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RESUME

Le Cosmos, « la derniére frontiere ». On 1'imagine souvent comme une vaste tapisserie
tissée de fils tendus par les interactions gravitationnelles. Nous savons avec certitude
que la structure a grande échelle observée n’est pas simplement une scéne statique, mais
un portrait dynamique fagonné par divers phénomeénes. Les distortions dans I'espace des
redshifts, par exemple, fournissent des preuves des vitesses particulieres des galaxies,
révélant des motifs anisotropes dans leur regroupement. Cette anisotropie n’est pas
aléatoire ; elle est une conséquence directe de ces vitesses particuliéres, une vaste et
complexe danse de galaxies se déplagant sous l'influence de la gravité. Tout aussi
remarquable est 1'effet de lentillage gravitationnel. Les structures massives comme les
amas de galaxies peuvent déformer cette tapisserie, agissant comme une loupe cosmique
qui courbe les chemins de la lumiere provenant de galaxies lointaines. Cela induit
des distorsions dans les positions apparentes et les formes de ces objets lumineux en
arriere-plan, offrant aux astronomes un outil puissant pour cartographier la distribution
de la matiere et la géométrie de I'Univers. De toute évidence, ces deux phénomenes
sont des sondes cruciales pour tester le lien entre la matiere et la géométrie, ou, comme
nous les scientifiques 1'appelons, la théorie de la Relativité Générale. En fait, les relevés
cosmiques ont déja mesuré ces effets et fourni des contraintes de haute précision sur les
parametres pertinents.

Il est intéressant de noter que des effets supplémentaires sont prédits pour y contribuer.
La communauté les appelle effets relativistes. Dans cette thése, nous nous concentrons
sur eux, avec une attention particuliére sur le redshift gravitationnel. Il se produit lorsque
les photons sortent des puits de potentiel gravitationnel, perdant de 1'énergie dans
le processus, ce qui se traduit par un décalage supplémentaire vers le rouge. Ce
phénomene, qui a été mesuré dans des contextes astrophysiques, est souvent négligé
dans les études cosmologiques. Cependant, nous montrons qu’il sera définitivement
une partie cruciale des analyses des futurs relevés cosmiques. Nous démontrons que cet
effet sert de sonde directe de la géométrie de I'espace-temps et qu’il sera décisif pour
lever les dégénérescences parmi les parameétres régissant la modélisation de la structure
a grande échelle a des époques tardives, comme mesuré par la prochaine génération de
relevés galactiques de Stage IV. En somme, nous proposons jusqu’a trois applications et
implications possibles pour les mesures de ce phénomene a 1’échelle cosmologique.

La Partie i de cette these sert d’introduction au sujet. Tout d’abord, nous fournissons
une introduction non exhaustive a la modélisation de la structure a grande échelle a des
époques tardives. En particulier, nous résumons le calcul des comptages de galaxies au
premier ordre en théorie des perturbations, en tenant compte des effets systématiques
connus sous le nom de biais d’évolution et de magnification, qui modulent I’amplitude
des effets relativistes. Nous définissons également la cisaillement gravitationnel comme
’observable pertinente de la lentille faible prise en compte dans nos travaux de recherche.
Deuxiémement, nous développons la machinerie statistique nécessaire pour les études
ultérieures. Pour le cas spectroscopique, nous commengons par les spectres de puissance de
I'espace des décalages vers le rouge dans le domaine de Fourier. Ensuite, nous calculons
les multipdles de la fonction de corrélation du regroupement des galaxies a deux points



pour le cas plus général de deux populations de traceurs, ce qui est crucial pour mesurer
le redshift gravitationnel et d’autres corrections relativistes. Plus précisément, nous
montrons que ces effets génerent des multipoles impairs dans la fonction de corrélation.
Complémentairement a ces résultats, nous calculons la matrice de covariance associée
aux multipdles, pour laquelle nous fournissons également une recette généralisée pour
le cas de multiples populations de traceurs. En outre, nous résumons le calcul des
spectres de puissance harmoniques, qui sont généralement la cible des analyses des relevés
photométriques. Enfin, nous décrivons les techniques d’inférence utilisées dans les
parties suivantes.

Dans la Partie ii, nous introduisons un nouveau test de gravité indépendant du modele
ciblant le stress anisotrope, c’est-a-dire le rapport entre les deux potentiels métriques.
Nous démontrons qu’une mesure du redshift gravitationnel est un proxy pour une mesure
indépendante du potentiel de distorsion temporelle. Ainsi, nous construisons l’estimateur
correspondant basé sur les multipoles de la fonction de corrélation a deux points, qui
isole la contribution des distorsions temporelles. Ensuite, en combinaison avec des
mesures de la lentillage gravitationnel, nous montrons qu’il est possible de construire un
estimateur pour mesurer le stress anisotrope qui est exempt de toute hypotheése sur la
théorie sous-jacente de la gravité, a part le fait que les photons suivent des géodésiques
nulles. Nous appuyons nos résultats avec des prévisions de Fisher a partir desquelles
nous déduisons les contraintes sur les estimateurs attendus pour les relevés de Stage IV,
tels que la Phase 2 du Square Kilometer Array et le Legacy Survey of Space and Time de
I’Observatoire Vera Rubin.

Dans la Partie iii, nous proposons une deuxieéme application pour la mesure du redshift
gravitationnel. Dans ce cas, nous démontrons que les effets relativistes sont cruciaux pour
contraindre davantage 'espace des parametres des modeles de gravité modifiée. En
particulier, nous adoptons le cadre de la Théorie Effective de I'Energie Noire, permettant
des interactions supplémentaires dans le secteur sombre. Nous calculons 'expression
explicite du redshift gravitationnel en fonction des parametres de la théorie effective.
Nous développons un code capable de calculer les observables du regroupement des
galaxies pour toute théorie dans ce cadre, et produisons des analyses Monte Carlo
Markov Chain pour évaluer I'impact de l'inclusion des effets relativistes. En résumé,
nous démontrons que le redshift gravitationnel est crucial pour lever les dégénérescences
entre les parametres.

Enfin, une possible troisieme application des effets relativistes dans la structure a
grande échelle est présentée dans la Partie iv. En faisant I’hypothése que la Relativité
Générale soit la bonne théorie de la gravité, nous exploitons le fait que, contrairement aux
perturbations de densité et aux distortions dans 'espace des redshifts, les effets relativistes
sont directement sensibles a certains parametres de relevé et de population nommés
les biais de magnification et d’évolution. 1l est intéressant de noter que contraindre ces
quantités est crucial pour augmenter la précision dans la mesure des déviations par
rapport a la Gaussianité. Par conséquent, nous étudions la possibilité d’inférer des
contraintes sur ces effets systématiques importants a partir de ’analyse du regroupement
des galaxies seulement. Encore une fois, des prévisions de Fisher sont produites pour
évaluer 1'impact des multipdles impairs de la fonction de corrélation a deux points
sur les connaissances préalables hypothétiques concernant les biais. De plus, nous
étudions comment cet impact est affecté par la maniere choisie de diviser la population
en multiples traceurs.
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SUMMARY

The Cosmos, ‘the final frontier’. People often imagine it as a great tapestry woven with
the threads stretched by gravitational interactions. We know for certain that the observed
large-scale structure is not merely a static display but a dynamic portrait shaped by
various phenomena. The so-called redshift-space distortions, for instance, provide evidence
for the peculiar velocities of galaxies, which in turn reveal anisotropic patterns in the
clustering of galaxies. This anisotropy is not random; it is a direct consequence of these
peculiar velocities, a vast and intricate dance of galaxies moving under the influence
of gravity. Equally remarkable is the gravitational lensing effect. Massive structures
like galaxy clusters can warp the tapestry, acting as a cosmic magnifying glass which
bends the paths of light from distant galaxies. This induces distortions in the apparent
positions and shapes of these background luminous objects, providing astronomers with
a powerful tool to map the distribution of matter and the geometry of the Universe.
Evidently, these two phenomena are crucial probes to test the link between matter and
geometry, or, as we the scientists like to name it, the theory of General Relativity. In
fact, cosmic surveys have already been able to measure these effects and provide high
precision constraints on the relevant parameters.

Interestingly enough, additional effects are predicted to contribute. The community
refer to them as relativistic effects. In this Thesis, we focus on them, with special emphasis
on the gravitational redshift. It occurs when the photons climb out of gravitational potential
wells, loosing energy in the process, which translates into an additional redshift. This
phenomenon, which has been measured in astrophysical contexts, is often overlooked
in cosmological studies. However, we show that it will definitely be a crucial part of
future cosmic surveys analyses. We demonstrate that this effect serves as a direct probe
of the geometry of the space time and that it will be decisive in breaking degeneracies
among the parameters governing the modeling of the large-scale structure at late times,
as measured by the upcoming generation of Stage IV galaxy surveys. All in all, we
propose up to three possible applications and implications for measurements of this
phenomenon on cosmological scales.

Part i of this Thesis is intended to serve as a gentle introduction to the topic. First, we
provide with a non-exhaustive introduction to the modeling of the large-scale structure
at late times. In particular, we summarize the computation of the galaxy number counts
at linear order in perturbation theory, taking into account the systematic effects known
as evolution and magnification biases, which modulate the amplitude of the relativistic
effects. We also define the lensing convergence to be the relevant weak-lensing observable
taken into account in our works. Secondly, we develop the statistical machinery that
will be needed in the subsequent studies. For the spectroscopic case, we start by the
redshift-space power spectra in the Fourier realm. Then, we compute the 2-point galaxy
clustering correlation function multipoles for the more general case of two populations
of tracers, which turns out to be crucial to measure the gravitational redshift and
other relativistic corrections. More precisely, we show that these effects generate odd
multipoles in the correlation function. Complementary to these results is the computation
of the covariance matrix associated to the multipoles, for which we similarly provide
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a generalized recipe for the case of multiple populations of tracers. In addition, we
summarize the computation of the harmonic power spectra which are typically the target
of photometric surveys analyses. Finally, we describe the inference techniques that are
used in the posterior Parts.

In Part ii, we introduce a new model-independent test of gravity targeting the
anisotropic stress, i.e. the ratio between the two metric potentials. We demonstrate that a
measurement of the gravitational redshift is a proxy for an independent measurement
of the time distortions potential. Thus, we construct the correspondent estimator based
on the multipoles of the 2-pt correlation function, which isolates the time distortions
contribution. Then, in combination with measurements of the lensing convergence, we
show that it is possible to construct an estimator to measure the anisotropic stress which
is free of any assumption about the underlying theory of gravity, apart from the fact
that photons follow null geodesics. We support our findings with Fisher forecasts from
which we infer the constraints on the estimators expected for Stage IV surveys, such as
the Phase 2 of the Square Kilometer Array and the Legacy Survey of Space and Time of
the Vera Rubin’s Observatory.

In Part iii, we propose a second application for the measurement of the gravitational
redshift. In this case, we demonstrate that the relativistic effects are crucial to further
constrain the parameter space of modified gravity models. In particular, we adopt the
Effective Theory of Dark Energy framework, allowing for additional interactions in the
dark sector. We compute the explicit expression for the gravitational redshift as a function
of the effective theory parameters. We develop a code which is able to compute the
galaxy clustering observables for any theory within this framework, and produce Monte
Carlo Markov Chain analyses to assess the impact of including the relativistic effects
into the game. In a nutshell, we demonstrate the gravitational redshift to be crucial in
breaking degeneracies between the parameters.

Finally, a possible third application of the relativistic effects in the large-scale structure
is presented in Part iv. Assuming General Relativity is the true theory of gravity, we
exploit the fact that, in contrast with the density perturbations and the Redshift-space
distortions, the relativistic effects are directly sensitive to some survey and population
parameters named the magnification and evolution biases. Interestingly, constraining these
quantities is crucial to increase the precision in measuring deviations from Gaussianity.
Therefore, we study the possibility to infer constraints on these important systematic
effects from galaxy clustering analysis alone. Yet again, Fisher forecasts are produced
assessing the impact of the odd multipoles of the 2-pt correlation function on hypothetical
prior knowledge about the biases. In addition, we study how this impact is affected by
the manner chosen to split the population into multiple tracers.
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NOTATIONS

List of symbols and abbreviations used in the thesis
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f derivative with respect to , f = %.
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z redshift.

n line-of-sight direction.

d relative position of two objects d = x; — xo.

d comoving separation between two objects, d = |x; — xa|.

X position in comoving coordinates, x = r n.

r comoving distance to a given point, r = ty — t.

k wave vector of Fourier modes, k = kk.

(ON ¢ Bardeen potentials: spatial and time distortions.

0, g comoving galaxy number density.

g galaxy density perturbations.

0, 6m density /matter density contrast in comoving gauge.

Dy, Ds density variable in the constant curvature/Newtonian
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A observable galaxy number counts.

V(x) Gauge invariant velocity potential.

v(x) velocity perturbation in longitudinal gauge.

v(x) velocity potential v = —Vo.
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density perturbations power spectrum.

linear density power spectrum.
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THE LATE-TIMES LARGE-SCALE STRUCTURE

‘And God said, Let there be light: and there was light” (Genesis, 1:3). This is the common
starting point of the Myth of Creation for the Abrahamic religions. According to this
Tradition, the history of the Universe, Earth and mankind began with the propagation
of light and, in a certain sense it also does for science. The study of the Heavens is as
old as Civilization itself, and seeks to answer one of the deepest questions for human
beings: Why are we here? However, the assumptions and techniques applied in the
seek of answers have significantly varied throughout History. Until very recently with
the discovery of the existence of the gravitational waves, the only source of information
about the Heavens was the light emitted by distant objects. Therefore, this endeavor is
mostly an attempt to understand the Universe through the study of light propagation
and the physical effects affecting it.

Our current understanding of Cosmology, which is the branch of modern science
devoted to the study of the Heavens, i.e. the origin, evolution of structures and the
ultimate fate of the Universe, relies on the cosmological principle: our location in the
Universe should not be statistically distinguishable from the position of any other
observer. No particular directions should be preferred either. These two hypotheses,
together with the observational evidence indicating isotropy on large scales, lead to the
conclusion that the Universe should be homogeneous. However, this assumption falters as
soon as we take a look at our cosmic neighbourhood. We see an intricate structure in
which planets and stars join together to form galaxies, the galaxies evolve into groups
forming clusters, which are distributed along filaments and clumps in between which
there exist large void regions (see fig. 1.1), in a manner that is very unlikely to have
arisen from randomness. We call this large-scale structure (LSS) as the Cosmic Web.
However, we still believe in isotropy and homogeneity at sufficiently large scales. This
leads to the Big Bang paradigm in which we attempt to explain the Universe using
the Einstein’s theory of General Relativity (GR), whose equations can be solved exactly
for an expanding, homogeneous and isotropic background. * This geometry was first
investigated by Friedmann in the early 1920s, and later applied to describe the universe
by Lemaitre (1927), Robertson and Walker (1936). This solution to the Einstein’s equation
receives the name of the Friedmann-Lemaitre-Robertson-Walker (FLRW) model, and is
the foundation of the Concordance Model of Cosmology. Other common name within
the community, possibly more descriptive, is that of ACDM model. We say that the
Universe where (and when) we live is undergoing an accelerating expansion thanks to a
mysterious force called Dark Energy (DE), described by a Cosmological Constant A, and

We preferred to avoid including here all the details about the basic equations of Cosmology. As of today, we
are fortunate to have at our disposal an extensive literature on the subject written by much more experienced
scientists. In fact, the author himself has learned from e.g. [1, 2].
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is full of Cold Dark Matter (CDM). The only way to shed light over so much darkness
is to develop techniques that allow us to confront the model against observations, in a
hope to unveil the latent mysteries. A crucial mystery that seems to be solvable only
through cosmic observations is e.g. how to describe the dark energy component, which
represents ~ 70% of the present day’s Universe energy budget. Is it that it actually exists
and has a constant, ever present energy density or are we missing something? Does it
come from a departure from General Relativity at large scales instead, better described
by an alternative theory?

Interestingly, the Big Bang paradigm is reinforced by the landmark evidence for the
existence of an ubiquitous microwave radiation originated when the Universe became
transparent and photons started to travel free throughout the spacetime. This relic
from the Early Universe is known as the Cosmic Microwave Background (CMB) and was
accidentally discovered in 1965 by A. Penzias & R. Wilson, who measured a homoge-
neous black-body spectrum at a temperature of ~ 3K, implying the definitive success
of the Big Bang paradigm. However, later on, in 1992 the COBE satellite mission dis-
covered anisotropies in the CMB meaning that the early Universe was not completely
homogeneous, but that small perturbations were present in the cosmic plasma. These
fluctuations are quantified by deviations from the background temperature of order 107.

12h
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Figure 1.1: A map of the Cosmic Web in a thin sector of the sky, from the Sloan Digital Sky
Survey (SDSS-II). Our planet is at the vertex of the wedge, and it spans about 1.3
billion light years to the past. The dots are galaxies arrayed in clumps, filaments and
sheets. Blank spaces are the cosmic voids. The color of the points is related to the
age of the main stars at each galaxy: red points have mostly old stars, while blue
dots show galaxies with younger populations. Interestingly, the number and size of
voids agree with theoretical models in which they evolve under gravitational collapse

starting from a nearly-smooth distribution of dark matter. Borrowed from M. Blanton
and the SDSS SDSS Press Release Images.

The fact that the deviations from homogeneity and isotropy in the CMB are small
is of the highest relevance. They do not imply the need to go beyond the Big Bang
paradigm, but rather can be accommodated through a natural extension, by assuming


https://www.astronomy.ohio-state.edu/weinberg.21/SDSS08/voidfigs.html

1.1 THE PERTURBED FRIEDMANN UNIVERSE

the early Universe fluctuations to be the seeds that became into the current large-scale
structures (LSS) via gravitational instability. More precisely, we assume that the initial
fluctuations required to trigger the process of gravitational instability arise from tiny
quantum fluctuations that have been enhanced during an inflationary period before
the photons decoupled from the early plasma. In other words, the modern paradigm
of Cosmology is that the Cosmic Web emerged from gravitational collapse of small
perturbations generated in the early Universe and can be consistently described by
perturbations around the smooth, homogeneous and isotropic background, as long
as we avoid regimes that cannot be described by small perturbations. Starting from
this hypothesis, we can think of Cosmology as the branch of science attempting to
describe the large-scale physics of the Universe through General Relativity and statistics.
Importantly, a careful definition of the physical quantities is of utmost importance to
develop consistent tests of gravity that can be used to confront the theory with the
observations of the Cosmic Web.

In this Chapter we provide the theoretical ingredients for the study of the late-times
LSS in the linear regime. For that purpose, we will adopt the modern approach of the
gauge invariant perturbation theory. We first summarize the basic elements for studies
in a perturbed Friedmann Universe in sec. 1.1. Consecutively, we introduce the fully
relativistic and gauge-invariant expressions for the galaxy number counts fluctuations in
sec. 1.2 and the lensing convergence in sec. 1.3. Finally, in sec. 1.4 we discuss the inclusion
of important tracer-dependent effects such as the magnification and evolution bias and
provide the final expression for the galaxy number counts, useful for spectroscopic
galaxy surveys.

1.1 THE PERTURBED FRIEDMANN UNIVERSE

The small deviations from the homogeneous and isotropic background are the seeds
of fluctuations in the geometry and in the matter distribution. At late times, this scenario
is that of a perturbed Friedmann Universe endowed with the metric [2, 3]

ds? = a?(t) [—(1 +2A)di2 — 2 Bydtdx' + [(1+2H,) 6+ 2Hr;] dxfdxf} , (L)

expressed in conformal time ¢. The prefactor a(t) is the scale factor associated to the
expansion. A more convenient time variable is the redshift defined via a = 1/(1 + z).
For simplicity, we neglect the vector and tensor modes that arise from the harmonic
analysis and the Scalar-Vector-Tensor (SVT) decomposition of perturbations. Any vector
field B; can be decomposed in the combination of a (gradient of) scalar mode with a
vector mode. In Fourier space, we can write B; = —lAci B + B;. The tensor modes are
encoded in the tensor H;;, whose decomposition yields two scalars, a vector mode and
a purely tensorial mode. These tensor modes are generated from gravitational waves.
The advantage of the SVT technique is that the scalar, vector and tensor modes decouple
and evolve independently. In this Thesis, we focus on the scalar perturbations sector,
parametrized by the scalar degrees of freedom denoted by A, B, Hy and Hr;j, where Hy,
is the scalar longitudinal mode of tensor perturbations and Hr;; is the scalar contribution
to the trace of H;j, defined as Hr;; = (I%l-fc,- —6ij/ 3) Hr in Fourier space. Hence, scalar
fluctuations of the spacetime are completely determined by a set of four scalar modes, A,
B, Hy and Hrt, which are general functions of time and scale. Gauge invariance permits
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removing two of them allowing for a further simplification. With full generality, we can
define two gauge-independent variables called the Bardeen potentials [4]

H 1. H. 1.
‘I’EA—#?B—#EB—PHT—EHT, (1.2)
B 1. H. H
= —HL — §HL + kiHT - ?B, (13)

where H(z) = (14 z) 'H(z) is the conformal Hubble factor and k is the wave number
of the Fourier mode. The dots denote a derivative with respect to conformal time, .
Choosing a gauge means to use specific functions for the scalar modes which determine
the role of ¥ and ®. The Bardeen potentials crucially depend on the theory of gravity.
In General Relativity temporal and spatial perturbations are indistinguishable in any
gauge, and hence we have ® = Y. However, this is not generally true for any theory
of gravity. It is common to define the anisotropic stress or gravitational slip as the ratio
between the Bardeen potentials. We adopt the convention

=g (1.4)

In addition to the scalar modes of the metric, we will need two additional gauge
independent variables for describing the density and velocity perturbations associated
to the dark matter. As the Bardeen potentials, they can be defined in terms of the
scalar modes by imposing gauge invariance and their precise physical meaning depends
on the gauge choice. The simplest possibility is to work in the matter rest frame, i.e.
the comoving gauge. Let us denote the matter density perturbations in this gauge by 6.
Alternatively, we can work on the uniform curvature hypersurfaces frame. In a Friedman
Universe, the constant curvature hypersurfaces are flat and density fluctuations in this
frame are denoted by D,. Let us note that different gauge choices lead to differences
in the predicted power spectrum for the density fluctuations at scales near the horizon,
k ~ H [5]. However, for measurements of matter and velocity perturbations taking place
well inside the horizon, i.e. at scales k > H, the differences between J, D, and any other
density fluctuations variable are negligible. In any case, we formally change from one
gauge to another by means of the linear relations between the gauge variables. The
variable D, is defined as

Dq :(5—3@—3% vV, (1.5)
where V denotes the gauge-invariant variable encoding the peculiar velocity potential
V = —VV, defined by

1.
V=uv-— EHT' (1.6)
Here v is the physical peculiar velocity. A very common choice in Cosmology studies, and
the one we will adopt throughout this Thesis, is the so-called longitudinal or Newtonian
gauge, defined by setting B = Hr = 0. In this gauge, the matter density fluctuations
variable are denoted by Ds, defined as

Ds = Dy + 39, (1.7)

Ds=6— 3% V. (1.8)
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Note also that with B = Hr = 0, the Bardeen potentials thus reduce to be ¥ = A and
& = — H; and the metric becomes

ds? = a?(t) [—(1 +2¥) di* + (1 —29) dxidx]} . (1.9)

Therefore, it is this gauge choice the one that endows the Bardeen potentials with a
clear physical meaning: the potential ¥ encodes all the scalar perturbations to the time
component of the metric, while the potential ® represents the spatial fluctuations. In the
non-relativistic limit of the theory, the latter is identified with the Newtonian potential,
and hence the name given to this particular gauge choice. Let us also notice that eq.(1.6)
implies that in the Newtonian gauge V directly identifies with the physical peculiar
velocity of the galaxies, v. The Newtonian gauge offers a very natural interpretation and
link between the gauge and physical variables. However, observables in physics must be
gauge-independent, meaning it does not matter which particular gauge you choose to
write down the expressions.

The perturbed Friedmann Universe is however not fully characterized without solving
Einstein’s equations. Separating the dynamical variables into a background contribution
plus small perturbations allow for solving the corresponding evolution equations inde-
pendently. The background contributions will obey the standard Friedmann equations
(see refs. [1, 2]). The next-to-leading order perturbations of Einstein’s equations are
obtained similarly by determining the perturbed Einstein tensor 6G,, = 8tGéT),,. They
can be derived analytically by applying the well-known 3 4 1 formalism of General
Relativity and using the Cartan’s formalism for the Riemann curvature [3].

At late-times, the Universe is filled with dust that evolves due to the struggle between
gravitational interactions, which favours the clustering of matter, in an acceleratingly
expanding flat background, which prevents clustering. Dust is a short-name for pressure-
less matter, with equation of state w = 0, and sound speed cz = 0. We initially consider
the A = 0 case. Firstly, we find from the covariant derivative TVZ = 0 two constraint
equations

Dg +kV =0, (1.10)
V+HV —kY =0. (1.11)

The first encodes energy conservation and receives the name of the continuity equation.
The second one describes the gravitational acceleration. This is known as the Euler
equation. Note that we wrote the former in terms of D, for formal consistency with
ref. [2]. However, as already discussed for measurements in sub-horizon scales we are
safe to use Dy ~ D; ~ 4. In addition, from Einstein’s equations spatial components
Gjj = 8nGT;; we obtain a scalar equation

K (®—¥) = 87Ga’PIl. (i #j) (1.12)

Here P is the pressure of the fluid and IT is the scalar mode of the anisotropic stress
tensor. This one is defined as the traceless part of the stress-energy tensor perturbations.
Formally, it also contains vector and tensor modes, which we neglect for simplicity. For a
pressureless fluid we have IT = 0. Hence, for dust we indeed have ® =Y, i.e. there is no
anisotropic stress. In addition, the components Go, = 87tGTy, yield the Poisson equation,
which in gauge-invariant form is written as

—k*® = 47Ga’pm [Dg +3 (‘Y + zVﬂ = 471Ga*pm 9, (1.13)
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where pp, is the background matter density and in the second equality we have used
eq. (1.5) together with the constraint eq.(1.12). Hence, the Poisson equation defines how
the gravitational force affects the matter density perturbations. It is often convenient to
rewrite the above in terms of the background matter density parameter (), = pm/pc
where

3H?

pe(t) = 8GR’ (1.14)

is the critical energy density in conformal time. We can thus recast eq.(1.13) into the
form

Ko = —%Hz(z)ﬂm(z) o (1.15)

These equations relate density, velocity and metric perturbations and define the hierarchy
between the gauge invariant variables. In this Thesis, we will study the large-scale
structure in the linear regime, where § < 1. Additionally, the measurements will
be performed in sub-horizon scales, k > H. Continuity equation (1.10) implies that
the velocity perturbations are suppressed with respect to the density perturbations
by a factor V. ~ (#/k)J. Similarly, Euler equation (1.11) mean that the temporal
metric perturbations are suppressed with respect to the velocities by the same factor,
Y ~ (H/k) V. Finally, Poisson equation (1.13) states the hierarchy between metric and
density perturbations as ¥ ~ (H/k)? 6. These considerations will be relevant later in the
following Section when computing the observables at linear order.

However, the previous are just a sub-set of equations solving the system given by
0Gyy = 8mGET,,. Using the complete set of Einstein’s and conservation equations, we
can obtain an additional useful formula for the evolution of density perturbations. It
turns out that for the dust case the same equation remains valid for the A # 0 case.
It is therefore a crucial equation for describing the late-times Universe. Observations
suggest that the present day Universe is dominated by a cosmological constant. Hence,
the dynamics of dust perturbations in a ACDM universe is described by the equation

S+HS— g’Hsz(a) 5=0. (1.16)

Note that the wave number k does not enter here. However, this equation is only valid
in sub-horizon scales and hence it can only be used at late-times when all the observed
perturbation modes are already inside the horizon. It is a second order differential
equation in conformal time ¢. It shall be convenient to write it down as an equation in
the variable y = Ina

1
o+ <1 -3 Qm(a)> 5 2 Om()5 =0, (1.17)
where ' = d/dIna. In this form it is simpler to see that in matter domination Oy, (a) ~ 1
we find a growing mode D « 4, while for (), = 0 we have a constant mode D. In a
ACDM Universe, the amplitude of matter fluctuations undergoing pressureless growth
is analytically given by

_SHOnp ax
2 H(z) Jo (Qm,o/x+(1—Qm,0)x2>3/2/

D1 (z) (1.18)
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where O, Hy are the values of the matter density and Hubble parameters today,
as measured e.g. by Planck [6]. The D; is known as the growth function of matter
perturbations. During matter domination, these results that the linear growth of density
perturbations can be described via the relation

D] (Z)
Dl (Z*)

mapping an initial time z, to any posterior time z. Note that while density perturbations
can be scale dependent, the D; is not for pure matter perturbations. Additionally,
for measurements of the galaxy distribution it is often convenient to introduce the
logarithmic growth rate, named the growth rate

O(k,z) = o(k,zy), (1.19)

D1 _dlnD1
f) HD, dlna ’

(1.20)

Using the analytical expression for D (z) in eq. (1.18), we can find the growth function
in a ACDM Universe to be

_ Hj 3 5 Ompo
flz) = (2 _EQm’O“ +2z)+ 2Dz (1.21)
Alternatively, people often introduce the matter density redshift evolution
H§ Qo (1
On(z) = 2 mo (1+2) (1.22)

HAz)

for which an approximate numerical solution of the growth rate is usually parametrized
as

f(z) ~ Om(z), (1.23)

where v = 0.55 is the growth index. Interestingly, the continuity equation (1.10) can be
recast into the form

Vikz) =~ f(z) 6(k ), (1.24)

which reveals a link between density and velocity perturbations through f(z), which is
highly dependent on the theory of gravity. Measuring the growth rate of perturbations
is actually the ingredient target GR tests based on observations of the LSS at late-times.

1.2 GALAXY NUMBER COUNTS: RELATIVISTIC EFFECTS

An observer who aspires to understand the distribution of galaxies on large scales
needs to measure the number of galaxies in a pixel centered at the direction n at redshift
z. Let us denote this quantity with N(n, z) dQp dz, where dQ), is the infinitesimal solid
angle. Then, taking the average over angular coordinates provides the mean redshift
distribution of galaxies, N(z)dz. Let us now define the fractional fluctuation in the
number of galaxies, also called galaxy number counts, as [5, 7]

N(n,z) — N(z)

A(n,z) = NG . (1.25)
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The first instinct of any observer would be now to relate A(n,z) to the dark matter
density fluctuations. Using the galaxies as biased tracers of the underlying dark matter
distribution, the number of galaxies is also N(n,z) = p(n,z) V(n,z), where p and V
are the galaxy number density and the physical volume of the pixel, respectively. In a
perturbed Friedman Universe, both the solid angle and the redshift are distorted inducing
a perturbation in the volume. Moreover, the galaxy density local values generally depart
from the average distribution. Let us see this explicitly by writing down the galaxy
number counts fluctuations in terms of these two perturbed quantities

_p(nz)—p(z)  dV(nz)

A(n,z) = 52) 7@ (1.26)

The first term is directly the galaxy density fluctuations at fixed z, which we shall denote

by 4.(n, z) (See refs. [5, 7]). Additionally, a Taylor expansion of p around the background
redshift z = z + 0z gives p(z) = p(Z) + 9, - 6 z. Using this in eq. (1.26) we find

0z oV(n,z) o0V(n,z)

T3 7= 0:(n,z) + V@) (1.27)

This equation explicitly shows that the observed galaxy number counts fluctuations
are affected by a combination of the fluctuations in the galaxy density distribution, dg,
fluctuations in the observed redshift and perturbations in the observed volume of each
pixel.

Any observable in physics must satisfy the necessary condition of being gauge in-
dependent and our number counts fluctuations A(n,z) cannot be an exception. The
background density p is computed in a given Friedmann background so the comparison
with the observed p(n, z) is thus gauge-dependent. The redshift fluctuations 6z are also
dependent on the chosen background and hence are gauge-dependent. However, it turns
out that the combination J,(n, z) is a gauge-independent quantity, and therefore a true
observable. Moreover, the volume perturbations (last term in eq. (1.27)) turn out to be
gauge invariant as well. This is naturally expected, as one can measure the volume
perturbations with any other tracer different from galaxies.

Let us compute the explicit form of all the physical distortions contributing to A(n, z),
accounting for the gauge issue. For this task, we require of the fully relativistic calculation
of the volume and redshift fluctuations. This program has been extensively studied in
the literature and here we reproduce a summary of the steps (see refs. [5, 7—13]). The
goal is to write down A(n,z) only in terms of gauge invariant variables described in
sec.1.1: the two Bardeen potentials, ® and ¥, the gauge invariant density fluctuations
D¢(n, z) and the gauge invariant peculiar velocity V(n, z).

A(n,z) = bg(n,z) — 3

1.2.1  Redshift fluctuations

The redshift fluctuations are derived by finding the solution to the null geodesic
equation in a perturbed Friedmann Universe given by (1.1) and computing the change
in energy of an incoming photon between emission and observation. Let us consider a
photon emitted from a source S which is moving in direction n. From the observer’s O
point of view, it is seen under the direction —n. The redshift of the incoming photon is
defined as the ratio

14+z= ((ZZ))Z (1.28)
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We need to solve the photon geodesic equation for n = a=2(1 + dng, n + én), where n is

the lowest-order photon direction and dn terms are the perturbations to this direction.

The four velocity is u = a~1(1 — A, v), where A is the temporal scalar perturbation and v
is the peculiar velocity. We can now compute the redshift and write down the expression
in terms of gauge invariant quantities

1 fo
1+z="20114 [HL+3HT+n-V+<I>+‘Y}

as

- /O(T + &) dA] , (1.29)
ts  JTs

where ag = a(tp) and as = (fs) are the scale factor at emission and arrival times and the
overdots denote derivatives with respect to ¢. This simply gives 1 + Z. Here ® and ¥ are
the Bardeen potentials, and V is the gauge-invariant velocity perturbation. Their precise
physical meaning depends on the gauge choice, to which we will turn back later. Note
that the second term has to be evaluated at observer’s ty and emission t5 times. The terms
evaluated at ts are all dependent on n through the emission point which, to the lowest
order, has coordinates x; = xg — n(fp — £(Zs)). The dipolar term n - V(xo, fo) is thus the
only one dependent on the directions when evaluated at xg. The integral of the last term
extends along the unperturbed photon trajectory with affine parameter A. At emission
point we set A = 0, while at the observer’s position A = ty — ts = rs, rs denoting the
comoving distance between emitter and observer. The redshift perturbations 6z =z — 2z
take the form

6z =—(1+2z) [(HL+P?+n-V+<I>+‘F) (n,z)+/0rs(‘i’+<i>)d?\} : (1.30)

The terms related to the observer’s position are missing on purpose in this last expression.

They correspond to an unmeasurable monopole term and a dipole term which appears
due to the fact that the observer’s pick a particular observation direction [5]. Using this
last result in eq. (1.27) and choosing an appropriate gauge-invariant definition for the
density fluctuations we can write
t
6-(n,z) = D¢(n,z) +3(n-V)(n,z) +3(¥Y +P@)(n,z) +3 t 0(‘1’ + @) (n,z(t)) dt. (1.31)
S
Here we express the perturbation variables in direction n and redshift z in terms
of its unperturbed positions and time, f(n,z) = f(x(n,z),f(z)). Note that we have
used the variable D, (n, z) encoding the density fluctuations on the uniform curvature
hypersurfaces. The expressions in other gauges can simply be found by using the linear
relation between the gauge variables. To transform the expression to the Newtonian
gauge, we shall use egs. (1.7) and (1.8).

1.2.2  Volume perturbations

We now fix our gaze at the contributions from volume perturbations 6V /V. As
discussed, they can be measured with any tracer different to galaxies, and hence are
gauge-invariant quantities on their own. Let us find the specific contributions in terms of
the gauge-invariant variables. A source with four-velocity u* will see a volume element
given by

dV = \/—g €uvap " dx’dx“dxP. (1.32)

11
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However, the observer will prefer to express the volume elements in its own language,
parametrized in terms of the polar angles, 6y and ¢o, and the observed redshift z, so that
dV = v(z, 0y, ¢po) dzdbyd¢po, where

axV ox~ y

9(bs, ¢s)
e — b
v(z,00,¢0) = /~§ €up U 9z 905 ds

d(6o, ¢o)

is a differential density which determines the volume element perturbations

, (1.33)

oV v v—7

F===— (1.34)
The term in between straight brackets is the determinant of the Jacobian of the transfor-
mation from angles seen by the source to the angles measured by the observer. Let us
denote the angular components as 0; = (6;, ¢;) with i = S, O. In a perturbed Universe,
the angles at the source are distorted with respect to the angles at the observer and can
be written in a perturbative manner as 6s = 0p + 06 and ¢s = ¢o + d¢. To first order,
the Jacobian becomes

9(0s, ¢s) 908 dé¢p

’(90,([70) =1+ Fr + £ (1.35)
The length of the geodesics is also perturbed, which induces perturbations in the
measured comoving distance » = 7+ dr. Additional ingredients are the perturbed
metric determinant \/—g¢ = a*(1+ A + 3H_) and the four-velocity of the source. The
volume element perturbation is then a combination of the scalar modes and coordinates
fluctuations. In addition, we have to subtract the unperturbed differential density 7. To
first order in perturbations, we find the volume perturbations to take the form

ov(m,z) 0 0P 1 ..
- =3H + <C0t90 + 3959> + w —n-V+ @ n'd;Hr (1.36)
20r  dér 1 déz 2 H\ ¢z
— ——r t o= | At st s |
dA  H(1+z) dAr FH H?) 1+z

where A is the affine parameter along the photon geodesic. In order to write the
expression in terms of the gauge invariant variables we need to solve the null geodesic
equation for the fluctuations dr, 66 and J¢. This means to compute the deviation
vector between the perturbed photon trajectory with the unperturbed one, éx#(A) =
x#(A) — XM (A). We refer the reader to the foundational references of this chapter for the
full derivation of these quantities [5, 7—12]. Let us just stress that the above expression
also depends on 4z (see eq. (1.30)) and its derivative with respect to the geodesic affine
parameter, which gives
1 déz

. HT s . .

1 _i dHL 1dHT d(nV)
H (” W+ T3 T M
We can now add together egs. (1.30), (1.36) and (1.37). We also have to perform several
integrations by parts to arrive at the final form of the volume density fluctuations [5]. To

tirst order in perturbations, we find
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W) paw)—anvi (oo V) (1.38)
H dr
H 2 s . .
-V+Y r'(®+Y
+<”H,2+5’H)<n + +/0 r'(®+ )>
. . 2 [Ts
—3/ dr'(CI>+‘F)+r—/ dr'(®+Y)
s Jo
1 1rs —
- — d AQ(CD +Y). (1.39)
rs Jo !
Here we used that dA = dt = —dr in comoving coordinates and A denotes the Laplacian

over the transverse directions (6, ¢), or the angular Laplacian. The functions are all to be
evaluated at the source positions and time, and hence we will omit the subscript S in the
following, rg = r, for simplicity.

We can now combine egs. (1.31) and (1.38) to find the fully relativistic expression for
the galaxy number counts fluctuations. Let us reorder the contributions according to
their relevance for our purposes. At linear order in perturbation theory we find

A(n,z) = Ds — 7%Lay(n V) (1.40)
Ho2 1 .1

——/d’r Aa(®+¥) + 3/111”(@—1—‘}’)
0

r

+ (,Zfzﬂtri) <T+/O dr’(ci>+lif)> +‘I’—2<I>+%d>.
As discussed above, D; are the density fluctuations in the Newtonian gauge describing
the true galaxy density contrast linked to the fact that the matter distribution is not
homogeneous. It is important to emphasize that the computation here is performed for
the galaxy density perturbations. The reason is that, in practice, what we observe is not
the dark matter but the galaxies. We regard galaxies as biased tracers of the underlying
dark matter distribution, in the sense that they are subject to the same velocity field. As
discussed in sec. 1.1, the link of the two is well-defined in the comoving gauge, where we
can naturally introduce a bias model. For our purposes, it is sufficient to adopt a linear
bias model, so that we can write é; = b . Here the bias factor b is generally a function
of redshift b(z). In particular, from eq. (1.8), we obtain the comoving gauge expression

in real space by replacing above

Ds(n,z) = bé(n,z) +3HV 2 (VV), (1.41)

which we wrote in terms of the dark matter perturbations ¢ and the linear galaxy bias b.

All the remaining terms arise from perturbations of the coordinate system used by the
observer, (n,z).

The second term in eq. (1.40) encodes the redshift-space distortions (RSD) due to the
mapping from real to redshift space, on which the observations are performed. These
two were originally found via a Newtonian computation in the original work by Kaiser
[14] and are the next-to-leading order contributions to A (see also ref.[15]). Together with

13
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(@) @)

Figure 1.2: Diagram representing the Redshift-Space Distortion (RSD) effect (second term in
eq. (1.42)). On linear scales, the net effect of the galaxies peculiar velocity components
aligned with the observer’s (O) line-of-sight is to squeeze the observed volumes
in redshift space. Galaxies moving towards O are observed closer, while galaxies
receding away from O are observed further than predicted.

the density fluctuations, they are one of the main targets of current galaxy clustering
analyses. Let us denote the combination of density fluctuations and RSD as the standard
contributions

Asr(n,z) = bd — ;[ar(n V). (1.42)

This is a well known combination that has already been measured in the redshift space
power spectrum. The density term exhibits features called baryon acoustic oscillations
(BAO) which are a relic of the acoustic waves generated in the plasma filling the Early
Universe before the decoupling of baryons and photons [16, 17]. Given that we know
very precisely the acoustic horizon, we can measure the angular diameter distance d4(z)
from the angular scale of these oscillations [18—-22]. The RSD term is a radial volume
distortion due to the fact that galaxies with radial peculiar velocities are slightly more
redshifted (or blueshifted) than expected according to their peculiar velocity component
a long the line-of-sight (see fig.1.2). These volume distortions are actually measured
in the 2-point correlation function and are used to constrain the linear growth rate of
density fluctuations defined in eq.(1.20) [19, 23]. ?

The second line contains three contributions already beyond the Newtonian limit,
which are suppressed with respect to the standard contributions by a factor of H /k. All
together combine to form what we will call the relativistic effects in the following

AgeL(n,z) = (1—;—;) n-V—i—;Ln-V%—;[ar‘F. (1.43)
The first one is a Doppler shift which has three ingredients. First, there is the so-called
light-cone effect describing how the change of the redshift bin size causes that the peculiar
velocity of galaxies changes the size of the time interval dt [24]. Secondly, a wrong
estimation of the photons emission times induce a wrong estimation of the background
expansion rate of the Universe at emission, taking into account that H is a time-evolving

To be precise, current measurements of f are degenerate with the amplitude of density fluctuations inside a
ball of radius 8 Mpc/h, parametrized by the variance ag. Hence, the quantity that current surveys are able
to measure is actually f og.
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Figure 1.3: Symmetry breaking induced by the gravitational redshift (last term in eq. (1.58)).
The apparent position of the galaxy sitting at the bottom of the potential well shifts
more than the position of the galaxies sitting slightly upper. As a consequence, the
bright galaxy appears to be closer to the galaxy in front of it and further away to the
galaxy right behind along the line of sight, resulting in di # d;. This figure has been
borrowed from ref. [24].

quantity. The third term in the first bracket was also found in the original Newtonian
derivation. In addition, the term dependent on V accounts from the fact that wrong
estimations of ts transform into wrong estimations of the galaxies peculiar velocities
at emission time, and that velocities are also time-evolving quantities. Finally, the last
term in eq. (1.43) is proportional to the gradient of the time distortions potential 0, /H.
This contribution account for the change in the comoving size of the redshift bin arising
from the fact that the photons are emitted from galaxies sitting inside gravitational
potential wells, receiving an additional contribution to their redshifts on their way to the
observer’s detector which is proportional to the depth of the potential. This translates
into an asymmetry in the apparent separations between pairs of galaxies sitting at
different ‘heights” inside the wells (see fig. 1.3). It can be regarded as an equivalent of the
standard redshift distortions, and hence we call it gravitational redshift distortion. Its study
is one of the master pillars of this Thesis. Due to the gradient of ¥ it is of the same order
of magnitude as the velocity terms.

A further simplification can be performed in theories of gravity that obey Euler
equation. In terms of our gauge-invariant variables, the Euler’s equation reads 3

n-V+Hn-V4+3,¥ =0, (1.44)

which when combined with (1.43), the relativistic effects reduce to a simple Doppler
distortion

H 2
AgerL(n,z) = — (7—[2 + 1’7—[) n-V. (1.45)

This last expression only differs with respect to the Newtonian result by the factor H /H?
(see ref. [7]).

The remaining terms in the third and fourth line of eq. (1.40) are also relativistic
contributions, but we have taken the liberty of leaving them out from Agrgy. The most
important one is the first term of the third line, which quantifies the distortions generated
by gravitational lensing on the solid angle of observation d(): the presence of massive

3 This is the configuration space counterpart of the Fourier expression given in eq.(1.11).
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4

objects in between the observer and the source will induce distortions on the photons
trajectories in the transverse plane. This receives the name of lensing magnification [25,
26]

Argens(n, 2) / dr'! AQ(CD +Y). (1.46)
We will come back later to this important effect and its relation to survey systematics.
This contribution can be of the same order of magnitude as the standard terms. Roughly
speaking, the Laplacian over the transverse directions cancels the (#/k)? supression
factor associated to the metric potentials. On the other hand, it consists in an integral
along the line-of-sight which is enhanced at high redshifts, becoming comparable to
density and RSD Contributions [24, 27] Nevertheless, it is expected to be subdominant
of the terms are directly proportional to the Bardeen potentlals ® and Y (or thelr time
derivatives). Therefore, they are suppressed by a factor of (H/k) with respect to the
Doppler and gravitational redshift terms and hence by a factor of (H /k)? with respect
to the Newtonian terms. We can summarize them into an additional correction term

Acorr(n,z) = /dr (@ +¥) +3HV 2(VV) + ¥ — 2c1>+Hc1>

+ (,;fz + r;) <‘f+/0 dr' (& +‘1f)> . (147)
where the second term arises from writing D; in the comoving gauge with eq. (1.8).
These terms are due to distortions in the energy of the photons, the path of the geodesic
and the time taken by the photons to travel from the source towards the observer’s
detector. Obviously, they have proper names and interesting features. The first term
here is the Shapiro time delay, or gravitational time delay. In short and as its name
suggests, the existence of gravitational potentials along the line of sight hinders the
traveling photons, inducing a delay in their expected arrival times. This effect has
been used to test General Relativity in the solar system using radar signals sent and
received from Earth to Venus, providing an estimation of the time delay of photons due
to the presence of a massive body like the Sun. In addition, the terms in the second
line of eq. (1.47) are the Sachs-Wolfe contributions, which determine the amplitude of
the gravitational field affecting the energy of the received photons. They split into the
ordinary Sachs-Wolfe term accounting for the effect of ¥ at the last scattering surface,
on which the CMB is measured, and the integrated Sachs-Wolfe effect which encodes
the fluctuations induced by the time-varying potentials that photons have to cross on
its path from the last-scattering surface to the observer’s detector. Last, the remaining
scalar potential terms are independent of the directions and are hence subdominant,
monopolar contributions, which can safely be neglected against the density fluctuations
in sub-horizon scales. However, for ultra-large scales, i.e. for very small values of k, they
will come back as additional corrections to the main contributions. We will delve more
into details about this fact in Part iv.

Importantly, the result derived in this section is incomplete. We omitted an important
fact in the derivation of eq. (1.40) which is that, in practice, the redshift surveys on
which A can be observed are magnitude limited. In other words, our detectors have a
default luminosity threshold limiting the observational capacity: only galaxies above this
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Figure 1.4: Image of the galaxy cluster SDSS J1038+4849, commonly known as the ‘Cheshire
Cat’ or the ‘Smiley’, and the Einstein’s rings due to strong lensing, as imaged by the
HST. Borrowed from Loff, Sarah; Dunbar, Brian (10 February 2015). "Hubble Sees A
Smiling Lens".

luminosity threshold can be detected. However, as discussed, inhomogeneities along
the photons’ trajectories can affect the number of galaxies we are able to detect. Due to
gravitational lensing, galaxies behind overdense regions are distorted and magnified, and
hence can enter in our detector threshold even if its intrinsic luminosity was too small
in principle. Of course, the opposite effect is possible. In addition, we have neglected
the possibility that the number of galaxies can change during the evolution of structures
due to generation and merger of galaxies, clusters and such. Accounting for this feature
is possible, but our expression (1.40) will require of a further refinement. These two
systematic effects are relevant for the study of the relativistic effects Aggr,. We will come
back later to them and how to include them into our observable.

1.3 GRAVITATIONAL LENSING: THE CONVERGENCE FIELD

Gravitational Lensing is possibly one of the most interesting and visually beautiful
phenomena existing in our Universe. Scientifically speaking, the study of gravitational
lensing is an independent probe that provides crucial information about the LSS. As
a direct consequence of the curvature of space-time on the propagation of light, as
postulated by Einstein already at the time of establishing the pillars of GR, gravitational
lensing effects contain crucial information to test gravity models. We can distinguish

three different regimes on which gravitational lensing can happen: strong, micro and weak.

The first happens when the lens is a very massive and compact object and the source
is relatively close to it. This phenomenon is very rare but delights us with wonderful
images: the bending of light due to the lens is so extreme that we are able to observe
multiple images of the same source and, if by chance the source, lens and observer’s
camera are aligned, a unique figure called Einstein’s ring will be seen (see fig. 1.4). In
addition, the micro lensing is a physical effect that is exploited for observing small objects

that emit from little to no light at all, such as the exoplanets or other transient sources.

Last, the weak lensing is the one of most interest for this Thesis. Similarly as in the
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strong lensing case, the light coming from sources sitting behind massive objects is
bent, distorting the photon’s trajectories. In this case, weak lensing accounts for the
stretching and distortion of source images through shear, or for their magnification
through convergence. Although much smaller in amplitude than strong lensing, it is
a much more common effect that has wide applications in the study of the statistical
properties of the Universe, e.g. in the form of CMB lensing, which as of today conforms
its own field of study and represents a powerful tool to probe the LSS at large redshifts
1 <z <5[28,29].

