> UNIVERSITE

g DE GENEVE Archive ouverte UNIGE

https://archive-ouverte.unige.ch

This version of the publication is provided by the author(s) and made available in accordance with the
copyright holder(s).

Grassi, Alba; Hatsuda, Yasuyuki; Marino Beiras, Marcos

How to cite

GRASSI, Alba, HATSUDA, Yasuyuki, MARINO BEIRAS, Marcos. Topological Strings from Quantum
Mechanics. 2014.

This publication URL:  https://archive-ouverte.unige.ch/unige:41314

© This document is protected by copyright. Please refer to copyright holder(s) for terms of use.


https://archive-ouverte.unige.ch
https://archive-ouverte.unige.ch/unige:41314

arXiv:1410.3382v1 [hep-th] 13 Oct 2014

Preprint typeset in JHEP style - PAPER VERSION DESY 14-181

Topological Strings from Quantum Mechanics

Alba Grassi®, Yasuyuki Hatsuda® and Marcos Marifio®

@ Département de Physique Théorique et Section de Mathématiques,
Université de Geneve, Genéve, CH-1211 Switzerland

®DESY Theory Group, DESY Hamburg,
Notkestrasse 85, D-22603 Hamburg, Germany

alba.grassi@unige.ch, yasuyuki.hatsuda@desy.de, marcos.marino@unige.ch

ABSTRACT: We propose a general correspondence which associates a non-perturbative quantum-
mechanical operator to a toric Calabi—Yau manifold, and we conjecture an explicit formula for its
spectral determinant in terms of an M-theoretic version of the topological string free energy. As a
consequence, we derive an exact quantization condition for the operator spectrum, in terms of the
vanishing of a generalized theta function. The perturbative part of this quantization condition
is given by the Nekrasov—Shatashvili limit of the refined topological string, but there are non-
perturbative corrections determined by the conventional topological string. We analyze in detail
the cases of local P?, local P! x P! and local F;. In all these cases, the predictions for the spectrum
agree with the existing numerical results. We also show explicitly that our conjectured spectral
determinant leads to the correct spectral traces of the corresponding operators, which are closely
related to topological string theory at orbifold points. Physically, our results provide a Fermi
gas picture of topological strings on toric Calabi—Yau manifolds, which is fully non-perturbative
and background independent. They also suggest the existence of an underlying theory of M2
branes behind this formulation. Mathematically, our results lead to precise, surprising conjectures
relating the spectral theory of functional difference operators to enumerative geometry.
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1. Introduction

As it is well-known, string theory is in principle only defined perturbatively. In the last years,
thanks to the AdS/CFT correspondence, non-perturbative formulations have been found in cer-
tain backgrounds, in terms of a dual gauge theory. The combination of this duality with localiza-
tion and integrability techniques have provided us with concrete non-perturbative expressions for
many quantities. In general, these quantities have a perturbative genus expansion determined by
string perturbation theory, but they involve additional non-perturbative contributions. A partic-
ularly interesting example of such a quantity is the partition function of ABJM theory [1] on the
three-sphere. Using localization, this partition function can be expressed in terms of a matrix
integral [2]. The 't Hooft expansion of this integral, fully determined in [3], gives the genus expan-
sion of the dual type ITA superstring. However, there are additional non-perturbative corrections
which were first pointed out in [4] and then uncovered in a series of papers [5, 6, 7, 8, 9, 10, 11].
One key idea in the study of the non-perturbative structure beyond the genus expansion is the
formulation of the matrix model in terms of an ideal Fermi gas [5], which can be in turn reduced
to the spectral problem of an integral operator.

The study of the ABJM matrix model indicated a close connection to topological string
theory: its 't Hooft expansion is identical to the genus expansion of the topological string on



the Calabi-Yau (CY) manifold known as local P! x P! [12, 3]. In addtion, the WKB analysis
of the spectral problem of the Fermi gas is related to the refined topological string on the same
manifold [10, 11], in the so-called Nekrasov—Shatashvili (NS) limit [13]. It is then natural to
speculate that similar structures could be found in topological string theory on other local CY
manifolds. This had been already pointed out in [5, 14]. In [10] a concrete proposal was made
for a non-perturbative topological string free energy, inspired by the results on ABJM theory.
This proposal has two pieces: the perturbative piece is given by the standard genus expansion
of the topological string, while the non-perturbative piece involves the refined topological string
in the NS limit. A crucial role in the proposal was played by the HMO cancellation mechanism
[7], which guaranteed that the total free energy was smooth.

A dual point of view on the problem has been proposed in [11], where the starting point
is the spectral problem associated to the quantization of the mirror curve. Let X a toric CY
manifold, and let ¥ x be the curve or Riemann surface encoding its local mirror. The equation
describing this curve (sometimes called the spectral curve of X) is of the form

W (%, eP) = 0. (1.1)

This curve can be “quantized”, and various aspects of this quantization have been studied over
the last years, starting with [15]. The quantization of the curve promotes it to a functional
difference operator, which can then be studied in the WKB approximation. Inspired by the work
of [13], it was found in [16, 17, 18] that the perturbative WKB quantization condition for the
spectrum of these operators is closely related to the NS limit of the refined topological string
on X. However, it was pointed out in [11] that, if one looks at the actual spectrum of these
operators, this perturbative quantization condition can not be the whole story, and additional
non-perturbative information is needed. Moreover, [11] proposed a non-perturbative quantization
condition, based on the results of [10], in which the perturbative result is complemented by
instanton effects coming from the standard topological string. This condition turned out to lead
to the correct spectrum in some special cases [11, 19]. Although [11] focused on the case of local
P! x P!, relevant for ABJM theory, it was suggested there that a similar story should apply to
more general toric CY manifolds. This suggestion was pursued in [20], where the spectrum of
the operators associated to some other toric CYs was studied numerically in full detail. The
results of [20, 21] indicated that, in general, the quantization condition suggested in [11] required
additional corrections.

In this paper we will propose a detailed conjecture on the relation between non-perturbative
quantum operators and local mirror symmetry. We will associate to each spectral curve (1.1)
an operator px with a positive, discrete spectrum, such that all the traces Trp, n = 1,2, --,
are well-defined (technically, px is a positive-definite, trace class operator.) A natural question
is then: what is the exact spectrum of this operator? This is a sharp and concrete question,
since as it was first noted in [11] and further studied in [20], it is possible to calculate this
spectrum numerically. Our proposal is that the spectral determinant of px is encoded in the
non-perturbative topological string free energy Jx constructed in [10]. As we will explain, this free
energy (which we will call the modified grand potential of X') defines a generalized theta function.
The zeroes of the spectral determinant are the zeroes of this generalized theta function, and this
leads to an exact quantization condition for the spectrum that agrees with all existing numerical
results for these operators. In particular, the proposal of [11] is a natural first approximation to
our full quantization condition, and our conjecture explains naturally why it predicts the right
spectrum in some special cases. In the general case, we can compute analytically the corrections
to the quantization condition of [11], and we find that they perfectly agree with the numerical



results for the spectrum found in [20]. The proposal we make in this paper clarifies the role of the
non-perturbative free energy of [10], and its precise relation to the exact quantization condition.
But it also gives more information on the spectrum than just the quantization condition, since
it provides in principle an exact expression for the spectral determinant of the corresponding
operators. In addition, the spectral traces of the operators can be obtained from the behavior of
topological string theory near the orbifold point.

As it was already emphasized in [10, 11], our proposal can be regarded as a non-perturbative
completion of the topological string, in which the topological string and the refined topological
string complement each other non-perturbatively. There have been many proposals for a non-
perturbative definition of the topological string, and in a sense this is not a well-posed problem,
since there might be many different non-perturbative completions (as it happens for example in
2d gravity.) In fact, there is strong evidence [3, 22| that in many cases the genus expansion of
the topological string is Borel summable, so one could take the Borel resummation of this series
as a non-perturbative definition. We believe that our proposal is an interesting solution to this
problem for three reasons.

First of all, our starting point is the spectral determinant of the operator px, which is
well-defined and an entire function on the moduli space of X. This means in particular that our
starting point is background independent. At the same time, different approximation schemes for
the computation of this spectral determinant are encoded in different perturbative topological
string amplitudes. For example, given the operator px, we can define a partition function
Zx (N, h), which is well-defined for any integer N and any real coupling %. In the 't Hooft limit,

N
N — oo, " fixed, (1.2)

this partition function has a ’t Hooft expansion which is determined by the standard genus
expansion of the topological string on X.

Second, our proposal can be regarded as a concrete M-theoretic version of the topological
string, in the spirit of the M-theory expansion of Chern—Simons—matter theories [23, 5]. For
example, the partition function Zx (N, %) has an M-theory expansion at large N but fized h
which involves in a crucial way the Gopakumar—Vafa invariants of X. However, it also in-
cludes additional non-perturbative corrections which in particular cure the singularities of the
Gopakumar—Vafa free energy, as in the HMO mechanism. We also have, naturally, that

—log Zx (N, h) ~ N3?RY/2 N >1, (1.3)

as in a theory of N M2-branes [24]. This suggests that the physical theory underlying the spectral
theory of the operator px might be a theory of M2-branes. It should be noted as well that what
our proposal can be understood as a Fermi gas formulation of topological string theory, similar
to the Fermi gas formulation of ABJM theory in [5]: the spectrum of the operator px gives the
energy levels of the fermions, and the spectral determinant is naturally interpreted as the grand
canonical partition function of this gas.

Third, our proposal has a surprising mathematical counterpart: it leads to precise and
testable predictions for the spectral determinant and the spectrum of non-trivial functional dif-
ference operators. According to our conjecture, the answer to these questions involves the refined
BPS invariants of local CYs. In this way, we link two mathematically well-posed problems (the



spectral theory of these operators, and the generalized enumerative geometry of CYs) in a novel
way!.

Although we believe that our proposal will hold for very general toric CY manifolds, in this
paper we will focus for simplicity on those geometries whose mirror curve has genus one. In that
case, the theory is simpler and we can make precision, non-trivial checks of our proposal. The
details of the generalization to higher genus will be studied in a forthcoming publication.

This paper is organized as follows. In section 2 we present the correspondence between mirror
curves and quantum operators. In section 3 we state our conjecture for the spectral determinant
of these operators, we derive the quantization condition implied by our conjecture, we comment
on the physical implications of our results, and we study the simplest cases of our theory, which
we call the “maximally supersymmetric cases.” Section 4 presents a detailed illustration of our
claims in the case of local P2. Section 5 presents additional evidence for our conjecture by looking
at two other geometries: local Fy, and local P! x P!, which was the original testing ground due to
its relationship to ABJM theory. Finally, in section 6 we conclude and list various open problems.
In appendix A, we give a derivation of the first quantum correction to the grand potential of
local P2.

2. From mirror curves to quantum operators

In this section we will present a correspondence between mirror curves and quantum operators.
Aspects of this correspondence have been explored in various papers, starting in [15] and, more
relevant to our purposes, in [16, 17|, building on the work of [13] for gauge theories. However,
our interest will be in defining a non-perturbative spectral problem, from which one can compute
a well-defined spectrum. This was first proposed in [11] and then pursued in [20].

Let us start by reminding some basic notions of local mirror symmetry [25, 26]. We consider
the A-model topological string on a (non-compact) toric CY threefold, which can be described

as a symplectic quotient
X =C*3/)a, (2.1)

where G = U(1)*. Alternatively, X may be viewed physically as the moduli space of vacua
for the complex scalars ¢;, i = 0,...,k + 2 of chiral superfields in a 2d gauged linear, (2,2)
supersymmetric o-model [28]. These fields transform as

B; — @0y, QYeZ, a=1,...,k (2.2)
under the gauge group U(1)*. Therefore, X is determined by the D-term constraints

k+2
dQMXS=r a=1,...k (2.3)
1=0

modulo the action of G = U(1)*. The 7 correspond to the Kihler parameters. The CY condition
c1(TX) = 0 holds if and only if the charges satisfy [2§]

k+3

=0, a=1,...,k (2.4)
=0

IThere is a formal caveat here: we don’t have a general and rigorous proof that our operators have the required
properties, but we have strong evidence that this is the case, from numerical studies as well as from a semiclassical
analysis.



