplication map R ® R — R. Under this identification, the map a — da is T-equivariant. It
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follows that the quasi-isomorphism I : €4 (R) — (A°(£2%[1]),0) is also T-equivariant. O

Lemma 3.1.20. If X is a quasi-projective smooth variety acted upon by T then the previous lemma
holds.

Proof. By Sumihiro’s theorem, there is an T-invariant affine open cover. So we can check the statement
on each affine open set U C X that is T-invariant. But recall that in the discussion sketching the
proof of theorem [3.1.14] we saw that we could glue together the bar complex to construct a global
quasi-isomorphism Igxgr. So it means that the invariance can be only checked for the bar complex
%e(R), that was precisely given by our previous lemma. Hence Ik g is T-equivariant. O]

Lemma 3.1.21. If X is as before, then the Atiyah class of X is T-invariant. Therefore the Todd
class of X is also T-invariant.

Proof. This follows from lemma [3.1.12] because the exact sequence defining the Atiyah class is T-
equivariant. O

It follows that the twisted HKR morphism HH®(X) — HT*(X) is T-equivariant, which completes
the proof of our theorem It would be interesting to generalize theorem [3.0.3] and relate it with
the geometry of X/G, where G is a complex reductive group. However it is known that even when G
is a finite group, the analogue of Kontsevitch’s theorem does not hold for the stack [X/G], see [60].
Without Sumihiro’s theorem,(i.e without the existence of an invariant cover) it seems non-trivial to
prove that Iy kg is G-equivariant.

3.2 Applications to the small quantum group

We prove theorem As an application, we show that the multiplication on the subalgebra
generated by the Harish-Chandra center and the Poisson bi-vector field 7 is untwisted.

We can now give a proof of the theorem [3.0.6
Theorem 3.2.1. The composition
Lo~ ~ (=, Todd(N)"1/? P A
HH(w(e) 2 @@ HWN AT TR Oy 5N AT
i+jt+k=e i+jt+k=e
is a Ting isomorphism.

Proof. Let us recall how to deduce the isomorphism from the theorem [3.0.1} There are isomor-
phisms

P Eatl .. Wi (02,08 ® # = P HEN,NTN @)
qt+k=e i+j+k=e

Here Hi.(—) = R'(Homc~(Ox,—)). The second isomorphism follows by taking the C* invariant on
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both side of the usual HKR isomorphism (and using corollary [3.1.10)). Hence we know that
HL N NTN @ 2%) = (H(N,NTN ® 29)C = (H{(G/B,pr. N TN @ 2°)©

since pr : N = G/B is an affine C*-morphism. Since the C*-action is trivial on G/B by proposition
3.1.13| we obtain an isomorphism

(H'(G/B,pr. N TN @ 2*))¢" = H'(G/B, (pr. N TN @ 2*)[0]) = H(G/B, (pr. NN TN)~*)
Putting everything together we obtain indeed the isomorphism stated in Theorem |3.0.6

HH*(w) = @) Ext"(0a,0a22F)= P HN,(NTN)F)

q+k=e i+j+k=e

Now the isomorphism HH®(ug) = D, 1o E2t?1(Oa, Oa® z¥) is multiplicative. Since the Todd class
is T-invariant by lemma and that Iy g is T-equivariant by lemma [3.1.20 it follows that the
usual multiplicative HKR, theorem restricts to a multiplicative isomorphism

P Ext?(05,0a@2") 2 @ HL(N,NTN @)
q+k=e i+j+k=e
Finally the isomorphism
P HL-WANTNe = P H(G/B, (pr. N TN
i+j+k=e i+j+k=e

is multiplicative, because for an affine map ¢ : X — Y, the equivalence Coh(X) = Coh(Y) — ¢.Ox is
monoidal, hence respect the cup-product. O

3.2.1 Multiplicative structure of HC|7]

We will compute the multiplicative structure of a subalgebra of zo(g), already noticed in [48], where
the arguments was given at level of sheaf cohomology.

Lemma 3.2.2. If Y = T*X is a cotangent bundle of a smooth algebraic variety X, with projection
morphism pr : Y — X, then the Todd class of Y is given by the pullback to'Y of

_aﬁ .
B e e

where C' is the set of Chern roots of TY . In particular, this Todd class can be written 1+ pr*a where
a € H>2(X).

Proof. The map pr : Y — X induces a short exact sequence
0—Ty/x = TY = pr*'TX =0

Moreover, Ty, x = pr*(T*X). Using the naturality of the Todd class and the additivity on short exact
sequences the result easily follows. O
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For example if X = G/B then C is the set of positive roots of g and the Todd class of G/B is given
by

«
l1—e @

Todd(G/B) = []

aedt

Let 7 be the the generator of HO(N/, End(T./\7 )) given by the identity map.

Definition 3.2.3. We define HC[7] to be the subalgebra of zo(g) generated by the Harish-Chandra
center HC and 7.

Of course, for singular blocks ux(g) there is a similar subalgebra inside z)(g), also written HC/[r] if
there is no confusion.

Proposition 3.2.4. For any block, the multiplicative structure of HC[t] is untwisted.

Proof. Let us take U C G/ P an affine open set isomorphic to an affine space. If pr : Np — G/P is the
projection, then pr=1(U) is an affine space with coordinates (z,y). In these coordinates the Poisson
bivector field is 7 =", 6%% A a%,- and the Todd class is t =1+ )" a;jdz; A dz; + higher order terms.

It follows that (1 —t,7) = 0 where (-,-) is the pairing T*Np @ TNp — O In the exact sequence
0 — pr*T*(G/P) = Np — pr*T(G/P) = 0

the left hand-side corresponds to the fiber of pr since Np = T* (G/P). In particular an element

a € HT*(N) coming from H*(X,Q*) can we written in local coordinates as a polynomial in 8%, For
such a class it is again clear that (1 — ¢,a) = 0. In particular it holds for the Harish-Chandra center

HC =~ H*(G/P). O

Corollary 3.2.5. If G/P is a projective space P", then HH(uy(g)) = 2x(g) is the polynomial algebra
Clx,7]/(2%7 s a+b > n).

Proof. Tt follows immediately from the previous proposition and the fact (proved in [49]) that HC[7] =
zx(g) if G/ Py is a projective space. O
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Chapter 4

Spectral curves, affine Springer
fibers and a bigrading

The starting point of the relationship between small quantum group and affine Springer fibers is a
conjecture from Ginzburg-Kumar ([27]), relating the affine Grassmannian with the cohomology of
the small quantum group. A refined result was obtained by Arkhipov—Bezrukavnikov—Ginzburg ([8]),
namely an equivalence of abelian categories between Iwahori-constructible perverse sheaves on the
affine flag variety and the category of modules of the principal block of the small quantum group. In
the work by Bezrukavnikov—Boixeda-Alvarez—Shan—Vasserot ([I4]), the center of the small quantum
group is investigated from this viewpoint. They use deformation technics, to ”degenerate” a certain
algebra to the small quantum group. For the corresponding algebra, the center has a description in
term of the cohomology of a certain affine Springer fiber, defined in the next paragraph. One of the
main theorem from [14] states as follow (for simplicity we restrict ourselves to type A):

Theorem 4.0.1. There is an injective map of algebra H* (}"@)A — 28"

Here, F(] is a certain affine Springer fiber, 7 is a certain element in sl,,((¢)), and A is the centralizer
of v. We will carefully define these objects in the next section.

Conjecture 4.0.2. The map H*(F(})* — zC" is an isomorphism.

Motivated by this conjecture, it is natural to try to understand the center of the small quantum group
from the perspective of affine Springer fibers. In this chapter, we are using the relationship between
Hitchin fibers and affine Springer fibers to obtain a natural geometric bigrading on the center. Our
main construction is a degeneration of spectral curves, inducing a map from the diagonal coinvariants
algebra to the center of the small quantum group. We conjecture that this map is an isomorphism.
Our geometric map preserves the multiplication, so it would conjecturally give another approach to
understand the multiplicative structure of the small quantum group. Our main theorem can be stated
as follows:

Theorem 4.0.3. Let G = SL,. There is a degeneration of spectral curves ¥ — A', which induces

a map Ry — z§.

33
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We can interpret this degeneration as an explicit geometric construction of a map Ry — z). We
expect this map to be an isomorphism of bigraded vector spaces. It is not a ring isomorphism but our
construction also explains where precisely this map fails to be multiplicative.

4.1 Affine Springer fibers

We give formally definitions of affine Springer fibers, affine Grassmannian and explain a precise rela-
tionship with the small quantum group, following [14].

Definition 4.1.1. Let G be a reductive group over the complex numbers. The affine Grassmannian
is the ind-scheme Gr, such that the set of C-points are given by Gr(C) = G(C((¢))/G(C][[t]])-

An ind-scheme can be understood as an inductive limit of schemes, see [71] for a precise definition. For
example, the Laurent polynomial ring C[t,t7!] is not a subscheme of the infinite-dimensional affine
space A® =[],
equations. However, U; = C[t/ : |j| <] is a scheme. Taking the inductive limit of these schemes gives

Ct?, because the condition of being a Laurent polynomial is not cut by polynomial

the ind-scheme C[t,t1]. In a similar way, we can write the affine Grassmannian (or more general
affine flag varieties that will be introduced a bit after) as increasing union of various affine spaces,
this is the so-called Bruhat decomposition (first introduced in [36]).

If G = GL,, there is a geometric interpretation of the affine Grassmannian: one can see GL,,(C((t)) as
the space of trivial GL,-torsors on the formal punctured disk, i.e a vector bundle of rank n. Moreover
GL,(CJ[[t]]) can be seen similary as the space of vector bundles over the formal disks. Hence, the
affine Grassmannian is the space of trivial vector bundle on the punctured disk, modulo the bundles
that extends to the full disk.

Let B C G be a Borel subgroup of a reductive subgroup G. The preimage of B by the evaluation map
evg : G(C[[t]]) = G is called an Iwahori group, usually denoted I.

Definition 4.1.2. The affine flag variety is the space Flg = G(C((t)))/I.

The affine flag variety is closely related to the affine Grassmannian: by definition there is a fiber
bundle F¢ — Gr, with fiber G/B. There are also partial affine flag varieties F¢;, where J is a subset
of the (affine) Dynkin diagram associated to G. There is also a notion of affine Springer fibers:

Definition 4.1.3.  Let v € g((t)) be reqular semisimple. The affine Springer fiber Gr” associated to
~ is the subset

{9G(C[t)) = Ad(g~' () € olltl]}

In this context, regular semisimple means that over an algebraic closure of C((t)), 7y is regular semisim-
ple in the usual sense.

Finite-dimensional Springer fibers are classified by the nilpotent orbits. However, for affine Springer
fibers the situation is quite different (for example they can be empty!).
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Example 4.1.4. Let us explicitely compute an affine Springer fiber for G = SLy. We pick v =

t )
(0 Ot> € sly((t)). We use the non-archimedian Iwasawa decomposition ([18]) to write SLa(C((t)) =

1 =z

N EE=(O)

Unez N (t(;l ton) SLo(CI[t]]), where N C SLa(C((t))) is the subgroup N = {

1 t 0
In this case, an easy calculation gives that for an arbitrary element g = (0 f) (O t‘") we have

t 2t172’n
Ad(g~ 1)y = 0 . 7. Hence, we want x € t*"~1C[[t]]. It is easy to see that x actually belongs
to C((t))/t>"C[[t]], appropriately left-multiplying by an element of SLo(C[[t]]). Hence, we have x € C

which gives exactly an affine line for each n € 7.

By definition, the affine Springer fiber associated to + is included in the affine Grassmannian, but
for each partial affine flag variety F£; there is a corresponding affine Springer fiber. These varieties
are actually ”finite-dimensional up to a lattice action”, by an important theorem by Kazhdan and
Lusztig. Before stating it, let us define this lattice. We assume now that v is regular semisimple. It
is known that the centralizer G, is a torus. For A € X,(G,) a cocharacter, we consider \(t) € G,.
We get an injective morphism A — A(t), from X, (G) to G,. Its image is denoted by A..

Theorem 4.1.5. [/1] Let v € g(C((t))) be semi-simple regular, then Gr7 /A, is a finite-dimensional
projective variety.

The dimension was conjectured by Kazhdan-Lusztig and the formula was proved by Bezrukavnikov
[13].

A very important fact about affine Springer fibers is that their cohomology groups are acted upon by
the affine Weyl group:

Theorem 4.1.6. [55] There is an affine Weyl group action on H*(Gr?).

This action is constructed by using the ordinary Weyl group action of finite Springer fibers.

We explain the set-up of [14]. Recall that ¢ is the order of the root of unity of our quantum group.
There is a G,,, C G,(C((t))) action on the affine Springer fiber, hence we can look at the fixed point
of G, under the action of the group generated by ¢ € G,,, denoted by GT',CY =Gry N Gr¢

Theorem 4.1.7 ([14]). There is an injection H* (GTS;)A — Z(U)C", where v = s@tt. Here, s € b is
a semisimple reqular element.

Under the action by (, is it actually possible to write down a decomposition of Gr,é; into various
”parahoric” (affine version of parabolic) ordinary affine Springer fibers. The induced decomposition
on the cohomology corresponds to the block decomposition for the small quantum group by results
from [14].
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4.2 The main construction

In this section we explain how to get a bigrading on the space H*(]-'Z;Y)W ~ H*(F)? for G = GL,,
which corresponds to the principal block of the center under Conjecture using the perverse
filtration on the parabolic Hitchin fibration. The advantage of using the Hitchin fibration is that
there is a natural ”Lefschetz element” coming from the relatively ample determinant bundle on the
parabolic Hitchin fibration. We conjecture that the sly-action on the center obtained this way coincides
with the one given by the wedge product with the Poisson bivector field on the Springer resolution.
Further, we conjecture the bigradings obtained in these two ways are the same (up to an explicit
change of variables).

4.2.1 The parabolic Hitchin fibration

First, we want to construct a particular compactification of the singular curve given by 2™ + y" =0 C
C?, inside a Hirzebruch surface ¥. Most importantly, this compactification will be irreducible, i.e. a
spectral curve for the anisotropic locus of the Hitchin fibration, and have only an isolated singular
point which is an ordinary n-uple point.

Let ¥, = P(Op1(r) @ Opr) be the r-th Hirzebruch surface. The Picard group of ¥, is generated by
the zero section E, and the class of a fiber F', with intersection form determined by F? = 0, E? = —r
and F,.F = 1.

Recall that there is a birational map from 3, to X,41, called an ”elementary transform” (see [IT]
Chapter 3]), constructed as follows. We choose some fiber F', and consider the surface X/, the blow-
up of ¥, at p:= FN E,. Let F' E! the strict transforms of F, E,. and E be the exceptional divisor
of this blow-up. Then we have

0=F2=(F +E)?=(F)4+2-1

hence F' is a (—1)-curve and can be contracted, the resulting surface being ¥, 1. See Figure m
for the toric picture, where the red line is the contracted curve.