Let us now focus on the weak gravitational lensing and in particular in the study of
the convergence field x in a fully relativistic manner. We follow refs. [7, 30-32]. As in
the case of the galaxy number counts fluctuations we adopt the metric for a perturbed
Friedman Universe, and compute the distortion of a light beam by density perturbations
between the source and the observer, i.e. we solve the Sachs equation. The weak lensing
phenomenon can be described through a linear application called the Jacobi map. This is
formally a 4x4 matrix which relates the surface of the foreground galaxy to its projection
at the observer’s observation plane, which is presumably distorted due to gravitational
perturbations induced by the lenses. In a first approximation, we can reduce the problem
to a 2x2 matrix called the magnification matrix mapping the angles at source and observer
positions, by assuming that both the source and the image belong to the same two-
dimensional subspace, i.e. the plane normal to the photon direction and to the observer
four-velocity. For small angles, we can write 85 = A 8 where

1— _
A= ( M 72 ) . (1.48)
-2 1-x—m

The convergence « is the trace of the magnification matrix A, while the traceless part
encodes the complex shear, defined as v = 71 4+ i,. Formally, both convergence and
shear components are defined in terms of the so-called lensing potential

7,./

r
®w(n,z) :/0 dr'

from where taking the Laplacian over the transverse directions we obtain the lensing
convergence

! —(@+Y), (1.49)

1
K= EAQ Py (n,z), (1.50)

and the shear components are given by the combinations

1
T = 5(3131 — 0202) Pw(n, z), 72 = 9192 Pw(n, 2). (1.51)

However, the source and observer’s four-velocities generally differ, and hence the
sources and images do not really belong to the same transverse plane. We can take
account of this difference, but we need to modify the magnification matrix written
above. Without getting into details, this modification will induce additional corrections
to the shear which are second order in the peculiar velocities and hence too small to
be observed. In addition, we also have to take into account that we measure quantities
in redshift space, which generates additional contributions to the convergence in the
form of redshift and volume fluctuations. These corrections are however relevant and
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Figure 1.5: Diagram depicting the weak lensing effect produced by the existence of a large massive
object in between the source and the observer. The figure on the right represents the
linear order effects in the observer’s focal plane. We identify a magnification effect
(x of eq. (1.52)), which produces a change in the apparenti size or magnitude of the
objects, and a cosmic shear effect (y, the combination of egs.(1.51)), which encodes the
distortion of the shape.

measurable at redshifts z < 1, and thus cannot be neglected. In summary, the relation
between shear and convergence is affected by the galaxies” peculiar velocities. We jump
over the detailed calculation of these contributions, which can be found in e.g. [30
32]. The fully relativistic expression for the convergence at linear order, in terms of
gauge-invariant variables takes the form

= /d’r Aq(®+ ) —f/ ar' (@ + %) (1.52)

,

+ <r;{ —1) n-V-+ (1— r;) [‘PJF/O dr’(ciH—‘P)} +&.
We immediately identify a Doppler term in the second line indicating that the relative
motion of a galaxy with respect to the observer changes its apparent size and luminosity
in redshift space. The sign of this contribution, namely if the galaxy is magnified or
demagnified clearly depends on the velocity direction through the product n -V, but
also on the sign of the prefactor (see discussion in ref. [7]). For a fixed redshift, a
galaxy moving towards us (with n -V < 0) is seen as further away than a galaxy with
null peculiar velocity. At small redshifts, the term divided by "+ dominates, leading
to a demagnification of the galaxy, whereas at large redshift 1/rH < 1 producing a
magnification effect on the galaxy. This velocity contribution is known under the name
of Doppler lensing, and it has been extensively studied in the literature, where the reader
might find it denoted by «, (see e.g. [31, 33, 34]).

Regarding the remaining terms in eq. (1.52), the first line contains the ‘standard’
gravitational lensing we found for the galaxy number counts fluctuations in eq. (1.40).
This term is often denoted by «,. In principle, it is of the same order of magnitude as
the Doppler lensing, but their relative importance depends again on the redshift. At
small redshifts, the factor 1/7H enhances the Doppler effect rendering the gravitational
lensing term as the subdominant contribution. On the other hand, the integral nature
of the standard gravitational lensing means that light deflections along the line of sight
due to gravity accumulate for large redshifts, and hence it becomes the dominant term
with respect to the Doppler lensing. The other terms in x, encoding the relativistic
corrections to the observed distances generated by the gravitational potentials ® and ¥,
are suppressed by a factor H /k with respect to gravitational and Doppler lensing.
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1.4 ACCOUNTING FOR SYSTEMATICS: EVOLUTION AND MAGNIFICATION BIAS

At this point, we hope the reader has become familiar with the relativistic effects
affecting the apparent LSS of the Universe and how they modify our observables, in
particular the galaxy number counts fluctuations A(n, z) and the weak lensing conver-
gence «(n, z), for which we have provided the gauge-invariant expressions at linear order
in perturbation theory. Looking back at our expression for A(n, z) (1.40), we recall we
had neglected two important details which depend on the specific survey on which we
perform our observations: the evolution and magnification biases. In this sense, we regard
them as systematic effects which are not generated out of gravitational perturbations but
that induce additional modulations to the velocity perturbations. Therefore, they need to
be included to obtain the true physical expression for the number counts fluctuations.

In the first place, we implicitly neglected the evolution of the background number
density in the definition of A(n, z), apart from the effect of dilution due to the Universe
expansion. It is natural to expect that the evolution of structures, starting from a
nearly homogeneous scenario at early-times and leading to the intricate configuration
of filaments and voids characteristic of the late-times Cosmic Web, implies generation
and merger of galaxies, clusters and all sorts of cosmic objects. Indeed, halo and galaxy
formation and evolution lead to a non-conserved comoving number density which
induces an additional modulation to the Doppler contribution in (1.40). We shall call this
new correction as the evolution bias. Formally speaking, it arises as additional redshift (or
comoving time) perturbations in A. Let us write 7ig(1 + d¢(n, z))dQdz, where 7ig(z) is
the average comoving number density of sources and Jg the galaxy density perturbations
in the comoving gauge, directly measured from the survey at a fixed observed redshift
Z. Let us relax the notation and omit the overbar on z, assuming all the quantities
discussed here are evaluated at this background redshift. We can expand to first order
the comoving galaxy number density as in ref. [11]

a*(z) ng(z) = a°(z) fig(z) (1 +64(n,z)) — (1 + Z)Ewﬂsz;s(z)) oz. (1.53)

The last term here encodes the so-called evolution bias. We will use the shorthand
notation

—(1—|—z)iln

fevol ( Z) e

(’%@) _ 1dIn(@ng(z)) (1.54)

(1+4+2z)3 H dt

Hence, the evolution bias accounts for the difference between the redshift scaling of
sources with respect to that of the mean density, which goes as g ~ (1 + z)3. Of course,
fevel = 0 corresponds to the ideal case where the comoving number density of sources
is conserved. This quantity is totally dependent on the tracer and has to be estimated
independently for each survey [35]. In the Newtonian gauge, eq. (1.30) reduces ton - V
(and the less relevant potential terms) and therefore the additional correction to the
galaxy number counts fluctuations enter as an additional modulation to the Doppler
contribution in Aggp in the form f°l(z)n - V.

Secondly, there is the caveat that eq. (1.40) does not account for the fact that redshift
surveys are limited in magnitude or luminosity. This means that we can only observe
galaxies above a fixed flux threshold. It is crucial now to note that the weak lensing
convergence discussed in sec. 1.3 plays a role around this limitation. What convergence
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does is to increase (or decrease) the apparent magnitude or luminosity of a source that
is lensed by a gravitational distortion induced by a heavy object between source and
observer. In general, galaxies with too small intrinsic luminosity to be detected can
surpass the luminosity threshold if they are behind an overdense region. We say then
that the galaxies have been magnified. The opposite effect can also happen: galaxies are
demagnified when they live behind underdense regions, becoming undetectable. Note
that the convergence-like contribution appearing in eq. (1.40) is not enough to account
for this correction. In order to fully quantify this effect, we need to incorporate to A the
relativistic corrections to . Let us define an additional correction to the number counts
fluctuations of the form [36]

Amac(n,z) =55(2) k(n,z), (1.55)

where s(z) is the magnification bias and « takes the form of eq.(1.52). Alternatively, we
could obtain the same contribution by computing the fluctuations in the luminosity
distance [2, 37]. The magnification bias can be several ways, depending on the focus
of the survey we are using. It is another astrophysical parameter that is obtained from
the intrinsic source properties, more in particular from the luminosity function of the
sources. Being L, the luminosity cut of a given survey, the magnification bias can be
defined in terms of the galaxy number density at the source ng [35]

_galnng(z, L)

_2 o
s2)=5Q0@) = g5

(1.56)
which is intrinsically dependent on the survey luminosity cut. Here O determines the
number of galaxies that are gained at the observer’s position due to magnification, i.e.
for x > 0, or lost due to demagnification, i.e. for x < 0. Similarly as with f¢"°!, we
need to model s(z) for each experiment separately. We refer the reader to some of the
literature regarding estimation and modeling of the magnification and evolution bias
for different surveys and different type of tracers [35, 38—40]. Later on in this Thesis, we
will turn back to the modeling of these important systematic effects for spectroscopic
surveys.

1.5 THE (PHYSICAL) GALAXY NUMBER COUNTS AT LINEAR ORDER

We have all the ingredients to write down the physical expression for the galaxy
number counts fluctuations at linear order in perturbation theory. Schematically speaking,
we can separate the contributions into

A(n,z) = Ast + ARgL + ALENs + ACORR (1.57)

We can use egs. (1.55), (1.52), and use the expansion (1.53) including fevol to find
that the magnification and evolution biases enter as additional Doppler modulations
into eq. (1.40). Hence, the first term above is given by (1.42), whilst the relativistic
contributions Aggr, are now

H 2-5s

@_55_ rH

AggeL(n, z) = <1 — —|—fe"°1> n-V+ 1hv + e 9,Y, (1.58)

H H
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For completion, if we use the Euler equation (1.44) here, the simplified Doppler contribu-
tion including the systematic effects will be
H  2-5s

++%—fm)mV. (1.59)

ARgL(n,z) = — (7—[2 T

Let us note that the gravitational lensing and gravitational potential terms in eq. (1.40)

also pick corrections proportional to the magnification and evolution biases. The lensing
contribution to in egs. (1.46) is rewritten as

" A(®+¥). (1.60)

_ 2 T
Arens(n, z) = % /0 dr'”

2 rr!

Finally, the additional relativistic corrections encoded in (1.47) are recast to the form

2 _5s 7
Acorr(n, z) = — > /0 dr'(®+¥) + (3 —fe"°1> HV 2 (VV)+ ¥ + (55 —2)®
1. H [ 2-5s  evol P
+H®+<Hf+rH 55— f >(W+Adu¢+wo.@m)

To conclude this Part, let us stress the main goal of this Thesis. The goal in all the
projects included here is to evaluate the information contained in the relativistic effects
using future galaxy surveys, in comparison with standard analyses which focus only on
the standard terms Agt. The relativistic contributions Argy are systematically neglected
due to limitations of current surveys, which do not reach the necessary sensitivity for
their detection. Measurements of the galaxy number counts fluctuations can be the target
of spectroscopic galaxy surveys and provide crucial information about the theory of
gravity. We will demonstrate that these type of surveys represent the ideal playground
from where to extract the information encoded in the Doppler and gravitational redshift
effects. Henceforth, following the arguments regarding the order of magnitude hierarchy
of the different contributions to A, the expression we will use in the text for the galaxy
number counts fluctuations is thus the sum A(n,z) = Agr(n,z) + AggrL(n,z) given
egs. (1.42) and (1.58), respectively (or (1.59) in a context where we can take the Euler
equation to be valid). On the other hand, photometric surveys target the weak lensing
effects that are better measured in angular scales. These are direct probes of cosmic shear
field vy, which can be mapped to the lensing convergence term, ¥, when neglecting
relativistic effects in x. These probes are sensitive to the total matter density distribution
along the line-of-sight. Given that spectroscopic and photometric surveys are often
independent and compatible probes, we will aim to consistently combine the information
provided by both in order to develop meaningful gravity tests that include the most
information possible. However, in practice, our observable quantities A and g are not
useful on their own to be confronted with the data provided by such experiments. The
observer willing to go beyond theory has to rely on adapted statistical techniques for
optimal extraction of the relevant information from each of the experiments, in order
to meaningfully compare theory and observations. This will be the subject for the next
Chapter.
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Cosmology is probably entering its own Golden Age. The temperature anisotropies
of the CMB have already been measured with astonishing precision by dozens of
experiments and a new phase of new probes continues to grow. The late clustering of
matter, i.e. the Cosmic Web, has already been demonstrated in several ways. In this case,
the increasing trend does not fade away at all either. Following the success of galaxy
redshift studies mapping the distribution of objects on the sky with the Sloan Digital
Sky Survey (SDSS) and the Two Degree Field (2dF), the observers willing to study the
Heavens through the propagation of light undertook photometric studies focusing on
the galaxy lensing effects. Examples are the Kilo-Degree Survey (KiDS), the Dark Energy
Survey (DES). There have been also spectroscopic extensions to SDSS, such as the Baryon
Acoustic Spectroscopic Survey (BOSS). From the 2020s to the next decades, the IV-Stage
galaxy surveys will dominate the scene. In the spectroscopic realm, the Dark Energy
Survey Instrument (DESI) and the Square Kilometer Array (SKA) will provide high
precision redshift data from about ~ 1 billion of galaxies. In the photometric field, we
will have exquisite lensing maps from the Legacy Survey of Space and Time (LSST) at
the Vera Rubin’s Observatory. In addition, the Euclid satellite will provide both high
quality spectroscopic and photometric data. Each of these experiments is expected to
deliver datasets of unprecedented size and quality creating both new exciting challenges
in the analysis on the technical side, but also new thrilling opportunities for testing the
theory of gravity and possibly unveil the unsolved mysteries.

The increased precision and quality of the data open the door for new estimators
and probes for sectors of the theory previously inaccessible. As a matter of fact, the
relativistic effects Aggr, have been known to exist for about a decade, but have been
systematically neglected due to their subdominant nature. In short, the number of
galaxies was not enough and shot-noise dominates over the signal arising from relativistic
contributions. In this Thesis, we want to demonstrate that this will not be the case for
future spectroscopic analysis. With a significant increase in number of detected galaxies,
the shot-noise will no longer prevent us from detecting the relativistic effects with enough
significance, and therefore neglecting them will be inconsistent. The fact that they can
be useful to probe crucial general relativistic effects on large scales will turn out to be
decisive for the task of testing gravity on large scales with minimal assumptions about
the particular theory.

What we can really observe are the deviations with respect to a mean distribution,
and the correlations between these deviations. Theoretically, we used perturbation
variables to describe these deviations and computed the physical relations between
them. We assumed these perturbations to have grown out of gravitational instabilities
induced by small quantum fluctuations in the Early Universe. It is precisely the quantum
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nature of the primordial fluctuations what endows them with the crucial property of
Gaussianity. The subsequent gravitational interactions making matter perturbations
evolve linearly during matter domination are not changing this property. Henceforth,
the perturbations variables at late-times can be assumed to be Gaussian random fields,
6, V, ® and Y. The beauty and utility of Gaussianity in this context is that such type
of fields are fully characterized by the mean and covariance. In addition, the inherent
structure of the data, if any, can be fully determined via the correlation function or its
Fourier space counterpart, the power spectrum. No higher-order probabilistic moments
are needed. If small departures from Gaussianity were present, it will be more precise
to say that higher-order moments are strongly suppressed, but linear correlations will
still be carrying most of the information. However, interestingly, higher-order moments
such as the bispectrum have been used more frequently in the past years, in an attempt to
evaluate the existence of deviations from Gaussianity and their observable effects [41].
These departures from Gaussianity can have various origins: they can be primordial, i.e.
associated to the primordial fluctuations, but they can also be generated by non-linear
evolution of small, non-linear scales.

Galaxy surveys mission is to gather data about the Cosmic Web. From this data, one
can build maps of our cosmic environment such as that of fig. 1.1. Clearly, the data
presented in this way has an inherent structure which seems very unlikely to have arisen
from pure randomness. We, the observers, desire to understand the physical mechanisms
that transformed the primordial tiny fluctuations into the intricate network of voids,
filaments and sheets and probe if the most successful theory of gravity up to date can also
explain what we see. In Chapter 1 we computed the observable quantities accounting
for the fluctuations in the galaxy number counts A, and the changes in the apparent
sizes and magnitude of galaxies due to weak-lensing convergence x. The expressions are
useful to identify the distinct effects affecting what we observe and where do they come
from, but cannot be directly extracted from the cosmological datasets.

In this Chapter, we present the necessary tools to perform meaningful measure-
ments from current and future cosmological datasets. The information from the three-
dimensional galaxy clustering maps is analyzed using the 2-point correlation function
(2pCF). In the photometric realm, we resort to the angular power spectra for analyzing the
lensing maps. There we can obtain independent measurements of photometric clustering
and shear and their correlations in the angular projections on the sky. Formally, in this
Thesis, we will consider angular correlations of clustering and lensing contribution to
the convergence, Kg, which are inferred from cosmic shear measurements. *. This is
commonly known within the photometric community as the 2 x 2pt analysis.

In addition, we review the inference techniques that we will require to connect the
physical observables with the model parameters. Adopting a Bayesian approach, we
can map a prior probability distribution on the observable quantities into a posterior
probability distribution on the model parameters. In this context, we can infer the preci-
sion that we expect from the measurements, provided we know the survey specifications
in two ways: we will perform a Fisher analysis, which require to assume the posterior
distribution will also be Gaussian. However, if we cannot rely on this assumption, which
is often the case, we will rather use a Monte Carlo Markov Chain (MCMC) algorithm to
infer the parameter constraints.

It is only between <y and x4 (first term in (1.52)) for which an exact relation can be found. In practice, the
additional relativistic effects in the full expression x are usually neglected.
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2.1 REDSHIFT-SPACE POWER SPECTRA

The gauge-invariant perturbation theory discussed in sec. 1.1 makes use of the har-
monic decomposition for convenience. In Fourier space, the scalar, vector and tensor
perturbation modes decouple and follow independent evolution equations, significantly
simplifying the analysis. In this way, we arrive to the Fourier space expressions for the
scalar perturbation variables and the correspondent Einstein equations. The real-space
formulae are easily obtained by inverse Fourier transformations. However, since linear
perturbations in Fourier space are simpler to analyze and one might be naturally tempted
to estimate the statistical information directly there, where moreover the perturbation
modes at different scales are uncorrelated. Assuming the perturbations to be Gaussian
random fields, this is done by computing the power spectrum.

In general, all the perturbations modes in the Fourier realm are functions of the wave
vector k and time. The standard approach within adiabatic perturbations is to express
the perturbation variables in terms of an initial random field that was generated at
early times from quantum fluctuations. People usually identify this variable to the
initial Bardeen potential ¥;,. In this way, we can write the rest of the variables in terms
of transfer functions, mapping their values at a given time to this ¥;,. Mathematically
speaking, we define

¥(k 2) = T (k 2) ¥in(K), (21)
5(k,z) = Ts(k,z) ¥in(k), (2.2)
V(k,z) = Ty (k,z) ¥in (k). (2.3)

In this way, the statistical correlations of Fourier modes are characterized by the primordial
power spectrum alone, encoding the (almost) Gaussian correlations of the primordial
quantum fluctuations. We define

I (Ein (1) ¥in (1)) = (270)°6(k + k) P(K), (2.4)

where it is explicit that different Fourier modes are uncorrelated. The primordial power
spectrum Pin (k) is given by

1 k 1’1571
Pin(k) = ﬁA <k*> ’ (25)

where k, is the pivot scale on which the amplitude of the primordial fluctuations A
is measured and #; is the spectral index. Note that A here is related to the Planck
parameter A through A = 872A;/9. The primordial power spectrum is completely
determined by these two parameters that can be measured through CMB observations
[6]. Thus, it is sufficient to determine the initial power spectrum and then to use the
transfer functions to obtain the power spectrum of any other fluctuation variable.

The transfer functions Tx depend on the theory of gravity fixing the relations between
matter and metric degrees of freedom. Importantly, they are deterministic functions that
do not depend on the directions k, in the sense that provide a map for any z assuming
linear evolution is valid. In GR, we can make use of egs. (1.10) (or (1.24)), (1.12) and
(1.15) to relate the velocity and metric perturbations transfer functions to that associated
to the matter perturbations
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2
Ty(kz) = > Gj) U (2) Ty (k, 2), (2.6)
T@(k,Z) = T\{f(k,Z), (27)
Ty(k,z) = —% (z) Ts(k, z). (2.8)

From egs (2.6) and (2.7), we can easily find an additional transfer function associated to
the Weyl potential

H(z)
k

2
Totv(k,z) = 2T (k,z) = —30m(z) [ } Ts(k,z) . (2.9)
At late-times, when all the relevant perturbation modes live inside the horizon, the matter
transfer function can be split into a time-independent part and the growth function,
which is independent of k. In this way, we can parametrize the link between the matter
perturbations and the primordial potential in terms of the present values of (), o and
Hy, as measured e.g. by Planck [6]

_§ k2 D1 (a)
5 le() Hg a

Ts(k,z) = T(k). (2.10)
With full generality, we can define the power spectrum encoding the statistical correla-
tions between two perturbation variables A and B in the form

(A(k,z) B(K',z)) = (27)° Pap(k, z) 0°(k + k'), (2.11)
which can be related to the primordial power spectrum via the transfer functions
Pag(k,z) = k7> Ta(k,2) Tg(k, z) Pin(K). (2.12)

In sec. 1.1 we solved the equation for dust perturbations in a ACDM Universe in terms of
the growth factor D (z) mapping the solution at a given time z, to any other z by a linear
relation. This will be always valid during matter domination. We can do the same for the
power spectrum defined here. Current Boltzmann solvers are fast in computing T (k) and
the matter power spectrum at any z, using eq. (2.10). Hence, Ps;(k, z.) is fixed by the
early Universe physics. Then, we can compute any other power spectrum contribution
by linear evolution and the appropriate transfer functions, such that from

_ Di(z)
D1 (z.)

T5<krz) Té(krz*)/ (2-13)

the matter power spectrum at any redshift is easily obtained

D] (Z)
D1 (z)

2
Pss(k,z) = < > Pss(k, z), (2.14)
where Dj(z,) is introduced to normalize the quantity at z,. Hence, we are left with
the computation of the time evolution for the quantities entering the transfer functions.
If interested in transforming back to real-space, additional integrations over k will be
needed.
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2.1.1  Galaxy number counts in Fourier Space

The galaxy number count fluctuations power spectrum can be computed by using the
previous considerations in the following manner. For full generality, we consider the
case of two populations with different intrinsic properties, leading to different values of
the population, magnification and evolution biases. We shall label each population of
galaxies according to their luminosity, L, M. Let us define

(ALK, 2) A(K, 2)m) = (270)° P (k, 2) 8° (k + '), (2.15)

where A(k, z) is the transfer function of the combination A = Agy + Aggr (egs. (1.42) and
(1.58)). Using the convention in Appendix A.1 and x = rn, k = kk we have the formal
relation

Ap(k,z) = /d3x Ar(n,z) gk kn, (2.16)

However, in practice it is enough to take into account the transformation of the spatial
derivatives to Fourier space, 0, = —ikn. Time derivatives however commute with
the Fourier transform operation. Hence, the galaxy number counts fluctuations for a
population of galaxies with luminosity L becomes

Ap(k,z) = bL(z)é(k,z)—,lez)(lA( -n)*V(k,z) (2.17)
Ca 1 k
+i(k-n) |aL(z)V(k,z) + %V(k,z) - %‘P(k,z) ,
where we have defined the redshift dependent factor
_ o H(Z) o - 2— 5SL(Z) evol
ap(z) = (1 (2) 5s1.(2) TOHE) + i (z)> (2.18)

and the velocity potential, V, is defined through V(k,z) = ikV(k,z). eq. (2.17) is valid
only for a fixed line-of-sight direction n that has to be chosen from a given coordinate
system. The product (k - n) represents the angle formed by the direction of observation
and the wave vector, which depends on the chosen coordinate system. However, further
considerations on this issue are better understood in configuration space and will be
discussed in the next Section. For the time being, let us just mention that ‘fixing” the n
can be done by assuming the sources to be sufficiently far leading to a configuration

called the flat-sky limit, such that incoming Fourier modes are described by plane waves.

Using the definitions for the transfer functions given in egs. (2.1)-(2.3) and (2.12), the
power spectrum is then a linear combination of products of the quantities

Aé(klz) = bL(Z) T(g(k,Z), (2.19)
ARP(k,z) = _HIEZ)(R -n)? Ty (k,z), (2.20)
AV (k,z) = ar(z) Ty (k,2), (2.21)
Av(k,z) = %T‘-/(k,z), (2.22)
At (k,z) = _k Ty (k,z), (2.23)

H
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where for V(k,z) = d(Ty)/dt ¥in(k) we have written T, = d(Ty)/dt. In General
Relativity, we might use the relations (2.6)-(2.10) to compute Ppp(k,z). In particular,
using (2.8) we can find

Ty =4 (@ Tk2) (229

= —H]EZ) (HG) f(2)+H(2) f(2) + fA(2)) Tulk,2), (2.25)

where we have used that in conformal time we have D; = H fD; which implies T5 =
HfTs.

In Fourier space, the contributions to the number counts fluctuations power spectrum
naturally appear as a power series in the angle (k - n). Transforming this power series into
an expression in terms of Legendre polynomials is then possible by using the definitions
given in Appendix A.2. In this way, we can extract the multipoles of the power spectrum
by exploiting some of their properties. Given that the Legendre polynomials form an
orthogonal set, the multipole ¢ of Py can be extracted by weighting it with the Legendre
polynomial P(x) of degree ¢ and integrating over y = k- n

20+1 1
P{ﬁ(k,z) =75 leVPE(V)PLM(k, ",z). (2.26)

This technique permits to regard each PL(Q[(k,z) as an independent quantity directly
measurable from cosmological datasets by a simple fitting operation. At this level, we
could already construct an estimator out of the predicted multipoles from a given theory.
From eq. (2.17) we will find a reduced set of three even multipoles (¢ = 0, 2, 4) and two
odd multipoles (¢ = 1, 3). Interestingly, for an appropriate choice of the angle u the
latter will contain all the information of the relativistic effects contributions to the power
spectrum, while the even multipoles encode the standard terms. The even multipoles
have been shown to be optimal observables for measuring the growth rate of fluctuations
and the population bias, and are widely used in current analysis. However, if we wish
to include the odd multipoles tracking the relativistic corrections, estimators based on
the redshift-space power spectrum suffer from an important limitation. In this context,
the fixed line-of sight is only approximately valid and one needs to take into account
corrections to the projections on the flat-sky. These corrections scale linearly with the
separations between the correlated points d and depend on the angle k - n, becoming
comparable in magnitude to the odd multipoles when including large separations. They
thus affect the observables as a contamination. It turns out that in order to include this
so-called wide-angle corrections it is necessary to work in configuration space, with the
correlation function between two small volumes in the sky. As we will see in sec. 2.2,
the wide-angle effects are originated by the standard terms and enter as additional
corrections to the odd multipoles. Fortunately, it is possible to design estimators based
on the correlation function that take into account the wide-angle effects making possible
to remove them from the signal.



2.2 THE 2-PT CORRELATION FUNCTION OF SPECTROSCOPIC SURVEYS

2.1.2  Convergence field in Fourier space

Additional difficulties also appear if we consider observables including integrated
effects such as the convergence field x(n, z). To leading order in perturbation theory, the
dominant effect in eq. (1.52) is

1 o r—7
K(n,z):g/o dr = Aq(®+Y). (2.27)

Estimators including « are probes of the Weyl potential, (® +¥)/2, a combination which
is subdominant for correlations using only pure number counts fluctuations at low
redshift. However, we are free to combine gravitational lensing observables with galaxy
number counts, the so-called galaxy-galaxy lensing correlations. In Fourier space, we
might naively define the galaxy-galaxy lensing power spectrum as

(AL(k, z2) k(K Z")) = (271)% Pac(k, 2) 8° (k + K'). (2.28)

The dominant contribution would be the term encoding the correlations with density
and the transverse plane derivatives of the sum of the potentials. We shall denote
Ps(@+w)(k,z). Using our definitions for the transfer functions (2.6) and the fact that in GR

we have ¥ = @, we find a transfer function for the Weyl potential to be just Tov = 2T.

However, obtaining the fourier transform of x(n, z) is more intricate than to compute
A(k,z). The integral in « has to be performed in a hypersurface of constant time that is
only defined in the past light-cone of the observer. This makes the definition of Pa,(k, z)
above as ill-defined. However, the configuration space galaxy-galaxy lensing correlation
is a well-defined quantity. In order to extract the correct P5y) we are forced to work
in configuration space and implement the Limber approximation when performing the
Fourier transform. We will come back later to this important subtlety, but let us first to
finally travel to configuration space and build the relevant estimators in a fully consistent
way.

2.2 THE 2-PT CORRELATION FUNCTION OF SPECTROSCOPIC SURVEYS

In Statistics, the correlation function is generally defined as the quantity that encodes the
statistical correlation between two or more random variables as a function of their spatial
or temporal separation. Provided A(n, z) is our random variable, the previous definition
is no different in Cosmology. Given a random galaxy in a sky location, the 2-point
correlation function describes the probability that another galaxy will be found within a
given distance. In order for this to be entirely consistent in the statistical sense, we are
required to compute the ensemble average of every pair in the distribution. However, in
practice, statistical homogeneity and isotropy allow us to replace the ensemble average
by an average over pairs. Hence, we just count pairs of galaxies separated by a certain
distance in a given redshift range. What we demonstrated in Chapter 1 is that there are
relativistic effects arising from gravitational perturbations in the propagation of light
that affect the count. In fact, they leave an imprint in the Cosmic Web structure that is
captured in the correlation function. Of course, a different gravity theory will lead to a
distinct pattern in the observed galaxy distribution.

The galaxy 2-point correlation function compares the number of galaxies in a small
volume of the sky, a pixel, at around redshift z; given by a small solid angle around
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direction n; with another pixel at (ny, z»). With full generality, the pair of galaxies under
consideration will exhibit different properties. Let us label the pairs according to e.g.
their luminosity

(’,‘LM(nl,nz,z1,zz) = <AL(n1,Zl) AM(nz, 22)>. (2.29)

Statistical isotropy reduces the resulting correlation function to be only dependent on the
separation between the points. We can write this down in terms of the angle 6 between
n; and ny, through n; - np = cos 0. The comoving distance to each pixel is then denoted
by r, =7r;n;.

We can compute the projection of ¢ on the sky is by the expansion in Legendre
polynomials of the angle 6 [42]

£(0,21,70) = % §°(26 4 1)Cy(z1, 22) Po(cosh), (2.30)
J4

where the Cy(z1,z2) is the angular-redshift power spectrum and P, denotes the Legendre
polynomial of degree ¢. The C;’s are a way to estimate the correlations up to a given
angular scale determined by /. The larger the ¢, the smaller the scales that are being
included in the approximation. Small scales here mean to focus on small angles, which
scale § ~ 1/¢ < 1. Theoretically speaking this is entirely satisfactory. We have precise
and fast Boltzmann codes like CAMB and CLASS that are able to compute the C;’s.
Additionally, they are directly observable quantities. This is the standard technique to
extract the information provided by photometric surveys where we analyze a dozen
of redshift slices. However, it is not the optimal approach to study the correlations
from spectroscopic information. Datasets from surveys like DESI, SKA or Euclid will
require thousands of redshift slices leading to several million Cy(z1,2) for accurate
reconstruction of the spectrum. This is highly inefficient from the computational point of
view. In addition, each of those thin spectroscopic bins will only have a few thousands of
galaxies and hence the spectra shot-noise, which scales as ~ 1/ N, is expected to be very
large. This limits the computation to very low values of ¢, which dramatically narrows
down the accuracy [42].

2.2.1  The full-sky relativistic correlation function

Alternatively, we can avoid the computation of thousands of C;’s and obtain an
exact expression for the correlation function by expanding &iam(6,z1,22) in Tripolar
Spherical Harmonics [43, 44]. The resulting expression is called the full sky 2-point
correlation function. Here we summarize a simplified version of the computation with
the fully relativistic A(n, z), following [42, 45, 46]. However, in contrast with the selected
references, we will perform the computation for the more general situation of multiple
populations with distinct luminosities. It is convenient to begin by computing the Fourier
transform of the k-space correlations found in sec. (2.1), according to our convention (see
Appendix A.1)

d3k1 d3k2 —i(kyr;+Kkorp)
¢um(ny, no, 21, 22) :/ e ¢ mrlan) (A (kq, z1) Am(ka, 22)) (2.31)
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Using the properties of the Legendre polynomials and spherical Bessel functions sum-
marized in Appendices A.2 and A .4, we find that the C/(z1,z2) are of the form

dk
3

where P (k) is the power spectrum of primordial fluctuations as defined in eq.(2.5).
The Ay(k,z) denote the multipoles of the (partial) Fourier-Bessel transforms for each
contribution to eq.(2.17), labeled by the superscripts A and B (see egs.(2.19)-(2.23)). For
this Thesis, only the standard contributions, the relativistic doppler and gravitational
redshift contributions are relevant. Hence, we have the set of contributions [42, 46]

CPB(z1,20) = 4m A} (k,z1) DB (K, zp) P (K), (2.32)

N (k,z) = br(z) Ts(k, 2) je(kr), (2.33)
AP (k,2) = 0 Ty (k,2) k), (234)
A (k,z) = ar(2) Ty (k, 2) jy (kr), (2.35)
AV (k,2) = o Ty(k,2) i k), (236)
N (k2) = o Tk, 2) i k). (237)

The j;(kr) are the spherical Bessel functions of wave number k and comoving distance
r(z). The ' denote derivatives with respect to the arguments. The functions Tx(k, z) are
the Fourier space transfer functions, which we computed in sec. 2.1. The factor in front
of the Doppler term is given by eq. (2.18).

The hierarchy of the different contributions, discussed in secs. 1.1 and 1.2, is also
manifest in this expressions. Let us note that in contrast with the expressions given in
refs. [42, 46] here we do not use the Euler equation in order to maintain full generality.
Additionally, we explicitly include the population-dependent parameters: galaxy bias,
magnification bias and evolution bias. Using this expressions we can find a compact
form for the correlation function ¢

¢(0,21,22) E/ p Qk (0,21,22) Pn(k), (2.38)

where we defined [42, 46]

QrP(0,21,22) = ) (20 + 1)AP (k, 21) A7 (k, z2) Pe(p). (2:39)
L
Each A above has to be evaluated at a different redshift, which is implicit to the argument
of the j,’s functions, as kr; = kr(z;). Importantly, isotropy is manifest after exploiting
the properties of Legendre Polynomials and spherical Bessel functions summarized in
Appendices A.2, A.3 and A.4. We define the comoving separations of the correlated pairs
as

d=|rp—r|= \/r% + 713 — 21173 cos b (2.40)

Inserting eqs. (2.33)-(2.37) into eq. (2.39) we obtain sums over products of Legendre
polynomials and spherical Bessel functions. For the j,’s derivatives we shall use the
recurrence relations allowing to express them in terms of lower-order functions (See
Appendix A.5).
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Formally speaking, the 2-pt correlation function of two populations can be written as

Em(0,21,22) = &m0, 21, 22) + E0 REH(0, 21, 22) + Ean (6, 21, 22). (2.41)

The last term encoding the auto-correlations of the relativistic terms is suppressed by a
factor (H /k)? with respect to the ST contributions and can safely be neglected, as the
relativistic corrections contained thereby are too small to be detected. The contributions
entering in the second term are the cross-correlation between ST and REL contributions.
Being suppressed with respect to the dominant standard terms auto-correlations by a
factor of (H/k), they turn out to be sufficiently large to be observed. Let us refer to
this term as the relativistic corrections to the 2-pt correlation function. Let us also alleviate
the notation by writing ¢ST*REL(9,21,2,) = ¢REL(9,21,25). Using eq. (2.39), the ST
correlations are

Cf{,[((%zl,zz) = dkk P (k )[Q M(0,21,22) + Q(SRSD(G,Zl,Zz) (2.42)

+ QRD(0,21,27) + QRSP (6,21,22) | -

These contributions are completely symmetric under the exchange z; — z,. Similarly,
the relativistic corrections can be written as the k-integral

dk ;
tM(6,21,22) = ?Pm(k) [Q‘{X/{(G, z1,22) + QN (6,21, 22) (2.43)
+QRPY(6,21,22) + QRSDV(QIZLZz)

+ Q0 ni(0,21,22) + QRE T (0,21,22) |-

The Q2B are summarized in Appendix A.5. All together provide the exact expression for
the two point correlation function in the full sky, including the relativistic corrections of
order up to (#/k), in terms of the angle 6 and the redshifts z; and z,.

2.2.2  The distant-observer approximation

It is common to rewrite (6, z1,22) in terms of the mean redshift z = (z1 + z) /2, the
separation of the galaxies d and the relative orientation of the pair with respect to a fixed
line-of-sight. In the discussion provided in ref. [42], this fixed line-of-sight is the line
joining the observer with the midpoint of the separation and the correspondent angle is
denoted by S (see fig. 2.1). In fact, we denote as r = (r; + r2) /2 the comoving distance
to the center of the pair, and with n the fixed direction of observation, i.e. r = r(z) n.
For thin enough redshift bins, we have z; ~ z; and the evolution of redshift dependent
quantities can be safely neglected within the bin. This implies we can evaluate all the
functions at the same redshift F(z;) ~ F(z2) ~ F(z). In addition, for small angles there is
no difference in choosing B or 6, i.e. 6 ~ B. To write down ¢ in terms of the coordinates
(d, u,z), where u = cosp, is mostly straightforward. In the distant-observer regime
where d < r the angles are indeed small and are approximately related by

1d?

cos@:l—i > (1—cos®B) + O <d4> (2.44)
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O

O

Figure 2.1: Coordinates systems used in the text to compute the correlation function. The right
panel configuration is the preferred one. The information about the correlations is
encoded in a reduced set of a few multipoles of the angle 5. Also, the impact of the
wide-angle effects is minimized. For further discussion about other possible choices

see e.g. refs. [42, 47, 48]

The comoving distances are related through the expressions

1
n2=rF d cos p. (2-45)

Hence for B < 1 and d < r we also have r; ~ r. We are now able to rewrite the
factors in terms of d, ¥ and y = cos . This effectively transform our expressions into
an expansion in powers of d/r, on which we only keep terms up to first order. Using
the definitions of the Legendre polynomials, we can recast ¢(d, i, z) in terms of Py(p).
This reorganizes the different contributions in a more useful manner that is easier to
interpret, as a sum of the multipoles of the angle B. More precisely, we find that the ST
contributions will be contained in three even multipoles (with ¢ = 0, 2, 4), while the
relativistic effects generate two odd multipoles (with ¢ = 1, 3) [12, 24, 49, 50]. This is
a significantly reduced set of observables if compared with the angular power spectra
approach, and is the preferred technique for surveys that permit precise measurements
of the redshift.

Hence, we find the general and exact expression for the standard contributions to the
2-pt correlation function to be

1 dk
Gim(d . 2) =52 % Pr (k) x (2.46)

1k 1 k? ,
X [(bL bum Tg — §ﬂ(bL +bm) Ts Ty + 57_[2Tx2/> jo(kd)

2 k 4 k2 2 .
+ gﬁ(bL%—bM)TéTV—?@Tv Pa(p) jo(kd)

8 k2 _, :
+£@Tv7)4(ﬂ)]4(kd) /
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where we used Py(y) = 1. Therefore, matter perturbations and RSD generate even
multipoles in the correlation function of galaxy number counts, i.e the monopole (¢ =
0), quadrupole (¢ = 2) and the hexadecapole (¢ = 4). They are completely symmetric
contributions under the exchange of populations. In standard analysis however only
one population is considered. By setting by, = by = b we recover the expressions for the
single-population scenario.

In addition, the relativistic contributions are recast into the form

1 dk
M (41 2) =o— | <= Pr(k)x (247)

3k
" [(57{(% — o) Ty — (brag — by ) T Ty

_ ;{(bL — b)) Ts Ty, + ”ft(bL — bM)TéT‘I’) Pr(p) j1(kd)
+ ;,Z(OCL —ap) T2 Ps(p) ja(kd)
—+ éi’]lf[(bL - bM)TgTv(,Pl (‘ll) - ,P3(‘u))]2(kd)] 4

where we can easily identify the dipole (¢ = 1) and the octupole (¢ = 3). Here ap v are
given by eq. (2.18). The last line contains terms of order (d/r) which actually arise from
the standard contributions as additional corrections to the odd multipoles. > These receive
the name of the wide-angle corrections and are expected to play a role at large separations,
when they become comparable in magnitude to the leading contributions to dipole and
octupole and can potentially bias any analysis that uses these quantities. Importantly,
the wide-angle corrections appear only from distant-observer approximation when
performed over the full-sky correlation function. They are not included in estimators
based in the flat-sky power spectrum. If we desire to work in Fourier space, one should
first compute the full-sky ¢(d, u,z) and then compute the Fourier transform to find
the power spectrum that includes those wide-angle effects. This operation lead to a
wide-angle term generating dipole even for the single population case because of the
effect of a window function needed for the calculation [51]. We also note that #REL is
antisymmetric under the exchange of populations, meaning it identically cancels out in
the single-tracer case where, a1, = a and by, = by. Henceforth, the relativistic effects in
the galaxy counts correlation function, i.e. the dipole and octupole, are only measurable
when considering two distinct populations and induce a breaking of the symmetry of
the 2-pt correlation function (see fig 1.3). However, let us note that this is only the case
for multipoles of the angle B. Other choices of the coordinate system used to compute ¢
actually lead to odd multipoles even for a single population (see e.g. [47, 48]). We have
carefully chosen a configuration in which the symmetry of the 2-pt correlation function
is only broken when considering two populations. Additionally, this configuration also
minimizes the impact of the wide-angle effects [47, 48, 52].

Similarly, the relativistic contributions also generate additional corrections to the even multipoles suppressed
by a factor (d/r). However, they are subdominant at all scales with respect to the standard density and
velocity contributions. We do not include them into the expressions.
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Finally, we have to compute the k-integrals involving the transfer functions and the
primordial power spectrum Pg (k). We use the fact that for generic X and Y contributions
we have Pxy(k,z) = k=3 Tx Ty Pr(k) and hence the integrals transform as

dk ’

o TXTy Pr(k) — / dk K2 Pyy (k, 2). (2.48)
It is often more convenient to rewrite the expressions in terms of the density perturbations
power spectrum Pg;(k, z). In matter domination, where perturbations grow linearly this
calculation can be done at a fixed redshift z, and then mapped to any other z by linear
relations given by the transfer functions. We then have to compute once the power
spectrum at e.g. z, = 0 with our favorite Boltzmann solver. We are free to choose z, as
long as matter domination can be assumed to be a good approximation. Using this, we
are left with the computation of two types of integrals

1 .
pf(dlz*) - ﬁ /dkkz P&S(klz*)]/(kd)/ 6 - O/ 2/ 4 (2'49)
T, z) = % / dkk Pss(k,z.) jo(kd),  £=1,3 (2.50)

where, Ho = H(z = 0) is introduced to suppress the dimensions in the odd multipoles,
which are proportional to #(z). This type of integrals is known as Hankel transforms of
the power spectrum. They fully encode the dependance on the pairs separation of the
2-pt correlation functions due to statistical isotropy. The redshift evolution is given by
the pre-factors containing the redshift-dependent quantities.

Let us finish this Section by writing down the final results for the multipoles of the
galaxy 2-pt correlation function in General Relativity. First, let us emphasize on the
usefulness of the three-dimensional multipoles versus the Cy(z1,22). From thousands
of terms for accurate reconstruction of the angular power spectrum, the multipoles of
the angle B are just a few terms that encode all the relevant contributions. Importantly,
the projection on the sphere implies the loss of the radial information, which is kept
by the three-dimensional multipoles. Similarly as the C,’s, the multipoles of the 2-
point correlation function are also observable quantities on their own right. We can
individually extract them directly from the data by fitting with an appropriate weight

Vi 1
613?/{(”112) = 2;1/_1 dpGum(d, 1, z) Pe(p). (2.51)

2.2.3 The Even Multipoles in GR

The generalized expressions for any theory of gravity and two populations for standard
and relativistic correlation functions are given in eqs (2.46) and (2.47). Now, the relations
needed to transform the expression in terms of the Ps;(k,z) depend on the theory of
gravity. We make use of the transfer functions found in sec. 2.1.1 to get the resulting
equations for GR. In particular, in GR there is no anisotropic stress (¥ = ®) and Euler
(eg. (1.11)) and Continuity (eq. (1.10)) equations are valid for dark matter perturbations.
Hence, using egs. (2.6),(2.8) and the mapping (2.14) the generalized even multipoles take
the form

2
2= (015 (bulia(a) + 3 (00l + @) £2) + 3 £42) ) po(d,0), @52
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2
= (28 (Goue + ) f2) + 2 ) ) pald0) @59
& = 55 <D1 E(Z);) f*(2) pa(d,0), (2.54)

where we have set z, = 0 and f(z) is the growth rate of matter perturbations defined in
eq. (1.20). This choice is appropriate for GR, but might not be accurate when considering
other fiducial models. Given that the multipoles can be measured individually, the joint
measurements of monopole, quadrupole and hexadecapole provide measurements of
the growth rate and the population biases. Such measurements permit the construction
of a variety of gravity tests based on f. 3 In particular, from the Euler equation (1.44) we
can infer the gravitational potential. Comparing this with an independent measurement
of the convergence field x, which is sensitive to (¥ + ¥), one can construct an estimator
for the gravitational slip 7 = ¥ /®. Another example is the E, statistics designed to test
deviations from the Poisson equation (see e.g. [53]).

2.2.4 The Odd Multipoles in GR

On the other hand, the relativistic corrections carry important additional information.
Using the GR relations for the transfer function eqs. (2.6)-(2.10) with the linear mapping
(2.14), the dipole and octupole take the form

2
G = <gi 8) lelo (3( ap, — am) f* — (bra — b ) f (2.55)
+ (bL — bym) (;{Z—Ff-i-f];_[)f—( bM)Qm>T1(d,O)
+W.A.(5),
2
=2 (2 K o @0 + WA, (250

where a1 are the Doppler pre-factors (2.18) and (),,(z) is the matter density parameter.
We have denoted the wide-angle correction as

2
WAl = +2 (giﬁég) (bt — byn) f p2(d,0). (257)

Finally, we can further simplify eq. (2.55) by means of the Euler equation (1.44), which
removes the terms with f and (),,(z). Taking into account simultaneously the full form
for the a’s (eq. (2.18)), we can recast the dipole into the simpler form

2
i = (gi 8) ;_ZO (g(ﬁL — Bm)f* — (bLpm — bumpL) f (2.58)

+ (b, — by) (;fz + j{) f) 7(d,0) + WA.(D),

To be completely precise, the growth rate is degenerate with the Amplitude of perturbations in a ball of
radius 8 Mpc/h, which is typically parametrized by the variance 3. Hence, galaxy surveys at late times
actually measure the combination f(z) og(z).
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where we have defined the factor

Bu(z) = 55.(2) (();() - 1) T R(2). (2:50)

This expression is consistent with the prefactor in the simplified Agrg; terms (see
eq. (1.59)), including the corrections due to magnification and evolution biases. Indepen-
dent measurements of the dipole and the octupole thus carry additional information on
the population bias and the growth rate in the sense of showing a different degeneracy
between the parameters, which could be useful in principle. However, their impact on
the global constraints on by, and f is small as they are already well measured by the even
multipoles. Interestingly, the additional corrections due to magnification and evolution
bias are purely relativistic effects that are only present in the odd multipoles. The ex-
pressions (2.58) and (2.56) imply that, in a given theory of gravity e.g. GR and provided
precise measurements of by, and f, we could break some of the degeneracies between sy,
and ff*°!, making possible to obtain independent constraints on these parameters from
galaxy clustering observations. This is a potential application of the odd multipoles that
we explore in Part iv.

Additionally, the dipole shall play a crucial role in testing the theory of gravity on
large scales. From eq.(2.55) we see that when we do not use the Euler equation (1.44),
the contributions from the time evolution of the growth rate and ),,(z) are explicit. The
latter is of utmost importance for us. Let us note that this contribution comes from
the term Q?Y; encoding the correlations of the matter density perturbations with the
gravitational redshift effect. The dependence on Q),,(z) arises from the Poisson equation
relating the potentials to the density perturbations, but this will not be the case in a
modified theory of gravity. Interestingly, the relevance of the dipole relies on the fact that
any deviation of gravity affecting this contribution can be isolated from the dipole, in
combination with the even multipoles measuring b and the growth. Since the correlation
QoY is directly proportional to the potential, a measurement of this quantity represents a
direct measurement of ¥, provided we introduce a smart parametrization. This is another
interesting potential application for the dipole: we can extract a direct measurement of
Y that do not rely on the validity of the Euler equation. In other words, we can probe
the evolution of the time perturbations, and hence the gravitational redshift, in a truly
model independent way. Such measurement can be used to construct a new estimator
for the gravitational slip 7 = ¥ /® by the combination with convergence measurements.
As discussed earlier, correlations of number counts with lensing convergence provide a
way to measure the Weyl potential, (O + ¥) /2. We develop such a method to test gravity
for future surveys in Part ii. Finally, if our interest is confined within a particular gravity
model, we can exploit the information contained in the gravitational redshift to improve
constraints on the model parameters. In a given model the dipole contributions will
have an explicit dependency on one or more of the model parameters which is likely
to be different to the degeneracies present in the even multipoles, and hence can help
in improving constraints on the model. In Part iii, we adopt the Effective Theory of
Interacting Dark Energy framework and study the strength of the dipole in breaking
existing degeneracies between the model parameters.

