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Résumé

L’étude du schéma de Hilbert des points sur le plan complexe Hilb" a été un sujet de recherche
capital, avec d’abondants résultats et applications dans diverses branches des mathématiques.
Plusieurs variétés connexes ont joué un role essentiel dans la géométrie énumérative, la théorie des
singularités et la théorie des représentations. Par exemple les travaux de L. Gottsche, H. Nakajima,
I. Grojnowski, G. Ellingsrud et S. A. Strgmme associent la variété d’incidence a la représentation en
dimension infinie de I'algebre de Heisenberg sur les groupes d’homologie de Hilb"™,

Le but de cette these est d’explorer la géométrie et la topologie du schéma de Hilbert raffiné

Hilbmm+7] .= {(I, J) € Hilb™ x Hilb"+" [ 15 7 2 (a, y>1},

une variété liée au Hilb™ qui fait son apparition dans les travaux de H. Nakajima et K. Yoshioka
sur l'espace de modules de certains faisceaux cohérents.

Dans la premiere partie de la these, nous révisons quelques propriétés géométriques et topologiques
de Hilb™" ! Nous construisons deux types de correspondances sur ces espaces: le type de Nakajima
et le nouveau type. Nous obtenons des résultats sur les opérateurs sur @, H, (Hilb™"*"1) définits par
ces correspondances; nous conjecturons que @, H, (Hilb["’"'”]) est une représentation irréductible
de dimension infinie de cette algebre d’opérateurs.

Nous introduisons aussi une description matricielle de Hilb , analogue au cas de Hilb"™,
Considérant une décomposition cellulaire de Hilb[”’”ﬂ]7 nous construisons les coordonnées locales
d’une cellule de dimension supérieure de Hilb™"*") dans cette description par matrices, fournissant
un outil d’étude des structures pres d’un point fixe du tore. Pour r = 2, inspirée par les exemples
d’étude de cette question par ces coordonnées locales, nous identifions le fibré en droite correspondant

[n,n+r]

au diviseur Hilb[;;;ﬂrz] consistant en les éléments (I, J) tel que la multiplicité de I en (0,0) est au
moins 2.

Dans la deuxieme partie, nous présentons une formule pour les E-polynomes des strates de
Hilb™ associées & un nombre fixe de générateurs en (0,0). La preuve utilise une structure de
fibré Grassmannien sur Hilb™" ") ainsi que la propriété motivique du E-polynéme. Ces formules
suggerent des connexions avec des formules modulaires et des formules de points fixes.
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Abstract

The study of the Hilbert scheme of points on the plane Hilbl™ has been one of the central research
subjects with abundant results and applications across various branches of mathematics. Several
related varieties have shown to play essential roles in enumerative geometry, singularity theory
and representation theory by H. Nakajima, L. Gottsche. For instance, works of L. Gottsche, H.
Nakajima, I. Grojnowski, G. Ellingsrud and S. A. Strgmme relate the incidence variety to the infinite
dimensional representation of the Heisenberg algebra on the homology groups of Hilb™.

This thesis aims to explore the geometry and topology of the refined Hilbert scheme

Hilbn+l .= {(I, J) € Hilb!" % Hilb™ [ 15 7 2 <x,y>[}

related to the Hilbert scheme of points on the plane Hilb™,

In the first part of the thesis, we review some geometric and topological properties of Hilb
We obtain results on the operators on the direct sum @, H, (Hilb[”’”Jrr]) induced by these corre-
spondences; we conjecture that the space @nH*(Hilb[”’"”]) is an infinite-dimensional irreducible
representation of this algebra of operators.

We also introduce a matrix description of Hilb which is analogous to the case of Hilb™,
Considering a cell decomposition of Hilb["’"'”], we construct local coordinates of a top-dimensional
cell of Hilb™"*™) in this matrix description, which provides a tool for studying structures near a
torus fixed point. For r = 2, inspired by examples of study this question through local coordinates,
we identify the corresponding line bundle of the divisor Hilbg;gH] consisting of elements (I, J) such
that the multiplicity of I at (0,0) is at least 2. B

In the second part, we present a formula for the E-polynomials of the strata of Hilb"™ associated
with a fixed number of generators. The proof uses a Grassmannian bundle structure on Hilbl"m+7]
together with the motivic property of the E-polynomial. These formulas suggest connections with
modular forms and fixed points formulas.

[n,n+r] )

[n,n+r]
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Chapter O

Introduction

Originally arising from algebraic geometry, the Hilbert scheme of points connects several fields in
mathematics: enumerative geometry, singularity theory, combinatorics of 2-dimensional partitions,
moduli spaces of sheaves, representation theory of infinite dimensional Lie-algebras and symmetric
functions, as well as theoretical physics (e.g [13,18,20,24,30,36]). In this thesis, we focus on the
Hilbert scheme of points on the complex plane and investigate the topology and geometry of various
related varieties. The first is the refined Hilbert scheme, an incidence variety of the Hilbert scheme
of points that enjoys many similar properties to the usual Hilbert scheme. For this space, we have
partial results of a structure of representation of Lie algebra on the direct sum of the homology
groups as well as a matrix description, where the latter is used in examples of analyzing local
structure of the refined Hilbert scheme. The second is the stratum of the Hilbert scheme of points
related to the function of the minimum number of generators, where we establish a formula for the
generating function of its E-polynomials.

The Hilbert scheme of the points on C?

Denote by Hilb™, the Hilbert scheme of n points on C2. Set-theoretically, Hilb™ can be described
as the space of ideals of codimension n of the polynomial ring R := C[z, y]:

Hilb!" = {I <9 R| dime (R/I) = n}.

The space Hilb™ is naturally endowed with the structure of a smooth 2n-dimensional complex
variety ([16]) and a universal sequence of R-modules

I—-R—R/I

over I € Hilb™. In addition, Hilb™ comes with a surjective morphism p : Hilb™ — Sym"C? of
Hilb™ to the symmetric product Sym”C? of C2. Counted with multiplicity, the map p sends an
ideal I € Hilb!™ to the underlying support of n points. We will write the elements of Sym™C? as
formal sums of points in C2.

The Briangon variety or the punctual Hilbert scheme Br!" is the subvariety of Hilb[”}7 which
collects all ideals supported at (0,0):

Brl") = {I < R| dime (R/I) = n. p(I) = n[(0,0)]}.

xi
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The variety Brl" is a deformation retract of Hilb™. It is (n — 1)-dimensional, compact and
irreducible. However, Br!™ is not smooth: Br[" is non-singular only for n = 1,2 (cf. [5,6]). The
Hilbert schemes Hilb!™ and Br(® are two of the central objects of study of modern geometry; their
geometry and topology have been intensively studied.

Like other moduli spaces, Hilb!™ inherits structures from the base space C2. In fact, more struc-
tures appear when we consider all Hilb[l]7 . ,Hilb["], ... together. An example of this phenomenon
is Gottche’s formula for the Poincaré polynomials of Hilb":

> P (i) o = I r—arags .
n=0

d=1

where each polynomial P (Hilb[”] ; t) has no simple expression. This is linked to a representation

of an infinite-dimensional Heisenberg algebra on the direct sum of homology groups of Hilbl"
H:= &, H, (Hilb["]> by I. Grojnowski ([20]) and H. Nakajima ([31]). It has a beautiful geometrical

interpretation through the correspondences: convolutions on the Borel-Moore homology groups by
incidence varieties in Hilb™ x Hilb"** . € 7:

{0y e B s M4 150, p(1/0) = k[p]}

for some fixed p € C2. The generating function in the formula (1) has an interpretation of a character
of this algebra action on H. Furthermore, the self-intersection numbers of Brl™ play an important
role in the proof.

The refined Hilbert scheme

Among various related varieties, we are particularly interested in the refined Hilbert scheme
Hilb™"*"] a refined incidence variety of Hilb[™ x Hilb"*") that parameterize ideals (I,J) sa-
tisfying the inclusion I O J and an extra condition: the quotient I/J is an r-dimensional C vector
space with a trivial R-modules structure. Denoted by m := (z,y) the maximal ideal of R at (0,0),
the refined Hilbert scheme is defined by

Hilbn+l .= {(I, J) € Hilb!" x Hilb™ [ 1 5 7 > mI} .

It follows from the definition that if (I, J) € Hilb™™*"] then I/.J is supported at (0,0).

The space Hilb™"*"] is an example of the moduli spaces of perverse coherent sheaves on the
blow-up of P? studied by H. Nakajima and K. Yoshioka ([34]). In particular, they show the following
results.

Theorem (H. Nakajima, K. Yoshioka, [34]). The refined Hilbert scheme Hilb™" ™ is smooth,
irreducible and has complex dimension 2n —r(r —1).

We shall mention that the refined Hilbert schemes have appeared in different settings. In [35] and
[36], the same type of incidence varieties of the Hilbert scheme of points of a plane curve singularity
C plays an important rule in studying connections of the HOMFLY polynomial with the link of C.

The algebraic torus T ~ (C*)* acts on C2 by

(t1,t2) - (z,y) = (12, t2y)
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for (t1,t5) € T, (z,y) € C2. This induces an action on the refined Hilbert schemes Hilb™"+" For a
generic choice of one-parameter subgroup (t1,t2) + (¢,tY), N > 1, the fixed points of the C*-action

and T-action are the same. Moreover, we have an affine cell decomposition of Hilb[n’””], where each

T-fixed point represents an affine cell. As in the case of Hilb™, H. Nakajima and Yoshioka show
that each affine cell is associated to a torus fixed point (which corresponds to a pair of monomial
ideals) and the dimension of the affine cell is given by the number of positive weights of the isotropy
representation of 1" on the tangent space of the fixed point. Using this fact, they determine the
generating function of the Poincaré polynomials of Hilb™"*"] which has the form

- 1. [n,n+r n > - 1 : 1
Sop (Hﬂb[ ot ];t) ¢ = ¢(&) (H T _t2(d—l)qd> (H T —t2dqd> . (2)
d=1

=G =t

Operators on @, H. (Hﬂb[n,n+r])

The previous formula (2) for the generating function of P (Hilb["’"+r]; t) is very suggestive, as it

indicates an action of an infinite dimensional algebra on the direct sum of homology groups of
Hilb v+
=D H. (Hilb[”’”“]) (3)

might exist. And there could be two “types” of operators: operators of Nakajima’s type of bidgree
(d —1,d), and r operators of new type of bidgree (d,d) from the term []/,_, ﬁ in the above
formula. The Nakajima type operators are constructed through the following incidence varieties:

Z(r, k)n = {((I, ), (K, L), p) € Hilbmm 7] 5 HilpmHentktrl o o2\ [(0,0)) \ ISK, p(I/K) =k [p]} .

Denote by m;, i = 1,2,3, the projection from Hilb™" 7 x Hilp"Thn+k+rl 5 2\ {(0,0)} to its i-th
factor. If o € Hy (C?),8 € HPM (C?) ~ H* (C?) and u € H; (Hilb["]), we define the operators
Bk () of adding k points and the operators ax(—) of subtracting k points:

ar(w) i= ma. (75 (PD~ ) Ui (PD ™)) N [Z(r,K),]) € Hig ooy (Hilb R 450T) )
B(u) = 71 ((WS(PD’lu) Un3(8)) N [Z(r, k)n]> € H, (Hilb["_k’”_k”]) . (5)

Proposition. Let « € HPM ((Cz) ,B8 € Hy ((C2). The operators ay, By satisfy the Heisenberg
relation

[, Bj] = ibitj0{c, B)idg
where the pairing (o, B) stands for the push-forward f.(aNB) of the unique morphism f: C? — {pt}.
We note that the only nontrivial choice of such a and 3 is a = [pt], 3 = [C?].

Now, for the operators of new type wj, the situation becomes more complicated. We define
correspondences of new type:
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Conjecture 1. For 1 < j <7, Let w € H, ({(0,0)}) ~ H. ({pt}) and 0 < j < r. The new type
operator w} : H., (Hilb[n’"+r]) — H, (Hilb["+j’”+j+r]) is given by the correspondence

Q= ((1,J), (K, L)) IDK2J2L
) e Hilbm ) x Hilplr it @,y acts trivially on 1)K, K/J,J/L |’
where
w(y) i= ma. (77 (PD™'y) U3 (PD ™ w)) N[Q}, ;1) - (6)

An important motivation for this conjecture is the following proposition, which implies that the
operator w; has homological degree 2j as expected.

Proposition 0.0.1. The incidence variety Qy, ; has complex dimension 2n + j — r(r—1).

However, the Heisenberg commutation relations no longer hold and their algebra structure still
needs to be identified. In particular, for the case of r = 1, W.-P. Li and Z. Qin used a similar
construction of these operators for the nested Hilbert scheme of points of a smooth projective
surface S in [28,37], where the new operator does not satisfy the Heisenberg commutation relation.
They showed in their case, that the old type operators together with the new operator generated
., H* (S17).

We formulate the following conjecture:

Conjecture. Let vy € Hilb[NO’N°+T], where Ny = (g) The operators oy, w} for a € Hy ((C2),
keN,j=1,---,r act on vy € HilbNo-NoFr] gpams H= P, d. (Hilb["’""'r]) and the space H is an

infinite-dimensional irreducible representation of this algebra of operators.

The refined Braingon variety
Following from the fact that (I,J) € Hilbl™ "7, 1/J is supported at (0,0), we define the refined
Briangon variety:

Theorem-Definition. The refined Briangon variety
Brirntt] — {(1, J) € Hibl™ x Hilb™ 1 |1 5 J > mI, 1/J ~C", p(I) = [(0, 0)]}

is of complex dimension n — (g) and admits an affine cell decomposition associated to fixed points
of C*-action. Furthermore, the number of top-dimensional components of Brl""+7] is equal to the
number of Young diagrams with n + r boxes with r columns.

We shall show that the refined Briangon variety may be identified with the zero locus of a section
of a vector bundle. Let B — Hilb™™*") be the tautological bundle whose fiber at (I,.J) is the
quotient B 7y = R/I. We define bundle map

YX:B— OHilb[n’n'+T]’ h — Z mth(p),
pESupp(I)
and the subundle B’ :=ker ¥. Let v : B — Oppinintri, B — h(0,0) be evaluation at (0,0). This
map is well-define since the support of the ideal I contains (0,0) for any (I,.J) € Hilb™"+,

Theorem 3.3.4. The refined Briancon variety Bri"" ") is the zero locus of the section v* of the
bundle (B')*.
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A matrix description of the refined Hilbert scheme
Next, we shall show the refined Hilbert scheme admits a matrix description:

Theorem 3.2. The refined Hilbert scheme Hilb™ 471 s isomorphic to /W/Pr)n where

(1) The entries of r first columns of X and Y are 0.

(2) [X,Y]=0.

(3)  Stability condition: there exists no subspace S C V = C"*"
such that X(S) C S, Y(S) C S and Im(i) C S.

M:={ (X,Y,i)

for XY € Mat,(C) and i € Hom(C,C™), acting by the parabolic subgroup

P, | P
P, = {( L el ) € GLp4r (C?)

0 P P1 S GLT(C>,P3 S GLn ((C) ,P2 S Matan ((C)}
4

by g (X,Y,i)— (9Xg~ ", gYVg ", gi).

This description of Hilb™™*"] as an orbit space of matrices gives us an idea of a way to study
Hilb!™" "] Jocally using reduction by P, n. We get a representative (X,Y") of the orbits (X,Y, )P, ,,
which is parametrized by 2n — r(r — 1) variables. We use this technique to calculate the examples
Hilb?* and HilbF?),

Following the analysis in these examples, we investigate the possibility of constructing local
coordinates for top-dimensional cells of Hilb™" 2. These top-dimensional cells of Hilb™"*?
correspond to Young diagrams A with two columns, where the associating partitions are (hq, hs)
forlghQS”T“—&—landhl—i—hg:n—&—Z

We get a result for the fixed point corresponds to the Young diagram A ) = (n +1,1).

Proposition 3.2.3. If (I,J) € Hilb™ "2 is g torus fized point of type N1 5y = , then local

el
coordinates of the top dimensional cell associate to (I,J) in a small neighborhood is given by the
formula:

€2 — M — Hilpl""+2 (7)
0 0 zZ1 v Zp—1 0 0 1 0 0
00 0 ... 0 1 0 0 0 0
0 0 == ... * * 0 w1 1 0 ) 0
(Z17'"vzn—lawlv"'7wn—1)'_> L. . . ) .. . . . . 8=
0 * * 0 0 wp_1 O 1 0
0 0 0 0 0 0 0 0 0 0 O

where * € Clz1, ..., 2p—1,V1,...Vp_1].
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As the torus action on C2 lifts to M /Prn, each entry of a representative (X,Y’) has a T-weight.

We check that the list of the weights of local coordinates z;, v; in the proposition and the weights
of the isotropy representation on T, , are indeed the same. Moreover, we develop a rule of
collecting entries of X and Y with correct weights using the Young diagram A ;) in Subsection
3.1.1. Based on these observations, we establish a conjecture for an arbitrary hs:

Conjecture. Let (I,J) € Hilb™ 2 pe fizxed point presenting a top dimensional cell with the
corresponding partition (hy, ha), where hy satisfies 1 < hg < "74'2 + 1.

We choose a numbering of the diagram A 5y as follows: Counting from the highest box, the
ha bozes of the first column are numbered by 1,3,...,1+ 2(hy — 1) and the hy boxes of the second
column are numbered by 2,4,...,2+ 2(hy — 1).

Then the following entries of X and Y

X1, Y fori=8,...,14+2(h-1), 2h+1, ..., 2h+n+2-3h = n+2-h
ng 5 Y} fO?” ]:4, .y 2+2(h-])
X1k, Yes  for k=4,..., 2+2(h-1)

[n,n+2]

form local coordinates from C*(»~1) — Hilb in a neighborhood of this fized point.

Another result motivated by the previous local analysis of Hilb[2’4], Hilb[3’5], is a study of a
special divisor Hilb[;ggw} of Hilb™"*2 which consists of element (I,J) € Hilb!™"*2 such that the

multiplicity of I at (0,0) is at least two. The divisor Hilb[@gﬂ] is in fact the set-theoretical support

S

of the image 7,12 (Q7 ;—;). In general, we have

Proposition 3.3.1. The support of the image of the projection Hilb™"+") x Hilplnttntr+il

Hilb" 1741 of the correspondence @, j=1 of adding a point at (0,0) is equal to the divisor
. ntln+r+1]

Hllsz<;>+1 .

Let F be the vector bundle over Hilb[™"*2 | where the fibers are given by
Foa.py=1/J,

and let M = Hilbl""+2 (m/m?) be a trivial (but equivariantly non-trivial) vector bundle.
[n.n+2],

We identify the corresponding line bundle of Hilb <,
Theorem 3.3.3. Hilbgg“l C Hilpl+2 is, set-theoretically, the zero locus given by a section of
(AP FY @ NP

The E-polynomials of some strata of the Hilbert scheme
There is an extra structure that appears, which links Hilb™ ") and some refined strata of the usual
Hilbert scheme Hilb™ when we consider the projection Hilb™"*™ — Hilb[™. Let I € Hilbl™. The

minimum number of generators of I at (0,0):

w(I) := dimg (I/mI)
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is a classical invariant that has been studied by A. Iarrobino in [26] for the case of Briangon varieties.
Using the function u as the grading, we define the strata of Hilb" and Bril:

Hilbl" = {I c Hilp[™

m

w(l) = m} Brln] = {I € Brl

w(I) :m}.

Let Hilbl ™) .= {(I, J) € Hilblm 1 | (1) = m}. The fiber of the projection Hilb™ ™" — Hilb["!
at an ideal I having minimum p(I) = m number of generators is isomorphic to the Grassmannian of

r-dimensional subspace of C™. This makes Hilb["*") — Hilb[" a Gr, (C™) Grassmannian bundle.
Using the knowledge of this bundle structure, we compute the E-polynomial (or the Hodge-

Deligne polynomial) of the refined strata Br%l] and Hilbﬁ.
The E-polynomial or the Hodge-Deligne polynomial of a complex algebraic variety Z is defined
to be the compactly supported mixed Hodge polynomial specialized at s = —1,

E(Z;u,v) := E hp’q’j upvq
p.q;J

where h2%3(Z) are the mixed Hodge numbers of Z. The E-polynomial is motivic. By this, we mean
that E (Z;u,v) is additive over stratifications and multiplicative for fibrations. In fact, mixed Hodge

numbers of Hilb!™ and Hilb™"*"! vanish except when p = ¢. Their E-polynomials are completely
determined by the monomial uv. For this reason, we adopt the simplified notation E (Z;t) for the
E-polynomial, where ¢ is a variable of degree 2:

E(Z:t) = E (Z; Vi, \/{5) . (9)

Using this Grassmannian bundle structure and the motivic properties of the E-polynomial, we
compute a formula of the generating function for E (Brlff]; t) and E (Hilbg;];t).

Theorem 4.2.1. The generating function of the E-polynomials of BT%L] has the form

m—1 m m 0 1 qktk_a

[n]. 1)a+1 $)+m—1 l—qgtm

> 5 (mriie) 0" = TT g=ees 0 e@ 2] (T ).
i=1 t q

k=0

Theorem 4.2.3. The generating function of the E-polynomials of Hllbm has the form
m—1 m 00
n n 1 ay(2)+m [T 1- qktkia
> (i) = 1 ey 001 (1100 ).
i=1 a=1 k=0

We also found a formula for the generating function of the Euler characteristics x (Br,[ﬁ}):

0

S (Bl e = (ﬁ_q)i m(k)@). (10)
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The structure of the thesis:

e In Chapter 1, we review some classical results on the geometry and
topology for the Hilbert scheme on the plane Hilb" and the Briancon
variety Br(™.

b»" 7 and

2,4]
9

e In Chapter 2, we introduce the refined Hilbert schemes Hil
study their geometry and topology with examples of Hilb[l’?’], Hilbl
Hilb%, We explain the algebraic torus action/cell decompositions. In
the last part of this chapter, we focus on the theory of operators on the
direct sum of homology groups of Hilb[™m+7] through correspondences.
We give a conjecture associated with these operators.

e In Chapter 3, we first give a matrix description for Hilb™" "] Using

this matrix description, we build examples of local coordinates of a top-

dimensional cell of Hilb™" "], With this tool at hand, we first illustrate

examples of analyzing the local structure of Hilb®4 and Hilb[! using

local coordinates through our matrix description. We propose a general

formula for top dimension cells of Hilb™"+2 After that, we study the

divisor Hilbg;gﬁ], motivated by a particular case of the correspondence
I, that we conjectured in Chapter 2.

e In Chapter 4, we investigate the relation between the strata Brr[g'], Hilb[g]
and the refined Hilbert scheme. Particularly, we illustrate that the pro-
jection Hilb™"*7 — Hilbl™ admits the structure of Grassmannian bundle
Gr,.(C™) over the strata Hilb[m"]. Using this property and the motivic
property of the E-polynomial, we proceed to calculate the formula for
the generating function of the E-polynomials. Lastly, we provide a for-

mula of the Euler characteristics of BTT[Z]. We list a table of examples of

E (Brm]; t) in Appendix A.



Chapter 1

Hilbert scheme of points on the
affine plane

In this chapter, we review some results of the Hilbert scheme of points on the complex plane and the
Briancon variety. These results include the statements of their geometric and topological properties,
as well as the torus action and induced affine cool decomposition. The literature of the Hilbert
scheme of points is vast. We finish the chapter with a geometric construction of operators on the
direct sum of homology groups of Hilbert scheme.

1.1 The Hilbert scheme of points on the affine plane

The Hilbert schemes were first introduced, in more general context (not necessarily of points, nor on
a surface), by A. Grothendieck in EGA [21] as the functor

hp : (schemes)® — (sets)

that associates to any scheme B over the base scheme S the set of subschemes Y C P that are flat
over B whose fiber over points of B have Hilbert polynomial P. He has shown in an important
theorem that the functor hp is representable by a projective scheme. In this thesis, we are only
interested in the case where the base scheme is the complex plane C2. However, we should remark
that many of the properties of the Hilbert scheme of points on the plane are valid as well for the
general smooth quasi-projective surfaces. In fact for the two-dimensional case, the theory of Hilbert
schemes of points on a smooth projective surface exploded once Fogarty proved following theorem.

Theorem 1.1.1 (Fogarty J. [16]). The Hilbert scheme of points on a two-dimensional, smooth,
quasi-projective scheme is smooth, irreducible and 2n-dimensional.

Denoted by Hilb[”], the Hilbert scheme of points on the affine plane C? is the moduli space
parametrized O-dimensional subschemes of C2. Generically, such a subscheme is a set of n distinct
points on C2. The Hilbert scheme Hilb™ has a natural scheme structure with a universal sequence
of R

I—-R—R/I

over I € Hilb!"™,
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The Hilb"™ as a set

Despite the fact that its original definition arises in algebraic geometry, the Hilbert scheme Hilb"
has a rather simple set-theoretical description and is very useful. Let R := Clz,y] be the ring of
polynomials in variables z and y.

Definition 1.1.2. The Hilbert scheme of points on C? Hilbl™ is defined as the set of ideals of
codimension n,
Hilb" .= {7 < R| dim¢ (R/I) = n}.

Example 1.1.3. There are two types of ideals in the Hilbert scheme of two points Hilb?. One is
an ideal given by two distinct points (a,b), (a’,b’) on C? with the corresponding ideal

I={(x—ay—byn{x—ad,y—1b).

