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soutien et les inoubliables souvenirs. Merci également aux habitants initiaux de mon
premier bureau, Andrea, Daniel et Kali, pour votre accueil chaleureux et merci aussi
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Résumé

Consulter des prévisions météorologiques ou déterminer le meilleur itinéraire pour un
trajet est de nos jours devenu une banalité. Ces gestes du quotidien requièrent néanmoins
de coûteux et complexes calculs numériques qui sont aujourd’hui possible grâce aux
progrès des sciences numériques. Ces progrès ne visent pas uniquement à simplifier notre
quotidien, ils permettent d’appréhender les défis scientifiques majeurs de notre époque
tels que l’étude des collisions de particules aux CERN ou l’acquisition du génome humain
en son entier.

Afin de résoudre ces défis de la science moderne, de nombreux concepts avancés issus
d’années de recherche en informatique et mathématique appliqué ont été employés. En
effet, les calculs résultant d’une modélisation méticuleuse des phénomènes étudiés ont
été rendus possible grâce aux nombreuses méthodes numériques développées tout au
long du 20ème siècle. Ces méthodes, depuis leur conception initiale, n’ont eu de cesse
d’être améliorées, tout comme leurs implémentations logicielles. Additionnellement à
ces améliorations, la rapide évolution du matériel informatique a permis l’investigation
de phénomènes de complexité croissante.

Les sciences numériques ont donc permis des projets scientifiques sans précédent à
être conduit en rendant possible le calcul rapide de volume de données que personne ne
pourrait imaginer traiter en une vie. Les progrès algorithmiques, méthodologiques et
matériels ont non seulement élargi le champ d’investigations scientifiques envisageables
en réduisant leur temps de calculs d’années en minutes, mais aussi permis à des scien-
tifiques de tout horizons d’étudier des phénomènes trop complexes, petits, vastes ou tout
simplement non-reproductibles dans un laboratoire.

Le futur des sciences numériques fait face à de sérieux défis. La limite de la minia-
turisation des composants informatiques a mis un frein au flot jusqu’alors intarissable
de gain de performance provenant du matériel informatique. Paradoxalement, le coût
computationnel des défis scientifique du futur ne cesse de crôıtre dû à l’émergence du
� Big Data � ainsi que de l’intérêt croissant pour l’étude de phénomènes ayant plusieurs
échelles de temps ou d’espace, voir les deux. Ce besoin accru de puissance computation-
nelle est tel que le calcul de haute performance exploitant des architectures de calcul
massivement parallèle, tel que les supercalculateur ou les unités de calcul graphique, n’a
jamais été aussi important qu’aujourd’hui.

Dans cette thèse, nous participons à ce développement en proposant des approches
de calculs parallèle pour trois différents défis de notre époque. Dans la première partie
nous étudions le potentiel de l’utilisation des unités de calcul graphique avec pour ob-
jectif d’accélérer un des algorithme les plus important du 20ème siècle : l’algorithme du
simplexe. Dans une seconde partie, nous investiguons si le calcul hautement parallèle
de dynamique des fluides peut élargir notre compréhension de l’impénétrable organe de
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l’oüıe qui demeure de nos jours un mystère insondable. Dans la troisième et dernière
partie, nous nous attelons aux problèmes calculatoires posés par l’étude de la théorie
de l’évolution de Darwin. L’étude de l’évolution est plus que jamais d’actualité dû à
la disponibilité croissante de données moléculaires qui, lorsque couplées à des modèles
statistiques sophistiqués, représentent un défi computationnel jusqu’aujourd’hui insur-
monté.
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Abstract

Computational science is the application of computing capabilities to obtain solution to
problems of the real world. It is omnipresent in our everyday life: for instance, it provides
us weather forecast through simulation of meteorological phenomena or helps us to find
the best itinerary for our trips by determining the solution to complex optimisation
problems. More importantly, computational science makes possible today’s scientific
challenges, such as the study of colliding particles at CERN or the acquisition of the
whole human genome, to be faced.

These crucial scientific and engineering problems are tackled using advanced concepts
from computer science. Indeed, the calculations underlying to the mathematical models
expressing these complex problems are realisable thanks to methods developed during
the 20th century such as the Monte Carlo method or the Simplex algorithm. Through
years, these methods, as well as their software implementations, were subject to a steady
research effort that, jointly with the ever evolving computer architectures, enabled more
and more complex problems to be investigated.

Computational science permitted thus unprecedented scientific projects to be con-
ducted by enabling fast calculations on amounts of data that no person could apprehends
in a lifetime. Better algorithms, implementations and hardware helped to broaden the
range of investigations practicable by reducing their computing time from years to hours
or minutes. However, computational science is not only about accelerating computations:
it is also about enabling researchers from multiple horizons to investigate phenomena
that are too complex, small, vast or simply not reproducible in laboratory experiments.

The future of computational science is facing serious challenges. Until recently, the
computing power of processors was quickly increasing and, consequently, existing soft-
ware was implicitly accelerated. However, physical limitations in the miniaturisation of
computer chips halted this steady source of performance gains. Paradoxically, the com-
putational cost of problems awaiting to be solved never stops to augment. Indeed, the
emergence of Big Data in several fields are soliciting an even greater computing power
and so are the models that encompass multiple scales of time, space or both.

Breaking these computational barriers is therefore a central concern that emphasises
the crucial need for parallel and distributed computing in the future of computational
science. Indeed, parallel algorithms and software designed for high performance comput-
ing clusters or novel massively-parallel architecture, such as graphical processing units,
has never been so important.

In this thesis, we take part to this development by proposing parallel computing
approaches for three different challenging problems. In a first part, we study the potential
of using graphical processing units to accelerate one of the most important algorithm
of the 20th century: the Simplex algorithm. In a second part, we investigate if the
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use of highly-parallel computational fluid dynamics could broaden our understanding of
the mechanism of the impenetrable organ of hearing. In the third and final part, we
tackle the computational challenges raised by the study of Darwin’s theory of evolution
that stem from the use of computationally demanding statistical models and methods
coupled with the ever growing amount of available molecular data.
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Part I.

Mixed Integer Programming on
GPUs: A Case Study
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Preamble

Linear programming rose from being a qualitative tool in the analysis of economic phe-
nomena to one of nowadays most widely used optimisation method. This was made
possible by the key contribution of George Dantzig in 1947: the Simplex algorithm [5].
This algorithm, one of the top ten algorithms of the twentieth century [12], remains a
primary computational tool in linear and mixed integer programming.

Computational challenges in mixed integer programming evolved from modelling the
most cost efficient diet for an active man [41] to finding optimal re-location of factories or
optimal schedule for airline company [30]. Originally, efforts required to solve problems
such as the diet problem were estimated in man-days [5], nowadays far more complex
models only take few seconds to solve using commercial software running on a desktop
computer. While a significant progress has been made, large instance of mixed integer
programming models may still take several hours, or days to solve [38].

In addition to algorithmic improvements, mixed integer programming solver largely
benefited from the considerable increase in processor computing power. However in the
last 10 years, processors single-threaded performance started to stagnate creating thus a
shift of trend toward a more frequent use of parallel computing [6]. Graphical processing
units (GPU), being made of a large amount of processing units, became then a promising
perspective for the development of massively parallel applications [37].

In this thesis part, we explore the potential increase in performance that GPUs could
bring to mixed integer programming and more particularly to the Simplex algorithm.
This study aims at answering two questions:

• How could the Simplex algorithm be implemented on GPUs ?

• Under which conditions could such implementation become competitive with state-
of-the-art sequential open-source implementations ?

This part is organized as follow. The first chapter starts with a brief state of the art
and then introduces two key method used to solve mixed integer programming mod-
els: the Simplex and branch-and-bound algorithms. The second chapter presents the
required steps to implement these methods on GPUs. The third chapter proposes a per-
formance model of our standard Simplex implementation. This model is then validated
on synthetic datasets in the next chapter followed by an analysis of the performance
of our implementations on a well-known benchmark. We conclude in the final chapter
by discussing the remaining potential improvements and limitations of the presented
implementations.
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1. Introduction

1.1. State of the art
The simplex method [11] is a well-known optimization algorithm for solving linear pro-
gramming (LP) models in the field of operations research. It is part of software often
employed by businesses for finding solutions to problems such as airline scheduling prob-
lems. The original standard simplex method was proposed by Dantzig in 1947. A more
efficient method, named the revised simplex, was later developed (see e.g. [39]). Solving
LP models is considered as easy using these methods and is categorized in the P class
complexity.

However, if some parameters of a LP model would be constrained to be integer values,
the effort required to solve such constrained problem would drastically increase. In-
deed, these constrained LP models, known as integer linear programming (ILP) models
or mixed integer integer programming (MIP) models are categorized as NP-hard. The
Branch-and-Bound (B&B) method is a well-known optimization algorithm for solving
this class of problems in the field of operations research. It is part of software often em-
ployed by businesses for finding solutions to problems such as airline scheduling problems.
It operates according to a divide-and-conquer principle by building a tree-like structure
with nodes that represent linear programming (LP) problems. More precisely, this tree-
based exploration method subdivides the feasible region of the relaxed LP model into
successively smaller subsets to obtain bounds on the objective value. Each corresponding
submodel can be solved with an LP solver, and the bounds computed determine whether
further branching is required. Nowadays its sequential implementation can be found in
almost all commercial LP solvers.

However the always increasing complexity and size of LP problems from the industry,
drives the demand for more computational power. Indeed, current implementations of
the revised simplex, and beyond of B&B, strive to produce the expected results, if any.
In this context, parallelization is the natural idea to investigate [29]. Already in 1996,
Thomadakis and Liu [44] implemented the standard method on a massive parallel com-
puter and obtained an increase in performances when solving dense or large problems.
Parallel B&B tree exploration has been implemented since many years on conventional
parallel computers [23], [26]. It remains an active research field [9], [36].

A few years back, in order to meet the demand for processing power, graphics card
vendors made their graphical processing units (GPU) available for general-purpose com-
puting. Since then GPUs have gained a lot of popularity as they offer an opportunity
to accelerate algorithms having an architecture well-adapted to the GPU model. The
simplex method falls into this category. Hence, a natural parallelization of the B&B
method is to let the CPU manage the B&B tree and despatch the relaxed submodels to
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LP solvers on a GPU. Indeed, GPUs exhibit a massively parallel architecture optimized
for matrix processing. To our knowledge, there are only few simplex implementations
on GPU. Bieling et al. [4] presented encouraging results while solving small to mid-sized
LP problems with the revised simplex (see also [40] and [25]). Following the steps of
this first work, an implementation of the revised simplex [16] showed interesting re-
sults on dense and square matrices. Finally, an implementation of the interior point
method [31] outperformed its CPU equivalent on mid-sized problems. Otherwise, sev-
eral studies investigate B&B algorithms on GPUs [8], [7], [10], but to our knowledge
none in combination with the revised simplex.

For that matter, we present a hybrid CPU-GPU implementation of the B&B algo-
rithm. The B&B tree is managed by the CPU while implementations of the standard
and revised simplex methods rely on the CUDA technology of NVIDIA. Let us men-
tion that there are many technicalities involved in CUDA programming, in particular
regarding the management of tasks and memories on the GPU. Thus, fine tuning is
indispensable to avoid a breakdown on performance.

The following chapters are organized as follows. First, we continue this introduc-
tion with a description of the standard and revised simplex methods and introduce the
heuristics used in our implementations. This is followed by a presentation of the B&B
algorithm and technical considerations about CUDA. The following chapter focus on the
GPU implementations of the simplex method as well as the B&B algorithm. In the third
chapter, the performance models of the standard simplex implementation is derived and
described. This performance model is validated in the forth chapter and a performance
comparison between our implementations is made on real-life problems and an analysis
is given. Finally, we summarize the results obtained and consider new perspectives.

1.2. Simplex algorithm

1.2.1. Linear programming model

An LP model in its canonical form can be expressed as the following optimization prob-
lem:

maximize z = cTx
subject to Ax ≤ b

x ≥ 0
(1.1)

where x = (xj), c = (cj) ∈ Rn,b = (bi) ∈ Rm, and A = (aij) is the m × n constraints
matrix. The objective function z = cTx is the inner product of the cost vector c and
the unknown variables x. An element x is called a solution which is said to be feasible if
it satisfies the m linear constraints imposed by A and the bound b. The feasible region
{x ∈ Rn |Ax ≤ b, x ≥ 0} is a convex polytope. An optimal solution to the LP problem
will therefore reside on a vertex of this polytope.

6



1.2. Simplex algorithm

1.2.2. Standard simplex algorithm
The simplex method [11] is an algorithm for solving LP models. It proceeds by iteratively
visiting vertices on the boundary of the feasible region. This amounts to performing
algebraic manipulations on the system of linear equations.

We begin by reformulating the model. So-called slack variables xn+i are added to the
canonical form in order to replace inequalities by equalities in equation (1.1):

xn+i = bi−
n∑
j=1

aijxj (i = 1, 2, ...,m) (1.2)

The resulting problem is called the augmented form in which the variables are divided
into two disjoint index sets, B and N , which correspond to the basic and nonbasic
variables. Basic variables, which form the basis of the problem, are on the left-hand side
of equation (1.2), while nonbasic variables, which form the core of the equations, appear
on the right-hand side. We can thus consider the following LP form:

maximize z = cTx
subject to Ax = b

x ≥ 0
(1.3)

where x ∈ Rn+m and A is now the m× (n+m) matrix obtained by concatenating the
constraints matrix with the m×m identity matrix Im. The cost vector has been padded
with zeros so that c ∈ Rn+m.

The basic and nonbasic variables can be separated given the expression

ANxN + xB = b.

Similarly, z = cTx = cT
NxN + cT

BxB with cB = 0. By definition, a basic solution is
obtained by assigning null values to all nonbasic variables (xN = 0). Hence, x = xB = b
is a basic solution.

The simplex algorithm searches for the optimal solution through an iterative process.
For the sake of simplicity, we will assume here that b > 0, that is, the origin belongs to
the feasible region. Otherwise a preliminary treatment is required to generate a feasible
initial solution (see chapters 1.2.4). A typical iteration then consists of three operations
(summarized in Algorithm 1).

1. Choosing the entering variable. The entering variable is a nonbasic variable
whose increase will lead to an increase in the value of the objective function z. This
variable must be selected with care so as to yield a substantial leap towards the
optimal solution. The standard way of making this choice is to select the variable
xe with the largest positive coefficient ce = max{cj > 0 | j ∈ N} in the objective
function z. However, other strategies, such as choosing the positive coefficient with
the smallest index, prove to be useful.

2. Choosing the leaving variable. This variable is the basic variable which first
violates its constraint as the entering variable xe increases. The choice of the
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leaving variable must guarantee that the solution remains feasible. More precisely,
setting all nonbasic variables except xe to zero, xe is bounded by

t = min
{
bi
aie

∣∣∣∣ aie > 0, i = 1, . . . ,m
}

If t = +∞, the LP problem is unbounded.
Otherwise, t = b`

a`e
for some ` ∈ B, and x` is the leaving variable;

the element a`e is called the pivot.

3. Pivoting. Once both variables are defined, the pivoting operation switches these
variables from one set to the other: the entering variable enters the basis B, taking
the place of the leaving variable which now belongs to N , namely, B ← (B \{`})∪
{e} and N ← (N \{e})∪{`}. Correspondingly, the columns with index ` and e are
exchanged between Im and AN , and similarly for cB = 0 and cN . We then update
the constraints matrix A, the bound b and the cost c using Gaussian elimination.
More precisely, denoting Ĩm, ÃN , c̃B, and c̃N as the resulting elements after the
exchange, Gaussian elimination then transforms the tableau

ÃN Ĩm b
c̃T
N c̃T

B z

into a tableau with updated values for AN , cN , and b
AN Im b
cT
N cT

B z − tce
The latter is obtained by first dividing the `-th row by a`e; the resulting row
multiplied by aie (i 6= `) is then subtracted to the ith row; the same operation is
performed using ce and the last row. Hence, cB = 0. These operations amount to
jumping from the current vertex to an adjacent vertex with objective value z = tce.

The algorithm ends when no more entering variable can be found, that is, when cN ≤ 0.

1.2.3. Revised simplex method
The operation that takes the most time in the standard method is the pivoting operation,
and more specifically, the update of the constraints matrix A. The revised method tries
to avoid this costly operation by updating only a smaller part of this matrix.

The revised simplex method uses the same operations as in the standard method to
choose the entering and leaving variables. However, since the constraints matrix A need
not be fully updated, some additional reformulation is required.

At any stage of the algorithm, basic and nonbasic variables can be separated ac-
cording to Ax = ANxN + ABxB = b. We can then transform the system Ax = b into
ABxB = b−ANxN . Let us denote B = AB,N = AN . Since B is invertible, we can
write

xB = B−1b−B−1NxN
z = cT

BB−1b + (cT
N − cT

BB−1N)xN
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1.2. Simplex algorithm

Algorithm 1 Standard simplex algorithm
//1. Find entering variable
if cN ≤ 0 then

return Optimal
end if
Choose an index e ∈ N such that ce > 0
//2. Find leaving variable
if (AN )e≤ 0 then

return Unbounded
end if
Let ` ∈ B be the index such that

t := b`
a`e

= min
{
bi
aie

∣∣∣∣ aie > 0, i = 1, . . . ,m
}

//3. Pivoting - update
B := (B \ {`}) ∪ {e}, N := (N \ {e}) ∪ {`}
Compute zbest := zbest + tce
Exchange (Im)` and (AN )e, c` and ce
Update AN , cN and b
Go to 1.

The vector cT
N − cT

BB−1N is called the reduced cost vector.
The choice of the leaving variable can be rewritten. Setting all nonbasic variables

except the entering variable xe to zero, xe is then bounded by

t = min
{

(B−1b)i
(B−1N)ie

∣∣∣∣ (B−1N)ie > 0, i = 1, . . . ,m
}

If t = +∞, the LP problem is unbounded. Otherwise, t = (B−1b)`

(B−1N)`e
for some ` ∈ B, and

x` is the leaving variable.
Recall that the pivoting operation begins by exchanging columns with index ` and e

between B and N and similarly for cB and cN .
To emphasize the difference between standard and revised simplex, we first express

the updating for the standard simplex. This amounts to

[B N b]← [Im B−1N B−1b]
[cT
B cT

N ]← [0 cT
N − cT

BB−1N]

which moves the current vertex to an adjacent vertex x = B−1b with objective value
z = cT

BB−1b (the end condition remains cN ≤ 0). Many computations performed in
this update phase can in fact be avoided.

The main point of the revised simplex method is that the only values which really need
to be computed at each step are B−1, B−1b,B−1Ne, cT

BB−1, and cT
BB−1b. However,

matrix inversion is a time-consuming operation (of cubic order for Gaussian elimination).
Fortunately, there are efficient ways of computing an update for B−1. One way is to take
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advantage of the sparsity of the LP problem by using the so-called LU decomposition1

for sparse matrices [3]. This decomposition may be updated at a small cost at each
iteration [42]. Another way is to use the product form of the inverse [14], which we
describe hereafter.

Let b1, . . . ,bm be the columns of B, v ∈ Rm, and a = Bv =
∑m
i=1 vibi. Denote

Ba = (b1, . . . ,bp−1,a,bp+1, . . . ,bm) for a given 1 ≤ p ≤ m such that vp 6= 0. We want
to compute Ba

−1. We first write

bp = 1
vp

+ a
∑
i 6=p

−vi
vp

bi

Define

η =
(
−v1
vp

, . . . ,
−vp−1
vp

,
1
vp
,
−vp+1
vp

, . . . ,
−vm
vp

)T
and

E = (ε1, . . . , εp−1,η, εp+1, . . . , εm)

where εj = (0, . . . , 0, 1, 0, . . . , 0)T is the jth element of the canonical basis of Rm. Then
BaE = B, so Ba

−1 = E B−1.
We apply these preliminary considerations to the simplex algorithm with a = Ne,

v = (B−1N)e (recall that xe is the entering variable). If initially B is the identity
matrix Im, at the kth iteration of the algorithm, the inverse matrix is given by B−1 =
EkEk−1 · · ·E2E1, where Ei is the matrix constructed at the ith iteration.

1.2.4. Heuristics and improvements
Specific heuristics or methods are needed to improve the performance and stability of
the simplex algorithm. We will explain below how we find an initial feasible solution
and how we choose the entering and leaving variables.

Finding initial feasible solutions. Our implementations use the two-phase simplex [11].
The first phase aims at finding a feasible solution required by the second phase to solve
the original problem. If the origin x = 0 is not a feasible solution, we proceed to find
such a solution by solving a so-called auxiliary problem with the simplex algorithm. This
can be achieved by adding a nonnegative artificial variable to each constraint equation
corresponding to a basic variable which violates its nonnegativity condition, before min-
imizing the sum of these artificial variables. The algorithm will thus try to drive all
artificial variables towards zero. If it succeeds, then a basic feasible solution is available
as an initial solution for the second phase in which it attempts to find an optimal solution
to the original problem. Otherwise, the problem is infeasible.

To avoid having to introduce these additional auxiliary variables, we use an alternate
version of this procedure. For basic variables with index in I = {j ∈ B | xj < 0}, we

1The LU decomposition is a linear algebra decomposition which allows to write a matrix as a product
of a lower and an upper triangular matrix
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1.2. Simplex algorithm

temporarily relax the nonnegativity condition in order to have a feasible problem and
then apply the simplex algorithm to minimize w = −

∑
j∈I xj . However, we update I at

each iteration and modify accordingly the objective function, whose role is to drive these
infeasible basic variables towards their original bound. If at some stage I = ∅, we end
up with an initial feasible solution. Otherwise, the algorithm terminates with I 6= ∅ and
w > 0, which indicates that the original problem is infeasible. The alteration introduced
above involves more computations during the first phase, but it offers the advantage of
preserving the problem size and making good use of the GPU processing power.

Choice of the entering variable. The number of iterations required to solve a problem
depends on the method used to select the entering variable. The one described in
chapter 1.2.2 chooses the most promising variable xe in terms of cost. While being
inexpensive to compute, this method can lead to an important number of iterations
before the best solution is found.

There exist various heuristics to select this variable xe. One of the most commonly
used is the steepest-edge method [24]. To improve the speed at which the best solution is
found, this method takes into account the coefficients of B−1N. This can be explained
from the geometrical point of view. The constraints Ax = b form the hull of a convex
polytope. The simplex algorithm moves from one vertex (i.e., a solution) to another
while trying to improve the objective function. The steepest-edge method searches for
the edge along which the rate of improvement of the objective function is the best. The
entering variable xe is then determined by

e = arg max
{

cj√
γj

∣∣∣∣ cj > 0, j ∈ N
}

with γj = ‖B−1Nj‖2.
This method is quite costly to compute but it reduces significantly the number of

iterations required to solve a problem. This heuristic can be directly applied to the
standard simplex since the full tableau is updated at each iteration. However, it defeats
the purpose of the revised simplex algorithm since the aim is precisely to avoid updating
the whole constraints matrix at each iteration. Taking this into account, the steepest-
edge coefficients γ are updated based only on their current value. For the sake of clarity,
the hat notation is used to differentiate the next iteration value of a variable from its
current value: for example if γ denotes the steepest-edge coefficients at the current
iteration, then γ̂ are the updated coefficients.

Given the column of the entering variable d = (B−1N)e, we may process afresh the
steepest-edge coefficient of the entering variable as γe = ‖d‖2. The updated steepest-
edge coefficients are then given by

γ̂j = max
{
γj − 2α̂jβj + γeα̂j

2, 1 + α̂j
2
}

for j 6= e

γ̂e = γe/d
2
e

with α̂ = NT((B̂−1)T)` and β = NT(B−1)Td
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Choice of the leaving variable. The stability and robustness of the algorithm depend
considerably on the choice of the leaving variable. With respect to this, the expand
method [21] proves to be very useful in the sense that it helps to avoid cycles and
reduces the risks of encountering numerical instabilities. This method consists of two
steps of complexity O(m). In the first step, a small perturbation is applied to the bounds
of the variables to prevent stalling of the objective value, thus avoiding cycles. These
perturbed bounds are then used to determine the greatest gain on the entering variable
imposed by the most constraining basic variable. The second phase uses the original
bounds to define the basic variable offering the gain closest to the one of the first phase.
This variable will then be selected for leaving the basis.

1.3. Branch-and-bound algorithm

1.3.1. Integer linear programming

In some problems, variables are integer-valued. For example, in a vehicle routing prob-
lem, one cannot assign one third of a vehicule to a specific route. ILP problems restrict
LP problems by imposing an integrality condition on the variables. While this change
may seem to have little impact on the model, the aftermaths on the resolution method
are quite important.

From a geometrical perspective, the simplex algorithm is a method for finding an
optimum in a convex polytope defined by an LP problem. However, the additional
integrality condition results in the loss of this convexity property. The resolution method
must then be altered in order to find a solution to the ILP problem. The idea is to explore
the solution space by a divide-and-conquer approach in which the simplex algorithm is
used to find a local optimum in subspaces.

1.3.2. Branch-and-bound tree

The solution space is explored by the B&B algorithm [1]. The strategy used is concep-
tually close to a tree traversal.

At first, the ILP problem is considered as an LP problem by relaxing the integrality
condition before applying an LP solver to it. This initial relaxed problem represents the
root of the tree about to be built. From the obtained solution ξ, if ξj is not integral
for some j, then xj can be chosen as a branching variable. The current problem will
then be divided, if possible, into two subproblems: one having xj ≤ bξjc and the other
xj ≥ dξje. Each of these LP subproblems represents a child node waiting to be solved.

This is repeated for each subproblem in such a way that all variables are led towards
integral values. At some point a subproblem will either be infeasible or lead to a feasible
ILP solution (leaf nodes). The algorithm ends when the tree has been fully visited,
returning the best feasible ILP solution.

During the exploration, lower and upper bounds on the objective value are computed.
The upper bound is represented by the best objective value encountered in a child node.
This nonadmissible solution hints towards what the objective value of the ILP problem
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1.3. Branch-and-bound algorithm

could be. The lower bound is the best ILP solution yet found, in other words the
objective value of the most promising leaf node. The bounds may be used to prune
subtrees when further branching cannot improve the best current solution.

In the B&B algorithm, the main two operations that impact the convergence of the
bounds towards the optimal solution are the branching strategy and the node selection
strategy.

Example

Figure 1.1 illustrates the use of the B&B algorithm for solving an ILP. The ILP problem
is the following:

Maximize z = x1 + 4x2

Subject to 5x1 + 8x2 ≤ 40
−2x1 + 3x2 ≤ 9

x1, x2 ≥ 0 integer-valued

The nodes are solved with the simplex method in the order written on the figure. At
the 3rd step of the B&B, the first feasible solution is encountered (light grey leaf). The
optimal solution is encountered at the 7th step (dark grey leaf). However, this is assessed
only after solving the last two nodes (8th and 9th) whose objective value z is inferior to
the best one yet found.

Figure 1.1.: Solving an ILP problem using a branch-and-bound algorithm.
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1.3.3. Branching strategy
The branching strategy defines the method used to select the variable on which branching
will occur. The objective value of the child node depends greatly on the choice of this
variable. Branching on a variable may lead to a drop on the upper bound and thus
speed up the exploration, while branching on other variables could leave this bound
unchanged.

Several branching strategies exist [32]. Let us briefly comment on some of them in
terms of improving the objective function and processing cost.

• Smallest-index strategy is a greedy approach that always selects the variable with
the smallest index as branching variable. This method is simple, has a cheap
processing cost, but does not try to select the best variable.

• Strong branching strategy is an exhaustive strategy. The branching variable se-
lected is the one among all the potential variables that leads to the best solution.
This means that for each potential branching variable, its potential child nodes
must be solved. This method is easy to implement, but its computational cost
makes it inefficient.

• Reliability branching strategy is a strategy which maintains a pseudocost [20] for
each potential branching variable. The pseudocost of a variable is based on the
result obtained when branching on it at previous steps. Since at the start, pseudo-
costs are unreliable, a limited strong branching approach is used until pseudocosts
are deemed reliable. This method is more complex than the two others and re-
quires fine tuning. It offers, however, the best trade-off between improvement and
computional cost.

1.3.4. Node selection strategy
The node selection strategy defines the methodology used to explore the tree. While the
usual depth-first search and breadth-first search are considered and used, some remarks
about the tree exploration must be made. First let us mention a few facts:

1. Solutions obtained from child nodes cannot be better than the one of their parent
node.

2. An LP solver is able to quickly find a solution if the subproblem (child node) is
only slightly different from its parent.

Given the above statements, it is of interest to quickly find a feasible solution. Indeed,
this allows the pruning of all pending nodes which do not improve the solution found.
However, the quality of the latter solution impacts the amount of nodes pruned. It takes
more time to produce a good solution because one must search for the best nodes in the
tree. Consequently, a trade-off must be made between the quality and the time required
to find a solution.

Two types of strategies [34] can then be considered:

14



1.4. CUDA considerations

• Depth-first search aims at always selecting one of the child nodes until a leaf (in-
feasible subproblem or feasible solution) is reached. This strategy is characterized
by fast solving, and it quickly finds a feasible solution. It mostly improves the
lower bound.

• Best-first search aims at always selecting one of the most promising nodes in the
tree. This strategy is characterized by slower solving but guarantees that the first
feasible solution found is the optimal. It mostly improves the upper bound.