The mirrors to these toric CYs were constructed by [27], extending [25, 29]. They involve
3 + k dual fields Y%, i = 0,--- ,k + 2, living in C*. The D-term equation (2.3) leads to the

constraint
k+3

MY = -5, a=1,.... k. (2.5)

=0

Here, the s are moduli parametrizing the complex structures of the mirror X , which given by
+o— —
wrw” = Wy, (2.6)

where
k+2

Wx =) e (2.7)
=0

The constraints (2.5) have a three-dimensional family of solutions. One of the parameters corre-
spond to a translation of all the fields

Vi Yitoe, i=0,--,k+2, (2.8)

which can be used for example to set one of the Ys to zero. The remaining fields can be expressed
in terms of two variables which we will denote by z, p. The resulting parametrization has a group
of symmetries given by transformations of the form [30],

<x> —G (ﬁ) . GeSL2,7). (2.9)

p
After solving for the variables Y in terms of the variables z, p, one finds a function
Wx (e*,eP). (2.10)

Note that, due to the translation invariance (2.8) and the symmetry (2.9), the function Wy (e*, eP)
in (2.11) is only well-defined up to an overall factor of the form e’ *#? X 1 € Z, and a transfor-
mation of the form (2.9). It turns out [31, 32] that all the perturbative information about the
B-model topological string on X is encoded in the equation

Wy (e, e?) = 0, (2.11)

which can be regarded as the equation for a Riemann surface ¥ x embedded in C* x C*.

In this paper we will focus for simplicity on toric CY manifolds X in which X x has genus
one, i.e. it is an elliptic curve?. The most general class of such manifolds are toric del Pezzo
surfaces, which are defined as the total space of the anti-canonical bundle on a del Pezzo surface
S,

O(-Kg) — S. (2.12)

These manifolds can be classified by reflexive polyhedra in two dimensions (see for example [33]
for a review of this and other facts on these geometries)3. The refined topological string on such

2When Y x has genus zero, the operator associated to X does not seem to have a discrete spectrum, therefore
we will not consider this case in this paper.

3Sometimes a distinction is made between del Pezzo surfaces and almost del Pezzo surfaces. Since our results
apply to both of them, we will call them simply del Pezzo surfaces.



manifolds has been extensively studied in [33, 34]. It turns out that the complex moduli of the
mirror are of two types: one of them, which we will denote @ as in [33, 34], is a “true” complex
modulus for the elliptic curve X, and it is associated to the compact four-cycle S in X. The
remaining moduli, which will be denoted as m;, should be regarded as parameters.

Let & and p be standard quantum-mechanical operators satisfying the canonical commutation
relation

[2,p] = ih. (2.13)

In this paper, i will be a real parameter. We need to consider as well the exponentiated operators

A~ ~

X=ec"  P=¢. (2.14)
These operators are self-adjoint and they satisfy the Weyl algebra
XP =¢PX, (2.15)

where .
q=e (2.16)

However, the domains of X, P should be defined appropriately, since they lead to difference or
displacement operators acting on wavefunctions (for example, if we work in the x representation,
P is a difference operator.) The domain of the operator X, D(X), consists of wavefunctions
Y(z) € L*(R) such that

e"Y(x) € L*(R). (2.17)
Similarly, the domain of P, D(P), consists of functions 1 (x) € L*(R) such that
P (p) € LA(R), (2.18)
where R da .
P(p) e 1Y(q) (2.19)

- vV2mh

is the wavefunction in the p representation, which is essentially given by a Fourier transform.
The condition (2.18) can be translated into a condition on 1 (z) (see for example [35]): this is a
function which admits an analytic continuation into the strip

S p={r—iyeC:0<y<h}, (2.20)
such that ¢(z — iy) € L(R) for all 0 < y < h, and the limit

Y (z —1ih +10) = h%l+ Y (z — 1k + ie) (2.21)

exists in the sense of convergence in L?(R). The analyticity conditions on 1 (z) are crucial to have
a well-defined eigenvalue problem. Indeed, it is well-known that eigenvalue equations involving
difference operators do not lead to a quantized spectrum by simply imposing square-integrability
of the wavefunctions: in addition, analyticity conditions on strips should be imposed (see for
example [36]). We will then require our wavefunctions to belong to D(X) N D(P).

We want now to associate a quantum operator O x of the form

(/Q\X(i‘;ﬁ) - Z a’r’seT‘()AJ“‘Fsﬁ’ ar,s 2 0’ (222)

r,SEZ



to each toric del Pezzo X, in such a way that we have a well-defined eigenvalue problem
@X(j7ﬁ)|¢n> :eEn|¢n>? n= 0>17"' ) (223)

i.e. we want to have a discrete and positive spectrum, so that the energies FE, are real. It is
convenient to consider the inverse operator

px = Ox' (D). (2.24)
The spectral traces of px are defined by
o0
Zy=Trph = e r=12, (2.25)
n=0

and we will require them to be well-defined (i.e. finite). The semiclassical limit of these traces is
given by,

1
Zy ~ %Zﬁ@, h—0, (2.26)
where ded )
0 xdap
7 :/ . . (2.27)
m (OX(xap))

and Ox(z,p) denotes the classical function underlying (2.22), or more formally, the Wigner
transform of the operator (2.22) (this classical function is simply given by the expression (2.22)
where we replace &, p by the corresponding classical variables.) If the semiclassical limit is
smooth, as we will assume here, we should have

79 < . (2.28)
This leads to useful constraints on the form of Ox(x,p).

It turns out that the classical function Wx (e, eP) can always be written, by an appropriate
choice of parametrization of the Ys (and up to changes of sign in the definition of the moduli),
in the form

Wx (e, e’) = Ox(z,p) — 1, (2.29)

where 4 is the modulus of the (almost) toric del Pezzo CY, and the function Ox (x,p) satisfies
(2.28). The operator Ox(Z, p) is obtained by promoting the classical function Ox (x, p) appearing
in (2.29) to a quantum operator. In this promotion, we use Wigner’s prescription for ordering

ambiguities. This associates
e HSP _y ol ttsp, (2.30)

so that the resulting operator is Hermitian.

Example 2.1. In order to illustrate this procedure, let us consider the well-known example of
local P2. In this case, the toric CY is defined by a single charge vector Q = (—3,1,1,1). In the
mirror, the variables Y satisfy

3V + Y+ V2 4+ Y3 = —3log, (2.31)
and we choose the parametrization

Y? =log, Y! =z, Y2 =p, Y3 =—2—p, (2.32)



x| ¢ ]
H local P? He —i—ep—i—exp H 9/2 HBH
H local Iy He +me " +eP e P H4 HQH
H local T4 H e? +me % 4+ el + mler P H 4 H 1 H
H local Fy H e +me % 4 eP + m e Pt H 4 H 2 H
H local Bs H e® 4+ el + moe 7 —|——|—m1m2ep—x+m71 TP H 7/2 H 1 H
[Towal B [« N

local B3 || €127 4 e7227P £ &P 4 mie %P 4 mpe®* TP 4 mze 1P

Table 1: In this table we list the operators associated to some local del Pezzo CYs, as well as
the values of the constant C' defined by (3.19) and the index r by (3.14).

so that
Wx(e",el)=e"+el +e * P —q, (2.33)

after changing @ — —a (this can be regarded as turning on a B-field). Therefore, the quantum
operator is given by
Ox (2,p) = e® 4+ e 4777, (2.34)

This operator was studied, from a semiclassical point of view, in [37]. Its spectrum was studied
numerically in [20]. O

We should note that, due to the reparametrization invariance of Wx (e®,eP), not all the
forms of writing this function are appropriate to obtain a quantum operator with the sought-for
properties. For example, when X is local F2, one can take as its defining equation the expression
written down in [34],

1
Wy (e”,eP) =1+ e” + e + mue*” + Wep. (2.35)

However, the operator obtained from the quantum-mechanical promotion of Wy (e*,e?) — 1 does
not satisfy the requirements listed above.

Following the procedure in the previous example, we can write down operators for other
local del Pezzo CYs. A list with some useful examples can be found in table 1, where we used
for convenience the classical version Ox(z,p). The conventions for the parametrization of the
curves (in particular, for the parameters m, m; appearing in the equations) are those of [34, 33].
Note that a transformation of the form (2.9) corresponds to a canonical transformation, and will
not change the spectrum of the operator. Note as well that the spectral problem (2.23) can be
written as

Wy (ei,eﬁ) ) = 0, (2.36)

where we use the form (2.29). The spectral problem leads then to a quantization of the modulus
1, which can be interpreted as the exponential of the energy:

i =eP. (2.37)

We can regard O x(e?,eP) as the exponential of a Hamiltonian Hy, while px can be interpreted
as the canonical density matrix,

(5X(ei,eﬁ) = eﬁx, px = e Hx, (2.38)
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Figure 1: The figure on the left shows the region (2.39) in phase space for the quantum operator
associated to local Ba, for £ = 35 and m; = mg = 1. The figure on the right is the polyhedron
representing toric Bs.

The operator H has a complicated Wigner transform (as in the closely related examples of [5]).
Its explicit form will not be needed in this paper, but it might be useful to test some of our
statements in a semiclassical analysis, as in [5].

In order to gain some insight into these operators, we can consider their semiclassical limit
and the corresponding Bohr—-Sommerfeld quantization condition. The region of phase space with
energy less or equal than FE is defined by the equation,

R(E) = {(z,p) € R? : Ox(z,p) < ). (2.39)

As is well-known, in the semiclassical limit each cell of volume 27/ in R(E) will lead to a quantum
state. Therefore, if we want the spectrum of O x to be discrete, we should require R(FE) to have a
finite volume. The geometry of the region R(FE) at large energies is easy to understand (and very
similar to the situations considered in [5, 38]): for large F, we should consider the tropical limit
of the curve (2.29) , and the boundary of the region R(F) becomes a polygon. This polygon is
nothing but the boundary of the polyhedron defining the toric del Pezzo, see for example Fig. 1
and Fig. 2 for nice illustrations involving local By and local Bs, respectively. The requirement
(2.28) implies as well that the classical function

1
OX(xap)

should decay exponentially at infinity, as it is easily seen to be the case.

We expect the difference operators O x(Z,p) constructed in this way to have a positive and
discrete spectrum. Specificially, we expect their inverses px (which can be regarded as Green’s
functions) to be positive-definite and Hilbert—Schmidt, and therefore trace class operators. This
is clearly indicated by the behavior of the semiclassical limit, but it would be important to prove
it from first principles, in order to make sure that the spectral problem and the spectral traces
are defined rigorously.

In practice, one can calculate the spectrum of the operators Ox (2, p) as in [20]*: one chooses
a system of orthonormal wavefunctions |p,) which belongs to D(X) N D(P). A useful choice is

px(z,p) = (2.40)

4In the case of ABJM theory, it is possible to obtain an explicit form for the integral kernel of p, and one can
use standard techniques for the computation of the eigenvalues and eigenfunctions of such kernels, see [6, 11].
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Figure 2: The figure on the left shows the region (2.39) in phase space for the quantum operator
associated to local Bs, for £ = 35 and m; = mgo = mg = 1. The figure on the right is the
polyhedron representing toric Bs.

the basis of eigenfunctions of the harmonic oscillator, since they have Gaussian decay along all
parallel directions to the real axis in the complex plane. Then, the infinite-dimensional matrix

(0x) = (enlOx(@.5)lm) (2.41)
nm
can be diagonalized numerically: one first truncates it to an L x L dimensional matrix, computes
the eigenvalues ET(LL), n=20,1,---, and observes numerical convergence as L grows,

EWX) 5B,  L-oco, n=01,---. (2.42)

In this paper we will rely on this method to check our analytical results on the spectrum. Detailed
numerical results for the spectrum of the first two operators in table 1 can be found in [20].

3. Spectral determinants and topological strings

In this section we state our main conjecture, which gives a conjectural expression for the spectral
determinant of the operator px introduced in the previous section. We also discuss the quanti-
zation condition for the spectrum derived from our conjecture, as well as its physical meaning.