37



38

SUMMARY STATISTICS OF COSMIC SURVEYS

tn

Observer

Figure 2.2: Reference system on which the dipole is measured. We depict the simplified situation
after using the distant-observer approximation. In this coordinates, the dipolar
contribution is zero when correlating two populations with the same luminosity.
However, this is not the case in other reference systems (See ref. [47] for a discussion on
this). We denoted the comoving separation between the points i and j as d = [x; — x;].
These diagrams are borrowed from refs. [7, 48]

2.2.5 The estimator for the multipoles

After finding the relevant observables affecting the large-scale distribution of galaxies
at late-times, the observer must construct the appropriate estimators to isolate the
different contributing effects, in a way that permits to combine them. As we have seen
in the previous section, if we desire to probe the relativistic effects in the LSS we need
to isolate the antisymmetric part of the 2-pt correlation function. This part will be
non-zero only if we split the galaxy sample into multiple populations with different
characteristics. We choose the main distinct characteristic to be the intrinsic luminosity.
Then, the cross-correlation between two populations with L and M will be antisymmetric
under the exchange of populations

(AL(x1,21)AM(x2,22)) # (AL(x2,22)AMm(x1,21)), (2.60)

manifest by the existence of odd multipoles. The symmetric part is given by the even
multipoles. The goal now would be to construct an estimator that isolate the different
contributions. In order to extract the information from a galaxy survey map, we need
to compute the correlation function for all the possible combinations of points in the
sky. Let us label each sky pixel with i at which we count the number of galaxies at
each luminosity, Ni(x;) = n.V, where x; = r;n; is the position of the pixel in comoving
coordinates, n;, denotes the number density and V is the survey volume. Note that
we are neglecting the redshift evolution of the observables. All the quantities can be
evaluated at the mean redshift, z, such that ny(x;,z;) ~ np(x;,z). We thus drop the
dependency on z for clarity. The overdensity of galaxies with luminosity L at the pixel i
is then

onL(x;) = nL(x;) —diy = diig, - AL(x;), (2.61)

where di, is the mean background number density of galaxies per pixel, with luminosity
L, and Ap = APT + AREL. Importantly, dii;, depends on the size of the pixel, which we



2.2 THE 2-PT CORRELATION FUNCTION OF SPECTROSCOPIC SURVEYS

shall denote by I, as diip, = 7, Z; with 71, denoting the background number density of L
galaxies. The most general form for the estimator will thus be

¢um(d, z) = ZZM;‘LM ony (x;)onm(x;). (2.62)

ij LM

The kernel wjj.v depends on the position of the pixels and on the luminosities. The
specific properties will depend on the contribution we wish to extract. Generally
speaking, it must be symmetric under the exchange of pixels i and j

WijLM = WjiML- (2.63)

However, if the target is just the antisymmetric part we need the kernel to be antisym-
metric under the exchange of positions and populations

WiiLM = —WjiLM, (2.64)

WijiLM = —WjjML- (2.65)

In practice, we are interested in the multipoles of the estimator, which we can extract by
the weighted integral (2.51). We consider the case of two populations, meaning L and M
can only take two values. Respecting the antisymmetry in the odd multipoles, we can
choose the kernel for the multipoles estimator such that

, al
S, z) = M Z (AL(x)Au(x) + (—1) u(x)AL(x))) (2.66)
if

X Py(cos pij)ox (dij — d),

where p;; = cos B;; is the angle formed by the line-of-sight n and the vector joining i and
j in the distant-observer approximation (see fig. 2.2). The af, is a normalization factor
that we need to choose carefully. We note that this estimator is a discrete quantity being
ok the Kronecker delta. The quantity we are after is the mean of the estimator, which
represents the signal expected in a given survey, provided that the multipoles are written
in term of Gaussian random fields. The mean of this estimator has to be understood
as its expectation value, i.e. the average over all possible realizations. When taking the
average, we have to insert the expectation values

4
(BL(x)A(x)) = Y &0 (i) Po(cos Biy), (2.67)
/=0

where Ejg\)/[(dij) in GR are given by egs. (2.52)-(2.56) (or eq.(2.58) for the simplified dipole).
In addition, we take the continuous limit to solve the sum by replacing

Y — zlg / Pxidx;,  k(dij—d) — 1,8 (|x; — xi| — d), (2.68)
1]

where 6 is the three-dimensional Dirac delta. Then, after an appropriate change of
variables to simplify the calculation, we find

S0 2rVd? & ' 1
(Ed2)) = alu "= L elid2) [ dePioPe(p). (2:69)
p =0 -
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The normalization factors are chosen by the requirement that the multipole ¢ has to be
the expectation value of the estimator in the continuous limit, i.e. (¢()) — & when
N=YV/ lf, — oo. Using the orthogonality relation for the Legendre polynomials (see
Appendix A.2), we have for the normalization factors

, _(2£+1)§ I 2
atv =5 () - (2:70)

Here V denotes the volume of the survey under consideration. The multipole estimators
represent the expected signal we might be able to detect from a spectroscopic survey. The
even multipoles signals are thus isolated by setting ¢ = 0, 2, 4 in the above expression.
On the other hand, setting ¢ = 1, 3 provide the isolated dipole and octupole signals
including the wide-angle contaminations. An examination of the signs in eq. (2.57)
indicates that wide-angle corrections decrease the effective dipole signal while increases
the octupole signal, which might lead to biased estimations. We can actually use the
other multipoles to remove them directly from the signal. In fact, we can construct an
estimator for the factor (by, — by)f out of separate measurements of the quadrupoles
for the L and M populations. We are thus entitled to remove them from the signal
observationally by modifying the dipole and octupole estimators given by eq. (2.69). For
the dipole, we have [54]

3 2

) _ 3 b (I

M =577 (d Z [AL(xi) Am(x) = Dm(xi)AL(x})] Pi(pij)ox(dij —d)  (2.71)

if
3 5db (1,\*
+ Y <d> Z (A (%) An (%)) — D) AL (x;)] Paptij)oxc(dij — ).
)

The second line here completely removes the wide-angle corrections in the dipole.
Similarly, we can remove the wide-angle corrections from the octupole as well by
adding the same factor with opposite sign to the octupole estimator. This result is
completely general and does not depend on the theory of gravity, but rather on how the
information is spread across the multipoles. We have exploited the fact that multipoles
are observationally independent so that we are allowed to combine them to isolate the
sectors that are of more interest for us. Note that the second line in eq. (2.71) is built

from <cf(L2L)> (up to a prefactor 3d/(10r) introduced to match the prefactor in front of
the wide-angle corrections in eq.(2.57)), which estimates the auto-correlations of a given
population of galaxies.

2.3 HARMONIC POWER SPECTRA OF PHOTOMETRIC SURVEYS

The large-scale structure probes discussed so far, i.e. the galaxy clustering and the
fluctuations in the number counts, contain crucial information about the theory of gravity
on large scales, but they suffer from a subtle downside. They both probe the distribution
of galaxies, i.e. baryonic matter alone, and not the total mass distribution. The way out
discussed in sec. 1.2 was to introduce an additional free coefficient linking galaxies and
matter, the galaxy bias. However, this connection needs to be modeled apart and can
only be trusted on large scales.

The gravitational lensing effects discussed in sec. 1.3, distorting the shapes, positions
and apparent magnitudes of distant galaxies, are other powerful probes of gravity which
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are sensitive to the entire total distribution along the line-of-sight. Interestingly, weak
lensing statistics can be used to probe gravity with high accuracy even if the precise
position of sources and lenses is uncertain. This task is possible thanks to current and
future large imaging surveys, also known as photometric surveys. The term photometric
comes from the fact that these type of surveys perform observations in several color
bands that can trivially be assigned to the galaxies. These colors are then transformed
into approximate redshift estimates, which receive the name of photometric redshifts.
Hence, instead of a precise redshift measurement we have a probability distribution on
where the objects in a given band might be located, possibly with a significant scatter
around the true redshift. Consequently,in terms of comoving distances we work with a
distribution formally given by [1, 2]

1 dN
W(T’) = Niwg, (2.72)
&

where Ng denotes the total number of galaxies. This is often called window or selection
function which enter as a weighting kernel into the observables equations. W(r) is
normalized to unity over the interval r € [0, o). However, phenomenologically speaking,
the distribution drops to zero below and above some minimum and maximum distances.
At low redshifts there are only a few galaxies just because the available volume is small.
In addition, galaxies at very large distances are too faint to be detected. Let us note
that we are ignoring the technical difficulties in obtaining the photometric redshifts and
hence the distribution over distances W(r). This is a challenging task that we assume
has been adequately managed by the experimentalists.

The weak lensing maps provided by photometric surveys are also analyzed by means
of correlation functions. However, in contrast with spectroscopic datasets, here we do
not look at the three-dimensional 2-pt functions, but their projections on the sky. This is
achieved by expanding in spherical harmonics (or in terms of Legendre polynomials)
as in eq. (2.30). Hence, the quantities of interest here are the angular power spectra, or
harmonic power spectra, denoted by Cy(z1,22) (see eq. (2.32)). The shape of the C,’s will
depend on the type of correlations under consideration. Importantly, the projection on
the sky is actually restricted to the light-cone, which in turn imply that the harmonic
power spectra generally involves the unequal time correlations. In addition, the Fourier
transforms in the light-cone are not trivial and demand of an additional approximation.

2.3.1 Photometric clustering and the Limber’s approximation

Let us consider the computation of the galaxy density angular power spectrum as an
example. We denote by Ag(n, z) the projected overdensity of galaxies, which we write
now as a superposition of many slices of the 3D galaxy density field at different distances
r, weighted by the distance distribution

Ag(n,z) = /Ooo dr W(r) 64(r(z)n, z). (2.73)

We then take the 2-pt correlation function as <Ag(n1,z1)Ag(nz, zz)> and compute the
sky projection according to eq. (2.30) in the configuration of fig. 2.1. We also Fourier-
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transform the density fields. The galaxy density harmonic power spectrum takes the
form [1, 2]

2 o0 [ee] i (o] .
C?g(zl,zz) = E/o dkkz/o di’l W(rl)]g<k7’1)/0 d?’z W(I’z)]g(k?’z)
X Pgo(k,z1,22), (2.74)

where Pgs(k,z1,22) is the more general unequal time galaxy density power spectrum.
This expression is exact and general: given the three-dimensional power spectra and the
selection function we can always compute the C,’s using the above. However, it involves
three nested integrals of the convolution of rapidly oscillatory functions with the full,
unequal time power spectra which makes the calculation intricate. We proceed by using
an approximation akin to the distant-observer approximation worked out in sec. 2.2.
On small angular scales, £ > 1, the angle subtended by the galaxy pairs contributing
to C% is roughly 6 ~ 1/¢. In addition, for large ¢ the product of j;'s has a sharp peak
at kry ~ kry ~ \/£(£ +1) = £ +1/2. Provided that Py, varies slowly within the narrow
range over which the j, are non-zero, given by Ak ~ 1/({r), we can consider it has an
approximately constant value. This is the so-called Limber’s approximation [55-57]. A
systematic derivation as a series expansion in powers of (£ + 1/2)~! is possible, here we
just consider the approximation at first order [58]. Physically speaking, the Limber’s
approximation relies on the fact that large longitudinal modes do not contribute to the
correlations due to cancellations along the line of sight. Only longitudinal modes with
wave numbers of yuik < 1/r contribute, but they are much smaller than the relevant
transverse wavenumbers, of order 1/r. We can thus safely neglect the former and
consider only the transverse modes, significantly simplifying by setting r; = r,. Hence,
we can take Pgs(k,z) out of the integral over k above and use the closure relation of
spherical Bessel functions to find (see Appendix A.4)

(+1/2

Clhnz) = [T WA B (k2), k= 275

Here k, denotes the transverse modes. This is expected to be a good approximation
for scales £ > 100 [59]. An additional subtlety here is that the Py (k/, z) entering here
must include non-linear scales, at least to certain extent. While theoretical modeling the
non-linear scales is a cumbersome task, it turns out that weak lensing measurements
are sensitive to a non-negligible amount of information that is there hidden. The state-
of-the-art on this topic is to extract the fully non-linear matter power spectrum from
simulations, and use it to compute the predictions for the observables. We shall get back
to this issue a bit later. Finally, having the C;, we can compute the angular correlation
function by computing the sum of the multipoles. On small scales, we can interpret the
C¢ as the multipoles of the two-dimensional power spectrum on a plane and hence write
the correlation function as

© dl
ws(0,z) = . on 0 CE(ky, z) Jo(£0). (2.76)

This quantity is the projected correlation function measured by DES [60, 61]. In principle,
it probes the same physics as the galaxy clustering ¢(z,d), but the information is spread
differently due to the projection within wide redshift slices. It has however a very large
signal-to-noise thanks to the increased number of galaxies in a given z-slice. Interestingly,
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the BAO feature is in the angular correlation function is smoothed out due to the
projection, but nevertheless still detectable [21]. In any case, the main interest of this
projected clustering correlation function will be the combination with other weak lensing
observables. As a final remark, here we are just mentioning Ay due to the fact that RSD
and relativistic effects are strongly suppressed in photometric samples. The former have
been added to the anlyses only very recently to assess their impact on future surveys,
such as in Euclid [62]. On the other hand, the lensing contribution is significant and
adding it to the signal has become the standard approach.

2.3.2  The 3 x 2pt analysis

More generally, we can define the angular power spectra associated to the correlations
between any cosmological field similarly as in eq. (2.32). Let us denote by A and B
the line-of-sight projections of the fields for which we compute the correlation function
(A(n,z)B(n,z")). We have seen already how the theory of gravity always allows us to
write any A and B in terms of the matter density field. Hence, by analogy with eq. (2.73)
each component needs to be weighted with its correspondent window function WA, We
are again obliged to introduce again a linear bias as the link between matter and galaxy
density fluctuations, as we did in the spectroscopic analysis, dg(n,z) = b(z)é(n,z).
Using the Limber’s approximation, we will find

B
P0ke2) = [z g D) Rk 2), @77)
where kernels WAB are defined by the mapping of each contribution to the matter power
spectrum, and we have written the integral in terms of the redshift. We shall find them
in brief. Also, Pss(ks, z) here is the non-linear matter power spectrum, to which only
transverse modes are considered.

In practice, photometric galaxy surveys provide a finite, small number of redshift bins
given defined by the distributions extracted from the colors. We call them tomographic
bins. Ideally, we will evaluate the information considering the correlations across different
tomographic bins, which might be non-zero due to overlapping between the redshift
distributions of adjacent bins. However, the z distributions are generally different. Hence,
we need to compute the unequal-time angular power spectra C*8(z;, z;) where i, j are
labels denoting the individual tomographic bin. Mathematically, we can define

CP(zi,zj) = /dz ni(z) /dz' nj(z') CP%(z,2) (2.78)

The calculation can be done by using the definition of eq. (2.32) for the C*¥(z,z’) in
the integrand. By applying the Limber’s approximation, the calculation will reduce to
integrals over the redshift distributions as given by eq. (2.77). This is the theoretical
basis to construct the widely known 3 x 2pt method to extract information out of weak
lensing surveys, as done by DES collaboration (see e.g. [61, 63]). The number 3 means
that three probes are being considered: the cosmic shear encoding the correlations in
the shapes of galaxies, galaxy clustering and the cross-correlation between them, which
receive the name of galaxy-galaxy lensing correlations.

In this work, we are mainly interested in the last two. We already discussed photo-
metric galaxy clustering at the beginning of this Chapter. Starting from eq. (2.32) we

43



44

SUMMARY STATISTICS OF COSMIC SURVEYS

A K
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Figure 2.3: Schematic representation of galaxy-galaxy lensing correlations. The blue bubbles
represent the galaxies that are lensed by the yellow ones, changing their apparent
sizes and shapes. The information about this effect is described by a Gaussian field we
call convergence, x(n,z). We can then evaluate the convergence field « (see eq. (1.52))
and the number counts fluctuations A (given by eq. (1.42)) at the redshifts of the
lenses (yellow bubbles) to compute the galaxy-galaxy lensing correlator.

introduce eq.(2.33) and implement the Limber’s approximation as for eq. (2.74). We will
find the following kernel

W!(z) = (1+2)H(2) ni(2) bi(2), (2.79)

to be introduced in eq. (2.77) to compute the photometric clustering. Here, 1;(z) is the
true galaxy distribution at the i-th bin and b; the associated linear and scale-independent
galaxy bias. Note that we are only considering the leading contribution to A, i.e. the
correlations between x and the density perturbations. The correlations between x and
RSD are subdominant for thick tomographic bins, and hence can be safely neglected (see
ref. [59]). The same applies to the correlations involving the relativistic corrections due
to Doppler terms and gravitational potentials appearing in eq. (1.52).

On top of photometric clustering, we will consider the so-called galaxy-galaxy lensing
correlations. Observationally, we already have high significance measurements from
several surveys, e.g. from DES [60, 61, 63, 64]. Conceptually speaking, these correlations
probe the entire mass distribution around the lenses by correlating the lenses density
with the shapes or magnification of the background galaxies. We can depict the situation
as in fig. 2.3. In this work, our interest lies on the correlations of the convergence field
with the galaxy number counts fluctuations given by egs. (1.52) and (1.58), respectively.
The only relevant contributions turn out to be the correlations between the first term
in both equations, i.e. (d(n,z)x(n,z)), as suggested by the discussion in sec.2.1.2. To
be completely precise, in practice, surveys measure the shear, which can be linked to
the lensing convergence term in x when neglecting the relativistic effects, finding an
exact relation between < and kg (see sec. 1.3). Let us relax the notation in the subsequent
discussion by using «, but keeping in mind that we refer just to the lensing convergence
term (first term in eq. (1.52)). In the 3 x 2pt formalism, we compute the quantity

Co¥(zj,zj) = /dz n;(z) /dz’ ni(z') CJ*(z,7'), (2.80)

where in C?K(z, z') we introduce eq. (2.19) and the Fourier-Bessel transform of « (first
term in eq. (1.52)), given by

Af(k,z) = —E(g;l) /0 dr'”

/
/r Totv(k, z) jo(kr'). (2.81)

rr
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The factor /(¢ + 1) here arises from the action of the transverse Laplace operator Aq
on the associated Legendre polynomial when projecting (dx) on the sky via (2.30). (see
Appendix A.3) This quantity is sensitive to the sum of the two metric potentials, often
summarized as the Weyl potential (® + ¥)/2. Using the Poisson equation (1.15) and
assuming no anisotropic stress such that ® = Y, it is easy to map the Weyl potential to the
matter density distribution. This is explicit via the transfer function (2.9). Implementing
the Limber’s approximation and writing the resulting expression into the form of
eq. (2.77), we find the kernel of the galaxy-galaxy lensing correlations to be

K 3 2 max / r(z)
WE(z) = 2 Qu(2)H2(2) 7(2) / d7 ni(2') (1 - ) , (2.82)
2 z r(z')

The integral term here is weighted by the galaxy distribution in the correspondent
tomographic bin, which is confined within a given zmax. Everything together permits
the calculation of the relevant power spectra, namely C% and C9*. In the current 3 x 2pt
analysis, the latter is obtained by combining egs. (2.79) and (2.82) into (2.77), which gives
the analytic form of the observables in GR. It is often parametrized in terms of the values
of the cosmic parameters, using O, (z)H?(z) = HZ Qp,0(1 + z) above (see e.g.[61]). In
CJr we find a degeneracy between the total matter density and the linear bias. However,
the combination with C° might break this degeneracy. In principle, we would also need
to compute the C** correlations to complete the 3 x 2pt recipe method, but it will not
be necessary for our purposes. In fact, in Part ii we will show haw combining only the
two probes discussed here permits us to construct an estimator for the evolution of the
Weyl potential, which will be combined later with measurements of the gravitational
potential ¥ from the multipoles of the spectroscopic 2-pt correlation function. However,
it will be necessary to incorporate the treatment of the so-called intrinsic alignments (IA),
which are usually regarded as contaminants to weak lensing measurements. In short,
the IA encode correlations between galaxy shapes and the underlying distribution which
are not due to propagation effects, but rather naturally arise from the galaxy formation
processes. Therefore, they are intrinsic to the gravitational structure [65-67].

2.4 VARIANCE OF THE MULTIPOLES

The theory of Probability and Statistics establishes that the properties of any Gaussian
field are completely characterized by the mean and the covariances of its variables.
The latter encodes the joint variability of two random variables. It is said that when
the covariance is positive these two random variables are linearly related and grow
or decrease jointly, i.e they are correlated. In contrast, when the covariance is negative
the linear relation between the variables imply that larger values of one correspond
to smaller values of the second, i.e. they are anti-correlated. The generalization of this
notion to multiple dimensions (for n Gaussian variables) leads to the covariance matrix.
This must be a square, symmetric and semi-definite positive n x n matrix. The diagonal
elements contain the variance of each variable (the covariance of each element with itself),
while the off-diagonal terms encode the covariance between each pair of variables.

As we have extensively proved, the multipoles of the galaxy 2-pt correlation function
are nothing else than combinations of the initial Gaussian random variables 6, V, ¥ and
®. Therefore, they are the signals we can directly measure from data. This signal is
the mean of the correspondent estimators, given by eq. (2.69). Conceptually speaking,

45



46

SUMMARY STATISTICS OF COSMIC SURVEYS

in Cosmology we can only probe one Universe, and more precisely a limited part of it.
We are therefore using discrete tracers of the fields, and hence the estimators will never
be exactly equal to their expectation values. The variation with respect to the mean is
precisely encoded in the variances and covariances between the observables. We now
turn to the computation of the associated covariance matrix encoding the joint variability
of each pair of multipoles. We will follow refs. [46, 48, 54, 68, 69] but we aim to provide
the generalized formulae for the two-populations scenario.

The covariance matrix is generally defined as the expectation value of the product
of their deviations with respect to the product of their means. In the language of the
multipoles estimators presented here, we define the multipoles covariance matrix as

CoV (& &) (dd) = (@ &G @) - (du@) (EL@)).  @83)

Let us remind about the dependency on redshift we have previously neglected for
simplicity, is of course present here. Using eq. (2.66) and the help of permutation rules
for exchanging the pixel positions respecting the asymmetry property, i.e. Py(p;j) =
(—=1)“P¢(uji), the second term above reduces to be:

(@) (8 @) = afmake Y (ALix)du(x))) (An(xi)Ar(x,)) (2.84)
ijkq
x Po(pij) Per (pirg) o (dij — d) ok (dig — d').

The first term is an expectation value of four A, i.e. a 4"-order moment. However,
using the Isserli’s theorem of probability theory, better known in fundamental physics as
the Wick’s theorem when applied to quantum field operators, we can decompose any
4*h-order moment as a sum of three products of 2-pt correlations, one of which cancels
out with the products of means. This allows to write down the generalized expression
for the multipoles covariance matrix in the form

D)+ N (1)
cov (&3, 85)) (@) = +(4)7(T)2+ )V”;(;) (;) (285)

<) [<AL<xi>AN<xk>> (Br()B0(xq)) + (—1)" (AL Bp(x6)) (ra () A (x3))
ijkg
X Pé(ﬂij)Pél(Hkq) 51(((11] — d)(SK(qu — d/)

In practice, the expectation values (Ar(x;)Am(x;)) are not taken into account the fact
that real surveys can only detect a finite number of objects. This demands the inclusion
of an additional contribution called Poisson term, or simply shot-noise contribution, which
scales with the inverse of the number of objects in a given pixel. In the two population
scenario on which we work out the calculations, we assume that the populations are
independent. Hence, we can write the observed 2-point correlation function as

1
(AL(xi))Am(x})) = Com(dij) + anL Jij0Lm, (2.86)
separating the pure cosmic contributions and the Poisson term. Here dy, is the back-
ground number density of galaxies with luminosity L per pixel. The product of two
correlation functions in eq. (2.85) gives rise to three contributions. The first contribu-
tion is the cosmic variance, built upon products of the correlation function as defined
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in eq. (2.67). Conceptually speaking, the cosmic variance arises from the fact that we
observe a finite volume. In most of previous analyses only the standard terms where
considered in the computation of the covariance, finding a vanishing cosmic variance for
the dipole (see e.g. [54]). However, a recent analysis shows that the odd multipoles pick
a non-zero cosmic variance arising from the cross-correlation between relativistic and
standard terms, which is dominant at large separations [39]. The second contributions
to the covariance are the products CLM(dij) OrgOnp/diin, called the mixed terms, which
combine cosmic variance and shot-noise. Finally, the pure shot-noise terms scaling with
1/n? only contribute to the diagonal of the covariance matrix.

2.4.1  Cosmic variance

Let us provide the recipe for calculating the covariance matrix of the multipoles for
the more general case of arbitrary populations. Inserting eq.(2.86) into (2.85) we find for
the generic expression for the cosmic variance contributions

[0 Al ( v 15 (1,\* [1,\?
covee (8o, 4) ) = EET G (7) () @27
X Z [CLN(dik)CMP(djq) + (_1)6/CLP(dik)CMN(djq)]
ijkq

X Pr(pij) Per(rg) o (dij — )0k (dig — d').

The computation of the even and odd multipoles cosmic variances can be performed
separately. In fact, the cross-variances between even and odd multipoles are zero by
construction.

Let us write down the pure cosmic term arising from the standard terms as

CEl(dy) = (AT () A% ()
] [ ke Py ) €T (L MYPa(p), (2.88)

:;(27113

where a = 0, 2, 4. The dependency on redshift is encoded in the population-dependent
coefficients

ST _ f f2
€5 (L M) = brby + (b + bw) 5 (2.89)
CST(L,M) = g(bL +bm)f + afz, (2.90)
e (L M) = 2 f (291)

Hence, the symmetry under the exchange of L, M explicitly shows that COVc vanishes
for ¢ =1, 3. However, from the crossed correlations between standard and relativistic
contributions, we find

CREF (i) = (AT ()R (x) ) + (AR () A3 () )

:;(27113

j / Bk e™*5%) Py (k) (f’:) CREL(L, M) P, (1), (2.92)
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where a2 = 1, 3 and the correspondent redshift dependent factors take the form
3 3
i (L, M) = [&L (bM + 5f> — (bL + 5f>] : (2.93)

CY™H(L,M) = %(m — ) f. (2.94)

Here &1, = 1 — &y, is given by eq. (2.18). We explicitly see the antisymmetry characteristic
of the relativistic contributions. CRE vanishes in the single population case where the
biases are equal. Additionally, the cosmic variance due to the relativistic corrections
is also zero for covariances of the even multipoles with distinct populations. Inserting
eq. (2.88) or (2.92) into (2.87) and taking the continuum limit we can compute the sums
over pixels positions. The calculation involves some change of variables and tricks
exploiting the properties of exponential, delta functions and Spherical harmonics. Precise
details can be found in ref.[46]. In summary, we find a compact expression for the
standard terms contribution to the cosmic variance

: . 1/D 2 o :
CovEL (el &) (@) = 5, (pie) ) (DT (- 295)

x4 Y [N M P+ ST PICT (MU N) | G € 0,6) T, ),
ab

where ¢,¢',a,b run only over the even values 0, 2, 4. In addition, we have defined the
integrals

1
G(t,0,a,b) = [ duPi(w)Pe ()P Po(1), (2:06)
z(d,d) = BEVCOXD [ a2 b2, 1,2 = 0)jukajo (k). (207)

The last one encodes the information about separation scales, and it has been written
in terms of the power spectrum at z, = 0. Let us recall that we can compute it at any
redshift by using the linear scaling involving the growth factor of matter perturbations
(2.14).

A similar expression can be found for the relativistic contributions to the cosmic
variance

2 2 » /
covit (e &) @i =5 (o)) (3) CDF D o

x % Z [CEEL(L, N)CREL(M, P) — CREL(L, P)CREL (M, N)] G(¢,0,a,b) J(d,d),
ab

where /¢, ¢',a,b run only over the odd values 1, 3, and we have defined the last integral
to be

V4 A
g, dy = BEVCOXD [ a2 b 2. = 0)ju(kd (k). (299)

Here we have introduced the factor H3 to suppress the dimensions of #. Comparing
with eq.(2.97), we see that the integrand of Z(d,d’) is k* times larger, which makes
J (d,d") much smaller. This of course means that even for the non-zero combinations
in a multiple population scenario, we are mostly entitled to neglect COVEE- against
COVZE. This is not the case however for the odd multipoles, where COVEE- will be

comparable to the mixed term contributions at small separations.
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2.4.2  Mixed contributions

The product between 2-pt functions and the shot-noise gives rise to the mixed terms
contributions to the covariance. It is easy to see that the insertion of eq.(2.86) into (2.85)
gives two sums that can be reduced to one by permutations of 7,j and k, 4 indices. In

addition, one of the original sum indices is suppressed by the ¢;; in the Poisson terms.

This yields

U 1) +1) 18
COVer (&8 64) (@, = ¢ (4)7(r)2 )sz <

2 2
l;) <Zj> (2.100)

1) )
X Zk: [dy;CLN(dik) +(-1)* dl;_l/[;CLP(dik)
ij

dir
x Pe(pij) Por (pxj) O (dij — d)dxc (dyj — d').

+ (1) (flL—N Cwp(di) + (—1)" == oL CMN(dik)) ]

where the factor (—1)/** arises from the permutation of indices. In contrast with the
cosmic variance which depends only on the survey volume V), the mixed terms scale
with the inverse of the average number density of galaxies per pixel. Moreover, it is only
linear in Cyy, and hence linear in the power spectrum.

We solve the sum by going to the continuum limit. In this case, the relativistic
corrections to the variance are strongly subdominant at all redshifts and separations
with respect to the standard terms contributions, which are present in both even and
odd multipoles. Hence, we just consider C°T as defined in eq.(2.88). After a similar
calculation than for the cosmic variance, we find

COVcp (C(f) C(f’)) d,d) = @ <D1(Z)>2 (_D%(_l)@ré’ (2.101)
LM’ 5NP ’ v Dl(O)

Z [‘SMP CST(L,N) + (— )f’gM;cST(L P)

0 (BT P + (-1 SR e N))]

x G, 0,a,0)K(d,d").
Here a runs over the even values and ¢, ¢’ can take any value between 0 and 4. However,

orthogonality of the Legendre polynomials implies that the cross-correlations between
odd and even multipoles are zero. In addition, we have defined the integrals

Ko(d,d) — 220+ 17)T @r+1) / dkK? Pys(k, 2. = 0) jo(kd)jo (kd'). (2.102)

This is therefore subdominant with respect to Z(d,d’), which is quadratic in the power
spectrum. Similarly, the balance between integrating k?Pss or P% gives the hierarchy
between the relativistic cosmic variance and the mixed terms, respectively. In this case,
the former is comparable to the latter at small separations, but becomes subdominant at
large separations (d, d').
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2.4.3 Pure shot-noise

The ‘square’ of the Poisson term in eq.(2.86) generates the shot-noise contributions to
the covariance matrix. This contribution scales with the inverse of the number of objects.
Future surveys are expected to significantly reduce the impact of the shot-noise thanks
to a significant increase in the number of detected objects. However, we need to take
into account this additional source of variance to be fully consistent. The odd multipoles
will still be very sensitive to shot-noise at large redshifts, due to the reduced number of
pairs. The last contribution to COV obtained from the insertion of eq.(2.86) into (2.85)
takes the form

/ ) 20+ )20 +1) 15 [1,\? /1,\?
COVp (Cl(fl\)/ll gl(\fP)) (d/d):( +(4)7i)2 i )VZ<£§> <dp,> (2.103)

1 ’
X Zk: dr i [5LN5MP + (=1)* (5LP(5MN} Po(pi) P (pire) Ok (dige — d) ok (dige — d').

The sums over four indices are reduced to sums over two indices thanks to the products
0ij0kq- We thus transform the sum to integrals by taking the continuum limit. Using the
orthogonality relation of the Legendre polynomials, we find the shot-noise contributions
for generic populations to be

5
(0 () N 204101 b
COVe (gLM/ gNP) (d/d )  4m Y dip diip d?

[(5LN(5MP + (_1)€,(5LP(SMN} . (2.104)

This result shows that the shot-noise is a diagonal contribution which is only non-zero
in the multipoles variances (¢ = ¢’). Additionally, from the J’s inside the square brakets
we see that for distinct populations there is no shot-noise contribution to the multipoles
covariance. This is true provided we have assumed the population to be independent,
but it shall not be the case if the populations are not completely independent of each
other. In Part iv we will adopt a more general scenario in which we consider a set of
populations that overlap to some extent. This modifies the shot-noise and mixed terms
contributions, while the cosmic variance terms remain the same.

Importantly, we computed here the multipoles covariance matrix in General Relativity.
The matrix structure is implicit in the integrals with arguments (d,d’). However, the
derivation presented here is completely general in the theory sense. The covariance
matrix in any other gravity model is computed by finding the C;"RE coefficients
according to the alternative model’s 2-pt correlation function. Even so, in practice we
will assume that the fiducial covariance matrix is that of GR, regardless if the signal
fiducial model is obtained from any other gravity theory. Assuming Gaussianity, the
GR covariance matrix remains valid if we limit our scope to analyses using fiducials
sufficiently close to GR.

Finally, let us mention that we are not including here the analytic computation of
the covariance matrix associated to the harmonic power spectra, C;(z,z’). The formal
definition is analogous to eq. (2.83), replacing <§S\)4> (z,d) by the correspondent estima-
tors for the Cy(z,z'). Similar techniques and integrals are involved in the calculation.
However, the covariance of the harmonic power spectra involves a few thousands of ¢’s.
Nevertheless, we will rely on well-tested and accurate numerical codes that are able to
compute both of these covariances fast and with high accuracy when needed.
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The properties of the Large-Scale structure at late times can thus be inferred from
the data by using the estimators <§](_Q[>(z,d) to extract the spectroscopic signal, or

estimators based on the Cy(z;, zj) to measure the photometric spectra. In addition, the
covariance matrix incorporates the information regarding the relations between the
observables and the uncertainty on the estimators. Then, provided we have at our
disposal a galaxy survey dataset, we can measure the theory parameters and construct
tests to probe the properties of gravity. This can be done e.g. by adopting a Bayesian
approach, i.e. assuming a prior knowledge about the expected measurements we can
obtain a posterior probability distribution for the parameters, encoding the measured
parameters” mean values and how much they are allowed to vary with respect to the
mean, while maintaining the consistency of the theory. 4 However, we do not always
have an appropriate dataset. In this case, we can still test our theory by creating mock
data (e.g. from simulations). Alternatively, if we know the technical specifications of
a survey, we can forecast the expected precision in constraining the theory’s parameter
space. This is still of importance in assessing if we are able to distinguish gravity models
even if we cannot know the precise parameter values.

In this Thesis, we adopt the Bayesian approach and perform forecasts for future
surveys, with the aim to investigate the capability of the 2-point correlation function
odd multipoles in constraining gravity models. Current surveys are not able to measure
them, but the coming generation of Stage IV galaxy surveys will. It is thus of utmost
interest to study in advance which kind of physics we will be able to test from these new
observations, modulo observational systematics and difficulties with which we trust the
experimentalists will be able to deal with. We devote this section to introduce the two
techniques we adopted for this task across the projects included in this work.

Generally speaking, the crucial ingredient of any Bayesian analysis is the likelihood
function. This is the name given to the joint probability density of observing some dataset
X assuming 6 is the set of parameter values. It is thus a conditioned probability, often
denoted by £(X'|0). Then, given that we have a prior probability distribution on 6, the
posterior probability distribution is such that

P(6|X) o< L(X|6) P(0). (2.105)

Here P(6|X) is read as the probability of measuring the parameters 6 provided X’ is
the dataset. When we do not have a dataset, we can take the theoretical prediction as
the expected signal. Therefore, constraining the parameter space is done through the
likelihood function, from which we will then extract the actual constraints on the model
parameters.

2.5.1 Fisher Analysis

A first approximation to Bayesian inference can be to study the Fisher information of the
observables. This is defined as the amount of information that any given combination of
random variables carry about the parameter space defined by the underlying model. In

The alternative would be to adopt the frequentist approach, which assumes the model parameters as fixed
and aims to predict a decision drawn out a significance test or a confidence interval.
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other words, the Fisher information encodes the variance of the observed parameters.
Formally speaking, the Fisher information is evaluated by means of the Fisher matrix,
defined as the Hessian of the likelihood. We have thus to compute the expectation value
of the second derivative of the logarithm of the likelihood with respect to the parameters
of the model:

_/ 9In(L)
Fup = <_ 96,00, > ' (2:106)

Here 6, are the elements of the parameter vector 8. Assuming we work with a Gaussian
likelihood, the Fisher matrix can be written in terms of the observables covariance
matrix 5

o
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! (2.107)
O,

T =15
)

where X is the mean of the data vector (or the signal vector) and COV is the covariance
matrix of the observables. These correspond to the multipoles of the 2-point correlation
function in spectroscopic galaxy clustering analysis. We computed both signals and
covariance analytically in the previous sections. In the case of photometric surveys,
the signal vector will be formed by the Cy(z,z)’s and COV will be the correspondent
covariance matrix. More details about the relevant datasets and covariances in each of
the projects will be discussed in the correspondent Parts of this Thesis. However, let
us stress here that, because of our assumption of the ACDM model as our fiducial, we
always use GR to compute these covariances and assume it is reasonable to use it even if
we consider fiducials that are not too far apart from GR. This is a way to assume that
the correlations between the observers will not be strongly dependent on the theory of
gravity, although a different amplitude can be expected.

The Fisher matrix is thus an interesting mathematical object encoding the variance of
the target parameters. In fact, the inverse of the Fisher information is a lower bound on
the variance of an estimator. This is the so-called Cramér-Rao bound in Statistics. One can
show that we can simply estimate the covariance matrix of the model parameters as the
inverse of the Fisher matrix

Cup = (]-"‘1>w . (2.108)

In the language of Statistics theory, this covariance corresponds to the combination of
parameters that maximize the likelihood function, i.e. the values that are more likely
to be observed provided the given data. The diagonal of C contains the square of the
variance of the parameters. Hence, the forecasted 1o uncertainty on a given parameter
8, is computed by taking the square root

(0x) = v/Caa- (2.109)

In addition, the off-diagonal terms of C encode the covariances between the parameters,
which provide an estimate for the confidence regions constraining the size of the parame-
ter space to the hypervolume allowed by the data. However, let us stress the importance

We also assume that the covariance of the observables is not dependent on the model parameters, which
is actually not true. However, the leading order contribution will still be this equation. We assume the
additional corrections due to the dependency of the covariance on the model parameters to be negligible.
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of the assumption of Gaussianity (both on the prior and posterior distributions) is crucial
for taking as valid the constraints given by a Fisher analysis. On top of that, in eq. (2.107)
we have also implicitly assumed that the derivatives of the data vector X are smooth and
well-behaved functions. However, it is often the case that this idealistic fully Gaussian
scenario does not apply. If the actual posterior distribution for the parameters is far from

Gaussianity, F will not be valid, and we cannot trust anymore the forecasted constraints.

If this is the case, we need to adopt a more sophisticated approach to obtain the expected
confidence regions.

2.5.2 MCMC

An alternative (but compatible) Bayesian inference technique is to estimate the posterior
probability distributions and the correspondent credible intervals via the likelihood
function with the so-called Markov Chain Monte Carlo methods. The idea is to explore
numerically the parameter space defined by a set of continuous random variables by
drawing samples from a given probability distribution in a stochastic manner ¢, and
assign a probability for each sample to belong to the physical model. Computing the
probabilities for each set of samples, known in this context as chains or walks, means
to estimate the likelihood function. This is computationally expensive, as it requires
to compute the expected signal at each point in the parameter space and compare the
theoretical prediction with the data.

Assuming that the likelihood is Gaussian and neglecting the dependency of the
observables covariance matrix on the theory parameters, one can show that the log
likelihood can be written as

In£(X|0) = —% (X - zefh) " cov! (X - Xth) . (2.110)
Here X represents the observed, or estimated, signal and X' is the theoretical prediction
for the mean, i.e. the signal as a function of the model parameters. From the likelihood
function, it is easy to compute the probability density for each sample by using Bayes
theorem. Then, an example of such an algorithm is the so-called Metropolis-Hastings
algorithm, which works as follows. We randomly pick a point in the parameter space

and evaluate the likelihood to compute the probability density via the Bayes theorem.

Next, a second point is randomly drawn following a chosen distribution (e.g. uniform
or Gaussian distribution) with respect to the initial point. 7 Then, we compute the
likelihood for the second sample and compare with the first. If the probability for the
second sample is larger or equal to the probability density for the first sample, we add it
to the chain and continue from ‘here’. If not, we jump to the next point and check the
ratio of probabilities. The algorithm goes on drawing samples and comparing probability
densities until a stationary state is reached. This stationary state tends to the target
distribution, i.e. the posterior, for sufficiently large number of samples in the chain, and
we say that the algorithm has converged. Also, stochasticity ensures that the algorithm

Stochasticity in this context is what provides Markov Chain part of the name. A markov chain is a particular
type of stochastic process in which the probability of an event depends solely in the immediately previous
event.

7 This feature is the origin of the Monte Carlo part of the name. We ‘throw a die’, i.e. use a random number
generator, to produce the samples.
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has no memory, so that the last elements of the chain are uncorrelated with the initial
ones.

Finally, the parameter covariance matrices and the forecast uncertainties can be ex-
tracted from the posterior distribution of the parameters once the chains have converged.
If the converged chain has n samples, then the best fit parameter is approximately given
by the mean of the predicted values for each sample (when 7 is large), that comes
together with the correspondent sample variance

1
n—1

_ 15 . L
O = — Y 6.,  o(6.) = Y (6, — 6a)* (2.111)
i=1 i=1

1

In the context of the projects presented in this Thesis, each sample is a particular
combination of model parameters values. At each point in the parameter space, we will
need to compute the multipoles of the correlation function (or the C,’s) and compare
the prediction with the fiducial model. In contrast with the Fisher analysis approach,
the MCMC does not need the assumption that the posterior distributions are Gaussian,
because the algorithm itself provides the posterior distributions, on top of the mean and
variances of the parameters. In this sense, when expecting intricate degeneracies among
the model parameters, the MCMC is the preferred approach due to its ability to properly
capture them. We can then construct the parameters covariance matrices out of the o (6,)
and the associated Fisher matrix by computing the inverse. This approach will be used
in Parts ii and iii. In the first application, we will use an MCMC algorithm to compute
the parameters covariances out of the harmonic power spectra, needed to construct an
anisotropic stress estimator that combines the predictions on the evolutions of ¥ and the
Weyl potential. Secondly, the MCMC turns to be necessary to extract constraints on the
Effective Theory of Interacting Dark Energy from galaxy clustering observations, where
the algorithm requires the computation of the multipoles of the 2-pt correlation function.
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TESTING GRAVITY AT LATE-TIMES

This Part is based on publications 1, 2 and 3 listed in the preamble.

Two fundamental mysteries are latent at the core of current research in cosmology:
what is causing the observed accelerated expansion of the Universe; and what is the
nature of dark matter. The standard model of cosmology, the ACDM model, postulates
that the accelerated expansion is due to a cosmological constant, and that dark matter
is a perfect non-relativistic fluid which interacts only gravitationally with the normal
baryonic matter.

Testing the law of gravity at cosmological scales is one of the main science driver for
the coming generation of large-scale structure surveys. At large scales, the geometry of
our Universe can be consistently described by two metric potentials, ® and ¥, describing
the geometry perturbations around a homogeneous and isotropic background. Testing
the law of gravity therefore requires to test the relations between these two potentials
and the energy-momentum tensor describing the content of our Universe, in particular
the matter density fluctuation, J, and the galaxy peculiar velocity, V.

Two approaches can be used for this. The first one consists in assuming a specific
model or class of models of gravity (e.g. Horndeski models [70]), determine how the
four fields, ®, Y, and V, depend on the parameters of the model, and use observations
(which depend on the four fields) to constrain the parameters. This approach has the
obvious disadvantage that it has to be performed separately for each model or class of
models.

The second approach consists in building model-independent tests, that allow to probe
directly the relations between the four fields without assuming any model, see e.g. [53,
54, 71=77]. The outcome of these tests can then be used to determine the validity of any
theory of gravity. This second approach, which is more powerful, is however suffering
from an important limitation: the fact that our observables at late time are sensitive
to only three combinations of the four fields, namely § and V (through redshift-space
distortions, see e.g. [19, 78]) and ® + ¥ (through cosmic shear [79, 80], CMB lensing [29,
81-83] or Integrated Sachs Wolfe [84]). This means that current observations are not able
to test all relations between the four fields. The standard way of overcoming this problem
is to assume that some of the relations between the four fields are known. Typically, one
usually assumes that the continuity equation for dark matter holds: there is no exchange
of energy between dark matter and dark energy; and that Euler equation for dark matter
holds: there is no fifth force acting on dark matter, which consequently follows geodesics.
Under these conditions, a measurement of V can be translated into a measurement of ¥,
which can then be compared to ® + ¥ to test if the two metric potentials are the same,
i.e. to test for the presence of anisotropic stress [72, 85-87] (see fig. 3.1). This is a key test
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for modified theories of gravity since in General Relativity (GR) and for large classes of
dark energy models, ® = ¥ at late time ', whereas very generally in modified theories
of gravity ® # ¥, see e.g. [90].

Poisson eq.
bé

A
Y

(®+Y)

Continuity eq.

A 4

A

Y
Euler eq.

Figure 3.1: Diagram describing the relations between the four observable fields ®, ¥, § and V
and the equations connecting them. Note that we include the bias factor b in front of
the matter density fluctuation. The actual observable is the overdensity of galaxies,
which we assume to be biased tracers of the underlying dark matter distribution.

Deviations from ACDM are often studied separately by different communities: some
studies concentrate on models beyond General Relativity (see e.g. [91, 92] for a review),
assuming that dark matter obeys the weak equivalence principle; while other studies
explore non-standard dark matter models subjected to a dark fifth force (see e.g. [93—97]),
assuming the validity of General Relativity (GR). In practice however, since we do not
know if GR is valid, and we do not know if dark fifth forces exist, we would like to
use observations to distinguish between these different scenarios. More precisely, if we
observe deviations from the ACDM model, it is legitimate to ask ourselves if they are
due to a modification of the theory of gravity, or to a fifth force acting on dark matter .

One key observable in large-scale structure surveys is the growth rate of perturbations
f, that can be measured in a model-independent way from redshift-space distortions
(RSD), see e.g. [101]. While this growth of structure provides a powerful way of unveiling
deviations from ACDM, it cannot unambiguously distinguish between modifications
of gravity and dark fifth forces since they impact the way matter is clustering in a very
similar way [102-104]. A key difference between modifications of gravity and dark fifth
force models however, is the fact that in modified gravity theories, very generically
the two gravitational potentials encoding spatial () and temporal (¥) distortions are
different (see e.g. [90]), whereas in GR these potentials are the same at late time. This
property remains of course valid in the presence of a dark fifth force acting on dark matter
(only very exotic models of dark matter with a non-zero anisotropic stress would modify
this.) Hence, measuring the relation between ® and ¥, the so-called anisotropic stress,
is often referred to as a smoking gun for modified gravity, i.e. a way of distinguishing a
dark fifth force from a true deviation from GR [75, 105, 106].

As discussed in [104], however, this test cannot be performed with current methods.
The reason for this is that, besides RSD, we are currently only able to measure the sum
of the two gravitational potentials, ® 4 ¥, through gravitational lensing (cosmic shear or

Note that neutrinos also generate a non-zero anisotropic stress, which is however very small [88, 89].
Note that there are also models where gravity is modified and in addition the equivalence principle is
broken since dark matter and baryons are coupled differently to the new degree of freedom [98, 99]. In
other models the equivalence principle is valid at the microscopic level, but the modifications of gravity
generate an effective breaking of the equivalence principle due to screening [100].
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CMB lensing) [61, 107]. We have no individual measurements of ® or ¥. The only way
to measure the anisotropic stress is therefore to use measurements of the galaxy velocity
V from RSD, and translate these into measurements of ¥ assuming the validity of Euler
equation [75]. While this procedure is perfectly valid in models of modified gravity,
it clearly does not work in models with a dark fifth force, that break the equivalence
principle. Wrongly assuming Euler equation in this case would lead us to measure
an effective difference between ® and Y, and to erroneously conclude that gravity is
modified even if it is not.

An alternative method to constrain the anisotropic stress consists in looking at the
speed of propagation of gravitational waves (GWs). In scalar-tensor theories of gravity
(Horndeski theories [70]), one of the parameters that generates a non-zero anisotropic
stress also governs the speed of propagation of GWs. Combining the constraints on this
speed obtained through the GW and electromagnetic observations of the binary neutron
stars system GW170817 [108], with the consideration that dark energy perturbations
in Horndeski may become unstable in the presence of GWs [109] (which may further
limit the parameter space), leads to constraints on the anisotropic stress of the order
of a few percent [110]. This elegant method, which combines GWs propagation with
large-scale structure, is however applicable only to a specific class of modified gravity
theories and is therefore not model-independent. As before, it relies on the validity of
the weak equivalence principle in Horndeski theories. Moreover, it assumes that the
speed of GWs is independent of frequency and of time, something that has not been
validated observationally.

Therefore, a truly model independent smoking gun for modified gravity requires of
very specific rounds: we need an independent measurement of the time distortions ¥,
or the spatial distortions ®. Interestingly, among the relativistic effects affecting the
LSS there exists one that is proportional to ¥, the so-called gravitational redshift. As we
demonstrated in Chapter 2, this effect leaves an impact on the distribution of galaxies [5,
8, 10], and can be measured by looking for a dipole in the cross-correlation of populations
of different luminosity. In essence, one typically splits the galaxy population into two
groups labelled as bright and faint galaxies [7, 12, 24, 47, 48, 50, 111, 112]. Gravitational
redshift is an effect predicted by [113], which postulates that time passes at a slower rate
in a gravitational potential well. It has been measured in a variety of systems: around
earth, by comparing clocks at different distances from the ground, i.e. at different values
of ¥ [114, 115]; in white dwarf, by looking at the reddening of light due to its escape from
the gravitational field of the star [116, 117]; and in clusters of galaxies and non-linear
structures by looking at the difference in redshift between galaxies at the centre of the
structure and galaxies away from the centre [118-120]. So far, all these measurements
have confirmed the validity of GR. However, this effect (and consequently the potential
Y) has never been measured at cosmological scales.

In this Part, we develop a model independent test of gravity relying on a new technique
for measuring the time distortions metric potential ¥ directly from Large-Scale Structure
observations, building upon refs. [121—-123]. In Chapter 4, we develop the method to
isolate the evolution of ¥ by combining the multipoles of the power spectrum. This
quantity affects the redshifts of incoming photons due to the existence of varying
gravitational potentials along the line-of-sight. We continue to introduce a new estimator
for the gravitational slip, defined as the ratio 7 = ® /Y in Fourier space, which combines
the previous observable with cosmic shear observations, which are sensitive to the
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Weyl potential, (® + ¥)/2. In Chapter 5, we develop the same technique isolating the
gravitational redshift in configuration space by means of the multipoles of the galaxy
2-pt correlation function, which naturally includes the wide-angle effects. We then
introduce the appropriate parametrization for measuring the gravitational redshift and
the evolution of the Weyl potential from galaxy surveys in a model independent manner.
This allows us to produce Fisher forecasts for these two observables and predict the
constraints on the anisotropic stress expected from the upcoming Stage-IV galaxy surveys.
Finally, in Chapter 6 we explain the methodology and surveys specifications adopted for
the Fisher analyses and discuss the results. We conclude this part in Chapter 7.