Figure 4.1: The toric blow-up and contraction giving a birational map ¥, — 3,.41.

Now we can prove:
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Lemma 4.2.1. For all n > 0, there is a curve C C Yo such that C is irreducible, has a unique
singular point, with singularity type 2™ 4+ y™ = 0.

Proof. Let Cy C P? be a smooth curve of degree n, and 31 be the blow-up of P? at a point a ¢ Cy. We
denote by Cj the strict transform of Cs. Consider a generic fiber Fjy and the corresponding elementary

transform.

The strict transform C’ of C inside ¥ is isomorphic to C;. Denote by C' the image of C’ under the
contraction of F’. Since F N Cy is given by n points, we see that C' is analytically isomorphic to Cy
where n points have been glued transversally together, resulting in an ordinary n-uple point q. It’s
clear that C\{q} is smooth. Since C\{q} is connected, C' is irreducible. O

Remark 4.2.2. Since Co is the normalization of C, the geometric genus of C' is g, = (";1) Since

the blowdown introduces (g) nodes to C', the arithmetic genus is go = gq + (72‘) =(n—1)=%

Definition 4.2.3. Let X/C be a smooth projective curve, G a split reductive group, and L a line
bundle on X with deg L > gx. The Hitchin moduli stack is the functor

M : Sche — Grpd

sending
S {(E,)|E is a G — torsor over S x X,p € H(Ad(E) ® L)}

Definition 4.2.4. Let X, G, L be as above. The parabolic Hitchin moduli stack is the functor
M: Sche — Grpd
sending

S {(E,p,x,Ex)|(E,¢) € M,z € X,E, is a B — reduction along I'(z) of E}

Let D be a divisor so that O(D) = L. The Hitchin moduli stack can be interpreted as classifying
sections

a:X — O(D) x [g/G]
, see [61, Lemme 2.4.].
Definition 4.2.5. The morphism
M = A= P H(X,0(d; D))
i=1

sending a section a to its image in O(D) x®m Sym(t*)W s called the Hitchin fibration. The base A
is called the Hitchin base. The composition

MIMxX 5 AxX

is called the parabolic Hitchin fibration.
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Let now G = SL,, and L be a line bundle of degree > 0 on P*. By the BNR correspondence [63], we
may realize the curve C from Lemma [4.2.1 or rather its intersection with Tot(O(2)) as a spectral
curve {det(zI — ¢) = 0} for the Hitchin fibration

M= A

associated to the data of P!, G, L. Let a € A be such that C is the associated spectral curve. Note
that we in fact have a € A% C AV, the locus where the spectral curves are irreducible, resp. reduced
(we will not need a more general definition of A% or A" here, for that see [61} § 6.1]).

The relationship to the affine Springer fibers we are considering is as follows. The curve C' may be

chosen so that the unique singularity is over 0 € X. Its local form corresponds to v = st € g(K) as

before, for s = diag(1, p,...,p" ') where p is a primitive n-th root of unity. Let (a,0) € A% x X.

Then [70, Proposition 2.4.1] says that

Po x5 FoY 5 M, (4.1)

is a homeomorphism of stacks.

Here P, is the generalized Picard stack, P3¢%(.J,) the reduced quotient of the local Picard stack at 0.
Modding out by P,, the left-hand side of Eq. simplifies to F€7 /Py¢4(J,). By taking v = st for
s € t7%9 as above, it is easy to compute by hand in this case that Py(J,) = T(C) x A where T is the
diagonal torus in GL,, and A = X*(T') = Z" is the lattice part of the centralizer.

Modifying the proof of [61], Proposition 4.13.1] slightly, we can write the following variant of Eq. (4.1):

M, /P> = Fy /A (4.2)

where P” is the Picard group of the normalization of C' as in [61} 4.7.3].

The upshot of this analysis is that we may define the perverse filtration on H*(F¢{/A). Namely, if
M= Mx {0} — A9 denotes the restriction of the parabolic Hitchin fibration to the locus of
irreducible spectral curves and with the parabolic reduction at 0 € X, 7,C acquires a filtration from
the t-structure on the base as

Pgi = im(pTSﬂr*(C — pTSH_lﬂ'*C).

Restricting to the stalk at a, we get a filtration P<; on H*(M,/P?) = H*(F¢]/A). By results of
Maulik-Yun [56] this filtration is independent of the choice of deformation of C' used here (we only
require the total space to be smooth and a codimension estimate on the base, handled in this case by
[61]). See also [56, Section 3.1.3.].

We make the following conjecture, which holds for G = SL.

Conjecture 4.2.6. As bigraded vector spaces

DR,, = gr? H*(Fe])* (4.3)
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Proposition 4.2.7. The conjecture|4.2.0 is true for G = SLs.

Proof. In this case, the two vector spaces are equal to C3, hence we just need to check that the
gradings agree. The affine Springer fiber F/] can be identified with an infinite chains of P!, and the
lattice action is obtained by translation by 2 ([70]). Hence the quotient X, = F¢] /A is isomorphic
to an elliptic curve with a singularity of type I» (i.e two P! glued transversally twice). By the
discussion before, this curve also appears as a spectral curve inside a cotangent bundle of P!, hence
its compactified Jacobian is a Hitchin fiber inside the corresponding Hitchin fibration. Since X has
arithmetic genus 1, it is isomorphic to its own compactified Jacobian. It follows by versality of the
Hitchin map in this case that the restriction of this fibration to a generic line is simply a smoothing
of Xo, say f: X — L =C. Let L* = L\{0}. By the decomposition theorem, we have

[Cx =CraC[-2]®Cy[-2] & Z[-1]

1 2
where .Z is the rank 2 local system on L* given by the matrix 0o 1) The pure part is given by

C,oC.[—2]®Cy[—2]. The perverse degree are —2,0, 2. Up to renormalisation, we obtained the same
bigrading as the diagonal coinvariants in this case. O

We now turn to the sls-action. Let Lg4e; be the determinant line bundle on M. The iterated cup
product by ¢1(Lget) induces a map

Ucy (Ldet)ga*i : pHdim .A+i7r*(c N pHdim A+2g“7i’fr*(c
and therefore maps
Uer (Laer) : gr" H* (FG/A) = er? B (FE /A)
of bidegrees (a,b) = (2,2), where a is the cohomological degree and b is the perverse degree.

The first Chern class ¢1 (Lget) coincides with a certain polynomial in the ring of diagonal coinvariants,
under Conjecture m (see next theorem). We can hope that ¢1(Lge:) also coincides with the Poisson
bivector field on the Springer resolution as explained in more detail in Conjecture

Theorem 4.2.8. Under the identification Eq. (£.3), the element c1(Lger) € gr? H*(F€7)A corresponds
up to a nonzero scalar to the "Haiman determinant” A,_1 1) € DRy, given by

A1) = det(y” 27 )1<i j<n

where (p1,q1), .-, (Pn, Gn) is any ordering of (0,0),(0,1),...,(0,n —1),(1,0) € Zzzo
The theorem is clear because both bigraded pieces are 1-dimensional.

Finally, note that by the Jacobson-Morozov theorem, the nilpotent action of e = Ucy(Lget) extends
to an sly-triple (e, f, h) acting on gr? H*(F¢] /A). By [56, Conjecture 2.17.] the Jacobson-Morozov
filtration induced by ¢1(Lget) on H*(F¢] /A) is opposite to the perverse filtration. It is clear that the
Jacobson-Morozov filtration induced by A(,_1 1) on the diagonal coinvariants induces the filtration
by antidiagonals.
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Recall that the Combining Theorem and Conjecture we also have the following conjecture.

Conjecture 4.2.9. There is a bigraded algebra isomorphism
BirjirmoH (N, NTN)* = H*(F;)»

where the bigrading on the right will explained later. The bigraded pieces (i,7) on the left should go to
the piece gr' Hj(]-'@)A. Moreover, the element T on the left should correspond up to a scalar to the
polynomial A, _ 1y introduced in Theoreml@ on the right, or in the second version equivalently to

C1 (Ldet)-

Combined with the Carlsson-Mellit conjecture, this Conjecture would imply [48, Conjecture 4.9(3)].

4.2.2 A degeneration of spectral curves

We define certain elements v,,11/,. Let ®, the set of roots of height r. Let m = ah+b where 0 < b < h
(here, h is the Coxeter number associated to g). Define

Yo =t [t D et D e

PEPL_p ped_y

To propose yet another model for the center in type A, we will study the elliptic homogeneous affine
Springer fibers of slope (n + 1)/n associated to the elements 7,41/, and their relation to F¢], where
«y is as in the introduction. It is known by e.g. [20] that

grP H* (J—_'g“/nJrl/n) o~ DR"

We will construct a a family of irreducible spectral curves Cy C Tot(Op1(2)), such that the associated
family of parabolic Hitchin fibers models the degeneration of affine Springer fibers of slope n/n to the
one of slope (n+ 1)/n. One can then ask whether the specialization map from the cohomology of the
total family (which turns out to be just that of the central fiber) gives an injection to the cohomology
of the special fiber, respecting the perverse filtration.

Theorem 4.2.10. There exists a family of irreducible curves C — A', arising as a restriction of
the Hitchin system to a line on the Hitchin base, so that the spectral curve Cy,t € A will have two

n—1

singular points: one “constant” (i.e independent of t) singular point with equation y™ = z"~ 1, and

another singular point of the form y™ = ta™ + 211,

Remark 4.2.11. Let us notice that if t # 0, this singular point is isomorphic to the singularity
y" + 2" = 0. Indeed, in C[[x,y]] the equation can be written (t + z)~1y™ = z". Taking a n-th
root of the unit (t + x), say a, we can use the coordinate change Y = a~'y and X = x to get
Y™ = X"™. Hence, around this second singular point we are degenerating the singularity y™ = z" into
the singularity y™ = ™11,

Proof. We construct the family of spectral curves realizing this degeneration as follows: let F C ¥
be the exceptional section inside the first Hirzebruch surface, and F' C ¥; some fiber, which we will
call ”the fiber at infinity”. Let U = X;\(E U F'). Take coordinates x,y on U such that the straight
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lines x = constant are the fibers of the projection U C ¥; — P, Let us consider the curve C,cU
given by the equation y™ =t 4+ x. The effect of a positive elementary transform ¢ : 3, --+ ¥, is
given by the change of variables v = y/z,v = x.

Hence the strict transforms of C; (inside ¢(U)) have local equation given by u™ = tv™ + v"+1, giving
the desired degeneration. Now let us describe the singular point at infinity (i.e compute the closure
of these curves inside Y3), and prove that C; is irreducible for all ¢ € A

First, we claim that the closure of C’t doesn’t intersect E. Indeed, recall that ¥ is the blow-up of
P? at a point. Hence, it’s enough to take the closure of the preimage of C, inside P2 (call this curve
C’t) and check that C; doesn’t intersect the center of the blow-up. On U, we have coordinates x,,
that form a dense open of P? (recall that U and E are disjoint by definition). Because U = A2, we
can take homogeneous coordinates [z : y : 2] on P2. The fiber at infinity is given by z = 0 and U is
given by z = 1. The fiber x = 0 and z = 0 both contains the center of the blow-up which is therefore
[0:1:0].

The closure of C; has equation 3" = tz" 4+ 22"~ ', which clearly doesn’t contain [0:1:0].

Since the elementary transforms are isomorphism outside the exceptional locus, it follows that the
closure of Cy coincide with the closure of Cy inside P2, i.e the curve with equation 3" = t2" + zz" L.
The only point at infinity is [1 : 0 : 0], and has local equation y™ = t2™ + 2"~ ! as claimed. To check
that C} is irreducible, it’s enough to check that C; is irreducible on the chart x # 0. On this chart,
C; is isomorphic to the curve given by y™ = z"~!, which is irreducible. O

Consider the associated family of parabolic Hitchin fibers, which is a restriction of the family in
to a line. Using Eq. 7 we note that the only affine Springer fibers contributing to the cohomology
are the ones coming from the singularities described above. We will ignore the one which is constant,
for there is an injective map in cohomology sending the cohomology classes a € H*(F ¢} /A,)) of interest
to

a®1 e (FG/A,) @ B (FG ™) 2 H (M,)
where 7 is either v or v, 11 /x-

In particular, by Theorem we get a pullback map ¢* : H*(F¢" /") — H*(F¢] /A). Now, both
of these spaces are endowed with the perverse filtration, as the family comes by restriction of the
Hitchin fibration and on the locus of interest the map is proper, so that the decomposition theorem
applies. Note however that it is unclear how this filtration compares to that induced by the ¢-structure
on A', as the pullback along the inclusion to the base is in general only right t-exact.

Remark 4.2.12. It seems likely that the map * is injective and its image is exactly H*(]:Q)A.
Moreover, the map respects the perverse filtration. Note that as the map is a pullback in cohomology,
it automatically respects the multiplicative structure.

The only supporting evidence for this remark is that these properties are true for G = S Lo, where they
are easy to check. In general, we observe that }"E;{"“/" has only even-dimensional cohomology as it
is paved by affines. It is also known that it has n! components, as does Fl]/A. On the level of top
cohomology, it is clear that the map is injective, but in general it seems hard to control the associated
vanishing-nearby cycles-central fiber exact sequence in cohomology.

Let us recall the main result of [20]:
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Theorem 4.2.13. There is an isomorphism DC,, = H*(F""™/™), and a filtration such that the
natural Q[z]-action is equivariant on the subquotients of the filtration.

Using this result, we obtain a map DC, — z%. Our conjecture would imply that this map is an

’IYn+1/n)

isomorphism, and understanding the y-multiplication on H* (F¢ could relates the multiplication

on both sides.



Chapter 5

The BGG sheaf-cohomology
algorithm and examples

5.1 Overview

In [48], the sheaf-cohomology BGG algorithm was introduced, and was used to compute the center for
g = sl3. Unfortunately, the computations for higher ranks are too complicated to be done by hand,
even for type go. Later in [32], we developed the algorithm further and implemented it as a software
package. We provided several geometric applications of the method, but the original motivation was
to study the center of the small quantum group. This is what we will do in this chapter.

In Section we recall some facts about the small quantum group. In Section we compute the full
ring HH® (u;), where uy is the non-trivial singular block for g = sl3. Using the BGG sheaf cohomology
method, we express this ring as g-module and as a module over the functions on the nilpotent cone
C[N]. The C[N]-module structure of HH®(ug) was computed in [50] for g = sly. In Section [5.4] we
compute the center for all blocks of G5, B3, C3 and A4, confirming the conjectures by Lachowska-Qi for
each case. In Section [5.5] we discuss higher Hochschild cohomology groups and give several examples.
Finally, in Section we consider the case when G/P = P", for which HH® was previously computed
in [49]. We present partial results for higher Hochschild cohomology.

