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Interactions of cosmological gravitational waves and magnetic fields

Elisa Fenu∗ and Ruth Durrer†

Département de Physique Théorique, Université de Genève,

24 quai Ernest Ansermet, 1211 Genève 4, Switzerland.

(Dated: December 11, 2008)

The energy momentum tensor of a magnetic field always contains a spin-2 component in its
anisotropic stress and therefore generates gravitational waves. It has been argued in the literature
(Caprini & Durrer [1]) that this gravitational wave production can be very strong and that back-
reaction cannot be neglected. On the other hand, a gravitational wave background does affect the
evolution of magnetic fields. It has also been argued (Tsagas et al. [2], [15]) that this can lead to a
very strong amplification of a primordial magnetic field. In this paper we revisit these claims and
study back reaction to second order.

PACS numbers: 04.50.+h, 11.10.Kk, 98.80.Cq

I. INTRODUCTION

Wherever we can measure them in the Universe, mag-
netic fields of 0.5 to several micro Gauss are present.
They have been found in ordinary galaxies [4] like ours,
but also in galaxies at relatively high redshift [5] and in
galaxy clusters [6]. It is still unknown where these cosmo-
logical magnetic fields come from. Are they primordial,
i.e. generated in the early universe [7], or did they form
later on by some non-linear aspect of structure formation,
like the Harrison mechanism which works once vorticity
or, more generically, turbulence has developed [8]?

In addition, once initial fields are generated, it is still
unclear whether they are strongly amplified by a dynamo
mechanism or only moderately by contraction. Since the
cosmic plasma is an excellent conductor, the magneto-
hydrodynamic (MHD) approximation can be employed
which implies that the magnetic field lines are frozen
in during structure formation. Therefore, as long as
non-linear magnetic field generation can be neglected,
the magnetic field scales inversely proportional to the
area, so that B/ρ2/3 is roughly constant during struc-
ture formation. Here ρ is the energy (or matter) density
of the cosmic plasma. For galaxies, with a density of
about ρgal ∼ 105ρ̄ this means that simple contraction
will enhance magnetic fields by approximately 103, ρ̄ is
the mean density. Hence, if no dynamo is active dur-
ing galaxy formation, initial fields of Bin ∼ 10−9Gauss
are needed. On the other hand, non-linear dynamo ac-
tion can enhance the magnetic field exponentially by
a factor up to 1015, so that initial fields as tiny as
Bin ∼ 10−21Gauss might suffice [9]. However, since this
enhancement is exponentially sensitive to the age of the
Universe, it remains unclear how it can generate the mag-
netic fields in galaxies at redshifts of z ∼ 1 or more, where
the age of the Universe was at most half its present value
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reducing the amplification factor to less than 108.
Another problem of cosmic magnetic fields is that pri-

mordial generation of fields usually leads to a very blue
magnetic field energy spectrum,

dρB

d log k
∝ kM+3 , (1)

where M = 2 for “causally” produced magnetic fields [10]
and M ∼ 0 for typical inflationary production mecha-
nisms [11]. Such blue magnetic field spectra are strongly
constrained by their gravity wave production [1] and can-
not lead to the large scale fields observed today. The only
solution to the problem might lie in an ”inverse cascade”
by which energy is transferred from small to larger scales.
Since within the linearized approximation each Fourier
mode evolves independently, such a cascade is inherently
non-linear. Within standard MHD is has been shown
that only helical magnetic fields can lead to inverse cas-
cade [9].

In this work, we want to address a weakly non-linear
effect which has not been considered in [9], namely the
interaction of gravitational waves and magnetic fields.
We shall study how this interaction can modify the mag-
netic field spectrum. We also re-interpret a finding by
Tsagas [15], where the interaction between gravitational
waves and magnetic fields has been interpreted as ”res-
onant amplification”. Similar conclusions are drawn in
Refs. [12], [13]. However, in this last article it is noted
that the amplification can take place only on super-
horizon scales. And even though Ref.[13] does men-
tion that there is no amplification in the long-wavelength
limit, they do not really quantify this statement.

We show that the build up of magnetic fields due to
their interaction with gravitational waves is at most log-
arithmic and thus comparable to the generation of grav-
itational waves by magnetic fields.

Furthermore, as it has been pointed out also in
Ref. [13], this super-horizon ”amplification” is indepen-
dent of the fact whether the plasma is highly conducting
or not. This seems physically reasonable as currents gen-
erated by electromagnetic fields can act only causally,
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i.e. on sub-horizon scales. An animated discussion on
this subject follwed the above publications and can be
found in Refs. [15], [14]. Here the role of a finite conduc-
tivity in an expanding Universe is addressed but contro-
versal final conclusions have been reached.

The main advantage of our treatment is that we ex-
press the relevant results entirely in terms of physical,
measurable quantities, which renders the interpretation
straight forward. We actually find for the density param-
eters of second order perturbations that, once the scales
considered are inside the horizon,

Ω
(2)
B ≃ Ω

(1)
B Ω

(1)
GW ≃ Ω

(1)
B

(

Hinf

MP

)2

, (2)

Ω
(2)
GW ≃

[

Ω
(1)
B

]2

+
[

Ω
(1)
GW

]2

, (3)

as one probably would expect naively. Even though most
parts of this result can already be found in the above cited
papers, they are interpreted there in a different way, and
especially in Eq. (2) it is not always noted that the factor

Ω
(1)
GW always has to remain small.

The paper is organized as follows. In the next section
we set up the fully non-linear equations for the evolution
of magnetic fields in the relativistic MHD approximation.
We use the 3+1 formalism and closely follow the deriva-
tion given in Ref. [16]. Since we are mainly interested
in gravitational waves, we specialize to the vorticity free
case. In Section III we consider linear perturbations. We
solve the linear perturbation equations for gravitational
waves and magnetic fields with given initial conditions.
We also derive the evolution of the corresponding energy
densities. This part is not new and mainly included for
completeness and to fix the notation for the subsequent
Section IV, where we solve the second order equations.
On this level the gravitational waves interact with the
magnetic field. We calculate the second order magnetic
field generated by this interaction and show that for rea-
sonable values for the first order perturbations, its energy
density remains always much smaller than the energy
density of the first order contributions. In this sense,
one cannot speak of resonant amplification. In Section V
we summarize our results and draw some conclusions.

Throughout this work we use the metric signature
(−, +, +, +). Conformal time is denoted by t and we ne-
glect the background curvature of the Universe, K = 0.
Spacetime indices are denoted by lower case Greek let-
ters, µ, ν, while lower case Latin letters, i, j are used for
spatial indices. Most of our calculations are performed
in the radiation dominated era and we shall often use the
expression

a(t) = Hina
2
int

for the scale factor.

II. THE BASIC EQUATIONS

We work in the MHD approximation, where we as-
sume high conductivity. The electric field is then small
compared to the magnetic field in the baryon rest-frame
which we take to be the frame of our “fundamental ob-
server”. In addition, we assume the velocity uµ of this
fundamental observer to be vorticity-free and we ne-
glect acceleration. According to Frobenius’ theorem u is
hyper-surface orthogonal and we can choose spatial coor-
dinates in the three-space orthogonal to u. Furthermore,
in the early Universe which is of interest to us, the dom-
inant radiation and baryons are tightly coupled so that
the energy flux is also given by u and we can set the heat
flux q = 0. In our vorticity free frame, the magnetic part
of the Weyl tensor, Hij is related to the shear simply by

Hij = curlσij ,

where curl is the 3-dim curl on the hyper-surface normal
to u. Here σ is the shear of u given by

σµν ≡ 1

2
(uµ;ν + uµ;ν) − 1

3
Θp̃µν ,

Θ ≡ uµ
;µ and

p̃µν ≡ gµν + uµuν .

Note that the normalization of u implies 0 = uνuν;µ ∝
u0;µ. The gravito-magnetic interaction can then be de-
scribed by the following equations, see [16]

∇uEij = −ΘEij −
1

2
κ

(

ρ + p +
1

6π
B2

)

σij

−D2σij − κ
1

2
∇uΠij −

1

6
ΘκΠij

+3σ〈i
nEj〉n − 1

2
κσ〈i

nΠj〉n , (4)

∇uσij = −Eij +
1

2
κΠij−σ〈i

nσj〉n − 2

3
Θσij , (5)

∇uBi = −2

3
p̃ijΘBj + σijB

j , (6)

∇uΘ = −1

3
Θ2− 1

2
κ

(

ρ+3p+
1

4π
B2

)

−2σ2 . (7)

Here Eij is the electric part of the Weyl tensor, ρ and p
are the energy density and pressure of the cosmic fluid
which is assumed to follow the motion of the baryons
(like, e.g. radiation before decoupling), κ = 8πG is the
gravitational coupling constant and Bi is the magnetic
field. We have neglected the electric field in the above
equations, since we assumed it to be much smaller that
the magnetic field, i.e. B2 ≫ E2. The covariant deriva-
tive in direction u is denoted by ∇u and the brackets
indicate symmetrization and trace subtraction,

X〈ij〉 =
1

2
(Xij + Xji) −

1

3
p̃ijXm

m .

D2 is the Laplace operator on the hyper-surface orthogo-
nal to u. The scalars B2 and σ2 are simply σ2 ≡ σijσ

ij/2
and B2 ≡ BiB

i.
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In addition to this we have the Einstein equation, the
spatial part of which yields

Rij = Eij +
2

3

(

κρ +
1

8π
κB2 − 1

3
Θ2 + σ2

)

p̃ij

+
1

2
κΠij −

1

3
Θσij + σn〈iσ

n
j〉 , (8)

and its trace, the generalized Friedmann equation,

1

3
Θ2 +

1

2
R = κρ +

1

8π
κB2 + σ2 . (9)

Here Rij is the Ricci tensor on the spatial hyper-surface
and R is its trace.

From this system we can derive second order equations
for σij and Bi which are

∇u∇uσij − D2σij +
5

3
Θ∇uσij

+

(

4

9
Θ2 − 3

2
κp − 5

6
κρ − 1

6π
κB2 − 4

3
σ2

)

σij =

κ∇uΠij +
2

3
ΘκΠij +

2

3
κB2σij + Θσ〈i

nσj〉n

+2σ〈i
n∇uσj〉n −∇uσ〈i

nσj〉n − κσ〈i
nΠj〉n

+
1

3
σ2σij + 3σ〈i

n

[

1

2

(

σj〉
mσnm + σn

mσj〉m

)

−2

3
δj〉nσ2

]

, (10)

and

∇u∇uBi − D2Bi +
5

3
Θ∇uBi

+

(

1

3
κρ − κp +

2

9
Θ2 +

1

12π
κB2 +

2

3
σ2

)

Bi =

σij∇uBj + 2ΘσijB
j + +2(∇uσij)B

j

−3

2
κΠijB

j + σn
〈iσj〉nBj + curlJi . (11)

Eq. (11) can be obtained from Eq. (40) of [19] when set-
ting Ai = 0, ωij = 0 and qi = 0. Ji stands for the
3-dimensional current. Eq. (11) is obtained without ne-
glecting the electric field. The term curlEi, which is
present in the original Maxwell equation which reduces to
Eq. (6) if Ei = 0 [16] results in the Laplacian term D2Bi

and terms proportional to the wavenumber k times the
electric field [see Eq. (40) of [19]]. We have neglected
these latter contributions in the above equation, since
they are only relevant inside the horizon (kt ≫ 1), where
we can neglect the source term of the equations, as we
shall argue in the following.