ESTIMATOR FOR THE ANISOTROPIC STRESS: FOURIER SPACE

In this chapter, we introduce a novel model-independent test for the anisotropic stress,
which does not rely on any assumption for dark matter, i.e. which does not rely on the
validity of the continuity or Euler equation. We shall denote the correspondent estimator
by O%¢5. To build this test we use the fact that galaxy number counts are affected by
gravitational redshift, a relativistic effect that is directly proportional to the evolution of
the field ¥ along the line-of-sight [5, 8, 10, 11], as described in sec.1.2. This effect changes
the redshifts of the incoming photons that propagate throughout the Universe traveling
across gravitational wells generated by heavy objects. We develop a method to isolate ¥
from galaxy number counts observations. More precisely, we build an observable which
measures the correlations between the matter density fluctuations and the gravitational
potential ¥: O°F o« (§¥). We then compare this with lensing observations, which provide
a measurement of O°®*¥) « (§(® + ¥)). Our test is then simply given by the ratio
between these two observables:

OJ (P+Y)

stress —
O - O(S‘Y

where 7 relates the two metric potentials, & = Y. In ACDM, the two metric potentials
are equal and therefore O5"*** = 2 at all scales and redshifts. Any observed deviation
from 2 would therefore unambiguously mean that the anisotropic stress is non-zero in
our Universe, which is a strong indication for deviations from GR. The discussion below
is fully based in ref. [121].

4.1 GALAXY NUMBER COUNTS IN FOURIER SPACE

Spectroscopic redshifts surveys are able to map the distribution of galaxies in the sky,
providing precise measurements of their position. This permits the reconstruction of sky
maps on which we can measure the galaxy number counts fluctuations, A(n, z). This
observable can be consistently defined in a gauge invariant form following the discussion
presented in Chapter 1. Let us recall here that, at linear order in perturbation theory, the
dominant contributions to A are the density and RSD contributions (see eq. (1.42)), into
which the linear galaxy bias b(z) enters. In addition, we also consider the relativistic
distortions of eq. (1.58). Their amplitude depends on the magnification and evolution
biases, s(z) and f°°!(z). The lensing magnification is neglected, as we expect this term
to be negligible for our test, at least below z = 1.5 [77]. In Fourier space, the galaxy
number counts fluctuations for a population of galaxies with luminosity L becomes into
the form given by eq. (2.17). This is valid only in the flat-sky approximation, where n can
be considered as fixed. The product (k - n) represents the angle formed by the direction
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of observation and the direction of the Fourier modes. Note also that here we can use z
as the time variable, since the corrections generated by the difference between a surface
of constant time and a surface of constant redshift have been consistently included in the
expression for A.

Finally, note that eq. (2.17) are valid at linear order in perturbation theory. In the non-
linear regime, other terms have been shown to contribute to the observable A, modifying
the RSD contribution [41, 124], and also the relativistic effects (like transverse Doppler
effects [111, 125-127]). Hence, test proposed in this chapter is valid only in the linear
regime, where the impact from non-linear corrections can be neglected.

4.2 ESTIMATOR FOR THE GRAVITATIONAL REDSHIFT

The aim of our work is to isolate the contribution from gravitational redshift given by
the last term in eq. (2.17), k'Y /H, since it is directly proportional to the time component
of the metric ¥. The optimal way of targeting this contribution is to cross-correlate two
populations of galaxies with different luminosities, such that this term contributes to
odd multipoles [12, 24, 49, 50].

The statistical properties of the correlations between a bright, L = B, and a faint, L = F,
population of galaxies in Fourier space are given by the power spectrum. Following our
line of reasoning in sec. 2.1.1, we can define

<AB(k,Z)AF(k/,Z)> = (27T)3PBF(k, M,Z)éD (k + k/) ,

where Ppp(k, i, z) is the total power spectrum. In Fourier space, the different contributing
terms naturally appear as a power series of the flat-sky angle ¢ = k-n = cos 8 (See
tig. 2.2). Using the definitions of the Legendre polynomials contained in Appendix A.2
up to L = 4 and replacing x = u, we can recast the power spectrum into the form

Pog — bbePss — » (b + bg) P YA (4.2)
br = DBbpPos — 5 (bp +br) 7 Pov + 5 { 77 | Pvv 4.2
2 k 4 (k\? 8 [ k\?
+ —3(bB+bF)HP5v+7<H> PVV] 7’2(#)+35<%> PyyPs(p)
1 3 k )
+ | (bpag — bpag) Psy + (bp — be) 75 Psy + = (ap — ag) — Pyv [ iP1(1)
H 5 H
2w — a8) S Py i P () + (b — b)) Py i Py (1)
5F B,HVV V2 B F,HM 1(H) -

Here P, denotes the Legendre polynomial of degree ¢ the contributing power spectra
are defined through relations of the form

(X(k,2)Y(K',z)) = (27)°Pxy (k,2)dp (k + k'), 4-3)

for X,Y =6,V,V,¥. The terms of the first line of eq. (4.2) are the contributions to the
monopole (Py = 1). The terms with P, and P, correspond to the quadrupole and the
hexadecapole, respectively. The relativistic effects, encoded in the companion terms
to i P1(p) and i P3(p), generate imaginary contributions to the power spectrum. Note
however that these terms are proportional to (bg — bg) and (ap — ap) and therefore vanish
for correlations involving a single population of galaxies. As we saw in sec. 2.2.2, this
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translates into symmetry-breaking contributions to the correlation function in configura-
tion space. In fact, by Fourier-transforming back to configuration space and introducing
the relevant transfer functions for each Pxy, we find eq. (4.2) to be consistent with the
(sum of the) integrands of egs.(2.46) and (2.47), except for the wide-angle corrections
that cannot be taken into account directly in the flat-sky Fourier space.

Our aim is to isolate the last term in eq. (4.2), which is proportional to Psy. The
anisotropic stress can then be directly measured by dividing this contribution with
the so-called galaxy-galaxy lensing correlation, which is proportional to Ps¢. ) [64].
To isolate Psy, we first extract the dipole of Pgr which contains terms proportional to
Psy, Psy, Ps;; and Pyy. We then look for combinations of the other multipoles in order to
cancel the Psy, Ps;; and Pyy contributions.

Given that the Legendre polynomials form an orthogonal set, the multipole ¢ of Pg
can be extracted by weighting it with the Legendre polynomial P(x) of degree ¢ and
integrating over p via eq. (2.26) In this way, each Pé?(k,z) represent an independent
observable quantity one can easily extract from the data. We are therefore free to combine
them “a volonté’ to isolate and probe the relative impact of each contribution.

In the case of our particular test, we need to measure the monopole and quadrupole
of the bright and faint populations, the hexadecapole of the whole population. The
hexadecapole is independent of the population bias. Therefore, we cannot distinguish a
hexadecapole contribution for each population. In addition, we also require of measure-
ments of the dipole and octupole of the cross-correlation between bright and faint. In
Fourier space, the multipoles of the angle p take the form

1 k 1/k\?
PIS?\/)[ = brbmPss — g(bL + bM)ﬁPJV + 5 <,H> Pyy, (4-4)
2 k 4 [ k\?
PS\B[ = —g(bL + bM)gpév +o <7—[> Pyy, (4.5)
o 8 [k\?
Pé) =35 (H) Pyy, (4.6)
. 1
Pé}:) = —1 [(bBD‘F — bFlXB>P(5V —|— <b]3 - bF)gP(SV (47)
3 k ) k
— g("CF — “B)ﬁPVV +i(bp — bF)ﬁPJ‘I’/
P(B) =1 %(DCF - IXB)EPVV (4 8)
BF 5 H 4 .

with L=B, F. Of course, they are the Fourier transform of the configuration space
multipoles computed in sec. 2.2 (see egs. (2.52)-(2.56) for the GR expressions). From
these observed multipoles we construct the following independent observables:

1 3

0 (k,z) = PV — EPL(Z) + gpﬁ‘*)
= b% P(S(S(k/ Z) ’ (49)
3 o 15
0 (k,z) = ZP{ ) 5P
k
= _bLi PgV(k,Z), (4'10)
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' d 0%V (k,z
OV (kz) = —(1+z) O (k,2) L&E ) ]
O7°(k, z)
k [H 1
= bLﬁ [Hzpzsv(kfz) - HPW(k,Z)] . (4.11)

To obtain the last line in eq. (4.11) we use the fact that, in generic theories of gravity, the
density and velocity fields in the linear regime can be written as é(k,z) = D(k,z)d(k,0)
and V(k,z) = G(k,z)é(k,0), where 6(k,0) is a constant and denotes the present dark
matter density, while D(k, z) and G(k, z) are functions of k and z mapping d(k,0) into
the past *. With this we can easily verify that

Pk 2) o (%) = Dk 2)G(k,2)Pss(k, 0) = Py (k,2),

which gives rise to expression (4.11). From egs. (4.9), (4.10) and (4.11) it’s clear we can
measure the galaxy biases and the velocity contributions. We are now able to isolate Psy
with the following combination

M [3 HN? T sy -
0™ (k,z) =i 2 [2P§? - pé})] . (k) [ogv(k,z) - ogv(k,z)]

H 2 2 1 evol 2%

2 2 1
+ (i‘) [1 — 37— 5% (1 - m) +f§V°l] osY (k, z)
= (b — br) Psy (K, 2) - (4.12)

We see that O’ (k,z) can be measured from the galaxy number counts, without
making any assumption on the theory of gravity. It depends indeed on:

= The multipoles of the power spectrum, which are observable.

s The background quantities H /k and rH. These two combinations can be inferred
from background observations. For example, observations of type Ia supernovae
provide a measurement of the luminosity distance, up to a multiplicative constant *:
d; = d; Mo, from which one can infer the ratio H(z)/#Ho. We then have

doHo L H_H1

rH = Tt 2o an kT Mok (4-13)

where k = k/ Hy is independent of & for k in units Mpcflh.

» The magnification bias, s, and evolution bias, f¢*°!, of the bright and faint popu-
lations. These quantities can be directly measured from the two populations of
galaxies. The magnification bias requires a measurement of the number of galaxies
as a function of luminosity [25], whereas the evolution bias requires a measurement
of the number of galaxies as a function of redshift [10, 128].

1 These relations are valid in theories of gravity where mode couplings are negligible in the linear regime.
2 This is due to the fact that the absolute intrinsic luminosity of supernovae is unknown, so that only ratios of
luminosity distances at different redshifts are independent of normalization.



4.3 GALAXY-GALAXY LENSING

The observable O°% is on its own a very interesting quantity. It probes directly the
correlations between density perturbations and the metric gravitational potential Y.
Therefore, it provides a way of measuring these correlations at cosmological scales, for
the first time.

This observable relies on the dipole and octupole of the power spectrum, that are
too small to be measured with current surveys [47]. The signal-to-noise ratio (SNR)
of the dipole has however been forecasted for the upcoming generation of surveys (in
configuration space), and is expected to reach 9.6 for the DESI survey (7.4 for the Bright
Galaxy Sample and 6.2 for the emission line galaxies and luminous red galaxies [48]),
and 46.4 for the SKA phase 2 [54]. The octupole is between 2 to 5 times smaller than the
dipole [24], and its SNR is therefore expected to be reduced accordingly (its variance
should indeed be similar, since it is dominated by density and RSD). The octupole may
therefore degrade the overall SNR of O°Y. If this is the case, this could be circumvented
by replacing the octupole with the hexadecapole, which is similarly sensitive to Pyy, see
eq. (4.6). Due to the relatively large SNR of the dipole for DESI and the SKA, we expect
O°Y to be well measured in future surveys.

Let us mention that one limitation of the observable O°? is to rely on the flat-sky
approximation. Since relativistic effects may be of similar order as wide-angle effects,
this approximation may not be accurate enough and wide-angle effects may modify the
form of eq. (4.12). To study the importance of wide-angle effects, one needs to work in
configuration space, where these effects can be consistently included [24]. In particular, in
configuration space one can construct estimators that remove wide-angle effects directly
from the signal [54, 69], without relying on any theoretical modelling. Adapting the
observable O°f to configuration space will not change its form nor meaning, and we
defer this study to Chapter 5. Let us first continue the discussion towards our final result
for the anisotropic stress estimator.

4.3 GALAXY-GALAXY LENSING

To extract the anisotropic stress from 0%Y we need in addition a measurement of
Ps(@+v)- This can be obtained by correlating gravitational lensing with galaxy number
counts, the so-called galaxy-galaxy lensing correlations [64]. In terms of the arguments
presented in Chapter 1, we already know that observations of galaxy shapes provide a
measurement of the convergence field «(n,z), whose dominant term, i.e. the lensing
magnification, is directly sensitive to the Weyl potential (see eq. (1.52)). It actually implies
an integral of the transverse Laplacian of (® + ¥) on a hypersurface of constant time.
Such an integral only meaningful on the past light-cone of the observer. Therefore, as
discussed in sec. 2.1.2, we have first to define the correlation function in configuration
space, and then extract the power spectrum from this well-defined quantity.

The observable O°Y depends on the bias difference between the bright and faint
populations, bg — bg. In order to cancel this dependence we consider the following
galaxy-galaxy lensing correlation (see also fig. 2.3)

Ax = (Ap(n, 2)x(n,2")) — (Ap(n, 2)x(n’,2")) (4.14)

/

= (bB — bF) /Or dS(r/Z_r/S)SQS(n,Z)AQ(CD +‘I’)(n/,z’)> ,
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where ' = r(z’) and s is the dummy integration variable. We see how Fourier transform-
ing 6 and ® + ¥ and using Limber approximation [55, 57], we obtain
r)r

r—
Ax = — (b — bF)7<

1 )
o @(7/—7)E/0 dk 1 K’ Py oy (ki z)Jo(kLAxL). (4.15)

Here ]y is the Bessel function of order zero, k; = |k, | is the amplitude of the wave-
number contribution perpendicular to the line-of-sight, Ax, = |Ax, | denotes the ampli-
tude of the vector joining the pixel in which Ay is measured and the pixel in which « is
measured, projected in the plane orthogonal to the line-of-sight, and © is the Heaviside
function, accounting for the fact that the correlation between A;, and «x is non-zero only
if k is behind Ar. Note that (Apx) contains also a lensing-lensing contribution, due to
the first term of the third line in eq. (1.40) [129]. However, this contribution does not
depend on the galaxy population and vanishes therefore in ¢kt. Moreover, the correlation
between x and the velocity contributions in eq. (1.40), which are projection effects along
the line-of-sight, exactly vanishes in the Limber approximation.

Since égi depends on Ps¢.y), on the bias difference bg — b and on the observable
quantities r and 7/, we could directly compare it with O°Y to extract the anisotropic stress.
However, to build a more direct test, it is convenient to Fourier transform the correlation
function and define

47 ©
~ /0 dAxleLCEE(Ar, Ax,,z)]o(k Ax))

= (b — br) Ps(@1v) (k1 2). (4.16)

O5(¢‘+‘Y) (kL/ Z)

Here the correlation function is expressed in terms of the transverse separation, Ax;, and
the radial separation, Ar, between Ay, and «. To obtain the second equality in eq. (4.16)
we have used the orthogonality relation for Jy

_ 1

/0 Ay Ax Jo(k A )o(K, Axy) = 1=

Splky —K)). (4-17)
Equation (4.16) contains an integral over Ax; going from o to co. In practice, since the
correlation function and the Bessel function go to zero at large separation, the integral
can be cut at some maximum transverse separation AxT“*. The observable Oo(®+Y)
depends only on the transverse wave number k; (in the Limber approximation, the
radial modes do not contribute to the correlation function ¢h:). Therefore, to compare
with 0%, we have to evaluate O°(®*%) at k = k.

The galaxy-galaxy lensing correlations have already been measured with high sig-
nificance in several surveys, e.g. by the Dark Energy Survey [60, 64]. To build O(®+¥)
we need to measure these correlations for two different populations of galaxies and to
take their difference. In sec. 6.2.2, we study the performance of this observable with the
upcoming generation of surveys.

Note that O°(®+¥) has been built to cancel the bias difference of O°Y, see eq. (1.12).
This is however only possible if the galaxy-galaxy lensing correlations are measured
from the same galaxy populations as the clustering correlations. It requires therefore
a spectroscopic survey and a lensing survey that cover the same part of the sky [130].
This is for example the case for Euclid, which will measure spectroscopic redshifts and
photometric galaxy images over the same sky area [59]. Similarly, one can combine the
spectroscopic redshifts measured by DESI [131], with the galaxy images measured by the
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DESI Legacy Imaging Survey [132]. Otherwise, the combination of lensing and clustering
surveys targeting different underlying populations requires the knowledge about the
cross-variance between the different datasets.

4.4 ANISOTROPIC STRESS ESTIMATOR

In ACDM and for large classes of dark energy models, the two metric potentials are
the same at late times, and we have therefore

J(DP+Y)
Ostress — o =2. (418)

0¥
On the other hand, in theories of modified gravity, the metric potentials are generally
different. This difference is usually parameterized by the variable # through the general-
ized relation ®(k,z) = 5 (k,z)¥(k, z), where one allows for redshift and, possibly, scale
dependence. This leads to

stress O(S((DJF‘Y)
@) :W:1+U' (4.19)
The observable O°% provides therefore a direct way of measuring 7. In particular, if the
ratio in eq. (4.19) is different from 2 at any redshift or scale k, then ACDM is ruled out,
as well as all classes of dark energy models with no anisotropic stress, at least beyond
that redshift or k-scale.

To emphasize the robustness of our test compared to standard methods, let us consider
the following model, widely used in the literature: we parameterize deviations from GR
by two functions, #(k, z) (introduced above) and Y (k, z), which encodes modifications to
Poisson equation [72]

KW (K, z) = %H2Qm(z)Y(k,z)5(k,z), (4.20)

where (), (z) is the matter density parameter at redshift z. The function Y (k, z) (some-
times called p in the literature) reduces to 1 in GR (see eq. (1.15)). In addition to these
functions, we allow for another departure from GR by modifying Euler equation (1.11)

V(k,z) +HV(k,z) — k¥(k,z) = EPk(k, z), (4.21)

where E£Preak js a generic function encoding deviations from geodesic motion for dark
matter. For example, in models where dark matter experiences a fifth force due to
a non-minimal coupling to a scalar field, EP™? takes the form EP™ = kT(2)¥(k, z),
where I is the amplitude of the fifth force [54].

We now apply the test developed in [72] to this particular model. By doing this we
clearly use the test outside its domain of validity, since in [72] it is explicitly assumed
that Euler equation is valid. However, since in practice we do not know if dark matter
obeys Euler equation or not, it is relevant to see what happens in this case. The evolution
equation for the density contrast becomes

H’ k2 k A
" - (A _ break
6"+ (2 + H> ) (aH)ZT (aH)ZE , (4.22)
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where H(z) = H(z)(1+ z) and a prime denotes a derivative with respect to N = Ina.
The violation of the equivalence principle modifies therefore the way structures grow as
a function of time, see also discussion in [133]. The combination of observables proposed
in [72] to measure the anisotropic stress becomes then

3(1 + Z)SPZ k (] + ;7) E‘break

—1=n+ . |

Here P, and P; are the ratios of observables defined in [72] (see their egs. (14) and (15)),
f is the growth rate and E = H/ Hj.

From eq. (4.23) we see that the test developed in [72] is not a measurement of 7 when
Euler equation is not valid. In other words, a non-trivial outcome of this test can either
mean that the anisotropic stress is non-zero, or that dark matter does not obey Euler
equation. While we can use it as an estimator to test deviations from General Relativity,
we will not be able to distinguish if these deviations are originated from the anisotropic
stress or the breaking of the Euler equation for dark matter from it alone, without an
additional estimator for the £P™?. In this case, we might be able to infer 5 from the
combination of the two.

In conclusion, we have constructed an observable, O°Y, which is directly proportional
to the time component of the metric Y. This observable is constructed from the multipoles
of the galaxy number counts, A, and it relies only on observable quantities. We have
then shown how this novel observable can be used to measure directly the anisotropic
stress, i.e. the difference between the two metric potentials ® and Y.

This test, O%"***, has the strong advantage that it does not rely on any assumption
about the theory of gravity, apart from the fact that photons propagate on null geodesics.
In particular, O does not assume that dark matter obeys the continuity or Euler
equation. This differs from standard measurement of the anisotropic stress, which rely
on the validity of the continuity and Euler equations. As an example, we have shown
how the test proposed in [72] will fail if Euler equation is not valid: instead of measuring
directly 5, the combination of observables defined in [72] contains an additional term
proportional to the deviation from Euler equation. This limitation simply follows from
the fact that standard observables are insensitive to ¥. The only way to test the relation
between ¥ and ® + Y with the current tests is then to translate a measurement of V into
a measurement of ¥ assuming that dark matter obeys Euler equation. Importantly, this
restricts the validity of current tests to the theories in which this assumption is valid.

Our test, O%"*%, overcomes this limitation by using an observable sensitive to relativistic
effects, which allows a direct measurement of ¥. Of course, the price to pay is that
Ostress will be more difficult to measure than standard tests, since relativistic effects
are more challenging to measure than RSD. In the following Chapter, we will study in
more detail the sensitivity of O for the upcoming Stage-IV generation of large-scale
structure surveys. In particular, we will analyze the performance of our test on the Phase
2 of the Square Kilometer Array survey (SKA2) and the Vera C. Rubin’s Observatory
Legacy Survey of Space and Time (LSST). The first is expected to provide high quality
spectroscopic data, crucial for measuring ¥, while the second will deliver a huge amount
of exquisite photometric data crucial to galaxy lensing measurements.

Finally, let us note that our test, O"**, is highly complementary to the well-known Eg,
statistics [53, 71, 134], which measures the ratio between density-lensing correlations,
(0(®+Y¥)), and density-velocity correlations, (V). Similarly to our test, the E, statistics
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does not rely on the validity of Euler equation, and is therefore truly model-independent.

It provides however constraints on the combination of parameters: Y(1+7)/f. An
observed deviation from the ACDM value in E¢ can therefore either be due to a non-zero
anisotropic stress (suggesting a modification of the theory of gravity) or to a growth

rate which differs from ACDM (which also happens in simple models of dark energy).

Having a test which directly and uniquely targets the anisotropic stress is therefore of
high importance to test the theory of gravity.
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MEASURING THE ANISOTROPIC STRESS IN CONFIGURATION
SPACE

In this chapter, we revisit the method for measuring ¥ directly from large-scale
structure observations explained ref. [121]. In practice, the most efficient approach for
extracting information from galaxy surveys is to apply summary statistics such as the
configuration space correlation function. So far, we introduced the Fourier space method
in Chapter 4. This was useful to understand the technique extracting an estimator for
Y, but suffers from the important limitation that it does not account for the so-called
wide-angle corrections, arising in the flat-sky approximation only when performed in
configuration space. The relativistic effects we are after might be of the same order of
magnitude as these wide-angle effects and hence ignoring them lead to biased estimations
[24]. However, we note that the power spectrum is just the Fourier transform of the
correlation function, and hence the arguments and conclusions of Chapter 4 remain
valid.

Therefore, we now travel to the realm of positions and redshifts and develop the
method to isolate the correlation of ¥ with the density 6 by combining the multipoles
of the galaxy three-dimensional 2-pt correlation function. We develop the theoretical
model and introduce a model-independent parametrization of the evolution of ¥. We
then propose a new parametrization for the evolution of the Weyl potential (CD +Y¥)/2
to be used for gravitational lensing measurements. Finally, we reconstruct the estimator
for the anisotropic stress as the ratio of measurements of the time distortions and the
Weyl potential. The present chapter is based in refs. [122, 123].

5.1 EVOLUTION OF THE TIME DISTORTIONS: Y

We start by parameterizing the evolution of the gravitational potential encoding the
time distortions in a model-independent way. We assume that at early time, well in the
matter era, the Universe is well described by GR and Cold Dark Matter (CDM). This has
been tested with great precision by CMB measurements. We link therefore deviations
from the CDM model to the onset of the accelerated expansion of the Universe. In
this context, in sec. 2.1 we modelled the perturbations variables in Fourier space by
means of the transfer functions connecting them to the primordial gravitational potential
generated by inflation, ¥i,, which depend on the Fourier mode wave number, k, and on
the redshift, z. The matter density fluctuations are given by T;(k,z) (eq. (2.10)) and it is
related to the velocity and potential perturbations by the Einstein’s equations. Under the
assumption that deviations from GR appear only at late time, we can compute Tj(k, z) by
linear evolution from Ty(k, z,) with eq. (2.13). The growth function D; (k, z) describes the
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growth of structure at late time and depends consequently on the theory of gravity and
on the model of dark energy. At z,, where GR is recovered and radiation is negligible,
this function is independent on k. *

The velocity transfer function is usually related to the density transfer function using
the continuity equation for matter, to find eq. (2.8) in terms of the growth rate f(k, z).
Under the same assumption about the deviations from GR, the velocity transfer function
evolves at late time as

H(z)f(k,z)D1(k,z)
H(z)f(z) D1 (z4)

If the continuity equation is not valid, this standard parametrization breaks down. This
would happen for example if dark matter exchanges energy with dark energy [135].
Since we want here to be agnostic about the theory of gravity and the behavior of dark
matter, we parametrize instead the growth of velocity at late time with a new function
G(k,z) such that

Ty(k,z) = Ty (k,z.). (5.1)

H(z)G(k,z)
H(z:)f(24)D1(z+)

Finally, the potential transfer function can be related to the density transfer function,
using the Poisson equation and assuming that there is no anisotropic stress via eq. (2.6).
Additionally, the matter density transfer function is usually split into a linear part and
a boost factor, B, which accounts for the nonlinear evolution of matter fluctuations at
small scales

Tv(k,Z) =

Ty(k,z.) . (5.2)

Ty(k,z) = Tj"(k,z),/ B(k,2). (53)

One can extract this non-linear boost factor from simulations by comparing the predicted
signal with the linear regime theoretical prediction. Under the same assumptions as for
the velocity equation above, we can write the late-times evolution of the gravitational
potential in the form

H2(z)Qn(z)D1(k,z) | B(k,z)

kD) = o) | Blez)

Ty (k,z«), (5-4)

where we have used that ), (z.) = 1. Again, in order to be agnostic about the theory
of gravity, we replace this standard evolution with a new free function I(k,z) which
encodes the evolution of the gravitational potential ¥ at late time:

2 V4 z z
Ta(k2) = e gt [ S Ty k). 65

The functions D (k, z) and G(k, z) have been measured via redshift-space distortions.
The function I(k,z) on the other hand has never been measured at cosmological scales.
In the next section we present the method to measure I using the multipoles of the 2-pt
galaxy clustering correlation function. Later on Chapter 6, we forecast the precision for
measuring [(z) with the coming generation of surveys. Note that for the forecasts we will

The only scale-dependence within general relativity (GR) is indeed due to massive neutrinos and it is very
small (see, e.g., [59]).



5.2 GALAXY CLUSTERING 2-PT CORRELATION FUNCTION

use the quasi-static approximation where we can drop the k-dependence. We also restrict
the correlation function to separations chosen such that non-linearities are negligible, i.e.
that the boost B plays no role. However, we included it here for consistency with the
derivation of secs. 5.3 and 5.5 for the evolution of the Weyl potential and the anisotropic
stress estimator.

5.2 GALAXY CLUSTERING 2-PT CORRELATION FUNCTION

As shown in Chapter 4, the evolution of ¥ can be measured by cross-correlating the
over-density, A, of two populations of galaxies, e.g., a bright and a faint population. ¥
contributes to the galaxy over-density through the effect of gravitational redshift, which
shifts to the red the spectrum of galaxies situated in a gravitational potential well. This
effect adds to the density and RSD in eq. (1.42) and generates a contribution of the
form 0,Y/H in A [7]. This term has the particularity to produce asymmetries in the
distribution of galaxies [24] (see fig. 1.3). Hence, it was proposed to measure it by fitting
for a dipole in the cross-correlation of bright and faint galaxies [24, 49, 50]. However,
since Doppler effects also contribute to such a dipole, one needs a method to disentangle
the two types of contributions.

Recovering the discussion presented in sec.2.2, we recall that galaxy surveys are able to
map the distribution of galaxies in the sky. From this maps, we can reconstruct the galaxy
number counts fluctuations, A(n,z), as a function of the direction of observation, n and
the redshift, z. We computed the analytical expression at linear order in perturbation
theory in sec.1.2. Our conclusion there was that we will consider first line the standard
density and redshift-space distortions (RSD) contributions (eq. (1.42)) and the relativistic
effects (eq. 1.58). Among those, the first two terms are Doppler contributions 2. Finally,
the last term of the latter is the contribution from gravitational redshift, which depends
directly on ¥ and is the target of our study.

In practice, from the discussion in Chapter 2 we learned that the standard approach
to extract information from the galaxy distribution maps is to measure the statistical
moments of the galaxy distribution. Assuming the fields describing the Universe are
random Gaussian variables, all the relevant information will be contained in the 2-point
correlation function and the variances between the variables. Generally speaking, the
Gaussian fields are functions of position and time. In Cosmology, it is more convenient
to define the 2-pt correlations in terms of the direction of observation n and the redshift
z. Hence, we take two points in the sky and compute the 2-pt correlation function of
A, Cim(z,d, p) = (AL(n,z)Am(n’, 2')), where d is the comoving distance between the 2
points in the sky and y = k - n is an angle. The function ¢ depends on the specific shape
of the triangle formed by the observer and the two points, and its final dependence is
determined by the property of isotropy. This correlation measures the probability of
finding a galaxy at the position (n’,z’) provided that there is a galaxy at the position
(n,z). In addition, it is convenient to work in the distance-observer regime, assuming
d < r where r(z) is the comoving distance to the pair. In this approximation, we have
r(z') ~ r(z) and one can take as reference point the center of the line joining the two
points. Then y = cos  is the relative angle between the line-of-sight and the orientation

Note that other relativistic distortions contribute to A [5, 8, 10], but their impact on the multipoles of the
correlation function is negligible [27]. Gravitational lensing also contributes to A, but its impact becomes
important only at large redshifts [27, 136], where we will see that I cannot be measured anymore.
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of the pair (see fig. 2.2). This computation was done in sec. 2.2, where we computed the
correlation function for the more general scenario of distinct populations of galaxies.

Interestingly, we have shown that in the distant-observer approximation performed
in sec. 2.2.2 the density and RSD contributions in A generate a monopole, quadrupole
and hexadecapole in the correlation function. These contributions have been measured
with various surveys, see e.g. [101]. The contributions from gravitational redshift and
Doppler effects generate additional terms on these multipoles as well, but they are
suppressed by a factor of (#/k) (d/r) and are strongly subdominant, i.e. they can safely
be neglected [27]. However, these relativistic effects generate a dipole in the correlation
function, which can only be measured by correlating two distinct populations of galaxies,
for example bright and faint galaxies [24]. We found the GR expressions for the even
and odd multipoles in secs. 2.2.3 and 2.2.4. However, for our test we require to rewrite
the expressions in terms of the new parametrization introduced above, i.e. the functions
D1, G and I of sec. 5.1. The even multipoles take the form

) = |iubu(z) + 3 (1) + b)) €@ + 565 mizd), (56)

0ted) = = |3 (bu(2) + ) 6(2) + 5636 | ), 5

£z d)r = 62 palzad), 58)
where

br(z) = by (2)0s(2), (5.9)

6(2) = G =GR, (5:10)
and

(2, d) = 21? / dkaP‘j%(éZj)")jg(kd). (5.11)

The functions p(z.,d) depend on the matter power spectrum at z = z,, well in the
matter era, and are therefore determined by physics in the early Universe, which is
tightly constrained by CMB observations [6]. These functions will be therefore considered
as fixed for this analysis. Measuring the even multipoles provides consequently direct
measurements of the biases, IA?L,M(Z), and of the function G(z) [101] (which reduces to
f(z)og(z) under the assumption that the continuity equation (1.10) is valid).

The dipole in the cross-correlation of bright and faint galaxies reads

e (2, d) = ;[{3 (75 ~1) (50 ~5:2) 62 512)
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which is only non-zero when correlating two distinct populations of galaxies 3. Note
that the dipole is explicitly dependent on the time evolution of the modified growth
factor and on the gravitational redshift. This is only the case if we do not use the Euler
equation in the calculation. We have defined

i) = 10 = 1 (513

~—

and

Ho Pss(k, z+)

vi(zd) = 5 5 / k=

As before, the function v4(z.,d) which depends on z, will be considered fixed in the
analysis. Note also that we have parametrized the expressions in terms of 0g(z) instead
of Di(z) as in sec. (2.1). In doing that we have used the fact 0g3/05(z.) ~ D1/D1(z).
This is more convenient from the observational point of view, as oy is degenerate
with the quantities we want to measure. Hence, combining the dipole with the even
multipoles provides a way of measuring directly the function [(z), which encodes the
evolution of the gravitational potential ¥, and the evolution of the velocities G(z) in a
model-independent way.

The function [ is a new parameter encoding the z-evolution of the gravitational
potential. If galaxies obey Euler’s equation, which is the case if the weak equivalence
principle for dark matter and baryonic matter is valid, then [ can be related to f = f g
through

ja(kd) . (5.14)

R 2. /H/ £
I=3f W+7+1 (5.15)

It is therefore possible to reconstruct the evolution of ¥ from RSD, as has been shown
in [75]. On the other hand, if Euler’s equation is not valid, for example if dark matter
is sensitive to a fifth force, or if baryons and dark matter are not coupled in the same
way to gravity, then eq. (5.15) is not valid [138]. In this case, [ has to be considered as
an independent function, that cannot be inferred from RSD measurements. The dipole
is therefore an important new observable, since it will allow us to measure [ directly,
without having to assume anything on the behavior of dark matter. With current surveys,
the dipole is unfortunately not detectable [47]. Forecasts show however that the coming
generation of surveys, like DESI and SKA2, will be able to measure it robustly [54, 111,
112].

Finally, let us stress that in our derivation we have assumed that the k-dependence
of D1, G and I is negligible, so that we can take them out of the integrals in egs. (5.11)
and (5.14). This is a common assumption, that is used in many analyses, see e.g. [101],
and that is motivated by the fact that in the quasi-static approximation the k-dependence

Note that the dipole is also affected by wide-angle effects, which generate a contribution of the form
—2/5(bg — bg) G (d/r) uz(z«,d). This is a contamination arising from the even multipoles in the distant-
observer approximation. The relativistic effects are suppressed by a factor (H/k) with respect to the even
multipoles, which is a factor roughly of the same order as (d/r). This contribution can however be removed
by constructing an appropriate estimator, as has been shown in sec. 2.2.5 (see also [24, 54, 69]). For simplicity
we have set here the evolution biases to zero f§V°1 = fI?VOI. In practice these parameters will be measured
from the galaxy populations, see e.g. [137].
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can often be neglected [98, 99, 139]. However, for some theories of gravity this assumption
may not be valid [140]. Relaxing it would slightly complicate the forecasts, but would
not invalidate our method.

5.3 EVOLUTION OF THE WEYL POTENTIAL: ® + ¥

The standard method to model the evolution of the two gravitational potentials consists
in relating them to the matter density, allowing for a non-zero anisotropic stress and a
modification to Poisson’s equation. Here we develop a different method, which, as we
will show, allows us to measure directly the evolution of ® 4 ¥ with redshift.

We start by reviewing how ® + ¥ evolves with redshift in ACDM. The correspondent
transfer function of the Weyl potential can be related to that of the matter density via the
Poisson equation and assuming ¥ = @, i.e. no anisotropic stress, which is the case for
General Relativity (7 = 1). We found the expression in eq. (2.9) Once more, the matter
density transfer function is usually split into a linear part and a boost factor, B, which
accounts for the non-linear evolution of matter fluctuations at small scales (see eq. (5.3)).

As stated earlier, in ACDM the growth of matter density fluctuations in the linear
regime is scale-independent at late times, and we can therefore relate the transfer function
at redshift z to a redshift z, through the growth function D;(z). Inserting (2.13) into (2.9)
we find the relation

2
Topy(kz) = H?j(z(s)(?: (iz*))%l(é)*) BB<(:,'ZZ*)) Toy(kiz.). (516)
Equation (5.16) tells us that, in ACDM, the evolution of ® + ¥ is governed by Qm(z) D1(z),
i.e. that ® + Y follows directly the evolution of the total matter density.

In the case of modified gravity, however, the two equalities present in eq. (2.9) are
generically modified: first ® and ¥ can be different from each other due to the anisotropic
stress, and second ® may not be related to the density, §, via Poisson’s equation.
Therefore, generically, the evolution of @ + ¥ will differ from the evolution of the density,
governed by D;. To account for this, without restricting ourselves to any particular
model of gravity, we replace Om(z)D1(z) in eq. (5.16) by an agnostic function J(k, z). This
function encodes the growth of ® + ¥, and by treating it as a new degree of freedom, that
can be directly measured from the data and that is independent of the growth function
D;, we effectively allow for any deviations from GR.

Since here we want to generically parametrize gravity modifications at late-times, we
define the pivot redshift z, to be well in the matter era, before the accelerated expansion
of the Universe started. We assume that, at that redshift, GR is recovered. In other words,
we expect structures to grow as in GR, when the background evolution of the Universe
behaves as in GR. We therefore set J(k, z.) = Qm(z+)D1(z+) = D1(z+), since Om(z.) =1
in the matter era. With this, the transfer function for ® + ¥ evolves as

HA(2)](kz) [ Blkz)

Ty (k z) :H2<Z*)D1 (Z*) B(k,z*) Toy(k zi) - (5.17)

Combining eq. (5.17) with egs. (5.3) and (2.13), and using that at z, GR is recovered,
ie.

lin 1 k 2
Ty (k/ Z*) = —3 TCD-I—‘Y(k/ Z*) ’ (5.18)
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we can relate the transfer function of ® 4 ¥ to the density transfer function at z, via

H(z)

2 lin
Tq>+‘1f(k/2)=—3[ p ] J(k,z)\/B(k,z) T3 (k, z«)

Dy (z4)

(5.19)

5.4 HARMONIC POWER SPECTRA: THE 2 X 2PT ANALYSIS

Let us now determine how the function | can be measured with gravitational lensing.
Gravitational lensing can be measured either through shear-shear correlations or through
density-shear correlations (the so-called galaxy-galaxy lensing). In this chapter we
focus on the latter, since, as we will see, it allows us to probe directly the function |
at the redshift of the lenses. In addition, we include in our analysis the galaxy-galaxy
correlations since it allows us to break the degeneracy between the galaxy bias and the
function J. In summary, we exploit a reduced "2 x 2pt formalism” as explained in sec.2.3.

Let us find the generalized version of the 2 x 2pt observables in terms of our new
parametrization. The harmonic power spectra of galaxy-galaxy lensing correlations can
be computed using eq. (2.78)

) (zi,zj) :/dz n;(z)b;(z) /dz’n]-(z’)Cg"(z,z’)

A dk [/ k\™!
=5 [ @zt /dZ”f /k(k*>

Tk i) [ AT ) T i) (520

Here A denotes the galaxy over-density, evaluated at the effective redshift of the tomo-
graphic bin i

1
A(Zi, I‘li) = bi(S(Zi, I‘li) + ﬁar(v . ni) , (5.21)
where n; is the direction of the pixel i, V is the galaxy peculiar velocity, b; is the linear
bias, and 9, denotes a derivative with respect to the comoving distance . Here «
represents the lensing convergence 4, evaluated in pixel j with effective redshift z;. It is
related to the Weyl potential by

z], n] / dr

where r; = r(zj) and Aq is the Laplace operator on the sphere surface. On top of that, n;
and n; denote the galaxy distribution function of the lenses and sources, respectively, and
je stands for the spherical Bessel function of order ¢. The parameters A, 1, and k. denote
the amplitude, spectral index, and pivot scale of the primordial power spectrum defined
through’ k3(¥, (k)Y (k")) = (2m)2A(k/k.)" 16(k + k). Note that in eq. (5.20), we

AQ(CD +¥)(r,n;j), (5.22)

Let us remind that this is just xg (first term in eq. (1.52)) as discussed in sec. 2.3. We remind that what
galaxy surveys measure is the shear <y, which can be identified with x¢. In other words, the full « field of
eq. (1.52) entering in the magnification matrix (1.48) can be identified with v when neglecting the relativistic
effects, which we do in this context. Therefore, we allow ourselves for an abuse of our own notation and
hereby use ¥ when actually referring to xg.

5 Note that A is related to the amplitude As defined in Planck through A = 8712 Ag /9.
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have neglected the correlation between the convergence and RSD (the second term in
eq. (5.21)), as is done, e.g., in [59], since those are subdominant for thick tomographic
bins. We also neglect correlations involving the Doppler lensing, which is only relevant
at small z and wide-angles (i.e. very large separations) [31, 34].

Using the Limber approximation and inserting eq. (5.19), (5.3), and (2.13) into eq. (5.20)
we find the harmonic power spectra to take the form

CP*(aiz)) = [dzm(ai(e) [ dem(z) "
30(0+1) J(z)
X mHZ(Z) D1 (Z) P(S(S (kfr Z) ’ (523)

where k; = (£ +1/2)/r. Notice that this is consistent with the insertion of egs. (2.79)
and (2.82) into eq. (2.77). The background quantities are evaluated at the same effective
redshift. Once more, we have neglected the k-dependence of the functions D; and ]J.
However, the methodology could be generalized to include the scale-dependence in case
of need, as in the galaxy clustering case. From eq. (5.23), we see that | is evaluated at the
redshift of the lenses, whose distribution is given by 1;(z).

Writing now the density power spectrum as

D1 <Z)
D1 (Z*)

2
Pss (ke z) = [ ] P33t (kg z.) B (ke 2) (5.24)

we can rewrite eq. (5.23) as

OO (2, 27) = g [ dzmi(2#2@)hi(=)](2)

P (ky,z.) ,on (@) —r(2)
X B (ky, z) % /dz n](z )W , (5.25)
where we have defined
sy J(2)os(z) _ J(z)os(z+)
](Z) = Dl(Z) - Dl(Z*) ’ (526)
and
bi(z) = bi(2)03(z2) . (5.27)

From eq. (5.25), we see that galaxy-galaxy lensing is affected by four distinct ingredi-
ents:

1. The background expansion of the Universe, through the Hubble function #(z) and
the comoving distance r(z).

2. The density fluctuations at redshift z,, before acceleration started.
3. The nonlinear boost factor B.

4. The evolution of density and gravitational potential at late times, through the two
functions b and .
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Ingredients 1 and 2 are tightly constrained by cosmic microwave background (CMB)
measurements. In the analysis we will therefore fix them, for simplicity, using the
latest Planck ACDM values for As, ns, Omo, Qp 0, and h [6] 6. But we note that the
methodology described in this work would allow for a combination of galaxy survey data
with CMB observations to constrain all parameters together, including the cosmological
and the [ and b parameters. Ingredient 3 depends in principle on the theory of gravity.
However, the standard method to infer the nonlinear boost is by generating cosmological
simulations, which require the choice of a specific modified gravity model. Therefore, it
is not possible to obtain a general nonlinear boost factor for our parametrization. In this
work, we follow the approach considered in the Dark Energy Survey analysis [63] and
keep the standard halofit nonlinear boost [141], while limiting the range of scales used in
the analysis to avoid entering deeply into the nonlinear regime. We also consider a more
stringent scale cut to assess the impact of this choice of boost in our results, showing
that it is subdominant and constitutes, therefore, an acceptable approximation. Finally,
ingredient 4 is what we want to measure in this work. In practice, we assume J and b to
be free parameters with a constant value within each tomographic bin, and we focus on
constraining them.

As can be seen from eq. (5.25), once we consider J and b as free parameters with a
constant amplitude in each tomographic bin, their product is fully degenerate. Therefore,
as mentioned at the beginning of the section, we do not consider galaxy-galaxy lensing
measurements alone, but rather their combination with galaxy clustering, using the same
photometrically-selected lenses.

The harmonic power spectra for galaxy clustering, using the Limber approximation,
was computed in sec. (2.3). Here we just transform the expression in terms of our
parametrization. Using the Limber’s approximation, we combine egs.(2.77) and (2.79) to
find the expression for the photometric clustering

lin Zy
€8z 2) = [z (0 D b0 2B (k1) S o)

Combining this expression for the galaxy clustering observable with the galaxy-galaxy
lensing observable in eq.(5.25), we can break the degeneracy between j and b and
constrain both sets of parameters at the same time.

This procedure allows us to measure the evolution of the gravitational potentials,
® + Y, in a model-independent way. The only assumption underlying such an analysis
is that at high redshift z,, before acceleration started, we recover GR. Note that this
procedure is similar to the one used in RSD measurements, where the density power
spectrum at z, is constrained by CMB measurements, and RSD are used to measure b
and f = fog in a model-independent way in each redshift bin, see, e.g., [101].

Note that here we assume that the background evolution is consistent with ACDM predictions, since this
has been so far confirmed by observations. This assumption is common in large-scale structure analyses,
see, e.g., [101].
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i — X approach Our approach
Ag, 15, Oy, Omo, b Ag, 15, Qpo, Omo, b
bz) b(z) = b(z)os(2)
(2) J(z) = 2(2)Om(2)08(2)
u(z) adding RSD: f(z) = f(z)03(z)

Table 5.1: Comparison of the parameters used in the standard y — X approach and in our
approach. On top of those, let us remind we also have an independent measurement
for ¥ via the parameter [, that should be added into the column of the right.

5.4.1 Comparison with the standard y — X parametrization

Before moving to the Fisher analyses, let us compare our approach with the standard
parametrization used in weak lensing analyses. Modifications to GR are usually encoded
into two phenomenological functions, y(k,z) and 7(k, z), that modify Poisson’s equation
and the relation between the two gravitational potentials:

Y = —47Ga® u(z, k) pmd, (5.29)
O =1(z,k)¥. (5.30)

The sum of the gravitational potentials can then be written as
R(@+Y¥) = 31 ()m(@)T()0(kz2),  T=T(1+n). (5.31)

With this the galaxy-galaxy lensing power spectra and the galaxy clustering power
spectra become

(2, 2j) /dzn 2)H2(2) O (2)bi(2)X(2)

B (ks 2) B (k) [ deimy() 20 (532)
Mzi,zj) = /dzn (rl((lz)—’— 2) bi(z)bj(z) B (k¢,z) Py (ky, z) - (5.33)

The galaxy-galaxy lensing power spectra depend directly on the function X(z). In
addition, both the galaxy-galaxy lensing power spectra and the clustering power spectra
depend on y, since the evolution of §, and consequently the matter power spectrum at
redshift z, are sensitive to p.

Comparing eq. (5.32) with eq. (5.25) we see that

J(z) = 2(2)Om(2)08(2) - (5:34)

In table 5.1, we list the set of free parameters in the standard y — X parametrization and
in our parametrization. The parameters in the first line are the standard cosmological
parameters that are best determined by the CMB, and that are the same in both cases. In
our forecasts, we will keep them fixed for simplicity, but in practice, in both approaches,
one can combine lensing with CMB measurements to constrain these parameters. In
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addition to these standard parameters, the  — X parametrization has three free parame-
ters per redshift bin (b, 2, 1), whereas our parametrization has two free parameters per
redshift bin (E, J). One could conclude that the y — X parametrization is more powerful
since it allows us to measure one more parameter at each redshift. This is however not
the case, since b, X, and u are strongly degenerated in eq. (5.32) and (5.33). To break the
degeneracy it is necessary to add new information, through RSD, which are sensitive to u
and b. In our approach, adding RSD would add one new free function f(z) = f(z)os(z),
that can directly be measured from RSD and leads to the same number of free parameters
in both approaches.

From this we see that the first key property of our approach is that it separates clearly
the information that can be measured with the 2 x 2pt lensing measurements, from the
information that can be measured from RSD. The 2 x 2pt data measure the evolution
of ® + ¥ and the evolution of the galaxy density, whereas RSD measure the evolution
of the velocity (and again the evolution of the galaxy density). In the standard y — X
parametrization this separation cannot be applied since the parameters b, %, and y can
only be measured by combining lensing with RSD.

The second specificity of our approach is to allow for a direct measurement of the
parameters | and b in each redshift bin. In contrast, in the ¢ — X approach, it is not
straightforward to measure y(z) in each redshift bin. The reason for this is that y enters
in egs. (5.32) and (5.33) through its impact on the matter power spectrum, Ps;s(k, z), which
depends on the whole time evolution of #(z). In other words, to constrain y(z) from the
2x2pt data and RSD, we need to solve the modified version evolution equation for the
matter density 6 (eq. (1.16)), which reads

"(a 2
8" (k,a) + (1 + 7;[((01))> 8 (k,a) — 2021’0 (,;E%) u(a)é(k,a) =0, (5.35)

where a prime denotes derivatives with respect to Ina. This means that to measure y in
the bin z;, it is not enough to measure clustering at z; and weak lensing at (z;, zj). We
need instead measurements of these quantities in a variety of redshifts larger than z;.
Two methods have been used to account for this fact. The simplest way is to assume a
given evolution for y with a, for example, see [101, 142]

p(a) =1+ Vo%AA(aO), (5.36)

where only i is a free parameter, that is constrained from the data. However, if u
does not evolve in this way, the constraints on pg are not valid. Another possibility
is to parametrize y and X in terms of their values in a number of redshift nodes, and
then interpolate between the nodes to obtain continuous functions, that can be used
to solve eq. (5.35), see [139]. This method does not assume any time evolution, but it
depends on the chosen interpolation method, which introduces arbitrary correlations
between the nodes. For example, using a cubic spline tends to suppress sharp changes
in these functions [139]. In contrast, in our approach, since no evolution equation needs
to be solved, no interpolation is needed: f can be measured directly in each redshift
bin. A theory prior on the evolution of | with redshift can be introduced if we want, for
example, to reduce the number of free parameters, but this is not required.

Finally, our approach has the advantage to be fully model-independent: we directly
measure , i.e. the evolution of ® + ¥, without any assumption on the theory of gravity
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or on the behavior of dark matter. This is not the case for the standard y — X approach,
which relies on the validity of eq. (5.35) to find ¢ for a given . As shown in [103], if dark
matter couples differently than baryonic matter to gravity, or if dark matter is affected
by a fifth (non-gravitational) force [138], this equation is modified and the constraints on
u and X are not valid.