5.2 The small quantum group and the BGG complex

In this section we recall the algorithm of Lachowska-Qi to compute its center. We will then give explicit
formulas for the BGG maps of the higher cohomology of sl3, and we give a simplified description of
the modules used to compute the Hochschild cohomology of blocks of the small quantum group.

Let us recall the main theorem of [12]:

Theorem 5.2.1 ([12]). There is an isomorphism HH¢ (N) = HH®(ug), where the left-hand side is
the C*-equivariant Hochschild cohomology of N .

This isomorphism is compatible with the g-module structure [50]. In [48] and [49], the left-hand side

43
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was explicitely computed in terms of the BGG resolution associated to a finite-dimensional irreducible
representation of g. Let us recall briefly how to do this. There are certain G-equivariant vector bundles
V= GxBV, i (where j, k are integers) on G/ B such that the Hochschild cohomology can be obtained
from sheaf cohomology of the V; ;. We will describe the B-modules Vj ;. in section The precise
relation is

HH..(N) = @ H(G/B, V). (5.1)

i+j+k=s

It follows that the center has a natural bigrading. One can reduce the computation of the right-
hand side of equation to a Lie algebra cohomology computation [48]. The BGG resolution is a
convenient tool for this computation, and we will recall its basic properties in the next subsection.
These observations lead to the following structure result:

Theorem 5.2.2 ([48], Theorem 4.3). For any s > 0, there is an slz-action on the Hochschild coho-
mology HH? (ug), where the generator e € sly acts as a homogeneous element of bidegree (i,7) = (0,2).

More precisely, this homogenous element is the Poisson bivector field 7 € H° (./\7 A2TN )~2 (which is
the dual of the canonical symplectic form w € H2(N,Q?)?). The action of e is hence given by the

map
A —: H(N,NTN)* = H (N, NT2TN )2,

In particular, there are canonical isomorphisms ([48], Corollary 4.4)
A= H(N, A ITNYE — HY(N, AP TN )2

We can represent the action of 7 on the bigraded table as follows (we took g = sl and s = 0):

i+j=0 | HY(N,A'TN)O
\\\\\\\7'/\7
~ ~ \\\\$ ~ ~
i+j=2 | HY(WN,A'TN)2 HO (N, A2TN)~2
\\\\\\ TNA— \\\\\\ TNA—
~ ~ \\\\\$ ~ ~ \\\\\$ ~ ~
i+j=4 | H3WN,A2TN)* HY(N, A2TN)—* HO(N, A*TN) %
\\\\\\ TNA— \\\\\\ TNA— \\\\\\ TA—
B B Ty N N Ty N N Ty N N
i+j=6 | H¥WN,ATN)S H?(N, A*TN)~6 HY (N, ASTN)—6 HO(N, ASTN)—6
Rt j—i=0 j—i=2 j—i=4 J—i=6

To compute the bigraded table corresponding to HHE. (A), we hence just need to compute the top-left
half of the table (including the diagonal starting at the bottom left), and use the sly-action to obtain
the full table.

In [48], the center of ug(sl3) was obtained as bigraded vector space, and it was noticed that, as a
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bigraded vector space, HH® (sl3) is isomorphic to the double coinvariant algebra DCs, where
DCm = (C[»”Ula-~-7$m7y17-~~7ym]/l7

and I is the ideal generated by invariant polynomials (for the diagonal &,,-action). This motivated
the following conjecture:

Conjecture 5.2.3 ([48]). As a bigraded vector space, there is an isomorphism z(ug(sly,)) = DC,,.
In particular, dim z(ug(sl,,)) = (m + 1)™ L.

It is also conjectured that, as sl,,-module, z(ug(sl,,)) only contains the trivial representation. In other
types, the presence of non-trivial representations made the formulation of a general conjecture more
difficult. Computations for by showed that the g-invariant part was also isomorphic as a bigraded
vector space to the double-coinvariant algebra (which is defined for any Weyl group W). One could
thus still hope for the following:

Conjecture 5.2.4. [[9] Let g be a semisimple Lie algebra with Weyl group W. Then, z(ug(g))? =
DC(W).

For g = sl,, it is expected that the whole center is g-invariant:
Conjecture 5.2.5. [[8] Let g = sl,,. Then, z(uy(sl,)) = z(uy(sl,))*".

Finally, outside the simply-laced case, non-trivial representations appear. Based on our computations,
we make the following conjecture:

Conjecture 5.2.6. Let L be an irreducible non-trivial representation appearing in z(u,(g)), and let
h be the Cozeter number of g. Then, h + 1 divides dim L.

5.2.1 The BGG complex

We recall the BGG complex and some of its basic properties. Fix a triangular decomposition g =
udhdn, and let b = hPn. Recall that, for any p € h*, the Verma module is defined as M(u) =

Indgé’;)e9 ") C,, where C, is a one-dimensional b-module, and where b acts by p and n by zero. Let

P be the set of dominant weights, and let A\ € PT.

Theorem 5.2.7 ([35], chapter 6). There is an exact sequence
0— M(wg-A) — @ Mw-A) — - @ Mw-A)-—= MA)— L\ =0
L(w)=n—1 L(w)=k
We now state the following facts needed to understand the maps in this complex:

Proposition 5.2.8 ([35], p.75). For all u, A € P we have dim Homg (M (1), M (X)) < 1. Moreover, if
A is dominant, then for any x,w € W a morphism M (w - pu) — M(x - u) exists if and only if ¢ < w.
Such a morphism is always an embedding.

It follows that the maps in the BGG complex are essentially given by scalars. As we will see later, it
is proved in [57] that this complex is independent of the choices of the scalars.

Proposition 5.2.9 ([I], Lemma 10.3). If w,w’ € W are such that there is x € W with w' — z — w,
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then there are exactly two such elements, say x and y. We call such a quadruple of elements a square
in W and denote it by (v, z,y,w).

Proposition 5.2.10 ([35] p.118). Let « be a simple root, B be a positive root and x,y € W. The first
diagram ezxists if and only if the second diagram does:

We also require the following lemma:

Lemma 5.2.11. For each edge x L w, there is a square (W', x,y, w) and a simple reflection s so that

either w = sx or w = sy.

Proof. The lemma is obvious if w = wy so we assume w # wy. Since we assumed w # wq there is a
simple root « so that y := sqw — w. Taking § = s, (where « is the positive root corresponding to
t) proves the existence of the right part of the diagram in proposition so the proposition
finishes the proof. O

In light of proposition and theorem the maps in the BGG complex exactly correspond to
pairs (z,w) with z,w € W, such that + — w, i.e. there is a reflection ¢ € W so that w = ta and
(w) = £(z)+ 1. Hence, the maps in the BGG complex exactly corresponds to the edges of the Bruhat
graph % of the corresponding Weyl group W.

We recall the definition of the Bruhat graph: the vertices of & are given by W, and there is an edge
from x to y if and only if z — w, i.e. there is a reflection t € W with w = tz and f(w) = ¢(z) + 1
For example, for sl3 the BGG complex associated to A is represented by the following diagram:

515281
8152

M(s18281+ A / >< \ ) — L(\)

8281 4>9291 52 M 82

Here each column represents a term of the BGG complex, and each edge o(x,w) corresponds to an
element ¢t € W so that tx = w. For example, for the lower horizontal arrow we have x = so, w = 89871
and ¢t = $951589.

Now let us describe in more detail the maps associated to edges in the Bruhat graph. A non-zero map
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M(w-X) — M(z-\) is injective (by [5.2.8). Hence we can write M (w-A) = U(n)u where u € M(z-\)
is a highest weight vector of weight w - A. The map M (x - A) — M(w - \) is determined by the image
of u, which is a highest weight vector of weight w - A — x - A, so it can be written as Fu for a unique
F = F(z,w) € Un)[x- A —w-A]. We emphasize that F(z,w) depends on A. Explicitly computing
all these elements F(z,w) is an important part of the algorithm. An easy case is when w- A —z- A is
a multiple of a simple root «; (i.e. when the element ¢ € W associated to the edge o(x, w) correspond
to a simple reflection). In this case, the element F will simply be a scalar multiple of f; I+ (w-Aa; )
Now assume that we found all the elements F(z,w). These elements are well-defined up to scalar
multiplication. To obtain a complex, we should pick scalars for each edge to ensure the equation
d? = 0. In view of propositions and to check that d? = 0 it is enough to check it ‘square-
wise’. That is, for each square w — = — w',w — y — w’ we require the equality F(w,z)F(z,w") +
F(w,y)F(y,w") = 0. In practice it is easier to solve the equation F(w,z)F(x,w’) = F(w,y)F(y,w’)
and then assign signs o(w, w’) to each edge so that o(w,z)o(z,w") + o(w,y)o(y,w’) = 0. Note that
then the maps o(x,w)F(z,w) will form a complex. The two following results ensure that the BGG
resolution is in fact exact, and moreover unique:

Theorem 5.2.12. [1] For any choice of scalars such that d*> = 0, the corresponding BGG complex is
ezxact.

Theorem 5.2.13. [57] Different choices of scalars give isomorphic complezes.

So we can just pick an arbitrary choice of scalars such that d?> = 0. Finally we explain how we compute
the maps. For each square, we can recursively solve the equation fg = hk where we know all but one
map. We surely know the first column since each map corresponds to a monomial. For any edge ¢ we
can then find a square where the opposite edge is a simple reflection by lemma (hence we know
all but one map and can compute the map corresponding to t). Once we have solved each system, we
just distribute signs for each edge so that each signed square has 1 or 3 negative signs.

As an example we compute the first non-trivial map in the BGG resolution for g = g2 and A = 0 (note
that the maps depend on the weights in general). We write «; for the short root and «s for the long
root, and obtain s1 -0 = —aq, 82 -0 = —@9, 8281 - 0 = —a; — 2a9 and s185 - 0 = —4a; — . Therefore
the beginning of the complex is:

40(1—0{2 4>M

s

011—2&2 HM

Write M (0) = U(n)vg where vg = 1 and M (—ay) = U(n)v_,,. Looking at the weight, it is clear that
the map M (—aq) — M(0) is given by v_,, — f1v9, up to scaling. Similarly, the map M (—4a; —asz) —
M (—az) is given by v_44, —a, + fiVU_a, up to scaling. Since we require the upper square to commute,
we need to solve the equation fif, = Ff; where F is the unknown. For this particular case, the
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solution follows easily from the Serre relation ad(fi)*(f2) = 0, giving F = 4f3fo — 10f2fof1 +
Afyfof? — fof?. Similarly, the map M(—a; — a3) — M(—aq) is obtained from the other Serre

relation ad(f2)?(f1) = 0. A possible choice of signs for g is shown below (solid arrows correspond to
+ and dashed arrows to —):

[ ) [ [ ) [ ) [ ]
\ 4 \ A N
AN
N N N
\ \ N
[ ] X X [ ]
/N / A\
/N /A
/ N / N
[ [ [ ) [ ) [ ]

Here, w - u = w(pu + p) — p is the dot-action, where p is half the sum of positive roots. We de-

note the resulting complex made of Verma modules by BGG®*(\). The maps of this complex are
given by monomials in U(n). For a finite-dimensional b-module F, there is an associated complex
BGG*(E,\) := (Hom,(BGG*()\), E))". Using that Verma modules are free U(n)-modules, we can
identify

BGG*(E,N) = @ Elw- A,

L(w)=k

where F[u] denotes the weight space corresponding to the weight p. This complex can be used to
compute certain sheaf cohomology groups:

Proposition 5.2.14 ([48]). Let & = G xP E be the associated vector bundle on G/B. Then,

Homg (L(X\), H*(G/B,€)) = H*(BGG(E, \)).

For example, if g = sl3, and A = nja; + noas is a dominant root weight, i.e. ni,ne > 0, 2ne > ny
and 2ny > no, then the corresponding BGG complex is:

g™ +ng — 1] 15951 gl M 2 1
2 ny —no — 1
\
S92 /’ s / S1 -~
- 1
B ni B —ng — 2
) \ —ny — 2
S1 52 32/'
~ \ o
E §25182 FE — Az =1
ny —ng —1 —ng —2
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Here F “ denotes the weight space of weight a;aq + asas.
as
This for example implies that the map E[\] — E[s; - A] is given by multiplication by f7"2~ ™! since

it has to be h-equivariant. Up to symmetry, the only non-trivial map is the map E[s1-A] — E[s152-A].
Let us compute this map as an example. We know that this map is given by multiplication by an
element fi_,12 € U(n) of weight (ng + 1)ag + (2n2 — ny + 1)as, and which satisfies the equation

2mn1 — 1 2 p— 2 1
fl~>12f1nl no+1 _ f{11+n2+ f2 ni+2na+ .

If we assume m > n, we then have

r—1
=3 (0) (on-) sty s,

0<r<n 7=0

It follows that f{*f3 is right divisible by f{* if and only if m > a +n. This is the case for the operator
fi—12 in our BGG complex, hence we obtain:

Proposition 5.2.15. The BGG operator fi1_,12 is given by

r—1

—ny + 2712 +1 . oy 2na ]t g2t ]

f1—>12: E ( r H(n1+n2+2—]) {2f2 ni1+2ng Tfl ni+2ng T
0<r<—n;+2nz+1 =0

These formula will be used later in calculations.

We will use the BGG complex in the next section to compute Hochschild cohomology of the block
uy(sl3). Let us mention that a parabolic version of the BGG resolution exists (cf. [35, §9.16]), but
implementing a parabolic version of the sheaf-cohomology BGG algorithm is not easy. However, since
we are only interested in computing sheaf cohomology, we can simply consider a p-module F as a b-
module by restriction and compute its cohomology as b-module. This gives the correct result because
the spectral sequence associated to the projection G/B — G/P degenerates. Finally let us present
some concrete computations with the BGG resolution:

Below we present two examples that can be computed by hand, using the algorithm previously de-
scribed. The computations were done by hand and confirmed by the computer implementation of the
BGG algorithm presented in [32]. Our first example is the cohomology of the flag variety G/B for G
of type G5. Unlike the traditional approach via the Chevalley-Eilenberg complex, the computation
using the BGG resolution is straightforward. In our second example (which is more involved), we
compute the Hochschild cohomology of the complete flag variety X = G/B for G = SL4.

Cohomology of G/B, G = G,

Let X be the complete flag variety of type G = G3. We recall that any partial flag variety X =
G/ P is a smooth projective algebraic variety, with Picard rank given by the number of simple roots
corresponding to P. Hence here, our X has dimension 6 and Picard rank 2.
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Figure 5.1: Root system of Gs.

We would like to compute H(X, C). By the Hodge decomposition and the fact that Schubert classes
are algebraic, this group is isomorphic to HY(X, Q% ). Moreover, thanks to Poincaré duality we only
need to compute it for ¢ = 1,2,3. Finally, it is a well-known fact that the g-structure on H/(X, Q%)
is trivial, hence we can focus solely on the multiplicity of the trivial representation.

