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Nicolas Gisin*®, Antonio Acin'® & Miguel Navascués?™

Although complex numbers are essential in mathematics, they are not needed to
describe physical experiments, as those are expressed in terms of probabilities, hence
real numbers. Physics, however, aims to explain, rather than describe, experiments
through theories. Although most theories of physics are based on real numbers,
quantum theory was the first to be formulated in terms of operators acting on
complex Hilbert spaces™* This has puzzled countless physicists, including the fathers
ofthe theory, for whom areal version of quantum theory, in terms of real operators,
seemed much more natural’. In fact, previous studies have shown that such a ‘real
quantum theory’ can reproduce the outcomes of any multipartite experiment, as long
asthe parts share arbitrary real quantum states*. Here we investigate whether
complex numbers are actually needed in the quantum formalism. We show this to be
case by proving that real and complex Hilbert-space formulations of quantum theory
make different predictions in network scenarios comprising independent states and
measurements. This allows us to devise a Bell-like experiment, the successful
realization of which would disprove real quantum theory, in the same way as standard
Bell experiments disproved local physics.

Without qualification, the question of whether complex numbers are
necessary for natural sciences, and, more concretely, for physics, must
be answered in the negative: physics experiments are described by
the statistics they generate, that is, by probabilities, and hence real
numbers, thus, there is no need for complex numbers. The question
becomes meaningful, however, when considering a specific theoretical
framework, designed to explain existing experiments and make predic-
tions about future ones. Whether complex numbers are needed withina
theoryto correctly explain experiments, or whether real numbers only
aresufficient, is not straightforward. Complex numbers are sometimes
introduced in electromagnetism to simplify calculations: one might,
for instance, regard the electric and magnetic fields as complex vec-
tor fields to describe electromagnetic waves. However, this is just a
computational trick. We wonder whether the same can be said about
complex numbersin quantum theory.

Inits Hilbert space formulation, quantumtheoryis defined interms
of the following postulates®®. (1) For every physical system S, there
corresponds aHilbert space J;and its stateis represented by anormal-
ized vector ¢ in Jg, that is, (¢|¢p) = 1. (2) Ameasurement /7in S corre-
sponds to an ensemble {/7}, of projection operators, indexed by the
measurement resultrand actingon Hs, with } , 7. = I,. (3) Born rule: if
we measure [Twhen system Sis in state ¢, the probability of obtaining
resultrisgivenbyPr(r) ={¢|/1I¢p) (4) The Hilbert space H ;;correspond-
ing tothe composition of two systems Sand Tis H ;® H ;. The operators
used to describe measurements or transformations in system S act
trivially on # rand vice versa. Similarly, the state representing two

independent preparations of the two systems is the tensor product of
the two preparations.

This last postulate has a key role in our discussions: we remark that
iteven holds beyond quantum theory, specifically for space-like sepa-
rated systems in some axiomatizations of quantum field theory”*°
(Supplementary Information).

As originally introduced by Dirac and von Neumann'?, the Hilbert
spaces H s in postulate (1) are traditionally taken to be complex. We
calltheresulting postulate (1,). The theory specified by postulates (1)
and (2)-(4) isthe standard formulation of quantum theory in terms of
complex Hilbert spaces and tensor products. For brevity, we will refer
toitsimply as ‘complex quantumtheory’. Contrary to classical physics,
complex numbers (in particular, complex Hilbert spaces) are thus an
essential element of the very definition of complex quantum theory.

Owingto the controversy surrounding their irruption in mathemat-
icsand their almost total absence in classical physics, the occurrence
of complex numbersin quantum theory worried some of its founders,
forwhom aformulationin terms of real operators seemed much more
natural (“What is unpleasant here, and indeed directly to be objected
to, is the use of complex numbers. ¥ is surely fundamentally a real
function.” (Letter from Schrédinger to Lorentz, 6 June 1926; ref. ®)).
Thisis precisely the question we address in this work: whether complex
numbers can be replaced by real numbersin the Hilbert space formu-
lation of quantum theory without limiting its predictions. The result-
ing ‘real quantum theory’, which has appeared in the literature under
various names'?, obeys the same postulates (2)-(4) but assumes real
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Hilbert spaces Hsin postulate (1), amodified postulate that we denote
by (1p).