Measuring | is therefore much more direct and robust than measuring ¥ and p. It is
actually completely equivalent to measuring f = fog from RSD. These measurements
can indeed also be done in a completely model-independent way, in each of the redshift
bins of the survey. In contrast, going from fog to u requires to solve the evolution
equation (5.35) for . In the next section, we will present an example where measuring |
is very useful and allows us to measure 7 redshift bin by redshift bin, without having
to assume anything on the evolution of y, and, as stated previously, without having
to assume a specific behavior for dark matter. Note that from table 5.1, we expect the
relative constraints on f and f to be of similar amplitude as the relative constraints on X
and u.

To finish this section of comparison with other parametrizations, it is worth considering
the recent analysis presented in [143]. The author considers a template-fitting approach
to constrain the growth of matter perturbations with cosmic shear analyses in a model-
independent way, which is similar to our goal. There is however an important difference
with respect to our approach, which is that in [143], GR is assumed, and therefore
eq. (2.9) is used to relate the evolution of ® + ¥ to the evolution of the density. The main
goal of this method is therefore to measure the growth of density, without being affected
by the bias. Hence, the free function that is fitted from the data is Om(z)0g(z). In our
case, on the other hand, we use lensing to measure directly the evolution of ® + Y, i.e.
J(z), without assuming GR. Note that because of that, we choose our reference power
spectrum at z = z, (Where we assume GR to be recovered) instead of z = 0, as is done
in [143]. Furthermore, we assume the shape of the template power spectrum to be given
by CMB measurements, instead of assuming a fiducial cosmology and accounting for
it with an Alcock-Paczyriski parameter. We also differ in the fact that we use mildly
nonlinear scales with a GR nonlinear boost factor. Finally, another relevant difference
is that in [143] the author considers the cosmic shear observable and, because of this,
he includes the BNT nulling technique proposed in [144]. Such technique allows the
author to obtain localized cosmic shear kernels and therefore constrain the growth at
different redshift bins. In our analysis, we consider the galaxy-galaxy lensing observable.
Therefore, the agnostic | function only appears at the level of the lenses, which are
already localized.

Other recent model-independent analyses to test modified gravity that are worth
mentioning are the Dark Energy Survey Year 1 analysis splitting between growth and
geometry [145] and the Dark Energy Survey Year 3 (DES Y3) analysis binning oy as
a function of redshift [63]. The former considered a split of a subset of cosmological
parameters, such that one parameter was sensitive to the growth of perturbations and
the other one was sensitive to the geometry of the Universe. Within ACDM, the two
parameters should agree and provide the same value. In the Year 3 analysis, a successor
of this method was considered by introducing a set of amplitudes (one per redshift bin)
that scale the linear power spectrum. These translate into the value of oy at redshift o
based on the amplitude of structure in a given redshift bin. These methods can be seen
as consistency tests of ACDM, where any deviation would consist in an indication for
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beyond-ACDM physics. Instead, our method focuses on directly measuring the evolution
of the gravitational potentials and the anisotropic stress as a function of redshift in a
model-independent way. Finally, a recent measurement of f using DES Y3 data has been
performed in ref. [146], showing that DES Y3 data prefers high values of the primordial
fluctuations and a slow evolution of the Weyl potential. The authors also show that this
feature lies at the core of the well-known o3 tension. Let us emphasize that the technique
for measuring J is model-independent and can therefore be compared with any theory
of gravity.

5.5 ANISOTROPIC STRESS

Now that we have derived the parametrization of the gravitational lensing and gravi-
tational redshift observables, we can combine them to measure the anisotropic stress,
or gravitational slip, defined as the ratio between the two Bardeen potentials, 7 = ® /Y.
The combination of the two redshift dependent functions accounting for the evolution of
Y and the Weyl potential provides a redefinition of the anisotropic stress estimator

Ostress = f(z) _ T‘1>+‘Y(klz*) T\y(k,z) 2 2

jz)  Telkz) Tew(kz) ®+Y 1+7’

(5-37)

where in the first equality we use egs. (5.17) and (5.5). The boost, B(k, z), cancels in the
ratio since it is expected to affect in the same manner the evolution of ¥ and of ® + ¥ (it
encodes indeed the nonlinear evolution of matter density — see eq. (5.3)). Moreover, in
the second equality we use that (® + ¥)(z.) = 2¥(z.), since GR is recovered at z..

We note that we consider the ratio of [ over f , or equivalently the ratio of ¥ over the
Weyl potential, instead of the inverse, because our constraints on ¥ are weaker, as we
will see in the following sections. The fact of having weaker constraints allows ¥ to
become compatible with a null value, which introduces numerical instabilities in the
inverse of eq. (5.37).

Equation (5.37) is a novel estimator of the anisotropic stress, 7, in configuration
space, which is fully model-independent. It is directly built from measurements of the
functions | and [ in the bins of the surveys. If the ratio /] differs from 1, we can then
unambiguously conclude that gravity is modified. In other words, if a value O5* +£ 1 is
measured, we will have strong evidence that gravity is purely modified by an anisotropic
stress, meaning that the time and spatial perturbations of the metric, encoded in ¥
and ®, respectively, behave differently on large scales at late-times. In contrast, the
standard p — X approach does not allow us to measure 7 in a model-independent way.
In particular, with the standard approach, we could detect an apparent deviation from
GR: 57 # 1, even if gravity is not modified and ¥ = ®. As has been discussed in [138],
this is due to the fact that if dark matter is affected by a fifth force, RSD do not provide a
measurement of the true p. As a consequence, the observed 5, which is inferred from a
measurement of 2 and y, will not be the true 7 (see sec. (4.4) for the discussion regarding
the breaking of the Equivalence Principle for dark matter). Our method is therefore
crucial for being able to interpret a measurement of # # 1 as a true smoking gun for
modified gravity.
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In this Chapter, we discuss the analysis for the novel method to measure the anisotropic
stress, which has the key advantage of being model-independent. As explained in
Chapters 4 and 5, our method combines direct measurements of the time distortion, ¥,
which can be detected via the effect of gravitational redshift, with measurements of the
Weyl potential from gravitational lensing, to directly probe the relation between ¥ and ®.
This method does not rely on a specific model of gravity, nor on a particular behavior
of dark matter: it uses the data in a completely agnostic way to extract measurable
quantities and compare them. In particular, contrary to current measurements from RSD
and weak lensing, this method is also valid if the weak equivalence principle is violated,
i.e. if dark matter obeys a fifth force.

Our analysis follows the method presented in [121], where it was shown that combining
multipoles of the galaxy power spectrum with the galaxy-galaxy lensing power spectrum
provides a direct model-independent determination of 7 = ® /%Y. We include forecasts
for the expected precision on the novel redshift evolution parametrizations for the time
distortion ¥ and the Weyl potential (® + ¥)/2. In addition, we apply the method to the
coming generation of surveys to determine the precision with which # can be measured.
Note that we use here the correlation function and the angular power spectrum, instead
of the power spectrum, to properly account for wide-angle effects [24, 42]. Our forecasts
show that combining measurements of gravitational redshift from the Square Kilometer
Array with measurements of the Weyl potential from the Legacy Survey of Space and
Time of the Vera C. Rubin Observatory (LSST) will allow us to constrain the anisotropic
stress with a precision of ~ 20 %, through the relation

stress — 2 — 2
14+ 149/Y

(6.1)

The rest of the chapter, based on ref. [122, 123], is organized as follows: in sec. 6.1 we
present the specifications of the future galaxy surveys considered, and the methodology
used to forecast the constraints on the different parameters under study. We then present
and discuss the main results of the analysis in sec. 6.2 for both observables and their
combination. We leave the conclusions for the following Chapter 7.

6.1 METHODOLOGY
In this section we present the methodology used to forecast the constraints on the

observables presented in Chapter 5. We first describe the galaxy surveys considered and
their settings, and then briefly explain the Fisher matrix forecast used in this work.
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6.1.1  Gravitational redshift with SKA

Future Stage-IV galaxy surveys will provide us with precise spectroscopic data probing
the galaxy clustering in our Universe. An example of such a survey is the Phase 2 of the
Square Kilometer Array (SKA)*, expected to be in full operational capacity by 2030, with
which we will be able to observe close to a billion of galaxies between redshifts z = 0.1
and z = 2.0. It is expected that this new data will drastically improve our measurements
of the growth history, achieving sub-percent measurements of f(z)os(z) [147] using the
even multipoles of the galaxy clustering correlation function. In this Chapter we want to
show that by combining the measurement of the even multipoles with the dipole we will
be able to measure the gravitational redshift at late times.

We set z,, = 10, well in the matter era, and as described in Section 5.2 we assumed that
the functions py(zs,d) and v1(z,,d) are fixed by CMB constraints. Therefore, we vary
only G, [ and the biases of the bright and faint populations in each redshift bin 2. We
split the galaxies into a bright and faint population with same number of galaxies per
redshift bin.

We consider the number density and volume specifications presented in [147] and
follow the approach used in [122] to split the populations of galaxies between faint and
bright such that we have the same number of each luminosity type per redshift bin. For
the fiducial of the galaxy biases we use the exponential fitting functions

Ab

bg = cpe™? + EX (6.2)
Ab

bF = CF edFZ — 7 , (63)

for the bright and faint populations, respectively, with fiducial values of cg = cp = 0.554
and dp = dp = 0.783, following [147]. As in [122], we assume a difference between the
two galaxy biases of Ab = 1. This is consistent with the O(1) difference that has been
measured for BOSS in [47]. In our forecasts, we then treat bg and br as free parameters
in each redshift bin and marginalize over them. For the magnification bias, we use the
model developed in [103], and we neglect the evolution bias for the two populations.
Once data will be available, both the evolution bias and the magnification bias of the two
populations will be directly measurable from the average galaxy distribution, although it
will be highly non-trivial and completely dependent in the selection criteria. Therefore,
we keep these values fixed in our forecasts.

In the first place, we forecast the uncertainties on the different parameters relevant to
the observables described in sec. 6.2.1.1 using the SKA Phase 2 specifications. We assume
as our independent parameters the values of the functions I, G and the population biases
bp, br at each redshift bin. In summary, the parameters considered for the measurements
of the distortions of time are given by the vector:

0; = {1, G, by j, b}, (6.4)

where i runs over the spectroscopic redshift bins. We consider 12 bins of size Az = 0.1
in the interval ranging from z = 0.1 to z = 1.3. From eq. (5.12) we see that the dipole

depends not only on G in each redshift bin, but also on its time derivative G. Since we

1 https://www.skatelescope.org
2 Note that the derivatives in the Fisher matrix can be computed analytically for our set of parameters.
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do not want to assume anything regarding the evolution of G, we choose to write this
time derivative in a given z-bin in terms of the value of G at the neighbour bins. For this
purpose, we use the five-point Stencil method

Glzi) =—(1+ Zi)H(Zi)de(;i)
= (1+1221)A7Z-[(ZZ) — G(ziy2) +8G(zit1) —8G(zi-1) + G(zi2) | - (6.5)

We have checked that for redshift bins of size Az = 0.1, the five-point stencil method
allows us to reconstruct é(zi) with a precision of 0.1 percent. On the other hand, if we
use only two bins to reconstruct the time derivative we would make an error of up to
129 percent at low redshift, due to the fact that G changes sign. Such a large mistake in
G may bias the measurement of [.

Secondly, we assume a specific time evolution for the [(z) and G(z) functions akin to
the approach used in standard RSD analysis for constraining deviations from GR. One
common assumption is to link the deviations to the amount of dark energy Q5 (z) (see
e.g [148]). This is an elegant way to enforce the assumption that any gravity modification
can only be relevant at late times, after dark energy begins to dominate the evolution of
the Universe. Here we consider the two following models for the evolution of G and I:

G(z) =f(z)os(z) [1+ Go X(2)] , (6.6)

IS

[(z) =Qu(z)os(z) [1 + [h X(2)] , (6.7)
with X(z) = 1 for z € [0,2] in the first model and X(z) = Qx(z)/Qa(z = 0) in the
second model. With this, the analysis is significantly simplified since G is directly
determined by eq. (6.6). Moreover, in this case, instead of considering one free bias
parameter per redshift for each population, we assume that the biases evolve as in

egs. (6.2) and (6.3), with four free parameters cg, cp, dg and dg. The parameters vector
will be then

90 = {TO/ GOI CB, CE, dB/ dF} . (68)

Finally, we shall perform two forecasts by choosing different values for the minimum
separations between galaxies. This d,;, must be set at the scale on which the linear
regime is a good approximation. Following [77], for an optimistic scenario, we choose
Amin = 20Mpc/h, while for the pessimistic case we set dp;;, = 32Mpc/h. In this regime,
the boost in eq. (5.5) plays a negligible role and can therefore be set to 1 in our forecasts.
In addition, we set the maximum separation such that it is consistent with the size of
our smallest redshift bin, dm,x = 120 Mpc/h, in all of our bins.

6.1.2  Gravitational lensing with LSST

In the following years we will also have access to a huge amount of exquisite photomet-
ric data from the future Stage-IV galaxy surveys. Some examples are the Vera C. Rubin
Observatory that will carry out the Legacy Survey of Space and Time (LSST 3, [149]), the
Euclid satellite4 [150], or the Nancy G. Roman Space Telescope 5 [151]. In this work we

3 https://www.lsst.org
4 https://www.euclid-ec.org
5 https://roman.gsfc.nasa.gov
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Figure 6.1: Number of galaxies as a function of redshift for the different samples considered. The
solid lines stand for the LSST lenses, the dashed lines represent the LSST sources, and
the bars represent the SKA spectroscopic top-hat bins, that have been adapted to the
LSST lenses. The effective redshift for each tomographic bin is represented with a
vertical dotted line.

focus on LSST, whose main science objective from a cosmological perspective is to probe
dark energy and dark matter. In order to achieve this, the baseline survey will cover
18 000 square degrees of the Southern sky during 10 years to obtain accurate photometry
in multiple optical bands. Such a survey will allow us to obtain accurate photomet-
ric redshifts and weak lensing shear measurements for about 27 galaxies per arcmin?.
This will enable precise photometric galaxy clustering, cosmic shear, and galaxy-galaxy
lensing cosmological analyses, also called 3 x 2pt analyses.

In more detail, we consider the survey settings provided with the public version of
CosmoSIS[152]. These consist in five equipopulated tomographic bins for the sources
and ten equipopulated tomographic bins for the lenses with a total of 27 galaxies per
arcmin?, for both sources and lenses. We represent the galaxy distributions in fig. 6.1.
Additionally, we consider a linear galaxy bias model with a constant fiducial set to b = 2,
but treated as a nuisance parameter in each tomographic bin and marginalized over °.
We also consider the nonlinear alignment model for intrinsic alignments [65, 66] with a
fiducial amplitude set to A4 = 1 but allowed to vary. We note that we limit our analysis
to multipoles between ¢ = 20 and ¢ = 2627 in the optimistic scenario and between
¢ =20 and ¢ = 750 in the pessimistic scenario. In both cases we do not go too deep into
the non-linear regime, and therefore the linear modeling for galaxy bias and intrinsic
alignment can still be assumed as good approximations for our forecasts. Finally, we
consider an ellipticity total dispersion of . = 0.3.

It is important to mention that we assume GR is valid at small scales where intrinsic
alignments are important, that is, we include the intrinsic alignment contribution using
a standard GR modeling, even when constraining f. The main reason for this choice
is the lack of intrinsic alignment models for modified gravity theories. However, we
marginalize over the amplitude of this effect to account for its impact. We neglect some
observational systematic uncertainties, like a shear calibration bias, or biases in the mean

We note that a realistic galaxy bias might have some redshift dependence. However, since we marginalize
over its value at each redshift bin, we have verified that a different fiducial value for the galaxy bias does
not change the size of the final constraints. We therefore keep b = 2 as fiducial, for simplicity.
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of our galaxy distributions. Moreover, we neglect some contributions to the signal like
the impact of magnification or RSD for photometric galaxy clustering and galaxy-galaxy
lensing observables. This is also the approach followed in [59], for example. Note that we
do not expect magnification to alter the measurement of b and | at small redshift, where
its contribution to the signal is strongly subdominant. Since, as we will see, 7 is only
well measured at small redshift with our estimator, our analysis should be independent
of this contamination. Also, RSD are partially washed out in thick tomographic bins and
therefore a subdominant contribution to the total signal. In any case, this analysis focuses
on determining whether a model-independent measurement of the anisotropic stress can
be performed with future observations. Therefore, our first aim is to check its feasibility
in an optimistic scenario where the main systematic uncertainties are under control.
Obviously this analysis will need to fully account for all observational uncertainties once
real observations are available in order to obtain precise and unbiased predictions.

Once we have our theoretical predictions for the observable J derived in sec. 5.4 with
the specifications provided above, we can forecast the uncertainties on the different
parameters using a Fisher matrix formalism. We summarize the parameters considered
in our analysis, together with their fiducial values, in tables B.1 and B.2 in the Appendix,
but for simplicity our vector of free parameters is given by

Qf = {fi/ Bi/ AIA/ fj/ ,fj/ BB,j/ EF,]'} ’ (69)

where i runs over the ten tomographic bins for LSST and j runs over the seven bins
for SKA2. Notice that, in the later case, the effective number of bins on which we can
constrain [ is limited due to the usage of the five-point Stencil method to infer the
evolution of G (see eg. (6.5)). Hence, even though we use 11 bins, we can only constrain
I'in 7 of them. On top of that, we limit the spectroscopic analysis to the redshift range
over which we found meaningful constraints.

6.1.3 Combining the probes

In final analysis, we use the measurements on [ and [ to build an estimator for the
anisotropic stress by comparing the functions [(z) and f(z) of eq. (5.13) and eq. (5.26),
respectively. Importantly, we need to modify the redshift bins considered in the previous
section (see also [122]) for [(z), in order to obtain constraints at the same effective
redshifts than those for f(z). These are the redshifts of the lenses. This can easily be
done for SKA2, thanks to the very precise determination of redshift. The new top-hat
galaxy distributions and the effective redshifts are shown in fig. 6.1. Let us remind that
these new redshift bins corresponde to those on which we can extract constraints on 1,
but that we need at least four more in order to infer the evolution of G. After computing
the forecast constraints for both | and [, we can combine them and place constraints on
the anisotropic stress 77. Following the methodology described in Sections 6.1.2 and 6.1.1
and after marginalizing over the last three tomographic bins for |, we generate a mock
chain of 50000 points for f and another one for [. In each point we compute the ratio
presented in eq. (5.37) and compute the posterior at each redshift bin.
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6.1.4 Fisher matrix forecasts

We estimate the constraints on the parameters by means of the Fisher formalism
described in sec. 6.1.4. We compute the Fisher matrices F using eq. (2.106), where X is
the mean of the data vector and COV is the covariance matrix of the data. These will
correspond to the galaxy-galaxy lensing and galaxy clustering harmonic spectra for LSST,
and to the correlation function multipoles for SKA2. We consider a Gaussian covariance
for the former, meaning that we account for the cosmic variance and shape/shot noise,
but neglect non-Gaussian terms like the super-sample covariance, as was done in [59].
For SKA2, we include shot noise and cosmic variance in the variance of the multipoles
and account for cross-correlations between the different combinations of luminosity
pairs. Details on the multipoles covariance matrix are given in sec. 2.4. Importantly, we
do not include the non-zero cosmic variance associated to the dipole, arising from the
relativistic corrections (given by eq. (2.92)). This has mostly a publication timing reason,
as ref. [39] is posterior to refs. [122, 123]. Nevertheless, it’s impact on the results should
be small for the separations considered in these works. We note that, because of our
ACDM fiducial, we use GR to compute these covariances. Once the Fisher matrix is
computed, we estimate the covariance matrix of the model parameters as the inverse of
the Fisher matrix (see eq. (2.108)).

In practice, we use CosmoSIS to call the CAMB Boltzmann solver [153, 154] and compute
the Fisher matrix for the | parameters. We then use the same Boltzmann solver to build
the Fisher matrix for the [ parameters from the correlation function multipoles. We
note that our gravitational lensing observable is also sensitive to b and the amplitude of
intrinsic alignments, while our gravitational redshift observable depends on the generic
growth function G= fog 7 and galaxy biases bg = bgog and by = bpog. These additional
parameters are considered nuisance parameters and we marginalize over them when
providing constraints on | or . We also remind the reader that these observables depend
on the cosmological parameters providing the spectrum of matter perturbations at z = z,,
but we consider the cosmology fixed.

In addition to the forecast constraints on | and [, sensitive to ® + ¥ and ¥, respectively,
we want to combine them to constrain the anisotropic stress. Instead of building a
Jacobian transformation to move from one set of parameters to another one, and to keep
the non-linearities that may arise in the transformation, we generate synthetic chains from
the individual Fisher matrices. In more detail, given a Fisher matrix for the | parameters
and a Fisher matrix for the [ parameters, we invert them to obtain the covariances of
the parameters. Then, for each one of them, we generate a mock chain centered at our
fiducial and with random points drawn from a multidimensional Gaussian distribution
with the corresponding covariance. We finally generate a third chain from the ratio of the
other two at each point, which provides the posterior on [/] =2/ (1 + 7). It is important
to mention that for the joint analysis we only consider seven redshift bins for [, while we
use ten redshift bins for f , as can be seen in fig. 6.1. The main reason for this choice is the
lack of constraining power on [ at higher redshifts. Therefore, we further marginalize
over the last three tomographic bins for the gravitational lensing observable when it is
combined with the gravitational redshift.

Note that we treat G as a free function, with unknown time evolution. In particular, we do not assume
that f = ddlr;%’ since this is only true if the continuity equation for dark matter is valid. Since we want to
remain agnostic about the behavior of dark matter, we do not assume that this equation is valid.
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Z 035 045 055 065 075 085 095 1.05

dpin I 023 024 028 033 039 048 o060 077
20 G 0002 0.002 0.003 0.003 0.003 0.004 0.004 0.005
dpin I o027 028 o032 037 o045 055 069 087

32 G 0004 0.004 0.005 0.006 0.006 0.007 0.008 0.009

Table 6.1: 10 constraints on [ and G relative to their corresponding fiducial value, marginalized
over the bias parameters. We show the results for two values of the minimal separation
Amin, in Mpc/h.

6.2 RESULTS

In this section, we present the main results of the analysis. We first focus on the
gravitational redshift and explain the results on ¥ coming from the dipole of the galaxy
clustering 2-pt correlation function. We then present the results on gravitational lensing
observable and the constraints on ® + Y. Finally, we derive the constraints on the
anisotropic stress from the combination of the two observables.

6.2.1  Gravitational redshift

We present the first forecast of the gravitational redshift on cosmological scales in a
model-independent manner. This effect is proportional to the time distortions potential
Y and hence represents a measurement on the field itself. As explained in Chapter 5, we
can do this by combining the measurement of the even multipoles with a measurement of
the dipole of the galaxy clustering 2-point correlation function. This technique will allow
to measure the gravitational redshift in a future survey such as SKA2 with a precision of
10 — 30% at late times (see [122]) in bins of size Az = 0.1.

We performed two analysis following distinct approaches. For the first example, we
propose to measure the evolution of ¥ and the peculiar velocity field. For this purpose,
we assume as free parameters the values of the functions [ and G at each of the 12 redshift
bins. The population biases of the bright and faint population are treated as independent
nuisance parameters we marginalize over. In the second analysis we introduce a fixed
redshift evolution for I, G (see egs. (6.6) and (6.7)) and the galaxy biases (see egs. (6.2)
and (6.3)) which simplify the analysis effectively reducing the number of relevant and
nuisance parameters.

6.2.1.1 Constraints per redshift bin

In table 6.1, we show the 1¢ constraints on [ and G, marginalized over the bias
parameters. Note that due to the five-point stencil method we cannot constrain [ in the
first two and in the last two redshift bins, since in these four bins G is not constrained.
We show therefore the constraints starting at z = 0.35. We compute the constraints
starting at two different minimum separations: dp,;, = 20 Mpc/h and dp;,, = 32Mpc/h,
since non-linearities have been shown to become relevant around those scales [77].
Since the signal-to-noise ratio peaks around 30 Mpc/h and then slowly decreases with
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Figure 6.2: Joint constraints of [ and G at z = 0.35, with dpy = 20 Mpc/h.

separation (see e.g. fig. 5 in [54]), separations above dm. = 160 Mpc/h are irrelevant.
The constraints are therefore obtained from separations well inside the horizon, which
justifies the use of the quasi-static approximation.

We see that at low redshift, the constraints on [ are very good, providing a direct
measurement on the evolution of the potential ¥ with a precision of 20-30 percent.
Combining such a measurement with gravitational lensing will allow us to distinguish
unambiguously between deviations from GR and dark fifth force models. Comparing
with current tests of gravity, we see that the precision with which ¥ will be measured
with the coming generation of survey is similar to the precision with which the evolution
of the velocity field is currently measured: in [101], for example, the combination
f(z)os(z) is measured with a precision of 10-30 percent in various redshift bins. The
future constraints on G are tighter than those on [ by almost two order of magnitude.
This is not surprising since G is constrained by the even multipoles, which will be
measured with exquisite accuracy with SKA2, whereas [ is constrained only by the
dipole, which has a significantly lower signal-to-noise ratio. Interestingly, the constraints
on [ are only mildly degraded (by 14 — 18%) when increasing dp;, from 20 to 32 Mpc/h.
In contrast, the constraints on G are degraded by 100%. This is due to the fact that the
gravitational potential is much less affected by non-linearities than density and RSD.

In fig. 6.2 we show the joint constraints on G and [ at z = 0.35. We see that the
parameters are almost not degenerate. This is due to the fact that the even multipoles
are only sensitive to G and can therefore efficiently break the degeneracy between G and
I in the dipole.

Finally, we have also performed forecasts for the parameter I = (EB — EF)T which
directly enters into the dipole. The constraints on this parameter are only very slightly
better than those on [ (by 0.1 percent). Hence, even though [ seems to be completely
degenerate with the galaxy biases in the dipole (see eq. (5.12)), these biases are so well
constrained by the even multipoles, that the degeneracy is completely broken. Regarding
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No evolution  Evolution

dmin[Mpc/h] 20 32 20 32

Iy 0.10 0.11  0.15 0.18

Go 0.001 0.002 0.002 0.003

Table 6.2: 10" constraints on [y and Gy, marginalized over the bias parameters, for the two models
described after eq. (6.7).

the magnification and evolution bias, we emphasize on that we have not included them
into the current analysis, assuming they shall be directly measurable from the specific
galaxy samples.

6.2.1.2 Constraints from a specific time evolution

When constraining deviations from GR, standard RSD analyses usually assume a
specific time evolution for the functions encoding these deviations. One common
assumption is to use that the deviations evolve proportionally to the amount of dark
energy O (z), (see e.g [148]). We introduced the functional form of this time evolution
in sec. 6.1.1. In practice, we are now left with two free parameters encoding the
amplitude of the gravitational potential and the peculiar velocities today, Iy and Gy
respectively. Additionally, we also simplified the population biases by assuming as
nuisance parameters the four cgr and dgr of egs. (6.2) and (6.3).

The marginalized constraints on Go and [ are shown in table 6.2. For the constant
model, we reach a precision of 10% on [y, which decreases to 15% for the dynamical
model.

6.2.2  Gravitational lensing

In the top panel of fig. 6.3 we present the 1¢ forecast uncertainties for | with respect
to their fiducial value as a function of redshift. We show the optimistic scenario in
red, corresponding to scale cuts {m.; = 2627, and the pessimistic scenario in blue,
corresponding to {msx = 750. A given offset has been added in the x-axis for illustrative
purposes.

As can be seen in fig. 6.3, there is a degradation of the constraints on J as a function
of redshift. This behavior is essentially due to two effects. First, at high redshift, the
tomographic bins are wider, which implies that there is a more significant smoothing of
the galaxy clustering distribution along the line-of-sight. Because of this, the amplitude
of the galaxy-galaxy lensing spectra decreases, leading to worse constraints on . Second,
at high redshift, the lenses are necessarily closer to the sources, which decreases the
lensing kernel, and in addition, the lenses are correlated with a smaller number of bins,
which decreases the number of independent measurements of | at that redshift. Let us
for example consider the tomographic bin number two for the lenses in fig. 6.1, which is
centered at redshift z ~ 0.4. The lensing efficiency will peak at roughly the double of
this redshift, implying that the sources in the third tomographic bin, which is centered
at redshift z ~ 0.9, will provide a high signal-to-noise measurement. In addition, this
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Figure 6.3: Forecast 1 ¢ uncertainties for J (top panel) and I (bottom panel) with respect to their
fiducial value for each tomographic bin. The red (light gray) error bars correspond to
the optimistic scenario, while the blue (dark gray) error bars represent the pessimistic
settings described in the text.

second bin is also correlated (albeit less strongly) with the bins number two, four, and
five of the sources, providing four independent measurements of [ at z ~ 0.4. On the
other hand, if we consider the high-redshift lenses, like tomographic bins number seven
or higher (effective redshifts higher than z ~ 1.2), there are no sources at the double
of these effective redshifts, where the signal would be the strongest. This means that
only the very low-redshift tail of the lenses distributions will be close to half the effective
redshift of the sources. Therefore, this will lead to a decrease of the lensing kernel
and thus a decrease of the galaxy-galaxy lensing signal. Furthermore, since the lenses
are not correlated with the sources at lower redshift, the lenses bin number seven is
only correlated with the sources bin number four and five, which provides only two
independent measurements of . All together, these effects lead to worse constraints on |
at high redshift. We note that all tomographic bins have the same number of galaxies
with the same ellipticity dispersion. Therefore, the shape and shot noise are the same for
all redshifts. Cosmic variance is instead a bit smaller at high redshift, given the larger
volume, but not enough to compensate the effects mentioned above. However, even
accounting for the degradation as a function of redshift, LSST will be able to constrain |
as a function of redshift at less than percent level, and therefore probe the Weyl potential
with very high precision.

Let us mention that we have validated our method to measure f, by comparing it with
the standard method, assuming ACDM. For this we have proceeded in the following
way. First, we have verified that replacing the standard ACDM harmonic power spectra
by the ones provided in egs. (5.25, 5.28) with the J and b values in egs. (5.26-5.27), we
recover the same constraints on the cosmological parameters at the level of 0.1 %. We
note that in this test we have fixed the values of | and b and constrained the cosmological
parameters, with the goal of testing the implementation of the new harmonic spectra
against the standard method. In a second step, we have assumed J and b to be constant
within each redshift bin and moved them out of the integral. Their values have then
been fixed according to egs. (5.26-5.27) at the effective redshift of the corresponding
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bin. Under this assumption, the recovered constraints on the cosmological parameters
degrade by a factor between 1 and 3.5 compared to the constraints obtained with the
standard approach. Such a discrepancy is expected, since by fixing the value of | and
b in each redshift bin, we remove the information coming from the evolution of these
quantities inside the bins. Performing the same test with twice the number of redshift
bins, we have found that the degradation reduces to a factor between 1 and 1.8, showing
that as we increase the number of bins and the approximation of constant J and bis
more valid, we recover the standard constraints with our new implementation.

Besides validating our methodology, this test also shows the level of degradation on
the cosmological constraints due to our requirement of model-independence. Since we
want to measure the evolution of the Weyl potential without assuming a specific theory
of gravity, we are limited by the size of the tomographic bins. Contrary to standard
methods, where the evolution within a redshift bin is given by the model, here we can
only measure the value of the Weyl potential at the effective redshift of the bins, therefore
loosing part of the information.

6.2.3 Anisotropic stress with the combination of probes

Measuring the anisotropic stress employing the technique proposed in sec. 5.5 requires
of the combination of spectroscopic and photometric data. Ideally, we need to measure
the evolution of time distortions ¥ and of the Weyl potential (® + ¥)/2 from the same
underlying sample. In practice, we forecast the precision of the spectroscopic data SKA2
for measuring I and of the photometric data provided by LSST for measuring J. The
anisotropic stress estimator 0% is then simply defined as the ratio J/1 (see eq. (6.1)).

Let us first focus on the spectroscopic side of the analysis with the dipole measurements.
We present the main results for [ in the bottom panel of fig.6.3. As for [ in the top
panel, we present the 1¢ forecast uncertainty on [ with respect to their fiducial value
as a function of redshift. We present both the optimistic (red) and pessimistic (blue)
scenarios, which correspond to dpi, = 20Mpc/h and dp;,, = 32Mpc/h, respectively. As
for the gravitational lensing observable, the uncertainties on [ increase as a function of
redshift. This is due to the fact that the signal decreases with increasing redshift, given
the decreasing growth at higher redshifts. Moreover, shot-noise increases quickly as a
function of redshift, as can be seen in the drop of the number of galaxies in fig. 6.1.

Overall, SKA2 will be able to constrain [ as a function of redshift at the level of ~ 20%.
These results are consistent with the forecasts presented in sec. 6.2.1.1 (see also [122]),
although different redshift bins have been considered for this re-analysis. Let us recall
that we needed to adapt the z binning so that we compare [ and | at the redshifts of the
gravitational lenses. It is important to note that the constraining power on | is much
stronger than on I, but this is an expected result. The signal-to-noise ratio (SNR) of the
galaxy-galaxy lensing observable is already of 148 with current observations [155], while
the expected SNR for gravitational redshift is much lower. Using the bins defined in this
analysis, the SNR can be computed as

SNRY = Y Y & (d;,2)COV ™ (d;, d, 2)ET (dj,2) (6:10)

z ij

where (ﬁ[(di, z) is the gravitational redshift contribution to the dipole, i.e. the contribution
from the last term in eq. (5.12), evaluated at separation 4; and in the redshift bin z, and
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Figure 6.4: Reconstruction of 2/(1 + #) as a function of redshift. The dashed horizontal line
represents the fiducial, while the vertical error bars show the optimistic (red, light
gray) and pessimistic (blue, dark gray) forecast uncertainties.

cov(d;, d]-, z) stands for its covariance at separations d; and d ; and redshift bin z. Summing
from 20 to 120Mpc/h, we find a total SNR of 8. Note that the SNR of the dipole is
significantly larger, due to the Doppler effects, but these terms do not contribute to
the constraints on I. Therefore, it is not surprising that the constraints obtained with
gravitational lensing will be much more stringent. However, the particularity of the
dipole is that it allows us to directly constrain [ and therefore directly probe ¥ in a
model-independent way, something that cannot be done with any other observable at
cosmological scales.

In addition, let us stress that the constraining power on [ directly depends on the
magnitude of the bias difference between the bright and the faint population. In this
analysis, we assumed a bias difference of 1, consistent with what has been measured for
BOSS in [47]. If the bias difference turns out to be smaller &, the constraints presented in
this analysis worsen by a factor of ~ 2. However, the final results still provide stringent
constraints.

Finally, we present in fig. 6.4 the 1 ¢ uncertainties on 2/ (1 + #) as a function of redshift
for both the optimistic (red) and pessimistic (blue) scenarios. Again, an offset in the x
axis has been included for illustrative purposes. As it was the case for | and [, there is a
degradation of the constraining power as a function of redshift, which is given by the
same physical effects since we are computing the ratio of the two quantities. We can
appreciate a more significant degradation compared to the [ case, but this is due to the
fact that the uncertainties are driven by the uncertainties on I. Overall, the combination
of LSST and SKA2 will allow us to constrain the anisotropic stress, through the relation
2/(1+ 1), in a model-independent way as a function of redshift and at the level of
~ 20 % in the optimistic scenario (~ 30 % in the pessimistic case). Note again that if
the bias difference is of order O(0.5), the final constraints on # worsen by a factor of
~ 2. Finally, let us mention that since the uncertainties are essentially dominated by the
dipole, we do not expect a significant gain on the constraints if we add cosmic shear into
the analysis.

See, e.g., the analysis of [120], which finds a bias difference of order O(0.5). See also ref. [39] for an study
for the Dark Energy Spectroscopic Instrument (DESI), where they find bias differences slightly smaller than
O(1.0) and a strong dependence on the proportion between bright and faint galaxies.
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In this Part we have addressed the question of how well future surveys will be able to
constrain the laws of gravity. Given how open this question is, one way to answer it is by
comparing the two gravitational potentials encoding the time distortion and the spatial
distortion, that is ¥ and ®, respectively. This comparison is a key test of the validity of
GR, since it compares directly the two independent degrees of freedom of the Universe’s
geometry. In contrast, the growth of structure is less direct: a deviation from the ACDM
prediction can indeed be generated not only by modified gravity, but also by a fifth force
acting on dark matter, or by a dark energy component that is clustering. Because of this,
measuring 1 # 1 is often regarded as the smoking gun of modified gravity.

Many analyses exist in the literature constraining the anisotropic stress, 7, with
current observations [63, 101, 110, 142], or forecasting the expected constraints with
future surveys [72, 75, 86]. However, these analyses all rely on the validity of the weak
equivalence principle. Hence, they are simply not valid if dark matter obeys a fifth force.
In this work we have built a new estimator, which does not rely on the behavior (or even
on the existence) of dark matter, and we have forecast the expected constraints from
future galaxy surveys.

In Chapter 4, we introduced a new model-independent test of gravity in a proof-of-
concept manner. Our method relies on two basic ingredients: the first ingredient are the
multipoles of the galaxy clustering power spectrum, which are essentially sensitive to
the density perturbations ¢, the peculiar velocities of galaxies V, and the time distortions
potential ¥; the second ingredient is the (angular) power spectrum of the galaxy-galaxy
lensing correlations, i.e. the correlations between cosmic shear and galaxy clustering.
We show that the dipole of the galaxy clustering power spectrum is directly sensitive
to an effect called gravitational redshift, which affects the light reaching to us from
the bottom of gravitational potential wells. This effect takes the form of —k/H Y in
Fourier space, which means that its measurement is actually a measurement of ¥. We
show how an adequate combination of the dipole with the even multipoles (which are
probes of 6, V or the growth o3 f and the population biases b) isolates the gravitational
redshift contribution. We next show that the combination of this new estimator for ¥ in
conjunction with galaxy-galaxy lensing data can be used to construct a novel estimator
for the anisotropic stress. This new estimators are completely general and do not rely on
any assumption about dark matter. In particular, in contrast with current analysis, they
represent a true test of gravity even if the Euler equation for dark matter is not valid.
However, we argue that starting from the power spectrum complicates the inclusion of the
so-called wide-angle effects arising from the widely used distant-observer approximation
about the plane-parallel limit (d < r). These wide-angle effects are of the same order as
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the relativistic effects in the odd multipoles, and hence are regarded as a contamination
to the dipole signal that might lead to biased constraints if neglected.

Subsequently, in Chapter 5 we revisit the novel gravity test working directly in config-
uration space. We compute the galaxy clustering three-dimensional 2-point correlation
function and perform an expansion in multipoles of the angle y = k - 71. Similarly, as
with the Fourier space counterpart, the combined measurements of the even multipoles
with the dipole provide a measurement of the time distortions potential ¥, parametrized
through a k-independent function [(z). In addition, we introduce a novel parametriza-
tion that we have developed for the galaxy-galaxy lensing observable, which allows us
to directly measure the evolution of the Weyl potential (® + ¥)/2, encoded in a free
function J, in each tomographic bin. We have also shown that combining the harmonic
power spectra of galaxy-galaxy lensing with the galaxy clustering of the photometrically-
detected galaxies allows us to break the degeneracy between this new function and
the galaxy bias. Importantly, this novel parametrization has the strong advantage of
being fully model-independent, contrary to the standard y — X parametrization, which
relies on the validity of the weak equivalence principle to measure y and X from weak
lensing observables [103, 138]. We end the chapter with the redefinition of the anisotropic
stress estimator O%'"*% in configuration space as the ratio between the two functions
parameterizing the evolution of ¥ and the Weyl potential.

This Part finishes with forecasts on the precision we expect to achieve for our ob-
servables with the upcoming generation of spectroscopic and photometric surveys. In
sec. 6.2, we use the Fisher matrix formalism to demonstrate that a SKA2-like survey
will be able to measure directly the evolution of the gravitational potential, ¥, with an
accuracy of 10-30%. Such a measurement will be a game changer to distinguish modified
theories of gravity from models with a dark fifth force, since it is fully complementary to
current measurements that are sensitive to the matter density and velocity, and to the
sum of the two gravitational potentials. Measuring [ is however not free of difficulties.
We discuss that the evolution of ¥ is degenerate with the time derivative of the velocity,
which is itself unknown. However, we have shown that future surveys will be able to
measure the velocity in thin redshift bins, so that this can be used to reconstruct, in
a model-independent way, the time derivative of the velocity and consequently break
the degeneracy with Y. The possibility of measuring ¥ on cosmological scales in a
model-independent way represents a significant development for testing gravity. Note
that current measurements of ¥ are instead performed through RSD, assuming that the
equivalence principle is valid. More precisely, ¥ is inferred from the velocity, using Eu-
ler’s equation. In contrast, our method allows for a direct measurement of the evolution
of ¥ from galaxy clustering spectroscopic data, without the requirement of assuming the
validity of the Euler’s nor the continuity equation for dark matter.

Comparing our forecasts with current constraints on modified gravity, we see that
future constraints on ¥ are roughly of the same order of magnitude as current constraints
on the velocity V, and worse by two orders of magnitude than future constraints on V.
This is simply due to the fact that the dipole (which is sensitive to ¥) has a signal-to-noise
ratio which is significantly lower than that of the even multipoles (which constrain V).
However, it is worth mentioning that the very tight constraints expected on V' do not
directly translate into tight constraints on modified gravity parameters, like for example
#o (which encodes a modification to Poisson equation [156]). As shown in [103], if one
does not assume that dark matter obeys the weak equivalence principle, po can only
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be constrained with a precision of 15% with a survey like SKA2, which is very similar
to the constraints we found here on Y. This seems therefore to be the level at which
modifications to GR can be tested in a model-independent way.

As discussed, the first application of the novel measurement of ¥ can be to use it in
combination with gravitational lensing information to measure the anisotropic stress. We
have then applied again the Fisher matrix formalism to study the constraining capability

of LSST and determined the uncertainties on | as a function of redshift (see fig.6.3).

We have observed an expected degradation of the constraining power toward higher
redshifts, but the overall constraints are at less than percent level, showing that LSST will
be able to provide very precise model-independent constraints of the late-time growth
of the Weyl potential. This degradation is also observed for [, for which we obtain
significantly weaker constraints compared to J. This is also expected given the difficulty
to measure the relativistic dipole of the correlation function. Nevertheless, we revisit the
analysis for the gravitational redshift to find SKA2 will be able to put constraints of the
order of 20 % on I, therefore directly constraining the gravitational potential ¥. These
results are consistent with those presented in sec. 6.2.1.1 (see also ref. [122]), although
a different redshift binning has been considered for the combination with f. The new
redshift binning adapts de measurements of [ to be performed at the same redshifts as
the measurements of f , that is, at the redshift of the LSST lenses.

Finally, we have combined the constraints on f from LSST and the constraints on [
from SKA2 to constrain the anisotropic stress. More precisely, we have considered the
ratio between both quantities, which translates into the combination 2/ (1 + #), and
shown that the combination of data provided by these two future galaxy surveys will
be able to constrain # at the ~ 20 % level in a direct and model-independent way. This
level of precision is similar to current constraints on # obtained through the y — X
parametrization. The latest DES analysis does indeed constrain y¢ with a precision of
20% and Xy with a precision of 5% [63], leading to a derived constraint on #y of the
order of 25%. However, as explained before, these constraints are not valid if dark matter
obeys a fifth force. Moreover, they assume a given time evolution for y and ¥, meaning
that only 7, i.e. the value of # today can be constrained with this method. If this time
evolution is not correct, then the constraints that are obtained are invalid. In contrast, in
our case, 1] is measured independently in each of the redshift bins of the surveys.

To conclude, let us mention that our analysis has considered a simple Fisher matrix
formalism, accounting for some astrophysical systematic uncertainties, like galaxy bias
or intrinsic alignments. However, an analysis using real observations should go beyond
this proof-of-concept and account for additional observational systematics, that we have
assumed here to be under control. Finally, let us stress we have combined two different
surveys such as the SKA2 and LSST samples. Ideally, it would be of interest to use a
survey which provides simultaneously both spectroscopic and photometric data, such as
the Euclid satellite. However, the Euclid spectroscopic survey probes galaxy clustering
for redshifts ranging from z = 0.84 to z = 1.88 *, values of z at which the dipole variance
is already dominated by shot-noise. This causes a significant decrease of the dipole
effective SNR for this survey. As discussed in sec. 6.2 (see also lower panel of fig. 6.3), it
is therefore not possible to measure [ beyond redshift z ~ 1.0 even with the upcoming
generation of galaxy surveys.

1 https://www.euclid-ec.org/public/core-science/
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INTRODUCTION

This Part is based on publication 4 listed in the preamble.

In recent years, a considerable amount of both theoretical and observational work
in Cosmology has focused on testing gravity on scales larger than individual galaxies,
in the quest to unveil the unknown mechanism driving the accelerated expansion of
the Universe. Following the line of argument of this Thesis, a powerful observational
tool to achieve this consists in employing maps of galaxies in redshift space, which are
directly sensitive to the peculiar velocities of the galaxies. Since different theories of
gravity generate different velocity fields, comparing these measurements with theoretical
predictions provides an efficient way of testing models beyond General Relativity (GR).
However, the difficulty of such studies lies in the huge number of theories that have been
proposed, making it impractical to compare them against the data one by one. In Part ii,
we opted to avoid this Herculean task by adopting a model-agnostic approach. Using
minimal assumptions about the theory of gravity, we designed new model-independent
measurements of the time distortions potential ¥ and the Weyl potential (® +¥)/2. We
show that we can extract the former directly from measurements of the galaxy clustering
2-pt correlation function multipoles. In particular, the dipole is sensitive to ¥ through
the gravitational redshift effect. The evolution of the Weyl potential can be measured
from the harmonic power spectra of the galaxy-galaxy lensing correlations. Additionally,
the combination of the two new independent measurements can be used to build a
new test of gravity tracking directly the anisotropic stress, or gravitational slip, defined
as the ratio 7 = ®/Y. In contrast with current tests that rely in the validity of the
Euler’s equation, a detection of 77 # 1 using the estimator proposed in this Thesis can be
considered as a genuine smoking-gun for modified gravity. However, it is not telling us
much about the underlying theory which we should focus on to explain the departure
from General Relativity.

From now on, we move away from the agnostic approach to more specific model
testing using the information contained in the multipoles of the galaxy clustering 2-pt
correlation function. A powerful approach is provided by the effective field theory (EFT) of
dark energy [157-165], which encompasses a large class of theories in a unified formalism,
describing a rich phenomenology beyond GR." This formalism is based on a model-
independent construction at the level of the action, providing a description of linear
cosmological perturbations in scalar-tensor theories of gravity around a homogeneous
and isotropic background. In particular, it covers Horndeski models [70], which constitute
the most general class of Lorentz-invariant scalar-tensor theories with second-order

An alternative model-independent framework, which was developed to test gravity with cosmological
observations on linear scales, is the Parameterized Post-Friedmann approach, see refs. [166-168].
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equations of motion (this comprises e.g. f(R) gravity [169], quintessence [170, 171],
Brans-Dicke models [172], kinetic braiding [173], Galileons/generalized Galileons [174—
176]). In this Part, we will focus on models of this class, where four functions of
time fully describe the perturbations [159, 162, 164]: the kineticity ak, the braiding
ap, the Planck-mass run rate ay; and the tensor speed excess at.> Observational as
well as theoretical constraints have been put on these free functions, combining the
Cosmic Microwave Background (CMB), large-scale structure data and gravitational-wave
detections [6, 109, 110, 182-189]. However, at the moment only the parameter «at is
tightly restricted to its GR value of zero by the gravitational-wave event GW170817 and
its electromagnetic counterpart, GRB170817A [190]. Even if this already restricts the
allowed space of theories [182-185], a wide range of allowed models remains, and data
from next-generation surveys are necessary to put stringent constraints on the remaining
free functions [99, 191, 192].3

Moreover, the aforementioned constraints are based on the assumption of a universal
coupling of the gravitational sector to the various matter species. This means that the
validity of the weak equivalence principle (WEP) is preserved. However, the universality
of fifth force effects, mediated by additional degrees of freedom associated to deviations
from GR, is yet untested. More specifically, fifth force effects on baryons and photons
are strongly constrained (see e.g. ref. [198—202]), while those on cold dark matter (CDM)
could be significant and indeed occur in various theories [93—95, 97, 100, 203—207],
leading to a breaking of the WEP. To include such theories with distinct couplings,
the effective treatment can be broadened to an extension known as effective theory of
interacting dark energy. This framework has been introduced in ref. [98] in the context
of Horndeski theories and further developed in refs. [181, 208] to include more general
classes of scalar-tensor theories. Within this formalism, ref. [99] considered a WEP-
breaking scenario where photons and baryons have standard couplings to the metric,
whereas CDM has a non-minimal coupling described by a single additional free function
7Yc. The capability of future galaxy surveys to constrain the parameters of this framework
was forecasted through a Fisher matrix approach based on a combination of the galaxy
power spectrum in redshift space, the tomographic weak-lensing shear power spectrum,
and the correlation between the integrated Sachs-Wolfe effect and the galaxy distribution.
This analysis highlighted strong degeneracies between the effects of a fifth force and the
other modifications.

As shown in ref. [103] using a phenomenological approach, these degeneracies are due
to the fact that the growth of structure is affected in a similar manner by modifications in
the Poisson and Euler equations. Both these equations determine how matter falls into a
gravitational potential and consequently how it clusters, so their respective modifications
cannot be distinguished through redshift-space distortion (RSD) analyses, which only
probe the growth of structure. Gravitational lensing does not help to disentangle the
two effects, since it does not probe the spatial distortion of the geometry and the time
distortion separately [104]. Luckily, ref. [103] has demonstrated that a measurement of
the distortion of time through the effect of gravitational redshift on cosmological scales

An additional function of time, ayy, is required to describe “beyond Horndeski" theories [177, 178], while four
further functions are necessary to describe degenerate higher-order theories (DHOST, see refs. [179-181]).

Note that other bounds exist for functions describing theories beyond Horndeski, which further motivates
our choice of restricting to Horndeski theories here. In particular, imposing the absence of gravitational-
wave-induced instabilities in the dark energy sector places a tight bound of |ay| < 10720 [109]. Free
functions of DHOST models can be constrained by astrophysical observations [193-197].
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can break the degeneracies, since it provides a way of testing both the Euler equation (by
comparing the distortion of time with the galaxy velocity), and the relation between the
temporal and spatial distortion (by comparing the distortion of time with gravitational
lensing [121-123]).