A problem occurs with the best-first search strategy: there might be numerous nodes
having solutions of the same quality, thus making the choice of a node difficult. To
avoid this problem, the best-estimate search strategy [22] differentiates the best nodes
by estimating their potential cost with the help of a pseudocost (see previous chapter).

The most promising variant is a hybrid strategy in which the base strategy is the
best-estimate search with the subtrees of the best-estimated nodes being then subject
to a limited depth-first search, more commonly called plunging. This method launches
a fast search for a feasible solution in the most promising subtrees, thus improving the
upper and lower bounds at the same time.

1.3.5. Cutting-plane methods
Cutting-planes [46] (also simply cuts) are new constraints whose role is to cut off parts
of the search space. They may be generated from the first LP solution (cut-and-branch)
or periodically during the B&B (branch-and-cut). On the one hand cutting-planes may
considerably reduce the size of the solution space, but on the other hand they increase the
problem size. Moreover, generating cutting-planes is costly since it requires a thorough
analysis of the current state of the problem.

Various types or families of cutting-planes exist. Those that are most applied are
the Gomory cutting-planes and the complemented mixed integer rounding inequalities
(c-MIR). Other kinds of cutting-planes target specific families of problems, for example,
the 0-1 knapsack cutting-planes or flow cover cuts [35].

The cutting-planes generated must be carefully selected in order to avoid a huge in-
crease in the problem size. They are selected according to three criteria: their efficiency,
their orthogonality with respect to other cutting-planes, and their parallelism with re-
spect to the objective function. Cutting-planes having the most impact on the problem
are then selected, while the others are dropped.

1.4. CUDA considerations
The most expensive operations in the simplex algorithm are linear algebra functions.
The CUBLAS library is used for dense matrix-vector multiplications (cublasDgemv)
and dense vector sums (cublasDaxpy). The CUSPARSE library is used for the sparse
matrix-vector multiplication (cusparseDcsrmv).

However, complex operations are required to implement the simplex and must be coded
from scratch. For example, reduction operations (argmax, argmin) are fundamental

15



1. Introduction

for selecting variables. In the following chapter, we first quickly describe the CUDA
reduction operation, before making some global remarks on kernel optimization.

1.4.1. Parallel reduction
A parallel reduction operation is performed in an efficient manner inside a GPU block as
shown in Figure 1.2. Shared memory is used for a fast and reliable way to communicate
between threads. However, at the grid level, reduction cannot be easily implemented
due to the lack of direct communication between blocks. The usual way of dealing with
this type of limitation is to apply the reduction in two separate steps. The first one
involves a GPU kernel reducing the data over multiple blocks, the local result of each
block being stored on completion. The second step finishes the reduction on a single
block or on the CPU.

10 1 8 -1 0 -2 3 5 -2 -3 2 7 0 11 20

-2 -3 2 7 0 11 20

-2 -3 2 7 0 11 20

-2 -3 2 7 0 11 20

-2 -3 2 7 0 11 20

-2 -3 2 7 0 11 20

8 -2 10 6 0 9 3 7

0 9 3 7

0 9 3 7

1313

13 13

0 9 3 71313

8 7

21 20

2041

Figure 1.2.: Example of a parallel reduction at block level (courtesy NVIDIA).

An optimized way of doing the reduction can be found in the example provided
by NVIDIA. In order to keep code listings compact hereafter, the reduction of val-
ues among a block will be referred to as reduceOperation(value) (per extension re-
duceArgMax(maxVal)).

1.4.2. Kernel optimization
Optimizing a kernel is a difficult task. The most important point is to determine whether
the performances are limited by the bandwidth or by the instruction throughput. De-
pending on the case and the specificities of the problem, various strategies may be
applied. This part requires a good understanding of the underlying architecture and
its limitations. The CUDA Programming Guide offers some insight into this subject, as
do the interesting articles and presentations by Vassily Volkov [45]. The CUDA profiler
is the best way to monitor the performances of a kernel. This tool proposes multiple
performance markers giving indications about potential bottlenecks.
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2. Implementations

In this chapter, the implementations of the simplex algorithm are studied. The emphasis
is put on the main algorithms and kernels having a major impact on performance. The
expand method used for choosing the leaving variable will not be detailed for that reason.
Then the B&B implementation is quickly explained focusing on the interaction between
the B&B algorithm and the simplex solver.

2.1. Standard simplex

The implementation of the standard simplex algorithm (see chapter 1.2.2) is rather
straightforward. The main difference with Algorithm 1 is that the basis matrix is not
stored in memory since it is equal to the identity matrix most of the time. Instead a
proper data structure keeps track of the basic variables and their values.

Algorithm 2 Standard simplex algorithm
// Find entering variable e
γj ← ‖(AN )j‖2
e← argmax

(
c/√γ

)
if e < 0 then

return optima found
end if
// Find leaving variable `
`, t← expand((AN )e)
if ` < 0 then

return unbounded
end if
// Pivoting
d← (AN )e , de ← (AN )`e − 1
r← NT

`

xe ← xe + t
xB ← xB − t(AN )e
AN ← AN − dTr/(AN )`e // cublasDger
c← c− c`r/(AN )`e // cublasDaxpy
swap(xe, x`)

The first step of Algorithm 2 is the selection of the entering variable using the steepest-
edge heuristic. This step is discussed thoroughly in the next chapter. Then the leaving
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2. Implementations

variable index ` and the potential gain on the entering variable t are determined using
the expand method. Finally, the pivoting is done. The nonbasic matrix AN and the
objective function coefficients c are updated using the CUBLAS library (respectively,
with cublasDger and cublasDaxpy). This requires the entering variable column d and
the leaving variable row r to be copied and slightly altered. The new value of the
variables is computed and, since we use a special structure instead of the basis matrix,
the entering and leaving variables are swapped.

Choice of the entering variable

Let us discuss two different approaches for the selection of the entering variable. The
first one relies on the CUBLAS library. The idea is to split this step into several small
operations, starting with the computation of the norms one by one with the cublasDnrm2
function. The score of each variable is then obtained by dividing the cost vector c by
the norms previously computed. The entering variable is finally selected by taking the
variable with the biggest steepest-edge coefficient using cublasDamax.

While being easy to implement, such an approach would lead to poor performances.
The main problem is a misuse of data parallelism. Each column can be processed inde-
pendently, and thus at the same time. Moreover, slicing this step into small operations
requires that each temporary result be stored in global memory. This creates a huge
amount of slow data transfers between kernels and global memory.

Listing 2.1: a kernel for the choice of the entering variable
1 extern s h a r e d v o l a t i l e double sData [ ] ;
2 g l o b a l void
3 s e l e c t InVar ( i n t m, i n t n , double ∗c , double ∗AN, u int pitchAN ,
4 uint ∗ res Idx , double ∗ resVal ) {
5 uint i , maxIdx = −1, bid = blockIdx . x ;
6 double val , locSum , xScore , maxScore = 0 . 0 ;
7 whi le ( bid < n) { // Proce s s ing mul t ip l e columns
8 i = threadIdx . x ;
9 locSum = 0 . 0 ;

10 i f ( i sPoten t i a lEnte r ingVar ( bid ) ) { // Do the l o c a l p r o c e s s i n g
11 whi le ( i < m) { // Each thread p r o c e s s e s mu l t ip l e e lements
12 va l = AN[ i+bid ∗pitchAN ] ;
13 locSum += val ∗ va l ;
14 i += blockDim . x ;
15 }
16 // Reduce the value us ing shared memory
17 reduceSum ( locSum ) ;
18 i f ( t i d == 0) { // I s t h i s the best v a r i a b l e encountered ?
19 // on t i d=0 locSum equa l s the s t e e p e s t edge c o e f f c i e n t
20 xScore = cVal∗ r s q r t ( locSum ) ;
21 i f ( f abs ( maxScore ) < f abs ( xScore ) ) {
22 maxIdx = bid ;
23 maxScore = xScore ;
24 }
25 }
26 sync th r ead s ( ) ;
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2.2. Revised simplex

27 }
28 bid += gridDim . x ;
29 }
30 // Write the r e s u l t i n to g l o b a l memory
31 i f ( t i d == 0) {
32 r e s Idx [ b lockIdx . x ] = maxIdx ;
33 resVal [ b lockIdx . x ] = maxScore ;
34 }
35 }

To avoid this, the whole step could be implemented as a unique kernel, as shown in
the simplified Listing 2.1. Each block evaluates multiple potential entering variables.
The threads of a block process part of the norm of a column. Then a reduction (see
chapter 1.4.1) is done inside the block to form the full norm. The thread having the
final value can then compute the score of the current variable and determine if it is the
best one encountered in this block. Once a block has evaluated its variables, the most
promising one is stored in global memory. The final reduction step is finally done on the
CPU.

The dimension of the blocks and grid have to be chosen wisely as a function of the
problem size. The block size is directly correlated to the size of a column while the
grid size is a trade-off between giving enough work to the scheduler in order to hide
the latency and returning as few potential entering variables as possible for the final
reduction step.

CPU-GPU interactions
The bulk of the data representing the problem is stored on the GPU. Only variables
required for decision-making operations are updated on the CPU. The communications
arising from the aforementioned scheme are illustrated in Figure 2.1. The amount of
data exchanged at each iteration is independent of the problem size ensuring that this
implementation scales well as the problem size increases.

2.2. Revised simplex
The main steps found in the previous implementation are again present in the revised
simplex. The difference comes from the fact that a full update of the matrix N is not
necessary at every iteration. As explained in chapter 1.2.3, the basis matrix B is updated
so that the required values, such as the entering variable column, can be processed from
the now constant matrix N. Due to these changes, the steepest-edge method is adapted.
The resulting implementation requires more operations as described in Algorithm 3.

Let us compare the complexity, in terms of level 2 and level 3 BLAS operations, of
both implementations. The standard one has mainly two costly steps: the selection of
the entering variable and the update of the matrix N. These are level 2 BLAS operations
or the equivalent, and thus the approximate complexity is O(2mn).

The new implementation proposed has three operations cublasDgemv where the ma-
trix N is involved, and three others with the matrix B−1. The complexities of these oper-
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Figure 2.1.: Communications between CPU and GPU.

ations are respectively O(mn) and O(m2). The update of the matrix B is a level 3 BLAS
operation costing O(m3). The approximate complexity is then O(3mn+ 3m2 +m3).

It appears clearly that, in the current state, the revised simplex implementation is
less efficient than the standard one. However this method can be improved and might
well be better than the standard one based on two characteristics of LP problems: their
high sparsity and the fact that usually m� n. In the next chapters, we will give details
about these improvements.

Choice of the entering variable
Once again, this part of the algorithm can be substantially improved. First, algorithmic
optimizations must be considered. Since row α of the leaving variable is processed to
update the steepest-edge coefficients, the cost vector υ can be updated directly without
using the basis matrix B. This is done as follow (see [43])

υj = ῡj − ῡeαj , ∀j 6= e, υe = − ῡe
αe

where ῡj denotes the value of υj at the previous iteration. It is important to note that all
these updated values (υ,γ) must be processed afresh once in a while to reduce numerical
errors.

Including this change, the operations required for the selection of the entering variable
e are detailed in Algorithm 4. The values related to the entering variable at the previous
iteration ē = q are used. The reduced costs are updated, followed by the steepest-edge
coefficients. With these values the entering variable is determined.

Coupling these operations into a single kernel is quite beneficial. This leads υ and γ
to be loaded only once from global memory. Their updated values are stored while the
entering variable e is selected. With these changes, the global complexity of this step
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2.2. Revised simplex

Algorithm 3 Revised simplex algorithm
// Find entering variable xe, e ∈ B
τ ← (B−1)TcB // cublasDgemv
υ ← cN −NTτ // cublasDgemv
e← argmax

(
υ/
√
γ
)

if e < 0 return optima found
// Find leaving variable x`, ` ∈ N
d← B−1Ne // cublasDgemv
`, t← expand(d)
if ` < 0 return unbounded
// Pivoting - basis update
κ← (B−1)Td // cublasDgemv
β ← NTκ // cublasDgemv
B−1 ← E B−1

xe ← xe + t
xB ← xB − td
swap(x`, xe)
α̂← NT ((B−1)T)

` // cublasDgemv
γe ← ‖d‖2

γ̂j ← max
{
γj − 2α̂jβj + γeα̂j

2, 1 + α̂j
2
}
, ∀j 6= e, γ̂e ← γe/d

2
e

Algorithm 4 Choice of the entering variable
q ← ē
ῡq ← cq − cT

B d̄
γ̄q ← ‖d̄‖
// Update of the reduced costs
υj ← ῡj − αj ῡq, ∀j 6= q

υq ←
ῡq

d̄2
q

// Update of the steepest edge coefficients
γj ← max

{
γ̄j − 2αj β̄j + γ̄qα

2
j , 1 + α2

j

}
, ∀j 6= q

γq ← γ̄q/d̄
2
q

// Selection of the entering variable
e← argmax

(
υ/
√
γ
)

is reduced from O(mn + m2 + n) to O(n). Moreover the remaining processing is done
optimally by reusing data and by overlapping global memory access and computations.

Basis update

The basis update B−1 ← E B−1 is a matrix-matrix multiplication. However, due to the
special form of the matrix E (see chapter 1.2.3), the complexity of this operation can be
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2. Implementations

reduced from O(m3) to O(m2) [18]. The matrix E is merely the identity matrix having
the `th column replaced by the vector η. The update of the matrix B−1 can be rewritten
as

B̂−1
ij = B−1

ij

(
1− di

d`

)
, ∀i 6= `, B̂−1

`j =
B−1
`j

d`

As shown in Listing 2.2, each block of the kernel processes a single column while each
thread may compute multiple elements of a column. This organization ensures that
global memory accesses are coalescent since the matrix B is stored column-wise.

Listing 2.2: basis update
1 extern s h a r e d v o l a t i l e double sdata [ ] ;
2 g l o b a l void
3 updateBas isKerne l ( i n t m, u int l , double d l , double ∗B,
4 uint pitch B , double ∗d) {
5 uint bId = blockIdx . x , t Id = threadIdx . x ;
6 uint c o l S t a r t = bId∗pitch B ;
7 double Bij , d i , B2 i j ;
8

9 // F i r s t thread loads Bl j so i t can be
10 // broadcast v ia shared memory to each thread
11 i f ( t Id == 0)
12 sdata [ 0 ] = B[ c o l S t a r t+l ] / d l ;
13 sync th r ead s ( ) ;
14

15 // Each thread p r o c c e s s e s mu l t ip l e e lements
16 whi le ( t Id < m) {
17 // Load di and Bi j
18 d i = d [ t Id ] ;
19 Bi j = B[ c o l S t a r t+tId ] ;
20 // Update Bi j
21 B2i j = sdata [ 0 ] ;
22 i f ( t Id != q ) {
23 B2i j ∗= −d i ;
24 B2i j += Bi j
25 }
26 sync th r ead s ( ) ;
27 B[ c o l S t a r t+tId ] = B2i j ;
28

29 t Id += blockDim . x ;
30 }
31 }

Sparse matrix operations

The complexity of the implementation is now O(2mn+3m2) which is close to the one of
the standard simplex implementation. The operations where the matrix N is involved
remain the more expensive (considering m � n). However, this matrix is constant in
the revised simplex allowing the use of sparse matrix-vector multiplication from the
CUSPARSE library. On sparse problems, this leads to important gains in performance.
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2.3. Branch-and-bound

The sparse storage of the matrix N reduces significantly the memory space used by the
algorithm. All these improvements come at a small cost: columns are no longer directly
available in their dense format and must be decompressed to their dense representation
when needed.

The complexity of the revised simplex implementation is thus finally O(2θ + 3m2)
where θ is a function of m, n, and the sparsity of the problem. We shall see in chapter 4.2,
what kind of performances we may obtain on various problems.

2.3. Branch-and-bound
The B&B algorithm is operated from the CPU. The simplex implementations, also
referred to as LP solver, are used to solve the nodes of the B&B tree. Algorithm 5
contains the main operations discussed in chapter 1.3. It starts by solving the root
node. The branching strategy is then used to select the next variable to branch on.
From thereon, until no node remains to be solved, the node selection strategy is used to
select the next one to be processed.

The critical factor for coupling the LP solver and the B&B is the amount of com-
munications exchanged between them. Since CPU-GPU communications are expensive,
the informations required to solve a new node must be minimized. Upon solving a new
node, the full transfer of the problem must be avoided. This will be the focus of this
chapter.

Algorithm 5 Branch-and-Bound
Solution ← Solve(InitialProblem)
BranchVar ← SelectNextVariable(Solution)
NodeList ← AddNewNodes(BranchVar)
while NodeList 6= ∅ do

Node ← SelectNextNode(NodeList)
Solution ← Solve(Node)
if exists(Solution) then

BranchVar ← SelectNextVariable(Solution)
NodeList ← AddNewNodes(BranchVar)

end if
end while

Algorithmic choices
The first critical choice is to select an efficient tree traversal strategy that also takes
advantage of the locality of the problem. At first glance, the best-first search would be
a poor choice, since from one node to the next the problem could change substantially.
However, when combined with the plunging heuristic, this same strategy becomes really
interesting. Indeed, the plunging phase can be completely decoupled from the B&B.
The CPU, acting as a decision maker, chooses a promising node and spawns a task that
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will independently explore the subtree of this node. Once done, this task will report its
findings to the decision maker. Moreover, when plunging, the next node to be solved
differs by only the new bound on the branching variable. Communications are then
minimized and the LP solver is usually able to quickly find the new solution since the
problem has been only slightly altered.

Warmstart
There are two cases where starting from a fresh problem is required or beneficial. The
first one is imposed by the numeric inaccuracy appearing after several iterations of the
LP solver. The second is upon the request of a new subtree. To avoid the extensive
communication costs of a full restart, the GPU keeps in memory an intermediate stable
state of the problem, a warmstart. This state could, for example, be the one found after
solving the root node of the tree.

Multi-GPU exploration
Having the CPU act as a decision maker and the GPU as an explorer, allows for the
possibility of using multiple GPUs to explore the tree. The global knowledge is main-
tained by the CPU task. The CPU assigns to the GPUs the task of exploring subtrees
of promising nodes. Since each plunging is done locally, no communications are required
between the GPUs. Moreover, the amount of nodes processed during a plunging can be
used to tune the load of the CPU task.
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Performance models are useful to predict the behaviour of implementations as a function
of various parameters. Since the standard simplex algorithm is the easiest to understand,
we will focus in this chapter on its behaviour as a function of the problem size.

CUDA kernels require a different kind of modeling than usually encountered in paral-
lelism. The key idea is to capture in the model the decomposition into threads, warps,
and blocks. One must also pay a particular attention to global memory accesses and to
how the pipelines reduce the associated latency.

In order to model our implementation, we follow the approach given by K. Kothapalli
et al. [19] (see also [17]). First, we examine the different levels of parallelism on a GPU.
Then, we determine the amount of work done by a single task. By combining both
analyses, we establish the kernel models. The final model then consists of the sum of
each kernel.

This model has also been used to model a multi-GPUs version of the standard simplex
method [2].

3.1. Levels of parallelism

A kernel can be decomposed into an initialization phase followed by a processing phase.
During the initialization phase the kernel context is set up. Since this operation does
not take a lot of time compared to the processing phase, it is needless to incorporate it
into the model. The processing phase is more complex and its execution time depends
directly on the amount of work it must perform. We shall now focus on this phase and
on the various levels of parallelism on a GPU.

At the first level, the total work is broken down into components, the blocks. They
are then dispatched on the available multiprocessors on the GPU. The execution time
of a kernel depends on the number of blocks NB per SM (streaming multiprocessor) and
on the number NSM of SM per GPU.

At a lower level, the work of a block is shared among the various cores of its dedicated
SM. This is done by organizing the threads of the block into groups, the warps. A warp
is a unit of threads that can be executed in parallel on an SM. The execution time of a
block is then linked to the number NW of warps per block, the number NT of threads
per warp, and the number NP of cores per SM.

The third and lowest level of parallelism is a pipeline. This pipeline enables a pseu-
doparallel execution of the tasks forming a warp. The gain produced by this pipeline is
expressed by its depth D.
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3.2. Amount of work done by a thread

In the previous chapter, we defined the different levels of parallelism down to the smallest,
namely the thread level. We must now estimate how much work is done by a single thread
of a kernel in terms of cycles. It depends on the number and the type of instructions. In
CUDA, each arithmetic instruction requires a different number of cycles. For example,
a single precision add costs 4 cycles while a single precision division costs 36 cycles.

Moreover, since global memory access instructions are nonblocking operations, they
must be counted separately from arithmetic instructions. The number of cycles involved
in a global memory access amounts to a 4 cycle instruction (read/write) followed by
a nonblocking latency of 400–600 cycles. To correctly estimate the work due to such
accesses, one needs to sum only the latency that is not hidden. Two consecutive read
instructions executed by a thread would cost twice the 4 cycles, but only once the latency
due to its nonblocking behaviour. Once the amount of cycles involved in these memory
accesses has been determined, it is then necessary to take into account the latency hidden
by the scheduler (warp swapping).

The total work CT done by a thread can be defined either as the sum or as the
maximum of the memory access cycles and the arithmetic instructions cycles. Summing
both types of cycles means we consider that latency cannot be used to hide arithmetic
instructions. The maximum variant represents the opposite situation where arithmetic
instructions and memory accesses are concurrent. Then only the biggest of the two
represents the total work of a thread. This could occur for example when the latency is
entirely hidden by the pipeline.

It is not trivial to define which scenario is appropriate for each kernel. There are many
factors involved: the dependency on the instructions, the behaviour of the scheduler, the
quantity of data to process, and so on.

If latency cannot be used to hide arithmetic instructions, the number of cycles CT done
by a thread can be defined as the sum of the global memory access and the arithmetic
instructions. Otherwise, one must consider the maximum instead of the sum.

3.3. Global performance model

We now turn to the global performance model for a kernel. We must find out how many
threads are run by a core of an SM. Recall that a kernel decomposes into blocks of
threads, with each SM running NB blocks, each block having NW warps consisting of
NT threads. Also recall that an SM has NP cores which execute batches of threads in a
pipeline of depth D. Thus, the total work Ccore done by a core is given by

Ccore = NB ·NW ·NT · CT ·
1

NP ·D
(3.1)

which represents the total work done by an SM divided by the number of cores per SM
and by the depth of the pipeline. Finally, the execution time of a kernel is obtained by
dividing Ccore by the core frequency.
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3.4. A kernel example: steepest-edge
The selection of the entering variable is done by the steepest-edge method as described
in chapter 2.1.

The processing of a column is done in a single block. Each thread of a block has to
compute Nel = m

NW ·NT
coefficients of the column. This first computation consists of Nel

multiplications and additions. The resulting partial sum of squared variables must then
be reduced on a single thread of the block. This requires Nred = log2(NW ·NT ) additions.
Since the shared memory is used optimally, there are no added communications. Finally,
the coefficient cj must be divided by the result of the reduction.

Each block of the kernel computes Ncol = n
NB ·NSM

columns, where NSM is the number
of SM per GPU. After processing a column, a block keeps only the minimum of its pre-
viously computed steepest-edge coefficients. Thus, the number of arithmetic instruction
cycles for a given thread is given by

CArithm = Ncol · (Nel · (Cadd + Cmult) +Nred · Cadd + Cdiv + Ccmp) (3.2)

where Cins, with ins ∈ {add, div,mult, cmp}, denotes the number of cycles required by
each instructions to execute.

Each thread has to load Nel variables to compute its partial sum of squared variables.
The thread computing the division also loads the coefficient cj . This must be done for
the Ncol columns with which a block has to deal. We must also take into account that
the scheduler hides some latency by swapping the warps, so the total latency Clatency
must be divided by the number of warps NW . Thus, the number of cycles relative to
memory accesses is given by

CAccesses = Ncol · (Nel + 1) · Clatency
NW

(3.3)

At the end of the execution of this kernel, each block stores in global memory its
local minimum. The CPU will then have to retrieve the NB ·NSM local minimums and
reduce them. It is then profitable to minimize the number NB of blocks per SM. With
a maximum of two blocks per SM, the cost of this final operation done by the CPU can
be neglected when m and n are big.

It now remains to either maximize or sum CArithm and CAccesses to obtain CT . The
result of equation (3.1) divided by the core frequency yields the time TKSteepestEdge of
the steepest-edge kernel.

3.5. Standard simplex GPU implementation model
As seen in chapter 2.1, the standard simplex implementation requires only a few com-
munications between the CPU and the GPU. Since all of these communications are
constant and small, they will be neglected in the model. For the sake of simplicity, we
will consider the second phase of the two-phase simplex where we apply iteratively the
three main operations: selecting the entering variable, choosing the leaving variable and
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pivoting. Each of these operations is computed as a kernel. The time of an iteration
TKernels then amounts to the sum of all three kernel times:

TKernels = TKSteepestEdge + TKExpand + TKPivoting (3.4)

The times TKExpand and TKPivoting for the expand and pivoting kernels are obtained in
a similar way as for the steepest-edge kernel described in the previous chapter.

With the estimated time per iteration TKernels, we can express the total time Tprob
required for solving a problem as

Tprob = Tinit + r · TKernels (3.5)

where r is the number of iterations. Note that research by Dantzig [13] asserts that r is
proportional to m log2(n).
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Three sets of measurements are presented here. The first one is a validation of the per-
formance model presented in chapter 3. The second is a comparison of the performances
of the various implementations of the simplex method detailed in chapter 2. The third
one is a study of the potential of the multi-GPU Branch-and-Bound method described
in section 2.3.

As a preliminary, we ensured that our implementations were functional. For that mat-
ter, we used a set of problems available on the NETLIB Repository [15]. This dataset
usually serves as a benchmark for LP solvers. It consists of a vast variety of real and
specific problems for testing the stability and robustness of an implementation. For
example, some of these represent real-life models of large refineries, industrial produc-
tion/allocation, or fleet assignments problems. Our implementations are able to solve
almost all of these problems.

4.1. Performance model validation

In order to check that our performance model for the standard simplex implementation
is correct, a large range of problems of varying size is needed. As none of the existing
datasets offered the desired diversity of problems, we used a problem generator. It is
then possible to create problems of given size and density. Since usual LP problems have
more variables than equations, our generated problems have a ratio of 5 variables for 1
equation (n = 5 ·m).

The test environment is composed of a CPU server (2 Intel Xeon X5570, 2.93GHz,
with 24GB DDR3 RAM) and a GPU computing system (NVIDIA Tesla S1070) with
the 3.2 CUDA Toolkit. This system connects 4 GPUs to the server. Each GPU has
4GB GDDR3 graphics memory and 30 streaming multiprocessors, each holding 8 cores
(1.4GHz).

We validated our performance model by showing that it accurately fits our measure-
ments. The correlation between the measurements and the model is above 0.999 (see
Figure 4.1).

4.2. Performance study of our Simplex implementations

Four different implementations are compared in this chapter. We will refer to each of
them according to the terminology introduced below.

• Standard simplex method improved (O(2mn)): Standard
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Figure 4.1.: Performance model and measurements comparison.

• Revised simplex method using basis kernel
– without improvements (O(3mn+ 4m2)): Revised-base
– optimized (O(2mn+ 3m2)): Revised-opti
– optimized with sparse matrix-vector multiplication (O(2θ + 3m2)): Revised-

sparse

These implementations all use the steepest-edge and expand methods for the choice of,
respectively, the entering and the leaving variables.

We used problems from the NETLIB Repository to illustrate the improvements dis-
cussed in chapter 2. The results expected from the first three methods are quite clear.
The Standard method should be the best, followed by the Revised-opti, and then the
Revised-base. However, the performance of the Revised-sparse implementation remains
unclear since the value of θ is unknown and depends on the density and size of the con-
straints matrix. This is the main question we shall try to answer with our experiments.

The test environnement is composed of a CPU server (2 Intel Xeon X5650, 2.67GHz,
with 96GB DDR3 RAM) and a GPU computing system (NVIDIA Tesla M2090) with
the 4.2 CUDA Toolkit. This system connects 4 GPUs to the server. Each GPU has 6GB
GDDR5 graphics memory and 512 cores (1.3GHz).

Let us begin by discussing the performances on problems solved in less than one second.
The name, size, number of nonzero elements (NNZ), and columns to rows ratio (C-to-
R) of each problem are reported in Table 4.1. The performances shown in Figure 4.2
corroborate our previous observations. On these problems the Revised-sparse method
doesn’t outperform the Standard one. This can be explained by two factors: the added
communications (kernel calls) for the revised method, and the small size and density of
the problems. It is likely that sparse operations on a GPU require larger amounts of
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Problem Name Rows Cols NNZ C-to-R
etamacro.mps 401 688 2489 1.7
fffff800.mps 525 854 6235 1.6
finnis.mps 498 614 2714 1.2
gfrd-pnc.mps 617 1092 3467 1.8
grow15.mps 301 645 5665 2.1
grow22.mps 441 946 8318 2.1
scagr25.mps 472 500 2029 1.1

Table 4.1.: NETLIB problems solved in less than 1 second.

data to become more efficient than their dense counterparts.
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Figure 4.2.: Time required to solve problems of Table 4.1.

The problems shown in Table 4.2 are solved in less than 4 seconds. As we can see in
Figure 4.3, the expected trend for the Revised-base and the Revised-opti methods is now
confirmed. Let us presently focus on the Standard and Revised-sparse methods. Some
of the problems, in particular czprob.mps and nesm.mps, are solved in a comparable
amount of time. The performance gain of the Revised-sparse is related to the C-to-R
ratio of these problems, displaying, respectively, a 3.8 and a 4.4 ratio.