When these points coincide (a,b) = (a’,b’) and we have a “fat” point, it gives the second type an
ideal of the form

I={f€R|f(a,b) =0,df(q(v) =0}
for some (a,b) € C* and v # 0 € T\, ;,)C?.

Example 1.1.4. A monomial ideal is an ideal I < R generated by monomials. They form an

important set of examples of ideals in Hilb™. If I be a monomial ideal, then the quotient R/I is a

vector space span by the monomials that does not lie in 1. Thus I defines an element of C? [dime(R/D)]

Following from the Grothendieck’s results, the Hilbert scheme Hilb!™ has a universal family F,:

Definition 1.1.5. The universal family F,, = {(I,p) |p € Supp()}

F, C Hilb™ x C2

|

Hilb™

is the unique subscheme of Hilb!™ x C2 such that the projection Fj, — Hilb™ is a flat with fiber at
I € Hilb™ is the underlying subscheme of points.

We first prove Fogarty’s theorem 1.1.1 for the case of C?.

Theorem 1.1.1 for C2. The Hilbert scheme of n points on C? is nonsingular, irreducible and of
complex dimension 2n.

Proof by Nakajaima, [30]. Let I, € Hilb™ and denote by Z the underlying subscheme. The
structure sheaf of Z is Oz = R/I; C Ocz = R. The Zariski tangent space Hom (I,1/1%) of Hilb"
at I is isomorphic to Hom (Iz,Oz). To prove the smoothness of Hilb[”}, it is sufficient to claim
that dimc 77, Hilb(" = dim¢ Hom (Iz,0%) is 2n and is independent of choice of I € Hilb!™.

To show this, we apply the contravairant functor Hom (—, Oz) to the exact sequence

O—)Iz—>0(cz—>02—>0,
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and observe the long exact sequence

(*) :0 - Hom (Oz,(/)z) — Hom (Oc2,02) — Hom (Iz,OZ)
%Eth (Oz, Oz) — Eth (Oc2,02) — Eth (Iz, Oz>
—)EX‘L2 (Oz, Oz) — EXt2 (Ocz,OZ) — EXt2 (Iz, Oz) — 0.

For i > 0 and F an Ogz-module, there are isomorphisms Ext’ (O¢z, F) ~ H* (X, F). Since X in
affine, H* (X,0z) = 0 for all i > 1. We have Ext' (O¢2,0z) ~ H* (X,0z) = 0 for i = 1,2. Then
the long exact sequence (%) becomes

0 — Hom (O, 0z) — Hom (O¢2, Oz) — Hom (I7,0z) — Ext* (0z,05) — 0 — Ext! (Iz,05)

— Ext? (0z,07) = 0 = Ext® (I,0z) = 0,

Since C" ~ Hom (Oz,0z) — Hom (Oc¢z2,0z) ~ Oz ~ C" is injective, we have

Hom (Oyz,0yz) ~ Hom (O¢z,0%) .

These imply the following
e Hom (Oz,0z) ~ Hom (O¢z,0z) ~ C",
e Hom (I7,0z) ~ Ext' (0z,07),
o Ext! (I,0z) ~ Ext? (0z,0y),
e Ext?(I,04) = 0.

Since X is quasi-projective (it is an open subset of P?), we have the duality

Ext? (0z,0z) = Hom (O¢2, 0y @ Ke2)" ~ Hom (O¢2,0z)" ~ C".

Now the sum x(Oz,0z) = Z?ZO(—l)iExti (Oz,0y) is the Euler characteristic, which is inde-

pendent of choice of I by flatness.
We claim that x(Oz,0z) = 0. Oz admits a projective resolution P, — Oz — 0. We have that

X(0z,07) = (~1)" dim¢ Hom(P;, 0z) = » (~1)'n - rk(P)
Then the dimension
dime TrHilb™ = dime BExt! (07, 0%)
= —x(0z,0z) + dim¢c Hom (Oz, Oz) + dim¢ Ext? (0z,0%)
= —x(0z,0z)+n+n=2n.

is independent of the element I, € Hilb™. We conclude that Hilb™ is smooth and of dimension 2n.
|
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The Hilb™ as a scheme: an open affine cover and local coordinates

We describe the scheme structure of Hilb™ through local coordinates on open affine subsets by M.
Haiman ([22]) indexed by monomial ideals: ideals generated by the monomials. We first explain
how monomial ideals of codimension n relate to Young diagrams with n box and to partitions of n.

Definition 1.1.6. A Young diagram A, also called Ferrers diagram, is a finite collection of boxes
that are arranged in left-justified columns such that the lengths of column increasing from the left
to the right.

Remark 1.1.7. There are two conventions of representing the diagrams. The English notation uses
matrix-like indices, and the French notation uses Cartesian coordinate-like indices for the boxes b; ;
in the diagram. Here, we adopt the French notation.

Figure 1.1: Example: Young diagram of the partition 3 > 2 > 1 in French notation.

On one hand, there is a one-to-one correspondence between monomial ideals and Young diagrams:
We first observe that the monomials x¥y" are in bijection with points (h, k) € Z%O by

zfy" & (b k).
Given a monomial ideal I € Hilb[”], for each monomial 2*y" not in I, we assign a box at the

corresponding index (h, k) € Zzzo and get a diagram with n boxes. Since mI C I, the resulting
diagram is a Young diagram.

<

2 y2x
Ty yl‘Q yl‘S

xT £L'2 iCS £C4

<

— <

Figure 1.2: The diagram correspondence to the ideal (y3,y%x, yx3, x3).
Next, we explain how the Young diagram represent graphically an integer partition A = (A >
Ao > > A).
Definition 1.1.8. A partition \ of a positive integer number n is an increasing sequence of positive
S

integers A = (A1 > Ag--- > As_1 > As) such that Z)‘i =n.
i=1
The notation "\ + n” means that A is a partition of n and we say that || := Y7_, \; is the
size of the partition .

If X\ is a partition of n, then the Young diagram /A, has n boxes. To be more precise about
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A=(3,2,2,1) & Ay =

Figure 1.3: An example of the correspondence between the partition and the Young diagram.

representing a partition by Young diagram, we establish a bijection between Young diagrams with n
boxes and integer partitions of n: Given a partition of n, A = (Ag > A1 > ... > )), we assign the
Young diagram such that i-th column (counting from the left to the right) has A; boxes (Figure ?77?).

Accordingly, we have the correspondence between monomial ideals, partition and Young diagrams:

Lie Ay, e d=M 0> > A1 2 Xs), (1.1)

and without confusions, we write an element (h, k) € A as the corresponding index of box in Ay
and 2"y* the associated monomial in R/I.
We now describe Haiman’s local coordinates. First, we assign a subset of monomials to a partition
A of n:
By = {z"y* | (h, k) € A}, A n. (1.2)

We construct open affine sets Uy around each fixed point so that the coordinate rings on U) are
algebraic functions of the ideals I € Uy.
For each partition A of n, we define

Uy := {I € Hilb" forms a vector space basis of R/I} . (1.3)

Let I € Hilb"™ and assume that R/I ~ By. For each (i,5) ¢ A C N?, (h,k) € ), there exists
well-defined constants C}, € C such that

= Z C}l iy mod T. (1.4)
(h,k)EX
The fact that I is an ideal, it requires (x,y)I C I which indicates relations among C” .
Multiplying zy? — Z(h,k)eA C;’fézhyk by monomial 2%y® yields
z+a ]+b Z CZ,J C}}LL;F]:;I/ Jk+b h/yk/ mod I,
(h',k")
Comparing with the coefficients of 2?4/t — 2 (hk)er C,Tka’]'s'b hyk we get relations
i+a,j+b _ J hAtak+b
Crr? ™ =Y oyl .optntre,
(h,k)
The condition (x,y)I C I is then equivalent to C”’J satisfying relations:
Y q ymg
i+1, J ~hA1E
Cod? = D Gl
(hk)EA 15
g+ _ L bkl (1.5)
Cillt = D CihCik
(h,k)EN
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Conversely, if CZC € C satisfy the equations in 1.5, then I, as a vector space, is spanned by
well-defined elements

zlyl — Z C;L]ka:hyk mod 1. (1.6)
(h.k)EA
is indeed an ideal. More importantly, we have the following proposition regarding Uy:

Proposition 1.1.9 ([1,22]). The sets Uy are open affine covering of Hilb™ = Uy n,Us. The
coordinates ring Oy, 1is generated by the function C’;L’,jk, (h,k) € X and (i,j) € N2, that is

Uy = SpecC [(C;L]k)(h k)e/\] /(equations 1.5). (1.7)

The Hilbert-Chow morphism

Let Sym™C? be the n-th symmetric product of C2. It is given by the quotient
Sym"C? := ((CQ)H/ Sh

where the symmetric group S,, acts by permuting the points in ((Cz)n. It can be viewed as a
compactification of the space parametrizes unordered n-tuple of points in C2. Sym™C? is not smooth.
Namely, it has singularities along the diagonal where some of the points coincide.

The symmetric product has a natural stratification indexed by partitions A of n:

Sym™C? = | J Sym}C?,
Abn

where Sym}C? := {Zk Ak[2k] ‘ 2, €C% 2 # 2 if 1 # j} . For example, if A = (1,...,1) = (1), then
Sym?ln)((:2 is a non-singular locus of Sym"C?: the open set where n points are all different.

The Hilbert scheme Hilb™ is closely related to the symmetric product. There is the Hilbert-Chow
morphism from Hilb™ to Sym"C? by associate each ideal I € Hilb["], an unordered n-tuple

p : Hilb™ — Sym™C?

I— Z mp’[b)]

peSupp(I)

where my, 1 is the multiplicity of I at the point p which is the length of the local ring Oy, = (R/I),.
We say that I has the support

Supp(I) :={p € C*|my,, #0} = {p e C*| f(p) =0,Vf € I}. (1.8)

Proposition 1.1.10 ([16]). The Hilbert-Chow morphism p : Hilb™ — Sym™C? is a resolution of
singularities of Sym"C2.

Example 1.1.11. There are two types of ideals in the Hilbert scheme of two points Hilb?. First
type corresponds to ideals given by two distinct points (a,b), (a/,b") of C?

I=(x—ay-—bn{zx—ad,y-V).
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Second type consists of ideals of the form

I={feR|f(a,b)=0,df(4p(v) =0}

for some (a,b) € C2 and v # 0 € T(a’b)(C2. The ideals of second type are limit of the ideals of the
first type when (a/,b’) approaches to the point (a,b) in which the information of the approaching
direction is remembered in I. However, in Sym®C? the limit is 2(a, b) and this information is missing.

A matrix description of Hilb"

The Hilbert scheme of points on the plane has a particular description as orbits space of matrix.
This provides us a model to study it.

Theorem 1.1.12 ([30]). The Hilbert scheme of affine plane Hilb" s isomorphic to the quotient
space
Hilb™ ~ M/GL, (C)

where
(X, Y1) (1) [X,Y]=0
M := ¢ € End(C") x End(C") x Hom(C,C") | (2) (Stability condition) There exists no subspace S C C"
such that X(S) C S, Y(S) C S and Im (i) C S.

(1.9)
and the action of GL,, (C) is given by:

9-(X,Y,i) = (9Xg~',9Yg ", gi), g€ GL,(C).
In other words, the products of X and Y act on ¢ span C™. Here, we say that i is a cyclic vector.

Proof of Nakajima, [30]. We construct a map between M/GL,, (C) and Hilb™. Let I € Hilb",
then V' = R/I is a n-dimensional C-vector space.

We claim that the corresponding triple is given by (X,Y,4) where X,Y are operators of multipli-
cations by z and y in End(V):

X(f modI):==zf modI (1.10)
Y(f modI):=yf mod ]I, (1.11)
i(1):=1y mod I. (1.12)

Then we have [X,Y] = 0 by the fact that the multiplication by  and y commute. The stability
condition holds since 1 multiplied by the monomials z*y!, k,! € N generate whole R.

Conversely, if a vector space V and (X,Y, i) € M is given, we can define the ideal I as the kernel
of the surjective morphism

¢: R— C"
flz,y) = fIX,Y)i.

Here, f(X,Y) makes sense because [X,Y] = 0. Since any power of M = X or Y, we have
g-M* = (gMg_l)s = gM#®g~!. This implies that ¢ is GL,, (C)-equivariant:

flg-X,g-Y)gi=f(9Xg ', gYg ")gi=g f(X,Y)i.
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Since Im¢ is invariant under X and Y and contains Im (¢), then by the stability condition, Im¢ has
to be the whole space C". Hence, ¢ is surjective and ker ¢ is an ideal with dim¢ (R/I) = n. ]

In addition, the Hilbert scheme Hilb™ can be understood as a special case of M(r,n) the framed
moduli space of torsion free sheaves on P? with rank r = 1 and ¢ = n (cf.[30]). The later space has
been showed to be isomorphic to the space

(1) [X,Y]+ij=0
(X,Y,4,7) | (2) (Stability) There exists no subspace S C C" /GLn (C), (1.13)
such that X(S) C S, Y(S) C S and Im () C S.

where X, Y € End(C"), i € Hom(C",C"), j € Hom(C",C") with the action given by
9 (X,Y.i,5) = (9Xg~", gYg ! gi,jg™"), g€ GL,(C).
Proposition 1.1.13 ([34]). The space M(1,n)/ GL,, (C) is smooth and has complex dimension 2n.

Proof. We consider the following map

6 : End(C™) x End(C") x C" x (C")" — End(C")
(X, Yyi, p) = [X, Y] 44

Then M(1,n)/GL, (C) is an open subset of §7*(0)/ GL,, (C). We first show that the differential
of 6
df : (6X,0Y,61,0p) — 0X, Y]+ [X,0Y]+ i j+i 0]

is surjective. The kernel is a subspace with dim¢ = 2n? + 2n — n? = n? + 2n.
To prove that 6 is surjective, it is sufficient to show the following statement:
If tr (AdA(6 X, Y, 04, du)) = 0 for all (§X,0Y,d4,u), then A = 0. Since the trace map is linear and

invariant under cyclic permutations, we have

tr (Adf) = tr (A[0X,Y]) + tr (A[X, 8Y]) + tr (Adi j) + tr (Ai §7)
=tr (A6XY — AY6X) + tr (AXOY — ASY X)) + tr (Adi j) + tr (Aidj)
=tr (YASX — AY5X) + tr (AXSY — X ASY) + tr (jASi) + tr (Aidy)
= tr ([Y, A]6X) + tr ([4, X]Y) + tr (jASi) + tr (Aidj).

Moreover, the trace map is non-degenerated and tr (AdA(6X, Y, di,du)) = 0 for all (§X,48Y, 64, u)),
implies [Y, 4], [4, X], jA and Ai vanish. Since X and Y commute with A, the subspace spanned by
A are invariant under the multiplications by X, Y. But ¢ is a cyclic vector, then by the stability
condition, it cannot happen. Therefore we have A = 0.

Next, we show that the GL,, (C) acts on M (1,n) freely. Assume that there are (X,Y,4) and
g € GL,, (C) such that g- (X, Y,4) = (ng_l,ng_l,gi) = (X,Y,i). Let id,, € Mat,, be the identity
matrix. Then ker(g — id,) € C™ is a subspace invariant under X and Y. Clearly ker(g — id,,)
contains 7 and again by the stability condition, ker(g —id,,) is the entire space C*. Thus g € GL,, (C)
is the identity matrix. |

The description in (1.9) and (1.13) should be the same. The difference is the appearance of j.
As in the case of Hilb™ | we have j = 0.
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Proposition 1.1.14 ([30], Proposition 2.7 ). Assume that r =1 and (X,Y,4,j) € M(1,r) satisfy
conditions (1) and (2) in 1.13, then j = 0.

Proof. We construct a subspace S of C" such that the restriction of j vanishes. Let § :=
>~ (product of X’s and Y’s)i(C) C C". We claim, by the induction k, that for any

A=A Ay Ay, A e {X,Y}
implies jAi = 0. We start with k& = 0, then A = 1 and from the definition of the trace
Jli = ji = tr(ji) = tr(if) = —tr([X, Y]) = 0.
Suppose that the statement is true for £ < g — 1. Given A with the form A;--- Y XY --- Ag, then

JA=jA; - YX - A,
=jA; (V. X]+ XY) - A,

=jA - (ij+XY)--- A, (since [V, X]| = —[X,Y])
=j(Ay--)ij-Ag+ A .. XY - A,
———
<q-1
=jA; ... XY - A, (by the hypothesis).

This implies that jfl = jX°Y? where o and 3 are numbers of X and V" in 121, a+ B =q. Thus to
prove the hypothesis, it is sufficient to consider the case of A = XY ?. We have

jAi = tr(Aij) = —tr (A[X, Y]) — _tr(X°YP)

Finally, we have jfli = -0 (j/il) and jX*Y#i = 0. By the induction, jfli = 0 for every A=
A;p ... Ag and hence the restriction of j on the subspace S vanishes. Now if (XY, 4, j) satisfies the

stability condition. Note that the subspace S is invariant under X and Y containing Im (i), then by
the stability condition, S has to be C". Thus j|g =j = 0. [ |

We formulate the Hilbert-Chow morphism p : Hilb" — Sym"C? in this context. For a triple
(X,Y,i) € Hilb[”}7 since commuting matrices are simultaneously triangularizable, we can make X
and Y into upper triangular matrices

(o731 * * 51 * *
0 o * 0 B *
X = ) = .

Then the Hilbert-Chow morphism is given by
P (X7Y77’) = (alaﬂl) +ee (O‘naﬁn)

If (X,Y,4) corresponds to an ideal given by distinct n points (ay, Bx), then X and Y are simulta-
neously diagonalizable, and the eigenvalues are the given points. Thus p is an isomorphism on an
open set consisting of ideals given by n distinct points.
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The Briancon variety

Recall that the Hilbert-Chow morphism p : Hilb" — Sym"C? is the morphism of resolution of
singularities sending an element of Hilb™ to the unerderlying cycle I ZpESupp( nMp [p]. The

preimage of a fat point n [p] € Sym”C? forms a special class of subvarieties of Hilb!™ that are closely
related to the topology and the geometry of Hilb™.

Definition 1.1.15. The n-th Briancon variety or the punctual Hilbert scheme of n points is the
zero fiber p~1 (n[(0,0)]):

Bri"l .= {I € R| dim¢ (R/I) = n, p(I) = n[(0,0)]}.

Definition 1.1.16. Let v = {v; = (a1,b1), "+ ,Up—1 = (@pn—1,bn—1)} be a collection of n—1 vectors
in C2. To a collection v, we associate a curve 7, : C — C2, ¢ — (Zl a;t?, Do biti). An ideal T € Brl
is curvelinear if there exists a collection v such that I =1, ={f € R| foy=0 mod t"}.

We denote by Brgi]rve the subspace of Brl containing curvelinear element. Different curves
might define same ideals: I, = I,04 for any ¢(s) = >, a;t’, a; € C. The dimension of this space that

gives same ideals is of n—1 dimensional. We conclude that dimg BTLZ]TW =2(n—-1)—(n—1)=n—-1.

J. Briacon has shown that the generic component of Brl" is BTLZ]ME in the proof of the following
theorem.

Theorem 1.1.17 ([6]). The Briangon varieties Brl™ are irreducible of complex dimension n — 1.

Despite being singular, the varieties Br[" has an important property: they are deformation
retracts to the Hilbert scheme Hilb™.

M. Haiman has identified the structure sheaf of Brl™, which provides a resolution of the structure
sheaf of Brl.

Proposition 1.1.18 ([22,23]). There is a locally Oy, -free resolution of the structure sheaf of
Brln]

BN (B @0, ®0,) > Be(B @0, ®0,) = B— O — 0 (1.14)
where B is a free module with basis By = {z"y* | (h,k) € A}, A\ = n, B’ is same with the basis

B\ {:I:Oyo}, and O = Ogypim @ Cyy, O, = Oypin ® Cy, are the twisting by one-dimensional
representations of T' in which Ty, +, acts as t; or ta, respectively.

1.2 Topology of the Hilbert schemes Hilb!"!

1.2.1 Torus action, Bialynicki-Birula cell decomposition and homology
of Hilb!™

Let C* := C\ {(0,0)} and denote by T ~ (C*)? the two-dimensional algebraic torus. It acts on C2

diagonally by
: t1 O . ; t1 O .
= x=tw, toy= -y = tay.
0 t ' 0 t ?
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This induces an action on ideals I of R:

1= {f(t7 e 15 ) | f(ey) € T}

which preserves the degrees of the polynomials. Thus, this T-action is codimension preserving and
hence lifts to Hilb™,

We should identify the fixed points of torus action. Note that an ideal I is invariant under
T-action if it is homogeneous in both variables  and y. Thus [ is a T-fixed point if it is a monomial
ideal. We associate to a monomial z%y” the coordinate («,f) € 72, that corresponds to the

— 7 LT

Figure 1.4: Fixed points of Hilb?!

one-dimensional weight space Cz®y” of weight ( f‘,tg ). We are interested in the weights of the
isotropy representation on the tangent space of a fixed point.

We recall some definitions in the representation theory. A representation of a group G on a
complex vector space V' over is a group homomorphism ¢: G — GL(V'), where V ia said to be the
representation space and the dimension of the representation is dim¢ V. We define the character of
¢ to be the function x4(g9): G — C, g — tr (¢(g)).

Let Ay be a Young diagram with n boxes corresponding to the partition A of n. To a box [e] of
A with coordinate (h, k), we define the following values:

- the arm-length a([e]) = A\, — (k + 1), that is the number of the boxes above [e].

- the leg-length ([e]) as the number of the boxes on right of [e].

Figure 1.5: Example: a (E) =2 and [ (E) =3.

Proposition 1.2.1 ([30]). Let Iy be a torus fized point of Hilb!™ and Ay be the corresponding
Young diagram. Then the character of Ty, Hilb" is given by the formula:

T HiBM = 37 (tl_l(D)tg(D)H + tlfu)“t;“(m)) . (1.15)
O:box of Ax

Given a topological space Z which has finitely generated homology, the Poincaré polynomial of
Z is defined as the generating function of its Betti numbers: P (Z;t) := > dimc H,(2).
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Corollary 1.2.2 ([13,19,30]). The Poincaré polynomial of Hilb!™ s given by

P (Hibl"; ) = 3 2w, (1.16)
Abn
where w(\) is the length of the partition \.
Therefore, the generating function of P (Hilb[”];t> has the form:

— : n n - 1
Z;)P (Hllb[ ];t> q" = H E=rot (1.17)

d=1

Next, we wish to show the existence a cell decomposition of Hilb". The following part of this
subsection mainly comes from [32, Section 4.3]. Before discussing the case of Hilb™ | we first state a
general result about a C*-action on a projective manifold Bialynicki-Birula (cf. [2,3]). Assume that
C* acts on a projective manifold Z algebraically. Then by Borel fixed-point theorem (cf. [4]), the
fixed point set of the action is non-empty. We consider the case when fixed points are isolated and
are given by p1,--+ ,pr € Z for some k € N. We define the (+)-attracting sets:

Si::{pEZ

fit-p =)
U; = {pEZ‘ lim t~p:pi},
t—o0

which are locally closed submanifolds of Z. Each S; (respectively U;) is isomorphic to an affine space
whose dimension is equal to the dimension of the positive (respectively negative) weight space in
T,,Z with respect to the C*-action. One can order the fixed point set p; such that dim¢ S; > dimc S}
for i < j. Then the union {J,; S (vespectively J;;, Ui) is open (respectively closed) for each
1 > ig > r. More importantly, we have the theorem:

Theorem 1.2.3 ([2]). The odd homology group Hoqq(M) vanishes, and the fundamental classes of
closures of S; (or U;) give a base of Heyen(M).

Back to our case, the Hilbert scheme Hilb!™ is not projective but quasi-projective. We can still
apply the theory to Hilb!™ by the following argument: We consider the Hilbert scheme of points on

the projective plane (IP’Q) ] with a C*-action and C? as an invariant open subset of P2. Then we
apply the theory to (IP’Q)[R]
Hilb").

We choose a generic one-parameter subgroup C* — T

, and check that (+)-attracting sets are contained in the open subset

ts (t,tN) = (t1,t2) , where N > 1

such that the C*-fixed point set and T-fixed point set coincides. Let I \Hilb[™ be the fixed point
corresponding to the partition A F n. The (£)-attracting set with respect to the one-parameter
subgroup are given by

_ il ji g
S,\._{IeHﬂb }1_%15161,\},

L annl | 5 _
Uy = {IeHﬂb lim ¢ IeI,\}.

We have:
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Lemma 1.2.4 ([30]).

1) Sy =Hib" and |+ U, = Brl7.
AbFn AbFn

Proof. Consider the C*-action on Sym™C2. Then, for any z € Sym"C2, ¢ - z € Hilb™ — n[(0,0)] in
Sym™C? as t — 0. Then the limit of ¢ - I exists if and only if it stays in a compact subset. Thus,
1%irr(l)?f - I exists for any I € Hilb™.
e
On the other hand, when ¢ — oo, the limit tlim t-z € Sym"C? exists if and only if it is (0, 0) €
—00

Sym"™C2. Since p is proper, the limits in Hilb™! tlim t- I exists if and only if p(I) =n-(0,0). W
—00

An immediate consequence of the above lemma is the Euler number of Hilb™ equals to the total
numbers of partitions of n. Now, we have an open cover of Hilb™ by open sets Sy. And each S)
contains a single fixed point. They are smooth by the following theorem:

Theorem 1.2.5. Let Z be a normal variety with a torus action by T. If all the points in the locus
of T-fixed points are smooth, then the variety Z is smooth.

