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Tikhonov Regularization for Nonparametric Instrumental Variable Estimators

Abstract

We study a Tikhonov Regularized (TiR) estimator of a functional parameter identified
by conditional moment restrictions in a linear model with both exogenous and endogenous
regressors. The nonparametric instrumental variable estimator is based on a minimum dis-
tance principle with penalization by the norms of the parameter and its derivatives. After
showing its consistency in the Sobolev norm and uniform consistency under an embedding
condition, we derive the expression of the asymptotic Mean Integrated Square Error and the
rate of convergence. The optimal value of the regularization parameter is characterized in
two examples. We illustrate our theoretical findings and the small sample properties with
simulation results. Finally, we provide an empirical application to estimation of an Engel

curve, and discuss a data driven selection procedure for the regularization parameter.
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1 Introduction

Kernel and sieve estimators provide inference tools for nonparametric regression in empirical
economic analysis. Recently, several suggestions have been made to correct for endogeneity
in such a context, mainly motivated by functional instrumental variable (IV) estimation of
structural equations. Newey and Powell (NP, 2003) consider nonparametric estimation of a
function, which is identified by conditional moment restrictions given a set of instruments.
Ai and Chen (AC, 2003) opt for a similar approach to estimate semiparametric specifica-
tions. Darolles, Fan, Florens and Renault (DFFR, 2003) and Hall and Horowitz (HH, 2005)
concentrate on nonparametric IV estimation of a regression function. Horowitz (2007) shows
the pointwise asymptotic normality for an asymptotically negligible bias. Horowitz and Lee
(2007) extend HH to nonparametric IV quantile regression (NIVQR). Florens (2003) and
Blundell and Powell (2003) give further background on endogenous nonparametric regres-
sions.

There is a growing recent literature in econometrics extending the above methods and
considering empirical applications. Blundell, Chen and Kristensen (BCK, 2007) investigate
application of index models to Engel curve estimation with endogenous total expenditure.
As argued, e.g., in Blundell and Horowitz (2007), the knowledge of the shape of an Engel
curve is a key ingredient of any consumer behaviour analysis. Chen and Pouzo (2009, 2011)
consider a general semiparametric setting including partially linear quantile IV regression,
and apply their results to sieve estimation of Engel curves. Further, Chen and Ludvigson

(2009) consider asset pricing models with functional specifications of habit preferences; Cher-



nozhukov, Imbens and Newey (2007) estimate nonseparable models for quantile regression
analysis; Loubes and Vanhems (2004) discuss the estimation of the solution of a differential
equation with endogenous variables for microeconomic applications. Other related works
include Chernozhukov and Hansen (2005), Florens, Johannes and Van Bellegem (2005),
Horowitz (2006), Hoderlein and Holzmann (2011), and Hu and Schennach (2008).

The main theoretical difficulty in nonparametric estimation with endogeneity is overcom-
ing ill-posedness of the associated inverse problem (see Kress, 1999, and Carrasco, Florens
and Renault (CFR), 2007, for overviews). It occurs since the mapping of the reduced form
parameter (that is, the distribution of the data) into the structural parameter (the instru-
mental regression function) is not continuous. We need a regularization of the estimation
to recover consistency. For instance, DFFR and HH adopt an L? regularization technique
resulting in a kind of ridge regression in a functional setting.

The aim of this paper is to introduce a new minimum distance estimator for a func-
tional parameter identified by conditional moment restrictions in a linear model with both
exogenous and endogenous regressors. We consider a penalized extremum estimator which
minimizes Qr (¢) + ArG(p), where Qr () is a minimum distance criterion in the functional
parameter ¢, G(p) is a penalty function, and Ay is a positive sequence converging to zero.
The penalty function G(p) exploits the Sobolev norm of function ¢, which involves the L?
norms of both ¢ and its derivatives V% up to a finite order. The basic idea is that the
penalty term ArG(p) damps highly oscillating components of the estimator. These oscilla-

tions are otherwise unduly amplified by the minimum distance criterion Q7 (¢) because of



ill-posedness. Parameter Ay tunes the regularization. We call our estimator a Tikhonov Reg-
ularized (TiR) estimator by reference to the pioneering papers of Tikhonov (1963a,b) where
regularization is achieved via a penalty term incorporating the function and its derivative
(Groetsch, 1984). The TiR estimator admits a closed form and is numerically tractable. Our
approach relies on the maintained assumption that the functional parameter lives in some
Sobolev space of functions with square integrable derivatives up to a finite order. In many
economic applications, differentiability of the parameter of interest is a natural assumption.

The key contribution of our paper is the computation of an explicit asymptotic expression
for the mean integrated squared error (MISE) of a Sobolev penalized estimator in an NIVR
setting with both exogenous and endogenous regressors. Such a sharp result extends the
asymptotic bounds of HH obtained under a L? penalty. Our other specific contributions
are consistency of the TiR estimator in the Sobolev norm, and as a consequence uniform
consistency under an embedding condition, and a detailed analytic treatment of two examples
yielding the optimal value of the regularization parameter. The embedding condition states
that the order of the Sobolev norm used for penalization is strictly larger than half the
number of endogenous regressors.

Our paper is related to different contributions in the literature. To address ill-posedness
NP and AC propose to introduce bounds on the norms of the functional parameter of interest
and of its derivatives. This amounts to set compactness on the parameter space. This
approach does not yield a closed-form estimator because of the inequality constraint on the

functional parameter. In their empirical application, BCK compute a penalized estimator



similar to ours. Their estimation relies on series estimators instead of kernel smoothers that
we use. Chen and Pouzo (2009, 2011) examine the convergence rate of a sieve approach for
an implementation as in BCK.

In defining directly the estimator on a function space, we follow the route of Horowitz
and Lee (2007) and the suggestion of NP, p. 1573 (see also Gagliardini and Gouriéroux,
2007, Chernozhukov, Gagliardini, and Scaillet (CGS), 2006). Working directly over an
infinite-dimensional parameter space (and not over finite-dimensional parameter spaces of
increasing dimensions) allows us to develop a well-defined theoretical framework which uses
the penalization parameter as the single regularization parameter. In a sieve approach, either
the number of sieve terms, or both the number of sieve terms and the penalization coefficient,
are regularization parameters that need to be controlled (see Chen and Pouzo, 2009, 2011,
for a detailed treatment). As in the implementation of a sieve approach, our computed
estimator uses a projection on a finite-dimensional basis of polynomials. The approximation
error is of a purely numerical nature, and not of a statistical nature as in a sieve approach
where the number of sieve terms can be used as a regularization parameter. The dimension
of the basis should be selected sufficiently large to get a small approximation error. In some
cases, for example when the parameter of interest is close to a line, a few basis functions
are enough to successfully implement our approach. We cannot see our approach as a sieve
approach with an infinite number of terms, and both asymptotic theoretical treatments do
not nest each other (see CGS for similar comments in the quantile regression case). However

we expect an asymptotic equivalence between our approach and a sieve approach under a



number of sieve terms growing sufficiently fast to dominate the decay of the penalization
term. The proof of such an equivalence is left for future research.

While the regularization approach in DFFR and HH can be viewed as a Tikhonov regular-
ization, their penalty term involves the L? norm of the function only (without any derivative).
By construction this penalization dispenses from a differentiability assumption of the func-
tion ¢. To avoid confusion, we refer to DFFR and HH estimators as regularized estimators
with L? norm. In our Monte-Carlo experiments and in an analytic example, we find that
the use of the Sobolev penalty substantially enhances the performance of the regularized
estimator relative to the use of the L? penalty. Another advantage of a Sobolev penalty is
in the proof of uniform consistency when embedding holds. Finally CGS focus on a feasible
asymptotic normality theorem for a TiR estimator in an NIVQR setting. Their results can
be easily specialized to the linear setting of this paper, and are not further considered here.

In Section 2 we discuss ill-posedness in nonparametric IV regression. We introduce
the TiR estimator in Section 3. Its consistency in Sobolev norm is proved in Section 4.
We further establish uniform consistency under an embedding condition and discuss the
convergence rate. In Section 5, we derive the exact asymptotic MISE of the TiR estimator.
In Section 6 we discuss optimal rates of convergence in two examples, and provide an analytic
comparison with L? regularization. We discuss the numerical implementation in Section 7,
and we present the Monte-Carlo results in Section 8. In Section 9 we provide an empirical
example where we estimate an Engel curve nonparametrically, and discuss a data driven

selection procedure for the regularization parameter. Gagliardini and Scaillet (GS, 2006)



give further simulation results and implementation details. The set of regularity conditions
and the proofs of propositions are gathered in the Appendices. Omitted proofs of technical

Lemmas are collected in a Technical Report, which is available online at our web pages.

2 Ill-posedness in nonparametric regression

Let {(Y;, Xy, Z;) :t=1,...,T} be ii.d. copies of vector (Y, X, Z), where vectors X and Z
are decomposed as X := (X, X5) and Z := (Z;,X;). Let the supports of X and Z be
X =X x Xy and Z := Z; x Xy, where X := [0,1]%%, i = 1,2, and Z; = [0, 1]9%1, while
the support of Y is J C R. The parameter of interest is a function ¢, defined on X which
satisfies the NIVR:

E[Y —¢y(X) | 2] = 0. (1)

The subvectors X; and X, correspond to exogenous and endogenous regressors, while Z is

a vector of instruments. The conditional moment restriction (1) is equivalent to:
M, (80“,0,21) =F [Y — 0. 0(X2) | 21, X1 = :cl} =0, for all x; € X},

where ¢, o(.) := @ (z1,.). For any given z; € &, the function ¢,  satisfies a NIVR with
endogenous regressors X, only. Parameter ¢, is such that, for all z; € &y, the function ¢, 4
belongs to the Sobolev space H' (X;) of order [ € N, i.e., the completion of the linear space

{v € C"(X) | V9 € L* (X), |a| < 1} with respect to the scalar product (¥, ¥y) () =

D AV, Vo) 12y, Where (1, 00) 200 == [ 1 (w)ihy(w)du and o € N*2 is a multi-
la|<l A2

index. The Sobolev space H' (X,) is an Hilbert space w.r.t. the scalar product (1, Vo) Hi(25)



1/2

and the corresponding Sobolev norm is denoted by ||¢||HZ(X2) = (1, w>Hl(X2

) We denote the
L? norm by 191 L2 () = (w,w>1L/22(X2). The Sobolev embedding theorem (see Adams and
Fournier (2003), Theorem 4.12) states that the Sobolev space H' (X,) is embedded in the
space of continuous functions on X, equipped with the sup norm, and hence in space L* (X5)
as well, when 2 > dy,. This implies that [[¢[| 2,y < SUPg,en, [¥ (22)] < C Y] iy, for
Y € H' (X,) and a constant C, when 21 > dx,. With a single endogenous regressor (dx, = 1),

the embedding condition is satisfied for any I.

