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Abstract in English

This work is devoted to experimental investigation of graphene – a novel mate-
rial which was introduced to a broad scientific community in 2004. Graphene has
unique electronic and optical properties which is directly related to its exotic band
structure. During the current decade, this material has been intensely investigated
in different conditions with various techniques: electron transport measurements,
optical spectroscopies, scanning tunneling microscopy, angle-resolved photoemis-
sion spectroscopy etc. The method with which a graphene crystal is synthesized
and further handling of the crystal largely influence the quality of graphene. Cur-
rently, the best quality graphene is produced by scotch-tape exfoliation method,
and its quality is maintained by encapsulation of graphene monolayer in between
two thin monocrystalline flakes of hexagonal boron nitride (hBN).

The goal of this work is investigation of magneto-optical properties of the
best quality graphene crystals. For reasonable technologically achievable values
of magnetic field, all spectral features of graphene always lay in the infrared and
THz regions of spectrum. Unfortunately, high quality graphene samples mentioned
above are so small in size that conventional well-established methods of infrared
magneto-optical measurements are not applicable. Therefore we have developed
two superconducting magnets and an auxiliary cryostat which are compatible with
a commercial infrared microscope already connected to a commercial FTIR spec-
trometer. This combination of experimental setup has allowed us to perform many
magneto-optical measurements which were impossible before when working with
small samples: proper normalization of the infrared spectra without overfilling,
measuring the Faraday rotation angle. Our setup can produce magnetic fields in
the range from 0 to ±4 Tesla; base temperature in the sample compartment is al-
ways fixed at ∼ 5 Kelvin.

We have measured transmission and Faraday rotation angle of weekly doped
suspended hBN-encapsulated graphene membranes at different magnetic fields in
a broad range of spectrum: in the near, middle, and far infrared regions. In ad-
dition, Kramers-Kronig constrained fitting of these spectra allowed us to restore
magneto-optical conductivity tensor of the hBN-encapsulated graphene as well as
absorption in graphene for right- and left-handed circularly polarized light sep-
arately. An important discovery of our work is that high quality graphene sam-
ples exhibit unprecedentedly strong signatures of both intraband and interband
magneto-optical transitions between the Landau levels which form in graphene
in magnetic field. These magneto-optical transitions manifest as well separated
deep narrow absorption lines in graphene’s transmission spectra and large Faraday
rotation angle at the corresponding energies. In fact, for the most intensive line,
magnitude of graphene’s absorption closely approaches 50 % which is the maxi-
mally allowed value for ultrathin conducting films. Doped graphene samples also
show very strong magnetic circular dichroism.

Apart from that, high quality graphene samples allowed us to register new sub-
tle effects which have not been previously reported: additional absorption lines
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which do not obey the generally accepted selection rule for magneto-optical tran-
sitions, hBN phonon induced magneto-optical splitting of absorption lines, unex-
pected magnetic field dependent splitting of an interband absorption line, anoma-
lous inflection of Faraday rotation curve at certain energies.

Results of this work represent scientific interest for purely fundamental re-
search and also allow one to re-examen graphene applications from a different
perspective.

Résumé en français

Ce travail est consacré à l’étude expérimentale du graphène – un matériau nova-
teur qui dès 2004 a commencé à capter l’intérêt des scientifiques. Ses propriétés
électroniques et optiques uniques découlent de son exotique structure de bande.
Au cours de la présente décennie, ce matériau a, dans une large gamme de con-
ditions expérimentales, été le sujet d’intenses travaux recouvrant variantes tech-
niques telles que le transport électronique, la spectroscopie optique, la microscopie
à effet tunnel, la spectroscopie photoélectrique résolue en angle et bien d’autres
encore. La méthode de synthèse des cristaux de graphène et les précautions prises
lors de leur manipulation influencent grandement la qualité des échantillons. À
ce jour, la méthode d’exfoliation au ruban adhésif produit la meilleure qualité
de mono-couches de graphène dont les propriétés sont par la suite préservées par
l’encapsulation entre deux couches monocristallines de nitrure de bore hexagonal.

L’objectif du présent travail est l’étude des propriétés magnéto-optiques des
meilleurs cristaux de graphène actuels. En raison des restrictions des valeurs
de champ magnétique techniquement atteignables, les principales caractéristiques
spectrales sont confinées dans la gamme THZ et infrarouge. Malheureusement, la
taille très réduite des échantillons de haute qualité rend inadaptées les méthodes
conventionnelles d’études magnéto-optiques dans l’infrarouge. Pour y remédier,
deux aimants supraconducteurs ainsi qu’un cryostat ont été développés de manière
à pouvoir être utilisés sous un microscope infrarouge couplé à un spectromètre
à transformée de fourrier. Ce couplage de dispositifs expérimentaux a rendu ac-
cessibles des nouveaux mesures magnéto-optiques sur des échantillons de la taille
réduite, notamment grâce à une normalisation appropriée du spectre infrarouge (la
résolution spatiale atteinte permettant d’éviter les débordements lumineux) et grâce
à la mesure de l’ange de la rotation Faraday. Le dispositif peut générer des champs
magnétiques dans la gamme de 0 à ±4 Tesla tout en maintenant la température de
la base de l’échantillon à ∼5 Kelvin.

Nous avons mesuré la transmission et l’angle de la rotation Faraday de mem-
branes suspendues de graphène faiblement dopé encapsulées dans du nitrure de
bore hexagonal; ce à différents champs magnétiques et dans une large plage spec-
trale couvrant l’infrarouge proche, moyen et lointain. De plus, la régression con-
forme aux relations de Kramers-Kronig appliquée aux spectres mesurés a permis
de reconstituer le tenseur de la conductivité du graphène encapsulé de même que
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la distinction entre l’absorption du graphène pour les polarisations circulaire droite
et circulaire gauche. Une découverte majeure de ce travail est que les échantillons
de graphène de haute qualité présentent des niveaux d’intensité sans précédent de
signatures de transitions magnéto-optiques, à la fois intra et interbandes, entre les
niveaux de Landau formés par le champ magnétique. Ces transitions se manifes-
tent par de profondes et distinctes lignes d’absorption dans le spectre de transmis-
sion ainsi que par un important angle de la rotation Faraday aux mêmes énergies.
La ligne la plus intense d’absorption du graphène présente de façon remarquable
une atténuation de près de 50% qui correspond à la valeur maximale admise par
les films conducteurs ultraminces. Les échantillons de graphène dopé présentent
également un très fort dichroïsme circulaire magnétique.

Ces échantillons de graphène de haute qualité ont également permis de remar-
quer des effets plus subtils qui n’ont jusqu’à présent pas été rapportés tels que des
lignes d’absorption supplémentaires n’obéissant pas aux règles de sélection des
transitions magnéto-optiques conventionnelles, la division des lignes d’absorption
induite par le photon du nitrure de bore hexagonal, l’inattendue division par champ
magnétique d’une ligne d’absorption interbande et l’inflexion anormale de la rota-
tion Faraday à certaines énergies.

Les résultats de ce travail revêtent un intérêt scientifique à la fois pour la
recherche fondamentale ainsi que pour les différentes perspectives d’applications
du graphène.
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Chapter 1
Introduction

1.1 A black swan of condensed matter physics

The term “graphene” was first introduced in 1986 by Boehm and his colleagues

[1] as a combination of the word “graphite” and the suffix “-ene” referring to poly-

cyclic aromatic hydrocarbons. By that time graphene was already long well-known

due to earlier theoretical works [2]. However in these works, graphene was con-

sidered merely as a building block of graphite. It was also generally accepted that

two-dimensional (2D) crystals, including graphene, cannot exist in isolation. Such

an opinion was supported both by theoretical calculations and an ample set of ex-

perimental observations. Famous works of Landau, Peierls and Mermin [3, 4, 5, 6]

argued that strictly 2D crystals are thermodynamically unstable at any nonzero

temperature because of pronounced thermal fluctuations in crystalline lattices. Nu-

merous experiments with thin films of different nature showed that their melting

temperatures rapidly fall down as these films get thinner. Typically, a thin film

becomes unstable when its thickness approaches a few dozen atomic layers: the

film decomposes and coagulates into islands to minimize its surface energy, see

topical reviews [7] and [8]. Thus scientific discussions were mostly about estima-

tion of the maximal possible size of atomically thin 2D crystalites (also called flat

macromolecules) which was calculated to be only a few nanometers.

Over the course of the 20th century there were only several dozen publications

about what now would be called graphene related materials − thin films and flakes

of graphite. An overview to this early research is given in [9], here I mention only

one important date. In 1962 Hanns-Peter Boehm and his colleagues reported [10]

about synthesis of a small several micron fragment of reduced graphite oxide which

was for the first time identified as an atomic monolayer. Therefore this work could

be dubbed as discovery of graphene.

The situation changed a lot after 2004 when a famous paper “Electric Field

Effect in Atomically Thin Carbon Films” by Novoselov et al. [11] was published.

Graphene emerged in sight of the scientific community as something completely
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Chapter 1. Introduction

unexpected, a black swan of condensed matter physics. In the following years

other 2D crystals were cleaved and characterized [12]. This attracted the atten-

tion of a large number of scientists from the condensed matter physics and even

high energy physics community. Next, uncommonly soon for current decades, the

2010 Nobel Prize in physics was jointly awarded to Andre Geim and Konstantin

Novoselov “for groundbreaking experiments regarding the two-dimensional mate-

rial graphene”. In 2013 the “Graphene Flagship” initiative with a C1 billion budget

was launched to fund graphene related research. By that time the yearly number

of scientific papers on graphene related topics counted approximately ten thousand

[13, 14], and involved specialists not only from condensed matter physics but also

from chemistry, engineering, biology, medicine, environmental science, and other

interdisciplinary branches. Thus graphene research could be divided into two peri-

ods: sporadic, largely disconnected in the 20th century and fashionable, generously

funded in the style of “five-year plans” in the 21st century. One may ask why the

publication [11] made such a difference.

Firstly, work [11] suggested that micron sized 2D crystals could be fairly ro-

bust despite the Landau-Peierls argument. It was shown that graphene crystals do

not degrade even under ambient conditions and after contact with other chemi-

cals (whereas typical requirements for surface science research are ultrahigh vac-

uum, ultraclean chambers and liquid helium temperatures ∼ 4 Kelvin). Moreover,

graphene crystals could be manufactured and then identified with a more or less

reproducible yield using very simple tools such as, a pair of gloves, tweezers, and

scotch tape.

The very existence of 2D crystals could be partially explained in hindsight. In-

feasibility of growing a 2D crystal from scratch does not actually imply it cannot

be created artificially. Indeed, graphene could be grown at high temperature as an

inherent part of a 3D system: inside bulk graphite or on top of another crystal with

an appropriate lattice. Next, at lower temperatures, graphene could be decoupled

from its progenitor 3D system and transfered [15, 16] to another substrate which

would also suppress bond-breaking fluctuations in the 2D crystal. For example the

dielectric substrate SiO2 stabilizes graphene and also allows studying its electronic

properties. Thus the Landau-Peierls argument seems to be circumvented. Yet an-

other surprise came in 2007 with a publication [17] which reported for the first time

a successful suspension of graphene monolayer in midair. Unsupported graphene

membrane was deemed impossible, however, it stabilizes due to spontaneous out-

of-plane crumpling on the nanometer scale. Graphehe’s stability, ground state and

melting are still very poorly understood. A priori it is not even clear how to define

graphene’s melting temperature because of change in dimensionality: a 2D mem-

brane is deemed to melt into a 3D liquid phase [18]. Neither the order of such

phase transition nor the value of the melting temperature are known yet. Currently

these questions are subject of ongoing discussions and research.

Secondly, publication [11] was not merely observational in contrast to the pre-

vious works. Early graphene research conducted in the 20th century solely reported

about synthesis of ultrathin graphite films or occasionally even monolayers, how-
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Section 1.2. Open questions and motivation of this work

ever, measurements of graphene’s physical properties were not done. A few electri-

cal and optical measurements were performed on optically thin graphite films [19]

which were peeled with scotch-tape already back in 1990. However these experi-

ments did not reveal properties of graphene either. Meanwhile work [11] empha-

sized distinctive properties of graphene: ambipolar field effect and high mobility of

graphene’s charge carriers even at highest electric-field-induced concentrations and

at room temperature. Theses properties were interesting from the point of view of

fundamental science as well as showed potential for applications in everyday life:

creation of long speculated room-temperature ballistic transistors seemed to be a

step closer. Further research revealed all the more peculiar and sometimes unique

properties of graphene often described with superlative adjectives [20]. Such fol-

lowup had not been anticipated even by Andre Geim, Konstantin Novoselov and

their colleagues.

1.2 Open questions and motivation of this work

This work is devoted to the extraordinary optical properties of graphene. Graphene

is highly transparent in a remarkably broad range of wavelengths: from THz to

UV region. This is related to the fact that graphene, unlike many other materials,

does not have intensive absorption lines nor bands due to optical phonons. An

exceptional property of pristine graphene is that the value of its optical absorption

does not depend on the wavelength of light and remains constant almost all the

way into the region mentioned above. Moreover, this value does not depend on

any parameters which characterize graphene crystal: it is expressed in terms of

several fundamental constants.

However, optical properties of graphene could be modified and tuned. In an

external magnetic field, absorption lines emerge and at the same time graphene is

expected to becomes more transparent in between these lines. Positions of these

lines depend on the value of the external magnetic field, thus the magnetic field

could be viewed as a knob which allows tuning optical absorption at a given wave-

length. In addition, gate voltage applied to a graphene crystal together with a mag-

netic field allows tuning polarization handedness of the absorbed light and Faraday

rotation of transmitted light.

A simple independent electron theory predicts that magneto-optical effects may

be very strong in graphene, potentially their magnitude can approach the funda-

mental limit allowed for ultrathin conducting films. However, in realistic situations

there exist many line broadening mechanisms due to disorder and different types

of interactions. In the end, the magneto-optical absorption lines are smeared: they

become shallower and the tuning of graphene’s properties becomes less efficient.

Apart from that, there also exist mechanisms which cause less trivial redistribution

of spectral weight: shifting of optical absorption lines, their splitting, formation of

additional lines, etc. As a result, until now, magneto-optical absorption reported

in numerous experiments has been either low or its values could not be properly
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Chapter 1. Introduction

assessed due to technical issues.

Therefore many questions naturally arise: What are the dominant mechanisms

limiting magneto-optical absorption in graphene? To which extent could they

be eliminated? How large are the maximal values of magneto-optical absorption

which could be reproducibly achieved with current technology? The goal of this

work is to shed some light on these questions and understand how far one can

go. On the one hand this would give a deeper understanding of conceptual ques-

tions like electron-electron interactions and scattering processes which take place

in graphene. On the other hand this would allow one to assess potential appli-

cations of graphene. Tunability of graphene’s magneto-optical properties in the

infrared region makes this material promising for development of long speculated

Landau level lasers with tunable wavelength, broad range infrared Faraday isola-

tors, etc.

1.3 Structure of the manuscript

Chapter 2 gives introductory information and brief overview of literature about

graphene, special emphasis is made on graphene’s optical properties in the absence

and in the presence of an external magnetic field. We also discuss existing variation

in quality of graphene crystals which is very important in the context of spectral

line intensity and broadening. At the end we mention some noteworthy results of

magneto-optical experiments performed on graphene prior to this work.

Chapter 3 is devoted to description of high quality hBN-encapsulated graphene

samples which were manufactured in the University of Manchester especially for

our experiments. We also mention currently known benefits as well as side-effects

(or emergent phenomena) of hBN-encapsulation. Such detailed description is nec-

essary because graphene’s properties depend a lot on the method of its synthesis

and preparation. Thus information from this chapter is crucial during comparison

of our results to theoretical predictions and experimental results obtained in other

groups.

Chapter 4 describes the experimental setup employed during the magneto-

optical measurements. Particular attention is given to our home-made devices (a

superconducting magnet and its optical cryostat) which have been created during

this work in order to enable magneto-optical measurements on small samples in

the infrared region of wavelengths.

Chapter 5 describes protocols of magneto-optical experiments which have been

performed with the help of our newly-built setup.

Chapter 6 gives important information about optical properties of ultrathin con-

ducting films in the context of our experiments with graphene. Then it describes

how we model propagation of light in the hBN-encapsulated graphene. At the end

we describe the data treatment algorithms which were developed to extract differ-

ent physical quantities from the magneto-optical spectra we measured.

Finally, in Chapter 7 we present results of the magneto-optical measurements
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Section 1.3. Structure of the manuscript

performed on our three hBN-encapsulated graphene samples in the different subre-

gions of infrared part of spectrum. This includes magneto-optical transmission in

unpolarized and linearly polarized light as well as Faraday rotation angle. We com-

ment on the spectral signatures which were registered in the spectra and give our

interpretation of different phenomena which have been observed. We also present

magneto-optical conductivity and magneto-optical absorption extracted from ex-

perimental data with the help of Kramers-Kronig analysis. At the end we make a

brief comment of the errors as well as technical problems which we encountered

during the measurements.

Chapter 8 summarizes the work which has been done and new phenomena

which have been observed in ultrapure hBN-encapsulated graphene. It also talks

about future possible experiments in line with our work. Then hypothetical appli-

cations of our findings and their feasibility are briefly discussed.

Figure 1.1 – Structure of the manuscript. Arrows show the sequences in which the

chapters can be read or omitted without loss of continuity.
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Chapter 2
Properties of graphene

A graphene monolayer consists of carbon atoms arranged in a flat honeycomb

structure with lattice constant of aGr = 0.246 nm which corresponds to aGr/
√
3 ≈

0.142 nm spacing between the neighboring carbon atoms [21, 22, 23], see Figure

2.1. Graphene’s lattice is bipartite, i.e. it could be decomposed into two sublattices

A and B in such a way that atoms of one sublattice neighbor only with atoms of

the other sublattice. In graphene, both A and B sublattices have triangular shape.

Graphene’s crystalline lattice has the c6v point group symmetry which contains

the following elements: rotation by 2π/6 (ĉ6), reflection preserving sublattices

(ĉy), reflection exchanging sublattices (ĉx). Graphene is a uniaxial crystals due to

the honeycomb structure of its lattice. Thus optical properties of flat non-stained

graphene are perfectly isotropic in the plane of graphene sheet which is the highest

symmetry a 2D crystal can have.

Each carbon atom has six electrons: two electrons from the lowest 1s or-

bital belong to the ionic core meanwhile four remaining electrons are available

for chemical bonding. In graphene, 2s, 2px, and 2py electrons are hybridized into

2sp configuration and form three inplane σ-bonds of crystalline lattice. 2pz elec-

trons result into π-bonds of atypical configuration: they dangle perpendicularly to

the plane of graphene (i.e. electron density is accumulated perpendicular to the

line connecting adjacent atoms) and at the same time π-electrons could be shared

sideways across the lattice. Such atypical bonding is rare in nature and is related to

the peculiar shape of carbon’s atomic orbitals [24].

Graphene’s lattice is composed of light atoms with strong bonding which leads

to a very high sound velocity [25]. Vibrational properties of graphene have been

described in terms of the dynamical matrix. Taking into account atoms from both

sublattices and vibrations in all three dimensions leads to a (6 × 6) dynamical

matrix for graphene. Two eigenvalues of this matrix correspond to out-of-plane

vibrations: acoustic (ZA) and optical (ZO) phonons. Four remaining eigenval-

ues correspond to in-plane vibrations: transverse acoustic (TA), transverse optical

(TO), longitudinal acoustic (LA), and longitudinal optical (LO) phonons.
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Chapter 2. Properties of graphene

2.1 Graphene in the absence of magnetic field

Electronic properties

Electronic properties of graphene are described in a topical review [26]. In graph-

ene, the π-electrons are delocalized free-moving charge carriers and are respon-

sible for most electronic properties of graphene. A standard tight-binding ap-

proach allows calculating the band structure of graphene. Taking into account only

nearest-neighbor hopping of electrons, see Figure 2.1, one finds two bands: π∗-

band and π-band [26]. They cross only in two points of the Brillouin zone: K and

K ′ which are called Dirac points in the literature about graphene. The electron’s

dispersion is found to be

Eπ∗(p) = E0 + γ1

√

√

√

√1 + 4 cos2
(pyaGr

2

)

+ 4 cos

(√
3pxaGr

2

)

cos
(pyaGr

2

)

,

(2.1)

Eπ(p) = 2E0 − Eπ∗(p),

here E0 is constant on-site energy, γ1 ≈ 3.2 eV is nearest-neighbor trans-

fer integral which describes hopping of electrons, see Figure 2.1. In pristine (i.e.

undoped) graphene, the Fermi level lies right in the Dirac point thus graphene’s

Fermi “surface” consists of only two point: K and K ′. Graphene is classified as a

semimetal or a zero-band-gap semiconductor, and phenomena which occur around

the Dirac point define many properties of graphene. Existence of the Dirac points

is related to the fact that its A and B sublattices are equivalent in graphene i.e.

they are occupied by indistinguishable atoms. For comparison, graphene’s “sister”

compound hBN has very similar structure but the two sublattices are occupied by

different atoms in hBN, see Figure 3.1. As a consequence, hBN is a broad band

Figure 2.1 – Crystalline lattice of graphene. A unit cell is depicted by light blue

rhombus with lattice constant aGr. Carbon atoms of A and B sublattices are depicted

by white and black circles correspondingly. Nearest neighbor hopping (γ1) of electron

from one site to another is shown by deep blue arrow, second (γ2) and third (γ3)

neighbor hoppings are shown by red arrows.
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Section 2.1. Graphene in the absence of magnetic field

gap insulator. In the vicinity to the Dirac point, i.e. for energies |Eπ∗,π−E0| ≪ γ1,

the complex shape of the dispersion relation (2.1) could be approximated by a pair

of cones called Dirac cones:

ε±(k) ≈ ±vFℏ|k|, (2.2)

here the electrons’ energy ε± and momentum ℏk are measured relative to the

K or K ′ point, i.e. ε± = Eπ∗,π − E0 and k = p − K, where ℏK is electron’s

momentum in the K point or K ′ point. In (2.2) energy does not depend on the

direction of electron’s momentum and Dirac cones are rotationally symmetric, see

Figure 2.2. Parameter vF =
√
3aGrγ1/(2ℏ) has dimension of velocity and provides

the value of the Fermi velocity. Typically vF ≈ 106 m/s in graphene. Many

experiments have shown that a linear approximation of ideal cones (2.2) holds

fairly well for the energies below ∼ 500 meV relative to the Dirac point. In a more

general case, several types of deviations from the ideal double-cone shape (2.1)

have been described in literature: non-linearity, trigonal warping, and electron-

hole symmetry breaking.

Linear character of the dispersion relation (2.2) and the shape of the electrons’

wave functions found with the tight-binding approach allow one to draw an analogy

between electrons in graphene and massless ultrarelativistic particles like neutrinos

in free space. The energy of massless ultrarelativistic particles also has linear de-

pendency on momentum E(p) = c
√

p2 +m2c2 = c|p|, where c is the speed

of light in vacuum. Comparing the above mentioned formula to (2.2), one can

see that vF plays the role of “speed of light” for massless Dirac electrons which

are low energy excitations in graphene. Thus graphene allows observing some

hallmark relativistic phenomena but with a different velocity scale vF , typically

c/vF ≈ 300. However one should not forget that relativistic-type dispersion of

electrons in graphene is merely a band structure effect. The speed with which

interactions propagate in graphene is still related to c and not to vF .

Gate voltage and/or chemical doping allow shifting the Fermi level in graphene,

see Figure 2.2. As a consequence of (2.2), graphene’s density of states rises linearly

when moving away from the Dirac point:

D(ε±) =
|ε±|
v2F

· gsgv
2πℏ2

, (2.3)

here factors gs = gv = 2 take into account for the spin and valley degeneracies

of electrons. For comparison, in 2D systems with massive particles, density of

states is constant [27]. Moreover, graphene’s electron-hole symmetry and zero

band gap allow ambipolar tuning of doping: graphene could be easily converted

into an n-type or a p-type semimetal.

Many unique electronic properties of graphene stem from the fact that it is

both a 2D crystal and a Dirac material at the same time. Indeed, currently only

silicene, germanene, and a few other materials are deemed to combine these exotic

features together [28]. For comparison, majority of the known Dirac materials are

9



Chapter 2. Properties of graphene

Figure 2.2 – Electrons’ dispersion of graphene described by (2.2), two Dirac cones

meet in the Dirac point. Blue color designates states occupied by electrons. Panel a:

Pristine (i.e. undoped) graphene, the Fermi level resides right in the Dirac point.

Panel b: The Fermi level is above the Dirac point which makes graphene an n-type

semimetal. Panel c: The Fermi level is below the Dirac point which makes graphene

a p-type semimetal.
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Section 2.1. Graphene in the absence of magnetic field

3D systems (for example bismuth [29], quasicrystals, etc, see topical review [30]).

Few-layer graphene crystals are still considered to be 2D systems because their

thickness is much smaller than their electrons’ de Broglie wavelengths. However,

already in bilayer graphene the Dirac spectrum is substituted by a usual quadratic

one [31]. The 2D electron gas which emerges at the interfaces of gallium arsenide

and oxide [32] heterostructures also has a quadratic dispersion relation of its charge

carriers.

Optical conductivity

Electric transport and optical properties of graphene could be understood in terms

of its optical conductivity, also called dynamical conductivity. Optical conductivity

σ describes current J induced in a solid as a local linear response to the external

electric field E (in our experiments, it is electric field of the incident IR radiation):

J = σE.

Unlike 3D conductivity, units of sheet conductivity do not involve distance:

[σ] = Ω−1 in SI. In general case σ is a complex function of frequency ω of the

external electric field. Optical conductivity of graphene has been calculated for

different conditions using different approximations [33, 34, 35, 36, 37, 38, 39, 40].

For pristine graphene with linear dispersion approximation (2.2), the real part of

the optical conductivity is found to be independent of frequency and quantities

which characterize the material:

Reσ(ω) =
e2

4ℏ
≡ σ0. (2.4)

Therefore it is called universal conductivity of graphene. Such unusual prop-

erty is directly related to the fact that graphene is a 2D Dirac crystal. In such a

crystal, the density of states depends linearly upon energy (2.3). As optical con-

ductivity is proportional to the density of states and inversely proportional to the

frequency σ0 ∼ (1/ω) · D(ω), in the end the frequency-dependency is canceled

out.

However this universality breaks when the Fermi level EF is shifted away from

the Dirac point, see Figure 2.4. In doped graphene, optical conductivity varies with

frequency σ = σ(ω) and has a pronounced maximum at ω = 0, followed by a step

at the frequency ℏω = 2EF , at higher frequencies the conductivity approaches

the universal conductivity of graphene σ(ω ≫ 2EF /ℏ) → σ0. The exact shape

of the curve σ(ω) depends on many parameters like scattering rate of electrons,

their charge density, temperature, etc. It has been calculated for different cases

and character of scattering in [41]. In the next subsection we explain the optical

conductivity curve on a qualitative level.
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Chapter 2. Properties of graphene

Figure 2.3 – Real part of graphene’s optical conductivity in the units of graphene’s

universal conductivity σ0. Different colors represent modeling of the conductivity

for different values of the Fermi energy and the same value of charge carrier scatter-

ing rate τ = 20 fs. Thin solid lines represent contribution to the conductivity from

intraband transitions, dashed lines represent contribution to the conductivity from in-

terband conductivity, thick solid lines represent the total conductivity. The figure is

made after [42].

Optical properties in the absence of magnetic field

Optical properties of graphene are described in the topical review [27]. Theoretical

analysis of the optical properties for different temperatures, carrier densities, and

angles of light incidence is given in [43]. Optical properties beyond the usual

Dirac-cone approximation are calculated in [44].

Graphene transmits most part of the incident light and absorbs a relatively small

fraction of it. It is unusual and remarkable that graphene shows such behaviour in

exceptionally broad range of wavelengths: from THz to UV region. Broad range

transparency of graphene is related to the fact that it is a purely covalent crystal1.

Its optical phonons do not interact directly with light and thus do not create any ab-

sorption lines or bands so typical for many other materials. Broad range absorption

in pristine, i.e. undoped, graphene is related to the fact that graphene does not have

any band gap which would block optical absorption at low frequencies of incident

light. At the same time, absorption in doped graphene may become very close to

zero for some photons from the region 0 < ℏω < 2EF . In this case, the exact

values of absorption largely depend on the quality of the graphene sample.

Graphene’s optical response is mostly defined by interaction of light with elec-

1This feature is also typical of diamond, another carbon allotrope.
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Section 2.1. Graphene in the absence of magnetic field

trons. Phonons may influence optical properties of graphene only indirectly2: for

example via electron-phonon interactions and scattering. Whenever a photon is ab-

sorbed an electron is excited to a higher energy level. In this process conservation

of energy and momentum laws must hold. Electron transitions could be classified

into interband and intraband, see Figure 2.4.

In interband transitions, electrons are promoted from the π-band to π∗-band.

In this process the photon’s energy corresponds to the change of electron’s energy:

ℏω = Ef − Ein, (2.5)

here ω is the frequency of the absorbed photon, Ein and Ef are the initial and

final energies of the excited electron. The photon’s momentum is negligible com-

pared to the change of the electron’s momentum ℏω/c ≪ ℏω/vF because the

Fermi velocity is two orders of magnitude smaller than the speed of light. Thus

transitions of electrons across the Dirac point must be “vertical” in the k-space, see

panels a and b of Figure 2.4.

For pristine graphene, frequency independent conductivity (2.4) leads to fre-

quency independent optical absorption A0, reflection R0, and transmission T0, at

normal incidence of light [33]:

A0 = πα ≈ 2.3 %,

R0 = π2α2T/4 ≪ T ≈ 0.01 %, (2.6)

T0 ≈ 1− πα ≈ 97.7 %.

Here α is the fine structure constant: α = e2/(ℏc) in CGS units and α ≈ 1/137
in all unit systems. Such frequency independent optical properties are a peculiar

feature of graphene and are not typical for other materials. However this univer-

sality is only valid as long as the linear dispersion of electrons (2.2) holds. It has

been shown in optical measurements [45] that properties of graphene start devi-

ating from universal values (2.6) at short wavelengths of light already within the

ultraviolet region of the spectrum. Another reason for deviation from the universal

values (2.6) is related to nonlinear phenomena which manifest in graphene at high

intensities of light [46, 47].

If the Fermi level is shifted away from the Dirac point then interband opti-

cal absorption occurs only for photons with energies ℏω > 2EF because electron

transitions are possible only between occupied and non-occupied states, see panel

b of Figure 2.4. Thus graphene becomes more transparent for photons with lower

energies ℏω < 2EF which is sometimes redundantly called the “Pauli blocking

regime”. The onset of interband transitions at frequencies 2EF /ℏ leads to a pro-

nounced step in the optical conductivity, see Figure 2.3. At higher frequencies

ℏω > 2EF , optical transitions occur with almost the same intensities as in pristine

graphene and the value of conductivity approaches universal conductivity σ0.

2Raman scattering of light involving graphene phonons is a very low probability process.
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Chapter 2. Properties of graphene

Figure 2.4 – Absorption of light by graphene. Panel a: Interband optical transitions

in pristine graphene. Panel b: Interband transitions in n-doped graphene, the same

transitions are allowed in p-doped graphene when the Fermi level is shifted down-

wards symmetrically relative to the Dirac point, see Figure 2.2. Panel c: intraband

transition in n-doped graphene, the same transitions are allowed in p-doped graphene

due to the electron-hole symmetry.
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Section 2.1. Graphene in the absence of magnetic field

In intraband transitions electrons are promoted to higher energy levels within

the same band, see panel c of Figure 2.4. This phenomenon is possible when Fermi

level is shifted away from the Dirac point. Moreover, intraband transitions are not

“vertical” in the k-space therefore a photon can be absorbed only when the change

of the electron’s momentum is somehow compensated. The necessary change of

momentum could be provided by disorder in the graphene sample. Intraband tran-

sitions result in the Drude-like peak in the optical conductivity around ω = 0.

Interaction effects

The above mentioned tight-binding calculations do not take into account interac-

tions between particles in graphene. This approach explains many phenomena on

qualitative and often even on quantitative level. However there is a lot of exper-

imental evidence and theoretical considerations showing that single-electron de-

scription of graphene is incomplete. For more information about interaction effects

in graphene see topical reviews [48, 49, 50].

The importance of the Coulomb interaction could be estimated using the ratio

of the Coulomb energy to the kinetic energy of electrons. In graphene, such ratio

takes value:

αGr =
EC

EK

=
e2

κℏvF
,

where κ is effective dielectric constant defined by graphene’s environment. As

one may notice, αGr is a quantity analogous to the fine structure constant α =
e2/(ℏc).

Here are the values of κ for some typical graphene’s substrates: for SiC(0001)
κ = 7.26, for hBN κ = 4.22, for SiO2 κ = 1.80, for a-SiO2 κ = 2.45, and for

vacuum κ = 1 (the values are taken from [48]). Thus for suspended graphene in

vacuum αGr ≈ 2.3. Meanwhile for graphene laying on a substrate electron-electron

interactions are partially screened, for example in the case of SiO2 substrate αGr ≈
1 and in the case of hBN substrate αGr ≈ 0.6. These numbers show that interaction

between charge carriers is quite pronounced in graphene. In contrast, in quantum

electrodynamics α ≈ 1/137 is considered to be a small parameter.

One of the widely discussed effects of electron-electron interactions is so called

renormalization of the Fermi velocity near to the Dirac point [48, 49]. It implies

that the electron dispersion relation deviates from linear one (2.2) and Dirac cones

acquire some negative curvature already at low energies near to the Dirac point.

Theoretical calculations which have been proposed so far predict different charac-

ter of dependency of the renormalized Fermi velocity on momentum. Renormal-

ization also makes the relation between the observable quantities and calculated

quasiparticle properties more complicated. Thus comparison of theoretical predic-

tions to experimental results requires very careful analysis.

Another important presumable effect of electron-electron interactions is open-

ing of a gap ∆ at the Dirac point. As a result, the linear dispersion relation (2.2) of
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graphene is substituted by

ε±(k) = ±
√

∆2 + v2Fℏ
2k2. (2.7)

Existence of the gap in graphene and mechanisms of the band gap opening

are still in debate. Presumable values of the gap which have been reported in

the literature are relatively small ∆ < 1 − 100 meV. This means that graphene’s

dispersion relation remains almost the same far from the Dirac point.

2.2 Electronic properties of graphene in magnetic field

Landau levels

Behaviour of massless electrons in external magnetic field perpendicular to graph-

ene’s plane is summarized in the topical review [51]. In this work, we consider

only this orientation of the magnetic field and avoid phenomena observed in tilted

magnetic fields [52].

Magnetic field B introduces new important scales in graphene: magnetic length

lB , magnetic frequency ωB , and associated magnetic energy EB:

lB =

√

ℏ

eB
≈ 25.5
√

B[Tesla]
nm,

ωB =
√
2vF /lB, EB = ℏωc = vF

√
2ℏeB,

It’s important to note that these scales are proportional or inversely proportional

to the square root of the magnetic field. In a nonzero magnetic field the continuous

electron density of states (2.3) falls apart into a set of discrete Landau levels which

we enumerate by n:

En = sign(n)vF
√

2eℏB|n| = sign(n)EB

√

|n|, (2.8)

n = ...− 3, −2, −1, 0, +1, +2, +3, ... .

Non-equidistant positions of the Landau levels and the existence of the zeroth

level n = 0 just in the Dirac point are peculiar features of graphene, see Figure

2.5. In contrast, particles with a constant density of states have equidistant Landau

levels: Ecl
n = ℏωcl

c (n + 1/2) with ωcl
c = eB/m classical cyclotron frequency

directly proportional to magnetic field. Each Landau level must accommodate the

same number of electrons, therefore in systems with a constant density of states

the levels are equidistant. However in graphene the density of states grows with

energy (2.3), as a result spacing between Landau levels becomes narrower (2.8) for

higher |n|. And the existence of the zeroth level n = 0 in graphene is related to its

nontrivial Berry phase [53, 54, 55].
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Section 2.2. Electronic properties of graphene in magnetic field

Within the semiclassical approximation, the cyclotron mass m∗ of charge car-

riers is defined through the area A(E) in k-space enclosed by a cyclotron orbit:

m∗ ≡ 1

2π

[

∂A(E)

∂E

]

E=EF

,

thus cyclotron mass of Dirac electrons in graphene is

m∗ = EF /v
2
F .

Each Landau level has degeneracy of gsgv|B|/(2φ0) states per unit area where

φ0 = h/(2e) is the magnetic flux quantum and gs = gv = 2 are spin and valley

Figure 2.5 – Electronic properties of graphene in a magnetic field, Fermi velocity

vF = 106 m/s (a typical value found in graphene). Panel a: Density of states is plot-

ted with some offset to avoid visual overlap of the curves for three different values

of external magnetic field, the width of each level is 1.5 meV (the value was picked

haphazardly to create this illustration). As the magnetic field decreases, spacing be-

tween the Landau levels shrinks and in the limit of B → 0 the linear dependency

(2.3) is recovered. Panel b: Landau fan diagram i.e. energies of lowest Landau lev-

els (2.8) plotted as a function of magnetic field. Fully occupied Landau levels are

shown in black, half-filled level L0 is dark gray, and empty Landau levels are shown

in light gray. Such filling of Landau levels corresponds to pristine graphene at zero

temperature.
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degeneracies of states. Strictly speaking the spin degeneracy gs is lifted in an

external magnetic field, however the value of the Zeeman splitting is very small

and it could be observed only in extreme conditions of high magnetic fields and

low temperatures, therefore in most cases it is neglected.

In pristine graphene the zeroth Landau level is half-filled and characterized

by the filling factor ν = 2. Applying a gate voltage to a graphene sample al-

lows adding or removing electrons gradually at a fixed value of magnetic field.

At zero temperature, whenever all states at a particular Landau level are occupied

or emptied, the Fermi level shifts to a neighboring Landau level. Apart from that,

graphene crystals may have some chemical doping introduced on purpose or due to

unintended contamination. We denote concentration of charge carriers per unit of

area as N . The concentration of the charge carriers N , filling factor ν, and number

of the Landau level are related to each other the following way:

ν = ±(4|n|+ 2), (2.9)

N = ν
eB

h
where

e · 1Tesla

h
≈ 24.1 · 109cm−2,

here in the first formula the sign “+” describes the case of n-doping, the sign

“−” describes the case of p-doping, and prefactor 4 takes into account spin and

valley degeneracies of each level.

In some optical experiments, including ours, the amount of the extra charge

due to the doping is fixed N = const. Applying gate voltage to the sample is

not always possible due to technical reasons and only the value of the magnetic

field could be tuned. These circumstances are often important to understand and

model the phenomena observed in optical experiments. Whenever the value of the

magnetic field is changed, the density of states at each Landau level also changes

according to the formulas 2.9. Therefore the extra charge must be redistributed and

accommodated on the Landau levels in a different way. As a result, position of the

Fermi level depends on magnetic field: In the case of n-doping (or p-doping), when

the value of magnetic field is increased then the highest filled Landau level becomes

emptied (or completely filled), and the Fermi level “jumps” from this Landau level

to a neighboring one in the direction towards the Dirac point for both types of

doping, see Figure 2.6. In a more general case including nonzero temperatures, the

position of chemical potential as a function of magnetic field µ = µ(B) could be

found for a given concentration N from the following equation:

N =
4eB

h

∞
∑

n=−∞

[

f(En)−
1

2

]

, (2.10)

here the sum goes over all Landau levels, the prefactor takes into account the

degeneracy of each Landau level, f = f(E) is the Fermi-Dirac distribution which

takes into account the effect of nonzero temperature T :

f(En) =
1

exp
(

En−µ
kBT

)

+ 1
. (2.11)
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Equation (2.10) defines the total doping charge per unit of area in such a way

that N = 0 when the chemical potential is in the Dirac point i.e. µ = 0.

Figure 2.6 – Positions of the Fermi level in n-doped graphene as a function of mag-

netic field at zero temperature. Lines of different color represent four different charge

carrier concentrations. Dotted lines denote the energies of Landau levels. The figure

is made after [56].

Structure and properties of magneto-optical conductivity tensor

Magneto-optical response of a solid body is often distinct and more complicated

than its optical response in the absence of magnetic field described by σ(ω). In the

most general case, magneto-optical conductivity σ̂(ω,B) is a second rank tensor

represented by a 3 × 3 matrix with complex components which depend on mag-

netic field B. It is important to emphasize that σ̂(ω,B) has nonzero off-diagonal

components even in the case of an optically isotropic material. In the case of an

optically anisotropic material, σ̂(ω,B) also has nonzero off-diagonal components

even if it is written down in coordinate system defined by the principal axes of

the crystal. The off-diagonal components of σ̂(ω,B) describe the time-reversal

symmetry breaking introduced by an external magnetic field. In particular these

components are needed in order to properly describe optical response of a solid to

the circularly polarized light of different handedness (right-handed and left-handed

19



Chapter 2. Properties of graphene

circularly polarized rays of light could be viewed as time-reversed versions of each

other).

Graphene is a 2D crystal therefore σ̂(ω,B) could be reduced to a 2× 2 matrix.

Here redistribution of electric charge in the direction perpendicular to graphene’s

plane is considered to be negligible. Moreover, graphene has uniaxial symmetry

i.e. optical properties of graphene remain unchanged after any rotations around any

axis perpendicular to the plane of graphene. Due to the above mentioned symmetry

and Onsager reciprocity relations [57], only two components of magneto-optical

conductivity tensor remain independent and σ̂(ω,B) acquires the following form

in the Cartesian coordinates:

σ̂(ω,B) =

[

σxx(ω,B) σxy(ω,B)
−σxy(ω,B) σxx(ω,B)

]

. (2.12)

Here σxx(ω,B) is diagonal or longitudinal optical conductivity. Two diago-

nal components of σ̂(ω,B) are equal due to the uniaxial symmetry of graphene:

σxx(ω,B) = σyy(ω,B). Onsager relations impose more restrictions on the diago-

nal components:

σxx(ω,B) = σxx(ω,−B), (σxx(ω,B))∗ = σxx(−ω,B).

σxy(ω,B) is the off-diagonal conductivity or the Hall conductivity. The off-

diagonal components of σ̂(ω,B) are opposite to each other due to Onsager rela-

tions. Here are all the restrictions on the off-diagonal components due to Onsager

relations summarized together:

σxy(ω,B) = −σyx(ω,B),

σxy(ω,B) = −σxy(ω,−B), (σxy(ω,B))∗ = σxy(−ω,B)

Eigenvalues of σ̂(ω,B) tensor correspond to conductivities which describe the

response of graphene to right- and left-handed circularly polarized light:

σ+(ω,B) = σxx(ω,B) + iσxy(ω,B),

σ−(ω,B) = σxx(ω,B)− iσxy(ω,B).