In a regime of low conductivity we can neglect also the
current in Eq. (11) and the magnetic field obeys to the
above wave equation, while in a very hight conductivity
case we should directly set the electric field Ei = 0 from
the beginning and solve Eq. (6), obtaining a power-low
behaviour with respect to time for Bi. In both cases we

find that the behaviour in time of the induced second
order magnetic field B

(2)
i is the same on super-horizon

scales (up to uncertain logarithmic corrections). We in-
terpret this as the insensitivity of super-horizon pertur-
bations to plasma properties like conductivity.

Inside the horizon, we neglect the source term. This
is motivated by the Green function of the damped wave
equation obtained when linearizing (11), which rapidly
oscillates on sub-horizon scales. For Eq. (6) it is not

the Green function but the source term σ
(1)
ij Bj

(1) which

oscillates when kt ≫ 1, since gravity waves start oscillat-
ing at horizon crossing. Therefore again, the sub-horizon
amplification is unimportant. The same conclusion is ac-
tually drawn in Ref. [13], where the fluid velocities are
not neglected.

In the following we shall consider these equations in
first and second perturbative orders with respect to a
spatially flat Friedmann background,

ds2 = a2(−dt2 + δijdxidxj) .

We neglect a possible spatial curvature of the background
and work with conformal time t. The time dependence of
the scale factor a is determined by the Friedmann equa-
tion,

(

ȧ

a

)2

=
κ

3
ρa2 and

ρ̇ = −3(1 + w)ρ

(

ȧ

a

)

, w = p/ρ .

III. FIRST ORDER PERTURBATIONS

A. Magnetic fields

A background Friedmann Universe can of course not
contain a magnetic field since the latter always generates
anisotropic stresses Πij 6= 0 which break isotropy. When
considering a magnetic field as a first order perturbation,
Eq. (6) leads in first order to

Ḃ
(1)
i = − ȧ

a
B

(1)
i . (12)

For this we use that to lowest order u = a−1∂t and
(∇uB)i = a−1(∂t − ȧ/a)Bi. Furthermore p̃ij = gij =
a2δij and Θ = 3ȧ/a2. This is solved by

B
(1)
i (x, t) = B

(1)
i in(x)

ain

a(t)
,

Bi(1)(x, t) = B
i(1)
in (x)

a3
in

a3(t)
. (13)

The average energy density of the first order magnetic
field is then given by

〈ρ(1)
B 〉 =

1

8π
〈B(1)2

(in) (x)〉 a4
in

a4(t)
. (14)
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Here, we assume that the first order magnetic field has

been generated by some random process. Hence B
(1)
i in is a

random variable and 〈· · ·〉 denotes the expectation value.
We assume also that this random process is statistically

homogeneous so that 〈ρ(1)
B 〉 is independent of position.

B. Gravitational waves

For the gravity wave equation we consider a Fourier
component

σ
(1)k
ij (x, t) = σ(1)(k, t)Qij(k̂) exp(ik · x) ,

D2σ
(1)k
ij (x, t) = − k2

a2(t)
σ

(1)k
ij (x, t) .

Here Qij(k̂) is a transverse traceless polarization ten-
sor. We assume that the gravity waves are statisti-
cally isotropic and parity invariant so that both po-
larizations have the same averaged square amplitudes.
For the amplitude σ(1)(k, t) we obtain to first order the
usual tensor perturbation propagation equation (neglect-
ing anisotropic stresses of the cosmic fluid)

σ̈(1) +

[

k2 − 3

2
(1 + w)H2

]

σ(1) = 0 , (15)

where H = ȧ/a denotes the co-moving Hubble param-
eter, H = aH , where H is the physical Hubble pa-
rameter. We now rewrite this equation in terms of the
dimensionless variable Σ(1)(k, t) ≡ σ(1)(k, t)/(a2

inΘ) =

σ(1)(k, t)/(3Ha2
in). We have normalized by the factor

1/a2
in in order for the quantity Σ to be independent of

the normalization of the scale factor. This is not true
for σ which is σ ∝ a2

in. In this way, Σ can be directly
related to observable quantities which are of course inde-
pendent of the normalization of the scale factor. Equiva-
lently, we will make use of the variable B that is defined
as B ≡ √

κB/(3Hain) in order to be independent of the
normalization of the scale factor, as well as Σ. In terms
of Σ the above equation becomes

Σ̈(1) − 3(1 + w)HΣ̇(1)

+

[

k2 +

(

3

2
+ 6w +

9

2
w2

)

H2

]

Σ(1) = 0 . (16)

In the matter or radiation era, the solutions to this lin-
ear homogeneous differential equation are well known in
terms of Bessel functions. We are mainly interested in
the radiation epoch, where w = 1/3. During radiation
domination the Universe expands like a(t) ∝ t such that
H = Ha = 1/t. We can therefore express the scale factor
as

a(t) = Hina2
int . (17)

In the radiation dominated Universe Eq. (16) reduces to

Σ̈(1) −
4

t
Σ̇(1) +

(

k2 +
4

t2

)

Σ(1) = 0 , (18)

with solution

Σ(1) ∝ (kt)3 [j1(kt) + y1(kt)] , (19)

where jn and yn denote the spherical Bessel functions of
index n [18].

We distinguish the super- and sub-horizon behaviors.
In the long wavelengths limit, z ≡ kt ≪ 1, we have

lim
z→0

z3j1(z) ≃ z4

3
, lim

z→0
z3y1(z) ∝ −z .

Taking into account only the faster growing mode, we
obtain

Σ(1)(t) ≃ Σin
(1)

(

kt

ktin

)4

, kt ≪ 1 , (20)

or equivalently

Σ(1)(t) ≃ Σin
(1)

(

a

ain

)4

, kt ≪ 1 . (21)

The quantity directly related to gravity waves is however
given by σ(1) = 3Ha2

inΣ(1), for which we obtain on super-
horizon scales

σ(1)(t) ≃ σin
(1)

(

a

ain

)2

, kt ≪ 1 . (22)

A direct consequence of this is that the “gravity wave en-
ergy density” is constant in time outside the horizon, as
we show in the next sub-section. Of course the notion of
“gravity wave energy density” and “gravity wave” is not
strictly well defined for wavelengths larger than the size
of the Hubble horizon. We shall just use the expression
which is valid inside the horizon and call this the “grav-
ity wave energy density” by analogy. It has a physical
interpretation as a true energy density only once it enters
the horizon. However, whenever this quantity becomes
of the order of the background energy density, we know
that perturbations become large and we can no longer
trust linear perturbation theory.

Let us also consider the short wavelengths limit where
kt ≫ 1. In this limit we can approximate

Σ(1)(t) ≃ (kt)2
cos(kt)

cos(1)
Σ(1)(kt = 1) , kt ≫ 1 , (23)

where the initial constant Σ(1)(kt = 1) stands for the
value of Σ(1) when it enters the horizon and can be ob-
tained from Eq. (20),

Σ(1)(kt = 1) ≃ Σin
(1)

(

1

ktin

)4

.

The behavior of gravity waves on sub-horizon scales,
kt ≫ 1, is then given by

σ(1)(t) ≃ 3a2
inH(kt)2

cos(kt)

cos(1)
Σ(1)(kt = 1) . (24)

We shall see that in this case the gravity waves energy
density decreases like 1/a4, as it has to be for true gravity
waves which are massless modes.
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C. Energy Densities

As a first physically important quantity, let us discuss
the energy densities of these first order perturbations and
the corresponding density parameters.

The magnetic energy density is

ρ
(1)
B ≡

B2
(1)

8π
=

B
(1)
i Bi

(1)

8π
, (25)

with Eq. (14), this becomes

ρ
(1)
B (t) =

1

8π
B2

(1) in

(

a4
in

a4

)

. (26)

In the radiation dominated universe under consideration,
the density parameter of the first order magnetic field is
therefore given by

Ω
(1)
B (t) ≡ ρ

(1)
B

ρc
=

8πGρ
(1)
B

3H2
=

G

3

B2
(1) in

H2
in

= Ω
(1)
B in . (27)

The density parameter Ω
(1)
B is constant in time. Both,

the background radiation and the magnetic field which
is frozen in, scale in the same way with the expansion
of the Universe. As long as the magnetic field density

parameter Ω
(1)
B is much smaller than 1, the magnetic field

can be considered a small perturbation.
This is the result for a constant magnetic field. We

also want to consider a stochastic magnetic field. In this
case B(x) is a random variable and its spectrum is given
by [1]

a2(t)B(x, t) =
1

(2π)3

∫

d3kB(k)eix·k , (28)

〈Bi(k)B∗
j (q)〉 = (2π)3δ(k−q)Pij(k̂)P(1)

B in(k) . (29)

Here the basic time evolution of the magnetic field ∝ a−2

has been removed so that, to first order B(k) is indepen-

dent of time. Pij(k̂) = δij − k−2kikj is the projection
tensor onto the plane normal to k. The tensorial form of
the spectrum is dictated by statistical isotropy which also

requires that P(1)
B in depends only on the absolute value

k = |k|, and by the fact that B is divergence free. The
Dirac delta is a consequence of statistical homogeneity1.
In this case we obtain

〈ρ(1)
B 〉 =

1

(2π)68π

∫

d3k

∫

d3q〈B(k)B(q)〉eix·(k−q)

=
1

(2π)3

∫

dk

k
k3P(1)

B in(k)

=

∫

dk

k

dρ
(1)
B (k)

d log k
.

1 One could also add a term which is odd under parity but we
disregard this possibility in this work [20].

For the magnetic field density parameter at scale k this
yields

dΩ
(1)
B (k, t)

d log k
=

8πG

3(2π)3
k3P(1)

B in(k)

H2
in

=
dΩ

(1)
B in(k)

d log k
. (30)

Let us now consider gravity waves. The gravity wave
energy density in real space is given by

ρ
(1)
GW ≡ 〈ḣij ḣ

ij〉
8πG

1

a2
, (31)

where the factor 1/a2 comes from the fact that the dot
denotes the derivative with respect to conformal time
and the difference of a factor 4 in the normalization as
compared e.g. to [17] comes from our definition of the
perturbation variable [gij = a2(δij + 2hij)]. In Eq. (31)
hij is considered as tensor field with respect to the spa-
tial metric δij so that there are no scale factors involved

in raising or lowering indices, hij = hi
j = hij . For sim-

plicity we shall keep this convention is this section for all
spatial tensors.

To lowest order the shear is given by σ
(1)
ij = aḣij . Fur-

thermore, the fact that σ
(1)
ij is transverse and traceless

together with statistical isotropy determines entirely the
tensor structure of the power spectrum.