We assume the following identification condition.

Assumption 1: ¢, s the unique function p,, € H'(X,) that satisfies the conditional

moment restriction my, (goml, Zl) =0, for all x1 € X].

We refer to NP, Theorems 2.2-2.4, for sufficient conditions ensuring Assumption 1. We work
below with a penalized quadratic criterion in the parameter of interest, which yields a closed
form expression for the estimator. Hence, we do not need to restrict the parameter set
by imposing further assumptions, such as boundedness or compactness. See Chen (2007),
Horowitz and Lee (2007), and Chen and Pouzo (2009, 2011) for similar noncompact settings.

Let us now consider a given x; € &} and a nonparametric minimum distance approach

for ¢, o- This relies on ¢, o minimizing

Quroo(2) = B Qo Z0)m, (62, 20)" | Xi =], g € H(X),  (2)

where €2, ¢ is a positive function on Z;. The conditional moment function m,, (90;);17 zl) can



be written as:

My (90351’ Zl) = (Amgp:pl) (Zl) = Ty (Zl) = (AoclA%l) (21), (3)

where Ag, = ¢, — ¢, linear operator A, is defined by (A.¢,,)(z1) =
/%1(5132)fx2|z($2|2)d952 and 7y, (21) := /ny|Z(y|Z)dy> where fx,|z and fy|z are the condi-
tional densities of X, given Z, and Y given Z. Assumption 1 on identification of ¢,,  holds if
and only if operator A,, is injective for all x; € &). Further, we assume that A,, is a bounded
operator from L? (X,) to L2 (Z;), where L2 (Z;) denotes the L? space of square integrable
functions of Z; defined by scalar product (v, ¥y) 12 (2,) = E [e,,0(Z1)81 (Z1) Y5 (Z1) | X1 = 2]

The limit criterion (2) becomes

quOO(SO;m) = <A$1A90x17A$1A90x1>L%1(31) (4>

= <A90m1 ) A;AxlA@xJHl(Xg) = <A90m1 ) AwlAmAgpa:l)Lg(Xz)’

where A}, resp. A, denotes the adjoint operator of A,, w.r.t. the scalar products (., .) g1(x,),

resp. <., ->L2(X2)7 and <., ->L%1 (Z1)-
Assumption 2: The linear operator A, from L? (X,) to L2 (Z4) is compact for all z; € X;.

Assumption 2 on compactness of operator A,, holds under mild conditions on the conditional
density fx,|z and the weighting function €2,, ¢ (see Assumptions B.3 (i) and B.6 in Appendix
1). Then, operator A% A,, is compact and self-adjoint in H' (X5), while A, Ay, is compact

and self-adjoint in L? (X,). We denote by {(;5 1jE N} an orthonormal basis in H' (X,) of

z1,J
eigenfunctions of operator A} A, and by v, 1 > vy 0 > -+ > 0 the corresponding eigen-

values (see Kress, 1999, Section 15.3, for the spectral decomposition of compact, self-adjoint

9



operators). Similarly, {&Sxm :j€eN } is an orthonormal basis in L? (X,) of eigenfunctions
of operator flxlel for eigenvalues U, 1 > U, 2 > -+ > 0. By compactness of A} A, and
flxlAm, the eigenvalues are such that v, ;, v, ; — 0, as j — oo, for any given z; € A}.

. € H'(X;) for any j. Then, the limit

x1,)

Moreover, under Assumptions B.3 (i) and B.6, b

criterion Qu,,00(¢,,) can be minimized by a sequence ¢, ,, in H' (X,) such that

Qprl,n = (10331,0 + €(~bx1,n7 n e N7 (5)

for e > 0, which does not converge to ¢, o in L*norm ||.[[;24,) - Indeed, we have

Qur00(Pay ) = 62@%17”, A:ple1§$;v17n>L2(X2) =&’V — 0asn — oo, but H%:m — Q10 }LQ(XZ)

= ¢, Vn. Since € > 0 is arbitrary, the usual “identifiable uniqueness” assumption (e.g., White

and Wooldridge (1991))

inf Qx1,00(90:p1> >0= Qw1,00(90x1,0)> for R > ¢ >0, (6>

somlEHl(%):RZH%l*<Px1,0||L2(X2)28

is not satisfied. In other words, function ¢, , is not identified as an isolated minimum of
(Qz,,00- This is the identification problem of minimum distance estimation with functional
parameter and endogenous regressors. Failure of Condition (6) despite validity of Assump-
tion 1 comes from 0 being a limit point of the eigenvalues of operator A,, A,, (and Ar As).
This shows that the minimum distance problem for any given z; € A is ill-posed. The
minimum distance estimator of ¢, , which minimizes the empirical counterpart of criterion
Q1,00 (g,) over H' (X,), or some bounded noncompact subset of it, is not consistent w.r.t.
the L?-norm -1l 22 )

To conclude this section, let us further discuss the link between function ¢, and func-

10



tions ¢, o, z1 € X. First, ¢ € L? (X). Indeed, the set P := {¢: ¢, € H' (Xs), Va1 € &),

sup H(,DIIHHZ(XQ) < 00 } is a subset of L? (X), since ||<p||ig(X) = / H%mH;(XQ) dzi. Sec-
T1EX] X,

ond, Assumption 1 implies identification of ¢, € P. Third, minimizing Q, - W.r.t. ¢, €
H'(X,) for all ;1 € X; is equivalent to minimizing the global criterion Qu(p) :=
E [Qo(Z)m (¢, Z)Q} = E [Qx,0(¢x,)], wrt.o € P,wherem (¢, 2) := E[Y — p(X) | Z = 7]
and Q(z) = Q4 0(21). Under Assumptions B.3 (i), ill-posedness of the minimum distance
approach for ¢, , ¥y € &y, transfers by Lebesgue theorem to ill-posedness of the minimum
distance approach for ¢. Indeed, the sequence ¢, induced by (5) yields Q(p,) — 0 and
0, * @ as n — 0o. Compactness (Assumption 2) cannot hold for the conditional expec-
tation operator of X given Z per se. Indeed, as discussed in DFFR, this operator is not
compact in the presence of exogenous regressors treated as random variables and not fixed
values. This explains why we work z; by x; as in HH to estimate ¢,. Finally, we assume

the following uniform behaviour needed to show the asymptotic properties of the estimator.

< 0Q.

Assumption 3: The true function @, satisfies sup H‘PILOHHZ(XQ)
r1EX]

3 The Tikhonov Regularized (TiR) estimator

We address ill-posedness by Tikhonov regularization (Tikhonov, 1963a,b; see Kress, 1999,
Chapter 16). We consider a penalized criterion Ly, 7(,,) = Qo7 (¢4,) + Xor.7 || €2, ||§JZ(X2)’

where Q,, 7 (gom 1) is an empirical counterpart of @, (gpm 1) defined by

Qarr (©2,) —/ Uy (1) 1, (%1;21)2quXl(ZﬂIl)th (7)
Z

11



A

and €, is a sequence of positive functions converging in probability to €., 0. In (7) we

1

estimate the conditional moment nonparametrically with

Ma, (04, 21) = /% (22) fxy|7 (w2]2) dos — /yfyz (y|2) dy =: <A$1‘le> (21) = 7y (21),

where f X»|z and fy| z denote kernel estimators of the density of X5 given Z, and Y given Z.
We use a common kernel K and two different bandwidths hy for YV, Xs, Z;, and h,, 1 for
Xi.

Definition 1: The Tikhonov Regularized (TiR) minimum distance estimator for o, o is

defined by

@xl = arginf LILT(@xl)? (8)
Vg, EH' (X2)

where Ay, 7 > 0 and Ay, 7 — 0, for any 1 € X1. The TiR estimator ¢ for ¢, is defined by

~

o(x) = @xl(m), reX.

To emphasize the difference between ¢, for a given x, € &, and ¢, we refer to the former
as a local estimator, and to the latter as a global estimator.

To get the intuition on why advocating the Sobolev norm as a penalty, let us consider the
case of a single endogenous explanatory variable, i.e. dy, = 1, and let the parameter set be
the Sobolev space H' (X,), i.e. | = 1. From the proof of Proposition 1 in CGS, we know that
bounded sequences (S%l,n) such that Qy, 0o (¢,, ») — 0 and ¢, , = ¢,  have the property
lim sup 1Veuall L2 = O This explains why we prefer in definition (8) to use a Sobolev

to dampen the highly

penalty A, 7 ||g0x1H21(X2) instead of an L? penalty A, r HcpleiQ(XQ)

oscillating components in the estimated function. Without penalization oscillations are

12



unduly amplified, since ill-posedness yields a criterion Q,, r(¢,,) asymptotically flat along
some directions. This intuition generalizes to the case where [ > 2dx, because of the Sobolev
embedding theorem (see Section 2), and sequences (¢, ,,) such that Qu, oo(¢,, ) — 0 and
©uym 7 Pz, 0 have the property lim nsggo HQOJ:LnHHl(XQ) = 00. The tuning parameter A, r in
Definition 1 controls for the amount of regularization, and how this depends on point x; and
sample size T'. Its rate of convergence to zero affects the one of ¢, .