Let «y denote the short root and s the long root. We pick a Chevalley basis of n with elements
f1, f2, fi2, fi12, fi112 and fi1120 where the subscript indicates the weight. The following diagram
represents the dot-orbit of 0, indexed by the Weyl group of G5. It shows which weights will appear
in the BGG complex associated to A = 0.

—9aq — 6ays — —9a1 — 4oy — —4day — 4oy — —4da; — g — —

SR8

—10c; — By — —6a; — dag — —b6a — 2a0 — —ap — 200 — —

In order to compute H* (X, QL) we use that Q4 = G xgn. Hence, by our previous discussion we need
to compute H' BGG*(n,0). We have BGG?(n,0) = n[—a; —2as]®n[—4a; —as]. However it’s clear that
these weight spaces are zero, and it’s obvious that BGG®(n, 0) = 0. Hence we get H' (X, Qx) = L(0)®2,
generated by fi; and fo. That was the expected answer since the Picard group of G2/B is generated
by the divisors associated to the line bundles .%,, and .Z,,. Let us compute H*(X,C) = H*(X,Q%).
This time our vector bundle is G x g A%n, so we would like to compute H? BGG*(A%n,0). Clearly, we
have A%n[—a;] = A%n[—az] = 0 and AZn[—6a; — 2as] = A%n[—4a; — 4az] = 0 by direct inspection.
So our cohomology is generated by A?n[—4a; — ag] (generated by fi A fi112) and A*n[—a; — 2as]
(generated by fi A fi2). As a last example, let us compute H*(X, Q3%). Once more it is clear that

3n[—9a1 — 4as] = 0 = A3n[—6a1 — Say], and similarly An[—a; — 2as] = 0 = A3n[—4da; — ag).
It follows that H?(X, Q%) = ASn[—6a; — 200] © A®n[—4a; — 4as], generated by fi A fia A fi12 and
fa A fia A fi1122 respectively. Other computations are similar. We present the final result in a table

One can notice the Poincaré duality through the BGG complex. For example f; and fo A fi2 A fi12 A
fi112 A fi1122 are Poincaré dual to each other. This duality is specific to the case where A = 0. In the
next example, such duality does not appear.

Hochschild cohomology of G/B,G = SL4

Recall that the Hochschild cohomology of a smooth scheme X over a field is defined as HH®*(X) :=
Ext% x(Oa,Oa), where A C X x X is the diagonal. By the Hochschild-Kostant-Rosenberg theorem
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dimHY(X, Q%) Explicit BGG generators
1 1
2 f1, fa

2 fi A fiiz, fa A fie

2

2

1A fri2 A fiiie, fo A fi2 A fiiiee
Ja A fia A fri2 A fiii2e

JiA fii2 A fiie A fiinze

b 2 fa A fia A fiie A fiiie A fiiee

fi A fi2 A fiie A fiie A fiaee

6 1 fi AN fa A fiz A friz A finie A fiiiee

Table 5.1: Cohomology of G/B for G = G

=W N = O

there is an isomorphism HH®(X) = @, ,_, H (X, NV Tx).

In this paragraph we compute the Hochschild cohomology of G/B for G of type As. It is a classical
result (see [10]) that H*(G/ P, T p) = gif G is of type A. Hence we just need to compute HO(X, N Tx)
for j =2,3,4,5,6. We have Tx = SLyx pu where u = g/b is the Lie subalgebra generated by eq, ea, e3.
In order to not duplicate computations we will use the symmetry exchanging «; and as. Below we
list the cohomology HY(X, AT x) for each j.

° HO(X, Ox)=C
o H'(X,Tx) = L(a1 + a2 + a)
[ ] HO(X, /\2T)() = L(Oél —+ (6%) —+ ag) [S2) L(QOél —+ 2&2 —+ O[g) D L(a1 =+ 2&2 + 2053)

[ ) HO(X, /\3Tx) = L(Oél + (%) + O[3) @ L(2a1 + 2@2 + 053) @ L(Oél + 2042 —+ 2043) @ L(2041 —+ 20[2 +
2053) D L(Oq + 200 + 053)692 D L(?)Oél + 209 + 043) D L(Oél + 209 + 30[3) D L(2041 + 3a0 + 2&3)

[ ] HO(X, /\4TX) = L(ZOLl + 20&2 + 013) @ L(Ozl + 20[2 + 20[3) @ L(?Oél + 2042 + 20&3)@2 @ L(Qozl +
3as + 20(3)@2 D L(30(1 + 3as + 20&3) D L(Q(Jél + 3as + 3@3) D L(2a1 + 4o + 20&3)

. HO(X, /\5Tx) = L(2041 +3a9 + 20&3) & L(30¢1 +3as + 2&3) D L(QO{l +3a + 30&3) D L(30él +3ag +
3043) D L(3a1 + 4o + 2@3) D L(20¢1 + 4o + 3&3)

o H(X,ASTx) = L(3a; + 4az + 3a3)

We consider the computation for HO(X ,A’Tx) in some more detail. We fix the notation and take
the following basis of h: hy = diag(1,—1,0,0), he = diag(1,0,—1,0) and hs = diag(1,0,0,—1). For
1 =1,2,3 we take f;,e; € sly so that f; is lower-triangular and each (e;, fi, h;) is a slo-triple. We
define f12 = [fl,fQ],fQ?, = [f2,f3] and f123 = [f17f23] = [fm,fs} and ejp = [62,61],623 = [63762] and
€123 = [e3, e12]. Let us compute the coadjoint action of b on u. Note that the h-action is the same as
the adjoint action. Here we list the non-zero coadjoint actions of n on u:

‘ €12 €23 €123

fi| e2 0 €23
fa| —e1 e3 0
f3 0 —ey  —e12

fi2 0 0 e3
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Since u is nilpotent there is a natural filtration on it, and each composition factor splits as a direct sum
of 1-dimensional weight spaces. Geometrically it means that the vector bundle T x has a filtration with
direct sums of line bundles as composition factors. For example, in our case the composition factors for
Tx are L, ® Lo, © Loy, Loi+as D Logtas ad Lo, faytas, Where for € P, £, is the line bundle
G xp C,. By considering the associated long exact sequences it is clear that there is a surjection
D cwi(nz) H(X,.Z,) — H°(X,A’Tx). However, since line bundles might have higher cohomology,
there could be some cancellation in the long exact sequence. Using the Borel-Weil theorem it is at
least clear that dot-singular weights will not contribute, hence we can restrict ourselves to line bundles
so that the corresponding weight is dot-regular. For each such weight A, the cancellation will come
from a dot-regular, non-dominant weight p in the same dot-orbit as A\. Hence, if there is no such p we
know that the L(\)-isotypical component of HY(X, A?Ty) is given by the A-weight space of A%n. In
most cases we don’t know how to compute the maps in the long exact sequence explicitly. However,
we can still compute the multiplicity of L()) in H?(X, A>T x) using the BGG complex.

The dominant, dot-regular weights appearing in A?u are o + oy + a3 with multiplicity 2, a; 4200 +as
with multiplicity 2, 2a; + 2as + a3 and a3 + 2as 4+ 23 with multiplicity 1. The dot-regular weights
that are non-dominant are oy + ag, a1 + 22 and 2as + 3. We have s5 - (a1 + a3) = a3 + a2 + a3
and s3 - (a1 + 2a2) = a1 + 202 + a3. This means that these two dominant weights might appear in
the cohomology.

To compute the multiplicity of L(c4as+as) in H (X, A2Tx), we use the BGG complex BGG® (A2u, o +
ag + ag). Since s1 - (o + ag + a3) = —ag + az + a3 and s2 - (a1 + a2 + az) = a1 + a3. We see that
BGGl(/\Qu7 a1+ as + az) = C{e; Aes}. Clearly BGGO(/\Qu7 a1 + ag + ag) is spanned by ej A egs and
e12 A ez. The differential given by the coadjoint action is z — fox and it is clearly surjective, hence
Hom(L(ay + as 4 a3), H' (X, A?Tx)) = 0 and Hom(L(a + as + a3), H*(X,A?Tx)) = C.

To compute Hom(L(a; + 205 + az), H (X, A?Tx)) we also use the BGG complex:

Aulag + 20 + as] = A%ul2as + as] @ A*ufag + 2a5] — 0 (5.2)

A basis of A%ufag + 2as + 3] is given by e12 A ea3 and ea A e123 and A%u[2as + as] © A%ufag + 200
has basis spanned by es A e12 and eg A ea3. The differential is

d(62 A 6123) = €2 A €93 — €9 A €12

d(ea A e1ag) = ea Aeaz + €2 Aeqa
meaning that d is surjective so again there is no cohomology. We get

Home (Lo, 120q-+as, H (X, A2Tx)) = 0, and Homg(La, + 205 +0s, H (X, A2Tx)) = C.
To summarize, H*(X, A2Tx) is concentrated in degree 0, and

HO(X, /\2Tx) = L(Oél “+ oo + Oég) S>) L(?(Ozl + CI{Q) + Ol3) S L(Oq + 2(@2 + Ozg)). (53)
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5.2.2 An improvement of the BGG sheaf-cohomology algorithm using the
modules Vj

To compute HHE. (./\7 ) using (5.1) we need a description of the modules Vj ;. Let us recall the
construction of Vj, from [48] and [49]. Let P be a standard parabolic subgroup, p = Lie(P), pr :
Np = T*G/P — G/P be the projection, n, the nilradical of P, and u, its dual seen as a subset of
g using the Killing form. Recall that p acts on its nilradical by the adjoint action, and on u, by the
coadjoint action. We hence have a map ad: p — End(n,) = n, ®u,. Let A = (r,ad): p = gD n, Quy,
where ¢ is the inclusion. We also write A for the induced map of Sym®(u,)-modules

A: Sym®(up) @p — Sym®(u,) (g B n, @uy). (5.4)

Here the p-action on Sym®(u,) is induced from the coadjoint action, and the action on g and n,, is the
adjoint action.

Proposition 5.2.16 ([49]). Let pr,Ty, =G xP V1., then we have an isomorphism of p-modules

~ Sym®(uy) ® g ® Sym*® (u,) @ny

Vi = ® 5.5
1 Sym*(u,) @ A(p) (55)
All exterior powers of pr*TﬁP are described in [49] as well. For example, if Vo: = /\%ym, (up)Vl then
Voo Sym®(up) @(\'g D g@ny © A%ny)
)

~ A(Sym*(up) @p) A (Sym® (up) ®(g @ np))”

We now recall that in order to apply this to studying the small quantum group, we need a C*-grading
(which we will call the k-grading).

Definition 5.2.17. The k-grading on Sym®(u,) ® g® Sym®(u,) ®n, is defined by deg(n,) = —2,
deg(Sym™ (up)) = 2m and deg(g) = 0. We write Vj, for the k-th graded part of /\éym.(up)(Vl (for
the natural induced grading). Note that k has to be even.

We can give an alternative description of the p-modules /\éym.(up)Vl and the graded pieces Vjj, that
is more convenient algorithmically. This description essentially follow from the short exact sequence

of vector bundles (recall that Qx is the cotangent sheaf of X):

0= pr,0g, ®Qq/p — pr,T(Np) — pr.0g, ®Tg/p — 0

Lemma 5.2.18 ([48]). Let S, := S*®(u,). There is a vector space isomorphism: S, @(u, &ny,) — V4.

Proof. Note that the map

P =(1,1d): Sy @up ® Sy @1y — S, WD Sp O my

induces a map v¥: S, ®(up, ®n,) — V4. To show that ¢ is surjective, let p®x + ¢®y € Vi where
p,q €Sy and x € g,y € ny. Let us write ¢ = u 4+ w where u € u, and w € p. Using the relations in
Vi we get w =), p; ®w; where w; € ny, giving p@w = Y pp; ®w;. Hence p®@x + ¢y =p®@u+
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> PPi ®w; + ¢®y is in the image of ¥. To prove injectivity of ¢, suppose that ¥(p®@u+q¢®y) = 0.
This means that z/;(p ®u+q®y) € Sp ® A(p), hence there are polynomials r; € S, and elements z; € p
(we can assume that x; are linearly independent) such that p@u+ ¢®y + > r; ®(z; + ad(z;)) = 0.
Now it is easy to see that we should have r; = 0, and it follows that p = ¢ = 0 since u € u, and
Y € ny. O

Corollary 5.2.19. For any j > 0, the map N: /\js-.|D (Sp®(up &ny)) — /\js-.|D Vi is an isomorphism
of vector spaces.

This isomorphism preserves the k-grading. Hence we obtain:

Corollary 5.2.20. There is a h-equivariant, k-graded vector space isomorphism

ED S”(up)®/\up®/\np

rotr3=j,r1—rz=k/2

174

Vik

The isomorphism is also compatible with the p-structure in the following sense:

Lemma 5.2.21. There is a p-module structure on /\fép (Sp @(up ®ny)) such that N4 is p-equivariant.

Proof. It is sufficient to prove the case j = 1. For u € u, and x € p, write [z, u] = uq + x1 where
u1 € up and z; € p. We then define a p-module structure on S, ®(u, ®ny) by

x - (u,x') = (ug, —ad(xy) + [z, 2']).

This induces an obvious p-module structure on S, ®(u, G n,) and on /\gp (Sp ®(up ®ny)). By con-
struction ¢ (resp. AJ4) is p-equivariant. O

Example. We take g = sl3 with the usual Chevalley generators e;, h;, f;. Pick the vector 2 ® e; @ fiA
fo € S?(u)@u®A*n. We have f1-ea =0, fi- fi =0 and f1 - fo = fio. We also have [fi,e1] = —hy
and ady(h1) = —2e1 ® f1 + €2 ® fo — €12 ® f12. Hence we get

fi(B®e1@finfr)=ese12@fiAfaAfiz+e3®@e1® fi A fio.

5.2.3 The improved sheaf-cohomology BGG algorithm

The presentation of Vjj of corollary is very helpful for computing the cohomology of the
BGG resolution by hand. However, the resulting p-module structure on V} ;, is difficult to implement
algorithmically. Instead, we will consider V;; as cokernel of the map between spaces with simple
p-module structure. We define

J r Jj—r
M; = @Sym'(up) ®/\g® /\ n,.
r=0
Note that the map A defined in (5.4]) extends to a map

A M;_1®@p— M;_; ®(g€Bnp ®up) C M;.
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Note that now per definition V; := Mj/A(Mj,l ®p) = coker A. If we define the k-grading of p by 0,
then A respects the k-grading and thus

Vi =coker (A: M;_1 ., ®@p — M, ).

The map A therefore induces a short exact sequence of p-modules

0 —— Mjfl’k@)p A Mj’k i V}',k 0.