〈σ(1) in
ij (k)σ

(1) in
lm (q)〉 =

(2π)3δ(k − q)Mijlm(k̂)P(1)
σ in(k) ,

where [1]

Mijlm(k̂) ≡ δilδjm + δimδjl − δijδlm + k−2(δijklkm +

δlmkikj − δilkjkm − δimklkj − δjlkikm

−δjmklki) + k−4kikjklkm . (32)

We have Mij
ij = 4, which takes into account the two

polarization degrees of freedom. Therefore, considering
that also for the shear we do not multiply by the scale
factor while raising or lowering indices, σij = σij , we can
write the gravity waves energy density in terms of σij as

ρ
(1)
GW =

〈σijσ
ij〉

8πG

1

a4
. (33)

For the contribution to the energy density per logarith-
mic frequency interval we then obtain

dρ
(1)
GW (k, t)

d log k
=

2

(2π)3G

[

k3P(1)
σ (k, t)

] 1

a4

=
18

(2π)3G

[

k3P(1)
Σ (k, t)

]

H2
(ain

a

)4

,

(34)

where we have used the relation σij = 3Ha2
inΣij or equiv-

alently P(1)
σ (k, t) = 9H2a4

inP
(1)
Σ (k, t). Finally, we can
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write the gravity wave density parameter as

dΩ
(1)
GW(k, t)

d log k
≡ 1

ρc

dρ
(1)
GW

d log k

=
48π

(2π)3

[

k3P(1)
Σ (k, t)

] (ain

a

)4

. (35)

We have now to distinguish between super- and sub-
horizon modes. Using our super-horizon result for Σ(1) =

σ(1)/(3Ha2
in) where kt ≪ 1

Σ
(1)
ij (k, t) ≃ Σ

(1)
ij in(k)

(

t

tin

)4

,

we find

dρ
(1)
GW (k, t)

d log k
=

18

(2π)3G

[

k3P(1)
Σ in(k)

]

(

a

ain

)8

H2
(ain

a

)4

=
18

(2π)3G

[

k3P(1)
Σ in(k)

]

H2
in =

dρ
(1)
GW in

d log k
.

(36)

For the last equal sign we made use of Eq. (17). Hence on
super-horizon scales the “gravity wave energy density”
is time independent. Then, of course the gravity wave
density parameter grows like a4,

dΩ
(1)
GW(k, t)

d log k
=

dΩ
(1) in
GW

d log k

(

a

ain

)4

, kt ≪ 1 , (37)

where

dΩ
(1) in
GW (k)

d log k
=

48π

(2π)3

[

k3P(1)
Σ in(k)

]

. (38)

Inside the horizon, kt ≫ 1, we have to insert the expres-
sion of Σ(1) given by Eq. (23) in Eq. (34), which yields

dρ
(1)
GW (k, t)

d log k
≃ 9

(2π)3G

[

k3P(1)
Σ in(k)

] H2
in

(ktin)4

(ain

a

)4

∝ 1

a4
. (39)

For the density parameter we obtain in a radiation dom-
inated background

dΩ
(1)
GW (k)

d log k
≃ 24π

(2π)3

(

1

ktin

)4
[

k3P(1)
Σ in(k)

]

≃ 1

2

(

1

ktin

)4
dΩ

(1) in
GW

d log k
, kt ≫ 1 . (40)

Inside the horizon, the gravity wave density parameter
is constant in time as is natural in a radiation domi-
nated Universe. Note that this agrees, up to the factor
1/2 which comes from averaging cos2(kt), with Eq.(37)
at horizon entry, where (a/ain)

4 = (ktin)
−4. Large scale

gravity waves from inflation, are “amplified” for a long

time before entering the horizon, i.e. they have ktin ≪ 1.

Only if
[

dΩ
(1)
GW (k)/d log k

]

is small for all values of k,

perturbation theory is justified. Therefore it is not suf-

ficient if
[

dΩ
(1) in
GW /d log k

]

is small, but we actually need

that (ktin)−4
[

dΩ
(1) in
GW /d log k

]

be small. This is better

understood if we write the energy density in terms of the
metric perturbation. In a radiation dominated Universe
the ”growing” (not decaying) mode solution for the met-
ric perturbation is

hij(k, t) = eij(k)hinj0(kt) ,

where eij(k) is transverse traceless and j0 is the spherical
Bessel function of order 0. Using j′0 = −j1 and Eq. (31)
yields

ρ
(1)
GW = k3 k2〈|hin|2〉j2

1(kt)

8πGa2

With ρc = 3H2/(8πG) = 3/(8πGa2t2) and 〈|hin|2〉 ≡ Ph,
we find

dΩGW

d log k
= 3[(kt)2j2

1(kt)]k3Ph ≃ 3(kt)4k3Ph , if kt ≪ 1 .

(41)
Hence if the metric perturbations are small for all values
of k, i.e. k3Ph ≪ 1 this implies

dΩGW

d log k
≪ (kt)4 .

Therefore the requirement (ktin)
−4

[

dΩ
(1) in
GW /d log k

]

≪ 1

is equivalent to the requirement that the metric perturba-
tions be small on super horizon scales [note that j0(z) ≃ 1
for z ≪ 1].

Before we go to the second order, let us stress this
point once more, because it is the origin of the confusion
in the literature. Inflation generates gravitational waves
with an amplitude

k3Ph ≃
(

Hinf

MP

)2

≤ 10−10 ,

where MP is the Planck mass and Hinf denotes the scale
factor during inflation. The maximum value of 10−10 is
the maximum tensor fluctuation from inflation allowed
by the cosmic microwave background anisotropies.

However, the density parameter on super-horizon scale
is given by, see Eq. (41)

dΩ
(1)
GW

d log k
≃ (kt)4

(

Hinf

MP

)2

, kt ≪ 1 .

This equation is correct for any power law background,
a ∝ tq, also for matter and even for inflation. 0nly at
horizon crossing, can the density parameter become of
the order 10−10. Inside the horizon it stays constant
if the background is radiation. Hence Eq. (40) can be
written as

dΩ
(1)
GW (k)

d log k
≃

(

Hinf

MP

)2

, kt ≫ 1 . (42)
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IV. SECOND ORDER PERTURBATIONS

In this section we include all terms of second order
in the perturbations, and we shall insert our first order
results for them; i.e. in terms of the form σijB

j we in-

sert σ
(1)
ij Bj

(1) or for Πij we insert the first order mag-

netic fields, Π
(1)
ij = B

(1)
i B

(1)
j − (1/3)p̃

(0)
ij B(1)2 in Eqs. (10)

and (11). We obtain the following differential equa-
tions for the evolution of the second order perturbations

B
(2)
i (x, t) and σ

(2)
ij (x, t):

∇u∇uB
(2)
i − D2B

(2)
i +

5

3
Θ∇uB

(2)
i +

1

3
Θ2(1 − w)B

(2)
i =

σ
(1)
ij ∇uBj

(1) + 2Θσ
(1)
ij Bj

(1) + 2∇uσ
(1)
ij Bj

(1)

+(D2)(1)B
(1)
i + curlJi , (43)

∇u∇uσ
(2)
ij − D2σ

(2)
ij +

5

3
Θ∇uσ

(2)
ij +

1

6
Θ2(1 − 3w)σ

(2)
ij =

κ∇uΠ
(1)
ij +

2

3
ΘκΠ

(1)
ij + Θσ〈i(1)

nσ
(1)
j〉n + (D2)(1)σ

(1)
ij

+2σ
n(1)
〈i ∇uσ

(1)
j〉n −∇uσ〈i(1)

nσ
(1)
j〉n . (44)

Taking into account that ∇uBi(1) = −(2/3)ΘBi(1) to-

gether with ∇uΠ
(1)
ij = −(4/3)ΘΠ

(1)
ij , Eqs. (43), (44) can

be simplified to

∇u∇uB
(2)
i − D2B

(2)
i +

5

3
Θ∇uB

(2)
i +

1

3
Θ2(1 − w)B

(2)
i =

[

4

3
Θσij(1) + 2∇uσ

(1)
ij

]

Bj
(1) + (D2)(1)B

(1)
i , (45)

∇u∇uσ
(2)
ij − D2σ

(2)
ij +

5

3
Θ∇uσ

(2)
ij +

1

6
Θ2(1 − 3w)σ

(2)
ij =

−2

3
ΘκΠ

(1)
ij + Θσ〈i(1)

nσ
(1)
j〉n + (D2)(1)σ

(1)
ij

+2σ
n(1)
〈i ∇uσ

(1)
j〉n −∇uσ〈i(1)

nσ
(1)
j〉n . (46)

We have also neglected the term curlJi in Eq. (43). Since
it is proportional to k in the Fourier space, its contribu-
tion is important only on sub-horizon scales, where we
anyway neglect the source part. Outside the horizon,
kt ≪ 1, it is negligible.

A. The second order magnetic field from gravity

waves and a constant magnetic field

For simplicity, and to gain intuition, we first consider
a constant first order magnetic field,

B
(1)
i (x, t) = B

(1)
i in

ain

a
,

B
(1)
i (k, t) = B

(1)
i in

ain

a
δ3(k) .

In this case, the convolution of B(1) and σ(1) into which
the products in ordinary space transform under Fourier

transformation, become normal products and the second

order magnetic field B
(2)
i has the same wavelength as the

first order gravity wave which generates it.

Remembering that σij ∝ a−4

√

P(1)
σ ≡ a−4σ(1) one

obtains

B̈
(2)
i + 2HḂ

(2)
i + B

(2)
i

[

k2 +
1

2
H2(1 − 3w)

]

=

2σ̇
(1)
ij B

(1)
j in

ain

a2
. (47)

In principle, one has to consider the corrections to
the orthogonal spatially projected covariant derivative

(D2)(1)B
(1)
i due to the tensor perturbations hij in the

metric tensor gµν . Computing these corrections, they
turn out to be equal to zero, since the magnetic field is
transverse. This remains valid even if B(1) is not con-
stant.

Considering the expansion-normalized dimensionless

variable B(2)
i ≡ √

κB
(2)
i /(Θain), we obtain

B̈(2)
i −H(1 + 3w)Ḃ(2)

i

+B(2)
i

[

k2 + H2

(

1

2
+ 3w +

9

2
w2

)]

= fi ,

fj ≡ 2
√

κ

[

Σ̇
(1)
ij − 3

2
H(1 + w)Σ

(1)
ij

]

B
(1)
j in

(ain

a

)2

.

(48)

We investigate the behavior of the second order per-
turbation in the radiation dominated phase.

Moreover, since the source fi(k, t) and therefore also

B(2)
i (k, t) are random variables, we want to determine

their spectra. The first order gravity wave spectrum is

〈Σ(1) in
ij (k)Σ

∗(1) in
ln (q)〉 = (2π)3Mijln(k̂)δ3(k − q)P(1)

Σ in(k) ,

〈Σ(1) in
ij (k)Σ∗ij

(1) in(q)〉 = 4(2π)3δ3(k − q)P(1)
Σ in(k) ,

where Mijlm is the gravity waves polarization tensor de-
fined in Eq. (32). It can also be expressed in terms of the

projection tensor Pij(k̂), Mijlm ≡ PilPjm + PimPjl −
PijPlm. Actually (1/2)Mij

lm is the projection tensor
onto the two transverse traceless modes of a rank 2 sym-
metric tensor. The power spectrum of the second order
magnetic field B(2) is of the form

〈B(2)
i (k, t)B∗(2)

j (p, t)〉 = (2π)3Pij(k̂)δ3(k−p)P(2)
B (k, t) .