The TiR estimator admits a closed form expression. The objective function in (8) can

be rewritten as (see Lemma A.2 (i) in Appendix 2)

LOCLT(QD:vl) = <90a:17 A;1A$190$1>H1(X2) - 2<szl7 A;1f$1>Hl(X2) + >‘961,T<90m17 90$1>H1(X2)7 (9>

up to a term independent of ¢, , where operator A;‘; , is such that

(o), = [ Qo) (L) (200 (20) Fri ko) dy

for any ¢ € H' (X,) and ¢ € L2 (Z;). When [ = 1 we have

A::l = D_IAHJU (Amﬂb) (xZ) = / Qﬂ?l (Zl) fX27Z1|X1 (132, 21|$1)¢ (Zl) le, <1O>
Z

1

dx,

where D! denotes the inverse of operator D : HE (Xp) — L* (X,) with D := 1—2 V2. Here
HZ (X)) = {¢ € H* (X)) | Vib(wa) =0 for w5, =0, 1, and i = 1,...,dx, } is theZ:sLbspace of
H? (X;) consisting of functions with first-order derivatives vanishing on the boundary of X;.
Operators A;;l and Zixl are the empirical counterparts of A} and zzlxl, which are linked by
Ay = D~'A4,,. The boundary conditions Vh(zy) = 0 for x5; = 0, 1 and i = 1, ..., dx,,

in the definition of H{ (X,) are not restrictive since they concern the estimate ¢, , whose

13



properties are studied in L? or pointwise, but not the true function ¢, L.0- The sole purpose of
the boundary conditions is to guarantee a unique characterization of operator D! yielding
the solution of a partial differential equation (PDE; see Appendix 2 for the proof of the above
statements and the characterization of /1;1 and A} in the general case [ > 1). Propositions
1-4 below hold independently whether ¢, , satisfy these boundary conditions or not (see
also Kress (1999), Theorem 16.20). From Lemma A.2 (ii), operator A;lflml is compact, and
hence A\p + A;IAM is invertible (Kress (1999), Theorem 3.4). Then, Criterion (9) admits a

global minimum ¢, on H'(X,), which solves the first order condition
(Axl7T + A?;lel) (10.’21 = Azlf‘xl' (11>

This is an integro-differential Fredholm equation of Type II (see e.g. Mammen, Linton and
Nielsen, 1999, Linton and Mammen, 2005, Gagliardini and Gouriéroux, 2007, Linton and
Mammen, 2008, and the survey by CFR for other examples). The transformation of the
ill-posed problem (1) in the well-posed estimating equation (11) is induced by the penalty
term involving the Sobolev norm. The TiR estimator of ¢, o is the explicit solution of
Equation (11):

AL A -1 .
Gar = (A + AL Ary ) A, (12)

14



4 Consistency
Equation (12) can be rewritten as (see Appendix 3):

~ * -1 4% 7 r * -1
(pxl - (pxl,o = ()\zl,T + AxlA 1) Azlwx1 _'_ Bxl,T + ()\1'17T + AxlA 1) Axl C:El + Rx17T

= Vor + B o+ B r+ Ray s (13)

where

fwaz(w,z) — E [fW,z(w, 2)] ;

by () = / (0 — @2, 0(22))

f2(2) -
E fwz(w,Z) —fwz(w,Z)
o) i= [ (0= pryofe2) | fZL) dw, (14)

and W = (Y, X3) € W = )Y x &, In Equation (13) the first three terms V,, r,

T * -1 * e .
Bl r = (er+ AL As) AL Au o0 = Paro = Payn — Par0r and BE 1 are the leading

x1,

terms asymptotically, while R,, r is a remainder term given in (26). The stochastic term
V., v has mean zero and contributes to the variance of the estimator. The deterministic term
B, 1 corresponds to kernel estimation bias. The deterministic term By r corresponds to the
regularization bias in the theory of Tikhonov regularization (Kress, 1999, Groetsch, 1984).

Indeed, function ¢,, , minimizes the penalized limit criterion Qg o (gpx 1) +Ao T HS% . Hiﬂ ()

w.rt. ¢, € H'(X;). Thus, B} ; is the asymptotic bias term arising from introducing the

T

2 . o : o
penalty Ay, ngxl H (e, 1D the criterion. To control By, r we introduce a source condition

(see DFFR).

2

= <¢J»‘ i» Pu 0>
Assumption 4: The function ¢, , satisfies E i 2517 H'(Xs)
I f):'l

j=1 Veij

< oo for 0., € (0,1].

15



As in the proof of Proposition 3.11 in CFR, Assumption 4 implies:

1Bzl = © (Noiir) - (15)

By bounding the Sobolev norms of the other terms V,, r, B, 7, and R, r (see Appendix
3), we get the following consistency result. The relation ar =< by, for positive sequences ar

and by, means that az /by is bounded away from 0 and oo as T'— oo,

Proposition 1: Let the bandwidths hy < T~ and hy, r < T "1 and the regularization

parameter Ay, < T 7=1 be such that:

n>0,n, >0, 7, >0, (16)

Yoy Fdxy 1y, + (dz, +dx,)n < 1, (17)

and:

- dX177931 — nmax {dZ17dX2}} (18)

Vo, < min {mnzl,mn, 5
where m > 2 is the order of differentiability of the joint density of (W, Z). Under Assump-

tions 1-4 and B.1-B.3, B.6, B.7 (i)-(ii): ||¢s, — %,OHH%) = 0,(1).

Proposition 1 shows that the powers v, , n,,, and n need to be sufficiently small for large
dimensions dx,, dx,, and dz and small order of differentiability m to ensure consistency.
An analysis of 7, , 1,,, and 1 close to the origin reveals that conditions (16)-(18) are not
mutually exclusive, and that these conditions do not yield an empty region. Consistency of
¢,, in the Sobolev norm H'(X,) implies consistency of both ¢, and V¥, for |a| < in
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the norm L? (X,). When 2] > dy,, the Sobolev embedding theorem (see Section 2) implies
uniform consistency of @, , i.e., sup,,cx, |Pu, (T2) — @o, o(72)| = 0,(1), for a given z; € ).
When dx, = 1 (single endogenous regressor) uniform consistency is valid for any order [ since
the embedding condition is always satisfied. Uniform consistency without the embedding
condition, i.e., when 2] < dy,, is a conjecture left for future research.

Building on the bounds for terms V,, r, B

.7 and Ry, r in the proof of Proposition 1,

we can further derive a result on the consistency rate uniformly in z; € &) if we introduce

a strengthening of the source condition.

00 <¢m1,j> Soml,0>12ql(/y2)

Assumption 4 bis: The function p, satisfies sup < 00, for 0., €

MEM o1 S
(0,1] with x, € Xy, and ¢ := inf d,, > 0.
T1EX
Assumption 4 bis implies:
26z
sup 180,y = © (502 027, 1)

and we get the next uniform consistency result.

Proposition 2: Let the bandwidths hy < T~ and hy, r < T "1 and the regularization

parameter Ay, < T "=t be such that <1, <7 and Y <V <9 for all x1 € Xy, where
1— dX17_7 — nmax {dZ17 dXz} }

2
Under Assumptions 1-4 bis and B.1-B.3, B.6, B.7 (i)-(ii): sup ||¢,, — ¢q,.
r1EX]

n,1,7 >0, V+dx,n+(dz, +dx,)n < 1, and ¥ < min {mg, mmn,

0 }HZ(X2) -

.

O, ((logT) T~*) where » > 0 is given by

l\Dl«QI

—dx,1 =7 —n(dz, +dx,),mmin {n,n} —

1 —dx,7) — 7 — min{3,d
%:mln{ X117 72m1n{7, Z177}’
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Again from the Sobolev embedding theorem, when 2! > dx,, Proposition 2 yields a
uniform consistency rate of the global estimator ¢: sup,cy |@(z) —po(x)| = O, ((log T) T—%).

This in turn implies the L*-consistency rate [|¢ — ¢l 2y = Op ((log T) T77).

5 Mean Integrated Square Error

As in AC, Assumption 4.1, we assume the following choice of the weighting matrix.
Assumption 5: The asymptotic weighting matriz is Qo(2) = V[Y — o (X) | Z = 2",

In a semiparametric setting, AC show that this choice of the weighting matrix yields effi-
cient estimators of the finite-dimensional component. Here, Assumption 5 is used to derive
the exact asymptotic expansion of the MISE of the TiR estimator provided in the next
proposition.

Proposition 3: Under Assumptions 1-5, Assumptions B, the conditions (16)-(18) and

! R = 0 Ot O ) B 400 )
Thii%rhizl+dx2 z1,T 7 = 0\Azy,T x1, 15 Mz, T)) \/m =0 x1,Ts x1,T)) »
(20)
the MISE of ¢, is given by
. 2
E |:ngz1 - S0r1,0HL2(XQ)i| - MxLT()\fEhT? hml,T)(l + 0(1>>7 (21>
where
1
MILT()‘CELT’ hm,T) = dx Uil ()‘901,T) + bm ()‘m,T? hx17T)2 ) (22)
Th ™t
z1,T
. 2 2 . Vey,j 2
and: 0, Ay 1) = w fx, (21) ; O + Vx17j)2 H¢a:1,jHL2(X2) ,
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x1,T + h$1 T (AZCl T + A* Aafl) A;1:$1

ba:l (/\xl,Ta hwl T) = 1202 )

V% ,
with w? —/K r1)*dry and =, (21) == — — Z /y 0 0(12)) Xlil;V;/,(ZZ()w Z)dw

lal=m

Proof: See Appendix 3.

The asymptotic expansion (22) of the MISE consists of one bias component and one
variance component which we comment on.