Finally, the biggest problems, and slowest to solve, are given in Table 4.3. A new
tendency can be observed in Figure 4.4. The Revised-sparse method is the fastest on
most of the problems. The performances are still close between the best two methods on
problems having a C-to-R ratio close to 2 such as bnl2.mps, pilot.mps, or greenbeb.mps.
However, when this ratio is greater, the Revised-sparse can be nearly twice as fast as
the standard method. This is noticeable on 80bau3b.mps (4.5) and fit2p.mps (4.3).
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Problem Name Rows Cols NNZ C-to-R
25fv47.mps 822 1571 11127 1.9
bnl1.mps 644 1175 6129 1.8
cycle.mps 1904 2857 21322 1.5
czprob.mps 930 3523 14173 3.8
ganges.mps 1310 1681 7021 1.2
nesm.mps 663 2923 13988 4.4
maros.mps 847 1443 10006 1.7
perold.mps 626 1376 6026 1.0

Table 4.2.: NETLIB problems solved in the range of 1 to 4 seconds
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Figure 4.3.: Time required to solve problems of Table 4.2.

Although the C-to-R ratio of d6cube.mps (14.9) exceeds the ones previously mentioned,
the Revised-sparse method doesn’t show an impressive performance, probably due to the
small amount of rows and the density of this problem, which doesn’t fully benefit from
the lower complexity of sparse operations.

4.3. Performance study of our parallel Branch-and-Bound
implementation

In this section, we examine on what problem size our GPU implementation of the Branch-
and-Bound (B&B) algorithm will become more efficient than a CPU-based counterpart.
If we assume that in both cases the B&B strategy employed by the CPU is the same, the
comparison can be made at the level of the LP solvers. Indeed, in our implementation
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Problem Name Rows Cols NNZ C-to-R
80bau3b.mps 2263 9799 29063 4.3
bnl2.mps 2325 3489 16124 1.5
d2q06c.mps 2172 5167 35674 2.4
d6cube.mps 416 6184 43888 14.9
fit2p.mps 3001 13525 60784 4.5
greenbeb.mps 2393 5405 31499 2.3
maros-r7.mps 3137 9408 151120 3.0
pilot.mps 1442 3652 43220 2.5
pilot87.mps 2031 4883 73804 2.4

Table 4.3.: NETLIB problems solved in more than 5 seconds.
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Figure 4.4.: Time required to solve problems of Table 4.3.

of the B&B algorithm, multiple LP solvers (in our case revised simplexes) run on several
GPUs, this without any inter-GPU communications. With respect to node selection, the
depth of the plunging can be chosen so that CPU-GPU communications are negligeable
compared to the time to process the nodes during a plunging. We will use as a reference
one of the best open-source LP solvers, namely the CLP solver from the COIN-OR
project.

Since GPUs are more efficient when running on big data-parallel compute-intensive
applications, we require a large range of problems of varying size. Towards this end, we
used a random problem generator that enable the creation of problems with given size
and density (i.e. the ratio of non-zero elements in the constraints matrix). Since usual
LP problems have more variables than equations, our generated problems have a ratio
of 5 variables for 1 equation. It is to be noted that their structure might not be like a
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real-world one.
Our test environnement is composed of a CPU server (2 Intel Xeon X5650, 2.67GHz,

with 96GB DDR3 RAM) and a GPU computing system (NVIDIA tesla M2090) with
the 4.2 CUDA Toolkit. This system connects 4 GPUs to the server. Each GPU has 6GB
GDDR5 graphics memory and 512 cores (1.3GHz). Such a GPU offers at peak perfor-
mance up to 1.3Tflops for single precision floating point, 665Gflops for double precision,
and 177GB/s memory bandwidth between threads (registers) and global memory.

We measured execution times of our GPU-based revised simplex implementation and
of CLP on problems of varying size and of density 0.1%, 0.9% and 1.8%. Real-life
models typically have densities lower than 1%. The results are shown in figure 4.5 where
a Log-Log scale is used (natural logarithm).

Figure 4.5.: Execution times of our revised simplex GPU implementation and the CLP
solver on randomly generated problems of various sizes and densities of 0.1%,
0.9% and 1.8%. The number of columns is five times the number of rows.
A Log-Log scale is used.

We can observe that, as density increases, execution times increase in proportion for
a given problem size. Indeed, the sparse data structure implies that the execution times
essentially depend on the number of non-zero elements in the constraints matrix.

A GPU becomes fully efficient when its computing units are all concurrently in use.
This requires that the amount of data processed is sufficient. The problem size at which
our GPU implementation becomes better than CLP diminishes as the density increases.
This is probably due to the fact that CLP is designed to perform better on sparse
problems. Consequently, our revised simplex GPU implementation will only outperform
CLP on very large problems. One should note that beyond a certain amount of time,
we didn’t record the execution time of CLP, since this was of no practical use.

In table 4.4 are reported the timings measured on such problems available in the

34



4.3. Performance studies

NETLIB [15] repository. As mentioned previously, this benchmark represents a wide
variety of real and specific problems that can be used to test the stability and robustness
of an implementation. For example, some of these represent real-life models of large
refineries, industrial production/allocation or fleet assignments problems. Given the
small size and the high sparsity of these problems, as expected in this range, CLP is
an order of magnitude faster than our GPU implementation. However, on big problems
with high density of this dataset, such as pilot, pilot87 or d6cube, our implementation
performance was closer to the one of CLP with a slowdown factor of approximately 2.5.

Problem name Rows Cols density[%] GPU[s] CLP[s]
etamacro.mps 401 688 0.9 0.33 0.028
fffff800.mps 525 854 1.4 0.47 0.031
finnis.mps 498 614 0.9 0.3 0.020
gfrd-pnc.mps 617 1092 0.5 0.54 0.026
grow15.mps 301 645 2.9 0.35 0.040
grow22.mps 441 946 2.0 0.59 0.060
scagr25.mps 472 500 0.9 0.37 0.026
25fv47.mps 822 1571 0.9 1.80 0.304
bnl1.mps 644 1175 0.8 0.74 0.088
cycle.mps 1904 2857 0.4 2.33 0.13
czprob.mps 930 3523 0.4 1.25 0.061
ganges.mps 1310 1681 0.3 1.77 0.029
nesm.mps 663 2923 0.7 1.54 0.217
maros.mps 847 1443 0.8 1.30 0.071
perold.mps 626 1376 0.7 1.45 0.186
80bau3b.mps 2263 9799 0.1 10.6 0.416
bnl2.mps 2325 3489 0.2 6.66 0.256
d2q06c.mps 2172 5167 0.3 15.02 2.06
d6cube.mps 416 6184 1.7 6.22 2.72
fit2p.mps 3001 13525 0.1 63.0 1.72
greenbeb.mps 2393 5405 0.2 14.26 0.886
maros-r7.mps 3137 9408 0.5 17.43 2.02
pilot.mps 1442 3652 0.8 7.32 3.08
pilot87.mps 2031 4883 0.7 15.77 7.34

Table 4.4.: Execution times on real-world problems from the NETLIB repository. These
problems are of small size.
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In this chapter, we have presented the knowledge and understanding necessary in our
view to produce an efficient integer linear programming solver on a GPU. We proposed
various solutions to implement the standard and revised simplex. We have discussed
the main concepts behind a branch-and-bound algorithm and pointed out some major
concerns when it is coupled with a GPU solver. The results obtained with the stan-
dard simplex implementation allowed us to validate a detailed performance model we
had proposed. Finally, we used problems from the NETLIB library to compare the
performances of our various implementations. The revised simplex implementation with
sparse matrix operations showed the best performances on time-consuming problems,
while the standard simplex one was more competitive on easier problems. However,
sequential open-source solvers such as CLP of the COIN-OR project still outperform
such GPU implementations on small to mid-sized and highly sparse problems. We then
used a problem generator in order to establish a size and sparsity limit above which this
tendency would tip.

We shall now discuss some remaining potential improvements. A first step towards
performance would be to consider the dual revised simplex [33]. While being similar
to the methods treated in this chapter, it has the capacity to greatly reduce the time
needed to solve problems. Yet, the main improvement would be seen when tackling
larger problems than the ones considered here. Indeed, problems having hundreds of
thousands of variables would technically be solvable on GPU devices with 2GB to 4GB
of global memory. Moreover, such amounts of data would fully benefit from the potential
of these devices. However, solving problems of this size raises an issue not addressed here:
numerical instabilities. This phenomenon is due to the limited precision of mathematical
operations on computing devices. Let us illustrate this problem on the inverse B−1 of
the basis matrix B. At each iteration of the revised simplex, B−1 is updated from its
previous values. Performing this update adds a small error to the result. Unfortunately,
these errors accumulate at each iteration, bringing at some point the B−1 matrix into
a degenerate state. To avoid this situation, the matrix B−1 must be recomputed afresh
once in a while by inverting the matrix B.

Instead of directly processing the inverse of the matrix B, it is more common to use
some specific arithmetical treatment. Most simplex implementations use the so-called
LU decomposition of B as a product of a lower and an upper triangular matrix [3].
Since the matrix B is sparse, the sparse version of this decomposition can be used and
the corresponding update performed for B−1 at each iteration [28]. The sparse LU
decomposition on CPU has been recently the subject of a large amount of research,
yielding many improvements [27]. Once its GPU counterpart is available, this might
result in improved and competitive simplex implementations on GPU.
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5. Conclusion and perspectives

To conclude, while the presented methodology should enable efficient ILP solver on
GPU, we propose two trends to further improve our hybrid CPU-GPU integer linear
programming solver: (1) assign to the CPU additional tasks such as generating cutting-
planes or performing pre-analyses on the problem; (2) further optimize the GPU imple-
mentation of the LP solver.
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Part II.

Fluid simulation in the hearing organ
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Preamble

Georg Von Békésy was awarded a nobel price in 1961 for his pioneering work on the
cochlea function in the mammalian hearing organ [2]. He postulated that the placement
of sensory cells in the cochlea corresponds to a specific frequency of sound. This theory,
known as tonotopy, is the ground of our understanding on this complex organ. With
the advance of technologies, this knowledge broaden continuously and seems to confirm
Békésy initial observations. However, a mystery still lies in the center of this organ : how
does its microscopic tissues exactly act together to decode the sounds that we perceive ?

One of these tissues, the Reissner membrane, forms a double cell layer elastic barrier
separating two fundamental ducts of this organ. Yet, until recently [15], this membrane,
was not considered in the modelling of the inner ear due to its smallness. Nowadays,
objects of this size are at the reach of the medical imagining and measuring exper-
tise [17, 4, 15]. Newly available observations coupled with the increasing availability of
computational resources should enable modellers to consider the impact of these micro-
scopic tissues in the inner ear mechanism.

In this thesis part, we explore the potential fluid-structure interactions happening in
the inner ear, more particularly on the Reissner membrane. This study aims at answering
two separate questions :

• Can nowadays computational fluid dynamics solvers simulate interaction with inner
ear microscopic tissues ?

• Has the Reissner membrane function on the auditory system been overlooked ?

This part is organized as follow. Starting with a brief state of the art, the first chapter
introduces the required notions to understand the experiments. The anatomy and the
function of the cochlea are summarized and the main concepts of the computational fluid
dynamics method used are defined. The next two chapters presents the setting of the
simulations and their results : the first focuses on the vestibular duct and the Reissner
membrane while the second focuses on the cochlear duct and the organ of Corti. We
conclude in the final chapter by discussing the numerical experiments results.
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1. Introduction

1.1. State of the art

Nowadays, more than 60’000 hearing impaired persons benefits from cochlear implants [24].
These devices design is strongly tied to our understanding of the hearing organ. Its main
component, the cochlea, processes acoustic signals by the mean of a complex mechanism.
Since the early work of Georg Von Békésy [1, 2], research on the mammal cochlea has
been the focus of many scientists [20, 16]. Yet, this mechanism is not fully understood.

In order to fill this knowledge gap, a large amount of cochlear models have been
developed through the years [14]. Given the complexity of the hearing organ, these
models focus on a set of selected phenomenon : cochlear micro- or macro-mechanics
with or without fluid coupling. Macro-mechanics models represent roughly the cochlea
as a box with the vestibular and tympanic ducts separated by the vibrating basilar
membrane [5, 13, 26]. Micro-mechanics models focus on reproducing more accurately
the organ of Corti [3, 7, 18]. While all these models vary in the methods used and the
size of phenomena simulated, they all start with the same assumption that the Reissner
membrane does not play any major role in the mechanics of the cochlea [14]. However,
this membrane, that separates two fundamental ducts of the cochlea, has been shown
to propagate travelling waves in a comparable fashion as the widely considered basilar
membrane [15].

To our knowledge, computational fluid dynamics (CFD) has only been used in one
model [8]. This model presented an analysis of the macro-mechanics of the cochlea
using immersed boundary conditions : a method simulating solid structure immersed
in fluids. Our work is based on a similar simulation method but differs strongly in
its aim. Our focus is the under-considered deformation of the Reissner membrane and
its induced fluid displacement. We postulate that such fluid movements could impact
the microscopic elements of Corti’s organ and therefore play a key role in the hearing
mechanism. In order to tackle this challenge of representing both the inner ear micro-
and macro-mechanics in the same simulation setting, we use a highly-parallel CFD code,
Palabos1.

1http://www.palabos.org/
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1. Introduction

1.2. Cochlea : the hearing organ

1.2.1. Anatomy

The inner ear is composed of two major organ linked by the vestibule : the vestibular
system and the cochlea (Fig. 1.1B). The main function of the first one is the sense of
balance, while the second contains the primary auditory organ of the inner ear [23].

The cochlea whose name comes from the ancient greek kohlias, meaning spiral or
snail shell, is structured as a spiral-shaped cavity. This cavity is considered to start
from the base in the middle of the vestibule and continues until it reaches its apex,
the helicotrema. In humans, this canal forms in average 2.5 turns over 35mm and is
separated by a thin spiral shelf of bone, the osseous spiral lamina (Fig. 1.2A).

The cochlea can further be decomposed in three ducts separated by two membranes :
the basilar and the Reissner membranes (Fig. 1.2B). One of these ducts, the vestibular
duct, or scala vestibuli, starts from the vestibule and ends at the apex of the cochlea.
The second duct, the tympanic duct, or scala tympani, starts from the tympanic cavity
and connects with the vestibular duct at the cochlea apex through a small opening, the
helicotrema. Both ducts contains a fluid, the perilymph that is sealed, on the opposite
side of the helicotrema, by the oval window in the vestibule and the round window in
the tympanic cavity.

In between both these ducts lies the cochlear duct or scala media. This duct contains
a fluid, the endolymph and is separated, on one side, from the scala vestibuli by the
delicate two-cells thick Reissner membrane. On the other side, it is separated from
the scala tympani by the elastic basilar membrane. This membrane thickness reduces
progressively from the base to the apex of the cochlea.

Inside the scala media, on top of the basilar membrane rests the small yet important
organ of Corti (Fig. 1.3). This complex organ contains the fundamental element that
translates the sound vibrations into nervous signals : the inner ear hair cells. These cells
stand in a small canal, closed on one side by the basilar membrane and on the other side
by the tectorial membrane.

1.2.2. The hearing mechanism

Acoustic signals are conveyed in the inner ear by a vibratory pattern. Acoustic waves
reach the external auditory canal, the tympanic membrane, and transmit vibrations
through the ossicles, a complex of small bones (malleus, incus, stapes). These bones
amplify the vibratory signal before applying it to the oval windows (Fig. 1.1A2). In
turn, this membranous window transmits the vibrations to the vestibule and to the
inner ear fluid. These vibrations in the fluids are considered to create a travelling wave
on the basilar membrane. The wave evolve from the base toward the apex for a length
inversely proportional to its frequency. Therefore the placement, along the cochlea, of
inner ear hair cells defines the sound frequencies that activate them.

2The tympanic membrane or eardrum is represented in red and the ossicles in green.
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Figure 1.1.: Figure A) shows the chain of transmission of sound with the tympanic mem-
brane (red), the ossicles (green) and the inner ear (blue). Figure B) shows
the inner ear with its two main components : the vestibular system and the
cochlea.
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Figure 1.2.: Figure A) shows a cut of the cochlea and figure B) shows an enlargement
of one cross-section of the ducts. The following elements are annotated : 1)
Scala vestibuli; 2) Scala tympani; 3) Scala media; 4) Reissner membrane; 5)
Corti’s organ; 6) Basilar membrane.

Figure 1.3.: Organ of Corti.
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1. Introduction

This theory, more known as tonotopy, was proposed by Georg Von Békésy [1, 2] and is
based on his observations of the basilar membrane vibratory response when excited by
sounds. This explanation of the hearing mechanism grossly simplify the reality by hiding
complex micro-mechanical phenomenon occurring in the organ of Corti. Moreover, it
doesn’t account of the role of the Reissner membrane. More complex hypothesis are still
explored in order to explain the impact of the Reissner membrane [15] or the role of the
cochlea active mechanism that produce otoacoustic emissions [10].

1.3. Computational fluid simulations

1.3.1. Palabos, an open source highly parallel solver

In order to simulate the complex fluid-solid phenomenons occurring in the inner ear,
we used the lattice Boltzmann method (LBM). This method is a modern approach in
Computational Fluid Dynamics. It is often used to solve the incompressible, time-
dependent Navier-Stokes equations numerically. Its strength lies in the ability to easily
represent complex physical phenomena, ranging from multiphase flows to chemical in-
teractions between the fluid and the surroundings. The method finds its origin in a
molecular description of a fluid and can directly incorporate physical terms stemming
from a knowledge of the interaction between molecules.

Unlike traditional CFD methods, LBM models the fluid consisting of fictive particles,
and such particles perform consecutive propagation and collision processes over a dis-
crete lattice mesh. Due to its particulate nature and local dynamics, LBM has several
advantages over other conventional CFD methods, especially in dealing with complex
boundaries, incorporating microscopic interactions, and parallelization of the algorithm3.
For that matter, we chose ot use the open-source software Palabos4. This software is
a massively-parallel Lattice Boltzmann implementation that have been used in numer-
ous applications such as the simulation of blood cells deposition in aneurysms [25] or
permeability change of porous medium [9].

In order to simulate membranes, Palabos maintainers developed an elastic shell model.
In this model, the fluid domain is bounded by time-independent boundaries (rigid walls)
and time-dependent boundaries (membranes). During the simulation, the fluid-structure
interaction is taken in account at these boundary such as to apply internal forces on the
elastic wall. The time dynamics of the wall is then solved and the fluid domain is
recomputed to adapt to these changes. This model implement all these steps as to be
second-order accurate and offers a good scaling for parallel execution.

1.3.2. Palabos elastic shell model

Time dependent boundaries, or membrane, are represented by triangular surfaces in
a three dimensional space (Fig. 1.4). In order to simulate membrane movement, the

3http://en.wikipedia.org/wiki/Lattice Boltzmann methods
4http://www.palabos.org/
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1.3. Computational fluid simulations

surface vertices or membrane particles P are displaced according to the stress generated
by the fluid. This mechanism is guided by the simplified following iterative algorithm :

1. Fluid particles inside the fluid domain are detected and updated using the lattice-
Boltzmann algorithm.

2. The fluid stresses on wall are computed and extrapolated to the membrane parti-
cles.

3. The elastic stress at each of these particles is then computed.

4. Membrane particles advance according to Newton’s law.

5. The off-lattice boundary condition is reconstructed according to the new membrane
position.

The elasticity of the membrane is characterized by a complex model formed of stretch-
ing, bending and shearing forces (Fig. 1.4). The first force is modelled by considering
the edges between vertex as spring with linear attractive forces. The second is insured
by preserving the on-membrane angles. The latter is defined as the preservation of the
triangular surfaces area.

Figure 1.4.: Representation of a time-dependent boundary and the three forces acting
on it : stretching, shearing and bending.

At each iteration, these elastic forces are computed and used to represent the acceler-
ation of each membrane particles. The elastic potential of a particle U is represented by
multiple potential in order to represent as realistically as possible the three dimensions.

The stretch potential exists between a particle P and each of its neighbours. This
potential is given by

Ustretch = 0.5 · kstretch · (l − lEQ)2
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1. Introduction

where l stand for the distance between the particles at this iteration and lEQ their
distance at equilibrium.

The bending potential represent the angular elasticity of the membrane. For a given
membrane particle, each pair of adjacent triangular surface generate a bending potential
given by

Ubend = 0.5 · kbend · (α− αEQ)2 · l
w

where α stands for the angle between both triangular surfaces, αEQ the equilibrium angle,
l represents the length of the shared edge. Then tile span w between both triangular
surface is computed as w = h

6 with h being the summed height of the triangular surfaces.
The shear potential represent the elasticity of an area of membrane and exists for each

triangular surface where the particle stand as a vertex.

Ushear = 0.5 · kshear · (A−AEQ)2

where A represent the area of triangular surface and AEQ the area at equilibrium.
These three potentials are then summed in order to define the total elastic potential

of a given particle
U = Ustretch + Ushear + Ubend

and from this total potential, the force FU on a particle P is numerically derived over
all three dimensions X = (x1, x2, x3)

FU = dU

dX
= U(x+ ε)− U(x− ε)

2 · ε

Another force is then added to this model in order to represent the friction caused by
the membrane. This force decelerate a membrane particle by applying a negative force
proportional to its velocity v

FF = −kfriction · v

Finally, Newton’s law is applied to define the acceleration incurring on the particle

a = FU + FF
m

= FU + FF
τ ∗A

where τ is a constant representing the shell density and A the area around the particle.
In conclusion, we presented a model that has the power to simulate three dimensional

elastic membranes interacting with fluid, for example the Reissner membrane and inner
ear fluids. This model uses three forces to represent elasticity and takes into account
the density, or thickness, of the membrane by two means : the friction force FF and the
shell density τ .
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2. Simulation of the vestibular duct

The cochlea has a complex geometry made of multiple coiled ducts (Fig. 1.2). The cross
section of each of these ducts varies from the base to the apex of the cochlea and are
varying across species [4, 21, 23]. In order to better understand the various characteristics
of these ducts, we start by a simplistic approximation of a duct as a simple canal and
progressively make it evolve toward a more realistic cochlea duct.

Input signal
Membrane

Vector of probe
Figure 2.1.: Simulation setting for the vestibular duct. Periodic vibrations are applied to

the frontal lid as input signal. A vector of probe lies in vicinity of the time-
dependent boundary, the membrane, in order to measure the fluid velocity
over time and membrane position.

We want to observe the deformation of the Reissner membrane induced by wave prop-
agation travelling in the vestibular duct. We represented this duct as a simple rigid canal
having two moving walls. One one end of the canal, the first moving wall, or membrane,
is subject to periodic sinusoidal deformations (Fig. 2.1). These periodic deformations
imitated the mechanical vibrations of the oval window. The bottom side of the duct
defined then the second membrane representing the elastic properties of the Reissner
membrane. The fluid interaction on the membrane was observed using a probe vector
that measured the fluid velocity close to the membrane from base to apex (Fig. 2.1 in
green).

2.1. Impact of the duct geometry
Duct geometry plays a fundamental role on the propagation of mechanical waves [11].
Waveguides dimension and structure limit the frequency range of transported waves.
In addition to these limitations, the energy of these waves decrease in function of the
waveguide boundary and the medium, or fluid in our case, in which they are propagated.
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2. Simulation of the vestibular duct

The fluid viscosity, heat conduction and internal molecular processes each may generate
losses in the wave intensity.

In these experiments, we particularly focused on measuring the impact of the duct
geometry on the velocity of travelling waves. Therefore, we did not consider a realistic
setting in respect of the characteristic viscosities and frequencies of the human auditory
system. We used geometries respecting the cross section to length ratio of the vestibular
duct and then insured the simulation stability in order to monitor five different input
vibrations (Fig. 2.1). Each vibrations had its own period wk and their combination,∑5
k=1 sin(wkt), defined the imposed oval window deformation.
Simulation setting a) : We fixed the Reynolds number to one and the characteristic

lattice velocity in lattice units to 0.01. The characteristic duct size, represented by
the oval window size, was set to of 0.5 meters. Lattice units corresponded then to
δx = 10−2m, δt = 10−2s and a fluid cinematic viscosity of 5 · 10−3m2/s close to the one
of oil. Elastic constants of the Reissner membrane (kstretch, kshear, kbend) were arbitrarily
fixed to 0.05 in lattice unit. This setting required, per simulation, an average of 20
millions lattice site that were simulated over 10’000 iterations on 60 processing units for
a total simulation time of one day.

2.1.1. Rectangular or cylindrical ducts
The aim of this first simulation is to measure the impact on wave absorption and at-
tenuation of simplistic geometries. We are comparing three geometries represented in
figure 2.2 : (a) rectangular, (b) cylindrical and (c) half-cylindrical. Each of their flat
bottom side is a time-dependent boundary representing the Reissner membrane.

(a) Cuboid (b) Cylinder (c) Half cylinder

Figure 2.2.: Geometries compared.

For each of these geometries, we applied vibrations at five different frequencies (0.24,
0.33, 0.45, 0.67 and 1.0 hertz) on the duct lid. We then measured the fluid velocity close
to the membrane and thus obtained temporal measures of velocity for 1200 points along
the membrane. For each spatial points, we computed the frequency spectrum of the
fluid velocity over time using a discrete Fourier transform. The single-sided amplitude
spectrum1 was then extracted and represented against the position in the membrane
and the frequency (Fig. 2.3).

The five input frequencies are well identifiable for all three geometries. In all of them,
the velocity of waves with higher frequencies decrease faster along the membrane than

1The single-sided amplitude spectrum represents the sum of the absolute amplitude of negative and
positive frequencies.
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2.1. Impact of the duct geometry
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Figure 2.3.: Overview of the single-sided spectrum amplitude of the velocity along the
membrane. X axis represent the position in the duct and Y axis the fre-
quency. The colour indicate the value of the log single-sided spectrum am-
plitude of the velocity.

waves with low frequencies. For each of the imposed vibrations, multiple harmonics
appear. However, their weaker velocity decay in the first third of the duct.

This overview shows that these three geometries propagate waves differently. While
the same waves frequency are observed, their amplitude along the membrane differ. We
postulate that the cuboid absorb more wave energy than the cylinder because of the
amount of flat surface that reflect waves. Inded such reflection may cause interferences
that attenuate the wave energy.
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Figure 2.4.: Comparison of single-sided velocity spectrum amplitude at isolated frequen-
cies : 0.24 and 0.66 hertz.

At the imposed 0.24 and 0.66 hertz input frequencies (Fig. 2.4), waves in the cylinder
are more stably propagated than in the cuboid. The half cylinder mixes the structural
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2. Simulation of the vestibular duct

properties of both other geometries and thus lies in between them in term of wave
propagation. While the absorption of wave velocity along the membrane differs for each
geometries, it doesn’t impact the key phenomena that we are observing : high frequencies
waves dissipate faster than low frequencies ones along the duct.

2.1.2. Structural characteristics of the vestibular duct

Cross section of cochlea ducts does not linearly decrease from base to apex. In the
human inner ear, the cross section of the vestibular duct varies frequently. Close to its
base, a large chamber progressively tighten over approximately 6 millimetres. It then
reaches a thin plateau until a bump starts and reaches its end 10 millimetres farther
(Fig. 2.5).
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Figure 2.5.: Cross section dimension of the scala vestibuli and main feature of its struc-
ture : chamber and bump. Schema and measures adapted from [4, 21, 23].

Such changes of cross section in a waveguide influence the propagated waves differently
given their frequency [11]. Indeed, frequencies can be filtered in function of widening or
tightening of the the duct. When a duct grow in size over a given distance, it acts as a
low-pass acoustic filter. A low-pass filter propagate waves with frequencies lower than
its cut-off frequency while attenuating higher frequencies. A high-pass acoustic filter is
the opposite, it occurs when the duct shrink over a given distance and passes frequencies
higher than its cut-off frequency.

(a) Cuboid (b) With chamber

(c) Without bump (d) With both chamber and bump

Figure 2.6.: Geometries compared in order to measures the frequency filtering effect of
their structure.

56



2.1. Impact of the duct geometry

The observed characteristics of the vestibular duct let support the presence of such
filtering effects. Therefore, we compared four different geometries (Fig. 2.6) in order to
monitor if such filtering take place. We used the (a) cuboid geometry as reference having
no filtering effects. Its cross section stands constant over all the duct length. The two
main features of the vestibular duct are then evaluated separately by modifying the base
geometry. The first one (b) is the widening at the base of the duct that form a chamber
over 6 millimetres. The second one (c) is the widening in the middle of the duct that
form a bump over 10 millimetres. Finally, we combined both feature (d) in order to
observe the potential joined filtering effects.
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Figure 2.7.: Overview of the single-sided spectrum amplitude of the velocity along the
membrane.

The measuring setting was the same as in the previous simulations : the same five
frequencies were imposed on the lid of each geometries and the velocity was measured
along the duct. We extracted from these measures the velocity single sided spectrum
amplitude along the membrane using a discrete Fourier transform. Figure 2.7 gives an
overview of the velocity spectrum amplitude against the frequency and duct location.
Once again, the five input frequencies are well propagated on each geometry.

Figure 2.8 details more accurately the velocity amplitude of each input frequency in the
geometry (c). These measures shows that once again the decay of velocity amplitude is
quicker for the higher frequencies. In addition, this figure shows that the signal becomes
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2. Simulation of the vestibular duct
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Figure 2.8.: Single-sided spectrum amplitude of the velocity along the membrane at in-
put frequencies for the geometry with both features. The grey dotted line
represents the observed noise threshold on high frequencies signal.

noisy and unstable when the velocity amplitude reaches 10−12.5m/s.