(49)

We obtain the solution for B(2)
i (k, t) with the help of

Green function method,

B(2)
i (k, t) =

∫ t

tin

dt′G(t, t′,k)fi(k, t′) . (50)

Here G is the Green function of the second order lin-
ear differential operator acting on B(2)

i which depends on
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the cosmological background. It can be determined in
terms of the homogeneous solutions which in the radia-
tion dominated era are simply spherical Bessel functions
and powers. More precisely, in terms of z = kt, Eq. (48)
in the radiation dominated case, w = 1/3, becomes

B(2)′′
i − 2

z
B(2)′

i +

(

1 +
2

z2

)

B(2)
i = k−2fi(z,k) , (51)

where the prime denotes a derivative w.r.t. z. Two ho-
mogenous solutions to this equation are P1(z) = z2j0(z)
and P2(z) = z2y0(z). Defining the Wronskian, W (z) =
P ′

1(z)P2(z)−P1(z)P ′
2(z) = z2, a possible Green function

is

G(z, z′,k) =
P1(z

′)P2(z) − P1(z)P2(z
′)

W (z′)
. (52)

The solution obtained by integrating with this Green

function satisfies the initial condition B(2)
i (zin,k) =

B(2)′
i (zin,k) = 0. Any other solution can be obtained by

adding a homogeneous solution to this one. We discuss
the physically correct choice of initial conditions in more
detail in the Appendix A. For the magnetic field, the
initial conditions chosen with this Green function seem
adequate to us. We can now write the magnetic field
spectrum as

〈B(2)
i (k, t)B∗(2)

j (p, t)〉 =

∫ z

zin

dz′
∫ z

zin

dz′′k−2p−2 ×

G(z, z′,k)G∗(z, z′′,p)〈fi(k, z′)f∗
j (p, z′′)〉 . (53)

We solve Eq. (51), distinguishing the sub- and super-
horizon regimes. In the long wavelength limit, kt = z ≪
1, we have to insert the solution obtained for gravity

waves Σ
(1)
ij on super-horizon scales and given in Eq. (20).

Therefore, the source term fi(k, t) reads

fi(k, t′) = 4
√

κPs
i (k̂)

[

Σ(1) in
sn (k)B(1) in

n

]

(Hinain)2t′ ,(54)

and equivalently for f∗
j (q, t′′). The power spectrum of fi

can then be written as

〈fi(k, z′)f∗
j (p, z′′)〉 =

16κPs
i (k̂)P l

j(q̂)〈Σ(1) in
sn (k)Σ

∗(1) in
lr (k)〉

B(1) in
n B∗(1) in

r (Hinain)4z′z′′k−2

≡ (2π)3δ3(k − p)Pij(k̂)h(z′, z′′, k) . (55)

For the function h(z′, z′′, k) we obtain the following ex-
pression

h(z′, z′′, k) ≃ F (k)g(z′)g(z′′) ,

F (k) = κB2
(1) inP

(1)
Σ in(k)k−2 ,

g(z′) = 4H2
inainz′ .

The solution for the power spectrum of the second order
perturbation of the magnetic field can then be written as

〈B(2)
i (k, t)B∗(2)

j (p, t)〉 = (2π)3Pij(k̂)δ3(k−p) ×
[
∫ z

zin

dz′G(z, z′,k)
√

F (k)g(z′)

]2

. (56)

The square [· · · ]2 is simple the power spectrum P(2)
B (k, t)

which we want to determine. Of course, the integrals
in the square bracket are solutions to our magnetic field

Eq. (51) with source
√

F (k)g(z). Hence

√

P(2)
B satisfies

the equation

P ′′ − 2

z
P ′ +

(

1 +
2

z2

)

P =
α

k3
z , (57)

|P | ≡
√

P(2)
B (k, t) , z ≡ kt ,

α ≡ 4H2
inain

√

κB2
(1) inP

(1)
Σ in(k) .

Solving the above equation with the Wronskian method
in the regime z = kt ≪ 1, one finds

P (z) ≃ α

2k3
z3 , z = kt ≪ 1 .

This yields

k3P(2)
B (k, t) ≃ 4κ

Bin 2
(1)

H2
in

[

k3P(1)
Σ in(k)

]

(

a

ain

)6

,

kt ≪ 1 . (58)

This is the second order magnetic field power spectrum
induced by the presence of a first order field and a grav-
itational wave. It is the growth ∝ t6 of this induced field
which has been interpreted in Refs. [2, 12, 15] as strong
amplification. But before drawing such conclusions, we
want to compare the energy density parameter of B(2)

with the one of σ(1) and B(1) inside the horizon, where
these quantities have a simple physical interpretation.

Inside the horizon, kt ≫ 1, we can no longer use the
above simple approximation for the source term. The
solution of Eq. (57) with a generic source term,

[
√

P(2)
B (k, z)

]′′

− 2

z

[
√

P(2)
B (k, z)

]′

+

[
√

P(2)
B (k, z)

]

= S(k, z) , (59)

can be written as

√

P(2)
B (k, z) =

∫ z

zin

dz′S(k, z′)G(z, z′,k) . (60)

But, once the gravity waves enter the horizon, the source
and the Green function start oscillating and the con-
tribution to the above integral becomes negligible. We
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therefore neglect the source inside the horizon and sim-
ply match the solution at horizon crossing with the ho-
mogeneous solutions of Eq. (57) given above, that are
P1(z) = z2j0(z) and P2(z) = z2y0(z) (z = kt). Consid-
ering the limit z ≫ 1, this yields

k3P(2)
B (k, t) ≃ 2κ

Bin 2
(1)

H2
in

[

k3P(1)
Σ in(k)

]

×
(

a

ain

)2
1

(ktin)4
, kt ≫ 1 . (61)

1. The energy density

To analyze this amplification which happens mainly
on super-horizon scales, let us compare energy densities
after horizon entry. The energy density of our second
order magnetic field is

dρ
(2)
B (k, t)

d log k
≡ 1

(2π)3

[

k3P(2)
B (k, t)

] 1

a2

=
1

(2π)3

[

k3P(2)
B (k, t)

] 9H2

κ

(ain

a

)2

.(62)

The factor 1/a2 comes from the fact that we have to

raise one index of 〈B(2)
i B

(2)
i 〉 in order to compute the

energy density, while a2
in is due to the definition of B(2)

i ∝
B

(2)
i /ain that we gave above. The density parameter for

B(2) then reads

dΩ
(2)
B (k, t)

d log k
=

3

(2π)3

(ain

a

)2 [

k3P(2)
B (k, t)

]

. (63)

With H = Hina2
in/a2 we find that even though P(2)

B (k, t)
is growing like t6 on super-horizon scales, the density pa-

rameter grows like Ω
(1)
GW. After horizon entry, this growth

stops and Ω
(2)
B remains constant. Inserting the solutions

(58) and (61) for k3P(2)
B (k, t) gives

dΩ
(2)
B (k, t)

d log k
= 6

dΩ
(1)
GW(k, t)

d log k
Ω

(1)
B (64)

on super- and sub-horizon scales.
Hence, even though the second order magnetic field

B(2) is growing considerably, this reflects only the growth

of the unphysical density parameter Ω
(1)
GW on super-

horizon scales. Once this is factored in, the mag-
netic field density parameter is not. The values for

both,
[

dΩ
(1) in
GW (k)/d log k

]

(ktin)−4 =
[

dΩ
(1)
GW(k)/d log k

]

and Ω
(1)
B are at most of the order of 10−5 and

smaller. For the gravity waves, we have seen that
[

dΩ
(1) in
GW (k)/d log k

]

(ktin)−4 is just the square ampli-

tude of the metric perturbations on super horizon scales,

which has to be k3Ph
<∼ 10−10 in order not to overpro-

duce CMB anisotropies on large scales (integrated Sachs–

Wolfe effect). Similar arguments yield Ω
(1)
B < 10−5 on

large scales (see, e.g. [21, 22]). Therefore, even though
we agree with the calculation in Ref. [15], we do not agree
with the interpretation. If the gravitational wave en-
ergy density is as small as required by the measurements

of CMB anisotropies, Ω
(2)
B always remains smaller than

Ω
(1)
B . Furthermore, up to logarithmic corrections, B(2)

inherits the spectrum of the first order gravity waves.
In the next section we show that this conclusion per-

sists also if we allow for a stochastic magnetic field. Just
the computation becomes more involved.

B. The second order magnetic field from gravity

waves and a stochastic magnetic field

In the case in which the first order magnetic field is not

spatially constant, all the products Σ
(1)
ij (x, t)Bj

(1)(x, t)

become convolutions in Fourier space

∫

d3xeik·xΣ
(1)
ij (x, t)Bj

(1)(x, t) =

1

(2π)3
Pi

n(k̂)

∫

d3qΣ
(1)
nj (q, t)Bj

(1)(k − q, t) ,

where the projector Pi
n ≡ δn

i − k̂ik̂
n projects onto the

transverse modes. The result of this convolution is a
magnetic field and therefore transverse. Hence this pro-
jector is not strictly necessary. But as we shall see, it
simplifies the calculations.

Our equations are written in terms of the dimensionless

expansion-normalized variables B(2)
i (x, t) and Σ

(2)
ij (x, t),

and we want to express their power spectra in terms
of the power spectra of the first order random vari-

ables B
(1)
i (x, t) and Σ

(1)
ij (x, t) for which we assume simple

power laws,

B
(1)
i (k, t) = Bin

i(1)(k)
ain

a
,

Bi
(1)(k, t) = Bin i

(1) (k)
a3
in

a3
,

a2
in〈B

(1) in
i (k)B

∗(1) in
j (q)〉 = (2π)3Pij(k̂)δ3(k − q)P(1)

B in(k) ,

〈B(1) in
i (k)B∗i

(1) in(q)〉 = 2(2π)3δ3(k − q)P(1)
B in(k) ,

P(1)
B in(k) =

{

[B2
(1) inλ3](λk)M for k < kd,

0 for k > kd,
(65)

where kd is the damping scale which we assume to be
always much smaller than the Hubble scale. The scale λ
is arbitrary, e.g., the scale at which we want to calculate
the magnetic field. With this normalization Bin

(1) is sim-

ply the amplitude of the magnetic field at scale λ at time
tin. At any other moment, the magnetic field at scale λ
is given by Bin

(1)a
2
in/a2(t).
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Equivalently we have for the gravity wave power spec-
trum

Σ
(1)
ij (k, t) = Σ

(1) in
ij (k)T (k, t) ,

〈Σ(1) in
ij (k)Σ

∗(1) in
ln (q)〉 =

(2π)3Mijln(k̂)δ3(k − q)P(1)
Σ in(k) ,

〈Σ(1) in
ij (k)Σ∗ij

(1) in(q)〉 = 4(2π)3δ3(k − q)P(1)
Σ in(k) ,

P(1)
Σ in(k) = [Σ2

(1) inλ3](λk)A . (66)

Here the transfer function T (k, t) keeps track of the de-
terministic time-dependence of the gravity waves. In the
previous section we have derived the well known behav-
ior of the gravity wave transfer function which oscillates
on sub-horizon scales, kt ≫ 1, and behaves like a power
law on super-horizon scales. For the radiation dominated
case,

T (k, t) ≃
(

a

ain

)4

, kt ≪ 1 . (67)

Starting from Eq. (45), we can write the following evo-
lution equation for the second order perturbation

B̈
(2)
i (x, t) + 2HḂ

(2)
i (x, t) − a2D2B

(2)
i (x, t) +

1

2
H2(1 − 3w)B

(2)
i (x, t) = 2aσ̇

(1)
ij (x, t)Bj

(1)(x, t) .

(68)

Replacing B
(2)
i = 3HainB(2)

i /
√

κ and σ
(1)
ij = 3Ha2

inΣ
(1)
ij ,

we obtain

B̈(2)
i (x, t) − (1 + 3w)HḂ(2)

i (x, t) − a2D2B(2)
i (x, t) +

(

1

2
+ 3w +

9

2
w2

)

H2B(2)
i (x, t) =

2
√

κainaBj
(1)(x, t)

[

Σ̇
(1)
ij (x, t) − 3

2
H(1 + w)Σ

(1)
ij (x, t)

]

.