3.1 The spectral determinant

The spectral information about the operators px and O x can be encoded in various useful ways.
Given a trace class operator p depending on a real parameter A, its spectral determinant (also
called Fredholm determinant) is defined by

Z(k, h) = det(1 + Kkp) = ﬁ (1+ ke En). (3.1)

n=0

We will refer to x as the fugacity, and we will often write it as
Kk = e, (3.2)

where p is called the chemical potential. We will use the arguments « and p interchangeably. The
reason for this terminology is that Z(k, k) can be physically interpreted as the grand canonical

~10 -



partition function of an ideal Fermi gas where the one-particle problem has energy levels E,,. The
spectral determinant has two important properties: first, it is an entire function of the fugacity
Kk (see for example [39], chapter 3, for a proof of this fact). Second, after setting

k= —el, (3.3)

it has simple zeroes, as a function of F, at the energies of the spectrum FE,,. This means that
one can in principle read the spectrum of the operator p by looking at the zeroes of the spectral
determinant. The grand potential is defined as

J(p, hr) = log E(u, h), (3.4)

and it has the following useful expression in terms of the spectral traces defined in (2.25):

e8] K Y
J(u,ﬁ)z—ZZe( g) : (3.5)
/=1

There are certain special combinations of the traces which appear when one expands the spectral
determinant around x = 0:
E(k,h) =14 > Z(N, k)", (3.6)
N>1
We will call the Z(N,h), for N =1,2,---, the (canonical) partition functions associated to the
operator p. We can obtain Z (N, k) by taking an appropriate residue at the origin,

i du B
Z(N.R) = oI (wh)—Np )
vy = [ e (37)
If we denote by
p(x1, x2) = (z1/p|w2), (3.8)

then the Z (N, h) can be interpreted as the canonical partition functions of an ideal Fermi gas of
N particles with energy levels Ey:

Z(N,h) = % > (—1)5(‘7)/dN:L‘Hp(;UZ-,xU(Z-)). (3.9)

oESN

In this equation, Sy is the permutation group of N elements and €(o) is the signature of a
permutation o € Sy. The canonical partition functions encode the information in the spectral
traces in a slightly different way, as one can see by combining (3.6) with (3.5), and they are

related by
)(f*l)mg Z;”

znm =S 'T1 (=1 bl (3.10)

{me} ¢

where the " means that the sum is over the integers my satisfying the constraint

> fmy=N. (3.11)
l
We note that the grand potential J (u, i) has a well-defined classical limit: when & — 0, one has

I, h) = %Jo(u) +RJ(p) + - (3.12)
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where the leading contribution

Jo(w) ==Y (_K)EZS)) (3.13)

involves the classical limit of the spectral traces (2.27). As first noted in [5], the study of this
limit for the operators appearing in Chern—Simons—matter theories leads to many insights on
their behavior, see for example [40, 41].

We will now make a proposal for the spectral determinant of the operators px that we
associated to toric CY manifolds. We will focus on the case in which the mirror curve has genus
one, i.e. on the case of toric (almost) del Pezzo. We sketch the generalization to higher genus in
the final section of the paper. Each of the del Pezzo surfaces considered in the previous section
has a natural modulus z, which is related to the modulus @ introduced before as
(3.14)

2= =,
u/f'

and r is determined by the geometry of X (in particular, by the anti-canonical class of S.) For
example, for local P2 we have r = 3, while for local P! x P! we have » = 2 (see Table 1 for
other cases). For each of these geometries, there is also a quantum mirror map [17] relating the
modulus z to a flat coordinate ¢, and of the form

—t =log(z) + > _ @m(h)2"" (3.15)

m>1

We will now introduce, in analogy with ABJM theory [9], an “effective” p parameter

et = pi+ Cémjaw, ), (3.16)

where J, (1, h) is defined by a series expansion

Ja(pt,h) =Y~ ag(h)e ™, (3.17)
m>1
and C(h) has the form
C
= . 1
Ch) = 5~ (3.18)

The coefficient C' is given as follows. Let us consider the volume of the region R(E) defined
in (2.39), which we will denote as voly(E). At large F, the region becomes polygonal, and its
volume will behave as

2
voly(E) ~ CE? + 2x <B0 — 7r60> +0 (e_E) e E>1. (3.19)

The coefficient C' in (3.18) is the same one determining the asymptotics of the volume (3.19). It
can be easily computed from the polygonal limit of the region R(E).

Example 3.1. Let us consider again the case of local P2. At large E, the region R(E) becomes
the triangle whose boundaries are appropriate segments of the lines

z=F, p=F, z+p+E =0, (3.20)
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which are read immediately from the tropical limit of the mirror curve. The area of this triangle
is 9E2/2, so we conclude that
9

dmh’

We will verify this value with other techniques later on. O

C(h) = (3.21)

The coefficients a,, (k) appearing in (3.17) are determined by the quantum mirror map (3.15),
as follows

ag(h) = —Cih)

Note from (3.15) and (3.17) that the complex modulus (3.14) is identified with

(—1) G (h). (3.22)

z=e"H, (3.23)

This is natural, since the chemical potential u plays the role of the energy, and the above relation
follows from (3.14) and (2.37).

We are now ready to introduce the crucial quantity determining the spectral determinant.
In analogy with [7, 10, 19], we will call it the modified grand potential. It is essentially the
non-perturbative topological string free energy introduced in [10], and it has the structure

Ix (0, 1) = TP (e, B) + preg Ty (et B) + Je(ptefr B) + Jws (e, ), (3.24)

where the perturbative piece is given by

h
J®) (b)) = Cé);ﬁ + B(h)p + A(h). (3.25)
The coefficient B(h) has the structure
B(h) = % + Bih, (3.26)

where By is the coefficient appearing in the sub-leading asymptotics of volp(E), in (3.19). The
coefficient Bj can be determined from the first quantum correction to the B-period, as in the
calculations of [5, 11, 20]. The coefficient A(h) is more difficult to determine, although in some
special cases it can be guessed and/or computed numerically. It can be also fixed by a normal-
ization condition, as we will see in a moment. However, since it is independent of u, it plays
a relatively minor role. In particular, it does not enter into the quantization condition. The
functions J, and J, have the following structure,

_ge.
To(ptesi, ) = be(h)e™ e,

m>1

Telper, 1) = 37 G(h)etmes,

m2>1

(3.27)

The coefficients by(h) are determined by the so-called refined BPS invariants of X [42, 43, 44],
which we will denote by NV ]db jr- Here, d is a positive integer which denotes the degree w.r.t. the
flat coordinate or Kéahler modulus ¢ in (3.15), and jz, jr are the spins of the corresponding BPS
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multiplets. Note that, since X has additional parameters m;, these invariants will in general
depend on them. We have the following expression,

rl g sin™(2j +1)sin (2m+1)
o 2 22 2 N g (3.28)

2
jLdnt=dw d wsin

Note that our conventions for the N¢ . are as in [10] (in particular, they do not include the

JL.JR
sign (—1)%2+2ir ) The coefficients ¢ (h) are determined by a generalization of the relationship
found in [9] for ABJM theory,
B2 9 [ be(h)
co(h)=——=—=|—F1- 3.29
) == on ( h (3.29)
Finally, the worldsheet instanton part of the modified grand potential is defined by
JWS M? Z dpm, Bm 727rmr,u/h (330)
m>1

where d,,, () is also determined by the BPS invariants,

3 7'('2’0 .
d 2jp+1 SN (4h (2L +1))
- Z Z ZNijjR 3 2y , (3.31)
JL.jrm=dv d (2 sin 27%”) sin =5
and the B-field B in (3.30) is such that
(_1)2jL+2jR—1 _ (_1)Bd (3.32)

for all the values of d, jr, jr which lead to a non zero BPS invariant NN; d | jn- Thereis a geometric
argument, explained in [10], which shows that there is a natural choice of B field which guarantees
(3.32). In the toric del Pezzo’s that we are considering, we can set B = r, since they are both
determined by the anti-canonical class of S. It is important to notice that the combinations
of BPS invariants which enter into the modified grand potential are very specific. Namely, the
combination entering in (3.30) involves only the Gopakumar—Vafa invariants ng appearing in the
standard topological string [42],

-y % ani< i 27;1%)2927 (3.33)

g>0m=dv d

while (3.28) involves the combination of the invariants appearing in the NS limit of the refined
topological string. Indeed, in this limit, the instanton part of the topological string free energy
can be written as®

s hw o
: sin %% (2jr, + 1) sin % (2jr + 1) _
RS (t,h) =Y Y N 2 Ex o (3.34)

— 2w? sin® hw ’
Jjr,Jr =wd

and we conclude that
o~ ’r‘ .
Tolpers h) = — - OFRE @) (3.35)

L=Tplem

This differs from the convention used in [10] in a factor of i.
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i.e. Jp is essentially the quantum B-period of [17].

One of the most important aspects of the grand potential (3.24) is the following: the world-
sheet instanton piece Jyws(tef, i) has double poles when £ is of the form 27 times a rational
number. The functions jb and jc have poles at the same values. However, in the total function
Jx (u, k) these poles cancel. The proof of this statement is a trivial generalization of the proof
offerered in [10], but we present it here for the convenience of the reader, since it is an impor-
tant point of the construction. The coefficient (3.31) has double poles when & € 27mv/N. The
coefficient (3.28) has a simple pole when A € 2rN/w, and due to (3.29) the coefficient ¢ (h) will
have a double pole at the same values of h. These poles contribute to terms of the same order in
e Heff precisely when A takes the form

2ty 2m™m
h=_—_—"=""" 3.36
" 7 (3.36)
We have then to examine the pole structure of (3.24) at these values of /. Since both (3.31) and
(3.28) involve a sum over BPS multiplets with quantum numbers d, (jr,jr), we can look at the
contribution to the pole structure of each multiplet. In the worldsheet instanton contribution,
the singular part associated to a BPS multiplet around h = 2v7/w is given by

(_1)Bm v 1 1 mr'ueﬁ- . . d _ mrw Lloff
T w? (h — M)Q h— 2w \ w3 20w? (1 +25) (1 + QJR)NjLJRe v - (3.37)
w
The singular part in ueﬁrjb(,ueff, k) associated to a BPS multiplet is given by
_1 or VRILAZR=D (1 4 251) (1 + 2jr)NE . pegre™"Hett (3.38)
27_[_ w3 jL ]R ]LJR/"LSH . .

— _(-1)
5oy
(h—=5)
Using (3.29), we find that the corresponding singular part in jc(,ueﬁc, h) is given by

1 v 1 . )
o - —1)P@I 2R (1 4 251 )(1 + 2jg) N . e "tHeit (3.39
L (h— 217{}1;)2 w3 (h — 2m) (=1) ( Jz)( Jr) iL.Jr® ( )

w

By using (3.32), it is easy to see that all poles in (3.37) cancel against the poles in (3.38) and
(3.39), for any value of peg. This cancellation phenomenon was of course one of the guiding
principles for the proposal of [10] and it generalizes the HMO cancellation mechanism for the
modified grand potential of ABJM theory [7].

We are now ready to make our main proposal: we conjecture that, given a toric del Pezzo
CY X, the spectral determinant of the operator px associated to it is given by

Ex(u, h) = e"XWPOx (1, 1), (3.40)
where Jx (i, k) is the modified grand potential (3.24), and ©x (p, k) is given by

8m3in3

Ox(4ih) = 3 exp{ — w202 C (s -+ 2min( €1y + B — )
nel (3.41)

- 2mindy(eits ) + s (et + 2in, h) — Jugs (et h)}.
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T
3

Figure 3: The contour C in the complex plane of the chemical potential, which can be used to
calculate the canonical partition function from the modified grand potential.