In order to quantify these filtering effects, we compare the velocity amplitude at 0.24
and 0.66 hertz of modified geometries (b,c,d) with the one of the base rectangular geom-
etry (a). The amplifications are showed for amplitude greater than 10−12.5[m/s]. Under
this value noise appears and disrupts the measured velocity amplitude.

Figure. 2.9 reveals that the chamber has a considerable impact on waves at both
frequencies. It amplifies them by at least a twofold factor. In between the chamber
and the bump, lies a small plateau that seems to act as a high-pass filter. The low
frequency signal is slightly attenuated in this region while the high frequency signal
remains untouched. The effect of the bump is relatively more difficult to quantify.
While it seems that it amplify the low frequency signal, it has a rather unsettling effect
on the high frequency signal. Given that in the bump vicinity, the measured velocity
amplitude is subject to noise, both effects are hard to assess with confidence.

From these measures we conclude that the structure of the vestibular duct filters wave
in function of their frequencies. The chamber seems to amplify signals, more so high
frequencies one. The small plateau following seems to maintain the frequencies of high
frequencies waves while attenuating lower one. The bump probably amplify wave at low
frequencies. Our analyses being based on the velocity norm, we hypothesize that a finer
study of each separate velocity components would help to better understand the effect
of these duct cavity.
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2.2. Emulating the human cochlea conditions

a) Signal at 0.24Hz b) Signal at 0.66Hz
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Figure 2.9.: Amplification of the velocity spectrum amplitude of modified geometries
when compared to the cuboid.

2.2. Emulating the human cochlea conditions
In our previous simulations, we were focused on analysing the vestibular duct structural
effects on the propagated waves. In order to ensure the stability of these simulations,
we used physical properties differing strongly from the one of mammals. In this section,
we aim at increasing the realism of our simulation by using the physical properties of
the human ear. In order to achieve such objectives, two points have to be addressed. In
a first time, we have to insure stable simulations based on the properties of the human
cochlea. Then, in a second time, we have to directly measure the deformation of the
Reissner membrane.

Simulation setting b) : In order to fulfil the first point, we considered the viscosity
of the perilymph and the endolymph. These fluids cinematic viscosity is of 8 · 10−7m2/s
that correspond to mineralized water [23]. The characteristic dimension of the input
membrane was set to 10−3 meters with a duct length of 36 · 10−3m. Lattice units
corresponded then to δx = 2 · 10−5m, δt = 10−5s and a Reynolds value of 125. This
setting required, per simulation, an average of 20 millions lattice sites that were simulated
over 20’000 iterations on 48 processing units for a total simulation time of one day.

In the following experiments, we only considered one frequency at a time. Such choice
was made to stabilize the simulation and reduce the total runtime for each of them.
Indeed, simulating two frequencies separated by a hundredfold factor, i.e. 50 and 5000
hertz, require a considerable computational effort. This comes from the need to guar-
antee a sufficient sampling rate for the high frequency wave by decreasing δt and to
generate enough iterations to measure multiple period of the low frequency wave. A
gross estimation of the time increase gives that covering 50 and 5000 hertz in the same
simulation would then take 100 times longer than just one of them.

We arbitrarily chose an input vibration frequency of 100 hertz. This frequency pro-
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2. Simulation of the vestibular duct

duced stable simulations and solicited fluid movement in a large portion of the duct.
While being less stable, simulations with input vibrations at higher frequencies showed
similar phenomenons and maintained the ones observed in figures 2.5 and 2.6 : high
frequencies waves dissipated faster than low frequencies ones along the duct.

2.2.1. Attenuation and absorption of waves

Our simulation setting, illustrated by figures 2.1, reveals that the external side of the
membrane is in contact with air. However in the inner ear, the cochlear duct sits at the
other side of the Reissner membrane. Palabos doesn’t yet offer to simulate immersed
time-dependent elastic boundary. This is problematic since moving a membrane im-
mersed by salty water on both side does not equate to moving a membrane with air on
one side.

In addition to model inaccuracies, we have to deal with multiple other knowledge
gaps such as the lack of data on the Reissner membrane mass and elastic properties.
Therefore, we postulate that replacing the air present on one side of the membrane by
a fluid would absorb kinetic energy and thus slows the membrane displacement. We
accordingly tune the shell density and the friction force in order to absorb waves energy
and to produce simulation settings closer to the real environment of the human cochlea.
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Figure 2.10.: Comparison of the impact of the Reissner membrane shell density and
friction force parameters when subject to an 100 hertz input vibration on
the oval window. The single-sided velocity spectrum amplitude is showed
with, from left to right : 1) The base model without friction and low shell
density; 2) Addition of membrane friction; 3) Increase of shell density.

As in previous experiments, we extract the one-sided spectral amplitude of the ve-
locity obtained from the probes vector lying close to the membrane (Fig. 2.10). The

60



2.2. Emulating the human cochlea conditions

base simulation correspond to the simulation setting b) defined previously and an input
vibration at 100 hertz. With this setting, the amplitude at 100 hertz is so strong that it
goes all the way trough the duct and bounce on the opposite lid. Moreover, the lack of
energy absorption creates a strong harmonic wave that appears at 200 hertz. In order,
to reduce this phenomena we added a friction coefficient to the membrane. This friction
reduced strongly the amplitude of the velocity but amplified the harmonics of the main
frequency. Increasing the shell density hindered this effect and produced a clear signal
at 100 hertz with weaker harmonics.

2.2.2. Measuring Reissner membrane deformation

While the velocity of the fluid offers a good indication of the Reissner membrane move-
ment, we need a more accurate measure of its deformation in order to link both the
vestibular and the cochlear duct. Indeed, our experiment goal is to monitor the effect
that a vibration on the lid of the vestibular duct would induce in the microscopic organ
of Corti resting in the cochlear duct. Linking accurately both duct is therefore of utmost
importance.

In this experiment, we measure the physical displacement of the membrane. For that,
we have to remember that this membrane is represented by a set of membrane particles
that freely evolve in a three dimensional space. More precisely, tenth of thousands of
particles are required to correctly represent the membrane. Tracking such amount of
particles over tenth of thousand of iterations is a daunting task : it would require a large
amount of memory.

Figure 2.11.: Measured deformation of the membrane at various time steps. Colours
represents the height of the membrane going from blue to yellow to red.

In order to reduce the cost of measuring the membrane deformation, we used the
two-dimensional (X- and Y-axis) flat plane formed by the membrane at rest as refer-
ence. We then reduced the number of points required to memorize the deformation by
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2. Simulation of the vestibular duct

using a discrete representation of this plane, with a coarse resolution when compared to
the number of membrane particles. Instead of tracking all particles, we measured the
membrane deformation only in height (Z-axis) at each fix points (X- and Y-axis) of this
discrete plane. Figure 2.11 illustrate deformations measured at different time steps.
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Figure 2.12.: Single-sided amplitude spectrum of the membrane deformation.

Using the previously defined realistic conditions, we memorized the membrane defor-
mation in response to an input vibration at 100 hertz. The choice of this frequency
was made in order to observe a deformation all along the membrane. We extracted the
central vector of deformation measures in respect of the X-axis. We choose this mea-
sures vector as it represented the biggest observed membrane deformation over time and
analysed its one-sided spectrum amplitude.

Figure 2.12a shows an oscillation of the membrane at 100 hertz with weaker harmonics
at 200 and 400 hertz. These observations corroborate the one previously made on the
fluid velocity. Figure 2.12a isolates the membrane displacement amplitude for the 100
hertz frequency. The amplitude starts with a value of 50 microns and reduces until the
end of the membrane where it reaches a value of 10 microns. The order of magnitude
of this simulated deformation is in the same range as the measured thickness of the
Reissner membrane (5-15 microns [17]).

It is rather interesting to note that this amplitude begins to drop after the structural
chamber of the vestibular duct. In section 2.1.2, we stipulated that the structural plateau
in this region may act as a high-pass filter. And indeed, the major part of the deformation
attenuation happens in between 6 and 11− 15 millimetres which roughly correspond to
the end of the chamber and the start of the bump.
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3. Simulation of the cochlear duct and the
organ of Corti

In the previous chapter, we have shown that periodic waves propagating in the vestibular
duct produce oscillation of the Reissner membrane of equal frequencies. This membrane
connects the vestibular duct to the cochlear duct. Therefore, this oscillation may well
create fluid movements in the cochlear duct and propagate to the microscopic organ of
Corti. In this chapter, we enquire if such phenomena could happen and explain how this
organ micro-mechanics translates mechanical waves into nervous signals.

Measuring
membrane

deformation

Applying
membrane

deformation

Reissner membrane

Scala media

Scala vestibuli
Input
signal

Fluid velocity
measures

1

2

Figure 3.1.: Simulation setting for the scala media. Deformation measure obtained dur-
ing the first phase are applied to the Reissner membrane. Vectors of probes
are placed at key points in the duct in order to measures temporal and
spatial fluid velocity.

Figure 3.1 shows the two main steps of this experiment. The first one correspond
to the measures of the Reissner membrane deformation with the simulation setting b)
described in section 2.2. In the second step, we applied this deformation on the the
geometry representing the cochlear duct.

However, this geometry, represented in figure 3.2, is far more complex than the one
of the vestibular duct and thus was designed more accurately. Such level of detail was
required to correctly simulated the fluid velocity inside the organ of Corti. Therefore this
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3. Cochlear duct and Corti’s organ

a) Organ of Corti

P1

P2

P3

b) Scala media

X

Z Y

Reissner membrane

Figure 3.2.: Figure a) shows the biological representation of the organ of Corti and the
placement of the probes. Figure b) shows the scala media, horizontally
flipped with respect to its representation in figure 3.1, and the probes posi-
tions.

canal proportion and global aspect were carefully preserved during its conception. The
points of interest lies in the organ of Corti (P1), the scala media (P4) and the tiny canal
linking both elements (P2, P3). Fluid velocity of each of these locations will therefore
be measured.

3.1. Coupling both simulations

In order to guarantee the coupling of simulation, as shown in figure 3.1, the plane formed
by the Reissner membrane was used as a reference. However, while the vestibular duct
geometry is long of approximately 35 millimetres, as in reality, we modelled the cochlear
duct with a length of one third its true size (10 millimetres). This choice was made to
reduce the computing complexity of the simulations.

The number of lattice sites in the simulation domain is function of the geometry
dimension and the simulation spatial resolution. This resolution is conditioned by the
smallest structure in the geometry. In this case, we speak of the entrance of Corti’s
organ (P2, P3) with a cross sectional size of less than 20 microns. With the duct length
of 35 millimetres as the biggest dimension, the size ratio between the tiny canal and the
duct length would be greater than 1500. Therefore, we chose a length of 10 millimetres
in order to correctly observe the velocity in the first third cochlear duct. Length that
already produce a computationally challenging simulation having a size ratio of 500
between its smaller and bigger elements.

Simulation setting c) : The simulation setting b) described in section 2.2 were
used for this simulation. The spatial resolution of the second simulation was however
increased in order to adequately represent the details of Corti’s organ (δx = 10−6m).
One third of the cochlear duct required 6 millions of lattice sites to be represented which
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3.2. Velocity of the fluid in the scala media

were simulated over 20’000 iterations on 96 processing cores for a total simulation time
of one day. This duct complex geometry explains the increase of computing power when
compared to simulation of the vestibular duct. Indeed, computation of fluid interactions
with boundary layers cost more than the computation of inner fluid sites.

3.2. Velocity of the fluid in the scala media
We used four probes in the middle of the duct (middle of Y-axis) represented on figure 3.2
: P1, P2, P2, P4. The fluid velocity in the duct was measured at each of those points.
For this simulation, the separate velocity components along the X, Y and Z-axis were
recorded in order accurately analyse the direction of the fluid. The single-sided velocity
amplitude spectrum at each of these point was computed by discrete Fourier transform.
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(c) Z axis velocity component.
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Figure 3.3.: Single-sided spectrum amplitude of the velocity for probes in the middle of
the cochlear duct.

These measures (Fig. 3.3) shows that the fluid mainly pulse at the input frequency
of 100 hertz with a weak signal at the first harmonic. The strongest fluid flow goes
along the Y-axis (Fig. 3.3b) inside the cochlear duct (P4) and at a smaller extend into
Corti’s organ (P1). This tenuous flux inside Corti’s organ is induced by a fluid flow from
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3. Cochlear duct and Corti’s organ

the main duct through the canal (P2, P3). Indeed, measures along the X and Z axis
(Fig. 3.3a and 3.3c) show a flow inside the canal having the same magnitude as the one
inside Corti’s organ. The velocity peak along the Z axis inside the cochlear duct is more
difficult to explain. We postulate that this flow could be induced by the reflection of
the waves formed by the membrane on the top of the cochlear duct. Moreover, multiple
features not taken into account during these simulations, such as the cochlea coiling or
the softness of the duct wall and tectorial membrane, would certainly hinder reflection
of the fluid flow and thus diminish the harmonics velocity amplitude.

Figure 3.4.: Effect of the membrane deformation, present in between the two black cut,
on the fluid velocity. Arrows represents the fluid velocity direction. Their
size and color,from small blue to big red, indicate the velocity amplitude.

These observations were confirmed by volume snapshots of the simulation. Such snap-
shot contains the pressure and velocity components of each particles in the simulated
domain at a given iteration. Using the software ParaView1, these informations can be
visualised in three dimension. Figure 3.4 represents the state of the simulation after
15’000 iterations. The arrows in the duct express the fluid velocity with size and color
indicating their amplitude (small and blue means slow, big and red means fast). The two
black cross-sectional cuts delimit the current wave evolving along the membrane. This
wave appears to push the fluid on both its sides, creating two flows of fluid in opposite
direction.

Figure 3.5 shows a closer point of view of the current wave emplacement on the
membrane. The streamline indicates the path taken by a fluid particle in the duct. Red
streamlines indicate higher velocity particles path and are present mainly in the main
duct along the Y direction. Blue streamlines show weaker velocity particle paths starting
from the wave travelling on the membrane. These streamlines then reaches the opposite
side of the main duct (along Z-axis), penetrates through the thin entrance of Corti’s
organ (along X- and Z-axis) and finally travel along the smaller duct (Y-axis).

These simulations results clearly demonstrated that a fluid flow with low velocity
pulsed into Corti’s organ in response to an input vibration, more so at the same fre-

1ParaView is an open-source, multi-platform data analysis and visualization application.
http://www.paraview.org/
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3.2. Velocity of the fluid in the scala media

Figure 3.5.: Effect of the membrane deformation, present in between the two black cut,
on the fluid path. Streamline represents the path of a particle if it was
dropped in the duct. Streamline colors indicate the velocity amplitude of
the particles, with blue for slow and red for fast velocity.

quency. As shown in figure 3.1, this input vibration emulated the effect of the ossicles,
when excited by sound, on the oval window. Such vibrations then propagated mechanic
waves through the perilymph of the vestibular duct inducing an oscillation of the Reiss-
ner membrane. This oscillation, preserving the input frequency, created a fluid flow in
the cochlear duct that pulsed with low velocity at the exact position of the hair cells.

In this scenario, the Reissner membrane plays a central role by relaying the initial
vibrations imposed to the oval window into the cochlear duct. This, by itself, contravene
the implicitly and widely accepted scenario in which the Reissner membrane doesn’t
affect the fluid flow between the vestibular and cochlear duct. Indeed, removing this
elastic membrane would strongly impact the dynamic of the fluid flow.
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4.1. Inner ear mechanism

One of the inner ear function is to transform the sound that surrounds us into nervous
signals. This mechanism is decomposed in multiple steps starting from the vibration of
the tympanic membrane. These vibrations are amplified by the ossicles and transmitted
to the liquid filled vestibule through the oval windows. The induced fluid waves gen-
erate a vibratory response in the cochlea. This vibratory response is attributed to the
difference of pressure in the oval and round windows that would create a travelling wave
on the basilar membrane. This travelling wave activate then hair cells, or stereocila,
present in Corti’s organ due to its closeness with the basilar membrane [23].

This simplistic scenario minimizes the potential function of the undervalued Reissner
membrane [14]. Recently, this membrane has been shown to propagate travelling waves
with amplitude comparable to the one of the basilar membrane [15]. We simulated
this phenomena by applying vibrations at the entrance of the vestibular duct. These
vibrations propagated waves inside the duct, thus deforming the Reissner membrane.
The oscillation of the membrane maintained the input vibrations frequency and further
induced fluid flows in the cochlear duct. Most of the fluid movement went along the
membrane, but more importantly, a fluid flow, having half the velocity of the main one,
went inside the microscopic organ of Corti.

While being weaker, this flow pulsed with the same frequency of the input vibrations at
the exact location of the sterocilia. These hair cells, depending on their sensibility, could
thus have been activated and emitted nervous signal to the brain. Therefore, these results
corroborate our initial hypothesis, that movement of the Reissner membrane could be
of utmost importance in the mechanism of hearing and yet remains nearly unconsidered
nowadays.

In light of the previous results, the ducts structures may play a pivotal role by filtering
the perceived sound frequencies. Filtering effects are known to affect waves travelling
inside a waveguide of varying cross sectional size [11]. Cross section measured from the
base to the apex of the scala vestibuli and tympani [4, 21, 23] variates multiple times and
form various chambers and bumps. We compared a variety of geometries representing
part of these structural features and the ones respecting the proportions of the vestibular
duct amplified or attenuated the fluid velocity by more than a twofold factor. These
variation in fluid velocity clearly coincided with the structural characteristics of the
duct. The variety of structural features of the vestibular and tympanic duct in various
mammals [22] could well impact the range of sound perceived by each species.
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4.2. Simulations limitations and challenges

While striving to emulate the human ear conditions, our simulations remained far from
the reality. While we linked the vestibular and cochlear duct using the Reissner mem-
brane, during the separate simulation steps, the membrane was surrounded on one side
by a fluid mimicking the perilymph and by air on the other side. The impact of this in-
accurate setting was minimized by increasing the density and friction of the membrane.
However, these required simplifications created a gap between our model and the real
environment of the cochlea.

Accurately simulating the cochlea poses serious challenges for multiple reasons. One
of them resides in the complex structure and anatomy of the inner ear. Despite the
recent progress in high-resolution medical imaging, soft tissues such as the Reissner
membrane remains hard to observe and measure accurately [4, 17]. Assuming that these
issues will be fixed in the future, fully accurate geometries will then cause considerable
computational challenges for CFD solvers.

The frequencies range and the scale of geometry details featured in the cochlea leads
to hardly tractable computational task. Simulating low and high frequency at the same
time requires to chose a time resolution that enable the sampling of the fastest frequency
and a run time long enough for the lowest frequency to propagate. Sampling 20 points
per period of a 20’000 hertz signal requires a time step of 5·10−6 seconds. With such time
step, 104 iterations would be necessary to just generate one period of a 20 hertz signal.
The same observation applies to the spatial resolution of the geometry. As example,
Corti’s organ has geometric features of less than 10 microns, while the unrolled length
of the cochlea is greater than 30 millimetres.

The spatial and temporal resolutions of our simulation of one third of the cochlear
duct already required a one day runtime with 96 processors to generate enough data.
This small simulation, in regard to the entire cochlea, was not even computing forces
on the membrane since we applied its previously memorized deformation. Yet tenth
of thousands of particles were used to represent accurately the membrane. Adding the
resolution of forces on the entire Reissner and basilar membrane would consequently
increase the required computational power.

Hopefully, advances in CFD will help address these issues. Multi-domains meth-
ods [12, 19] are a first example of such methods. They aim to facilitate the simulation of
geometries showing structure with multiple scales of dimensions by dividing the simula-
tion domain in blocks having each an appropriate spatial resolution. Another issue comes
from immersed elastic membrane. Such complex fluid-solid interactions are complex to
address with the Lattice-Boltzmann method and are subject to recent advances [6].

In addition to these CFD improvements, a direct solution to this challenging com-
putational task would be to use the already available computing resources. Palabos is
known to manage simulation on clusters having several thousands of processors1.

1LEMANICUS Blue Gene/Q Supercomputer : http://bluegene.epfl.ch/
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4.3. Conclusion
In conclusion, by simulating the full path of mechanical waves created by vibrations of
the oval window, we showed that the Reissner membrane could well play an important
role in the activation of hair cells present in the microscopic organ of Corti. In this
context, the structure of cochlea ducts presented significant frequency filtering properties
by modifying wave velocity by up to a twofold factor.

In order to simulate these phenomenon, we used a highly parallel CFD solver, Pala-
bos. While these experiments where not fully realistic in regard of the human cochlea,
they present an important step toward the simulation of inner ear micro- and macro-
mechanics. Novel CFD methods coupled with the increasingly accurate measures of the
human ear will allow in a near future to conceive truly realistic cochlea models. Given
that the required computing resources are already us available for such computational
challenge, we only are a few steps away of realising the crucial tool that would help us
better understand the human hearing mechanism.
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Part III.

Toward a high performance
framework for statistical inference in

evolutionary biology
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Preamble

After being conceived in the mid-19th century on the HMS Beagle, Darwin’s theory of
evolution matured over the years until a game changing event occured: the advent of
DNA sequencing. From then on, statistical models capturing the essence of this theory
have been thoroughly scrutinised in light of this novel abundance of evolutionary evi-
dence. Thanks to sophisticated statistical methods and the rise of scientific computing,
this practice flourished and gave birth some decades ago to the fields of bioinformatics
and computational biology [54].

Research efforts from these new fields helped the study of key mechanisms of Darwin’s
theory of evolution such as the concept of positive selection that explains how advanta-
geous genetic variants in individuals are fixed in the relevant population. In 1994, Muse
and Gaut [88] provided a methodology, with unprecedented power, for the detection
of positive selection using molecular data. While remaining one of the most popular
approaches nowadays, this method revealed to have an overly expensive computational
cost when applied on such large datasets.

In addition of impeding the analysis of large molecular datasets, this limitation had the
secondary effect to put a hold on the development of models detecting positive selection.
Indeed, more realistic and complex models would inherit and most probably increase this
already limiting computational cost. Therefore, investigations were launched to iden-
tify more efficient algorithms and statistical methods that could benefit from nowadays
availability of parallel computing resources.

In this thesis part, we join our effort to this ongoing challenge. However, instead of
focusing on the sole problematic caused by positive selection models, we dedicate our
effort to the ambitious project of considering this challenge on a larger spectrum: the
vast majority of today evolutionary biology models, as well as the ones of tomorrow.
Therefore, this study aims at answering the general question:

• Can a high performance and parallel framework for statistical inference of evolu-
tionary models be designed such as to enable the analysis of large datasets with
complex and realistic models ?

This part presents our attempt at providing such a framework and is articulated as
follows. The first chapter starts by putting the stated challenge within the state-of-the-
art and then is dedicated to the introduction of an excerpt of evolutionary models. The
next chapter describes a general formulation enabling efficient evaluations of statistical
models. Based on this formulation, chapters three and four propose novel algorithms
and parallel strategies for two different statistical methods: the maximum likelihood
estimation and the Markov chain Monte Carlo methods. The fifth chapter presents a
strategy enabling large scale statistical analyses to be conducted on high-performance
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computing infrastructure. The methods presented in chapters two to five are illustrated
all along this part with experiments on nowadays evolutionary biology challenges and
compared to state-of-the-art software. The final chapter synthesises all these approaches
such as to justify their usefulness in the context of a high performance framework for
statistical inference and provide an outlook of its potential in the present and future of
computational evolutionary biology.
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1. Introduction

1.1. State-of-the-art
The use of computer science in biology has surged during the last decades and has lead
to the establishment of, once controversial, new research domains : bioinformatic and
computational biology [92]. These nowadays well-grounded fields are more than ever
solicited in light of the huge amount of biological data being generated every days. For
example, the generation rate and amount of genomic data competes directly with the one
of astrophysics and even the one of internet mastodons such as YouTube or Twitter [122].
Biology entrance in the Big Data era [82] opened new world of perspectives to validate
long dating postulates and to investigate novel hypotheses.

Evolutionary biology, the study of evolutionary processes that produced the diversity
of life on Earth, has been positively impacted by this abundance of data. Concepts
exposed in 1859 by Charles Darwin in his famous book, On the origin of species, are
nowadays extensively studied using genetic materials, fossil records and biological ob-
servations. For example, natural selection, the process favouring the survival and repro-
duction of organisms that are best adapted to their environment, is nowadays routinely
investigated using genomic data [130]. As a second example, the quest for the Tree of
Life, the evolutionary relationships of all known species through time, seems closer than
ever [58].

This richness in data allied to the availability of computational resources made the
aforementioned concepts and a vast amount of other hypotheses more approachable.
Indeed, after being carefully and realistically expressed as statistical models, these hy-
potheses are then confronted and compared on datasets using statistical inference. How-
ever, the quest of ever more realistic models coupled with datasets of increasing size
reached a limiting factor : its computational cost. Indeed, such complex analysis could
well take months or years to be achieved.

Numerous approaches are currently used to overcome, at some extent, this limitation.
These approaches can be decomposed in two classes : model-specific ones and model-
generic ones. The first class aims to reduce the computational cost, or computational
time, of likelihood evaluations of a given statistical model. These model-specific improve-
ments are achieved by using better algorithms, more adapted programming languages
and parallel computations when possible.

Detecting positive selection, a mode of natural selection, on coding genes gives a good
example of such model evolutions and implementation improvements. The initial models
were conceived in the early 1990 [44, 88] and were analysed using frequentist statistics
and authors of the models proposed a C implementation based on maximum likelihood
(ML) methods : PAML [135]. These implementations and models evolved through the
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years [136, 137]. In 2002 a more complex and realistic branch-site model detecting
positive selection at individual sites along specific lineages was proposed [138]. The
fourth version of PAML with new models implementation and algorithms enhancement
followed in 2007 [140]. However large analyses on the branch-site model using this
implementation were still challenging. For that matter, a faster implementation based
on improved and parallel algorithms, for this specific branch-site model, was developed
and released in 2014 [108, 127].

Another representative example is the study of evolutionary relationships between
species through time, more commonly called phylogenetic inference [33]. The challeng-
ing field of computational phylogenetics owns a large variety of implementations. ML
based implementations include PhyML [50] offering a rich variety of models, RaXML [120]
designed for performance and massively parallel executions, and more. Bayesian ap-
proaches, while being usually slower, are nonetheless not fewer. The most notable
among these implementations based on Markov Chain Monte Carlo (MCMC) methods
are MrBayes [106] a model-rich and optimized framework, Beast [31] a slower version
axed toward tree dating and ExaBayes [1] designed for performance and massively paral-
lel executions. Concurrent efforts were made to produce libraries for parallel and highly
optimized likelihood computations for key models without considering the statistical
framework. Among them Beagle [10] offers parallel likelihood computation on CPU or
GPU and the Phylogenetic Likelihood Library (PLL [24]) offers a parallel implementation
using optimized SSE3/AVX vectorized instructions.

While being efficient, all these state-of-the-art implementations remain limited by the
expensive computational cost encountered when analysing large datasets having either
long molecular sequences or representing a large amount of species. To tackle these limi-
tations, software having parallel implementations take advantage of long DNA sequences
by sending subsets of sequence positions to various processors in order to distribute the
computational cost. However when faced with datasets having large amount of species,
this approach does not bring any improvements. In addition of performance limita-
tion, these model-specific implementations represent a huge investment in development
and maintenance time (several years for each of them). Investments that could well be
lost in case of a shift toward drastically different statistical models for the same ap-
plications. Finally, minimal, if no, improvements coming from computational statistics
(for Bayesian inference) or optimization methods (for ML) are being employed in those
implementations.

Conversely, as to minimise the dependency on models, model-generic approaches offer
a flexible framework for their development and analysis. In computational evolution-
ary biology, RevBayes [59] is a recent initiative that focuses on offering a user friendly
environment for biologist to develop their own models that can then be analysed using
basic MCMC implementation. However model-generic approaches are more common in
computational statistics with software such as Bayesian inference Using Gibbs Sampling
(BUGS [80]) and Just Another Gibbs Sampler (JAGS [96]). Both software offer a larger
flexibility and variety in terms of samplers. Another promising initiative Stan [121]
offers a user-friendly and flexible environment for model development and use a state-
of-the-art Hamiltonian Monte Carlo sampler (HMC [60]) to offer an enhanced sampling
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performance.
Apart for RevBayes these generic approaches do not offer any support for evolution-

ary biology models which is of particular importance given that phylogenetic inference
require the sampling of the discrete space representing all the potential tree topologies.
Sampling such space represents a major challenge that might prove incompatible with
general statistical implementations. For example, the choice of Hamiltonian Monte Carlo
as Stan core sampler induces that all model parameters must be continuous. Further-
more these general frameworks lack the algorithmic improvements built in model-specific
implementations and more importantly might not be flexible enough to integrate them.
In addition of these limitations, none of these frameworks have been designed to take
profit of high-performance computing (HPC) resources; feature that becomes nearly
unavoidable when analysing complex models on large datasets.

While having each strong points, neither model-specific nor model-generic existing
implementations encompass all of them. Therefore, computational evolutionary biology,
and probably other research fields, would greatly benefit from a framework for statistical
inference offering the following key features:

• Flexibility and Modularity such as to enable an evolving and lasting framework
that could be enriched by novel statistical models and methods.