(69)

This is the same differential equation as for the constant
magnetic field. In Fourier space this equation becomes

B̈(2)
i (k, t) − (1 + 3w)HḂ(2)

i (k, t) + B(2)
i (k, t) ×

[

k2 +

(

1

2
+ 3w +

9

2
w2

)

H2

]

= fi(k, t) , (70)

where the source fi(k, t) is now given by a convolution

fi(k, t) ≡ 2

(2π)3
√

κainaPi
r(k̂) ×

[
∫

d3qΣ̇
(1)
rj (q, t)Bj

(1)(k − q, t) − 3

2
(1 + w)H×

∫

d3qΣ
(1)
rj (q, t)Bj

(1)(k − q, t)

]

. (71)

In terms of the variable z = kt we obtain again
Eq. (51). As in the previous section we solve it with the

Green function method. Therefore, the power spectrum

of B(2)
i is given by

〈B(2)
i (k, t)B∗(2)

j (p, t)〉 = (2π)3δ3(k−p) ×
(δij−k̂ik̂j)P(2)

B (k, t) ,

with

P(2)
B (k, t) =

∫ z

zin

dz′
∫ z

zin

dz′′G(z, z′,k) ×

G∗(z, z′′,p)〈fi(k, z′)f∗
j (p, z′′)〉 ,

where z = kt. In the radiation dominated epoch (w =
1/3) the source term reads

fi(k, t′) =
2

(2π)3
√

κaina(t′)Pi
r(k̂) ×

[
∫

d3qΣ̇(1)
rm(q, t′)Bm

(1)(k − q, t′)−

2H(t′)

∫

d3qΣ(1)
rm(q, t′)Bm

(1)(k − q, t′)

]

=
2

(2π)3
√

κ
a2
in

a2(t′)
Pi

r(k̂) ×
[
∫

d3qΣ(1) in
rm (q)Ṫ (q, t′)B(1) in

m (k − q)−

2H(t′)

∫

d3qΣ(1) in
rm (q)T (q, t′)B(1) in

m (k−q)

]

,

(72)

and equivalently for f∗
j (p, t′′). To determine the power

spectrum of fi we assume that the magnetic field B(1)

and gravity waves σ(1) are uncorrelated, so that

〈fi(k, t′)f∗
j (p, t′′)〉 =

16κ

(2π)6
H(t′)H(t′′)

[

a(t′)a(t′′)

a2
in

]2

Pi
r(k̂)Pj

n(p̂) ×
∫

d3q

∫

d3s〈Σ(1) in
rm (q)Σ

∗(1) in
nl (s)〉 ×

〈B(1) in
m (k − q)B

∗(1) in
l (p − s)〉

≡ (2π)3δ3(k − p)Pij(k̂)h(t′, t′′, k) . (73)

The function h(t′, t′′, k) is given by [1]

h(t′, t′′, k) =
8κ

(2π)3
H(t′)H(t′′)

[

a(t′)a(t′′)

a2
in

]2

I(k) ,

I(k) ≡
∫

d3q(1 + γ2)(1 + α2)P(1)
Σ in(q)P(1)

B in(|k − q|) ,

(74)

where α ≡ k̂ · (k̂ − q) and γ ≡ k̂ · q̂. We neglect the
angular dependence of (1 + γ2) and (1 + α2) and simply
set

(1 + γ2)(1 + α2) ≃ 1 .
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We then have to solve the following integral,

I(k) = 4πΣ2
(1) inB

2
(1) inλA+M+6

∫ 1/max(t′,t′′)

0

dqqA+2 ×
∫ 1

−1

dµ(k2 + q2 − 2µkq)M/2 .

Here we evaluate the integral only up to the scale q which
enters the horizon at the later of the two times. All
scales q < 1/max(t′, t′′) are super-horizon from tin to
max(t′, t′′). A soon as q enters the horizon, the gravity
wave transfer function begins to oscillate and the contri-
bution to the integral becomes negligible. The integral
over µ can be evaluated; for M 6= −2 it yields

I(k) =
8π

2 + M
Σ2

(1) inB2
(1) inλA+M+6 ×

∫ 1/max(t′,t′′)

0

dq qA+2

kq

(

|k+q|M+2−|k−q|M+2
)

.

We shall not treat the case M = −2, where the angular
integral introduces a logarithmic dependence on q, sepa-
rately. This corresponds to approximating log(k/q) ∼ 1.
We approximate these integrals by their dominant con-
tribution.

• If the spectra are sufficiently red such that A +
M + 3 < 0, the result is dominated by the region
k < 1/max(t′, t′′) and we obtain

I(k) ≃ 16πΣ2
(1) inB2

(1) inλ3 ×

(λk)A+M+3

(

1

A + 3
− 1

A + M + 3

)

.

• On the other hand, if the spectra are blue such that
A+M+3 > 0, the integral is dominated by its value
at the upper boundary,

I ≃ 16πΣ2
(1) inB

2
(1) inλ

3 1

A + M + 3
×

[

λ

max(t′, t′′)

]A+M+3

.

If, as in the previous sub-section, we can write the
function h(t′, t′′, k) in the form

h(t′, t′′, k) ≃ F (k)g(t′)g(t′′) , (75)

we can proceed as we did before to obtain the results
(58) and (61). A source where the time dependence of
the unequal time correlator factorizes is called “totally
coherent”. In the totally coherent case, the power spec-
trum is simply the square of the solution which has as
its source the square root of the power spectrum of the
source [23]. In most cases, the unequal time correlator is
more complicated than this, but the totally coherent ap-
proximation is often quite reasonable [23]. If the source
is totally coherent, the square root of the power spectrum

P(2)
B simply satisfies the same evolution equation as B(2)

with source term
√

Fg.

• If A + M + 3 < 0, we can write

F (k) =
128πκ

(2π)3
(kλ)A+M+3λ3 ×

(

1

A + 3
− 1

A + M + 3

)

,

g(t′) =
B(1) inΣ(1) in

a2
in

H(t′)a2(t′) .

• For A + M + 3 > 0, we set

F (k) =
128πκ

(2π)3
1

A + M + 3
λA+M+6 ,

g(t′) =
B(1) inΣ(1) in

a2
in

H(t′)a2(t′)

(

1

t′

)(A+M+3)/2

.

This corresponds to replacing

[

1

max(t′, t′′)

](A+M+3)

by

(

1

t′t′′

)(A+M+3)/2

which is of course not entirely correct and we ex-
pect this to over estimate the true result somewhat.
However, within the accuracy of our approxima-
tions this is sufficient. To obtain a more accu-
rate result we would have to expand the function
h(k, t′, t′′) in eigenfunctions with respect to convo-
lution in time, as it is done in Ref. [23].

Within this totally coherent approximation we can now
solve the problem like in the previous sub-section. In the
case A+M+3 < 0 we find on super-horizon scales, where
the source is active

k3P(2)
B (k, t) ≃ 32πκ

(2π)3

[

k3P(1)
B in(k)

]

H2
in

[

k3P(1)
Σ in(k)

]

×
(

a

ain

)6

, kt ≪ 1 . (76)

On sub-horizon scales, performing the matching at hori-
zon crossing, we obtain

k3P(2)
B (k, t) ≃ 16πκ

(2π)3

[

k3P(1)
B in(k)

]

H2
in

[

k3P(1)
Σ in(k)

]

×
(

a

ain

)2
1

(ktin)4
, kt ≫ 1 . (77)

If A + M + 3 > 0, we analyze in in more detail only
the case A ≃ −3 and M = 2. The spectral index A =
−3 correspond to a scale invariant gravity wave power
spectrum as it is obtained in slow-roll inflation [24]. The
index M = 2 characterizes a causal magnetic field B(1).
In this case, we have to solve the differential equation,

P ′′ − 2

z
P ′ +

(

1 +
2

z2

)

P =
α

k2
, (78)

α ≡ (ainHin)
2B

(1)
in Σ

(1)
in

√

64π

(2π)3
κλ5 ,
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where the source is constant in time. Detailed comments
about the initial conditions chosen for the solution of the
above equation can be found in Appendix A. Finally, we
can write the solution for P (z) in the case where z =
kt ≪ 1 as

P (z) ≃ α

k2
z2 log

(

z

zin

)

, z ≪ 1 .

The power spectrum of B(2) on super-horizon scales is
therefore given by

k3P(2)
B (k, t) ≃ 16πκ

(2π)3

[

k3P(1)
B in(k)

]

H2
in

[

k3P(1)
Σ in(k)

]

×
(

a

ain

)4
1

(ktin)2
log2

(

a

ain

)

, kt ≪ 1 . (79)

On sub-horizon scales, z = kt ≫ 1, we match the super-
horizon solution at horizon crossing with the homoge-
neous solution of Eq. (78), as we did above, obtaining

k3P(2)
B (k, t) ≃ 32πκ

(2π)3

[

k3P(1)
B in(k)

]

H2
in

[

k3P(1)
Σ in(k)

]

×
(

a

ain

)2
1

(ktin)4
log2 (ktin) , kt ≫ 1 . (80)

1. Density parameter

Using Eq. (62), we find the following expressions for the
energy density of the stochastic second order magnetic
field. If A + M + 3 < 0, we have on super-horizon scales

dρ
(2)
B (k, t)

d log k
≡ 1

(2π)3
k3P(2)

B (k, η)
(ain

a

)2

≃ 288π

(2π)6

[

k3P(1)
B in(k)

] [

k3P(1)
Σ in(k)

]

.(81)

This results in a density parameter for B(2) given by

dΩ
(2)
B (k, t)

d log k
≡ 1

ρc

dρ
(2)
B (k, η)

d log k

≃ 6
dΩ

(1)
B in(k)

d log k

dΩ
(1)
GW (k, t)

d log k
,

kt ≪ 1 . (82)

Inside the horizon we obtain for the second order mag-
netic field density parameter

dΩ
(2)
B (k, t)

d log k
≃ 6

dΩ
(1)
B in(k)

d log k

dΩ
(1)
GW (k)

d log k
,

kt ≫ 1 . (83)

The gravity wave density parameter,
[

dΩ
(1)
GW (k, t)/d log k

]

is given by Eqs. (37) and (40)

respectively. This corresponds, as in the previous section
for a constant magnetic field, to the naively expected

result, Ω
(2)
B ∼ Ω

(1)
GWΩ

(1)
B .

For blue spectra, A + M + 3 > 0, the second order
magnetic field density parameter reads in the interesting
case A ≃ −3 and M = 2 on super-horizon scales

dΩ
(2)
B (k, t)

d log k
=

12

(kt)2
dΩ

(1)
B in(k)

d log k

dΩ
(1)
GW(k, t)

d log k
log2

(

a

ain

)

= 12
dΩ

(1)
GW(k, t)

d log k

dΩ
(1)
B in(k)

d log k

∣

∣

∣

∣

∣

k=1/t

(kt)3 ×

log2

(

a

ain

)

, kt ≪ 1 . (84)

Note that the value of
[

dΩ
(2)
B (k, t)/d log k

]

on super-

Hubble scales is affected by
[

dΩ
(1)
B (kt)/d log kt

]

at hori-

zon crossing, kt = 1/t which may well be larger than
[

dΩ
(1)
B (k)/d log k

]

but of course has also to be much

smaller than 1.
This expression grows only logarithmically faster than

[

dΩ
(1)
GW (k, t)/d log k

]

. The growth stops at horizon entry

where the second order magnetic field density parameter
has acquired a factor log2(ktin). Inside the horizon we
obtain a density parameter of

dΩ
(2)
B (k, t)

d log k
= 12

dΩ
(1)
B in(k)

d log k

dΩ
(1)
GW(k)

d log k
log2(ktin) ,

kt ≫ 1 . (85)

Up to the logarithmic correction, this corresponds to the
result for red spectra above.