Ifreal quantumtheory led to the same predictions as complex quan-
tumtheory, then complex numbers wouldjustbe, asin classical physics,
aconvenient tool to simplify computations but not an essential part of
the theory. However, we show that this is not the case: the measurement
statistics generated in certain finite-dimensional quantum experiments
involving causally independent measurements and state preparations
do not admit a real quantum representation, even if we allow the cor-
responding real Hilbert spaces to be infinite dimensional.

Our main result applies to the standard Hilbert space formulation
of quantum theory, through axioms (1)-(4). It is noted, though, that
there are alternative formulations able to recover the predictions of
complex quantum theory, for example, in terms of path integrals®,
ordinary probabilities™, Wigner functions® or Bohmian mechanics'.
For some formulations, for example, refs. "%, real vectors and real
operators play the role of physical states and physical measurements
respectively, but the Hilbert space of acomposed systemisnot atensor
product. Although we briefly discuss some of these formulations in Sup-
plementary Information, we do not consider them here because they
all violate at least one of the postulates (1;) and (2)-(4). Our results
imply that this violationis in fact necessary for any such model.

Itisinstructive toaddress our main question as agamebetweentwo
players—the ‘real’ quantum physicist Regina and the ‘complex’ quantum
physicist Conan. Reginais convinced that our world is governed by real
quantum theory, whereas Conan believes that only complex quantum
theory can describe it. Through a well chosen quantum experiment,
Conan aims to prove Regina wrong; that is, to falsify real quantum
theory by exhibiting an experiment that this theory cannot explain.

Atfirst, Conan thinks of conducting simple experimentsinvolving a
single quantum system. Unfortunately, for any such quantum experi-
ment, Regina can find areal quantum explanation. For instance, if pis
the complex density matrix that Conan uses to model his experiment,
Regina could propose the state

- 1 101
perelp)© 5 +imp) 03[ 9 1)

1 o)
=§(p®|+i><+i|+p*®|—i><—i|),

where|+i)= %(IO)i il1)), and the asterisk denotes complex conjuga-
tion. The operator p is real and positive semidefinite: it is thus a real
quantum state. Fig. 1 (left) explains how Regina can analogously define
real measurement operators that, actingon g, reproduce the statistics
of any (complex) measurement conducted by Conan on p. This con-
struction is just one of the infinitely many ways that Regina has to
explain the measurement statistics of any single-particle experiment
using real operators, but it already implies that real quantum theory
cannot be falsified in this scenario. It does not imply, however, that
states in real quantum theory are restricted to have this form: they
remain arbitrary, as in complex quantum theory.

Itis noted that, assuming a fixed Hilbert space dimension, Conan
could come up with single-site experiments where real and complex
quantum theory differ, for instance, because the former does not sat-
isfylocal tomography, or even leads to different experimental predic-
tions (see, for example, ref. ). However, as dimension cannot be upper
bounded experimentally®®, Reginawould be right not to interpret any
such experimentas adisproof of real quantum theory. In practice, any
experimental system has infinite degrees of freedom: a finite dimension
may just be anapproximation made to simplify its theoretical descrip-
tion. Hence, to defeat Regina, Conan has to design an experiment in
which no explanation using real Hilbert spacesis valid, no matter their
dimension.

Conan may next consider experimentsinvolving several distant labs,
where phenomena such as entanglement® and Bell non-locality* can
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Fig.1|Simulating single-site and multipartite quantum experiments
throughreal quantumtheory. Left: asingle-site quantum experiment.