• Efficiency to allow the analysis of complex models by offering generic parallel
algorithms, model-generic improvements and state-of-the-art statistical strategies,
while still permitting model-specific improvements.

• HPC support by managing multiple levels of parallelism. Model-level parallelism
to speed up likelihood computations and enable Big Data applications, with the
definition of application having to much data too fit the memory of a single pro-
cessing unit. Method-level parallelism to speed up and improve the accuracy of
statistical methods. Analysis-level to support large statistical analyses requiring
several independent computations.

• User-friendliness in regards of end-users and developers. End-users require a
simplified approach to interact with the available tools, while statistical models or
methods developers require clear directives, or interfaces, that their implementa-
tions must fulfil.

We present in this thesis part a High perfOrmance framework for Generic stAtistical
modelliNg, HOGAN, allying modularity, efficiency, HPC-readiness and user-friendliness.
Reaching such goal required techniques from multiple areas of computer science as well
as from computational statistics and computational biology. In the spirit of orienting
the reader through this thesis part, the next section offers an overview of the content of
the following chapters as well as their relevance in regard of the overall framework. The
final section of this introduction briefly introduces the applications, or statistical models,
that are used to illustrate the framework performance and versatility in the following
chapters.
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Figure 1.1.: Overview of HOGAN.

1.2. Overview
As illustrated in figure 1.1, HOGAN is mainly composed of three different layers: models,
methods and analyses. Each of these three layers disposes of a dedicated MPI commu-
nication manager. This approach enables the combined use of parallelism at each layer
to cumulate their speedup and thus increase the scaling of the framework.

1.2.1. Models
The first layer is dedicated to the generalization of statistical models and more precisely
to the implementation and computation of likelihood functions. This generalization
is obtained by expressing the computational operations of the likelihood function as a
Directed Acyclic Graph (DAG). The second chapter of this thesis part formalizes this
approach and describes how it is used to improve the efficiency of HOGAN. The DAG
representation enables the generalization of model-specific algorithmic improvements
and the use of well known parallel computation strategies.

1.2.2. Methods
The second layer is dedicated to statistical methods and has support for frequentist
inference based on ML Estimation (MLE) and Bayesian inference using MCMC methods.

In computational evolutionary biology, ML estimations are frequently achieved us-
ing hill-climbing optimization strategies for the likelihood function. For that matter,
Newton or Quasi-Newton methods such as the Broyden–Fletcher–Goldfarb–Shanno al-
gorithm (BFGS [91]) are employed. Such methods require the approximation of the
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finite-difference derivatives of the likelihood function. The third chapter describe how
such approximations can be obtained efficiently by using the DAG representation as well
as by using parallel computations.

MCMC methods are used in Bayesian inference to approximate the posterior proba-
bility distribution of the model parameters given the data. However, to achieve accurate
approximation of these posterior distributions, MCMC methods require more likelihood
evaluations than their ML counterparts making them slower. In addition to that, they
are inherently sequential and require prior knowledge on the likelihood function to define
adequate moves in the parameter space.

This limitations are addressed in chapter four by presenting a novel sampling scheme
coupling two state-of-the-art computational statistics methods: prefetching and adaptive
MCMC. This sampling scheme enables the use of parallel computing resources to speed
up the sampling. Furthermore moves adapted to the parameter space are automatically
learned and their computation scheme is optimised using the DAG representation of
the likelihoods. Finally, this novel model-generic approach, being an enhancement to
the base MCMC process, can be coupled with other well known methods such as the
parallel tempering [41].

1.2.3. Large scale analyses

Large scale analyses are managed by the third layer and represent the scenarios where
multiple tasks are required to achieve an analysis. This vast definition encompasses the
analysis of multiple hypotheses that are to be compared within a statistical framework,
or replicate analysis required to insure correctness of the results obtained though the
statistical methods, as well as applications of a statistical analysis on a large amount
of datasets. While such tasks can be independently computed, their execution time
remains unknown before hand. The fifth chapter describes the asynchronous distributed
load balancing algorithm put in place to manage such situation and facilitate the use of
HPC resources

1.2.4. Overall framework

The overall framework is shortly detailed in the sixth and final chapter. This summary
of the current version of HOGAN is followed by a discussion of the potential enhancements
that could be integrated in the framework as well as the future target application that
could benefit from it.

1.3. Illustrative applications
The framework capabilities and performance are illustrated in the following chapters us-
ing various applications that are summarized in this section. The first one is a toy appli-
cation based on multivariate normal distributions that will be used to analyse our MCMC
sampler properties, while the second one is a hierarchical Bayesian model, PyRate, used
to illustrate its performance.
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The remaining applications are based on phylogenetic trees and molecular evolution
models. Codon models identifying positive selection are used to illustrate the DAG
representation of likelihood as well as the improvements in ML methods. Basic codon
models on fixed trees, as well as the inference of phylogenetic trees using nucleotide
models are used to illustrate the MCMC sampler performance. Finally, a nucleotide
model estimating the co-evolution of two positions in an alignment, Coev, is subject to
a large scale analysis.

1.3.1. Multivariate normal based models

Multivariate normal based models are really convenient to analyse the properties of
a MCMC sampler on independent and correlated variables. Their likelihood function
is defined as the probability of the data X formed by m samples generated from a
multivariate normal distribution N (µ,Σ) with µ ∈ Rd and Σ ∈ Rd×d. Setting θ = (µ,Σ),
the likelihood function becomes f(X|θ) =

∏m
k=1 fθ (xk) with fθ being the probability

density function of the multivariate normal distribution given the parameters θ.
Models with d independent parameters are defined by a diagonal covariance matrix

Σ = diag (V ) with V =
(
σ2

1, .., σ
2
d

)
. Models with d correlated parameters are, for their

part, expressed with covariance matrices Σ having correlations between several of the d
dimensions of the distribution.

1.3.2. PyRate

The model PyRate [114] is a hierarchical Bayesian model that analyses speciation and
extinction rates of large collections of fossils and estimates large numbers of parameters
N . This model has a complexity order of O(N) with few parameters being correlated.
These properties make this model particularly interesting. Indeed the relatively inex-
pensive likelihood can highlight the overhead of the presented parallel MCMC sampler,
while the low amount of correlations can illustrate its ability to exploit any existing
levels of correlations.

Another advantage of this model is the fact that data sets can be simulated using
the simulator of the PyRate model [115]. Moreover, large empirical datasets that are
challenging to sample are also available, such as a large dataset of plant fossils [116]
containing 22,415 fossil occurrences assigned to 443 plant genera. This dataset spans
over a hundred millions of years divided in 31 predefined epochs, which are defined by
the stratigraphic geological time scale.

1.3.3. Tree-based models of molecular evolution

Multiple models based on phylogenetic trees and models of molecular evolutions are
used in the following chapters to illustrate key features of HOGAN. Therefore a brief
overview of this class of models is introduced prior to a more detailed description of
their respective specificities. This introduction is largely based on the stellar books
Computational Molecular Evolution [139] and Inferring Phylogenies [33].
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1.3. Illustrative applications

General description

The genetic material of a species, once extracted, is represented as molecular data that
contains symbols identifying DNA, RNA, codon or amino acid sequences. These symbols,
or states, forming such sequences are known to evolve by changing from one to another.
This substitution process is the key phenomena modelled in molecular evolutionary
models.

Such models are using continuous-time Markov chains to define the probability pij(t)
of state i to evolve into state j during time t. This matrix of transition probabilities P
can be defined as

P (t) = eQt, (1.1)

with Q defining the infinitesimal generator. In molecular evolutionary biology, t is used
to represent the expected number of substitutions, while the Q matrix, more commonly
called the instantaneous substitution-rate matrix, is used to model evolutionary hypothe-
ses.

The simplest example of such hypothesis is the Jukes-Cantor model of nucleotide sub-
stitutions [124]. This model assumes a unique substitution-rate λ between nucleotides.
The matrix Q of this hypothesis would be represented as

Q = {qij} =


· λ λ λ
λ · λ λ
λ λ · λ
λ λ λ ·

 (1.2)

with diagonal values constrained to −3λ such that the sum of each row equals to zero.
These evolutionary models are commonly used to define the evolutionary relationships

between species of a phylogeny, or phylogenetic trees, and therefore play a key role in
building the likelihood function used in phylogenetic analysis. Such analyses serve two
distinct purposes. The first one is to test hypotheses regarding the evolutionary model
or to study its parameters θ using a fixed tree topology τ . Oppositely, for their second
purpose the tree topology τ is the key parameter that has to be estimated and therefore
is part of θ.

In both scenarios, the likelihood represents the probability of observing the molecular
data X when the parameters θ are given. The data represent S aligned homologous
sequences having each N positions, or sites (nucleotides, codons or amino acids). The
kth symbol of the sequence representing the hth species is therefore denoted as xkh. The
possible states, or symbols, that xkh can take are defined over the set K that, in the
case of nucleotides, would be defined as K = {A,C, T,G}. The parameters θ, for their
part, encompass the parameters of the evolutionary model as well as the evolutionary
distance, or expected number of substitutions t, between two species and potentially the
tree topology τ .

Two important assumptions are made on the evolutionary process to simplify the
definition of the likelihood. The first one is that different positions in a sequence evolve
independently of each other. This assumption enables the decomposition of the likelihood
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Figure 1.2.: Example of a phylogenetic tree with five extant species having each a single
nucleotide.

into a product having a term for each sequence position, or site,

f(X|θ) =
N∏
k=1

f(Xk·|θ). (1.3)

The second assumption is that the evolution in one lineage is independent from the one
in other lineages.

Under these assumptions, the likelihood for a single site f(Xk·|θ) is the sum over
all possible state combinations for the extinct ancestors. Given that this likelihood is
defined for a single site, the subscript k is from now on omitted as to lighten the notation.
For example, the likelihood of the tree illustrated in Figure 1.2 would be defined as

f(X·|θ) =
∑
x0

∑
x6

∑
x7

∑
x8

[
πx0px0x6(t6)px6x7(t7)px7T (t1)×

px7C(t2)px6A(t3)px0x8(t8)px8C(t4)px8C(t5)
]
.

where xi represents the state at ancestral node i, pxixj (t) the probability of transitioning
from state xi to state xj after t expected substitutions and πx0 is the prior probability
of observing states x0 defined as the equilibrium state frequencies under the model.

Using the second assumption regarding the independence between lineages, this site-
based likelihood can be rewritten using Felsenstein’s pruning algorithm [33] stating that
computation may be economized ”by trying to move summation signs in as far right as
possible and enclose them in parentheses where possible”,

f(Xk·|θ) =
∑
x0

πx0

{∑
x6

px0x6(t6)
[(∑

x7

px6x7(t7)px7T (t1)px7C(t2)
)
px6A(t3)

]}
×[∑

x8

px0x8(t8)px8C(t4)px8C(t5)
]
.
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1.3. Illustrative applications

This representation of the likelihood has the particularity of having the parenthesis
pattern matching the state occurrences in leaf nodes :

[(T,C) , A] , [C,C] .

Indeed, this matching appears because the essence of this pruning algorithm is to com-
pute successively the probability of data on many subtrees.

A more general recursive definition can be given by considering Lki(xki) to be the
probability of observing states at position k of the sequence at the descendants of node
i, given that the symbol observable at node i is xki. Whenever xki is equal to the whole
set of possible states K, this conditional probability Lki(xki) is more commonly called
the conditional probability vector (CPV) for node i at position k.

The conditional probability Lki(xki) of a node without children, a leaf node, is defined
as 1 if the state xki is observed and 0 otherwise. However, if i is an internal node and is
the ancestor of nodes j and l, the conditional probability Lki(xki) is then defined as

Lki(xki) =

∑
xkj

pxkixkj
(tj)Lkj(xkj)

× [∑
xkl

pxkixkl
(tl)Lkl(xkl)

]
. (1.4)

Therefore the conditional probability Lki(xki) is built on probabilities coming from both
subtrees rooted by node j, and l respectively. Each bracket represents the probability
of observing a state xki transitioning to a state xkj at node j, respectively xkl at node l
over a period of time tj , respectively tl. Due to the assumption of independence between
lineages, the product of those probabilities defines the joint probability of observing both
transitions and thus define the conditional probability Lki(xki).

Using this scheme, the likelihood of site k is defined using the conditional probability
Lk0(xk0) of the root node 0,

f(Xk·|θ) =
∑
xk0

πx0Lk0(xk0), (1.5)

Based on this description of the likelihood, a rough approximation of its computational
complexity can be derived for a phylogeny having S extent species defined each by
molecular sequences composed of N sites having K possible states. For such rooted
binary trees, the amount of internal nodes, representing ancestral species, amounts to
S − 1 and thus the total number of nodes amounts to 2S − 1.

For each node in the tree with the exception of the root, this likelihood requires one
matrix exponentiation for P (t) = eQt costing1 roughly O(K3) if eigendecompositions
are employed for this computation [86]. These matrices P (t) are then used at each tree
nodes to compute the CPVs for each site giving a complexity2 of O(NK2). Therefore
the worst-case likelihood complexity is defined as

O(2S(K3 +NK2)), (1.6)
1Known complexity for the QR algorithm employed for eigendecompositions.
2Known worst complexity for N matrix-vector multiplications having a complexity O(K2) with a square

matrix of size K.
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making it far more expensive to compute than the O(N) of the PyRate model.
The likelihood function described in this section forms the base of more complex

phylogenetic analysis requiring the use of several classes of evolutionary models. Some
of those models are detailed in the following sections.

1.3.4. Detecting positive selection on protein coding genes
Models of codon-substitutions have been widely used to study and identify positive
selection on protein coding genes. The base model [44] defines the evolution of codons
by monitoring two specific types of substitutions. The first one affects the nucleotides
forming a codon and express the ratio κ of transitions (A↔ G or C ↔ T ) to the other
possible nucleotide-substitutions, the transversions.

The second type aims to differentiate non-silent codon-substitutions changing the
amino acids sequence from the silent substitutions keeping it intact. Such modifications
of the amino acids sequence are of key interest given that they result in biological changes
in the organism. Therefore the ratio of non-synonymous (non-silent) to synonymous
(silent) substitutions ω = dN/dS is a key indicator of selective pressure on codon sites.

This evolutionary model is characterised by its instantaneous substitution-rate matrix
Q having rates qij , with i 6= j, defined as

qij =



0, if i and j differ at more than one nucleotide,
πj , if i and j differ by a synonymous transversion,
κπj , if i and j differ by a synonymous transition,
ωπj , if i and j differ by a non-synonymous transversion,
ωκπj , if i and j differ by a non-synonymous transition.

This matrix Q forms the base of a variety of evolutionary models [137].
As an example, the M2a model estimates the selective pressure on codon sites through

the use of a mixture of three site-classes having different synonymous to non-synonymous
substitution rates Ω : deleterious (ω0 < 0), neutral (ω1 = 1 ) and positive (ω2 > 1).
Beside the estimation of the parameter values for each site-class ωk and their respective
proportions pk, this model estimates the overall transition-transversion rate κ and the
branch lengths of the tree t. The likelihood of such a model for site k is given by

f(Xk·|κ,Ω,p, t) =
K∑
k=1

pkf(Xk·|κ, ωk, t), (1.7)

with p representing the vector of proportions (p1, p2, p3).
A more advanced model is offering the possibility to estimate the selective pressure

along specific sites and lineages. This branch-site models define a set of foreground
branches having the same three site-classes as the M2a model. The remaining back-
ground branches only dispose of two site-classes representing deleterious and neutral
evolutions. The possible site-classes Ik and their combinations of ω are defined in ta-
ble 1.1.
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1.3. Illustrative applications

Table 1.1.: Site-classes Ik and their combinations of ω for the branch-site model.
Site-class Proportion Background ω Foreground ω

0 p0 0 < ω0 < 1 0 < ω0 < 1
1 p1 ω1 = 1 ω1 = 1
2a (1− p0 − p1)p0/(p0 + p1) 0 < ω0 < 1 ω2 > 1
2b (1− p0 − p1)p1/(p0 + p1) ω1 = 1 ω2 > 1

The likelihood function of this model is averaged over the different classes similarly
as in the M2a model,

f(Xk·|κ,Ω,p, t) =
K∑
k=1

pIk
f(Xk·|κ, ωIk

, t), (1.8)

where pIk
define the proportions for class Ik and ωIk

encompasses the foreground and
background ω.

Other approaches offering similar models have been proposed in the literature. Ran-
dom effects branch-site models [97] mainly differ from the previously described branch-
site model in the mixing of the different site-classes. Instead of being integrated at
the tree-level (Eq. (1.8)), site-classes are used to form an average probability transition
matrix P̄ at the node-level such that

P̄ =
C∑
C=1

pce
Qct,

with pc representing the proportions of sites in class c andQc the instantaneous transition-
rate matrix defined using ωc.This average transition matrix P̄ is then used as previously
to compute the CPVs.

Another model allows site-specific variations of the selection patterns along lineages [49].
This model does not specifically constrain lineages to evolve under a specific class but
considers an enlarged substitution process. The extended instantaneous transition-rate
matrix S = D + R encompass two distinct types of continuous-time Markov processes.
The first one is the previously described site-classes approach. Indeed, D is formed as
a block diagonal matrix having matrices Qc constructed using wc on the diagonal. The
second process, defined by the matrix R, enables the transition from one site-class to
another one through time. Three new parameters δ, α, β are introduced in R. The first
one, δ, represents the overall lineage switching rate, while α and β define the site-class
pairwise direction of switches (e.g. from site-class 1 so site-class 2).

The likelihood of the aforementioned codon-substitution models is expensive for two
reasons. The first one is that there are 61 possible codon-states. When compared to
the only 4 states of nucleotide-substitution models, this increase in number of states K
significantly augments the computational cost of CPVs and matrix exponentiations. The
second reason, and probably the most important, stems from the multiple computations

91



1. Introduction

of the tree likelihood (Eq. (1.5)) required for each site-classes. Indeed, this increase
in computations appears clearly in equation (1.7) and equation (1.8), where the tree
likelihoods associated with all possible site-classes are averaged.

1.3.5. Assessing coevolution between pairs of sequence positions

The family of models previously presented was based on the assumption that the posi-
tions in a sequence are evolving independently of each others. However, this is known as
being inaccurate and the study of these jointly evolving positions is part of the concept
of coevolution defined as ”the modification of a biological object triggered by the change of
a related object” [134]. Coevolving positions in molecular sequences have been shown to
have a direct effect on the function and structure of proteins in multiple studies [12, 26].
Until recently this evolutionary concept has only been analysed using measures of corre-
lation between sequences. However, recently, a molecular evolutionary model based on
phylogenetic tree has been conceived [27].

This novel evolutionary model relaxes the assumption that sequence positions are
evolving independently and thus revokes the use of equation (1.3). For that reason, only
two sites of a sequence are considered at a time and the model represents the potential
substitutions of this pair of positions considering a given profile of coevolution φ. This
profile defines the set of possible pairs of states that the positions can take at any time.
Assuming a set of aligned nucleotide sequences, such profile φ could define the states
{AT, TG}. Coevolving positions would imply that upon a substitution from A to T in
position 1, a subsequent substitution from T to G should be observed in position 2. The
total amount of possible profiles [28], M , for a pair of positions having K possible states
is defined as

M =
K∑
k=2

(
K!

(K − k)! ×
1
k!

)2
(1.9)

The continuous-time Markov chain used to define this process represents pairs of
states, instead of single states as in the previous models. Therefore the instantaneous
substitution-rate matrix Q is composed of K2 states and defined the K2 ×K2 possible
rates qij , with i 6= j, as

qij =



0, if i and j differ at more than one nucleotide,
r1, if {i, j} 6∈ φ if i differs from j at position 1,
r2, if {i, j} 6∈ φ if i differs from j at position 2,
s, if i ∈ φ and j 6∈ φ,
d, if i 6∈ φ and j ∈ φ.

The parameter s is the rate of transition from a coevolving combination present in the
profile to a non-coevolving combination. Conversely, d is the rate of transition from one
non-coevolving to a coevolving combination. The substitution rates of non-coevolving
positions are represented by parameters r1 and r2 and correspond to independent posi-
tions evolving according to a Jukes-Cantor model (Eq.(1.2)).
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The likelihood of this model is therefore defined as

f(X{ij}·|s, d, r1, r2, φ, t),

with {ij} defining the pair of positions i and j in the sequence and using the tree
likelihood defined in equation (1.5).

The computational complexity of this model is independent of the sequence size N but
increases due to the expanded states number of K2 leading to a O(K6) computational
cost for the matrix exponentiation. However, when considering nucleotide sequences,
with Knucl = 4, the cost of a likelihood evaluation remains cheap when compared to the
one of models based on the tree likelihood detailed in the previous sections.

Therefore the challenge arising from statistical analysis on this model is different from
the one yet encountered. The expensive computational cost is caused by the large number
of independent analyses required to analyse a molecular dataset formed of a phylogenetic
tree and a molecular sequence per specie. Indeed, there exists N2/2 distinct pairs of
positions in a sequence. For each of these distinct pairs an analysis must be run, in
the worst case, for M potential coevolving profiles φ. Therefore the total number of
independent statistical analyses for a dataset amounts to M ·N2/2. Such an amount is
further doubled when comparative analyses are conducted using ML methods due to the
computation of the null hypothesis. This hypothesis assumes an independent evolution
of the two sites according to a Jukes-Cantor model.

1.3.6. Inferring phylogenetic trees
A fundamental challenge in phylogenetic analysis is to estimate the best phylogenetic tree
supported by molecular sequences. This challenge comes from the difficulty of exploring
the space of possible tree topologies. Indeed, the size of this space grows according to a
factorial function of the number of leaf nodes, or extent species. As an example, there
exists close to 35 millions different topologies for a rooted phylogenetic tree having 10
species [33]. Therefore exhaustive approaches cannot be used for phylogeny composed
of hundreds or thousands of species.

In order to avoid the exhaustive scheme visiting all the possible trees, cheaper strate-
gies must be employed to explore the tree space. The strategies usually used start from
an initial tree and rearrange some of its branches to reach neighbouring trees. The tree
space is then explored by moving from a tree to one of its neighbours and so on. Using
such moves, heuristic methods can be conceived to search for the best tree.

The design of tree moves has an important impact on heuristic methods. Indeed, it is
well known in the field of metaheuristics, that such algorithms require an intensification
and a diversification components. The first one aims at intensifying the exploration in
the vicinity of the current solution, or tree topology in our case, to refine it. Oppositely,
the second tends to produce more drastic changes to diversify the exploration of the
solution space and to avoid getting stuck in local optima.

Tree moves3 based on branch-change aims at intensifying the search and consists in
moving a node of the tree continuously along its edges as illustrated in figure 1.3a.

3This classification of tree moves is based on the review of Lakner et al. [76].
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Figure 1.3.: In these figures illustrating different tree moves, triangles are employed to
represent subtrees. The left figure illustrates a branch-change, while the
right one a Stochastic Nearest Neighbour Integerchange.

While such moves usually perform small slides, they can sometimes produce changes in
the topology whenever a node slide across another one.

Tree moves using branch-rearrangement are further divided into two categories : swap-
ping and pruning-regrafting moves. As defined by their denomination, the first category
swaps two subtrees. One of these swapping move, the Stochastic Nearest Neighbour In-
terchange (STNNI) is represented in figure 1.3b. Swapping moves cause greater changes
in the tree topology than branch-change moves and are therefore more diversifying.

The prunning-regrafting move first prunes a subtree and then regrafts it on another
randomly chosen branch of the tree. One of these moves, Subtree Pruning and Regrafting
(SPR), is shown in figure 1.4 where the subtree rooted by node A is regrafted between
node D and E. Changes produced by such procedure is further more diversifying than
the two previous ones.

When inferred in a statistical framework, the analysis of the phylogenetic tree is
guided by the tree likelihood (Eq. 1.5) and requires, jointly with the already challenging
search of the best tree topology, the estimation of the evolutionary model parameters
θ. Furthermore, any change in the tree topology modifies the likelihood function and
requires θ to be re-estimated.

Under these circumstances, these analyses require a significant amount of likelihood
evaluations. Therefore, simple evolutionary models are preferred in order to reduce the
overall computational cost. One of the most widely used model for such analyses is
the general time reversible (GTR) substitution model. This nucleotide model uses six
parameters to define the instantaneous substitution rate matrix Q, as

QGTR = {qij} =


· aπC bπA cπG

aπT · dπA eπG
bπT dπC · fπG
cπT eπC fπA ·


with (a, b, c, d, e, f) defining the transition rates from one nucleotide to the other and πj
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Figure 1.4.: Illustration of a Subtree Pruning and Regrafting move. The left figure shows
the subtree pruned and its grafting point. The state of the tree after this
move is represented in the right figure.

the equilibrium frequency of nucleotide j.
Using the aforementioned tree moves and these simplistic nucleotide models, the best

phylogenetic tree can be estimated. However, this optimal tree topology does not nec-
essarily provide any confidence level to use the obtained topology for further analysis.
While such confidence in the tree topology can be readily derived from posterior dis-
tributions obtained during Bayesian analysis, additional steps must be enforced for ML
methods. Indeed, confidence, or support, on the tree features, can be built using statis-
tical bootstrapping at the cost of supplementary likelihood evaluations.

Consequently, the computational complexity of inferring phylogeny quickly grows with
the number of species S given that it impacts both the computational costs of the tree
likelihood and the size of the tree topology space. Indeed, as the tree space grows, the
amount of likelihood evaluations required for its exploration increases. For this reason,
this application provides a different challenge than the detection of positive selection on
protein coding genes.
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2. Model representation and likelihood
computation

The representation of statistical models and the computation of their likelihood are the
cornerstone of HOGAN. Indeed, this representation must, first and foremost, enable the
definition of the existing phylogenetic-based models but also the upcoming ones and,
within the realm of the possible, any models. While this already poses a serious chal-
lenge, this key element must offer generic functionalities that improve the computational
efficiency of likelihood evaluations.

This chapter begins by exposing why using Directed Acyclic Graphs (DAG) fulfils all
these requirements. This introduction is followed by a brief definition of this specific
type of graph as well as an illustration on the phylogenetic tree likelihood. The two key
features, partial likelihood updates and parallel likelihood evaluations, that generically
improve the computational efficiency of likelihood evaluations are then described. The
behaviour of both methods is analysed on the branch-site model defined in equation (1.8)
and their performance is compared with a state of the art implementation of the model
in question.

2.1. Why directed acyclic graphs ?

Graphs are a widely used mathematical formalization of networks as in the sense of
sets of objects having potential interactions with each others. This formalization offers
numerous advantages starting by its visual representation. Indeed, graph visualization
offers an intuitive and universal way of representing relations between objects and is
the subject of a field of research, graph drawing, combining geometric graph theory and
information visualization [25].

More importantly, graph theory, the study of graphs, has been and remains an active
research field. Numerous graph properties and algorithms developed in this field are
available for problems such as routing problems or graph partitioning problems. These
problems are tightly coupled with theoretical computer science problems such as the
Travelling Salesman Problem (TSP [7]) or the scheduling of parallel computations [22].
This last application highly motivated the choice of directed acyclic graphs for the rep-
resentation of statistical models.

Indeed, parallel computation in programs are commonly expressed as the graph of
dependencies, or precedences, between their inner computational tasks. Under the con-
dition that such program does not contain deadlocks, its dependency graph forms a
directed acyclic graph. The scheduling of such a directed task graph on multiprocessors
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has been widely studied and, despite being a NP-Complete problem, multiple efficient
heuristics exist for it [74].

A second motivation for the use of DAG comes from the concept of graphical mod-
els [64] developed in computational statistics. Indeed, the representation of statistical
applications in this field has become of growing importance considering the emergence
of models having thousands or billions of random variables interacting in complex ways.
In order to tackle this challenge, directed or undirected graphs are used to represent
families of probability distributions.

In addition of offering a unifying framework for the description of statistical models,
this use of graphs has built a bridge between statistics and computer science. Indeed,
based on this novel definition, numerous inference algorithms have been developed to
reduce the computational complexity of inferring such models [131, 68]. One of the most
widely used MCMC sampler in computational statistics, BUGS [80], is directly based
on the concept of graphical models and its development highly contributed to the field.

While the initial idea of applying graphical models for phylogenetic-based models
emerged in 2004 [64], it had to wait until the end of 2014 to reach the evolutionary
biology community and be proposed as a unifying and standardised representation of
such models [59]. Using this formalization, the authors of this latter article implemented
and distributed a software for Bayesian phylogenetic inference, RevBayes. This software
offers an easy access through the use of Rev, a custom R-like interpreted language, to
algorithms for graphical models such as the Sum-Product algorithm [38, 64], more known,
in phylogenetics, as the Felsenstein’s pruning algorithm [33] and MCMC methods.

In conclusion, the choice of DAGs as the cornerstone of HOGAN is motivated by their
potential to represent parallel computations in programs as well as graphical models.
Both of these concepts offer an intuitive representation of a likelihood from the statistical
and computational point of view and also address the framework need for efficient and
generic algorithms dedicated to likelihood evaluations. Finally, as demonstrated in the
following chapters, the graph representation of a likelihood evaluation serves as a basis
for the formalization and the development of model-independent optimization strategies.

2.2. A short introduction to DAGs

A directed graph G defines an ordered pair (V,A) where

• V is the finite non-empty set of vertices v, or nodes, of the graph;

• E is the finite set of ordered pairs e of vertices defining the directed edges of the
graph.

The directed edge between nodes vs and vt is defined as the pair e = (vs, vt) having vs
as tail and vt as head.