2. Reheating and matter dominated epochs

In order to make contact with Refs. [2, 15], we now re-
peat the calculation in a matter dominated background
(w = 0). We want to point out that the results we ob-
tain are mathematically the same as the ones found in
[15]. The only difference lies in the interpretation. In the
previous paragraph we have seen that, even though

dΩ
(1)
GW (k)

d log k
∼

(

1

ktin

)4
[

k3P(1)
Σ in(k)

]

,

and even though (ktin)−4 can become very large, this
product is never larger than about 10−10. We believe
that this point has been missed in Ref. [15].
If w = 0, the scale factor grows like a ∝ t2 so that
H = 2/t. As mentioned before, for the super horizon
amplification the question whether the conductivity is
high or low is not relevant.

¿From the first order perturbations, we obtain the
same behaviour for the magnetic field B(1) in terms of
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the scale factor, therefore the density parameter is then
given by

dΩ
(1)
B (k, t)

d log k
=

8πG

3(2π)3

[

k3P(1)
B in(k)

]

H2
in

ain

a
. (86)

The first order gravity waves on super-horizon scales now
behaves as

Σ
(1)
ij (k, t) = Σ

(1)
ij in(k)

(

a

ain

)3

. (87)

Once the gravitational waves enter the horizon, they start
oscillating and the energy density decays as radiation.
Therefore in this case the relative density parameters for
the first order gravity waves is

dΩ
(1)
GW(k, t)

d log k
=

48π

(2π)3

[

k3P(1)
Σ in(k)

]

(

a

ain

)2

,

kt ≪ 1 . (88)

On sub-horizon scales we obtain

dΩ
(1)
GW(k, t)

d log k
=

24π

(2π)3

[

k3P(1)
Σ in(k)

] (ain

a

) 1

(ktin)6
,

kt ≫ 1 . (89)

Computing finally the induced second order magnetic
field density parameter, we obtain the naively expected
result on super-horizon scales

dΩ
(2)
B (k, t)

d log k
≃







































dΩ
(1)
B

(k,t)

d log k

dΩ
(1)
GW(k,t)

d log k ,

for A + M + 3 < 0

(kt)3
[

dΩ
(1)
B

(k,t)

d log k

]

k=1/t

×

dΩ
(1)
GW(k,t)

d log k log2 a
ain

,

for A + M + 3 > 0

kt ≪ 1 . (90)

On sub-horizon scales the density parameter turns out to
be given by

dΩ
(2)
B (k, t)

d log k
≃ dΩ

(1)
B (k, t)

d log k

dΩ
(1)
GW(k, tk)

d log k

≃ dΩ
(1)
B (k, t)

d log k

(

Hinf

MP

)2

, kt ≫ 1 , (91)

for both cases A + M + 3 < 0 and A ≃ −3, M = 2, up
to logarithmic corrections. Here tk stands for the hori-
zon crossing time, tk = 1/k, and in the last ≃ sign we

have used that
[

dΩ
(1)
GW(k, tk)/d log k

]

≃ (Hinf/MP)2 is

the gravity waves density parameter at horizon crossing,
which is smaller than 10−10. This means that the sec-
ond order magnetic field does not grow larger the the
first order one. Inside the horizon they decrease both

like ∝ a−1. Ω
(2)
B stays always much smaller than Ω

(1)
B ,

as we have found in the case of a radiation dominated
background.

C. Second order gravity waves

Starting from Eq. (46), we can write the evolution

equation for σ
(2)
ij in real space (x, t) as follows:

σ̈
(2)
ij − a2D2σ

(2)
ij − 3

2
H2(1 + w)σ

(2)
ij =

−2κaHΠ
(1)
ij +

[

aHσ〈i(1)
nσ

(1)
j〉n+

2aσ〈i(1)
nσ̇

(1)
j〉n − aσ̇n

〈i(1)σ
(1)
j〉n

] 1

a2
.

(92)

The factor 1/a2 in the source part of the above equation
comes from the fact that in Eq. (46) we had to add factors
a2(t) in order to lower or rise indices. On the other hand,
now we deal with purely spatial tensors such that σij =
σij and also σ̇ij = σ̇ij .

Introducing again the dimensionless expansion-

normalized variable Σ
(2)
ij , the previous equation can be

written as

Σ̈
(2)
ij − 3(1 + w)HΣ̇

(2)
ij + 3H2

(

3

2
w2 + 2w +

1

2

)

Σ
(2)
ij

−a2D2Σ
(2)
ij = −2

3
κ

a2

a2
in

Π
(1)
ij +

[

−3

2
(1 + 3w)H2Σ〈i(1)

nΣ
(1)
j〉n

+6HΣ〈i(1)
nΣ̇

(1)
j〉n − 3HΣ̇n

〈i(1)Σ
(1)
j〉n

] (ain

a

)2

. (93)

As for B(2), the source is given by the first order pertur-

bations magnetic field [Π
(1)
ij ] and the first order gravity

waves and does e.g. not couple to the second order mag-
netic field. Since we assume the first order magnetic field
and gravity wave fluctuations to be independent, we can
add the power spectra for the solutions of the individual
source terms,

k3P(2)
Σ (k, t) = k3P(2)Π

Σ (k, t) + k3P(2)GW
Σ (k, t) .

where P(2)Π
Σ (k, t) is the power spectrum of the solution

of Eq. (93) with source term Π(1) only and P(2)GW
Σ (k, t)

comes from the source terms containing Σ(1).

1. Magnetic field part of the source
h

k3
P

(2) Π
Σ (k, t)

i

Considering first the magnetic field part of the source,
we have to solve the following differential equation in the
momentum space (k, t)

Σ̈
(2)
ij − 3(1 + w)HΣ̇

(2)
ij +

[

k2 +

3H2

(

3

2
w2 + 2w +

1

2

)

]

Σ
(2)
ij = fij , (94)
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where the source is given by

fij(k, t) ≡ −2

3
κ

a2

a2
in

Π
(1)
ij (k, t) . (95)

As before, we have to compute the unequal time correla-
tor:

〈Π(1)
ij (k, t′)Π∗(1)

rn (p, t′′)〉 =

(2π)3δ3(k − p)Mijrn(k̂)h(k, t′, t′′) , (96)

where the anisotropic stresses are given by

Π
(1)
ij (k, t′) = − 1

16π(2π)3
Mij

ls(k̂)

∫

d3qB
(1)
l (q, t′)×

B(1)
s (k − q, t′) .

(1/2)Mij
ls(k̂) is the projector on the tensor modes. We

have neglected a trace contribution to the magnetic field
stress tensor since, once we project with Mij

ls, the trace
vanishes.

After some computation [1], we find for the function
h(k, t′, t′′) the following expression:

h(k, t′, t′′) =
1

(8π)2
1

4(2π)3
I(k)

[

a2
in

a(t′)a(t′′)

]2

, (97)

I(k) =

∫

d3q(1 + γ2)(1 + α2)P(1)
B in(q) ×

P(1)
B in(|k − q|) . (98)

where α ≡ k̂ · (k̂ − q) and γ ≡ k̂ · q̂. As before, we
approximate (1 + γ2)(1 + α2) ≃ 1. With this, we obtain
the following expression for the expectation value of the
source term:

〈fij(k, t′)f∗
rn(p, t′′)〉 =

4

9
κ2 a2(t′)a2(t′′)

a4
in

×

〈Π(1)
ij (k, t′)Π∗(1)

rn (p, t′′)〉 . (99)

The expectation value of the stochastic variable Σ
(2)
ij can

be written as

〈Σ(2)
ij (k, t)Σ∗(2)

rn (p, t)〉 =

(2π)3δ3(k − p)Mijrn(k̂)P(2)
Σ (k, t) . (100)

If 〈Π(1)
ij (k, t′)Π

∗(1)
rn (p, t′′)〉 can be written as a product of

a function of (k, t) and (k, t′′), this source is totally coher-
ent and we can write the function h(k, t′, t′′) of Eq. (97)
in the form

4

9
κ2 a2(t′)a2(t′′)

a4
in

h(k, t′, t′′) = F (k)g(t′)g(t′′) ,

where we introduced the pre-factor of h since we finally
need an expression for the unequal time correlator of the
source, as in Eq. (99), while the function h alone is only

part of the correlator of the anisotropic stress, Eq. (96).
The square root of the power spectrum is then a solu-
tion of the differential equation (94) with source term
√

F (k)g(t). Written as differential equation for the vari-
able z = kt and setting w = 1/3, this becomes

[
√

P(2)Π
Σ (k, z)

]′′

− 4

z

[
√

P(2)Π
Σ (k, z)

]′

+

(

1 +
4

z2

) [
√

P(2)Π
Σ (k, z)

]

=
√

F (k)
g(z/k)

k2
.(101)

As for the second order magnetic field, we distinguish
between two cases. First we consider 2M + 3 > 0. The
integral I is then dominated by the upper cutoff. The
magnetic field is not oscillating and we therefore take
damping scale kd as the upper cutoff. We neglect the
slow time dependence of this scale. Using Eq. (65) for the
magnetic field power spectrum, I can be approximated
by

I ≃ 8π

2M + 3

[

B
(1)4
in λ3

]

(λkd)
2M+3

.

Hence the functions F (k), g(t′) are given by

F (k) =
κ2

36(2π)4
1

2M + 3
(λkd)

2M+3
[

B
(1)4
in λ3

]

,

g(t′) = 1 .

In the case 2M + 3 < 0, we obtain

I ≃ 8π
[

B
(1)4
in λ3

]

(λk)2M+3

(

1

M + 3
− 1

2M + 3

)

.

This case is totally coherent and we can set

F (k) =
κ2

36(2π)4

[

B
(1)4
in λ3

]

×
(

1

M + 3
− 1

2M + 3

)

(λk)2M+3 ,

g(t′) = 1 .

We now solve Eq. (101) for the two different source
terms.

• In the case 2M + 3 > 0, we can write Eq. (101) in
the form

P ′′ − 4

z
P ′ +

(

1 +
4

z2

)

P =
α

k2
,

z ≡ kt , |P | ≡
√

P(2)Π
Σ (k, t) ,

α ≡
√

F (k) .

Solving the above equation on super-horizon scales
and following the considerations for the choice of
initial conditions explained in Appendix A, we find

P (z) ≃ − α

2k2
z2 , z ≪ 1 ,
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this gives the second order power spectrum

k3P(2)Π
Σ (k, t) ≃ κ2

36(2π)4(2M + 3)

[

k3P(1)
B in(k)

H2
in

]2

×

(

a

ain

)4 (

kd

k

)2M+3

, kt ≪ 1 . (102)

This is equivalent to a density parameter for Σ(2)

given by

dΩ
(2) Π
GW (k, t)

d log k
≃

[

dΩ
(1)
B in(k)

d log k

]2
(

kd

k

)2M+3

≃
[

dΩ
(1)
B in(kd)

d log k

]2
(

k

kd

)3

,

kt ≪ 1 . (103)

Inside the horizon, the Green function oscillates
and we can neglect the contribution from the
source. The solution for the power spectrum is then
given by

k3P(2)Π
Σ (k, t) ≃ κ2

36(2π)4(2M + 3)
×

[

k3P(1)
B in(k)

H2
in

]2
(

a

ain

)4 (

kd

k

)2M+3

,

kt ≫ 1 . (104)

Therefore, the second order density parameter is
given by the same expression,

dΩ
(2)Π
GW (k, t)

d log k
≃

[

dΩ
(1)
B in(kd)

d log k

]2
(

k

kd

)3

,

kt ≫ 1 . (105)

Up to logarithmic factors this result agrees with the
findings of Ref. [1].