Thus in the circular basis, σ̂(ω,B) acquires diagonal form with its components

equal to right-handed and left-handed circular conductivities. This basis is natu-

rally inherent for description of magneto-optical phenomena in graphene. Indeed,

each magneto-optical transition of an electron in graphene is accompanied by ab-

sorption of either a right- or a left-handed circularly polarized photon, see the next

section. Representation in Cartesian coordinates is more common in the literature

about the Hall effect.

As one can see from the above mentioned equations due to Onsager relations,

the diagonal components σxx(ω,B) do not change after magnetic field inversion

and off-diagonal components σxy(ω,B) are antisymmetric with respect to the mag-

netic field inversion. This implies that the off-diagonal component vanishes in the
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absence of external magnetic field σxy(ω, 0) = 0 and there remain only equal di-

agonal components. As a result, the magneto-optical conductivity tensor reduces

to the scalar optical conductivity σ(ω) described in the previous section:

σxx(ω, 0) = σ+(ω, 0) = σ−(ω, 0) ≡ σ(ω).

Pristine (undoped) graphene represents a very interesting case: the off-diagonal

components of its magneto-optical conductivity tensor vanish due to the electron-

hole symmetry σxy(ω,B) = 0 even if external magnetic field is not zero. Mean-

while the its diagonal components are equal to each other but distinct from the

universal conductivity of graphene:

σxx(ω,B) = σ+(ω,B) = σ−(ω,B) ̸= σ(ω).

All the above mentioned components of magneto-optical conductivity tensor

are causal response functions [58, 59]. Therefore their real and imaginary parts are

connected to each other by Kramers-Kronig relations which assume the following

form in the case where magneto-optical effects are taken into account [60]:

Reσi(ω,B) =
1

π
P
∫ ∞

−∞

Imσi(ω
′, B)

ω′ − ω
dω′, (2.13)

Imσi(ω,B) = − 1

π
P
∫ ∞

−∞

Reσi(ω
′, B)

ω′ − ω
dω′, (2.14)

here the index i designates any of “xx”, “xy”, “+” or “−”. It is important to

remark that integration in (2.13) and (2.14) also includes the negative frequencies.

Magneto-optical conductivity of graphene

Magneto-optical tensor σ̂(ω,B) has been calculated and analyzed in [61, 62]. Here

we only summarize results of a simple single-particle model [27] containing a set

of phenomenological parameters which could be found only in the framework of

more complicated models. This model could be used as a starting point to illus-

trate some properties of graphene. Linear response approximation leads to the

Kubo-Greenwood formula [63] for right-handed and left-handed components of

the magneto-optical conductivity tensor:

σ±(ω,B) =
4ie3B

π

∑

in,f

f(Ein)− f(Ef)

Ef − Ein

|⟨Ψin|v̂±|Ψf⟩|2
ℏω − (Ef − Ein) + iΓin→f

. (2.15)

Here indices “in” and “f” designate initial and final states of electrons during

magneto-optical transitions between Landau levels, Ψin and Ψf are the wave func-

tions which describe these states, Ein and Ef are energies of the corresponding

Landau levels. Values of both indices run through all Landau levels:

in, f = ...− 3, −2, −1, 0, +1, +2, +3, ... .
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f = f(En) is the Fermi-Dirac distribution given in the formula (2.11). v̂± =
ℏ
−1∂Ĥ/∂k± is velocity operator, Ĥ is system’s Hamiltonian close to the K point

and k± = kx ± iky describes electrons’ momentum. Γin→f is a phenomenological

parameter which describes broadening of each transition. The exact values of these

parameters could be found from experiment or in the framework of a more com-

plicated theory. The prefactor in the Kubo-Greenwood formula takes into account

degeneracy of Landau levels.

In a simple case of non-interacting electrons, the Hamiltonian Ĥ which takes

into account only the nearest neighbor hopping of electrons could be easily diag-

onalized. Its eigenfunctions Ψn and corresponding energies En of Landau levels

could be found explicitly, see formula (2.8). Next, one can verify that only three

groups of matrix elements |⟨Ψin|v̂±|Ψf⟩|2 have nonzero values. These matrix ele-

ments are divided into three groups regarding the band of the initial and final states

of the electrons:

1) mixed transitions |⟨Ψ0|v̂+|Ψ1⟩|2 = |⟨Ψ1|v̂−|Ψ0⟩|2 =

= |⟨Ψ0|v̂+|Ψ−1⟩|2 = |⟨Ψ−1|v̂−|Ψ0⟩|2 = v2F /2, (2.16)

2) interband transitions |⟨Ψ−j |v̂+|Ψj+1⟩|2 = |⟨Ψ−j−1|v̂−|Ψj⟩|2 =

= |⟨Ψj+1|v̂−|Ψ−j⟩|2 = |⟨Ψ−j |v̂−|Ψ−j−1⟩|2 = v2F /4, (2.17)

3) intraband transitions |⟨Ψ−j−1|v̂+|Ψ−j⟩|2 = |⟨Ψj |v̂−|Ψj+1⟩|2 =

= |⟨Ψ−j |v̂−|Ψ−j−1⟩|2 = |⟨Ψj+1|v̂−|Ψj⟩|2 = v2F /4, (2.18)

here the new index j assumes only positive values j = 1, 2, 3, ... . Substituting

the formulas (2.16), (2.17), and (2.18) into the Kubo-Greenwood formula (2.15)

one can obtain the final expression for the right-handed and left-handed magneto-

optical conductivities of graphene:

σ±(ω,B) = 2 · iℏ
π

[

W1±

ℏω − T1 + iΓ1
+

W1∓

ℏω + T1 + iΓ1

]

+

+
iℏ

π

∞
∑

j=2

[

Wj±

ℏω − Tj + iΓj
+

Wj∓

ℏω + Tj + iΓj

]

+

+
iℏ

π

∞
∑

j=2

[

W ′
j±

ℏω − T ′
j + iΓ′

j

+
W ′

j∓

ℏω + T ′
j + iΓ′

j

]

. (2.19)

Here the sum goes only over transitions with nonzero probabilities. The three

terms (each one is presented on a separate line) take into account mixed, interband,

and intraband transitions correspondingly. T1, Tj and T ′
j are energies of these

transitions i.e. differences between the energies of initial and final states:
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Tj = EB(
√

j +
√

j − 1), j = 1, 2, 3, ... ,

T ′
j = EB(

√

j −
√

j − 1), j = 2, 3, 4, ... .

Coefficients Wj and W ′
j are spectral weights of these transitions:

Wj+ =
e2E2

B

2ℏ2
· f(−Ej−1)− f(Ej)

Tj
, Wj− =

e2E2
B

2ℏ2
· f(−Ej)− f(Ej−1)

Tj
,

here j = 1, 2, 3, ... .

W ′
j+ =

e2E2
B

2ℏ2
· f(Ej−1)− f(Ej)

T ′
j

, W ′
j− =

e2E2
B

2ℏ2
· f(−Ej)− f(−Ej−1)

T ′
j

here j = 2, 3, 4, ... .

The widths Γj of magneto-optical transitions are defined by different broaden-

ing mechanisms: Auger processes as well as scattering of graphene’s charge car-

riers on defects, impurities, and graphene’s optical phonons. Therefore the widths

can be found only in the framework of a more advanced theory, see [64], and the

exact values of Γj depend on energy, doping, concentration of the defects and their

type, magnetic field, and temperature. In general the widths Γj are larger at higher

energies and for higher magnetic fields.

The formula (2.19) could be largely simplified in the case of pristine graphene

at zero temperature, or in the case when both the chemical potential and the tem-

perature are low compared to the magnetic energy µ, kBT ≪ EB . Indeed, all

terms (2.18) corresponding to the intraband transitions become irrelevant. Next,

formula (2.19) could be rearranged the following way:

σ±(ω,B) =
2

π

∞
∑

j=1

Wj
iℏ(ℏω + iΓj)

(ℏω + iΓj)2 − T 2
j

. (2.20)

where the energies and spectral weights of the remaining transitions are

Tj = EB(
√

j +
√

j − 1), Wj =
e2E2

B

2ℏ2
· 1

Tj
.

As one can see, pristine graphene has a noteworthy property: the product be-

tween the energy and the spectral weight of any transition depends only on mag-

netic field and does not depend on its number j :

TjWj =
e2

2ℏ2
E2

B =
e3

ℏ
v2FB. (2.21)
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Figure 2.7 – MO conductivity of graphene according to the simple model, see formula

(2.19), for the case of zero doping µ = 0, temperature 10 Kelvin, and constant width

of the MO transitions Γj = 4 meV. Such narrow widths of MO transitions could be

found only in high quality graphene samples. Undoped graphene represents a special

case when right- and left-handed conductivities coincide σ+ = σ− ≡ σ due to the

electron-hole symmetry. Scheme of magneto-optical transitions is shown in panel a

of Figure 2.9. In pristine graphene only the mixed MO transition T1 and interband

MO transitions Ti, i ≥ 2 are active. At high energies far from 0th LL, behaviour of

graphene resembles the one of undoped graphene in the absence of magnetic field

σ → σ0.
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Figure 2.8 – MO conductivity of undoped and p-doped graphene according to the

simple model, see formula (2.19), for temperature 10 Kelvin, and constant width of

the MO transitions Γj = 4 meV. The color code is the same in all panels. Gray vertical

lines indicate the absolute value of the chemical potential |µ|. The values of the

chemical potential were chosen to illustrate how different MO transitions acquire and

lose their spectral weight as the chemical potential moves down away from the 0th LL

and consequently crosses the energies of −1 and −2 LLs, see formula (2.8). Schemes

of MO transitions are given in Figure 7.15 and Figure 7.15. At high energies far form

2|µ|, behaviour of graphene resembles the one of pristine graphene σ+ − σ− → 0. In

the case of n-doping the conductivity curves exchange i.e. σ± → σ∓ when µ → −µ.
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Effects beyond a simple theory

Interaction effects briefly mentioned in the previous section also influence gra-

phene’s properties in the presence of magnetic field. As a result, positions of the

Landau levels could be shifted which is sometimes described in terms of different

values of effective Fermi velocity (or renormalized Fermi velocity) for each num-

ber of a Landau level, see topical review [48]. In contrast, in 2D systems with

a parabolic dispersion relation the electron-electron interactions have no impact

on the cyclotron resonance energy due to the Kohn’s theorem [65, 66]. Another

presumable effect of interactions is band gap opening. If a band gap is present,

degeneracy of the zeroth Landau level is lifted: it splits in two levels which we

denote by n = +0 and n = −0. The energies of the Landau levels acquire the

following values:

n > 0, En = ∆/2 +
√

2eℏv2FBn+ (∆/2)2, (2.22)

n = +0, E+0 = ∆/2,

n = −0, E−0 = −∆/2,

n < 0, En = −∆/2−
√

2eℏv2FB|n|+ (∆/2)2.

In the limit ∆ → 0 these equations coincide with (2.8).

2.3 Magneto-optical properties of graphene

Magneto-optical transitions and absorption lines

Magneto-optical properties of graphene are described in the review [27]. When

pristine or doped graphene is exposed to an external magnetic field absorption of

light occurs due to transitions of electrons between the discrete Landau levels.

During this process three conditions must be satisfied. Firstly, (i) such transitions

must be compatible with the following selection rule:

|nf| − |nin| = ±1, (2.23)

nin and nf are initial and final Landau levels, see Figure 2.9. This selection rule

is based on the formulas (2.16) − (2.18) which describe transitions with nonzero

probability. Formula (2.23) could be clarified from the point of view of angular

momentum conservation: Each time an electron is promoted to a higher level, its

orbital angular momentum changes by ±1. This change is compensated by the

angular momentum of the absorbed photon. A photon with left-handed circular

polarization carries angular momentum −1 and right-handed one carries +1.

Secondly, (ii) the energy conservation law (2.5) defines frequencies of the pho-

tons which could be absorbed. Thus using formulas (2.8) and (2.5) one finds ener-

gies T of absorption lines in magneto-optical spectrum of graphene:
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Figure 2.9 – Magneto-optical transitions of electrons in graphene, the three panels

depict Landau levels for the same value of external magnetic field but different values

of graphene’s doping. Black, dark gray and light gray horizontal lines depict fully

filled, partially filled, and empty Landau levels correspondingly. Red and blue verti-

cal arrows depict electronic excitations accompanied by absorption of photons with

right and left circular polarizations correspondingly. Panel a: Pristine graphene, all

interband and mixed transitions for both polarizations of photons are active. Panel b:

n-type doping, only two intraband and some interband transitions are active. Panel c:

p-type doping, the active transitions have the same energy but opposite handedness of

polarization compared to the case of n-type doping.
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T (nin → nf) = EB

(

sign(nf)
√

|nf| − sign(nin)
√

|nin|
)

. (2.24)

And finally, (iii) electron’s transition must occur between an occupied and an

unoccupied state. If a particular Landau level is partially filled then it could act both

as initial or final level for different optical transitions. Thus taking into account all

conditions (i), (ii) and (iii), active magneto-optical transitions and corresponding

absorption lines could be classified into three groups: interband, intraband, and

“mixed” ones.

Interband transitions occur from Landau levels in the π-band to Landau lev-

els in the π∗-band: −2 → 1 and −1 → 2, −3 → 2 and −2 → 3, −4 → 3 and

−3 → 4, etc, see Figure 2.9. Due to electron-hole symmetry of band structure

near to the Dirac point the interband transitions form pairs. Within each pair, both

transitions have the same energy of absorption lines, however these transitions are

distinguished by polarization of the absorbed photons. Energies of absorption lines

Ti due to interband transitions are given by (2.25). In this manuscript, each line is

enumerated by the number i ≥ 1 of the Landau level to which an electron is pro-

moted during absorption of a photon with right circular polarization, and a supple-

mentary subscript “+” or “−” could be added to differentiate between absorption

lines of right and left circular polarizations. For example, transition −2 → 3 leads

to a spectral line denoted as T3,+ and transition −3 → 2 leads to a spectral line

denoted as T3,−. Both lines have the same energy and could be denoted simply as

T3. Energies of photons absorbed during the interband transitions are always larger

than the magnetic energy Ti > EB . Just as in the absence of magnetic field, some

of the low energy interband transitions are blocked when the Fermi level is away

from the Dirac point.

Ti = vF
√
2eℏB

(√
i+

√
i− 1

)

. (2.25)

Intraband transitions occur between Landau levels within one band, see Fig-

ure 2.9 panels b and c. Transitions in the π-band −2 → −1, −3 → −2, −4 → −3,

etc are induced by light with left circular polarization. Transitions in the π∗-band

1 → 2, 2 → 3, 3 → 4, etc are induced by light with right circular polarization and

have the same line energies as analogous intraband transitions in the π-band. Lines

are enumerated with i ≥ 1 the same way as described above but with a prime sign.

For example, transition 2 → 3 leads to a spectral line denoted as T ′
3,+ and transi-

tion −3 → −2 leads to a spectral line denoted as T ′
3,−. Both lines have the same

energy and could be denoted simply as T ′
3. Energies of absorption lines T ′

i due to

intraband transitions are given in the formula (2.26). Energies of photons absorbed

during the intraband transitions are always less than the magnetic energy Ti < EB .

Just as in the absence of magnetic field, intraband transitions are observed only

when the Fermi level is away from the Dirac point. At zero temperature, only one

or two (but not three) intraband transitions could be observed in optical spectra for
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a particular value of external magnetic field.

T ′
i = vF

√
2eℏB

(√
i−

√
i− 1

)

. (2.26)

“Mixed” transitions involve the zeroth Landau level: −1 → 0 and 0 → 1,

see Figure 2.9 panel a. The zeroth Landau level belongs both to π∗ and π bands

therefore formally such transitions could be considered as both interband and in-

traband transitions. For this reason, we refer to them using the word “mixed” in

this manuscript. The absorption lines are denoted with T1. Energies of absorption

lines coincide with the magnetic energy T1 = EB , both (2.25) and (2.26) formulas

are valid in this peculiar case. At zero temperature, mixed transitions are observed

when the Fermi level resides at the −1, or 0, or 1 Landau level. This occurs only in

the case of low doping or high magnetic field. Both −1 → 0 and 0 → 1 transitions

are observed simultaneously only when the zeroth Landau level is partially filled.

The two transitions are distinguished by polarization of absorbed photons.

Magneto-optical spectra of graphene

In the infrared region of spectrum, magneto-optical properties of both pristine and

doped graphene (transmission, reflection, and absorption) may vary significantly

with the wavelength of light. Graphene has two distinct types of magneto-optical

behaviour: so called quantum and classical regimes.

The quantum regime is observed when µ ≪ EB i.e. at small doping and/or

high magnetic fields. In this regime magneto-optical transmission spectrum of

graphene has a series of well-separated dips, see Figures 2.10 and 2.11. They cor-

respond mainly to the absorption lines due to the mixed and interband transitions

described in the previous subsection. What makes graphene stand out is that multi-

ple absorption lines could be simultaneously observed at a given value of magnetic

field. Such a distinct magneto-optical property of graphene is directly related to

the existence of Landau levels both above and below the Dirac point and also to

the non-equidistant spacing between graphene’s Landau levels. In such system,

magneto-optical transitions of different energies of photons are simultaneously ac-

tive.

The number of well-separated lines in graphene’s magneto-optical spectra de-

pends the on line broadening. Naively, one may assume that this number always in-

creases at high magnetic fields because separation between the lines grows as
√
B,

see the formulas (2.25) and (2.26). However, the line broadening also changes with

the magnetic field and energy of the transition. In the end, the resulting magneto-

optical transmission curve, the number of well-separated dips, their intensity and

width depend significantly on the type of the dominant scattering mechanisms,

some broadening mechanisms may even alter the usual Lorentzian shape of the

absorption lines [64]. Thus the linewidths may vary largely from one graphene

sample to another.

In pristine graphene, which is a clear-cut example of the quantum regime, the

most intense absorption line is due to the mixed magneto-optical transition T1
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Figure 2.10 – MO properties of free-standing undoped and p-doped graphene at 4

Tesla for circularly polarized light of different handedness as well as FR angle. Each

column shows plots for a particular value of doping based on the MO conductivities

presented in Figure 2.8, relations between the σ̂ and the optical properties are given

in Section 6.3.
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Figure 2.11 – MO properties of free-standing undoped and p-doped graphene at 4

Tesla for circularly polarized light of different handedness as well as FR angle. Each

column shows plots for a particular value of doping based on the MO conductivities

presented in Figure 2.8, relations between the σ̂ and the optical properties are given

in Section 6.3.
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which is the lowest one in such a regime. Intraband transitions are not active.

Spectral features due to the interband transitions are less pronounced than the T1

feature for two reasons: (i) they have smaller spectral weight Wj , see the formula

(2.21) and (ii) line broadening Γj increases with j. Thus the dips in transmis-

sion spectra become shallower as the number of the transition Ti grows. Finally at

some high energies of photons ℏω ≫ EB , the magneto-optical transmission spec-

trum of graphene becomes devoid of any marked features i.e. does not depend on

the wavelength at all and becomes almost the same as its transmission spectrum in

the absence of magnetic field T (ω,B ̸= 0) → T (ω,B = 0) ≈ 97.7%.

The classical regime is observed in graphene when EF ≫ EB i.e. at strong

doping and/or relatively low magnetic fields. In this regime, the magneto-optical

transmission spectrum of graphene is dominated by features due to the intraband

transitions. At zero temperature, not more than two intraband transitions are si-

multaneously active at a particular value of magnetic field and doping, see panels

b and c of Figure 2.9. For EF ≫ EB , separation between the Landau levels is

not large compared to widths of absorption lines. Therefore the two absorption

lines (or transmission dips) observed in experiment at a given magnetic field often

cannot be properly resolved: they merge together to form a single relatively broad

spectral feature. As an example, merging of T ′
2,− and T ′

3,− lines could be seen in

panel d of Figure 2.11 already at a relatively small doping µ = E−2 ≈ 120 meV.

If amount of the extra charge due to the doping is fixed, see formula 2.10, then

the position of the Fermi level glides in between different pairs of adjacent Landau

levels as magnetic field decreases. The lower magnetic field the higher the abso-

lute values |n| of these adjacent Landau levels are and the spacing between them

is narrower. Thus new lower energy intraband transitions T ′
i become active, at the

same time former (higher energy) intraband transitions become inactive. As a re-

sult, magneto-optical spectra of graphene contain only one feature which moves to

lower energies as the magnetic field decreases. This feature is attributed to the clas-

sical cyclotron resonance and consists of many different absorption lines merged

together. The position of the Fermi level EF = EF (B) discussed in the previ-

ous section is important to predict the exact energy, broadening, and intensity of

the cyclotron resonance. Calculations [61] showed that if the charge carrier con-

centration in the sample is constant then the cyclotron resonance energy is directly

proportional to the value of magnetic field B. Such behaviour mimics conventional

and classical systems hence comes the name “classical cyclotron resonance”.

It is important to note that in principle the interband transitions are not at all

forbidden in the classical regime. However their energies must be high enough to

overcome almost the double of the Fermi energy Ti > 2EF ≫ 2EB . Interband

transitions of such high energies have low spectral weight, in addition their ab-

sorption lines are subject to pronounced broadening. Therefore they do not lead to

any marked features just as it has been already described for the case of pristine

graphene.

A crossover between the quantum and classical regimes is observed in doped

graphene when EF ∼ EB . In this case all types of transitions are accessible for ob-
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servation: well-separated interband transitions Ti at relatively high energies, pro-

nounced mixed transition T1 in the middle energies, and several poorly resolved

features resulting form the highest intraband transitions T ′
i which then merge into

a monolith cyclotron resonance feature as the energy of photons decreases.

At finite temperature the occupation of Landau levels changes, in addition

some scattering mechanisms, for example the ones which involve phonons, be-

come more pronounced. This leads to the following tendencies: 1) the absorption

lines described above become less sharp and less intense 2) at the same time more

magneto-optical transitions become simultaneously active (because of the partial

occupation of many Landau levels) and their weak signatures could be observed as

additional absorption lines together with the main ones.

Magnetic circular dichroism in graphene

Doped graphene shows a peculiar phenomenon of magnetic circular dichroism,

which is defined as a property of a material to develop different optical responses

to the circularly polarized light of opposite handedness when placed in an exter-

nal magnetic field. In pristine graphene right-handed and left-handed magneto-

optical transitions have the same energies and intensities due to the electron-hole

symmetry near the Dirac point, see panel a of Figure 2.9 and column a of Figure

2.10. When pristine graphene is illuminated with unpolarized light the two types of

transitions compensate each others selectivity to polarization, and the transmitted

light remains unpolarized. However the situation changes for doped graphene: the

electron-hole symmetry near the Dirac point is broken. Thus p-doped graphene

has some non-compensated absorption lines Ti,− and T ′
i,− which absorb only the

left circularly polarized light, see panel c of Figure 2.9, as a result transmitted light

acquires partial right circular polarization, see Figures 2.10 and 2.11. N-doped

graphene behaves the other way around: it has non-compensated absorption lines

Ti,+ and T ′
i,+ and transmitted light acquires partial left circular polarization.

Magnetic circular dichroism is also observed when absorption lines of the same

energies and opposite handedness are active but have different intensities. In this

case, they only partially compensate each other. In the end, the question whether

the circular dichroism would be pronounced in graphene or not is defined by exact

values of Landau level fillings which are in turn defined by the doping and temper-

ature. Discussion of the magnetic circular dichroism in graphene is continued in

Section 6.3.

Phenomenon of Faraday rotation in solids

Handedness of circular polarization is important for many magneto-optical phe-

nomena. For historical and practical reasons, these phenomena are often described

in terms of linear polarization. However it is merely a change of basis: linearly po-

larized light could be represented as a linear combination of left- and right-handed

circularly polarized rays and vice versa.
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Figure 2.12 – Demonstration of the Faraday rotation effect and convention about

the sign of the Faraday rotation angle. Elements of the scheme: a slab (light blue)

characterized by positive Faraday rotation angle θF ≥ 0, a source of light (red), a

linear polarizer (yellow circle with a black line indicating its axis), an observer, white

squares show polarization i.e. orientation of electric component E of the electromag-

netic wave for one particular frequency. Panel a: In the absence of an external

magnetic field the Faraday rotation angle is zero. Panels b: Faraday rotation is clock-

wise for the observer. Panels c: Faraday rotation is anticlockwise for the observer but

the sign of θF is still considered to be positive according to the convention because

here light propagates and magnetic field points in the same direction. Panels d: Fara-

day rotation is anticlockwise for the observer. Panels e: Faraday rotation does not

unwind back when the direction of the light is reversed, compare to panel b.
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When exposed to external magnetic field all materials show a peculiar magneto-

optical effect of Faraday rotation in their transmission spectra: When a linearly po-

larized electromagnetic wave impinges on the material and passes through, then the

outgoing electromagnetic wave is also linearly polarized3, however its polarization

plane changes by some angle θF called Faraday rotation angle, see Figure 2.12.

The Faraday rotation effect is a nonreciprocal phenomenon i.e. the polarization

plane is always rotated in the same direction in space relative to the direction of

magnetic field and regardless of the direction in which the ray of light propagates,

compare panels b and d of Figure 2.12. This is a manifestation of the time-reversal

symmetry breaking introduced by the external magnetic field. In this context time-

reversal (T) corresponds to inversion of the light path, see panel e of Figure 2.12.

The time-reversal symmetry breaking is well illustrated in the following thought

experiment: When a ray of light bounces back and forth in a slab, the Faraday

rotation angle accumulates and increases during each transition through the slab,

i.e. polarization plane is never unwound back to its initial orientation each time the

ray goes in the backward direction. Thus in the panel e of Figure 2.12, orientation

of the polarization becomes 2θF and not 0 which is expected when time-reversal

symmetry holds. The Faraday rotation angle changes its direction to the opposite

one only when the direction of magnetic field is inverted, compare panels b and c

of Figure 2.12.

As a result, an observer who captures incoming light registers different di-

rections of the Faraday rotation depending on whether the magnetic field points

parallel or antiparallel to the direction of light propagation, compare panels b, c

and d of Figure 2.12. As Faraday rotation is nonreciprocal, the notions of “ob-

served direction” and “sign” of the Faraday rotation angle must be distinguished

from each other. By convention accepted in most sources, Faraday rotation angle is

considered to be positive for clockwise rotation when light propagates anti-parallel

to the magnetic field (i.e. as shown on the panel b of Figure 2.12) as well as for

anticlockwise rotation when light propagates parallel to the magnetic field (i.e. as

shown on the panels c and d of Figure 2.12). Here the direction of rotation is reg-

istered from the point of view of an observer who captures light at the detector i.e.

looks in the direction anti-parallel to the propagation of light. In other cases the

sign of the Faraday rotation is considered to be negative.

In bulk materials, Faraday rotation is a direct consequence of circular birefrin-

gence which is in turn induced by external magnetic field. In circular birefringent

materials, left- and right-handed rays propagate at different speeds. In the end,

both rays come out from the material and result into a linearly polarized one but

with some phase offset θF in polarization compared to the incident ray:

θF =
ω

2c
(n− − n+)d, (2.27)

3Phenomenon of Faraday rotation is always accompanied by magnetic circular dichroism. As

a result, in general case the outgoing wave could be elliptically polarized. The outgoing wave can

remain linearly polarized and acquire some nonzero Faraday rotation only at specific values of wave-

length.
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where ω is frequency of light, c is speed of light, n− and n+ are refractive

indices of the material for left- and right-handed circularly polarized light, d is the

thickness of the investigated sample of the material.

Some materials exhibit circular birefringence without external magnetic field.

This case is distinct from Faraday rotation (which is an inherently magneto-optical

effect) and the change or polarization plane is called optical rotation or optical ac-

tivity. In contrast to Faraday rotation, optical activity is a reciprocal phenomenon,

time-reversal symmetry holds, and polarization plane is rotated in opposite direc-

tions depending on the direction in which the ray of light propagates through the

sample. In the above mentioned thought experiment, rotation of polarization plane

does not accumulate after many transitions of light through the slab, in fact the

rotation angle is merely wound and unwound when a ray of light bounces back and

forth in the slab.

In most cases the value of the Faraday rotation angle is proportional to the

thickness d of the material as well as absolute value of external magnetic field and

obeys Becquerel’s formula:

θF = ν|B|d. (2.28)

The coefficient of proportionality ν is called Verdet constant of the material.

By convention, ν has the same sign as the Faraday rotation angle. Both Fara-

day rotation angle and Verdet constant depend on the frequency of the incident

light. Description of magneto-optical response of a solid body is more compli-

cated compared to the zero-field case therefore function θF = θF (ω) yields impor-

tant information about the investigated material. Nowadays, many materials which

show pronounced Faraday rotation are known and various microscopic mecha-

nisms which cause the phenomenon have been uncovered. Theory of the Faraday

rotation effect in solids is described in [67, 68, 69, 70].

In transparent insulating magnetic materials the Faraday rotation is related to

the Zeeman effect and interaction of electron spins with a magnetic component of

an incident electromagnetic wave. In the visible region of spectrum, the highest

Verdet constants among crystalline bulk materials is found in terbium gallium gar-

net (TGG) Tb3Ga5O12. For example for red light with 632 nm wavelength, its value

is νTGG = 134 rad/(T·m) [71]. Thus a 1 mm thick TGG slab produces ∼ 4◦ Fara-

day rotation when exposed to a magnetic field of 0.5 Tesla which could be achieved

with rare-earth permanent magnets. In the visible region of spectrum Faraday ro-

tation effect has been harnessed to create devices such as Faraday rotators which

allow the manipulation of polarization of light, Faraday isolators which act as “op-

tical diodes”, etc. However in terbium gallium garnet the values of ν drop quickly

at lower frequencies of light and Faraday rotation effect becomes negligible in the

IR region of spectrum.

In thin metallic films4 as well as in many doped semiconductors and semimet-

als phenomenon of Faraday rotation originates from the interaction of the electric

4The metal must be thin enough to be transparent.
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field component of the electromagnetic wave with the orbital motion of charge car-

riers [72]. Therefore there is some analogy between magneto-optical experiments

and the Hall effect transport measurements: transimissivity curve T = T (ω) is

complemented with Faraday rotation curve θF = θF (ω) like value of the longi-

tudinal conductivity is complemented with value of the transverse (i.e. Hall) con-

ductivity. Knowledge of the Faraday rotation curve θF , just like Hall conductivity,

allows one to infer the sign and density of charge carriers if their cyclotron mass is

already known. The above mentioned materials have pronounced magneto-optical

features in the infrared region of spectrum.

In the infrared, the highest values of the Verdet constant among non-magnetic

crystalline bulk materials are found in the indium antimonide νInSb = 0.2 · 103
rad/(T·m) [73, 74] and in the bismuth selenide νBi2Se3

= 5 · 103 rad/(T·m) [75] at

liquid helium temperatures. The exact values of ν depends a lot on the tempera-

ture as well as doping, and in general they could be an order of magnitude higher

than those found in visible range of wavelengths in TGG. Nevertheless, currently

there are not many devices which have harnessed the Faraday rotation effect in the

infrared region of spectrum. This is partly related to the technical issues which

arise when cryogenic temperatures are needed in order to achieve the large values

of the Verdet constant in InSb, Bi2Se3, etc. The second problem is that in the above

mentioned material a large Faraday rotation goes hand is hand with large values of

magneto-optical absorption which makes these materials very inefficient for real

applications. Thus the lack of nonreciprocal optical devices (Faraday rotators and

isolators) which operate in the infrared region of spectrum is yet another reason

which fuels graphene research [76].

Faraday rotation in graphene

Theory of the Faraday rotation effect in graphene and related 2D materials is de-

scribed in [77] and [78]. Doped graphene shows both magnetic circular dichroism

and Faraday rotation effects. As a result, when a linearly polarized electromagnetic

wave impinges on graphene then the transmitted wave acquires elliptical polariza-

tion, the major axis of the ellipse is tilted relative to the initial polarization plane.

This polarization tilt corresponds to the Faraday rotation angle θF , see Figure 2.13.

As graphene is an ultimately thin crystal, the formulas (2.28) and (2.27) are no

longer applicable. Before the advent of graphene materials, the thinnest structures

investigated for their magneto-optical properties were several-nanometer-thick 2D

electron gases at the GaAs/AlGaAs interface [73]. Magneto-optical measurements

on monolayer graphene [79] showed remarkably pronounced Faraday rotation in

the far infrared region of spectrum: θF ∼ 6◦ at magnetic field of 7 Tesla. In order

to compare this number to bulk materials, effective thickness of graphene could be

taken as interlayer distance in bulk graphite, then (2.28) yields “effective Verdet

constant” of graphene νGr = 45 · 106 rad/(T·m). Large values of the Faraday

rotation in graphene are attributed to small cyclotron mass of its charge carriers

and most importantly to the small effective thickness of graphene.
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A distinctive and unique feature of the Faraday rotation phenomenon in graph-

ene (apart from its very large magnitude) is related to the electron-hole symmetry

and opportunity of ambipolar doping of graphene samples: In graphene the sign

of θF could be reversed by applying gate voltage and thus shifting the Fermi level

symmetrically across the Dirac point EF → −EF , see panels a and c of Figure

2.13. This procedure could be viewed as charge conjugation (C). Independently

from this, the orientation of θF also could be reversed just like in other materials

by inverting the direction of the external magnetic field, see panels a and b of Fig-

ure 2.13. This procedure could be viewed as parity transformation (P) in graphene.

When both doping and direction of magnetic field are inverted the two modifica-

tions cancel out and in the end orientation of θF does not change. Thus one may

summarize that for Faraday rotation effect in graphene CP symmetry is preserved

and T symmetry is broken.

Figure 2.13 – Faraday rotation effect in graphene depicted for one particular fre-

quency. Elements of the scheme: graphene monolayer (light blue), a source of light

(red), a linear polarizer (yellow circle with a black line indicating its axis), an ob-

server, white squares show polarization i.e. orientation of electric component E of

the electromagnetic wave for one particular frequency. Panels a, b: in both cases

the sign of the Faraday rotation angle is the same θF > 0, consequently the sign of

graphene’s doping is also the same, however the observed direction of θF is different

because of the different orientation of magnetic field. Panel c: the sign of the Fara-

day rotation angle is negative because the sample has opposite doping compared to

the two previous cases.
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Section 2.3. Magneto-optical properties of graphene

Faraday rotation angle θF = θF (ω) allows identifying the level of doping and

the sign of charge carriers in graphene. Transitions with opposite handedness i.e.

T
(′)
i,− and T

(′)
i,+ have the same energies of absorption lines but opposite signs of

the Faraday rotation. A magneto-optical transition which corresponds to a well-

separated absorption line at a frequency ωsl has a zigzag-shaped feature centered

at the same frequency ωsl, see Figure 2.14. An upward inflection of the zigzag

dθF (ω)

dω

∣

∣

∣

ω=ωsl

> 0

corresponds to magneto-optical transitions involving light with right-handed

circular polarization, for example intraband transitions T ′
2 and T ′

3 in n-doped graph-

ene, see panel b of Figure 2.9. Meanwhile a downward inflection of the Faraday

zigzag corresponds to magneto-optical transitions involving light with left-handed

circular polarization, for example intraband transitions T ′
2 and T ′

3 in p-doped graph-

ene, see panel c of Figure 2.9.

When two intraband absorptions lines T ′
i and T ′

i+1 are poorly resolved then

their Faraday rotation angles are accumulated together in a single Faraday rotation

Figure 2.14 – Magneto-optical conductivity in units of σ0, Faraday rotation angle and

transmission of a well-separated spectral line. Three columns describe behaviour of

a graphene monolayer for three different values of doping. As one can see, the sign

of doping defines the inflection of the Faraday rotation curve but does not influence

graphene’s transmission for unpolarized light. The graphs are calculated in the frame-

work of the simple model for σ± described in the previous section and modeling of

ultrathing condcucting films described in Chapter 6.
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curve θF = θF (ω) which has the same type of inflection as the above mentioned

lines because all active intraband transitions have the same handedness for a given

doping. The situation is somewhat different for the interband transitions Ti,− and

Ti,+. They have the same energies and pronounced Faraday rotation of opposite

signs. The resulting net Faraday rotation could be large when only one of the above

mentioned lines is active for example transition T2,+ in the panel b or transition

T2,− in the panel c of Figure 2.9. However when both interband transitions Ti,+

and Ti,− are simultaneously active, for example both T4 in panel c of Figure 2.9,

then their contributions to the Faraday rotation partially compensate each other.

Thus the resulting net Faraday rotation angle θF = θF (ω) decreases.

From this point of view pristine graphene is a very special case: both mixed

transitions and all pairs of interband transitions are active (see panel a of Figure 2.9)

and have exactly the same intensities. As a result, Faraday rotation is fully com-

pensated within each pair of transitions and the net Faraday rotation angle equals

to zero for all frequencies θF (ω) = 0. Thus despite the time-reversal symmetry is

broken by magnetic field, the Faraday rotation vanishes because charge symmetry

is not broken i.e. motion of electrons is fully compensated by the motion of holes.

2.4 Quality and size of graphene crystals

It is well known that physical properties of graphene may vary a lot depending on

the method with which it is produced and also the kind of treatment it undergoes

afterwards. Previous sections describe behaviour of “idealized” graphene. How-

ever in practice, interesting optical features distinctive to graphene are difficult to

observe. Some of these difficulties are related to the low quality of graphene, and

some are caused by limitations of experimental techniques. Often big graphene

crystals are required in order to perform the optical measurements properly. There-

fore in our work the most important aspects were quality and size of graphene crys-

tals. As it often happens at the frontiers of science, the best quality graphene sam-

ples are small and their size cannot be increased using the same synthesis method,

meanwhile large samples produced with other methods typically have worse qual-

ity.

Quality

Like in semiconductor physics, quality of a graphene crystal is often described in

terms of its charge carrier mobility µ = vd/E, where vd is drift velocity of elec-

trons or holes due to an externally applied electric field E. The higher mobility,

the better crystalline quality is. Apart from that, graphene’s mobility also depends

on other factors: it increases as temperature [80] and/or charge carrier concentra-

tion N go down. Therefore one should always take mobilities of graphene crys-

tals measured at the same temperatures and doping in order to have an adequate

comparison of their quality. Mobilities of different graphene samples have been
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measured at different conditions in numerous experiments, and the reported values

fall into the interval between µ ∼ 10 cm2V−1s−1 and µ ∼ 1 000 000 cm2V−1s−1

[81, 80, 82, 83, 84]. For comparison, the theoretically predicted upper limit for

graphene’s mobility is ∼ 200 000 cm2V−1s−1 [85, 86] at room temperature for

technologically achievable charge carrier concentrations of ∼ 1012 cm−2. Mobili-

ties at liquid helium temperatures are often an order of magnitude higher than those

at room temperatures.

As one can see, graphene’s mobility, and thus quality, may vary several orders

of magnitude from one crystal sample to another. Such a large spread of values

is directly related to the two-dimensional nature of graphene. Firstly, graphene is

ultimately thin so that there remain only two surfaces and no bulk at all in between.

In a 3D material, phenomena which take place in the bulk define many properties

of the material in a very robust way i.e. these properties do not change much

when the surface is altered somehow, for example contaminated or oxidated. In

contrast, graphene’s properties are very sensitive to contamination of their surface

or proximity to another material, for example the substrate on which graphene

monolayer resides. Secondly, scattering of charge carriers on defects and charged

impurities is more pronounced in 2D phase space than in a 3D one, moreover in

a 2D system the screening of charged impurities is less efficient than in 3D. And

finally, all 2D crystals are very prone to corrugations because a 2D crystal is not

thermodynamically stable when flat. Whether corrugations develop or not and to

which extent also depends largely on external conditions and the kind of treatment

graphene undergoes.

Relevance of different scattering mechanism limiting graphene’s mobility is

still a subject of a very intense debate, see topical reviews [89, 90]. Here are

the key factors which have been experimentally observed to cause deterioration of

graphene’s quality:

Figure 2.15 – Panel a: STM image of a graphene flake transferred to a new substrate,

one can see wrinkles, folds, and so called “collapsed folds” induced by the transfer

process, scale bar is 2 µm. The figure is made after [87]. Panel b: STM image of

a suspended bilayer graphene flake, one can see strain-induced ripples typical for 2D

crystals, the scale bar is 1 µm. The figure is made after [88].
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• Surface contamination [91]. Contaminants adhere to graphene via the

van der Waals interaction and graphene’s covalent π-bonds. Typical re-

quirements for surface science experiments are working in high vacuum

and at low temperature. However the procedures developed so far for ma-

nipulations with 2D crystals do not meet these requirements [92]. Thus

graphene’s surface could be easily inadvertently contaminated early on dur-

ing graphene’s synthesis, later because of exposure to room air and moisture,

or even storage in poor vacuum. All the more exposure to contaminating

chemicals happens during device fabrication namely transferring graphene

to another substrate, suspending or stacking graphene membranes, deposit-

ing of electric contacts etc.

• Inappropriate substrate. Graphene interacts with its underlying substrate

via van der Waals forces. There has been done a lot of research on com-

parison of different graphene substrates and various nontrivial phenomena

which take place at the interface between the two materials [93, 94, 95, 96,

97, 98, 99]. On the one hand, the substrate helps to stabilize graphene and

prevent the 2D crystal from scrolling. On the other hand, in most cases

the substrate surface is rough on the atomic scale [99] and contains charged

impurities (see Figure 3.2) which leads to the deterioration of graphene’s

quality. Another important effects is interaction of graphene charge carriers

with substrate phonons [95].

• Impurities, point defects and domain walls in graphene’s lattice. Differ-

ent types of defects and impurities inevitably form during synthesis.

• Wrinkles, ripples, crumples, and flexural phonons in graphene [100,

101]. Several types of membrane corrugations have been experimentally

observed in graphene. Many different mechanisms of corrugation forma-

tion have been proposed so far [102, 103], Figure 2.15 illustrates only one

of them. These mechanisms emphasize the importance of graphene lattice

defects, regime of graphene growth during synthesis, substrate microstruc-

ture and roughness (or absence of substrate in the case of free-standing

graphene), substrate-graphene adhesion and mismatch of their thermal ex-

pansion coefficients5, mechanical strain in graphene membrane, etc.