A directed walk in G is a finite non-null sequence of W = v0e1v1e2...ekvk, or W =
v0v1...vk, with directed edge ei having node i− 1 as tail and node i as head. A directed
walk is closed if the origin v0 and terminus vk nodes are the same.
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2.2. A short introduction to DAGs

Figure 2.1.: Example of the relation between nodes, or vertices, vs and vt.

A directed trail is a directed walk W where all directed edge ei are distinct. A closed
directed trail whose origin and internal vertices are distinct is a directed cycle. Therefore,
a directed acyclic graph is a directed graph having no directed cycle.

A node vs is defined as parent node of vt if the edge e = (vs, vt) exists in E . For each
node v ∈ V, the subset of indices ψ(v) defines the indices of the parent nodes of v and
the subset of nodes ν(v) defines the parent nodes of v.

2.2.1. Directed task graph
Figure 2.2a) illustrates an example of a DAG explaining a program by its task depen-
dencies. The program is composed of tasks {v1, v2, v3, v4, v5} represented as red and
yellow nodes and input variables {vA, vB} represented as green nodes. The parent nodes
of node vA are ν(vA) = {v2, v3, v4} with indices ψ(vA) = {2, 3, 4}. These parent nodes
ν(vA) depends on the results of vA for their computations.

Correct executions represented by directed task graphs can be identified by the topo-
logical sorting of their vertices. Such ordering defines that node vt precedes node vs if
there exists an edge e = (vs, vt) ∈ E . According to this definition, correct executions,
or DAG traversal, of the program represented in figure 2.2a) could be expressed by the
sequences (vA, vB, v2, v3, v4, v5, v1) or (vA, v2, v3, vB, v4, v5, v1).

1

4 52 3

A B

...

a) b)

Figure 2.2.: Two examples of DAGs. Left figure show a simple DAG. Right figure show
a DAG representing a graphical model.

Assuming that more information was known such a DAG could be weighted. For
example, edges e = (vs, vt) ∈ E could be weighted in function of the communication
cost between the tasks vs and vt. For example, edge e = (v4, vA) could be weighted to
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2. Model representation

8 (bytes) assuming that task v4 would require a single integer from task vA. Similarly,
node vs could be weighted by the computational cost, or time, of its designated task χs.
For example, if the task identified by subscript 4 and represented by node v4 would take
7 seconds to be computed, then χ4 = 7.

2.2.2. Graphical model
Figure 2.2b) illustrates a DAG representing a graphical model [131]. Each node v ∈ V
of such DAG are identified with random variables Xv taking values xv ∈ Xv. Assuming
a collection of discrete or continuous kernels

{
k
(
xv|xν(v)

)
: v ∈ V

}
summing, or respec-

tively integrating to 1, the joint probability distribution represented in this type of DAGs
is given by

p(xV) =
∏
v∈V

k
(
xv|xν(v)

)
.

From this expression, it clearly appears that the kernels k
(
xv|xν(v)

)
are the conditionals

probability distributions of p(xV) and can therefore be defined as

k
(
xv|xν(v)

)
= p

(
xv|xν(v)

)
.

Using these definitions, the DAG of figure 2.2b) describes N conditionally indepen-
dents variables Zi with values zi identically distributed in function of parameter θ.
Therefore, the joint probability of such a graphical model is then defined as

p(xV) = p(θ)×
∏
i∈N

p
(
zi|xν(zi)

)
= p(θ)×

∏
i∈N

p (zi|θ) .

2.2.3. Phylogenetic tree likelihood
The phylogenetic tree likelihood defined by equation (1.5) is the core of phylogenetic-
based models. Statistical analyses conducted on such models require thousands to bil-
lions of likelihood evaluations. Therefore, designing an efficient implementation of the
phylogenetic tree likelihood is of utmost importance.

Implementation as a directed task graph

In HOGAN, this likelihood is designed as a directed task graph. An example of such graph
for a phylogeny having six species is shown in figure 2.3. The notion of likelihood defined
in equations (1.4) and (1.5) has to be slightly rewritten to better explain this graph and
to reflect more accurately the computations linked to each of its tasks.

Indeed, the likelihood function can be redefined using linear algebra expressions. As-
suming that all possible states K are always considered for xki, even if their probability
is null, and this for each sequence position k and node i, then the conditional probability
vectors gki can be used to redefine Equation (1.4) as

gki = Lki(xki) =
[
P (tj)gkj

]
◦
[
P (tl)gkl

]
= hkj ◦ hkl (2.1)
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Root

CPV

CPV

CPV

CPV

Leaf Leaf Leaf Leaf

LeafLeaf

BM

BM BM

BM

BM BM

BM BM BM BM

Matrix

Figure 2.3.: Directed task graph representing a generic phylogeny-based likelihood. The
six green nodes, entitled leaf, contain the molecular data of the extent
species. Using the Matrix and BM nodes, the CPVs are computed from
the leaf nodes upto the root node.

with ◦ defining the Hadamard product of two vectors or matrices.
Most of the phylogenetic-based software, such as FastCodeML or MrBayes, are using the

expression defined in Eq. (2.1) to compute the CPVs. However, this approach makes an
extensive use of matrix-vector multiplications, while matrix-matrix multiplications could,
and should, be used. Indeed, matrix-matrix multiplications offer better computational
performance, due to memory optimizations, than multiple calls to their matrix-vector
counterparts.

Matrix-matrix multiplications are applied by compacting conditional probability vec-
tors in a single matrix at each node. Given the compacted CPVs matrix,

Gi =
[
g1i...gki...gNi

]
,

for node i containing the CPVs of the N sequence positions, Eq. (2.1) can be redefined
as

Gi =
[
P (tj)Gj

]
◦
[
P (tl)Gl

]
= Hj ◦Hl. (2.2)

Equations (1.3) and (1.5) are then adapted to define the final likelihood as

f(X|θ) =
N∏
k=1

(
πTx0G0

)
k

(2.3)

with (·)k representing the kth element of the vector representing the site-wise conditional
probabilities previously defined by equation (1.3).

Another fundamental step in the computation of the likelihood is the matrix expo-
nentiation required to compute the transition probability matrices P (t) (Eq. 1.1). This
crucial step is done using an eigendecomposition of the instantaneous substitution-rate
matrix Q [86, 127] as

Q = LΛL−1. (2.4)
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with L as the left eigenvectors and Λ as the diagonal matrix of eigenvalues. Using this
eigendecomposition, the P (t) matrix is then obtained according to

P (t) = eQt = LeΛtL−1. (2.5)

Using the previous definitions, the directed task graph of the likelihood illustrated in
figure 2.3 can now be properly detailed. The different tasks, ordered by their appearance
in the topological ordering of nodes, are defining the following computations :

• The Matrix task from the instantaneous substitution-rate matrix Q based on pa-
rameters θ. A first step toward the computation of the transition probability ma-
trices P (t) is also conducted by applying the eigendecomposition of Q (Eq. (2.4)).

• The branch-matrix (BM) tasks compute each probability transition matrices P (t)
according to equation (2.5), in function of the branch length t defined by the
parameters θ.

• The Leaf and CPV tasks employ the P (ti) matrix computed in branch-matrix
tasks to define their respective Hi matrix (Eq. (2.2)). Leaf tasks compute Hi in
function of the molecular data X·i of their respective extent species as

Hi = P (ti)Gi = P (ti)X·i.

CPV nodes compute Hi in function of their child nodes j and l as

Hi = P (ti)Gi = P (ti)(Hj ◦Hl).

• The Root task computes the final likelihood value according to equation (2.3).

Advantages of the proposed implementation

This task decomposition offers several advantages. The first is that the costly part
of the matrix exponentiation, the eigendecomposition of the matrix Q, is only applied
once. Then, the computation of the probability transition matrix P (t) is only applied
once per pair of branch and Q matrix. For site-classes or branch-site models, this
representation ensures that these costly computations are only computed once. For
example, the branch-site model defined in table 1.1 would only require the computation
of one matrix node defined in function of ω0 for background site-classes {0, 2a} and
foreground site-class 0.

Another aspect is the notion of task granularity that plays an important role in parallel
programs. The decomposition presented here has a coarse granularity for leaf, CPV and
root nodes, in the sense that the computation of all CPVs are compacted in a single node
by using equation (2.2). However the granularity of these nodes can be easily tuned by
dividing the set of sequence positions in several subsets that would each be computed
by dedicated tasks, or nodes.

For example, to get a granularity twice finer, two subsets of positions defined as N1 =
[1..N/2) and N2 = [N/2..N ] could be assigned to two different sub-DAGs, each of them
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1 to 1
4 to 4
1 to 4
4 to 1

Dependencies : 

Figure 2.4.: Directed task graph representing a generic phylogeny-based likelihood with
a fined granularity. The sequence positions have been separated in four
different subsets. Edges may represent multiple dependencies.

based on equation (2.2), with their respective sub-matrices GN1i = {gki : k ∈ N1} and
GN2i = {gki : k ∈ N2}. The final likelihood would be obtained by using equation (2.3)
with G0 = [GN10GN20]. In order to refine the granularity, this scheme could be applied
as much as required until reaching subsets containing a single CPV per node; situation
corresponding to equation (2.1).

Refining the granularity of the leaf and CPV nodes does not require additional matrix
and branch-matrix nodes. Therefore, no additional computations would be required
since the same nodes would be reused. However, new edges would be added to the
branch-matrix nodes in order to enforce the dependencies of the newly created leaf and
CPV nodes. An example of such scenario is showed in figure 2.4 with four different
sub-DAGs.

Advantages over graphical models

The directed task graph representation differs from the unifying representation based
on graphical models proposed by Höhna et al. [59]. Graphical models identify the con-
ditional dependencies between stochastic variables that, in the present case, mostly
represents the CPVs. By explaining the underlying computations of these stochastic
variables as well as their dependencies, directed task graphs offer more power to opti-
mize the computational efficiency of a likelihood given that the granularity of the DAG
is not constrained to identify the stochastic processes.

Given that the directed task graph is a refined version of a graphical model, interfacing
the first with the second is straightforward. A simplified illustration of such an approach
is shown in figure 2.5 where the computational tasks of figure 2.3 are aggregated into
nodes representing the stochastic variables of a graphical model. The graphical model
obtained matches thus the unifying representation of Höhna et al. [59].
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2. Model representation

Figure 2.5.: Graphical model representing a generic phylogeny-based likelihood. The
inner graph in nodes links the graphical model with the directed task graph
of figure 2.3. Nodes having white background identify stochastic nodes,
while the ones with grey background identify clamped nodes. The dotted
rectangle identifies a plate, a structure representing iterations.

Therefore, directed task graphs are better fitted to HOGAN which is conceived for com-
putational efficiency. In addition of having the power to be easily converted to the
graphical model representation, they enable more freedom to optimise the likelihood
evaluations.

2.3. Partial Likelihood Update

Methods employed for statistical analysis, such as ML or MCMC methods, have to
explore the parameter space for maximization or for integration purpose. Strategies
employed for this matter move through the parameter space by updating the current
parameters θ =

(
θ1, .., θi, .., θd

)
to a new set of values φ =

(
φ1, .., φi, .., φd

)
. A move

updating all parameters such that

θi 6= φi ∀θi ∈ θ (2.6)

defines a full likelihood evaluation (FLE). By opposition, moves only updating a subset
of parameters identified by the set A such that

θi 6= φi ∀θi ∈ A with A ⊆ θ (2.7)

defines partial likelihood updates (PLU). This last type of move is frequently used in both
aforementioned statistical approaches for separate reasons that are detailed in chapter 3
and 4.
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In the event that parameters identified by subscript i ∈ A solely impact a specific part
of the likelihood, then PLUs could be computed at a cheaper cost that FLEs. Indeed,
in such a case, only the impacted parts of the likelihood should be recomputed, while
the remaining parts would be already available from the previous likelihood evaluation.
Reusing these previously computed partial results implies that they are stored and there-
fore comes at the cost of memory space. Most model-specific software, such as MrBayes
and FastCodeML, make use, to a certain extent, of this concept.

Using DAGs to represent likelihood computations enable the generalization of this
approach for any model. Indeed, RevBayes, through the use of graphical models [59],
proposes a generalization in regard of the conditional probabilities expressed by nodes.
However, this splitting of the likelihood function does not offer much freedom in regard
of which partial results can be reused during the likelihood updates. The finer likelihood
representation based on directed task graphs employed in HOGAN offers a greater potential
for that matter, given that the nodes truly represent computational tasks.

Algorithm 6 Partial likelihood update
1) Define nodes directly impacted
V =

⋃
θi∈A [ζ(θi)]

ΨA = V
while V 6= ∅ do

2) Define nodes indirectly impacted
V =

⋃
v∈V [ν(v)]

ΨA = ΨA ∪ V
end while
return ΨA

Based on the DAG formalism, the set of nodes requiring to be recomputed for PLU
can be easily defined. Indeed, the first nodes requiring to be reprocessed are the ones
directly impacted by the change of parameters θi ∈ A and are defined as the set of
nodes ζ(θi). This first set is then used to define the set encompassing all the nodes to
recompute, ΨA, by considering the dependencies expressed in the directed task graph
as defined in algorithm 6. This operation can be combined with the mandatory DAG
traversal applied during FLEs and thus has nearly no additional computational cost.

For instance, PLUs are particularly adapted to phylogenetic-based models. Consid-
ering only PLUs occurring when a single parameters θi is changed, such that |A| = 1,
then two different scenarios can be identified:

1. an update of an evolutionary model parameter, requiring the matrix Q to be
recomputed;

2. an update of a branch length parameter, requiring CPVs to be recomputed.

In the first case, the PLUs offer no improvements given that upon the update of the Q
matrix the whole likelihood must be re-evaluated which is equivalent to a FLE. Indeed,
all the nodes in the DAG depend, directly or indirectly, on the Matrix node as illustrated
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BM

Figure 2.6.: Illustration of a partial likelihood update. The change of a branch length tj
directly impacts its dedicated BM node, ζ(tj), and indirectly the nodes de-
pending on it. This set of nodes that must be recomputed ΨA is highlighted
by a grey halo encompassing all of them.

in figure 2.3. However, whenever only a branch length is updated, then partial updates
become particularly efficient as illustrated in figure 2.6.

Such PLU, that modifies one branch length tj , requires only the evaluation of the
related matrix P (tj), or BM node, as well as all dependent Leaf/CPV/Root nodes.
Therefore, given that a rooted phylogenetic tree is a full binary tree, the amount of these
dependent nodes has a higher bound defined by the height h of the tree. In the best-case,
the tree is balanced, or perfect as in figure 2.7a) implying that hb = log2(S)− 1 with S
representing the number of leaves, while in the worst-case the tree is totally unbalanced
as in figure 2.7b) implying that hw = S − 1.

a) b)

Figure 2.7.: Left figure shows a balanced full binary tree, or perfect binary tree. Right
figure shows a unbalanced full binary tree that has the maximal height in
function of the number of leaf nodes.

Given that there is one branch length per edge of the tree, the average amount of
computations for the previously described PLUs is bounded by the average height of
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worst-case tree h̄w and the one of the best-case tree h̄b, that are defined as

h̄w =

hw∑
i=1

2i

2S − 1 =

hw∑
i=1

2i

2hw + 1 = (hw + 1)2 − (hw + 1)
2hw + 1 , (2.8)

h̄b =

hb∑
i=1

i2i

2S − 1 =

hb∑
i=1

i2i

2hb+1 − 1 = 2hb+1(hb − 1) + 2
2hb+1 − 1 . (2.9)

Assuming large heights hw and hb, then the average heights would be proportional to

hw � 1→ h̄w ≈ hw/2 = S/2, (2.10)
hb � 1→ h̄b ≈ hb = log2(S)− 1. (2.11)

Therefore, the average complexity of such PLUs, OPLU, is then reduced from the
complexity of a FLE given by equation (1.6))

O(2S(K3 +NK2)),

to
O(K3 + log(S)NK2)) ≤ OPLU ≤ O(K3 + SNK2),

using the previously defined average tree heights as lower and upper bounds.

2.3.1. Improvements over FastCodeML

To illustrate the potential of partial updates on a likelihood represented as directed
task graphs, HOGAN is compared to a state of the art implementation of the branch-site
model defined in equation (1.8), FastCodeML [127]. This model-specific implementation
improves the original implementation of this model, CodeML [135], by using more efficient
matrix exponentiations and by using a form of compression compacting subtrees having
identical CPVs over different sequence positions; later referred as subtree compression.

While these improvements are also implemented in HOGAN, both implementations dif-
fer in some aspects. First, HOGAN uses compacted CPVs matrices to take advantage of
cache effects and memory reuse (Eq. (2.2)), while FastCodeML applies the computation
separately on CPVs as in equation (2.1). Second, FastCodeML uses a coarse representa-
tion of the computational tasks that can be reused during PLUs. Indeed, as illustrated
in figure 2.8, only two tasks are defined: the computation of the Q matrix and the com-
putation over the whole phylogenetic tree. As described previously, HOGAN disposes of a
more finer representation of tasks.

As to analyse the potential performance gains coming from these improvements, both
software were compared over three different settings aiming to identify the contribution
of each of them. On the first two settings, the subtree compression was disabled to
ensure that the measures accurately reflected the effect of the sequence size, N , on the
performance. The three settings are defined as follow :
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Figure 2.8.: DAG representation of the PLUs in FastCodeML. Only two different tasks
are hard-coded. One for the matrix computation and one for the remaining
computations

• The first setting consisted in comparing both implementations under a similar
configuration in regard of the task granularity. For that matter, HOGAN was forced
to use a coarser granularity identical to the one of FastCodeML, illustrated in
figure 2.8.

• In the second setting, this constraint on the task granularity was relaxed to high-
light the full potential of directed task graphs at reusing partial computations
during PLUs.

• The final setting was based on the previous one with the exception that the sub-
tree compression was enabled. This last step was applied in order to insure that
the performance improvements previously observed were still present with subtree
compressed.

For each setting, both software were compared on a dataset simulated with the software
INDELible [36]. This dataset was composed of three different replicates of 36 simulated
phylogenetic trees and sequence alignments to robustly measure the performance on
problems having various sizes. For that matter, five phylogenetic trees were simulated
with respectively 16, 32, 64, 128, 256 and 512 taxa and, for each of these trees, three
different replicates of codon sequences were generated with respectively 10, 25, 50, 100,
250 and 500 positions.

Finally, for each software and instance in the dataset, the set of all possible PLUs
induced by single parameter change, defined according to equation (2.7) as

{Ai = {θi} : θi ∈ θ} ,

was computed. The time of this operation was measured 20 times and averaged such as
to accurately represents the average computational time of a PLU. The choice of this
measure was constrained by the available outputs of FastCodeML. While this measure is
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representative of the average likelihood evaluation cost, it does not differentiate the two
previously described scenarios of likelihood evaluation: the one induced by parameters of
the evolutionary model (FLEs) and the one induced by parameters representing branch
length (PLUs).

Indeed, for this model the parameters are θ = (κ, p0, p1, w0, w2, t1, .., t2S−1) with the
first five parameters being related to the evolutionary model. These five parameters
require FLEs, therefore inducing a base computational cost independent of the number
of taxa S. This irreducible cost will thus have more impact on the performance gain of
data having few taxa.

Constrained partial likelihood update

The first step is to assess the difference in computational time of both implementations
when using similar task granularity and, with subtree compression disabled. The av-
erage computational time per likelihood evaluation measured for FastCodeML and the
constrained version of HOGAN, limited HOGAN, are illustrated in figure 2.9a) and were of
similar magnitude for both implementation. However, while the computational time
of FastCodeML seemed to grow steadily with the number of codons, the one of limited
HOGAN exhibited a small plateau of performance for small sequences.
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Figure 2.9.: Illustration of HOGAN under a similar DAG setting than FastCodeML (see
Fig. 2.8). Left figure illustrates the average computational time of PLUs
for both softwares(log-log scale). Right figure represents the speedup of the
limited HOGAN when compared to FastCodeML.

This behaviour appeared more clearly when considering the computational time speed-
up that limited HOGAN had over FastCodeML. Indeed, as shown in figure 2.9b), limited
HOGAN exhibited a slowdown on small sequences independently on the size of the tree.
This slowdown is explained by the inherent cost induced by the model-generic approach
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of HOGAN. The management of the DAG and its traversals comes with a computational
cost that is not present in FastCodeML where the model is hard coded. Therefore, the
overhead is significant on data instance requiring only few computations per nodes.

As expected, this trend reversed as the number of codons increased. Indeed, the
overhead became less significant as the amount of computation per node increased.
Moreover this effect was coupled with the improvements brought by compacted CPVs
matrices. Indeed, as the sequences size grew, limited HOGAN started to exhibit an increase
in performance coming from the more efficient matrix-matrix multiplication. Given that
this improvement is highly dependent on the cache memory and thus limited by its size,
the observed performance increase stabilized as the size of the sequences reached 500
codons.

Moreover, the increase in speedup of limited HOGAN was not restricted to the growth
of the number of codons. Indeed, it also increased with the size of the tree. This im-
provement is explained by the ordering of the CPVs computations. Indeed, FastCodeML
computes the likelihood using a strategy apparent to a post-order breadth-first traversal
of the phylogenetic tree, while limited HOGAN uses a post-order depth-first traversal. In
other words, FastCodeML first computes all the leaf nodes and then propagate the results
level by level until the root is reached, while limited HOGAN computes the CPVs of a node
as soon as its dependencies are computed. This last approach enables a better reuse of
freshly computed CPVs and thus reduces the overhead caused by data fetching.

In conclusion, limited HOGAN exhibited downto twice slower likelihood evaluation times
than FastCodeML on data having small codon sequences and trees. However, for the
large data for which HOGAN as been designed, limited HOGAN computed the likelihood
evaluations upto four times faster than FastCodeML. More importantly, this observed
performance gain scaled with the size of the tree.

Unconstrained partial likelihood update

In a second step, the full potential of HOGAN was analysed by removing the task granu-
larity constraint. The theoretical average performance gain coming from this improve-
ment can be estimated using the bounded average tree height defined in equations (2.8)
and (2.9). Indeed, considering that a constrained PLU computes the 2S − 1 CPVs
forming the phylogenetic tree, the approximate speedup, Sp(S), is defined as

2S − 1
h̄w

≤ Sp(S) ≤ 2S − 1
h̄b

.

Considering that hw � 1 and hb � 1 and thus S � 1, the previous equation can be
simplified, using equations (2.10) and (2.11), as

2S − 1
S/2 ≈ 4 ≤ Sp(S) ≤ 2S − 1

log2(S)− 1 ≈
2S

log2(S) . (2.12)

The speedup of HOGAN when compared to limited HOGAN illustrated in figure 2.10a)
corroborates these theoretical bounds, that are highlighted by a yellow gradient in the
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Figure 2.10.: Speedup of HOGAN when PLUs are used on the finer DAG representa-
tion (as illustrated on Fig. 2.6). Left figure shows the relative speedup
when compared to HOGAN under the same setting as FastCodeML (limited
HOGAN). The yellow gradient expresses the bounded speedup defined by
equation (2.12). Right figure shows the absolute speedup of HOGAN when
compared to FastCodeML.

figure. Indeed, as shown in figure 2.11, the phylogenetic trees simulated for this experi-
ment were in between the worst and best cases previously illustrated in figure 2.7.

Only phylogenies having 16 taxa showed performance gain lower than the theoretical
bounds. However, these results were expected for two reasons : first, in this case S 6� 1
and second, as discussed previously, the measures of computational time represented
the averaged times of likelihood evaluations induced by a single parameter change. Un-
der this circumstance, data instances having small trees, and thus few branches, were
strongly impacted by the FLE induced by changes in the evolutionary model parameters.

Although these measures followed the theoretical expectations regarding the tree size,
a more surprising effect appeared for data instance having small sequences. Indeed,
PLUs further benefited these data that were impacted by the overhead coming from
DAG management and traversals in the previous experiments. Given that only parts of
the tree are traversed and recomputed when using PLUs, the amount of such operations
on the DAG is reduced and thus is their incumbent overhead.

The full potential of HOGAN when compared to FastCodeML is however more apparent
when both methods are directly compared. Indeed, as shown in figure 2.10b), HOGAN
proved to be as much as 200 times faster than FastCodeML when evaluating likelihoods
using the large data. Furthermore, these promising performance gains, explained by the
combined effect of memory reuse and PLU based on directed task graph, scaled with the
tree and sequences sizes.

Finally, the relative speedup of HOGAN when using subtree compression is illustrated
figure 2.12a). The observed gains from subtree compression are of similar amplitude than
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a) b)

Figure 2.11.: Example of 16 and 32 taxa phylogenetic trees simulated for the dataset.
Left figure represents the 16 taxa tree, while right figure show the 32 taxa
tree. The deepest lineages are identitified in red and gives maximal tree
heights of h16T = 6 and h32T = 8.
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Figure 2.12.: Speedup of HOGAN when using subtree compression. Left figure shows the
relative speedup of HOGAN when enabling subtree compression. Right figure
illustrates the absolute speedup of HOGAN when compared to FastCodeML
with both methods having the subtree compression enabled.
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the ones documented for FastCodeML [127]. More importantly, the absolute speedup of
HOGAN compared to FastCodeML, with both of them having the subtree compression
enabled, is represented in figure 2.12b) and confirms the trends observed in the previous
experiments.

However, while the speedup on data having 10 codons is nearly identical than in the
uncompressed case, data having 100 and 500 codons exhibited smaller speedups. This
decrease in performance gain is explained by the amount of compression exploitable in
the dataset. Indeed, the data having 10 codons were nearly uncompressed, while data
having 100 and 500 codons were compressed from 40% to 60% of their initial size. Large
data were thus less benefiting than in the previous experiments from the improvements
based on compacted CPVs matrices. In addition of the varying rates of compression,
unbalanced compressions over different nodes of the DAG could well explain why data
instance having 100 codons outperformed the ones having 500 codons.

2.4. Parallel likelihood evaluations

In addition of being well adapted for PLUs, directed acyclic graphs are widely used for
parallel computations. Indeed, the parallel processing of a program requires two funda-
mental steps. Firstly, the program must be partitioned in several tasks that may express
data interdependencies. As described previously, this partitioning is conveniently repre-
sented using directed task graphs in which tasks are identified as vertex and dependencies
as directed edges. Based on such graphs, the set of tasks being potentially eligible for
computation C is readily identified by the unprocessed tasks vi having all their parent
tasks ν(vi) already computed. Thus, by containing the set of tasks having their depen-
dencies fulfilled, this set C identifies a critical information for parallel processing: the set
of tasks having the potential to be concurrently executed.

This set C evolves differently in function of the task schedule chosen during the DAG
traversal. While this choice has nearly no impact on a sequential execution, it plays a
fundamental role in parallel computations. Indeed, it defines the order in which depen-
dencies are fulfilled and thus it also indirectly defines the amount of concurrent tasks
exploitable |C|. For that reason, the second key step in parallel computations is to deter-
mine the scheduling of tasks that minimizes the completion time of the parallel program
executed on a defined number of processors np.

This scheduling problem exists in two forms: dynamic or static. Dynamic scheduling
is usually applied when no prior information, such as the computational cost of nodes
or the amount of communications between them, are known. Under this circumstance,
the scheduling is elaborated during the execution of the program. Whenever a processor
finishes to process a task, two additional operations are executed: the update of the set
of eligible tasks C and the selection of the next task from C to compute. To improve
the scheduling efficiency, multiple strategies exists for this last step ranging from simple
FIFO-like approach to more elaborated approach based on the DAG longest path, more
commonly called critical path [73]. These elaborated strategies, however, come at the
cost of supplementary computations. Therefore, the difficulty of dynamic scheduling
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comes from the trade-off between minimizing the computational time of the parallel
program and minimizing the overhead coming from the scheduling algorithm.

Oppositely, if the directed task graph is weighted using prior information on the tasks
computational cost, static scheduling can be applied. Using this prior knowledge, the
task scheduling is statically defined before the execution of the parallel program by find-
ing a good solution to the minimization of the total computational cost. However, defin-
ing such a schedule is a NP-Complete problem that has been subject to a vast amount of
research during the last decades. Therefore, good task scheduling can be obtained using
several algorithms such as CP/MISF [67] based on the critical path, Fastest [75] based
on probabilistic heuristics, Metis based on graph partitioning [66] or several others [74].

However, while likelihood computational costs could probably be derived for model-
specific implementation, such is not the case for the model-generic approach chosen for
HOGAN. In addition of lacking prior information on the likelihood computational cost,
HOGAN generates a specific challenge in regard of the task scheduling due to the use of
PLUs. Indeed, as detailed in the previous section, this improvement benefits from the
fact that only a sub-part of the DAG is recomputed when few parameters of the statistical
model are modified. Assuming a statistical method that modifies one parameter at a
time, then, there would be as many different sub-DAGs as there are parameters. On
parameter-rich and complex models, finding good task scheduling for each sub-DAG
associated with a PLU would then reveal itself a daunting task that could even surpass
the computational cost of a statistical analysis of the model.

For these reasons, HOGAN’s main scheduler is based on a dynamic scheduling strat-
egy and is implemented on shared memory with POSIX threads. The core algorithm
(Algo. 13) is based on a shared FIFO queue that stores the set of nodes C. While being
simplistic, this approach is subject to several improvements to increase its performance.
For instance, instead of locking the whole DAG during the dependencies update follow-
ing the computation of a task vp, a lock is queried for each parents of vp from a finite set
of locks G (Algo. 15). The attribution of these locks is defined by a mapping function
f(·) such that

∀i ∈ φ(vp)→ gf(i) ∈ G.