At this stage of the present Thesis, we have become familiar with the gravitational
redshift effect. As predicted by GR [113] it induces a change of wavelength when photons
travel across gravitational potentials. Let us emphasize that gravitational redshift has
been measured by several means in the laboratory [209], from solar observations [210],
on astrophysical scales from stacked galaxy clusters [127, 211-215], as well as in the non-
linear regime of large-scale structure [120, 216]. This strongly confirms the prediction
of its existence. The main motivation of this Thesis is to show that measuring the
gravitational redshift on large scales it will be possible with the next generation of cosmic
surveys, a measurement that will be complementary to those mentioned here. By way of
reminder, we focus on cosmological scales described within linear perturbation theory
and consider the two-point correlation function of galaxies as an observable. Together
with other relativistic corrections, we learned in sec. 2.2 how the gravitational redshift
generates a dipolar modulation in the correlation function. (or similarly an imaginary
part in the power spectrum, see Chapter 4), which only appears by cross-correlating
two populations of galaxies with different clustering properties, for example bright and
faint galaxies. As introduced in Chapter 5, combining the relativistic dipole with the
even multipoles generated by RSD makes it possible to isolate the contribution due to
gravitational redshift [121]. While the even multipoles of the correlation function have
been successfully measured with various surveys, see e.g. [19, 23, 101, 217], the dipole
is too small to be detected by current data in the linear regime [47]. Detailed forecasts
have however shown that it will be measurable by upcoming galaxy surveys, such as the
Dark Energy Spectroscopic Instrument (DESI) [48, 111] and the Square Kilometer Array
(SKA) [54, 112]. In particular, SKA is expected to observe close to a billion galaxies up to
z = 2, allowing for a detection of the dipole with signal-to-noise of 8o (see sec. 11.2.1.2).

In this Part, we investigate the constraining power of gravitational redshift within the
framework of the effective theory of interacting dark energy, as established in refs. [98,
99]. With this approach, we provide forecasts on constraints on fundamental parameters
that enter at the level of the Lagrangian and cover a wide range of modified gravity
theories, more specifically all Horndeski theories with an additional breaking of the WEP
for CDM. Using a Monte Carlo Markov Chain (MCMC) analysis as described in sec. 2.5.2,
we forecast the expected constraints from a survey like SKA phase 2 (SKA2) [147].
We show that, without gravitational redshift, the parameters are strongly degenerated,
leading to wide contours with two branches in most 2-dimensional projections. Such
degeneracies leading to highly non-Gaussian posteriors cannot be captured by a Fisher
analysis and require an MCMC approach. We show that the inclusion of gravitational
redshift significantly alleviates the degeneracies and tightens the constraints on all
parameters, reducing the 1 ¢ error bars by up to ~ 50 percent when the bias difference
between the two populations is assumed to be 1, which is a reasonable value for current
and upcoming galaxy surveys [47]. This is truly remarkable, since gravitational redshift
can be extracted from the same data as the growth rate of structure by measuring a
dipole from the cross-correlation of galaxies in addition to the standard even multipoles.

This Part is structured as follows: In Chapter 9, we revise the effective theory of
interacting dark energy developed in refs. [98, 99], while highlighting differences to the

105



106 INTRODUCTION

original work in our implementation of the formalism. Moreover, in sec. 9.4 we state the
relation between our model parameters and commonly employed, phenomenologically-
motivated parameters, The expressions for the observables used for our analysis, in
particular the galaxy clustering dipole arising from the general relativistic time distortion,
are given in Chapter 10. In sec. 11.1, we discuss the survey specifications and our
numerical implementation of the effective theory approach in the EF-TIGRE (Effective
Field Theory of Interacting dark energy with Gravitational REdshift) Python code 4. Finally,
we present the results on the constraining power of gravitational redshift in sec. 11.2,
and we conclude in Chapter 12. We also refer the reader to Appendix C which contains
supplementary plots supporting the discussion. The Chapters conforming this Part of
the Thesis are entirely based in ref. [218].

4 The EF-TIGRE code developed for this project is publicly available on Github at github.com/Mik3Myn/EF-
TIGRE. The version used for this work is available on Zenodo at 10.5281/zenodo.10606418.


https://github.com/Mik3M4n/EF-TIGRE
https://github.com/Mik3M4n/EF-TIGRE
https://zenodo.org/doi/10.5281/zenodo.10606418

EFFECTIVE THEORY OF INTERACTING DARK ENERGY

In this Chapter, we adopt the effective theory of interacting dark energy established
in refs. [98, 99]. This comprehensive formalism allows to describe a wide class of
modified gravity models encompassing all Horndeski theories, while allowing for
different couplings of the matter sector to gravity due to interactions in the dark sector.
In particular, this enables us to consider a breaking of the WEP for the unknown CDM
component. We summarize our approach in the following, referring to refs. [98, 99] for
details and highlighting the differences with respect to the original setup.

9.1 GRAVITATIONAL AND MATTER SECTOR

As in refs. [98, 99], we assume that the gravitational sector is described by a four-
dimensional metric g, and a scalar field ¢, with an action corresponding to the class
of Horndeski theories [70]. The action can be written in the unitary gauge, where
the constant-time hypersurfaces coincide with the uniform scalar field ones. In the
Arnowitt-Deser-Misner (ADM) formalism [219], the metric can be written as *

ds? = —N2de* + by (dxl‘ T N’dr) (dxf + Nfdr) , (9.1)

where N is the lapse function, N' is the shift and hi; the 3-dimensional spatial metric.
Note that here we are using the physical time 7. The gravitational action can then be
expressed in the general form

S¢ = /d4x v/ =8 L(N,Kjj, Rij, hij, Dj; T) , (9-2)

with Kj; being the extrinsic curvature tensor and R;; the Ricci tensor associated to the
constant time hypersurfaces.
The contribution from the matter action can be generically written as

Ns
Su=Y S, Si= /d‘*x\/—ng)LI (g,(fv),wz) , (9-3)
I

with each of the Ng particle species being minimally coupled to the gravitational sector
by a generally different effective metric gﬁf) In this work, we consider contributions to
the total energy density arising from baryons, CDM and radiation. We assume that the
coupling of CDM to the gravitational sector is different from the one of baryons and

radiation, leading to a breaking of the WEP. Thus, we cannot identify a global Jordan

1 We work in units where the speed of light c is set to 1.
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frame, but we choose to work in the Jordan frame of baryons and radiation, defining the
corresponding metric as the gravitational metric g,,,. In this frame, CDM is allowed to be
non-minimally coupled to g,,. We denote baryons, CDM and radiation by the subscripts
b, c and r respectively.

9.2 BACKGROUND

We consider a homogeneous and isotropic background described by the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric

ds? = —dt* + aZ(T)cSijdxidxf , (9-4)

where a(7) is the scale factor and 7 is the physical time. In the following, a bar denotes
the 0-th order quantities, and we assume spatial flatness. The background evolution
equations can be obtained by taking variations of the homogeneous action Sg + Sy,..

We use the logarithm of the scale factor In(a) as a time variable, denoting the corre-
sponding derivatives with a prime, and write the Friedmann equations as (see egs. (2.12)—
(2.13) of ref. [98])

2= M2 (Pp + Pc + Pr + PDE) (9.5)
H’ 3 1 _ _
C=H T2 amem Vo) ©6)

Here, p denotes the energy density and p the pressure, and we assume that baryons
and CDM are pressureless, p, = p. = 0. H is the Hubble parameter and M denotes the
effective Planck mass, which in this framework is a function of time. Its time evolution is
determined by the function ay;, defined by

N :dlan (97)
M= dIn(a) o7

The equations governing the energy densities of baryons, CDM and radiation follow
from the invariance of the matter action under arbitrary diffeomorphisms. These are
given in eqs. (4.2)—(4.4) of ref. [98] and read

p/b = _3ﬁb/ (98)
Pé = —3(1 —vc)pc, (9:9)
P = —4p,. (9.10)

Hence, baryons and photons evolve in a standard way, as perfect fluids with pressure
pr = 0 and p, = p,/3 respectively, while the evolution of CDM is modified by its
non-minimal coupling to gravity, encoded in the free function <y.. > Equations (9.5)—(9.6)
define the energy density and pressure of the dark energy component. The dark energy
equation of state is then given by wpg = ppe/ppe, and is included as a free parameter in

The function 7. is given by a combination of the two functions governing the conformal and disformal
coupling of CDM to gravity, see egs. (2.24) and (2.16)—(2.17) of ref. [99]. As a consequence, in this framework
it is not possible to distinguish between conformal and disformal couplings. These would be distinguishable
only for a component with pressure, see section 5 of ref. [98].
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the model. Inserting this into egs. (9.5)—(9.6), we see that the dark energy density evolves
as

ppe = —3(1 + wpE)PDE — 37Yefe + am(Py + P + Pr + PDE) - (9.11)

It is convenient to introduce the dimensionless density parameters Qx = 31\5%[{2, and
rewrite the evolution equations for gy, p. and p, as

Qé = -0 [lXM — 3wpeQpE — Qr] ’ (9.12)

Qf = —Qc [am — 37c — BwpeQpe — O], (9.13)

Q) = —O, 1+ apm — 3wpeQpe — O] . (9-14)

In the above equations, Qpg is defined via eq. (9.5) by Opg =1 — Q, — Q. — Q. The
Hubble parameter can be calculated from the solutions of eq. (9.12) to (9.14) by writing
eq. (9.6) as

3 1
¢ = ) <1 + 3 O, + wEQDE> , (9.15)

and integrating this expression while fixing as initial condition the value Hj at present
time (see section 11.1 for a discussion about the value of Hp),

0

_ 3 (141
H(Z) = Hpexp [2 ln(a((j.)%ntl <1 + 3Qr +wDEQDE>:| . (9.16)

9.3 PERTURBATIONS

To compute the equations of motions for linear perturbations, the gravitational La-
grangian in eq. (9.2) must be expanded up to second order. The coefficients of the
second-order expansion can be conveniently factorized in three dimensionless combi-
nations denoted by ag, ax and at (see section 2.3 of ref. [98] for details). The most
general quadratic action leading to second-order equations of motion can consequently
be written as

2 o

s& = /d3x dt a3M7 [51<;51<{ — K>+ RON + (1+a1) b, (x/sz/zﬁ)
(9-17)

+ agH*6N? + 4(xBH5K(5N] :

Here, 6, denotes the second-order term in a perturbative expansion. The gravity modifi-
cations entering eq. (9.17) are thus parameterized by four time-dependent functions: the
tensor speed excess art, the kineticity ak, the braiding ag,? and the effective Planck mass
M, whose evolution is encoded in the parameter ay defined in eq. (9.7). The parameter
at is directly related to the speed of propagation of tensor modes ct = 1 + at, which
was constrained to match the speed of light up to ~ 10~!° by the multi-messenger obser-
vation of the binary neutron star merger GW170817 in conjunction with the gamma-ray

3 Note that the parameter ag used here corresponds to the one used in refs. [98, 99], but needs to be divided
by a factor —2 to obtain the parameter ap originally introduced in ref. [164].
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burst GRB 170817A in 2017 [190]. Therefore, we set a = 0 throughout our analysis. +
We are thus left with the three free functions ap;, ax and ag, which take the values
ax = ag = ay = 0 in the special case of GR.

In order to write the perturbations equations, it is convenient to adopt the Newtonian
gauge for the linearly perturbed FLRW metric,

ds? = —(1+2%)dt* + a*(7)(1 — 2®)J;; dx’dx’ . (9.18)

We work in the quasi-static approximation, following the approach of ref. [223], where
a hierarchy of terms is introduced based on the assumption that time derivatives are
smaller than spatial ones. With these assumptions, the action in eq. (9.2) leads to the
following Euler equations for baryons and CDM (see eqs. (4.16) and (4.18) in ref. [98],
where ® and Y are interchanged),”

W+w-£w:m (9-19)
VI+ V. (143 )—E‘I’ 1+&(4x —apm + 3vcwebe) | =0 (9.20)
c c Yc H cgay B M YcWcOc . 9.

Here, Vj, . are the velocity potentials of baryons and CDM in Fourier space, related to the
velocity fields by V;, . = —ik/kV,., and the quantities c?a and y are defined below. The
modified Poisson equation reads (see eq. (4.19) in ref. [98])

kZ
—a—z‘I’ =4nGu(k,z) dm pm, (9.21)

i.e. the Newton constant G is replaced by an effective Newton constant, Gy, which
depends on the gravity modifications and the non-minimal coupling 7. (see eq. (9.25)
below). Combining eq. (9.21) with the continuity equation and the Euler equations gives
rise to second-order evolution equations for the density (see egs. (4.23) and (4.24) in
ref. [98]),

3 2
5;1/ = - (2 + g) Op + EQm [1 + Za (D‘B - “M) (“B —amMm + 37cwcbc)] ’ (9.22)
S
52/ =—(2+7+37) 6
3 2
+ EQ’" [1 + 2. (g — ang + 37c) (ap — v + 3'ycwcbc)] . (9.23)

S

Here, ), and 6, refer to the total matter contribution,
Om = +Q, Om = (Qb(sb + chsc)/Qm ’ (924)

and w, = O./Om and b, = 6./6m denote the fraction of CDM at the level of the
background and perturbations respectively. The Euler, evolution and Poisson equations
depend on the function ¢ given in eq. (9.6), and on the function y defined as

2
n=1+ a2 (ag — anp) (B — ang + 3ycwebe) (9.25)

S

An open possibility is that the propagation speed of GWs exhibits a frequency dependence such that the GR
value is recovered in the frequency range where the LIGO-Virgo detectors operate, while deviating from GR
at lower frequencies [220]. This effect can be constrained with LISA or multi-band GW observations [221,
222]. In this work, we assume a frequency-independent GW speed.

5 The velocity potentials v}, . in ref. [98] are related to the quantities V}, . used here as v}, . = —aV}, . /k.
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Moreover, the evolution equations contain the quantity c2a, involving the speed of sound
of scalar perturbations ¢, (given by eq. (2.39) of ref. [98]),

3
a=—2|(1+ap) ({ —anm + ap) +a§3+iﬂm+20r . (9.26)

The quantity «, defined in eq. (2.36) of ref. [98], contains a combination of the functions
ag, ap and ap ., where the latter arises from a disformal coupling of CDM to the metric
gw- However, we note that the combination c?x in eq. (9.26) does not depend on ax
and ap.. This is a consequence of the quasi-static approximation and implies that the
kineticity ax remains unconstrained when adopting this limit.° Finally, the absence of
ghost and gradient instabilities requires c2a > 0, and we note that a major advantage of
the EFT formalism is that these theoretical constraints can be easily incorporated in the
analysis, leading to a large restriction of the parameter space [189]. We will include this
condition in our analysis.

In the following, we will investigate the potential of upcoming galaxy surveys to
constrain the functions ay, &, 7. and wpg, highlighting the fundamental role played by
gravitational redshift.

9.4 RELATION TO THE PHENOMENOLOGICAL PARAMETERS

The effective theory of interacting dark energy adopted in this work only contains
a limited number of free functions (am, ap, yc and wpg), which all have a simple
theoretical interpretation and enter at the level of the Lagrangian. However, another
common approach to investigate the impact of modified gravity and dark energy on
cosmological observables consists in introducing some phenomenologically-motivated
free functions, entering directly in the Poisson and Euler equations (see e.g. refs. [102,
156, 224—228]). In this appendix, we state the relation between the two sets of parameters
arising from these different approaches.

To parameterize modifications in the Poisson equation, the gravitational constant G is
usually multiplied by a free function y, as done in eq. (9.21). Indeed, y can be expressed
using the free functions ayg, ag and ., see eq. (9.25). In the phenomenological approach,
the difference between the two potentials ® and Y is expressed by the gravitational
slip = ®/Y. The gravitational slip is obtained by combining egs. (4.26) and (4.27)
of ref. [98] (note that their ® and ¥ are interchanged compared to our notation), and
translates into

_ o+ 2ap(ap — oy + 3ycwebe)
cza+ 2(ap — o) (g — am + 3ycwebe)

(9-27)

Apart from the phenomenologically-motivated functions y and 7, ref. [54] has intro-
duced the free functions ® and I' encompassing a breaking of the WEP for CDM. They
appear as a friction and fifth force term in the Euler equation,

VC/+(1+®)VC—7];(1+F)‘Y:0. (9.28)

6 We note that, even when the full set of perturbations equations beyond the quasi-static limit is considered,
the kineticity is hardly constrained by CMB, baryon acoustic oscillations, and RSD data, and in general it
can be fixed to arbitrary values without affecting the results for the remaining parameters [188].
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Comparing this with the Euler equation of the effective theory of interacting dark energy
given in eq. (9.20), we obtain

O =37, (9-29)
and

_ 6. (“B — M+ 3'chcbc)
cZa+ 2(ag — o) (ap — ang + 3ycwebe)

(9-30)

Note that these phenomenological modifications enter the perturbation equations as
follows (see ref. [103]),

3

3 + 2+ 08 = 50momp =0, (9.31)
3

5+ (24 L +370)8 — S Ombm p(T+1) = 0, (9.32)

which, combined with egs. (9.25), (9.29) and (9.30), indeed recover egs. (9.22) and (9.23).

Galaxy surveys have provided constraints on the free functions y and 7 through
gravitational lensing [6, 63, 142] and RSD measurements [101]. The combination of data
from the CMB, baryon acoustic oscillations, supernovae, weak lensing and RSD recently
allowed for a reconstruction of their redshift evolution [229] as well as their joint redshift
and scale dependence [230]. Reference [103] pointed out that the standard RSD-based
constraints on u are strongly degenerate with the parameters ©® and I' describing a
breaking of the WEP, and forecasted constraints when taking gravitational redshift into
account.

We emphasize that, despite the existence of analytical expressions relating the free
functions of the phenomenological and effective theory framework, these two approaches
are fundamentally different. First, in the phenomenological approach, the free functions
u, 1, I and O are usually assumed to be independent. However, we see in egs. (9.25),
(9-27), (9.29) and (9.30) that they in fact display dependencies through more fundamental,
theory-based free functions. Moreover, while we assume that the theory-based functions
evolve according to the dark energy density, see eq. (11.1), their interplay in the equations
for the phenomenologically-motivated functions leads to a different time dependence.
Hence, a time evolution of yu, 77, I' and ® proportional to the dark-energy density (as
applied e.g. in refs. [6, 101, 103, 142]) cannot be maintained in our effective theory
framework.

To summarize, a direct, quantitative comparison between the constraints in our work
to those obtained employing the phenomenologically-motivated parameters cannot be
performed. However, some qualitative results are reflected in both these approaches.
Most importantly, the role of gravitational redshift in breaking degeneracies that was
pointed out in ref. [103] is also maintained in our effective theory approach, as extensively
discussed in section 11.2.
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The theoretical framework presented in the previous section can be constrained
through observations of the distribution of galaxies across the sky. Galaxy surveys
provide measurements of the number of galaxies N as a function of redshift z and
angular position f in the sky. As of now, we recognize these observations as necessary
to reconstruct the number count fluctuations observable, A(n,z). In Chapter 1, we
computed the quantity A at linear order in perturbation theory [5, 8, 10, 11, 13], finding"
we can separate the contributions into groups as A(n,z) = A%(n,z) + A™!(n, z), given
by egs. (1.42) and (1.58) respectively. Let us remind that these equations are valid in any
metric theory of gravity and only rely on the assumption that photons travel along null
geodesics of the metric g,,. In addition, we note that s is the magnification bias (see
e.g. refs. [10, 24]) arising from magnitude cuts imposed in the sample selection. Here
we shall neglect the impact of the evolution bias, whose contribution is expected to be
subdominant [39].2

Once again, we resort to summary statistics for analyzing the galaxy clustering data.
Let us consider again the galaxy two-point correlation function, ¢ = (A(f,z)A(f/,2')),
and its multipole expansion in powers of y, i.e. the cosine angle between the line of sight
and the separation between the correlated galaxies (see figs. 2.2 for an illustration. See
eqs.(2.52)-(2.56) for the mathematical expressions in GR). This provides a set of indepen-
dent observables that are functions of z, the comoving separation between galaxies, d
and the population dependent parameters such as the galaxy bias, magnification bias
and evolution bias. We denoted them by Cﬁél)\d(z, d).

In the distant-observer regime, the standard contributions (density fluctuations and
RSD) generate three even multipoles: a monopole (¢ = 0), a quadrupole (¢ = 2) and a
hexadecapole (¢ = 4), which were measured by various surveys, see e.g. ref. [101]. These
are given by (2.52)-(2.54), in which all the spatial information comes from the integrals
p¢(z,d) involving the matter power spectrum Pss(k,z) at a given redshift. We defined
them in eq. (2.49), in terms of the reference redshift z,, but they are easily redefined
to any z by the linear mapping (2.14). However, importantly, here the relevant Pg;(k, z)

1 For a derivation of the relativistic effects at second order, see e.g. [231-233].

2 The evolution bias f¢°! depends on the redshift evolution of the populations of sources. It can be directly
measured from the average number of galaxies once data become available (see ref. [35] for a forecast using
SKA specifications). However, as it does not affect the terms proportional to x; encoding the breaking of the
WEP, we neglect it here, since we do not expect it to impact the constraining power of the dipole. Note that
in general the contribution of f°! to the dipole is suppressed with respect to the other contributions for

two reasons. First, from eq. (8) in ref. [39], we see that the contributions proportional to the magnification

bias difference is boosted at low redshift over those proportional to the evolution bias by a factor (1 — %)

Secondly, following the argument in section 4.1 of ref. [39], we see that the term depending on the difference
fg""] - f1§""°1 vanishes, further reducing the impact of the evolution bias.
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needs to be computed by solving egs. (9.22)—(9.23) for a given combination of the EFT
parameters. Aside from this subtlety, the formal expressions for the even multipoles
remain the same in the EFT formalism. The dependency on the specific model is hidden
in the matter power spectrum and the growth rate of density perturbations, as we will
see shortly.

On the other hand, the cross-correlation of A™ with the standard terms breaks the
symmetry of the two-point function ¢ (see sec. 2.2), generating a dipole moment.3 To
extract this dipole from galaxy surveys, it is necessary to cross-correlate two differently
biased populations of galaxies, for example a bright (B) and a faint (F) sample. In
contrast with the even multipoles, the explicit expression for 51(32 turns out to be explicitly
dependent on the EFT parameters. Employing the Poisson equation (9.21) and the Euler
equations (9.19)—(9.20), we obtain the following expression for the dipole,

P (z,d) =;f)n<d,z>{ ~3(sp—s¢) 2 <1 - r;) T (bs — br) f (r; T ;fz)

+ 5f (besg — bpsp) (1 — r;-l>

2
+3x: (bg — bg) . [f —(1+2) C;;) %(0{3 —ap + B%wcbc)] }
d
— %(bg —bp) f ;pz(d,z) . (10.1)

Here, x. is the fraction of CDM mass in a galaxy (which in general can differ from
the background CDM fraction w, as well as from the fraction b.= 6./ at the level of
perturbations), and t(d, z) is given by eq. (2.50) (including the linear mapping (2.14)).
The third line in eq. (10.1) arises from the first and last two terms of A™! in eq. (1.58),
which are related to the density through the modified Poisson equation (9.21) and the
Euler equation for CDM (9.20). These terms vanish if . = 0, i.e. if CDM is minimally
coupled to the scalar field, thus obeying the Euler equation. Their combination is
weighted by a factor x. due to the fact that the WEP is only broken for CDM, but not
for baryons. The remaining Doppler contributions in eq. (1.58) lead to the first and
second line of eq. (10.1). The fourth line contains the wide-angle effect, a contamination
to the dipole from RSD due to the fact that the sky is not flat [24]. Even though this
term is suppressed by d/7, it is of the same order as the contributions in the first three
lines, since it is proportional to p(d), which is enhanced by a factor k/? with respect
to 71(d). We note that the dipole in eq. (10.1), including the wide-angle effect, exactly
vanishes for a single galaxy population. This would not be the case if we had chosen
to align the line-of-sight direction along the line towards one of the correlated galaxies
instead of along the median direction between the galaxies. In this case, one would have
a remaining “large-angle effect" even for a single population of galaxies, as described in
refs. [47, 52].4

Finally, there is an additional consideration regarding the growth function f when
comparing with the results in previous Chapters. Here, a breaking of the Equivalence

The cross-correlation between standard and relativistic terms also generates an octupole, which is however
not sensitive to gravitational redshift [121] and thus does not help in breaking degeneracies in our analysis.
We will therefore not consider it in the following.

4 When considering the galaxy power spectrum instead of the correlation function, the wide-angle term

generates a dipole for a single population of galaxies because of the effect of the window function [51].
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principle is allowed, meaning dark matter and baryons might experience different
velocity potentials. In other words, cold dark matter and baryons perturbations might
grow and cluster differently. Therefore, in the context of the EFT formalism presented
here, the galaxy velocity V appearing in egs. (1.42) and (1.58) is thus a weighted average
of the velocities of baryons and CDM [99],

V=xVe+ (1—x.)Vy. (10.2)

The velocity potentials V} . can be related to the density fields J; via

H
Ve = — T fb,c(u) 5b,c<a/ k) ’ (10.3)

where f;.(a) = dIn(dy.)/dIn(a) is the growth rate of the respective species. Equa-
tion (10.3) corresponds to the linear-order continuity equation, remaining valid for all
particle species in the effective theory of interacting dark energy (see egs. (4.15) and
(4.17) in ref. [98]). The galaxy velocity potential then becomes

V:_%[xcfcéc'f'(l_xc)fb(sb] :_%fém' (104)

where the effective growth rate of galaxies f is related to that of baryons and CDM
through

f=xcfebe+ (1 —x¢) fyby . (10.5)

In the following secs., we forecast the constraints on the effective theory of interacting
dark energy arising from measurements of the even multipoles of ¢(z, d), and we compare
them with the constraints obtained when the dipole is added to the analysis.
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11.1 METHODOLOGY

The effective theory framework and the galaxy clustering observables presented in
the previous sections form the foundation for our work. Here, we discuss additional
preliminaries necessary for the numerical analysis with our EF-TIGRE Python package.
There, we implemented an MCMC algorithm following the guidelines given in sec. 2.5.2.
We define the survey specifications and choice of time evolution for the parameters we
constrain. Moreover, we specify the set of observables and the fiducial models used in
our analysis, and outline further details of our numerical implementation.

11.1.1  Survey specifications

We consider a survey similar to SKA2, covering 30,000 square degrees and ranging
from z = 0 to z = 1.5. We divide this redshift range into 15 bins of size Az = 0.1
and in each of these bins we consider the survey specifications given in table 3 in
ref. [147]." Then, the sample modeling is analogous to the adopted in sec. 6.1.1. We
split the sample of galaxies into two populations with the same number of galaxies in
each redshift bin and model the bias of each population with the fitting function from
ref. [147], using eqgs. (6.2) and (6.3) for the bright (L = B) or faint (L = F) populations,
respectively. We vary the four parameters cp, cr, dg and dg, around fiducial values
c. = 0.554 and dp, = 0.783 following ref. [147]. We fix Ab = 1, which is consistent with
the bias difference obtained from the measurement of BOSS [47]. This quantity could in
principle be different for SKA2, but once the data become available, various possibilities
of splitting the galaxy sample can be explored in order to boost the bias difference [111,
234], and thus the dipole signal from eq. (10.1). The magnification biases sg and s will
be measurable from the average number of galaxies within the SKA2 survey, and for the
purpose of our forecast we fix their values according to Appendix B of ref. [103].

11.1.2  Choices of parametrizations and time evolution of the free functions

In addition to the galaxy and magnification bias parameters, our observables depend
on four free functions of time, which are the main focus of our work: the braiding ag,
the running of the Planck mass &y, the parameter 7. encoding a non-minimal coupling

The highest five redshift bins between z = 1.5 and z = 2.0 stated in table 3 of ref. [147] could as well be
included in our analysis, but we omit them for numerical efficiency as they do not provide a significant
improvement to our constraints.
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of CDM to the metric g, and the dark energy equation of state parameter wpg. In order
to extract constraints on these functions, it is necessary to either assume a parameterized
time evolution for them, or to resort to non-parametric models, typically consisting in
constraining the free functions in redshift bins [229]. Due to the large dimensionality of
the parameters space and the strong correlations between the free functions, in this work
we choose to adopt the first strategy and assume a specific time evolution. Hence, we
assume that wpg is constant in time, whereas ag, ay and . decay proportionally to the
dark energy density when going backwards in cosmic history, in line with much previous
literature (see e.g. refs. [99, 103, 188, 191, 235]). This time parametrization is motivated
by the fact that the scalar field drives the accelerated expansion of the Universe, and that
its impact should therefore be negligible well before acceleration started. In practice, for
each parameter p € {ap, am, 7.}, we write

_— 1 — QACDM _ QACDM
- ACDM ACDM 7
1- Qm,O - Qr,O

(11.1)

where the superscript ACDM denotes quantities evaluated in ACDM, i.e. explicitly

Ho 2
QI/;CDM _ Qr/;,CODM (HACDM(Z)> p—3Ina (11.2)
ACDM ACDM Hoy 2 —4lna
QX =0 (HACDM(Z) ) e . (11.3)

Note that here we parametrize the time evolution using the fiducial ACDM evolution
for simplicity. Given that the background evolution is expected to be close to ACDM
and that the choice of time parametrization involves a degree of arbitrariness, there is
no compelling reason to introduce a more intricate evolution. With these assumptions,
the degrees of freedom reduce to three free parameters agg, anmpo and .o, denoting
the present-time values of the functions. The final constraints on these parameters are
sensitive to our choice of time parametrization, but we will argue in section 11.2 that
this does not affect the main message of our work, i.e. that the inclusion of gravitational
redshift breaks several degeneracies among the parameters.

Our choice of time parametrization is the same as in ref. [99] for a; and ap, but it differs
concerning .. In ref. [99], the authors assumed a constant value for the combination
By = 3\@% / (cstxl/ 2) and provided constraints on this quantity.®> Instead, here we
assume that also 7. evolves according to eq. (11.1), thus ensuring that all free functions
entering the evolution equations for the perturbations, egs. (9.22)—(9.23), share the same
time dependence. This is important, since assuming distinct time evolutions could
artificially break the degeneracies between parameters, thus enhancing the constraining
power of our observables. Our choice of constraining 7. instead of B, also simplifies
the numerical implementation in comparison to ref. [99], as the expression for c2a in
eq. (9.26), combined with { in eq. (9.6), is directly given in terms of the free functions. To
summarize, the relevant degrees of freedom are ag, anmp, Y0 and wpg, which in the
following we refer to as EFT parameters.

2 This parametrization was adopted to make an analogy to the standard assumption made for coupled

quintessence models [236, 237].
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11.1.3 Observables

We consider as our observables all possible auto- and cross-correlations between
the bright and faint galaxy samples, which we expand in multipoles. This yields a
total of three monopoles and three quadrupoles (bright-bright, faint-faint and bright-
faint). Since the hexadecapole, as in eq. (2.54), is independent of population-specific
biases, no additional information is obtained by considering various samples, so we only
include the hexadecapole of the total galaxy population. Thus, we have in total seven
even multipoles, which are evaluated at each redshift bin. We compare the constraints
obtained from these even multipoles with an analysis where we also include the dipole
in the cross-correlation between the bright and faint populations, which includes the
effect of gravitational redshift. Note that the dipole is strictly zero for two populations
with equal galaxy and magnification bias, as can be seen from eq. (10.1), and therefore
no bright-bright or faint-faint dipole exists. We fix the minimum separation between
galaxy pairs to dyi, = 20 Mpc/h, such that the impact of non-linearities is negligible [39].
Moreover, after testing that going beyond this range does not improve the resulting
constraints, we fix the maximum separation to dmsx = 160 Mpc/h.

Our choice of time parametrization for the modifications ensures that we recover
GR at high redshift, well before the cosmic acceleration started. As a consequence, the
constraints from the CMB on the parameters O, (), (), at early time as well as on
the primordial parameters As; and n; remain valid. Hence, we fix the values of these
parameters according to the Planck values [6] and start solving the background equations
at recombination.

On the other hand, the dark energy equation of state parameter wpr affects the late-
time evolution of the Universe and can differ from -1 in Horndeski theories. We therefore
keep it as a free parameter, and we cannot directly set a Planck prior on it, as the Planck
constraints on this parameter were obtained assuming the validity of GR at late times.
We thus introduce an indirect constraint arising from the distance to last scattering,
which is inferred in a model-independent manner from the position of the peaks in the
CMB angular power spectrum. More precisely, we consider the Planck measurement
of the comoving angular diameter distance Dy at recombination,? which is given by
the ratio between the sound horizon at recombination, r,, and the angular scale of the
tirst peak of the CMB, 6... We include the quantity Dy as an independent observable in
addition to the multipoles, with a central value and variance determined by Planck [6].
The expected value is obtained by integrating the inverse of the Hubble parameter from
today up to the redshift z, of recombination,

Zv  dz
o H(z)’

Dy = (11.4)
Note that this implies that, unlike for the constraints obtained in ref. [99], we need to
include radiation in the background evolution, as it becomes relevant at high redshift.
On the other hand, since the multipoles are only observed at late time, it is sufficient to
solve the perturbation equations starting at zj, = 10, where we can neglect the impact of
radiation.

Lastly, we fix the value of the Hubble constant today, Hy, since it can be determined in
a model-independent way from local measurements of the expansion rate. In practice, we

3 The distance Dy is related to the usual angular diameter distance by Dy = (1 +z)Da.
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should use the best-fit value obtained from supernova and Cepheid measurements [238],
but since local measurements are currently in tension with the value inferred from Planck
data, such a choice would mean that the fiducial cosmology is not ACDM. In particular,
if Hy differs from the Planck value, the theory of gravity should also be modified to
ensure that the background evolution yields a distance to last scattering compatible with
Planck. We therefore consider two separate fiducial models (see section 11.1.4): a ACDM
fiducial model, based on the assumption that the Hy tension is due to systematic effects
and will disappear in the future, where we choose Hj to be compatible with the Planck
constraints; and a modified gravity fiducial model, where the values of the parameters
are compatible with Dy; measured from Planck and with Hy measured from supernovae
and Cepheids.

11.1.4 Choice of fiducial models

We consider the three following cases:
1. ACDM fiducial with EFT parameters,
afify = alit =9 =0, wfil=-1. (ACDM fiducial) (11.5)
Here we fix Hy = 67.66km s~ Mpc~! according to the Planck measurement [6].

2. Modified gravity with large modifications (MGI). In this case, we assume that Hy =
73.04km s~ Mpc~! is given by the local measurement of ref. [238]. In order for the
distance to last scattering to match the Planck value, other parameters affecting
the background evolution must be modified, i.e. at least one among “f\l;ii,o' 'y% and
wi? should be different from the ACDM value. At the same time, the stability
condition in eq. (9.26) must be satisfied, which in general requires modifying at
least two of these parameters. Once we adopt a modified gravity fiducial, the
most general choice is that all parameters deviate from their ACDM values, unless
some fine-tuning is present. We thus choose fiducial values “i%o' ch% and 'y%,
which lie between the 1 and 2 ¢ constraints of the ACDM fiducial model. Then, the
value of w4 is fixed such that the distance to last scattering matches the Planck
measurement when assuming Hy = 73.04km s~! Mpc~!. In summary, we choose

for the EFT parameters

afif)=—01, afd =-05, 7 =015 wit=-141. (MGI fiducial)
(11.6)

Note that wprg < —1 does not lead to instabilities in Horndeski theories, since the
effect of the equation of state on the sound speed can be counterbalanced by other
parameters to keep c2a > 0 (see eq. (11.10) below).

3. Modified gravity with small modifications (MGII). The values of the MGI fiducial
model correspond to quite large deviations from ACDM. For comparison, we also
consider a fiducial model with smaller deviations, to investigate the impact on the
constraints with and without the gravitational redshift. We therefore include a
third fiducial model defined by

affy=—001, aff=-01, 9% =001, wff=-1.01. (MGII fiducial)
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(11.7)

In this case, Hy is fixed to the Planck value, ocfl\%o, ocg% and 'y(ff‘(i) are chosen arbitrarily,

and wii® is determined from the distance to last scattering.

We always fix the values of As and n; and the density parameters Oy, (O, (), at z,
according to the Planck constraints [6]. We show the galaxy correlation multipoles in the
three fiducial models in figure 11.1. The deviation of the even multipoles with respect to
ACDM is due to a shift in the growth rate f, which is reduced in MGI and increased in
MGII. The monopole is less affected by gravity modifications because it is dominated by
the density contribution, which is less sensitive to deviations from GR than the velocity
contribution. The dipole is additionally affected by the term due to gravitational redshift
in eq. (10.1), which is zero in ACDM and positive in both MGI and MGIIL

In addition to the equation of state and EFT parameters, the observables are affected
by the fraction of CDM within a galaxy, x., defined in eq. (10.2), which is generally
unknown. The most straightforward possibility would be to assume that this fraction is
equal to the fraction of CDM at the background level, as was done in ref. [99]. However,
this is not necessarily the case. Therefore, we include a free parameter X in our analysis,
capturing the deviation of x. from the background CDM fraction w,. In particular, we
assume that the fractions of mass in CDM and baryons in each galaxy (denoted as x, x}
respectively) are related to the respective background energy fractions wy, w. as

x. = Xwe, x, = Xwp+1—X, (11.8)

so that the condition x. + x; = 1 is always satisfied. The parameter X can have values
X € (0,14 wy/wc], corresponding to the extreme cases x, = 1, x, = 0for X = 1+ w/w,,
and x. = 0, x, = 1 for X = 0.4 The fiducial value is assumed to be X = 1, in which case
the fraction of CDM inside a galaxy corresponds to the background one.

11.1.5 MCMC analysis

In summary, our model is characterized by the following set of parameters:

(aB0, aM0, Ye0, WpE, X, ¢B, dp, CF, dg). (11.9)

For each fiducial model in section 11.1.4, we generate mock values for the observables
described above assuming zero noise. Then, we perform an MCMC analysis proceeding
as follows. First, we evaluate the background quantities Oy, () and ), by solving
the system of equations given in egs. (9.12)-(9.14). We then obtain H(z) by integrating
eq. (9.16) with initial condition H(z = 0) = Hy, and compute the combination c?a from
eq. (9.26) with { given by eq. (9.6). Note that the derivative aj; can be expressed using
the time evolution specified in eq. (11.1). If c2a is negative, signaling the presence of an
instability, the point is rejected. Otherwise, we insert the background solutions into the
perturbations equations, solve the resulting system of equations in eqgs. (9.22) and (9.23),
and compute the expected values of all the observables.

Note that, if the WEP is satisfied, then wy, w, are constant, and the domain of X is fixed by the initial
conditions. In our case, however, baryons and CDM can evolve differently, so the upper bound for X
depends on the background evolution and in particular on the value of .. In practice, during the MCMC
analysis, at each step we reject the sample if X lies outside the range [0,1 + w;/w¢].
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Figure 11.1: Multipoles of the galaxy correlation function as a function of separation, d, for
ACDM (green) and the modified gravity fiducial models MGI (red) and MGII (blue),
evaluated at the center of the first SKA redshift bin, z = 0.15.

The likelihood for the galaxy clustering observables is given by a multivariate Gaussian
centered on the fiducial values. The respective covariance matrix includes cosmic
variance due to the finite survey volume as well as shot noise arising from the finite
number of observed galaxies (see sec. 2.4 for details). We include the non-vanishing
cross-correlations between the even multipoles as well as between the bright and faint
sample of galaxies. We also consider the pure cosmic variance contribution to the dipole
from relativistic effects following ref. [39], where the robustness of the full theoretical
expression for the covariance was thoroughly tested.> For the angular diameter distance
to the CMB, we assume a Gaussian likelihood centered on the Planck value Dy; = 7. /0,
where 7, and 0, are taken from Planck 2018 [6]. The variance is computed by propagating
the error accordingly. We adopt large priors on all variables except for X, which is
restricted to its physical range as already described in section 11.1.4.

We use the ensemble slice sampler zeus [239, 240] ® with 18 walkers, ensuring that the
length of the chains is at least 50 times the autocorrelation time, and further excluding a
burn-in phase equal to the correlation length and thinning by the autocorrelation time.

In particular, ref. [39] performed a comparison to the simulation-based jackknife covariance in the case of
DESI, showing that the theoretical covariance that we also adopt here slightly underestimates the errors due
to the impact of non-linearities. This only leads to a mild difference in the detectability of the dipole in the
case of DESI. For SKA2, we expect a similar impact in the low-redshift sample, but a lower impact at high
redshifts where non-linearities have less importance. Note that the complete expression for the covariance
should also contain the impact of the survey mask. This can be evaluated once the survey is performed.
Note that this sampler uses the Ensemble Slice Sampling (ESS) algorithm, and not the Metropolis-Hastings
algorithm described in sec.2.5
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Figure 11.2: Constraints around a ACDM fiducial model.

11.2 RESULTS

In this section, we present the constraints obtained on the EFT parameters a0, ap),
Ye0 and wpg. We discuss the results for the three fiducial models introduced in section
11.1.4 (ACDM and two modified gravity fiducials) and we additionally study the impact
of restricting the parameter space to specific subclasses of models. We compare the
analysis solely based on the even multipoles of the galaxy two-point correlation function
(standard RSD analysis) with the constraints obtained when also including the dipole,
which contains the contribution of gravitational redshift.

11.2.1  Constraints around a ACDM fiducial model

Choosing ACDM as our fiducial model, we show in figure 11.2 the constraints on the
EFT parameters, marginalized over the biases and the parameter X. The results obtained
with a standard RSD analysis are presented in blue, while those that also include
gravitational redshift are in red. In both cases, we also consider the angular diameter
distance in our set of observables. In table 11.1, we report the marginal median values
and credible intervals for the EFT parameters, both with and without the gravitational
redshift (“Dipole" and “No dipole" columns).

11.2.1.1  Standard RSD analysis including even multipoles only

When considering the even multipoles only, the constraints arise from the galaxy
velocity field and the angular diameter distance to last scattering, where the latter
depends on the integral of the inverse Hubble parameter H!(z) from today to the
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Median Width of the 68% credible interval

No dipole Dipole | No dipole Dipole Reduction

o0 001 001 |[-0.18,031] [-0.11,0.17] 43%
&B0 —026 —0.17 | [-0.37,0.19] [—0.24,0.13] 34%
Yeo 009  0.06 | [-0.05,0.11] [—0.04,0.09] 19%
WpE ~1.06 —1.05 | [-0.27,0.12] [-0.16,0.08] 38%

Table 11.1: Median values and 68% credible intervals for the ACDM fiducial model both for

the standard RSD analysis (no dipole) and when adding the dipole that contains
gravitational redshift. We also show the percent reduction on the credible interval
obtained by including the dipole.

redshift of decoupling. In the following, we discuss the respective constraints (blue
contours in figure 11.2) for each parameter pair.

» wpg — apo contour: These two parameters affect directly the evolution of H(z)

and consequently the angular diameter distance to the CMB. From eq. (9.16) we
see indeed that H(z) is directly sensitive to wpg, and that it also depends on ay
through the evolution of the radiation density (), see eq. (9.14). This leads to a
strong degeneracy between a9 and wpg, as can be seen in figure 11.2. For example,
an equation of state wprg < —1 leads to a dark energy pressure more negative than
in ACDM, increasing the distance to last scattering. This can be compensated by a
negative ay;, which makes radiation decay more slowly than in ACDM: the increase
in radiation pressure counteracts the negative pressure of dark energy, keeping the
distance in agreement with CMB constraints. On the other hand, when wpg > —1,
the opposite occurs, favoring a positive ap;g. This leads to the two branches in
the contours in figure 11.2. Note that the direction of the wpg — an o degeneracy
changes when wpg passes through —1. This is due to the fact that an equation of
state significantly smaller than —1 can be easily compensated by increasing the
pressure of radiation. On the other hand, an equation of state too close to zero
would lead to no cosmic acceleration, which could not be compensated by a very
low pressure from radiation.

anmo — o and wpg — ap g contours: We obtain a first branch with wpg < —1 and
ayp < 0, in which case the stability of the perturbations requires ag < 0. Indeed,
linearizing eq. (9.26) around ACDM and applying eq. (9.15), we find that

c?oc = 20 + 3(1 + wpg)Ope + (1 + O — 3QpE)ap — 2a5. (11.10)

Since 1+ Q) — 3QOpg < 0 at low redshift, we see that ag < 0 is needed to keep
c2a > 0 when the first two terms are negative (note that a has the same sign as
ap with our chosen time evolution). Moreover, since Qpr and ay both decay at
high redshift, while the term in front of ap increases at high redshift (it becomes
less negative), a strongly negative ap is necessary to maintain c2a > 0 at higher
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redshift.” This is clearly visible in the ay o — ago and wpg — agp contours of
figure 11.2.

On the other hand, we have a second branch with wpg > —1 and ap; > 0, which
both contribute positively to the sound speed. Since the term proportional to ag in
eq. (11.10) dominates over the first two at high redshift, ag needs to be negative
also in this branch to keep cftx > 0 in the past. In this case, however, the absolute
value of agy does not need to be as large as in the other branch, as is visible from
figure 11.2.

= Contours involving the parameter .o: In addition to the distance to last scattering
and the stability condition, the parameters are constrained by the even multipoles,
which are directly sensitive to the galaxy growth rate f. The growth rate depends on
the evolution of the dark matter and baryon density given in egs. (9.22) and (9.23),
providing a constraint on the combination

C;ﬂ(((xB —anv + 37c) (ap — anv + 3ycwebe) . (11.11)
This explains the behavior of . along the aforementioned two branches. Along
the first branch, ayo and app are negative, and |agg| > |anmp| (to ensure stability
also in the past). To counterbalance this, and keep the growth rate close to ACDM,
it is necessary to have .9 > 0. Along the second branch, we have a9 > 0 and
large, while agy < 0, again requiring .o > 0 to keep the growth rate consistent
with ACDM. This is clearly visible in the 7.9 — amo and .0 — ago contours of
figure 11.2.

The degeneracy between <, and ap; can be understood from the Einstein and Euler
equations: a positive . mainly enhances the growth of structure by changing the
way dark matter falls in a gravitational potential, as can be seen from eq. (9.20).
Indeed, the coupling of the scalar field to dark matter generates an additional
force on dark matter particles. On the other hand, a positive running of the Planck
mass ay in the first branch implies that the mass increases with time, leading to a
decrease of the effective Newton constant in the Poisson equation, see eq. (9.21).
This implies that a given matter density perturbation leads to a smaller distortion
of space through the Poisson equation, thus decreasing the growth of structure
and counterbalancing the enhancement arising from -y, > 0. In the second branch,
a negative ag counterbalances a positive .. The parameter ag, which encodes a
mixing between the scalar and tensor kinetic terms, impacts the kinetic energy
of the scalar field, which in turns affects the Poisson equation and therefore the
growth of structure.

From figure 11.2, we notice that the posteriors are highly non-Gaussian, due to the
strong degeneracies between the parameters. Such a behavior cannot be captured by a
Fisher analysis, which assumes Gaussian posteriors. Therefore, our results show that
it is essential to perform an MCMC analysis to fully understand the degeneracies in
Horndeski theories and scenarios involving a breaking of the WEP, and correctly forecast
the constraining power of the coming generation of surveys.

7 Note that, when dark energy becomes negligible at very high redshift, 1 4 Q; — 3Qpg changes sign.
However, ap and ap also approach zero at that point and we recover GR.
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11.2.1.2 Including gravitational redshift by adding the dipole

The inclusion of the dipole in the analysis (red contours in figure 11.2) has a strong
impact on the constraints, favoring one of the branches over the other. This is due to the
fact that the dipole is directly sensitive to the combination

Ho\> 30
Ye [f —(1+2z) (HO) Ta'o(le —anv + 3ycwebe) | (11.12)

as can be seen from eq. (10.1). From this, we notice that keeping the dipole close to
its ACDM value requires either a small 7. or a cancellation of the two terms in the
square bracket. This tightens the constraints on <., as is clearly visible in figure 11.2.
Moreover, the degeneracy between 1., ag and ay is broken by imposing that (ag —
an + 3ycwebe)/ cgzx is tuned to balance the growth rate f. From figure 11.2, we see
that adding this constraint by including the dipole almost completely removes one of
the branches in the parameter space and significantly tightens the other. Since wpg is
strongly degenerated with ayy, the tightening of the constraints on ay from the dipole
also improves the constraints on wpg.

In appendix C, figure C.1, we show the constraints arising from the monopole alone
and compare them to an analysis based on the combination of monopole and dipole.
Also in this case, the dipole efficiently breaks the degeneracy between the parameters
and removes one of the branches. The only difference with respect to the analysis with all
multipoles is that the monopole is much less constraining on its own than in combination
with the quadrupole and hexadecapole. This is due to the fact that the growth rate is
degenerated with the galaxy bias using the monopole alone, whereas the inclusion of
the other two even multipoles breaks this degeneracy and overall reduces the size of the
two branches.

The improvement arising from the dipole is impressive: the constraints on the EFT
parameters are tightened by up to 50%, as can be seen from table 11.1. This is especially
remarkable considering that the signal-to-noise ratio (SNR) of the dipole is significantly
smaller than that of the even multipoles. Indeed, for a bias difference Ab = 1 the
cumulative SNR of the dipole in ACDM from separations d = 20 — 160 Mpc/h over the
redshift range z = 0.15 — 1.55 is 8o, while that of the quadrupole is 461, i.e. almost 6
times larger.

The reason why such a small signal can significantly improve the constraints is because
deviations from ACDM affect it differently from the even multipoles. Hence, the key
element to quantify its constraining power is the amplitude of the deviations with respect
to ACDM. For example, if we choose a point at the edge of the 2 ¢ contours of figure 11.2
with apo = 1.3, wpg = —0.8, agg = —0.4 and 7.0 = 0.17, we find that the SNR of
the deviation is 6.2 for the quadrupole. For the dipole, the SNR of the WEP-breaking
term (first line in eq. (10.1)) is 3.6, so not even two times smaller. Since this term has a
very different dependence on the EFT parameters than the quadrupole, such an SNR is
sufficient to significantly tighten the constraints.