All the above mentioned factors cause scattering of charge carriers and thus

reduce mobility in graphene. Scattering mechanisms are often differentiated into

long-range scattering on charged impurities and short-range scattering on neutral

impurities and defects. It has been shown that certain types of corrugations create

a long-range scattering potential and act similar to Coulomb scatterers [101]. For

each scattering mechanism scattering rates have peculiar dependencies on temper-

ature, concentration of charge carriers and concentration of scattering centers. For

5Interestingly enough, graphene has negative thermal expansion coefficient [104]
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more details see topical review [26] and theoretical description of these phenom-

ena [105, 106, 107]. The above mentioned problems of quality deterioration are

caused by technical issues and potentially could be eliminated therefore they are

called extrinsic. Here are some factors which already have been shown to improve

graphene’s quality:

• Using high quality precursors for graphene synthesis;

• optimization of synthesis procedure;

• minimizing amount of contaminants during device fabrication;

• annealing graphene [108, 109];

• suspending graphene membrane;

• using hBN as a substrate [110, 111, 112];

• encapsulation of graphene membrane [83, 84].

In contrast to extrinsic scattering mechanisms, there are intrinsic ones: electron-

electron and electron-phonon scattering. These scattering mechanisms also reduce

mobility however they are inherent to graphene and cannot be eliminated. There-

fore, usually they are not considered among the reasons of graphene’s quality dete-

rioration but rather viewed as phenomena which set the fundamental upper limit of

charge carrier mobility in graphene6. Naturally, this limit depends on temperature

and charge carrier concentration.

Apart from high mobility, high spatial homogeneity is another important at-

tribute of high quality crystals. Charged impurities and membrane corrugations

cause the chemical potential to be nonuniform across the graphene crystal. High

resolution local probes as STM showed that there could be spatial fluctuation of

the Fermi level on relatively short length scales, for example in graphene on SiO2

they could reach ∆Er = 30 − 100 meV [113]. For pristine graphene this leads

to formation of so called electron-hole puddles: in some regions of the crystal the

Fermi level is above the Dirac point and in other regions it is below the Dirac

point [114, 115]. As a result, in practice it is impossible [82] to bring the entire

graphene crystal to charge neutrality even if there is an opportunity to fine-tune

the positions of its average Fermi level. When graphene’s properties are investi-

gated by probes which have lower than STM spatial resolution (for example IR

optical spectroscopy, electronic transport measurements etc), the local Fermi level

is smeared out. Consequently, one cannot observe the distinct features of Dirac be-

haviour previous described in Sections 2.1, 2.2, and 2.3. In addition, for tempera-

tures kBT ≲ ∆Er, electronic properties such as conductivity become independent

of temperature [113].

6Sometimes membrane corrugation and flexural phonons are also considered among intrinsic

phenomena which limit graphene’s mobility. In this work I number them among extrinsic problems

because potentially they could be reduced with the help of strain or proper underlying substrate.
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Currently, scotch-tape exfoliation of graphite is a routine way of obtaining

the best quality graphene with more or less reproducible yield. Freshly exfoli-

ated graphene flake must be suspended or encapsulated between thin scotch-tape

exfoliated hBN flakes. Mobilities of hBN/Gr/hBN stacks may reach ∼ 140 000
cm2V−1s−1 at room temperatures and even ∼ 1 000 000 cm2V−1s−1 at liquid he-

lium temperatures [84]. It has been also reported that high quality graphene flakes

could be located on the surface of graphite [116]: sometimes a graphene mono-

layer is decoupled from its bulk graphite crystal so that its charge carriers acquire

Dirac behaviour typical for graphene.

Size

There has been developed more than a dozen graphene synthesis methods so far:

scotch-tape exfoliation method, chemical vapor deposition (CVD), epitaxial growth

on SiC (hexagonal polytypes 4H and 6H), molecular beam deposition, reduction

and further sonication of graphite oxide, unzipping carbon nanotubes, etc. Each

method has some advantages and limitations, for more information see review

[117].

In this work we consider graphene crystals of ≳ 1 mm to be big because it is the

minimal size of samples suitable for typical optical spectroscopic measurements.

We consider graphene crystals of ≲ 1 mm to be small because their optical spectra

could be measured only with the help of some subsidiary optical elements which

focus light directly on the sample: light-pipes, lenses, Cassegrains, etc. Apart from

this technical issue, the size of crystals should be larger than the wavelength of

light. This may become an important issue in the far infrared region of spectrum.

Currently CVD and epitaxial growth on SiC are the only reproducible methods of

obtaining big graphene samples.

The CVD synthesis method is easily scalable: it allows growing graphene sam-

ples of different sizes. The biggest samples which have been grown so far are about

one meter wide [118]. However such samples inevitably contain many domain

walls, lacunas, and disconnected islands of graphene bilayer which start growing

on top of the monolayer before the monolayer of the intended size has fully formed,

see topical review [119].

The CVD procedure could be optimized for growing somewhat smaller but

better quality samples so that just after the synthesis their mobility is as good as in

mechanically exfoliated graphene. The biggest CVD grown single crystal samples

reported so far ∼ 10 mm [120]. However CVD graphene is usually synthesized

on a metallic surface and for further experiments graphene must be transfered to

an insulating substrate or suspended. Transfer methods developed for big sam-

ples employ polymers (for example PMMA, polystyrene or polybutadiene) which

are deposited in a thin layer on top of graphene before the metallic substrate is

etched away. Polymer residues cannot be totally removed which contaminates the

graphene. Moreover, drainage of liquid between graphene and the new substrate

creates wrinkles in the graphene membrane during the transfer procedure [102]. In
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the end, the quality of CVD graphene deteriorates and its reported mobilities be-

come ∼ 100 − 30 000 cm2V−1s−1 [118, 120] at room temperatures. Suspending

and annealing of big CVD graphene samples could be problematic7 and does not

allow restoring its best quality. Currently dry transfer and polymer free transfer

methods for large-area graphene films are being developed as alternatives to the

above mentioned wet transfer method employing both liquid solvents and poly-

mers. It has been shown that graphene’s quality could be preserved better resulting

in values of mobilities reaching ∼ 60 000 cm2V−1s−1. For more information see

topical review [122]. An alternative approach which is currently being developed

is growing CVD graphene directly on large hBN crystals [123, 124].

Epitaxial graphene on SiC could be grown up to ∼ 20 cm in size. Here the

limiting factor is the size of the SiC crystals which are used as a precursor. Quality

and morphology of the epitaxial graphene largely depend on the regime of growth

and on the crystalline face of the SiC sample. Graphene on the silicon termi-

nated face (0001) of SiC is monolayer. The mismatch between the lattice constants

of graphene and SiC causes graphene layers to form terraces separated by grain

boundaries. This limits the maximal size of graphene’s crystal domains to several

micrometers. Graphene on the carbon terminated face (0001) of SiC is multilayer:

Many layers of graphene, up to ∼ 100, can grow one above the other. Usually

these layers are not crystallographically aligned relative to each other (turbostratic

orientation) therefore they could be considered as almost independent graphene

monolayers. Many experiments with such turbostratic graphene multilayers have

shown signatures typical for graphene monolayers for example linear electron dis-

persion [125]. Reported mobilities of the epitaxial graphene usually fall into the

range ∼ 500 − 25 000 cm2V−1s−1 [126, 127, 128] and in rare cases even reach

∼ 500 000 cm2V−1s−1 just after the sample fabrication [129, 130, 131]. Typi-

cally mobilities of graphene found on the carbon terminated face of SiC are higher

compared to those found on the silicon terminated face of SiC [128].

Despite of many efforts and approaches, the quality of large graphene samples

remains inferior (or cannot be preserved for a long time) compared to the quality

of scotch-tape exfoliated hBN/Gr/hBN stacks. Unfortunately the latter are small in

size ≲ 100 µm. Here the limiting factor is the size of bulk hBN crystals which are

used as a precursor to create thin hBN flakes. Currently the biggest hBN monocrys-

tals have lateral dimensions of ∼ 200 µm.

Scotch-tape exfoliated graphene flakes may have somewhat larger dimensions

of ≲ 500 µm. When suspended and annealed at high vacuum they also show

good quality approaching the quality of hBN-encapsulated graphene. However,

suspended graphene membranes are extremely fragile: they are susceptible to am-

bient air and moisture, they are difficult to anneal without breaking the membrane,

moreover a significant amount of strain is required to suppress flexural modes in a

suspended membrane and retain high mobilities [100].

7The widely flaunted graphene hammock with a cat inside [121] is not viable even though meter-

size graphene membranes have been successfully synthesized.
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2.5 Probing Landau levels in graphene

with FTIR spectroscopy

The first dozen Landau levels above the Dirac point have typical energies 0 −
0.5 eV for magnetic fields 0 − 10 Tesla which could be routinely achieved with

superconducting electromagnets [132, 133, 134]. Magneto-optical transitions of

electrons between these levels lead to signatures in the far and middle infrared

regions of transmission, reflection, and absorption spectra of graphene. Fourier

transform infrared spectroscopy (FTIRS) [135, 136, 137, 138] allows measuring

spectra in a broad range of wavelengths including the far infrared, middle infrared,

and near infrared regions which corresponds to the energies of photons from 0.01

to 2 eV. Thus FTIRS allows probing all types of dipole magneto-optical transitions

of electrons for different values of chemical potential in a graphene sample.

In FTIRS experiments, investigated materials are illuminated with a broad

spectrum infrared light and then intensity of transmitted or reflected light is mea-

sured as a function of light frequency ω. At the same time FT spectrometers do

not provide a direct access to the phase of the electric field in electromagnetic

waves8. Therefore one cannot find all components of graphene’s magneto-optical

conductivity tensor σ̂(ω,B) from a single transmission or reflection spectrum only.

Nonetheless, more ample information about magneto-optical response of graphene

could be obtained with FTIRS if graphene sample is illuminated with light which

has different configurations of polarization, see Sections 5.2 and 6.4. In practice,

several additional optical elements are needed for this purpose, for example a pair

of motorized linear polarizers. This approach allows measuring the Faraday rota-

tion angel and magnetic circular dichroism of the investigated sample as functions

of frequency, in addition, the magneto-optical conductivity tensor σ̂(ω,B) could

be fully restored with minimal model assumptions.

In general, the FTIRS method is flexible enough and allows experimental setup

of various configurations. Thus FTIR spectrometers combined together with super-

conducting and hybrid magnets allows probing graphene in a very wide range of

stationary magnetic fields up to 35 Tesla [48]. Many configurations of experimen-

tal setup allow measuring spectra for different temperatures of the sample: from

liquid helium, 2.2 Kelvin, up to the room temperatures and higher. Position of the

chemical potential in the sample could be tuned with a gate electrode, in particular

transparent conductive materials could be used as a gate electrode when transmis-

sion spectra are supposed to be measured. Some commercial FTIR spectrometers

are compatible with IR microscopes which allows working with small samples

[139].

As one can see, FTIRS provides many opportunities and technical solutions for

probing magneto-optical properties of graphene. However not all of them could

be easily combined in one configuration of experimental setup, for some more

8Direct measurement of both intensity and phase is possible with terahertz time-domain spec-

troscopy (THz-TDS) which is a sister technique of FTIRS.
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details see Section 4.1, here we provide only one example of technical problems

which may arise. The structure of powerful electromagnets which produce ∼ 30
Tesla requires using light pipes to guide the light into the magnet and focus on the

samples under investigation. Typical size of the light spot produced in such a way

is ∼ 1 mm. In a such configuration, an IR detector is placed just behind the sample

to ensure that sufficient amount of light would arrive to the IR detector. For this

reason, the IR detector is in close proximity to the magnet which influenced the

readings of the IR detector which in turn required a more involved normalization

of the signal. Moreover, this tight geometry also often hinders measurement of

the Faraday rotation angle and the magnetic circular dichroism because when the

sample is in the direct vicinity of the IR detector it is difficult to place a polarizer

in between.

Magneto-optical spectra of strongly doped and weekly doped graphene have

been already measured with FTIRS in many experiments. All regimes of spectral

line resolution described in Section 2.3 have been observed: the quantum regime

[79, 130, 140, 141, 142, 143], the classical cyclotron resonance regime [143, 144]

and the crossover regime [144].

Transmission of monolayer and multilayer epitaxial graphene on SiC was in-

vestigated in numerous experiments [142, 143, 79, 144, 130, 131]. The Faraday

rotation angle of highly doped epitaxial graphene on SiC substrate was measured

in [79]. Sizes of the samples varied in the range 1 − 10 mm. SiC substrate is

opaque for the photon energies between 85 meV and 200 meV. Therefore the spec-

tral range at which epitaxial graphene could be probed in transmission regime is

somewhat limited. Here we would like to single out only several interesting and

remarkable results, see Figures 2.16 and 2.17. There were also several experiments

in which magneto-optical spectra of graphene were measured at small samples pro-

duced with the methods involving scotch-tape exfoliation, see Figure 2.18. In the

experiment [141], graphene samples were grown with CVD method on the surface

of scotch-tape exfoliated hBN flakes. The typical lateral size of such samples is ∼
100 µm. In the experiment [140], graphene samples were scotch-tape exfoliated

on the SiO2/Si substrate. The typical lateral size of such samples is even smaller ∼
30 µm. Despite ingenious tricks to enable measurements on small samples (light

pipes, light cones, apertures deposited as a mask), both above mentions experi-

ments had not completely solved the problem of overfilling i.e. there remained

undesired stray light which arrived to the IR detectors bypassing the samples under

investigation. Therefore the spectra presented in [141, 140] do not contain definite

and precise information about the absolute values of magneto-optical transmission.

As a result, only the energies but not the intensities and widths of the absorption

lines could be extracted with high degree of certainty.
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Figure 2.16 – Relative transmission of very high quality multilayer epitaxial graphene

on SiC i.e. transmission in nonzero magnetic field normalized by zero field transmis-

sion T (ω,B)/T (ω, 0). Panel a: Plot made made after [131]. Scattering of graphene’s

charge carriers is more pronounced at high temperature therefore magneto-optical ab-

sorption line becomes wider and shallower as the temperature grows. Panel b: Plot

made after [130]. As one can see, up to 7 magneto-optical absorption lines could be

resolved in high quality samples meanwhile not more than 3 or 4 lines are reported in

other experiments, see Figures 2.17 and 2.18.
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Figure 2.17 – Relative transmission of graphene i.e. T (ω,B)/T (ω, 0). Panels a, b,

and c: Plots made after [142]. Black dashed lines and red solid lines show results ob-

tained on two different samples. Panel d: Plot made after [129]. Arrows indicate new

magneto-optical absorption lines presumably induced by the disorder in graphene.
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Figure 2.18 – Relative transmission of graphene i.e. transmission in nonzero mag-

netic field normalized by zero field transmission T (ω,B)/T (ω, 0). Panels a: Plot

made after [141]. Panel b: Plot made after [140]. “180 Hz” is an artifact associ-

ated with power grid 60 Hz harmonics, “Si” is spectral signature coming from the Si

substrate.
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Boron nitride

encapsulated graphene

3.1 Graphene/hBN van der Waals heterostructures

Hexagonal boron nitride (hBN) has proven to be very appealing as a graphene

substrate compared to many other materials which have been tried so far. Thin

hBN flakes obtained with scotch-tape exfoliation were first reported in 2005 [12].

However hBN became popular in graphene device fabrication only six years later

after the publications [110, 112] showed its benefits. The next reasonable step was

encapsulation i.e. covering both sides of a graphene membrane with hBN. Thus

hBN has become one of the most studied 2D materials nowadays and even acquired

a nickname “white graphene”. Currently hBN is no longer viewed as a subsidiary

material for protection of graphene but rather as an important constituent part of

van der Waals heterostructures − artificial materials assembled from few-layer or

monolayer 2D crystals stacked vertically on top of each other [92].

Properties of hBN

Physical properties of hBN are described in topical reviews [145, 146]. hBN is one

of four crystalline BN polymorphs [147]. Structure of hBN [148, 149] somewhat

resembles the structure of graphite: hBN crystal also consists of parallel weakly

coupled sheets, see Figure 3.1. Each sheet has a honeycomb lattice with boron and

nitrogen atoms occupying different bipartite sublattices, which means that boron

atoms are only adjacent to nitrogen atoms and vice versa. There exist three different

types of stacking of the neighboring honeycomb sheets. We used hBN crystals

with polytype 1H stacking, in which hexagons from one sheet are exactly above

and below the hexagons from adjacent sheets, see Figure 3.1 panel a. Such crystals

are denoted simply by hBN and the staking is denoted by AA′AA′AA′..., here

prime symbol indicates that boron atoms from one sheet neighbor the nitrogen
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Figure 3.1 – Panel a: crystalline structure of hBN which is used for graphene encap-

sulation, black and white circles represent boron and nitrogen atoms. Principal axis

is referred as c-axis, honeycomb sheets lay in the basal plane of hBN. Panel b: crys-

talline structure of rBN, black and white circles represent boron and nitrogen atoms;

this very scheme could be also interpreted as trilayer graphene with ABC stacking, in

this case black and white circles represent carbon atoms at two different bipartite sub-

lattices. Panel c: High quality hBN monocrystallite which was used to manufacturer

our samples, photograph taken with an optical microscope.
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atoms from adjacent sheets and vice versa. hBN is a centrosymmetric crystal, i.e.

it possesses a point through which a spatial inversion leaves the whole structure

invariant.

For comparison, in turbostratic boron nitride (tBN) honeycomb sheets are twist-

ed in random angles relative to each other (this structure is not strictly speaking

crystalline), and in rhombohedral boron nitride (rBN) honeycomb sheets have 3R

polytype stacking denoted by ABCABC... [147] which is the same as in ABC
trilayer graphene, see Figure 3.1 panel b. Meanwhile, graphite has polytype 2H

stacking also called Bernal stacking and denoted by ABABAB... which repre-

sents the fact that half of the carbon atoms in graphite do not have matching atoms

in adjacent sheets. Graphite with polytype 1H stacking AAAAAA... (like in hBN)

is not stable.

Values of lattice parameters in hBN are close to those in graphite1. Distances

between two neighboring boron and nitrogen atoms are ahBN = 0.249 nm and

bhBN = 0.330 − 0.333 nm [148, 149, 150, 151] whereas corresponding distances

for graphite are aGr = 0.245 − 0.246 nm and bGr = 0.333 − 0.335 nm [21, 22,

23]. hBN is easily cleavable owing to weak van der Waals coupling between the

neighboring sheets and much stronger in-plane covalent bonding. For this reason

hBN powder is traditionally used as a dry lubricant, and also in cosmetic products,

dental cements, paints, pencil leads. hBN is a highly anisotropic material: many

of its physical properties differ significantly along the c-axis and across the basal

plane. Vibrational properties of hBN are described in [152].

In contrast to graphene and graphite, hBN is a wide band gap insulator. This

property is directly related to the fact that in hBN the sublattices A and B are

occupied by two different types of atoms. The difference between electron’s en-

ergies when it resides on different sublattices corresponds to the value to the hBN

gap. Currently the band structure of hBN is not fully understood and still in debate

[153, 154, 155] despite decades of numerous experimental and theoretical studies.

Both direct and indirect band gaps have been reported, experimental values rang-

ing from 3.6 eV to 7.1 eV [149, 153, 156, 157, 158, 159, 160, 161] and theoretical

values ranging from 2.45 eV to 12.7 eV [154, 161, 162, 163, 164]. These discrep-

ancies are often attributed to the lack of large pure defect-free hBN samples and

great variation in electronic properties from sample to sample. Currently, the most

reliable value of the gap of high quality hBN is considered to be ∼ 6 eV.

hBN has high dielectric breakdown field strength and it is used in electronic

equipment as a charge leakage barrier layer because of its good insulating proper-

ties. Electrical properties of ultrathin hBN crystals were studied experimentally as

a function of the number of layers in [165]. Magnetic properties of hBN were in-

vestigated in [166, 167]. It is a diamagnet with magnetic susceptibilities χ⊥ = 17.3
µemu/g across honeycomb sheets and χ∥ = 0.48 µemu/g along c-axis. The cen-

trosymmetric structure of bulk hBN is incompatible with piezoelectricity [168].

However, few-layer hBN flakes, unlike few-layer graphene flakes, may not have an

1This fact is nontrivial and represents scientific interest of itself [150].
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inversion center [169] leading to piezoelectricity which has been observed [170]

and described theoretically [171, 172, 168, 173].

At room temperature, hBN has high thermal conductivity of 400 W/(m·K) in

the basal plane which is larger than in many metals and ceramics, meanwhile ther-

mal conductivity along the c-axis is an order of magnitude lower [174, 175, 176].

At liquid helium temperature, the thermal conductivity of hBN drops by three or-

ders of magnitude. The coefficient of thermal expansion is 0.11 · 10−6 1/K across

honeycomb sheets and 3.1 · 10−6 1/K perpendicular to the honeycomb sheets, both

values are provided for 10 Kelvin temperature. As temperature grows, the former

coefficient decreases and even turns negative at temperature ∼ 65 Kelvin [177].

Optical properties of hBN

Optical properties of hBN were investigated in [152, 161, 164, 160]. Being a wide

gap insulator, hBN is highly transparent in a broad region of wavelengths from vis-

ible to far infrared. hBN reflects and absorbs some substantial portion of incident

light only in two narrow regions around the frequencies corresponding to the hBN

phonons ωph = 1367 cm−1 and ω′
ph = 767 cm−1. hBN has uniaxial symmetry

with its optical axis along the c-axis: optical properties of hBN are isotropic in

the basal plane, meanwhile propagation of light in the perpendicular direction is

characterized by a refractive index of a different value. hBN possesses a very rare

and extraordinary property: it is a natural hyperbolic material [178] at frequencies

of light between the phonon resonances ∼770 cm−1 and ∼1370 cm−1. In this re-

gion hBN’s dielectric constants obey Re ε⊥ · Re ε∥ < 0 and hBN shows negative

refraction of light in the case of light incidence oblique to the optical axis. In this

work, we created a simplified model of the hBN’s complex refractive index which

is suitable for our optical configuration, see Section 6.2.

hBN synthesis

Thin hBN flakes could be produced with the help of many different methods [179]

similar to those of graphene synthesis. Currently, scotch-tape exfoliation of bulk

hBN yields the best quality thin monocrystalline flakes [180] however their lateral

size is limited to ≲ 100 µm. Here the limiting factor is not only the exfoliation

technique itself. Another big problem is that hBN monocrystallites which are used

as a precursor for exfoliation cannot be grown larger than ∼ 200 µm in size, see

Figure 3.1. Thickness of hBN flakes cannot be controlled during exfoliation either.

Typically, hBN crystals used in graphene research have thickness ranging from

atomic-thin to micron-thick samples. Just as with other 2D materials, properties

of ultrathin hBN flakes may depend on the number of honeycomb sheets and may

differ from the properties of bulk hBN.
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hBN-encapsulation of graphene

Many materials including mica, SrTiO3, pyrolytic BN, parylene, etc were pro-

posed and investigated as substrates for graphene [181]. So far, hBN proved to

be the best substrate and encapsulation material from the point of view of pre-

serving graphene’s quality. hBN stands out due to coincidence of several factors.

Most importantly, hBN crystals could be cleaved into relatively big flakes with

atomically flat surfaces which are almost free of dangling bonds and charge traps.

Microstructure of graphene on hBN was studied with STM [182] and compared to

the microstructure of graphene on SiO2 which is also a popular graphene substrate

due to historical reasons, see Figure 3.2. It was found that hBN flakes are atom-

ically flat and their roughness is 5 times smaller than the roughness of SiO2. In

addition, graphene on hBN showed significant reduction in charge inhomogeneity

on microscopic scales which is crucial for observation of excitations in graphene

at energies very close to the Dirac point. For comparison, pyrolytic BN has poly-

crystalline structure and proved to be inefficient for graphene encapsulation [92]

presumably because of its rough surface. Another important factor is that hBN is

a robust electric insulator which allows gating and efficiently insulating graphene

samples from environment. In addition, hBN shows superb thermal and chemical

stability. Here are the main benefits of hBN-encapsulation:

• Protection of graphene’s surface from contamination and mechanical dam-

age. Encapsulated graphene devices are more robust and stable in the long

term and do not deteriorate under ambient conditions.

• Self-cleaning effect. During encapsulation graphene and adjacent hBN flakes

cling to each other tightly because of van der Waals forces. As a result, con-

taminants which adhered to their surfaces before encapsulation (water, hy-

drocarbons etc) are squeezed out or agglomerate in micrometre-sized droplets

[183] leaving the rest of the Gr/hBN interfaces clean and atomically flat2.

• Stabilization of graphene membrane, reduction of corrugations and flexural

phonons.

Currently, many procedures have been developed for thin flake transfer and

graphene encapsulation [112]. Some of these procedures involve different polymer

coatings and solvents, meanwhile others get by with sticky polymer stamps. In

the end the quality of hBN/Gr/hBN stacks depends substantially on how graphene

and hBN flakes are handled before and during the assembly of the stack. In gen-

eral, quality of the flakes is better preserved with so called dry transfer (pick up)

techniques in which the contact of 2D flakes with contaminants is minimized.

2Currently it is the only method of achieving such a fine interface between two crystals, even

molecular beam epitaxy gives worse results because of island growth [92].
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Figure 3.2 – Comparison of graphene on hBN and on SiO2 substances. Topography

and charge density maps created with STM clearly demonstrates advantages of hBN

as a substrate. Panels a and c: Gr/hBN. Panels b and d: Gr/SiO2. The picture is

based on [182].

Emergent phenomena in hBN/Gr/hBN heterostructure

Apart from the above mentioned benefits, hBN/Gr/hBN stack also exhibits pecu-

liar electronic and structural properties distinct from the properties of its compo-

nents. The van der Waals interaction between adjacent 2D flakes is relatively weak,

nonetheless it affects graphene’s charge carriers and lattice. It has been shown

[184, 185, 186] that crystallographic alignment of hBN flakes relative to graphene,

i.e. angles φ between graphene and hBN honeycomb crystallographic axes, is an

important factor which defines what new emergent properties could be observed

and whether they would be pronounced. Here is a list of emergent phenomena

predicted or observed in Gr/hBN and hBN/Gr/hBN stacks:

• screening of Coulomb interactions in graphene;

• moiré superlattice;

• renormalization of the Fermi velocity;
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• stretching and adjustment of graphene’s lattice to hBN’s lattice;

• symmetry breaking and gap opening in graphene (in debate);

• hBN phonons interacting with graphene charge carriers.

Moiré superlattice is a spatial long-period pattern which forms when the gra-

phene honeycomb pattern is overlaid on the crystalline pattern of the substrate.

Such moiré patterns [187] were first discovered in STM experiments on graphite

[188]: they are caused by misalignment between surface and subsurface honey-

comb sheets. Later these patterns were also observed in misaligned few-layer epi-

taxial graphene on SiC [189] and more rarely in few-layer CVD graphene [187].

Graphene and hBN have very close interatomic spacing δ ≡ ahBN/aGr−1 ≈ 1.8%
therefore moiré superperiods at Gr/hBN interface may have quite large values just

as in the case of Gr/Gr interfaces.

From purely geometric point of view, angle φ between graphene’s and hBN’s

lattices defines both the superperiod L which forms at one Gr/hBN interface and

orientation of the moiré superlattice φ′ relative to graphene’s lattice [190]:

L =
1 + δ

√

2(1− δ)(1− cosφ) + δ2
· aGr, tg φ′ =

sinφ

(1 + δ)− cosφ
. (3.1)

Thus according to the above mentioned formula large values of superperiod

are achieved when graphene and hBN flakes are closely aligned i.e. φ → 0 and

the maximal possible superperiod is L = 57 · aGr = 14 nm. Moiré patterns at

Gr/hBN interface have been successfully mapped with the help of STM and C-

AFM [182, 190, 191, 192]. However these experiments also revealed that forma-

tion of moiré lattices cannot be viewed as a simple geometric superposition of two

periodic patterns. For very small angles φ, graphene’s lattice stretches and readjusts

itself to follow a slightly longer period of hBN’s lattice. As a result, domains form

where graphene and hBN are commensurate, see panel b of Figure 3.3. These do-

mains are separated by domain walls where graphene is compressed to compensate

for the accumulated strain due to stretching [191]. However, the resulting overall

period of the moiré pattern remains the same as specified in the formula (3.1). For

larger angles φ graphene exhibits very little adjustment to hBN and their lattices are

in so called incommensurate state, see panel a of Figure 3.3. There are still many

open questions related to these phenomena: structure and width of domain walls,

transition form commensurate to incommensurate states, effect of temperature on

the readjustment of the lattice, role of occasional pinning of graphene to hBN by

imperfections etc.

The effect of moiré superlattice on the properties of Gr/hBN van der Waals

heterostructures are covered in the topical review [184]. The moiré pattern creates

a weak periodic potential for charge carriers in graphene. Theoretical studies pre-

dict nontrivial effects as formation of a new set of Dirac points and minicones at

an energy determined by moiré superperiod [190]. Massless fermions generated at
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these superlattice Dirac points have a significantly lower Fermi velocity; the local

density of states at the minicones is modulated due to the influence of the periodic

potential. As a consequence, moiré patterns also modify the optical properties of

graphene, these effect were investigated from theoretical point of view in [193] for

the case of zero magnetic field. In nonzero magnetic fields, the moiré pattern mod-

ifies the set of Landau levels described in Section 2.3 and there forms a beautiful

fractal structure of energy levels which is known as Hofstadter’s butterfly. These

effects emerge only when the superlattice period is larger than the magnetic length

L > lB which is achieved at nearly zero angle of graphene’s alignment relative to

hBN and in high magnetic fields. Optical properties of systems with Hofstadter’s

butterfly energy levels were theoretically investigated in [194, 195].

Another important effect predicted theoretically is breaking of sublattice sym-

metry in graphene: graphene’s electrons form A and B sublattices have different

on-site energies due to proximity to either boron or nitrogen atoms. This symme-

try breaking leads to the band gap opening in the main Dirac point of graphene,

predicted values of the gap mentioned in the literature fall into the range ∼ 50 −
500 meV [196, 185, 186]. Apart from that, the superlattice potential induces warp-

ing of the Dirac cones which becomes pronounced already at low energies in the

Figure 3.3 – Distribution of the Young’s modulus in graphene on hBN substrate, the

figure is made after [191]. Colorplots show the moiré patterns in two different sam-

ples, both scale bars are 10 nm. Bottom plots show cross sections of the Young’s

modulus taken along the dashed lines in the corresponding colorplots, and averaged

over ten scanning lines which is approximately 2.5 nm. Panel a: A 8 nm moiré pat-

tern, tension varies gradually with distance which is a signature of an incommensurate

state. Panel b: A 14 nm moiré pattern, tension is almost constant between the narrow

domain walls whith is a signature of an incommensurate state.
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vicinity to the Dirac point. Effects of superlattice potential on the band structure

of graphene are systematically investigated from theoretical point of view in [197].

In practice, there exist many factors apart from the stacking angle φ which influ-

ence the resulting band structure observed in experiments: commensurability of

graphene with hBN, lattice defects [198] etc. Experiments in which the gap values

were measured give controversial results: both an absence [192] and presence of

the gap up to 150 meV [141, 199] were reported.

The superlattice which forms in a hBN/Gr/hBN stack can be more complicated

than the one at a single Gr/hBN interface, however the emergent effects due to such

superlattice are qualitatively the same. When graphene is exposed to an external

periodic potential, such as moiré superlattice, the Fermi velocity of graphene’s

charge carriers is renormalized even in the framework of a single-particle theory

[200, 201]. This phenomenon is not limited only to hBN moiré superlattices and

has been reported for other cases of external periodic potentials [202, 203].

In general, van der Waals heterostructures are viewed as a promising approach

to creating new metamaterials [92]. The properties of such heterostructures could

be engineered with the proper choice of stacking order and relative alignment of

different 2D crystals: One may cumulate advantageous features of all 2D crys-

tals in the stack and in some cases also profit from the emergent phenomena on

their interfaces. Currently band gap engineering in graphene on hBN is of partic-

ular interest in the scientific community. Long term stability, resistance to mul-

tiple thermal cycles, and degradation of Gr/hBN van der Waals heterostructures

are important issues for potential applications of graphene. To our knowledge,

these issues have now been systematically investigated. In most cases, proper-

ties of non-encapsulated graphene has been monitored no longer than 6 months

[204, 205, 206, 207] and in rare cases up to 18 months [208].

3.2 Our samples: suspended graphene membranes

Graphene samples used in our experiments were fabricated in the University of

Manchester Condensed Matter Physics group by Sheng Hu and Marcelo Lozada

Hidalgo in collaboration with Andre K. Geim. During design and manufacturing

of these samples there were two equally important priorities:

• creating high quality graphene,

• enabling magneto-optical measurements of infrared transmission.

In total five samples have been created: three hBN-encapsulated and two non-

encapsulated graphene membranes, all suspended over circular holes. The non-

encapsulated samples did not show any spectral features in their transmission spec-

tra. Therefore we assume that most probably these graphene membranes did not

survive external conditions and were already broken or highly contaminated dur-

ing the optical measurements. Further on in this manuscript we always refer to our
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Figure 3.4 – Our hBN/Gr/hBN stacks. Panels a, b, and c: Photographs of suspended

hBN/Gr/hBN membranes taken with an optical microscope. Color contours roughly

outline 2D crystals in the stacks: top hBN flakes (red), bottom hBN flakes (blue)

and graphene flakes (purple). Panels d: Cross section of hBN/Gr/hBN stack and

scaffolding, the scheme does not show real proportions. Panels e and f: Photographs

of the biggest membrane taken with an optical microscope. Light square in the panel

e is the top face of the truncated square pyramid etched in the scaffolding.
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encapsulated samples unless something else is explicitly specified. Description of

our non-encapsulated samples is given in Appendix A.

Structure

Our three samples have the same structure: graphene monolayer is encapsulated in

between two hBN flakes, the whole hBN/Gr/hBN stack rests on a special scaffold-

ing created for measurements of transmission spectra, see Figure 3.4. All graphene

and hBN flakes are monocrystalline, hBN flakes are atomically flat i.e. do not have

terraces of atomic layers. The scaffoldings are made of a flat ∼ 4 mm × 4 mm

pieces of Si/SiNx wafer3. The wafer consists of 525 µm monocrystalline Si layer,

both surfaces of which are covered with thinner 500 nm layers of SiNx. Roughly

in the center of the wafer, there is a hollow which has shape of a truncated square

pyramid with edges of 1000 µm at the bottom, 300 µm at the top, side faces make

angle of arctan
√
2 ≈ 54.74◦ with the base. The value of the angle was defined by

the orientation of crystallographic planes in the Si wafer. A circular hole is made in

SiNx right in the center of the pyramid’s top face. hBN/Gr/hBN stack is suspended

over this hole. The bottom side of the scaffolding was covered with 5 nm layer of

titanium and then with 100 nm layer of palladium. This metallic coating acts as a

mask and is supposed to block light which bypasses the circular hole in the SiNx

during optical measurements.

Table 3.1 summarizes geometry which differs for each sample. As one can

see the diameters of the suspended membranes correspond to wavelength of far

infrared light. Thus they are big enough to enable optical measurements in a broad

region of infrared light.

Diameter

of suspended

membrane, ∅

hBN thickness hBN orientation

bottom, d1 top, d2 bottom, φ1 top, φ2

50 µm 10 nm 5 nm < +1◦ ∼ −5◦

30 µm 20 nm 10 nm ∼ +4◦ ∼ +3◦

20 µm 8 nm 5 nm < +1◦ ∼ −2◦

Table 3.1 – Dimensions of hBN/Gr/hBN stacks. Here and later “top” and “bottom”

convention is the same as in Figure 3.4. hBN thickness was estimated based on the

flakes color and contrast under an optical microscope (for a 30 nm hBN flake the

error is < 5 nm). The values of the angles were estimated comparing the angles

between the straight edges of the flakes, presumably such edges reveal the orientation

of crystallographic axes of the flakes.

3Here the subscript ‘x’ indicates that stoichiometry of Si and N atoms is not very well defined.
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Orientation of the flakes was chosen to maximize the area of overlap between

the flakes in each stack. In the end angles between flakes’ crystallographic axes

turned out to be relatively small however there was no special intent in it.

Our graphene samples were manufactured from non-doped graphite using only

‘clean’ procedures and later hBN-encapsulation protected graphene from contam-

ination by charged impurities. Therefore one may assume, that just after the man-

ufacturing, doping of our samples was low and chemical potential laid very close

to the Dirac point. An insight into the values of initial doping could be taken from

the transport measurements performed on hBN/Gr/hBN samples produced with the

same procedure as ours. Publications [83] report charge carrier concentrations of

|N | ∼ 1010 cm−1 due to residual extrinsic doping. Further comments about the

values of doping and their changes with time are given in Chapter 7.

Manufacturing

First, the scaffolding was created as described in [209] from commercially avail-

able Si wafers coated on both sides with SiNx. Figure 3.5 shows the main steps of

microfabrication. Reactive ion etching (RIE) is employed to remove a ∼ 1×1 mm2

square of the bottom SiNx layer. Then the wafer is exposed to a potassium hydrox-

ide (KOH) solution which etches away unprotected Si all the way through to the

top SiNx layer. As a result, there remains a free-standing ∼ 300× 300 µm2 square

section of the top SiNx layer. Next, RIE is employed again to drill a circular hole

in the top SiNx layer. Finally, titanium and palladium layers were deposited by

electron-beam evaporation. Here the titanium layer mainly plays a subsidiary role:

it improves adhesion of palladium to the wafer.

To create high quality samples, only scotch-tape exfoliated graphene and hBN

were used. Bulk crystals of graphite and hBN (see Figure 3.1 panel c) for exfoli-

ation were commercially supplied by HQ Graphene and NGS Naturgraphit corre-

spondingly. Graphene flakes were encapsulated between a pair of hBN flakes us-

ing dry-peel (pick-up) transfer method for assembly of van der Waals heterostruc-

tures. The main advantage of this method is that it allows avoiding contamina-

tion of graphene by carbohydrates and polymer residues during assembly of the

hBN/Gr/hBN stack.

Figure 3.6 shows the main steps of the sample microfabrication. First, top

hBN flake was exfoliated on a PMGI/PMMA polymer stack as described in the

[181]. Meanwhile, a graphene flake was exfoliated on a SiO2/Si wafer. Next, the

graphene flake was picked up by the top hBN using the dry-peeling method de-

scribed in [210]. Bottom hBN flake was exfoliated on a SiO2/Si wafer and then

picked up by the hBN/Gr stack the same way as the graphene flake was picked up

by the top hBN flake. Finally, hBN/Gr/hBN stack was transfered to the scaffold-

ing. In all these procedures SiO2/Si wafers were chosen as exfoliation substrate

because interference of visible light in thin SiO2 layer allows quick identification

of atomically flat crystalline flakes.
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Figure 3.5 – Microfabrication of scaffolding for magneto-optical measurements,

more details in the text.
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Figure 3.6 – Assembling the hBN/Gr/hBN stack with dry-peel (pick-up) transfer

method, more details in the text.
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Chapter 4
Experimental setup for

magneto-optical microspectroscopy

4.1 Motivation for building new experimental setup

The goal of this work was investigating magneto-optical properties of the highest

quality graphene in the infrared (IR) region of spectrum. In practice this meant

that we had to perform measurements on small crystals of ∼ 10 − 100 µm in

size produced by scotch-tape exfoliation. Measuring IR magneto-optical spectra of

small samples requires setup in which three devices are combined together: an IR

spectrometer, an IR microscope and a magnet. These devices must work together

as a whole and provide opportunities for typical magneto-optical experiments.

We wanted to investigate transmission (and not reflection) spectra because of

two practical advantages. Firstly, graphene’s transmission is much higher than

its reflection, see sections 2.1, 2.3 and 6.2. Therefore one may profit from better

signal-to-noise ratio during the experiments which is especially important when

working with small samples. Secondly, transmission of graphene is more sensitive

to the changes of magnetic field value than its reflection, see Section 6.2, which

also leads to more accurate results. In addition to the transmission spectra, we

also wanted to measure the Faraday rotation angle because it gives a deeper insight

into magneto-optical transitions in graphene. Combining transmission spectrum

together with Faraday rotation angle allows restoring the magneto-optical conduc-

tivity of graphene σ̂(ω,B), which is the ultimate goal of a complete linear response

optical spectroscopy experiment, see Section 6.4.

Permanent magnets suitable for optical measurements at room temperature can

produce fields up to ∼ 1.5 Tesla. Achieving higher magnetic fields is feasible with

SC electromagnets. Moreover, unlike permanent magnets, SC electromagnets al-

low easy tuning and inverting of magnetic field, but on the downside they require a

cryostat. There are commercial systems which use permanent or SC magnets suit-

able for spectroscopic measurements at small samples in the visible and infrared
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Figure 4.1 – Overview of some experimental setup for optical spectroscopies, ovals

encompass pieces of equipment which are compatible with each other and can work

together as a whole. Black: commercially available and custom built setup predom-

inantly used in graphene research so far. Orange: our newly developed SC magnet

compatible with a commercial FTIR spectrometer and a IR microscope. The scheme

shows which setup allows probing Landau levels (yellow) and which allows working

with small high quality samples (blue).

regions. To our knowledge these are [211] and [212]. Unfortunately, these systems

have a number of limitations because they were developed for quite specific types

of magneto-optical measurements, in particular they are not compatible with bulky

objectives, they do not allow measuring IR transmission but only reflection spectra

of the samples under investigation etc.

There exist commercial IR microscopes developed especially for FTIR mi-

crospectroscopy [139] i.e. they are compatible with FTIRS and do offer a lot of

functionality and opportunities for various spectroscopic experiments, including

transmission and Faraday rotation measurements. However, in practice it is diffi-

cult to combine a SC electromagnet and its cryostat together with an IR microscope

without interfering with the optical path. IR microscopes focus radiation with the

help of Cassegrain reflectors because these optical elements have a number of ad-

vantages over IR lenses: Reflectors work in a very broad range of wavelengths

and they do not have any dispersion. However, unlike lenses, reflectors are bulky,

moreover for reasonable magnifications of 10× – 30× times a typical working dis-
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tance of a Cassegrain reflector is only several centimeters. All these peculiarities

result in a very tight geometry of IR microscopes. Placing the focusing optics en-

tirely inside the magnet’s cryostat [213, 140] also leads to a number of problems:

the cryostat must have higher cooling power, there is thermal contraction and mis-

alignment of optical elements at low temperatures, changing magnetic field also

causes misalignment and makes comparison of spectra measured at different mag-

netic fields inadequate, etc.