• In the case 2M + 3 < 0 we have again to solve the
equation

P ′′ − 4

z
P ′ +

(

1 +
4

z2

)

P =
α

k2
, (106)

Hence

P (z) ≃ − α

2k2
z2 , z ≪ 1 .

But now

α ≡ κ

6(2π)2

√

1

2

(

1

M + 3
− 1

2M + 3

)

k2M+3

×
[

B
(1)2
in λ3

]

λM ,

so that

k3P(2)Π
Σ (k, t) ≃ κ2

144(2π)4

[

k3P(1)
B in(k)

H2
in

]2

×

(

a

ain

)4

, kt ≪ 1 . (107)

As in the first case, the density parameter is the
same for kt < 1 and kt > 1,

dΩ
(2) Π
GW (k, t)

d log k
≃

[

dΩ
(1)
B in(k)

d log k

]2

. (108)

2. Gravity waves part of the source
h

k3
P

(2) GW
Σ (k, t)

i

Let us finally consider the part of the source given by
first order gravity waves. In this case, we can write the
source fij as:

fij(x, t) =
[

− 3

2
(1 + 3w)H2Σ

(1)
〈i

n
Σ

(1)
j〉n +

6HΣ
(1)
〈i

n
Σ̇

(1)
j〉n − 3HΣ̇

(1)n
〈i Σ

(1)
j〉n

] (ain

a

)2

.(109)

As before, we ignore the traces that are present in the
above products, once we evaluate them in the momen-
tum space, since we project them out with (1/2)Mij

lm

afterwards. Remembering that Σij = Σij , we have on
super-horizon scales, where the transfer function is given
by Eq. (67):

[

Σ〈i(1)
nΣ

(1)
j〉n

]

(k, t) =
1

2(2π)3

(

a

ain

)8

×

Mij
lm(k̂)

∫

d3qΣ
(1) in
ln (q)Σ(1) in

nm (k − q) ,

[

Σ〈i(1)
nΣ̇

(1)
j〉n

]

(k, t) =
[

Σ̇n
〈i(1)Σ

(1)
j〉n

]

(k, t) =

2H
(2π)3

(

a

ain

)8

Mij
lm(k̂) ×

∫

d3qΣ
(1) in
ln (q)Σ(1) in

nm (k − q) .

These equations are strictly true only on super-horizon
scales where Σ ∝ 1/a4. However, since inside the horizon
Σ oscillates and the contribution from the source is neg-
ligible, we can use this approximation. Setting w = 1/3
we can finally write the source in the form

fij(k, t) =
9

2(2π)3
H2

(

a

ain

)6

×

Mij
lm(k̂)

∫

d3pΣ
(1) in
ln (p)Σ(1) in

nm (k − p) ,

(110)
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and the two-point correlation function of the source part
reads:

〈fij(k, t′)f∗
rc(q, t′′)〉 = (2π)3δ3(k − q)Mijrc(k̂) ×

h(k, t′, t′′) ,

h(k, t′, t′′) =
1

8(2π)3
U(t′, t′′)I(k) ,

U(t′, t′′) =
81

4
H2(t′)H2(t′′)

[

a(t′)

ain

]6 [

a(t′′)

ain

]6

,

I(k) = Mbdlm(k̂)

∫

d3p
[

Mlnbf (p̂)Mmndf (k̂ − p)+

Mlndf (p̂)Mmndf (k̂ − p)
]

P(1)
Σ in(p)P(1)

Σ in(|k − p|) .

More details about the computation of h(k, t′t′′) and of
the four point correlation function of the gravity waves
can be found in Appendix B.
Using the tensor calculus package “xAct” for Mathemat-
ica [25], we can compute the above products of the three
projectors,

Mbdlm(k̂)
[

Mlnbf (p̂)Mmndf (k̂ − p)+

Mlndf(p̂)Mmnbf (k̂ − p)
]

=

2(1 + α2 + β2 + α2β2 − 8αβγ +

γ2 + α2γ2 + β2γ2 + α2β2γ2) ≃ 2 .

(111)

where α ≡ k̂ · (k̂ − p), β ≡ p̂ · (k̂ − p) and γ ≡ k̂ · p̂. Again
we have approximated this angular dependence by a con-
stant to simplify the calculations. This approximation is
well justified within our accuracy. In order to write the
function h(k, t′, t′′) ≃ F (k)g(t′)g(t′′), we have to evaluate
the integral I as before. We first consider the most in-
teresting case of a scale invariant spectrum, A ≃ −3. Up
to an infrared log-divergence which we neglect as usual
(this divergence can be avoided if we choose A = −2.99
instead of A = −3), we have

F (k) ≃ 81π

2(2π)3

[

k3P(1)
Σ in(k)

]2 1

k3
,

g(t′) ≃ H2(t′)

[

a(t′)

ain

]6

.

Therefore, the equation for

√

P(2)GW
Σ (k, t) in the radia-

tion dominated era becomes

P ′′(z) − 4

z
P ′ +

(

1 +
4

z2

)

P =
α

k6
z4 ,

z ≡ kt , |P | ≡
√

P(2)GW
Σ (k, t) ,

α ≡ 1

t6in

√

√

√

√ 81π

2(2π)3

[

k3P(1)
Σ in(k)

]2

k3
.

The super-horizon solution, evaluated always with the
help of the Wronskian method and keeping only the non-
homogeneous part as explained in the Appendix A, is the
given by

P (z) ≃ 1

10

α

k6
z6 , z ≪ 1 ,

that yields a contribution to the gravity wave power spec-
trum given by

k3P(2)GW
Σ (k, t) ≃ 0.4

π

(2π)3

[

k3P(1)
Σ in(k)

]2
(

a

ain

)12

,

kt ≪ 1 . (112)

For the density parameter on super-horizon scales this
yields

dΩ
(2)Σ
GW (k, t)

d log k
≃ 0.01

[

dΩ
(1)
GW(k, t)

d log k

]2

,

kt ≪ 1 . (113)

Considering now the sub-horizon limit, we obtain for the
power spectrum the following expression:

k3P(2)GW
Σ (k, t) ≃ 0.1

π

(2π)3

[

k3P(1)
Σ in(k)

]2

×

1

(ktin)8

(

a

ain

)4

, kt ≫ 1 , (114)

and the density parameter becomes

dΩ
(2) Σ
GW (k, t)

d log k
≃ 0.02

[

dΩ
(1)
GW(k)

d log k

]2

, kt ≫ 1 .

(115)

On the other hand, when 2A + 3 > 0 we have

F (k) ≃ 81π

2(2π)3
Σ4

(1) inλ
6+2A 1

2A + 3
,

g(t′) ≃ H2(t′)

[

a(t′)

ain

]6 (

1

t′

)(2A+3)/2

.

In the radiation epoch the equation for

√

P(2)GW
Σ (k, t)

reads:

P ′′ − 4

z
P ′ +

(

1 +
4

z2

)

P = αz(5/2−A) ,

α ≡
√

81π

2(2π)3
1

2A + 3
k3/2P(1)

Σ in(k)
1

(ktin)6
.

Solving the above equation in the long wavelengths limit,
we find:

P (z) ≃ α

2
z9/2−A , z ≪ 1 ,
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where the exact pre-factor depends weakly on the value
of A. For the power spectrum this results in

k3P(2)GW
Σ (k, t) ≃ 81π

8(2π)3

[

k3P(1)
Σ in(k)

]2
(

a

ain

)12

×

(kt)−2A−3 , kt ≪ 1 . (116)

and inside the horizon this reads

k3P(2)GW
Σ (k, t) ≃ 81π

16(2π)3

[

k3P(1)
Σ in(k)

]2
(

a

ain

)4

×

1

(ktin)8
, kt ≫ 1 . (117)

Translating this to the density parameter as above, we
obtain

dΩ
(2)Σ
GW (k, t)

d log k
≃ 0.2

[

dΩ
(1)
GW(k)

d log k

]2

(kt)−2A−3 ,

≃ 0.2





dΩ
(1)
GW(k)

d log k

∣

∣

∣

∣

∣

k=1/t





2

(kt)3 ,

kt ≪ 1 ,

dΩ
(2)Σ
GW (k, t)

d log k
≃ 0.1

[

dΩ
(1)
GW(k)

d log k

]2

, kt ≫ 1 .

(118)

V. SUMMARY AND CONCLUSIONS

In this work we have studied the evolution of stochas-
tic cosmic magnetic fields and gravity waves up to sec-
ond order in the perturbations. We have especially cal-
culated the density parameters of the generated second
order perturbations. We start with density parameters
[

dΩ
(1)
B (k, t)/d log k

]

and
[

dΩ
(1)
GW(k, t)/d log k

]

which are

related to the first order magnetic field and gravitational
wave power spectra in Section III C. Since tensor pertur-
bations grow on super-horizon scales, the gravity wave
density parameter grows on super-Hubble scales and only
becomes constant once the perturbations enter the hori-
zon. For perturbation theory to be valid, we have of
course to require that these density parameters are much
smaller than unity. As we have seen in Section III C,

to require that
[

dΩ
(1)
GW(k, t)/d log k

]

is smaller than one

also on sub-Hubble scales, is equivalent to

dΩ
(1)
GW(k, tin)

d log k

1

(ktin)4
≃

(

Hinf

MP

)2

≪ 1 . (119)

Here we summarize the new results on the density pa-
rameters for second order perturbation on sub-horizon
scales. For magnetic fields, we obtain

dΩ
(2)
B (k)

d log k
≃ dΩ

(1)
GW(k)

d log k

dΩ
(1)
B (k)

d log k
, tk ≫ 1 , (120)

up to numerical constants and logarithms which are be-
yond the accuracy of our approximation. Hence, it is
not correct that the presence of gravity waves resonantly
enhances a first order magnetic field. The second order
density parameter is quite what we would naively expect
and it is much smaller than the first order perturbations
as long as the latter are small. Also on super-horizon
scales, the second order magnetic field density parame-
ter is always much smaller than the first order one, see
Eqs.(82) and (84).