The amplitude of the WEP-breaking term in the dipole in eq. (10.1) is directly sensitive
to the galaxy bias difference between the two populations of galaxies, which we assume
here to be equal to 1. This is what can be typically expected if the sample of galaxies is
split into two populations according to their observed flux, for a population of galaxies
similar to that of BOSS [47]. The situation may be different for the galaxies detected by
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Median Width of the 68% credible interval

No dipole Dipole | No dipole Dipole Reduction

fn0 002 000 | [-0.12,047] [—0.08,0.20] 53%
&B0 ~0.15 —0.12 | [~0.20,0.12] [—0.19,0.10] 9%
Yeo 006  0.05 | [-0.03,0.06] [—0.03,0.06] 0%
WDpE ~1.02  —1.01 | [-0.06,0.02] [—0.03,0.01] 50%

Table 11.2: Median values and 68% credible intervals for the ACDM fiducial model both for
the standard RSD analysis (no dipole) and when adding the dipole that contains
gravitational redshift, employing the alternative parametrization with the effective
equation of state parameter @wpg. For the credible interval, we also show the percent
reduction obtained by the latter.

SKA2, for which the bias difference between two magnitude-limited samples may be
smaller, decreasing the constraining power of the dipole. In such a case, it would be
important to explore alternative ways of splitting galaxies to achieve the breaking of
degeneracies we obtain in our forecasts, for example density splits where the galaxies are
divided into two groups according to their environment. In this case, the bias difference
between the two populations can become significantly larger [111, 234]. To mimic this,
we have boosted the dipole by a factor 2, 5 and 10, see figure C.2 in appendix C. We
find that the contours are significantly tightened when the dipole is boosted, completely
removing the second branch. This motivates the search for estimators of the dipole that
would enhance the gravitational redshift contribution.

Finally, we notice that, while the dipole tightens the constraints on the model param-
eters, we do not see a significant impact on the nuisance parameters X, b g, bog, b1
and by r. Concerning the four parameters specifying the biases of the two galaxy popula-
tions, this result matches our expectation that galaxy bias can be well measured from
the even multipoles alone. The constraints on the relation X between the background
CDM fraction and the average fraction of CDM inside a galaxy are always completely
dominated by the physical prior specified below eq. (11.8), which luckily does not spoil
the constraints on the model parameters. The corner plot for the full parameter space is
included in appendix C, figure C.4, showing the constraints from the even multipoles
alone and from all multipoles.

We could further extend our analysis by varying the cosmological parameters Oy, (),
(), at recombination as well as A; and 7, in a joint analysis with CMB data. This would
slightly broaden the constraints on our set of parameters. However, we do not expect
this to affect the message of our work. A priori, letting the cosmological parameters
vary should affect in a similar way the even multipoles and the dipole, such that the
percentage improvement brought by the dipole should remain roughly the same.
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Figure 11.3: Constraints around a ACDM fiducial model, employing the alternative parametriza-
tion with the effective equation of state parameter @wpg.

11.2.1.3 Changing the parametrization for the dark energy evolution

The equation of state parameter of dark energy, wpg, is defined as the ratio of the dark
energy pressure and the dark energy density. From eq. (9.11), we see that the evolution
of the dark energy density depends on wpg and also on ay; and 7., where the latter
governs the interaction of dark energy with dark matter. Alternatively, we can define an
effective equation of state, Wpg, directly encoding the evolution of dark energy through

ope = —3(1 + @pE)PDE - (11.13)

Comparing eq. (11.13) with eq. (9.11), we see that the effective equation of state is related
to the true equation of state by

~ ptot pc
Wpg = Wpg — =&M—— + — . 11.1
DE = WhE — g 5o Tes (11.14)
This leads to the following expression for the Hubble parameter
H(z) = Hoexp | = dina' (14 apm+ = O + DpeQpe — 7 Q% ) | - (11.15)
2 Jin(a(z) 3 3

In figure 11.3, we show the constraints on the new set of parameters ay o, &g, Yc,0 and
Wpe. As in the previous analysis, we see that the inclusion of the dipole significantly
alleviates the strong degeneracies among the parameters that would otherwise be present.
The direction of the degeneracies is however different with the new parametrization,
which is not surprising given that the relation between wpr and @wpr depends on <, and
ay. In particular, we notice that now an equation of state Wpg < —1 is degenerated with



11.2 RESULTS

a positive ayg. This follows from the angular diameter distance constraint, which depends
on the evolution of H(z). In this new parametrization, the latter depends directly on ayy,
7c and WpE, as can be seen from eq. (11.15). From this equation we notice that Wwpg < —1
is counterbalanced by ay > 0 and @Wpg > —1 by ay < 0. As before, this leads to two
branches in the parameter space when only the even multipoles are considered.

We see that the constraints are clearly asymmetric around ACDM. This is particularly
visible in the an g — @Wpg contours, which are shifted towards positive values of apgg.
This asymmetry is related to an interplay between the stability conditions and the
constraints from the growth rate and the angular diameter distance. Indeed, linearizing

the combination c2a around ACDM with the new parametrization, we find

c2a = 3apg + 3(1 + @pp) Ope — (2 — 3Qm — 400 )ap — 2af — 370 . (11.16)

The degeneracy in the an o — @Wpg plane is governed by the distance to last scattering,
which is sensitive to the combination ay + 3(1 + @Wpg) Qpr through eq. (11.15). Along
this degeneracy direction, when ay; is positive, the positivity of the combination ap; +
(14 @pe)Qpg in eq. (11.16) is automatically maintained. This leads to a positive cgzx
even when ag = 0, as long as 7. is small enough. Hence, the stability condition and the
requirement of having a distance and growth rate close to ACDM are simultaneously
satisfied. On the other hand, when ay is negative along the degeneracy direction, then
am + (14 Dpe)Qpe < 0. To ensure stability, it is thus necessary to have negative values
of ag and 7.. This leads to stronger deviations in the growth rate, which are disfavored.

As with the other parametrization, we see that adding the dipole strongly tightens
the constraints on ay o by breaking the degeneracies with agy and .0, which in turns
also tightens the constraints on @wpg. Quantitatively, from table 11.2, we see that the
10 constraints on ayg o and Wpg are improved by 53% and 50% respectively when the
dipole is added. On the other hand, the constraints on ap are only mildly improved
with this parametrization, while those on 7.9 show no improvement. Nevertheless,
the red 2-dimensional contours involving <. in figure 11.3 show a clear preference
of one branch when including gravitational redshift. Overall, comparing table 11.1
and 11.2, we see that the dipole significantly tightens the constraints in both cases, but
the way the improvement is distributed among the parameters clearly depends on the
parametrization.
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Figure 11.4: Constraints around the modified gravity fiducial MGI.

11.2.2  Constraints around modified gravity fiducials

As explained in section 11.1.4, we also explore constraints around two other fiducial
models: one that would solve the Hubble tension (MGI) and another one that is closer
to ACDM (MGII). The results for MGI are plotted in figure 11.4. We notice that the
double branches around MGI are less pronounced in the blue contours (standard RSD
analysis), than around ACDM (figure 11.2). This is due to the fact that the MGI fiducial
model is well inside one of the branches of the ACDM contours. For example, we
can see that the point with 7.9 = 0.15 and ayp = —0.1 are well within the vertical
branch of the 7.9 — anmp contour in figure 11.2. As such, when we shift the fiducial
model to this region, the degeneracies are already partially broken. While of course new
degeneracies can appear around this new fiducial, figure 11.4 indicates that they are
much less pronounced. As a consequence, including gravitational redshift still improves
the constraints, but in a less significant way than around ACDM. From figure 11.4, we
also notice that if MGI were to be the true model in our Universe, data from SKA2 would
not be able to rule out ACDM based on the gravity + scalar sector only, as the 2 ¢ error
bars on an o, agp and wpg encompass the corresponding ACDM values. However, we
see that SKA2 would be able to favor MGI over ACDM based on the coupling to dark
matter .0, which is incompatible with zero at more than 2 ¢. Note that a model different
from MGI might lead to a different conclusion regarding the relation with ACDM.

The constraints around MGII are shown in appendix C, figure C.3. In this case, the
degeneracies are still very pronounced with a standard RSD analysis. Since MGII is only
mildly away from ACDM, the two branches around this point are quite similar to those
around ACDM. As a consequence, we see that adding gravitational redshift significantly
tightens the constraints, in a similar way as for the ACDM fiducial.
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Figure 11.5: Constraints given a ACDM fiducial when one parameter is kept fixed. Left panel: .
is fixed to zero. Right panel: ap = ap/2.

11.2.3 Constraints for specific subclasses of Horndeski theories

As discussed above, the strength of gravitational redshift is to break the degeneracy
between the parameters 7.0, ago and ayo. As a comparison, we investigate specific
models where only two of the three parameters are left free. In figure 11.5 (left panel),
we show the contours for the case of Horndeski theories without a breaking of the
WED, i.e. with 7. = 0. In the right panel we show another specific case, where the
parameter . is left free, but we fix ag = an1/2. This corresponds to various Horndeski
theories (cf. table 1 in ref. [164]), including Brans-Dicke theories [172, 241] and some
f(R) models [169, 242—244]. From these figures, we see that the constraints from the
RSD analysis are much tighter than before. The degeneracies in the parameter space
are indeed much less severe when one parameter is removed. In particular, the strong
degeneracy between ayi o and wpg is reduced, due to the increased constraints on ays
from the growth of structure f. In these cases, gravitational redshift does not improve
the constraints further. This is consistent with the SNR comparison made above: the
statistical power of the dipole term (the full expression in eq. (10.1)) is ~ 6 times smaller
than that of the quadrupole. As such, when there is no strong degeneracy to break, the
dipole has almost no impact on the constraints. This is also in agreement with the results
of ref. [245], who showed that relativistic effects do not help to constrain Horndeski
theories with no breaking of the WEP.

A word of caution is however necessary concerning these results: both the analysis of
ref. [245] and our analysis assume a fixed time evolution for the parameters. Even if we
have chosen this time evolution to be the same for all parameters in order to minimize
its impact on the degeneracies, the simple fact that we assume a known time evolution
helps breaking some of the degeneracies. For example, in eq. (11.11), the term w,b, has
a different time evolution from 7, and ay; and therefore helps to break the degeneracy
between these parameters in the model with ag = ap1/2, when we combine multiple
redshift bins. If we consider one redshift bin only, i.e. we do not exploit the fact that
we have a fixed time evolution for the parameters, we find that the parameters are
completely degenerated and cannot be constrained anymore.
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SUMMARY AND CONCLUSION

In this Chapter, we show that the effect of gravitational redshift, which will be
measurable with the coming generation of galaxy surveys, is crucial to efficiently test
models beyond GR. To determine the constraining power of this new observable in a
generic way, we have considered the Effective Theory of Interacting Dark Energy, which
encompasses all scalar-tensor theories of gravity and allows for a non-minimal coupling
of dark matter. We find that adding gravitational redshift to a standard RSD analysis
significantly improves the constraints on the EFT parameters, by up to 50 percent. The
precise results depend on the choice of parameterization within the EFT framework,
on the time evolution assumed for the EFT functions and on the fiducial cosmological
model, but the overall message remains unaffected by these details: gravitational redshift
breaks degeneracies between parameters, leading to a significant improvement in the
constraints.

To measure this novel observable, no new data are involved: one can simply fit for a
dipole in the cross-correlation function between two different populations of galaxies.
This requires minimal changes to the analysis pipeline, but leads to a strong impact on
the constraints. The improvement is especially remarkable given that the SNR of the
dipole is typically six times smaller than that of the standard quadrupole term. However,
the specificity of the dipole is that it contains a particular combination of gravitational
redshift and Doppler effects, which exactly vanishes if the WEP is valid. This combination
is not present in the standard even multipoles of the correlation function and is able to
break the degeneracies between the EFT parameters. Note that, since this combination is
proportional to the bias difference between the two populations of galaxies, we expect
the breaking of degeneracies to scale with the value of this difference. Here, we have
assumed a bias difference equal to 1, but estimators that would boost this difference
may improve the constraints further, while a lower difference may result in an overall
worsening.

In this work we have focused on spectroscopic surveys, which are directly sensitive to
the growth rate of structure through RSD. In a future work, we will study whether the
inclusion of gravitational lensing can further improve the constraints. Since gravitational
lensing is sensitive to the sum of the two gravitational potentials (the spatial and temporal
perturbations in the metric), while gravitational redshift only depends on the distortion
of time, combining the two may lead to more stringent constraints on the effective theory
of interacting dark energy. Possible future work could also include an investigation
beyond the quasi-static approximation assumed in our work and the choice of other time
parametrizations for the EFT parameters.

We conclude that measuring gravitational redshift provides an efficient way of in-
creasing the constraining power of large-scale structure surveys at minimal cost, and
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a combination with additional observables could further increase its remarkable con-
straining power. Testing the EFT of Interacting Dark Energy is a remarkable use case for
the odd multipoles encoding the relativistic distortions (the dipole in this case). It is of
course complementary to the model-independent test of the anisotropic stress developed
in Part ii. There, we adopted and agnostic approach and constructed an estimator which
does not depend on any specific model, which can tell us if gravity is genuinely modified
by the presence of a gravitational slip on large scales. However, it does not help in
distinguishing the model that makes the Bardeen potentials different at late times. If
the observer is interested in model testing, adopting the approach of the current Part
is a theoretically satisfying avenue. The EFT framework encapsulates a large class of
modified gravity models, which can potentially be tested as a whole by just considering
an additional observable in the analysis. The inclusion of the dipole, which is sensitive
to the gravitational redshift, significantly helps in constraining the parameter space and
hence in reducing the number of models allowed by the spectroscopic data.

SOFTWARE AVAILABILITY

The Python code EF-TIGRE (Effective Field Theory of Interacting dark energy with Gravita-
tional REdshift) developed for this project is publicly available on Github at
github.com/Mik3M4n/EF-TIGRE. The version used for this work is available on Zenodo
at 10.5281/zenodo.10606418.


https://github.com/Mik3M4n/EF-TIGRE
https://zenodo.org/doi/10.5281/zenodo.10606418
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SEARCHING FOR DEVIATIONS FROM GAUSSIANITY

This Part is based on publication 5 listed in the preamble.

As extensively discussed in the previous Parts, the coming generation of large-scale
structure surveys, like DESI, Euclid, LSST and SKA will detect billions of galaxies over
a large part of the history of the Universe. We have proven that these observations
can be used to reconstruct the LSS at late times and to test the theory of gravity in
a variety of scenarios. However, adopting a different perspective, these surveys will
provide invaluable information on the properties and dynamics of galaxies as well. In
particular, they will allow us to determine the luminosity and redshift distribution of
galaxies, which is crucial to understand how galaxies form and evolve.

Interestingly, knowing the luminosity and redshift distribution of galaxies is necessary
to perform some cosmological tests, complementary to those discussed throughout this
Thesis. For example, the large-scale structure of the Universe can also be used to search
for primordial non-Gaussianities (PNG) in the initial fluctuations generated during
inflation [246, 247]. As we will briefly show below, this search is however contaminated
by the presence of relativistic effects in the clustering of galaxies [11, 38, 137, 245, 248—
257], whose amplitude directly depends on their astrophysical properties. A precise
knowledge of the luminosity and redshift evolution of galaxies is therefore essential to
model relativistic effects precisely and subtract the signal from the non-Gaussian one.

A second example is the test of the cosmological principle from the measurement
of the kinematic dipole in the distribution of galaxies. If the cosmological principle is
valid, the kinematic dipole measured from the temperature of the Cosmic Microwave
Background (CMB) and the dipole in the distribution of astrophysical sources should be
in agreement [258]. Current measurements show tensions between the two dipoles [259—
261]. In this context, measuring the redshift evolution of the astrophysical dipole
could help in assessing the origin of the tension [262, 263]. Since the amplitude of the
astrophysical dipole is directly governed by the luminosity and redshift evolution of the
sources [264, 265], a precise determination of these quantities is highly relevant.

The luminosity and redshift distribution of galaxies can be directly measured by
binning the population of galaxies in redshift and luminosity. In this Part, we show
that these measurements can be significantly improved by measuring, in addition, the
2-pt cross-correlation function between two populations of galaxies. More precisely, the
luminosity and redshift distribution of galaxies can be encoded into two parameters: the
magnification bias s(z) which denotes the slope of the cumulative number of sources
above a given luminosity threshold, and the evolution bias f¢'°!(z) which denotes the
slope of the cumulative number sources with redshift. These two parameters directly
enter the 2-pt cross-correlation function, more precisely into the dipole and octupole
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of these 2-pt function (see Chapters 1 and 2). By measuring these odd multipoles, one
can constrain the magnification and evolution biases, and consequently improve our
knowledge on the luminosity and redshift distribution of galaxies.

The rest of the current and last Part is organized as follows: in sec. 13.1 we briefly
discuss the imprint of the presence of primordial non-Gaussianities in the LSS at late
times. We complete this introductory part in sec. 13.2 by showing how the relativistic
effects are regarded in this context as contaminants to the PNG signal. Next, we introduce
a new modeling of the magnification and evolution biases in Chapter 14 for a survey
like SKA, which accounts for the splitting of the background population into different
sub-samples. In Chapter 15, we discuss the methodology to constrain the magnification
and evolution biases, and we present our results in Chapter 16. Finally, we conclude in
Chapter 17.

13.1 A BRIEF ON PRIMORDIAL NON-GAUSSIANITIES

One of the master pillars in cosmological analysis is that the primordial perturbations,
i.e. the seeds of the LSS, initially obey a Gaussian distribution which then evolves
due to gravitational instability. Hence, in principle, it is the non-linear gravitational
evolution which makes the late-times distribution of galaxies non-Gaussian at small and
intermediate scales. A signature of this non-Gaussianity is manifest in non-zero statistical
higher-order moments in the galaxy distribution. The most important example is the
3-point galaxy clustering correlation function (or, in the Fourier realm, the Bispectrum).
However, obviously, if any deviation from Gaussianity existed at early-times, it will leave
an imprint in the observed higher-order moments which we might desire to disentangle
from the late-times phenomenology.

Interestingly, a plethora of inflationary models actually predict small deviations from
Gaussianity at early times which are compatible with CMB observations. Assuming
scale-independence, these deviations can be characterized by writing the primordial
potential as [137, 266, 267]

Fin = YL + L (P — (91)) (13.1)

where ¢, is the Gaussian part of the potential and fni, encodes the amplitude of the
deviations. Note that since the primordial fluctuations are of order ¢ ~ 107>, even a
value of fnr of O(100) yields a non-Gaussian imprint only at the 1073 level. Hence, this
signal is expected to be very small. However, a detection of fni. ~ 1 or above is regarded
as a major breakthrough which will require better understanding of the inflationary
paradigm.

As of today, the strongest constraints on fy, are derived from observations of the CMB
by Planck, which predict fni, = 0.9 5.1 [268]. Interestingly, late-times LSS observations
are expected to surpass Planck’s precision. Current galaxy surveys such as eBOSS
have already reached uncertainties of order O(10) [269]. In addition, forecasts for new
generation LSS surveys such as DESI, Euclid and SKA yield constraints on fni, of order
O(1) [38, 105, 270].
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13.2 DISENTANGLING PNG AND RELATIVISTIC EFFECTS

Besides the higher-order moments such as the bispectrum mentioned before, deviations
from Gaussianity at early times leave also an imprint in the 2-pt correlation functions at
linear order. A measurement of such effect is only possible by probing the ultra large-
scale regime, k ~ H, which will be accessible by the new generation of galaxy surveys.
However, in this regime, the PNG signal is hidden under the late-times relativistic effects.
Let us briefly see this matter following ref. [137].

13.2.1 Imprints from early times at linear order

In the case of a non-zero primordial fyi, the linear galaxy bias develops a scale-
dependent correction which goes as

1

b(z) = bi1(z) + Ab(z), Ab(z) ~ fan(br —p) Tk D(2)’ (13.2)

where b is the scale-independent part of linear bias considered in the previous analyses
and p is a parameter that depends on the tracer. We have omitted some phenomenological
and normalization factors, for simplicity. In the ultra-large scale limit, i.e. k — 0, the
transfer function T(k) — 1 and hence we have Ab ~ k2. Therefore, the PNG signal is
only enhanced at very large scales.

The simplest way to write down explicitly the impact of fyi in the clustering of
galaxies is to replace eq. (13.2) in the expressions for the multipoles, given in egs.(4.4)-
(4.8). Using the transfer functions of sec. 2.1 in the single-tracer case (b, = by = b), one
can find that in GR the even multipoles receive corrections of the form

APO) (k,z) = [(2 bi(z) + ;f(z)> Ab(k,z) + Ab*(k,z) | Pss(k, z) (13.3)
AP (k,z) = %Ab(k,z)f(z) Pss(k, z). (13.4)

Therefore, we conclude that, in the presence of deviations from Gaussianity at early
times, i.e. fnL # 0, the monopole develops two corrections scaling with k=2 and k=4. On
the other hand, the quadrupole only develops a correction which grows as k=2. This
is the galaxy clustering PNG signal that we could extract, in principle, from the two
point statistics. Note that the hexadecapole is not affected by PNG as it is independent
on the galaxy bias. We do not discuss the fni, corrections in the odd multipoles since
their signal is subdominant with respect to the even multipoles and strongly suppressed
at very large scales, where cosmic variance is expected to dominate. However, this last
statement does not mean that the relativistic effects are irrelevant in this context.

13.2.2 Relativistic effects at very large scales

Let us briefly remind about our result for the galaxy number counts at linear order
in perturbation theory. We split the expression into four contributions according to
eq. (1.57). So far, we have just considered the standard and dipolar contributions of
egs. (1.42) and egs. (1.58) (or (1.59) if Euler equation is valid.), which are the dominant
contributions at sub-horizon scales k > H and low redshift. The lensing contribution is
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negligible at least below z = 1.5, but is not for deeper surveys [27, 136, 271]. However,
the last contribution Acorr given (1.61) is suppressed by two powers (H / k)2 compared
to the standard contribution. It contains Sachs-Wolfe effects, integrated Sachs-Wolfe and
time delay. These terms are currently negligible compared to the standard contributions
for analyses at scales k > H.

Importantly, the coming generation of surveys will observe very large parts of the sky,
allowing us to measure the galaxy power spectrum at very large scales (i.e. very low k).
In this regime, H /k ~ 1 and Acorr becomes relevant. As discussed above, another goal
of the coming generation of surveys is to measure PNG, by looking at their effect on the
galaxy power spectrum at small k, it is necessary to have a precise modelling of Acorr,
which directly contaminates the non-Gaussian signal. The integrated terms are expected
to be negligible at low redshift, similarly as for Argns. Hence, the relevant additional
relativistic corrections are

1.
Acorr = (3 - fevol) HY 2(VV) + (55— 2)® + (13.5)
IH 2 —5s evol
+<1+’H2+r% +55s—f )‘Y+

where we explicitly see that this contribution depends on the magnification bias s(z) and
the evolution bias f¢'°!(z) of the galaxy population. To properly model the contamination
from Acogrr to primordial non-Gaussianities, it is therefore necessary to have a precise
determination of s and fe°l.

Let us first justify what we mean about model the contamination. It is simpler to see
explain it in Fourier space, where the galaxy number counts of eq. (2.17) picks up a
correction going as (H/k)%. In GR, we can use the transfer functions to write down the
expression in terms of the matter perturbations. In the case of one population of tracers,
we have

Ak, z) =

2
by +f(k-n)>+ i%al(z)f(k ‘n) + (Z) ucz(z)] o(k,z), (13.6)
where a1 = 1 — ag, with ag, given in eq. (2.18). * We have also the factor [137]

w(z) = (3- ) £+ (sz(fj) - 1) (@) +f(2) - 2-55(2))).  (39)

By computing the power spectrum from this eq. (13.6), one finds that the relativistic
corrections only modify the monopole and the quadrupole by

2 4
APO) (k,z) = [(?Z) <2 bios + %zxzf + ;ﬁﬂ) + Gj) vc%] Pss(k,z),  (138)

2
AP?)(k,z) = % Gj) 22 f + aif?] Pss(k, 2). (13.9)

When comparing these results with egs. (13.3) and (13.4) it is manifest that the relativistic
corrections can mimic the effect of a non-zero value of fyi.. Both the monopole and the
quadrupole develop corrections scaling with k=2, k=% and k~2, respectively, which might

1 We omitted the L luminosity label, not needed in the single tracer case
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hide the true PNG signal. In particular, the extent to which the relativistic corrections
can wash out the fyr. signal is explicitly dependent on the precise amplitudes of a;(z)
and «a»(z), which in turn depend on the magnification and evolution biases. Hence, a
precise modeling of these systematic effects is crucial to disentangle the PNG signal from
the relativistic corrections appearing in the k ~ H regime.

13.3 MEASURING $(z) AND f¢°!(z) AT SUB-HORIZON SCALES

In the following, we will show that we can use the odd multipoles of the 2-pt correlation
function, generated by the Aggr contributions in (1.59), to precisely determine s and
fe°L In other words, we measure the multipoles in sub-horizon scales and combine
them to constrain s and f°°l. These constraints would later be used in the modeling of
ultra-large scales to separate the PNG and relativistic signals.

For this purpose, we recover the GR parametrization of the galaxy clustering multipoles.
As briefly reminder, the standard contributions generate the three even multipoles: a
monopole, a quadrupole and a hexadecapole (¢ = 0,2, 4, respectively). Separating the
populations into two sub-samples provides 7 independently measurable signals, which
are given by egs. (2.52)-(2.54). There we compute the GR matter power spectrum at
z, = 0, which is computed for any theory of gravity by solving the correspondent second
order evolution equations for the matter density perturbations. In this analysis, we fix
the cosmology to be ACDM and compute the power spectrum using CAMB [153, 154].
In addition to their dependence on cosmological parameters, the multipoles depend on
the galaxy biases by, nm(z). Those can be modelled for each population of galaxies, with
a number of free parameters that are determined from the data, as we will describe in
detail in sec. 14.5.

The next-to-leading order contribution originates from the cross-correlation of Agr and
Aggr, which induces a breaking of the symmetry in the correlation function generating
odd multipoles: a dipole and an octupole (¢ = 1, 3, respectively). These odd multipoles
are non-zero only for the cross-correlation of two different populations, setting L = B
and M = F [47, 48] in egs. (2.58) and (2.56). In this work, we assume that the wide-angle
effects are removed by an appropriate definition of the odd multipoles estimators, and
are thus not taken into account. By inspection of egs. (2.58) and (2.56), we can consider
them as a contamination that mitigates the dipole signal, while artificially enhances the
octupole signal (see also the discussion regarding the wide-angle effects in sec. 2.2).

In summary, the cosmological and astrophysical parameters can be constrained using
galaxy clustering information. In particular, measurements of the even multipoles put
constraints on the galaxy bias by (z) of each population and on the growth rate f(z),
which is particularly sensitive to modifications of gravity [99]. The relativistic effects
carry additional information through the gravitational redshift contribution that can be
exploited for various applications, such as measuring the gravitational potential [122,
123], constraining modified gravity models and testing for additional interactions in
the dark sector [77, 103, 218]. Here we adopt a different perspective: we assume that
the ACDM model is valid, and we use the even and odd multipoles to determine the
cosmological parameters, the galaxy biases b (z), the evolution biases ff*°! and the
magnification biases sy..
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REVISITING THE MODELING OF THE GALAXY, EVOLUTION AND
MAGNIFICATION BIASES

The galaxy, magnification and evolution biases depend on the population of galaxies
as well as on the characteristics of the survey. In this work we consider the futuristic
Square Kilometre Array Phase 2 (SKA2) HI galaxy survey. We first review the modelling
of the number of galaxies and biases derived in [35] for this survey, and then extend it to
the case of two populations. This modelling is used to determine the fiducial values of
the biases, which control the amplitude of the signal. We then derive fitting functions for
the different biases, and we forecast how well the parameters of the fitting functions can
be determined with a survey like SKA2.

SKA2 is expected to detect around 1 billion HI galaxies over 30,000 square degrees in
the redshift range z € [0.1, 2.0]. Following [35] we parametrise the background (physical)
number of sources per redshift z and per solid angle, detected above flux threshold F,
as

Ny(z, Fy) = 10 22 7%, (14.1)

where the parameters ¢; depend on F; [35, 272]. For SKA2, the expected flux threshold
will depend on redshift, as shown in [35], Table 2. In order to express N; as a function
of redshift alone, we first compute the ¢;(F,) using Table 3 of [272]. Secondly, we
reconstruct F,(z) from Table 2 in [35]. This allows us to compute N,(z) by replacing
this F,(z) into the interpolated c;(F.). We do this for the redshift interval of z € [0.1, 2]
using bins of size dz = 0.1. The resulting number of galaxies as a function of redshift is
plotted in fig. 14.1.

14.1 THE MAGNIFICATION AND EVOLUTION BIASES FOR A SINGLE POPULATION
OF GALAXIES

The magnification bias s is defined as the logarithmic slope of the cumulative number
of sources above a given luminosity threshold. Since the luminosity threshold is related to
the flux threshold by the luminosity distance d;, (which does not depend on luminosity)

L.(z) =4n Fi(z)dr(z), (14.2)
s can equally be expressed as a derivative of Ng(z, F,) with respect to F,

20log Ng(z,Ls)|  29dlogNg(z, Fy)

5z L) = 5 dlogL, 5 dlogF,
z

=s(z, Fy) . (14.3)
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Figure 14.1: Logarithm of the number of galaxies per unit of solid angle and redshift for different
choices of the flux limit. The solid blue line is obtained by using the z-dependent F;
from [35]. The dashed orange line is obtained by using the fit in [147]. Finally, the
dashdot green line corresponds to the fit from [272] with redshift-independent flux
limit F, = 5.0 uJy.

The magnification bias is therefore an observable quantity: it can be measured by binning
N,(z, Fy) in F, and computing the derivative at the chosen flux threshold. Note that
since the cumulative number of sources can only increase when decreasing F, s(z, Fy)
is always positive.

The evolution bias f¢'°! is defined as the partial redshift derivative of the cumulative
comoving number density of galaxies above L,, iy (z, L), taken at fixed value of the
luminosity threshold

evol(5 1,) = dlnfig(z,Ly)|  dlnfig(z, Li(2)) N dInig(z, L) dInL,(z)
f7E L) = = dln(1+z) . T din(1+42) dlnL, dn(l+z)’
(14.4)

The comoving number density 7i¢(z, L,) is not directly observable. It can however be
related to Ny (z, F,) through

: r(z)

Ng (Z, f*) = m Mg (Z, L*) ’ (14.5)
where H is the Hubble parameter (in physical time). Following [35], the partial derivative
with respect to z can be related to a total derivative with respect to z accounting for the
fact that when varying the redshift, the luminosity threshold also varies. In addition, one
needs to take into account the evolution with redshift of the volume factor, ?(z)/H(z)
in (14.5), as well as the fact that the flux threshold can also vary with redshift. Putting
everything together we obtain



14.2 DIVIDING GALAXIES INTO BRIGHT AND FAINT POPULATIONS

dinNg(z, )  dlinH(z)  2(1+2z)
din(1+z) din(1+2z)  r(z)H(z)

(1+2) 5 dIn F,(z)
—55(z, Fy) [1 + r(z)H(z)] — ES(Z']:*) m

Written in this way, the evolution bias is an observable quantity: Ng can indeed be split
in bins of redshift and the total derivative (first term) can be measured. In the following
we shall refer to this quantity as 7% (z)

feV01(Z/ .F*) — _ (146)

_ dlogNy(z, Fy)

evol
E) = g (14 2) (147)

The second and third term in (14.6) can either be obtained from measurements of H(z)
and d (z) = (1+ z)r(z) or from measurements of cosmological parameters in a given
model. Finally, the last term in the second line is a (known) survey-dependent quantity.
For surveys with a fixed flux threshold over the whole redshift range, this last term
vanishes.

These results apply for the single-tracer case. Let us now extend them to the case of
multiple populations of galaxies.

14.2 DIVIDING GALAXIES INTO BRIGHT AND FAINT POPULATIONS

We now split galaxies into two different populations by introducing an appropriate
flux cut F.. We denote galaxies with fluxes F > F. as bright galaxies, and galaxies with
fluxes F. > F > F, as faint galaxies

NB(Z/’FC) = Ng(zrf > fc)/ (148)
Ni(z, Fo) = Ng(z, Fe > F > Fy). (14.9)

We introduce the parameter m = N,(z, Fx)/Ng(z, F¢), from which we can obtain the
fraction of bright galaxies as m~!. For a given value of m we can find the corresponding
Fe in each of the redshift bin using the fit (14.1) to calculate both Ng(z, F,) and Ng(z, F.)
and solving numerically the equation

log Ng(z, Fc) — log Ng(z, Fi) +logm = 0. (14.10)

This gives F;(z) as a function of redshift, which is generally different from F,(z). The
number of faint galaxies, Ng(z, F¢), is then simply obtained by subtracting the number
of bright galaxies from the total. Note that the logarithmic evolution of the galaxies, pnevol
given in (14.7) is the same for the total population, and for the bright and faint galaxies,
since m is kept fixed over the redshift bins.

14.3 MAGNIFICATION BIAS

The dipole (2.58) and octupole (2.56) depend on the magnification bias of the bright
and of the faint populations. These biases multiply the Doppler contribution. They
account for the fact that galaxies that are moving with respect to the observer do not
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Figure 14.2: Predicted values of the magnification biases for the bright population sg, the faint
population sg, and the total population sy;. The left panel shows the magnification
biases for m = 2 (50% of bright galaxies), and the right panel for m = 10/3 (30% of
bright galaxies).

have the same luminosity distance as galaxies at the same redshift with no peculiar
velocities, as shown in [37]. As a consequence their flux is magnified or de-magnified by
the peculiar velocity (depending on its direction). This can change the number of bright
and faint galaxies that are observed and consequently impact the correlation function.

For the bright population, galaxies can cross the flux limit F,, enhancing or decreasing
the number of bright galaxies. The magnification bias of this population is therefore
similar to that of the total population, simply replacing F, by F. in eq. (14.3)

20log Ng(z, F > Fe)
5 dlog F.

sp(z) =s(z,F) = (14.11)

V4
The magnification bias for the faint galaxies is however more subtle: the faint galaxies
can indeed either cross the F. threshold, or the F, threshold. Following [39], we obtain
the following relation for the magnification biases

N, (z, Fi) sm(z) = Np(z, Fc) s(z) + Ne(z, Fe) se(z), (14.12)

where we have defined sy(z) = s(z, Fi) as the magnification bias of the whole population
(bright plus faint). Using that N = Ng/ m, we can rewrite the above equation as

m 1

sp(z) = mSM(Z) —

58(2). (14.13)

m—1
Note that since by construction Ng < N, we have m > 1.

Contrary to sy and sg that are always positive, since they represent the slopes of
a cumulative number of galaxies, sp can be negative if the second term in eq. (14.13)
dominates over the first one. This can happen if the slope at the flux cut, s, is steeper
than the slope at the flux threshold of the survey sy;. In this case, when the fluxes are
magnified by Doppler effects, more galaxies will cross the flux cut F. (thus leaving
the faint sample to become bright) than galaxies which will cross the flux threshold of
the survey F, to become detectable. In this case, a magnification of the fluxes leads to
decrease in the number of faint galaxies (and vice-versa for a de-magnification).



14.4 EVOLUTION BIAS

From eq. (14.13) we see that sg can be directly reconstructed from sy and sg. In our
forecasts we will therefore treat sy; and sg as free parameters, and compute sg from these
two quantities. In fig. 14.2 we show the magnification bias of the total population, and
of the bright and faint populations, for two different splits: 50% of bright galaxies (left
panel) and 30% of bright galaxies (right panel).

14.4 EVOLUTION BIAS

In addition to the dependence on magnification biases, the dipole (2.58) and oc-
tupole (2.56) depend also on the evolution bias of the bright and faint populations. The
evolution bias encodes the fact that the number of galaxies is evolving with redshift,
due to the formation and merging of galaxies. In a homogeneous Universe, all galaxies
observed at fixed redshift z are at the same distance from the observer and they share
therefore the same history. However, in a inhomogeneous Universe, galaxies that are
moving for example towards the observer, are at a larger distance from the observer than
galaxies at the same redshift with no peculiar velocities. As a consequence, such moving
galaxies live at an earlier time than the ones at rest with the Hubble flow. If the number
of galaxies is evolving with time (for example decreasing due to mergers) we will see
less galaxies at earlier time than closer to us, which creates fluctuations in the galaxy
number density.

In the case of two populations, the evolution bias of each population encodes how
each of the population evolves and it is therefore simply given by [35, 39]

dlogig(z, L.)
evol _ gNBl\Z, L¢
foBlz) = dlog (1+z) (14.14)
dlogip(z, Ly, Lc)
evol _ g F 7 7 =c
fUF(z) = dlog (1 1 2) . (14.15)

Following the same steps as in the case of one population of galaxies, we can rewrite
Egs. (14.14) and (14.15) in terms of observable quantities

evo o ew dlogH(z) | 2(1+z)

foBla) = =) ~ i T D) T @ H )
5 dlog F.

B QSB(Z) dlog(1+z)’

(1+2)
r(z)H(z)

— 55p(2) [1 + } (14.16)

FVIE(z) = —n®l(z) — dlog(1+2) T rHE) 55p(z) [1 + r(z)H(z)] (14.17)
5 [N, dlog F, Ng dlog F.
=2 | F M Flog (15 2) NFSB(Z)dlog(l—kz)] '

where n¢%!(z) is given by eq. (14.7). These results are consistent with eq. (17) of [39]
when both F, and F. are constant. Note that the ratios in the second line of eq. (14.17)
are the same as those appearing in eq. (14.13). They are constant by construction and
only depend on the fraction of bright and faint populations, encoded in m:

m NB 1

N _ - (14.18)
N—F—i, N—F—m_l. 14.1
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Figure 14.3: Predicted values of the evolution biases for the bright population f¢'°!B, the faint
population f¢°!F, and the total population f¢"°!. The left panel shows the evolution
biases for m = 2 (50% of bright galaxies), and the right panel for m = 10/3 (30% of
bright galaxies).

We have now all the ingredients to compute the evolution bias numerically. As
shown in sec. 14.2, the first term, 7%, in Egs. (14.16) and (14.17) is the same for both
populations, and equal to that of the total population. In practice, 7! can be measured
directly from the data, by binning the galaxies in redshift, and computing the total
derivative. Here we perform this derivative numerically (using 5-point stencil) from
the number of galaxies obtained through eq. (14.1). Similarly, we compute numerically
the redshift derivatives of the flux cuts. The results for the evolution bias of the whole
population, and that of the bright and faint populations are shown in fig. 14.3 for two
choices of splitting. We see that the amplitude of the evolution bias of the faint sample
is always larger than that of the bright sample: faint galaxies therefore evolve faster
than bright ones in our modelling. Note that at low redshift, the evolution biases of the
two populations are quite sensitive to the choice of m, providing significantly different
predictions.

From Egs. (14.11), (14.12), (14.16) and (14.17) we see that the magnification biases and
evolution biases of the bright and faint populations depend only on three quantities:
s, sm and ne?l, Interestingly, two of these quantities, sy and n¢ are the same for
all splits, since they do not depend on F.. It is therefore possible to combine different
splits (with different values of ) to improve the measurements of sy; and 7%/, These
two quantities fully determine the magnification bias and evolution bias of the whole
population. Hence even though measuring relativistic effects requires two populations
of galaxies, the quantities that can be extracted from this signal are useful to characterise
the whole population. This is particularly interesting to model the amplitude of the
relativistic contaminations to local primordial non-Gaussianities, as well as the amplitude
of the kinematic dipole, which do not require the use of two populations.
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14.5 GALAXY BIAS

Finally, the dipole and octupole depend also on the galaxy biases of the bright and faint
populations. The bias of each population depends directly on the splitting parameter
m, i.e. on the fraction of bright and faint galaxies. Typically, a larger value of m (small
fraction of bright galaxies) implies a larger ., which leads to a larger bias for the bright
population and therefore a larger bias difference Ab between bright and faint sources.
On the contrary a smaller value of m decreases the bias difference (see e.g. [39] for an
example in the case of the survey DESI).

In the following we model the biases of the two populations in terms of the bias of the
total population br, the bias difference Ab and the parameter m. The bright and faint
biases obey the system of equations

Np Nk

—b —bp =0 .
N, B+ N, F T, (14.19)
bg — bp = AD. (14.20)

Using Ng/Ng = 1/m and Ng/Ng = (m — 1)/m we obtain

-1
bg = br + m—Z Ab, (14.21)
m
1
br = br — p» Ab. (14.22)

Note that this is consistent with egs. (6.2) and (6.3) for m = 2, which is the value defining
an even split with 50% of B and 50% of F galaxies. We will denote such a split as 50 x 50.
Similarly as in sec. 6.1.1, we model the galaxy bias of the total population following [147]
as

by =ce?, (14.23)
where [c, d] = [0.554,0.783]. Importantly, however, without precise knowledge of the
luminosity function of the population of galaxies, we do not know the bias difference
Ab for a given splitting parameter m. In our forecast, we assume that for m =2, Ab =1,
in agreement with the measurements done in the BOSS survey [47]. We then choose
a smaller value of Ab = 0.8 in the case where we have 70% percent of bright galaxies
and a larger value of Ab = 1.2 when we have 30% of bright galaxies. These choices are
somewhat arbitrary, but they are only necessary because we are doing a forecast. Once
we perform such an analysis on real data, the bright and faint biases will be considered as
free parameters, directly measured from the even multipoles of the correlation function.
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We forecast the capacity of a spectroscopic survey like the SKA2 HI galaxy survey to
measure the magnification and evolution biases using galaxy clustering information. To
this end we first parameterise the different biases with a set of free parameters, that we
then constrain with the dipole and the octupole.

We use the Fisher formalism and compute the Fisher matrix by performing the second
derivative of the natural logarithm of the likelihood with respect to the parameters of
the model. Assuming Gaussianity and neglecting the dependence of the covariance on
the model parameters, the Fisher matrix can be expressed as described in sec. 6.1.4. We
describe below how we build the data vector and the relevant covariant matrix entering
in eq. (2.107) for the specific analysis under consideration for this work. Once the Fisher
matrix is computed, we estimate the covariance matrix of the parameters as the inverse
of the Fisher matrix (see eq. (2.108)). The parameters uncertainties are encoded in the
diagonal of the latter, while the off-diagonal terms encode the cross-correlations between
the parameters.

15.1 SURVEY SPECIFICATIONS

We consider a futuristic survey akin to the HI galaxy survey in Phase 2 of the Square
Kilometer Array, as described in [35, 147]. Such a survey is proposed to span 30,000
square degrees ranging from z = 0.1 to z = 2, and observing close to a billion galaxies.
In practice, we divide this redshift range into 19 bins of size Az = 0.1 and evaluate
all the quantities at the centre of each z-bin. We split the full population of galaxies
provided by the survey into two samples following the prescription described in sec. 14.2
in order to have a constant ratio of bright versus faint galaxies in every z-bin. Then, we
compute the signal dataset and the covariance matrices at each z-bin in the linear regime,
including separations spanning from dp,;, = 20Mpc/h to dmax = 160Mpc/h. We use
fiducial cosmological parameters from Planck [6] (see also Table D.3 in Appendix D.3).
The fiducial values for the biases described in Chapter 14.

In fig. 15.1, as illustration, we show the cross-correlation monopole, dipole, quadrupole
and octupole at z = 0.25 (second redshift bin) for two different splits: 50% bright and 50%
faint galaxies (blue, solid curves); 30% bright and 70% faint galaxies (red, dashed-dot
curves). We see that the monopole and the quadrupole are significantly larger than
the dipole and octupole. The cumulative SNR over all redshifts and separations for
the 50% — 50% split is: 624 and 601 respectively for the bright-faint cross-correlation
monopole and quadrupole; 57 and 5 respectively for the dipole and octupole. Table D.1
in Appendix D.3 reports the SNR for all multipoles in the different splits. Note that the
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SNR of the dipole and octupole are without wide-angle effects, since as explained before
in sec. 2.2, one can choose an estimator to remove them.

Multipoles at z = 0.25
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Figure 15.1: Multipoles of the cross-correlation between B and F populations at redshift z = 0.25.

15.2 FITTING MODELS FOR THE GALAXY BIASES, MAGNIFICATION BIASES AND
EVOLUTION BIASES

Our goal is to constrain the various biases from the data. As shown in Chapter 14, the
magnification and evolution biases can be written in terms of three observable quantities:
sm, g and 7%, that can be directly measured from the number of galaxies. Our strategy
is therefore the following: we use our modelling to compute these three quantities. We
then parametrise them with a set of free parameters, with fiducial values given by our
model and with uncertainties expected from future surveys. Typically, we choose two
different values for the uncertainties: 50% uncertainties and 20% uncertainties. Those
are quite large and future surveys may very well provide tighter constraints, but we
prefer to remain conservative here. We then perform a Fisher forecast to determine the
capability of the dipole and the octupole to improve the precision on these parameters.
From this we then reconstruct sg(z), sp(z), f¢'°'B(z) and f¢"°'F(z).



15.3 GALAXY SAMPLES AND DATA VECTORS

15.2.1 Parametrization of s\(z) and sp(z)

We parametrise the redshift evolution of sy(z) and sg(z) with 4 parameters each:

sp(z) =sp0+sL1z+ s logz+sp3 (log 2)2 , (15.1)

where L = B, M. This expansion recovers well the redshift evolution plotted in fig. 14.2.

Thus, we include 8 parameters in the analysis: {sp o, 51,1, L2, 51,3 }. The magnification
bias of the bright population is sensitive to the choice of splitting, and we have therefore
different fiducial values for the parameters for different splitting parameter m. On the
other hand, sy; does not depend on m. The fiducial values can be found in Tables D.2
and D.3 in Appendix D.3. As explained above we introduce Gaussian priors of 50% and
20% around the fiducial values on both set of parameters for each choice of m, to account
for our prior knowledge on sg and sy from direct measurements.

15.2.1.1  Parametrization of n®°!(z)

Since by construction, we split the two populations keeping constant the ratio of bright
and faint galaxies in all redshift bins, the function n®°! defined in (14.7) is the same for
both populations and for the total population. We parametrise the redshift evolution of
this function with 4 parameters as

1 _
nevol <Z> — TISVOI + 7,ﬁvol z 4 ngvol E + ngvol e %, (15‘2)

We have therefore 4 additional free parameters in our analysis {ng"‘)l, n%""l, ng""l, ng""l}.

The fiducial values are independent of the value of m and can be found in Table D.3 in
Appendix D.3. Similarly to the magnification bias, we consider Gaussian priors of 50%
and 20% around the fiducial values.

15.2.1.2 Parametrization of the galaxy biases

We parametrise the evolution of the biases with redshift using (14.21)—(14.23). For
a given splitting we fix the bias difference Ab in Egs. (14.21) and (14.22). The fiducial
values for c and d are independent of the splitting since they encode the evolution of
the total population. In our forecast we vary however these parameters separately when
they enter into the bright or faint biases, since these two quantities can in principle
vary independently. Hence we have 4 additional parameters {cg, d, cr, dr }, with fiducial
values given in Table D.3 in Appendix D.3. Note that we could have alternatively used
as free parameters {c,d, Ab}.

15.3 GALAXY SAMPLES AND DATA VECTORS

Since the magnification bias of the total population, sy, and the quantity n¢¥°!(z) are
independent of the way galaxies are split, we explore different cases and compare the
constraints. We first perform Fisher analyses using two populations of galaxies, and then
we consider a case where we have four different populations.
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15.3.1  Two galaxy populations

We consider three different samples of bright (B) and faint (F) galaxies:

» Analysis with 50% of B and 50% of F galaxies (50 x 50): we set m = 2.0 and
Ab = 1.0. This is the standard approach used in previous works, e.g. refs. [103, 122,
123].

= Analysis with 30% of B and 70% of F galaxies (30 x 70): we set m = 10/3 and
Ab =12.

= Analysis with 70% of B and 30% of F galaxies (70 x 30): we set m = 10/7 and
Ab =0.8.

As observables we consider the multipoles of the correlation function described in
secs. 2.2.3 and 2.2.4. For any value of m, we have 7 even multipoles: the monopoles
and quadrupoles of the BB, BF and FF correlations, plus the hexadecapole of the full
population. Additionally, we have 2 odd multipoles arising from BF cross-correlations,
namely a dipole and an octupole. The data vector at each z-bin takes the form

= 0 0 0 1 2 2 2 3 4
E(z,d) = (253 Shp- o Shi Shmr Sips £ S8 1)l - (153)

We compute the Gaussian covariance matrix of Z(z,d) including all the possible cross-
correlations between the multipoles, and accounting for both cosmic variance and shot-
noise. We also include the shot-noise contributions associated to the cross-correlations
between the hexadecapole and the monopoles and quadrupoles, arising from the fact
that the B and F populations overlap with the full population. This contribution is
usually neglected (see e.g. [103, 122, 123]), since cosmic variance dominates the error
budget of the even multipoles for a survey like the one with SKA2. In this work, we
develop a shot-noise model accounting for overlapping populations (see Appendices D.1
and D.2) and we find that indeed the resulting contribution is negligible and has only a
small impact on the constraints.

In total we have 21 free parameters: 16 parameters describing the various biases
plus 5 cosmological parameters h, As, 15, (), (O, whose fiducial values are also listed
in Table D.3 in Appendix D.3. The derivatives of the multipoles with respect to the
cosmological parameters are computed numerically from CAMB [10, 154] and the
FFTLOG algorithm [273] using the 5-point stencil method.” The derivatives with respect
to the other parameters can be computed analytically.

15.3.2  Four galaxy populations: combining the information of two sample separations

We explore the possibility of further improving the constraints on the magnification
and evolution biases by performing an additional Fisher analysis in which we combine
two different splits. In this case, we have four populations of galaxies: two different
bright populations (B and b) and two different faint populations (F and f). These four
populations are clearly not independent, since they are drawn from the same initial
population of galaxies. In the signal, in addition to auto-correlations of each population

1 We used the Python implementation available in GitHub: 1D FFTlog in Python.


https://github.com/JCGoran/fftlog-python

15.3 GALAXY SAMPLES AND DATA VECTORS

with itself, we only consider the cross-correlations of B with F and b with f (since parts
of the galaxies in B are also in b and similarly for the faint). The data vector is therefore

= =

& = (:m im) with m = 2 and m’ = 10/3.

In the covariance matrix we include all the cross-correlations between the multipoles of
the different splits. In particular, we take into account the shot-noise contributions due to
the fact that we are using the same underlying population, split in different fractions of
B and F galaxies, meaning that there is certain overlap between the B and F populations
of each m, m’ sub-samples. These contributions are computed in Appendix D.1. Note
that neglecting the shot-noise contributions between the two different splits would lead
to an overestimation of the parameter constraints.