This approach reduces the contention on locks while keeping the size of the pool under
control in order to reduce the scheduling algorithm overhead.

Other optimizations are employed to take advantage of memory reuse. For example,
whenever a node vp is computed, its owner thread p updates the parents of vp, ν(vp).
During this operation, some parents may become eligible for scheduling. The first one
encountered is stored in a thread-local buffer, while the others are integrated in the
shared tasks set C (Algo. 15). The scheduling algorithm must then define which task
must be computed by thread p. Instead of directly querying C, the thread p checks if
a task vc is stored in his local buffer. If such is the case the global set C is bypassed
and vc is processed (Algo. 14). In addition to taking advantage of memory reuses1, this
optimization reduces the costly access to C controlled by a global lock.

1Nodes vp and vc are computed on the same thread.
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2.4. Parallel likelihood evaluations

In addition of this dynamic scheduling algorithm, HOGAN also has an implementation
of a static scheduling strategy. The problem caused by the lack of prior knowledge on the
computational cost of the tasks decomposing the likelihood evaluation is circumvented
by two different approaches that can be combined. First, an hypothetical unit time can
be defined for all the tasks, such that

χi = 1, ∀vi ∈ V (2.13)

with χi defining the computational cost of node vi. This rough approximation may work
under the condition that the tasks have similar computational costs. If this is not the
case, then the schedule may be of poor quality.

The second approach takes advantage of the fact that the statistical methods employed
to analyse the model are iterative. Therefore, the computational cost of each tasks can
be approximated by their average observed computational time χ̂, such that

χi = χ̂i, ∀vi ∈ V. (2.14)

However, these approximations χ̂ are solely useful under the condition that the tasks have
a constant execution time and, furthermore, are only accurate after several iterations of
the statistical methods. To circumvent this last limitation, the first approach, based on
unit times, can be employed until the average observed computational times are judged
accurate enough to be employed for the second approach.

This combination of both approaches is implemented in HOGAN in conjunction with the
static scheduling strategy CP/MISF [67]. This strategy is a variation of the critical path
method that schedules the tasks as to prioritize the execution of nodes comprised in
the critical path. Using this static scheduling algorithm, HOGAN defines a good schedule
for the directed task graph representing a FLE. The same schedule is then applied to
the subgraphs representing the PLUs. While such an approach leads to suboptimal
schedules for PLUs, it has the benefit to reduce the overhead coming from the execution
of the dynamic scheduling algorithm as well as the one caused by the lock acquisition
and contention.

Finally, the choice of a shared memory approach in HOGAN for the parallel compu-
tation of likelihood was strongly motivated by the straightforward implementation of
dynamic scheduling algorithms on such an architecture. Indeed, as discussed previously,
threads can easily reuse memory from previously computed tasks. More importantly,
each thread shares the DAG structure and data with the others. Therefore no commu-
nications are needed and the memory footprint of the program is reduced. This last
advantage is particularly relevant when considering statistical analyses on large datasets
that occupy several gigabytes in memory. However, in the event that a more scalable ap-
proach should be considered for future likelihood implementations, distributed memory
approaches could be readily implemented in HOGAN by taking advantage of its modular
communication layers.
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2.4.1. Experiments on the branch-site model

In this section, the performance of the scheduling algorithms implemented in HOGAN are
illustrated on the branch-site model defined in equation (1.8) and previously used to
analyse the performance of PLUs. Being in the continuity of this previous analysis, the
forthcoming experiments were based on the previously described datasets and settings
(Sec. 2.3). Therefore, the measured speedups of parallel likelihood evaluations were
defined as the average speedup over all single parameter PLUs (|A| = 1, see Eq. (2.7)).

However, in order to offer a more instructive benchmark, two changes were made on
the previously defined dataset and settings. First, the dataset was augmented by two new
sequences, having 1000, respectively 2000 codons, for each phylogenetic tree. Indeed,
these new data are used to represent more challenging statistical analysis that would
motivate the use of parallel computations. Second, measuring only the averaged speedup
over all PLUs is not sufficient to fully grasp the scaling limitations inherent to this model.
Therefore in addition of the averaged speedup, a second type of measure differentiates
the performance gains of PLUs, that are induced by changes in the evolutionary model
parameters, from the one induced by changes in branch lengths. This differentiation of
the two classes of parameters offers a finer analysis on the impact that PLUs are having
on the parallel computations of likelihood.

The performance of HOGAN when computing the likelihood of branch-site model in
parallel is analysed in the following section over three different aspects:

• the tasks granularity;

• the scheduling strategy used: static or dynamic;

• the use, or not, of subtree compression.

For that matter, the default settings used for the upcoming experiments is defined by a
fine task granularity, subtree compression disabled and the use of a dynamic scheduling.
Each of the experiment aims, by changing one of these setting, to assess the impact of
each of the three aspects.

Granularity

In order to measure the impact of the task granularity, two different directed task graphs
representing the likelihood were used. The first one represented a fine task granularity
that varies in function of the total number of processors P . Indeed, molecular sequences
of size N were divided in p subsets of positions of size l ∝ N/P that were each used to
form a sub-DAG as defined in section 2.2.3). The second directed task graph identified
the original likelihood definition where a CPV node was charged with the computation
of all the sequence positions, and thus represented a coarse granularity.

The performance gain observed for the coarse granularity case is illustrated in fig-
ure 2.13b). The poor scaling of the parallel computation of the likelihood under this
setting is readily explainable by the lack of tasks having the potential to be executed in
parallel. Indeed, when the granularity was directly adapted to the number of processors,
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Figure 2.13.: Averaged speedup over PLUs of HOGAN when parallelizing likelihood eval-
uations with different granularities. Left figure shows the speedup with a
fine granularity for leaf and CPV nodes (e.g Fig. 2.4), while right figure
shows identical measures with a coarse granularity (e.g Fig. 2.3).

the speedup was scaling more appropriately with the number of processors, as shown in
figure 2.13a).

While exhibiting a better scaling, these last measures were still far from optimal.
Indeed, using 8 processors only sped up the execution of the likelihood evaluation from
a threefold to a fivefold factor. The worst speedup was identified for the data instance
having the largest tree and the smallest sequences, while the best one was represented
by the opposite data instance having the smallest tree and the largest sequences. Two
trends were thus identified: the speedup increased with the size of the sequences and
decreased with the size of the tree.

The first trend is explained by the increase in computational cost which is directly
linked with the sequences size. Indeed, as the sequences are growing, the overhead
caused by the scheduling methods is less prevalent. Moreover, the amount l of positions
per subset is also growing, leading thus to improved CPVs computations thanks to the
compacted CPVs matrices (Eq. (2.2)).

The second trend is better explained by the effects of PLUs. Indeed, PLUs induced
by changes in the five parameters of the evolutionary model requires FLEs. Given
the large amount of tasks having the potential to be computed in parallel during such
evaluations, nearly linear speedups were obtained on this class of parameters, as shown
in figure 2.14a). Oppositely, the amount of computations required for the PLUs induced
by changes in the branch lengths were far smaller and thus presented a more limited
amount of exploitable parallelism.

Indeed, such PLUs are represented by a directed trail in the directed task graph. While
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Figure 2.14.: Speedup of HOGAN when parallelizing FLEs, that are required for the evolu-
tionary model parameters (left figure), and PLUs, occuring when a single
branch length is changed (right figure).

a finer granularity for CPV tasks helps to parallelize this inherently sequential structure,
it does not offer any improvements in regard of the starting branch-matrix task of the
trail, as well as the ending root task (Fig. 2.6). While being already problematic, this
lack of potential parallelism also leads to an increased level of thread contention that
grows proportionally with the length of the trail. Therefore the speedups obtained on
this class of parameters were worse than the ones obtained for the other class and, as
illustrated in figure 2.14b), were decreasing with the size of the tree.

Additionally to this first decrease in speedup caused by an increase of tree size, a
second combined effect was due to the induced increase in branch length parameters.
Indeed, the averaged speedup over all PLUs is defined as

5× SpEvo + 2S × SpBL
5 + 2S (2.15)

with SpEvo, and SpBL, defining the average speedups for PLUs induced by the first,
respectively second, class of parameters. Therefore, the nearly linear speedups, SpEvo,
obtained for the five evolutionary parameters are weighing significantly on the averaged
speedup solely for small trees. However as soon as S � 5, the gains coming from SpEvo
only faintly impact the averaged speedup which is then mainly representing the speedup
of the second class of parameters, SpBL.
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Figure 2.15.: Averaged speedup over PLUs of HOGAN when parallelizing likelihood eval-
uations with dynamic (left figure) and static (right figure) load balancing
(LB).

Scheduling strategies

In order to identify the potential role of the scheduling strategy on the previously ob-
served trends, the dynamic and static scheduling implementations were compared. As
shown in figure 2.15, this comparison revealed that the overhead caused by the dynamic
scheduling (Fig. 2.15a)) was mostly impacting the data having few codons. Indeed, the
static scheduling (Fig. 2.15b)) was showing slightly improved speedups for these data.
However as the amount of codons in the sequences grew, the difference in performance
gain between both strategies reduced until becoming non-existent for data having 2000
codons.

Therefore, while the static scheduling seems to slightly reduce the scheduling overhead
and thus improve the performance, this strategy does not solve the limitation caused
by branch length induced PLUs that was identified in the previous section. Indeed,
static scheduling does not enable parallel computation of branch-matrix and root tasks.
Moreover, as previously discussed, the unique static schedule of the tasks defined for
the whole directed task graphs cannot represent an optimal schedule for each different
sub-DAG associated with a PLU.

Subtree compression

The previous experiments were conducted without using subtree compression as to accu-
rately assess the impact of the sequences size on the behaviour of the likelihood parallel
processing. Therefore, the impact that this form of compression has on parallel likelihood
computation is now analysed, starting with the relative speedup. This speedup was ob-
tained by using subtree compression for both the sequential and parallel computations.
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Figure 2.16.: Averaged speedup over PLUs of HOGAN when parallelizing likelihood eval-
uations with subtree compression. On the left figure, respectively right
figure, the subtree compression is enabled, respectively disabled, for the
reference sequential implementation.

As shown in figure 2.16a), this relative speedup exhibited the same trends as the pre-
vious experiments. However, given that the CPVs were compressed, less computations
where performed on each task and thus the speedups were slightly worse than the ones
observed without subtree compression (Fig. 2.13a)). This observation confirmed that
the amount of computations per CPV task, which is linked with the amount of codons,
played a important role on the scaling of the parallel processing of this likelihood.

While the subtree compression led to a slight loss of relative speedup, its use was
still beneficial in regards of the overall performance. Indeed, the absolute speedup,
obtained by comparing sequential computations without compression to parallel com-
putation with compression, still represented the best observed speedup. Indeed, as
illustrated in figure 2.16b), the absolute speedup exceeded the ones obtained when no
subtree compression were used (Fig. 2.13a)).

120



2.5. Summary

2.5. Summary
In this chapter, the choice of DAGs as a representation for statistical models and likeli-
hood functions in HOGAN is justified. More precisely, the advantages of using a directed
task graph over a graphical model representation are detailed. Then, two approaches
that enable efficient likelihood evaluations are described from a model-generic point of
view and illustrated on the branch-site model detecting positive selection.

Model-generic
The two different model-generic methods, made possible by the likelihood representation
as directed task graph, are:

• The formalization of partial likelihood updates (PLUs) that enable the reuse of
previously computed partial results.

• The parallel computation of likelihood evaluation using dynamic and static load
balancing strategies.

– Static load balancing strategies are made possible by using estimations of the
tasks cost:
∗ by assuming a unit task cost;
∗ by using the observed average execution time of tasks at runtime.

Model-specific
The implementation in HOGAN of the central phylogenetic tree based likelihood is thor-
oughly described and theoretical limits for the PLUs induced performance gains on this
type of models are derived as a function of the tree structure.

This implementation is validated on the branch-site model detecting positive selection
and compared with the state-of-the-art implementation FastCodeML on several synthetic
datasets.

• Without PLUs and parallel likelihood evaluations, HOGAN implementation outper-
forms significantly FastCodeML on large datasets.

• With PLUs activated, HOGAN reduces the complexity of likelihood evaluations by
upto a factor 2S/ log2(S) with S being the number of taxa.

• When parallel likelihood evaluations are added on top of PLUs, HOGAN further
accelerates likelihood evaluations by upto a factor 4 with 8 processors.
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Maximum likelihood estimation is a method for choosing estimators of the parameters
of a statistical model given data without considering prior distributions. This method
chooses as the estimate of parameters θ ∈ Θ a value that maximizes the goodness of fit
of the statistical model given the observed data X, as defined by

θ̂mle ⊆
{

arg max
θ∈Θ

f(X|θ)
}
. (3.1)

In addition of serving the purpose of estimating the model parameters, ML estimation
plays a central role in the comparison of hypotheses by means of statistical tests such
as likelihood-ratio test. In evolutionary biology, these tests are frequently employed to
determine if an elaborated evolutionary hypothesis better explains the observed data
than a simpler one1. For example, the relevance of codon models identifying the positive
selection is assessed by confronting their fitting quality to the one of their null hypothesis
that represents a special case of the models where positive selection cannot be expressed.
However for such complex models, having potentially a large amount of parameters, the
estimation of the ML is a costly operation.

Indeed, for such models, the maximization of f(X|θ) is done through the use of op-
timization methods that must explore their highly dimensional and complex parameter
spaces. Thankfully, whenever the parameters θ are continuous, well-defined continuous
optimizations methods [91], such as the gradient descent or Newton method, can be
employed for that matter. These methods avoid a blind exploration of the parameter
space by using the gradient of the likelihood function ∇f(X|θ) to define the steepest
direction toward a maxima. However, given that the analytic form of ∇f(X|θ) is gen-
erally unknown, the computation of the direction, required for each optimization step,
comes at the expensive cost of a computational approximation of the gradient.

This chapter begins by shortly introducing the concepts of the continuous optimization
methods. Following this introduction, two generic strategies accelerating the computa-
tions of an optimization step are presented. The first strategy takes advantage of the
DAG representation of a likelihood to define an optimal computational scheme for the
approximation of the gradient. Using this optimal scheme, the second strategy proposes
a scheduling and load balancing algorithm for the parallel computation of this expensive
approximation. Finally, as in the previous chapter, the behaviour of both methods are
analysed on the branch-site model defined in equation (1.8).

1The simpler hypothesis must be nested in the elaborated one.
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3.1. Basic concepts of continuous optimization
This section gives a brief overview, largely inspired from the unavoidable book Numerical
Optimization [91], of the continuous optimization algorithms used in HOGAN. In this
context, these algorithms are applied to the maximization of the likelihood, as defined
by equation (3.1). However, in a more general context, these algorithms optimise an
objective function f(x) as

min
x
f(x) = −max

x
(−f(x)) (3.2)

with x ∈ Rd defining a real vector and f : Rd → R defining a function having continuous
derivatives of all orders everywhere in its domain.

A local solution of such minimization problem is defined as a stationary point x? guar-
anteeing that ∇f(x?) = 0 and that ∇2f(x?) is positive semidefinite. More intuitively
put, these conditions verify that there is no other points in the immediate neighbourhood
N of x? such that f(x) < f(x?) ∀ x ∈ N . These solutions are thus identified as local
given that x? only guarantees their optimality with respect to their immediate neigh-
bourhood. By extension, a global solution guarantees, over the whole function domain,
that there are no other points such that f(x) < f(x?) ∀ x ∈ Rd.

To reach a solution, optimization algorithms iteratively generate a sequence of points
{xk}∞k=0 ensuring that the function value progresses toward the minima as k increases
such that f(xk+1) < f(xk). This sequence starts with the point x0 that is either arbi-
trarily chosen or supplied by the user whenever a reasonable estimate of x? is available.
It then terminates when no more progress can be made, with respect to a predefined
accuracy tolerance, and thus its last element defines the point x?.

The strategies employed to generate the next point xk+1 are generally using infor-
mation about the function f at the current point xk, as well as the previous points in
the sequence (x0, .., xk−1). The algorithms used in HOGAN are based on the line search
strategy that searches, along a direction pk, a new point that would lower the objective
function value, as

xk+1 = xk + αkpk

The efficiency of this strategy depends thus on the definition of the step length αk and
the search direction pk. The choice of both of these values presents a trade-off between
improving the convergence rate of the algorithm toward a solution and maintaining a
low computational complexity. For example, while the step length αk could be optimally
defined by solving the minimization problem defined as

min
αk>0

f(xk + αkpk),

cheaper approaches are preferred. Indeed, typical line search algorithms approximate its
value by trying iteratively values for αk until a set of conditions, such as the Wolfe or
Goldstein conditions, are met [91].

For its part, the search direction pk is generally defined as

pk = −B−1
k ∇f(xk)
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with Bk representing a symmetric invertible matrix. Depending on the choice of this
matrix, the strategy can either be the simple gradient descent method with Bk = I
and I being the identity matrix, or the more evolved Newton method that requires
Bk to be the exact Hessian of the objective function, ∇2f(x). While this last method
highly surpasses the convergence rate of the steepest descent method, it also requires
the expensive computations of the Hessian and its inversion.

By using an approximation of the Hessian, quasi-Newton methods are able to benefit
from a convergence rate competitive with the Newton’s method without suffering from its
expensive cost. Indeed, in these methods, the Bk matrix is a lower-rank approximation
of the Hessian updated at each iteration in function of the current point and infor-
mation collected during previous iterations. Based on this approach, the well known
Broyden–Fletcher–Goldfarb–Shanno algorithm (BFGS) defines an updating scheme of
Bk such that its most expensive computational costs are the gradient computations and
the matrix-matrix multiplications required for the update of Bk.

However, for high-dimensional models, the size of Bk becomes significant as well as the
operations required to keep it updated. The limited-memory BFGS algorithm (LBFGS)
reduces this overhead by solely using the m most recent information about the func-
tion curvature to approximate the Hessian at each step. This approximation has the
advantage of being implicitly stored as m vectors of dimension n and thus, depending
on the number m supplied by the user, significantly reduces the amount of memory and
computation required to compute Bk.

Both algorithms are used in HOGAN. The first one, BFGS, is directly implemented in
the framework and is used in its standalone version. However, the LBFGS algorithm
is more efficient on high-dimensional models and the robust implementation from the
NLopt library [63] is preferred on such models.

3.1.1. Computing the derivatives

The presented algorithms define an efficient setting, with a controlled computational cost,
for the optimization of a smooth function f . This setting however largely depends on the
availability of the gradient ∇f(x) of this function. Most of the time, the analytic form of
∇f(x) is unknown and must thus be obtained using computational approaches. Two of
them can potentially fulfil the requirements of HOGAN: the automatic differentiation [90]
and the method of finite differences, also known as numerical differentiation [91].

Automatic differentiation

Automatic differentiation (AD) decomposes the function f in elementary arithmetic
operations in order to apply the chain rule. Using this approach, derivative with an
accuracy up to the machine precision can be obtained either by using forward or reverse
accumulation. The forward variant traverses the chain rule from inside to outside and
obtains the derivative at a cost proportional to the dimension of x.

As the name of the second variant suggests, the chain rule is traversed in the opposite
direction, from outside to inside, and calculates the derivative at a small constant mul-
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tiple, usually between 5 and 30, of the cost of the original function evaluation. While
presenting an impressively low cost by being independent of the dimension of x, this
variant suffers from two limitations for function f representing large computations: its
memory footprint grows proportionally with the amount of elementary operations in the
algorithm and more importantly its joint use with functions implemented on parallel
architecture is difficult [48].

These memory issues can be addressed by using advanced strategies known as check-
pointing that relax the memory requirements at the cost of additional computations [129,
23]. On the other hand, integration of the reverse accumulation on parallel architectures
remains an open question [89, 126] that grow in complexity when checkpointing is taken
into consideration [55]. To our knowledge, successful use of parallel architecture has
been limited to proofs of concept [110] or expert software [69].

Method of finite differences

Compared to automatic differentiation, the method of finite differences is straightforward
to implement. Indeed, the derivatives are simply approximated as

∂f

∂xi
(x) ≈ f(x+ εei)− f(x)

ε
, or (3.3)

∂f

∂xi
(x) ≈ f(x+ εei)− f(x− εei)

2ε , (3.4)

with ε being a small positive scalar and ei the ith unit vector. The first equation defines
the forward-difference approximation and has a cost proportional with the dimension
of x, similarly as the forward accumulation variant of AD. The second one defines the
central-difference approximation and, comparatively to the previous equation, increases
the derivative accuracy from O (ε) to O

(
ε2
)

for twice its computational cost.
Therefore, the derivative accuracy is controlled by the choice of ε, which is in turn

defined by the accuracy of the machine. Indeed, the accuracy of floating-points opera-
tions is bounded by the unit roundoff u that represents the relative error on arithmetic
operations between two variables. A good choice for ε can thus be derived from the
propagation of errors during the derivative computation and is given as ε =

√
u.

Derivatives computation in HOGAN

Automatic differentiation was not chosen for HOGAN for several reasons. The current
AD libraries2 [90] interact with existing codes through two means: either by parsing the
existing code and generating the required functions for the derivatives computation, or by
furnishing specialised operators that must overload the elementary arithmetic operators.
The first approach is crippling for a model-generic framework, while the second is code
intrusive, disables the use of external libraries and would require to be well integrated
in order to be transparent to model developers.

2List of these libraries: http://www.autodiff.org
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A full integration in the framework of AD methods could thus be envisioned. However,
such integration would require large development and research efforts, more so in the
context of a framework built for parallel computation and large dataset. This last cri-
terion could be problematic with respect to the already significant memory requirement
of the reverse accumulation variant. Therefore, the only, yet notable, advantage would
be the increased derivative accuracy brought by the forward accumulation.

The current implementation of HOGAN is, for these reasons, based on the method of
finite differences. In addition of its straightforward implementation, this method directly
benefits from the reduced cost of the PLUs given that it computes the partial derivatives
by modifying one by one the elements of x (Eq. (3.3)). Moreover, as shown in the next
sections, non intrusive and generic methods that reduce the computation cost of this
expensive step can be designed using the DAG representation of likelihoods.

3.2. Finite difference approximation of likelihoods represented
as DAGs

In HOGAN, the ML estimate (Eq. 3.1) of a smooth likelihood function, f(X|θ), is obtained
through the use of the continuous optimization methods defined previously. For that
matter, the gradient of the likelihood function, defined as

∇f(X|θ) = ∂f

∂θ1
e1 + ...+ ∂f

∂θd
ed,

is computed at each step of the optimization using the finite differences method defined
by equations (3.3) or (3.4)3.

The major caveat of this method is the expensive computational cost caused by the
evaluations of the m+ 1 (2m for Eq. (3.4)) likelihood functions that are required for the
approximation of the gradient. Indeed, the likelihood has first to be evaluated with the
current values of the vector of parameters θ. This computation is then followed by m
subsequent evaluations representing the ε perturbation applied to the each element of θ.
The operations required for the gradient approximation can therefore be represented as
the following sequence:

S =
(
f(X|θ), f(X|θ + εe1), ..., f(X|θ + εem)

)
. (3.5)

This expensive sequence of evaluations can be drastically reduced thanks to the DAG
representation of likelihood used in HOGAN. Indeed, apart for the first evaluation in the
sequence that requires a FLE, all the subsequent ones are PLUs induced by the appli-
cation of perturbations εei and thus can benefit from the scheme defined in section 2.3
that reduce the computational cost of such computations.

The use of PLU can be enabled by maintaining a copy in memory of the state of the
DAG and its partial results as a checkpoint after the evaluation of f(X|θ). Indeed, this
checkpoint could be employed to reset the state of the DAG prior to each perturbation

3The upcoming explanation is based on the first formulation, however it also holds for the second one.
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3. Maximum likelihood estimation

evaluation εei that would then solely require a PLU defined by the set of nodes Ψ{θi}.
While this approach can drastically increase the efficiency of the gradients evaluation, it
may reveal infeasible in a memory-limited context due to the expensive memory cost of
maintaining a second copy of the data dependencies.

In order to still benefit from PLUs without increasing the memory footprint, the
computations sequence S can be reformulated by assuming an arbitrary order of the
perturbations εei. These function evaluations can then be defined as the sequence

S =
(
f(X|θ(0)), f(X|θ(1)), ..., f(X|θ(i)), ..., f(X|θ(d))

)
(3.6)

with

θ(0) = θ,

θ(1) = θ(0) + εe1,

θ(2) = θ(1) − εe1 + εe2, (3.7)
θ(i) = θ(i−1) − εei−1 + εei,

θ(d) = θ(d−1) − εed−1 + εed.

From this formulation it clearly becomes apparent that, starting from the third likelihood
evaluation in the sequence, each evaluation consists in a partial likelihood evaluation that
first cancels the effect of the perturbation on the previous element ei−1 of θ and then
applies the current perturbation to the current element ei. Therefore, these partial
likelihoods are induced by the changes of two parameters: θi−1 and θi.

1

2 4 53

6 7 8 9 10

A

B C

D

Figure 3.1.: Example of PLUs on a directed task graph. Three tasks sets,
(ΨA1 ,ΨA2 ,ΨA3) requiring to be recomputed after the change of their re-
spective parameters (A,B,D) are highlighted.

The set of tasks to recompute, ΨA, during such PLU identified by changes in the set

128



3.2. Finite difference on DAG

of parameters A, is thus defined as

ΨA = Ψ{θi−1,θi} = Ψ{θi−1} ∪Ψ{θi}. (3.8)

This crucial operation occurring during the gradient computation is explained using the
sets of tasks represented in figure 3.1. For instance, the sets ΨA1 = {v1, v2}, or ΨA3 =
{v1, v4, v5, v10}, have to be recomputed after a change of parameters A, or respectively
D. If, during the gradient approximation, the perturbation of parameter A follows the
one of D, then the set of tasks representing the reset of nodes ΨA3 combined with the
computations ΨA1 induced by the last perturbation, gives

ΨA = ΨA3 ∪ΨA1 = {v1, v2, v4, v5, v10} .

More importantly, the ordering, or permutation, R of the perturbations (eiε) identified
in equations (3.7) such that

(e1, e2, .., ei, ..,m)→ R = (1, 2, .., i, ..,m) ,

is not constrained by any means. Indeed, the only mandatory steps to fulfil for the
approximation of the gradient is the evaluations of all the likelihood functions contained
in the sequence S regardless of their ordering. Therefore all the possible permutations
of the perturbation order guarantee a correct gradient approximation. However, the
computational cost induced by different permutations, R, is not identical given that the
pairs of parameters A (Eq. (3.8)) defining the PLUs are enforced by the ordering.

The effects of the permutations become clearly apparent when considering two different
perturbation ordering for the parameters (A,B,D) represented in figure 3.1. If the first
FLE f(X|θ) is omitted, then the permutation, (A,B,D), gives the following sequences
of tasks to compute,

A+ ε→ ΨA = ΨA1 = {v1, v2} ,
A− ε, B + ε→ ΨA = ΨA1 ∪ΨA2 = {v1, v2, v6, v7} ,
B − ε,D + ε→ ΨA = ΨA2 ∪ΨA3 = {v1, v2, v4, v5, v6, v7, v10} .

The total amount of tasks computed for this permutation amounts to 13 and has an
identical computational cost when assuming a unit computational costs for each of the
tasks.

By applying the same procedure for the permutation, (B,D,A), the following se-
quences of tasks must be computed,

B + ε→ ΨA = ΨA2 = {v1, v2, v6, v7} ,
B − ε,D + ε→ ΨA = ΨA2 ∪ΨA3 = {v1, v2, v4, v5, v6, v7, v10} ,
D − ε, A+ ε→ ΨA = ΨA3 ∪ΨA1 = {v1, v2, v4, v5, v10} .

This second permutation has a computational cost of 16 which represents roughly a 20%
increase compared to the first permutation.

This example highlights the importance of an adequate ordering of the perturbations.
Indeed, if a bad scheduling of the computations required for the gradient approximation
can have a noticeable effect on such a simple DAG, then on more complex DAG the
performance of the optimization algorithm could well be significantly undermined.
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3.3. Perturbations scheduling in gradient approximations
Finding the optimal permutation R that minimizes the computational cost of the gra-
dient approximation is a daunting task. Indeed, the number of possible permutations is
defined as

(R)dd =
(
d

d

)
= d! (3.9)

This amount of permutations becomes thus quickly intractable. For instance, ten pa-
rameters have already more than three million possible permutations.

This problem can however be formalised by using the previous observations and fea-
tures defined for likelihoods represented as DAG. Considering known computational costs
χs for all tasks vs ∈ V and a permutation R, the computational cost of the sequence
expressed in equation (3.6) can be defined as

C(R) =
d∑
i=0
Ci(R) =

d∑
i=0

( ∑
vs∈ΨAi

χs

)
(3.10)

with

i = 0 −→ ΨA0 with A0 = {θ·} ,
i = 1 −→ ΨA1 with A1 = {θR1} ,
i ≥ 2 −→ ΨAi with Ai =

{
θRi−1 , θRi

}
.