Proof. The singular locus of Z is T invariant and closed. Therefore it consists of closures of T-orbits.
The closure of every torus orbit contains a torus fixed point, and so the singular locus of Z must
contain a torus fixed point if it is non-empty. If the torus fixed points are all smooth, then the
singular locus must be empty. |

We know also the dimension of S and Uy.

Lemma 1.2.6. We have dimg S\ = n + w(\) and dime Uy = n — w(A), where w(\) is the number
of columns of the Young diagram associated to \.

Proof. We know that dimc S) is equal to the dimension of the positive weight space of the tangent
space at I. From formula (1.15) and our choice of N, this is equal to the sum of dimensions of the
weight spaces that satisfy either

—I(s)+ N (a(s)+1)>0
which always positive, or

I(s)+1—Na(s) >0

which is positive if and only if a(s) = 0. These are boxes on the top of each column and there are
length(\) of them.

Now, for Uy, we count the number of negative weights. This is equal to 2n minus the number of
positive weights. Therefore, we have dimc Uy = n — I()). |

Remark 1.2.7. The open set Uy in (1.3) is T-invariant and induces action on Haiman’s local
coordinates C}”, by

Cid (4 1) = t-it579 G

An alternative proof of Proposition 1.2.1 use C’}i’]}; to express the local coordinates of the cotangent
space M /M? at the fixed point \ .
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1.2.2 Operators on the direct sum of the homology groups

In this subsection, we explain the construction of a representation of the Heisenberg algebra on the
homology group of Hilb™ which makes the homology group of Hilb™ a Fock space. The idea is to
construct correspondences in Hilb"™ x Hilb" ¥ for arbitrary n € N and k € Z and the associated
representation on the direct sum of homology groups of all Hilb"

H:=H (Hilb["]) .

These correspondences define operators on the homology group and give generators of the Heisenberg
algebra. In this subsection, we explain Nakajima’s construction ([30,31]).

We will first state a general construction of correspondences in Borel-Moore homology groups
and give the definition of Heisenberg algebra. After that, we illustrate the construction of the
representation of a infinite dimension Heisenberg algebra on H.

Convolution products and correspondences in Borel-Moore homology groups

Existence of fundamental class in Borel-Moore homology groups:
We recall some facts about the homology and cohomology of a topological space X. The
cohomology H*(X) has a cup product structure

U: HY(X) x H(X) —» H™(X),
(a,8) = aUp

(sometimes also written with a dot ’ “-”) which makes H*(X) a ring. Unlike H*(X), the homology
H,.(X) does not have such a natural product structure, however, it is a module over the cohomology
through the cap product

N:H(X)® Hj(X) = H;j_j(X)
a®@B—anp.
The homology H.(—) and H*(—) have following properties:

e Push-forward and pullback of a continuous map:
If f: X =Y is a continuous map. Then it determines push-forward on homology

and
emphpull — back on cohomology

[ HY(X) = H(Y).
e Poincaré duality:

A complex n-dimensional projective non-singular variety X is a compact oriented 2n-dimensional
real manifold. Thus, the top homology Hs,,(X) is isomorphic to Z. The image of the generator
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1 € Z, denoted by [X] € Hs,(X), is the fundamental class of X. We define the Poincaré
duality map H(X) — Ha,_;(X) by capping with the fundamental class of X:
PD: HY(X) — Hyp_i(X)
a— an[X].

as PD is an isomorphism for compact oriented manifolds.
In general, for X a smooth space, but not necessarily compact, the homology groups are
Poincaré dual with compactly supported cohomology
PD: H.,,(X) = Han_i(X).
In this case, we obtain a push-forward homomorphism of f: X™ — Y™ on cohomology

For H(X) 'S Hop i(X) = Hopi(Y) = H2m=Cn=i)(y) = gm=—n)ti(y).

Existence of fundamental class of a closed subvariety inside of a non-singular projective variety:

If X is not compact and smooth, it is not clear if the fundamental [X] exists. However, the
fundamental class can be defined for a closed subvariety a non-singular projective variety as a refined
class in BM homology.

We define, for a topological space X embedded as a closed subspace of a oriented manifold M, a
version of Borel-Moore homology:

HEM(X) := HIMX =M M\ X).

Intersection pairing:

If X C M,Y C N are closed subsets of oriented manifolds M, N of dimension m,n and if
f: X — Y is a smooth map with f~1(Y) contained in X. We consider the composite on relative
cohomology:

HEM(Y) = H"H(N, N\ Y) 55 B, M 1Y)
— Hm R (M (M X) U (N \Y)) = B, (X NY).
This gives rise to the pullback on BM homology groups:

for HPM(Y) — HP2Y (X).

(m—n)

Lemma 1.2.8. If V is a k-dimensional algebraic subset of a non-singular variety. Then HEM(V)
vanishes for i > 2k, and HQBkM(V) is a free Abelian group with a generator for each k-dimensional
component of V.

Poincaré duality:
The cap product H7(X) @ HPM(X) — HPM(X) gives rise to a non-degenerate pairing

Hdim X—1 ~ HZBM(X)
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Convolution products on Borel-Moore homology groups

Let M, N be oriented smooth varieties of dimensions m,n and Z C M x N a subvariety such that
the projection map Z — N is proper. From the previous statement, we know that the fundamental
class [Z] of Z exists as an element in Hagimez (M x N). A convolution product is an operator on
the homology groups of M, N

cz: Hi(M) — HEkl\gdimc Z—2dime M (V)
y — cz(y) = pn. (P (PD ' (y)) N [Z]).

Or equivalently on the cohomology groups
cy: HZ (M) — Hi+2 dim¢ N—2dim¢ Z(N)
a = cz(a) = PD™ (p, (i (@) N [2])).
We sometimes also refer these constructions of operators as correspondences.
Let y € H;(M), then PD(y) € H?dime M—i_ Gince the pullpack of a cohomology class leaves the
degree invariant, pj,(PD(y)) N [Z] is an element in Hy gime z—(2dime M—i) (M X N). Then cz(y) is a

class of degree
2dim¢ Z — (2dime M — @) = i+ 2(dim¢ Z — dime M). (1.18)

That is ¢z increases the homological degree by 2(dim¢ Z — dimg M). The cohomological degree is
computed in the same way, and we get the degree 2dim¢ N — 2dim¢ Z.

Let My, Ms, M3 be oriented C'*°-manifolds of dimension m1, ma, ms and p;;: My X My x Mz —
M, x M; be the projection to (4, j) factor. Suppose that Zféz C My x My and Zng?’ C My x M3 are two
correspondences induced by [Z12] € Hg,, (M1 x Ms) and [Zas] € Hg,, (Ma x M3) respectively. We ask
in addition that the projection pi3 is proper when restricts to pio (Z12) Npas (Z23) C My x My x M.

Then the composition of convolutions equals to

[Z12] © [Zas] = (p13) (P12([Z12]) N P35([Z25))) € Harodag—ma (M1 X Ms)
defines a correspondence (pas, )«(Phy, (1) N [Z12] 0[Za3]): Hi(M1) — Hitdystdas—my—mo(M3) of degree
diz + d2z —m1 — mo.
The infinite dimensional Heisenberg algebra

Definition 1.2.9. The infinite dimensional Heisenberg algebra s is a Lie algebra spanned by
{plk]| k € Z} U {K} such that they satisfy the ”commutation relations”

[p[k], pll]] = kdk+1,0 and [p[k], K] = 0. (1.19)

For every ¢ # 0 € C, the algebra s has a representation as an algebra of operators on Clgy, 2, - - |,
on which the s-module structure is given as follows:
q—k if k<0
Pkl —<0 if k=0
ckyl ifk>0

dk
K c-id
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~ This representation has a highest weight vector 1. Moreover Clqi,¢2,...] are spanned by
ql'qy? - qlF = P[1)71P[2]92 - . P[k}7* - 1 We extend s by defining a derivation dy by

[do, p[k]] = —kp[k].

And above representation can be extended by
9]
dy — kqr—

with the character formula

. ) i 1 1
Zdlm{UGC[Q1aQQ7--~]‘dOU:w} t :Hl—ti'

i=1

(1.20)

Construction of correspondence on @, H, (Hilb™))

We introduce H.Nakajima’s contruction of correspondences on @&, H, (Hilb[™) (cf. [12,29,30]). He
originally constructed these correspondences for smooth quasi-projective surfaces. We introduce an
incidence variety for k& > 0:

Pk =] {(1, J,p) € Hilb™ x Hilb"™ » €2 |15 7, Supp(I\ J) = {p}}

n

and k£ < 0 by switching I and J.
We show that P[k] has complex dimension 2n — k + 1. Assume that & > 0, we may decompose
PIk] into disjoint union of strata P[k]o U P[k]; U - - U P[k];, where
Plk];, = {(I, J,z) € P[k] ‘ Ie Hﬂb“]} .

We define the Briancon variety on the whole space C2:

Bri .= {1 < R|p(I) = n[p], for some p € C*} . (1.21)
If J € Hilb"™* is obtained by adding a point p that is disjoint from the support of I, then J =ITUB
for some ideal B € Brgi,]. Hence we have a birational map

Plk]o — Hilb" x Brlt)
and therefore dim¢ P[k]o = 2n + k + 1. Similarly, for each i € N, 0 < < k we have birational maps

[k+1]
2 .

P[k]; — Hilb" ™ x Br

But these strata have dimension
dime Plkl; =2n—-2l+k+1l=2n—1+k+1,

which are strictly less than 2n + &k + 1 for [ > 0. A Similar argument can be applied to the
case of k < 0 by exchanging I and J. Let u € H,(C?) and v € HZM(C?) be homology classes
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of the ordinary homology and Borel-Moore homology of C? respectively. We define, for k > 0,
Pulk] == un [Pu[K] € H. (Hilb[””“]) and Py[—k] := v [Py[—k]] € H. (Hilb["’k]). Let mn, Tk
and 72 be the projection of Hilb!™ x Hilb™ ¥ x €2 to Hilb™, Hilb"** and C2 respectively,
i =1,2,3. Then P,[k], P,[—k](z) define operators on H = &,, H, (Hilb"))
Pulk)(2) = (Tut)s (0 (w) U (2) 0 [PIR]]) € H, (Hilb" )
Py[=K)(2) i= (Fu-k)s (pi(v) U ma(2) N [P[=K]]) € H. (Hilb" )

Most importantly, next theorem state that they satisfy the commutation relation and thus H becomes
a representation space of Heisenberg algebra.

Theorem 1.2.10 ([12,20,29]). For all u,v € H.(C?), k,l € Z, we have
[Pu [kL PU [l]] = k(sk+l’0 (u, ’U>id]}]1. (122)
An important part of proof involves a calculation of the intersection number:

Theorem 1.2.11 ([15,30]).

((Bri], [Bril)) = (=1)" 4. (1.23)



Chapter 2

Refined Hilbert scheme of points
on the plane

2.1 The refined Hilbert scheme Hilb™"+"]

We start with the definition of the refined Hilbert scheme Hilb[™™*"). Denoted by m = (x,y) the
maximal ideal of R at (0,0).

Definition 2.1.1. The refined Hilbert scheme of points on C? is the subvariety Hilb™"*") ¢
Hilb™ x Hilb" "] defined by

Hilb™ 7 = {(1, J) € Hilb™ x Hilb" | 157 5 ml} .

Here, the condition I D J D ml[ is equivalent to the requirement that the quotient space I/J lies
in the kernel of the multiplications by x and y. In other words, the quotient space I/J ~ C" carries
a trivial R-module structure. The space Hilb™" ") was studied in a different context by Nakajima
and Yoshioka [34] as a special case of the moduli spaces of perverse coherent sheaves on the blow-up
of P2,

It follows from the definition that, for an element (I,.J) € Hilb™™*" the quotient I/J is
supported at (0,0). We introduce the refined Briancon variety as well:

Definition 2.1.2. The refined Briancon variety is defined by
Brlnm+rl . {(I, J) € Hilb!" x Hilb" | 1 5 7 > mI, p(I) = n (0, 0)]} .

Unlike the ordinary Briancon variety Br!™, which is irreducible, we will see later that Brl™"+7]
may have several top-dimensional components.

We note that when r = 1, the two conditions Supp(I/J) = (0,0) and I D J D ml are
equivalent. It is a subvariety of the Nested Hilbert scheme parametrizes pairs of ideals (I,J) €
Hilb™ x Hilb" ™ I 5 J, which has been studied in various context [7,9,28].

We recall that the action of the two-dimensional algebraic torus T' on C? induces an action on
the Hilbert scheme Hilb™ (cf. Section 1.2.1). Moreover, since the inclusion relations I > .J D ml

19
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are invariant under the induced action t - (I,.J) — (¢-I,t-J), the action of T lifts to Hilb[™"+7]
equally.
Next, we want to identify the fixed points in Hilb™"*"] of the T-action, which are the elements
(I,J) € Hilb™"* such that
t-I1=1
t-J=J"

For this reason, I and J must be both T-fixed points of Hilb™ and Hilb[”“], which are monomial
ideals. Thus, a T-fixed point of Hilb™"*"! is a pair of monomial ideals (I,J) satistying I/J ~ C"
as a trivial R-module.

These fixed points are easier to describe with the help of the corresponding presentation using
Young diagram.

Example 2.1.3 (Monomial ideals). Let (I,J) € Hilb™"*" be a T-fixed point. In fact, for each
choice of a set of r generators of I, it gives rise to an ideal J satisfying I D J D ml.
For example, let I = (y3 y2x, 2%y, 23) € Hilb® and consider the corresponding Young diagram

*

Ay = :x’s are (monomial) generators of .

*

|

Then each choice of three x’s of Ay and the diagram A; gives an element of Hilb!®l. There are
four of them:

oo (B i) (B ) (B ) (B i)

To describe a T-fixed point (I,J) € Hilb™" "] in terms of the Young diagram, we denote by
Ay and Ay the corresponding Young diagrams of I and J. The inclusion I O J means that Aj
is a subdiagram of A; and I/J is a subset of r removable bozes in A ;. Here, we say a box of a
Young diagram is removable if it does not have adjacent boxes above and on the right (See following
example). In other words, a removable box represents a monomial in R/.J on which = and y act

[

Table 2.1: Young diagram of (4,2,1,1). B are removable boxes.

trivially.
T
Moreover, with the following proposition, we can identify (Hilb["’"+r]) with a certain subset

of marked Young diagrams with n + r boxes.
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Lemma 2.1.4. The T-fized points of Hilb!™" " are pairs of monomial ideals (I,J) satisfying
I D J D> mlI and are in bijection with Young diagrams of n—+r bozes with r marked (by x) removable
bozes (Table 2.2).

[x]
B ((z*, 2y, y?),

€ Hilpl®®
‘ ‘ <x47w2y7xy27y4>)

Table 2.2: A fixed point of Hilb[6-8l represented by a marked Young diagram.

Proof. Given a Young diagram A of size n+r with » marked boxes, we denote by A’ the subdiagram
A\ with these r marked boxes removed. We define .J the ideal generated by monomials z/y*,
(h,k) € N2\A and I the ideal generated by monomials zy*, (h,k) € N2\ A’. This pair of ideals

T
(I,J) is unique for a fixed diagram A. Thus the map A — (I, J) € (Hilb[n’mﬂ) is well-defined.

We introduce N-valued functions o and p on the Hilbert schemes. Given an ideal I € Hilb["],
there exist distinct points p,...,pr € C? such that I may be expressed as the intersection of ideals
I =1, N---N1I,, where I, is supported at {p;} for each i = 1,..., k. We will write I, for I, with
p = (0,0). We define the function o of the multiplicity of I € Hilb™ at the point (0,0) by

o (I) :=dime (R/1),
and the function g of the minimal number of generators of Ij:
w(I) := dime (I/mI) = dime (I /mlp) .

By abusing of the notation, we denote the N-valued functions o,, and p,, on Hilb™"+7]

on (I,J) :=0c(I) =dimc (R/Ip) . (2.1)
pn (I, J) := p(I) = dime (I/mI)

which depend only on I.

Proposition 2.1.5. If I € Hilb"™ has w(l) =k, then n > @ = (g) Moreover, the equality
holds if and only if I = mF—1,

Proof. We look for the maximal value of p(I) for I € Hilb™. We first note that if I, € (Hilb™)7
and Ay is the corresponding Young diagram with n boxes, then p(Iy) is equal to the number of
7elbows” of Aj.

Lemma 2.1.6. We have

max {,u([) ‘I € Hilb[n]} = max {M(I) Ie (Hilb[n])T} .
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Proof of Lemma 2.1.6. Consider the action of the one-parameter subgroup ¢ : C* — T, t s (t,tV)
on Hilb™: ¢ . f(z,y) = f(t712,t=Ny). We choose N € N sufficiently large so that the fixed points
of the C*-action and the T-action are the same. For each I € Hilb[”], the limit ¢ — 0 of the action
Bt) - (x,y) = (t7 o, tNy) is a T-fixed point I (cf. [30]). Let Uy := {I € Hilb™ }%¢(t) I = I,\}.
We claim that p (Iy) > p(I) for I € Uy. Taking the limit ¢ — 0 of the action induces the monomial
ordering "y = x” and the limit }%é(t) - I = I, is, in fact, the initial ideal of I with respect to this

ordering . Now, if I € Uy and G is a reduced Gobner basis of I, then by definition, u (1) = |G|
Then we have u(I) < |Gy| = p(Iy) by the Buchberger Algorithm construction of the reduced Gébner

T
basis. We conclude that the function p(I), I € Hilb[™ reaches its maximum value in (Hilb["]) .

Lemma 2.1.6 implies that, for a fixed integer n, I € Hilb"™ | the value (1) is at most the maximal
number of "elbows” that a Young diagram with n boxes can have. We observe that, the Young
diagram Ay, A\=k—1>k—2>-.->1, is the Young diagram having k£ elbows and with (’;) boxes,
which is the least number of boxes among all Young diagrams satisfying this property. Any other
Young diagram with &k elbows contains Ay as a subdiagram. Since the number of boxes is equal to
the codimension of the corresponding monomial ideal, we have n > (g) Moreover, if I is an ideal
with dim¢ R/I = (’;) and pu(I) = k, then it can only be m*~! = (yF=1 yF=25 . yak=2 gh-1)
which is the monomial ideal corresponding to A . ]

An immediate consequence of Proposition 2.1.5 is that the refined Hilbert scheme Hilb™" " ig
empty if n < (3) and Hilb!™" "] consists of a single point (m™=1,m") if n = (3), since the condition

I > J > mlI requires that j,(I) must be at least r. This also implies that oy, (I) > (}).

Fixn € N, the number max {m|n > (})} is L(L VQHS") + IJ ,where |z] =max{k € Z |k > z}
is the floor function.
To sum up, we have the following statement:

Lemma 2.1.7. Let (I,J) € Hilb™ ") then o, and p, satisfy the following inequalities:

(g) < on(l,J) <n, (2.3)

r < pn(I,J) < K‘lﬂgm) 4 1J .

2.1.1 Examples of Hilb""*" for r =2, n = 1,2 and 3

[n,n+r]

First, we would like to give examples of Hilb to get a better feeling for these spaces.

Example: Hilb !

If (I,J) € Hilb™?® then the quotient I/J ~ C2 is a subspace of I/mI ~ C*® . So u(I) must be at
least 2. The only ideal I € Hilb!™ of codimension 1 with p(I) > 2 is the maximal ideal (z,y) = m of
the local ring O(g,9). Moreover, from the fact that dimc m/m? =2, J is the ideal m?. We see that

the Hilbert scheme Hilb!?l = {(m,m?)} = Brt3l is a point.



2.1. THE REFINED HILBERT SCHEME HILBW-N+F 23

{Hilb[l’?’] = (D , ] )} & H "

Table 2.3: Hilb!™?!,

Example: Hilb>4

We show that Hilb* is isomorphic to the blow-up of C2 at (0, 0): Recall that o(I) is the multiplicity
of I € Hilbl™ at the point (0,0). We define strata Hilbwk with respect to o

S

Hib", = {I e Hib™ | o(I) = s > k} .

2]

Each fiber of the projection map 7 : Hilb>4 — Hilb[21 is a single point: For every ideal I €

S

m (Hilb> ) € Hilb®! dime I/ml = 2. This is because the image 7 (Hilb>*) = J7_, (Bl x Hilb®~7).

Since u([) is less or equal to the minimum number of generators of to the fixed point ideal that
attract I, elements of Brll and Br!? are ideals with minimum two generators. Then the only
possible J € Hilb¥) such that I > J D mI is the ideal mI = J.

We claim that 7 (Hilb[2’4]> C Hilb? is isomorphic to the blow-up of C2 at (0,0). If I €
7r (Hilb[2’4]) then (0,0) is always in the support of I. We may represent I as two point (0,0) and
P;, P € C2. Then 7 (Hilb[2’4]> is isomorphic to the space of (Pr,line ! contains (0,0), Pr) which

is by definition the blow-up of C? at the point (0,0).
Example: Hilb !

Let (I,.J) € Hilb>®), We recall that u(I) = dime I/mI is the minimum number of generators of I,
and define

Hilb!") .= {I € Hilb™

u(I) = m} , Brinl .= {I c Brlnl

p(l) = m} .
Note that, for 7 = 2, we have the image of the projection Hilb™"*2l — Hilb[™ is Hilb[snz]1 = Hilb[m"]zz.
Then we have a decomposition of 7 : Hilb%! by the inverse image of the projection 7 : Hilb®?l —
N
Hllbgé 1
Hilb*) = 71 (Hilb[23]) Ur (Hﬂb[f]) .

We know that the Briancon variety Brl® is a disjoint union of a smooth stratum Brg)’] and a

singular point Brég] = {m?} and Hilb?] is in fact Bri[,)g}. First, consider the stratum Hilb[23]7 the

fiber of the projection 7 over this stratum is parametrized by Gro ((C2) ~ {pt}. Therefore, we have

nt (Hilb[;’}) C Hilb!*? is isomorphic to the disjoint union of smooth strata:

7t (g’ ) = (Bl (€\((0,00)™) U (B x €\{(0,0)}) u B,
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Next, over the singular point m? = Brz[f’], the fibers of 7 is parametrized by the Grassmannian
Gro(C3). So 7t (Hilbg}]) is isomorphic to P2.

3,5] [3]

To summarize, Hilb*?! is ,motivicly , a union of the smooth strata Hilb;" and a P2, the blowup

at the singular point m2.

2.1.2 Properties of the refined Hilbert scheme

We continue to investigate properties of the refined Hilbert scheme. Most importantly, we have the
following theorem:

Theorem 2.1.8 ([33]). The refined Hilbert scheme Hilb!™" " is smooth, irreducible and of dimen-
sion 2n —r(r —1).
Proof. We claim that the dimension of tangent space T(LJ)Hilb[”’"M] equals to 2n — r(r — 1) for
every (I,J) € Hilb™ 7,

Observe that, for each (I,J) € Hilb™" "] there are universal sequences:

0—+1I—-R—A—=0, (2.5)
0—-J—>R—B—0, (2.6)
0-J—>1-C—-0&£0-C—-B—>A—0. (2.7)

We apply by the functors Hompg (C, —) and Hompg (—, C) to two exact sequences of (2.7) and
consider the following double complex:

0 0
0 —— Homp (C,C) —L— Homp (C, B) —— Hompg (C, A) —— Extk (C,0)

b ! J

0 —— Hompg (I,0) —£— Homg (I, B) —£— Hompg (I, A) — - -

b I I .

0 —— Hompg (J,C) —“— Homp (J, B) —2— Hompg (J,A) — - -
( :

Ext}, (C,C) :

¥)

By [8], the tangent space of the incidence variety

Zning = {(I, J) S Hﬂb[nl] X Hﬂb[nQ]

IDJ}

at a point (I, J) is isomorphic to the kernel of the map
¢r — ¢y : Homp (I, A) ® Homp (J, B) — Hompg (J, A)
(.fvg) = ¢I<f) - ¢J(g)7
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where

¢r : Homp (I, A) » Hompg (J,A4), a:I— A ¢r(a) =aly (2.9)
¢y : Hompg (J, B) — Hompg (J,4), a:I—> A~ ¢j(a)=proa:J—B—A (2.10)

are two maps following from the condition I D J. In other words, (f,g) € Ty Hilb™ x Hilb!" "] if their
images in Homp, (J, A) coincide. Observing the diagram (2.8), there are two maps to Homp (I, A)
and Hompg (J, B) respectively. But only the contribution from Hompg (I, B) is compatible with
the inclusion J D m/l. Since the maps f1,d; and g; are injective, and there is an embedding
Homp (C,C) — Hompg (I, B). Moreover, Hompg (C,C) is contained in the kernel of maps g5 :
Homp (I, B) — Homp (I, A) and ey : Homp (I, B) — Hompg (J, B). We claim that the quotient
Homp, (I, B) /Homp (C, C) has constant dimension. First, since C' = I/J possess a trivial R-module
structure, the dimension dime Homp (C, C) is r%. Next, applying the functor Homp (—, B) to the
exact sequence (2.5), there is a long eact sequence

0 — Hompg (A, B) — Hompg (R, B) — Homg (I, B)
— Ext}, (A4, B) — Ext} (R, B) — Extk (I, B)
— Ext% (A, B) — Ext% (R, B) — Ext% (I, B) — 0,

where Ext}, (R, B) = Ext% (R, B) = 0. To compute the dimension of Hompg, (I, B), we first note that
dimpg (A, B) =n+r — 1. It is because the image of the generator 1 of A can be any base element of
B except for 1. From the duality, Ext?% (A, B) ~ Hompg (B, A)v has dimension n. Since the Euler
characteristic x (4, B) = Z?ZO(—l)i dim¢ Ext’ (4, B) equals 0, we have dim¢ Ext! (A, B) = 2n+r—1.
Now from the long exact sequence

0 — Homp (A, B) — Hompg (R, B) + Homp (I, B) <2 Extl, (A4, B) — 0, (2.11)
we have short exact sequences

0 — Hompg (A4, B) - Hompg (R, B) — Im(a)) — 0
0 — Im(a) — Hompg (I, B) — Im(B) = Extg (4, B) — 0.