(i) The bias function b, (Ay,., hay ) is the L? norm of the sum of two contributions,
namely the Tikhonov regularization bias Bj ; and function A}’ (/\xl,T + A 1Ax1) Ay By
The latter contribution corresponds to a population Tikhonov regression applied to function
hiy pZs, . Function hy! 7=, arises from smoothing the exogenous regressors X and is derived

by a standard Taylor expansion w.r.t. X; of the kernel estimation bias F [ fwvz(w, z)} -

fwz(w, z) in BE T (see (14)).
1
The™,

tiplicative factor w?fx, (z1) are standard for kernel regression in dimension dy, and are

(ii) The variance term is V,, r := 02 (A, 7). The ratio 1/ (Thii}) and the mul-
induced by smoothing X;. The coefficient 02 (A;,7) involves a weighted sum of the regular-
ized inverse eigenvalues vy, ;/ (Aey. 7 + Va,;)° of operator Ay A, , with weights ||¢xthi2(X2)
(since Vg, ;/(Aay.r + Vay j)? < Va4, the infinite sum converges under Assumption B.8 (ii)
in Appendix 1). To have an interpretation, note that the inverse of operator A} A,, corre-
sponds to the standard asymptotic variance matrix (Q XzV()_lex)_l of the 2-Stage Least
Square (2SLS) estimator of the finite-dimensional parameter ¢ in the instrumental regression

Y = X'0+U with E[U|Z] = 0, where Qzx = E [ZX'| and V, =V [U?ZZ']. In the ill-posed

nonparametric setting, the inverse of operator A} A, is unbounded, and its eigenvalues
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1/vy, ; — oo diverge. The penalty term A, r Hcpm . in the criterion defining the TiR

[
estimator implies that inverse eigenvalues 1/v,, ; are “ridged” with vy, ;/ Ay 1 4 Vay j)°-
The coefficient 02 (\;, 7) is a decreasing function of A, r. Since i Vc;l,j Hgbxl,j”;(;@) =
=1
oo, the series o2 (As ) diverges as A;; 7 — 0. When Uil(MST) — oo such that

1 .
02 (Agy ) — 0, the variance term V,, r converges to zero at a slower rate than
Thdxl 1, ) 1,
x1,T

z1
the standard nonparametric rate 1/ (Thif}). The slower rate is not coming from smooth-

ing variables (W, Z;), but from the ill-posedness of the problem, which implies v,, ; — 0.
The weighting matrix €y (Assumption 5) impacts in a non-trivial way both the asymptotic
variance and the asymptotic bias of the estimator through the adjoint operator A; . Under
a generic weighting matrix (), the asymptotic variance component V,, r involves a double
sum over the spectrum of A} A, . The notion of efficiency of the functional estimator and
the associated optimal choice of {2 is out of the scope of the present paper.

The asymptotic expansion of the MISE of estimator ¢, given in Proposition 3 involves
the conditional distribution of the endogenous regressor X, given Z; and X; = 1, and the
conditional variance of the error U :=Y — ¢,(X) given Z; and X; = z; (see Assumption
5), by means of operator A} A, . It also involves the joint distribution of U, X5 and Z by
means of the estimation bias contribution =,,. The asymptotic expansion of the MISE does
not involve the bandwidth hz for smoothing (W, Z;), as long as Conditions (20) are satisfied.
The variance term is asymptotically independent of hr since the asymptotic expansion of
@uy — Puy0 i0VOlves the kernel density estimator integrated w.r.t. (W, Z;) (see term V,, r in

Equation (13)). The integral averages the localization effect of the bandwidth hr (but not
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that of h,, 7). On the contrary, kernel smoothing for both (W, Z;) and X; does impact on
bias. However, the second condition in (20) implies that the estimation bias from smoothing
(W, Zy) is asymptotically negligible compared to the regularization bias (see Lemma A.7 in
Appendix 3). The other restrictions on the bandwidth hy in (20) are used to control higher
order terms in the MISE (see Lemma A.5).

The set of Assumptions B in Appendix 1 used to prove Proposition 3 includes regularity
conditions on the eigenfunctions of operator A} A, (Assumption B.8), which are more
restrictive than the conditions used e.g. in HH, DFFR and BCK. These assumptions are
required to derive the sharp asymptotic expansion of the MISE, a result stronger than the
rates of convergence derived in HH, DFFR and BCK (see also the discussion in Appendix
1).

When there are no exogenous regressors, the asymptotic MISE of the estimator ¢ reduces
to:

1 > 1 2
- Z 2 #; HL2(X +[|(Ar + ATA) T A" A, — ‘POHH(XQ)' (23)
g=1
The bias term comes solely from Tikhonov regularization, and no contribution from kernel
smoothing appears under the conditions of Proposition 3.
Finally, it is also possible to derive an exact asymptotic expansion of the MISE for the

estimator @, regularized by the L* norm:

B |62 = eeioll’] = Moz O hayir)(1 4 0(1))

> wfx, (x = Vg, j ~
M$17T(>\$17T7 hm,T) = Ix ( 1) Z > 5 T ba:1 ()‘J11,T7 hx1,T)27 (24)

dx ~
Th, v =1 (Aer.1 + Vay )
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8 . - -1
where by, Aoy harr) = ' B+ oy (Ve + AnAs) AnZ, and
L2(X2)
. - -1
gl,T = ()‘T + A:lem) Ay Az, Pr1,0 — Pz1,0°
T - 1 « v, o\l s 2
This simplifies to M7 (Ar) = = Z ——t (/\T + A A) A*Apy — ¢y when
T j=1 (/\T + Vj) L2(Xs)

only endogenous regressors are present. A similar formula has been derived by Carrasco and
Florens (2011) for the density deconvolution problem. Such a characterization is new in the

nonparametric IV regression setting.

6 Examples

In the general framework, the derivation of the optimal regularization parameter A,, r, the
optimal bandwidth h,, r, and the optimal MISE is difficult because Expression (21) involves
the spectrum of operator A; A, . In this section, for illustrative purpose, we consider two
examples where the spectrum of A} A, is characterized explicitly. In Section 6.1 we consider
an example with a Gaussian distribution similar to NP yielding a mixed geometric-hyperbolic
decay of the spectrum (severe ill-posedness). In Section 6.2 we consider an example with
trigonometric eigenfunctions similar to HH yielding an hyperbolic decay of the spectrum

(mild ill-posedness). In both examples we work on Sobolev spaces with | = dy, = 1.

6.1 Gaussian distribution

Let the errors U and V, and the instruments X; and Z;, admit a joint Gaussian distribution,

with zero means, unit variances and correlation 0.5 between U and V. The endogenous
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Z1+V
regressor X, is given by Xp = — v The variable Y is given by Y = @, (X1 + X3) + U,

V2

where {, is a differentiable function on R. To ease the notation, the variables X; and X,

are not transformed to have compact support, and we keep X} = Xy = R. Accordingly,
in this example the L? and Sobolev norms are such that ||90Hi2()(2) = /(p (22)° ¢ (22) das
and ||<,0||§{1(X2) = /go(mg)zgzﬁ(xg)dxg + / (Ve (22))° ¢ (x3) ds, where ¢ is the pdf of the
standard Gaussian distribution. Similarly, the norm on Z; = R is such that Hw”igl(zl) =
/w (21)? ¢ (21) dzy, for any z; € X;. The function ©uy.0 18 @z, 0 = Po(- + 1). The operator
A= A,, is independent of z;, since X, is independent of X; conditionally on Z;. The spec-
trum of the operator AA consists of eigenvalues v; = 0?0 = ¢72U=D) with p = 1/4/2 and
a = —2log g, and associated eigenfunctions gzﬁj =H;1,j=1,2,..., where H; is the Hermite
polynomial of order j (see e.g. CFR). In the Technical Report we show that A*A = DLAA,
where the differential operator D is given by D =1 — V* — (Vlog ¢) V. From the differen-
tial equation of Hermite polynomials (e.g., Abramowitz and Stegun, 1970), we get that the
functions éj are eigenfunctions of operator D with eigenvalues j. This property allows us to
derive the spectrum of operator A*A and to characterize the asymptotic behaviour of the
variance 02 (A;, ) and squared bias by, (As,r, he,7)” in the asymptotic MISE of the TiR
estimator. This result is stated in the next Proposition 4 for a setting that generalizes our
Gaussian example.

Proposition 4: Let us assume that the spectrum of operator flxlAIl consists of eigenvalues
and that the functions ¢

Vg j < e ¥, a>0, and eigenfunctions ¢ are eigenfunctions

T1,J) z1,J

of operator D with eigenvalues T,, ; < j, 8 > 0. Let further | = 1. Then:
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. . . Da: ,J . B —aj .
(i) The spectrum of Aj A, consists of eigenvalues v, ; = ) — 7B gnd eigenfunc-
I17j
1

tions ¢, ; = ——0,, ;-

v Tx1,j

Furthermore, assume that dg, ; == <¢x1,j790x1,0>H1(X2) and &, ;= <¢x1,j’5x1>Lgl(Zl)’ where
Vs = Aa Gpj//Var g are such that: (a) d2 ;=< e 2% and & ;< e for § € (0,1)

and p € (0,1/2); (b) the number n(J) of lags 1 < j < J for which d,, ;€,, ; <0 is such that

r1,]

lim n(J)/J > 0. Then:

J—o0
(ii) Under Conditions (16)-(18) and (20), up to logarithmic terms, we have My, 7(Xgy 1y hay 1) <
1

ThE A
1,77 @1, T

(iii) Under Conditions (16)-(18) and (20), up to logarithmic terms, the bandwidth h}, p <

26 2m \2p—1
+ Axl,T + ha:1,T)\x1,T .

T~ and reqularization parameter Aoy X T =1 that optimize the rate of convergence of the

1 1 2w 1+ 26
MISE h that n, = ———— and 7%, = here w = '
are suc at 1, dx 1 20 ana 7., dX1+251+2w’ where w m1+2(5—p)

. 20 2
The optimal MISE is such that My, p <T " with 3, = 5251 _:}2 .
’ w

Under the assumptions of Proposition 4 (i), the eigenvalues of operator A} A, feature a
mixed geometric-hyperbolic decay behaviour. This decay behaviour when the adjoint w.r.t.
the Sobolev norm is used, is distinct from the geometric decay obtained when the adjoint
w.r.t. the L? norm is used in the Gaussian case. Indeed we get v; = e~ /5, ¢; = H; 1/\j
instead of 7; = e~0~1), éj = H;_; in our Gaussian example.