A complex quantum system instate pis probed viathe measurement {/7},.
Oneway toreproduce the measurement statistics of this experiment using real
quantumtheoryrequires adding an extrareal qubit: the state pisthenreplaced
by thereal state p inequation (1), while every measurement operator is
replaced by the real measurementoperator I7,= 1, ® |i)i| + [T, ® | - i){ - i|. Using
thefactthat probabilities arereal, and thus P(r) = P(r)" = tr(p*II;), itis
straightforward thatP(r) = tr (p/1.) = tr (p'[T,).1tis noted that this construction
doublesthe Hilbert space dimension of the original complex quantum system
(whenfinite). Thisis not surprising, asacomplex number is defined by two real
numbers, and may just be seen as yet another example of how complex
numbers simplify the calculation of experimental predictions, asin
electromagnetism. Right: a multipartite quantum experiment. Acomplex Bell
scenario consists of two particles (or systems) distributed between Alice and
Bob, who performlocal measurements, labelled by xandy, and get results aand
b.By postulates (1,)-(4),acomplex Hilbert spaceis assigned to each particle,
and the Hilbert space describing the overall bipartite systemis defined by the
tensor product ofthese. The state of the two particlesis thus described by an
operator p,zactingonthejointspace, whereas operators 4, and B, acting on
eachlocalHilbertspace describe the local measurements. The observed
measurement statistics or correlations are described by the conditional
probability distribution P(ablxy) = tr(o,pAqx ® B,,‘y). Onewaytoreproduce
these statistics using real quantum theory consists of assigning an extrareal
qubitto each particle. The quantum stateis replaced by thereal state

Braras =504 ® 141, +DXCH, +il 4+ 07y @ =i, X =i, ~il 4-5), and the local
measurements are replaced by the same transformation as before for asingle
system. The observed statistics are againrecovered, thatis,

P(ablxy) = tr(9Aq ® Byyy)-

manifest. For simplicity, we focus on the case of two separate labs. A
source emits two particles (for example, a crystal pumped by a laser
emitting two photons) inastate p,;, eachbeing measured by different
observers, called Alice (A) and Bob (B) (Fig. 1, right). Alice (Bob) con-
ducts measurementx (y) on her (his) particle, obtaining the outcome
a (b). As pointed out by Bell?, there exist quantum experiments where
the observed correlations, encapsulated by the measured probabilities
P(a, blx,y), aresuch that they cannot be reproduced by any local deter-
ministic model. An experimental realization of such correlations dis-
proves the universal validity of local classical physics.

Next we consider whether Conan could similarly refute real quantum
theory via a (complex) quantum Bell experiment. Such an experiment
should necessarily violate some Bell inequality; otherwise, one could
reproduce the measured probabilities with diagonal (and hence real)
density matrices and measurement operators. The mere observation
of a Bell violation is, however, insufficient to disprove real quantum
theory, as already exemplified by the famous Clauser-Horne-Shimony-
Holt (CHSH) Bellinequality” CHSH (x3, X, ; 3, ,):=(A, B, ) + (A, B, )+
<Ax23y1> - <szBy2> <2.Theinequality is derived for a Bell experiment
where Alice and Bob perform two measurements with outcomes +1,and
whereA, (B)) denotes theresults by Alice (Bob) when performing meas-
urement x (y). The maximal quantum violation of this inequality is



Beusu= 2./2 and Alice and Bob can attain it using real measurements
on areal two-qubit state.

Tofind agap between the predictions of real and complex quantum
theory, Conanshallexplore more complicated Bell inequalities. A priori,
promising candidates are the elegant inequality of ref. ** or the combi-
nation of three CHSH inequalities introduced in refs. >

CHSH;:=CHSH(1, 2;1,2)+CHSH(, 3;3,4) + CHSH(2,3;5,6)<6, (2)

designed for a scenario in which Alice and Bob perform three and six
measurements, respectively. The maximal violation of inequality (2)
is 3'BCHSH = 6-/2, which can be attained with complex measurements
on qubits®,

However, none of these Bellinequalities willwork: asshowninrefs.
real quantumBellexperiments canreproduce the statistics of any quantum
Bell experiment, even if conducted by more than two separate parties.
Indeed, the construction of equation (1) for single complex quantum
systems can be adapted to the multipartite case if we allow the source to
distribute an extra qubit for each observer (see Fig. 1, right, for details).