It follows that

dim¢ Homp, (I, B) = dime Ext}, (A, B) + dime Im(a)
= dim¢ Exty, (A, B) 4 (dim¢ Homp (R, B) — dime Homp, (4, B))
=2n+r—1l—-(n+r—(n+r—1)=2n+r

Thus we have dim¢ Hompg (I, B) /Hompg (C,C) =2n+1r — 12 =2n —r(r — 1).
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2.2 Torus action, Bialynicki-Birula cell decomposition and
homology of Hilb™"*"]

Consider the torus action on Hilb™"*™ ¢. (I, J) = (t-1,t- J), where the fixed points are pairs of
monomial ideals (I, J) satisfying I D J D mI. If we choose a generic one-parameter subgroup

C*—>T
t— (tl,tg) = (tal,taz),

then the T-fixed points set is finite and it induces a cell decomposition of Hilb™"+"!. Each cell is
represented by a T-fixed point, which is described by a Young diagram A with |[A| =n 4+ r and r
marked removable boxes. Moreover, by [25], the refined Briangon variety is a deformation retract of
Hilb™"+7). For generic one-parameter subgroup C* — T, we have the +-attracting cells

Sp = {(L J) € Hilb" | Tim £ (1,.7) € A}, (2.12)
Us i={(1,7) € Hib" 71| i ¢ (1,.7) € A} (2.13)
Analogous to lemma 1.2.4, we have
th Sp = Hilb™ ") and EkJ Up = BT[n7n+T]’ (2.14)
A A

where the summation runs over all Young diagrams A with |A| = n + r and r marked removable
boxes.

The character ch;, J)Hilb[”’"H] of the T-action at the tangent space at a fixed point (I, J) were
calculated by Nakajima and Yoshioka. They also proved a formula for the generating function of
the Poincaré polynomials of Hilb[™" "], To state their results, we recall notations I([e]) and a([e]):

- the arm-length a (E) to be the number of the boxes above [e] |

- the leg-length [ (E) to be the number of the boxes on right of [e] .

Example:
Z The arm-length and the leg-length of [e]
o/ are the number of as and [s respectively.

Proposition 2.2.1 ([34]). Let A ;) be a fized point of Hilb""*". We say a boz b of A is
“relevant” if it is neither a marked removable box nor both of the up-most box and right-most box of b
are marked removable boxes. We denote by /' C A the subdiagram obtained by removing all marked
removable bozes |x| from A (e.g., Table 2.4).

We have the character formula of T(LJ)Hilb["’"M] :

(B)+1  Iar(b)+1,—

s e S (A P (2.15)

b:relevant
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& (2t 2y, v, (a4, 2%y, 2y, y*)) € Hilblo

Table 2.4: Empty boxes [J are the relevant boxes. A" = A\{x}s.

Proposition 2.2.2 ([34]). Let r,n be positive integers with n > (g) The Poincaré polynomial of
Hilb™"*") has the form

P <Hllb[n,n+r] : t) _ Z t(2n+3rfr2)72w(A) (216)
A Al =n+r,

with r marked

removable boxes

where w(A) is the number of columns in A. Moreover, it has the generating function:

— . [n,ntr n 5 - 1 . 1
2 P (Hibm ) g = o (H qud> <H 1tdqd) 247

n=(5) d=1 d=1

Proof. By [30, Cor. 5.10], the dimension of the affine cell equals to the number of negative weights.
It is equivalent to count the dimension of sum of weight spaces which satisfy either

(i) the weight of t5 is negative,
(ii) or the weight of ¢ is 0 and the weight of ¢; is negative.

The second case cannot happen. Therefore, it is number of relevant boxes b with a(b) > 0 and is
equal to

A — (;) —w(h) = % (20— 1%+ 3r) — w(A),

and we have
—r243r
2

P (Hilb[”’"“];t) = zﬁ:ﬁ(“wW) (2.18)

Next, to prove the formula for the generating function, we use the fact that the set of Young
diagrams with n + r boxes and r marked removable boxes is in bijection with the set of pairs of
Young diagrams (A, Az) such that Ay has at most r columns and [Aq] + [Ag| =n — (3) (cf. [[34],
Section 5.5]). Then the equation (2.18) becomes

P (Hﬂb[n,nm;t) = 3 tlAatIAel o) (2.19)

where the summation runs over all pairs of Young diagrams (A1, Ay) such that Y5 has at most r
columns and |A] + [Az| =n — (). It follows that the generating function is

— anln,ntr n 0 - 1 - 1
> P (Hb ) g7 = o) (H 1_t<dl>qd> (H 1tdqd> (220)

n=(3) d=1 d=1
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Theorem 2.2.3. The refined Briancon variety Bri™"t7] is of complex dimension n — (;) Furt-
hermore, the number of top-dimensional components of Bri™"*7 is equal to the number of Young
diagrams with n 4+ r boxes with r columns.

Proof. Choose a generic one-parameter subgruop C* — T' so that we have a cell decomposition of
Brlnntrl Since Brinntrl is a deformation retract of Hilb™" " by equation 2.18 of the Poincaré
polynomial of Hilb["’”H], we have that Brl™"*7] is a disjoint union of affine cells of complex

T
dimension (n + M), where A € (Hilb["’”“']) . We know also each A contains at least

7 removable boxes = w(A) > r. We conclude that dime Brl»"+7] = n 4 *T;” and top-dimensional
components are indexed by Young diagrams A with exactly r columns and [A| =n + 7. [ |

[n,n+r]

2.3 Operators on the direct sum of homology groups of Hilb

In the case of Hilbw7 the generating function of P (Hilb["]; t) has a form of the infinite product

>aP (Hilb["];t) ¢ = T2, ﬁ (1.17). Grojnowski ([20]) and Nakajima ([29]) show a
geometric interpretation as the character of an infinite dimensional Heisenberg algebra action on
D H, (Hilb["]) through operators on H.

We observe that in the formula for the generating function of P (Hilb[”’"”]; t):

. n.n—+rmr 5 M 1 - 1
P(Hllb[ ot ];t) g" =q() <H 1t2d2qd> (H 1t2qd>

d=1 d=1

WK

n=

—~

5)

T—pig and a finite product []},_, ﬁ_ This

o0
there are two products: an infinite product H T

d=1
observation suggests that there exists an action of Lie algebra of operators on the infinite direct

sum of the homology of the refined Hilbert schemes

H,:= P H. (Hilb["’"+T]>

nz(3)

with the character (2.15). In particular, there should be infinitely many operators of degree 2(d — 1)
and r operators of degree 2d that correspond to HZOZI % and H2=1 ﬁ respectively.

2.3.1 Operators of Nakajima’s type

We give a construction of the operators of degree (2d — 2) through the correspondence (cf. 1.2.2).
We refer to these operators are of Nakajima’s type since our construction is analogous to Nakajima’s
construction for Hilb[™ (cf. [29,30]).

Denoted by m;;, 7, the projections from Hilb™" 471 x HilpPHrntktr] o 02 to (i,4)-th and k-th
factors respectively. For a positive integer k, the projection ms to HilpMHkntktr] g proper, whereas
the projection m; to Hilb™"*") is not.
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First, let

Z(r, Ky = { (1), (K, L), p) € HibI™ 7] 5 Hib™+5m 47 s €2\((0,0)} | 1 € K, Supp(I\K) = {p} } .
(2.21)
We defined an incidence variety Z(r, k), in Hilb™™+7] x Hilb*TFn+k+r] o €2 by taking the
closure of Z(r, k),,.

Proposition 2.3.1. The variety Z(r, k), has dimension 2n —r(r —1) +k+ 1.

Proof. Recall that an element of Z(r, k) is of the form ((Z,J), (K, L), p). We decompose Z(r, k),
into strata by the multiplicity m, ; of I at each point p in the support of I:

n

Z(r,k), = | 2(r k), (s),

s=0
where Z(r, k), (s) :== {((I,J), (K, L),p)| mpr = s}. We claim that Z(r, k), (0) is in fact the generic
part of Z(r,k),. When s =0, Z(r,k),,(0) consists of element ((I,J), (K, L), p) such that the point
p is not in the support of I and it gives rise to a birational map
Z(r,k),,(0) — Hilb™ 41 gl
((1,J), (K, L),p) = ((L, ), Bp).

Then we get the dimension of Z(r, k),,(0)
dime Z(r, k),,(0) = dime Hilb"™"*"! 4 dime Brlt)

:2(n—<;>)+(k+1):2n—r(r—1)+k+1.

Now, for s > 1, we have dim Z(r, k)(s) < 2n —r(r — 1) + k+ 1. It is because that if we add/subtract

one point, dimension of Hilb™"*"] increases/drops by 2, Brgcz] increases/drops only by 1. We

conclude that dim¢ Z(r k) =2n—r(r— 1)+ k+ 1. |

It follows that Z(r, k),, defines a class [Z(r, k), ] € Hap—p(r—1)4k+1 (Z(r, k)n)
If o € H.(C?), B € H.(C?)BM and u € H; (Hilb["’"+r]>, then the operators fi(-) of adding k
points and the operators ay(-) of subtracting k points are defined by
k(1) = ma (5 (PD ™ u) U (PD ™)) N [Z(r, k),)]) € Hip o) (Hilb["“’”*k”]) (2.22)
and
Br(y) = m((m3(PD™ ) Un3(8)) N [Z(r,k),,]) € H. (Hﬂb[”*’“’"*’““]) (2.23)

respectively, where oy has degree degar + k — 1.

Here, the map ((Z,J), (K, L),p) = p(I \ K) restricted on Z(r,k),, is the relative Hilbert-Chow
morphism, which is proper. These operators are well-defined on [F]L-I
To ensure that we do get a homology class, we need at least one of pull-back classes Wj() to be

compactly supported. 7F(PD™'u) is not the pull-back of a proper map whereas 7%(PD ') is
compactly support pull-back by a proper map. 73 (PD_lu) is a pull-back through a proper map, so
there is no further requirements on 7% (53).
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Proposition 2.3.2. Let 3 € H,(C?),a € H,.(C?). The operators oy, By satisfy the Heisenberg
relation

[, Bj] = i6itj0{cx, B)idg
where the pairing (a, B) stands for the push-forward a point f.(anB), f: C* — {pt}.

We note that the only nontrivial choice of such a and 3 is a = [pt], 8 = [C?].

Proof. We proceed a proof that is analogous to the Nakajima’s proof for Hilb™! by considering
separated cases for i+ j =0 and i 4+ j # 0 (cf. [30, Proposition 2.3.2]). The main idea of the proof
is that when i # j, the support of the corresponding correspondence has a dimension strictly less
than the expected dimension and the only contribution comes from the case of i = j.

By o;8;, we mean the composition which applies first the operator ; and then the operators j3;
and [ay, 5;] = ;i — Bjcy. We define the following notations:

Y, = Hilb[" 1 5 €2 x Hilb[rFontitr] o ¢2 i HilplmHitantititr]
cij = [Z(r,0),J1Z(r, ) 4q] = 12454 (ﬂ‘zg[Z (r i), | m34502 (T,j)nﬂ-]) ,
Cij == T1245 (@13(2(7“7i)n)ﬂslfs(z(m)n+i)) :

{p# 4} ::H{(I,p, q,J) € mass(Yij) | p # 4},

(]

{p=4q} ZZH{(LP’ q,J) € maas(Yij) | p = q},

(]

where 7_ are the projections to (—)-th factors.
Note that the map C? x C2 — C2 x C2, (p, q) — (q,p) on {p # q} is bijective. This induces an
isomorphism

Cis n{p # 4} = Cjn{p # ¢}
by ((I,J),p,q,(I'J") = ((I,J), q,p,(I'J")). Thus, 7 5 (Z(T,i)n) and 75,5 (Z(T,j)nﬂ.) intersect
transversally over {(p, ¢),p # q}, where the dimension is given by
@n—r(r—1)+i+1)+Qn+i)—rr—1)+j+1)—2n+i-— <;>)
=2n+i+j+2—r(r—1).

On the other hand, the subset {(p, ¢) | p = ¢} of C? x C? is isomorphic to C? under the diagonal
morphism A: C? — C? x C2,p ~ (p, p). This induces a map

Cij N {p=q} = Z(n,i+7j)
((IaJ)vpa q?(KvL)) = ((IaJ)vp: Qa(KvL))v

which is compatible with the extended Hilbert-Chow morphism ((I, J), (K, L)) — p(I \ K) by the
fact that anN B = A*(ax ). Thus, the component C;; N{p = ¢} has dimension 2n—r(r—1)+i+j+1,
which is less than the expected dimension.
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Case of i + j # 0 and ij > 0: Suppose that ¢ > 0 and j > 0, we first consider the case of [a;, 5;].
We observe that the set-theoretical support of the composition o;8; is given by the Cj; C

Hilb[» "+ % €2 x €2 x Hilb* T +i4747] where

Ciy = {((1,7),p, 4, (I'7)) | 300, L) € BILPHm40] () = (1) + dlp), p(I') = () + la) }

Considering C? x C? = {p # q} U {p = ¢}, we will discuss the cases Cj; N {p # ¢} and
Cij N {p = q} separately. As we pointed out previously, a generic element of Z(r,4), is an

element (I, .J) of Hilb[™"*™) where the support of I is disjoint from the point adding. One can
identify C;; N {p # ¢} with the closure of the image of the map

Hilbl" ™) x Brll x Bri) — Hilb™™+7] 5 €% x €2 x Hilplnti+intititr]

((IaJ)vBP’Bq) = ((I,J),p,q,([ﬁBpﬂBq,JmemBq)))

with dimension 2(n — (3)) + (i + 1) + (j + 1).
For the case of C;; N {p = ¢}, under the identification of C* x C? with C? by the diagonal
A(p,p) = p € C?, there is a birational map

Ciyn{p=q} = Z(ryi+3j),
(L, ), p,p,(I', ) = ((L, 1), (I', '), p).

Since dim Z(r,i+ j),, = 2n —r(r — 1) + i+ j + 1 is less than the expected dimension of ¢;;,
Ci; N{p = ¢} does contribute to ¢; ;. And similarly, C;; N {p = ¢} does not contribution to
the intersection for the same dimensional reason.

Now, for the case of [a_;, _;], both C_;_; N {p # ¢} and C_;_; N {p # ¢} can be identified
with the closure of the image of the map

Hilbl"~imdn ==+ 5 gl o rll 5 Hilb™ ™77 % €2 x €2 x Hilp"—i=dmti+itr]
((1,7), By, Bg) = (1N By N Bg, J N By N By), p, g, (1,.7))),

where Hilb[? i/ =i+l B7"([Ci]2 X Brg; has dimension 2(n —i—j— (5))+ (i+1)+(j+1) =
2n —i—j+2—r(r — 1), which is the same as the dimension of c_;_; and c_;_;. Whereas
C_i—jN{p =q} and C_;_; N {p = ¢} has strictly smaller dimensions after a similar argument
as above.

Thus Cj—j —Cj—4 = 0.

Case of i + j # 0 and ij < 0: Without losing generality, we compute for the case [a;, 5—;].
Ci—jN{p # ¢} and C_;; N {p # ¢} can be both identified by the closure of the image of the
map

Hilb("—37=3+71 s Brlil 5 BrlBl — HilbI"m 71 5 €2 x €2 x HilplHi=dnti=s+r]
((Z,J), By, Bq) = (N By, J N Bq)apv ¢.INBy,JN Bp)))

[ s Brll has

where (I,J), Bp, B, have disjoint supports. Moreover, Hilpr—m=i+rl o Bre, c2

dimension 2(n —j — () + (i+ 1)+ (G +1) =2n—j+i+2—r(r—1).
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Ci—; N{p = ¢} can be parametrized by
Hilb" =33+ 5 Brlil 5 Brl) - Hilb 71 5 A=1(C? x C?) x HilplnHi-dnti=itr]
((1,7), By, By) = ((1, ), p,(IN By, J N By))
Case of i + 7 = 0: Let
YF = Hilb" "+ €2 x Hilb" o] 5 €2« Hilpn
Y~ = Hilbl™™ ) €2 x Hilbl* =" =71 5 €2 x Hilb!™ ™7,

and projections m(_y to (—)-factors. The compositions a;a_; and a_;a; are induced by the
classes

i 1= miaase (s (2(9),]) N w3 (7 2(r0),)) )
et = Taasse (i (T2 0),-) N i (20 0),0)) )
and are supported on the sets
Ci,—i = T1245 (771_213 (Z(r,7),,) N Tags (Tmn)>
= {1, D). p.0.(1, 7))
C_iyi =245 (ngls(TZ(T’ )pei) N 7T§415(mn7¢))

={((, D) po0, (1, 7)) [ 3R, L) € M7= 1 € K S 17, Supp(K/T) = {p}, Supp(K/T') = {a} ]

3(K, L) € Hilb"*on++7 . 1 5 K < 17 Supp(I/K) = p, Supp(I'/K) = {q}}

with expected dimension 2 (2n —r(r — 1) +i) — 2(n+1i) —r(r—1)) =2n—r(r —1).

Ci—i Cmas(YT)

C_;; Cmas(Y7)

C;,—; has 2 irreducible components of dimension 2n — r(r — 1):

e The component C; _; N {p # ¢} = ¢ (Hilb[”fi’”fi”] X Brg]2 X Br@) where

¢: Hilb =) s Bl o Bl s 00 in{p # ¢}
(1. 1), By By) = (IU By, J U By), p(By). p(By), (IU By, J U By)

for the ideals ((I,J), Bp, By) € Hilbm—#n=i+rl Br(g]2 X Brg]2 having disjoint supports.
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e The component C; _; N {p = ¢}
{((1 J),p,p, (I, ) ‘3 L) € Hilbl" "= . 1 « £ 5 I, Supp(K /I) = {p} = Supp(K/I)}

which is A (Hilb""*"]) the diagonal of Hilb" "]
We proceed the same decomposition for C_; ;

Cii=Ciin{p#q)U(Ciin{p=4q}).
C_;;N{p # q} can be parametrized by the same map
¢: Hilb" o=l gl o Brll 0y 0 {p # ¢}
((L.J), By, By) = (1U By, JUB,). p(By), p(B,), (IU By, J UB,)).

As for the piece C_;; N {p = ¢}, note that (({,J),q,p,(I',J)) € C_;; N {p = ¢} implies
(I,J) = (I',J') € Hilb""+7] (s =i+ (3)) which is non-generic. Thus, it does not contribute
to this class.

Since C; _; and C_,; ; intersects transversally over {p # ¢}, we have
Cii—=C_ii=CiiN{p=q}=c {A (Hilb[”’"“])]
for some constant N € C. In order to determine the constant N, we consider locally near a

generic point of (7‘(1_213(Z(’I“, i),) N s (TZ(r, Z)n)> ‘{ } C Hilb™" 1 €2 x HilbHimtitr]
p=q

which are elements ((I,J), p, (K, L)) such that Supp(I) N {p} = 0. Near a generic point
((I,J), p, (K, L)), the product Hilb™"*71 x €2 x Hilb" T ++71 5 €2 x Hilb™" ") can be
replaced byy

Hilb™ "+ 5 €2 x (Hilb™ "+ x Brl) x €2 x Hilb"+")
(€ Hi™ 47 €2 x (il s Hilb ) x €2 x Hilbl™ )

Then the degree N of the diagonal [C; _; N {p = ¢}] is independent of n,r chosen as there is a
rational map _
Hilb™"+7 » €2 x Hib) x €? —

Hilb™ 7] % €2 x (Hilb™ ") x Hilbl!) x €2 x Hilpl™ "+

(m,V \:r:ms)

Hilb»m+71 x 2 2 Hilblmm 7]

such that the original projections m; and 75 are identity maps id: Hilb™m+7) s Hilpn+],
We have deg m1245= deg mys5.
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The inclusion 4 _
(p7 ’Ld) BTAE}] — (C2 X Brg]szp = (p<BP)’BP)

gives a local expression of Z(r,1),, of the form Hilbl™"+71 x €2 x Brg]2 in Hilb[™" 7] % C2 x Hilbl!
by (1,1), p(By), By) = (T, 1), p, By). Furthermore, (wiaa((Zr, ),]) N wis(rZ00,D)|

is supported on the intersection
mion (HID 7T €2 s Brlth) (mggh (Brlth x €2 x Hilbl 7)< (HIb™ 7] 5 €2 x Brlth x €2 x Hilbl™+7])

We obtain a simpler picture after letting n = (3), where Hilb™"*") is a just a point.

Hilb[""+1 x €2 x Hilbl! x €2 x Hilb™"+7] {pt} x C? x Hilbl" x € x {pt}
ﬁ% \ﬁf 71 P3
Hilb™™ ) 2 €2 x Hilb»+] — {pt} x C2 X x {pt}

The diagonal in this case is given by
2\ 2 N [4] N [4] 2
N [A(C?)] = T34 (|C? x (p,id)*(Bres) | N | (p,id)* (Bres) x C?| ),
for some constant N € C. After intersecting with 75 ([q]), the class of a point ¢ € C*, we have

N H{a)] = m ([€2 % (0, Bri)] () [(pria) (Br) x {a}])
= T4 ([(C2 X Br][f]] ﬂ [(p, id)*(Brg]Z)D

From this, we see that N equals to intersection number of the classes {Bréﬂ and {Brg]z}

inside Hilb"™. These numbers N were calculated by various persons ([15,30]) which is equal
to i. We conclude that ¢; _; —c_;; =1 A (Hilb[n’"“’]) and we obtain the final result

a0 — O, 0 = [Oéi, Oé,i} =1 idH.

2.3.2 A conjecture on the new type operators

In this subsection, we formulate a conjecture of the correspondence for the new type operators
homological degree 2d associated to the finite product []);_, ﬁ in the formula (2.17) for the

generating function of P (Hilb[”’"+T]; t),
Notation. We note I Dy, J, if the ideals I, J satisfy I D J D ml.
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Definition 2.3.3. Let r,j,n be positive integers and j < r. We define an incidence variety @)y, ; of

Q= {((1, J), (K, L)) € Hilbl»"+7]  Hilplrtintitr]

I 54 K D J O L }
In particular, when j = r, we have

- {((I . J), (K, L)) € Hilb™m 1 Hilprtrn+2r]

n,r

J:K},

which is isomorphic to the space parametrized flags of ideals {I Dy J Dy L} in Hilb™ x Hilb" ") x
Hilb"+27],
Let w € H.({(0,0)}) ~ H.({pt}) and 0 < j < r. We define the operator w}: H. (Hilb™m Ty -

H, (Hilb["*7m+3+7]) £ be the convolution products associated to the class (@, 1,

wh(u) = 2. (7} (PD™'u) Uns (PD ™ w)) N [QL ;1) € H, (Hﬂb["“’”””]) , (2.24)

n,n+r|

and define w” ; by reading the diagram backwards. Alternatively, since Hilb!
pairing

is smooth, the

(u,v) = PD™'u UPD ™o N HI"™ "], w,v € H, (Hilb""*")

is non-degenerate. Then one can define w? ;: H, (Hilb™"*) 5 H, (Hilb"~9"=7+"1) a5 the adjoint
operators of w}. The operator w] has degree 2 dime (Hilb" 7 H+71) — 92 dime( i)

For case of r =1, W.-P. Li and Z. Qin constructed a similar new operator for the nested Hilbert
scheme {(I ,J) € Hilb" x Hilpr+! ‘I oJ } in [37]. They actually identified the inverse of the new

type operators and the algebra structure the operators.
We establish a conjecture:

Conjecture 2. Let Ny = (g) and vy € HilbNo-NoF7] - Then for each element v € ﬁ:ﬂ, there exists
operators vy, -+ ,vq € {a;,1 € N} U {wjr7 1<5< 7‘} such that

V=UV1Vg"*-Vq " V.

Moreover, the space H is an infinite-dimensional irreducible representation of this algebra of operators.

Considering the strata of Hilb™"*+7]:
Hilbl™" " .= {(I,J) | o (I) = s} .

Then Hilb[(?’)wrr] is the generic part of Hilb™ "] since dim Hilb[sn’””] < dim Hilbﬁ?”],vs > (;)
2

The more an element (K, L) € Hilb" "7+ hag points supported at (0,0), the less the dimension
of the strata it belongs to. An element ((I, J)(K, L)) € Q7 ,; are related by J C K with differences

n,j
concentrated at (0,0). Thus, if (I,.J) € Hilb™"*") has minimal value o(I), then those (K,L) €
Hilb" 7 5+7] will belong to the strata with minimal value o(K) satisfying the condition J C K.

From formula (1.18), the incidence variety corresponding to the operators of new type should
have expected dimension 2dime Hilb™" " + j = 2n + j — r(r — 1). We show that this property
holds for @7, ;.
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Proposition 2.3.4. The incidence variety Qy, ; has complex dimension 2n + j — r(r—1).