In the visible region of the spectrum these problems have been overcome with

the help of optical fibers: the light could be fed and collected inside a SC coil

magnet even through narrow passages. Thus optical fibers allowed performing

magneto-optical measurements of the Raman shift in the visible range of spectrum

on micron sized graphene samples. Unfortunately, currently there are no optical

fibers which operate at wavelengths beyond 25 µm (50 meV) i.e. in the far infrared

region [214, 215]. Moreover, existing IR fibers usually do not operate in broad

regions of wavelengths and the choice of IR polarization-maintaining fibers is even

more limited.

Therefore we developed a new experimental setup for FTIR magneto-optical

microspectroscopy. It comprises a compact portable cryostat and a superconduct-

ing electromagnet in which the sample under investigation is mounted. To perform

measurements of magneto-optical spectra this setup is combined with already ex-

isting commercial IR microscopes and FTIR spectrometers. Both the cryostat and

the SC magnet have been designed as slim as possible and with a wide bore in the

center of the magnet to ensure a good passage of light. This makes our setup com-

patible with IR microscopes even in transmission mode therefore both transmission

spectra and Faraday rotation angle could be straightforwardly measured. Despite

its small size, our electromagnet is able to produce more than 4 Tesla in the sample

compartment. Figure 4.1 compares the functionality of our newly developed setup

with functionality of other configurations for optical spectroscopies.

4.2 General overview of our experimental setup

In this work the magneto-optical spectra of graphene were measured using the

following equipment combined together:

• FTIR spectrometer “Vertex 70v” manufactured by Bruker;

• IR microscope “Hyperion 2000” manufactured by Bruker;

• continuous flow cryostat based on “ST-100 Optical cryostat” by Janis;

• SC electromagnet (home made);

• detector of IR radiation.

Figures 4.2, 4.3, and 4.4 give an overview of how the key devices are connected

together, Appendix B provides information about the commercial equipment. In
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Figure 4.3 – A block diagram of the experimental setup, arrows show the flow of

information, electric current, light or matter. More details in the text.
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Figure 4.4 – Measurement of magneto-optical transmission spectra: a reductive

overview of the optical path and the key devices. Multiple subsidiary mirrors, op-

tical windows etc are omitted in this scheme. More details in the text.
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Section 4.2. General overview of our experimental setup

Figure 4.4 optical path begins with a source which emits non-polarized IR light in

a broad range of wavelengths. Its intensity could be varied in discrete steps with the

help of an aperture placed in front of the source. Rays of light are directed into a

Michelson-type interferometer where they impinge onto a beamsplitter. Some part

of the light is transmitted and impinges on a corner reflector (the one at the right

side in Figure 4.4). Meanwhile some part of the light is redirected by the beam-

splitter to another corner reflector (the one at the bottom in Figure 4.4). Next, both

portions of light turn back to the beamsplitter, the first portion is reflected while

the second portion is transmitted by the beamsplitter and finally they interfere with

one another. Both corner reflectors and the beamsplitter are arranged in so called

RockSolid configuration [216]: the corner reflectors are permanently fixed relative

to one another and can revolve as a single whole relative to the immobile beam-

splitter. During such rocking motion, optical path length of each beam changes

with time. Optical path difference of the two beams is defined by geometry of the

setup and ever changing position x of the corner reflectors relative to the beam-

splitter1. Thus a beam with time-dependent intensity is created at the exit from the

interferometer.

This beam is directed into the microscope equipped with two identical Casse-

grain reflectors: a condenser and an objective. The cryostat with the SC electro-

magnet inside is squeezed in between the two Cassegrains. The electromagnet has

toroidal shape with a rectangular cross section. The sample under investigation

(light blue in Figure 4.4) is mounted in the center of the electromagnet. Magnetic

field produced by the coil (gray arrow in Figure 4.4) is perpendicular to the plane of

the sample, signs ⊙ and ⊗ denote the direction of electric current flowing through

the depicted cross section of the magnet when the direction of magnetic field is

upward. The condenser focuses light on the sample under investigation and its sur-

roundings, and the objective collects all the light which passes through. Next, the

microscope’s knife-edge aperture defines a rectangular field of view and blocks the

rays of IR light streamed by the condenser past the field of view. Finally, the beam

of light is guided to an IR detector. The detector registers a signal s = s(x) as a

function of mirrors’ position x relative to the beamsplitter during many cycles of

to and fro motion of the mirrors. Spectrum S = S(ω) of this signal is calculated

as a Fourier transform the interferogram s(x).

Exact shape of the curve S(ω) depends not only on the sample under investi-

gation but also on the IR light source, IR detector and all the intermediate optical

elements: windows, mirrors, apertures etc. If one needs to obtain information about

the sample’s transmission spectrum T (ω) then the signal S(ω) must be normalized

one way or the other, see Appendix E. Normalization procedures which we used in

this work are valid only when detector’s response s(x) or S(ω) is linearly propor-

tional to the intensity of the impingent light. Such linear regime is achieved when

1As one can see this way of creating the optical paths difference is a bit different from the one

used in the classical scheme of Michelson interferometer where only one mirror is shifted to and fro

relative to the beamsplitter.
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Chapter 4. Experimental setup for magneto-optical microspectroscopy

the detector is illuminated with IR light of reasonably low intensity. Therefore dur-

ing our measurements we adjusted the amount of the IR radiation coming from the

source so that the detector could operate in the linear response regime.

The interferometer, SC coil and IR detector operate under vacuum, each one in

a separate box with optical window(s). However the microscope is not airtight and

part of the optical path remains exposed to atmospheric gases. Gaseous CO2 and

H2O have many intense absorption lines in the infrared region. Therefore during

the measurements the microscope is continuously purged with pure nitrogen which

helps to reduce and stabilize the concentration of atmospheric CO2 and H2O in the

optical path. Nevertheless, some signatures of these gases may be present in the

registered spectra.

The basic principles of FT spectroscopy are universal and hold in a broad range

of wavelengths. However not all of the above mentioned optical components can

operate across the entire infrared region2. Therefore magneto-optical spectra were

measured step by step in three narrower regions which we denote the following

way: far infrared (FIR), middle infrared (MIR) and near infrared (NIR). Each time

the key devices were arranged as depicted in Figure 4.4 meanwhile Table 4.1 sum-

marizes three different sets of optical equipment which we interchanged to enable

measurements in each region of wavelengths. The three regions overlap, thus we

could verify reproducibility of the spectra, and “stitch” the data together into a

more comprehensive picture.

Optical

element

Region FIR

120 – 700 cm−1

0.015 – 0.085 eV

80 – 14.5 µm

MIR

550 – 6000 cm−1

0.07 – 0.75 eV

18 – 1.66 µm

NIR

2500 – 14000 cm−1

0.3 – 1.74 eV

4 – 0.71 µm

Source of IR radiation globar globar tungsten lamp

Beamsplitter mylar KBr quartz

IR detector bolometer MCT MCT

Cryostat windows PP ZnSe CaF2

Spectrometer window PE KBr KBr

Table 4.1 – Optical equipment which we used in different spectral regions of IR light.

The globar is a silicon carbide rod resistively heated to ∼ 1300 K. The NIR

source is a tungsten filament light bulb heated to even higher temperatures. Both

globar and tungsten lamp produces IR light close to the black-body radiation spec-

2This problem is actually one of the reasons which fuel graphene research. Graphene is con-

sidered to be a promising material for developing detectors, light sources etc which operate in very

broad regions of wavelengths, hypothetically from THz to UV [76].
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trum. The sensitive element of the bolometer is made of silicon and is cooled with

liquid helium during operation. The sensitive element of the MIR detector is made

of MCT photoconductor and is cooled with liquid nitrogen during operation. All

equipment mentioned in Table 4.1 is commercially available and routinely used in

FTIRS, more information about each element could be found in [135, 136].

4.3 Cryostat

The main purpose of our cryostat is cooling the SC magnet down to liquid helium

temperatures. We constructed our cryostat around a cold finger from a commercial

continuous flow cryostat by Janis “ST-100 Optical cryostat”. While designing our

cryostat our prime concerns were the following:

• optimization of geometry, i.e. the cryostat must not block the optical path,

must not interfere with the operation of microscope’s optical table;

• minimization of temperature in the cryostat, this allows to profit from better

critical field and current of SC wires and produce higher magnetic fields.

When fully assembled, the outer shell of our cryostat consists of four custom-

built pieces: a box, a pair of box covers with optical windows, and a tube. These

pieces are mounted to the Janis cold finger, see Figures 4.5 and 4.6. The inner shell

of the cryostat is a custom-built cold shield which is mounted in the middle of the

cold finger. It shields the SC magnet and part of the cold finger from surrounding

IR blackbody radiation to improve the cryostat performance at low temperatures.

Finally, the SC magnet is mounted to the coldest extremity of the cold finger by

means of a connector and the graphene sample under investigation is placed in the

middle of the SC coil with the help of a sample holder, see Figure 4.8.

From the outside, the cold finger is equipped with several electric sockets for

different purposes: 2 contacts feed current into the SC magnet; 8 contacts for a pair

of temperature sensors which monitor the temperature in the cryostat; 2 contacts

for a heater installed inside the cold finger; 10 supplementary contacts which could

be used for any purpose, for example monitoring magnetic field in the cryostat

with a Hall sensor (requires 4 contacts). For practical purposes, we created inter-

nal sockets inside the cryostat close to the SC magnet and connected them to the

external sockets. Thus one does not have to disassemble the whole cryostat when

connecting or disconnecting a sensor.

The whole cryostat has the following dimensions: 106 mm × 172 mm × 50

mm and its total weight is 5.1 kg. Thus it is fairly compact and light enough to be

compatible with “Hyperion 2000” microscope. The cryostat is mounted to the mi-

croscope’s optical table with screws. The top and bottom covers of the outer shell

have circular optical windows which allows IR light to pass inside the cryostat

and thus measuring the spectra. These windows are placed just above and below

the sample under investigation. The thickness of the cryostat in the region around
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Chapter 4. Experimental setup for magneto-optical microspectroscopy

Figure 4.5 – Outer and inner shells of the cryostat. Panel a: The cryostat is fully

assembled, two parts were taken from the Janis “ST-100 Optical cryostat” (purple and

light purple), other parts were designed and manufactured especially for our purposes

(gray), an optical window (pink) is glued to the top cover. Panel b: The top cover

is removed and one can see part of the cold shield (light blue), the sample holder

(dark green) and the sample itself (red). Panel c: Outer hermetic shell is completely

removed, one can see two top parts of the cold shield (dark and light blue). Panel d:

Both top parts of the cold shield are removed, one can fully see the Janis cold finger

(light purple) and the SC magnet (yellow and orange). In this panel the sample holder

is also removed. Panel e: The cold shield is completely removed, only the cold finger

and the SC magnet with the sample holder inside.
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Figure 4.6 – Outer and inner shells of the cryostat. Color code is the same as in

Figure 4.5. Panel a: Cross section of the fully assembled cryostat along the axis of

the magnet. Panel b: Closed cryostat and open cryostat with partly assembled cold

shield.
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the optical windows is 46 mm which is smaller than the above mentioned value

owing to the special shape of the covers. This allows placing the cryostat inbe-

tween the optical elements of the microscope which have working distance of 48

mm. We designed a set of interchangeable top and bottom covers which could be

easily mounted and unmounted from the cryostat. Each pair of covers has optical

windows made of different materials to ensure the best transmission of light in a

particular range of wavelengths, see Table 4.1. The strength of magnetic field pro-

duced by our magnet drops quickly with the distance from the coil, see Figure 4.11,

and does not disrupt the operation of nearby sensitive equipment as IR detectors,

the micromotors of the optical table, microscope’s video camera, etc.

The SC magnet is cooled with a continuous flow of liquid helium, a pump

is required to establish this flow. To achieve the most efficient cooling and low-

est possible temperatures in the cryostat we evaporated liquid helium in a forced

regime at low pressures of ∼ 0.2 − 0.3 bar. This allows cooling the system down

to ∼ 5 Kelvin. During operation the consumption of liquid helium is 1− 1.5 liters

per hour. Temperatures at the outside surface of the SC magnet and at the coldest

extremity of the cold finger were constantly monitored with a pair of sensors. Typ-

ically temperature at the cold finger was 3.8 Kelvin and the temperature of the SC

magnet was 5.0− 5.5 Kelvin.

Figure 4.7 – Mechanical deformations which appear in the cryostat under atmo-

spheric pressure when the cryostat is sealed and pumped to vacuum. The deep blue

color corresponds to zero deformation and red color corresponds to the maximal dis-

placement of ∼ 0.07 mm which occurs in cryostat covers near to the optical windows.

This result has been obtained with a help of computer simulation performed with “In-

ventor” by Autodesk.
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The cold shield plays a crucial role in the performance of our cryostat at low

temperatures. It consists of four pieces which must be assembled together with the

help of screws, see Figure 4.5. Profiles of these pieces were tailored in such a way

that the cold shield follows closely the cold finger and the SC magnet. This assures

compact dimensions of the setup. To simplify manufacturing, each piece was made

of several parts milled separately and then soldered together with silver to ensure

a good thermal contact. All pieces of the cold shield are made of oxygen-free high

thermal conductivity copper (OFHC) because of the good thermal conductivity

and non-magnetic property of this material. We used copper braids to enhance the

thermal contact between different pieces of the cold shield. One end of each braid is

soldered into a piece mounted to the cold finger and the other end is pressed against

the pieces which shield the SC magnet. The surface of the pieces is electroplated

with a ∼ 8− 12 µm layer of nickel to improve their ability to reflect IR blackbody

radiation coming from the outer shell of the cryostat.

As one can see, in our setup the temperatures of the cold finger, SC magnet

and graphene crystal are always linked, i.e. they cannot be set or changed inde-

pendently from one another. When the cold finger reaches its lowest temperature,

all fluxes of heat gradually stabilize and there a stationary distribution of tempera-

ture forms in the cryostat. We wanted to make this distribution as even as possible

across the bulk of the SC magnet and the sample holder. For this purpose all the

pieces enclosed by the cold shield were made of a material with high thermal con-

ductivity. We also created a jam nut which presses the sample holder against the

SC magnet’s spool to ensure a good thermal contact between these pieces. Apart

from that, all the above mentioned pieces were gold plated3 to improve their ability

to reflect blackbody radiation coming from the cold shield.

The cryostat operates in vacuum and was constantly pumped during our ex-

periments. Its outer shell is fairly hermetic and withstands atmospheric pressure,

see Figure 4.7. All the pieces of the outer shell are milled from aluminum which

has been chosen for its non-magnetic nature and lightness. These pieces are sealed

with rubber o-rings when the cryostat is assembled together. The inner surfaces

of the pieces are smooth which makes degassing quick. We used a turbomolecular

pump and achieved 10−5 − 10−6 mbar vacuum when the cold finger was at ∼ 5

Kelvin. This base pressure value is measured by a gauge installed in the pump

which operates at room temperature. The pressure in the sample compartment of

the cryostat is expected to be lower due to the much lower temperature of the cold

finger and effect of cryotrapping of gases in the cryostat. When not pumped and at

room temperature, the cryostat can keep 10−2−10−3 mbar vacuum for many days.

For this reason it could be also used as a desiccator for storage or transportation of

graphene samples.

3To improve adhesion of gold, surfaces of the pieces were covered with ∼ 10 µm nickel-plating

before the deposition of gold.
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4.4 Superconducting magnet

Our goal was developing a SC magnet specially for IR magneto-optical microspec-

troscopy. While designing the SC magnet our prime concerns were the following:

• the SC magnet must fit into our cryostat and must not block the optical path

of the IR microscope;

• the SC magnet should produce magnetic fields as high as possible in the tight

geometry of our cryostat.

We developed a computer simulation of the magnetic field distribution pro-

duced by an electric coil. This gave us a better understanding of its critical char-

acteristics such as the maximal magnetic field and current compatible with our SC

coil. The simulation also allowed choosing the best suitable SC wire. A descrip-

tion of this simulation is given in Appendix C, in this section we only present some

results of the simulation.

We made two SC magnets compatible with our cryostat and the IR microscope.

All magneto-optical measurements of graphene spectra were done with the help of

our bigger and more powerful SC magnet. Therefore further on in this manuscript

expression “SC magnet” would always refer to our bigger SC magnet. Description

of our smaller SC magnet is given in Appendix D.

Structure and size

Our SC magnet is made of two coaxial metallic pieces, see Figure 4.8. The inner

piece has a shape of a cylindric spool on which loops of SC wire are wound. The

outer piece is a casing which protects loops of the SC wire and allows mounting the

spool to the cold finger with the help of a connector, see panels d and e of Figure

4.5. The SC magnet has the following dimensions: 62 mm × 65 mm × 30 mm.

Space dedicated to the loops of SC wire is encompassed by two cylindric surfaces

with radii Rin = 14 mm and Rout = 26 mm and height H = 26 mm. As one can

see the SC magnet is very compact.

In general an electromagnet coil can produce high magnetic fields if its outer

radius Rout as well as its height H are big and its inner radius Rin is small. However

the geometry of our setup is very tight and we had to compromise the dimensions

of our SC magnet. Its height was chosen small enough in order to accommodate the

working distance of the IR microscope. The objective and condenser are separated

only by 48 mm from one another. The SC magnet together with the cold shield,

box covers and optical windows of the cryostat had to fit within this space, see

Figure 5.1. The inner diameter of the spool was chosen wide enough so that light

from the condenser would fully pass to the sample under investigation and would

not be blocked by the inner sides of the spool, see Figure 5.2. The outer diameter

of the magnet was chosen small enough to avoid deformation of the cold finger

under the weight of the magnet and to minimize the heat load on the cold finger.
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Section 4.4. Superconducting magnet

Figure 4.8 – Superconducting magnet. Panel a: Cross section of metallic pieces

without the SC wires: spool (yellow), casing (orange), connector (dark yellow), sam-

ple holder (green), jam nut (light green). Panel b: Dimensions of the area occupied

by the SC wire. Panel c: SC magnet mounted to the cold finger (light purple).

Magnetic field produced by the SC coil

The magnetic field in the sample compartment could be varied continuously from

0 to ±4.11 Tesla when electric current fed into the SC coil is varied from 0 to

±19.8 Amperes. These values were verified with a precise magnetic field Hall sen-

sor and are consistent with the values calculated in our magnetic field simulation.

The magnetic field distribution inside and around the SC magnet is a complicated

function of coordinates B(r, z, I), here z-axis corresponds to the symmetry axis

of the coil, the beginning of coordinates is in the center of the magnet, see Fig-

ure 4.8. However the sensor we used does not allow probing magnetic field with

high spatial resolution. Therefore all further figures and considerations about mag-

netic field distribution are based on our computer simulation. Figures 4.9, 4.10,

4.11 and 5.2 show the magnetic field distribution Bmax(r, z) with the highest pos-

sible fields produced by our SC magnet i.e. Bmax(r, z) = B(r, z, Imax). For other

values of the current I , magnetic field configuration B(r, z, I) is qualitatively sim-

ilar: the directions of magnetic induction vector B(r, z, I) are the same and their

absolute values are directly proportional to the current I circulating in the coil:

B(r, z, I) = I/Imax ·Bmax(r, z).

A sample under investigation is placed in the center of the magnet. Thus the

sample is exposed to the magnetic field B(0, 0, I) which is a saddle point of the

absolute value of magnetic field. The direction of magnetic field is perpendicular to

the plane of the sample. Special geometry of the spool allows high homogeneity of
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Figure 4.9 – Distribution of magnetic field produced by our SC magnet when

Imax = +19.8 Ampere current is fed into the coil and the maximal field of +4.11
Tesla is achieved in the sample compartment. Black lines show the cross section of

the SC magnet: the outer rectangles designates the outline of the magnet and the inner

rectangles encompass the area occupied by the SC wire. Upper panel: Color shows

the absolute value of the highest magnetic field, |Bmax(r, z)|, possible to achieved

with our SC magnet; arrows show direction of the magnetic field. Lower panel:

Color shows the angle of magnetic field vector Bmax(r, z) relative to a vertical line

in degrees: deep blue corresponds to 0◦ i.e. Bmax(r, z) points upwards; deep red

corresponds to 180◦ i.e. Bmax(r, z) points downwards.
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Figure 4.10 – The highest magnetic field possible to achieved with the SC magnet. In

the graphs and in the insets, gray lines show the cross section outline of the magnet and

black lines encompass the space occupied by the SC wire. Upper panel: red curve

shows absolute value of the magnetic field |Bmax(0, z)| along the z-axis (symmetry

axis of the magnet, designated by a red dotted line in the inset) i.e. above and below

the sample under investigation. Lower panel: red curve shows absolute value of the

magnetic field |Bmax(r, 0)| along the r-axis (designated by red dotted line in the inset)

i.e. sideways relative to the sample.
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Figure 4.11 – Distribution of magnetic field |Bmax(r, z)| produced by the SC magnet

in the vicinity of the cryostat. Black contours designate cross section of the SC mag-

net, white contours designate cross section of the Cassegrain reflectors mounted on

the microscope. The values of magnetic field are color coded in logarithmic scale.
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magnetic field in the optically accessible region of the magnet’s bore. This is best

illustrated in Figures 4.10 and 5.2. According to our simulation, inhomogeneity of

the absolute value of magnetic field δB takes the following value:

δB ≡ (B1 −B2)/B1 = 0.7%,

here B1 is maximal and B2 is minimal fields in the entire optically accessible

region of the magnet’s bore. In practice, inhomogeneity of magnetic field to which

a sample under investigation is exposed is much lower. This is due to the fact

that our setup has been developed for investigation of small samples which do not

occupy the entire optically accessible region. Thus for a ∼ 50 µm sample (which

is the size of our biggest sample) magnetic field inhomogeneity is only

δB < 0.01%.

Magnet quench

Quench is a rapid transition of a SC magnet from superconducting state to the

normal resistive state in the case when there is some electric current I in the coil.

Energy stored in a SC magnet before a quench is E = 1
2LI

2, where L is coil’s

self-inductance. Self-inductance of our coil is estimated to be L ∼ 3 Henrys [217].

Thus corresponding energy of magnetic field is E ∼ 600 J for the maximal electric

current Imax compatible with our magnet. As the SC wire becomes resistive, the

energy of magnetic field is rapidly converted into heat which causes an abrupt

rise of temperature in the SC magnet. Here are typical situations when quenches

occurred in our setup:

• too fast ramp rate of the current fed into the coil;

• unexpected rise of temperature at the cold finger;

• approaching maximal current Imax compatible with our SC coil.

The first two problems are easily avoidable if one follows a certain protocol of

work with the setup. The third problem is a limitation from which all SC magnets

suffer, and in our case quench of the SC magnets occurs in the following way. As

one can see in Figures 4.9 and 4.10, the highest magnetic field in our SC magnet

is always at the spots in the middle of the coil situated close to its inner side i.e.

at the spots with coordinates (r = Rin, z = 0). In particular, for the highest

current compatible with our magnet the highest magnetic field is |Bmax(Rin, 0)| =
4.9 Tesla. We make an assumption that temperature is the same across the whole

magnet. When one increases the current I fed into the coil beyond Imax then the

magnetic field increases everywhere in the magnet. As a result parts of the SC

wire in the above mentioned spots cannot withstand the new value of current I
any longer because it is higher than the critical current I > Ic(4.9 Tesla). Thus
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the above mentioned spots become resistive, next the other parts of the SC magnet

heat and also become resistive.

In general, a quench may lead to permanent damage of a SC magnet because of

overheating, mechanical strain or inductive voltage spikes caused by a rapid drop

of supercurrent. Therefore we avoided quenches as much as possible after we fully

installed and tested the SC magnet. In our setup the electric current is switched

off automatically when a quench is detected. After a quench, temperature in the

magnet does not rise above 30 Kelvin because of a good thermal contact with

the cold finger and high thermal conductivity of the spool, casing, and magnet’s

connector. Additionally, we overlaid loops of the SC wire with thin copper foils to

increase thermal conductivity inside the spool. In total, our SC magnet has already

survived more than 50 quenches.

Usually unexpected quenches did not pose serious problems during the mea-

surements of spectra: the temperature in the cryostat turns back to 5 Kelvin in ∼ 30
minutes after a quench and magneto-optical measurements can be resumed.

Choice of superconducting wire

We used a commercially available SC wire made of niobium-titanium (Nb-Ti)

alloy. Nb-Ti alloys are low-Tc type II superconductors with upper critical field

Hc2 ∼ 15 Tesla and critical temperature Tc ∼ 10 Kelvin. Nb-Ti wires have been

widely utilized already for several decades because they have supremely high val-

ues of critical field and critical supercurrent density which allows manufacturing

powerful SC magnets.

In the very tight geometry of our setup, the right choice of the SC wire’s diam-

eter, D, is very important for maximization of the highest magnetic field produced

by the SC coil. Using small diameter wires allows more loops to be wound which

is an advantage because each new loop increases the final magnetic field. However

in elevated magnetic fields fine wires cannot withstand high currents which leads

to a quench of the whole SC magnet. The situation is the other way round for

thick SC wires: They can operate at higher currents but it is impossible to wind

as many loops as in the case with the fine wires. What makes the choice difficult

is that even for a SC magnet with a well fixed geometry there remain interdepen-

dent parameters: the wire’s critical current depends on the external magnetic field

Ic = Ic(B,D), meanwhile this very magnetic field is produced by the SC magnet

and depends on the current fed into the above mentioned SC wire B = B(I,D),
and both Ic and B depend on the wire’s diameter.

We ran the magnetic field simulation for our coil’s geometry to choose the

best wire among commercially available insulated4 Nb-Ti and Nb-Sn wires we

could find. It turned out to be monofilamentary Nb47%Ti wire in a copper matrix

provided by Supercon Inc (product number T48B-M). Its diameter with Formvar

4In principle SC wires in a copper matrix do not require electric insulation for the loops inside

the coil. The insulation is needed only for the parts of the SC wire in contact with the spool and the

casing as well as the outside the magnet.
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insulation is D = 203 µm and bare diameter is 178 µm, copper to superconductor

ratio is (1.5± 0.2) : 1.

Table 4.2 summarizes values of the wire’s critical currents. The numbers in

bold indicate regime around which our SC magnet quenches, more precisely, it

quenches at 4.9 Tesla. In our case, “external magnetic field” corresponds to the

highest field in the magnet i.e. at the spots in the middle of the coil situated close

to its inner side (r = Rin, z = 0). However our SC magnet operates at ∼ 5 Kelvin

therefore its maximal current Imax is somewhat lower than 25 Amperes indicated

in the table.

External magnetic field, B, Tesla 3 5 7 9

Critical current, Ic, Amperes 40 25 15 5

Table 4.2 – Critical current of the SC wire we used in our SC coil as a function of

external magnetic field at 4.2 Kelvin. The values are provided by the manufacturer.

Manufacturing of the SC magnet

Both the spool and casing were milled from OFHC copper, a non-magnetic ma-

terial with high thermal conductivity. After the milling, the pieces were annealed

which improved copper’s thermal conductivity even further but made the metal

softer. Next, both pieces were plated with nickel and then gold.

Further steps of manufacturing are shown in Figure 4.12. SC wire was wound

onto the spool with a commercial winding machine “Bobifil”. Neighboring layers

of loops were mostly arranged in a triangular lattice to achieve the most efficient

packing and thus higher density of current. In two places, a layer of loops was

overlaid with punctured copper foils to improve thermal conductivity across the

magnet. The foils also simplified winding and made arrangement of loops more

regular: smooth surface of a foil allowed winding new loops in a perfectly triangu-

lar arrangement regardless of previous irregularities of winding which accumulated

after many layers of loops.

Then the SC magnet was vacuum impregnated with an epoxy resin to ensure

mechanical stability at high magnetic fields. We used a low viscosity epoxy Araldit

CY 223 and its reactant hardener Aradur HY 842 by Huntsman Advanced Materi-

als. First, the epoxy was mixed with the hardener and degassed at low pressure, see

the panels 9 and 10 of Figure 4.12. Next, a container with the epoxy was placed in

the bottom of a vacuum chamber specially created in our group for impregnation

of magnets. The spool with SC wire was mounted on a sliding holder just above

the epoxy container. Then the vacuum chamber was closed and slowly evacuated.

When the lowest pressure was achieved, the spool was plunged into the container

and submerged under the surface of the epoxy. Next, compressed air with pressure
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Figure 4.12 – Photographs of superconducting magnet manufacturing. 1: Pieces

for fixation of the spool during winding. 2, 3, and 7: Winding of the spool. 4: A

punctured copper foil. 5 and 6: Winding of the SC wire over the copper foils. 8:

Fully wound spool. 9: Epoxy and its reactant hardener before mixing. 10: Degassing

of the epoxy. 11: Impregnation chamber. 12: The spool mounted on a sliding holder

at the top cover of the impregnation chamber.
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of several atmospheres was allowed into the chamber to push the resin inside the

coil. At this stage, little holes provided on the top and bottom surfaces of the spool

allowed the epoxy to fill the free space between the loops of SC wire. Next, the

spool was removed from the holder, put inside the casing and cleaned from epoxy

residues. Finally, the whole SC magnet was dried at a moderate temperature during

24 hours.

Installation and tests

We use a commercial power supply which is designed especially for SC magnets

and has an automatic quench protection. Electric current is fed into the cryostat

from the power supply via thick copper wires. We wanted to avoid as much as

possible both Joules heating of these wires and conduction of the room heat through

these wires into the cryostat. Therefore thin high-Tc SC strips made of copper clad

YBCO were placed in the middle of the cold finger. One pair of ends of these strips

is connected to the resistive copper wires, the other pair of ends is connected to the

low-Tc SC Nb-Ti wire of the SC coil. This allowed creating a fully superconducting

path starting from the middle of the cold finger right to the SC magnet and we avoid

excessive heating inside the cryostat when high currents of ∼ 20 Amperes are sent

into the coil.

During the tests the magnetic field in the sample compartment of the SC mag-

net was monitored with a packaged cryogenic Hall effect sensor, model HSP-T,

by Cryomagnetics Inc. The SC magnet was “trained” with a dozen quenches to

improve it’s critical characteristics. The magnetic field in the sample compartment

was calibrated as a function of the current fed into the SC magnet: B = k · I
where k = 0.2075 Tesla/Ampere. After the calibration, magnetic field sensor was

removed from the cryostat because it blocked the optical path of the IR micro-

scope. During the magneto-optical measurements values of magnetic field were

set and controlled with the current fed into the SC coil. In principle our setup

allows constant monitoring of the magnetic field created at the surface of the SC

magnet where the sensor does not block the optical path. However we did not use

this opportunity.

4.5 Limitations

While designing the experimental setup we had to make some features a priority

and compromise other ones. Therefore there are a number of limitations as well as

issues which increase errors during the measurement of spectra with our setup.

Temperature in the sample compartment

An important limitation of our setup is that sample’s temperature cannot be changed

during magneto-optical measurements. The sample holder is always in a thermal

contact with the SC magnet which must operate at liquid Helium temperatures.
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Heating the sample would directly lead to a quench of the SC magnet. Thus our

setup does not allow performing many potentially interesting experiments: for ex-

ample measuring magneto-optical properties of materials at room temperature and

investigating how spectral features depend on temperature.

Temperature measured at the side of the SC magnet is ∼ 5 K. Therefore we as-

sume this value to be the base temperature of our setup. However real temperature

of the samples under investigation could be much higher than the base temperature

which is a typical problem when working with small samples.

Mechanical stability of our setup

Mechanical stability of the optical setup is very important for high reproducibility

of results and normalization of spectra. Unfortunately, our cryostat does not have

efficient passive stabilization (i.e. damping) against vibrations and drifts. Usually

cryostats designed for microscopy have such stabilization but it occupies space,

moreover it may reduce the effective cooling power of the cryostat. Therefore we

compromised stability of the setup to provide more space to the SC magnet and

achieve higher magnetic fields.

Sometimes during magneto-optical measurements we observed 1) abrupt ran-

dom shifts as well as slow drifts of the sample away from the axis of the Cassegrain

reflectors; 2) high frequency vibrations and slow drifts of the sample along the

axis of the Cassegrain reflectors. Drifts along the axis were correlated with abrupt

changes of the magnetic field. The stability was defined predominantly by the he-

lium evaporation regime at the cold finger and varied a lot on different days of

measurements: ∼ 0.1− 20 µm per minute.

4.6 Summary and outlook

In the current decade scientific community has been investigating various physical

properties of 2D crystals. Experimental setup which is routinely used in the lab-

oratories is not suitable for IR magneto-optical measurements on small 2D crys-

tals produced by scotch-tape exfoliation technique. This is unfortunate because

scotch-tape exfoliated 2D crystals often have much superior quality compare to the

2D crystals produced by other methods of synthesis. Therefore we have developed

new versatile experimental setup for FTIR magneto-optical microspectroscopy. It

comprises an easily portable helium flow cryostat and a compact superconducting

electromagnet, see Figures 4.5 and 4.6. Our setup is compatible with existing com-

mercial IR microscopes and FTIR spectrometers, see Appendix B, and thus allows

one to measure transmission and reflection spectra of small samples ∼ 10 µm in

the infrared region of wavelengths. During the measurements a sample under in-

vestigation is positioned in the bore of the magnet. Infrared (and visible) light is

streamed to the sample and then collected form the sample by a pair of confocal

Cassegrain reflectors which make part of the IR microscope, see Figure 5.1. Our
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setup has been tested with different 2D crystals and in a broad range of wavelengths

including the far infrared, middle infrared and near infrared regions. The magnet

has already survived many quenches and more than 70 thermal cycles from room

temperature to liquid helium temperature.

Here are some new opportunities which our setup made possible when working

with small samples: proper normalization of detector’s signal without overfilling,

measuring the Faraday and Kerr rotation angles, investigating the magnetic circular

dichroism, taking pictures and monitoring the sample under investigation during

the spectral measurements. At the same time our setup also has some limitations:

unfortunately the temperature of the sample under investigation cannot be changed

during the magneto-optical measurements. Apart form that mechanical stability of

our cryostat is inferior compared to the stability of cryostats specially dedicated to

microscopy.

Additional opportunities

While designing the cryostat we also envisaged many opportunities for experi-

ments which have not been tested or presented among the results in this manuscript.

Our setup allows one to perform some additional experiments and compliment the

magneto-optical data often without unmounting the investigated sample. One can

applying gate voltage and perform transport measurements on the sample under

investigation simultaneously with the magneto-optical measurements of spectra.

Currently 10 contacts could be connected to the sample with the help of a spare

socket situated at the side of the cryostat. Wide bore of the magnet allows one us-

ing various prefabricated sockets for microscopic electric contacts created on top

of the sample which makes handling the sample much more comfortable.

Our cryostat allows one working at magnification higher than 15× in reflection

(but not transmission) regime. For this purpose one should use 36× Cassegrain

reflector objective from the standard kit of the “Hyperion 2000” IR microscope.

This objective has a short working distance of only 10 mm. Therefore the sample

under investigation must be mounted closer to the Cassegrain reflector and not in

the very center of the magnet’s bore. In this configuration the maximal magnetic

field to which the sample is exposed equals ∼ 2.5 Tesla, see panel a of Figure 5.2.

Apart form that, the investigated sample could be also mounted on a skew sample

holder in the magnet’s bore. This is another useful and interesting configuration for

magneto-optical measurements in transmission regime which gives an opportunity

to investigate behaviour of the sample in a tilted magnetic field.

As our setup is light and compact it is easily transportable and compatible with

many existing optical systems. In particular it could be used at the SLS infrared

microscope beamline in the Paul Scherrer Institute (PSI) when standard IR light

sources do not produce enough power for a certain experiment with a small sample.

Another opportunity is using our setup with a microscope connected to a Raman

spectrometer in order to measure magneto-Raman spectra of small samples.
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Total weight (cryostat & SC magnet) 5.1 kg

Base temperature in the sample compartment ∼ 5 Kelvin only

Consumption of liquid helium 1− 1.5 L/h

Resistance of the coil at room temperature 1160 Ω

Resistance of the coil at 5.5 Kelvin 0.4 Ω

Magnetic field in the sample compartment from 0 to ±4.1 Tesla

Maximal electric current 19.8 Ampere

Magnetic field inhomogeneity

in the optically accessible region of the magnet’s bore 0.7 %

Microscope magnification 15×

Numerical aperture 0.4

Angles of incidence of IR light 12.0◦ − 23.6◦

Field of view due to the Cassegrain reflectors 1.2 mm

Total field of view allowed by the cryostat 4 mm

Depth of view allowed by the cryostat ≲ 2 mm

Table 4.3 – Main characteristics of our experimental setup. Optical characteristics

are defined by the “Hyperion 2000” IR microscope (Bruker). For more information

about the spectral range see Table 4.1 presented in Section 4.2.
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5.1 Relative magneto-optical transmission

The goal of this experiment is to investigate how the magneto-optical transmission

of a hBN/Gr/hBN membrane depends on the of external magnetic field B in a broad

range of wavelengths. In general, the transmission spectrum of a hBN/Gr/hBN

membrane is similar to the transmission spectrum of bare pure graphene. However

there are some important differences which are discussed in Sections 3.1 and 6.2.

To enable measurements on our small membranes, we used an IR microscope

with two identical Cassegrain reflectors, see Appendix B. The reflectors provide

a 15 fold magnification which is reasonable values for our purposes. During the

measurements our setup is arranged in such a way that optical axes of both reflec-

tors are perpendicular to the hBN/Gr/hBN membrane, coincide with each other as

well as with the symmetry axis of the SC magnet and direction of magnetic field to

which the membrane is exposed, see Figures 5.1 and 5.2. The condenser focuses

the incoming IR light on the membrane, the objective collects outgoing light trans-

mitted through the membrane and redirects it further to the IR detector. Rays of

IR light impinge on the membrane at different angles of incidence determined by

the structure of the condenser. In our case, these are all angles between 12.0◦ and

23.6◦.

Our IR light source is extended in space, i.e. it is not a point-like source.

Cassegrain reflectors are imaging optical elements and illuminate with IR light the

entire 1.2 mm field of view which includes both hBN/Gr/hBN membrane and some

part of the Si/SiNx substrate, see Figure 5.3. Our samples are much smaller than

the total field of view, therefore we have to ensure that the resulting beam which

arrives to the detector does not contain any spectral signatures of the substrate.

For this reason the scaffolding has metallic coating which reflects the light back.

In addition, we can adjust the position of microscope’s knife-edge aperture, see

Figure 4.4, to reduce the size to the field of view.

As it has been already mentioned, the resulting signal on the IR detector de-
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Figure 5.1 – Cross section of the cryostat, the SC magnet and the Cassegrain reflectors

during measurement of magneto-optical transmission. Color code is the same as in

Figures 4.5 and 4.8. The two Cassegrain reflectors (black/gray) have the same struc-

ture and shape: each one has two spherical mirrors which redirect, stream, and focus

IR light (red), see also Appendix B. Condenser focuses IR light on the sample under

investigation (little red square) and objective collects the IR light transmitted through

an optical window (pink) and redirects it further to the IR detector. The distance be-

tween the two reflectors is 48 mm. In this illustration only rays from a point-like

source are shown to better clarify the optical path in the reflectors. In reality our IR

light source is extended in space therefore the whole sample is illuminated with IR

light. Inset in the upper left conner demonstrates full focal length of the Cassegrain

reflectors.
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Figure 5.2 – Scheme of the optical path during measurement of magneto-optical

transmission superimposed on the magnetic field distribution |Bmax(r, z)| around the

SC magnet. In both panels vertical scales on the left show the distance from the center

of the magnet in mm. The two panels have different color code for the magnetic field.

Panel a: Black solid lines show the cross section of the SC magnet; gray solid lines

and wavy arrows show the cross section of incoming and outgoing IR light cones; hor-

izontal dashed lines show the margins where the cryostat with the SC magnet could

be moved up or down relative to the Cassegrain reflectors; thee gray rectangles in the

center of the SC magnet show the optically accessible region of the magnet’s bore.

Panel b: Zoom to the optically accessible region of the magnet’s bore. The central

gray rectangle is the field of view of the reflectors (1.2 mm); right are left gray rect-

angles are the regions which become optically accessible when the cryostat is moved

horizontally left or right correspondingly. The hight of the optically accessible region

is defined by opportunity of moving the cryostat up or down.
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pends on many factors unrelated to the properties of the investigated sample. There-

fore this signal must be normalized, i.e. compared to a reference signal, so that

information about optical properties of the hBN/Gr/hBN membrane could be ex-

tracted. Discussion about the different ways of signal normalization is given in

Appendix E. In this work, we compared transmission signals of the membrane

SSUI(ω,B) measured at zero and nonzero magnetic fields, see Figure 5.3. This

allowed us to identify relative transmission T̃ (ω,B) of the hBN/Gr/hBN sample:

T̃ (ω,B) = SSUI(ω,B)/SSUI(ω,B = 0). (5.1)

Thus T̃ (ω,B) yields information about the hBN/Gr/hBN membrane regardless

of the other components of the experimental setup. Now transmission spectra of

the membrane T (ω,B) could be easily found provided its transmission spectrum

T (ω,B = 0) at zero magnetic field is known from other experiments or theoretical

calculations:

T (ω,B) = T (ω,B = 0) · T̃ (ω,B). (5.2)

In any case, relative transmission T̃ (ω,B) is an observable quantity of it-

self and it provides important information about magneto-optical properties of

graphene through the equation (5.2).

Figure 5.3 – Cross section of hBN/Gr/hBN membrane during measurement of

magneto-optical transmission. Metallic coating at the lower side of the scaffolding

blocks the IR light which bypasses the sample under investigation. We compared the

spectra measured at zero and nonzero magnetic fields to normalize the detector’s sig-

nal. The scheme is not to scale, the color code is the same as in the previous figures

including Figure 3.4.

94



Section 5.2. Faraday rotation angle and magnetic circular dichroism

Measuring IR spectra of small samples of 20 − 50 µm in diameter is difficult

even with an IR microscope because size of these samples is comparable with

the wavelength of IR radiation. An approximation of geometrical optics is not

valid on this scale and IR light does not come in sharp focus but rather forms

broad light spots of complicated shapes depending on the fine adjustment of the

optical elements. These diffraction patterns should not pose problems if signal

normalization (5.1) is done properly: both signals SSUI(ω,B) and SSUI(ω, 0) must

be measured in exactly the same position of the sample relative to the Cassegrain

reflectors. There is a more serious issue related to the diffraction limit: IR light

transmitted through the SiNx hole with the membrane diverges in all directions in

the upper half-plane. The objective collects only some portion of this outgoing

light thus resulting signal measured by the IR detector is low and noisy. Naturally,

effects of diffraction are more pronounced in the FIR region than in the MIR region.