We will refer to this quantity as the generalized theta function associated to X. The reason for
this name is that, in some special cases, it actually becomes a theta function, as we will see.
Notice that we can write
Ey (,Ua ﬁ) _ Z eJX(;H-Qﬂin,h)’ (3'42)
nez

and it leads to a periodic function of u. This type of relationship between the grand canonical
partition function and the modified grand potential was proposed in [7] and recently exploited
in [19] to obtain many new results in N' = 8 ABJ(M) theories. It also leads to a very useful
formula for the canonical partition function as a contour integral: we can use (3.42) to replace
Jx (1, h) by the modified grand potential in the integrand of (3.7), and to extend simultaneously
the integration contour along the full imaginary axis. We then deform it to the contour C shown
in Fig. 3, which is the appropriate one in view of the cubic behavior in p of Jx(u, k), and is in
fact the contour used to define the Airy function, as in [5]. We finally obtain the contour integral
representation,

2mi

Zx(N,h) = L / eIxwh=Nug,, (3.43)
¢

Another way to obtain the canonical partition functions is by simply expanding the spectral
determinant around x = 0. This corresponds to u — 0, which is the point

zZ =00 (3.44)

in the moduli space of the CY. This is usually the orbifold limit of the geometry. Therefore,
according to our conjecture, the spectral traces of the operator px are determined by topological
string theory near the orbifold point. We will see some concrete examples of how this works in
the examples.

Let us make some clarifications on the analytic properties of the functions that we have
introduced. First of all, note that we have defined the modified grand potential based on an
expansion at large p, which corresponds to the large radius expansion of topological string theory.
Since this function involves the all-genus free energy of the topological string, one could suspect
that it leads to a divergent expansion. However, extensive evidence based on concrete examples
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shows that, when h is real, the modified grand potential Jx(u,h) is analytic around p = oo
[10, 19], i.e. it is analytic in a region of the form

Re(p) > pix. (3.45)

Similarly, the generalized theta function (3.41) seems to be analytic in the same region. On the
other hand, and as we have mentioned above, the spectral determinant of a trace class operator
is an entire function on the fugacity plane .Therefore, if our conjecture (3.40) is true, the product
in (3.40), which involves two functions which are analytic only in a region of the fugacity plane, is
entire®. Finally, the canonical partition function Zx (N, h) is only defined in principle for positive
integer N. However, by using the Airy type of integral in (3.43), we can extend it to an entire
function on the complex plane of the N variable, exactly as argued in [19]. Note that, in this
formalism, the value of Zx (0, h) is naturally fixed to be one

Zx(0,h) =1, (3.46)

since this is the first term in the expansion of the spectral determinant (3.6). This can be used
as a normalization condition which fixes completely the p-independent function A(h).

3.2 The quantization condition

The first piece of information that we can extract from the spectral determinant (3.40) is the
spectrum of the operator, which can be read from its zeroes. Let us then analyze the zeroes of
(3.40). This function is the product of two factors: the first factor behaves as exp(p?), while
the second one, which we have called a generalized theta function, is oscillating. Therefore, it
is natural to search for the spectrum by looking at the zeroes of this generalized theta function.
To search for the zeroes, we write, as suggested by (3.3),

w=FE + mi, (3.47)
therefore
teff = Feg + i, (3.48)
where )
EFg=F+ %JQ(E + 7). (3.49)
Note that this introduces a sign depending on the parity of rm,
Ja(E+mi) = > (=1)ap(h)e ™. (3.50)
m>1
We then find

8mdi(n +1/2)3

. C(h)

Ox(E+mi,h) =e* > exp{ — 4712 (n +1/2)*C(h) Eegr —
ne”

+ 27i(n + 1/2) (C(h) 2.+ B(h) + Jy(Eer + i, h)) (3.51)

. 1 .
+ fws(Eef + mi,n) — QfWS(Eeff + i, —1) }

5The fact that the product of a theta function with an appropriate factor leads to an entire function is not
unheard of. It happens for example in the analysis of blowup functions in Donaldson-Witten theory, see for
example [45] for a review and references.
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In this equation, we have introduced the functions,

fWS (N? Tl) = JWS (,LL + 27Tin, h) — JWS (Iu,’ ﬁ)
— Z dm(ﬁ) (ef4ﬂ-2imrn/h _ 1) (_1)Bm6727rmr,u/h’ (3.52)

m2>1
for n # 0, and by definition fws(u,0) = 0. We have, in particular,

2m2mer

; (_1)Bme—27rmrECff/h‘ (3.53)

fws(Beg + w1, —1) = 2i > _ dpy(h) sin

m>1

The overall factor ¢ is given by

¢ = m2C() B — i (C(0) B2 + B(R) + Jy(Eor + i, b))

O (k) (3.54)

1
+ 5 fws(Bert + i, —1) + —

To extract a quantization condition from this equation, we will think of the generalized theta
function as a sum of exponentially small corrections, in which the leading order is given by the
terms n = 0,—1 in (3.51). If we keep only these two terms, we see that (3.51) is given by

exp (¢ — 7?C(h)EZ;) cos (mQ(E)) (3.55)
where
Q(E) = (E) + Qup(E), (3.56)
and
Qp(E) = C(BEZ + B) — = C(1) + Jy(Bes + ),
1 2m2mr (3.57)
Qp(E) = —— > dp(R) sin p (=1)Bme=2mmrEen/h,

m>1

In this approximation, in which we keep only the first two terms in the generalized theta function,
the quantization condition reads

1
UB)=s+5,  s=012 (3.58)

Although (3.55) also vanishes for negative, integer s, the condition (3.58) does not seem to have
solutions in E for those values.

Let us pause a moment to examine this quantization condition. It has a perturbative part in
h, given by Q,(F), and a non-perturbative part given by Q,,(E). The perturbative part is what
one would find by using just the NS limit of the refined topological string, or the perturbative
WKB approach of [17]. As pointed out in [11], this perturbative quantization condition can not
be the whole story: the operator px has a well-defined spectrum at values of & of the form 27
times a rational number, but for these values of i the perturbative part has poles. Therefore, the
perturbative approach is fundamentally incomplete. As pointed out in [11], one should include
instanton corrections, and these should cancel the poles in the perturbative part. The proposal of
[11] for these non-perturbative corrections is in fact to add Q,,(E) to the perturbative function
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Q,(E), as in (3.56), so that the modified quantization condition is (3.58). This condition was
originally proposed for ABJM theory, which is a particular case of the above construction, and
then extended to ABJ theory in [46].

The quantization condition (3.58) of [11] has two virtues: first of all, in contrast to the
perturbative WKB condition, it makes sense for any real value of . Second, it reproduces the
spectrum of the operators in some special cases. However, it doesn’t lead to the right energies
for generic values of h. This was noted experimentally in some examples in [20], based on an
extensive numerical analysis (see also [21]). But it is now clear why this is so: the quantization
condition (3.58) has corrections due to higher order terms in the generalized theta function (3.51).
These corrections can be determined analytically, as follows. Let us write the exact quantization
condition as

1
Q(E)+)\(E):s+§, s=0,1,2,---, (3.59)

where A\(E) is the sought-for correction. Let us denote

fe(n) = Z(—l)Bmdm(h) <Cos <27r27m(hz"+1)> _ cos <2”2h””)> o~ 2mrmBes /.

m>1

fo(n) =Y (=1)"du(R) <Sin <27r2m(h2n+1)> — (2n+ 1) sin (2”:%)) o= 2mrmEe /.

m>1

(3.60)
for n # 0, and f.(0) = f5(0) = 0. Note that, as functions of A, they do not have singularities, and
they are determined by the Gopakumar—Vafa invariants entering into d,,(%). A simple calculation
shows that A(FE) is determined by the equation

o0

Z e—47r2n(n+1)C(ﬁ)Eeff (_ 1)”efc(")
n=0 (361)

7T3n n n
in (4 ( *31)(2 Vo) + fuln) + 2n(n + 1/2)>\(E)> 0.

Although this equation looks complicated, A\(E) can be obtained as a power series in the small
parameter
exp(—2nCEeg/h). (3.62)

We have written C'(h) as in (3.18) to make manifest that all these corrections are non-perturbative
in h. The zeroth order approximation is obtained by picking just n = 0 in the above sum, which
leads to A(E) = 0, and we reproduce (3.58). The leading non-trivial correction is

AE) ~ %exp(—élﬂ'CEog/h)efc(l) sin (873C(h) + £5(1)) (3.63)

which has itself an expansion in powers of exp (=277 Eeg/h) due to the factors of f.(1), fs(1). As
we will see in concrete examples, this reproduces the proposed corrections in [20], and therefore
it agrees with the numerical results obtained so far for the spectrum of the operators.

3.3 Physical interpretation

Let us now pause a little bit to comment on the physical significance of the above conjectures
for a description of the topological string.
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First of all, let us understand in detail how the standard perturbative expansion of the
topological string emerges from this picture. The modified grand potential Jx (i, k) can be
studied in various regimes. In the semiclassical regime, we have p fixed and A — 0. But as
pointed out in [47, 5, 48], there is a 't Hooft limit given by

h — oo, = % fixed. (3.64)
In this regime, the modified grand potential has an expansion of the form
J;(:' Hooft (/~L7 h) — Z h272gJ)(?) (ﬂ) , (365)

920

which selects precisely the worldsheet instanton part Jws(u, #) (in this limit, peg = p.) Indeed,
if we assume that the function A(h) has an asymptotic expansion in this regime of the form

A(R) = Agh*™%, (3.66)
920

we find that the J)(g) (i) are essentially the genus g free energies of the standard topological string
at large radius. We have, for example,

. C . . 1 -1 Bdw
T () = Ao+ it + Buji+ = =D

—2mrwdf
3 © ;
6 w

w,d>1

Tld (_1)Bdw (367)
J_g(l) (/l) = Al + BO/:L + Z <1; —+ ncll> Te—%ﬂ“wdu’

w,d>1

In terms of the canonical partition function Zx (N, k), this corresponds to the standard 't Hooft
regime

h — oo, % fixed. (3.68)

In this regime, Z(N,h) has an expansion at strong 't Hooft coupling which is obtained by a
Laplace or Fourier transform of (3.65), as it follows from (3.43). The expansion (3.65) indicates
as well that the parameter A plays the role of the inverse topological string coupling constant,

1
Gtop ™~ ﬁ (369)

The above results are structurally very similar to what has been obtained for ABJM theory,
and our conjectures have been inspired by the structure of the ABJM partition function on S3.
Indeed, what we are proposing is an interpretation of the topological string as an ideal Fermi gas,
where the Hamiltonian Hy is given by (2.38). This Fermi gas provides a microscopic description
of the topological string, which is weakly coupled when the topological string is strongly coupled,
due to (3.69) (that such a description should exist was already anticipated in [14], based on the
results of [5].) The perturbative genus expansion emerges as a particular asymptotic expansion
of this microscopic description, as we have seen above.

This Fermi gas picture of the topological string has various important properties, which we
now comment in some detail.

First of all, it includes non-perturbative effects in the topological string coupling constant.
These effects are encoded in the functions J,, Jp and J., which come from the refined topological
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string in the NS limit. This of course was already pointed out in [10]. Conversely, from the dual
point of view of the spectral problem, it is the worldsheet instanton contribution which leads to
non-perturbative effects in 7, as explained in [11].

Second, our description is M-theoretic, in the same way that the Fermi gas approach to ABJM
theory captures its M-theory regime. In particular, our description involves in a crucial way an
M-theoretic aspect of topological string theory, which is the Gopakumar—Vafa resummation of
the genus expansion. We need this resummation in order to find results at finite /. At the same
time, in our picture, this resummation is not enough, and in particular it can not be used to
analyze the spectral problem, due to the presence of poles. To cancel these poles we need, as
in the HMO mechanism [7], the non-perturbative contributions encoded in the NS limit of the
refined string.

Third, our description is background independent. The fundamental reason for this is that,
in this Fermi gas approach, the basic object is the spectral determinant or grand canonical
partition function. Since the operators we are considering seem to be of trace class, the spectral
determinant is an entire function on the fugacity plane. From the point of view of the topological
string, this means that it is an entire function on the CY moduli space parametrized by @. Of
course, the modified grand potential is not an entire function: it rather has a complicated analytic
structure, inherited from the non-trivial analytic structure of the CY periods. However, if our
conjecture is true, the inclusion of the generalized theta function (3.41) as in (3.40) leads to an
entire function. This is of course reminiscent of the proposal of [49] for a background independent
partition function for topological strings on local CYs. In that paper, and based on previous
results [53, 54], it was noticed that including a theta function with a similar structure than (3.41)
led to a function which was essentially modular invariant”. However, the “non-perturbative
partition function” constructed in [49] by including the theta function is only defined as a formal
expansion in 1/N, while the r.h.s of (3.40) is well-defined in a region of the p plane and for any
real value of A, and it should extend to an entire function.