Proof. First, we consider the decomposition of @, ; with respect to o(I),1 € Hilb":

Q5 () = {((L. ), (J,L)) € Q;, ;[ o(I) = s} .

Then for each strata Q7 j(s), there is a birational map

Hilb!" ™ x Brlostrl x prlstistitrl , Qr (s)

(I,(Bi, Bs), (B, By)) — ((IN By, 1N By),(INBs, N By)), (2.25)

where (B1, Bs), (Bs, Bs) satisfy the condition By Dy B Om Bs Dm Bs. This gives an upper bound
the dimension of the strata @7, ;(s):

dime Q7 ;(s) < dime (HilbI" =1 x Brlesstl s prletititr])

r(r—1) r(r—1)

=2(n—3s)+(s— 5 5

)+ (s+J— )

=2n—r(r—1)+j,

which turns out to be independent of the number s. Therefore, we have an upper bound for

dimc @y, ;:
dimc Q;, ; < 2n —7r(r —1) + .

Next, we claim that @], ; has a component that has dimension 2n — r(r —1) + j. We consider
the strata @, ;(s) for s = (5)- In this case, Brlsst = {(m™=1 m")} is just a point. We want to
compute the dimension of the subset

S = {(B,B) € Brististit iy =l 5 B om” o B’}.

Recall that Hilb™" "] as well as Bri»+71 admit affine cell decompositions induced by a generic
C*-action, where each cell of Hilb™"*" is represented by a Young diagram A with n + r boxes
with 7 marked removable boxes. In particular, by Corollary 2.2.2, the dimension of a cell of
Brivmtrlis n — (1) 4+ 7 — w(A), where w(A) is the number of columns of A. We note that
the cell of Brlstistr+il agsociated to the fixed point (K, L) that corresponds to the partition
(j+r,r—1,r2,...,1) has dimension s + j — (g) +r—wlA)=jifs= (g) Since the fixed point
(I,J) satisfies m"~! D K D m” O L and the inclusion relations is invariant under the torus action,
we conclude that the subset S has a component of dimension j. Thus, the strata QZL]((;)) has a
component of dimension

dime Hilb™ ™% + dime Briss T 4+ j = 2n — r(r — 1) + 4.

We conclude that @, ; has dimension 2n —r(r — 1) + j. [ |



Chapter 3

Matrix description of the refined
Hilbert scheme and example of
local coordinates

In this chapter, we give a matrix description of the refined Hilbert scheme. Using this description,
we explain an idea of analyzing the local structure of Hilb™ 7+ through the examples of Hilb>4
and Hilb®?l. This inspire us to study of a special divisor Hilb[:;g”] of Hilb™"*2); the subvariety

that contains all element (I,.J) such that the multiplicity of I at (0,0) is at least two.

3.1 Matrix description of Hilb""*"]

In Chapter 1, we saw that an ideal I € Hilb™ may be represented as a GL,, (C)-orbit of (X,Y]1,7)
(Here, j is in fact 0, but we will keep it for the moment). Apply this to the refined Hilbert scheme
Hilb»™*"1 < Hilb"™ x Hilb"*"). Then an element (I,.J) € Hilb™" " corresponds to a pair of
matrices (Xr,Yr,ir,77) and (X;,Y;,iy,77) satisfy two conditions coming from the assumption
ID>J>oml:

(i) The action of (X,Y7) and (X ;,Y;) preserve a fixed flag:

I/J~C" = R/J~C"" — R/I ~C" (3.1)

(ii) (Xr,Y7r) and (X;,Y;) act trivially on their quotient C" ~ I/.J.

The matrices X; and Y7 are determined by X := X; and Y := Y which lie in the subspace Uy, 5,4~
of (n+r)x (n+r) matrices Mat,,1-(C) that act nilpotently on the flag R/J — R/I and act trivially
on the quotient C" ~ I/J. The vector i := i; determines the vector i; € C" and j := j; € (C")"
determines j; € (C"*7)". Since R/J D R/I, the operators of multiplying = and y on R/.J act on
R/I can be seen as a restriction of R/J to R/I. Moreover since R acts on I/J ~ C" trivially, we can
choose a type of basis such that the first r columns of X and Y € U, 4 C Mat,,1,.(C) are identically
0. Similarly, j has the form (0,...,0,5,41,...,jn+r) determining by j; = (jri1,. .., Jner) € (C*)".

T

37
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We define the space of quadruples (X,Y, 1, j)

(1) The entries of r first columns of X, Y and j are 0.

2) [X,Y]+ij=0

(3) Stability condition: there exists no subspace S C V = C"*"
such that X (S) € S, Y(S) C S and Imi C S.

M={ (X,Y,i,)) (3.2)

That is (X,Y,4,5) have the form

r columns n columns

i1
12
X,Y,ij) = SRR [ = (00 Jreredren )
( ) aZ7.]) . . . . s : 5J 0 0 ]r+1 ]rJrn
0---0 * * . r
in+r

Such type of basis is invariant under the action of the parabolic subgroup

P, | P
P, = 11°2 ) e GL,.. (C)
0 | Py

P, Pl | -P{'P,P,
P, o | P '
Hence the bottom-right n X n submatrix acts by GL,, (C). We will show that the refined Hilbert
scheme Hilb™ "] can be identified with the quotient M /P n, where the group P, ,, acts on M by

P, € GL,(C), P; € GL,, (C) , P, € Mat,xp, ((C)}.

P
Each element g = ( 01 ) € P, has the inverse of the form ¢! = (

g-(X,Y,i,5)— (9Xg ' gYVg " gi, 597 ").

Here, we show a proof that is analogous to the proof [34, Section 4]. We first show that this
quotient space has expected dimension.

Proposition 3.1.1. The space /T/T/ P, has complex dimension 2n — r(r —1).

Proof. Recall that in 1.13, there is an isomorphism

(1) [X,Y]+ij=0
Hilb" ~ (X,Y,i,7) | (2) (Stability) There exists no subspace S C C” /GLn (©€).
such that X(S) C S, Y(S) C S and Imi C S.
We consider the following map,
0 : End(C™"") x End(C™™") x C**" x (C™*")" — End(C™™)
(X, Y0, 5) — [X, Y] +ij.

Let Upnir C Mat(y4,)(C) be the n(n + r)-dimensional subspace of matrices that first  columns
are 0 with the P,.,, C GL,4, action that preserving the form of matrix and

V={0...,0,241,...,204n) € (C"™)"} = (C™)".
N——

r



3.1. MATRIX DESCRIPTION OF HILBI-N+F 39

If we let 6 be the restriction of @ to the subspace

0:Uppir X Uppir X C" XV = Up sy (3.3)
(X,Y,0,7) = [X, Y] + 5. (3.

then M is an open subset of 6-1(0).
The differential of 8 at a point (X,Y, 4, ) is given by
de : (6X,0Y,68i,67) — [0X, Y]+ [X,8Y]+6i j+1i &)
—_——
EUn ngr XUp nir XCPH7 XV

The dual space of Mat ,, 4,y (C) can be identified with itself by the inner product (A4, B) := tr(AB).
Let UT C Mat (1) (C) be the subspace of matrices such that first » rows are 0Os.

n,n+r
0| Ay, 0 0
e € Un,nJrrv € UnTn+r
0 Bn><n C’I’LXT ann ’

Table 3.1: Examples of elements of Uy, 1, and ur

n,n+r:
Consider the inner product
uT

n,n+r

X Un,n+r — C
(A4, B) s tx(AB).

To show that it is non-degenerate (hence a complete paring), let (in the form of block matrices)

A= < Z"i" 2"1" ) IS U,?’nﬂ and B = < 3"?’ ]';"i” ) € Up nir- It follows that the trace of the
product
BTX'ILATLXT B7'><77.A77.><TL
tr(AB) = tI‘(BA) = tI‘< 2 L. A > =tr (B'ranan) + tr(BanAan)~

Suppose that tr(AB) = tr (BrxnAnxr) + tr(Brxndnxn) = 0 for all B € Uy, yqr. Then Ay, =0
since the trace in non-degenerate on space of square matrices. The block matrix A, , also equals 0
by the fact that tr is positive-definite and consider the case of B, is the conjugate transpose.

The differential map 6 is surjective is equivalent to the following statement: Let A € UYL, .. If

tr (AdO(6X,0Y,6i,65)) = 0 for all (6X,8Y,d4,85), then A = 0. Since the trace map is linear and

invariant under cyclic permutations, we have

tr (AdO) = tr (A[6X,Y]) + tr (A[X,8Y]) + tr (Adi j) + tr (Ai 67)
= tr (A0XY — AY6X) + tr (AXSY — ASY X) + tr (Adi j) + tr (Aidy)
= tr (YASX — AY6X) + tr (AXSY — XASY) + tr (jASi) + tr (Aidy)
= tr ([Y, A]6X) + tr ([4, X]Y) + tr (jASi) + tr (Aidj) .

Now, the trace map is non-degenerated and tr (AdO(6X, Y, di,67)) = 0 for all (6X,0Y,di,07), then
[Y, A], [A, X], jA and Ai must vanish. If we consider the subspace spanned by A, it is X, Y invariant
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from the fact that X and Y commute with A. But ¢ is a cyclic vector by the stability condition, it
forces A = 0. }
Thus M is an open subset of ker 6 of dimension n(n +r) + 2n + r.

Now, the group P,., acts freely on M, since it is a subgroup of GL,, which acts freely on
M =~ Hilb™ ",
Finally, we have the dimension of the quotient space

dim(c./,\/lv/Pr,n:n(n—l—r)—&-Qn—l—r—(n(n+r)+r2):2n—r(r—1).
]

Now, following from Proposition 1.1.14, if a quadruplet (X, Y1, j) satisfies the relation [X,Y] +
ij = 0 and the stability condition in the formula (3.2) , then we have j = 0. The condition
[X,Y] + ij = 0 reduces to [X,Y] =0 for every (X,Y,4,j) € M. Thus, we can rewrite M:

(1) The entries of 7 first columns of X and Y are 0.
(3) Stability condition: there is no X, Y invariant proper subspace

in C**" that contains image of i.
(3.5)

Theorem 3.1.2. The refined Hilbert scheme Hilb""*7) s isomorphic to the quotient space /\7/ Prn.

Proof. Let (X,Y,i) € /f\/lv/Pr’n. The P, , = (PB“ PP:,T:, ) as a block matrix acts on n X n-submatrices

Xn = (XU) Yn = (}/7])

r+1<é,5<n+r"’ r+1<i,5<n+r

only by the right-bottom part Pnyn =~ GLy (C). Let i, = (ik), 1 <p<py,- Then there are maps

¢:R— C"t"

flx,y) = f(X,Y)i
$:R—C"
f@,y) = (X, Yo )in.

Both images of maps ¢ and 1 are invariant under the multiplication of X and Y, X,, and Y,
respectively. By the stability condition, ¢, ¥ are surjective. We define then I = ker ¢ and J = ker ¢.
This pair of ideals satisfies the properties I D J since ¢ is a restriction of ¢. Moreover I/J ~ C"
with a trivial R-module structure since the first » columns of X and Y are zeros.

Conversely, let (I,J) € Hilb™"*"l We have V"*" := R/J > R/I by I O J and GL,_, (C)
acts on it as change of basis. Let X, Y be matrices of multiplication by x and y on V%" and
i=1¢€ R/J. It follows that X and Y commute. Since 1 multiplied by monomials %" span R, the
stability condition holds. Moreover, the matrices X ,Y preserve V™" — V™ and act. trivially on
C" ~ I/J. We may choose a basis such that C" is spanned by first r base vectors and X, Y has
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first r columns filled out with 0:
11
Orr | Xrn Orr | Yo . i2
X == ’ : s Y = : 2 , 1=
On,r Xnm On,r Yn,n
Z-n-‘,-r

Let X,, := X, n, Y :=p_», be the submatrices of order n of (X,Y") act on R/I @nd% = (ipg1, s irgn)T.
Then [X,,,Y,] since [X,Y] and X,,, Y;, act on the image of the restriction ¢ spans R/I, otherwise it
would contradict to the fact that i € C**7 is cyclic. ]

We note that the connection between the Hilbert scheme of points and the variety parameterizing
the pairs of square matrices (X,Y), XY — Y X = 0 has been studied by M. Bulois and L. Evain in
[7].

3.1.1 Matrix description: Torus action

The 2-dimensional torus 7' ~ (C*)2 acts on the refined Hilbert scheme Hilb™"*") which is isomorphic
to M /P, ,,. We describe this action in term of matrix description.

A P, ,,-orbit of M that represented by (X,Y,i) in Hilb!™" "] is a T-fixed point if there exists a
homomorphism ¢; : T — C*,  (t1,t2) — (g1, (1), g1, () such that

<gt1<t>>'<X Y):<gt1<t>Xg;1<t> gn(t)Yg;i(t)):(t;lX 1{) 56)
9ea (1) 90 ()X 91, (1) 91, ()Y g, (1) X Y

We may assume that g, (t) and g¢, (¢) are following maximal torus of GL, 1, (C):
T 0 ;™ 0
gtl(t):Ta = ) gtz(t):TB = aalwﬁlezv
0 ot 0 ty o

they act on a n + r square matrix M with weight —(%; — *;), where * = «, 3, at ij-the entry of M

T. (Mi;) = (t_(*i_*j)Mij)

1>4,j>n+2

If (1, J) is a standard Young tableau of n + 2 boxes with 2 columuns, then the matrices (X,Y,?) of
this fixed has the properties that.
If X;; and Yj; are entries of 1’s for some 1, j, then

TXT;' TYT;'\  (t7'X Y N (Wi, Xij, we, Xij) = (aj — a; + 1, B — i)
TeXT;' TeYTy' X 'Y (Wi, Yij, we,Yig) = (o — oy, B — Bi +1)

where (ws, X, wi, X) ((and (we, Y, w,Y') respectively) are multiplicative (¢, t2)-weights vectors of
the isotropy representation for the entries X;; ( and Y;; respectively).
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3.2 Matrix description: A case of Hilb™"*? and Young dia-
grams

Theorem 3.1.2 says that element of the refined Hilbert scheme is isomorphic to an orbit {g - (X,Y,7) | g € Py},
(X,Y,i) € M. This suggests a way to build an explicit local coordinates by choosing representatives
of orbit. we study examples of Hilb™"*2 for n = 2,3. We analyze these space near a fixed point
using the matrix description (X, Y,4) of Hilb™" 2 namely by giving local coordinates at fixed point.
The model of these local coordinates were calculated by computer. The principle of the calculation
works as the following: To each fixed points, we choose a filling of numbers of the corresponding
Young diagram. Using the action of P,.,, ¢ - (X,Y,i) = and the commutation relation [X,Y] =0,
we fix the value (0 or 1) of certain entries of matrices (X,Y, ) while the codimension stays invariant.
We call this procedure a “normalization”. After proceeding a normalization, these matrix entries
are functions of 2n — 2 complex numbers z1, -, 2,-1,01, -+ ,Vn—1 € C. Moreover, the torus action
lift to the entries of (X,Y") therefore each entry has a weight of T-action. We should check that
the T-weights of our local coordinates coincide with the weights of the isotropy representation on
tangent space.
We recall from (3.2) in the setting of r = 2; an element (X,Y,4) € Hilb[™"*? consists of

n col. i1 * ok ,*_/T
0 0 x---x is * ok * *
X, Y ~ S i = ) acts by the subgroup Py, =| 0 0 ok
0 0 x---x : Do : :
(o 0 0 * L.k

We show examples of local coordinates system in a small neighborhood of each fixed point using
the matrix description of Hilb?4 and Hilb®®!. We will apply these local coordinates to analyze
the spectrum of ideals (I, J) in Hilb** and HilbP?. The model of these local coordinates are
calculated by computer using the principle we explain earlier.

Denoted by T ~ {(tl, to) € ((C*)2} the two-dimensional torus. By a (t1,t2)-weights or a T-weight,

we mean the multiplicative weights (a, 8) of the action of ¢; and t3, respectively.

3.2.1 Example of matrix description: Hilb>4

In the Example 2.1.1, we saw that Hilb>4 is isomorphic to P!. It has two T-fixed points:

dimg P (—;t) E(f;t)‘ T-fixed points

o1
Hilb24 2 14+t 4+ || | ol

[+

*

Table 3.2: Poincaré polynomial , E-polynomial and T-fixed points of Hilb[24l.
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From motivic point of view, Hilb!
Hilb2Y ~ €2* x Brl13 an element (I, ) € Hilb

Case of the fixed point ((y2,z), (4%, zy,2?))

We start with the fixed point ((y2, z), (v, 2y, 2%)) <

(t1,t2)-weights of the tangent space | (0,1),(1,—1) |

We choose the numbering |3

1

4

2]

*]

is union of strata Hilb
(2,

s=

1] has the form

(2,4

s=

1] and Br(>4. Moreover, since

I=(z,y)N{z—a,y—b) = (y* — by, bz — ay,zy — ay, 2> — ax)
J = <y2,a:y,a:2>ﬂ<x—a,y—b>.

. Since dim¢ Hilb4 = 2, there are two

and obtain matrices (X,Y) according to this numbering. The

torus acts on (X,Y,4) and hence each entry has a (t,t2)-weights. The following matrices wx, w,
have ij-th entry correspond to the (¢1,t2)-weights of X;; or Yj;:

10) (2-2) (1-1) (1-2)
((21—01)) 10) (1-1)
(20)

02
11
12

wx =

01

11

(00)
(10)

(01) (1-1) (00) (01

iy — (—13) 01 (—12) -11

We give now the local coordinates near this fixed point

Proposition 3.2.1. The map

where X =

o O O O

o O o O

o O o O

0
0
0
0

0
U1
0

Hilb>4 — 2
(X,Y,i) = (21,v1)

o = O O

02
03

18 a local coordinate system of Hilb>4 near the fized point @j

= O O O

10 01 00
11 02 01

, 21,01 € C have (t1,t2)-weights (1,—1) and (0, 1),

Proof. We construct an invertible map from X, Y to the local coordinates C’,il’j]; in 1.1.9. Since z1,v;
are local coordinate, they should have the same T-action weights. From the character formula (2.17)
of the tangent space , they are (1,—1),(0,1) which corresponds to the vectors

0,2
vy =Cpn

Ty 1y’ = 001,,21 and
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We calculate the product

21
2, s 0
Yl— 7)(}/7,_
(% V121
0 0

in the ordered basis Cy? @ Cz @ Cy ® 1. Then by the construction of C;Jk, we have v = C’g:ll and
21 = C(}Zl It show that (z1,v1) — (X, Y,4) is indeed a local coordinate. |

The underlying supporting points of (I, J) € Hilb""*? correspond to the eigenvalues of matrices
(X,Y,4) associated to (I,J). Also, the condition for a matrix to have 0 as an eigenvalue if and only
if it has determinant zero. Since € Hilbl™"*2 = Hilb"2""2 5o (0,0) is always contained in Supp([)
from the definition and thus we have the multiplicity o(J) > 3. We can see this phenomenon from
our explicit local chart.

Then the condition for (I,J) € Hilbi@g”l to have another pair of eigenvalues (0,0) in our local

chart (z1,v1) is equivalent to require the 1 x 1 submatrices Mx, My in the associated matrices
(X,Y) € Mat], 4

0 0 z1 0 00 1 O

0 0 0 1 00 0 O
X - 7Y =

0 0 zv 2 00 v 1

0 0 0 0 00 0 O

both have determinant zero (3.7).

MX:(2’1U1> My=(m)

det(=tr) | Ci(z1,v1) =v121 = 21 D1 | D1(21,v1) := 01

(3.7)

We knew that Hilb[;;g'm] is of codimension one, so it is not surprising that the condition of
det Mx = 0 = det My reduces to a single equation: det My = vy:

=5 equation wts of the eugation
D1 =V = 0 (0, 1)

o(l
s

)
>

[\V]

Then the section defining Hilb[s22’42] is v1 in this local coordinate.

Case of the fixed point ((z2,y), (z3, 2y, y?))

We consider another fixed point *

((z2,y), (z3, zy,y?)), the C*-weights of the tangent space

[x]
at this fixed point is given by ’ (t1,t2)-weight ‘ (-1,1),(1,0) ‘
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We fix a numbering i ST The induced (C*)*-action on entries has weights:

(10) (-11) (00) (10

wyx =
20 01 10

30 11 20

(3—1) 10 (2—1) 1-1

00
10

)

Wy =

01

45

(-22) (1) (-2)

20) (01) (10) (00)
11) (-12) (01) (-11)
21) (02) (11) (01)

In a neighborhood of RIS have a local coordinate

o O o o
o O o o

which have two-dimensional C* weights

0 00 vun 0
0 0 0 0 0 1
Y:
z1 1 0 0 V121 U1
0 O 0 0 0 0
Z1 U1
(t1,t2)-weights | (1,0) | (=1,1) |

My=(=n) My=(w=)

det = tr

01221

Dy =wviz1 = v Dy

The condition of det Mx = 0 = det My reduces to a single equation:

ol)=s

equation

C*-wts of the euqation

s>2

0122120

(1,0)

Change of coordinates

To complete this model of local coordinates for Hilb[2‘4]7 we need the transition maps of these local

coordinates.
0 0 =z 0 0
0 0 0 1 0
Let | X5 = Yo =
@1 0 0 V121 21 @] 0
0 0 0 0 0
1]
be elements in local coordinates of |3 | and
412

0 1
0 0
0 v
0 0
2]
413]1]

0
0
and | Xn =
1 Ho
0
1
27
—v
Let g = !
0

o o o ©

Ol = © o o o o

o

_ o O O ©

S = O O

’YH]]:

be an ele-

o o O O

o o O o

by

0
ai1by

0

1
b1
0
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ment of GL5(C). Then the action of g takes (X@], Y@]> to (XH]]’ YH]]) <9X@191’ gyﬁ]gl> =

00 1 0 00 L o0
00 0 0 00 0 1

’ :X,Y
00 vz 1 00 v < <H]]H]])
00 0 0 00 0 0

Thus the transition map is given by:

—

(z1,v1) — (b7 aiby)

3.2.2 Example of matrix description: Hilb®®!

Our next example is Hilb%), Tt is smooth, of dim¢ = 4 with five torus fixed points (Table 3.3). It

dime P(X;t) E(X;t)
HilbP | 4 | 14262 4214 | 264 1246 148

Fixed points of of Hilb[*?l

(yhzy,2?) (Y ay? 2?) (Y oy, 2)  (yP 2ty 2d)  (yP, oy, at)

Table 3.3: List of fixed points of Hilb[>?l.
is reducible since Hilb!*°! has two top dimensional cells.

Analysis of Br3?]

We would like to understand the geometry and the topology of Br®5l

Brl35 - Brli3l,

For this reason, first, we need to analysis the variety Br[®l. The Briancon variety Br!®! is singular,
irreducible of dimension 3. It consists of a smooth stratum consisting of elements requiring minimum
two generators BT,E]:g (which is also the curvilinear component Brgjme), together with a singular
point <y2, xy, a:2> = m? as a one-point compactification of Brll.

through the projection

(3]

First, we show that Brli]:Q is a C! bundle of degree 3 over P!
We describe the open covers: Let U, (U, respectively) be the subset of ideals such that the
corresponding initial ideal does not contain z (y respectively). The P* = {[a : b]} has canonical
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open covers V, UV, where V, = {[a : b]|a # 0} and V}, = {[a : b]| b # 0} with local charts

Go: Vo x C— U,

(a;7) = (y + ax + 122, 2%),
o Vo xC = Uy

(b;7') = (x4 by + 7'y%, 93).

A calculation of the transition function qS;l 00y : Vo xC—V,xC, (a;7) — (b;7') yields

y+a (fby — r’yz) + 7 (fby — T’y2)2 (E <y3>span)
= (1 —ab)y + (16> —a7’)y* mod ¢>

b=1 b=a"!
where we get the relations: “ , © “ and the isomorphism (a; 7) (ail, Ta’?’) =
at’ =1b ' =r1a"3
(b; /). Therefore, the strata Br>_, is a C! bundle of degree 3 over P!,
Second, we observe that the fiber of the projection 73 : Hilb? — Hilb®! over BTE]:Q is a point.
(B8] .