Condition (a) requires that the coefficients of functions ¢, , and Z;, wr.t. the or-
thonormal systems {%1 ;iJ€EN } and {@Z)xm 1J € N} in the singular value decomposition
of A3 A, (see Kress, 1999, Theorem 15.16), feature geometric decay. Under Condition

(a), the source condition in Assumption 4 is satisfied for any ¢,, < J§. Condition (b) re-
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quires that the proportion of lags for which either d,, ; = 0, or ¢ = 0, or d,,; and

171,j
&, ; have opposite sign, is non-zero asymptotically. This condition is used to control a

0
1

2p—1

. . . 2 .
cross-term in the squared bias function and show by, (A\ey 7 By )" < A2 1 + h’?chnT)\xl o in

Proposition 4 (ii). By using this result, the conditions (16)-(18) and (20) simplify to n,, <7,
L—n, —n 1=n, —2n 2(n+(m="1)n,) 2my }

%ﬁ%ﬁznd’%l<min{m”m’ 5 0 1+0 2%+ 1 "W+ 1

when dy, = dz, =dx, = 1.

The optimal convergence rate of the bandwidth in Proposition 4 (iii) is smaller than the
standard dy,-dimensional nonparametric rate with m derivatives. It can be interpreted as
the standard nonparametric rate with w > m derivatives. The optimal convergence rate

of the regularization parameter is smaller than , that is the optimal rate with no

1
1+20
exogenous regressors (i.e. dx, = 0). The optimal convergence rates v} and 7} of the

regularization parameter and bandwidth depend on the dimension dy, of the exogenous

variable, but their ratio v /7y is independent of dx,. The optimal convergence rate of

the MISE is the product of that is the optimal rate with no exogenous regressors,

2
14267

2w
times v 2w that is the convergence rate of a kernel estimator with w derivatives. The
X w

1

1 142(6— 2
optimal convergence rates 7, , 7,,, and any rate n such that T2 +1 —(i— 5 ((g))_—i_p) i

w min{2(20—-1),0} ' N ' 1
— > -
1+ 2% % 1 , satisfy Conditions (16)-(18) and (20) if 1 > § > 5 +p

and 14+ 2(0 —p) +2mp < mmin{2(20 — 1),0} when dx, = dz, = dx, = 1. Finally, by

n <

using Expression (24) it is possible to verify that under the conditions of Proposition 4 the
optimal rate of convergence of the L? regularized estimator is exactly the same as for the

TiR estimator (including logarithmic terms).
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6.2 Trigonometric eigenfunctions

Under an hyperbolic spectrum, a result similar to Proposition 4 can be obtained. Hereafter

we focus on an example with no exogenous variables and a trigonometric basis of eigenfunc-

tions. Specifically, let the spectrum of AA consist of eigenvalues 7; < j7¢, & > 1, and eigen-

functions ¢, () = 1, (Ej(xg) =V2cos((j —1)mxs), j =2,3,---, 25 € Xy = [0,1]. Since the

2

functions g~bj are eigenfunctions of operator D =1 — V2 to eigenvalues 1+ 7252, the spectrum

of operator A*A for [ = 1 is such that v; < j7%, a = &+ 2, and ¢, = \/1/(1 +7T2j2)q?>j.

2

Moreover, we assume that the function ¢, is such that <(p07éj>L2(X) = 7%, 1/2 < p
2

< 1/2+ &. Then, the squared bias function is such that b (\)* =< A with 26 = (2p — 1) /cv.
In this second example we compare analytically the optimal MISEs of the TiR estimator,
and of the L? regularized estimator, denoted M} and ]\;[}. This comparison is made possible

because we have derived the exact asymptotic expansions Mr()\) and Mz (). The optimal

20

2p—1

and the constants c, ¢ are such that
20+«

P4 29— 1 11—
o [ sin T sin 7rp—
_(a—Q) a—2 a—2p+1 a—2
(T —2p — 20—1 '
S <E> a=2p 1Sin <7T P )

(SN

«

The two estimators feature the same rate of convergence s, which is the optimal rate given
in HH, Theorem 4.1, and in BCK, Theorem 3 (with their r = (2p — 1)/2 and s = &/2). The
rate of convergence in Proposition 4 is recovered when dy, = 0 and a — oo. The ratio ¢/¢
yields the relative efficiency of the TiR estimator compared to the L? regularized estimator.
For any p > 1/2, the ratio ¢/¢ is a monotonically increasing function of a with range (0,1). In
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particular, ¢/é < 1. Moreover, there exist models for which the TiR estimator is arbitrarily
more efficient (¢/¢é — 0) compared to the L? regularized estimator.

In the two above examples, the operators A*A and AA admit a common basis of eigen-
functions and we obtain a common rate of convergence for Sobolev and L? penalization. The
analytic comparison of the rates of convergence and the discussion of the relative efficiency

of the estimators in the general case is still an open question.

7 Numerical implementation

To compute numerically the estimator we solve Equation (11) on the subspace spanned by
a finite-dimensional basis of functions {P; : j = 1,...,k}, such as Chebyshev or Legendre

polynomials, and use the numerical approximation
k
Py =Y 05,;P =10, P 0, €R". (25)
j=1

The k x k matrix corresponding to operator fl;lflxl on this subspace is given by

T
L " . 1 . . .
(Pi, Ay Aa Py) ey = (A Biy Ay Py 1z (2,) = Tho o > (Azlpi) (Z1t) Qay (Z1t) <A11Pj) (Zu)
THt =1
K((Xyy—x1)/hay 1)/ fx, (1) ~ (}A’;lf}zlﬁM)ij . i,j=1,...,k where P,, is the T x k matrix
T b
1

" Thrhg, v lz;

with rows Py, (Zy) P(Xo) K((Zy—2Z0) /he) K (Xu—21)/hay 7)) f 205, (Z10, 1)

and ipl is the T'xT' diagonal matrix with diagobal elements le (Z11) K((X1—

Thml,Tf)ﬁ (171)
x1)/he, 1), t = 1,...,T. The use of empirical averages instead of integrals in the defini-

tion of the estimator simplifies the implementation and is asymptotically equivalent. It

avoids bivariate numerical integration and the choice of two additional bandwidths. Ma-
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trix P,, is the matrix of the “fitted values” in the regression of P (X,) on Z; at the
sample points conditionally to X; = z;. Then, by projection on the k-dimensional lin-

ear subspace of H'(X,) spanned by {P;:j =1,....,k}, Equation (11) reduces to a matrix

~

equation (ATD+13;1§$113M) 0 = P, 5, R,,, where <Rx1> = ., (Zy) with 7, (Zy) =
t

T

> YiK((Zu = Zu)/he) K(Xu — 21)/ha, )/ [0, x,(Z1g,21), and D is the k x k

=1

1
Thrhg, v

matrix of Sobolev scalar products D;; = (P, Pj)pi(x,), @,J = 1,...,k. The solution is

~y A~

/Q\ml = </\TD + ﬁ; 1§z1ﬁx1> B P, 1Zz1§x1> which yields the approximation of the TiR estima-
tor ©,, ~ 9;1]3. It only asks for inverting a k x k& matrix. The matrix D is by construction
positive definite, since its entries are scalar products of linearly independent basis functions.
Hence, A\rD + ﬁ;lixlﬁxl is non-singular, P-a.s..

Estimator ézl is a 25LS estimator with optimal instruments and a ridge correction term.
It is also obtained if we replace (25) in Criterion (9) and minimize w.r.t. 6,,. This route is
followed by NP, AC, and BCK, who use sieve estimators and let £k = k7 — oo with T' to
regularize the estimation. In our setting, the introduction of a series of basis functions as in
(25) is simply a method to compute numerically the original TiR estimator (12). The latter
is a well-defined estimator on the function space H!(X3), and we do not need to tie down the
numerical approximation to sample size. In practice we can use an iterative procedure to
verify whether k is large enough to yield a small numerical error. We can start with an initial
number (not too small) of polynomials, and then increment until the absolute or relative

variations in the optimized objective function become smaller than a given tolerance level.

This mimicks stopping criteria implemented in numerical optimization routines. A visual
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check of a stable behavior of the optimized objective function w.r.t. k is another possibility
(see the empirical application). Alternatively, we could simply take an a priori large k as in
the next section for which matrix inversion in computing gxl is numerically feasible.
Finally, a similar approach can be followed under an L? regularization by replacing matrix
D with matrix B of L? scalar products B; ; = (P, Pj)r2(x,), ©,j =1,....,k. DFFR follow a
different approach to compute exactly the estimator (see DFFR, Appendix C). Their method
requires solving a T' x T' linear system of equations. For univariate X and Z, HH implement
an estimator which uses the same basis for estimating conditional expectation m (¢, z) and

for approximating function ¢ (z).

8 A Monte-Carlo study

We include an exogenous regressor X; in a design similar to NP and to the example of Section
6.1. The errors U and V' and the instrument Z; and X7 are jointly normally distributed, with
zero means, unit variances and correlation coefficient p = 0.5 between U and V. We take
X; = (Z, +V)/v/2 and build the endogenous regressor Xy = ® (X3) where the function ®
denotes the cdf of a standard Gaussian variable. Similarly we take X; = & (X7) for the exoge-
nous regressor. To generate Y, we examine the design Y = sin (7(X; + X3 — 0.5))4+U. Then
EY — ¢, (X) | Z] = 0 and the functional parameter satisfies o, ,(.) = sin (7(2; +. —0.5)).
We work with a Sobolev space of order [ = 1.

As Xy, = [0, 1], we use a numerical approximation based on standardized shifted Cheby-

shev polynomials of the first kind (Abramowitz and Stegun, 1970). We take a large number
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k = 16 of polynomials from orders 0 to 15 in (25) to match our theory. Matrices D and B
are explicitly computed with a symbolic calculus package.