In this case we have 29 parameters: 5 cosmological parameters, 8 parameters com-
mon to the two different splits (parametrising n¢'°' and sy) and 16 parameters for
SB, Sb, bB, bb/ bF and bf.
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We first consider the cases with two populations of galaxies, and then show the
constraints when combining four populations. We compare the relative reduction of
uncertainties with respect to the priors on the parameters of the model when including
the dipole only versus when adding the octupole, showing that in this context the
octupole contains valuable information and needs to be included. We also reconstruct
the 68% confidence regions for the magnification and evolution biases as a function of

redshift.

16.1 CONSTRAINTS FROM TWO GALAXY POPULATIONS

50 x 50 split

30 x 70 split

70 x 30 split

1 1 3
o

1 1 3
oo

1 1 3
S Co + ot

spo  36.81 30.02  41.58 32.77  26.65 23.28
SB1  20.01 18.47 39.44 36.00 17.44 16.73
Sg2  26.36 25.03  44.66 4348 24.12 22.87
Sg3  26.18 23.81 24.08 21.43 28.86 26.80
SM0  47.70 3929 47.97 3771 46.19 37:30
smM1 31.80 27.83  20.88 18.49 28.56 26.66
SM2  49.26 45.07  49.53 46.46  48.01 41.23
SM3  49-99 49-94  49.98 4996 49.94 49.84
ng""l 44.85 41.31 41.32 40.50 46.17 41.65
n‘f""l 43.74 31.04 37.21 28.01 47.18 32.74
ns™ 40.39 25.55  33.77 24.09  32.34 26.57
n§"°l 33.16 30.71  31.39 29.61  35.96 31.62

Table 16.1: Relative 10 uncertainties for the magnification biases and number evolution parame-
ters, assuming 50% Gaussian priors. We show the results for 3 different splits, includ-

ing only the dipole (61(311:)) and including both the dipole and octupole (Q‘I(;lF) + Cg). In
all cases the even multipoles (monopole, quadrupole and hexadecapole) are included.

We show the relative uncertainty when only the dipole is included, and when both
the dipole and the octupole are used. We see that even though the SNR of the octupole
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is 10 times smaller than that of the dipole, adding the octupole in the analysis has
a significant impact on some of the parameters. For example, adding the octupole
improves the constraints on 7% and n$?! by 20-30% with respect to the constraints
from the dipole only, for all the splits. From Egs. (2.58) and (2.56), combined with the
expressions for the evolution biases (14.16) and (14.17), we see that the dipole depends
on the magnification bias difference sg — sp, on the combination bgsg — bgsg, as well
as on the product (bg — bp)newl. On the contrary, the octupole depends only on the
magnification bias difference sg — sg. As a consequence, there is a strong degeneracy
between 7%, sg and sy when only the dipole is included. Adding the octupole, which
does not depend on 1! partially lifts this degeneracy, improving the constraints on
the parameters. Moreover, the redshift evolution of the dipole and the octupole differ.
The octupole is proportional to f2(z)(1 —1/7(z)H(z)), whereas the dipole contains also
other terms that scale with f(z) and with the biases bg(z) and bp(z). As a consequence,
adding the octupole breaks degeneracies between the different parameters governing
the redshift evolution of sp, sy and 7. Hence even though we find that the diagonal
Fisher elements for the dipole are always significantly larger than for the octupole (by a
factor 25-80 depending on the parameters), the octupole significantly helps to constrain
the parameters by breaking degeneracies.

We find similar results when the priors are reduced to 20% (see Table D.4 in Ap-
pendix D.3). In this case the uncertainty on sg1,sgp,sg3 are reduced by a factor ~ 2,
for the 50 x 50 and 70 x 30 splits. Generally, we see that the improvement with respect
to the priors are similar for the 3 splits we have chosen. Some parameters are better
constrained in one split than in another, but there is no systematic trend that would
single out one of the splits.

In fig. 16.1, we show the constraints on the redshift evolution of the various functions
for the 50 x 50 split: the functions entering our forecasts (1%, sy and sp in red), and the
derived ones (s, f¢'°'B and f¢'°'F in blue). We show the prior in grey (50% in this case),
as well as the uncertainty when only the dipole is included, and when both the dipole
and octupole are included. We see that the improvement on the redshift evolution is
significant for all functions. Adding the octupole helps constraining all parameters, and
the improvement is especially relevant for n°°! and the two evolution biases. Similar
results are found using a 20% prior instead of a 50% prior (see fig. D.2 in Appendix D.3)
and for the other splits (see fig. D.3 in Appendix D.3).
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Figure 16.1: Constraints on the redshift evolution of the various functions for the 50x50 split,
starting with a 50% prior on the parameters (grey region). We show the results when
only the dipole is used and when both the dipole and octupole are included. In all
cases the even multipoles (monopole, quadrupole and hexadecapole) are included.
The red functions are those entering the forecasts, while the blue ones are derived

from the red.
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16.2 CONSTRAINTS FROM THE COMBINED ANALYSIS

50 x50 Joint Au—z(%) 30X 70 Joint A,_19/3(%)

SB,0 30.02 23.72 20.96 32.77 30.89 5.74
SB,1 18.47 13.35 27.73  36.00 33.36 7-33
SB,2 25.03 19.53 21.97 4348  42.91 1.33
SB3 23.81 18.75 21.22 21.43 21.18 1.19
SM.0 39.29 33.61 14.45 37.71  33.61 10.87
SM,1 27.83 16.42 40.99 18.49 16.42 11.20
SM2 45.07 40.30 10.58 46.46  40.30 13.25
SM,3 49.94 49.82 0.26 49.96 49.82 0.28
ngol 4131 39.95 3.29  40.50 39.95 1.36
nsvl 3104 26.66 14.13  28.01 26.66 4.82
ng""l 25.55 19.57 23.40 24.09 19.57 18.76
n§V°1 30.71 27.32 11.03 29.61 27.32 7.73

Table 16.2: Relative 10 uncertainties for the magnification biases and the number evolution,
assuming 50% Gaussian priors and including all multipoles. We show the results for a
single split and for the joint analysis. The bold numbers are the relative improvement
with respect to the results from a single split. Note that since the sp ; parameters differ
for the two splits, we have two sets of parameters in the joint analysis. Hence we show
the constraints for the 50 x 50 sp ; parameters in column 2 and 3, and the constraints
for the 30 x 70 sp; parameters in column 5 and 6.

In Table 16.2 we show the constraints obtained when combining the 50 x 50 split
with the 30 x 70 split and we compare them with the constraints from a single split.
The improvement is non-negligible for most parameters, and can even reach 20 — 40%.
Hence even if adding a new split adds 4 new parameters to the Fisher (due to the
magnification bias, which differs in different splits), the common parameters sy;; and
n¢%! are improved by the additional signals. Interestingly, this improvement in the
common parameters also impacts the individual sg; that are better measured due to the
breaking of degeneracies brought by the additional split.

In fig. 16.2 we show the constraints on the redshift evolution of the functions entering
the forecasts and in fig. 16.3 on the derived functions. In general, we see that the
improvement is less significant in the case of the 30 x 70 split, but they are still non-
negligible, especially for the evolution biases. Note that the wiggles in the redshift
evolution of the evolution biases are due to the reconstruction of these functions from
1! sg and sg.

Finally, in Table D.5 we show the constraints on the cosmological parameters. We find
that these parameters are almost purely constrained by the even multipoles. Adding
the odd multipoles only improves the constraints by 0.1% at most. This is also the
case for the galaxy bias parameters (see Table D.6). Note that this is consistent with
the results of [245], who showed that relativistic effects are not useful to constrain
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cosmological parameters. Both the cosmological and galaxy bias parameters are already
very well constrained by the even multipoles, and hence the odd multipoles add no new
information on them. As we have extensively demonstrated in the previous parts of this
Thesis, their capacity lies instead in constraining theories beyond ACDM [54, 77, 103,
104, 123, 218, 274], or magnification biases and evolution biases, as we show here.

We compare the constraints on cosmological parameters using a single split and using
the joint analysis. First we see that the constraints from the 30 x 70 split are always
tighter than those from the 50 x 50 split. This suggests that multi-tracer analyses should
carefully explore various splits and determine the optimal one. The 50 x 50 split is
clearly the one which minimises shot noise in the cross-correlation signals (since one
can form more pairs in this case), but since shot noise will be small in future surveys
due to the very high number density of detected galaxies, this is not necessarily the
optimal choice. The signal may indeed increase in other choices of splits, improving
cosmological constraints. Note that these conclusions rely on our modelling of the galaxy
biases, and may differ for a different modelling. Finally, we see that the joint analysis
provides tighter constraints than the two single splits. The improvement with respect to
the 30 x 70 split lies between 1.5% and 3% (see Table D.5). In the case of the galaxy bias

parameters, we find slightly larger improvements, between 1.7% to 5% (see Table D.6).

This is a somewhat limited improvement, but it comes at almost no cost. It does not
require new data or different analysis techniques, but simply relies on doubling the size
of the data vector by considering two types of cross-correlations.
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Figure 16.2: Constraints on the redshift evolution of the functions entering the forecasts, assuming
a 50% prior on the parameters. We show the results for a single split (50 x 50 on the
left, 30 x 70 on the right) and for the joint analysis. Note that sp is different in the

two splits. In all cases all multipoles are included.
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SUMMARY AND CONCLUSION

In this work, we showed that exploiting the information carried by the odd multipoles
of the 2-point correlation function can significantly improve our knowledge of the
astrophysical properties of galaxies. We developed a physically motivated model for
the magnification biases and evolution biases that govern the amplitude of the odd
multipoles. These biases are directly related to the distribution in luminosity and the
redshift evolution of galaxies. We found that:

» The magnification biases and evolution biases of the various samples can all be
related to three observable quantities: the magnification bias of the whole (un-split)
population sy, the magnification bias of the bright sample sg, and the redshift
evolution of the number of galaxies 7.

» These three quantities cannot be measured from the odd multipoles if we have
no prior knowledge about them, since they are fully degenerate with each other.
However, parametrising their redshift evolution and assuming a prior of 50% on
the parameters, the odd multipoles provide constraints that are tighter than the
prior by a factor of up to 2 — 3.

= Combining the dipole and the octupole is crucial to obtain tight constraints, since
they do not suffer from the same degeneracies between parameters.

» Splitting the galaxies in different ways provides different constraints, but there is
no significant trend that would single out one split as optimal.

» Combining two different splits further improves the constraints by up to 20% on
the biases and by ~ 3% on the cosmological parameters 15 and Qp,.

Knowing the astrophysical properties of galaxies is necessary to robustly constrain local
primordial non-Gaussianities from large-scale structure, since these are contaminated
by relativistic effects at very large scales. Since these effects directly depend on the
magnification and evolution biases, having precise measurements of these quantities is
essential. Interestingly, one can use the odd multipoles to constrain these quantities at
intermediate scales, where local primordial non-Gaussianities are irrelevant, and from
this one can predict the contamination from relativistic effects to the even multipoles at
very large scales, where primordial non-Gaussianities are measured.

Finally, a good knowledge of the magnification and evolution biases is also essential
to infer the observer velocity from the kinematic dipole, since they enter as a pre-factor
in front of the observer velocity and are therefore fully degenerate with it. An accurate
theoretical model of the kinematic dipole is critical for robust tests of the Cosmological
Principle.
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SUMMARY OF CONCLUSIONS AND OUTLOOK






If I were asked to summarize the present Thesis into a single sentence or paragraph,
I would choose the following: the relativistic effects in the LSS cannot be swept under
the carpet in the analysis of the data to be provided by the Stage IV galaxy surveys.
They contain valuable and unique information that allows us to test gravity in a variety
of ways. In this Thesis, we have demonstrated two use cases for measurements of
the gravitational redshift at cosmological scales. In addition, we have proven that the
relativistic effects contributing to the dipole of the 2-pt correlation function are crucially
useful for constraining systematic biases such as the magnification and evolution bias
at sub-horizon scales, whose modeling is crucial in the search for primordial non-
Gaussianities on the largest scales. Furthermore, it is important to emphasize that
measuring the relativistic effects is an efficient way to increase the constraining power of
LSS surveys at a minimal cost, in the sense that it does not involve the addition of any
new data.

In Part ii we constructed a model-independent test of gravity targeting the anisotropic
stress, also known as the gravitational slip, which we defined as 7 = ® /Y. This new test
combines measurements of the gravitational redshift from spectroscopic galaxy clustering
and the evolution of the Weyl potential from photometric surveys. In the first case, we
combine the multipoles of the 2-pt correlation functions for two populations of galaxies
to isolate the gravitational redshift contribution, manifest as the correlations between
density and ¥ perturbations. We introduce an appropriate parametrization for measuring
the evolution of ¥, the function [(z), for which we find a precision of ~ 20% at low
redshift. If we assume a specific time evolution we can simplify the analysis to a single
parameter Iy, reaching the 10% level. In addition, we introduce a new parametrization
for measuring the evolution of the Weyl potential, the function f(z), for which we find
sub-percent level precision. Then, we construct an estimator based on the ratio between
these two functions, which represents a direct measurement of the ratio between ¥
and the Weyl potential. Hence, it is a proxy for a direct measurement of 7 through the
quantity 2/(1+ 7). The precision on this estimator is fully determined by the precision of
I, ranging from 20% — 40% at low redshifts. However, due to systematic limitations, we
observe that the test is not meaningful for redshifts above z = 1.0. In any case, we argue
that, in comparison with current tests of gravity, the future constraints on ¥ are roughly
of the same order of magnitudes than current constraints on the peculiar velocities, and
they will be only two orders of magnitude worse than future constraints on V, when
using spectroscopic information alone. In addition, we emphasize that neither the ¥ nor
the 7 estimators proposed here rely on intermediate assumptions about the theory of
gravity or about the properties of dark matter, such as the validity of the continuity and
Euler equations. Remarkably, our test is able to reach a precision comparable to those
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of the expected for the y — X parametrization when relaxing the assumption about the
validity of the weak equivalence principle for dark matter. Therefore, this seems to be the
level at which the theory of gravity can be tested in a model-independent way even with
futuristic surveys. Importantly, however, the analyses hereby described are conducted
in the quasi-static approximation, where we can neglect scale dependency. The natural
extension of these works will be to include scale-dependency, which in principle should
not change the conclusions we brought here. Additionally, another avenue to follow
would be to include into the modeling information of the non-linear scales and evaluate
the impact on the constraints.

In Part iii we delve into the Effective Field Theory of Dark Energy framework and
study the capability of the gravitational redshift in breaking degeneracies among the
fundamental parameters. This framework represents a theoretically satisfactory scenario
which encompasses a large plethora of modified gravity models, including those in
which interactions in the dark sector are allowed. Generally speaking, these interactions
induce a breaking in the weak equivalence principle for dark matter. It is in this context
when the gravitational redshift is particularly crucial. We have shown that the dipole
contains a combination of the Doppler effects and the gravitational redshift which exactly
vanishes when the Euler equation is valid. It is thus specifically remarkable in theories
with this feature, for which we are able to find improvements on the EFT parameters
by up to ~ 50%. This is particularly outstanding, provided that the SNR of the dipole
is about six times smaller than that of the quadrupole contribution. In a future work,
we could study whether the addition of gravitational lensing information into the game
further helps in breaking degeneracies, and hence provide even better constraints on the
parameters. This is expected as the gravitational lensing is sensitive to the Weyl potential,
and hence carries a different combination of the EFT parameters compared to that of the
gravitational redshift. Additionally, natural extensions of this piece of work will simply
be to explore other time parametrizations for the EFT parameters or study the physics
beyond the quasi-static approximation.

Finally, in Part iv we depart from testing gravity theories and focus on other aspects of
the relativistic effects. We demonstrate we can use the odd multipoles of the 2-pt correla-
tion function to significantly improve our knowledge about s and f¢°l. We identified
the three quantities that can be directly measurable from the data: the magnification
bias of the bright population, sg, the magnification bias of the total population sy, and
the logarithmic evolution of the full sample, n¢'°!. Then, the f¢'°! of each population
can be reconstructed from these measurements. We demonstrate that including the
octupole is necessary in this context and is crucial to fully optimize the measurements.
In particular, assuming ACDM, we forecast that we can reduce the uncertainties in most
of the parameters involved, but that the amount of improvement obtained in each case
is sensitive to the way we split the populations and to the priors. For instance, for a
prior of 50% we find improvements of a factor 2 — 3 for sp parameters in the 50 x 50 and
70 x 30 splits. We support these findings by reconstructing the predicted 68% confidence
regions as a function of redshift for various sample separations (see figs. 16.1, D.3). We
observe a systematic reduction of the shaded regions, specially when the octupole is
included. We complete the study by analyzing the case of having four populations of
galaxies, for which we combine the information of two different splits that are assumed
to be independent ‘experiments’. The relative gain with respect to the single split cases
depends on the split we compare the results with, but overall, the 68% constraints are



improved for most of the parameters and inferred quantities (see figs. 16.2 and 16.3).
Naturally, following the introductory Chapter 13, the continuation of this work is to
transfer the improvements on the constraints to the modeling of the relativistic effects
on ultra-large scales, and assess the impact that the predicted variability on s and f¢v!
has in the predicted uncertainty for fyr. In addition, we could evaluate the necessity
of considering 4 populations of galaxies to constrain the galaxy biases and the cosmic
parameters, optimizing the choices for separating the sample and trying to find an opti-
mal configuration for fully exploiting the information contained in the 2-pt correlation
function.

On the whole, this Thesis is essentially a compilation of reasons for measuring the
relativistic effects in the LSS. The expectation on the upcoming generation of surveys
considered in these investigations is that they will serve as a window to a completely
new and largely unexplored source of information. This will allow us to probe new
sectors of gravitational theories in innovative ways and with unprecedented precision. It
is therefore a truly exciting time to work on Cosmology in general, and particularly on
this topic. The study of the relativistic effects in the LSS is key to further improving our
knowledge about the Universe we happen to live in, marking a new milestone in the
ongoing development of the study of the Heavens.
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SOME USEFUL FORMULAE

The sections below provide a brief introduction to a few mathematical concepts that
have been used in the Thesis. We also include some useful formulae derived from those
concepts. They can be studied in more detail in e.g. [275].

A.1 FOURIER TRANSFORMS

The Fourier transform of any function f(x) is a mathematical operation that converts
the function from its original domain, usually named the configuration space (time or
space) to the frequency domain, also known as the Fourier space. According to the
convention we use in this Thesis, the Fourier transform of a spatial 3-vector can be give
as:

£ = [ @xf(eh (A1)
so that the inverse Fourier transform is
_ 1 3 —ik-x
F0) = Gy [ PRFO)e (A-2)

A.2 LEGENDRE POLYNOMIALS

The Legendre polynomials are defined in the interval [-1, 1] and form an orthonormal
set. The normalization condition is the following:

1 2
! = — U .
| #xPUxPix) = 57 0u (A3)

The Legendre polynomials obey the following differential equation:

(1 —x2)P) —2xP, + £(£L+1)P; = 0 (A.4)
We can obtain them via the recursion relation:

(£ +1)Prya(x) = (20 4+ 1)xPy(x) — £Py—1(x) (A.5)
The Rodrigues’ formula is:

1 dt

Pix) = Srp e

(x> —1)" (A.6)
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SOME USEFUL FORMULAE

Some lowest-order Legendre polynomials are as follows:

Po=1, (A7)
P =x, (A.8)
Py = %(3x2 —1), (A.9)
P3 = %(5x3 — 3x), (A.10)
Py = %(359# —30x% +3) (A.11)

We also find that Py(—x) = (—1)"P;(x) and P,(1) = 1. We can also invert these relations
to find

x* = %PQ +1/3, (A.12)
2 3
x3 = 5 Ps + 5 P, (A.13)
s+ 8 4
X :£P4+§732+1/5. (A.14)
Finally, we can define the associate Legendre functions by:
d"™Py(x 1 attm
Pom(x) = (1 - xz)m/zdxm() =(1- xz)m/zzTE! vl C ol 1)f (A.15)

for 0 < m < /. These Legendre functions are solutions of the following differential
equation:

2

(1= x*)P” gy — 2P, + [L(£+1) — 2| Pom =0 (A.16)
The orthogonality relation holds as follows:
1
[, Pon) P () (A17)
_ [T : 2 (+m)!
= /0 P (cos 8) Py, (cos 9sin 8)dd = mm&y (A.18)

A.3 SPHERICAL HARMONICS

Spherical harmonics are special functions defined on the surface of a sphere. They are
found by solving the Laplace’s equation. Being f : R® — C a smooth, scalar function,
one solves, in spherical coordinates, the equation V2 f(r, 9, ¢) = 0. By separation of
variables, we can always find solutions of the form f(r, 9, ) = R(r) Y(8, ¢). Leaving
aside the radial part, we find the angular to be of the form

Yy (8, 9) = N ™ Py (cos 9), (A.19)

i.e. multiples of the associated Legendre functions defined in the previous section, up to
a normalization factor N and a phase. Here Y : $> — C are the Spherical Harmonics. For
a fixed integer /, we can rewrite the above as an eigenvalue problem

1
V2 Y0 (8,9) = =5 L(L+1) Yo (8, 9)- (A.20)



A.3 SPHERICAL HARMONICS

For our purposes, it is sufficient to be familiar with spherical harmonics of spin-o. If
we have a unit vector n defined by its polar angles (¢, ¢), we can write the spherical
harmonics as:

o 2010 —my
Yon = (21 \/ i Me ? Pew(pt), = cosd (A.21)

We can also prove that Y,_,, = (—1)"Y}, . From this expression, we can see that in a
coordinate system in which m = 0, i.e. the direction vector is aligned to the z-axis, the
above reduces to the standard Legendre polynomial

47
Yio =1/ mPg(cos 0). (A.22)

Hence, in combination with eq. (A.21), this gives the action of the Laplace operator on
Legendre polynomials to be

V2 Py(cos®) = —L(£ +1) Py(cos B). (A.23)

The derivative operator here often receives the name of transverse Laplacian, and is
denoted by A = r? V2. The addition theorem for spherical harmonics is given by:

47 ¢

Pg(nl . nz) = ﬁ Z YZm(nl)ng(nz) (A24)
m=—/

Integrals over a direction n involving only one spherical harmonic enforce ¢ and m to
be zero

[ 400 Y, (n) = Varcéioong (A.25)
Terms with two spherical harmonics provide the orthogonality relation
/dQn ng(n)Ygrm/(n) = (5gg/5mm/. (A26)

If we integrate three spherical harmonics, we obtain 3] Wigner symbols

2L +1)(20+1)(2¢ +1)
i (A.27)

/ /
o L 14 14 L ¢ 7 (A.28)
-M —-m —-m 0 0 O

Some low order spherical harmonics are given by:

/ A0 Vi (n)Y;, (n)Y;,, (n) = \/

1
g - O Y()O = \/Tin'/ (A29)
Y- = —\/i sin de'?,
(=1 . 87 , (A.30)
Yio = % cos ¥,
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Yy, = 3125 sin? 9e%?,

=2 Yy = §5 sin ¢ cos 0¢'?, (A.31)
Vo =& Geosto-1),
Yzs = 61571 sin® 9e%?,

/o3 Y32 1B sin? ¢ cos ¥e?'?, | (A32)
Y1 = Zsin®d (3 cos?9 — 1) e'?,
Yo = \/Zcosﬁ( cos? 9 — 3)

Yo = (=1)"Ypy (A33)

A.4 BESSEL FUNCTIONS AND SPHERICAL BESSEL FUNCTIONS

The two kinds of Bessel functions J,(x) and Y, (x) are real solutions to the following
differential equation:

,d d
dfz + xdi + (=1 f=0 (A.34)

The Hankel functions can be defined as:
V=, +iv, HY =], -iv, (A.35)

These functions satisfy the recurrence relations:

Fv—l + Fv+1 = ?Pv/ (A-36)
F,_1—F,41 =2F, (A.37)
v
F,_1— ;F,, = Flf, (A.38)
1%
— by + ;Fv =F, (A.39)

We can represent the Bessel functions J,, n € IN as the integral:

Ju(x) = (_7_?” /07T e'*<0s% cos(n0)db (A.40)

from which we obtain the expansion:
eVes? = Jo(y) +2 Z i"Ju(y) cos(ng) = Y i"Ju(y)e™ (A.41)

n=-—oo

The spherical Bessel and Hankel functions can be derived from the normal Bessel and
Hankel functions as follows:

jn(x) = ﬂ]ﬂ—l—l/Z(x)I (A.42)

yn(x) = \/zyn-f—l/Z(x)/ (A43)



A5 COEFFICIENTS OF THE 2-PT CORRELATION FUNCTION

hY = o + iy, (A.a2)
hEtZ) = Jn = iYn: (A.45)
They are solutions of the differential equation:
df af
24 v 2 _ —
X3 —|—2xdx + (x"—=nn+1)f=0 (A.46)
and they satisfy the following recurrence relations:
1
f-;? = n 4 1 (fnfl + fn+1)’ (A47)
1
fi{l = n + 1 (nfnfl - (n + 1)fn+1)’ (A48)

The following expansion holds for an exponential function in terms of spherical Bessel
functions and spherical harmonics:

XK = XK — 470y i (k)Y (K) Yo (R) (A.49)
Im

A similar relation but in terms of the Legendre polynomials can be found

[ee]

e*n =Y (204 1) (kr) Py(p) (A.50)
=0

where P;(y) are Legendre polynomials defined in the previous section. In addition, the
closure relation of spherical Bessel functions holds

% /O " dr 2 o (kn)jp(Kr) = 8(k — k') k2, (A.51)

A.5 COEFFICIENTS OF THE 2-PT CORRELATION FUNCTION

From the previous definitions and recurrence relations for j; (k) we can construct useful

combinations. We use d = /1% 4+ r2 — r1r2 cos 8 as defined in the main text of Chapter 2.
171 p
For a given k mode, we have

Y (204 1)Py(cos 0) jy(kry) jo(krz) = jo(kd). (A.52)
7

Note that jo(kd) = sin(kd)/kd. We define x; = kr;. More generally, we define the
combinations

71 =Y (20 + 1)Py(cos8) 11 (x1) 11 (x2), (A.53)
7
where
(i 0 .
]é )(x) = aTCi]z(x)/ (A.54)

which are computed using the recurrence relations. We also have symmetry % (x1, x2) =
{*x2, x1. More generally, we can use

o) ) o
ij _ 7itm,j+n
dxt Ay = ' (A.55)
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All together permits the computation of the explicit expressions of the relevant /. Let
us include a summary of the relevant quantities used in the text

¢ = jo(kd) (A.56)
rpcost —ry .
e ) (A.57)
2_ (2 _q_ 2o _ L
(21— co20)1) ia(kd) — Lioka) (A.58)
—\3 i) 2 3" ?
1+2cos?0)r; — 3racos .
2= g o (k) (A59)
N (1 —3cos?0)r] + cos0(5 + cos? 0)riry, — 2(2 + cos? 0)ry15 + 2r3 cos 0 (kd)
5d s
1+2cos?0 . 181 1lcos*6 = cosB(cos?0 —1)rira] .
2 _ 1+2cos”0 1
F =5 k) =5 [18 T 2 ] f2(kd)
4(3cos?0 —1)(rf +13)
+ [ 3548 (A.60)
20 _ 2 2 0
+rra(3 4+ cos?6) 3(3 + cos )717;’25‘148(71 +1r3) cos ] ia(kd)

In the distant-observer approximation d < r the angles are small and the above can
be written in terms of a power series in (d/r) containing Legendre polynomials. In
the main text, we performed this approximation and rewrote the expressions in the
coordinates (d, #,z), being u = cos B, according to fig. 2.1. The {'/ factors are reduced to
the following

7% = jo(kd) (A.61)
¢ =Pup) ji(kd), g0 =-", (A.62)
% =~ Ljo(Kd) + 2Pa0) k) + 5 (P () — Pa40) k), (163)
& = —Sjokd) + 2Pa(ye) jakd) — 32 (P1 () — Pa(30)) ja(kd), (A64)
02 = 2P (k) + 2 Ps () k), = g, (A65)
(2 = Sjo(kd) — Pa(g) flkd) + 5= Pa(1e) ja(kd). (A.66)

The change of sign in the terms entering into the relativistic effects contribution make
manifest the breaking of symmetry induced by them to the correlation function. This
asymmetric contributions are all contained in odd multipoles (associated to the P,’s with
¢ =1, 3) for the choice of coordinates (d, j1, z).

We include here the contributions to the galaxy 2-pt correlation function as computed
in sec. 2.2, expressed in terms of the "/(kd) functions above. First, we define the terms
relevant to the auto-correlations of the standard terms

Qi‘f\,[(e, Z1, Zz) = bL(Zl) bM(Zz) T5 (k, Zl)Tg(k, Zz) goo(krl,k?‘z) (A67)
Qill\{/[SD(er Z1, ZZ) = - bL(Zl) T(s(k, Zl)Tv (k, Zz) COZ (krl, kl’z) (A.68)

H(z2)



A5 COEFFICIENTS OF THE 2-PT CORRELATION FUNCTION

E&D(S(Q,Zl,Zz) = —,H(kZl) bM(Zz) Tts(k, Zz)Tv(k,Zl) 502(]{1’2, k?’]) (A69)
2
QRP(9,21,27) = ”H(zl]){?-l(zz) Ty (k,z1) Ty (k, z2) (% (kry, kr2), (A.70)

These contributions are completely symmetric under the exchange z; — z>. Similarly,
the terms relevant to the cross-correlation between standard and relativistic contributions
are defined to be

Qif\/,[(e, z1,22) = bp(z1)am(z2) Ts(k, z1) Ty (k, zz)§01 (kr1,kro) (A.71)
—+ bM(Zz)DCL(Zl) T(;(k, Zz)Tv(k, Zl)ém (k?’z, k?’l),
QiVi(6,21,20) = %EZ; Ty (k, 21) Ty (k, 22) G (kr1, k) (A.72)
+ %fff Ty(k, 22) T, (k, 21)¢% (kra, kr),
EE/[DV(G, Zl,Zz) = —k aM(ZZ) Tv(k, Zl)Tv(k, Zz) €21 (kl’l,ki’z) (A73)
H(z1)
+ 2((2)) Ty (k,21) Ty (k, 22) T2 (kra, krl)]
QRSP (6,21,22) = —7_[(21)1(7_1(22) [TV(k/ 21) Ty (k, 22) T (kry, kr2) (A.74)
+ Tv(k, Z2>T"/(k, Zl) €21 (k?’z, k1’1>]
Q¥ (0,21,2) = —k bLZ1) ok 20V Tk, 22) 2OV (ke k) (A.75)
H(z2)
4 0MG2) e Tk z1) 20 (kra, k)
H(z1) ’ ! !
2
QEE/IDY(G, Z1, Zz) = —7{(211)(7_[(22) [Tv(k, Zl)T‘f(k,ZZ) §21 (kl’l,krz) (A76)

+ Tv(k, Zz)Tl{f(k, Zl) €21 (kl’z, ki‘l)] .

Let us stress that these are not the complete set of contributions to the 2-pt correlation
functions, but only those arising from Agt and Aggy as given by egs. (1.42) and (1.58).
The lensing convergence and other integrated terms involving the gravitational potentials
where neglected. A more complete list of Q functions is given in e.g. [42, 46], from where
we borrow some formulae and computational techniques. In any case, these are exact
expressions in the full-sky, on which we shall perform the distant-observer or flat-sky
approximation as described above.
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MEASURING THE ANISOTROPIC STRESS WITH RELATIVISTIC
EFFECTS

In this appendix we provide the fiducial values for all the parameters considered for
the analysis discussed in Chapter 6, including those that have been fixed. The latter are
presented in table B.1, while the former are shown in table B.2. In particular, the values
correspond to those used in secs. 6.1.2 and 6.1.3, where we adapted the z bins of the SKA
analysis to match with the binning for the LSST lenses. For the original [ measurements,
described in secs. 6.1.1 and 6.2.1.1, we considered 12 bins of size Az = 0.1 evaluating the
quantities at the center of each bin. The fiducial is however always fixed to GR.

Parameter Fiducial value

Omo 03111
On 0.0490

h 0.677

Ns 0.9665

As 2.105 x 10~°

SB,1 sg(z = 0.25) = 0.3706
B2 sp(z = 0.38) = 0.4665
SB3 sp(z = 0.51) = 0.5757
SB4 sp(z = 0.65) = 0.6817
SB5 sg(z = 0.79) = 0.7839
SB6 sp(z = 0.95) = 0.8974
SB7 sp(z = 1.13) = 1.0224
SE 1 sp(z = 0.25) = —0.1618
SE2 sp(z = 0.38) = —0.1279
SE3 sp(z = 0.51) = —0.1269
SF4 sp(z = 0.65) = —0.1209
SF5 sp(z =0.79) = —0.1164
SE6 sp(z = 0.95) = —0.1120
SE7 sp(z = 1.13) = —0.1080

Table B.1: List of fixed parameters considered in the Fisher analysis, together with their fiducial
values in the ACDM model.
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MEASURING THE ANISOTROPIC STRESS WITH RELATIVISTIC EFFECTS

Parameter Fiducial value
h f(z = 0.25) = O - 05(z = 0.25) = 0.3388
J2 f(z =0.38) = Qp, - 03(z = 0.38) = 0.3666
f3 f(z=051) = O - 03(z = 0.51) = 0.3846
Ja f(z = 0.65) = Qm - 03(z = 0.65) = 0.3949
J5 f(z = 0.79) = O - 05(z = 0.79) = 0.3979
Jo J(z =0.95) = Qp, - 03(z = 0.95) = 0.3948
J7 f(z=1.13) = Qn - 05(z = 1.13) = 0.3859
s f(z =1.35) = O - 05(z = 1.35) = 0.3707
fo f(z=17) = Om - 03(z = 1.7) = 0.3427
J10 fz=21) = Om - 03(z = 2.1) = 03111
by b(z=1025) =b-0g(z = 0.25) = 1.4462
by b(z=1038) =b-0g(z = 0.38) = 1.3512
bs b(z=051) =b-0g(z = 0. 51) = 1.2644
by b(z=0.65) = b-0g(z = 0.65) = 1.1796
bs b(z=10.79) =b-03(z = 0.79) = 1.1035
bs b(z=0.95) = b-0g(z = 0.95) = 1.0259
by b(z =1.13) = b-05(z = 1.13) = 0.9492
bg b(z=1.35) =b-0g(z = 1.35) = 0.8683
bo b(z=17) =b-03(z = 1.7) = 0.7631
b1o b(z=21) =b-05(z = 2.1) = 0.6690
Ala 1.0
I [(z=0.25) = Qp - 03(z = 0.25) = 0.3388
L I(z=10.38) = QO - 03(z = 0.38) = 0.3666
I [(z=051) = O - 05(z = 0.51) = 0.3846
I [(z = 0.65) = Om - 05(z = 0.65) = 0.3949
Is I(z=0.79) = Qn - 03(z = 0.79) = 0.3979
I [(z = 0.95) = Om - 03(z = 0.95) = 0.3948
I; [(z=1.13) = Op - 05(z = 1.13) = 0.3859
fi f(z=1025) = f-0g(z = 0.25) = 0.4761
f f(z=1038) = f-0g(z = 0.38) = 0.4826
fs F(z=051) = f-o5(z = 051) = 0.4811
fa F(z=065) = f-03(z = 0.65) = 0.4733
fs f(z=1079) = f-05(z = 0.79) = 0.4612
fe f(z=1095) = f-0g(z = 0.95) = 0.4444
fr f(z=1.13) = f-o3(z = 1.13) = 0.4238




MEASURING THE ANISOTROPIC STRESS WITH RELATIVISTIC EFFECTS

b1 b(z = 0.25) = b - 03(z = 0.25) = 0.8486
by, bp(z = 0.38) = bp - 03(z = 0.38) = 0.8416
by 3 bg(z = 0.51) = bg - 03(z = 0.51) = 0.8380
by bg(z = 0.65) = bg - 03(z = 0.65) = 0.8382
by s b(z =0.79) = b - 03(z = 0.79) = 0.8430
b bp(z = 0.95) = bg - 03(z = 0.95) = 0.8541
by bp(z = 1.13) = bg - 0(z = 1.13) = 0.8739
b1 br(z = 0.25) = bg - 03(z = 0.25) = 0.1256
bro br(z = 0.38) = bg - 03(z = 0.38) = 0.1661
b3 be(z = 0.51) = bg - 0g(z = 0.51) = 0.2059
b 4 be(z = 0.65) = bg - 0g(z = 0.65) = 0.2486
b s bp(z = 0.79) = bg - 03(z = 0.79) = 0.2914
bre bp(z = 0.95) = bg - 03(z = 0.95) = 0.3413
b 7 br(z = 1.13) = by - 03(z = 1.13) = 0.3995

Table B.2: List of free parameters considered with their fiducial values in the ACDM model. All

the parameters were varied in the Fisher analysis.






CONSTRAINTS ON THE EFFECTIVE THEORY OF INTERACTING
DARK ENERGY

Here, we present additional plots, supplementing those presented in section 6.2. All
results in this appendix, except figure C.3, are obtained using the ACDM fiducial model.
First, the corner plot in figure C.1 shows the constraints obtained on the parameters a1,
aB,0, Yc,0 and wpg when including only the monopole of the galaxy correlation function
(yellow contours), compared to the combination with the dipole term, which contains
gravitational redshift (green contours). In figure C.2, we further illustrate the impact
of a dipole boosted by factors 2, 5, and 10 (beige-brown shaded contours), compared
to the base case (red contours) without a boost. In figure C.4 we show the full corner
plot, including all parameters specified in eq. (11.9), for the standard RSD analysis (blue
contours) and also including gravitational redshift (red contours). Finally, in figure C.3
we show the constraints around the modified gravity fiducial model MGII. The contours
are very similar to those obtained around ACDM, see figure 11.2.

Monopole only
mmmm Monopole + dipole

aB,0

Ve, 0

WDE

PO LR PRSI B D P 6 D @
Q70T 97 07T AT AT QT 07T T (S (N PP AN
105 Y 0] QB0 Ve, 0 WDE

Figure C.1: Constraints around the ACDM fiducial when including only the monopole, and
combining monopole and dipole.

187



188 CONSTRAINTS ON THE EFFECTIVE THEORY OF INTERACTING DARK ENERGY

mmmm No boost
= z Dipole boost factor = 2

>
o Dipole boost factor = 5
=) o mmmm Dipole boost factor = 10
o) QA')
S 7,
IS ]
N ;'r— .

'7c, 0

WDE

s

bybbv"bQ‘b

%0%%%%%“_)0":

707 07 97 97 97 97 97 07 o 09609%0.\60’)» NSNS
oML 0 QB0 Ve, 0 WDE

Figure C.2: Constraints around the ACDM fiducial when including all multipoles and applying
various boost factors to the dipole.
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Figure C.3: Constraints around the modified gravity fiducial MGIIL. The constraints are very
similar to those around ACDM, see figure 11.2
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Figure C.4: Constraints around a ACDM fiducial for the full parameter space.






CONSTRAINING THE EVOLUTION AND MAGNIFICATION BIASES

D.1 MODELING THE SHOT-NOISE FOR OVERLAPPING POPULATIONS

In this Appendix, we introduce a model describing the shot-noise contributions due to
the overlap between two populations of galaxies. One usually assumes that, once the
population is split into B and F galaxies, the populations are independent and therefore
there is no shot noise contribution in the cross-correlation. This is appropriate for a
single split, but it is inconsistent when combining two splits with two different values m
and m’ into the same analysis pipeline. In this case, there is automatically an overlap
between the populations of the two different splits, as depicted in fig. D.1. This leads to
a non-zero shot noise contribution between the splits.

B F

Figure D.1: Schematic representation of the overlap between two different splits. In the m split
we have more bright galaxies than in the m’ split, implying that some of the bright
galaxies in the former are actually faint galaxies in the second case.

Let us denote by B and F the bright and faint samples of the first split m, and by b and
f those of the second split m’. From fig. D.1 we see that some of the B galaxies are the
same as some of the f galaxies. Moreover, all b galaxies are included in the B sample and
all F galaxies are included in the f sample. Mathematically speaking, we can generally
define the number density of each population of the m’ split as
iy, = Opyp, fip + Opp 71F, (D.1)
fig = Op¢ 1 + O 7iF, (D.2)
where the 0 parameters are numbers between 0 and 1 quantifying the overlap between
the populations of each split. We need to find the specific values for each m and m’
sub-samples combinations. In particular, for the case of a joint analysis combining the
50 x 50 split with the 30 x 70 split, we find:
2
5/

3
Ogp = 5 O =0, Op= Ops = 1. (D.3)
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We immediately note that there is no overlap between the b and the F populations.
In general, the fluctuations in the galaxy number count cross-correlations between the
populations of each split have the form

0
(AL(x;) Ap(xj)) = C}}A + % dij, (D.4)

where L, A label the galaxies luminosities in each split and i, j label the pixel sky positions.
We have denoted by 7i, the background number density. The first term represents the
cosmic variance contribution, which is non-zero even if the populations do not overlap,
since they trace the same underlying matter density field. The second term encodes the
shot-noise contribution, which depends directly on the overlapping faction 6 ,: the less
the populations overlap with each other, the smaller the shot-noise contribution is.

Considering two multipoles of orders ¢ and ¢/, the m x m’ cross-variances will have
the form

COV (g2 d), &\ (z,d')) = COVce + COVep + COVe, (D.5)

where LK € {B,F} and A,k € {b,f}. The last term contains the pure shot-noise
contributions. For the dipole and octupole, the only non-vanishing contribution is when
L,K =B,Fand A,k =b, f (in all other cases, the signal itself vanishes) and it reads

)) - 204+ 1 O44 0pp Opp, Opt

COVr (&4 (), &y (z,d) ) = T for (,¢'=13. (D6
’ (CBF (=), Gor (= anVNR], A quge (0
For the even multipoles however, there are also other non-vanishing correlations and

one obtains

E p 2041 G4 b 1
COVp (g{lz(z,d), &z d')) T AnVNZI, £ g
o K

for ¢,0/=0,2,4 and L,K¢€ {B,F},A,x¢€ {b,f}.

(GL/\ Ok + Ok 91<A) (D.7)

Here V is the total volume of the survey, Ny, is the background total number density
of galaxies, I, is the pixel size and g, = N, /N, the fraction of galaxies of each type. In
addition, there are also non-zero mixed (CP) contributions:

2
COVer(eliz ), e ) = (pog) ) e (-0 F (-1

1 QKK ST 0+0 LA ST
—E L A+ (=) —=C (K,
8 - K C ) ( ) q/\ a ( K)

qx G
x G(6,0,a)I(0,0,d,d), (D.8)

n (_1) <9KA CST( ) + (_1)6—&-4’% CET(K,/\)> ]

where Dj(z) is the growth function at redshift z and the index a runs over the values 0,
2, 4. We have previously defined the set of C5T(L, M) functions of the growth rate and
the galaxy biases in egs.(2.89)-(2.91). In addition, we also have

G(6,0,a) = [ dy Pl Poo) Pl Do)



D.2 COVARIANCES INVOLVING THE HEXADECAPOLE OF THE FULL POPULATION

where i = k- n = cos f is the angle formed by the direction of the incoming photons and
the orientation of a pair of galaxies. Finally, we have the Fourier-Bessel transformations
of the power spectrum at z =0

2(20 + 1)/

I, 0,d,d) = -

o [ kI Pas( 2 = 0) je(kd) fi (kd) (B.10)

Finally, in order to compute the CC contributions, we can use the usual expressions,
replacing the corresponding values for the galaxy biases of each m, m’ sample [48, 69].
The pure relativistic contributions to the cosmic variance relevant to the dipole and
octupole covariances have been computed in [39] and are also taken into account in this
work.

D.2 COVARIANCES INVOLVING THE HEXADECAPOLE OF THE FULL POPULATION

The hexadecapole of the 2-point correlation function is independent of the galaxy bias
(see eq. (5.8)) and it is therefore the same for each of the populations. As a consequence
we only consider the hexadecapole of the whole population in our analysis. Since the
whole population overlaps with the B and F populations, there is a non-zero shot noise
contribution in the covariance of the hexadecapole with the monopole and quadrupole
of the B and F populations. This can be computed using the formalism described in
Appendix D.2, where we cross-correlate three populations instead of four (as in fig. D.1).
In this case, we have

it = O1p i + OTF 7IE, (D.11)

where 0rg = 61 = 1. The expressions are formally the same as Egs. (D.7)—~(D.8). We use
bg, br for the monopoles and quadrupoles (¢ = 0, 2) and by for the hexadecapole (¢ = 4).
In this case the P and CP contributions are only sensitive to the total number density of
galaxies, since the overlap of the B and F populations with the full population is total.
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D.3 ADDITIONAL PLOTS AND TABLES

In this Appendix, we provide additional figures and tables associated with the discus-
sion and results developed in this work.

In Table D.1 we show the cumulative SNR over all redshifts and separations for
each of the multipoles and three different values of the sample separation parameter,
m =10/3, 2.0, 10/7.

Tables D.2 and D.3 contain the fiducial values for all free parameters considered in
the analyses. In Table D.2 we show the parameters that differ for each splits, whereas in
Table D.3 we show the parameters that do not depend on the split.

In Table D.4 we show the constraints on the various parameters starting with a 20%
prior, for three different splits.

In Table D.5 we show the constraints on the cosmic parameters. In Table D.6 we show
the constraints on galaxy bias parameteres and evaluate the impact of the odd multipoles
on the resulting constraints. We compare two splits with the joint analysis in both cases.

Finally, we include additional plots showing the redshift evolution of the parameters
(sB, sm, 12¥°)) and the inferred quantities (sg, §"°1, fI?"Ol), together with the predicted 68%
confidence regions. In fig. D.2 we show the results for the 50 x 50 split when assuming
a 20% prior. In fig. D.3 we show the predictions for the 30 x 70 split when assuming a
50% prior.

0 0 0 1 2 2 2 3 4
G St O G G G G O 6t
30 x70 457.07 474.80 422.31 62.32 313.42 479.35 546.15 7.33

50 x50 521.12 426.13 301.99 55.47 391.46 52247 489.21 4.78 74.50
70 x 30 671.17 571.24 395.93 51.87 497.11 601.89 543.65 6.45

Table D.1: Cumulative SNR over all redshifts and separations for the multipoles considered in
the analysis. We show the SNR for three different splits. For the hexadecapole we
show only one value corresponding to the whole population.

30x70 50x50 70x30

SoB  0.3252 -0.9011 -0.9337
S8 0.6442 1.8230 1.8243
SoBp  0.1614 -1.0188 -0.9284

S3B  0.1333 -0.3034 -0.2410

Table D.2: Summary of the fiducial values of the sp(z) fitting parameters. These are generally
different for different population splittings.



D.3 ADDITIONAL PLOTS AND TABLES 195

SoM -0.1938
S1M 1.0747
SoMmM  -0.0781
S3M  -0.0056

ngvl  7.9460
n%v"l -12.0375
ng"(ﬂ 2.2993

nsol  -15.8389

B 0.5540
dg 0.7830
CF 0.5540
dr 0.7830
h 0.6766
A 3.0204
Mg 0.9665
Oy 0.0490
Om 0.3111

Table D.3: Summary of the fiducial values for the parameters varied in the analyses that are
common to any splitting. We have defined As = In (10'°As) for simplicity.
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50 x 50 split 30 x 70 split 70 x 30 split

G God Tl G Gee tln  Gwd Cne tlnr
Sgo  15.03 13.83  17.45 16.25 12.50 11.71
Sp1  10.36 9.69 17.60 16.93 9.28 8.95
Sg2  10.72 10.60 17.93 17.73  10.49 10.33
Sg3  11.98 11.20 12.36 11.75 13.11 12.60
SMo 19.18 17.16  19.31 17.47 18.51 16.29
SM1  14.39 13.16 8.86 8.37 14.73 13.89
SmM2  19.73 18.81  19.83 19.29 19.28 17.76
SM3  19.99 1999 19.99 19.99  19.98 19.96
nS"Ol 18.03 17.17  16.85 16.65 18.63 17.35
nﬁ"Ol 18.42 15.00 16.62 14.49 19.36 16.14
ns’ 16.48 1442 14.73 13.45 1549 14.45
n§"°1 14.31 13.92  13.44 13.29  15.52 14.55

Table D.4: Relative 10 uncertainties for the magnification biases and number evolution parameters,
assuming 20% Gaussian priors. We show the results for 3 different splits, including
only the dipole (1) and including both the dipole and octupole ({1 + ¢3). In all cases
the even multipoles (monopole, quadrupole and hexadecapole) are included.
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50 x50 30x70 Joint Ayu—2(%) Ap=10/3(%)
h 1.1045 1.0767 1.0536 4.61 2.15
In (10" A;) 07080  0.6890 0.6710 5.23 2.61
g 0.9005  0.8715 0.8449 6.18 3.05
O 1.1296  1.1103 1.0928 3.26 1.58
Om 0.4963  0.4793 0.4662 6.05 2.74

Table D.5: Relative 10 uncertainties for the cosmic parameters. We show the results for two
individual splits and for the joint analysis. The bold numbers show the relative

improvement with respect to a single split.

Using all the multipoles

50 x50  Joint A,—2(%) 30x70  Joint A,—19/3(%)
CB  0.4275 0.3929 8.08 0.5197 0.5011 3.58
dg  0.3683 0.3551 3.60 0.4353 0.4277 1.76
cF 0.1415 0.1280 9.50 0.1566 0.1490 4.83
dp 0.2789 0.2671 4.22  0.2655 0.2608 1.78

Using only even multipoles

50 x50  Joint A,=2(%) 30x70 Joint A,_19/3(%)
CB  0.4279 0.3934 8.06 0.5204 0.5018 3.58
dg 03685 0.3553 3.57 04355 0.4278 1.75
CF  0.1415 0.1281 9.50 0.1566 0.1491 4.82
dr  0.2793 0.2677 4.16  0.2661 0.2614 1.79

Table D.6: Relative 10 constraints on the galaxy bias parameters of each population. We show the
results of the analysis using the full set of multipoles (above) and the analysis using
only the even multipoles (below) for each of the splits and the joint analysis. Bold
numbers represent the relative improvement found by the joint analysis with respect

to the independent splits cases.
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Figure D.2: Constraints on the redshift evolution of the various functions for the 50 x 50 split,
starting with a 20% priors on the parameters. We show the results when only the
dipole is used and when both the dipole and octupole are included.
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Figure D.3: Constraints on the redshift evolution of the various functions for the 30 x 70 split,
starting with a 50% priors on the parameters. We show the results when only the

dipole is used and when both the dipole and octupole are included.
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