To defeat Regina, Conan may also look for inspiration to other no-go
theorems in quantum theory, such as the Pusey-Barrett-Rudolph
construction® involving states prepared inindependent labs subject to
jointmeasurements. Unfortunately, Reginais again able to provide an
explanation to such scenarios using real quantum theory (Supplemen-
tary Information). At this point, Conan might give up and accept that
he will never change Regina’s mind. He would not be alone. For years,
itwas generally accepted thatreal quantum theory was experimentally
indistinguishable from complex quantum theory. In other words, in
quantum theory, complex numbers would only be convenient, but
not necessary, to make sense of quantum experiments. Next we prove
this conclusion wrong.

Allit takes for Conanto win the discussionisto go beyond the previ-
ous constructions and consider experimental scenarios where inde-
pendent sources prepare and send entangled states to several parties,
who in turn conduct independent measurements®**, Such general
network scenarios correspond to the future quantum internet, which
will connect many quantum computers and guarantee quantum con-
fidentiality over continental distances. Our results demonstrate how
these networks, beyond their practical relevance, open radically new
perspectives to solve open questions in the foundations of quantum
theory when exploiting the causal constraints associated with their
geometries.

Todisprove real quantum theory, Conan proposes the network cor-
responding to astandard entanglement-swapping scenario, depicted
in Fig. 2, consisting of two independent sources and three observers:
Alice, Bob and Charlie. The two sources prepare two maximally entan-
gledstates of two qubits, thefirstone g, distributed to Aliceand Bob;
and the second g, ¢, to Bob and Charlie. Bob performs a standard
Bell-state measurement on the two particles that he receives fromthe
two sources. This measurement has the effect of swapping the entan-
glement from Alice and Bob and Bob and Charlie to Alice and Charlie:
namely, for each of Bob’s four possible outcomes, Alice and Charlie
share a two-qubit entangled state. Note that the actual state depends
on Bob’s outcome, but not on its degree of entanglement, which is
always maximal. Alice and Charlieimplement the measurements lead-
ing to the maximal violation of the CHSH; inequality (2). For these
measurements, the state shared by Alice and Charlie, conditioned on
Bob’s result, maximally violates the inequality or a variant thereof pro-
duced by simple relabellings of the measurement outcomes.

Regina takes up Conan’s challenge and seeks to reproduce the sta-
tistics predicted by Conan. As she works under the postulates (1) and
(2)-(4),shemodels the experiment of Fig. 2 as follows: each subsystem
isrepresented by a real Hilbert space # s for S=A, B,, B,, C, the states
of thetwo sources arearbitrary real density matricesactingon’, ® Hg,
and Hg, ®He, respectively, and the arbitrary real measurements act

4,2728
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Fig.2|Network scenario separating real and complex quantum theory.
Incomplex quantum theory (top), two independent sources distribute the
two-qubitstates g,z and o, to, respectively, Aliceand Bob, and Bob and
Charlie. At Bob’s location, aBell measurement, of four outputs, isimplemented.
Alice and Charlie apply the complex measurements leading to the maximal
violation of the CHSH;inequality: three and six measurements with two possible
outputs, labelled by +1. According to quantum physics, the observed correlations
read P (abclxz) = tr((Ty5, ® Tp,c)(Aq ® B, ® C,))- These correlations cannot be
reproduced, or even well approximated, when all the states and measurements
inthe network are constrained to be real operators of arbitrary dimension
(bottom). The impossibility still holds if the two preparations are correlated
through shared randomness (dashed arrows), resultingin correlations of the
formP(abclxz) =3, P(A) tr ((5151 ® ‘7ng) (/TH‘X ® Eb ® Ec‘z)), whereall operators
arereal.

onH,, Hy, ® Hg, and H crespectively. For each choice of states and
measurements, she computes the probabilities via the Born rule.
Regina’s goalis to search over all states and measurements of the afore-
mentioned form, acting onreal Hilbert spaces of arbitrary dimension,
until she can match Conan’s predictions.