Finally, and on a more speculative note, our description suggests that the underlying micro-
scopic theory behind the operator px is a theory of N M2 branes, which provides a holographic
description of topological strings. A first piece of evidence for this speculation is that the canon-
ical free energy, defined by

Fx(N,h) = —log Zx(N,h) (3.70)

has a universal large N behavior of the form,

2 /2
Fyx(N,h) ~ g,/ghl/QN?’/g, N> 1, (3.71)

where C' is the constant defined by (3.19). This can be deduced from (3.43) by using the
techniques of [5]. Of course, this is the expected behavior in a theory of N M2 branes [24]. In
relation to this, recall that, if Yg is a cone over a Sasaki-Einstein manifold X7, and we put N
M2 branes on

R? x Y, (3.72)

located at the tip of the cone, this background is described at large N by M-theory on

AdSy x X7. (3.73)

"The fact that background independent formulations of topological string theory should involve theta functions
in some way or another goes back of course to [50]. See for example [51, 52| for related discussions.
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In [55] it was suggested that topological string theory on the CY X is defined by M-theory on
the background
TN x (X x Sh, (3.74)

where T'N is the four-dimensional Taub—Nut space. It might happen that the background (3.74)
emerges by backreaction of N M2 branes in a related space, in the same way as (3.73) emerges
from (3.72). If the proposal of [55] is correct, this approach might give a hint of what is this
theory of M2 branes.

3.4 The maximally supersymmetric cases

There are some special values of i for which the general results presented above simplify consid-
erably. The modified grand potential becomes simpler when

h=m or h=2m. (3.75)

We will refer to these two cases as the “maximally supersymmetric cases,” in analogy with what
happens in ABJM theory, where these values correspond to the enhancement of supersymmetry
from N' =6 to N/ = 8. This is the situation analyzed in [19], and the analysis of this subsection
is very similar to what was done in that paper. The reason why the supersymmetric cases are
special is that, in those cases, all the contributions to dp,(h) in (3.33) with g > 2 vanish, and
we only have contributions of the conventional topological string up to one-loop. Similarly, the
contributions coming from the refined topological string involve the A expansion of the NS limit
up to next-to-leading order. Finally, the generalized theta function (3.41) becomes a standard
Jacobi theta function.

We will now present some general formulae for the grand potential and the spectral de-
terminant in the case h = 2w. The case with A = 7 is similar and can be worked out as in
[19].

Let us first analyze the behavior of the coefficients by(h) and & (h) as h — 2. They will
have a singular part, and a finite part. The singular part will cancel against similar contributions
in the worldsheet instantons, by the generalized HMO mechanism. It is easy to see that the
coefficient by(h) has the following behavior as A — 27

7-1

by(h) = b‘fg +hie+0(€%),  €£=h—2n, (3.76)

therefore its finite part vanishes when i — 27. The behavior of ¢y(h) is, from (3.29),

~1

- c 27~
Co(h) = ET - b+ 0. (3.77)
From (3.28) we find the following expression,
qi_rt ¢ (=P 9 )
bg - E Z Z NjL:jR w mrmeg (_3 + my, + mR) s (378)
JjrL,jr {=dw

where we have denoted
mr, = 251, + 1, mpr = 2jr + 1, (3.79)

and we have taken into account the relationship (3.32). We would like to express the above
quantity in terms of functions known in closed form. To do this, we compare the BPS expansion
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of the refined free energy in the NS limit, given in (3.34), to its perturbative expansion in h. We
also have to take into account the term (—1)%* in (3.78). If we write,

RSt + miB,h) = Y BTSN, (3.80)
n>0

we deduce that the finite part of jc(;zeﬁ) as h — 27 is simply
FNS st (), (3.81)

As in (3.35), we have to identify ¢ = rucg. Note that this free energy differs from the usual one
in the shift of ¢ by a B field, as in (3.30).

Let us now consider the worldhseet instanton part. As mentioned before, all the terms in
dp(h) with g > 2 vanish. The g = 1 contribution survives in the limit & — 27, and we have to
keep the finite part of g = 0. A simple calculation shows that the finite part as i — 27 of

2 2 —2 Trdw
<2sin Fhw> o= T (3.82)

is
efrdw,u

3
W <3 + 7T2w2 + 37“dw,u + 2d2w2r2,u2> (383)

The finite piece of (3.30) as h — 27 is then,

TQMeHa 1nst( ) - T,ueffa 1nst( )+ Flnst(t) + Finst(t) (3 84)
871'2 t t A 2 1 ) .
where we denoted
Fmst 7dwt Finst 1) = Kg d (_1)de —dwt 3.85
w,d>1 w,d>1

These are the genus zero and genus one free energies of the standard topological string, but with
the inclusion of an extra B-field®. Here, and for the moment being, we only keep the instanton
part of these free energies (i.e. we drop all the polynomial parts in ¢), and we use that t = 7 peg.
We conclude that,

=971 = J® 92 lu’eff [rinst T Heff [inst iy 7F1nst
Ix (u, m) = JP (pefr, 2) + 372 OFF™*(t) — 12 O Fy™ (t) + 12 (1) (3.86)

+ Flinst (t) + FlNS7 1nst(t)7
A more compact expression is obtained if we introduce the full prepotential,

C

Fo(t) = 53

t3 4+ Finst(e). (3.87)

80ur conventions for the topological string free energies are therefore different from the standard ones, due to
the presence of this B field. However, since these are the natural objects appearing in the modified grand potential,
we use the standard symbols for them in order to simplify our notation.
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Then, we can write

Tx (b= 27) = A(27) + — (Fg(t) O F(t) + t;a,?Fo(t)>

472
m (3.88)
B(2 : ;
+ ( 7T)t_|_ FllnSt(t) + FINS, 1nst(t)7
where we have taken into account (3.25) and (3.18). Like before, we have to set ¢ = r .
It is also easy to obtain the generalized theta function in the case A = 27. One finds,
1022 orri 3C
Ox(m2m) =" exp{ W; "+ 2nin (€ + B(2r)) — 2 } (3.89)
neL
where 9
T =Z02Fy(t) (3.90)
T
and
r 2
=12 (t0; Fo(t) — OcFo(t)) - (3.91)

Although (3.89) does not look like a theta function, it can be reduced to one if C' is an integer
or half-integer. Indeed, since

2
—1
n(n” —1) (3.92)
3
is even for any n € Z, we can write (3.89) as
min2r? ) C
Ox(u,2m) = Z exp{ T + 27in (f + B(27) — 3> }, (3.93)
nez
which is a standard Jacobi theta function,
r2r
@X(/J,, 27T) = ’l93 v, T N (394)
with
C
v=~&+ B(2m) — 3 (3.95)

Note that, due to the properties of special geometry, we have that Im(7) > 0, therefore the
above theta function is well defined. The spectral determinant is given by

2

S (1, 27) = /X (2mg, (v, 7"47> . (3.96)

This is similar to the result obtained in [19] for maximally supersymmetric ABJ(M) theories. It
was shown in [49] that the combination

exp (471r2 (Fg(t) — 10, Fy(t) + t;&fFo(t)> + Fl(t)> 0 [5] (v, TZT) , (3.97)

involving a general theta function with characteristics, is essentially invariant under modular
transformations. The exponent in (3.97), involving Jx (p, 27), is slightly different from the one
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in (3.97). However, in all examples we have studied, this difference is a modular invariant
function of z, therefore (3.96) inherits the modular properties of (3.97). We conclude that, in
the maximally supersymmetric case, our conjectural expression for the spectral determinant is
given by a modular invariant expression. We now have a natural explanation for this property:
it is due to the fact that the spectral determinant is an entire function on the complex moduli
space of the CY X.

Finally, let us consider the quantization condition in the maximally supersymmetric cases. It
is easy to see that, in those cases, the function fy(n) defined in (3.60) vanishes for alln = 1,2, ---.
In addition, if C' is a half-integer, the first term in the argument of the sine in the second line of
(3.61) is always an integer multiple of 7. Therefore, the solution to (3.61) is A(F) = 0 and there
are no corrections to the quantization condition (3.58) of [11]. As in [19], we can now write the
quantization condition for i = 27 in terms of the prepotential. A simple calculation from (3.57)
gives

2 ) ) 1
CE% + 41 B(2r) — % + 12 Eog 02 FPSY(t,) — 10 Fivst(t,.) = 4 (3 + 2) . s=0,1,2,---
(3.98)

where
tr =t + rri, (3.99)

and as usual we set t = rFEqg.

It is easy to see that there can be other values of i for which the corrections (3.61) vanish.
For example, if h = 7s, where s is a divisor of 2r, fs(n) is also zero. Although the vanishing
of A(E) also depends on the value of C, it can be seen that, in all examples, one has again
A(E) = 0 for these values of h. However, the modified grand potential will still have higher genus
corrections.

4. The case of local P?

In the previous section we have presented our conjecture in some generality. We will now perform
a detailed analysis of the benchmark example for any statement about local mirror symmetry,
namely local P2. We will first get some intuition and useful data from a semiclassical analysis®.
We will then derive the quantization condition for the spectrum in the general case, and we will
recover analytically all the results obtained in [20] by numerical fitting. Finally, we will focus
on the maximally supersymmetric case and give direct evidence that the spectral determinant is
indeed given by (3.40).

4.1 Semiclassical analysis

Let us then study the operator (2.34). A very important source of information on this operator
is obtained from its semiclassical limit, which can be analyzed as in [5]. In particular, we would
like to compute the classical limit of the grand potential, given in (3.12). It turns out that, in
this case, the semiclassical traces (2.27) can be computed in closed form,

Wl
~—
w

o I
~6nl(4)’

7 (4.1)

9Some of these results were obtained in the fall of 2013 in [37].
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and one finds the explicit formula

1\* 11124 &
6T Jo ) (A
Jolw) = 367r{ <3) 8 2(3 3333 27>

45 3 2\? 22245 & &8
K K
F3(1,1,1,1; 2:—— | =3I = ) .
+"<‘3</€4 3(7 s Ly 73 377 27) <3) 32(3737373737 27))}
Expanding around x = oo we obtain
3 3 7T 4C(3) 9 2 9 3 —3u —6p
= — — — —put — — — . 4.
Jolu) = w+gpt =+ gop =g optm—— e+ 0(e™) (4.3)
As derived in appendix A, the first correction Ji(u) in (3.12) is given by
o 1 11
Thus one finds
u 9 21 1 7\ 3, —6p
=—— - — - == . 4.
S A T < et Tt T Er ) O™ (45)
From these formulae we can immediately deduce that
9 s h
_ 7 - _ 4.
and A
A(h) = ?f ( h) + O(1?). (4.7)

The semiclassical result for the grand potential also makes it possible to verify that (3.29) holds
in the limit 7 — 0. In addition, it is a testing ground for the results for J(u, h) at finite h, which
we now explain.

4.2 The grand potential and the quantization condition

Let us now write down the results for the modified grand potential at finite 4. Since this will be
needed in the following, we recall some basic facts about mirror symmetry of local P2. In this
case, r = 3, therefore the parameter z is related to @ by

z=1"3, (4.8)

and we can identify
z=e 3 (4.9)

We can take then the B-field to be B = 1. The two basic periods at large radius are given by,

23

j>1

@(z)zzfrg(i’j)Q (W)~ v+ 1)} 7.

(4.10)
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This differs in the sign of z from standard results (as presented in for example [56]), due to the
B-field. The prepotential is defined by the standard relations,

Q=ct=zexp(@(2)) =2+622+-,

1 (4.11)
OcFo(t) = ¢ (log*(2) + 2@1(2) log(2) + @a(2)) ,
which leads to 3 i oud
Fot) = 130 - 2@ - 2000~ (412)

Note that, when computing the modified grand potential, ¢ is given by 7ueg or rFeg, which
depends explicitly on h.