Note that the U(n) action on Vj j, is defined in terms of that on M ; suppose F € U(n), and X € M; ,
then we have that F - w(X) = w(F - X). Now let us choose a linear section o of w (respecting the
h-grading). Then if Y € Vj; we have that F-Y = w(F - 6(Y)). Since the differential in the BGG
complex is given by multiplication by elements of U(n) on weight components of V;; and M;x, we
have the equality dy = wdyo, with dy and dys the respective differentials on BGG*(Vj , A) and
BGG* (M, N).

We will describe how one can find the map w and the associated o. We will always use a basis of
M; i and T} j, induced from a Chevalley basis on g. In practice we realize V} j as coker A = ker AT,
where the transposition is with respect to the Chevalley basis. For practical reasons we choose a
basis of coker A with integer coefficients to describe the map w. Furthermore instead of using a true
differential we take,

dy = wdyw . (5.6)

A priori the rows of @ are just a basis, and we thus have that ww " # Id. Therefore élv%/ # 0, and dv
is hence not a differential. We could choose w such that wwew ' = Id but this is in general impossible
with integer entries, and by using integer entries we get a big computational benefit for exact linear
algebraic operations. Nevertheless we do have that

dim ker JV — dim im c?v = dimker dy — dimimdy,

and therefore dvv can be used to compute the cohomology of BGG®(Vj x, A). This is because w! can

be transformed to a section of @ by the isomorphism (wwz)~!. The images of dy and dy are hence

identical, while the kernels have the same dimension.

The cokernel of A can be efficiently computed using the isomorphism 1 of lemmal[5.2.18] The fact that
1 is an isomorphism gives us a convenient subspace im1 C M; ; such that @|im 4 is an isomorphism,
but this is not yet a full description of ker AT. The subspace im has a basis {z;}ics, and we can
define w(x;) = e; with e; an elementary basis vector. Each element ¢ € I then corresponds to a row
of AT. To obtain a full description of @ we simply need to write the remaining rows of AT as a linear
combination of the columns corresponding to the indices in I, i.e. if j ¢ I then we write

i€l i€l

Thus to compute w we need to solve a linear system, which is much cheaper in integer arithmetic
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than directly computing the kernel of AT. In summary:

Proposition 5.2.22. To compute the BGG cohomology of Vj . we use
dim H (BGG*(Vj 1)) = dim ker de;kwT — dimimwdy, ' @'

with w as in (5.7)).

5.3 Equivariant Hochschild cohomology of the non-trivial sin-
gular block of u,(sl3)

In this section we will compute the equivariant Hochschild cohomology of the non-trivial singular
block of uy(sl3). This corresponds geometrically to the equivariant Hochschild cohomology of T*P2.
A good understanding of these Hochschild cohomology groups is highly desirable since it could lead
to an explicit description of the geometric cup-product and Gerstenhaber bracket. The Hochschild
cohomology HH..(P!) is already described in [50] (we will recall their results later), and P? is the
next non-trivial case.

Let us fix the notation for this section: we take g = sl3, p = b@® C{e;}, and P a parabolic subgroup
such that SL3/P = P2. As a result n, = Cfa®Cfio and u, = g/p = Cey & Cera. We use the
same convention as [48], that is, ey, ea, f1, f2, h1, ho are the usual Chevalley generators, and we define
fi2 := [f1, fo] and e12 := [ea, e1]. Furthermore for a root weight A = nyay + naaq, let Ly, », be the
irreducible sl3-representation with highest weight .

We now state an elementary but useful lemma about root weights of sls:

Lemma 5.3.1. Let A = nja; +noas be a root weight, and assume ny > ny > 0. Then exactly one of
the three cases occur:

e )\ is dominant.
e s51-A=(ny—ny — 1l)ag + naas is dominant.
e \ is dot-singular. (In this case, 2n; =ng —1.)

In particular, the cohomology of the corresponding line bundles is concentrated in degree 0 and 1.

Proof. If X is not dominant then ny > 2n; + 1. We then obtain s; - A = (n2 —ny — 1)ay + naas. This
is dominant if 2(ne — ny — 1) > ng, i, if ng > 2nq + 2. Hence, if A and s; A are not dominant, we
should have ny = 2n; 4+ 1, which implies that s; - A = A. O

5.3.1 Description of HH{. (7*P?) as g-module

The purpose of this subsection is to prove the following theorem:

Theorem 5.3.2. Let uy, (sl3) be the block of the small quantum group corresponding to p. For s > 2,
HH"(ua, (s13)) is given by the following tables:
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For s =2m + 1 odd:

i+j=1 Lm,m b Lm+1,m S L7n,m+1 S Lm+1,m+1
i+j=3 0 Lm,m S Lm-‘rl,m ® Lm,m—l—l ® Lm+1,m+1
hii ‘ j—i=1 j—i=3

For s = 2m even:

i+5=0 | Lm,m

S 2
1+j=2 0 Lm,mfl @mel,m @Lm’m @Lm,m+1 @Lm+1,m
i+j=4 0 0 Lm,m
hd ‘ j—i=0 j—i=2 j—i=4
For s =1:

it+j=1 | Lo,o® L1
i+5=3 | Lo,o Loo® L1
hi-d ‘j—i:l j—i=3

For s = 0 this was computed more generally for all projective space in [49]. For s = 1 this is an easy
computation, hence we assume now that s > 2 and divide the proof into a series of lemmas. Notice
that using the sly-action, we only need to compute half of the table, as explained in section 2.

Lemma 5.3.3. We have H*(P?, Sym™ (Tp2)) = Ly -

Proof. We need to compute the BGG complex associated to Sym™ (u,). A basis of Sym™ (u,) is given

by {€5" el }o<icm. If 0 < a < m then, e]" “ef, and " e/t ! have weights in the same dot-orbit.

By lemmal5.3.1] one of the weights u is dominant and the other weight p/ is such that s; - 1/ dominant
(if they coincide, then by definition u is dot-singular). It is easy to see that the corresponding map
in the BGG complex is non-zero, hence the contributions cancel for a = 0,...,m — 1. For a = m the
BGG complex is C — 0, giving the result. O

Corollary 5.3.4 (i = 0, j = 0). There is an isomorphism of G-modules HO(/\~/'p, O/\7p) = @mZO Loy
If k = 2m, the k-th graded part corresponds to Ly, .

Proof. For a vector bundle pr: F — X we have pr,Og = Sym®(E"). Hence,
H'(E,Op) =2 H*(X,Sym*(EY)),

and thus
H'(Np, Og, ) = H(P?, pr, 0, ) = H'(P2, Sym* (TP?)).

The result now follows from the previous lemma. O
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Proposition 5.3.5 (i =0, j =1). Let 2m =k. If m > 2, we have

HO (NP7 TK/P>k = Lm,m D Lm,m+1 ® Lm+1,m ©® Lm+1,m+1~

Proof. Let us first write the weight spaces of the corresponding module S™(u,) @ u, & S™ ! (u,) @1,
in a table:

Weight ‘ Modules ‘ Vector ‘ Value of a
acy + mas S (up) @, | ef T %, @ fr |0<a<m+1
(a — 1)ag + mag S (up)@n, | ef T ety @ flo [0<a<m+1
acy + (m+ 1)ag S (up) @ uy ey’ el ® eo 0<a<m

(a+1)oq + (m+1Das | S™(uy) @u, e’ el ®e1a 0<a<m

The set of admissible dominant weights are hence of the form nia; +mas and nia;g + (m+ 1)as (for
appropriate values of ny). Notice that we have ss - (a1 + mas) = aa; + (a — m — 1)as. It is obvious
that there are no vectors with this weight (and similarly for the weight so - (a1 + (m +1)az)). Hence
the differential E[\] — E[sz - A\] = 0 is zero, and therefore the BGG complex in our case is simply
given by fi: E[A]—E[s; - A] for some integer ¢.

We begin with the case A = nja1 + mas, where 2ny > m, which means that A is dominant. For now
wee assume that n; < m — 1. The BGG complex is then d: C*—C?, where the differential is given
by multiplication by f2"*~"~!. Let us write the formula for d. In a basis, we have

_ nq! o _
d(ef et @ fy) = m = = 1)1 nll — (e 2 ™M @ fo + (201 —m + D)es' ey ™ @ f10),
and
1)!
d(g;n—nle’ig-l-l ®f12) _ (nl + ) '67211+16;7;_n1 ®f12-

(m—mny—1)
Indeed, f1 - fo = fi2, f1- f12 = f1-e2 =0, and the action of f; is given by

froeb e @ fo =raef Tel3T @ fo + ehtel3, ® fio

and by induction the formula for the differential follows. It also follows easily that d is an isomorphism,
thus these weights do not contribute to the cohomology. We look at the remaining case: n; €
{m,m+1}. For n; = m the complex is given by C? — C, where the basis of C? is given by ezes ® fo
and €5t fi2, and the basis of C by €5 ® fio. Since f{"™' - et @ fio = et @ fia, it follows
that the differential is non-zero. Hence L, ,, appears in H° (J\~f P7Tj\7p)k with multiplicity one. For
the weight (m + 1)y + mag, the complex is C — 0, therefore Ly, 41, appears in H° (/\~/p, Tﬁp)k with
multiplicity one.

Now we consider the case A = njag + (m + 1)as. We take A dominant and first consider n; < m — 1.
Let us recall that, by definition, the action of f; on ejs,es € /\111,J is given by f; - e12 = ez and
f1-e2 = 0. The differentials are given by

_ ny! - -
d(e;nJrl ’I’Lle’lilé[ ®€12) — m (eg1+2e;r; ni—1 ®eqg + (in —m + 1)egl+lerlr§ ni ®€2) ,
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and

- ny+1)! -
d(ey eyt @es) = (m(—lm _)1)! 3Tl e,

It follows again that all these weights do not contribute to the cohomology. We are left with the weights
may + (m + 1)ag and (m + 1)ag + (m + 1)as. In the former case, the complex is C2 — C, where a
basis of C? is given by e} ® ey and 626717371 ® e12, and where a basis of C is given by e}’ ® ea. The
differential is again surjective, thus Ly, ,+1 appears with multiplicity one in HO(/\N/ P, T/Vp)k' Finally,
the BGG complex in the latter case is given by C — 0, and the proposition follows. O

Lemma 5.3.6 (i = 1, j = 1). We have H'(Np, Tj ) = 0.

Proof. Tt follows from the previous proof that E[\] — E[s; -] is surjective for each A that can possibly
contribute to the cohomology. O

Proposition 5.3.7 (i =0, j = 2). Write s = 2m. We have
H° (./\713, /\QT/(/P)k =Lpmm—1® Lyp—1,m @ Lfmm @ Liym+1 @ Lit1,m

Proof. We have i+ j+k = s, hence k = 2(m—1). As before, let us first split the module into different
weight spaces:

Weight Modules Vector Value of a
(a+1ag + (m+ ag | S™ L(uy) @ A%y, | e " ledy@ea Aera | 0<a<m—1
(a+ 1Dag + may ST (up) @u, @ny | en' ey ®ein @ fo 0<a<m
aqy + mas S (up) DUy @1y | 5" ey ®ea ® fo 0<a<m
aqy + mao ST (up) @up @1y | €5 ey ®e1n® fiz |0<a<m
(a — 1)y +mas S™(up) @up @my | €5 % ® e ® fi2 0<a<m
(a— g + (m—1ag | S™H () @A, | ef T %S @ fo A fi2 |0<a<m+1

As in the previous case, for all the weights A that appear, there is no element of weight s, - A\. First
we compute the cohomology for a dominant weight of the form A = nya; + (m + 1)as. We then have
s1-(mag + (m+ 1Dag) = (m —n1)ag + (m+ 1)ay. If we assume ny # m, then ny > 2(m + 1) and
the BGG complex is C — C,e5" ™ els ®ea A e1a — eqtels " ®eq Aerz, and hence these weights do
not contribute to the cohomology. Finally, for n; = m we get the BGG complex C — 0, therefore
Ly, m+1 contributes with multiplicity one.

We now consider dominant weights of the form A = njay + (m — 1)a;. We know that —1 < n; < m.
Moreover, 51+ A = (m —ny — 2)a; + (m — 1)ag, and for these weights the BGG complex is 1: C—C.
For —1 < n; < m — 1 the weights hence do not contribute to the cohomology. The only remaining
weight is A = ma; + (m — 1), where the BGG complex is C — 0. Therefore L,, ,,—1 appears with
multiplicity one.

Next we consider the case where A = niaq + masg is dominant. If ny < m — 2, then we claim that d is
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invertible, and these weights do not contribute to the cohomology. Indeed, the matrix of d is given by

S 0 0 0
=T S 0 0
T 0 S 0]’
(2n1—m)T
— etz I TS

where T = 2n; —m+1)(ny —1)...(m—n1+2) and S = (ny — 1)...(m —ny +1). Since S # 0
it follows that d is an isomorphism. The entries of d are obtained by induction. For example the
coefficients in the first column can be deduced from

fi (e e ®en® fo)

_ m—ni1+2 ni—2 m—nyi ni—1 m—nyi ni—1
= — ey M Tl T ®e1n® fa—ey Mels T ®ea® fot ey Mels T ®e1n @ fio.

The remaining cases are ny € {m—1,m,m+1}. For the case A = (m+1)a; +mag, the BGG complex
is C— 0.

If A = (m— 1)a; + mag, then s1 - A = mag and there is no vector of this weight on the form
el " %edy ® e12 @ fo. Hence the BGG complex is d: C*—C? and using the previous formula we easily
see that d is surjective. This means that L,,_1 ., also appears with multiplicity one.

Finally, if A = ma; + mas, the BGG complex is C? — C, with basis of C3
erely '®en®fo, efh®es®fr, efi®e1n® fia,

and for C! basis €5’ ® fi12. It follows again from the explicit formula that d is surjective, hence Ly, m
appears with multiplicity two. O

Lemma 5.3.8 (i = 1, j = 2). We have H'(Np, \2TNp) = 0.

Proof. Tt follows from the previous proof that H' = 0, since for each dominant weight d was always
surjective. 0O

Lemma 5.3.9 (i = 2, j = 2). We have H3(Np, \2TNp) = 0.

Proof. The module V5 ,, is given by
(Sym™ (up) ® A%up) B(Sym™  (up) @ 1y @ ) B(Sym™ ™ (1) @ A%y,

By lemma we only need to check weight A\ = nija; + ngas with ny < 0 or ny < 0. There is
a single weight p with such coefficients, given by u = —ay + (m + 1)as. Since $1 - p = (m+ 1)p is
dominant, H? = 0 as claimed. (If m = 0, there is also the exceptional case ez ® fa A f12 with weight
—ay — ag = —p. But such a weight is dot-singular.) O
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5.3.2 Relation to the nilpotent cone

In this subsection we describe HHe-(T*P?) as a module over C[N], where N’ C sl3 is the nilpotent
cone. The following theorem relates u,(g) with N:

Theorem 5.3.10 ([27]). There is an isomorphism of algebras H**(u,(g),C) = C[N]. Moreover we
have that H*** (u,(g),C) = 0.