The kernel estimator 1, (gpx " zl) of the conditional moment is approximated through
8’11]5,,31 (21) — 74, (21), where P, (21) and #,, (z) are standard kernel regressions with Gaussian
kernel. All bandwidths are selected via the standard rule of thumb (Silverman, 1986). This
choice is motivated by ease of implementation. Moderate deviations from this simple rule do
not seem to affect estimation results significantly. The weighting function €2, ¢(z1) is taken
equal to unity, satisfying Assumption 5, and assumed to be known.

The sample size is fixed at 7' = 1000. In Figures 1 and 3 (TiR estimator) and Figures
2 and 4 (L? regularized estimator), the left panel plots the MISE on a grid of lambda, the
central panel the Integrated Squared Bias (ISB), and the right panel the mean estimated
functions and the true function on the unit interval. Mean estimated functions correspond to
averages over 1000 repetitions obtained from regularized estimates with a lambda achieving
the lowest MISE. In each panel, we also display corresponding quantities for a bivariate
standard kernel regression. We look at function ¢, for z; = ®(0) in the two first figures
and z; = ®(1) in the two next ones. Several remarks can be made. First, the endogeneity
bias of the standard kernel estimator is large, and as a consequence its MISE as well. Second,
the MISE under a Sobolev penalization is more convex and much smaller than the MISE
under an L? penalization for the same range of X\. So even if we expect the same optimal

convergence rates (cf. Section 6.1), the Sobolev norm should be strongly favored in our

Monte-Carlo design in order to recover the shape of the true function. A potential theoretical
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explanation is the that multiplicative constants play a crucial role in the MISE behavior (cf.
Section 6.2). Third, examining the ISB for A close to 0 reveals that the estimation part of
the bias of the TiR estimator coming from smoothing is negligible w.r.t. the regularization
part.

In Figures 5 and 6 we look at the same design as in Figures 1 and 3 except for p = 0. When
we suppress the endogeneity of X the MISE of the TiR estimator is slightly larger than the
MISE of the standard kernel regression estimator. We loose in terms of ISB and variance
w.r.t. kernel regression as predicted by theory. Moreover, the MISE of the TiR estimator
is very close in the endogenous and exogenous designs. This feature is in accordance with
Proposition 3, since the spectrum of operator A} A,, is the same in the two designs, and
the estimation bias contribution is rather small.

For T" = 100 and T = 400 as well as a number k of polynomials as low as 6, our
conclusions remain qualitatively unaffected. This suggests that as soon as the order of the
polynomials is sufficiently large to numerically approximate the underlying function, there
is no gain by linking it with sample size (cf. Section 7).

To summarize our Monte-Carlo findings we get evidence in favor of a Sobolev penalty
instead of an L? penalty. We also observe that there is little to gain from using kernel
regression in the exogenous case but a lot to loose if we neglect endogeneity when it is

present.
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9 An empirical example

This section presents an empirical example with the data in Horowitz (2006) based on the
moment condition F [Y — ¢, (X2) | Z1] =0, with Xy = ® (X}) and no exogenous regressor.
We estimate an Engel curve where variable Y denotes the food expenditure share, X; denotes
the standardized logarithm of total expenditures, and Z; denotes the standardized logarithm
of annual income from wages and salaries. We have 785 household-level observations from the
1996 US Consumer Expenditure Survey. The estimation procedure is as in the Monte-Carlo
study and uses a data-driven regularization parameter.

The data driven selection procedure of the regularization parameter Ay aims at estimating
directly the asymptotic spectral representation (23). A similar heuristic approach has been
successfully applied in Carrasco and Florens (2011) for density deconvolution. Theoretical
properties of such a selection procedure are still unknown, and beyond the scope of this
paper. Preliminary Monte-Carlo results show that the selected parameter is of the same
magnitude as the optimal one (see GS). The selection algorithm works as follows.

Algorithm to select the regularization parameter

(i) Perform the spectral decomposition of the matrix D-1P'SP to get eigenvalues v; and

eigenvectors w;, normalized to uv;.ij =1,7=1,..,k.
(ii) Get a first-step estimate 6 using a pilot regularization parameter M.

(iii) Estimate the MISE:
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and minimize it w.r.t. A to get the optimal regularization parameter A.

(iv) Compute the second-step TiR estimator with [ using regularization parameter A.

We take six polynomials. Here the value of the optimized objective function stabilizes
after & = 6 (see Figure 7), and estimation results remain virtually unchanged for larger
k. We have observed a stabilization of the loadings in the numerical series approximation
and of the data-driven regularization parameter. We have also observed that higher order
polynomials receive loadings which are closer and closer to zero. This suggests that we can
limit ourselves to a small number of polynomials in this empirical example.

Since Qo(z1) = V[V — ¢y (X2) | Z1 = 2]~ is doubtfully constant in this application we
estimate the weighting matrix. We use a pilot regularization parameter A = .0001 to get
a first step estimator of ,. The estimator $*(Z;,) of the conditional variance s*(Z;,) =
Qo(Z14)7! is of a kernel regression type.

Estimation with the data driven selection procedure takes less than 2 seconds, and we
obtain a selected value of A = .01113. Figure 8 plots the estimated functions ((z,) for
xo € [0,1], and @(® (x3)) for x5 € R. The plotted shape corroborates the findings of
Horowitz (2006), who rejects a linear curve but not a quadratic curve at the 5% significance
level to explain log Y. The specification test of Gagliardini and Scaillet (2007) does not reject
the null hypothesis of the correct specification of the moment restriction used in estimating

the Engel curve at the 5% significance level (p-value = .67). Banks, Blundell and Lewbel
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(1997) consider demand systems that accommodate such empirical Engel curves.
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Appendix 1: List of regularity conditions

Below we list the additional regularity conditions. For a function f of variable s in R% and
a multi-index a € N% we denote V¢ f := V2l ... Vois [y lal = S5 i, [ fllo = sup, [ £(s)]
and D™ e = Sjorcm 197l
B.1: (i) {(Y:, Xou, ZF) it =1,...,T*} is a sample of i.i.d. observations of random variable
(Y, Xy, Z%), where Z* := (Zf, X7), admitting a density fy x,z» on the support Y x Xox Z* C
RY, where Y CR, Xy = [0,1]%%2, Z* C Rz dx d = dy, +dz, +dx, +1. (i) The density
v xs,2z+ 15 in class C™ (Rd), with m > 2, and V®fy x, z+ is uniformly continuous and
bounded, for any o € N¢ with || = m. (iii) The random wvariable (Y, Xy, Z) is such that
(Y, X5, 2) = (Y, Xy, Z%) if Z* € Z, where Z = Z,xX1=(0,1]2114x1 s interior to Z*, and

the density f7 of Z is such that inf,cz fz(z) > 0.

B.2: The kernel K on R? is such that (i) /K(u)du = 1 and K is bounded; (ii) K has

compact support; (iii) K is Lipshitz; (iv) /uo‘K(u)du =0 for any o € N? with |a| < m.

B.3: (i) The density fx,z of X given Z is such that Hmesz\ZHOO < o005 (ii) The func-
tion u(z) = EY|Z = z] fz(2) is such that | D™yl < co. Moreover, E[|Y|"] < oo and

sup E[|Y" | Z = 2] f2(2) < o0 for s> 4.
2€Z

B.4: There exists h > 0 such that function q(s) := Z sup |[Vfyx,z(v)], s €S, is

a:lal<m vEB(s)

2
integrable and satisfies sup /&dydxgdzl < oo, where By(s) denotes the ball in R?
T1€X fY,XQ,Z(S)

of radius h centered at s.
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B.5: Function ¢, is such that /gpzho(xg)‘ldxg < o0, for any x, € X).
B.6: The weighting function §y is such that sup,cz Q0(2) < 0o and inf,cz Qp(z) > 0.

B.7: Estimator Q of Qo is such that (i) sup Qu, (21) < o0, P-a.s., for any v, € X,

z21€21

.. A logT' o . .
(i) sup |[AQ, (1) = O, —a a- T hr thy |, umiformly inox €AY

z1€2, Thxl lThT !

’ N
. N 1

(iii) sup F UAQxl (z)’ 1 = —— hy + hy 7 , for any x, € Xy and

21€21 /ThxilThTZI
N eN.

> ¢z ,'7¢x K ; >
B.8: Forany x; € X : (i) Z < AR >L2(X2) < o0; (ii) ZVMJ qumJHiQ(XQ) < 00;

2 2
. Ji=1,j#i quxl,j”/:?()@) quxlyiHLQ(Xg) J=1
(iii) SugE [9er.5 (U2)° | X1 = 21] < 00, for § > 4, where gq, j(u2) = (Vg ;) (21)Q,0(21) (y—
je

Ou0(2)) and Y, = Ap by, i/\/Varj; (V) The functions g, ; are differentiable such that

sup &/ [|Vg$1,j (U2)|g | X; = xl} < 00 .
jEN

In Assumption B.1 (i), the compact support of X5 is used for technical reasons. Mapping
in the unit hypercube can be achieved by simple linear or nonlinear monotone transforma-
tions. If a nonlinear invertible transform A is used to map the observations X3 ; into [0, 1]dx2
through Xo, = A (X3,) (e.g. the cdf of the standard Gaussian distribution applied com-
ponentwise) then the smoothness assumptions bear on function ¢, o = ¢} oo A™", since
©uy0(@2) = @5 o(x5). Assumptions B.1 (ii) and B.2 are classical conditions in kernel den-
sity estimation concerning smoothness of the density and of the kernel. In particular, when
m > 2, K is a higher order kernel. Moreover, we assume a compact support for the kernel K
to simplify the set of regularity conditions. In Assumption B.1 (iii), variable Z is obtained
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by truncating Z* on the compact set Z, and the density fz of Z is bounded from below away
from 0 on the support Z. The corresponding observations are Z;, t = 1, ..., T, where T" < T™.