Let us now write down the modified grand potential. The worldsheet instanton part of this
potential is determined by the Gopakumar—Vafa invariants of local P?, which are given by

ny=3, ni=-6,---, (4.13)
and Jws(u, h) reads ,
Jws(p, i) = —3 (2 sin 27};2)_ e Omm/h (4.14)
By using the quantum mirror map of local P? [17] and the relation (3.22) we find that
?Ja(u) =3(¢"? + ¢ /e -3 <6 + g(q +ga )+ + q‘2> e 0 4. (4.15)

where ¢ is defined by (2.16). Notice that, due to (3.22), the signs differ alternatingly from the ones
in the quantum mirror map. One can check that the limit & — 0 of this expression reproduces
the result for the ay coefficients of the semiclassical grand potential.

We are now ready to analyze the quantization condition determining the spectrum of the
operator (2.34). The exact result is given in (3.59), where Q(F) is given by the approximate
quantization condition of [11], and A(E) can be determined from (3.61) as a power series in
exp(—6mEeg/h). We get,

)\(E) _ )\le_lgﬂ'Eeff/h + )\26—247rEeﬁ/h + )\36_3071'Eeff/h + )\4e—367rEeff/fL +0 (6_427TEeff/h) ’ (416)
with

1
A1 = —sin (1
1 Wsm( 8z),

Ao = 3 gin? (6) sin (24x) csc? (2x)
s

A3 = 3 gin (6) sin (30x) csc? (2)

T

x (16sin (2x) sin? (6) 4 20 sin (22) sin (102) sin (6z) + 7sin (18z)),

csc?(2z)
8T

— 64 sin(24z) + 68sin(28x) + 391 sin(32x) + 478 sin(36z) + 391 sin(40x)

+ 68sin(44x) — 64 sin(48x) — 184 sin(52z) — 146 sin(56x) — 140 sin(60x)

(4.17)
A =

( — 36sin(4z) — 74sin(8z) — 140sin(12x) — 146 sin(16x) — 184 sin(20x)

— 74sin(64z) — 56 sin(68x) — 14sin(72x) — 20 sin(76$)),
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and we have denoted

7.(.2

r= . (4.18)
In order to test this corrected quantization condition, we should compute the spectrum of the
operator (2.34) and see if we can reproduce it. Fortunately, this has been done in detail by
Huang and Wang in [20], where they compute the spectrum numerically for many values of A. In
their study, they noticed that (3.58) fails for generic values of &, and they computed a series of
correction terms by fitting their numerical data. It turns out that the first three terms in (4.16)
coincide exactly with the corrections proposed in [20] from numerical analysis! We conclude
that our exact quantization condition reproduces the available numerical data of the spectrum
of (2.34).
Let us now consider the quantization condition in the maximally supersymmetric case h = 2.
The quantum mirror map simplifies considerably, and we find

Eug=F — %&1 (e 3F). (4.19)

The quantization condition can be written in terms of the prepotential, as shown in (3.98). After
taking into account the various signs, we find that it is given by

9 . . 1
§E§H — 7% = 3O, FSU(t + i) + 9Feg 07 F™ (¢ + mi) = 4n? <s - 2> : s=0,1,2,--- (4.20)

This expression can be written explicitly in terms of Meijer G-functions. From (4.20) it is possible
to determine the spectrum with very high accuracy. For example, for the ground state energy,
and with 25 significant digits, the above quantization condition gives,

Ey = 2.562642068623819370817399... (4.21)

which should be compared to the numerical value obtained directly by diagonalizing the matrix
(2.41) with size L = 800,

E = 2.5626420686238193708... (4.22)

4.3 The spectral determinant

We have given what we feel is convincing evidence that our conjecture leads to the right spectrum
for the operator (2.34), but our proposal is actually stronger: it leads to an explicit prediction
for the spectral determinant of (2.34). We now test this last point in detail. A simple testing
ground is the maximally supersymmetric case i = 27w. Our strategy will be the following: first,
we will compute the spectral traces (2.25) numerically from the spectrum. Since our quantization
condition reproduces the numerical spectrum, we can use (4.20). From this and (3.10) we can
compute the canonical partition function Z(N,h = 27) for low values of N. However, according
to our conjecture, this can be also computed from the spectral determinant, i.e. from the modified
grand potential, by using (3.6) or (3.43). Agreement of both calculations gives a strong support to
our conjecture. This is similar to the procedure followed in [19] for the maximally supersymmetric
ABJ(M) theories.
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Let us first consider the spectral traces. Although we have computed them numerically, the
results can be fitted to exact expressions with high precision. We find,

1
Z1:§7
1 1

Z a )

A (4.23)
g+ 1 1 ‘

PTR1 247 243

1 1

Ty= —— .

N ST RTE

The fact that the spectral traces have such nice forms already indicates that this is a particularly
beautiful spectral theory. Let us now see if we can reproduce these results from our conjecture
(3.40). We first calculate J(u,27) from the general formula (3.88). The effective chemical

potential is given by
1

Hett = 1= ST (e7H). (4.24)

The genus zero free energy is obtained by mirror symmetry. The genus one free energy has the
closed form expression,

Fi(t) = S 1og (-‘5) _ % log <§; (1- 27z)> , (4.25)

where we have switched the sign z — —z in the standard expressions due to the presence of the
B field. The refined genus one free energy in the NS limit can be also computed in closed form
[57], and it is given by

1 1-27z
FNS(t) = — 5 log < . ) , (4.26)

where we have again changed the sign in z due to the non-trivial B field. Notice also that

ins 1
FY () = FYS(1) — o log(Q), (4.27)
and
. 1 Q
inst __ . X
™Y =F + 15 log <27> , (4.28)
where Q = e, Since
1
B(2m) = 3’ (4.29)

we conclude that

T, 27) = A(27) — ilog(i%) + 4%2 (Fg(t) 10 Fy(t) + t;afpo(t)) F () + FNS(),  (4.30)

and we have to set,
t = 3ltefr- (4.31)
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Figure 4: The smooth line gives the free energy F (N, 27) of local P? as a function of N, computed
from (3.43), while the points give the values of of the free energy as computed from the spectral
traces (4.23).

The only unknown ingredient in this formula is the coefficient A(27). We can fix it numerically
from the normalization condition (3.46), and we find that it can be fitted by

1 ¢(3)
With all this information we can already write down the full large p expansion of J(u,27). We
find for the very first orders,

3w ¢(3)

1 3
J(pom) = 2F LB D egay S8 (LR O S 0
() = 25 2 o) - 5+ "

9992  63p 9 5 6
— _ Z (34— = [
* < 672 Ton? 32 (3 7r2>> ¢

We conclude that the spectral determinant is given by the specialization of (3.96) to our case,
namely

(4.33)

=(k,27) = exp (J (1, 27)) U (g _ 2 ij) Ry (4.34)

We are now ready to verify that (4.34) leads to the correct spectral properties. Instead of
checking the traces (4.23), we can equivalently check the values of the first few canonical partition
functions, which are determined by (4.23) and (3.10). We have for example,

1 1
1237 81’

Z(1,27) = % Z(2,2m) = (4.35)

and so on. These can then be compared to the canonical partition functions as computed from
(4.34). A convenient way to do this computation is, like in [7, 19], by using (3.43). The r.h.s. of
(3.43) can be computed as a convergent sum of Airy functions and their derivatives. Indeed, let
us expand

00 2l
o7 (1:2m) — o @ (p,27) ST N . (4.36)
=0 n=0
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After integration, the expansion in u can translated into derivatives with respect to N, and this
leads to the expression

o edem 2 & o \" .. [N+3l—B@2r)
Z(N,zw)_wlzzam (—aN> A1< ca ) (4.37)

=0 n=0

where Ai(z) is the Airy function. This can be computed numerically with a very high precision,
and we find an impressive agreement with the values of Z(N,27) computed directly from the
spectrum. For example, for N = 1, the above Airy calculation, including ten terms in the
expansion in e 3#, agrees with Z(1,27) = 1/9 with a precision of 160 digits. Including more
corrections increases the precision arbitrarily. In fact, (3.43) gives an interpolating function
defined for all complex values of N, as in [19]. In Fig. 4, we show the function —log Z(N, 2m)
obtained from (3.43), as a function of N, together with the values for N = 1,2,3,4 obtained
from the spectral traces.

There is an alternative way to obtain the above results for the canonical partition functions,
which is simply to expand the spectral determinant (4.34) around x = 0 and read the Z(N, 2m)
from this expansion. This is also geometrically interesting, since it involves local P? near the
orbifold point z = co. In practice, to compute this expansion from our formula (3.40), we must
expand separately the functions Jx (i, i) and the generalized theta function. It turns out that,
in this case, both functions have branch cuts in the real z axis, and as we go to the orbifold point
we hit the conifold singularity. Therefore, the analytic continuation of each factor is not well-
defined. However, since the product is itself well-defined, this is easily solved: we just have to
change k — —k in (4.34). This only flips the sign in the expansion (3.6), which is the expansion
of an entire function at the origin, but now the analytic continuation from z = 0 to z = oo
avoids the conifold singularity. A simple calculation shows that, after this change, the spectral
determinant is given by

E(—k, 271) = exp(Jorb (K, 27))Oorb (K, 27). (4.38)

In this formula, Jo(k, 27) is given by the same formula of (4.30), but where Fy(t) is now given
by

orb t3 45 2
Fy™°(t) = E_?)Q—i— —Q" =, (4.39)

and
t=3u—w (—6_3“) . (4.40)

The advantage of this formulation is that all the ingredients have now an analytic continuation
to the orbifold point z = oo, and one finds (see for example [58, 59]):

() (11124 @\ TR 22245 &
(2)23 2 3737373737 27 21—‘(1)23 2 3737373737 27 )
orb il (%) 1 1 }2 %._K'g
875 ()— 3\[F %)23F2 37373a3)37 27 (441)
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In the analytic continuation of the orbifold prepotential we find a non-trivial integration constant,
as in related examples [3]:

T (3)

1\2
' (-3)
The generalized theta function transforms non-trivially under the flip of sign, since the n in (3.89)
gets shifted to n + 1/2 (as in (3.51)), and the second factor appearing in (4.38) is given by

Oorp (K, 2m) = > exp {97””“/2)7+2m(n+ 1/2) (§+ é) — 3mi (n + 1/2)3}, (4.43)

nez

F9™ (k) = 4¢(3) — k4 O(K?). (4.42)

where &, 7 are now evaluated with the formulae (3.90) and (3.91), but using instead the prepo-
tential (4.39) appropriate for analytic continuation to the orbifold point. Like in previous cases,
this function can be massaged into a conventional Jacobi theta function, and we find

: 1
@orb(’{a 277) = em/8192 (5 - Z; 7—orb) , (4‘44)
where we have denoted
97 1 (4.45)
Torh = — — —. .
orb 4 2

All the quantities involved in (4.38) have now a well-defined expansion around x = 0, and we
can proceed as in the related calculations in [19]. However, there is a difference: at the orbifold
point, T is a cubic root of unity, and the expansion involves the values of the Jacobi theta
function ¥ and its derivatives at

2ri 1

We are not aware of closed form expressions for these quantities, but by consistency with our
results we find for example

(4.46)

(4.47)

(o) DT @)

23/2319/24T (§) € ’

which can be checked numerically to high precision. After taking into account these and similar
identities, one finds the expected result,

=(_ _ 1 1 i 24 ...
E(—k,2m) =1 n+<12\[7r 81>’€ + - (4.48)

We conclude that the orbifold theory of local P? contains information about the spectral
traces of the operator (2.34), as in the related calculation of [19]. It is also remarkable that the
complicated numbers involved in the expansion of each of the factors in (4.38) finally combine
into the simpler types of quantities appearing in the traces and the canonical partition functions
Z(N,2m). This seems to be the number theory counterpart of the underlying analytic simplicity of
the spectral determinant, as compared to its factors. It might also lead to interesting experimental
identities for the values of the Jacobi theta function and its derivatives.
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5. Other examples

In this section, we will present more evidence for our conjecture by analyzing two further exam-
ples: local Fy and local P! x P!, In both cases, the spectrum of the relevant quantum operators
has been extensively studied numerically in [20], and this makes it possible to check our analytic
results on the spectrum. In addition, we present tests of the conjecture (3.40).