For this reason we could not measure transmission spectra of our smaller 20 µm

and 30 µm samples in the FIR region.

As one can see in Figures 5.1 and 4.2, in our setup all optical elements of the

microscope remain outside the cryostat. This arrangement gives a number of ad-

vantages. Firstly, optical elements always remain at room temperature and do not

shift or change their shape because of thermal contraction. Secondly, one can use

all the functionality offered by a commercial IR microscope just during the opera-

tion of the SC magnet without any need of opening the cryostat and unmounting the

investigated sample. Our IR microscope allows using a knife-edge aperture; quick

switching between transmission and reflection modes1; working with IR light, vis-

ible light or both simultaneously (visible light follows the optical path of IR light

in the Cassegrain reflectors), see Appendix B. All optical windows of the cryostat

are quite transparent in the visible region of wavelengths. This allowed us constant

monitoring the sample with a camera or microscope’s binocular and taking pictures

of the sample in real time during magneto-optical measurements.

5.2 Faraday rotation angle

and magnetic circular dichroism

Right-handed and left-handed circularly polarized waves are a convenient basis to

describe magneto-optical phenomena in graphene. However performing experi-

ments with circularly polarized light is challenging from technical point of view

because currently it is difficult to generate circularly polarized light in a broad

range of frequencies. An alternative approach is investigating how graphene be-

haves when illuminated with linearly polarized light which could be easily gener-

ated for example with the help of a broad band linear polarizer. Such magneto-

optical experiments do not always yield physical quantities with straightforward

interpretations because the Faraday rotation effect is always accompanied by mag-

1In reflection mode the sample is illuminated and observed from above, see Appendix B.
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Figure 5.4 – Measurement of Faraday rotation angle: schematic overview of the op-

tical path and key devices. Essentially it is the same scheme as for measurement

of transmission but supplemented with two linear polarizers, compare to Figure 4.4.

More details in the text.
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netic circular dichroism. Nevertheless, signatures of the two effects could be told

apart from each other with some minimal assumptions about the nature of the sam-

ples under inversion. Thus the goal of this experiment is finding Faraday rotation of

a hBN/Gr/hBN membrane at some nonzero values of external magnetic field B in

a broad range of wavelengths, i.e. finding θF = θF (ω,B) curve. Magneto-optical

effects are very weak in hBN, apart from that hBN flakes are very thin. As a result

of both these circumstances, θF (ω,B) is very close to the Faraday rotation of bare

pure graphene, the differences are discussed in Section 6.3.

Optical path

We used a classical straightforward approach to measure the Faraday rotation an-

gle: our experimental setup for measurements of transmission spectra, see Figure

4.4, was supplemented with two broad range IR linear polarizers, see Figure 5.4.

The first polarizer (P1) was mounted inside the spectrometer on the optical path

between the source of IR radiation and the sample under investigation to ensure

that the light which impinges on the sample is linearly polarized. The second po-

larizer (P2) was mounted inside a specially dedicated slot of the IR microscope

on the optical path between the sample and the IR detector. Table 5.1 summarizes

information about two pairs of polarizers which we used to enable measurements

in the MIR and FIR regions of wavelengths. Both FIR polarizers were made of

free-standing wire grid gold membranes, both MIR polarizers were made of grid

metallic coating supported by a KRS-5 substrate.

In our experiments, P1 could be oriented at any angle with a help of a high

precision rotation stage with a stepper motor (NR360S by Thorlabs), resolution

and precision of positioning < 1′′. Meanwhile P2 could be rotated manually with

a help of gear wheels which gave much worse precision and reproducibility of

positioning of ∼ ±2◦. Therefore during one series of measurements, P2 always

remained in the same orientation and P1 was rotated in order to investigate how

the signal at the IR detector changes with the magnetic field B and the angle α
between the polarizers’ axes.

Polarizer

Region FIR

120 – 700 cm−1

0.015 – 0.085 eV

80 – 14.5 µm

MIR

550 – 5000 cm−1

0.07 – 0.62 eV

18 – 2.0 µm

P1 (motorized) free-standing gold Al on KRS-5

P2 (fixed) free-standing gold Al on KRS-5

Table 5.1 – Wire gird linear polarizers which we used in different regions of IR light.
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Signal at the detector

Both graphene and hBN have uniaxial symmetry. Therefore the exact orientation of

the P1 axis relative to the hBN/Gr/hBN stack should not have any influence on the

polarization and spectral composition of light transmitted through the hBN/Gr/hBN

stack. Consequently, it is not the exact orientations of P1 and P2 axes but the angle

α between their axes which matters. Validity of this assumption is discussed in

Section 5.4. Propagation of light all the way from the IR source to the IR detector

is described in full details in Appendix E, here we only give the final result for the

signal registered at the IR detector:

S(ω, α,B) = κ(ω, α) · T (ω,B)

[
1

2
+

√
D(ω,B)

1 +D(ω,B)
cos [2α− 2φ(ω,B)]

]
,

D(ω,B) ≡ T−(ω,B)/T+(ω,B). (5.3)

Here T (ω,B) is transmission of the hBN/Gr/hBN membrane for linearly po-

larized light. In our case, the transmission T (ω,B) is the same as membrane’s

transmission for unpolarized light measured in the previous section because we

work at nearly normal incidence of light and our sample has uniaxial symmetry.

Next, D(ω,B) is transmission circular dichroism ratio defined with transmission

T−(ω,B) of left-handed and transmission T+(ω,B) of right-handed circularly

polarized light. Angle φ(ω,B) is a change of polarization after the light passes

through the hBN/Gr/hBN membrane. It coincides with the Faraday rotation angle

up to the sign i.e. φ(ω,B) = ±θF (ω,B). Such uncertainty in the sign is related

to the fact that light undergoes full handedness inversion after each reflection from

multiple subsidiary mirrors on its optical path. The sign of θF (ω,B) should be

found in a separate procedure described below. Finally, κ(ω, α) is a coefficient de-

termined by the spectrum of the IR source, all intermediate elements in the optical

path between the source and the IR detector (apart from the sample under investi-

gation), and sensitivity of the IR detector to different frequencies of light. In our

experimental setup κ(ω, α) does not depend on B because magnetic field does not

alter the performance of any optical elements. However we assume that κ(ω, α)
may have some dependence on the orientation of the polarizers P1 and P2 because

of their spatial imperfections.

Light transmitted through the sample under investigation is elliptically polar-

ized, the major axis of the ellipse traced by its electric field component is tilted

by φ relative to the P1 axis. Thus formula (5.3) has a simple geometrical inter-

pretation: The signal at the detector is maximized when α = φ i.e. when axis of

P2 is oriented the same way as the major axis of the above mentioned ellipse. In

addition, when circular dichroism is negligible then D ≈ 1 and formula (5.3) takes

the familiar form of the Malus law:

S(ω, α,B) = κ(ω, α) · T (ω,B) cos2 [α− φ(ω,B)] . (5.4)

98



Section 5.2. Faraday rotation angle and magnetic circular dichroism

Extracting magneto-optical quantities

According to the most rigorous approach, in order to find the Faraday rotation at

one value of magnetic field, P1 must be given a full rotation by small equidistant

steps. At each step, one must register the transmission spectra and also some refer-

ence spectra in order to normalize the signal of the above mentioned transmission

spectra. In the end, the angle φ = φ(ω,B), dichroism D = D(ω,B), and possi-

bly2 even transmission T = T (ω,B) of hBN/Gr/hBN stack could be found from

a set of normalized signals (5.3) measured at different α, see Appendix E. A great

disadvantage of such approach is that it is very time consuming because the signal

must be measured for many angles. Therefore we had to pick out only a few angles

α at which the signal was registered.

We followed a traditional scheme and measured the Faraday rotation with po-

larizers oriented at α = π/4 relative to each other. Such orientation gives a

lot of advantages when the unknown Faraday rotation angle is reasonably small

|θF (ω,B)| ≤ π/8. Firstly, when (π/4 − π/8) < (α − φ) < (π/4 + π/8) the

intensity of transmitted light is much higher compared to the configuration when

the polarizers are crossed3 i.e. (π/2− π/8) < (α−φ) < (π/2+ π/8). Therefore

one has a good signal to noise ratio at the detector. Secondly, when α − φ = π/4
the signals in (5.3) and (5.4) have the steepest descent in φ. Thus even a slight de-

viation of (α− φ) from π/4 due to nonzero Faraday rotation in the sample would

lead to a big change of the signal which allows high precision measurements of φ.

The same argumentation and advantages also hold for the configuration with the

angle α = −π/4.

Coefficients κ(ω, α) and transmission of hBN/Gr/hBN stack T (ω,B) are con-

sidered to be unknown. Therefore the signal given in the formula (5.3) must be

normalized i.e. compared to a reference spectrum. In our case the best choice

of the reference is a transmission spectrum measured at magnetic field with the

same absolute value but opposite direction compared to the spectrum to be nor-

malized. In this normalization procedure, we make reasonable assumptions that

when the direction of magnetic field is inverted then transmission of hBN/Gr/hBN

stack remains the same i.e. T (ω,B) = T (ω,−B), the absolute value of Faraday

rotation angle also remains the same and only the sign of the Faraday rotation an-

gle changes to the opposite i.e. θF (ω,B) = −θF (ω,−B) and correspondingly

φ(ω,B) = −φ(ω,−B).

Measuring the Faraday rotation for two orientations of the polarizers α =
±π/4 and taking the average of the two results allows reducing systematic errors

caused by parasitic depolarization of light on the optical path. Thus according to

our protocol, we had to measure four spectra in order to investigate Faraday ro-

tation and circular dichroism in a hBN/Gr/hBN stack for one particular absolute

2It depends on the choice of the optical configuration for the reference spectra.
3Configuration of linear polarizers when their axis are crossed i.e. oriented at α = π/2 is widely

used in educational literature to illustrate the phenomenon of Faraday rotation. But such orientation

is hardly ever convenient in real experiments.
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value of magnetic field. These were transmission spectra S(ω, α,B) registered by

IR detector in the following configurations of polarizers and magnetic field:

• α = +π/4 and +B;

• α = +π/4 and −B;

• α = −π/4 and +B;

• α = −π/4 and −B.

In order to obtain a physical quantity which characterizes the sample under

investigation and does not depend on the components of our experimental setup,

the four spectra should be combined the following way:

Φ(ω,B) =
1

8

[
S(ω, π/4,+B)

S(ω, π/4,−B)
− S(ω,−π/4,+B)

S(ω,−π/4,−B)

]
. (5.5)

Indeed, using the formula (5.3) one can see that the coefficients κ(ω,±π/4) as

well as T (ω,±B) cancel out and one obtains

Φ(ω,B) =

√
D(ω,B)(1 +D(ω,B)) sin [2φ(ω,B)]

(1 +D(ω,B))2 − 4D(ω,B) sin2 [2φ(ω,B)]
. (5.6)

The resulting curve Φ(ω,B) yields important information about magneto-optical

properties of the hBN/Gr/hBN membrane. However Φ(ω,B) does not have a sim-

ple and straightforward physical interpretation because it depends in a non-trivial

way both on the dichroism ratio D(ω,B) and the angle φ(ω,B) which is equal to

the Faraday rotation angle up to the sign. In a special case when the dichroism is

negligible and Faraday rotation angle is small, one may simplify the formula (5.6)

using the approximation for small angles which leads to

Φ(ω,B) = φ(ω,B) (5.7)

when D(ω,B) ≈ 1 and sin[2φ(ω,B)] ≈ 2φ(ω,B),

and one can see that the curve Φ(ω,B) coincides with the Faraday rotation

angle as usual up to a sign. This gives a better insight into the physical meaning of

the Φ(ω,B) curve, discussion of the errors induced by the approximation (5.7) is

given in Section 5.4.

Sign of the Faraday rotation angle

As it has been mentioned in Section 2.3, the definition of the sign of the Faraday

rotation angle involves the direction of the magnetic field and the direction of the

light propagation. However modifying the experimental setup and measurement

protocol in order to meet this definition is not always convenient or even techni-

cally feasible. In our case, we are not able to invert the direction of the IR light

100



Section 5.2. Faraday rotation angle and magnetic circular dichroism

propagation each time we invert the magnetic field. Moreover, the angle of polar-

ization changes its sign to the opposite one upon each reflection from the multiple

subsidiary mirrors which guide the ray of light through our setup. This also alters

the sign of φ(ω,B) or Φ(ω,B). Here we would like to point out that both φ(ω,B)
and Φ(ω,B) always have the same sign even if approximation of small angles and

negligible dichroism does not hold.

There are two approaches to finding the true sign of the Faraday rotation an-

gle. According to the first approach, one should meticulously count all the mirrors

on the optical path, take into account directions of the magnetic field and light

propagation at all steps of the measurement protocol. Based on that, one can as-

sess whether the sign of φ(ω,B) coincides with the sign of θF (ω,B) or should be

changed to the opposite one. According to the second approach, one should use a

reference sample with known Faraday rotation (or any other type of optical activity)

to “calibrate” the experimental setup in the context of a particular Faraday rotation

measurement protocol. This means that one should measure the Faraday rotation of

the reference sample following the same protocol as with the hBN/Gr/hBN mem-

brane. If the result coincides with the true value of the Faraday rotation in the

reference sample then θF (ω,B) = φ(ω,B) for the hBN/Gr/hBN membrane. If

the result has opposite sign compared to the true value of the Faraday rotation in

the reference sample then θF (ω,B) = −φ(ω,B) for the hBN/Gr/hBN membrane.

We followed the second approach. However for practical reasons we used

a linear polarizer (P3) as a reference sample instead of a sample which exhibits

magneto-optical activity and Faraday rotation. In this case deviation of P3 axis rel-

ative to P1 axis imitates the Faraday rotation effect4. Such choice of the reference

sample gives several advantages: we did not have to apply any magnetic field, all

measurements were done at room temperature without the cryostat and we could

easily imitate different angles and signs of Faraday rotation in the reference sample

simply rotating the P3 axis by hand. During our manipulations P3 was mounted

on a rotating stage with a goniometer. Inversion of magnetic field direction was

imitated by inversion of the sign of the angle between P3 and P1 axes.

Transmission measurements

Each measurement of Faraday rotation angle was supplemented the same day with

a measurement of the relative transmission spectrum of a hBN/Gr/hBN membrane.

We did this to ensure that both curves were obtained in the maximally similar

conditions: the same doping level of graphene, temperature of hBN/Gr/hBN mem-

brane, magnetic field etc. Transmission measurements were performed with po-

4In reality a linear polarizer cannot fully imitate magneto-optical activity because the polarizer

does not rotate the plane of polarization but rather projects the electric field vector on the P3 axis.

Thus in the case of a linear polarizer, apart from the polarization rotation there must be also some

attenuation of light described by the Malus law. This attenuation is weak for reasonably small angles

(∼ 10◦) of polarizer rotation i.e. angles between P1 and P3 axes. Therefore we conclude that a linear

polarizer could be used as a reference sample and imitate Faraday rotation effect for small angles.
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larizers P1 and P2 oriented parallel to each other i.e. for α = 0. This orientation

allows maximizing the signal and therefore improving the signal-to-noise ratio.

Signal normalization was done the same way as in the previous section i.e. with

the help of transmission spectrum measured at zero magnetic field, see Appendix

E. Thus we obtained a physical quantity Θ(ω,B) which characterizes the sample

under investigation and does not depend on the components of our experimental

setup:

Θ(ω,B) =
S(ω, α = 0, B)

S(ω, α = 0, B = 0)
. (5.8)

We find the detector’s signal S(ω, α = 0, B = 0) using the general formula

for the signal (5.3) and taking into account that at zero magnetic field the sample

does not show any optical activity i.e. D(ω,B = 0) = 1 and φ(ω,B = 0) = 0.

Thus we find that

Θ(ω,B) =
T (ω,B)

T (ω,B = 0)
·
[
1

2
+

√
D(ω,B)

1 +D(ω,B)
cos[2φ(ω,B)]

]
. (5.9)

The last factor in the formula (5.9) depends on dichroism and Faraday rotation.

One may neglect this dependence and assume that the above mentioned factor is

equal to one which is a plausible approximation when the dichroism and the Fara-

day rotation angle are small. Here another advantage of the parallel orientation

of the polarizers α = 0 becomes clear: values of cos[2φ(ω,B)] in (5.9) change

slowly around zero as the angle φ(ω,B) grows which reduces the error when the

Faraday rotation is neglected. In this approximation

Θ(ω,B) ≈ T (ω,B)

T (ω,B = 0)
= T̃ (ω,B) (5.10)

when D(ω,B) ≈ 1 and cos[2φ(ω,B)] ≈ 1.

Thus the spectrum Θ(ω,B) coincides with the relative transmission T̃ (ω,B)
measured in the previous section and errors induced by such approximation are

discussed in Section 5.4. On the whole, the formula (5.10) always underestimates

the real value of the relative transmission T̃ (ω,B).
In the general case, if the dichroism D(ω,B) and the angle φ(ω,B) are not

small, then optical properties of the sample could be restored with the help of

Kramers-Kronig constrained fitting of magneto-optical spectra, see Section 6.4.

To this purpose, experimental data Φ(ω,B) given in the formula (5.6) and experi-

mental data Θ(ω,B) given in the formula (5.9) both measured in a broad range of

frequencies must be supplemented with information about zero field transmission

T (ω,B = 0) of the sample.
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5.3 Verifying linearity of the optical response

In general, the optical response of a material is linearly proportional to the intensity

of the incident radiation provided the its intensity is relatively low. Therefore ex-

periments which probe non-linear optical phenomena often involve powerful light

sources such as lasers. Different non-linear optical effects have been reported in

graphene [218]. The light source (globar) which we used to investigate the Landau

level transitions in graphene is usually not powerful enough to observe the onset of

the non-linear phenomena in the semimetals and semiconductors [219]. However

in order to have more ample information about our samples, we verified whether

the linearity holds in the MIR region for the range of light intensities accessible

with our setup. We estimate the upper limit of intensity to which graphene was

exposed as ∼ 1 W/cm2 (this number stands for sum of intensities of all MIR wave-

lengths).

Thus the goal of this experiment is comparing magneto-optical transmissivities

of a hBN/Gr/hBN stack measured when the stack is illuminated with IR light of

different intensities.

We could change the intensity of the IR light impinging on the hBN/Gr/hBN

stacks with the help of apertures of different diameter situated in the spectrometer

just in front of the IR light source, see Figure 4.4. We measured relative trans-

missivities T̃1(ω,B) and T̃2(ω,B) as described in Section 5.1 for two different

intensities of light which we label with the indices “1” and “2”. Then we took the

ratio between the two transmissivities to verify the linearity of the optical response:

L(ω) =
S1(ω,B)/S1(ω,B = 0)

S2(ω,B)/S2(ω,B = 0)
=

T̃1(ω,B)

T̃2(ω,B)
. (5.11)

L(ω) = 1 corresponds to a perfectly linear response of the sample under investiga-

tion. It is important to mention that direct comparison of the signals S1(ω,B) and

S2(ω,B) is inappropriate without normalization by the corresponding zero-field

signals. It is related to the fact that the apertures not only modify the total intensity

of light but also slightly distort the distribution of energy in the spectrum of light

which reaches the IR detector. Our setup allowed measuring relative transmissivity

T̃ (ω,B) of hBN/Gr/hBN only at three different intensities of incoming light. Here

the main limiting factor was related to the MCT infrared detector which we used in

the experiments. The detector is not supposed to be illuminated with high intensity

IR light. Otherwise the detector itself has a nonlinear response to the impinging

radiation, as a result comparison of the signals (5.11) and signal normalization

become inadequate.
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5.4 Systematic errors

Undesired depolarization of light

Light interacts with many subsidiary optical elements as beamsplitter, mirrors, and

anisotropic optical windows on its way from the source to the sample and finally to

the IR detector. Subsidiary elements introduce undesired parasitic changes into the

polarization stated of light. This phenomenon is called depolarization. Thus during

the transmission measurements described in Section 5.1, unpolarized light form

the IR source acquires some partial polarization. Such change of polarization state

does not pose significant problems for measurements because our samples have

uniaxial symmetry. However during the Faraday rotation measurements described

in Section 5.2, undesired depolarization may induce systematic errors in the level

of signal up to 10% if not handled properly.

To minimize these errors, we pay attention not only to the relative but also

to the absolute orientation of the polarizers P1 and P2. Ideally, one expects total

attenuation of light when the axes of polarizers are crossed i.e. α = π/2. However

in practice α = π/2 is not enough to achieve the total attenuation because of

the undesired depolarization. Therefore before starting the measurements, we first

find a special absolute orientation of P2 at which we observe maximal attenuation

of the signal provided P1 is oriented at α = π/2 relative to P2. Later on P2

always remains fixed during the measurement of Faraday rotation. Presumably,

such orientation of P2 corresponds to the axis of the optical element which gives

the largest contribution into the depolarization in our setup.

Measuring the Faraday rotation angle at two opposite orientations of the polar-

izers α = ±π/4 as described in Section 5.2 also partially cancels the systematic

errors due to the depolarization of light. Performing measurements at two opposite

values of magnetic field is especially important for reducing the errors caused by

the depolarization in the optical windows of the cryostat. As the optical windows

are situated in between the polarizers P1 and P2, their effect on the polarization

state of light cannot be easily distinguished from the Faraday rotation in the sam-

ple under investigation. We assume that the depolarization effects do not depend

on the direction of magnetic field, meanwhile Faraday rotation angle does, there-

fore systematic errors are partially canceled when Faraday rotation is measured

according to the protocol described in Section 5.2.

Approximation of negligible dichroism

and small Faraday rotation angle

Here we analyze the errors in the values of Faraday rotation angle and relative

transmission when these quantities are found using the approximations 5.7 and

5.10 correspondingly. We define the error δϕ as difference of between the real

value φ and the approximate value Φ of the Faraday rotation angle:

δϕ ≡ φ− Φ,
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here the value of Φ is given in the the formula (5.6). We define the error δT
as the ratio between the real value T̃ and the approximate value Θ of the relative

transmission:

δT ≡ Θ/T̃ ,

thus δT coincides with the second factor on the right hand side of the formula

(5.9). The values of both errors δϕ and δT are plotted in Figures 5.5, 5.6 and 5.7

in three different scales as functions of transmission dichroism ratio D and real

Faraday rotation angle φ.

As one can see, for relatively small values of the dichroism ratio, approxi-

mation Φ ≈ φ overestimates the absolute value of the Faraday rotation angle.

Meanwhile for larger values of the dichroism ratio, approximation Φ ≈ φ, under-

estimates the absolute value of the Faraday rotation angle. Generally, as φ deviates

from zero, the error δϕ grows. However there exist special cases in which D and

φ combine in such a way that the resulting error δϕ becomes zero or almost zero

despite the real Faraday rotation angle φ is relatively large and D is not negli-

gibly small either. One can also notice that for any values of φ and D, one has

0.5 ≤ δT ≤ 1 thus the approximation Θ ≈ T̃ always underestimates the real value

of the relative transmission T̃ . The error δT always grows as φ deviates from zero

and D deviates from one.
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Figure 5.5 – Systematic errors δϕ and δT induced by the approximation of negligible

transmission dichroism ratio D and small Faraday rotation angle φ.
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Figure 5.6 – Systematic errors δϕ and δT induced by the approximation of negligible

transmission dichroism ratio D and small Faraday rotation angle φ.
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Figure 5.7 – Systematic errors δϕ and δT induced by the approximation of negligible

transmission dichroism ratio D and small Faraday rotation angle φ.
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Chapter 6
Modeling optical properties

of ultrathin films

6.1 Optical properties of ultrathin conducting films

From an optical point of view, graphene is an ultrathin conducting (metallic) film

because its thickness is much smaller than the wavelength of light d ≪ λ. In liter-

ature, there exist two approaches to describing the optical properties of graphene:

1) in some simulation software as Lumerical FDTD, effective thickness and effec-

tive 3D dielectric permittivity should be ascribed to graphene in order to model

propagation of light; 2) graphene is considered as a conducting interface between

two different or same media and classical methods of thin film optics [220, 221]

could be applied. In this work we follow the second approach. Optical properties

of ultrathin conducting films were investigated in [222, 223] and in this section we

summarize their peculiar features in the context of graphene.

Let us consider the following configuration: an ultrathin film with conductiv-

ity σ is placed at the interface of two media with refractive indices n1 and n2 and

light falls normally on the interface, see Figure 6.1. In this section and in the next

section, we do not consider explicit dependency of the conductivity on frequency.

Therefore σ could be interpreted either as conductivity in the absence of magnetic

field, or as right-handed conductivity σ+ or as left-handed conductivity σ− in the

presence of magnetic field, here we omit the indices for simplicity. Boundary con-

ditions for electric and magnetic field vectors yield two equations which connect

the complex amplitudes of incident, reflected and transmitted electric field vectors

(as we consider the normal incidence of light, components of electric field parallel

and perpendicular to the plane of incidence are described with the same pair of

equations):

Einc + Erefl = Etr, n1(Einc − Erefl) = n2Etr + Etrσ/Y0,

this in turn leads to modified Fresnel coefficients which take into account σ:
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Figure 6.1 – Different configurations of ultrathin conducting films. Panel a: An

ultrathin film with conductivity σ and thickness d at the interface between two me-

dia with different refractive indices n1 and n2. Panel b: Bare graphene in vacuum.

Panel c: Graphene encapsulated in between two layers of hBN with refractive index

n and different thicknesses d1 and d2; amount of light AGr absorbed in graphene is

different from the total amount of light A absorbed by the hBN/Gr/hBN stack.

r1→2 ≡
Erefl

Einc

=
n1 − n2 − σ/Y0
n1 + n2 + σ/Y0

, t1→2 ≡
Etr

Einc

=
2n1

n1 + n2 + σ/Y0
, (6.1)

where Y0 = 1/Z0 ≈ 2.65 · 10−3 Ω−1 is admittance of free space which is a

reciprocal of the impedance of free space Z0 ≈ 377 Ω. Admittance of free space

has the same dimension as sheet conductivity and represents an important scale for

optical properties of ultrathin films.

When an ultrathin conducting film is suspended in vacuum (which is the case

of bare i.e. non-encapsulated suspended graphene) then n1 = n2 = 1, formulas

(6.1) simplify and one obtains the following reflection, transmission and absorption

of an ultrathin film in vacuum:

rbare = − σ/(2Y0)

1 + σ/(2Y0)
, tbare =

1

1 + σ/(2Y0)
, (6.2)

Rbare = |rbare|2 =
|σ/(2Y0)|2

|1 + σ/(2Y0)|2
, (6.3)

Tbare = |tbare|2 =
1

|1 + σ/(2Y0)|2
, (6.4)

Abare ≡ 1−Rbare − Tbare =
Re(σ)/Y0

|1 + σ/(2Y0)|2
. (6.5)
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Optical properties Rbare, Tbare and Abare depend on the values of complex op-

tical conductivity σ and do not have any explicit dependency on the frequency of

light, their plots are given in the first column of Figure 6.4. As one can see, all

properties Rbare, Tbare and Abare are symmetric relative to the real axis of the opti-

cal conductivity Imσ = 0. Moreover, minimal reflection as well as maximal ab-

sorption and transmission are achieved on this axis. A simple model of graphene’s

magneto-optical conductivity described in Section 2.2, see formula (2.19), suggests

that Imσ± ̸= 0 for the most values of frequencies in the electromagnetic spectrum,

and special case when Imσ± = 0 occurs only for the frequencies corresponding to

the magneto-optical absorption lines and for one frequency in between each pair of

the absorption lines. The values of Rbare, Tbare and Abare are plotted in Figure 6.5

as functions of Reσ for the case when Imσ = 0. One can immediately see several

important features. Firstly, for small values of σ/Y0 the absorption increases and

transmission decreases almost linearly with σ. Secondly, for small values of σ/Y0
the reflection changes slowly meanwhile absorption and transmission are very sen-

sitive to slight increases in σ/Y0. Thirdly, absorption has a smooth maximum

which is an important property of ultrathin conducting films: they cannot absorb

more than half of the incident light. The maximal absorption

Amax =
1

2
(6.6)

occurs when optical conductivity matches exactly the double of the admittance of

free space Reσ = 2Y0, Imσ = 0. Maximal absorption is accompanied by quarter

reflection and quarter transmission of the film. In the case when Imσ = 0, formu-

las (6.3), (6.4) and (6.5) could be simplified which in the end allows expressing one

optical quantity through another unambiguously. For example Reσ/Y0, Rbare and

Abare which we do not measure in our experiment could be found from graphene’s

transmission Tbare:

Reσ/Y0 =
1√
Tbare

− 1,

Rbare = (1−
√

Tbare)
2, (6.7)

Abare = 2
√

Tbare(1−
√

Tbare),

it is important to remember that the formulas mentioned above describe prop-

erties of graphene only at frequencies of magneto-optical absorption lines and at

some frequency in between the lines where imaginary part of σ also turns to zero.

The limit (6.6) is derived from very general assumptions as Maxwell equa-

tions and boundary conditions. Therefore it holds for any homogeneous ultrathin

conducting film regardless of its nature and composition. However the limit (6.6)

is related only to the intrinsic ability of a bare ultrathin film to absorb the light.

In practice, absorption may become more than 50 % because of light interference
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when a conducting film rests on a half-transparent substrate of certain thickness

[223] or inside an optical cavity [224]. Absorption also could be increased with

the help of resonance phenomena in plasmonic and metamaterial structures pat-

terned ontop of ultrathin films which has been shown for graphene in [225, 226].

Usual metals like aluminum, gold, titanium, etc cannot exist in atomically

thin form. However formally one may calculate their sheet conductivity σ2D for

metallic films of unit-cell thickness: σ2D = aσ3D where a is size of a unit cell

and σ3D is usual bulk conductivity. For example, unit-cell thin aluminum has

σ2D ∼ 15 · 10−3 Ω−1 at room temperature. And sheet conductivity becomes even

higher for thicker1 metallic films and at lower temperatures. Thus for usual metals

σ2D ≫ 2Y0 and values of optical absorption are low compared to Amax because

most part of the incident light is reflected.

The universal conductivity of graphene is σ0 ≈ 0.061 · 10−3 Ω−1 ≈ 2Y0/87,

see formula (2.4). This value also results in a relatively low absorption of about two

percent (2.6). The only difference is that now σ0 ≪ 2Y0 i.e. the value of graphene’s

conductivity lays on the other side of the Abare = Abare(Reσ) slope compared to

the conductivity of usual metallic films, see Figure 6.5. Therefore most part of

the light is transmitted through and not reflected by graphene. However magnetic

field allows tuning graphene’s properties. Indeed, in external magnetic field at

the frequencies corresponding to the magneto-optical transitions, both graphene’s

conductivities σ± increase and may become much closer to 2Y0 especially when

resonance width Γj of the transitions is small, see Figures 2.7 and 2.8. Thus max-

imal real part of the left-handed conductivity which we routinely obtained in our

experiments for T1 magneto-optical line around 4 Tesla is σmax = 58σ0 = 4Y0/3.

This in turn leads to a dramatic increase in light absorption and drop of transmis-

sion which we observed, the results are shown in Chapter 7.

Optical properties of graphene are highly tunable because the universal con-

ductivity of graphene σ0 has a relatively low value. Indeed, σ0 from which the

tuning starts lays in the region well below 2Y0. In this region Rbare, Tbare and

Abare are very responsive to changes of σ. In contrast, on the other side of the

Abare = Abare(Reσ) slope, i.e. for conductivity σ > 2Y0 optical properties of

a thin film change very slowly as Reσ increases or decreases because of some

external influence. Even more opportunities arise when magnetic field and gate

voltage2 are applied to graphene simultaneously: the former allows tuning values

of σ± across the infrared region and the later allows tuning the balance between

σ+ and σ−. Thus not only the magnitude of infrared light absorption but also mag-

netic circular dichroism could be continuously modulated from one handedness of

light to another which could be viewed as an optical analogue of the ambipolar

field-effect.

1Usually metallic films of ∼ 10 nm are already thermodynamically stable and their thickness still

remains in the ultrathin-film approximation.
2Unfortunately, our samples were manufactured in such a way that we could not attach a gate

electrode to them, nevertheless we could measure graphene spectra for different levels of doping

because the doping changed its value uncontrollably on the time-scale of months.
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6.2 Optical properties of an hBN/Gr/hBN stack

In our experiments graphene was not bare but encapsulated. Optical properties of

the whole hBN/Gr/hBN stack could be calculated using standard computational

techniques for multilayers as matrix method [221] or iterative incorporation of lay-

ers [220, 221].

In our microscope IR light impinges on the samples at all angles between 12.0◦

and 23.6◦ which is needed to focus the light. Meanwhile all rays of light imping-

ing at angles between 0◦ and 12.0◦ are blocked by the secondary mirrors of the

Cassegrains, see Figures 5.1 and 4. However in our calculations we approximate

such oblique propagation of light by normal incidence. This approximation largely

simplifies the analysis of spectra at the same time it does not lead to significant

errors. Indeed, the values of Fresnel coefficients change slowly as the angle in-

creases in the vicinity to 0◦ [44] and absorption is almost independent of the angle

of incidence for the angles ≲ 45◦ [227]. As we consider only normal incidence of

light, the out-of-plane anisotropy of the hBN’s refractive index automatically drops

out from our description. Consequently, our model does not grasp the hyperbolic

properties of hBN.

An hBN/Gr/hBN stack has two layers of hBN and three interfaces: from vac-

uum to hBN, from hBN to hBN through graphene and from hBN to vacuum, see

panel c of Figure 6.1. Propagation of light within each hBN layer is governed by

the complex refractive index of hBN n = n(ω) and layer’s thickness which we

denote as d1 and d2. Thus the first and the last interfaces are described by usual

Fresnel coefficients and transition from hBN to hBN through graphene is described

by the modified Fresnel coefficients given in the formulas (6.1). In the end, Fresnel

coefficients of the whole hBN/Gr/hBN stack for normal incidence of light are:

r =
rhBN − c1 · σ/Y0 − c2 · (σ/Y0)2
(1 + c3 · σ/Y0)(1 + c4 · σ/Y0)

, t =
thBN

1 + c3 · σ/Y0
. (6.8)

Here rhBN and thBN are reflection and transmission Fresnel coefficients of an

hBN film which has d1 + d2 thickness:

rhBN =
(n2 − 1)(τ21 τ

2
2 − 1)

(n+ 1)2 − τ21 τ
2
2 (n− 1)2

, thBN =
4nτ1τ2

(n+ 1)2 − τ21 τ
2
2 (n− 1)2

, (6.9)

and c1, c2, c3, c4 are subsidiary complex coefficients which do not depend on

graphene’s conductivity σ:

c1 =
1

2n
· n− 1

n+ 1
· 2(n+ 1)2 + (n2 − 1)(τ21 + τ22 )

(n+ 1)2 − τ21 τ
2
2 (n− 1)2

+
τ21
2n

,

c2 =

[
n2 − 1 + 2(n2 + 1)τ21 + (n2 − 1)τ41

] [
n+ 1 + (n− 1)τ22

]

(2n)2(n+ 1)
[
(n+ 1)2 − τ21 τ

2
2 (n− 1)2

] ,

113



Chapter 6. Modeling optical properties of ultrathin films

c3 =
(n+ 1)2 +

(
n2 − 1

) (
τ21 + τ22

)
+ τ21 τ

2
2 (n− 1)2

2n
[
(n+ 1)2 − τ21 τ

2
2 (n− 1)2

] ,

c4 =
τ21 (n− 1) + n+ 1

2n(n+ 1)
, τ1,2 = exp(iωnd1,2/c).

In the case of bare graphene n = τ1,2 = 1, subsidiary coefficients take values

rhBN = 0, thBN = 1

c1 = c3 = c4 = 1/2, c2 = 1/4, τ1,2 = 1 (6.10)

and formulas (6.8) transform into the formulas (6.2).

For normal incidence of light reflection, transmission and absorption of the

whole hBN/Gr/hBN stack are found with

R = |r|2, T = |t|2, A = 1−R− T. (6.11)

Absorption of encapsulated graphene

The amount of light AGr absorbed in the graphene monolayer alone differs from

the absorption A of the whole hBN/Gr/hBN stack. Absorption AGr is due to the en-

ergy dissipated in graphene because of the current J = σEloc induced in graphene

by the local electric field Eloc to which the monolayer is exposed. The red as-

terisk in the panel c of Figure 6.1 shows the place where Eloc is defined. Eloc is

equal to the sum of two electric fields: the first one corresponds to an electromag-

netic wave propagating towards graphene’s bottom side from below and the second

corresponds to an electromagnetic waves propagating downwards from graphene’s

bottom side. Thus absorption in the graphene monolayer alone is

AGr =
Re(J∗ · Eloc)

Y0|Einc|2
.

Ratio of the local field to the incident field could be calculated with the above

mentioned methods for multilayers. Thus absorption in a graphene monolayer

when it makes part of a hBN/Gr/hBN stack is

AGr = Re(σ)/Y0 · |l|2 , (6.12)

l ≡ Eloc

Einc

=
lhBN + c5 · σ/Y0

(1 + c3 · σ/Y0)(1 + c4 · σ/Y0)
,

lhBN = − 2τ1
(
n+ τ22 (n− 1) + 1

)

τ21 τ
2
2 (n− 1)2 − (n+ 1)2

,

c5 = −τ1
[
n+ τ21 (n− 1) + 1

] [
n+ τ22 (n− 1) + 1

]

n (n+ 1)
[
τ21 τ

2
2 (n− 1)2 − (n+ 1)2

] .
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Complex quantity l could be interpreted as a Fresnel coefficient because it is

defined as a ratio of complex amplitudes of two electric fields. However in contrast

to the usual Fresnel coefficient, these electric fields are taken in the points separated

from each other by a finite layer of dielectric material (in our case it is the bottom

hBN layer) and not an interface. lhBN is a complex quantity to which l reduces

when conductivity of graphene is formally set to zero. c5 is yet another subsidiary

complex coefficient which does not depend on graphene’s conductivity σ. In the

case of bare graphene n = τ1,2 = 1, subsidiary coefficients take values

lhBN = 1, c5 = 1/2

and coefficient l transforms into tbare given in the (6.2). Thus both absorptions

A and AGr reduce to the absorption of bare graphene Abare given in (6.5).

Modeling refractive index of hBN

We approximate the propagation of light through hBN/Gr/hBN stacks by normal

incidence. Therefore we develop only a simplified model of hBN’s refractive index

which does not take into account neither out-of-basal-plane optical anisotropy of

hBN nor its hyperbolic properties. The frequency dependency n = n(ω) of hBN’s

complex refractive index could be modeled the following way:

n2 = ϵ∞ +
Ω2

ph

ω2
ph
− ω2 − iωγ

ph

. (6.13)

Here ϵ∞ = 4.95 is high-frequency dielectric function of hBN to which we

assign the value found in [152]. The remaining parameters Ω
ph

= 2200 cm−1,

ω
ph

= 1367 cm−1 (169.5 meV) and γ
ph

= 12 cm−1 (1.5 meV) describe the in-

tensity, frequency and width of the optically active phonon in hBN. We found the

values of these parameters from the absolute signal at the detector during measure-

ments of hBN/Gr/hBN transmission at zero magnetic field, see Appendix E. The

second optically active phonon at 767 cm−1 (95.1 meV) is not as pronounced as

the first one. We have not detected any of its effect on the transmission spectra of

the hBN/Gr/hBN stacks therefore we do not include any term corresponding to this

phonon to the equation (6.13). Result of our modeling of hBN’s refractive index is

shown in the panel a of Figure 6.2.

Knowledge of n = n(ω) allows understanding optical properties of thin hBN

flakes without graphene, see panel b of Figure 6.2. At frequencies away from ω
ph

,

hBN is highly transparent and its properties vary very slowly with frequency. At

frequencies in the direct vicinity to ω
ph

, transmission of hBN drops almost to zero

because of a sharp increase in reflection and absorption of light by hBN.

Effect of encapsulation on the optical properties

It is important to mention that formulas (6.8)−(6.12) take into account only wave

optics phenomena like multiple reflections and interference in a hBN/Gr/hBN stack.
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Chapter 6. Modeling optical properties of ultrathin films

Figure 6.2 – Optical properties of hBN as a function of frequency. The ivory bar is

centered at the phonon’s frequency ωph and has width 2γph. Panel a: Real and imag-

inary parts of hBN’s refractive index, see formula (6.13). Panel b: Optical properties

of a 13 nm thick hBN flake (as thick as our thinnest ∅ = 20 µm hBN/Gr/hBN mem-

brane), see formulas (6.9). Panel c: Optical properties of a 30 nm thick hBN flake (as

thickness as our thickest ∅ = 30 µm hBN/Gr/hBN membrane), see formulas (6.9).
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Section 6.2. Optical properties of an hBN/Gr/hBN stack

Figure 6.3 – Optical properties of a hBN/Gr/hBN stack as a function of frequency.

R, T , A and AGr are given in the formulas (6.11)−(6.12) and plotted for the case

when Imσ = 0, d1 = 10 nm and d2 = 20 nm. Ivory bar is centered at the phonon’s

frequency ωph and has width 2γph. One can see how the hBN phonon influences the

total absorption of the stack for different values of graphene’s optical conductivity.

Panel a: Reσ = σ0, which is similar to the case of an hBN flake without graphene,

see panel b of Figure 6.2. Panel b: Reσ = 29σ0 value which we routinely obtained

in our experiments. Panel c: Hypothetical case Reσ = 2Y0.
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Chapter 6. Modeling optical properties of ultrathin films

Figure 6.4 – Optical properties of bare and encapsulated ultrathin conducting films

plotted as functions of their Reσ/Y0 (horizontal axis) and Imσ/Y0 (vertical axis).

hBN layers have thicknesses d1 = 10 nm and d2 = 20 nm. 1st column: Properties of

a bare film, see formulas (6.3)−(6.5). Properties of an encapsulated film are similar to

those of a bare film for frequencies far from the hBN phonon therefore we do not plot

them here. 2nd and 3rd columns: Properties of the encapsulated film, see formulas

(6.11)−(6.12), for the frequencies in the direct vicinity to the hBN phonon ωph.
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Chapter 6. Modeling optical properties of ultrathin films

Figure 6.7 – Optical properties of encapsulated ultrathin conducting film, see formu-

las (6.11)−(6.12), plotted as functions of frequency (horizontal axis) and its Reσ/Y0

(vertical axis) for the case when Imσ/Y0 = 0. hBN layers have thicknesses

d1 = 10 nm and d2 = 20 nm which corresponds to our thickest hBN/Gr/hBN mem-

brane (∅ = 30 µm). One can see a non-symmetric variation of absorption A as one

approaches ωph from different sides.
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Section 6.2. Optical properties of an hBN/Gr/hBN stack

It has been already indicated in Section 3.1 that hBN-encapsulation also modifies

behaviour of charge carriers in graphene. Therefore strictly speaking optical con-

ductivity σ of encapsulated graphene in the formulas (6.8) and σ of bare graphene

in the formulas (6.2) − (6.5) are different functions of frequency. Developing a

theoretical model which describes how encapsulation modifies frequency depen-

dency of σ is far beyond the scope of this work. Here we only discuss the wave

optics phenomena in a hBN/Gr/hBN stack at normal incidence of light. In order

to make an adequate comparison of bare and encapsulated graphene, in the current

section we consider σ as an independent variable regardless of any underlaying

mechanisms which formed its final value. Such approach is justified because the

values of optical conductivity are not fixed exclusively by the values of frequency:

the position of Fermi level, external magnetic field, temperature, mechanisms of

charge carriers scattering, substrate, etc influence the resulting value of σ.