We get the estimator fy7 X,,z of the density fy x, 7 on Y x &3 x Z from the kernel estimator

fY,Xz,Z* (y,r,2) = T*lhd ZK((YE —y)/hr) K (Xoy —x)/hr) K ((Z — 2z)/hr) of density
T 1=1

fv,x,,z» by normalization and trimming, namely fyxgz = fY7X27Z*// fz*m where fZ*,T =

z
max {fz*, (log T)_l}. Similarly, fy7X2‘Z = fKXQ’Z*/fZ*’T. The truncation trick is used to
avoid edge effects when smoothing Z while maintaining the assumption inf,cz fz(z) > 0,
or equivalently inf,cz fz+(2) > 0 (since fz is a rescaled version of fz«). The latter condi-
tion is useful to control in probability for small values of the estimator fz* of density fz-
appearing in denominators. The additional trimming of fz* is necessary to control in mean
square sense small values of the estimator fZ* of density fz+ appearing in denominators.
The condition inf.cz fz« (2) > 0 allows us to select a simple trimming sequence (log7)™*
independent of the density tails. Alternative approaches to address these technical issues
consist in using more general forms of trimming (see e.g. Hansen, 2008), boundary kernels
or density weighting (see e.g. HH).

Assumptions B.3 (i) and (ii) concern boundedness and smoothness of the p.d.f. of X,
given Z, and the (conditional) moments of Y (given Z), respectively. Assumption B.4 con-
cerns the joint density fy x, 7, and imposes an integrability condition on a suitable measure
of local variation of density fy x, z and its derivatives. This assumption is used in the proof
of Lemmas A.5-A.7 to bound higher order terms in the asymptotic expansion of the MISE

coming from kernel estimation bias. Similarly, Assumption B.5 on function ¢, is used to
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bound the expectation of terms involving powers of ¢,(X3) in the proof of Lemma A.5 (see
also Lemmas B.6 and B.7 in the Technical Report). Assumption B.6 imposes boundedness
from above and from below on the weighting function €. In particular, Assumption B.6
together with Assumption B.3 (i) imply that operator A,, is compact, for any z; € X;. As-
sumption B.7 concerns the estimator le of the weighting function. Specifically, Assumption
B.7 (i) is a uniform a.s. bound for €2,,, Assumption B.7 (i) yields a uniform rate of conver-
gence in probability and Assumption B.7 (iii) yields a uniform rate of convergence in mean
square. Assumption B.7 covers the trivial case of known weighting function €2y, and the
choice Qp = fz used by HH. In particular, Assumptions B.1-B.3, B.6, B.7 (i)-(ii), together
with Assumptions 1-4, imply the (uniform) consistency of the TiR estimator (Proposition 1
and 2).

Finally, Assumption B.8 concerns the singular system {\/m s Py s Vay i J EN } of op-
erator A,, (Kress, 1999, p. 278) and is used to derived the sharp asymptotic expansion of the
MISE (Proposition 3). Assumption B.8 (i) requires that the (., .) ;i ,)-orthonormal basis of
eigenfunctions of A} A, satisfies a summability condition w.r.t. (., .) s x,)» for any z; € &
Assumption B.8 (ii) implies the convergence of the series defining the variance term of the
MISE. Assumptions B.8 (iii) and (iv) ask for the existence of bounds for moments of deriva-
tives of functions g¢,, ;, uniformly j € N and for any x; € &}. These assumptions control for
terms of the type /gxhj (uz) fy,XQ,Zl (ug, z1)dus, uniformly in j € N and for any x; € A3, in

the proof of Lemmas A.5 and A.6.
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Appendix 2: Characterization of the adjoint operators

In this appendix we characterize the adjoint operator A} and its empirical counterpart
Ar L Let HZ' (X)) = { € H* (Xy) | V*9(x2) = 0 for a.e. 7 € 90X and all |a| < 21 odd}
be the subspace of H? (X;) consisting of functions with odd-order derivatives vanishing
on the boundary 04X, = {xy € Ay : either 25, = 0 or z5; = 1, for some ¢ = 1, ..., dx, } of As.

Let us define the polynomial p (z) = Z 2% and the differential operator D =p (—VQ), where

o<l
dx,
(-v*)" = (—1)l H Vi Let wus introduce the orthonormal basis
i=1
dx,
{Xj 1j = 1y Jax,) € NdX2} of L? (X,) given by X;(2) = H)zji(xg,i), where X, (z2) = 1,
i=1

if j; = 1, and X (#24) = V2cos (7 (j; — 1) 22,) , otherwise. The elements of the basis be-
long to H3' (X;) and are eigenfunctions of operator D, that is Dy; = £;x;, with eigenvalues
§; = p(z), where z; = 2 ((]z — 1)2 =1, ..., dXZ). Define further the linear vector space
! 2 2
S (X)) = pe L (A) | Z [fj (e, XJ'>L2(X2)} < 00 ¢, which is a linear vector subspace
jeNdX2
of L?[0, 1] made of functions whose basis coefficients <go, Xj> 12() feature rapid decay for large
|j| such that & (¢, Xj>L2(X2)7 j € N%%2 | are square-summable. It is an Hilbert space w.r.t. the

scalar product (g, @)s == Y E2(p,X;) 120 (6 X;) 12(2a)- We denote by [[ol|s = (¢, )"

jeN©X2

the associated norm. The space S' (X3) is equivalent to HZ' (X,), which therefore is also an

Hilbert space equiped with the scalar product (.,.).

Lemma A.1: (i) For any ¢ € L? (X,), the PDE Du = ¢, u € HZ' (Xy), admits a unique
solution, denoted by uw = D~'¢. (ii) The mapping D' : L*(Xy) — HZ (X,) is continu-
ous. (iii) There erists a unique linear continuous operator & : HZ (Xy) — H'(Xy) such
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that (Du, ) r2(x) = (Eu, @) pi(xy), for any u € H' (X)) and ¢ € H' (X). (iv) We have

Azl - E"DilAIl where gﬂﬁ1¢(m2) = /Qm1,0(zl)fX2,Z1X1 ($2721|$1)@Z)(21)d21 fO’I” 77D € Lzl (Zl)

Operator € is the identity when [ = 1. When | > 1 and dx, = 1, operator £ is characterized
in CGS. In the Technical Report, we discuss the characterization of £ when [, dx, > 1, and

the embedding condition 2] > dx, is satisfied.

Lemma A.2: Under Assumptions B.2 and B.7 (i), the following properties hold P-a.s. for
any T € Xy:

(i) The linear operator fl;l = 5D*11§1x1 from L2 (Z,) into H' (X,) is such that, for any ¢ €
B(2) v e B (p i) = [ Q) (Anw) ()0 (1) fax, (o) da

(ii) Operator A;lflxl : HY (X)) — H'(Xy) is compact.

Appendix 3: Proof of Propositions 1-3

This appendix concerns the proof of the consistency and the derivation of the asymptotic
MISE of the TiR estimator. The steps are as follows: getting the asymptotic expansion of
the estimator in A.3.1, controlling the regularization bias in A.3.2, proving consistency in

A.3.3 and finally deriving the asymptotic MISE in A.3.4.
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A.3.1 Asymptotic expansion (proof of Equation (13))

We can write

Fay (21) = /(Z/—@o,xl(ﬂh)) [ij/|Z(w\2)—fW|Z(w|2)} dw+/%,x1($2)fw|2(w\2)dw
= [ =0 2) M?Zz_g,z)dw + [ e, (az) ]
CAfz(2) a . Afwz(w, 2) w
f2(2) /(y 0 (22) fz(2) a

Uy, (21) + (o (21) + (Azl%,m) (21) + Guy (21),

e / ( - 900,11(562)) AJCL(U}’Z)C&U, Afz = fZ_va and AfWZ =

where ¢, (21) := ——

1 fz(2) f2(2)
fiz = fwz. Hence, A iy = Ay, + A2 Coy A7, Anpo, + (A3, = 43) (D, + G0y ) +
Ax .Gz, - By replacing this equation into (12), we get (13) where the remainder term R, 7 is

given by
A -1 _ ~
Rm,T = |:</\$1,T + A;Am) - ()\1'17T + A;Am) 1:| Ail (1/}931 + Cx1>
A -1 A ~ o
(e + A A ) (A2 = AL) (90 + G ) + Al |
Ao -1 . . _
+ R)\%T + A;Am> AL Ay — (Axl,T + A;lel) ! A;IAM] oz - (26)
The remainder term R, 7 accounts for estimation of operator A,, and its adjoint.

A.3.2 Control of the regularization bias term (proof of (15) and (19))

Similarly to the proof of Proposition 3.11 in CFR, we have

2 2 2-26,, 26 2
||Br ||2 B > )\m,T<¢x1,jvgpm1,0>Hl(X2) - )\2511 ©° )\m’T“”lymlz1 <¢x17j’(‘0x170>Hl(X2)
z1, THHU (X)) — Z 2 = Ao, T 3 55
1 2 7=t ()\ml’T + Vzl’j) 1 Jj=1 (AiUlyT + Vﬂﬁhj) a:la,c]l
2
< )\25““1 & <¢I17j’(’033170>Hl(2(2)
= To,T 204, .
]:1 yzlaj
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Then, Assumption 4 implies (15), while Assumption 4 bis implies (19).

A.3.3 Consistency (proof of Propositions 1 and 2)
The next lemma gives a bound in probability for the Sobolev norm of the remainder term

Rz, 1, uniformly in 2, € Aj.

logT
Lemma A.3: Under Assumptions 3, B.1-B.3, B.6, B.7 (i)-(ii) and if — ogd 73
Th X}Ijh Z Xo
z1,
2m | 1 2m 2 log T . ‘
W +hi" =0 (A7, ) and —— —— = O(1) uniformly in x; € X1, we have uniformly
’ 7 Thy phy
in 1 € A HRIhTHHZ(XQ) Op (”Vm THHI () T HB a1 T”Hl + HB a1 THHl X2)>

1 log T
O h2m 4 p2m )
+0, </\ac1,T <Thii17‘hg“Z1+dX2 +hr + ml,T>>

From Equation (13), the triangular inequality and Lemma A.3 we get:

100 = nolliy = O (Wl + (Bl + [Bouilliy) 9

1 lOg T 2m 2m
o (AM,T <Thif%hdzl+dxz i +h“’T)> |

uniformly in z; € &;. In order to bound in probability the Sobolev norms of V,, 7 and B, r,

we use the next lemma.