To see this, we give the explicit description of the open covers U, and U, C Br,, _,:

U, = {(y+am+7‘x2,x3>},
Uy ={{z+by+79° 9%}

The fact of the dimensions dim¢ R/mI = 5 and dimc I /mI = 2 implies that 75 *(I) consists a unique
element (I, J = mI). And the open covers U,, U, C Hilb®! have preimages of 73

5t (U,) = {(I[al;ag], J[al;ag])} = {((y +arx + aga?, 23), my + a1x + apr?, x3>)},
T‘—?jl (Uy) = {(I[bl;bz]’ J[bl;b2]>} = {((SL‘ + bly + b2y2,y3>,m<x + bly + b2y27y3>)}'

Next, over the singular point m? of Brl3, the ideals J € Brl®! with (m2,J) € HilbP%! are parame-
trized by the Grassmannian Gr(2,3) ~ P?: since dim¢ I/mI = 3 and I/J < I/mlI is 2-dimensional
subspace. We compute the induced (¢1,t)-weights of P? in the basis ¥R © zyR © >R ~ C3. Let
wy = wt(y?) = (0,2), we = wt(xry) = (1,1) and wz = wt(x?) = (2,0). The T-weights at each fixed
point of P? are given as follows: So far, we have seen that, set-theoretically, the Briancon variety

Fixed points of {(m?,.J) | J € Brol} ~ p? 1:0:0 0:1:0] [ O:O:l@;‘
points of {(m, ) | } 100l PaoE 0000

(t t ) V\/eight w1 w2 ( 1’ ) w2 w1 (1’ 1) w3 w2 (17 1)
1,02)"
w1, — wg = (—272) W2 — W3 = (—1, 1) w3 — W1 = (27 —2)

Table 3.4: T-weights of

Brl is a disjoint union of a C!'-bundle over P! together with a singular point. It follows that the
refined Briancon variety Brl[*®! is the union of a P'-bundle over P! and a P? attach to the point of
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infinity: m? in Brl3l. Remember that Br!35 has five fixed points, where two of them come from P!
and the rest three of them come from P2. We would like to understand what happens near each
fixed point, in particular, to know if there are smooth or not. Let (V,, ¢,) and (V3, ¢p)
¢a i Va X C = Uy, ¢a (a;7) = (y + az + 722, 2°),
¢y Vo x C = Uy, ¢y (0:7) = (2 + by +7'y%, ).
be the usual open cover of P!
Fixing [a : 1] € P!, we study the behavior of (Io,r,Jur) € Bri35 when the ideal I, =

(y + ax + 722, 2%) flows to the point m? along the fiber. For this purpose, we compute the Groebner
basis of I, and J, » with respect to the lexicographic monomial ordering = > y,

Iy, = <y3, adr + a2y + Ty2, —a’x — ay + 7Y, ary + y2, ;EyQ, ar + 2% + Y, az?® + Ty, x2y, x3>
_ /.4 3 2.2 3 2 2 2 2 3 3 2 2 2
Jor =", 0 xy + a“y” + 1y°, —a“xy — ay” + Try, avy” + y°, vy’ 0"z + 2axy + y©, axy

+ Tx2y + y2, axgy + :I:yQ, x2y2, ax’? + a3 + zy, ax® + a:2y, x3y, x4)

atx + a2y + Ty2

We observe that the Groebner basis of I, , contains elements —a?z — ay + Txy and it tends to
ax + T2 + Y
Y2
the limit { zy as 7 — oco. So the limit lim I, , over the fiber of [a: 1] € P! is m? = Hj Now we
:I:2 T—>00

observe what happen to J, » upper in BrB35] as 7 — 0o: We look at the following elements of the
Groebner basis of J, » that involved 7 and let 7 — oo,

a3xy + a2y2 JrTy?, y3
2 2 2 2
—a Ty — ay® +TTY" oo ) TY
2 2 g 2, "
axry +TxY + vy ey

ax® 4+ 123 + Ty x
Calculate the Groebner basis of J, r—o, We get

lim J,, = (3, xy% a®2? + 2azy + v, 2%y, 23).

T—00

Moreover, J, o goes to two different fixed points of Gra(3) ~ ~ P2 as a— 0 or oo:
iim Ja,00 = (y?, 2%y, 2%) & H}j
hm Jaoo = (Y3, oy?, 22 @@}

We have the following picture of Hilb?>®): The fibers of P!-bundle glue to a copy of P! inside P?
with two fixed points H, @3 and are disjoint to the third fixed point @:D of P2,
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Figure 3.1: Hilb>?),

We recall the equations that define the Briacon variety Br!®®! in our local coordinates of Hilb[*?l
at fixed points:

Fixed points euqation for s = 3 Jacobian matrix

: DQ = V2 01 0 O

Dy =v 100 0
C1 = 22101 + 2009 221 29 211 V2
D1 = 21)2 — Z2U1

—Z9 2 0 —U1

— C1 = 2z101 + vg 221 1 2u1 0
‘ l D1 = 22’2’02 —+ vy 1 222 0 2’02

Cy =221 —v129 ( —z9 0 2 - )

l Dy = viz1 + 20329 21 2z9 v1 209

From the above table, we observe that the Jacobian matrices of % and H5 are both of rank 1 and

EI] has rank 2. We conclude that the fixed point EI] is smooth and other two points %, Ht are
singular.

Local charts of Hilb®® near a fixed point
Case of the fixed point ((y3,z), (y*, zy,2?))
x|

We begin with the fixed point ((y3,z), (y*, zy,2?)) = . It has weights of T-action at the tangent

*]

space

| (1, t2)-weight | (0,1), (1,-1) | (0,2),(1,~2) |
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1
To find a local coordinate near this fixed point, we choose the numbering: % and obtain:
5[2]
0 0 z1 Z2 0 00 1 00
0 0 0 0 1 00 0 00O
X = 0 0 zv1 + 2909 21 29 , Y = 0 0 v 1 O
0 0 21V2 ZoVo 21 — ZoUq 0 0 wog 0 1
0 0 0 0 0 00 0 00O

with (¢1,t2)-weights matrices at associated to X and Y:

vo) (2-3) (1-1) (1-2) (1-3) (01) (1-2) (00) (01
- g(2102)i ' ((10_11)) 2(10023 L (0124) ((1011))(0113)§0102;

12 2 -1 11 10 1 -1 03 10 02 01
13 (20) 12 11 (10) 04 11 03 02

From the above weight matrices, the coordinates z1, z2, v1, v2 have weights of T-action

wx

z1 Z9 (%1 (%)
(t1, t2)-weight | (1,-1) | (1,-2) | (0,1) | (0,2)

The condition for (I,.J) € HilbL@ng to have another pair of eigenvalues (0,0) in our local chart
(21,v1) is equivalent to require the 2 x 2 submatrices My, My in the associated matrices (X,Y) €
Mat?,

To investigate the condition that an element (I, J) € Hilb>% lie in strata HilbL3>’5i] fori=2,3,
we calculate the determinant and trace of Mx and My : B

21V1 + 220 z v 1
My — 1V1 2U2 1 My — 1
2102 Z2U2 vy 0
Co := vo(—22 + 212901 + 230v3)

det Dy = vy
= Do(—2% + 212901 + 2303)

tr Cl = z1v1 + 22’21}2 Dl =

Similar to the case of Hilb®*, (X, Y) both have extra eigenvalue 0 if determinant of Mx and My
vanish. Furthermore, (X,Y’) have only eigenvalue (0,0) if and only if both determinant and trace of
Mx, My vanish:

ol)=s equations (t1,ta)-weight
s>2 Dy =0 0,2)
det and t f Mx, My =0
o3 et and trace of Mx, My 0,2), (0,1)
= Dy =0and D; =0
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Table 3.5: Equations for Hilb[f;z] and Bri24,

Case of the fixed point (m2, (y?’,xy27x2>)

*
The fixed point | [x| = (m?, (4%, zy?,2?)) has weights of T = ((C*)2 action at the tangent space

| (t1,t2)-weight | (0,1),(1,-1) | (-1,2),(2,-2) |

1]
We fix a numbering |3
5

Z and the torus acts in entries of (X,Y) associated to the numbering with
weights:
10 (2—1) (1—1) 2-2)(1-2 (01) 10 (00) (1—1) 0-1
01) (10 00) (1-1)(0-1 (—12) 01 (—11) 00) (-10
wx=|(11) (20 10) (2-1) (1-1) |, wy= (02) 11 (01) 10 (00)

o2 (1] o) frof oo (-19) (02) (2r2) (01 (-11)

12) (21 11 20 10 (03) 12 (02) 11 (01)

And the local coordinate is given by

00 O z1 0 0 0 1 0 o0
00 1 22 0 0 0 0 1 0
X=10 0 zvn Z1V2 0 |, Y=1] 0 0 vg—29v7 2zv; 1
0 0 w z1v1 +29v9 1 0 O U1 vy 0
00 O 0 0 0 0 0 0 0

21 29 V1 Vg

with T-weights

(t1,t)-weight | (2,—2) | (1,—1) | (=1,2) | (0,1) |

To investigate the condition that an element (I,J) € Hilb®? lie in strata Hilbg? for i = 2,3, we
calculate the determinant and trace of Mx and My : B

2101 2102 V2 — 22V1 2101
My = My =
Vg 211 F 2202 U1 V2

det Coy=2x (zlv% + 29UV — v%) Dy = —zlv% — 2oV + v%
e

= —21Dy = Z (11C1 — vaDy) =1 (—v1C1 + v2Dy)
tr Cl == 22’1’01 + 22V, D1 == 21}2 — Z9U1

(X,Y) both have extra eigenvalue 0 if determinant of Mx and My vanish. Furthermore, (X,Y)
have only eigenvalue (0, 0) if and only if both determinant and trace of My, My vanish. We observe
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that trMx = 0 and trMy = 0 implies det M x = det My = 0, thus the previous condition for s = 3
reduce to two equations trMx = 0 and trMy = 0:

o(l)=s equations (t1,t2)-weight

Dy = zlv% + 29U9vU1 — v% =0
= % (v1C1 —v2 D)
det and trace of Mx, My =0

s=3 (0,1),(1,0)
=(C;=0and D; =0

822 (0a2)

Another observation according this table is that det Mx = 0 has two components: Dy =
% (v1C1 — vaD1) = 0 defines a hypersurface and the plane z; = 0.

Case of the fixed point (m2, (y3,sr:y,x3>)

%]
The fixed point | | | = (m2, <y3,xy,x3>) has weights of torus action at the tangent space
*
| (t1,t2)-weight | 0,1),(1,-1) (~1,1),(1,0) |
[1]
Fixing a numbering: |4 | ‘, the torus acts in entries of (X,Y") associated to the numbering with
5312

) G o) (1) 1
e ) 1) 2553 E@f el
ey e ) e Y

We have local coordinates:

0 0 0 z1 0 00 = 1 0
0 0 1 z2 0 0 0 2 0 0
X=10 0 ziv14+vy 20090 1 |, Y=1 0 0 2z — 2901 0
0 0 —2Z1Vg zv1 O 0 0 ziv1 v+ 29v9 1
0 0 0 0 0 00 O 0 0

21 22 U1 U2

with weights of the torus action

(t1,ts)-weight | (1,—1) | (=1,1) | (0,1) | (1,0)

To investigate the condition that an element (I, J) € Hilb®?! lie in strata Hilb[s?;"z] for i = 2,3, we
calculate the determinant and trace of Mx and My: -

00
01

(o) Gyt E(OO)

—22 -21
—-12 -11

|
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2101 + U2

MX(

—Z1V2

Z29U2

)

2101

HX) —Z22U1

Z1V1 V1 + 2202

o[ )

det

Co =12 (zlv% + 2903 + ’U2’U1)
=xnE=% (1}101 + ’Ung)

Dy = 29 (zlv% + 2903 + vgvl)
=2l = % (v1C’1 + ’UQDl)

trace

2
Cy = (221’1}1 +

Uz)

Dy = (222’02 + 7}1)

E = 210} + 2003 + vov1 = % (11Cy + vaDy)

Table 3.6: Analysis of submatrices My, My

Conditions for (X,Y) contain at least two points at (0, 0):

o(l)=s equations (t1,t2)-weight
E = 2v? 3 =0
s 2 9 Zl’Ll)l + Z220V5 + vov1 (17 1)
(: 5 (’UlCl =+ 'UQDl))
det and t f Mx, My =0
sz 3 et and trace of Mx, My (1,0),(0,1)
=C;=0and D; =0

Case of the fixed point (mQ, (yQ,x2y7x3>)

*

*‘ (m2’ <y2,$2y,l’3>) :’ (t17t2)'weight ‘ (7171)3(170) (7272)7(2371) ‘

0 0 0 0 0 0 VU1 0
0 0 0 0 0 0 Vg 0 0
ééz‘:X: 0 0 2z 29 0 |, Y=1]1 0 0 vz +v29 2 1
0 0 w9zg 21 —wv1zo 1 0 0 V221 voz9 0
0 0 O 0 0 0 0 0 0 0
Two-dimensional weights:
10) (2-1) (1-1) (00) (0-1 (01) (10) (00) (-11
01) (10) (00) (-11)(-10 (-12) (01) (~11) (-22
wx = 11 20 10 01 (00) , Wy = 02 11 01 —-12
20 (3—1)(2—1) 10 1-1 11 20 10 01
21) (30) (20) (11) (10) 12) (21) (11) (o2
Weights of coordinates z1, zo, v1, va:
21 29 vy vy
(t1,t2)-weight | (1,0) | (2,—1) | (—1,1) | (—2,2)

93




54 CHAPTER 3. MATRIX DESCRIPTION OF HILB-N+f

Z1 z9 V121 + V2292 Z1
MX = My =
VgzZ9 21 — VU122 V221 V229
_ 2 2 _ 2 2
det Cy = —v12921 — V25 + 23 Dy = vy (’1)12122’1 + 23 — zl)
trace ClL =221 —v129 D1 =v121 + 20929

Case of the fixed point ((y,z%), (y?, zy, 2*))

((y,x3>,<y2,xy,x4>) == [ 1%l :’ (t1,t9)-weight ‘ (-2,1),(2,0) (-1,1),(1,0) ‘

0O 0 0 0 O 0 0 0 0
- 0 O 0 0 0 0 U1 Vo 0
1
54‘3‘2‘)(: 0 0 z 1 O ,Y: 0 0 wiz1+ v229 V1 Vo
0 0 2z 0 1 0 0 V122 VoZy U1 — V221
0O 0 0 0 O 0 0 0 0 0
Weights of coordinates z1, 2o, v1, va:
Z1 zZ9 U1 V2

(t1,t2)-weight | (1,0) | (2,0) | (=1,1) | (=2,1)

z1 1 V121 + Vg2 v
My = 1 My — 121 222 1
V) 0 V122 V229

det Cy = 29 Dy := —29 (—vgvlzl — v%zz + v%)

trace Ci=xn D1 := z1v1 + 22909

ol)=s equations (t1,ta)-weight
§>2 Cy=0 (2,0)
det and t f Mx, My =0
o3 et and trace of Mx, My (2,0),(1,0)
= (Cy=0and C; =0

Change of Coordinates

To complete the description of the chart of Hilbl®?! at each fixed point, we need the transition
function of coordinates. They can be found using computer software.

412]

] -

Bl 1]

Here, we show an example of this calculation of the transition map % — 3
5

5[2]
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2 2
2] tv2z5

(ot 22 1 00
m 0 0 00
Take g = 0 0 i 00 | € PGLo 3
0 0 v — j—; 10
0 0 0 01
We have a change of basis,
00 0 S o) foo spmpredt g
o0 ] D LSy
(gX g_l7gY g—1> _ 00 2)%Jrvg,zg % 11,100 2 % % 0
00 2 (7% +’U12’1+1)22’2) 21 (vl 7) + v222 0 00—%4—1}121—1-1)2,22 vy — 21
00 0 0 0 00 0 0 0
Comparing it to the local coordinates near the fixed point
0 0 0 ap 0 00 a 1 0
0 0 az O 0 0 as 0 0
X )Y 0 0 aiby+by asby 1 |,| 0 0 aobs —asby 0 ,
E:D E:D 0 0 —albg a1b1 0 0 0 a1b1 b1 + (lgbg 1
0 0 0 0 O 0 0 O 0 0

we see that (gX g1, gy g_1> is indeed an element of the local coordinates XHE, Y

Hilb!>!; : Change of coordinates f local charts.

[ — 2 2 -1 -1
%_} (Zl,ZQ,Ul,'UQ) — (a/lya/QablabQ) - (UIZQZI +’U222 _213221 — V122,29 ,Z1%9 )
2 2
— _ [ vizezitvezy—27 1 221 221
— [ (2132271]17”2) = (a13a2;b13b2 - v122—221 ) 221—1}12271}1 T y 21 22 — U

— 2 2 -1 z
- Hjjj (21, 22,v1,v2) = (a1, a2,b1,b2) = <U121 + 20222, v (2 — V12221 — v223) , 21 |, I > )

21 (—zl +v12021 +v222)

[]

ﬁ%@} (Zlaz27’U17’U2)'_>(a17a2)b13b2 -

1
EHI%@} (21, 22,v1,02) = (a1, a2,b1,b2) = (21017211)27 = 7;1)

[T T[T T TITT]

2122 y 2 1112’2,1122’2)

Table 3.7: Hilb>%: Transition maps of local coordinates.
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Analysis of divisor Hilbfz’sz} and the corresponding line bundle

We note that the divisor Hilbfz"r’2 is the support of the image of the new type correspondences
Q32 C Hilb>4 x Hilb®® under the projection 7y : Hilb>4 x Hilb®® — Hilb*4. With our previous

calculation, we can actually get more information about this divisor and the corresponding line

bundle. First, we have the equations defines the divisor HilbL3>’52] in each local coordinates:

fixed points euqation for s > 2 (t1,t2)-weights of vy, u;

Ej Dy = vy — 0 Z1 ‘ z2 ‘711 ‘ V2
(1,-1)|(1,-2)|(0,1)](0,2)

@} Do = 2103 + 20901 — 03 =0 2z 29 v Vg

= %(Ulcl _UQDl) (27_2) (17_1) (_172) (Oal)
[] E = zlv% + zgvg + vov1 1 2o U1 Vg
] = 2 (11C1 + vaDy) (1,-1)|(=1,1)[(0,1)|(1,0)

Together with the transition map of local coordinates in Table 7?7, we can calculate the gluing map
of this the line bundle:

equation of s > 2 in U; equation of s > 2 of U; in U; transition function
— =g —> 1 =g 1
1 I —Ug ‘ ‘ — L —U9g (22’1 — ’1)122) (221 — ’0122)

: —U%Zl — VU129 + U% L ‘ ‘ — L Z9 (—’U%Zl — VU129 + ’U%) z92

Table 3.8: Hilb?®?: Gluing map of line bundle ¢i; :U;NU; — C*.

Another interesting information we can get from our examples is the weights of the torus action. We
consider determinant line bundles B and F' in (3.10) for the case of Hilb®?. Here, we have a list of
the (t1,t2)-weights of torus action on the fiber det B, det F' and the divisor Hilbsgz’z] at each fixed

point: One guess of describing globally the line bundle L;> associate to Hilb[sgfz] is to express it

into product of the existing line bundles det B and det F. We assume that the weights of two trivial
line bundle ~ Hilb®® x C from the action of #; € C* and t; € C* are (a1,0) and (0, az). Denoted
by wt (*), the weight of torus action of * in the local coordinates of the fixed point A\. Then then

following equation should hold at each fixed point A of Hilb[>?l:

a - wt(det B) + (- wt(det F')x + (a1,0) + (0,a2) = wt(Ls>2)xr (3.8)
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Fixed point det B det(I/J) Hilb[sgz’sg]

] 0.3 (L3)  (0,2)
?* (1,1)  (1,3) (0,2)
* - (L) (2,3 (1,1)

* 4 (1,1) (3,1) (2,0)

‘ ‘*‘ (370) (371) (270)

Table 3.9: (t1,t2)-weight of det B, det F' and Ls>s.

for some fixed integers «, 8,a; and as.

Solving a system of five equations in four unknown «, 3, a1, az,we get solution for weight of Lg>» :
a=0,8=1,a; = —las = —1 It turns our surprisingly that the line bundle associated to the divisor
Hilb?j’; depends only on the bundle F, that is the quotient (I/.J).

3.2.3 Local coordinates of Hilb™"*? in matrix description; example and
conjecture

Motivating from observations of our previous examples, we have a model of local coordinates for the

C

fixed point of Hilb™"*? that has corresponding young diagram .  ~ A = (n, 1).
[ I+]

Proposition. If a fized point (I,J) € Hilb»" 2 has the corresponding Young diagram /(g gy ~
(n,1), then the map

C?=2 5 M — Hilp»+2

0 0 = Zn—1 0 0 0 1 ... 0 0 0
00 0 ... 0 1 0 0 0 ... 0 0 0
00 % ... * * 0 0 w 1 0 0 0
(Zlv-n7Zn717w17~--7wn71)'_) .. . . . 5 .. . . X . = . (39)
0 0 x % * * 00 wp,—1 0 ... 1 0
00 0 O 0 0 0 0 0 0 0 0 1
where x € Clz1,..., 2,1, W1, ... wp_1] is a local chart of the top dimensional cell associate to Ay,

in a small neighborhood.
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Proof. We first claim that one can use Ps , to eliminate the entries of X,Y and ¢ that are 0 in

(3.9). We choose the numbering for the fixed point A(; j). We normalize the vector i to

[ 12]
be (0,...,0,1)T using the n + 2-column of the subgroup group Ps . This implies that X, Y have
entries X5 42, Y13, Yi k11, K =3,...n+ 1 and the diagonal of Py, equal to 1:

g1z 13 -~ Gint1 O 00 1 Yia ... Yipie
1 o g2mir O 00 Xz ... Xint1 Xinto 0 0 Ya3 You oo Yoo
0 1 cee 0 . 0 0 Xoz3 ... Xopp 1 0 0 Yz 1 ]
: : : » (K1) = 0 0 Xs3 ... Xznp1 Xgnp : : e
0 1 0 S : : 0 0 Yoy1s Yapra - 1
0 gn+13 Inyont1 1 0 0 Yoio3 Yitont2

Now the entries of X and Y that lie above the 1’s can be eliminated by the upper triangular part of
Pgml

P2,n (Xa }/’ Z)
gu=1 0 0 0 0 00 1 0 0... 0
921 1 0 0 0 0 Xi3 ... Xinn 0 0 0 Y3 0 0
0 0 1 0 0 Xo3 ... Xopnt 1 0 0 Ys3 1 0 )
: : : : : 0 0 Xszz3 ... Xzny1 Xzns1 Lo : =
0 0 1 0 A : : 0 0 Yoi13 Yoyia - 1
0 0 gni1s In+2nt1 1 0 0 Yijos Yajou ... Yijonygo

10 ..
Yige 1 ... 0
We can further put Y5 3 and the entries in the power triangular submatrix :
Yit1.4 1
Yoi2.4 coo Yajonge
by the rest of the entries in Py :
PQ?” (X,KZ)
100 00 0 Xis o Xen 0 00 1 00...0
0! 0 0 Xos ... sz71+1 1 0000 0
00 1 0 : ' 00 Y3 1 0 0
0 Xs3 ... Xany1 Xaneo || | . ’ o =
00 10 o ) ) 00 0 0 .. 1 0
00 * * * *
000 01 0 0 Ypo3 0 ... 0 1

Since [X,Y] = 0, the last row of X and Y has entries 0. Moreover, the entries in 2nd rows of X are
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as well 0 except for Xy, 10 = 1:

P27" (XaKZ)
100 00 0 X135 ... Xinn 0 0 1 0 0. 0
0 1 0 0 0 ... 0 1 0o 0 0 .. 0
00 1 0 Xss ... Xapp1  Xsnio 00 Yss 1 0O o
3 71’: .
00 10 0 Xni13 --- KXnt1n+2 0 0 Yupz O 1 0
000 01 0 0 0 0 0 00 0 0 0 1

Our next step is to show that the rest of entries X;; where 3 <k <n+1,3<I<n-+2can
be expressed as a function of X; o and Y, 3 for 3 < a < n + 1. We prove it by inductions. We
may assume without losing generality that 3 < o < n + 1. Considering the commutation relation
[X,Y] =0, we observe that Y}, ; = 0 except for the entries of ”1”s and Y3 o. Then [X,Y]; o gives
equations Y, X1 kYra = Y13X30 =1 X34 = X3,4. So each monomial X3, can be found in an
entry of [X,Y]. Suppose that for k > 3, each entry Xy, o are functions in Xy o for &' < k. We want
to show that X1 can be expressed by Xy o, k' < k. This works with the same idea: the monomial
Xk+t1,o appears in [ X, Y] o from Y Xy o = > Vi1 X1 o = Y k+1Xk+1,0 + Yi,3X3,o since Yy ; = 0 for
all I # 3, (k+1). Since XYy, o = > Xk,1Y; o by assumption is a function in Xy os for &’ < k. Thus
the statement is true for £ + 1. We conclude from inductions, X, ; 3 <k <n+1,3 <1 <n+2can
be expressed in terms of 2n-2 variables z, = X1 240 Wo = Yoqa3, a=1,...,n — 1. [ |

For arbitrary hso, we have a conjecture based on the fact that the set of weights of torus action of
local coordinates must coincide with the weights at the tangent space of the fixed point.

We explain an observation of the weights of local coordinate and the weights at the tangent space in
the next subsection.

Weights, Young diagrams and top-dimensional cells of Hilb[""+2]

In this subsection, we explain an observation of choice of entries in matrix description such that As
we have seen in Chapter 2, the 2-dimensional torus 7" acts on the refined Hilbert scheme. If we choose
a generic one-parameter subgroup C* — T of the torus, then the fixed points set coincides with the
T-fixed points set and it induced affine cell decompositions of Hilb™"*"). Each cell is indexed by a
fixed point of Hilb™"*"). These fixed points can be represented by marked Young diagrams A, and
we can read off several pieces of information about the cell. For instance, the dimension of the cell is
A= (5) —w(A) =1 (2n —r? + 3r) —w(A). In particular, the top-dimensional cells of Hilb["m+7]
are in one-to-one correspondence to the Young diagram of (n 4 r) boxes with a minimum number of
columns (i.e., r columns), and r marked removable boxes. Another information that we get from the
marked diagram is the weights of the torus action at the tangent space of the fixed points, which
presents as arrows pointing from one monomial to another. Here, we are interested in the case of
r = 2, where the top-dimensional cell corresponds to a marked Young diagram with two columns.