Since the growth comes from super horizon scales, con-
ductivity is not relevant for this result. We have shown
that also in a matter dominated background we obtain

dΩ
(2)
B (k)

d log k
≃ dΩ

(1)
GW(k)

d log k

∣

∣

∣

∣

∣

kt=1

dΩ
(1)
B (k)

d log k

≃
(

Hinf

MP

)2
dΩ

(1)
B (k)

d log k
(121)

≪ dΩ
(1)
B (k)

d log k
, (122)

hence no significant amplification.
Second order gravity waves are induced on the one

hand by the anisotropic stresses of the first order mag-
netic fields and on the other hand by the quadratic terms
in the evolution equation for σij which are, e.g., of the
form σimσ̇m

j and similar expressions. In Section IVC 1
we have shown that the second order contribution from
anisotropic stresses on sub-Hubble scales is of the order
of

dΩ
(2) Π
GW (k, t)

d log k
≃























[

dΩ
(1)
B

(kd)

d log kd

]2
(

k
kd

)3

, if 2M + 3 > 0

[

dΩ
(1)
B

(k)

d log k

]2

, if 2M + 3 < 0 ,

(123)
both on super- and sub-horizon scales. Note that the
above expression is continuous at 2M + 3 = 0, where
both expressions scale like (kλ)3 and are independent of
kd. One should point out that we neglected the slow time
dependence of the damping scale. Correctly one has to
choose the value of the damping scale at horizon crossing,
kd(tk) with tk = 1/k. Depending on the magnetic field
spectrum, the resulting gravity waves come mainly from
the small scale magnetic field, if its spectrum is blue 2M+
3 > 0. In this case the gravity waves power spectrum is
always proportional to k3. In our case of a simple power
law magnetic field spectrum, this behavior is maintained
for all k < kd. If the magnetic field spectrum is red,
2M + 3 < 0, gravity waves depend on the field at scale k
and their spectrum is the square of the B-field spectrum.
In the first case, the non-linearity leads to a ’sweeping’
of magnetic field power on small scales to gravitational
wave power on larger scales. This can be regarded as an
’inverse cascade’ of small scale magnetic field power into
large scale gravity waves. But in no case can the gravity
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wave density parameter become larger than the one of
the magnetic field, which has to be much smaller than
one, for perturbation theory to be valid.

A similar result was already obtained in Ref. [1]. Con-
trary to this reference we have no logarithmic build-up of
gravity waves. This comes from our different treatment;
we directly calculate the shear σij and not the tensor per-
turbation of the metric, hij . In this way we loose the log
term which corresponds to the homogeneous hij = con-
stant solution on super-horizon scales to which we are
not sensitive. However, in our more qualitative work, we
do not want to insist on log terms which we neglect in
this work also in other places.

The second order gravity wave density parameter in-
duced by first order gravity waves is given by

dΩ
(2) Σ
GW (k, t)

d log k
≃

[

dΩ
(1)
GW(k, t)

d log k

]2

, kt ≫ 1 , (124)

on sub-horizon scales.
Adding both contributions we find

dΩ
(2)
GW(k, t)

d log k
≃







































[

dΩ
(1)
B

(kd)

d log kd

]2
(

k
kd

)3

+

[

dΩ
(1)
GW(k,t)

d log k

]2

,

if 2M + 3 > 0 , kt ≫ 1

[

dΩ
(1)
B

(k)

d log k

]2

+

[

dΩ
(1)
GW(k,t)

d log k

]2

,

if 2M + 3 < 0 , kt ≫ 1 .
(125)
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APPENDIX A: GENERAL SOLUTION OF A

DIFFERENTIAL EQUATION WITH THE

WRONSKIAN METHOD

Here we discuss in detail the Wronskian method with
which we find the solution of the differential equations
in this paper. If we have a inhomogeneous linear second
order equation with inhomogeneity S(z), its most general
solution is of the form

P (z) = c1(z)P1(z) + c2(z)P2(z) + a1P1(z) + a2P2(z) ,

where P1(z) and P2(z) are two (linearly independent)
homogeneous solutions which we suppose to be known,

W (z) = P1P
′
2 − P ′

1P2 is their Wronskian, and

c1(z) = −
∫ z

zin

dx
S(x)

W (x)
P2(x) ,

c2(z) =

∫ z

zin

dx
S(x)

W (x)
P1(x) .

The particular solution given by the first two terms is
such that Pinh(z) = c1(z)P1(z) + c2(z)P2(z) vanishes at
z = zin and also P ′

inh(zin) = 0. The general solution is
obtained by adding a homogeneous solution, Phom(z) =
a1P1(z) + a2P2(z) with arbitrary constants a1 and a2.

Let us first consider the example given in Eq. (106),

P ′′ − 4

z
P ′ +

(

1 +
4

z2

)

P =
α

k2
,

where α/k2 is a constant source term. The homoge-
neous solutions are given by P1(z) = z3j1(z) and P2(z) =
z3y1(z) and the Wronskian determinant reads

W (z) = z3 .

In the regime z ≪ 1 we can approximate the spherical
Bessel functions by powers and we find the following gen-
eral expression for P (z):

P (z) = − α

3k2

(

z2

2
− z4

2z2
in

+ z2− zzin

)

+ a1z
4+ a2z .

(A1)
where we have used the fact that, when z ≪ 1, we can
approximate P1(z) ≃ z4 and P2(z) ≃ −z. Now it is im-
portant to notice that the second and the fourth terms
of the inhomogeneous solution (A1) have the same func-
tional behavior as homogeneous solutions and we can al-
ways choose a1 and a2 such that the homogeneous part
cancels them. This is actually always true for the contri-
butions from the lower boundary of the inhomogeneous
solution. This may sound pedantic, but it is very im-
portant in this specific case as the second term in (A1)
dominates if it is present. In our analysis we have always
subtracted such “homogeneous contributions” and only
kept the “minimal part”, which in this case is

P (z) ≃ − α

2k2
z2 , z ≪ 1 . (A2)

This procedure is important and it is responsible for the
results which we have obtained. We justify it also by the
fact that the first order solution has exactly the the same
time evolution as the homogeneous term and therefore a
term ∝ z4 present at early times, should be included in
the first order perturbations. Once the wave number has
entered the horizon, z ≫ 1, the Green function starts to
oscillate and the additional contribution to the integral
can be neglected. We then can match the inhomogeneous
solution at horizon crossing to the homogenous one at
later times. Up to matching details which we have not
considered, this yields

P (z) ≃ α

2k2
z2 cos z , z ≫ 1 . (A3)
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In the same way, we deal with Eq. (78)

P ′′ − 4

z
P ′ +

(

1 +
4

z2

)

+ P =
α

k2
. (A4)

The homogeneous solutions are P1(z) = z2j0(z) ≃ z2

and P2(z) = z2y0(z) ≃ −z. These approximations are
valid for z ≪ 1. Using again the Wronskian method,
we obtain the following general solution on super-Hubble
scales, z ≪ 1:

P (z) =
α

k2

(

z2 log

(

z

zin

)

− z2 + zzin

)

+ a1z
2 + a2z ,

z ≪ 1 , (A5)

Here, the homogeneous solution parts are −z2 and
zzin, therefore we can identify the solution due to the
presence of the source again as

P (z) ≃ α

k2
z2 log

(

z

zin

)

, z ≪ 1 . (A6)

On sub-horizon scales this becomes, up to matching de-
tails which only modify the phase and have an irrelevant
effect on the pre-factors,

P (z) ≃ α

k2
log(ktin)z cos z , z ≫ 1 . (A7)

If the source term depends on z, the details of the cal-
culation as well as the results change somewhat, but the
basic argumentation remains the same. We therefore do
not repeat the z-dependent examples which arise in this
work here.

APPENDIX B: THE FOUR-POINT

CORRELATOR OF GRAVITY WAVES

Starting from Eq. (110), we compute the two-point cor-
relation function of the source term 〈fij(k, t′)f∗

rn(p, t′′)〉,
which is given by

〈fij(k, t′)f∗
rc(q, t′′)〉 =

1

(2π)6
U(t′, t′′)Mij

lm(k̂) ×

Mrc
bd(q̂)

∫

d3p

∫

d3s〈Σ(1) in
ln (p)Σ(1) in

nm (k − p) ×

Σ
∗(1) in
bf (s)Σ

∗(1) in
fd (q − s)〉 , (B1)

where the function U(t′, t′′) contains the all time-
dependence of the above expression:

U(t′, t′′) =
81

4
H2(t′)H2(t′′)

[

a(t′)

ain

]6 [

a(t′′)

ain

]6

. (B2)

To compute the four-point correlator, we assume that
the random variables that describe gravity waves are

Gaussian, therefore we can apply Wick’s theorem. The
we can write the products of four gravity waves Σ(1) as

〈Σ(1) in
ln (p)Σ(1) in

nm (k − p)Σ
∗(1) in
bf (s)Σ

∗(1) in
fd (q − s)〉 =

〈Σ(1) in
ln (p)Σ

∗(1) in
bf (s)〉〈Σ(1) in

nm (k − p)Σ
∗(1) in
fd (q − s)〉 +

〈Σ(1) in
ln (p)Σ

∗(1) in
fd (q − s)〉〈Σ(1) in

nm (k − p)Σ
∗(1) in
bf (s)〉 +

〈Σ(1) in
ln (p)Σ(1) in

nm (k − p)〉〈Σ∗(1) in
bf (s)Σ

∗(1) in
fd (q − s)〉 .

(B3)

Once the double integration is performed, the last term
contributes a constant ∝ δ3(k) which can be disregarded
(a background term). Integrating the remaining two
terms over d3s, we can eliminate one of the two δ-
functions which come from the expression of the two
point gravity wave correlator. Using the reality con-
dition, Σ∗

ij(k) = Σij(−k), and the expression for the
two-point correlation function of gravity waves given in
Eq. (66), we then obtain

∫

d3p

∫

d3s〈Σ(1) in
ln (p)Σ(1) in

nm (k − p)Σ
∗(1) in
bf (s) ×

Σ
∗(1) in
fd (q − s)〉 = (2π)6δ3(k − q)

∫

d3pP(1)
Σ in(p) ×

P(1)
Σ in(|k − p|)

[

Mlnbf (p̂)Mmndf (k̂ − p)

+Mlndf (p̂)Mmnbf (k̂ − p)
]

. (B4)

The above equation is symmetric in k and q, as well as
under the exchange of the first and second pairs of in-
dices. Moreover, it is symmetric under the exchange of
the first index with the second and the third with the
fourth. This suggests us to write the two point correla-
tion function of the source term as

〈fij(k, t′)f∗
rc(q, t′′)〉 = (2π)3δ3(k − q)Mijrc(k̂) ×

h(k, t′, t′′) , (B5)

since the tensor Mijrc has the same symmetries.

To obtain an expression for the function h(k, t′, t′′), it is
sufficient to calculate the trace of the above two point cor-
relator. We hence should multiply the r.h.s. of the above
equation and of Eq. (B1) by Mijrc(k̂). Then, setting
them to be equal and remembering that MijrcMijrc = 8
[20], we obtain

8(2π)3δ3(k − q)h(k, t′, t′′) = U(t′, t′′)δ3(k − q) ×

Mcrlm(k̂)Mbd
rc(q̂)

∫

d3p
[

Mlnbf (p̂)Mmndf (k̂ − p)+

Mlndf (p̂)Mmnbf (k̂ − p)
]

P(1)
Σ in(p)P(1)

Σ in(|k − p|)
(B6)
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with

h(k, t′, t′′) =
1

8(2π)3
U(t′, t′′)Mbdlm(k̂) ×

∫

d3pP(1)
Σ in(p)P(1)

Σ in(|k − p|) ×
[

Mlnbf (p̂)Mmndf (k̂ − p) + Mlndf (p̂)Mmnbf (k̂ − p)
]

.

(B7)

Finally, we have to perform the above product of three
polarization tensors, defined as in Eq. (32). To achieve

this aim, we use the free source package “xAct” for Math-
ematica [25]: it is sufficient to define a three dimen-

sional flat metric and the projection tensor Pij(k̂) =
δij − k−2kikj onto the plane normal to k. Then, we

can express Mijlm(k̂) in terms of this projector as

Mijlm ≡ PilPjm + PimPjl − PijPlm .

Defining the angles between the three directions as α ≡
k̂ · (k̂ − p), β ≡ p̂ · (k̂ − p) and γ ≡ k̂ · p̂, we obtain the
expression given in Eq. (111).
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