Since H®(u4(g),C) acts on HH®(uy(g)), the G-representation HH®(uy,(g)) is actually a G x C*-
equivariant coherent sheaf on the nilpotent cone for each block. There is a H°(G// P, pr,O i, )-module
structure on HH®(uy, (g)), hence a C[N]-module structure. For g = sly the module structure is known:

Theorem 5.3.11 ([50]). As module over C[N], the even Hochschild cohomology of ug(sly) is given
by the following table:

i+j=0 | C[N]
itj=2 | C C[NV]

hi-d ‘jfi:O j—i=2

The odd Hochschild cohomology is concentrated in bidegree (0,1) and given by
HH** " (ug(sl2)) = CIV]4 1] © CV][-1],

where [1] is a shift in the s-grading and C[N]4 is the augmentation ideal.

We would like to obtain a similar result for g = sl3 and p = b@® Cey, i.e., when G/P = P2, Let
up :=1uy,(g) and Y := O,. Corollary and the previous discussion imply:

Proposition 5.3.12. There is a graded G-module isomorphism, C[Y] = P, -, L(m,m).

We want to understand the C[Y]-module structure on HH®*(u). Using that C[Np] = C[Y], we can
reduce the problem to understanding the O g -module structure on the cohomology HH. (Np). Using
the equivalence O A~,P7mod ~pr, O K/meod, we can reduce the problem to understanding the maps

Hpr.0g o @ HE V|- @ HEV5,
i+j+k=s i+j+k=s+2

where V;j is the vector bundle associated to the module V;j introduced earlier. Since C[Y] is
generated by its degree one elements C[Y]; & Lq 1 = sls, it is enough to compute the maps

Lo @ HEWV| > @ HE, V.
i+j+k=s i+j+hk=s4+2

We notice that, for m > 2, the only non-zero contribution to HH" (u;) is when ¢ = 0. By definition,
if E is a p-module and v € E"? [u] for some u € P, then v is the BGG representative corresponding
to an irreducible representation L, C H°(G/P,€). This vector can be found from the representation
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as follows: L, has a highest weight vector w, corresponding to a section s,, : G/P — E. Then,
sw(eP) = v is the corresponding vector. This is by definition, because H*(G/P, E) = Ind$E. In
particular, it follows that when multiplying global sections we can multiply the corresponding BGG
representative together (since the multiplication is an equivariant map, we only need to know what
happens at one point, for example at eP).

Let Wy, = Ly @ Lint1,m @ Linm+1 @ Lim+1,m+1- This is the summand of bidegree (i,5) = (0,1) in
HH?*™*!(4;). Since the sly-action obtained from the Poisson bivector field commutes with the C[Y]-
action, we just need to understand the C[Y]-module structure on this summand, since the summand
of bidegree (i,7) = (0,3) will be isomorphic to W,,,. Let W,t, = Ly i, W2 = Lyt m, W2 = Linm+1
and Wf,‘1 = Lm+1,m+1-

Proposition 5.3.13. The map L1 @ Wy, = Wy, 11 is given by L1 1 ® Win — VV,anr1 C Wint1, where

the first map is the projection onto the corresponding isotopic component.

Proof. This directly follows from the representatives we computed in the proof of Theorem and
the discussion before. Let us remark that the projection onto the isotopic component is only defined
up to multiplication by a non-zero scalar, but it can be fixed by choosing a highest weight vector v,,
in each W,ln such that the projection sends v, t0 V1. O

A similar proposition holds for s = 2m. We now describe the corresponding C[Y]-modules. We
define the module My as (M1)m = Lm+t1,m if m > 1 and (M;)p = 0. The C[Y]-module structure
is obtained from the maps L1 ® W2 — W2, ,. Let M, be the module such that (Ms),, = W2 if
m > 1 and 0 otherwise, with similar C[Y]-module structure. We also define shifted modules Ny, Ny by
(N1)m = (M1)m—1 and (Na)p, = (M2)m—1, with the same C[Y]-module structure. Finally, let C[Y]
be the ideal sheaf of the origin 0 € Y, and Cy be the skyscraper sheaf at 0. We obtain the following
description of the Hochschild cohomology as C[Y]-modules:

Proposition 5.3.14. The following tables give the even (resp. odd) Hochschild cohomology groups of
uy(sl3), as C[Y]-modules:

i+5=0 | C[Y]

i+j=2 | Cy C[Y]@Nl@NQ@C[Y]+@M1@MQ

itj=4 | Coy Co ClY]
h¥9 | joi=0 j—i=2 j—i=4

i+j=1 | ClY]® M1 & My & C[Y]
i+i=3 | Co CYle M, & M, ®C[Y]4
h¥I | j—i=1 j—i=3

Let us now investigate the multiplicative structure. A presentation by generators and relations would
be cumbersome, but we can describe the multiplication by looking at each pair of bidegree. For
degree reason, we see that the last lines in the two previous tables are included in the annhilator of
the nilradical (i.e the multiplication with the positive degree part is zero), so we can only look at the
remaining pair of relevant bidegree. Inspecting at the proof, we see that all the relevant Hochschild
cohomology is concentrated when ¢ = 0, or comes from the Harish-Chandra center. Hence our theorem
implies that the original HKR isomorphism is already multiplicative. Let us give an example how to
compute the multiplication:



5.4. COMPUTATION OF Zy(8o(®)) FOR TYPE Gs, Bs,Cs AND A, 63

HHec- (T*P?)(0D) @ HHe- (T*P?)(0Y — HHe- (T*P?)(2:2)

The multiplication is by definition the cup-product in de Rham cohomology H*(P?, Q3. )@ H' (P2, Q}.) —
H%(P%,Q4,), i.e this the map C® C - C,1® 1~ 1.

HHc- (T*]P2)(1’1) ® HHc- (T*PQ)(O’2) — HHc- (T*]P2)(173)

Since HHc« (T*P?)(13) = C, and that HHe- (7*P?)Y) @ HHe- (T*P?)(%2) contains only a single copy
of the trivial representation, we conclude that the product is at most non-zero with a single element
inside a weight basis of HHe«(T*P?)(M1D . Such element is given by the Poisson bivector field, and
the product is non-zero because we know that cup-product with the Poisson bivector field induces a
sly-action.

HHc- (T*P?)(*2) @ HHe- (T*P?)(*2) — HHe- (T*P?)0:4

Because each C[Y]-submodule of HHe- (T*P?)(%:?) is generated in degree 1, we just need to compute
the degree 1 multiplication. Now, let us write explicitly the vectors in the BGG complex that span
the modules C[Y], My, M2, N1, No, C[Y]:

ClY]
M | el ®ei2 ® fo
My e’fé_l ® ea A e
Ny | el @ fo A fio
Ny

CilY]

5.4 Computation of z;(u,(g)) for type Go, B3, Cs and Ay

We now present our results obtained using the algorithm described in [32], using the description of
Vj & introduced in section [5.2.3]

5.4.1 Type Gs
For type G2, we let a; be the short root and as be the long root.

Theorem 5.4.1. The center of the principal block of the small quantum group for g of type Go has
dimension 91. The bigraded dimensions are given by the following table:

i+j=0 | C

itj=2 | C? C

itj=a | C? C? C

itj=6 | C? C? C? C

itj=s8 | C? C*olLs;, C*oLy; C? C
itj=10 | C? C*eoL,y ColLi, C? c? C
itj=12 | C C? C? C? c? c? C

h%J | j—i=0 j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12

The trivial representation has multiplicity 49 in total. The table confirms the conjecture [5.2.4] for g
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of type G3, and hence for all complex simple Lie algebras of rank 2 using previous work from [48] and

[49]. We also computed the center of the singular blocks of type u(g2):

i+j=0 | C
i+j=2 | C C
it+j=4 | C C C
i+5=6 | C CelLy; C C
i+j=8 | C CoL; CoLy; C C
i+j=10 | C C C C C C
hid | iz j—i=2 j—i=a j—i=6 j—i=8 j—i=10
and similarly for us(gs):
i+j=0 | C
i+j=2 | C C
i+j=4 | C C C
i+j=6 | C CeLyyy CoLy; C
i+75=8 C C Co L2,1 C C
i+j=10 | C C C C C C
RbI | j—i=0  j—i=2 j—i=4 j—i=6 j—i=8 j—i=10

5.4.2 Type B; and C3

Definition 5.4.2. For a subset J C I, let uy be the block corresponding to a singular weight A with

stabiliser generated by (s;j : j € J).

Theorem 5.4.3. In type Bs, the center of the principal block is given by the following table:

i+j=0 | C
itj=2 | C3 C
itj=4 | CP c? C
itj=6 | C7 C* Cc3 C
itj=8 | C8 Cc1o CS c3 C
i+j=10 (C8 (C14 @D L171,1 Clo (CG C3 C
itj=12 | C7 (C15€BL"137171 CM@L‘%JJ CY® Ly, CS c3 C
itj=14 | C® C2¢L?,, CYoL, &Ly, CYelL},, CY (oM C3 C
i+j=16 CS (CS (Cl2 @L%Ll (C15 ® Lzlg,l,l (Cl4 @Ll,l,l CIO (CG (C? C
i+j=18 | C c3 C® c’ cs Cs (ol C® c? C
hod | joi=0  j—i=2 j—i=d j—i=6 j—i=8 j—i=10 j—i=12 j—i=14 j—i=16 j—i=18

The invariant part of the center coincides with the invariant part of the center of the principal block

for type Cs.

We also computed the corresponding diagonal coinvariants for type Bs, and confirmed Conjecture
= 7(up(5p;)) 0 was
also predicted by the conjecture since they have isomorphic Weyl group. We now give the answer for

for Bs and C5. We note that the vector space isomorphism z(u(so7))*°7

other blocks, and for simplicity we only give the result for g of type Bs.

Theorem 5.4.4. The centers of ui(so7) and us(so7) are isomorphic as bigraded vector spaces, and
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given by the following table:
i+j=0 | C
i+j=2 | C? C
i+j=4 | C*  C? C
i+j=6 | C*  C* c? C
i+j=8 | C*  CS® ct C? C
i+7=10 (C4 C7@L17171 CG@Ll,Ll C4 (C2 C
=12 | € CO@ Ly CTeLd,, @Liss C®L,, C € C
irjm1a | C2 C CO® Ly, C®Ly, C € ¢ C
i+j=16 | C C? c3 c* c* c* c3 C? C
hod | j—i=0 j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12 j—i=14 j—i=16
The center of us(sor) is given by the following table:
i+j=0 | C
itj=2 | C? C
itj=4 | C3 C? C
itj=6 | C* c* C? C
itj=8 | C* CS® L, C* C2 C
i+j=10 | C* C'eL?,, CeL?,, C* C? C
i+j=12 | C3 Ctel?,, C'e®lL},, CoL?,, C* C? C
i+j=14 | C? c* Co® L, (C7@L%,171 Cl®Liiq C4 Cc? C
i+j=16 | C C? (0 (0% (0% ct (05 C? C
RBI | j—i=0  j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12 j—i=14 j—i=16
The center of u1a(s07) is as follows:
i+j=0 | C
i+j=2 | C C
itj=4 | C C C
i+j=6 | C2 C? C C
i+j=8 | C C? C? GL111® L2 C C
itj=10 | C C C? C? C C
itj=12 | C C C C? C C C
hid | joi=0 j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12
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The center of ui3(so7) is as follows:

i+j=0 | C
i+j=2 | C C
itj=a | C2 C C
i+j=6 | C*  C C C
itj=8 | C? C3eLy,, C3 C C
itj=10 | C? C*eoLiy, CeolLi,, C C C
itj=12 | C C? C3oLiix C®wLig, C C C
itj=14 | C C C? c? c? c C ¢
h¥ | j—i=0 j—i=2 j—i=4 j—i=6 j-i=8 j—i=10 j—i=12  j—i=14

The center of ugs(sor) is as follows:

i+j=0 | C
i+j=2 | C C
itj=4 | C C C
i+j=6 | C CoLing CeLin, C
i+j=8 | C C CoLiigx C C
i+j=10 | C C C C C C
hbI | j—i=0  j—i=2 j—i=4 j—i=6  j—i=8 j—i=10

~

The isomorphism of bigraded vector spaces z(uj((s07))) = z(uz((so7))) is reminiscent of a similar

isomorphism found in [49], where two non-conjugated blocks were found to have isomorphic centers.

This suggests that the corresponding categories might be Morita equivalent.

5.4.3 Type A,

We check the conjectures and for g = sl5. Since the center is g-invariant, we only report

the dimensions.

Theorem 5.4.5. There is an isomorphism of bigraded vector space z(uo(sls)) = z(uy(sl5)? = DCs.
The table is as follows:

i+j=0 | 1

i+j=2 | 4

i+j=4 19 1

i+j=6 | 15 14

i+i=8 | 20 29 15 5 1

i+j=10 | 22 44 33 15

i+j=12 | 20 51 54 34 15 5 1

i+j=14 | 15 46 66 58 34 15 5 1

i+j=16 | 9 31 56 66 54 33 15 5 1

i+j=18 | 4 15 31 46 51 44 29 14 5 1

i+j=20 | 1 4 9 15 20 22 20 15 9 4 1
hid | joi=0 j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12 j—i=14 j—i=16 j—i=18 j—i=20
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Let us present the other bigraded tables. We label the singular blocks as before, i.e as a subset
J C {1,2,3,4}. However we consider them up to the involution ¢ — 5 — i (i.e up to conjugacy in
the extended affine Weyl group). There are also non-conjugated blocks giving isomorphic centers:
z(uy(sl5)) =2 z(ua(sls)), z(u12(sls)) = 2(uas(sls)) and z(uy3(sls)) = z(u14(sl5)). We also know that the
block uy23(sl5) correspond to a projective space and was computed in [49]. Hence we only need to
present uy(sls), u12(sl5), u15(sl5) and ui24(sls). We will only present their dimension table, since for
all blocks, the center is g-invariant.

Theorem 5.4.6. The center of uy(sls) is as follows:

i+j=0 | 1

i+j=2 | 3 1

i+j=4 | 6 4 1

i+j=6 | 9 10 4 1

itj=s | 11 18 11 4 1

i+j=10 | 11 23 21 11 4 1

i+tj=12 | 9 23 29 22 11 4 1

i+j=14 | 6 17 28 29 21 11 4 1

i+j=16 | 3 9 17 23 23 18 10 4 1

i+j=18 | 1 3 6 9 11 11 9 6 3 1
hod | joi=0 j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12 j—i=14 j—i=16 j—i=18

The center of uia(sls) is as follows:

i+5=0
i+j=2
itji=4
i+j=6
i+j=8
1

3 1

3 2 1
—i=8 j—i=10 j—i=12 j—i=14

i+5=10
i+j=12
i+j=14

N W R e W NN -
N = OO Ot w
W O 0 O W
=g o W o=

> ot W o

h | j—i=0 j—i=2 j—i=4 j—i=6

<.