Let Ay € Hilb™"*2 be a torus fixed point. Assuming that the second column of Ay has hy boxes,
we choose a numbering of Ay in the way that, counting from the top box, the ho boxes of the first
column are numbered by 1,3,...,14+2(hy — 1) and the hg boxes of the second column are numbered
by 2,4,...,2+2(hy — 1).

We fix a basis for the matrices X = (X,;) Y = (V)

according to this Young

1<4,j<n+2 1<4,j<n+2
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o] =]

[\

S

Table 3.10: An example for hy = 3.

tableau Ay so that the entries of X and Y satisfy the conditions:

X;; = 1if Ay contains a subdiagram of the form [j]4]

Y = 1 if Ay contains a subdiagram of the form .

It follows from the formula (2.15) for the character of the tangent space at a fixed point, if b; ; is a
box of Ay, then the two tangent vectors associated to b; ; are

(IA'A(bi,j) +1, —GAA(bi,j)> and (_ZAA(bm‘)’ ans(v; ;) + 1) :

We denote the coordinate of a box numbered by k by (k,,k,), which correspond to the one-

dimensional weight space Czy® of weight (¢, tg) Let (ag, Bk), i = 1,...n+2 be the multiplicative
(t1,t2) weights. We want to associate vectors inside the Young digram A) to the weight of torus
action at the tangent space of this fixed points. First, let (a;, 5;), ¢ = 1,...n+2 be the multiplicative
(t1,t2) weights of the torus action. Then the torus acts on the ij-th matrix entry of X and the ki-th
matrix entry of Y by

(wi, Xij, we, Xij) = (a5 — i + 1, Bj = Bi),
(we, Yij, we,Yij) = (a5 — ay, B — B +1).

We write the position of of a numbered box | i | by (iz,%,). Then the above statement is equivalent to
(wthijuwthij) = (Jr _ZI+17]y _iy)a
(wtlnjawtz}/ij) = (]11 _Z,]U_ZU+1)'

for two boxes numbered by i and j.
Second, from the character formula 2.15 each box b; ; of Ay gives rise to a pair of (¢1,%2)-weights

(_lﬂx(bm)’ an(v; ;) t 1) )
(ZA’(bz‘,j) +1, _aﬂx(bi,j))

We note that, if an entry X; ; is a local coordinate then near Ay, then it must have the same weight.
From the above equations, the boxes %, j associated with the entries X;; should satisfy:

Je =tz =1a; (b))

Jy =y = —AAL(b; ;)"
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Similarly we have for Y, , the boxes k, [ associated the entries Yj; should satisfy:

lw - kw = _lA,\(bi’j)

ly - ky = aA/A(biqj).

]
[ Qrpupe
Base on this fact, we describe weight vectors in three —
different part of Young diagram:
Q=
Groupe 2
Groupe'g

If b; is a box number by 7 in Group 1 or Group 2 with k£ boxes above, then the weight vectors

associated to this box are
{(ZAI)\(ZH,]‘) +1, _G'Ak(bi,j)) = (1’ _k)
(_ZAA(bi,j)’ AN (byz) + 1) = (0’ k)

And an entry of X or Y has correct weight if its index corresponds to the boxes inside the Young
diagram that are admissible with the vectors (0, —k) or (0,k — 1). Among these possible choices, we

] =
(4[]«
—»

Group 1: X4, Yss,
pick the following entries: roup lor Ts3 ]

Group 2: Xos, Ysu.
Q& x}
A

4
6s
8

Next, we consider the boxes located in the Group 3 and assume that the box has k boxes above.
In this case, the weight vectors are

{(ZA;(b,-,j) + 1, —an, ;) = (2,—Fk)
(—las@,)sanp, ) +1) = (=1,k).

Y

and the entries with corrected weights are the boxes inside the Young diagram that admissible with

the vectors
(L _k)
(-1L,kE—1).

Let u be the number of the box on the right of b; ;.
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-

HEECEDE

ool D5

(‘I,—k)

k-’l,k—l)

We choose, among these possibilities, the entries for Group 3: Xi,, Ys. . These entries

X4, Yu3 have, by the construction, the desired weights of torus action.

Summing up, we conjecture that the entries we chose form a system of local coordinates in a
neighborhood of the fixed point Aj.

Conjecture 3. Let Ag y) be fived point of Hilb""+2] presents a top dimensional cell. We assume
that A(I7J) has h boxes at the second column, where 1 < h < ”T” +1.

We choose numbering of in the way that, counting from highest the box, the hy boxes of the first

column are numbered by 1,3,...,1+ 2(ha — 1) and the hg bozes of the second column are numbered
by 2,4,...,242(hg — 1).

Then there exists a local chart C2"=) — Hilb™" 2 in terms of entries of the matrices (X,Y) near
the fized point.

Then the set of entries of X and' Y
X1 i=1+2%1,...,1+2(h-1),2h+1, ..., 2h+n+2-8h=n+2-h
XQJ‘ J=2+2,.. ., 2+2(h-1)
X1 k=2+2,..., 2+2(h-1)
Yis  i=1+2%1,...,14+2(h-1),2h+1,. .., 2h+n+2-3h=n+2-h
Yju j=2+2,..., 2+2(h-1)
Yis k=2+2,..., 2+2(h-1)
form a local coordinates from C2(n=1) — Hilpl™"+2],
Note that the total number of the variables in X ('Y, respectively) is
(h—1)+n+2-3h)+ h—1 + h—1

#X1; (Yis, respectively) #X2;(Yja, respectively)  #X1x(Yis, respectively)

is (n —1).
3.3 A special divisor Hilp™" 2

s>2

For 1 < k < n, we define subvarieties of Hilb""+2 with respect to the number of points I has at
(0,0)

Hilb{" 4% = {(I, J) € Hilb" 2 | (1) = 5 > k}
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It induces a filtration on Hilb" 2.

anln,n+2] [n,n+2] [n,n+2] aplnt2] n,n+2
Hilb! = Hilb{"2\ 2 Hilb{2h 2 - O Hilb» "4 = prlrn+2,
We are particularly interested in the strata when k& = 2, which is inspired by the analysis in the
examples of Hilb®4 and Hilb®® in the previous section. Where we saw that near each fixed point,

Hilbggfg is given by zero locus of a single equation in our local coordinates.

[n n+ 2] . [n n+2]

Generally, the subvariety Hilb, is of codimension one: Since Hilb, is motivicly isomorphic

to the closure of Hilb" =2 x Br[2 4 and Hilb™"*? is 2 — 2—dlnlenslonad7 we have

dime Hilb[%5 ™ = dime Hilb"~? + dim¢ B>
=2(n—2)+1
=2n—3.

In fact, this divisor Hilb[;;;H_Q] is the support of the image of the correspondences Q% C Hilb™"+2) «
Hilb" 173 of the new type operators under the projection Hilb™"*2l x Hilp"+tn+3l
HilbmHtnt2),

Generally, for any r > 1, we have:

Proposition 3.3.1. The support of the image of the projection Hilb™™*7] x HilplntLrtr+il

Hilb" 1 H 7+ of the correspondence QY ,, of adding a point at (0,0) is equal to the divisor
Hi uo[”+ Lntr] - gyt tntr+]

>(3)+1

Proof. The generic component of the refined Hilbert scheme Hilb™" "1 is the strata Hilb[zz;sr],
$2(2
where (I,J) € Hilb™" "] and I has ar least r points supported at (0,0). Since for any (I,J) €
Hilb™"*"] the minimum number of generators u(I) (=dim R/Iy) of I is greater than 1, we can
add a point at (0,0) without imposing extra conditions to I. In other words, any elements of

Hi lb[nJrl "+ can be realized by adding a (0,0) to an element of Hilbl™ 7+, |

>(3)+1

We first discuss an example of this line bundle associated to the divisor Hllb[82>42

Example 3.3.2. We claim that the line bundle associate to divisor Hllb[ 2] is the pull-back bundle
78, where 7 : S — P! is the tautological lines bundle of P*:

We have seen that Hilb>4 is isomorphic to the blow-up of C? at the origin. Now, we can pull back
S though the bundle projection 7 : S — P! to S itself:

s (W*S)q =5;=1
J with fiber l
S —™ 5 Hilb!>4 (L,g) €8

It comes with a canonical section given by v : S — 7*S, sending (I, ¢) = (I, ¢) to the point (on the
fiber ) ¢ and (1, q) is zero < g = (0,0) < s(I) > 2.
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Indeed, from our local coordinates in the previous example, the transition function ¢ should satisfy
fg(z1,01) = o fap(ar,b1) 0 b

where fﬁ: = v et fg, = a1 are equations for Hilbizz’g in Hilb®4 and ¢ : (z1,v1) — (a1,b1) =

(v121, 27 ). We have then

1
v = wvlzl <~ ’(/) = —.
21
We are interested in identifying the corresponding line bundle and the section defining the divisor
1. [n,n+2
Hilb 52,
We express (I,J) € Hilb"+2 > 1 by intersection of ideals:

I=1, N1, NI,
J=JyNeNdpy Ny =1, N---N 1, NJy

for some distinct points py,--- ,p; € X*.
Let F be the vector bundle over Hilb™" "% with fiber

Fu.py = Io/Jo=1/J. (3.10)

We claim that there is a well-defined map from F(; ;) to the quotient m/ m?. Clearly, the maximal
ideal m at (0,0) always contains Iy. The rest is to show that Jg is contained in m?:

We observe that if (I, J) € Hilb™ "2 then dim¢(R/Jp) > 3 and the minimum number of generators
u(Jo) is at least 3 by the condition I D, J. Since the maximal ideal m? is the ideal having minimum
3 generators with minimal number of point at (0,0), we conclude that Jy C m2.

Denoted by M the trivial (but equivariantly non-trivial) vector bundle over Hilb[™"+2]
fiber

with constant

Mg gy =m/m*. (3.11)
We have then a canonical bundle map f: F — M

F(LJ) — M

f+Jdo— f+ m2.

The map f : I — M induces a map over their determinant

det f : APF — AP M,

Theorem 3.3.3. The divisor Hilbgg”l C Hilpl»+2 is, set-theoretically, the zero locus given by
a section of (N'PF)" @ NP M.

Proof. We claim that the bundle map f : F(; ;) — M at the fiber of an element (I,.J) € Hilbl""+2]
is surjective if and only if o(I) = 1, that is the ideal I has only one point supported at (0, 0).

If o(I) =1, then (Io, Jo) = (m,m?) and f:I/J =m/m? — M is the identity map.

If an element (I,J) € Hilb™" 2 with dime R/Iy > 2, then there exists h € Iy/Jy such that the
degree deg h > 2. To see this, we consider the cases of different minimum number of generators p(I) =
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2 and p(I) > 3. Let (I,.J) € Hilb™" "2 we first consider the case of u(I) = 2. This implies that the
ideal Iy € Brlo@l ig curvlinear and can be present in the from (y"(I), THary—+--- +ag(1),1y"(1)_1>.
By J = mlI, one of two generators the quotient space I/J must have degree > 2 and vanishes under
the map f : F(; 5y - M = m/m? Next, assume that p(I) > 3. Since the element I € Hilb!™!

such that p(I) = 3 with least n € N is the ideal (22, 2y, y?) = m? € Hilb®!, the generators of I/mI
are polynomials of degree > 2. This implies that the subspace I/J < I/mI are also spanned by
polynomials of degree higher than 2 and they vanish under the map f. Thus, f is surjective at
(1,J) € Hilb™"*2 if and only if o(I) = 1.

By the isomorphism Hom (F, M) ~ T'(F* ® M), the map det f is a section of the line bundle
(AtPF)" @ AtP M. From above calculation, we see that o(I) > 2 <> f is not an isomorphism < the
determinant of linear map f vanish. We conclude that the support {det f = 0} is the subvariety

[n,n+2]
Hlb (s>2) -
|
Another interesting special case of H11b"”+2] is when s = n, the refined Briangon variety

Hi leZf;SQ] — Byrlnn+2]

The following statement not only for Br™"+2] but any Brlmn+7l,
Let B — Hilb™"*") be (Hilb™) tautological bundle whose fiber at (I,.J) is the quotient

B,y = R/I.
We define bundle maps ¥ and v : B = Oy;pin.n+n as follows

Y:hw > myrh(p) and

p€ESupp(I)

~: b h(0,0)

where X send h € B to the sum of value of f at the supports of I with multiplicities m, ; =
dimc (R/I,) and ~ is the evaluation at (0,0) which is well-define since for any element (I,.J) of
Hilb™" "] the support Supp() contains (0, 0).

B—>" Okt .71

N

Hllb n,n+r|

Note that both ¥ and v are surjective since 1 € B. Also both kernel of ¥ and v have dim¢ = (n —1).
Let B’ :=ker X, a bundle over Hilb™"*"! of rank (n — 1).

Theorem 3.3.4. The refined Briancon variety Bri»mtr] = Hilbg’;?frr] is the zero locus of the
section v* of the bundle (B )*.

Proof. We show that B’ = ker if and only if p(I) = (0,0). Since the dimension of B’ and ker~y are
both equal to n — 1, showing B’ = ker v is equivalent to the statement of (I,.J) € Hilb":

> myrh(p) =0 < h(0,0) =0,Yh € B'. (3.12)

peSupp(])
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If (I,.J) € Brl»"+] then for all h € B’, then

> my rh(p) =n-h(0,0) =0« h(0,0) = 0.

pESupp(I)

Conversely, let (I,.J) € Hilb™" ") such that B’ = ker~. We claim that Supp(I) = {(0,0)}. Suppose
it is not true, that |Supp(I)| > 2. For any h € B’, we can rewrite h(0,0) = Yo ghlp) =c

pESupp(1)\(0,0)
or some ¢, € . €n Ior any ¢ = 5 S , one can construc S suc a € sum on €
fi » € C. Then f h(0,0) € C truct h € B’ h that th th

right-hand side equals to ¢ by assigning value to each points in Supp(7)\(0,0). We have h(0,0) # 0,
a contraction. Therefore, I must be supported at (0,0), and it follows (I,.J) € Bri»n+7],
|

Remark 3.3.5. Let A, be a fixed point with hy boxes on the second column representing a top-
dimensional cell. Let Cx,,, be the associated affine cell of Hilb" 1" +3 with the local coordinates

(Xij)1<ijenss (Yij)i1<ijonys in conjecture 3. Then Cap,,, N m2(Q%) C Hilb" 1743 i an algebraic
variety given by the zero locus of the determinant equation of the following submatrix:

Y3 ... Yy

Yint2)s - Ymt2)(nt2)

In addition, it has a weight of two-dimensional torus action (0,n — (he — 1)).



Chapter 4

The E-polynomials of the refined
strata of the Hilbert scheme of
points on the plane

In this chapter, we study the geometric and topological invariants of strata associated to the functions
w and o. We will focus on the E-polynomial (or the virtual Hodge polynomial, the Hodge-Deligne
polynomial) whose motivic properties facilitate the calculations. We present a formula for the
E-polynomials of the strata of the Hilbert scheme of points on C? associated to a fixed number of
generators.

4.1 The E-polynomials of the Hilbert scheme of points

Let Z be a complex algebraic variety. P. Deligne established the existence of two filtrations on the
j-th cohomology group of Z: the weight filtration W,

0:W71§W0§"'§W2j:Hj(Z)
and the Hodge filtration F*
HI(Z)y=F°2>F'2>...DF"DF¥ =90
such that, for each I, the filtration induced by F on the graded piece gr,W := W;/W,_; endows
gr;W with a pure Hodge structure of weight [. One can define a mixed Hodge structure on the
compactly supported cohomology H(Z) as well (cf. [17]).

We define the compactly supported mixed Hodge polynomial of Z to be the generating function of
the compactly supported mixed Hodge numbers h?%9(Z) := dimc gr,F (grp+qW (Hg(Z)))

H.(Z;u,v,s) := Z RETI( Z)uPvls?.
P:q,J

For a connected smooth variety Z, the cohomological pairing

H*(Z) x H?dmZ=F(7) o g2dmZ(7), (4.1)

67
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is a morphism of mixed Hodge structures. Then Poincaré duality implies the equality of mixed
Hodge numbers:

hzg,q;j(z) — hdimep,dimqu;Qdimej(Z) (42)
where hP%J := dimc gr, I’ (gerqu(Hj(Z))) are the mixed Hodge numbers of Z. Equivalently, if
H(Z;u,v,s) = Zp . P (Z)uPvis is the mixed Hodge polynomial of Z, then we have

H.(Z;u,v,s) =uvis®H(Z;u™t vt s71). (4.3)

The specialization H.(Z;u,v,s)|y=1,0=1 is the compactly supported Poincaré polynomial of Z.
Moreover, if Z is a connected smooth variety, then by (4.2), we can express the compactly supported
Poincaré polynomial in terms of P (Z;s) := Zj dim¢ H7(Z)s?, the Poincaré polynomial of Z as
follows:

H.(Z;1,1,8) = P (Z;s7 1) s?dime 2, (4.4)

The E-polynomial or the Hodge-Deligne polynomial of Z is defined to be the compactly supported
mixed Hodge polynomial specialized at s = —1

E(Z;u,v) =Y h2%(Z)(—1)uP?.

D:9,]

Properties of the E-polynomial:

e Additivity: If a complex algebraic variety Z is represented as a disjoint union of locally
Zariski closed subsets Z = U}, Z;, then

E(Z;u,v) = E(Z1;u,v) + ... E(Zy;u,v).
e Factorization on fibrations: If f: Z — Z’ is a Zariski locally trivial fibration of complex
algebraic varieties with fiber F' over a closed point, then
E(Z)=E(Z')- E(F).
In particular, if Z, Z" are complex algebraic varieties, then
E(ZxZ')=FEZ)-E(Z).

e The specialization at © = v = 1 gives the topological Euler characteristic

B(Zi1,1) = 3 (-1)/h9(2) = x(2)

P.9,J

When Z is smooth and projective, the specialization
E (Z;—u, Zdlqu(Z QP)uPv? = th’qupvq
p.q D,q
agrees with the Hodge polynomial of Z, and
E(Z;=y,1) = 3 (=)W (Z)y" = xy(2)
D957

is the Hirzebruch x,-genus of Z.
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We show some examples of how the motivic property facilitates the calculation of the E-polynomials.
Example 4.1.1. The E-polynomial of C is
E (Csu,v) Zh”’q’ YuPv? = uv.
D.9:J

e Applying the factorization property to C" = C x ---C, we have
pplymg property

n times

E (C™*u,v) = (uv)™.

e Using the additivity property and E (C™;u,v) = (uv)™, we have
E(C\{(0,0)};u,v) = E(C;u,v) — E ({pt};u,v) = uv — 1.

Notation: Throughout this chapter, t is a variable of degree 2. If the mixed Hodge numbers
hP%3(Z) of an algebraic variety Z vanish except when p = ¢, then the E-polynomial E(Z;u,v) may
be written as a polynomial in ¢ = uv. This condition holds for the Hilbert schemes Hilb[”}, Brln]
and the refined Hilbert scheme Hilb™"*") we will introduce later: their compactly supported mixed
Hodge numbers depend only on the mixed Hodge numbers of the base space C2, which satisfies the
above condition. Thus we adopt the simplified notation E(Z;t) in this article for the E-polynomial:

B(Z;t) == B(Z;VE,VE) = Y B (Z) 00987 |, oo i and sm 1 (4.5)
4]

The calculations of the E-polynomials of Hilbert schemes of points on smooth surfaces goes back to
the works of J. Cheah and L. Goettche (cf. [8,10,19]). A version of their result is the following:

Theorem 4.1.2 ([8,10]). The generating function of the E-polynomials of a smooth surface S has

the form
e ep,q(S)
Z E (S[n] u ”) H 11 (1 —yptd— 1Uq+d 1Sd) g (4.6)

d=1 p,q

where ey, g =Y, (—1)kh22*(Z).
Remark 4.1.3. In [8] and [10], the E-polynomial has a different name: the virtual Hodge polynomnial,
and e 4 is called the (p, ¢)-th virtual Hodge number of S.

In particular, for the case of C2, the formula 4.6 gives

Z%E (Hﬂb[ J;t) " =] T (4.7)

More generally, According to a theorem of Bialynicki-Birula (cf. [2,3]), a C*-action on a smooth
projective variety with isolated fixed points induces a decomposition of M into affine spaces
M = H‘JpeMT A*(?) where a(p) is the number of positive weights of T,M. Thus, in this case, the
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compactly supported Poincaré polynomial of M is ZpG MT t*(?) and it agrees with the E-polynomial
of M. In other words, we have

E(M;t)=P (M; \/Z_l) glime M 3™ e, (4.8)
peEMT

Even though the Hilbert schemes of points on the plane are not projective, this property, nevertheless,
holds for Hilb!™ endowed with the action. Moreover, this C* action on Hilb!™ induces, in parallel, a

cell decomposition of the Briancon variety Brl® = Lﬂpe(Hﬂb[n])T A2n—a(P) where a(p) is the number
of positive weights of TpHilb["] (cf. [14,25,30]). The same arguments go through for Hilb™"*+",

This provides that the E-polynomial equals the compactly supported Poincaré polynomial for Hilb[”}7
Brl" and Hilb" "+,

Example 4.1.4. We recall that the generating function of the Poincaré polynomial of Hilb"™ has

the form
[eS) oo 1
n=0 d=1

Applying our previous statement, we have the generating function of the E-polynomials

S . - ) . ey 1 - ) 1 B ) 1
ZE(Hﬂb”,t)q *Zt P<Hﬂbn"/£ )q *Hl_tm—(d—l)qd *Hl_tdﬂqd’
n=0 n=0 d=1 d=1

(4.10)
which agrees with equation (4.7).

The same arguments go through for Hilb™" "] Thus E-polynomial and the compactly supported
Poincaré polynomial of Hilb™"*") are also equal.

To find the E-polynomial of Hilb™"*") we apply the character formula (2.15) at the tangent space
of Hilb™"*7] at a T-fixed point.

Proposition 4.1.5. The generating function of the E-polynomial of Hilb!™" " has the form

T

— . n,n—-+r n > O 1 1
> B (Hibm ) o = o (H 1t<d+1>qd) (H 1_tdqd> )

n=(3) d=1 d=1

Proof. Since Hilb™ "+ has the property that the E-polynomial equals the compactly supported
Poincaré polynomial, it is equivalent to find the generating function of the compactly supported
Poincaré polynomials of Hilb™"*"). We apply an argument as in [[34] Corollary 5.3 and 5.4]. First,
we compute the E-polynomial of Hilb™"*"]. Unlike their calculation for the Poincaré polynomial,
here we count the sum of weights with opposite sign for the compactly supported Poincaré polynomial.
This sum corresponds to the total number of boxes [ of A satisfying either

(i) an(d) =0o0r

(ll) CLA/(D) +1>0.
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Denote by |A| the number of boxes of A and w(A) the number of columns of A. For (i), we have
w(A) —r of them, and every relevant box satisfies (ii). Therefore total number is n — ("3') + w(A)

and we have (r41)
(Hﬂb nonetl, ) 3 g3 (4.12)

where the summation runs over all Young diagrams with |A| = n +r and r marked removable boxes.
Next, to find the generating function of E (Hﬂb["""ﬂ];t), we use the fact that the set of Young

diagrams with n + r boxes and r marked removable boxes is in bijection with the set of pairs of
Young diagrams (A1, ;) such that Ay has at most 7 columns and |A] + [As] = n — (3) (cf. [[34],
Section 5.5]). Then the equation (4.12) becomes

B (Hilb" 75 ¢) = 3 glarltiaabrutan), (4.13)

where the summation runs over all pairs of Young diagrams (A1, Ay) such that Ay has at most r
columns and |A1| + |Ag| = n — (}). It follows that the generating function is

o0 - oo 1 T 1
bt -
> B (Hib ) o = o (H 1_t<d+1>qd> <H 1tdqd> - (414)
_(r d=1 d=1
n=(3)

]

4.2 The E-polynomials of the refined strata Hilb[ﬁ] and Brlz]

We present a refinement of these formulas by calculating the E-polynomials of the strata

(1) =m}

associated to the invariant p(/) = dimg I/ml. The results are the following.

m

Brlnl .= {I € Briv

u(l) = m} and Hilbl" = {I € Hilbl"!

Theorem 4.2.1. The generating function of the E-polynomials of the strata Br of the Briangon
variety is given by

o] m—1 m o] 1 qktk_a
[n]. n __ a+1 +m 1 -
> E(Brm,t>q = || tzﬂ E (5 [a]t<H 1_qktk1>' (4.15)
n=0 i=1 k=0

n—i

. [l Bl if1<k<n
where {k] =<1 ifk=0 stands for the g-binomial coefficients.
K 0 if k> n.

Remark 4.2.2. (I) Note that the summand indexed by a = 1, in fact, equals the constant term of the
rest of the summation. Thus the formula stays true for ¢ > 1 if we let the summation from a = 2 to
m.