However, no construction by Regina is able to reproduce the meas-
urement probabilities P(a, b, c|x, z) observed in the experiment.
The proof, givenin Supplementary Information, exploits the results of
ref.?¢, where all quantum realizationsleading to the maximal quantum
value of inequality (2) were characterized. From this characterization,
we show that the marginal state shared by Alice and Charlie at the begin-
ning of the experiment cannot be decomposed as aconvex combination
of real product states®, as the network depicted in Fig. 2 requires, and
thus the statement follows. We moreover show the result to berobust,
in the sense that the impossibility of real simulation also holds for
non-maximal violations of the inequality (2) between Alice and Charlie.
This result settles the argument between Conan and Regina: as she
cannot accommodate Conan’s experimental observations within the
real quantum framework, she must admit her defeat.

A different question now is whether it is experimentally feasible to
disprovereal quantum theory. Toassess this, it is convenient torephrase
our impossibility result in terms of a Bell-type parameter, thatis, 7, a
linear function of the observed correlations. To this aim, we propose
the Bell-type functional, defined by the sum of the violations of (the
variants of) the CHSH; inequality for each of Bob’s measurement out-
puts, weighted by the probability of the output. In the ideal
entanglement-swapping realization with two-qubit maximally entan-
gled states, the maximal quantum value of CHSH,, equal to 6~/2, is
obtained for each of the four outputs by Bob, so 7 also attains its
maximum quantum value, 7= 6+/2 = 8.49. In Supplementary Informa-
tion, we explain how to reduce the problem of upper bounding 7 to a
convex optimization problem, making use of the hierarchies?3¢3,
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that we solve numerically**°, for real quantum systems, to give 7< 7.66.
It remains open whether this upper bound is tight. As the map 7 is a
linear function of the observed probabilities, the impossibility result
holds evenwhenthereal simulationis assisted by shared randomness
(Fig. 2, bottom). As shown in refs. “*?, this feature allows one to drop
the assumption of independent and identical realizations in
multiple-round hypothesis tests.

The setup needed to experimentally falsify real quantum theory is
very similar to the bilocality scenario described in ref. *°, for which
several experimental implementations have been reported***¢. Beat-
ingtherealbound on7 requires the two distributed states to have each
avisibilitybeyond/7.66/6/2 = 0.95 avalue attained inseveral exper-
imental labs worldwide. The experiment similarly relies on theimple-
mentation of a challenging*’ but feasible*® two-qubit entangled
measurement. Allthings considered, we believe that an experimental
disproof of real quantum physics based on the inequality 7 is within
reach of current quantum technology (see Supplementary Information
for more details).

Since the birth of modern science four centuries ago, abstract
mathematical entities have played a big role in formalizing physical
concepts. Our current understanding of velocity was only possible
through the introduction of derivatives. The modern conception of
gravity is attributable to the invention of non-Euclidean geometry.
Basic notions fromrepresentation theory madeit possible to formalize
the notion of afundamental particle. Here we considered whether the
same holds for the complex numbers. Somewhat surprisingly, we found
that there do exist natural scenarios that require the use of complex
numbersto account for experimental observations within the standard
Hilbert space formulation of quantum theory. Asit turns out, some such
experiments are within reach of current experimental capabilities, so
itis not unreasonable to expect a convincing experimental disproof
of real quantum theory in the near future.

From a broader point of view, our results advance the research pro-
gramme, started in ref. *°, of singling out quantum correlations by
demanding maximal performanceinadevice-independent information-
theoretic task. In this regard, our work shows that complex quantum
theory outperforms real quantum theory when the non-local game 7
is played in the entanglement-swapping scenario. This game can be
interpreted as an extension of the adaptive CHSH game proposed in
ref. *, which was recently shown to rule out a number of alternative
physical theories in favour of quantum theory>’. Whether the average
score of 7 is maximized by complex quantum theory, or whether any
physicaltheory other than complex quantum theory must necessarily
produce alower score are intriguing questions that we leave open.
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