5.1 Local F,

The quantum operator corresponding to local F; can be read from Table 1. For simplicity, we
will set m = 1, so that
O(z,p) =" +e ¥ +eP +e" 7P, (5.1)

The semiclassical analysis of the grand potential of this operator is technically more involved
than in other cases, although it can be deduced from the calculation of the classical volume of
phase space by using the results of [11]. Let us then proceed directly with the calculation of the
quantum, modified grand potential.

In the case of local F1, 7 = 1. The special geometry of the model is encoded in its Picard—
Fuchs operator. In the current case it is given by the third order differential operator [33]

L= (—12m? + 9i — 18ma® + 8m?u3)93 + (—108m — 128m* + 144m>i + 274>
— 64m>a? — 52ma® + 24m>*a*)02 + (—9 + 8ma)(—27 4 16m> 4 36ma (5.2)
—8m?a? — @ + mat)g,

and we can solve for the periods in the case of interest m = 1. As usual, there is a trivial solution
wp(z) =1, and
wi(z) = log(z) + @1 (2),

N N (5.3)
wa(z) = log?(2) + 2a1(2) log(z) + @a(2),
where @) (z) and wa(z) can be easily found order by order in an expansion around z = 0,
~ 3 55
w1(z) =22 =228 + 224 — 1225 + =28 -
2 6 (5.4)
o(2) L 15, Ol 231, 6403 5 115 o
Wa(z) = —=2+ —2"— — — - = — 2
? 477167 367 T 64 300 3
We identify Q = e~! and Fy(t) as
Q=zexp (@1(—2)) = 2+ 25 + 221 + 225 + 1425 + 227 + O(2Y), 55)
5.5

O Fo(t) =4 (log2 z+ 2w (—z2)log z + wa(—2)) .
Then we easily find,

4 4 15Q%  82Q% 15Q* 626Q° 205Q° 2402Q7
Fo(t)= o —Q— % - =% 0% - -
3 8 27 64 125 36 343

In this case, the B field is B = 1, and we have

+0(Q®), (5.6)

272\ 2
JWS(M> h) = - <2 sin ﬁ) e_QWM/h +oeee (57)
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The value of C(h) can be read from the value C' = 4. The value of B(h) has been computed in

[20], and we have

2 T h
— B(h) = 3 Tor (5.8)

By using the quantum mirror map of local F!, which has been worked out in [34, 20], we obtain

C(h) =

\/g 2 q3/2

With these ingredients, we can already find the quantization condition. As for local P?, we write
it as (3.59), where Q(F) is given in (3.56), and the correction A\(E) is determined by (3.61). We
find, for the very first orders,

2 3
1+qe,3‘u_3 4u+1+5q+5q +q

[loff = f1 — € 2H + e M 4 (5.9)

)\(E) — Ale_].Gﬂ'Eeff/ﬁ + )\26—187rEeg/ﬁ + )\36—2271'Eeff/h + 0(6_247TEeff/h)’ (510)
where !
A1 =—sin(16x),
T
1.
A2 =—sin(18x), (5.11)
T

2
A3 =—(sin(16x) + 2sin(20z) + sin(24x)).
T
The coefficient A\; agrees with the correction computed in [20] by numerical fitting. This already
gives a non-trivial test for our conjecture in the case of local F1, and at the level of the spectrum.
In order to test our conjecture for the spectral determinant, let us focus again on the super-

symmetric case i = 2m. In this case, the effective chemical potential is given by

- 3
floff = ft — @1(—2) = pp— e 2H — 273K — 56_4“ — (5.12)
We can now use the general formula (3.88) to write down the modified grand potential. As in
the case of local P2, the genus one free energies can be written in closed form (for F, see for
example [56]),

1 d 1 2
Fi(t) = ~5 log <dz log Q> kD) log A(z) — glog z,
} AG) (5.13)
NS/ _ _ * c
RS0 = —gp08 (55,
where the discriminant A(z) is given by
Az) =1+ 2z—82% —362° — 112, (5.14)

For i = 2w, one has B(27) = 0. From the general expression (3.88) one can compute the large
p expansion of J(u,27):

3 2 1 1
I, 2m) = 25+ aem) - (“+“++) -

372 82 4n? 47?2 8
31 , 15 15 1\ L,
_ _ = 5.15
(167r2“ T 62! T 32 16) ¢ (5.15)
183 5 414l 11
242t T g2 T a2 T 21 ) ° ‘
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Figure 5: The smooth line gives the free energy F'(N, 27) of local F; as a function of N, computed
from (3.43), while the points give the values of of the free energy as computed from the spectral
traces.

The value of A(27) can be computed numerically from the condition (3.46), and it reads
A(27) ~ 0.3075779653... (5.16)

In this case it is more difficult to fit it to an exact expression. This might be related to the fact
that the value of the coordinate z at the conifold point has a non-trivial expression, since it is the
solution to an algebraic equation of degree four. From all this information, we find the spectral
determinant as a particular case of (3.96),
1
E(p,2m) = e’ (1:2m) 9 <§ + 3’ Z) . (5.17)
The quantization condition when /& = 27 is given by the specialization of (3.98) to our case. Note

that, now,
Egt=E - (e77). (5.18)

From this quantization condition we can compute the spectrum with very high precision. For
example, for the ground state energy, we find

Ey = 2.8640042594081906825951812... (5.19)

to be compared to the numerical result obtained by diagonalizing (2.41) with L = 300,

EP = 2.8640042594... (5.20)

We can then compute the spectral traces numerically from the quantization condition, and from
them the values of the canonical partition functions Z(N,27). We find again that the results
obtained in this way agree with the prediction of (3.40), i.e. with the formula (3.43), as shown
in Fig. 5. We could in principle obtain the spectral traces from the expansion of (5.17) around
the orbifold point z = oo, as we did in the case of local P2.

5.2 Local P! x P!

The case of local P! x P! is known to be closely related ABJ(M) theory, whose spectral determinant
was analyzed in [19] in the maximally supersymmetric cases. The general ABJ(M) theory will
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be the object of a separate publication [60]. We will then summarize the most important points
of this case, since some of our results can be taken verbatim from [19, 60].
The quantum operator can be read from Table 1. We will focus again on the case m = 1, so
that
O(#,p) = +e @ &P e, (5.21)

This operator has an additional interest, since it corresponds to the simplest case of the quantum,
relativistic Toda lattice (see for example [36]). The results we will find have then implications
for this integrable system.

As in the case of local IP?, it is easy to work out the semiclassical limit of the grand potential,
which turns out to be identical to the case of ABJM theory studied in [5]. The classical spectral

traces are given by
o _ 1 T'¢/2)

= .22
£ T 2 TEp) (5.22)
which lead to
K2 33 K? K 1113 &2
=——4FMR(1,1,1,1; =, =, 2: — | — —3F [ =, =, =;1,=;:— | . .2
\.70(,U’) 87'('4 3(7777272771> 432<2727277271> (5 3)
Expanding around x = co we find
2w 2((3) 4 Ap 2 4N L, 4y
It follows that 9
T
h)=—, B(h)=— h). 2
Ch) ==, B(h)= = +0(h) (5.25)

Let us now obtain the results for the modified grand potential at finite 4. In this case we have
that r = 2. The large radius periods are given by

~ nl I‘(n+l) ’ n
wl(z)zzw n(W) 2",

n>1
(5.26)
4 I'(n+3) o 1
~ _ 6™ 2/ - 1 - log(4 "
wa(2) ;nﬁ (F(% n!) < 5 P(n+ )+w<n+2>—|—og( ))z
The prepotential is then given by
: 9Q% 328Q% TTTQ*
FySi(t) = —4Q — —— — - b 2
) = —aQ - T - P - T L 0@P), (5.27)
where Q = e is obtained by the mirror map
Q=2z+422+0(3). (5.28)

The B field is in this case B = 2 and has no effect on the signs. The worldsheet piece of the
grand potential, Jws(u, i), reads

o2\ 2
Jws(p, B) = —4 <2 sin h) e~dmmu/h (5.29)
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By using the quantum mirror map for local P; x Py [17], one has

2 4 24 232

ThJa(p) = —de 2 4+ <—2q - 14> ey (—4(]2 —— = 24— = - 3) e Oy (5.30)
q q q

where ¢ is again given by (2.16). The coefficients appearing in (3.25) are given by

2 T h
-2  B(R) = — —
¢ T (R) 3h 127’

where the quantum correction to B(h) is found in [20]. As in the previous cases, we can write
down the quantization condition from the generalized theta function. If we write

)\(E) — >\1e716ﬂ'Eeff/h + )\zefZOﬂEeﬁ/h + A367247|'Eeﬂ‘/h + )\4e7287rEeg/h + 0(67327TEeﬂ»‘/h)7 (532)
we find from (3.61)

(5.31)

1
A1 = —sin(1
1 71_sm( 6x),

4
Ao = — csc?(2z) (4sin®(4z) sin(20z))
T

A3 = 5 csc?(2z) (3sin?(4z) sin®(6z) 4 sin®(2z) sin®(8z) + sin®*(10z)) sin(24z), (5.33)
T

A= 5 csc?(2x) sin® (4x) (45 + 52 cos(4x) 4+ 90 cos(8z) + 52 cos(12x) + 87 cos(16x)
v

+ 48 cos(20x) 4 68 cos(24x) + 26 cos(28x) + 22 cos(32x) + 4 cos(36x) + 3 008(4036)),

where x is given again by (4.18). The first three coefficients reproduce precisely the corrections
to the approximate quantization condition (3.58) found in [20] by numerical fitting.

In order to test our conjecture (3.40), let us focus again on the maximally supersymmetric
case with A = 2m. It turns out that, in this case, the spectral problem becomes identical to the
one in ABJ theory with k = 2 and M = 1. This is due to the fact that the partition function of
ABJ theory with level £ and flux M can be also described by topological string theory on local
P! x P! [61, 62]. The value of the parameter m appearing in the operator of table 1 is related to
k and M by

m = exp <17r2k‘ - in) . (5.34)

Therefore, for k =2, M = 1, we have m = 1, as in the case we are considering here. It is easy
to confirm that the quantization condition for A = 2,

472

. , 1
4% — —— — 20, F™'(t) 4+ 4Fg 0} Fi™' (t) = 4n® <s + 2) , §=0,1,2,--- (5.35)

where

3 3
Eot = E — 22 4 F} <1, L5 5222 16z) : (5.36)

can be written as
K(1—16e32F 33
g B = 16 77) (E — 2672 ||y (1, 1,2.2.9.9 9. 16e2E)>

K (16e—2F) 29’
(5.37)

2 32 —2E
— —Gy5 | 16
T 33 < ¢

11

77].

202 — A2 —
0.0, ) A (s +1/2), s=0,1,2,
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In this equation, K (k?) is the elliptic integral of the first kind. This is precisely the quantization
condition found in [19] for ABJ theory with M = 1 and k£ = 2 (in this maximally supersymmetric
case, it agrees with the approximate quantization condition (3.58), which was studied in [46]).
This condition leads for example to a ground state energy

Eo = 2.881815429926296782477... (5.38)

The analysis of the spectral determinant is in this case almost identical to what was done in
[19]. In particular, the traces, as computed from the energy spectrum, are given by

1
7y = —
1 47_[_7
12 — 72
Tog= "~
64rm2 ’
9 2 (5.39)
87 738473
24— 96 + 8072 — 97*

921674 ’

and so on. We will now verify that we can reproduce this result from (3.40). We have to compute
first the modified grand potential. For i = 27, the effective chemical potential is given by

1., _
Uoff = [ — iwl(e 2m, (5.40)

The standard genus one free energy is given by

K(162)

Fut) = —% log < ) - 113 log(642(162 — 1)), (5.41)

while the refined genus one free energy is given by [57]

162 -1

1
NS _
F>(t) = 51 log o (5.42)
By using that
1
C(2r)=—, B(2m)=0, (5.43)
0
we getlo
1 t2
J(p,2m) = A(2m) + 2 <F0(t) — tO Fo(t) + zafFo(t)) + Fi(t) + FlNS(t), (5.44)
where
t = 2o, (5.45)

and the constant A(2m) is given by [63]

A(2m) = % <1og(2) - c;(:;»)) . (5.46)

"Notice that the convention for Fp is the same as in [19], except for the fact that here we do not include the
constant A(2) in it. Moreover, in [19] ¢t = 2peg + im, while here t = 2peg.
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We then find, for the large u expansion of the grand potential,

J (1, 27) _/“i 1 <log(2) _ C(B)) B (4p® +2u+1) o2

372 2 w2 2

5.47
+<_52u2+u+2 (547)

e 2) e 4+ O™,

which agrees with the result for ABJ theory with k = 2, M = 1 [62, 63]. The spectral determinant
is given by!!