(ITI) We observe that the formulas (4.15) are rather elegant and preserve some of the structure
related to modular forms and partition functions, and thus suggest a possible link with geometric
representation theory.
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Theorem 4.2.3. The generating function of the E-polynomial of the strata Hilbgﬁ] 18
= ). n mt 1 i ap(2)+m [M o 1 —ghth—e
ZE(Hﬂbm ,t)q = 1 = -0 [a] (H HW) (4.16)
n=0 i=1 a=1 t \k=0

Example 4.2.4. We list some examples of the generating function from Theorem 4.2.3:

e Case of m = 2:

e 2 © k-2 _k
t t 11—t

n __
Z:: (BTQ’) ’1—t+t2—1]€1i[01—tk—1qk

t Ool_tk72k
D
1—t pon L—thlgh

We note that [, % = 1 when ¢t = 1. This implies that this infinite product is divisible

by ﬁ, which is not clear by just looking at the original formula.

e Case of m = 3:
t2 t3 e 1_tk_2qk
E(B —
Z ( ! ) (1=t (1 —1¢2) (1—t)(1—t2)k1;[01—tk*1qk

N t5 ﬁ 1— tk 3qk
a-o - Ui

1—tk2k t?’

t2 1 — th=3gk
A==t 1—t2H — th=1gk (1—t2)(1—t)g1_tk—1qk'

e Case of m = 4:

) 43 - i o | _ d-24d
ZE(B t) (1—t) (1—2)(1—13) (1-1) (1—t2)2 (C[[Ol_td—lqd>
46 o0 | _ pd—3,d
Taoha-a-» ((11:10 g tdlqd>

t9 0 1— td_4qd
S A-2)(1 -3 (11t (dHO 1— td—lqd> ‘

We observe that the formulas are rather elegant and preserve some structures related to modular
forms and partition functions, and thus suggest a possible link with geometric representation theory.
The key idea of the proof suggested to us by A. Oblomkov is that the fibers of the projection
7 : Hilb™™*7) 5 Hilb™ over Hilb™ = {I | u(I) = m} is a Grassmannian:

Gr, ((Cm) g (Hﬂbgﬂ) C Hﬂb[n,n+r]
& (4.17)

Hilbl" C Hilb!"!
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This idea appears in [36] in the context of a conjecture relating the HOMFLY polynomial of the link
of a plane curve singularity C' to the E-polynomials of the Hilbert schemes of points supported on C'.
We will proceed the proof using this key observation together with the additivity and multiplicativity
for fibrations of the E-polynomial.

4.2.1 A formula for generating function of the E-polynomials of Brl

Let
Hilbl" = {I € Hilb™

u(l) = m} and Hilb[")(s) = {1 € Hilbl"!

w(I)=m,o(l) = s}

the refined Hilbert scheme strata associated to the function u and o. In particular, when s = n, we
have
Hilbl" (n) = Brl?l = {I e BrliM

u(l) = m} . (4.18)
We first consider the refined Hilbert scheme strata

Hilb" .= {1 € Hilb!"

u(I) =m},
and the induced decomposition of Hilb™ with respect to p

Hilb" = [+ Hilbl.

If J € Hilb™" " satisfies the condition I O J D ml, then J is fully determined by its image in I /mI.
Thus for a fixed I € Hilb™ with ;(I) = m, the set of J € H"*"l such that (I,.J) € Hilb™" " is
parametrized by the Grassmannian of r-dimensional subspaces of I/mI ~ C™. Over each stratum
Hilb[" of Hilb[", the projection map Hilb™"*"1 — Hilb™ has fibers Gr(r,C™) at each ideal
I € Hilb[",

Since Grassmannians Gr(r,C™) are projective and smooth, their E-polynomials and Poincaré
polynomials are equal:

r 1— t(m7i+1)

E (Gr(r,C™);t) =P (Gr(r, c™); ﬁ) =[[————= m :

] 1—t r
=1

This Grassmannian bundle structure together with the motivic property of the E-polynomial imply
the following equality

S nontr]. _Mn RININ my. _Mn RINN m
E (Hﬂb[ + J,t) -YE (Hﬂb[mht) E(Gr(C™):it)= Y E (Hﬂbg,j,t) { L, (4.19)

m=1 m

Ie (Hilb[”])T}.

Furthermore, presenting an ideal I € Hilb!™ as an intersection of ideals Io N I', where I is the part
supported at (0,0) and I’ s the part supported at Yy := C?\{(0,0)}, we obtain the decomposition

where p®* := max {u([) ‘ Ie Hilb["]} = max {,u(I)

Hilb" ~ L:J (Brlf) x YO[”*S]) . (4.20)

m
s=0
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Using motivic properties of the E-polynomial, we can conclude
E (Hilbij;]; t) -3 E (YO”*S];t) E (Bri;ﬂ;t) . (4.21)
s=0

Our goal is to find the E-polynomials of H¥ and Brlf! using equations in (4.19) and (4.21). We will
consider all H,[,]f] and Brgi], m, k € N, at the same time and we define following infinite matrices:

x:=(E (H}ﬂ;t))mjzo, B:=(E (Br,[j];t))@’jzo, R:= (B (Hb'vjﬂl;t))mjzo,
9= (B@r©10),p, = (1) sy A= (B(F740)) -
Proposition 4.2.5. The matrices X,3,R,G and A satisfy
GX =R and BA=X.
Proof. A direct calculation of matrix products gives
(Zk 1 Gik X i>1,5>0
= (S B (G B (H:t))

(by equation (4.19) ) = (B (HU3+1;))  =R.
? J

21,520

Similarly, we have the product B.A

(Zk 0 ZkAkj)'Zl,jzl
— o0 E(B [k} )E (Y[J‘*k]. ))
(Zk:o ( Tt 0 it 1,551

(by equation (4.21) ) (E (Him;t>)i>1 o X.

By definition, G and A are upper triangular matrices with 1s on the diagonal, so they are invertible
with upper triangular inverses. Then the matrices X and B may be expressed as products of matrices

X =G 'R

4.22

{B = XA t=G1RA! ( )

Thus to compute the E-polynomials F (Hilbgﬁ;t) =X, and B (Br,[;l];t) = Bpy,n, it is sufficient
to find the inverse matrices of G and A.

Proposition 4.2.6. The matriz G = (mt) has the inverse
j>1

0,52

G l= ((,1)]’*%051) mt)i,jzl '
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Proof. Let G~! denote the inverse of G. Denoted by d;; the Kronecker delta function, the ij-th
entry of the matrix product G='G that is by definition

oo 7 .
=> 636 =94 m = 5. (4.23)
k=1 k=1

t

We apply the following orthogonality relation for the g-binomial coefficients (cf. [11] p.118-p.119):
For every 0 <14 < j one has

_g(l)kiq&;) [;H’“](” — Z IR,

and we obtain , |
kzj_:lgﬁcl [ﬁ . bij = zj:(fl)’“*it(k?) {ﬂ t [ﬂ ) (4.24)

By comparing the coefficients of [i]t in (4.24), we have

g1 = (—1yk-ir(7) m

7

Our next step is to calculate the inverse of A. To this end, we first need the generating function of
E-polynomials of the Hilbert scheme of points on the punctured plane Y.

Proposition 4.2.7 ([8,10,19]). The E-polynomial E (YO[" ; ) of the Hilbert scheme of points on

the punctured complex plane Yy has the generating function

1—td 1 d

Z r_[l 1— td+1q
Here, we give a direct proof using the knowledge of F (Hilb["’"‘m; t) and E(Brl";t).

Proof. First, we observe that from the decomposition in (4.20): Hilb™ ~ (O YO[S] x Brin=sl we

have a bijective morphism
n

| Yo! x Brln=s) — Hilbl"
s=0

by sending a pair of subschemes in YO[S] x Br(®=#! to the union of the two.
We recall that the formula (4.7) for the generating function of the E-polynomials of Hilb[™ has the

form
oo ) n N o0 1
n=0 d=1
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Applying the motivicity of the E-polynomial to this decomposition 4.20, we obtain the equality

nij%E (Hilb[nht) = ni_o% (Sz: E (Y()[S];t) E (B,,,[ns];t)> " (4.26)

After the change of variable k = n — s, the right-hand side of the equation ((4.26)) has the form of a
doubly infinite summation

5 (ZE (Vi) 5 (Br[ns];t)> IEERS (iE (vi) 5 (Brw;t)> o
n=0 \s=0
= ZZE ( v, t) (Br[k];t) "

k=0 s=0

(s, k are independent) (i E (B?"[k];t) qk> (iE (Yvo[s];t> qs> ]
k=0 s=0

(4.27)

As we pointed out in the beginning of the section, the Brianqon Variety Brl*] admits a cell decompo-
sition as well and thus F (Br[k'];t) =P (Br[k']; Vi ) pdime Bri* - yye replace pieces F (Br (1. t) by

P (Br[k]; \/i_l) ¢dime B 4y o quation (4.27):

(i P (Brl; Vi) g B”“cﬁ) (i B (vit) qs) :
k=0

s=0

which is equal to
(ZP (H[k ) ) (ZE (YO[S],t) ) (4.28)

since Hilb™ and Brl"l are homotopic. Recall that P (Hilb["]; \/i) has the generating function

> : n n - 1
ZP<H1“D[ ]5\@‘1 = Hm
n=0 d=1
Thus we have
o0 o0 1 o0
SINLIN n_ _
ZE<H11b »t)q *H 1—td+1qd - <H 1 — ¢d— 1 ) <ZE< 0 ) )
n=0 d=1 d=1
Therefore
0 o d—1.d
.\ T L=t 4
ZE(YO ,t)q _Hl_td+1qd'
n=0 d=1
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Example 4.2.8. We list some E-polynomials F (YO["]; t) for 0 <n<8:

E(v"st)
1
2 -1
3 — 12—t
10415 — 263 — 12 -t
18 4 t7 416 — 5 — 3t 4 12
110 49 448 — 316 — 3¢5 4 ¢4 + 213
2 4t 10 9 8 4T — 310 4 360 4 2t4 — 3
13 12 o 389 — 618 — 7 456 215 — ¢4
t16—|—t15—|—t14+t13+t12—t11 —5t10—6t9+t8+7t7+t6—2t5

|l Nlo|lu|lbs|lwliv|lRr|o] S

Before stating the result about the matrix A~!, we define the dual E-polynomial Eofa complex
variety Z

E(Z;t) :== H(Z;Vt, V', 1), (4.29)
When Z is a connected and smooth, we can compute E(Z;t) from E(Z;t) by Poincaré duality (4.1):
E(Z;t) =E (Z;t71) tdime 2,
Corollary 4.2.9. The dual E-polynomial of Yo[n] has generating function
1 _ pdt+1,d

S p ()< [T

Proof. Since the Hilbert scheme Yo[n] is a complex 4n-dimensional smooth variety, the Poincaré
duality is compatible with the mixed Hodge structure on cohomology, and we have

o (Yo['rb];t) — 4dime YO["]E (Yo[n]v tfl) o (Yo[n];t,1> '

Then from the definition of the generating function of E, we have

3B () =3 B () e O TS

d=1 q
S R B d(12¢)d o0 1 yd+1,d

_ _ q
Hm*gm-

We are now ready to calculate A~1.
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Proposition 4.2.10. The matriz A has the inverse

1 (a7) = ()

1B E(v) B (v E(v})
o 1 E(M) E(v? E (v )
o 0 1 E(Y) .
Al = ) 10 - (Yo[k—j]) , (4.30)
0
1

where B (Y[J l]> VB (Y[J it 1) is the dual E-polynomial of Y™,

Proof. Let C be the infinite matrix in (4.30). The ij-th entry of the matrix AC is given by the sum

M-

(.AAfl)ij = E (Yo[k_i];t) E (Yo[j_k];t>

S
ENEEHE

E (Yo[l];t) E (Y(,[j_i_l];t) .

Note that Proposition 4.2.7 and Corollary 4.2.9 yield the product of the generating functions

S (Se i) i) )= (S (i) ) (SE (i) ) -1

=0

~

[}

Therefore, (AC),; = d;; and it implies C = A~".

We are now ready to prove Theorem 4.2.1.

Proof of Theorem 4.2.1. The E-polynomial E (BT%L]; t) is equal to the (m, n)-th entry of the matrix
product B=XA~! = G"'RA~! which is given by the sum

23 Gl R, z z ke '2WE(Hu,jwt)ﬁ(ygn—ﬂ;t).

m
km, t

Substituting this into the generating function, we obtain

iE(Br,[g];t)q Z Z Z ye=m m)[:;] (s 48 6) B (v)"5t) | .

n=0 km (2)
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Here we can let the indexes k and j run from 0 to oo, and the infinite sum does not change, since the
space HilbV7+El = ¢ if j < (k) by Proposition 2.1.5 and [k]t = 0if k < m. Recall that the generating

functions of E (Hllb[” el t) and F (Y[ nl, t) are given by q( ) (Hd 1 W) (ngl ﬁ)

1-tdtigd : ; ;
and []52, ﬁ respectively. Then the generating function
0 k‘ .. ~ i
E(Brin n k m ) ( : [j,JJrk],) ( [n J]) n
Z(r) B = t2MEHﬂb DB 0) ) g
n=0 \ k=0 j=0 t
is equal to the product

0o 1 0o 1—td+1 d 00 . o (kem k k 1
<H 1—td+1qd> ((11:[ Hdl‘;) (Zq(2)(—1)k ("2 ){m} Hl—tdqd>

d=1 td=1

s 1 > k ma—kma(m+1) | B 1
= <H 1—td—1qd> Z(tq)(z)( 1)k 4k +("3 ){m}t(tt})k’ (4.31)

K
where (tq)y, := H (1 —t%¢"). To continue the proof, we need the following lemma.
d=1

Lemma 4.2.11. We have

m—1

i(_l)eritkm—(’g)—i-(;)—ik |:T:“:| _ H (1 _ tkfi) ) (432)
i=0 t i=0

Proof of Lemma 4.2.11. Recall the Gauss’s binomial formula (cf. [27, p.29]):

;ii[(j1+aq Zq Ha

Applying the Gauss’s binomial formula with a« = —t™%, g = t, we obtain

nﬁl (1) = (—1)memk=(%) T (1+ (—t7F)t)
i=0 =0
= (a3 5[] oy

_ 3 (aye ()4 (2) ik KR

i=0
]
1 k—1
We continue the calculation of the generating function of £/ (Brm ; t) . We write = H —_—
ml, o 1- titl

and apply Lemma 4.2.11 to the product Hm ! (1 — k- Z) We substitute it into the generating
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function

> 5 () = T i ) S0 ’“m*““)[i]tu;k

k=0

oo 1 oo ) .
:<H1_ﬂ1¢> mz: A S ykme (M)

d=1

a
a=0
X m—1 )
H (1 _ t2+1)
i=0
00 m—1 e k
1 ’m—i— § ( )t_ak
(M i) T = e 2] 52 -
d=1 i=0 t k=0
Recall the Euler identity (cf. [11]):
0o n o (") 0o
Z =J[a—-=2). (4.33)

= n=0

—1)* (tg) Dtk

We apply the identity (4.33) to the infinite sum Z with change of variables

= (ta)k
q g,
A
Finally, we arrive at the result:
o'} 1 m—1 o'}
Z E(Brist) ' = 1] =g H t1+1 Z DRAE [ } [Ta-t "
d=1 4 1t 2o
m—1
1— tdfaqd
= 11—t —
T e 0[] e (T

1 ay [m o 1 —téagd
_ a+1lym—1+
- H 1 _ it Z(_l) t ) {a} (H 1 _d—1g4d |-
i=1 a=0 t \d=0 q

0 1— tdfa d
Note that the infinite product (H q> = 0 when a = 0, and we have

_4d—1,d
o T
0o m—1 m e}
1 o [m 1— td—aqd
E [7’] n o __ _1\a+lm—1+ L+ 4
E(Brm,t)q - H 1 —tit! Z( 1) (Q)LJ <H 1—¢d-1gd |-
n=0 i=1 a=1 t \d=0
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4.2.2 A formula for the generating function of the E-polynomials of HﬂbLZ]
Using Theorem 4.2.1, we calculate the E-polynomial of the refined strata Hilb[" as well..

Proposition 4.2.12. The E-polynomial of the refined stratum Hilbgz] has the generating function

.- FE ( Hil [n]. n o__ ! +’m m O 1— qktk—a L34
Z ( lbm7t>q _Hl terlZ al, HW . (3)
n=0 o

i=1

Remark 4.2.13. One can also obtain this formula directly from the entries of matrix products
X = G7T in equations (4.22) with a similar argument as in the proof of Theorem 4.2.1.

Proof. From relation (4.21), the E-polynomial of Hilbm] is a sum
E (Hﬂb;; : ) ZE ( (C2\{(0,0)})"~ S];t> E (Briﬁj;t) .

Then the generating function of the E-polynomial F (Hilb%]; t)

3 ORI Zn 2 3. Ll n
_ 0o . ) |
(n_OE <(C2\{(0 0 } t> > (71 OE (B ) )

Applying the formula of the generating functions in (4.2.7) and (4.2.1), we obtain
[e'e] ool—td_ld m—1 a\ |'m Ool_td_ad
: [n] n o __ q a+1 m—1+ q
> b (1l ) —(H ) (T e 0[] (Tt
n=0 d=1 d=1 t \d=0
m—1 _ 0 d—a .d
— a+1 m+(5 m l (1 — t) 1-1 q
T e e O] (550 (T s
t d=0
0 1— td—aqd
tm+ — | .
L e O] (=)

d=0

4.3 FEuler characteristics of the refined strata.

The specializations of (Br,@;t) at t = 1 is the topological Euler characteristic of Br,[ﬁ]

(Bl = B (Brilin),
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which equals to x (Hilb["]) It is, however, difficult to obtain an explicit formula for the generating

function of x (Brm ) from formula (4.15) in Theorem 4.2.1. If we consider the specialization of the

equation (4.31) in the proof of Theorem 4.2.1

ad 1 = k ma(mH1) | K 1
Z B (Brlit) ¢ (H = td_lqd> >ty ) [m]t@q)k
at t = 1, we obtain a formula for the generating function of X(Br,[z]):
> A =1 s (_1)'€*mq(’§) k
;X (Brk)) g = <H 1_qd> ];) —a <m) (4.35)
nilm=2 m=3 m=4 m=
0 0 0 0 0
1 1 0 0 0
2 2 0 0 0
3 2 1 0 0
4 3 2 0 0
5 2 5 0 0
6 4 6 1 0
7 2 11 2 0

Table 4.1: Examples of y (BTT[Z}).
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Table 4.2: Examples of E-polynomials (BT%L]; t).

n | B(BI"t) | B(Br) E(Bri’st) E(Br{’st) E(Brl’st)
0 1 0 0 0 0
1 0 1 0 0 0
2 0 t+1 0 0 0
3 0 2+t 1 0 0
4 0 t3 4 2t2 t+1 0 0
5 0 th 4213 — ¢ 2t2 + 2t + 1 0 0
6 0 L e A 23 + 3t2 +t 1 0
7 0 0 4 35 4 t4 — 213 — 2 3tt 4+ 5t3 + 3t2 t+1 0
8 0 7 416 4+ 25 — 2t% — 43 3O+ Tt 4t —t 2t2 + 2t + 1 0
9 0 18 4T £ 35 — 35 — 2t | A6 90 + Tt — 212 — ¢ 33+ 42 + 2t + 1 0
10 0 9 + 518 + 47 — 35 — 3¢5 4t;+12t6+10t5—|—t4—3t3— 4t 4 613 + 42 +t 1
2t
11 0 19 + 569 4 58 — 4¢7 — 5¢6 5ti + 153157 +215t6 + 25 — | 5t° + 10t* + 73 + 3t2 t+1
5th — 43 —t
12 0 t;l +6t10 479 — 38 —6t7 + 5t§ + 184158 + §9t7 + 416 — | 70 41465 + 1264 +5¢3 —t | 22+ 2t 41
t 85 — Ttt — 2t
13 0 1246t 18110 — 442 —9t8 — | 6t10 4 22¢° + 2718 + Tt7 — | 87 4+ 2010 + 185 + 9t — | 33 442 + 2t + 1
t7 4 6 1066 — 11¢° — 4¢* 22 —t
14 0 t13 4 712 4101 — 3¢10 — | 611 426110 £ 3487 +12t8 — | 1068 42617 + 2715 + 13¢5 — | 5t + T3 £ 5t2 £ 2t +1
119 — 2t8 4 2¢7 13t7 — 16t% — 6t° 4¢3 5t3 — 3t2 —t

83
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Table 4.3: Examples of the E-polynomials Hilbw.
m=1 m=2 m=3 m=4 m=25
n=0 | 1 0 0 0 0
1 | -1 1 0 0 0
2 |ttt —t 24+t 0 0 0
3 1045 —23 — 2+ ¢ ot +2—t—1 1 0 0
4 | B4t 0 -5 -3t 2 | 20 43t — 22—t 2+t 0 0
5 t10 9 4¢3 — 36 — 3¢° 4+ | 3+ 27 + 40 435 — 2t — | t* + 263 + 212 0 0
t* 4263 4¢3 — 9t2
6 P2 g1 10 4 g9 8 | 10 o9 4 A8 4 BT 4216 — | 042D 4t 23 12—t —1 | 1 0
447 36 4+ 35 42t — 13 | 5P — 6t — 3+ 2+ ¢
7|t 12t 39 — | 122 At 106194618 — | B+ 2tT 450 60 2t — | 12 4t 0
618 — 7 4 56 + 25 — ¢* 1710t —8t5 —t 2342 | 23 — 242 — ¢
8 | 104 1B 12 | 14 21 12 6t 4 | 104289 58 48T 85 — | tt 4 2¢3 + 242 0
tH—5¢10 649 4¢3 477 + | 810 4+ 5¢9 — 648 — 15¢7 — | 5t* — 4¢3 — 22
16 — 25 016 4+ 2¢° 4 4t* + 213
9 | I8 1T 16 4 ¢15 4 gld | 416 4 opdD  apld 4 G313 | 12491 4 5104 989 1 13884 | 15425444 4+-3¢% | O
312 — 7t — 6¢10 1 589 | 9¢12 4 9t 42410 — 1449 — | 97 — 36 — 95 — 74t — 343
ot8 — 3¢S 22t8 — 97 4 5¢6 + 7¢5 4 3¢
10| 204619 4 18 4 ¢17 4 10 4 | 418 4 2617 4 4g16 4 6615 4 | ¢ 4 218 + 512 4 9e 4 | 18 427 + 510 4| 1
15— 14513 —gpl2 gl | 9pld 4 11413 49412 — 4410 — | 15810 4 1749 + 868 — 10¢7 — | 7t 4+ 4t* — 2 —
0t10 1 10t% — 38 — 4t + 15 | 24¢10 — 2749 — 68 + 12¢7 + | 16t —102 =3t 423 +t2+¢ | 2 —t — 1
105 + 35 — ¢4 — ¢3
11| 22 4t 420 019 18 | 120 4 2619 4 4t'® + 6017 4 | ¢10 + 241% 501 4 961 | 410 4209 4505 | 2 4t
17— 3¢5 gt 10813 — | 916412615 11361 46613 — | 16612422611 22410 4449 — | 9T+ 115 4445 —
t12 4 15611 + 10610 — 62 — | 14¢12 3711 —33¢10419¢8 4 | 2088 — 24¢7 — 14¢6 — 25 + | 2+ — 23 —2¢2 —¢
4t8 +¢7 14¢7 4+ 3¢6 — 25 — 4 3td 23 + 2
12 t24 + t23 _|_ t22 + t21 + t20 _|_ t22 + 2t21 + 4t20 + 6t19 + t18 + 2t17 + 5ﬁ16 + 9t15 + t12+2t11 +5t10+ t4 + 2t3 + 2t2
t19 4 18 17 _ 516 | 918124 7415610413415~ | 1681 4+ 24¢13 + 31412 + | 1060 + 16t8 +
10t — 10614 56183 4198124 | 28¢13 — 5112 — 33t + | 23t — 610 — 367 —36¢8 — | 15¢7 +4t0 —5¢° —
8ttt — 10¢10 — 5¢° 4 2¢8 11810 4+ 3149 + 1868 +2¢7 — | 17¢7 + 715 + 4t* + 243 5t — 4¢3 — 2t2
418 — 2P
13| 204475 420 43 4422 | 24 4 2473 4 42 4 6021 4 | 170 + 2619 4+ 5018 4 9¢1T 4 | #1421 45012 4 | 104205 414343
121 4 20 _ 3418 _ g7 | 9$20 4 19419 4 16¢18 1174 T+ | 16616 4+ 25¢1° + 36t + | 10¢ + 18410 +
1316 — 8¢5 111414425818 4 | 11416 — 11415 — 47¢4 — | 39¢13 + 22412 — 22411 — | 2449 42065 +¢7 —
5t12 — 1541 — 4410 4 3¢9 66113 — 32t12 + 27ttt | 5710 — 4819 — 19¢8 + 6¢7 + | 1015 —9t°> —7tt —
43t10 1219 —¢® —7¢7 —3¢6 | 12¢6 + 7t° 4+ 3¢t 33
14| #2842 4120 4425 424 | 120 4 2425 4 42 4 6673 4 | 122 4 2021 4 5020 4 9610 4 | 104241045814 | 48 4 247 + 510 +

123 4422 4 421 420 5419
1118 — 14417 —5¢16 420415
28¢14 — 213 —90¢12 — 3411
5t10

9t22 412t21 4162041919+
1818 4-5¢17 27416 _g9¢15 —
79t — 20t13 4 50t12 +
59¢11 422410 — 79 — 1248 —
5t7

16t18 4+ 25¢17 + 38t16 4+
48t 4+ 46814 + 1218 —
49¢12 —85¢11 —63t10 — 1667+
16t8 + 22¢7 + 12t5 + 5¢°

10t13 + 19¢12 +
20t 4+ 36t10 4+

23t — 58 —
19¢7 — 178 —
125 — 5¢4

7t5 + 5t
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