Figures 6.4 − 6.7 visualize how optical properties of bare graphene and an

hBN/Gr/hBN stack depend on three independent variables: frequency, real and

imaginary parts of the optical conductivity. In the most parts of the infrared re-

gion, optical properties of an hBN/Gr/hBN stack are almost the same as those of

bare graphene (see panels a and b of Figure 6.6). This is because hBN is highly

transparent and also because it is very thin compared to the wavelength of infrared

light thus the interference effects in an hBN/Gr/hBN stack are not pronounced.

However for the frequencies in the vicinity to the hBN phonon ωph = 1367 cm−1,

optical properties of the whole hBN/Gr/hBN stack may differ significantly from

those of bare graphene (see panels c and d of Figure 6.6) as well from those of an

hBN flake which has the same thickness as the whole hBN/Gr/hBN stack (com-

pare Figure 6.3 to the panel b of Figure 6.2). Optical properties of an hBN/Gr/hBN

stack reduces to those of an hBN flake when σ → 0, thus Figure 6.7 shows how

optical properties of an hBN/Gr/hBN stack change in most part of the spectrum as

σ grows and remain almost the same around phonon’s frequency. The 2nd column

of Figure 6.4 also shows that when light frequency coincides with the phonon’s

frequency, optical properties of hBN/Gr/hBN stack almost do not depend on the

optical conductivity of graphene. The 3d column of Figure 6.4 shows that when

light frequency is close but does not coincide with the phonon’s frequency, the

minima of R and T as well as maximum of A are shifted away from the real axis

Imσ/Y0 = 0 where they all reside in the case of a bare film. Maximal value of

A exceeds Amax a little bit. However we could not explore these new minima and

maximum in our experiments because applying a magnetic field does not allow

tuning the values of conductivity that far away from the real axis Imσ/Y0 = 0.

One can also notice another interesting tendency: absorption of light in the en-

capsulated graphene AGr at the hBN phonon frequency is always lower compared

to the case of bare graphene (compare the 1st and the 2nd columns of Figure 6.4,

see panel c of Figure 6.6) and to the case of encapsulated graphene in the other

regions of spectrum (see Figures 6.3 and 6.7). Such behaviour is partly explained

by the fact that large fraction of the incident light is reflected by the hBN layer.

hBN thickness d1 and d2 enters symmetrically into the formulas for Fresnel
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Chapter 6. Modeling optical properties of ultrathin films

coefficients rhBN, thBN, t. However r and l depend on d1 and d2 in a non-symmetric

way. This means that for d1 ̸= d2 absorption and reflection of a hBN/Gr/hBN stack

as well as absorption right in graphene monolayer change when one or the other

side is exposed to the incident light (hBN layer exposed to the incident light is

denoted by d1).

6.3 Magnetic circular dichroism and Faraday rotation

In a magnetic field, Fresnel coefficients (6.2) and (6.8) acquire dependency on

polarization of incident light and are described by matrices which have the same

symmetry as magneto-optical conductivity of graphene (2.12). Thus for reflection

and transmission:

r̂ =

[
rxx rxy

−rxy rxx

]
, t̂ =

[
txx txy

−txy txx

]
. (6.14)

In a magnetic field, optical conductivities of graphene σ± = σ±(ω,B), Fresnel

coefficients r̂ = r̂(ω,B), t̂ = t̂(ω,B) and all related optical quantities depend on

the values of frequency ω and magnetic field B, however we omit these arguments

to simplify notation.

Matrix r̂ has two eigen values r+ and r− which are reflection Fresnel coeffi-

cients for right-handed and left-handed circularly polarized light; similarly, matrix

t̂ has two eigen values t+ and t− which are transmission Fresnel coefficients for

right-handed and left-handed circularly polarized light:

r± = rxx ± irxy, t± = txx ± itxy.

Fresnel coefficients r± and t± could be found with a help of substitution σ →
σ± in the formulas (6.8) for usual Fresnel coefficients calculated in the absence

of magnetic field. Thus in the case of normal incidence, we obtain the following

Fresnel coefficients of an hBN/Gr/hBN stack in a magnetic field:

r± =
rhBN − c1 · σ±/Y0 − c2 · (σ±/Y0)2
(1 + c3 · σ±/Y0)(1 + c4 · σ±/Y0)

, t± =
thBN

1 + c3 · σ±/Y0
, (6.15)

here all subsidiary coefficients rhBN, thBN, c1, c2, c3, c4 and τ1,2 have the same

values as before because optical properties of hBN do not change in an external

magnetic field. Following the formulas (6.11), reflection, transmissions and ab-

sorption of an hBN/Gr/hBN stack for right-handed and left-handed circular polar-

izations are:

R± = |r±|2, T± = |t±|2, A± = 1−R± − T±. (6.16)

Similarly to the Fresnel coefficients, absorption in graphene only is also de-

scribed by the substitution σ → σ± in the formula (6.12):

AGr± = Re(σ)/Y0 · |l±|2 , (6.17)
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Section 6.3. Magnetic circular dichroism and Faraday rotation

l± =
lhBN + c5 · σ±/Y0

(1 + c3 · σ±/Y0)(1 + c4 · σ±/Y0)
.

In different experiments, we illuminated graphene sometimes with linearly po-

larized light and sometimes with unpolarized light. Reflection and transmission

of linearly polarized light can be found as a sum of corresponding right-handed

and left-handed components with equal amplitudes. Graphene possesses uniaxial

symmetry therefore the exact orientation of the in-plane component of the linear

polarization relative to the crystalline lattice of graphene is not important. This

also implies that graphene’s reflection and transmission of unpolarized light are

expressed by the same formulas as graphene’s reflection and transmission of the

linearly polarized light:

Rnon pol = Rlin pol ≡ R =
R+ +R−

2
, Tnon pol = Tlin pol ≡ T =

T+ + T−

2
.

Thus absorption of linearly polarized or unpolarized light is A = 1 − T − R
from which follows that

A =
A+ +A−

2
.

When σ+ ̸= σ− absorptions of oppositely handed circularly polarized light are

different. This phenomenon of circular dichroism is often quantified as

∆A ≡ A− −A+

A− +A+
, −1 ≤ ∆A ≤ 1. (6.18)

If an ultrathin conducting film is not encapsulated then it cannot absorb more

that half of the impinging light i.e. its values of absorption A+, A−, A ≤ 1/2.

However the ultimate values of absorption dichroism ∆A = ±1 could be still

achieved when A+ = 0 and at the same time A− = 1/2 or vice versa.

In our experiments, we measured transmission properties of graphene. For this

reason we also use the transmission circular dichroism ratio defined as

D ≡ T−/T+.

Transmissions T+ and T− are real numbers and do not contain any information

about arguments of Fresnel coefficients t+ and t−, see (6.16). Values of Fresnel

coefficients given in the equations (6.15) could be rewritten in the polar form as:

t± =
√

T± exp(iθ±).

Moduli and arguments of t± could be expressed in terms of optical conductiv-

ities σ± using the equation (6.15) the following way:

|t±| =
√

T±, T± =
|thBN|2

|c3σ±/Y0|2 + 2Re (c3σ±/Y0) + 1
, (6.19)

Arg(t±) = θ± = Arg(thBN)−Arg(1 + c3σ±/Y0).
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Chapter 6. Modeling optical properties of ultrathin films

Faraday rotation angle θF contains useful information about the arguments θ+
and θ− of transmission Fresnel coefficients:

θF =
θ− − θ+

2
.

Faraday rotation angles of encapsulated and bare graphene in terms of optical

conductivities σ± are

θF =
1

2
Arg

(
1 + c3σ+/Y0
1 + c3σ−/Y0

)
, (6.20)

θF bare =
1

2
Arg

(
1 + σ+/(2Y0)

1 + σ−/(2Y0)

)
. (6.21)

Plots of R±, T±, A±, and θF are shown in Figures 2.10 and 2.11 for the case

of bare graphene with MO conductivities σ± calculated in the framework of the

simple theory (2.19), values of the subsidiary coefficients are given in (6.10).

Maximal Faraday rotation angle

Formula (6.21) allows understanding the maximal possible value of Faraday rota-

tion angle for an ultrathin conducting film. First we rewrite (6.21) as a difference

of arguments of two complex numbers z+ and z−:

θF bare =
1

2
(Arg z+ −Arg z−) , z± = 1 +

Reσ±
2Y0

+ i
Imσ±
2Y0

.

Imaginary parts of both optical conductivities Imσ± can take on both positive

or negative values depending on the frequency, position of Fermi level etc. But their

real parts can only be positive Reσ± ≥ 0 because negative values are incompatible

with energy conservation. Therefore −π/2 < Arg z± < π/2 and we conclude that

maximal possible value of the Faraday rotation angle is |θF max| < π/2 regardless

of the nature of an ultrathin conducting film. This simple reasoning also allows

us making another conclusion: The existence of the upper limiting value implies

that dependency of the Faraday rotation angle on the magnetic field θF = θF (B)
cannot be linear.

The above mentioned reasoning is very general and does not take into account

that in real materials including graphene, Reσ± and Imσ± cannot assume any

values from their allowed regions independently from one another. Thus in the

framework of the simple model of σ± described in Section 2.2, see formula (2.19),

exact values of the Faraday rotation angle depend significantly on the widths Γj

but at any circumstances cannot exceed the limiting value

|θF max| < π/4.

In practice, Faraday rotation of bare graphene can be increased beyond (6.21)

by placing graphene inside or on the surface of a Fabry-Perot cavity. These oppor-

tunities were investigated in [228]. When a ray of light performs multiple round
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trips inside the cavity, Faraday rotation angle increases at each passage because of

the the non-reciprocal nature of Faraday rotation effect. However in our case the

thicknesses d1 and d2 of hBN layers are much smaller than the wavelength of IR

light. As a result, the Faraday rotation angle of encapsulated graphene (6.20) is

almost the same as Faraday rotation angle of bare graphene (6.21)3

Kramers-Kronig relations

Magnetic circular dichroism and Faraday rotation are inherently related phenom-

ena: quantities D(ω) and θF (ω) taken at a particular value of magnetic field cannot

be two arbitrary and independent functions of frequency. This has been explained

in Section 2.3 from the point of view of magneto-optical transitions between the

Landau levels. From a more general point of view, there exists a deep connection

between D(ω,B) and θF (ω,B) due to causality.

In the case of zero magnetic field, it has been shown [229, 230] that one can

introduce an auxiliary complex function Ω = Ω(ω) the following way

Ω(ω) ≡ ln t(ω) =
√
T + iθ(ω)

and apply the Kramers-Kronig relations to this function provided ln t(ω) does

not have any poles or other singularities in the upper complex semiplane of its

argument ω:

θ(ω) = − 1

π
P
∫

∞

−∞

ln
√

T (ω′)

ω′ − ω
dω′ + π = −ω

π
P
∫

∞

0

lnT (ω′)

ω′2 − ω2
dω′ + π, (6.22)

here parity relation T (ω) = T (−ω) is used to change the integration range.

In the case of non zero magnetic field, one has two equations similar to (6.22):

θ±(ω) = −ω

π
P
∫

∞

0

lnT±(ω
′)

ω′2 − ω2
dω′ + π, (6.23)

Moreover, another complex auxiliary function Ω′(ω) could be introduced:

Ω′(ω) ≡ ln

(
t−(ω)

t+(ω)

)
=

1

2
lnD(ω) + 2iθF (ω),

and provided both ln t±(ω) are analytic functions, the Kramers-Kronig rela-

tions yield equation which connects transmission circular dichroism ratio and Fara-

day rotation angle:

D(ω) = exp

[
8ω

π
P
∫

∞

0

θF (ω
′)

ω′2 − ω2
dω′

]
. (6.24)

3Just as before, (6.20) and (6.21) must be compared for the same values of conductivities σ±

regardless of frequency etc because formula (6.20) takes into account only wave optics phenomena

and not the influence of hBN-encapsulation on charge carriers in graphene.
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6.4 Kramers-Kronig analysis of magneto-optical spectra

Ultimate goal of magneto-optical spectroscopy is finding magneto-optical conduc-

tivity tensor σ̂(ω,B) which could be then compared to theoretical predictions or

used as a starting point for further analysis: for example modeling and predicting

magneto-optical properties of graphene which have not been directly measured in

the magneto-optical experiment which allowed finding σ̂(ω,B) in first place. In

practice this means that four real functions of frequency must be found: both real

and imaginary parts of both σ+(ω,B) and σ−(ω,B) components. For compari-

son, in the absence of magnetic field only two functions must be found: real and

imaginary parts of σ(ω). The whole procedure of restoring σ̂(ω,B) must be done

for each value of magnetic field separately.

Thus knowledge of the transmission curve T = T (ω,B) solely for unpolarized

light at a particular value of magnetic field is not enough for restoring σ̂(ω,B)
unambiguously or without any supplementary model assumptions. Naively, one

should perform experiments with circularly polarized light: investigate magneto-

optical response of a solid body to each handedness of light separately and then

apply well established zero-field methods for extracting the optical conductivities

σ+(ω,B) and σ−(ω,B) separately. However, as it has been already mentioned in

Section 5.2, generating circularly polarized light in a broad range of frequencies is

challenging from technical point of view.

In this work, we performed FTIRS experiments with a pair of broad band linear

polarizers in transmission regime, the protocol is described in Section 5.2. Such

approach allows measuring physical quantities which are complicated function of

the sample’s relative transmission4 T̃ = T̃ (ω,B), Faraday rotation θF = θF (ω,B)
and transmission dichroism ratio D = D(ω,B), see formula (5.3). Even if trans-

mission of the system is measured for many different positions α of the polarizers,

only three above mentioned physical quantities could be found from the data ob-

tained in the experiment. This is still not enough to restore the magneto-optical

tensor σ̂(ω,B).

Therefore in this work we profit from the Kramers-Kronig relations in order

to obtain all components of σ̂(ω,B). Indeed, Kramers-Kronig relations impose

constraints on causal response functions including the magneto-optical response of

a solid. As a result one physical quantity could be derived from another without

any additional magneto-optical measurements. The Kramers-Kronig analysis has

been already widely used for a long time to restore complex conductivity σ form an

optical spectrum in the absence of magnetic field. However applying the Kramers-

Kronig analysis in the case of magneto-optical spectra is not straightforward. Here

is an example of such an approach: both optical conductivities σ±(ω,B) could be

obtained from equations (6.19) if four curves T± = T±(ω) and θ± = θ±(ω) are

previously found from the experimental data and the Kramers-Kronig relations.

4A different signal normalization procedure potentially allows measuring transmission T =
T (ω,B) instead, see Appendix E.
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However using the Kramers-Kronig relations (6.23) and (6.24) for this purpose

is not straightforward and leads to computational difficulties. Moreover, in some

optical configuration the functions Ω(ω) and Ω′(ω) introduced at the end of the

previous section do not have regular analytical behavior in the upper complex half

plane of frequency. Therefore the Kramers-Kronig relations are no longer valid. In

order to overcome these difficulties we approach the problem from a different per-

spective and use Kramers-Kronig constrained analysis similar to the one described

in [231, 232].

Kramers-Kronig constrained fitting of spectra

Here we describe how to fully restore the magneto-optical conductivity tensor

σ̂(ω,B) from a minimum of two independent magneto-optical quantities measured

in the experiment. In a simple case these two quantities could be for example trans-

mission T = T (ω,B) together with Faraday rotation angle θF = θF (ω,B). In a

more general case of transmission regime measurements these two quantities could

be any combinations of T+(ω,B), T−(ω,B), and θF (ω,B). Here the Faraday ro-

tation angle is always involved because FTIRS experiments allow measuring only

the difference but not the explicit values of the phases θ±.

Let us denote the two quantities measured in the FTIRS experiment by P and

Q. In order to proceed with the analysis, both P and Q should be expressed in

terms of Fresnel coefficients, in our case these are t±. Next, equations (6.15) allow

to relate the experimental quantities to the right- and left-handed optical conduc-

tivities and one can obtain the following expressions:

P = fP (ω, σ+(ω), σ−(ω)), Q = fQ(ω, σ+(ω), σ−(ω)). (6.25)

Here and later we omit the magnetic field argument to simplify the notation.

The main idea of our method is to profit from the Kramers-Kronig relations

(2.13), (2.14) imposed on the real and imaginary parts of the optical conductivities

σ±(ω) which are supposed to be found in the end and not from the Kramers-Kronig

relations as (6.23) imposed on the Fresnel coefficients nor from the Kramers-

Kronig relations as (6.24) imposed on the optical quantities which are potentially

available from an experiment. For this purpose, we introduce a set of complex

functions of real frequency sj = sj(ω) which we call basis functions. These func-

tions must be chosen in such a way that real and imaginary parts of each sj(ω)
are Kramers-Kronig consistent, explicit form of these functions is discussed later.

Next, we represent conductivities σ±(ω) as a sum of the basis functions the fol-

lowing way:

σ+(ω) =

N∑

j=1

Rj [sj(ω) + (sj(−ω))∗] , (6.26)

σ−(ω) =
N∑

j=1

Lj [sj(ω) + (sj(−ω))∗] .
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The terms (sj(−ω))∗ are added to ensure that optical conductivities satisfy

the Onsager relations (σ±(ω))
∗ = σ±(−ω), see Section 2.2. Rj and Lj where

j = 1, N are real numbers which do not depend on ω. They represent some un-

known amplitudes, free parameters which must be found in order to restore σ±(ω).
First one should obtain expressions for the experimental quantities in terms of the

amplitudes Rj and Lj simply substituting the formulas (6.26) into (6.25):

P = FP (ω,R1, ... , RN , L1, ... , LN ), (6.27)

Q = FQ(ω,R1, ... , RN , L1, ... , LN ).

Now all amplitudes Rj and Lj could be found based on the experimental data

and equations (6.27) with the help of various existing numerical optimization rou-

tines. We used the classical least-square minimization for this purpose. Our ex-

perimental data consists of three sets of data points: values of frequencies {ωi},

values of the optical quantities {Pi} and {Qi} both measured at the above men-

tioned set of frequencies. We denote the number of data points in one set by M ,

thus i = 1,M . One should start with some reasonable initial guesses R
(guess)
j and

L
(guess)
j for all amplitudes. Next, one should calculate two sets of values {P

(guess)
i }

and {Q
(guess)
i } using the equations (6.27) at frequencies {ωi} for the tentative val-

ues R
(guess)
j and L

(guess)
j . We define the sum of squared residuals the following

way:

χ2 ≡
M∑

i=1

(
Pi − P

(guess)
i

)2
+

M∑

i=1

(
Qi −Q

(guess)
i

)2
.

Minimization of χ2 allows finding plausible values of the amplitudes R
(fit)
j and

L
(fit)
j . It is important to mention that χ2 must contain at least two sets of data points

corresponding to the optical quantities carrying independent physical information

about the system. Otherwise, an adequate convergence of the fit would be impos-

sible i.e. one could obtain χ2 → 0 for different sets of values of the amplitudes

R
(guess)
j and L

(guess)
j and it will not be clear which of the aforementioned sets de-

scribes magneto-optical response of the sample under investigation. Knowledge of

all R
(fit)
j and L

(fit)
j allows restoring both components of the magneto-optical con-

ductivity tensor σ̂(ω,B):

σ
(fit)
+ (ω) =

N∑

j=1

R
(fit)
j [sj(ω) + (sj(−ω))∗] , (6.28)

σ
(fit)
− (ω) =

N∑

j=1

L
(fit)
j [sj(ω) + (sj(−ω))∗] .

Now knowledge of both conductivities σ
(fit)
± (ω) gives an opportunity to cal-

culate and plot as a function of frequency various physical quantities which have
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been introduced in the previous section: these are reflection, transmission, absorp-

tion of a hBN/Gr/hBN stack and absorption right in graphene for different hand-

edness separately as well as for both handedness together, absorption dichroism,

transmission dichroism ratio, Faraday rotation angle, etc. Thus Kramers-Kronig

constrained fitting of spectra allows a better insight into the sample’s behaviour

without performing numerous magneto-optical experiments and most importantly

without actually generating the circularly polarized light. In addition, if experi-

mental curves P and Q do not have a straightforward and simple physical inter-

pretation i.e. represent complicated combinations of T+(ω), T−(ω), and θF (ω),
then Kramers-Kronig constrained fitting of spectra allows “disentangling” them

into more meaningful and habitual ones.

Choice of the basis functions

As it has been mentioned above, the real and imaginary parts of sj(ω) must be

Kramers-Kronig consistent. Therefore we start with some analytic functions of

complex variable Sj = Sj(z), z = ω + iω′ which does not have any singularities

in the upper semiplane ω′ ≥ 0. Next, the basis functions sj(ω) correspond to

the values of Sj(z) on the real axis ω′ = 0. Convergence of the fit and precision

of the result depend significantly on the exact shape and number N of the basis

functions sj(ω). In order to achieve a high precision of the fit, we introduce a large

number of basis functions which coincides with the number M of the data points.

One way of improving convergence of the fit in such a large parameter space, is to

choose basis functions so that each sj(ω) is well localized and centered around one

frequency ωj from the set of experimental data points. This approach allows fitting

virtually any spectrum with high level of precision and minimal model assumptions

about the nature of σ̂(ω). At the same time special precautions possibly would be

needed in order to avoid overfitting. Here is a possible choice of Sj = Sj(z) which

satisfies all the above mentioned requirements:

Sj(z) =
i

z − ωj + iΓj
,

and corresponding basis functions take form of Lorentzians:

sj(ω) =
i

ω − ωj + iΓj
=

Γ

(ω − ωj)2 + Γ2
j

+ i
ω − ωj

(ω − ωj)2 + Γ2
j

.

Here the frequencies {ωj} around which the Lorentzians are centered are the

same as frequencies of experimental data points {ωi}. The Lorentzians’ widths

{Γj} should be assigned fixed values several orders of magnitude smaller than

the frequency resolution of the spectra measured in the experiment. Thus the free

parameters which remain to be found from the fit are the amplitudes {Rj} and

{Lj}. Other choices of the basis functions are discussed in [232].
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Fit convergence and validity of the result

Strictly speaking, one can profit from the Kramers-Kronig relations only when be-

havior of the causal response functions is known at all values of frequency. How-

ever in reality, optical quantities are always measured in a finite region of electro-

magnetic spectrum. Thus, in the fitting procedure described above, the values of

the conductivities σ
(fit)
± (ω) are found based only on the values of the optical quan-

tities from a finite region of frequencies. This may lead to an incorrect result for

σ
(fit)
± (ω) even if χ2 is successfully minimized i.e. if at the end of the fitting proce-

dure χ2 becomes smaller than the sum of the squared errors of the optical quantities

measured in the experiment. In order to mitigate this problem, both P and Q must

be measured in a broad range of frequencies which contains all the key spectral fea-

tures and/or both P and Q must be supplemented with reasonable extrapolations

into the regions of spectrum where no experimental data is available.

For practical purposes, one may also develop a simple model of the material’s

magneto-optical conductivity σ(sm)
+ (ω, aR) and σ(sm)

− (ω, aL) which contains a sum

of relatively small number of Lorentzians, each one corresponding to a well de-

fined resonance in the investigated material, aR and aL stand for all unknown free

parameters of the simple model. In a proper model, each term would be Kramers-

Kronig consistent and would satisfy the necessary symmetries due to the Onsager

relations. An example of such a model is described in Section 2.2 in formula

(2.19). Values of all unknown free parameters aR and aL should be found using

the Kramers-Kronig constrained fitting procedure described in the previous subsec-

tion. In practice, the least-square fitting to a simple model could be made highly

robust because such model contains a relatively small number of free parameters

with well defined physical meaning. Once the values of aR and aL are found from

the fit one can obtain components of the magneto-optical conductivity tensor in

the approximation of the simple model σ(sm fit)
± (ω). It is clear that a simple model

cannot cover all pronounced spectral features without distortion and it cannot at all

grasp subtle features which are not envisaged in its framework. Still, there are two

practical advantages of having such a model before starting a “full scale” model

independent fitting procedure described in the previous subsection:

• it provides reasonable extrapolations of σ±(ω) beyond the spectral range

accessible in the experiment;

• it simplifies the choice of the tentative values R
(guess)
j and L

(guess)
j .

Now model independent Kramers-Kronig constrained fitting procedure should

be performed the following way. The magneto-optical conductivities σ±(ω) should

be expressed as a combination of the simple model conductivities σ(sm fit)
± (ω) and

expansions with the basis functions sj(ω):

σ+(ω) = σ(sm fit)
+ (ω) +

N∑

j=1

Rj [sj(ω) + (sj(−ω))∗] , (6.29)
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σ−(ω) = σ(sm fit)
− (ω) +

N∑

j=1

Lj [sj(ω) + (sj(−ω))∗] .

In this approach σ(sm fit)
± (ω) gives a rough description of σ±(ω) meanwhile ex-

pansion with the basis functions provides a fine adjustment of σ±(ω) and ensures
that the final result is largely independent from the assumptions made in the simple
model. The amplitudes Rj and Lj are supposed to have small values in the repre-
sentation of the magneto-optical conductivities (6.29). This leads to a reasonable

choice of the tentative values for the amplitudes R
(guess)
j = L

(guess)
j = 0 which

largely improves convergence of the fit and validity of the final results. In contrast,
the amplitudes Rj and Lj in the representation of the magneto-optical conductiv-
ities (6.26) may have any values. Our experience shows that the wrong choice of

R
(guess)
j and L

(guess)
j may lead to that fact that the fit converges to an apparently

wrong unphysical result.
In general, validity of the whole approach described in this section has not

been proven with full mathematical rigor. In fact it is well known that recovery
of an analytic in the upper half-plane function from experimental data on the real
axis is an ill-posed task and contains a number of problems [233]. Nevertheless,
in our case such an approach has given a plausible physical result. Successful
convergence of the fit largely depends on the proper choice of σ(sm)

± (ω) which is
supposed to push the convergence of the fit in the proper direction.
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Chapter 7
Magneto-optical properties
of hBN-encapsulated graphene

7.1 Overview

In this chapter we present infrared magneto-optical transmission and Faraday ro-
tation spectra of three high quality suspended hBN-encapsulated graphene mem-
branes. Our graphene membranes have the same structure but different dimensions
and twist angles between graphene and hBN crystals, see Section 3.2 for more
details. All magneto-optical measurements presented in this work have been per-
formed with the Fourier transform infrared (FTIR) spectroscopy [135, 136, 137,
138]. A graphene membrane was illuminated with broad spectrum infrared light
which was either non-polarized or linearly polarized in different experiments. In-
tensity of the light transmitted through the membrane was measured as a func-
tion of frequency ω and external magnetic field B. The values of magnetic fields
applied to graphene during the experiment fall into the range between 0 and 4.1
Tesla. All optical measurements were performed at the same base temperature
of ∼ 5 Kelvin. However temperature of the graphene membranes could not be
directly measured1. Modeling of the thermal fluxes and temperature distribution
shows that the actual temperature of the graphene crystals could be up to several
tens Kelvin higher than the base temperature in the sample compartment.

Magneto-optical properties of hBN/Gr/hBN stacks were probed in a broad
range of energies from 14 meV to 1.74 eV i.e. in the far, middle and near in-
frared regions of light wavelengths. For energies below 400 meV, we observed
pronounced absorption lines and large angle of Faraday rotation due to magneto-
optical transitions between the Landau levels. At the same time there were not any
clearly discernible spectral features at photon energies higher than 400 meV.

1It is a typical problem when working with small samples which have relatively poor thermal
contact with the cold finger.

135



Chapter 7. Magneto-optical properties of hBN-encapsulated graphene

Most of the spectral features were reproduced in all three hBN/Gr/hBN sam-
ples, however there are some noteworthy differences which are discussed in the
next sections. Many of the experiments were repeated on different days with large
time intervals in between, the largest time interval for the same sample was 15
months. This allowed us to verify the reproducibility of results and also monitor
the evolution of hBN/Gr/hBN membranes with time. All hBN/Gr/hBN membranes
proved to be robust, survived ambient air, more than a dozen cycles from room tem-
perature down to cryogenic temperatures, annealing at 200◦C and even withstood
deposition of ice on the hBN surface. In between the procedures the samples were
stored in a desiccator in 10−3 mbar vacuum. In the end, we observed pronounced
signatures of magneto-optical transitions even more than 18 months after the sam-
ple fabrication. This demonstrates once again the usefulness of hBN-encapsulation
for preservation of graphene’s quality.

In contrast, our non-encapsulated suspended graphene membranes quickly de-
graded. Their MIR spectra did not contain any discernible signatures of magneto-
optical transitions. Therefore we conclude that most probably the non-encapsulated
suspended membranes did not survive ambient conditions and were already dam-
aged during the first magneto-optical experiment.

At the same time, we also noticed some sign of degradation of our hBN/Gr/hBN
membranes, for example, slight broadening of magneto-optical absorption lines
and change of their shape many months after the sample fabrication. We also
noticed some uncontrollable increase of doping with time which influenced the
magneto-optical spectra as well.

The most important experiments and the hBN/Gr/hBN samples with which
they have been performed are listed in Table 7.1. We provide the exact dates of the
experiments so that comparison of the results obtained on different days would be
more adequate. Apart from that, we also performed Kramers-Kronig constraint fit-
ting of the spectra which allowed restoring the magneto-optical conductivity tensor
σ̂(ω,B) for several values of magnetic fields. Based on σ̂(ω,B) we calculated the
magneto-absorption of graphene for circularly polarized light.

Evolution of doping

Presumably, graphene had low residual extrinsic doping just after the hBN/Gr/hBN
stacks were assembled. The exact value of doping was not measured then, however
its order of magnitude could be inferred from transport measurements performed
on similar hBN/Gr/hBN samples assembled with the same method. Thus, [83]
report charge carrier concentration |N | ∼ 1010 cm−1 due to residual extrinsic
doping.

Magneto-optical spectra allow finding the value of charge carrier concentra-
tion. “Pauli blocking” of the T1 magneto-optical transition (or higher transitions
n ≥ 2 in the case of strong doping) is a clearcut optical signature which depends
on the position of the chemical potential. This allowed us to find the charge car-
rier concentration |N | ∼ 1011 cm−1 from the FIR spectra measured on the 50 µm
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sample on 2016 Nov 7 and 8. We also registered some spectral signatures which
imply in a less direct way that the doping of graphene increased with time. Namely,
the depth of the T1 absorption line registered in the MIR region slightly decreased
with time which is most likely explained by the increase of the doping and subse-
quent redistribution of the spectral weight in favor of the intraband magneto-optical
transitions by the cost of the T1 transition.

The reason why the doping increased is not fully clear. Presumably the mem-
branes became covered with a thin layer of polar carbohydrates after some ex-
posure to air between the multiple procedures they underwent and many thermal
cycles of cooling down to cryogenic temperatures. Apart from that, our biggest
50 µm membrane was contaminated on 2016 Jun 4 by a droplet of some unknown
condensate which formed on it when the sample was in the cryostat. Then the sam-
ple was soaked in water, ethanol, acetone and annealed in the argon and hydrogen
gas blend (the highest temperature was 200◦C) to remove the droplet. Presum-
ably, the accident and the cleaning procedures could have shifted position of the
chemical potential in an uncontrollable way.

We assume that during one day of measurements the doping remained constant.
It is important to mention that in our samples it is the charge carrier concentra-
tion which remained constant, at the same time position of the chemical potential
moved in response to the changes of the external magnetic field, see Sections 2.2
and 7.3.

7.2 Middle infrared transmission: interband transitions

We performed many series of MIR relative transmission measurements with un-
polarized light on all three hBN/Gr/hBN membranes we had. All the measure-
ments were done as described in Section 5.1, the results are shown in Figures 7.2
− 7.7, 7.9, 7.11, and 7.12. As one can see, transmission spectra contain a se-
ries of pronounced lines which move to higher energies as magnetic field grows.
They correspond to the interband magneto-optical transitions between the Landau
levels Ti, i ≥ 2, see Figure 7.1 (for a more ample description and labeling of the
magneto-optical transitions see Section 2.3). At high magnetic fields > 3 Tesla, yet
another line becomes visible in the low region of the MIR energies: it is T1 due to
the mixed transitions. In the MIR region, the energies of photons are much higher
than temperature of the samples kBT < ℏωMIR. Apart from that, for charge carrier
concentration |N | ∼ 1011 cm−1, chemical potential resides at energies which cor-
respond to the photons from the lowest part of the MIR region µ ≲ ℏωMIR. As a
result, the transmission spectra of our samples cannot have any signatures of intra-
band transitions in the MIR region. In fact, our MIR transmission spectra resemble
those of pristine graphene at zero temperature.

A remarkable finding of our experiments is that the absorption lines are very
deep and sharp compared to what has been reported so far, see Section 2.5. In our
samples, the quantum regime of magneto-optical excitations (i.e. the lines remain
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well separated) persists even at low magnetic fields ∼ 1 Tesla, see panel b of Figure
7.3. At medium and high magnetic fields 2 − 4 Tesla, we could routinely discern
up to 7 absorption lines Ti, 1 ≤ i ≤ 7 in all three hBN/Gr/hBN samples, see
panel a of Figure 7.2 and Figure 7.9. Moreover, in the case of 30 µm hBN/Gr/hBN
membrane we could clearly discern even 10 absorption lines Ti, 1 ≤ i ≤ 10 in the
spectra measured about two month after the sample was manufactured. However
two and a half months later we could not reproduced this result and only 7 ab-
sorption lines remained, see Figure 7.9, which is most probably related to a slight
degradation of the hBN/Gr/hBN sample with time. For comparison, in the previ-
ously reported works a maximum of 3 well-separated lines were usually observed
in FTIRS experiments, more lines were resolved only in exceptional cases, see Sec-
tion 2.5. Such a difference cannot be fully explained by the problem of overlighting
in the previous experiments. In fact this is a direct signature that the line broaden-
ing mechanisms are much weaker in hBN/Gr/hBN heterostructures compared the
unprotected graphene crystals. The low scattering rate of the charge carriers is in
turn related to the high purity and supreme quality of the hBN/Gr/hBN membranes.
The lifetime of an electron in its excited state could be estimated from the line’s

Figure 7.1 – Mixed and interband magneto-optical transitions which give rise to the
absorption lines in the MIR spectra of hBN/Gr/hBN membranes presented in this
section. Black, dark gray and light gray horizontal lines depict fully filled, partially
filled and empty Landau levels correspondingly. Red and blue vertical arrows de-
pict electronic excitations accompanied by absorption of photons with right and left
circular polarizations correspondingly. Landau levels’ fillings depicted in this figure
correspond to pristine or weakly doped graphene at zero temperature.
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width at half minimum. For example for T1, the full width is γ1 = 3.6 meV at 3.92
Tesla, see Figure 7.2, which yields lifetime τ = 2ℏ/γ1 ≈ 0.4 ps.

Interestingly, the number of clearly discerned lines remains the same in a large
range of magnetic fields, 1.5 − 4 Tesla, despite the fact that in higher magnetic
fields the lines stand further away form each other (the spacing between the lines
grows with magnetic field as

√
B). In fact less lines could be discerned only when

they become very weak in low magnetic fields. A constant number of lines has
been noticed in the previous magneto-optical experiments on graphene and espe-
cially investigated in [234] with a help of an experimental method which allows to
increases apparent contrast of the lines. The constant number of absorption lines is
related to the fact that scattering mechanisms and consequently the line broaden-
ing become more pronounced as magnetic field grows [64]. Thus determining the
maximum possible number of clearly discerned absorption lines is an interesting
conceptual question.

The deepest absorption line is observed at our highest magnetic fields of ∼ 4
Tesla and corresponds to the T1 magneto-optical transition: relative transmission
falls down to 0.6 in the narrow region of energies around T1. Such large value of
magneto-absorption is directly related to the narrow width of the line. Transmission
dips corresponding to the higher magneto-optical transitions Ti, 2 ≤ i are also
noticeable but less intense T̃ (ω,B) ≳ 0.9. At photon energies > 480 meV, the
relative transmission of hBN/Gr/hBN stacks becomes equal to unity within the
error of measurement even at our highest magnetic field of ∼ 4 Tesla. This means
that at these energies the optical properties of graphene are no longer influenced
by the magnetic field and its transmission T (ω,B) is almost the same as in the
absence of magnetic field.

The relative transmission becomes greater than unity at photon energies which
lay in between the discernible Ti transitions, see Figures 7.2, 7.3 and 7.4. This
means that in an external magnetic field, a graphene monolayer becomes more
transparent in between the absorption lines compared to the case of zero magnetic
field i.e. T (ω,B) > T (ω, 0) for ℏω not matching Ti. This effect is easily ex-
plained by the redistribution of the spectral weight in the Reσ±(ω,B) in favor
of the absorption lines Ti on the cost of the nearby regions in between the lines.
Such an effect is rarle reported despite its apparent triviality. Most probably, over-
filling, lack of proper normalization procedure, or proper baseline correction were
the main obstacles for registering T (ω,B) > T (ω, 0) in many previous magneto-
optical experiments, see Section 2.5.

In general, the main spectral features were fairly reproduced in all three sam-
ples, see Figure 7.9.
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Figure 7.2 – MIR relative transmission spectra T (ω,B)/T (ω, 0) of the 50 µm
hBN/Gr/hBN membrane, measurements performed on 2015 Sep 23. The two pan-
els have the same scales of both axes to simplify comparison of the curves. The blue
dotted line designates energy of optically active hBN phonon. Data presented in the
panel b is also plotted in the panel a of Figure 7.3 but in a different scale which allows
to see more details. Resolution 5 cm−1.
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Figure 7.3 – MIR relative transmission spectra T (ω,B)/T (ω, 0) of the 50 µm
hBN/Gr/hBN membrane, measurements performed on 2015 Sep 23. The two pan-
els have the same scales for both axes to simplify comparison of the curves. Blue
dotted line designates energy of optically active hBN phonon. Resolution 5 cm−1.
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Figure 7.4 – MIR relative transmission spectra T (ω,B)/T (ω, 0) of the 30 µm
hBN/Gr/hBN membrane, measurements performed on 2015 Aug 29. Up two 10
absorption lines could be told apart. T4 absorption line has a peculiar two-humped
shape in high magnetic field. Blue dotted line designates energy of optically active
hBN phonon. Resolution 10 cm−1.
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Figure 7.5 – Colorplot of MIR relative transmission spectra T (ω,B)/T (ω, 0) of the
50 µm hBN/Gr/hBN membrane, measurements performed on 2017 Jan 12. Resolu-
tion 8 cm−1, step in magnetic field 0.06 Tesla.

144



Section 7.2. Middle infrared transmission: interband transitions

Figure 7.6 – Colorplot of MIR relative transmission spectra T (ω,B)/T (ω, 0) of the
30 µm hBN/Gr/hBN membrane, measurements performed on 2015 Nov 10 and 12.
Resolution 8 cm−1, step in magnetic field 0.06 Tesla.
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Figure 7.7 – Colorplot of MIR relative transmission spectra T (ω,B)/T (ω, 0) of the
20 µm hBN/Gr/hBN membrane, measurements performed on 2015 Sep 4. Resolution
10 cm−1, step in magnetic field 0.17 Tesla.
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Energies of absorption lines

We find characteristics of the absorption lines observed in the relative transmission
spectra by fitting each line with an upside-down Lorentzian:

L(ω) = C − I
γ/2

(ω − ωsl)2 + (γ/2)2
, (7.1)

here we have four free parameters: γ is full width of the line, ωsl is wavenumber
of the line, I is line’s intensity, and C is some vertical offset which compensates for
the contributions coming from the other spectral lines to the final value of relative
transmission around the frequency ωsl (subscript “sl” stands for “single line”). We
extracted energies of absorption lines with the help of a Lorentzian fit described
above, the result is shown in Figure 7.8.

In the framework of a simple theory, the energies of the lines are given by the
formula (2.25) which we rewrite here the following way:

T
(theory)
i = vF

√
2eℏB

(√
i+

√
i− 1

)
, i ≥ 1. (7.2)

The Fermi velocity vF is a constant defined by the band structure of graphene
monolayer. A priori the exact value of vF is not known. In order to simplify com-
parison of the actual line energies Ti found in the experiment with the prediction
T

(theory)
i of a simple theory, we introduce the reduced line energies

T (reduced)
i ≡ Ti√

2eℏB
(√

i+
√
i− 1

) = vF
Ti

T
(theory)
i

. (7.3)

Comparing the formulas (7.2) and (7.3), one can see that for our graphene sam-
ples the reduced line energy T reduced

i has meaning of an “effective Fermi velocity”
if one wants to stick with terminology of the single-particle nearest neighbor tight-
binding model. The reduced energies are plotted in the middle panel of Figure 7.8.
There is a clearly visible trend that deviations of the line energies from prediction
of the simple theory depend of magnetic field as well as on the number i of the
absorption line.