Lemma A.4: Under Assumptions 3, B.1-B.3 and B.6, we have uniformly in x, € X;:
. logT . logT

= o, . /2 | = 0,/
K sl PREY ’ ( ThiflTthZl> ) e ’ (\/ ThfﬁflT)

(iii) Hgm‘ L2 (Z) =0 (hm + thl T)
Let |||l (m, 1,y denote the operator norm for operators from Banach space H; into Banach

~

(8

. ) . -1
space Hy, with |[-|L 5z, = 1| sz, sr,) When Hy = Hy. By using H (Narr + A% Ay Hg(m(;@)
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< 1/Az,r and Lemma A 4 (i), we have [[Vo, 7 114, = Op ()\ 1 - /Tl;LgdZ;l >, uniformly in
e x1,T
r; € X. By using H(Axl,T—i—AzlAm)fl A% < 1/v/Auy 1 (see CGS) and

£(L3,(21),H (X))

log T
Lemma A.4 (i), we have Vo, 7/l gi(x,) = Op <\/)\ ;fdxl hd21> , uniformly in z; € A}.
z1,T x1,T"'°T

log T
dx dZ
Thml,lT)‘Il,T (AII’T \ hT 1)

, uniformly in z; € Aj.

Thus, we get Hle,THHl(XQ) =0,

ht + Iy ¢ : :
Moreover, from Lemma A.4 (iii) we get HBe = O | —=—== |, uniformly in

mt s
T,

x1 € X;. From (27) and (15)-(19) we get:

log T hy + hzml T 5

SAOJ: — ¥z 7OH l OP + / +AITT
1 1 H!(X3) ThiilT)\th <)\x17T v h'CIZ“ZI) )\th X1
1 logT h3™ + h2™
+0, e L L,
Aar T Th by Azy,T

uniformly in x; € X;. Then, Propositions 1 and 2 follow.

A.3.4 MISE (proof of Proposition 3)
The next Lemma A.5 shows that the L*norm of the remainder term R, r is asymptot-

ically negligible in mean square sense.

1
Lemma A.5: Under Assumptions 5, B.1-B.6, B.7 (iii), B.8 and if P, TGz,
) x,T"°T
2m om 24e (logT) _ 1 2m 2m
W2 4 B2 = O (AM) e 0 5 T o(1), R + B2 R =

T [ 2
0 (Aay 70 (Azy 1y by 1))5 we have: E [HRm,THiQ(XQ)} =0 <E [||VII7T|@2(X2)] + ||Bz1,T + BthHH(XQ)).
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From Equation (13) and Lemma A.5 we have:

E2e = Crnolliay] = B[+ Brow + By | (1 +0(1)

= (B IVl + 1Bre + Bey 22 ) (14 0(1)) 28)

for any x; € X). To derive the asymptotic expansion of the MISE, we need sharp bounds for

the variance contribution F [“Vm,TH; ( XQ)] and the bias contribution || B, r+ B, TH 122"

They are given in next Lemmas A.6 and A.7.

Lemma A.6: Under Assumptions B.1-B.4, B.8 and 5, we have E [HV%TH;(XQ)}

W2fX (301) - Vgij 2
; L . 1+0(1)), for any x; € Xj.
< Th;lilT ; ()\%T_}_Vxhj)z qu 1,]HL2()(2) ( (1), f y T 1

\/ )\zl T

Lemma A.7: Under Assumptions 5, B.1-B.4 and B.6, and z’f =0 (b(Agy 15 hay.1)),

we ha/Ue HB;1T+ 1THL2 1T+hle()\mlaT+A;1Axl) Aj;l:l'l L2(X2) (1+0(1))7
for any x, € X.

From (28) and Lemmas A.6 and A.7, Proposition 3 follows.

Appendix 4: Proof of Proposition 4

(i) Since A} A, =D~ 1A, Ay, (see Lemma A1 (iv) with I = 1) and D~ 1¢x1 P =T ~m1’j,

we have A} Ay ¢, ; = :zljgbl,l ;- The normalization of the eigenfunctions in H' (X3) is
- 2 . -

obtained from ‘ Dy Hi (br, js Dby j)L2(x5) = Tay,j (see Lemma A.1 (iil) with [ = 1).
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(ii) To compute the asymptotic behaviour of o2 (A, r) and by, (A 1, he,7)° in Propo-

sition 3, we use the next lemma.

Lemma A.8: Let v; < j~ e ¥ a; < j~ e ™ for aj,az >0, ag,aq > 0. Let ny, € N be

such that v,, <X as A = 0. Then, as A — 0:

a1oq

i o ~ )\—2+a4/oc2n)\a2 s L if g < 209
—~ (A +vy)” .
j=1 (At v5) 1 , if ay > 200
1
From Lemma A.8 and Condition (a), we get o2 (Mg 1) =< X 57— Now, by using
m1’,1—'71)\0:1,T

that the functions ¢, ; are orthogonal w.r.t. (.,.) 2.y, (see Part (i)), the squared bias

00 m 2

Z (Azl’Tdmlvj - hml,T V I/xhjgaflyj)
2

j=1 (Azy, 7+ Vay )

We develop the parentheses, and show by using Lemma A.8 and Condition (a) that

z1,J

function is given by b,, ()\JCIVT,hC,;hT)2 = Hgbxl,j”y(;@)'

o0
11,] ¢ ' 2 v/\2(5 n(25 1)5 and h2m mlJé—IlJ ¢ ] 2 —
B 2 G il <M i S o
hI1 T)\i’l’ on E\Qp Y% In the Technical Report, we use Condition (b) to control the cross
: 1 (261
term in b,, (/\gﬁl,T,hgcl,T)2 and get My, 7( Aoy 7y hay 1) < )\25 By

dxy B 21T ey 1
7—1}7/'%1,/1"!)\‘%17’1"/'/I/>\I17

hiTT)\i’f on 5\2p1 Tl)’g Moreover, ny, , = O (log (1/Ar)). Thus, for A;, 7 such that A,y r < T77,
powers of ny, , contribute multiplicative terms of logarithmic order, and Part (ii) follows.
(iii) The bandwidth and regularization parameter sequences that optimize the conver-

gence rate of the MISE up to logarithmic terms are the minima of the function Ur (A, 7, hyy r) =

1 A% dx
_ )\9205 T+hx T)\ip ! The partial derivatives are given by = — . +
Theldar Oharir— THH N

ov 1
2mh2m N2 and a +2002 7 + (20 — 1) 2P AT By setting these

s TR,
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partial derivatives equal to zero, we get:

20 _

2m 2(6—p)+1

z,T d?_m +1— Qp/\fl,T : (29>
X1

By plugging this into function W7, we get the concentrated function Wrp (A, 1) =

C1

dx
I4+51(2(6—p)+1)
TA, 7

Az, 7, the optimal rate v for the regularization parameter follows. Then, the optimal rate

+ cg)\i‘;T, for some constants c¢q, ¢ > 0. By minimizing this function w.r.t.

n for the bandwidth is deduced from (29). Finally, by plugging the optimal A, v and hy, 7

into W7 (Ay, 1, hey ), the optimal rate of the MISE follows.
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Figure 1: MISE (left panel), ISB (central panel) and mean estimated function (right panel) for
the TiR estimator using Sobolev norm (solid line) and for the kernel regression estimator (dashed
line). The true function is the dotted line in the right panel. Correlation parameter is p = 0.5,

value of the exogenous variable X is fixed at 1 = ®(0), and sample size is T = 1000.
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Figure 2: MISE (left panel), ISB (central panel) and mean estimated function (right panel) for
the regularised estimator using L? norm (solid line) and for the kernel regression estimator (dashed
line). The true function is the dotted line in the right panel. Correlation parameter is p = 0.5,

value of the exogenous variable X7 is fixed at 21 = ®(0), and sample size is 7' = 1000.
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Figure 3: MISE (left panel), ISB (central panel) and mean estimated function (right panel) for
the TiR estimator using Sobolev norm (solid line) and for the kernel regression estimator (dashed
line). The true function is the dotted line in the right panel. Correlation parameter is p = 0.5,

value of the exogenous variable is X is fixed at 1 = ®(1), and sample size is T' = 1000.
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Figure 4: MISE (left panel), ISB (central panel) and mean estimated function (right panel) for
the regularised estimator using L? norm (solid line) and for the kernel regression estimator (dashed
line). The true function is the dotted line in the right panel. Correlation parameter is p = 0.5,

value of the exogenous variable is X is fixed at 1 = ®(1), and sample size is T' = 1000.
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Figure 5: MISE (left panel), ISB (central panel) and mean estimated function (right panel) for

the TiR estimator using Sobolev norm (solid line) and for the kernel regression estimator (dashed

line). The true function is the dotted line in the right panel. Correlation parameter is p = 0, value

of the exogenous variable is X is fixed at 1 = ®(0), and sample size is "= 1000.
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Figure 6: MISE (left panel), ISB (central panel) and mean estimated function (right panel) for

the TiR estimator using Sobolev norm (solid line) and for the kernel regression estimator (dashed

line). The true function is the dotted line in the right panel. Correlation parameter is p = 0, value

of the exogenous variable is X is fixed at 1 = ®(1), and sample size is T" = 1000.
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Figure 7: Value of the optimized objective function as a function of the number £ of polynomials.

The regularization parameter is selected with a data-driven approach.
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Figure 8: Estimated Engel curves for 785 household-level observations from the 1996 US Con-
sumer Expenditure Survey. Food expenditure share Y is plotted as a function of the standardized
logarithm XJ of total expenditures (right panel), and of transformed variable Xo

support [0, 1], where ® is the cdf of the standard normal distribution (left panel). Instrument Z;
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