The center of wi3(sls) is as follows:

i+5=0 | 1

i+j=2 | 2 1

i+j=4 | 4 3 1

i+j=6 | b 7 1

i+j=8 | 6 10 8 3 1

i+j=10 | B 11 12 8 1

i+j=12 | 4 9 14 12 8 3 1

i+j=14 | 2 5 9 11 10 7 3 1

i+j=16 | 1 2 4 5 6 5 4 2 1
hid | j—i=0 j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12 j—i=14 j—i=16
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The center of u124(sls) is as follows:

i+j=0
i+j=2
itj=4

1
1
2
i+j=6 | 2
i+j=8 | 2
i+j=10 | 1
1 1 1

R | j—i=0 j—i=2 j—i=4 j—i=6 j—i=8 j—i=10 j—i=12

i+j=12

5.5 Higher Hochschild cohomology groups

We present some tables of higher Hochschild cohomology groups, obtained by our computer algorithm.
These results are not complete, and there are additional results available on the repository of the
algorithm: https://github.com/RikVoorhaar/bgg-cohomology.

Recall that HH®(u) is a Gerstenhaber algebra, and that the bracket is of degree —1. In particular,
HHl(uq(g)) acts on HHO(uq(g)). This gives a large group of symmetries, and understanding it could
lead to a better understanding of the center.

Proposition 5.5.1. For type As, for 4 < s < 14 and s = 2k even we get the following bigraded table:

ivj=2 | L(k, k)*

itjea | 0 Lk k—12@ Lk —1,k)2 0 Lk, k)* ® L(k +1,k)2 @ Lk, k + 1)
i+j=6 | 0 0 L(k, k)*
hJ ‘jfi:O j—i=2 j—i=4

For 3 < s <15 and s = 2k + 1 odd (the second column of the table can be deduced from the sly
symmetry) we get:

i+j=3 | L(k,k)?® L(k+ 1,k)?® Lk, k + 1)?® L(k + 1,k + 1)
i+j=5 | 0
b ‘j—i:l

In type Go, HH' (1) is given by the following table:

itj=1 | C® L3

itj=3 | C*® Ly1 ® L3, ChLsy

i+j=5 | C? EBL%l EBL%Q C?*® Lo, EBL?;’Q C®Lay

itj=1 | C*® L3 ®Lsy C3OL ®L3,®Lsn C*® L1 ®L3, C®Lsp

i+j=9 | C3® Lo C'® L} ®LspdL, C*0LS &L, ®Lsy C*0Ly1®L3, ChHLsy

itj=11 | C? C*® Loy C*@ L}, ®Lss CaoLi oL, CCoL1®L, ChLs,
hid | joi=1 j—i=3 j—i=5 j—i=T j—i=9 joi=11

As noticed in [50], we obtain that g is a subalgebra of HH' sitting in bidegree (1,1). Their results
imply that this copy of g is acting in a compatible way on the center with both the algebraic and
geometric g-action. We hope to understand the full action of HH' on HH®, by understanding the
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geometric action of HHL. () on HHZ. (N).

We also computed HH®(uy(g)) for s < 3 and g = sls. We present the tables for s = 1:

Proposition 5.5.2. The group HHl(uq(5[4)) is given by the following table:

i+j=1 | C® L1 1,1

itj=3 | C*® L}, C&Li,

itj=s | C°@®L3,, C°&Li,, CodLiaa

itj=1 | Cl @ L}, CBeLY, &L}, C&L}, ®Li21 C&Li1a

i+j=9 | C® ((217@'[’?,1,1691’?,2,1 Clg@Lil,l@L%,Zl 65@1/11,1,1 CoLiaa

irj=11 | C3 C8 ClelLi,, CeL},, C'aL},, CaLi,
hod | ji=1 j—i=3 j—i=5 j—i=7 j—i=9 j—i=11

5.5.1 Limits of the algorithm

With the computational resources available to the authors, it is not feasible to do the computation of
the center of the principal block for type D4 and By with the current implementation of the algorithm.
Hence, it seems that most of the computations are not accessible in rank > 4. For higher Hochschild
cohomology, in type Ay we could go up to s < 13, but for type By only s < 7. However, considering
singular blocks makes the computation easier, and even for A, we could compute the Hochschild
cohomology of the projective spaces up to s < 6 (this specific computation will be detailed in the next
section).

5.6 Remarks on projective spaces

We now look at X =P™ = G/P. For s = 0, the Hochschild cohomology was computed in [49]. Let us
call a bidegree (i, j) positive if i > 0, and let us call the positive part of HHZ. (T*(G/P)) the direct
sum of the positive bigraded summands. For s = 1, we show that the positive Hochschild cohomology
is generated by the first column under the sly-action. For s > 2, we prove a vanishing property, and
we compute several Hochschild cohomology groups for 7*P? and T*P*.

5.6.1 A subalgebra of HH'

In this subsection we will compute the positive part of HHé* (P™), and we present the full computation
for 3 < n < 6. We will need the following lemma:
Lemma 5.6.1 ([49]). Let p’ #p <mn. Then ' (P™, QSP) = 0. Moreover, HP(P", Q3P) = C.

Let us emphasize that the non-trivial cohomology comes from the split summand APQpn C Q®P. We
now want to compute the first column of HHE. (P™). For this, we introduce 1 < p < n such that
j=1+1=p. It follows that k = —2p, and s=i+j+ k= 1.

Proposition 5.6.2. Let 1 < p <n. Then HP~!(P", /\ppr*(Tﬁp)*zp) =Cifp#1landChgifp=1.
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Proof. First, we assume p > 1. By definition, there is a short exact sequence

O — Tﬂl’n ®/\pQ]Pn — /\ppr*(Tﬁp)_2p — T]Pn ®/\p+IQPn — 0.
As usual, let wpr = det(pn) be the canonical bundle on P™. Using APQpr = A" PTpn @ wpn, we
obtain by Serre duality that

HP(Pn’ Ton ® /\pQIP") o Hn*p(QP" ® /\nin]pn)*.

By lemma we know that the cohomology group HY(P™, Qpn @ A™Qpn ) is nonzero if and only if
q = m + 1. Hence we have that

HP ™ (P™, Tpn @ APQpn) = C,  HP P, Tpn @ AP Qpn) =0, and  HP2(P", Tpn @ APT1Qpn) = 0.
It follows that the long exact sequence in cohomology gives the short exact sequence
0 — C — HP7H(P", APpr, (T, ) ") — 0,
proving the proposition if p > 1.
If p =1, then the composition factors of (pr*TK/P)O are Tpn ® Qpn and Tpr. We have
HO(P", Tpn @ Qpn) = C,  respectively H(P", Tpn) = g.

By the Borel-Bott-Weil theorem, HI(P”, Tpn) = 0 so the result follows using the long exact sequence.
O

Corollary 5.6.3. There is a subalgebra of HHG. (TP™) of dimension (n 4 1)n/2 4+ (n? — 1)n.

Proof. This follows easily from the existence of the sly-action on HHE. (P"), together with the fact
that the Poisson bivector field has bidegree (4, j) = (0, 2). O

Proposition 5.6.4. The positive part of HH}C* (P™) coincides with the positive part of the subalgebra
from the previous corollary, i.e for (i,7) with i > 1 we have HHE. (P™)(59) = C.

Proof. We fix 1 < i <n < j < 2n, wherei+j =1 mod2 and let t = j —4, and r = (¢t +
1)/2. The corresponding cohomology group is HHE.. (P™) (1) = H{(Np, A" TNp)~2~t+1, The sheaf
pr, (AN TNp)~2i=t+1 has a filtration by factors F; (where 0 < [ < r) given by

l i+t—1
F = ST_lT]pn ® /\T]pn (39 /\ Qpn.

We want to compute H’ (F1). Using Serre duality we obtain an isomorphism

) ) i l nl—i—t *
H(F) = H"! (S"ZQW @ N\ Q@ Qpn) :
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Denote the last factor in the tensor product above by Q;. Note that Q; is then a direct summand of
Q®(nti+1=i=1)  Notice that [ +1 —r —i < 0, because | < r and 7 > 1 by hypothesis, hence we can
apply Lemma When [ = r — 1, we have

r—1 n—i—r
Ql = Q[Pn ® A Qpn ® /\ Q]P’n,
hence Q; contains the direct summand A"~ Qpn, thus by Lemma we obtain H"*(F,_;) = C.
For other values of [, Q; does not contribute. Therefore, again by Lemma we have H"~*(F;) = 0.

This shows that dim HHE. (P?)(9) < 1, and using the sly-action and Proposition we conclude
that dim HH. (P™) () = 1. O

One can visualize this result as follows (we let g’ :== C @ g, and ? denotes an unknown factor):

itj=1 g
i+j=3 C gdgo?
i+j=5 C C gav
=T C C C ga?
: : : : : ga?
itj=2n—1 | C C C C e C g
R joi=1 j—i=3  j—i=5 j—i=T7 ... j—i=2n—3 j—i=2n—1

We computed the bigraded summands of HH(IC* (P™) for ¢ > 0 in the previous proposition. We cannot
compute these summands for ¢ = 0 in general, but we present the missing bigraded summand for
3 < n < 6 (giving the complete HH' using the sly-symmetry), obtained using our computer algorithm:

Proposition 5.6.5. For 3 < n < 6, the bigraded summands HHE. (P*)(©3) and HHE. (P™)(05) are
given by the following table:

n=3 | g’ ®Li2: g

n=4 | ¢’ @®Li221 ¢

n=5| @' ®Li2221 0 DLi12221DPL12321
n=6 | g’ ®L12221 9 ®Li2221PL12321
i=0 ‘ j=3 j=5

5.6.2 Higher Hochschild cohomology groups

We prove that HH. (P")(*7) =0 if s > 5 and i > s — 2. We also present some low-degree Hochschild
cohomology groups for n = 3,4. We begin by a lemma:

Lemma 5.6.6. Let a,b,c be positive integers where a > 3 and a + b+ c = j. Then, if V is a finite-
dimensional vector space, the SL(V)-module Sym® (V) @ AP(V) @ A(V) does not contain a copy of
N (V).

Proof. Let V =C"*! and Ta, ... a, betheirreducible SL(V)-representation of highest weight >, a;w;,
where t; are the fundamental weights. We have 'y 00, = Sym®(V) and Too.. 0.1.0..0 = AY(V)
(where the 1 is at the b-th position). We recall that as a special case of the Littlewood-Richardson
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rule we have,

Fa1,~~~,an ® /\kv = @ Fbls~~~7bn7
(b1,...,bn)€EB

where B is a certain subset of N” such that, if (by,...,b,) € B, then |b; — a;| < 1. We get
Sym*(V) @ A'(V) @ A°(V) 2 T, ...

where (¢1,...,¢,) are certain integers such that ¢; > 1, and thus the lemma follows. O]

Proposition 5.6.7. If s > 4, and s — 2 < i, we have HH. (P™)(1) = 0.

Proof. As before, we fix 1 <i <n < j<2n,and 1 <1 # n denotes the column in the bigraded table.
We want to compute H (Np, (AT H20=DTNp)=2=2r42 Ag usual pr, A*THH200=1) TAp)=272r+2 hag
a filtration with summands

l s+i+2(r—1)—1
-Fl = Sril+572Tﬂ»n [29] /\ T]P’"L 29 /\ Q[Pn.
Again, by Serre duality we have
. . ) X l —s—i—2(r—1)+l
H(P", Fy) = H' (B, 574200 @ \ Qpn @ e Qpn ).

Denote the last sheaf by Q;, and note that it is a direct summand of Q@=i+l=1)  We know [ < r4+s—2,
and, by hypothesis, s —2 < 7, hence | < i+7. Therefore we can apply Lemmal[5.6.1top=n—i+1l—r,
and get H’ (P*, F) =0if I # r. If [ = r, the only summand that can contribute to the cohomology is
APQ. But F,. does not contains A"{dp» by Lemma hence we have H' (P, ;) = 0 as well. O

We think that this vanishing holds more generally for all ¢ > 0 and s > 2, based on our computer
computations. This should hold only for projective spaces: already for Grassmannians we found

several counterexamples.

We conclude this section by presenting tables of HHZ. (P3) for 0 < s < 9 and HHZ. (P3) for 0 < s < 6.
We present truncated tables for readability, but the remaining part can be deduced from the sly-action,
as explained in Section [5.2

Proposition 5.6.8. The group HHZ. (P?) is given by the following table:

i+5=0 | L3 33

. 2
itj=2 | 0 L33 9L233L432L5550234L03430443034.4
i+j=4 | 0 0
i+j=6 | 0 0

h“ | j—i=0 j—i=2
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The group HHZC* (P?) is given by the following table:

itj=1 | L333L4430L344L444

o 2 2
i+j=3 | 0 LysoLlss3laosalsaslyyslsalsaslaaalsaslasa
i+j=5 | 0 0

hd ‘j—i:l j—i=3

The group HHZ. (P*) is given by the following table:

i+5=0 | L1111
itj=2 | 0 L3 11L12210222101222
itj=4 | 0 0 L3 11108 991 Lo221 1222023210123
i+j=6 | 0 0 0
i+j=8 | 0 0 0
hid | ji=0  joi=2 ji=d

The group HH%* (P*) is given by the following table:

i+j=1 Ll,1,1,1L2,2,2,1L1,2,2,2L2,2,2,2

o 2 2
i+5=3 | 0 Linaalige1ls 21012290023 21022220123203321012330233:2
i+j=5 | 0 0
i+j=7 | 0 0

R ‘ j—i=1 j—i=3

5.7 Multiplicative structure of z;(sl3)

We now look at the principal block ug(sl3). We let X = SL3/B. We recall the additive structure of
zo(sls):

Theorem 5.7.1. [}8] As a vector space, z(sls) = HC[r] & C{€}, where € € HY(N, A3(TN)) ™.

To study the multiplicative structure, we can look at G/B rather than N. This is clear that the
multiplicative structure is preserved. Hence, if 2,y is a basis of H'(X,Qx) and 7 is as before, we
need to compute £ -z, £ -y and £ - 7. Actually, £ is determined only up scaling and adding z7 and y7.

5.7.1 The local Cech complex and function on G (after Steven Jackson)

We explain a construction, due to Steven Jackson, which compute cohomology of homogeneous vector
bundles on X = G/B, using explicit Cech cocycles. We will then compute explicit cocycles basis of
zo(sl3). We expect that these computations can be used to compute the ring structure of zg(sl3). Let
V be a finite-dimensional vector space over a field of characteristic zero k (in our case, V is indexed
by W, thought as indexing an open cover {Uy, }wew of a given open covering of G/B, and k = C(Q)).
Pick a basis eq,...,e, of V and let x1,...,x, be the dual basis. Let e = ZZ e; and x = ZZ T;.