Such deviations have been already reported in the infrared [141] and Raman
[235] spectra as well as STS experiments [48] on graphene. Many theoretical
works attribute these deviations to the renormalization of the Landau level energies
by the Coulomb interactions, however currently there is not any clear consensus
about this problem [48, 49]. In the lowest panel of Figure 7.8, we plot the reduced
energies in yet another scale to simplify comparison with the existing theoretical
predictions which suggest a linear dependency of T (reduced)

i on ln
√

B/Bo, here we
choose Bo = 1 Tesla. Apart from interaction effects, renormalization of the Fermi
velocity has also been attributed to the moiré superlattice in the framework of a
single-particle theory [200, 201].
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Figure 7.8 – Energies of absorption lines extracted from the magneto-optical relative
transmission spectra measured on the 50 µm hBN/Gr/hBN membrane on 2017 Jan
12, see Figure 7.5. The three panels present the same data about line energies in three
different ways. Definition of the reduced energy is given in the formula (7.3). In the
lowest panel Bo = 1 Tesla. All three panels have the same color code.
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“Forbidden” magneto-optical lines

Apart from the Ti lines, the magneto-optical spectra contain additional lines of
smaller intensity which we denote Fi, 1 ≤ i ≤ 5, see Figure 7.9, slight traces
of Fi could be also spotted in Figures 7.5, 7.6, 7.7 however their color scheme
is not optimal for this purpose. Fi lines are present in the spectra of all three
hBN/Gr/hBN samples, their signatures are most pronounced in the 30 µm sample.
Each Fi is always situated in between the usual lines Ti and Ti+1 and they all move
to higher energies without changing their order as magnetic field increases. The
lines Fi cannot be identified with any kind of magneto-optical transition described
in Section 2.3. Thus it seems that Fi do not satisfy the usual magneto-optical
selection rule valid for Ti i.e. for the Fi absorption lines

∆n ≡ |nf| − |nin| ̸= ±1. (7.4)

Selection rule ∆n = ±1 for graphene monolayer has been derived in the frame-
work of ideal Dirac cones approximation. In general, selection rules and absorption
rates of magneto-optical transitions are defined by the crystalline symmetry and
characteristics of the electron wave functions. As an example, bilayer and trilayer
graphene as well as bulk graphite have different symmetries, as a result, each of the
above mentioned materials has a peculiar magneto-optical behaviour distinct from
graphene’s despite all of them belong to the same family of carbon allotropes. The-
oretical work [236] showed that taking into account trigonal warping in graphene
bilayer leads to unlocking of additional magneto-optical transitions which obey
the selection rule ∆n = ±2. Apart from that, disorder in graphene also unlocks
magneto-optical transitions of different type which violate the usual selection rule
∆n = ±1. Thus, theoretical work [237] predicts emergence of interband transi-
tions symmetric relative to the Dirac point: −1 → +1, −2 → +2, −3 → +3
etc which obey the following selection rule ∆n = 0, see panel b of Figure 7.10.
Other disorder-induced transitions, including mixed and intraband transitions, with
selection rules ∆n = ±2,±3, ... have lower intensities compared to the symmetric
ones, see panel d of Figure 7.10.

Phenomenon similar to our “forbidden” lines has been reported in the magneto-
optical spectra of multilayer epitaxial graphene2 on SiC [129]. Moreover, it has
been shown that the “forbidden” lines become weaker after annealing − a proce-
dure which usually reduces the disorder in samples. The last observation confirms
scenario [237]. Meanwhile, in our samples the Fi lines had different intensities on
different days of cooling down to liquid helium temperatures and measurements
which makes it difficult to draw any final conclusions.

Energies of Fi lay in the MIR region therefore we suppose that if Fi are caused
by a special class of magneto-optical transitions then these must be mixed and/or
interband transitions and not the intraband transitions. Unfortunately, knowledge

2Interestingly, this type of graphene often also has a moiré superlattice due to the neighboring
layers of graphene.
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Figure 7.9 – MIR relative transmission spectra T (ω,B)/T (ω, 0) of the three
hBN/Gr/hBN membranes measured at almost the same values of magnetic field ≈ 2
Tesla. The main spectral features are reproduced in all three samples. “Forbidden”
absorption lines Fi have low intensity and reside in between the main absorption lines
Ti which have much higher intensity. Fi are most pronounced in the spectra of the
30 µm hBN/Gr/hBN membrane. The spectra were measured on 2015 Sep 23 for the
50 µm membrane with resolution 5 cm−1, on 2015 Nov 10 and 12 for the 30 µm
membrane with resolution 8 cm−1; on 2015 Sep 4 for the 20 µm membrane with
resolution 10 cm−1.
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Figure 7.10 – Panel a: Magneto-optical transitions Ti compatible with the simple
theory. Panels b and d: Hypothetical magneto-optical transitions to which the Fi

lines could be attributed. Panel c: Schematic illustration of the trigonal warping in
2D crystals. Blue circle shows constant energy cross section of a dispersion relation
which neglects the trigonal warping, dashed black line shows the same energy cross
section when the trigonal warping is not neglected.
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of exact positions of the Fi does not help to straightforwardly reveal the selection
rule which these transitions obey. Presumably energies of the Landau levels are
renormalized (see the previous subsection) which makes analysis much more com-
plicated compared to the case of the single electron theory. Thus, the nature of the
“forbidden” lines is not clear and requires more investigations. Faraday rotation
curves presented in the next sections do not clarify the origin of Fi lines either. As
so little is known about the Fi lines, currently one cannot exclude other than the
∆n ̸= ±1 explanations of their emergence.

In the end, we would like to emphasize that “forbidden” absorption lines Fi

have been registered in the linear response regime because in the FTIRS experi-
ments the samples are illuminated with infrared light of relatively low intensity. In
our case absorption of photons during magneto-optical transitions is an elastic pro-
cess. Magneto-optical transitions which obey the ∆n = 0 selection rule have been
also reported and described from theoretical point of view in the magneto-Raman
spectra of graphene [238, 239]. However Raman shift is a non-linear and non-
elastic phenomenon which could be observed only when graphene is illuminated
by a powerful light source. In a typical magneto-Raman experiment, graphene is il-
luminated with a monochromatic light of a laser. Thus magneto-optical transitions
∆n = 0 active in Raman spectra must not be confused with Fi.

Splitting of the T4 absorption line

We observed an interesting effect in the 30 µm hBN/Gr/hBN membrane which can-
not be explained in the framework of a simple single-particle approach. At mag-
netic fields 3.93 Tesla and higher, T4 absorption line has a peculiar two-humped
shape, see Figures 7.11, 7.12 and 7.4. Meanwhile at magnetic fields 3.15 Tesla and
lower, T4 has a simple quasi-Lorentzian shape. All other absorption lines Ti, i ̸= 4
which are properly visible in the MIR region have simple quasi-Lorentzian shapes
for all magnetic fields at which the hBN/Gr/hBN sample was probed. The mag-
nitude of the T4 splitting is ∼ 4.3 meV. As the magnetic field grows, this value
remains almost unchanged, at the same time there develops a clearly visible asym-
metry between the two “shoulders” of the T4 line.

Such a phenomenon was not reproduced in the other two hBN/Gr/hBN samples
we had. Two and a half month later, T4 splitting was no longer present even in the
spectra of the 30 µm hBN/Gr/hBN membrane where it was observed in first place,
i.e. T4 acquired a usual quasi-Lorentzian shape for all values of magnetic field
accessible with our setup. Such a change of the magneto-optical spectra could be
attributed to the uncontrolled change of the sample’s doping and/or slight degra-
dation of the membrane with time. The latter is also confirmed by the fact that
less absorption lines could be resolved in the spectra of the 30 µm hBN/Gr/hBN
membrane.

The nature of T4 splitting is not clear and could be related to the Coulomb
interactions.

152



Section 7.2. Middle infrared transmission: interband transitions

Figure 7.11 – MIR relative transmission spectra T (ω,B)/T (ω, 0) of the 30 µm
hBN/Gr/hBN membrane, measurements performed on 2015 Aug 29, resolution
8 cm−1. At high magnetic fields the T4 line acquires a two-humped shape. Parts
of the spectra influenced by the atmospherical CO2 are removed.
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Figure 7.12 – MIR relative transmission spectra T (ω,B)/T (ω, 0) of the 30 µm
hBN/Gr/hBN membrane, measurements performed on 2015 Aug 29, resolution
8 cm−1. T4 line has an anomalous two-humped shape.
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hBN phonon induced magneto-optical splitting of absorption lines

As the magnetic field increases, the absorption lines move to higher energies and
eventually many of them cross the energy of the hBN phonon ℏωph = 169.5 meV.
An interesting effect is observed in the relative transmission spectra whenever Ti

or Fi energy approaches ℏωph: first there forms an asymmetric spectral feature and
when the energy of the line and phonon coincide the line acquires a symmetric two
humped shape, see Figure 7.13. In the range of magnetic fields accessible with
our setup, such phonon induced magneto-optical splitting has been observed for
T2, T3, T4, F2, F3 absorption lines. This splitting is also visible in the colorplots
presented before, see Figures 7.5, 7.6, 7.7. Here we would like to point out that at
the phonon’s energy, very little light is transmitted through the hBN/Gr/hBN stack.
As a result, the signal-to-noise ratio is much worse than in the other parts of the
MIR spectrum. Signatures of higher noise at the phonon’s energy are visible for
example in Figure 7.6 as a dappled horizontal line.

Phonon induced magneto-optical splitting could be clarified to some extent
already in the framework of the simple modeling presented in the previous chap-
ter. Colorplots in the 2nd column of Figure 6.4 show that for energies of photons
ℏωph, optical properties of any conducting film encapsulated in hBN remain almost
constant in a very large range of σ+ and σ− values. Therefore transmission of a
hBN/Gr/hBN stack is supposed to remain almost constant at energy ℏωph even if
both σ±(ωph, B) are substantially modified by external magnetic field. This means
that the relative transmission which we measure in our experiments must obey

T (ωph, B)

T (ωph, 0)
≈ 1. (7.5)

If there are not any intense magneto-optical absorption lines in the vicinity to
ωph, the statement (7.5) seems to be obvious and even trivial. Indeed, one does not
expect a significant difference between T (ωph, B) and T (ωph, 0) if there is not any
significant redistribution of spectral weight in σ̂±(ω,B) at ωph compared to the
case of zero field. However the situation changes when intense Ti lines approach
ωph, i.e. the formula (7.5) acquires a less trivial meaning. Importantly, the width
of the hBN phonon absorption line is only 1.5 meV which is smaller than the line
width of Ti transitions in graphene. As a result, absorption lines Ti are split in
two whenever they cross the phonon’s frequency so that relative transmission of a
hBN/Gr/hBN stack would always remain constant and reach unity form below.

A similar interesting effect is observed when the value of the relative trans-
mission is larger than unity in the vicinity to the hBN phonon’s energy. In this
case, there forms a little dip in the relative transmission which reaches unity from

above, see panel a of Figure 7.2 and Figure 7.4. This effect is also explained by
the formula (7.5), however now influence of the hBN phonon modifies the trans-
mittance of the hBN/Gr/hBN stack in the opposite direction compared to the case
of absorption lines.
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Figure 7.13 – Phonon induced magneto-optical splitting with the example of the T2

absorption line. Vertical blue dotted line designates the energy of the optically active
hBN phonon ℏωph = 169.5 meV. Relative transmission curves presented in the figure
were measured with a step of 0.12 Tesla in magnetic field. As magnetic field grows
T2 line moves to higher energies, crosses energy of the optically active hBN phonon
and moves further. The relative transmission curve is marked out by the red color for
the case when T2 energy approaches the closest to ℏωph. Measurements performed on
the 30 µm hBN/Gr/hBN membrane on 2015 Nov 10 and 12, resolution 8 cm−1 (the
same data as in Figure 7.6).
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7.3 Far infrared transmission:

mixed and intraband transitions

We performed relative transmission measurements in the FIR region of wave-
lengths with unpolarized light on our biggest 50 µm hBN/Gr/hBN membrane as
described in Section 5.1. In total, three series of measurements have been done
with intervals of many months in between, see Table 7.1. The results are show in
Figure 7.14.

At low energies we observed spectral features due to the intraband transitions.
T ′
2 line becomes active for photon energies ℏω < 35 meV. It has a peculiar asym-

metric shape which is clearly visible in the panel a of Figure 7.14. T ′
3 line becomes

active for photon energies ℏω < 20 meV, see panel b of Figure 7.14. In our ex-
periment the T ′

2 and T ′
3 lines are closely packed and not very well resolved. In

the region of high energies, another spectral feature due to the T1 mixed transition
becomes active. For magnetic fields of > 2 Tesla, both T ′

2 and T1 coexist together.
It is remarkable that even at comparatively low magnetic fields, < 1.5 Tesla,

the relative transmission drops down to ∼ 0.6, see the panel b of Figure 7.14. This
indicates that the magneto-optical absorption due to intraband transitions is also
very high, in fact it has values close to those which we obtained in the MIR region
at a magnetic field three times higher for the T1 mixed magneto-optical transition.
For comparison, spectral features due to T ′

2 and T ′
3 have been also registered in the

relative transmission spectra measured on epitaxial graphene on SiC [79], however
they are much less sharp than in our case which could be attributed to the lower
mobility of the charge carriers in the above mentioned pitaxial graphene on SiC.

Charge carrier concentration and temperature

Spectral signatures of intraband magneto-optical transitions are direct evidence that
our 50 µm graphene sample is doped. In order to understand emergence and exact
shape of all features in the FIR transmission spectra presented in Figure 7.14, one
should take into account that in our samples the position of the chemical potential
changes with magnetic field, see the Figure 2.6. Presumably, it is the charge car-
rier concentration which remains constant as has been explained in formula (2.10).
In the case of p-doping (or n-doping), at low magnetic fields the Landau level
n = −1 stays above (or submerges below) the lowest well populated Landau level,
see panel a of Figure 7.15. As a result, neither −1 → 0 nor 0 → +1 magneto-
optical transitions are possible because all the levels n = −1, 0, +1 are empty (or
completely filled) therefore we do not observe T1 at low magnetic fields. However
at higher magnetic fields, chemical potential reaches n = −1 Landau level from
below (or n = +1 Landau level from above) and this level becomes partially filled,
see panel c in Figure 7.15. Therefore mixed magneto-optical transition −1 → 0
(or 0 → +1) becomes active and one can observe a T1 line in the spectra. Next,
as magnetic fields grows, occupation of the n = −1 Landau levels grows (or oc-
cupation of the n = +1 Landau levels decreases), thus transition T ′

2 becomes less
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Figure 7.14 – Far infrared relative transmission spectra T (ω,B)/T (ω,B) of the
50 µm hBN/Gr/hBN membrane. Resolution in energy is 1 meV (8 cm−1). Panel

a: Measurements performed on 2015 Dec 11. Panel b: Measurements performed on
2016 Nov 7 and 8; step in magnetic field is 0.19 Tesla.
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Figure 7.15 – Magneto-optical transitions between the Landau levels in the p-doped
graphene. Black, dark gray and light gray horizontal lines depict fully filled, partially
filled and empty Landau levels correspondingly. Red and blue vertical arrows de-
pict electronic excitations accompanied by absorption of photons with right and left
circular polarizations correspondingly. Panels a and c: Hypothetical case of zero
temperature for two different positions of the Fermi energy. It is clear that when T ′

3,−

transitions is active then T1 transition cannot be activated and vice versa. Panels b

and d: Non-zero temperature, position of the chemical potential µ is the same as in
the panels a and b correspondingly. Landau levels near to µ acquire some noticeable
partial filling, as a result some transition become “thermally unlocked”.
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intense at higher magnetic fields.

The lowest magnetic field at which the T1 line is visible in the spectra is BT1
=

1.9 Tesla, see panel b of Figure 7.14. This number allows identifying the absolute
value of concentration N of charge carriers in graphene. T1 line is not active
when Landau level n = −1 is completely empty (or n = +1 is completely filled)
and corresponding filling factor is |ν| = 6, see Section 2.2. Therefore we find
that |N | = |ν| · eBT1

/h ≈ (2.8 ± 0.1) · 1011 cm−2 for the 50 µm hBN/Gr/hBN
membrane. In our work, the main error in finding |N | comes from the fact that
we measured the transmission spectra with some finite step in magnetic field. Due
to the electron-hole symmetry, the sign of the charge carriers cannot be extracted
solely for from the relative transmission spectra measured with unpolarized light.
Later we found out that the 50 µm sample is p-doped with the help of Faraday
rotation curve, see the next section.

A finite temperature modifies the occupation of the Landau levels compared
to the zero temperature. As a result, more magneto-optical transitions become un-
locked, see panels b and d of Figure 7.15. The “thermally unlocked” lines are much
less intense compared to the main ones. At the same time the main lines become a
bit less intense than in the case of zero temperature because of the spectral weight
redistribution in favor of the “thermally unlocked” spectral lines.

Thus in the spectra presented Figure 7.14, optical signature of T1 extends to a
bit lower energies and optical signatures of T ′

2 and T ′
3 also extend in both direc-

tions to the higher and lower energies. We performed the measurements only at
liquid helium temperatures, as a result these effects are not pronounced enough to
find the exact value of the hBN/Gr/hBN membrane temperature and they are not
supposed to induce a large error in our estimate of the charge carrier concentration
in graphene.

Properties of the T1 absorption line and charge carriers mobility

We extracted energies of the T1 line with the help of Lorentzian fit (7.1) the same
way as described in the previous section. Figure 7.16 shows how these energies
change with the magnetic field. As one can see there is high reproducibility of the
line energies on different days of measurements. Just as in the MIR region, the
energies of the T1 line do not coincide with the ones predicted in a framework of a
single-electron theory, see formula (7.2) for i = 1. It is remarkable that the values
of the reduced energies grow nonlinearly as the natural logarithm of the magnetic
field goes down, see panel c of Figure 7.16. This could be partly related to the fact
that interaction effects and Landau level renormalization depend a lot on the filling
factor. Importantly, in our system Landau level fillings change with magnetic field.
Around ∼ 2 Tesla the chemical potential jumps form the n = −2 to the n = −1
Landau level and then the n = −1 Landau level is slowly populated as magnetic
field grows.

Apart from that, we extracted the widths and intensities of the T1 line with the
help of the same Lorentzian fit (7.1). Figure 7.17 shows how these characteris-
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Figure 7.16 – Energies of the T1 absorption line in the FIR region observed in the
50 µm hBN/Gr/hBN sample during three different series of measurements. The three
panels present the same data about line energies in three different ways. Definition of
the reduced energy is given in the formula (7.3). In the lowest panel Bo = 1 Tesla.
All three panels have the same color code.
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Figure 7.17 – Width, intensity and quality-factor of the T1 absorption line in the FIR
region observed in the 50 µm hBN/Gr/hBN sample during three different series of
measurements. All three panels have the same color code.
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tics change with the magnetic field. As one can see there is a plausible agreement
between the result for the linewidth and its intensity on different days of measure-
ments. Value of the linewidth γ1 is related to the scattering rate τ and mobility µ
of the charge carriers in graphene the following way:

µ = τ
ev2F
EF

, τ =
2ℏ

γ1
.

In order to estimate the charge carrier mobility in the 50 µm hBN/Gr/hBN
membrane we consider the T1 line at BT1

= 1.9 Tesla and neglect the nonzero
temperature in our samples. In this case, the Fermi energy EF = T1, the reduced
line energy gives effective value of vF , linewidth γ1 was also found in the fit, thus
all the necessary numbers are presented in Figure 7.17. This leads to the mobility
of µ ∼ 100 000 cm2V−1s−1 at charge carrier concentration |N | ∼ 1011 cm−2

and base temperature ∼ 5 Kelvin. Such a large value for mobility demonstrates
the high quality of our graphene samples. Our value of mobility coincides with
those reported in the transport measurements [83] on hBN-encapsulated graphene
samples which were assembled with the dry transfer method similar to ours.

Robust linewidth indicates that the charge carrier mobility does not deteriorate
on the course of 11 months. As one can see from Figure 7.17, the linewidths are the
narrowest for in the middle values of the magnetic field around 3 Tesla. The high-
est quality-factors are observed at somewhat higher magnetic fields of ∼ 4 Tesla.
The constant intensity of the line suggests that doping of the 50 µm hBN/Gr/hBN
membrane remained almost the same on the course of 11 months otherwise some
redistribution of the spectral weight between the intraband transitions and T1 tran-
sition would be expected. Intensity of the T1 line steadily grows with the magnetic
field. This is partly attributed to the growing occupation of the n = −1 Landau
level and partly to the increase of the cyclotron energy Ec at higher magnetic fields.

Band gap opening?

The possibility of the band gap opening in graphene on hBN substrate is currently
widely discussed in scientific community. Therefore here we give a comment on
the band gap signatures in spectra presented in Figure 7.14 and point out that there
are not any pronounced signatures of the band gap opening in the 50 µm encapsu-
lated graphene membrane.

The presence of the band gap ∆ modifies positions of the Landau levels, see
the formula (2.22). As a result, energies of all magneto-optical absorption lines
must be shifted compared to the case of zero gap. However such shifts are not
pronounced for the interband absorption lines Tn, n ≥ 2 observed in the MIR re-
gion because presumable values of the gap are much smaller compared to the MIR
energy scale. As it has been mentioned in the previous section, renormalization
of the Fermi velocity also shifts the energies of the Tn, n ≥ 2 lines. Therefore
identifying the value of the gap from signatures of the interband transitions is dif-
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ficult and inconclusive3. In contrast, spectral signatures of the mixed transitions
T1 observed in the FIR region carry much less ambiguous information about the
gap [240]. Indeed, in the FIR region, the energy scale is lower therefore the ratio
∆/T1 and presumable shift of T1 due to the band gap is more pronounced than in
the MIR region. What is even more important, presence of the gap splits the T1

absorption line in two lines. As it has been already mentioned at the end of Sec-
tion 2.2, a band gap opening leads to the splitting of the zeroth Landau level into
+0 and −0 levels. Selection rules for the magneto-optical transitions remain the
same, as a result there are four transitions which involve either n = +0 or n = −0
Landau level, see panels (i)−(iii) of Figure 7.18:

• transition −0 → +1 with energy T1,+ =
√

2eℏBv2F + (∆/2)2 +∆/2,

• transition +0 → +1 with energy T ′
1,+ =

√
2eℏBv2F + (∆/2)2,

• transition −1 → +0 with energy T1,− =
√

2eℏBv2F + (∆/2)2 +∆/2,

• transition −1 → −0 with energy T ′
1,− =

√
2eℏBv2F + (∆/2)2.

Just as before, transitions between the levels in one band are labeled with a
prime i.e. T ′

1; transitions between the levels in different bands are denoted T1 just
as the mixed transitions in the absence of the band gap; indices “plus” and “minus”
label the handedness of the absorbed light. As one can see, when the gap is zero,
energies of T1 and T ′

1 coincide. However when the gap is not zero, energies of T1

and T ′
1 differ, as a result there are two magneto-optical absorption lines separated

by ∆. Whether the lines T1 and T ′
1 could be simultaneously observed depends on

the filling of the Landau levels. Figure 7.18 illustrates different important scenarios
for the case of p-doping (a similar symmetric situation is also observed for the case
of n-doping i.e. magneto-optical transitions have the same energies but opposite
handedness).

(i) ∆ ̸= 0, Landau levels n = −1, −0, +0, +1 are all completely empty (in
the case of n-doped graphene, completely occupied). As a result, neither T1 nor T ′

1

lines are present in the magneto-optical spectra.
(ii) ∆ ̸= 0, Landau level n = −1 is partially or fully occupied, at the same time

all higher levels are either empty or partially filled (in the case of n-doped graphene,
Landau level n = +0 is partially or fully occupied and all higher levels are either
empty or partially occupied). As a result, both T1 and T ′

1 lines are simultaneously
present in the magneto-optical spectra.

(iii) ∆ ̸= 0, both n = −1, −0 Landau levels are fully occupied, all higher Lan-
dau levels are either empty of partially occupied (in the case of n-doped graphene,
both Landau level n = +0, +1 are fully occupied and all higher levels are either

3Nevertheless, such attempts have been reported, see [141].
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empty or partially occupied). As a result, only a single T1 line is present in the
magneto-optical spectra and T ′

1 is not active.
(iv) ∆ = 0, Landau levels n = −1, 0, +1 are all completely empty (in the

case of n-doped graphene, Landau levels n = −1, 0, +1 are all fully occupied).
As a result, the T1 line is not active, and the T ′

1 line does not exist at all.
(v) ∆ = 0, Landau level n = −1 is partially or fully occupied, at the same

time all higher levels are either empty or partially occupied (in the case of n-doped
graphene, Landau level n = 0 is partially or fully occupied and all higher levels
are either empty or partially occupied). In this case, only a single T1 line is present
in the magneto-optical spectra. The T ′

1 line does not exist as a separate entity and
always coincides with T1.

In our experiments we observe a single pronounced feature due to T1 which
has a quasi-Lorentzian shape. Such a spectral signature fits both scenario (iii) with
a band gap and scenario (v) without a band gap. However we can easily rule out
the scenario (iii) because in our system the doping changes gradually with the
magnetic field therefore one cannot switch from regime (i) directly to regime (iii)
without passing through regime (ii). In the region ≲ 2 Tesla the n = −1 Landau
level is empty. In the region ∼ 2 Tesla the n = −1 Landau level is only partially
filled, such filling of the Landau levels is depicted in the first scheme in the panel
(ii) of Figure 7.18 for the case when a band gap is present in graphene. In this case
both T ′

1,− and T1,− lines must be simultaneously observed. However we see only
one line in our spectra. If the size of the band gap ∆ is small and comparable to the
linewidth of T1 one would observe two closely packed T ′

1,− and T1,− absorption
lines which merge together. This would give rise to a peculiar two-humped or a
non-symmetric spectral feature. Thus we can only estimate the upper limit of the
gap value based of the T1 linewidth. All above mentioned reasoning about the
splitting of the T1 line and the signatures of the band gap also remain valid in
the MIR region when T1 line moves to higher energies in higher magnetic fied.
Magneto-optical spectra of the 50 µm hBN/Gr/hBN membrane measured in the
MIR region, see Figure 7.5, are consistent with the FIR spectra presented in this
section and do not show any signatures of the band gap either. We conclude that
if the band gap is present in the 50 µm hBN/Gr/hBN sample, then its value should
not be larger than the T1 half-width therefore ∆ < 3 meV.

7.4 Faraday rotation angle

Doped graphene, in contrast to pristine graphene, exhibits the Faraday rotation ef-
fect and magnetic circular dichroism. In order to investigate these phenomena,
we performed several series of magneto-optical measurements with linearly polar-
ized light on our 50 and 30 µm hBN/Gr/hBN membranes as described in Section
5.2. In the end, we obtained the optical quantities Φ(ω,B) and Θ(ω,B) defined
in formulas (5.6) and (5.9) correspondingly. We remind the physical meaning of
these quantities: Φ(ω,B) is approximately equal to the Faraday rotation angle,
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see formula 5.7, and Θ(ω,B) is approximately equal to the relative transmission
of graphene i.e. transmission normalized by zero field transmission, see formula
5.10. The quantitative deviations of Φ(ω,B) from θF (ω,B) and Θ(ω,B) from
T̃ (ω,B) are discussed in Section 5.4.

Far infrared region, 50 µm hBN/Gr/hBN membrane

Φ(ω,B) and Θ(ω,B) were measured in the FIR region for 3 Tesla on the 50 µm
hBN/Gr/hBN membrane, the result is plotted in Figure 7.19. This value of the
magnetic field was chosen because for our doping of the graphene membrane both
T1 and T ′

2 spectral features have energies accessible to our setup in the FIR region.
The scheme of both magneto-optical transitions T1 and T ′

2 is shown in the panel c
of Figure 7.15. The filling factor corresponding to this magnetic field is ν = −3.9.
In order to find the value of the filling factor, we profited from the charge carrier
concentration N = −2.8 · 1011 cm−2 found from measurements performed the
other day on 2016 Nov 7 and 8, see the previous section. Both T1 and T ′

2 spec-
tral features are accompanied by a noticeable Faraday rotation angle ∼ 5◦, at the
same time the Faraday rotation is almost zero in between the two features. At high
frequencies, the Φ = Φ(ω) curve has a clear zig-zag shape with a downward inflec-
tion at the frequency corresponding to the T1 absorption line. At low frequencies,
the onset of noise and instability of the signal due to atmospheric H2O distort the
experimental curve. Thus only a general character of the downward inflections
is visible around the energy of the T ′

2 transition. Thus for both magneto-optical
transitions

dΦ(ω)

dω

∣∣∣
ℏω = T1, T ′

2

< 0.

Downward inflections of the Φ = Φ(ω) curve at the frequencies of the ab-
sorption lines allow us to identify the sign of charge carriers in graphene and we
conclude that our 50 µm hBN/Gr/hBN membrane is p-doped, see Figure 2.14.

Middle infrared region, 50 µm hBN/Gr/hBN membrane

Φ(ω,B) and Θ(ω,B) curves were measured in the MIR region for three different
values of magnetic field on the 50 µm hBN/Gr/hBN membrane, the result is plotted
in different scales in Figures 7.20 and 7.21. At 3 Tesla (the same value of magnetic
field as in the FIR measurements), the T1 line is not fully visible in the MIR region,
T2 line is situated near to the hBN phonon frequency and is accompanied with some
noticeable Faraday rotation angle with a downward inflection, T3 is accompanied
with barely discernible Faraday rotation, meanwhile higher interband transitions
T4−T7 have signatures in the transmission spectrum and zero Faraday rotation. At
the highest magnetic field, 4.1 Tesla, accessible with our setup the absorption lines
T1 − T4 are all accompanied by a noticeable Faraday rotation angle. In between
the lines and at high frequencies of light ℏω > T4 the Faraday rotation is almost
zero.
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Figure 7.19 – Optical quantities Φ(ω,B), approximately equal to the Faraday rotation
angle, and Θ(ω,B), approximately equal to the relative transmission, measured at the
50 µm hBN/GR/hBN membrane in the FIR region on 2016 Nov 09.

168



Section 7.4. Faraday rotation angle

Figure 7.20 – Optical quantities Φ(ω,B), approximately equal to the Faraday rotation
angle, and Θ(ω,B), approximately equal to the relative transmission, measured at the
50 µm hBN/GR/hBN membrane in the MIR region on 2016 Dec 20. Lower panel is
zoom to the T1 region of the upper panel.
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Figure 7.21 – Optical quantities Φ(ω,B), approximately equal to the Faraday rotation
angle, and Θ(ω,B), approximately equal to the relative transmission, measured at the
50 µm hBN/GR/hBN membrane in the MIR region on 2016 Dec 20. Upper panel is
zoom to the T2, T3, T4, T5 region of the upper panel of Figure 7.20.

170



Section 7.4. Faraday rotation angle

It is remarkable that T1 absorption line has a very large value of the Faraday
rotation angle of 9◦ which exceeds the values of Faraday rotation in graphene re-
ported so far at any magnetic field and at any photon energy. We attribute such
a large magnitude primarily to the small width of the T1 line which is in turn re-
lated to the high purity and quality of our graphene membrane. For comparison,
the largest values of the Faraday rotation ∼ 6◦ reported before were observed in
highly doped graphene samples with charge carrier concentration |N | ∼ 1013 cm2

in the classical cyclotron regime at frequencies within the FIR region, at the same
time the Faraday rotation angle of the T1 line was reported to be < 0.5◦ even in
magnetic fields much higher than 4 Tesla, see [79]. By the contrast we observed
large values of the Faraday rotation angle in the quantum regime of the sample with
two-orders of magnitude lower doping at much higher frequencies within the MIR
region.

Anomalous inflections of the Faraday rotation curve

Another interesting finding in the spectra of the 50 µm hBN/Gr/hBN membrane
is that the Faraday rotation curve Φ(ω,B) has nonzero features for several inter-
band transitions, these features coexist with a pronounced “zig-zag” due to the T1,
moreover, they have anomalous inflections dissimilar to the regular zig-zag shapes
predicted in the frame work of the simple nearest neighbor single electron theory
described in Section 2.2 and illustrated in Figure 2.14. The anomalous inflections
are very well visible for the T3 and T4 lines in Figure 7.21 at our highest magnetic
field of 4.1 Tesla when the Faraday rotation angle is the largest. However at 3 and
2 Tesla, the shape of the Φ(ω,B) curve is not clearly discernible at the energy of
the T4 line. In contrast, lower energy lines T1, T2, and T ′

2 always have an ordi-
nary downward inflection of the Φ(ω,B) curve which is a hallmark signature of
p-doping in graphene.

To our knowledge, such anomalous inflection of the Faraday rotation curve
has not been observed in monolayer graphene nor described in theoretical works
published so far. At the same time, an unusual inflection has been reported in an
experiment performed on turbostratic multilayer graphene on SiC [241]. Accord-
ing to the authors of this work, the anomalous inflection could be attributed to
the different values of doping in different layers of graphene. However such an
explanation is not valid in our case because we deal with a graphene monolayer.

Phenomenon of Faraday rotation is caused by imbalance between the magneto-
optical conductivities of opposite handedness i.e. σ+(ω,B) ̸= σ−(ω,B), see for-
mulas (6.20) and (6.21). Therefore the anomalous inflection which we observed
in the 50 µm hBN/Gr/hBN membrane could be attributed to some nontrivial re-
distribution of the spectral weight in the magneto-optical conductivities σ−(ω,B)
and σ+(ω,B). Unfortunately, the data presented in this work is not enough to
clarify the microscopic origin of the anomalous inflections of the Faraday rotation
curve. Thus here we briefly describe several scenarios which lead to two different
anomalies in Φ(ω,B) form a purely phenomenological point of view.
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(i) An intraband spectral line Ti may acquire an anomalous inflection of the
Faraday rotation curve Φ(ω,B) if there is a pronounced mismatch between the

linewidths of Ti,− and Ti,+ or if there is some nontrivial redistribution of their

spectral weight. The simple theory predicts that σ−(ω,B) ≥ σ+(ω,B) in p-doped
graphene if the linewidths are the same in each pair of Ti,− and Ti,+. However
if broadening mechanisms are stronger for Ti,− than for Ti,+ then the resulting
values of conductivities may change so much that in the end Reσ−(Ti/ℏ, B) <
Reσ+(Ti/ℏ, B) despite of p-doping. In addition, if the Ti,− spectral weight is
reduced compared to the Ti,+ spectral weight by some microscopic mechanism
which is not taken into account in the simple theory then one may also achieve
Reσ−(Ti/ℏ, B) < Reσ+(Ti/ℏ, B). Thus the resulting Faraday rotation curve

Figure 7.22 – Simulation of the Faraday rotation curve with anomalous inflection
for an arbitrary well separated spectral line Ti due to interband transitions. Panels at
the left show MO conductivities approximated by Lorentzian functions of the same
widths and intensities for three hypothetical cases when δE ≡ Ti,− − Ti,+ ̸= 0.
Panel at the right shows three corresponding Faraday rotation curves calculated with
formula (6.21) for a bare (non-encapsulated) ultrathin conducting film.
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also has a zig-zag feature centered at Ti energy but inflection of this zig-zag is
inversed compared to the usual case of p-doping:

dΦ(ω)

dω

∣∣∣
ℏω = Ti

> 0.

(ii) An interband spectral line Ti may acquire an anomalous inflection of the
Faraday rotation curve Φ(ω,B) if there is even a little mismatch between the en-

ergies of the Ti,− and Ti,+ lines i.e. δE ≡ Ti,− − Ti,+ ̸= 0, see Figure 7.22.
Such a mismatch may have different microscopic origin as Coulomb interaction
effects, electron-hole asymmetry relative to the Dirac point, etc. The resulting
Faraday rotation curve has a perfectly symmetric pointy feature centered between
the Ti,− and Ti,+ provided the Ti,− and Ti,+ transitions have the same intensities
and linewidths. Direction of the pointy feature (upwards or downwards) depends
on the sign of δE. Magnitude of the pointy feature is very sensitive to the value of
the energy mismatch |δE|: There could be some noticeable Faraday rotation angle
of ∼ 0.5◦ even if |δE| is two orders of magnitude smaller than the linewidths so
that |δE| is not resolved in the transmission spectra, see Figure 7.22. However if
there is some mismatch in the linewidths or intensities of the Ti,− and Ti,+ then the
pointy feature becomes asymmetric and quickly turns into a zig-zag.

Figure 7.24 shows the magneto-optical conductivities σ±(ω,B) of the 50 µm
hBN/Gr/hBN membrane which we restored from the Φ(ω,B) and Θ(ω,B) experi-
mental data. It is clearly visible that at 4 Tesla Reσ−(T4/ℏ, B) < Reσ+(T4/ℏ, B)
and at 2 Tesla Reσ−(T3/ℏ, B) < Reσ+(T3/ℏ, B) despite of p-doping.

7.5 Restoring the magneto-optical conductivity

and absorption

The magneto-optical conductivity tensor σ̂(ω,B) of encapsulated graphene could
be restored using the experimental curves Φ(ω,B) and Θ(ω,B) which have been
presented in the previous section. This could be done with the help of the Kramers-
Kronig constrained fitting described in Section 6.4.

Before applying the fitting routine we have to make some model assumptions
about transmission of a hBN/Gr/hBN stack in zero magnetic field T (ω, 0) because
in our experiments quantity Θ(ω,B) relies on normalization by zero field trans-
mission. First we find the zero field optical conductivity of doped graphene σ(ω)
with the help of the simple model (2.15) in the limit when B → 0. In this model
we assume the value of the sample’s doping |N | = (2.8± 0.1) · 1011 cm−2 found
in Section 7.3. We also assume a low scattering rate for the charge carriers which
is typical for high quality graphene. The result for σ(ω) is plotted in Figures 7.24
and 7.25. The Reσ(ω) curve has a “step” centered at 2µ where µ is position of
the chemical potential in graphene at zero magnetic field. Next, formulas (6.11)
which relate the optical conductivity to the transmission of the hBN/Gr/hBN stack
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Figure 7.23 – Real and imaginary parts of the magneto-optical conductivities
σ±(ω,B) found from the KK constrained fitting for the 50 µm hBN/Gr/hBN sam-
ple. Real and imaginary parts of zero field conductivity σ(ω) of doped graphene
calculated in the framework of the simple model. All conductivities are expressed in
units of the universal conductivity of graphene σ0. Lower panel is zoom to the T1

region of the upper panel.
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Figure 7.24 – Real parts of the magneto-optical conductivities σ±(ω,B) found from
the KK constrained fitting for the 50 µm hBN/Gr/hBN sample at three different val-
ues of the magnetic field (and chemical potential). Real part of zero field conductivity
σ(ω) of doped graphene calculated in the framework of the simple model. All con-
ductivities are expressed in units of the universal conductivity of graphene σ0. Upper
panel is zoom to the T2, T3, T4, T5 region of the upper panel of Figure 7.23.
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Figure 7.25 – Imaginary parts of the magneto-optical conductivities σ±(ω,B) found
from the KK constrained fitting for the 50 µm hBN/Gr/hBN sample at three different
values of the magnetic field (and chemical potential). Imaginary part of zero field con-
ductivity σ(ω) of doped graphene calculated in the framework of the simple model.
All conductivities are expressed in units of the universal conductivity of graphene σ0.
Upper panel is zoom to the T2, T3, T4, T5 region of the upper panel of Figure 7.23.
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allow us finding T (ω, 0) and incorporating its value into the expression (5.9) for
Θ(ω,B).

We calculated both optical conductivities σ+(ω,B) and σ−(ω,B) for three
values of an external magnetic field. We remind that in our samples position of
chemical potential depends on the magnetic field. The result is plotted in different
scales in Figures 7.23, 7.24, and 7.25. As one can see in Figure 7.23, the left-
handed optical conductivity Reσ−(ω,B) is equal to 58 σ0 or 1.33 Y0 at the energy
of the T1 magneto-optical transition. Whereas Reσ+(ω,B) is almost zero at the
same energy. This proves that magnetic field together with doping may lead to
a very pronounced redistribution of the spectral weight at a given frequency of
infrared light. At the energies of the higher transitions i.e. T2, T3, etc the values of
the Reσ−(ω,B) are much lower and are equal to several σ0, see Figure 7.24. At
higher energies both σ±(ω,B) approach the values of the universal conductivity
of graphene σ0.

Now knowledge of the optical conductivities σ+(ω,B) and σ−(ω,B) allows
calculating different optical quantities which have not been directly measured in the
experiment. Of special interest is how much circularly polarized light is absorbed
in the graphene monolayer which makes part of the hBN/Gr/hBN stack. Therefore
we calculate the magneto-optical absorption AGr+(ω,B) and AGr−(ω,B) using
our model of light propagation in the hBN/Gr/hBN stacks, see formula (6.17), the
result is plotted in Figure 7.26. As one can see, absorption of the left-handed
circularly polarized light AGr−(ω,B) approaches 48 % at the energy of the T1

magneto-optical transition. For comparison, the maximal possible absorption of
a bare ultrathin conducting film is Amax = 50 %. This maximum is achieved
when the real part of the optical conductivity is equal to 2Y0, see Section 6.1. In
our experiments, we closely approach the maximally allowed value of absorption
because at our highest magnetic field of 4.1 Tesla, magneto-optical conductivity
becomes Reσ−(T1/ℏ, B) ≈ 1.33Y0 which is much closer to the prerequisite of
the maximal absorption compared to the case of zero magnetic field conductivity.

Another remarkable effect is strong magnetic circular dichroism. Indeed, at
4.1 Tesla for the T1 energy AGr+(T1, B) ≈ 0 within the error of experiment which
results into the maximal circular dichroism ∆A = +1, see formula (6.18). Higher
magneto-optical transitions T2, T3, etc show a smaller yet quite noticeable mag-
nitude of absorption. Importantly, the level of dichroism significantly decreases
for the interband transitions which is explained by the fact that in our sample the
chemical potential is very close to the n = −1 Landau level at 4.1 Tesla, see
panel c of Figure 7.15. Left-handed circularly polarized light is absorbed due to
the mixed magneto-optical transition T1,− and right-handed circularly polarized
light is almost fully transmitted through graphene because the T1,+ transition is
not active. Meanwhile interband transitions Ti,+ and Ti,− where i ≥ 2 have almost
the same amplitudes which results in much lower circular dichroism. At high en-
ergies the two absorptions AGr±(ω,B) together approach the value of graphene’s
absorption in the absence of a magnetic field. At 2 Tesla, the chemical potential
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Figure 7.26 – Magneto-optical absorptions AGr± of graphene monolayer which
makes part of the 50 µm hBN/Gr/hBN stack for three different values of the magnetic
field (and chemical potential). Absorption AGr of doped graphene monolayer which
makes part of the 50 µm hBN/Gr/hBN stack in the absence of magnetic field calcu-
lated in the framework of the simple model. A0 is absorption of pristine graphene in
the absence of magnetic field.
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resides almost in the middle between the n = −1 and n = −2 Landau levels in
our sample. This creates some noticeable imbalance in the amplitudes of the T2,+

and T2,− transitions and circular dichroism at the T2 energy becomes much more
pronounced ∆A = +0.4 compared to what is observed at 4.1 Tesla for the same
magneto-optical absorption line.