=(k, 2m) = exp (J (1, 2m)) I3 (f - ;,7’) : (5.48)

In order to reproduce the spectral traces (5.39), we have to expand this determinant around
z =00 or kK = 0. As in the case of local P2, this means expanding the spectral determinant
around the orbifold point of local P! x P'. To do this, we have to write it in terms of orbifold
quantities. One has

=k, 27) = exp (Jor (i, 27)) 01 (g + ;T> , (5.49)
where .
S (5.50)
T T

In this formula the grand potential Jo1,(k, 27) is given by (5.44), where we subtract the constant
pice A(27) and we do the following replacements: we replace F; by

FP™ = —log(n(27)), (5.51)
we replace t by
ir 111 3 k2
A=—3F | =, =, =1, =, — .52
8773 2(27272772a16>7 (55)
and the the genus zero free energy Fy should be replaced by Fé’rb, where
11 1 [,2 2
orbiy\y _ o ~23( 303 3 |K 2 111.3~k"
MEFT™(N) ikGy'y <0’ 0. _% 16> + 2%k 3Fy (2, 5 2,1, 516 ) (5.53)

The integration constant is fixed by requiring
3
Fo™ = 16m° )2 <log(27r)\) —1” log 4) +-, AK D (5.54)

A simple computation shows that

- 1 i
f=—to (AaiFgfb _ 6,\F§rb) ,
4 167 (5.55)
F= 1 2 rrorb
3272 A0
With the above ingredients we find
3
— K K 8

From this expansion we can read the canonical partition functions Z(N,27), which correspond
indeed to the traces (5.39).

"The parameter 7 is as in [19], while the & variable there is given in terms of our ¢ variable by & + i + 7- This
is due to the difference in the definition of ¢t.
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6. Conclusions and outlook

In this paper, inspired by recent results on ABJM theory, and in particular by the work of
[10, 11], we have proposed a correspondence between the spectral theory of functional difference
operators, and the enumerative geometry of toric CY manifolds. This proposal leads to concrete
and testable conjectures on the spectral properties of the operators obtained by quantization of
mirror curves. One important point in our proposal is that the NS limit of the refined topological
string is not enough to give a consistent description of the spectrum, as it was already pointed out
in [11]: non-perturbative effects involving the conventional topological string have to be added.
The quantization condition proposed in [11] can be now understood as a first approximation to
the full quantization condition obtained in this paper, which matches all known results for the
spectrum and in particular the beautiful numerical study performed in [20]'2.

Another important ingredient of our conjecture is that the quantization condition determin-
ing the spectrum arises as a consequence of a stronger result, namely, an explicit formula for the
spectral determinant of the operators. We have tested this new ingredient in some examples.
It should be emphasized that having explicit formulae for spectral determinants is rather rare.
Even in elementary Quantum Mechanics, there are very few cases where this happens, besides
the harmonic oscillator. For example, in the work of Voros and of Dorey and Tateo on polynomial
potentials in QM [64, 65], functional difference equations for spectral determinants have been
shown to determine the spectrum uniquely, but one is far from having explicit formulae like the
ones we are proposing. In this sense, our results provide a full new family of solvable models in
spectral theory.

From a physical point of view, our proposal can be understood as a microscopic description of
the topological string in terms of a Fermi gas, as it was done in [5] for ABJM theory. This proposal
has many appealing features as a non-perturbative description of topological string theory: it is
based on a background independent object, it involves an M-theoretic version of the topological
string free energy, it leads to the standard genus expansion in the 't Hooft approximation, and
it suggests an underlying description in terms of M2 branes.

Our work leads to many interesting problems. The first one is clearly: why such a conjecture
should be true? From the point of view of spectral theory, what we are saying is that there
are instanton corrections to the quantization condition (a well-known fact, see for example [11]
for a discussion and references), and that these corrections are determined by the conventional
topological string. In the case of ABJM or local P! x P!, this is largely “explained” by the
fact that the canonical partition function Zx (N, k) has an explicit matrix model representation,
whose 't Hooft expansion involves the standard topological string [12, 66]. Our conjecture is
based on the idea that such a remarkable structure can not be peculiar to local P! x P!, and
should be shared by all toric CY manifolds. The data seem to indicate that our conjecture is
largely correct, but if so it is definitely begging for a deeper explanation, and eventually for a
proof.

In the meantime, we should check the conjecture in more detail. Already in the original realm
of toric del Pezzo’s considered here, many things should be clarified and new examples should be
addressed. For example, it would be important to have closed formulae for the constant A(h),

121n [11], the relationship between the grand potential and the quantization condition was analyzed by integrating
the density of states. Although this is very useful from the point of view of the WKB expansion (see appendix
A for example), it leads to many technical complications in the study of the non-perturbative sector. In [11] it
was assumed that there would be cancellations leading to a simple quantization condition, but these only occur in
some cases, like in the maximally supersymmetric situations.
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which so far we had to compute numerically or to guess. In ABJM theory there is a proposal
for this function based on the resummation of the constant map contribution to the topological
string free energies [67]. It is clear that this resummation will be one of the ingredients in A(h),
but it is likely that there are additional ingredients.

Another important issue is to analyze the spectral determinant in detail away from the
“maximally supersymmetric” cases. This involves dealing with the all-genus topological string
free energy, resummed in the way proposed by Gopakumar—Vafa. Although this can be computed
systematically at large radius (by using for example the topological vertex [68]) it is not clear
what is its behavior at other special points of moduli space. This raises the issue whether there is
a Gopakumar—Vafa reorganization of the topological string free energy at those points. We have
some evidence that, in some circumstances, the all-genus expansion can be resummed into an
explicit function of the moduli, which can then be studied at different points of the moduli space,
and in particular near the orbifold point [60]. In fact, one can reverse the logic and argue that,
in order for our conjecture (3.40) to work, and to be able to expand the spectral determinant
around k = 0, a Gopakumar—Vafa resummation near the orbifold point must be possible.

It would be also interesting to see if we can relax the reality and positivity conditions set
on the parameters of the spectral problem. We have imposed such conditions in order to have
self-adjoint operators with a positive, discrete spectrum, but it might be possible to extend our
results to cases in which A and the complex moduli of the CY are not necessarily real.

In this paper we have focused on the case of toric CYs whose mirror curve has genus one.
It would be important to work out the details of the extension to higher genus. Many of the
ingredients of this extension are relatively straightforward, so let us outline how this should work.
First of all, we will have, instead of a single modulus @, g different moduli that we can write as

eXp(Hi)a =19 (61)

The mirror curve Wy will now depend on the H;. For example, in the case of A, fibrations over
P!, the mirror curve can be interpreted as the spectral curve for the relativistic Toda lattice, and
H;,i=1,---,g, will be the conserved Hamiltonians. Our formalism can be generalized immedi-
ately to this situation, since the modified grand potential is still given by the non-perturbative
free energy proposed in [10]. It will now depend on g chemical potentials u;, i = 1,--- , g, corre-
sponding to the Hamiltonians H;, so we will write it as Jx (u;, h). The grand canonical partition
function is now given by

Ex (i, h) = Z exp (Jx (p; + 27ing, b)), (6.2)
n;EZ

and will lead to a generalized Siegel theta function. A generalized quantization condition can
be obtained in a similar way, as the vanishing condition for this generalized theta function. In
perturbation theory, this condition will involve the quantum B-periods in the NS limit, as in
[13, 16, 17], but there will be also non-perturbative corrections due to worldsheet instantons.
It is also natural to conjecture that (6.2) computes a generalized spectral determinant for the
higher rank spectral problem

)

g
TTIT (1 + e 5o, (6.3)
=1n;>0

where Ej; ., are the eigenvalues of the Hamiltonian H;. These eigenvalues should be obtained
by quantizing Wy, i.e. by defining a quantum-mechanical operator associated to Wx and by
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imposing analyticity properties on the wavefunction, as in [69, 36]. There is therefore a natural
extension of our conjecture to the case of general toric manifolds, but more work is needed to
understand the higher genus case in detail.

It is likely that some readers will wonder what is the relation between the non-perturbative
effects unveiled here, and the resurgence approach, which has been recently applied to ABJM
theory and topological string theory. Resurgence provides a general strategy for constructing for-
mal trans-series, which complement the standard perturbative expansion by adding exponentially
small effects. This leads to a multi-parameter family of asymptotic expansions, which should be
then Borel resummed (in particular, resurgence does not determine a unique non-perturbative
completion.). Our approach here is very different. As we emphasized at several places in this
paper, we use the power of M-theory to resum the asymptotic genus expansion, so we are again
in the realm of analytic functions: our modified grand potential has a region of analyticity, and
our basic quantity -the spectral determinant- is in fact an entire function. At the same time, we
do find non-perturbative corrections, and it might be possible to re-code them in the language of
resurgence and of conventional instanton corrections (i.e., in the language of string perturbation
theory plus D-brane corrections). We can for example regard the contribution of the refined
topological string to the modified grand potential, as a non-perturbative correction to the con-
ventional topological string free energy. One might then try to reproduce such a contribution by
using a trans-series, constructed perhaps with the techniques proposed recently in [70, 71]. Some
preliminary exploration of this issue was already made in [22], where the Borel resummation of
the genus expansion of the topological string on local P! x P! was compared to the corresponding
modified grand potential, and it was concluded that they differ in a trans-series contribution.

Finally, it would be important to understand the implications of our conjecture for the
correspondence between quantum integrable systems and supersymmetric gauge theories put
forward in [13]. It is well-known that N' = 2 gauge theories can be geometrically engineered
as limits of topological string theory on certain CY geometries [25]. In this way, we might be
able to recover from our results, not only exact quantization conditions for the corresponding
quantum integrable systems, but also explicit results for their spectral determinants, which are
not covered by the original conjecture of [13].
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A. Semiclassical correction to the grand potential
Here we derive the result (4.4). We follow the procedure in [11]. In the semiclassical limit & — 0,

the spectrum is determined by the usual WKB quantization condition. In our set-up, this is
nothing but the condition

1
QP(E):S+§7 52071>2>"'7 (Al)
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where Q,(E) is given by (3.57).!3 This function has the semiclassical expansion
Op(B) = > B lOu(E). (A.2)
k=1

For the local P? case, the leading and the next-to-leading contributions Qq(F) and Qi (E) were
computed in [20]

2 _ g2 > (3n —1)!
270 (E) = S’ET 9} W[d}(?m) —p(n+1) — Ele B,
n=1 :

(A.3)
Q”(E)
Q(E)=——2—.
(B) =~
The energy also has the expansion around A = 0,
- 2s + 1
E(s) =Y hE®(s) =log3 + \/‘5’(‘;”71 + O(h?). (A.4)
k=0
Following the argument in [11], we find
> Qo(E)
= dE————
Jo(n) /10g3 eb—n 41’ As
R ogs  €ETH 1 24/3(1 + 3e )

One can numerically check that the expression of Jp(p) in (A.5) precisely reproduces the analytic
result (4.2). The analytic form of J;(x) can be computed as follows. Using (A.3) and integration
by parts, we obtain

[ a0 L[ g )
1 It

og3 eE*“ + 1 - 75 og3 eE*/‘ + 1

1 1 o Oy(E) >
] L ([ an 0
24/3(1 4 3e~r) T2 “( g3 ePTr+1

where we have used Qq(log3) = 0, Q)(log3) = v/3 and

1 1

From (A.5) and (A.6), we finally obtain (4.4).
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