Definition 5.7.2. The local Cech complex of V is the complex C* := NV, with cohomological
differential d(w) = e Aw.

Theorem 5.7.3. We have H'(C*) =k if i = 0, and 0 otherwise.
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Proof. We notice that O can be made into an homological complex by d(w) = t,w. Then, we have
the identity dod + d o d = n. It follows that if w is a cocycle, then (Ow/n) is a primitive of w (except
in degree 0). O

Hence, if d(c) = w, and deg(w) # 1 we deduce than ¢ = d(w/n) + d(E) for = € C*~2. If degw = 1
then ¢ = d(w/n) + ke.

Recall that we are especially interested in cohomology of homogeneous vector bundles E = G xB M
on X = G/B, for a B-module M.

Proposition 5.7.4. With same notation as before, there is a G-equivariant isomorphism T'(X, E) =
Hompg(M*, C[G)).

Actually, such a description works also for I'(U, E') where U is open, but we need to replace C[G] by
C[r—1(U)] where 7 : G — G/B is the projection.

Theorem 5.7.5. There is a cover sy = {Uy }wew of G/B such that for G = GL,, we have
C[W_I(Ul)] = C[Xl,h cee aXn,m detila (A%)_la (Ag)_lﬁ SRR (Agz:b_l]

where if S, T C {1,...,n} have same cardinality, A% s the minor with columns indexed by S and
lines indexed by T'. Functions on U, are obtained by inverting minors where the lower entries are
permuted by W.

Proposition 5.7.6. For the regular left and right G-action on C[G], the functions A;’”"i are right
U -invariant, have right weight w;. According to the left action, the functions A%F’""’ span a copy of
the representation A'(C™)*.

Let us also explicitely write the action of X; and Xo:

Proposition 5.7.7. The action of X1, X2 on the set of minors AL is as follows:

A X1 =A% X1 =0,A7- X1 = AJ A7 - Xy = A7 X1 =0,A% - Xy = A

AL Xy =A7- Xy =0,A%- Xp = A3 AT Xo = A7 - Xo =0,A;7 - Xp = A}

Now, let us explain how to encode the cocycles using this data.

Proposition 5.7.8. The data of a i-th cochain ¢ € C* (U, E) is the same as B-equivariant maps
d:M* = Clr— ' (Uj, Nn---NU;,) for each j1 < -+ < jj.

Let us relate the Cech complex C*(Lhy, E) to the local Cech complex. The rings C[U;, N---NUj,,] are
all subrings of k = C(G), hence we obtain that C*(ty, E) is a subcomplex of @ ;.. 1« C, where C' is
the local Cech complex associated to k = C(G) and V = @yewk. An open Uy, N---NUy, correspond
to the element eg, A --- A ep,. However, 0 is not a map compatible with the global Cech complex,
hence even if we know all local primitive of a given cocycle w, maybe none of them are global primitive.
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Hence, if E = G xB M, a cochain ¢ € C(tlyy, E) is the same as a set of B-equivariant map maps M* —
ClU;,N---NUj,] for each i-uple j; < --- < j;. We can think of it as a list of sums )
-+ N ej,, indexed by a basis of M*.

1< <gi fjl ----- i €1\

5.7.2 Some useful tables

From now on, G = SL3.We list here useful tables for us later. We enumerate first the Weyl group Ss:

Index | W

S U = W N
~ o~~~ —~ 0
[\

w
w\/\/\/

Indices | A

12 {1}, {12}, {2},

13 {1}, {12}, {3}, {23}
14 {1}, {12}, {13}

15 {1}, {12}, {2}, {23}
16 {1}, {12}, {3}, {13},
23 {2}, {12}, {3}, {23}
24 {2}, {12}, {1}, {13}
25 {2}, {12}, {23}

26 {2}, {12}, {3}, {13}
34 {3}, {23}, {1}, {13}
35 {3}, {23}, {2}

36 {3}, {23}, {13}

45 {1}, {13}, {2}, {23}
46 {1}, {13}, {3},

56 {2}, {23}, {3}, {13},

5.7.3 The cocycles needed for the small quantum group

In this subsection, we will compute all the cocycles necessary to compute the products £7,&x and
&y. Tt is especially useful to remember how we encode a cocycle using proposition and the
discussion after. It is also useful to remember the b-module ij constructed in [48] such that

®i+j+k:0 Hi(nv V]k) = 20(g).
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The line bundle .Z_,,

We have .Z_,, = G xB M where M is the 1-dimensional B-module, with trivial U-action and weight
a1 = (1,—1,0). A 1-cocycle associate to each pair of elements i, j € W a section s;; € C[m—1(U; NUj)]
such that: 1) the left weight is (0,0, 0) (this is because we know H!'(X, L) is a trivial representation)
and 2) the right weight is (—1,1,0) (the weight of M*), and that the sections are right U-invariant
(this is the B-equivariance condition). Hence candidates to construct the cocycles are the functions

{23}

fi = e! and fs, f3 defined similarly. Here, we abreviate the function Aél

as S. Now, these
functions are not regular everywhere, and we can make the list of pairs ¢, j such that f; is regular on
71 (U; N U;). Hence, a candidate cocycle is

c(1) = (a1e23+asess+asess+asess) f1+(breis+baeig+bsesa+baess) fo+(crera+coeis+czeaa+caess) f3

Recall the Plucker relation f; — fo + f3 = 0. Using this relation, we can solve the equation dc = 0 and
obtain up to a nonzero scalar multiple

Z:=c(1) = (ea3 + e26 — €35 + e56) f1 + (e13 + €16 — €34 + €u6) fo + (e12 + €15 — €24 + €u5) f3

Now, primitive of ¢(1) are on the form dc(1) + fe, for f € C(G). To be admissible, such a primitive
should be regular on each open, and it’s easy by looking at poles at the divisor {1} for example than
such f does not exist. Hence c(1) is a basis of the space H'(G/B,.%_,,).

The line bundle .Z_,,

We omit details and just write the final answer for the cocycle:

7 :=c(2) = (e14 + €16 + €24 + €26)g1 + (€13 + €15 + €23 + €25)g2 + (—€34 — €36 + €45 — €56) 73

_ {1}{123} _ {2}{123} _ {33{123}
where g1 = (12y{13y’ 92 = {121 {23} and g3 = {13}{23}"

The bundle

We now need to lift our cocycle ¢(1) and ¢(2) found earlier to obtain representatives in H'(X, Q). For
example, let us try to lift ¢(1). We have Q = G x® n. The module n is given by

Basis ‘ Weights ‘ X1 ‘ X
X1 (1,-1,0) [ O —X19
X12 | (1,0,—-1) |0 0

X5 (0,1,-1) | X312 | 0

and the dual module is given by
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Basis ‘ Weights ‘ X1 ‘ X5
Yi (-1,1,0) | O 0
Yia (-1L,0,1) | -2 | 11
Y, (0,-1,1) [0 0

Recall that each coefficients in front of e;; in the expression of ¢(1) is a B-equivariant map from

the 1-dimensional vector space C{Y;} to C[r—!(U; N U;)]. To extend it in a B-equivariant way to

M* = C{Y1} @ C{Y12} @ C{Y>}, for each open U; N U; we need to find an element Fj; such that

¢(1);; = F;j - Xo. Then, we can find the value of Y12, and applying X, will gives us the value of

Y>. The non-trivial coefficients appearing in ¢(1) are f1, fo and f3. We want to lift f; = %,
y

13 3
fo = % and f3 = {Eg} Using proposition [5.7.7) we see that F} = {QA}%, F = {ﬁ% and

F; = %%2} works. We obtain
% 1= ¢(1)(y13) = (€23 + €26 — €35 + €56) F1 + (€13 + €16 — €34 + €46) F2 + (€12 + €15 — €24 + €45) F3

Hence the lift é(1) is fully computed. Since f; and F; have the same poles for i = 1,2,3, we see
that these lifts are still regular. It turns out that the analoguous of Pliicker relations still holds:
{13AL5 — {2}A13 + {3}A]3 = 0. Tt follows that dé(1) = 0, hence our lift of ¢(1) is a cocycle as well.
It’s easy to check that é(1) admits no primitive.

Completely similar computations apply for ¢(2). The value of § := &(2)(Y72) is obtained by replacing
2

the coefficients g; by —G;, where G; = {Afgﬁflﬁ (where {i,7,k} = {1,2,3}). Again, a Pliicker-like

relation {12}A32 — {13} A% + {23}A2 = 0 ensures that ¢(2) is indeed a cocycle, and it’s easy to check

that ¢(2) is non-trivial.

The bundle Q2 ® T and the products z7,yr

The module is M = n* ® n. We pick the standard basis X1, X5, X715 of n, with dual basis Y7, Y5, Y1
and the cocycle is given by the constant function 7 = ZweW,Ie{1,2,12} drrew, where 677 (Yk @ X1) =
O0rxd0yr. Let us compute the product xr.

The bundle Q2T

A basis of Q?®T is given by Uy j i where I # J and I, J, K € {1,2,12}, for example U; 2 1 corresponds
to X1 A X2 ® Y7. We notice that the b module n> ® n* has a one-dimensional quotient with basis
Uig212. Let M = A ® n*/U; 212. The action of X; and X on M* are given by the following table
(we pick the basis Vi j i dual to Ur sk ):
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V12,2

Vii2,12 Vioo

For example, the first line means that Xo - Vi 122 = 0,X1 - V1122 = Vi1212 — Vi22. Let M,
be the submodule generated by Vi 1212, V122, Vi 21 and Vo 1212, and My = M/M;. We see that
My = L(1)®2 @ L(2)®2, where L(i) is the 1-dimensional b-module with weight —c;. In particular,
lifting the cocycle that corresponds to (1,1,0,0) € L(1)®% @ L(2)%? gives a cocycle (say £). Let us
write the cocycles x7,y7 and £ in HY(G/B,Q? ®T):

Cocycles | Vigi2 | Vijize | Vo210 | Vijizaz | Veizi2 | Vi | Viee | Vijaea | Vei2,2
T 0 0 0 T 0 0 T - T
YT 0 0 0 0 Y —y 0 —q -7

& 0 0 0 T 0 0 T —T T

The bundle (pr, A3 TN)~*

Let V5 * the b-module corresponding to the vector bundle pr, (A>T, N )~* (for more details, see [48]
section 2.2 and 2.3). We have a short exact sequence

0= Aneu—V,t 5 A’Tneu—0

and we went to lift the cocycles z,y, & to cocycles in HY(G/B, (pr. A* TN)™). Let us write u; =
X1AXoAX12®Y7 (I € {1,2,12}) for a basis of A’n®u, and v; for the corresponding dual basis. The
vectors Uy, j i such that uy, appear in X; - Ur j i are given by X1 -Ui 21 = Ui 12,1 — w12, X1 Ui 121 =
—u2, X1 - U121 = —2u1, Xo - U2 = —Usz 122 — 12, X2 - Uz 122 = u1 and Xy - Uy 1220 = —2us. We
also have the natural b-module structure on A®n®u given by the coadjoint action. It follows that the
dual b-action on vy is given by the following table:

Vector X1 X5
V1 2Va, 12,1 vi2 — Vo122
V2 Vi1 —vi2 2V1,12,2
V12 Viea Vioo

We obtain the following cocycles:
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Cocycles | vy | vy | v12
xT ? ? ?
yT 0 0| —y
£ -2z | 0 | —2%

5.7.4 Multiplicative structure of zy(sl3)

A basis of the module (A%n ® A2u)* (corresponding to the vector bundle Q? ® T?) is given by Wy =
YIAY S AY 1 R Xo AX1og, Wo =Y AYo AY1o R X1 A X9, Wio =Y] AYo A Yo ® X7 A Xo. We have

the following cocycles:

Cocycles | Wy | Wy | Whs
x7? x 0 z
yr? 0 | -9 9
&r | —2&| 0 | —22
Finally, for the bundle Q3 @ T, we get the basis Z; = Y1 AY2 A Yo @ X7 (I =1,2,12):
Cocycles | Z; Zy | Z12
z%r 0 0 0
2T 0 0 0
x€ 0 x| 0
Y€ -y | yr | —Ty

Hence we obtained explicit cocycles that represent the product, which is a significant progress to-

ward understanding the multiplicative structure of the center. Indeed, it is easy to see that the Bott

isomorphism relating sheaf cohomology to Lie algebra cohomology doesn’t respect the product. How-

ever, these cocycles we computed with algebraic methods are exactly cocycles in the Cech complex

associated to our bundles, hence the cup-product is the right one. We hope that this method can lead

to a full description of the ring structure on zg(sl3).
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Chapter 6

Table of symbols

g: Lie algebra of the corresponding Lie group G

e B, b: a fixed Borel subgroup and its corresponding Lie algebra
e n: the nilradical of b

e T/H, =~ b: a fixed torus inside B, and its corresponding Lie algebra
e P: the weight lattice

e (): the root lattice

e p: half of the sum of all positive root

e U(g): the universal enveloping algebra of the Lie algebra g

e U’: Drinfeld-Jimbo quantum group

e U: the big quantum group

e u: the small quantum group

e L(A): simple U-module of highest weight A

) I/IN/g: the affine extended Weyl group Wg =W x (P

e z(u): the center of u

e ug: the principal block of u

e u): a block of u

e z(: the principal block of the center

e 2): the corresponding block of the center

e N: the nilpotent cone (associated to a Lie algebra g)
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N: the Springer resolution

Coh(X): the category of coherent sheaves on an algebraic variety X
QCoh(X): the category of quasi-coherent sheaves on an algebraic variety X
w - A: the dot-action, given by w - A = w(A+ p) — p

%\: the line bundle on G/B associated to A € P

E[X]: the A-weight space of the g-module E.

Vjr: certain g-modules used in chapter 5

T € A2T*(N): the Poisson bi-vector field

DC,: the diagonal coinvariant algebra associated to sl,,.

Cq,p: the Catalan number %(‘;)

Grg: the affine Grassmannian associated to G

Perv;)(X): Category of perverse sheaves on X, constructible along the H-orbits
A : the moduli stack of twisted Higgs bundles

A+ the moduli stack of parabolic Higgs bundles

A=@@;_, H*(C,K"): the base of the Hitchin fibration

f . # — A: the Hitchin fibration

A C X x X: the diagonal

t € HQ®*(X): the Todd class of X

Coh® (X): H-equivariant coherent sheaves on X

Fly: the affine flag variety

F(7: an affine Springer fiber associated to v € g((t)).

P.: the generalised Picard stack associated to a € A

Pred(J,): the local Picard stack at 0.

gr” H*(X): the perverse filtration.

¥,: the r-th Hirzebruch surface.
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