7.6 Technical issues and errors

Temperature of hBN/Gr/hBN membranes

Direct measurement of temperature of a hBN/Gr/hBN membrane is a formidable
task because its mass is very small. Therefore we have to rely on the values of
the base temperature of the cryostat in order to estimate the temperature of the
hBN/Gr/hBN membranes. The base temperature in our experimental setup was
monitored on the surface of the SC magnet with a Cernox temperature sensor which
was chosen for its low magnetic field-induced errors. The base temperature was
different on different days ∼ 5.2 ± 0.3 Kelvin4. Within one day of measurements
the base temperature indicated by the sensor varied no more than ∼ ±0.05 Kelvin.

Real temperature of a hBN/Gr/hBN membranes is supposed to be higher than
the base temperature in the cryostat because the membrane is suspended in vacuum
and constantly heated by the infrared radiation coming from the spectrometer and
the room. Only the edges of the membrane rest on the colder SiNx/Si support. Thus
there forms a complicated gradients of temperature in the membrane and in the var-
ious parts of the cryostat, see Figures 3.4 and 5.1. Modeling of the heat propagation
and temperature distribution is a formidable task even in the case of a perfectly cir-
cular membrane because values of the most important parameters of the problem
cannot be precisely identified. These parameters include the quality of the ther-
mal contact between different parts of the system, values of thermal conductivity
coefficients of hBN and graphene, etc. Moreover, the thermal conductivity coeffi-
cient of hBN strongly depends on temperature. The final result for the membrane’s
temperature is very sensitive to small variations in the values of the above men-
tioned parameters. We solved a differential equation in partial derivatives which
describes the temperature distribution in a perfectly circular membrane assuming
that the temperature of its border is exactly 5 Kelvin, the whole membrane is ho-
mogeneously illuminated with the IR light, and thermal conductivity coefficient of
hBN is a parameter which does not depend on temperature nor coordinate. This
calculation shows that the temperature of the hBN/Gr/hBN membranes could be
up to several tens Kelvin higher than the base temperature.

4We could not reproduce the base temperature on different days of measurements. Moreover,
each day our primary goal was to achieve the lowest possible temperature in the SC magnet because
decreasing temperature by several decimals of a degree allows producing higher magnetic fields.
Lowest possible temperature in the cryostat is influenced by many factors as pressure in the liquid
Helium dewar, proper assembly of the cold shield, etc. Another important factor is that the Janis cold
finger was used horizontally and not vertically as recommended by the manufacturer.
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Importantly, in our experiments optical spectra of hBN/Gr/hBN membranes did
not changes when the membranes were illuminated with higher or lower intensity
IR light, see Section 5.3. This observation indicates that IR radiation from the
spectrometer does not influence the temperature of the membranes in a significant
way. Presumably the real temperature of our hBN/Gr/hBN samples is very close
to the base temperature of the cryostat.

Systematic errors in the optical spectra

Mechanical stability of the setup is very important for reproducibility of optical
spectra. We had to fine-tune pressure and rate at which liquid helium was evap-
orated at the cold finger in order to remove high frequency vibrations of the cold
finger. Apart from that, we constantly monitored the sample’s position. For this
purpose we created a computer program which allowed easy comparison of the
sample’s pictures taken during magneto-optical measurement. If the sample drifted
out of focus or shifted more than ∼ 2 µm away from the axis of the Cassegrain re-
flectors just during the measurements then its spectrum data was discarded, the
position of the sample was readjusted and measurement of spectrum was repeated
again.

Nevertheless, there remained signatures of such chaotic drifts in the optical
spectra. We could estimate them simply by measuring the “100% line” i.e. taking
a ratio between a pair of spectra measured in the same conditions. In the MIR spec-
tra, the drifts manifested as equal at all frequencies deviations from unity. On the
short time scales of several minutes, such systematic drifts were caused primarily
by the lack of mechanical stability in our setup. To reduce the presence of such
drifts in the final data, usually we discarded the spectra as outliers if they deviated
by more than 5% from the other spectra measured in the same conditions. Next, in
order to minimize the effect of systematic drifts on the optical spectra, we applied
a baseline correction procedure to the remaining spectra which were not discarded
as outliers. Here we made a reasonable assumption that a high frequencies > 4000
cm−1 magneto-optical spectra of hBN/Gr/hBN stacks do not have any peculiar
spectral features and relative transmission spectra T̃ (ω,B) must be equal to unity.
However because of the above mentioned drifts, actual high-frequency T̃ (ω,B)
often deviated from unity by some value ∆ which presumably does not depend on
the frequency. We estimated the value of ∆ in the high-frequency region and then
rescaled the spectra with a constant prefactor for all frequencies:

T̃ (ω,B) → 1

1 + ∆
· T̃ (ω,B).

Unfortunately, we could not apply a similar procedure in the FIR region be-
cause at low energies there is not any extended part of T̃ (ω,B) which is supposed
to approach unity therefore we were not able to estimate the systematic drift ∆ and
perform rescaling.
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On the longer time scales of several hours, there was yet another inevitable
cause of systematic drifts: the detector’s sensitivity changed slowly as cryogenic
liquids evaporated from the detector’s dewar. These slow changes are important
for comparison of the spectra measured long time apart as well as for adequate
normalization of the spectra. Therefore we measured the reference spectra several
times per day and then compared only the normalized spectra.

Statistical error in the optical spectra

Our spectra contain noise related to the IR detectors. Thus relative transmission and
Faraday rotation have error ∼ 0.2% in the MIR region below 5000 cm−1. However
at frequencies of light in the direct vicinity to the hBN phonon ωph = 1367 cm−1

amount of light transmitted through the hBN/Gr/hBN membrane is low. As a result,
the error is several times higher at 1367 cm−1 compared to the other regions of the
MIR. This manifests as a dappled horizontal line in the colorplots 7.5, 7.6, and
7.7. In the FIR region the signal-to-noise ratio was always inferior compared to
the MIR region and the error amounted up to ∼ 1%. Optical measurements could
be implemented only on our largest 50 µm membrane because in the FIR region
the sizes of our samples are comparable to the wavelengths of the IR light (as an
example, 50 µm is 200 cm−1 or 25 meV).

Optical signatures of atmospheric gases

The Bruker IR microscope is supposed to be covered with a hood and purged with
pure nitrogen during measurement of IR spectra. This allows avoiding optical sig-
natures of atmospheric gases CO2 and H2O. This procedure is especially important
in the far infrared region of spectrum. However we constantly needed a direct ac-
cess to the IR microscope and cryostat because we had to monitor and readjust the
samples position during the measurements. Therefore we purged the microscope
with nitrogen without the hood. This allowed lowering and stabilizing the con-
centration of the atmospheric CO2 and H2O. However there still remained some
signatures of atmospheric gases in the spectra of the hBN/Gr/hBN membranes.

IR absorption spectra of CO2 and H2O are well known. In the MIR region of
spectrum, CO2 has relatively narrow absorption lines at 667 cm−1 and 2350 cm−1,
and H2O has broader absorption bands at 1300 – 2000 cm−1 and 3500 – 3900
cm−1. In MIR region, we could significantly reduce the optical signatures of both
CO2 and H2O in the spectra of hBN/Gr/hBN membrane’s through a special data
treatment algorithm. Nonetheless, some artefacts of atmospheric gases remained
in the MIR spectra. In the FIR region of spectrum, both CO2 and H2O have ex-
tended absorption bands below 450 cm−1. Therefore we could not apply the same
algorithm to remove the signatures of the atmospheric gases and their artefacts are
to some extent present in all FIR spectra which we present here.

181



Chapter 7. Magneto-optical properties of hBN-encapsulated graphene

Values of magnetic field

In our experiments the magnetic field was highly homogeneous across the samples
under investigation. According to our magnetic field simulation, variation of the
absolute value of magnetic field in the biggest, 50 µm, sample from one edge of
the membrane to another is supposed to be < 0.01 %. Such high homogeneity is
due to the fact that our samples are three order of magnitude smaller than the bore
of the magnet.

However the values of magnetic field could not be reproduced with 0.01 %
precision on different days of measurements. There were two sources of systematic
errors. 1) On different days of measurements, the sample holder could not be
mounted at exactly the same height in the bore of the SC magnet. Therefore the
values of magnetic field to which the samples were exposed could vary because
of vertical gradient of magnetic field on the axis of the SC magnet, see the upper
panel of Figure 4.10. 2) It was difficult to glue our three samples precisely in the
centers of their sample holders. Thus position of each hBN/Gr/hBN stack was
slightly off center from the axis of the magnet, and the deviation was different for
each sample. Therefore the values of magnetic field to which the samples were
exposed could also vary because of the horizontal gradient of magnetic field in
the SC magnet, see the lower panel of Figure 4.10. Therefore the upper limit for
variation of the magnetic field from one day to another is 0.7 % which is magnetic
field inhomogeneity in the optically accessible region of the magnet’s bore, see
Figure 5.2.
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Chapter 8
Summary and outlook

Summary of the work and results

This work is devoted to experimental investigation of magneto-optical spectra of
suspended hBN-encapsulated graphene membranes. Graphene and hBN flakes
were scotch-tape exfoliated, assembled together in hBN/Gr/hBN stacks and sus-
pended using dry transfer only1, see Section 3.2. Currently these procedures yield
the best quality graphene which has low concentration of impurities and defects,
high charge carrier mobility, high spatial homogeneity of doping. We had three
circular hBN/Gr/hBN membranes with diameters of 50 µm, 30 µm, and 20 µm.

When exposed to an external magnetic field, graphene absorbs electro-magnetic
radiation due to the dipole transitions of electrons between the Landau levels. As a
result, magneto-optical spectra of graphene have peculiar features in the middle and
far infrared regions of wavelengths: absorption lines, magnetic circular dichroism,
and Faraday rotation. The magnitude of these effects largely depends on graphene’s
quality, doping, and temperature. Currently, the highest quality graphene samples
can be produced only in small size < 1 mm. Meanwhile bigger graphene samples
in most cases have inferior quality which leads to much less pronounced magneto-
optical effects. Infrared spectra of graphene were investigated with the FTIR spec-
troscopy in many research groups predominantly on big graphene samples of ∼
5 mm in size, see Section 2.5. There have been also a few magneto-optical ex-
periments performed on smaller graphene samples < 1 mm. However these ex-
periments had a number of limitations and technical issues despite the efforts of
researchers who performed them. Unfortunately, currently no commercially avail-
able experimental setup provides ample opportunities for typical magneto-optical
experiments when working with small samples, see Section 4.1.

Therefore we developed new experimental setup which enables various mag-
neto-optical experiments on small graphene samples even ∼ 10 µm in size, see

1Sample fabrication has been done in the University of Manchester in Condensed matter physics
group by Sheng Hu and Marcelo Lozada Hidalgo in collaboration with Andre K. Geim.
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Chapter 4. Our new setup comprises a compact superconducting magnet and its
cryostat which were both developed in order to complement a commercial FTIR
spectrometer connected to a commercial infrared microscope. Magnetic field in
the sample compartment of the magnet can be varied from 0 to ± 4.1 Tesla. Thus
our setup provides many new opportunities for magneto-optical experiments which
were not feasible before: magneto-optical measurements on small samples both
in reflection and transmission regimes, adequate normalization of spectra without
overfilling, measurement of Faraday rotation angle, magnetic circular dichroism,
and restoring magneto-optical conductivity tensor. On the downside, in our setup
temperature in the sample compartment cannot be changed and the base tempera-
ture must be ∼ 5 Kelvin during operation; mechanical stability is inferior compared
to commercially available cryostats dedicated to microscopy measurements.

We performed several types of magneto-optical measurements in the linear
response regime on our hBN-encapsulated graphene membranes in the far, mid-
dle and near infrared regions of wavelengths, see Chapter 5. We registered very
large magnitudes of magneto-optical effects predicted in the framework of a sim-
ple single-electron theory. Apart form that we also observed several new subtle
effects which to our knowledge have not been reported yet. We also created a
simple model of light propagation in the hBN/Gr/hBN stacks in order to better un-
derstand the optical signatures due to hBN, see Chapter 6. In the same chapter we
also comment on the origin of high tunability of graphene’s optical properties.

First hBN/Gr/hBN stacks were illuminated with unpolarized infrared light in
order to measure their relative transmission i.e. transmission in a nonzero magnetic
field normalized by transmission in zero magnetic field, see Section 5.1. These
spectra had pronounced signatures of intraband, mixed and interband magneto-
optical transitions between the Landau levels. The absorption lines were narrow
∼ 5 meV which indicates low scattering rate of the charge carriers and corre-
sponds to high mobility of ∼ 100 000 cm2V−1s−1. The absorption lines were well
resolved, in fact we could discern up to 10 absorption lines due to the interband
magneto-optical transitions. Remarkably, there was pronounced magneto-optical
absorption due to the intraband transitions in the far infrared region already at mag-
netic fields as low as 1 Tesla, see Section 7.3. At the same time spectra of graphene
did not have any distinguishable features within the error of experiment in the
near infrared region of wavelengths. In general energies of the lines were slightly
shifted compared to the prediction of the single electron theory. Such shifts have
been reported before and are usually attributed to the renormalizations due to the
Coulomb interactions.

Ordinary dipole magneto-optical absorption lines due to the transitions be-
tween the Landau levels obey the selection rule |nf| − |nin| = ±1. However in
addition to these lines we also registered new “forbidden” absorption lines of lower
intensity which presumably satisfy the |nf| − |nin| = 0 selection rule, see Section
7.2. Another puzzling phenomenon which we registered in the transmission spec-
tra of one of our samples at high magnetic field is splitting of the T4 absorption
line due to the interband transition. We also observed an interesting phenomenon
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which is related to the phonon in the hBN. Whenever a graphene’s absorption line
approached and crossed the hBN phonon’s frequency the absorption line split into
two lines of asymmetric shape, see Section 7.2. This phenomenon is well explained
in the framework of wave optics within our simple model of hBN/Gr/hBN stacks,
see Section 6.2.

Next, we performed experiments with linearly polarized infrared light. These
experiments yield optical quantities Φ and Θ which could be approximated as the
Faraday rotation angle and the relative transmission, see Section 5.2. Kramers-
Kronig constraint fitting of Φ and Θ as well as model assumptions about graphene’s
behaviour in zero magnetic field allowed us to find the magneto-optical conductiv-
ity tensor of graphene, calculate the magnetic circular dichroism, and identify the
sign of graphene’s doping. In our highest magnetic field of 4.1 Tesla at the energy
of the mixed i.e. T1 magneto-optical transition we registered that absorption of
left-handed light is 48 % at the same time no right-handed light is absorbed and the
circular dichroism is ∆A = +1 within the error of the experiment. Such a large
value of dichroism is accompanied by a large value of the Faraday rotation angle of
∼ 9◦. For comparison, the highest possible absorption of an ultrathin conducting
film of any nature is 50 %, and the largest possible Faraday rotation for graphene
monolayer is 45◦, see Chapter 6. In addition, we have also observed a new puz-
zling effect: the Faraday rotation curve had anomalous for p-doping inflections for
the T3 and T4 interband transitions.

Importantly, in our case the large magnitude of the magneto-optical effects is
an intrinsic property of graphene i.e. it is achieved without any kind of photonic
structures nor optical resonators. We attribute this large magnitude to the nar-
row linewidths which is in turn caused by the low scattering rate in high quality
samples. Another important prerequisite for efficient absorption is homogeneous
chemical potential across the whole surface of the sample which in our case is en-
sured by the hBN-encapsulation. Indeed, each spot of the sample’s surface absorbs
the same amount of incoming IR light because there are not any deep electron-hole
puddles which would otherwise cause Pauli blocking of electron transitions and
consequent reduction in absorption at some random spots of the sample’s surface.

The results are largely reproducible in all three hBN/Gr/hBN samples. More-
over, the spectra were measured several times on the same samples with intervals
of several months in between the measurements. The total period of monitoring
i.e. time which elapsed from the fabrication of samples until the last measurement
is 19 months. The samples proved to be robust and survived many thermal cycles.
At the same time we also registered some minor signs of degradation, in particular
less absorption lines could be resolved at high energies (7 instead of 10). We also
noticed optical signatures which indicate increase of graphene’s doping with time:
presumably the doping was ∼ 1010 cm−2 just after the sample were fabricated and
later it became ≈ 2.8 · 1011 cm−2. Such a change of doping could be attributed to
accumulation of some polar carbohydrates at the surface of hBN after many ther-
mal cycles and short moments of exposure to ambient air when the hBN/Gr/hBN
samples were mounted and unmounded form the cryostat.
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Open question and future experiments

There still remain a lot of open questions, moreover our experimental results have
posed new ones: Splitting of the T4 absorption line, anomalous inflections of the
Faraday rotation curve, and emergence of additional “forbidden” absorption lines
in the magneto-optical spectra must be fully clarified. Broadening and shape of
lines, as well as shifts of the line energies should be considered with more attention
and carefully compared to existing theoretical predictions.

Unfortunately, our experimental setup did not allow measuring magneto-optical
spectra at different temperatures. Such measurements require modification of ex-
perimental setup and could be done in future experiments which continue our en-
deavors. In particular, temperature dependence of linewidths gives important in-
formation about the line broadening mechanisms and dominant charge carrier scat-
tering mechanisms. Our graphene samples do not have a gate electrode attached
therefore we did not have the opportunity to control the position of chemical po-
tential in graphene. However manufacturing encapsulated graphene devices with
a gate does not pose any technological problems. Thus in future experiments, one
may observe how the magnitudes of both Faraday rotation and magnetic circular
dichroism depend on the level of doping and how their signs change when chem-
ical potential in graphene crosses the Dirac point. Precise control of doping also
allows one to investigate more subtle phenomena as Coulomb interaction effects.
Gradually populating a Landau level and measuring the magneto-optical spectra at
each step would allow monitoring how the interaction effects manifest for differ-
ent values of filling factor. Hopefully this would help to clarify the origin of the
anomalous inflections of the Faraday rotation curve and splitting of the T4 absorp-
tion line.

More attention may be given to the phonon induced magneto-optical splitting
of graphene absorption lines which we registered. Encapsulated graphene could
be an interesting playground for different experiments because there are several
parameters which could be easily varied or tuned independently from one another:
magnetic field tunes the difference between the phonon’s energy and graphene’s
absorption line energy, gate voltage may tune the intensity of graphene’s absorp-
tion line, hBN thickness and angle of light incidence can vary the local electric
field to which graphene is exposed. As we worked in the regime of nearly nor-
mal incidence of light, hyperbolicity of hBN is not supposed to be pronounced.
However illuminating a hBN/Gr/hBN stack at larger angles requires modification
of experimental setup which could be also addressed in future experiments. Hy-
perbolic property of hBN around its phonon’s frequency requires a more elaborate
theoretical description compared to the simple model presented in this manuscript.

Special care should be devoted to a better normalization of the optical spectra
so that absolute transmission and not relative transmission would be measured.
This would allow avoiding any model assumptions about behaviour of graphene in
zero magnetic field during analysis of spectra.
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A comment on possible applications

This work showed that magneto-optical effects are very strong and pronounced
in high quality graphene monolayers which naturally raises the question as to
whether these effects could be harnessed for applications in modern technology.
An external magnetic field could be viewed as a “knob” which allows one to tune
and redistribute spectral weight of graphene’s optical conductivity across a very
broad range of wavelengths which includes both the far infrared and the mid-
dle infrared regions. Therefore magnetic field allows one to efficiently tune the
magnitude of graphene’s magneto-optical absorption and Faraday rotation angle.
Potentially, applying a gate voltage to graphene would give yet another “tuning
knob” which would allow one to control magnitude and even sign of magnetic cir-
cular dichroism as well as the sign of Faraday rotation angle in graphene. All
these considerations make high quality graphene a very appealing material for
magneto-optical devices [242] including magneto-optical modulators, Faraday ro-
tators, non-reciprocal magneto-optical elements as optical isolators (also called op-
tical diodes), etc. Finding new materials with useful magneto-optical properties is
especially important for the far infrared region because for this region of wave-
lengths there are not as many efficient magneto-optical devices as for the other
regions of wavelengths.

Currently, there is a very high demand for lasers which operate in the in-
frared especially terahertz region of wavelengths. For this reason we would like
to mark out the long speculated Landau level lasers among the rest of hypothetical
magneto-optical applications of graphene. An idea of a Landau level laser was first
proposed for 2D electron systems in 1986 by H. Aoki [243]. The main advantage
and peculiar feature of such a laser is its tunable wavelength which could be set
to any value from a broad spectral range in the infrared region. Such tuning of
the laser’s wavelength is done by tuning the spacing between the Landau levels
with the help of the external magnetic field. However it turned out that long-lived
population inversion of Landau levels is difficult to achieve in conventional semi-
conductors because of strong Coulomb scattering between the charge carriers with
equidistant Landau levels. In contrast, graphene has non-equidistant Landau levels
which cover energies below and above the Dirac point. This unique property makes
graphene a promising material for development of a Landau level laser. Different
design schemes of such a laser have been proposed in [244, 245]. Our experiments
have demonstrated that in high quality hBN/Gr/hBN stacks the absorption lines
can be very sharp and narrow, in addition, a lot of absorption lines could be clearly
discerned because many scattering mechanisms are mitigated. Both findings are
important for better estimates of feasibility, modeling and design of graphene Lan-
dau level lasers. The next step needed in order to develop a laser would be further
experiments which shed light on nonequilibrium dynamics of electrons and pho-
tons in optically pumped graphene.

I would like to mark out yet another field of potential applications which how-
ever has not been proposed before and is inspired by the phenomena observed in
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this work. Section 7.5 talks about maximally strong magneto-absorption and cir-
cular dichroism allowed in an ultrathin conducting film which we registered for
the T1 absorption line. This property could be employed in order to create polar-
ization sensitive infrared light detectors with highly tunable characteristics. Such
detectors may largely simplify analysis of light polarization for infrared spectra.
This would be especially useful for applications in life sciences, pharmaceutics,
medicine, forensic science, industrial quality control. As an example, many bio-
logical molecules may have symmetric isomers, these isomers have absolutely the
same absorption spectra of unpolarized light, however they could be distinguished
by different spectral signatures which they in for circularly polarized light of op-
posite handedness.

At the same time, there are a number of obvious problems which would hinder
or even render many potential applications impossible. The first problem is related
to the size of high quality graphene crystals. Real life applications require big
crystals of at least several millimeters, or even better several centimeters in size.
Whereas our scotch-tape exfoliated and manually encapsulated samples are three
orders of magnitude smaller than the latter number. Thus it is essentially important
to develop new methods of manufacturing high quality graphene crystals (charge
carrier mobility µ ≥ 100 000 cm2V−1s−1) which have sufficiently big size as well
as new methods of preserving graphene’s quality from degradation when the device
is assembled and later during routine operation of the device. The second problem
is related to the temperature range in which hypothetical graphene based devices
would operate. In our work, the magneto-optical effects were measured at liquid
helium temperatures, however these effects are supposed to be smaller at room tem-
perature because all mechanisms which cause broadening of graphene’s absorption
lines become much more pronounced as temperature grows. In principle, there are
many devices in modern technology which operate with cryogenic liquids. How-
ever their cost, maintenance and operation are expensive, apart from that they are
bulky. Thus temperature dependency of the magneto-optical effects in graphene
must be investigated in order to assess the feasibility of room temperature applica-
tions and economical expedience of applications with different cryogenic liquids.
The third problem is related to the generation of magnetic field which induces all
the magneto-optical effects in graphene: the field must be high enough; highly
homogeneous; in addition, the magnet must not block the optical pass to other
devices nor disrupt their work. Some applications as magneto-optical modulators
also require opportunity of changing the value of magnetic field, preferably with
high speed and reproducibility. Thus room temperature applications would rely on
permanent magnets which may produce up to ∼ 1 Tesla. Higher magnetic fields
could be achieved with superconducting magnets which have several well-known
disadvantages: they are more bulky, require cryogenic cooling and supplementary
costs.
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A Suspended non-encapsulated graphene membranes

In our magneto-optical experiments, we also used two non-encapsulated suspended
graphene membranes. Both membranes were suspended over scaffolding of the
same geometry, see Figure 1. This scaffolding had similar structure but different di-
mensions compared to the scaffolding created for our hBN-encapsulated graphene
membranes, see Figure 3.4. At the same time, scaffolding for non-encapsulated
membranes had an additional circular hole in the Si/SiNx wafer. This hole was cre-
ated especially for proper normalization of optical spectra during the measurements
and in general such scaffolding with an additional hole creates more opportunities
for optical experiments, see Appendix E for more details. The non-encapsulated
graphene samples were created with the same method as the encapsulated ones,
see Section 3.2.

Unfortunately, MIR spectra of the non-encapsulated graphene membranes did
not contain any spectral features discernible within the error of our experimental
setup even at our highest magnetic field of ∼ 4 Tesla. In fact the samples seemed
to be absolutely transparent. Most probably the non-encapsulated graphene mem-
branes did not survive ambient conditions and/or were damaged during the first
magneto-optical experiments at low temperature.
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Figure 1 – Panel a: Cross section of the suspended non-encapsulated graphene mem-
brane and scaffolding, the scheme does not show real proportions. Panels b and c:

Photographs of the non-encapsulated membranes taken with an optical microscope,
both scale bars are 500 µm. Light rectangles are the top faces of the truncated square
pyramids etched in the scaffolding.
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B Schemes of the FTIR spectrometer

and the IR microscope

Figure 2 – Bruker FTIR spectrometer “Vertex 70v”. The figure is based on the official
Bruker illustration. During our experiments the beam of light was redirected to the
OUT2 which led to the IR microscope.
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Figure 3 – Bruker IR microscope “Hyperion 2000”. The figure is based on the official
Bruker illustration.
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Figure 4 – Optical scheme of the Cassgrain reflectors manufactured by Newport,
model 50105-01. A = 49.3 mm, back focal length B = 160.0 mm (dimension of B is
not to scale in this figure), C = 38.6 mm, working distance D = 24.0 mm, E = 12.0◦,
F = 23.6◦, magnification 15×, numerical aperture 0.4, field of view 1.2 mm, focal
length 13 mm, obscuration 27%, secondary mirror diameter 10.5 mm. The figure is
based on the official Newport illustration.
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C Computer simulation of magnetic field

The goal of this simulation is to find magnetic field distribution B(r, z) inside and
around an electromagnet of any given shape with axial symmetry, given values of
the wire’s diameter D, and the current I fed into the magnet.

We use the cylindrical coordinate system (r, ϕ, z), see Figure 4.8. In our elec-
tromagnet the wire spirals around a cylindric spool. The wire’s diameter is ∼ 100
times smaller than the inner radius of the spool. Therefore we approximated our
magnet as a set of perfectly round loops with the same current I circulating in each
loop. In this case magnetic field B(r, z) produced by the magnet could be calcu-
lated as a sum of magnetic fields produced by all loops in the magnet. Finding
magnetic field B0(r, z, a) produced by a single round loop of radius a with current
I is a classical problem and its solution could be found in [246].In contrast to the
big SC magnet, the small SC magnet is mounted directly the the cold finger with-
out need of a connector. Here we provide the final result for three projections of
the magnetic field vector B0(r, z, a) in SI units, the center of the loop coincides
with the beginning of coordinates, and the loop lays in the z = 0 plain.

B0r = 2I
µ0

4π

z/r√
(a+ r)2 + z2

(
a2 + r2 + z2

(a− r)2 + z2
E −K

)
, B0ϕ = 0,

B0z = 2I
µ0

4π

1√
(a+ r)2 + z2

(
a2 − r2 − z2

(a− r)2 + z2
E +K

)
,

where K and E are complete elliptic integrals of the first and second kinds:

K =

π/2∫

0

dθ√
1− k2 sin2 θ

, E =

π/2∫

0

√
1− k2 sin2 θ dθ,

where k2 ≡ 4ar

(a+ r)2 + z2
.

Distribution of magnetic field B(r, z) does not depend on the angle ϕ because
our magnet has axial symmetry. Therefore we introduced a two-dimensional rect-
angular grid which lays in any arbitrary plane ϕ = const in order to proceed with
the calculations. Vertical separation δz between the nods of the grid was chosen
to be the same or several times smaller than the vertical separation between the
neighboring loops of the wire ∆z i.e.

n · δz = ∆z, n = 1, 2, 3, ... . (1)

In our simulation we allowed ∆z ̸= D in order to have more flexibility. Hori-
zontal separation δr between the nods did not have any specific restrictions and was
chosen regarding the desired spatial resolution for the final result. Magnetic field
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distribution B0(r, z, a) was evaluated in the nods of the grid for different values
of the loops’ radii a. Next, the obtained distributions B0(r, z, a) were translated
in parallel upwards and downwards by ∆z , 2∆z , 3∆z , etc in order to obtain mag-
netic field distributions produced by neighboring loops situated higher and lower
relative to the former loops. Such parallel translation of the field is enabled by the
proper choice of the grid 1 and allows significantly reducing the run time of the
code. The final result for the magnetic field distribution B(r, z) was constructed as
a superposition of the above mentioned distributions of single loops B0(r, z, a).

The computed code was written in Python language and we used functionality
offered by NumPy and SciPy packages. Typically calculating one configuration of
magnetic field distribution inside and around the magnet B(r, z) took only several
minutes. Thus we had an opportunity to try many different shapes (not only the
cylindrical ones) and dimensions of the magnet as well as different diameters of
the wire D and spacing between the wires ∆z .

D Small superconducting electromagnet

The small SC magnet is made of the same materials as the big SC magnet, and has
a similar structure but different dimensions, see Figure 5. The small SC magnet
produces fields comparable to those of rare earth permanent magnets ∼ 0.8 Tesla.
Space dedicated to the loops of SC wire is encompassed between two cylindric
surfaces with radii Rin = 14 mm and Rout = 19 mm and has height H = 10
mm. Bore of the small magnet has the same radius and thread as the one in the
big magnet. Thus all the sample holders which are supposed to be mounted inside
the bore are compatible with both SC magnets. We used a thinner SC wire in the
small magnet. According to the magnetic field simulation, the optimal SC wire
turned out to be monofilamentary NbTi T48B-M wire in a copper matrix provided
by Supercon Inc (product number T48B-M). Its diameter with Formvar insulation
is D = 178 µm and bare diameter is 152 µm.

Figure 5 – The small SC magnet. Spool and casing milled from OFHC copper.
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E Normalization of detector’s signal

in optical measurements

Transmission of a medium is defined as T (ω,B) = Itr(ω,B)/Iin(ω) where Iin(ω)
is intensity of incident light and Itr(ω,B) is intensity of transmitted light. Usually
one does not measure the quantities Iin(ω) and Itr(ω,B) directly in order to find
T (ω,B) because in FTIRS it is much easier to measure their ratio. The same
is true for circular transmission dichroism ratio D(ω,B) = T−(ω,B)/T+(ω,B)
which could be extracted from experimental data without direct measurement of
T−(ω,B) and T+(ω,B) and without any use of circularly polarized light. Here
we give a simplified explanation of how different physical quantities are obtained
with FTIRS method without going into details about actual Fourier transform of
the signal.

Transmission

A scheme of a typical transmission measurement experiment is shown in panel a
of Figure 6. The optical path begins at a source which emits IR light of spectrum
Is. This light goes through many subsidiary optical elements as windows, mirrors,
apertures, beamsplitter, etc. Thus intensity of the light which impinges on the
sample under investigation is lower than it was in the beginning Is(ω) · κ1(ω) =
Iin(ω), where κ1(ω) is a coefficient which characterizes cumulative effect of all
intermediate optical elements between the IR source and the sample. From the
above mentioned definition intensity of IR light transmitted through the sample
is Itr(ω) = T (ω,B)Iin(ω). Next, IR light has to pass through yet another chain
of subsidiary optical elements therefore its intensity is decreases by a factor of
κ2(ω) when the light finally arrives at the IR detector Id(ω) = κ1(ω) · Itr(ω).
When detector operates in the linear response regime its signal could be expressed
as κd · Id(ω) where κd is a coefficient which describes how detector’s sensitivity
depends on the frequency of light. Now one can write down a final expression
for the detector’s signal for the configuration when light passes through a sample
under investigation, see panel a of Figure 7:

SSUI(ω,B) = Is(ω)κ1 · T (ω,B) · κ2κd. (2)

A priori coefficients κ1, κ2, and κd are considered to be unknown. Therefore
detector’s signal must be normalized. This could be done by measuring detector’s
signal in exactly the same optical configuration but without the sample under in-
vestigation. Here we make a reasonable assumption that coefficients κ1, κ2, and
κd do not depend on the intensity of IR light. In our case the sample under inves-
tigation must be substituted by a circular aperture (hole) of exactly the same shape
as the one over which the sample under investigation is suspended, see Figure 1
and panel b of Figure 7. Detector’s signal when the light passes through the hole
without the sample is

Sh(ω) = Is(ω)κ1 · κ2κd. (3)
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Figure 6 – Schematic illustration of the optical path in typical FTIRS experiments.
Panel a: Transmission measurement. Panel b: Faraday rotation and magnetic cir-
cular dichroism measurement. Yellow circles designate two linear polarizers, solid
black lines designate orientation of polarizers’ axes.

Now one can find transmission of the sample under investigation dividing for-
mula (2) by formula (3):

T (ω,B) = SSUI(ω,B)/Sh(ω). (4)

Our experimental setup allows performing such a procedure of normalization
and we had an opportunity to measure transmission of our non-encapsulated sus-
pended graphene membranes, see Appendix A. However, unfortunately, we did not
have circular apertures of exactly the same shape as the ones over which our en-
capsulated graphene membranes were suspended. Therefore we had to normalize
detector’s signal in a different way. For this purpose we measured transmission of
the sample under investigation in a zero magnetic field, in this case the detector’s
signal is

SSUI(ω,B = 0) = Is(ω)κ1 · T (ω,B = 0) · κ2κd. (5)

Now one can find relative transmission T̃ (ω,B) of the sample under investiga-
tion simply dividing formula (2) by formula (5):

T̃ (ω,B) ≡ T (ω,B)

T (ω,B = 0)
=

SSUI(ω,B)

SSUI(ω,B = 0)
. (6)
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This idea has been already briefly mentioned in Section 5.1 in the formulas
(5.1) and (5.2). Here we have made a reasonable assumption that coefficients κ1,
κ2, and κd do not depend on the external magnetic field or magnetic field to which
they are exposed is very weak. Another important condition for validity of the
signal normalization (6) is that fine alignment of experimental setup must remain
the same when magnetic field changes. This was fairly true in our case and did not
induce significant systematic errors.

Unfortunately, procedure (6) does not give any meaningful information about
transmission of the samples under investigation in zero magnetic field. However it
allows one to obtain meaningful physical information about the samples in nonzero
magnetic field even without any additional optical element which are needed in
order to measure the signal (3). This is the reason why normalization procedure
(6) was used in many magneto-optical experiments on graphene (see Section 2.5)
including ours.

Figure 7 – Optical path for measurement of sample’s transmission T (ω,B) with
proper normalization of the detector’s signal as described in the formula (4).
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Faraday rotation and magnetic circular dichroism

A scheme of a typical Faraday rotation measurement experiment is shown in panel
b of Figure 6. As one can see, two broadband linear polarizers are added on the op-
tical path before and after the sample under investigation compared to the scheme
of the transmission measurement experiment. In this experiment polarization of
light matters therefore we use Jones-matrix formalism to describe propagation of
light from one optical element to another. From now on we also omit frequency ω
and magnetic field B arguments in order to simply the notation.

Without loss of generality, let us assume that P1 is always fixed and its polar-
ization axis is labeled as x-axis. In such a coordinate system Jones matrix corre-
sponding to P1 is

P̂1 = t1

[
1 0
0 0

]
, (7)

where t1 is transmission Fresnel coefficient of P1. The IR source emits un-
polarized light and after passing through P1, the light acquires linear polarization
with amplitude E0 along the x-axis. Subsidiary optical elements may introduce
different parasitic effects to the stream of light: unintended tilts of its Jones vector
(depolarization) and some nonzero fraction of unpolarized light. In our calcu-
lations we neglect these parasitic effects (except for a full handedness inversion
during reflections from mirrors) and considers that subsidiary optical elements can
only influence intensity of the light. Moreover, let us omit their effect for a while
in order to simply the layout of formulas. Thus the Jones vector of light which
impinges on the sample under investigation is

Einc = t1

[
E0

0

]
. (8)

Next, the Jones vector Etr of light transmitted through the sample is defined by
the sample’s Jones matrix t̂ and in the simple case of normal incidence of light:

t̂ =

[
txx txy

−txy txx

]
, Etr = t̂Einc = t1E0

[
txx

−txy

]
. (9)

In nonzero magnetic field txy ̸= 0 and the Jones vector Etr indicates that light
transmitted through the sample acquires elliptical polarization with its major axis
tilted relative to the x-axis. The second polarizer P2 is oriented at some angle α
relative to the x-axis and has transmission Fresnel coefficient t2 therefore its Jones
matrix is

P̂2 = t2

[
cos2 α cosα sinα

cosα sinα sin2 α

]
, (10)

The Jones vector of light which arrives to the IR detector is

Ed = P̂2Etr = (txx cosα− txy sinα)t1t2E0

[
cosα
sinα

]
. (11)
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Now we can write down an expression for intensity of light which arrives to
the IR detector:

Id = κ1κ2|Ed|2, (12)

here we incorporated the coefficients κ1 and κ2 in order to take into account
the effect of all subsidiary optical elements which we have omitted so far. Signal
registered by the IR detector is

SSUI = κdId = κdκ1κ2t
2
1t

2
2E

2
0(txx cosα− txy sinα)

2. (13)

In further formulas we use a shorthand κ for all coefficient which do not char-
acterize the sample under investigation, at the same time κ may depend on the
orientation of the polarizers because of imperfections of these devices:

κ ≡ κdκ1κ2t
2
1t

2
2E

2
0 .

In order to proceed we rewrite Fresnel coefficients txx and txy in the basis of
circular polarization (see Section 6.3):

txx =

√
T+e

−iθF +
√
T−e

iθF

2
ei(θ++θF ) (14)

txy =

√
T+e

−iθF −√
T−e

iθF

2i
ei(θ++θF ).

When expressions (14) are substituted into the formula (13) one should not
forget that we have not taken into account the total inversion of polarization hand-
edness after each reflection from the subsidiary mirrors. Such negligence leads to
the fact that the sign of the Faraday rotation angle becomes ill-defined. Therefore
we introduce a new notation θF → ϕ where ϕ is equal to the Faraday rotation
angle up to the sign. Thus the signal at the detector is

SSUI =
κ

4
·
∣∣∣
(√

T+e
−iϕ +

√
T−e

iϕ
)
cosα+

+i
(√

T+e
−iϕ −

√
T−e

iϕ
)
sinα

∣∣∣
2
= ... =

=
κ

2

(
T+ + T−

2
+
√

T+T− cos [2α− 2ϕ]

)
. (15)

Finally, one can rewrite the above expression in terms of the total transmission
T = (T+ + T−)/2 and the circular transmission dichroism ratio D = T−/T+:

SSUI = κ · T
(
1

2
+

√
D

1 +D
cos [2α− 2ϕ]

)
. (16)

Formula (16) coincides with the formula (5.3) presented in Section 5.2 without
a proof. A priori the value of coefficient κ is considered to be unknown just like
in the transmission measurements described in the previous subsection. When the
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Faraday rotation angle is measured as described in the protocol summarized in the
formula (5.5) then the unknown coefficient κ is canceled out and it is no longer
present in the final formula (5.6) for the optical quantity Φ approximated as the
Faraday rotation angle. However other protocols of measurements could poten-
tially require normalization of the detector’s signal. This could be done with the
help of a reference signal the same way as in the previous subsection: one should
measure the detector’s signal Sh in exactly the same optical configuration but with-
out the sample under investigation (see Figure 7), alternatively, one should measure
detector’s signal S0 when light passes through the sample under investigation in a
zero magnetic field. In either case there is not any magneto-optical activity in the
sample compartment i.e. ϕ = 0 and T− = T+ therefore the detector’s signals are

Sh =
κ

2
· (1 + cos 2α) , (17)

S0 =
κ

2
· T (ω,B ̸= 0) · (1 + cos 2α) . (18)

F Important scales

Fermi velocity of graphene vF = 1.15 · 106 m/s

Admittance of free space Y0 = 1/Z0 =
√
ε0/µ0 ≈ 2.65 · 10−3 Ω−1

Universal conductivity of graphene σ0 = e2/(4ℏ) ≈ 6.084 · 10−5 Ω−1

Conductivity quantum G0 = 2e2/h ≈ 7.748 · 10−5 Ω−1

Optical absorption in undoped graphene at zero magnetic field
A0 = πα ≈ 2.3 %

Charge carrier concentration in zero magnetic field
N = (gsgvE

2
F )/(4πv

2
Fℏ

2) ≈ 7.35 · 107 · (EF /vF )
2 cm−1

Magnetic energy EB = vF
√
2eℏB ≈ 36.3vF

√
B[Tesla] meV

Magnetic length lB =
√

ℏ/(eB) ≈ 25.5/
√

B[Tesla] nm

Landau level filling factor ν = ±(4|n|+ 2)

Charge carrier concentration in nonzero magnetic field
N = eBν/h ≈ 24.1 · 109 · νB[Tesla] cm−2
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G Abbreviations

a. u. − arbitrary units
C-AFM − conductive atomic force microscopy
CVD − chemical vapor deposition
FIR − far infrared
FR − Faraday rotation
FRA − Faraday rotation angle
FT − Fourier transform
FTIR − Fourier transform infrared
FTIRS − Fourier transform infrared spectroscopy/spectrometer
Gr/hBN − graphene on hexagonal boron nitride substrate
OFHC − oxygen-free high thermal conductivity (concerning copper)
IR − infrared
hBN/Gr/hBN − graphene encapsulated in hexagonal boron nitride
KK − Kramers-Kronig
KOH − potassium hydroxide
LL − Landau level
MCD − magnetic circular dichroism
MCT − mercury cadmium telluride (HgCdTe)
MIR − middle infrared
MO − magneto-optical
NIR − near infrared
PE − polyethylene
PMGI − polymethylglutarimide polymer
PMMA − poly-(methyl methacrylate) polymer
PP − polypropylene
RIE − reactive ion etching
RS − Raman spectroscopy/spectrometer
SC − superconducting
STM − scanning tunneling microscopy
STS − scanning tunneling spectroscopy
SUI − sample under investigation
THz-TDS − terahertz time-domain spectroscopy
UV − ultra violet
VIS − visible
2D − two-dimensional
3D − three-dimensional
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