The optimal perturbation schedule is determined by the permutationR that minimizes
the computational cost of the full sequence. Given that the first step, i = 0 is independent
of the permutation R, it can be omitted in the minimization of the cost that is then
defined by

min
R

d∑
i=1
Ci(R). (3.11)

This definition of the problem relies heavily on the assumption that the computational
costs χs are known beforehand. While this is not usually the case, more so in a model-
generic framework, this issue was already addressed in the previous chapter during the
description of the scheduling methods for parallel likelihood evaluations. Therefore, using
the same approaches, the costs χs can be approximated either by using unit task costs
(Eq. (2.13)) or by using the average observed computational time per task (Eq. (2.14)).

Luckily enough, this problem is one of the most widely studied in computational
mathematics. Indeed, by considering the likelihood evaluation forming the sequence S
(Eq. (3.5)) as the vertices V of a graph and the computational cost between a pair of
them (Eq (3.10)) as the weighted edges {wi : ei ∈ E}, the problem at hand consists in
finding the trail that starts from the first vertex, visits only once all the vertices and
defines the minimal possible total distance. By renaming vertex by city, it becomes
directly apparent that this is an instance of the Travelling Salesman Problem (TSP)
aiming ”to find the cheapest way to visit all the cities” [7].
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3.3. Perturbations scheduling

Since the 1950s, the quest of methodologies enabling to find exact solution for this NP-
Hard problem has continued unabated. In 1954, a, then challenging, instance with 54
cities was solved using the cutting-plane method. In 1987, exact solutions for instances
having few thousands cities were successfully determined using the branch-and-bound
method. In the early 2000s, using the domino-parity algorithm the optimal tour for an
instance having 85,900 cities was found.

In parallel of these exact, but expensive, approaches, several heuristic methods aiming
to give good solutions in a short amount of time were developed. Through the years,
the Lin-Kernighan (LK) family of heuristics emerged as one of the most, if not the most
efficient approach to find good solution for large TSP instances. Indeed, in 2001, during
the 8th DIMACS4 Implementation Challenge [62] dedicated to the TSP, several heuristics
implementation were compared on standardised benchmarks. During this challenge, the
LK-based heuristics consistently dominated the other approaches; performance equally
attributed to the heuristic efficiency and the implementation details [37, 61].

For these reasons, in order to find a good solution to the problem expressed by equa-
tion (3.11), HOGAN uses an available implementation5 of an iterative variant of the LK
heuristics, known as LKH [57]. This variant uses the iterated LK algorithm that intelli-
gently launches several succinct LK searches to improve the solution quality.

3.3.1. Experiments on the branch-site model (cont.)
This section is dedicated to the analysis of the potential gains coming from the scheduling
of perturbations during a gradient approximation on the branch-site model defined in
equation (1.8). Therefore, the experiments conducted for this analysis were in the same
line as the ones of the previous chapter and thus the same datasets and general settings
were used.

The previous experiments were considering improvements on a single likelihood eval-
uation. Given that an existing state-of-the-art implementation was available, assessing
the performance of a single likelihood evaluation was rather straightforward. Evaluating
the effects of perturbations scheduling on the computational cost of a gradient approxi-
mation is however more complex. Indeed, in order to adequately assess the performance
gain of different perturbations schedules on the branch-site model, some points have first
to be addressed:

1. Can bad or good perturbations schedule be identified for this model ?

2. Does a theoretical bound on the performance gain exist ?

3. What kind of schedule should be used as reference ?

The first question can be answered by considering the previous observations done on
the simulated phylogenetic tree of the dataset. Indeed, these trees had a topology that
was close to a perfect binary tree (Fig. 2.11). Therefore, this topology forms a good base
to study the worst and best-case scenarios of the scheduling of perturbations.

4DIMACS stands for ”Center for Discrete Mathematics and Theoretical Computer Science”.
5http://www.akira.ruc.dk/˜keld/research/LKH/
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3. Maximum likelihood estimation

a) b)

Figure 3.2.: Rough simplification of DAGs representing the tree likelihood; the Matrix
task is omitted and the CPV or Leaf tasks are represented conjointly with
their Branch-Matrix tasks as a single vertex. The left and right figures illus-
trate then the best-case, respectively worst-case, scenario for perturbations
scheduling.

In the previous experiments of the branch-site model, two different classes of parame-
ters were defined: the ones of the evolutionary model requiring FLEs and the ones of the
branch lengths inducing PLUs. Given that the first classe has a fixed number of five pa-
rameters that do not induce PLUs upon modifications, the quality of the perturbations
schedule can be safely assumed to be mainly impacted by the branch length parameters.

Each of these parameters is directly related with the edges of the tree topology that in
turn form the backbone of the DAG structure representing a tree likelihood (Fig. 2.3).
Therefore, if the DAG is simplified as a simple binary tree, as in figure 3.2, then modifi-
cations of a branch length parameter can be identified as impacting the head vertex of
its representative directed edge.

Based on this simplification, the best-case scenario is illustrated in figure 3.2a) and
represents a sequence of perturbations ordered as the post-order depth-first traversal of
the tree. This schedule has an average computational cost for each parameter defined as

Cb = β + h̄ (3.12)

where h̄ is the average tree height that was used to approximate the average PLU
computational cost (Eq. (2.9)) and β is the average amount of edges separating two
contiguous parameters in the sequence. Given that a perfect binary tree composed of
vertices V has |V| − 1 edges that are each traversed twice in a depth-first traversal,
the average number of edges β separating two unvisited vertices can be defined as the
amount of traversed edges divided by the number of vertices, as

β = 2(|V| − 1)/|V|. (3.13)

The worst-case scenario, shown in figure 3.2b), identifies a traversal of the tree where
the next vertex chosen is the one at the symmetrical opposite of the tree with respect
to the root vertex. Whenever this opposite vertex has been already visited, its nearest
unvisited neighbour is selected. This schedule has an average computational cost for
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3.3. Perturbations scheduling

each parameter defined as
Cw = 2h̄

given that the perturbation of the previous step that must be cancelled and the one of
the current step that must be applied are symmetrical.

Now that the first question is answered by defining both extreme schedules for this
model, the second question is straightforward to answer. Indeed, the approximation of
the maximal gain that can be expected from the perturbations scheduling is thus

Cw
Cb

= 2h̄
β + h̄

.

When considering big trees, this expression can be further simplified as

h̄� 1→ |V| � 1→ β ≈ 2→ 2h̄
β + h̄

≈ 2.

For fully unbalanced binary tree, similar asymptotic behaviour should be observable.
The best schedule has the same cost given that the cost of a depth-first traversal is
identical. The worst schedule would have a similar cost expressed by a traversal moving
from the further unvisited node, with regard to the root node, to the closest unvisited
one and so on. Therefore, the same kind of maximal gain should be observed.

This expected maximal gain can only occur if the answer to the third question, regard-
ing the choice of the reference schedule, is to chose the worst-case scenario previously
defined. However, this choice is not representative of reality. Indeed, in reality, whenever
the schedule would not be obtainable by any means, a sequence of perturbations would
be blindly picked. The reference schedules used in the experiments were thus chosen by
drawing permutations at random.

Now that the three points have been addressed, the experimental setting can be ad-
equately described. The gradient computation was compared over the four following
scheduling schemes, in order of expectation, from worst to best.

• Random sequences were used as reference scheduling approach. Three different
random sequences were generated for each of the three replicates of each dataset.

• Model-specific was the scheduling based on the best-case scenario previously
described. The five parameters of the evolutionary model were designated as the
first of the sequence and were then followed by the branch length ordered as in a
post-order depth-first traversal of the phylogenetic tree.

• A unit computational cost was assumed for each task. Using this information, the
best solution found, using LKH, for the travelling salesman problem expressed by
equation 3.11 was used as schedule.

• The average time measured for the execution of each task was used to define the
schedule as in the previous scheme.

133



3. Maximum likelihood estimation

For each of these scheduling schemes, the measures used to define the speedup were
the average measured times for twenty gradient approximations according to the com-
putation sequence S (Eq. (3.5). Parallel likelihood evaluations were disabled in order to
prevent the dynamic scheduling overhead to taint the measures. However, subtree com-
pression was enabled given that it was proven to consistently improve the performance
of HOGAN.

Scheduling using observed computational time

The first set of experiments aimed to assess the potential gain in performance coming
from the best scheduling scheme, time, when compared to the reference one, random.
In a first step, the speedup of the time scheme over the reference one was measured.
As shown in figure 3.3a), the observed speedups increased with the tree size while they
remained mostly constant with the codon numbers. This increase in speedup as a func-
tion of the tree size is explained by the augmenting difficulty of randomly obtaining a
good perturbation permutation as the number of parameters increases.
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Figure 3.3.: Performance of the time scheduling scheme when compared to the reference
one, random. The left figure shows the speedup when using the LKH to
establish a schedule based on the observed computational time of tasks.
The right figure defines the number of optimization steps required to negate
the execution cost of LKH.

This trend also confirms the previously identified asymptotic upper bound on the
gain defining a maximal twofold gain for big trees. However, this bound was obtained
on the basis of various simplifications and assumptions such as the deliberate omission
of the Matrix task and the choice to discard the effect of evolutionary model parameters.
These rough approximations explain the smaller gains observed for sequences having few
codons. Indeed, the likelihood evaluations, and thus the gradient approximations are
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in this case dominated by the computational cost of the omitted Matrix and simplified
Branch-Matrix tasks.

These significant speedups on the gradient approximations does not however tell the
whole story. Indeed, the execution time of the LKH heuristic method used to solve the
TSP instance representing the minimization problem is not taken into account. For that
reason, the number of gradient approximations, or iterations, required to amortize this
additional cost was estimated as

T (LKH)
T (random)− T (time)

where T represents the measured time for LKH and one gradient approximation with
the random and time scheduling scheme.

This amortization time is illustrated in figure 3.3b) where it is shown to increase with
the tree size and thus inherently with the size of the TSP instance. While this trend
is problematic for the data of interest, the large ones, an opposite trend was observed
in regard to the codon sequences size. Indeed, the computational cost of the gradient
approximations increased with the size of the codon sequences and so did the gain
T (random)− T (time) while the LKH execution time T (LKH) remained constant.

In conclusion, on the data for which HOGAN was designed, the computation of gradient
approximations were accelerated by upto a factor 1.7 when using the time schedul-
ing scheme. The cost of defining a good schedule was shown to be amortized, in the
worst cases, after a few tens of gradient approximations for problems having large codon
sequences.

Performance of the unit and model-specific scheduling schemes

Now that the importance of having a good perturbation permutation has been demon-
strated, the performance of the two other scheduling schemes is assessed by comparing
them to the time scheduling scheme. The first of the two schemes unit, has the ad-
vantage of not depending on any measures, such as the observed computational time of
tasks, and thus can be directly determined before any likelihood evaluations. The sec-
ond one, the model-specific one, is even more interesting given that it can be directly
derived from the structure of the phylogenetic tree and therefore can be obtained at the
sole cost of a post-order depth-first tree traversal.

As illustrated in figure 3.4a), the unit scheme revealed itself however to be generally
worse than the time one. While the tasks composing the likelihood of the branch-site
model have initially an uniform computational costs, the use of the subtree compression
changes the amount of CPVs to be computed in function of the data instance. Therefore,
the unit scheduling scheme can lead to suboptimal perturbation permutations for this
model and more importantly, could reveal totally inadequate for models having highly
heterogeneous task computational costs.

The model-specific scheduling scheme also showed some performance variations
when compared to the time one. However, in this case, these variations fitted, apart for
the 16 taxa tree, into a ±2% range of the best permutation found. Therefore, considering
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Figure 3.4.: Right and left figures illustrate the speedup of the unit, respectively model-
specific, scheduling schemes when compared to the time one.

that this scheduling scheme has an extremely low cost when compared to a run of the
Lin-Kernighan heuristic, it proves to be a good deterministic alternative to obtain good
schedules for the branch-site model when compared to the time one.

3.4. Parallel gradient approximations
As defined previously, approximating the gradient requires the sequence of likelihood
evaluations S (Eq. (3.5)) to be computed. Although these likelihood evaluations were
demonstrated to express a dependency with respect to their computational cost, there
exists no data dependency between each of them. Therefore, these likelihood evaluations
can be computed independently and thus be distributed among several processors.

Ideally, each likelihood evaluations in the sequence S could be computed by a different
processor and thus the gradient approximation would be accelerated by a factor |S|.
However, this is not the case in reality. The first obvious hurdle is that applying such
approach to parameter-rich models would require supercomputers having thousands of
processors or more. Assuming that such a supercomputer was available and used for
that matter, the speedup would most likely not reach an |S|-fold factor.

Indeed, the speedup,
Sp = Ts

Tp
, (3.14)

for this approach can be defined by simplifying the different kind of likelihood evaluations
in the two already discussed categories: FLEs and PLUs. Based on this simplification,
the computational time, or cost, of a sequential execution of sequence S can be defined
as

Ts = NFLE × TFLE +NPLU × TPLU,

with NFLE ≥ 1 and |S| = NFLE +NPLU.
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The time T for likelihood evaluations of categories FLE and PLU are defined by TFLE
and TPLU respectively, while NFLE and NPLU denotes the number of evaluations of
category FLE and PLU , respectively. The number of FLEs is at least one given that
the first element of the sequence S is always a FLE.

Assuming that P processors are available then the time for a parallel computation of
S can be given by

Tp = max
[
TFLE,

NFLE

P
× TFLE + NPLU

P
× TPLU

]
,

with P ≤ |S|.

This time is bounded by the time of a FLE, TFLE, given that a processor evaluating a
single likelihood cannot reuse the partial results of the previous likelihood evaluation
required for a PLU.

Whenever as many processors as needed are available, the speedup becomes

P = |S| → Sp = Ts
Tp
≈ NFLE × TFLE +NPLU × TPLU

TFLE
(3.15)

≈ NFLE + (|S| −NFLE)× TPLU

TFLE
, (3.16)

Therefore, the ideal speedup can only be attained under the conditions that there is only
FLEs or that the computational time of PLUs is identical to the one of FLEs. Given
that both cases are quite improbable, this approach shows a first limitation.

In the more realistic case where the number of processors is limited by P � |S|,
then a load balancing approach could be adopted to level the cost of the tasks assigned
to each processor. This NP-Complete problem, well known as the independent tasks
scheduling problem [107], has been studied for decades and several heuristic approaches
with an affordable complexity of O(n log(n)) have been designed to produce good task
schedules. However, while the likelihood evaluations in S are independent data-wise, the
problem at hand is far more complex given that their computational cost depends on
the perturbations ordering R identified previously (Eq. (3.11)), making such heuristics
not applicable.

A parallel can be drawn with the partitioning of an euclidean TSP instance, illustrated
in figure 3.5. Partitioning the nodes, or cities, of a TSP instance such that the subtours
length is balanced and minimal is a challenging task. The optimal tour R in figure a)
does not provide an optimal ordering for the subtours. Indeed, the subtour of figure
c) ordered according to R is longer that the one of figure d). Given that the triangle
inequality holds in euclidean geometry, subtour c) can be proven to be at worst as long
as the optimal tour R. However, the best distance of a subtour is not known until the
permutation of its nodes has been re-optimised.

Therefore, the difficulty of scheduling the sequence of likelihood evaluations S on P
processors comes from the partitioning D of the computation composing S in multiple
subsets that each must be optimally permuted such that the parallel computational cost
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a) d)b) c)

Figure 3.5.: Illustration of the partitioning of an euclidean TSP instance with unit dis-
tance and the starting node being the red one. Figure a) shows an optimal
tour for a TSP with unit edge length. Nodes are divided in two partitions:
blue and green. Keeping the ordering of the tour gives the two subtours of
figures b) and c). However, as shown in figure d), these subtours are not
obligatory optimal.

is minimised. The partitioning D in P subsets combined with the subset permutations
R(p) is defined as

D =
{
R(p) : p ∈ (1, .., P )

}
subject to ∅ 6∈ D,⋃

p∈(1,..,P )
R(p) = R,

⋂
p∈(1,..,P )

R(p) = ∅.

The computational cost of the perturbations R(p) assigned to processor p can be
defined by reusing the formalization of the computational cost C for a given perturbations
permutation defined in equation (3.10) and by substitutingR byR(p). This formalization
should be slightly adapted to reflect the fact that the first element of S, representing
the initial FLE, must only be computed once. All processors but one would then start
at step i = 1; step that would, however, cost the same price as a FLE given that all the
partial result of the directed task graph must be reinitialised. Since this change mainly
acts as a small optimization6, the initial definition of equation (3.10) remains however
exact and is thus used in the forthcoming definitions to simplify the notation.

Using this cost C, the total cost of the parallel computations in function of a task
partitioning D and permutations R(p) can be defined as

P∑
p=1
C(R(p)).

Minimising this cost is the aim of a generalization of the TSP, the multiple Travelling
Salesman Problem [15] (mTSP) which is himself a special case of the more complex
Vehicle Routing Problem [72] (VRP).

6This optimization is implemented in HOGAN.
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While minimising this overall computational cost is rather important, the aim of
assigning the likelihood evaluations of S to different processors is to reduce the effective
time required to evaluate all likelihood functions in S. This time, for a computation
involving P processors, is identified by the time taken by the processor having the most
work and thus being the last to finish its computation. Therefore, the optimal tasks
partitioning D and permutations R(p) for P processors are defined by

arg min
P,R(·),D

[
β(P ) + max

p

(
C(R(p))

)]
. (3.17)

The previous definition also optimises the number of processors P by adding a term
β(P ) identifying the communication overhead in function of P to the maximal cost C.
However, given that this problem complexity is already enough without the optimization
of P , the communication overhead is assumed to be insignificant with respect to the
computational cost of tasks and thus P is defined by the amount of computing resources
supplied.

Given that the task scheduling problem and the TSP are NP-Hard, this problem
combining both of them shares their complexity. The total number of possible solutions
gives a good overview of the task at hand. Therefore, this number is defined by using
the number of permutations of a set defined in equation (3.9) and then by using the
Stirling number of second kind,{

n

k

}
= 1
k!

k∑
j=0

(−1)k−j
(
k

j

)
jn,

that gives the number of possible ways to partition a set of n object into k nonempty
subsets.

The number of possible partitioning combined with the respective amount of permu-
tations for each subset then defines the total number of possible solutions as

∑
D∈D

 ∏
R(p)∈D

(
|R(p)|
|R(p)|

) =
∑
D∈D

 ∏
R(p)∈D

(
|R(p)|

)
!

 ,
with |D| =

{
|R|
P

}
.

Considering that each permutation R(p) can be defined independently from the others
for a given assignment D, the complexity of a brute force approach can be defined as

∑
D∈D

 ∑
R(p)∈D

(
|R(p)|

)
!

 .
Computing these numbers is already a challenge in itself given that the enumeration

of the possible partitioning must be computed to evaluate the second term. Therefore,
this hard scheduling problem is approached in HOGAN using a custom heuristic method
defined in the next section.

139



3. Maximum likelihood estimation

3.4.1. Scheduling and load balancing

Designing a good heuristic method for the problem previously defined is difficult given
that the cost of the PLU representing the perturbation computation depends on the
partition R(i) on which it is affected and also on its position in the said partition.
Moreover, in function of the position chosen it not only modifies the PLU cost, but
also the one of the subsequent PLU in the partition. Therefore, even if a correct initial
partitioning can be defined, then swapping some perturbations such as to balance the
load may have undesirable effects.

To be sure of the effects of a PLU swap, both the source and destination partitions
must have their task sequence optimised to find again a good permutation. However,
even if it was previously defined that good heuristics exist, performing several times such
operation would quickly lead to an additional computational cost that would require a
significant amount of optimization steps to be negated.

Algorithm 7 Load balancing strategy for parallel gradient approximations.
The costs are evaluated using the different levels (overall partitioning, partitions, PLUs)
expressed in equation (3.17).

// init by partitioning a good sequential scheduling
D = init(R)
// Repeat while the partitioning is improving
repeat
D̂ = D
// define slowest and fastest tasks partitions
R(s) = arg max

R(i)∈D

[
cost

(
R(i)

)]
R(f) = arg min

R(i)∈D

[
cost

(
R(i)

)]
// define cost imbalance between both partitions
∆R = cost

(
R(s)

)
− cost

(
R(f)

)
// find task potentially levelling both partitions
t = arg min

j∈R(s)
|∆R/2− cost(j)|

// if t can improve the assignment, update it
if cost(t) < ∆R then
R(s) = R(s) \ t
R(f) = R(f) ∪ t
// Place t in R(f) according to the order expressed by R
order(R(f)|R)

end if
until cost(D) ≥ cost(D̂)
return D̂

In order to address this issue, a rather simple heuristic method has been designed for
HOGAN. This method is based on two elements: a good sequential perturbation schedule,
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plus a basic load balancing strategy. Indeed, using these two strategies, the heuristic
method defines a correct schedule in three steps.

1. A good sequential perturbations scheduleR is defined using the approaches defined
in the previous section. If a model-specific scheduling scheme exists for the
considered model, then it is employed. Otherwise, the time scheduling scheme
previously defined is used.

2. Using this permutation R, the initial partitioning D is determined. For that mat-
ter, equally sized and contiguous subsets of R are attributed to the P partitions.
Given that the triangle inequality holds for the problem at hand (see below and
Thm. 5), this step ensures that an adequate initial partitioning with decent per-
mutations is obtained as a starting point.

3. This initial partitioning D is refined iteratively using the strategy described in
algorithm 7. This strategy tries to improve the partitioning by levelling the cost of
the most unbalanced partitions. For that matter, the task being the best candidate
for the levelling is swapped from the slowest to the fastest partition. In order to
avoid the optimization of these permutations of partitions, partitions in D are
always sorted accordingly to the order expressed in R.

This heuristic gives suboptimal solutions for the problem defined in equation (3.17)
because the permutation of each partition is not individually optimised. However, the-
orem 5 (Apx. B.1) proves that the strict triangle inequality holds for the metric used to
define this permutation problem (Eqs. (3.10) and 3.11). This important property of the
metric has played a key role in defining several theoretic results for the TSP. For instance,
solutions within 1 + ε of the optimal have been shown to be theoretically obtainable in
polynomial time for instances of the TSP guaranteeing the triangle inequality [8].

In the context of the heuristic presented here, this property guarantees that partitions
R(p) sorted according to the order expressed in a good sequential permutation R have
a cost C (Eq. (3.10)) strictly inferior to the one of the full permutation, such that

R(p)  R → C
(
R(p)

)
< C (R) .

Therefore, the obtained partitioning should always lead to, at least, a small performance
gain. While this heuristic produced good schedules for the branch-site model, as demon-
strated in the following section, a more carefully designed heuristic method could be a
good addition to HOGAN in order to further improve the quality of the partitioning D and
the permutation of its inherent partitions.

3.4.2. Experiments on the branch-site model (cont.)
The potential gains coming from the parallel gradient approximations, and thus, of the
previously described heuristic method are assessed in this section. This analysis wraps
up the experiments on the branch-site model defined in equation (1.8). Therefore, the
dataset remained the same as in the previous experiments, as well as the measurement
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protocol that was defined during the analysis of the scheduling of gradient approxima-
tions.

In the first phase of the analysis, the heuristic scheduling method was analysed by
comparing it with three other simpler approaches. These experiments, using only few
computational resources (upto 8 processors), aimed at separating the effects of the two
main components: the sequential perturbation schedule and the load balancing.

• The first method represented the case where none of the components were used.
Starting from a random permutation of perturbations, this method partitioned
equally these perturbations in P subsets.

• The second method improved the first one by applying the load balancing defined
in algorithm 7 after the partitioning.

• The third method partitioned a good sequential perturbations schedule defined
using the time scheduling scheme presented in the previous section but did not
apply the load balancing algorithm.

In the second analysis phase, the experiments were conducted on a larger scale with
respect to the amount of computational resources used. While parallel likelihood were
benefiting from a shared memory implementation, the parallel computation of gradient
approximations, requiring fewer communications, is implemented using MPI in order
to profit from the inherent scaling of distributed memory architectures. Therefore, this
second set of experiments assessed the scaling of HOGAN with as much as 128 processors on
the branch-site model by measuring the performance of various combinations of parallel
likelihood and parallel gradient approximations.

Performance model

The performance gains expected for both sets of experiments can be defined using the
speedup equation (3.14). Assuming a phylogenetic tree structure close to a perfect binary
tree having S taxa, the branch-site model counts 5 parameters that require FLEs, and
2S − 2 branch length parameters that require PLUs. Furthermore, during the previous
analysis of the tree likelihood, the expected computational cost for such trees were
approximated as 2S− 1 for FLEs and as h̄+β (Eq. (3.12)), the average tree height plus
a small constant representing the difference between two parameter perturbations, for
PLUs.

Therefore by using

NFLE = 5,
NPLU = 2S − 2,
TFLE ≈ 2S − 1,
TPLU ≈ β + log2 (S)− 1,

the expected speedup of parallel gradient approximation can be estimated. These values
for a number of processors are given in the first and second rows of the table 3.1 for the
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3.4. Parallel gradient approximations

Table 3.1.: Expected speedups for joint parallel gradient approximations and parallel
likelihood/gradient computations for a tree having 512 taxa.
Plik β Total nb. of processors (Plik × Pgrad)

1 4 8 16 24 32 64 96 128

1 2 1.0 4.0 6.6 9.2 10.6 11.4 13.0 13.6 13.9
5 1.0 4.0 6.8 9.9 11.7 12.8 15.0 15.8 16.3

4 2 - 2.7 5.4 11.0 15.6 18.7 26.9 31.6 34.5
5 - 2.7 5.4 10.8 15.5 19.0 28.6 34.3 38.2

optimal schedule β = 2 (Eq. (3.13)) and, an average scheduling represented by β = 5
chosen to be roughly equivalent to setting a cost of TPLU ≈ 1.5h̄ when S = 512.

When Pgrad processors are attributed for parallel gradient approximations and Plik
for parallel likelihood evaluations, the computational costs of PLUs and FLEs have to
be adapted to represent the speedup Sp(·) gained. Therefore, the time for a parallel
execution Tp is redefined as

T̂p = max
[
T̂FLE,

NFLE

Pgrad
× T̂FLE + NPLU

Pgrad
× T̂PLU

]
, with

Pgrad ≤ |S|,

T̂FLE = TFLE

SpFLE (Plik)
,

T̂PLU = TPLU

SpPLU (Plik)
.

The values for SpFLE and SpPLU are directly derived from the observed speedups during
the experiments on parallel likelihood evaluations (Fig. 2.14). Using this new definition
of the time of a parallel execution, the expected speedup TS/T̂P for Plik = 4 is reported
in table 3.1 in the third and forth rows with the two different values of β.

The expected speedup depends on β and on Plik as shown in table 3.1. The previously
identified asymptotic speedup (Eq. (3.15)) readily explains these dependencies. Indeed,
for the branch-site model, NFLE and NPLU are constant, the term of importance is thus
the ratio between the times, or costs, TPLU and TFLE. This ratio defines the ideal speedup
obtained when both costs are equal. Therefore, augmenting β and thus TPLU, pushes
the expected speedup toward the ideal one making thus the parallel approximation of
gradients resilient to a decrease in the scheduling quality and thus an increase in TPLU.

The effect of the combined use of parallel likelihood and gradient approximations is
even more interesting. Indeed, the scaling of FLEs was previously shown to be better
than the one of PLUs when using Plik > 1 (Fig. 2.14). Therefore, using multiple proces-
sors to compute the likelihoods has the effect to level the costs TPLU and TFLE by further
speeding up the FLEs. In other words, this joint parallel approach has the potential
to be more efficient than the separate application of its composing parallel methods.
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Figure 3.6.: Comparison of three different scheduling schemes for the parallel approxi-
mations of gradient. These scheduling scheme are characterised by the use,
or not, of load balancing (LB) and a good initial sequential schedule (TSP).
The sequential reference time used for the speedup was obtained with the
model-specific approach.

These theoretic properties are challenged against the experimental results presented in
the forthcoming sections.

Assessing the performance of the heuristic method

The heuristic used for the scheduling of the parallel gradient approximations imple-
mented in HOGAN is analysed in this section by monitoring the effects of its two main
components. The first experiment illustrated the most basic approach, where neither
the load balancing nor a good initial sequential schedule was used. While this approach
scaled decently with the number of processors, its speedup, shown in figure 3.6a), was
half the expected speedup (Table 3.1). These results were clearly expected given that
neither the partitioning nor the partitions permutations were wisely chosen. The de-
cent speedup scaling in these circumstances was more surprising. However, this trend
confirms the resiliency to bad schedules previously identified on the performance model.

Upon the addition of load balancing, the speedup of this simplistic approach was
significantly enhanced as illustrated in figure 3.6b). Indeed, the improved partitioning
defined by load balancing coupled with the resiliency to average perturbation permu-
tations was directly reflected in significant performance gains. When compared to the
expected speedup, these gains nearly reached an optimal value when two processors
were used. However, for higher number of processors the performance was still below
the prediction of the performance model.

The heuristic implemented in HOGAN further improved the observed speedup by using
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a good sequential schedule as starting point. The initial partitioning derived from this
good schedule seemed to be already well balanced. Indeed, the contribution of the load
balancing only led to an average enhancement of the speedup of 4 ± 3%. While the
performance gains shown in figure 3.6c) are once again closer to the expected ones,
there remains a gap between both of them that is readily explainable by the multiple
approximations made for the performance model as well as by the suboptimal schedule
defined by the heuristic method.

Finally, while these measures are not sufficient to give an adequate assessment on the
scaling of the heuristic method, they showed the parallel approximation of gradient to
be rather robust to the size of the data. Indeed, when compared to the variation of
the speedup monitored during the experiments on the parallel likelihood, these results
appeared to be nearly independent on the size of the problem as well as the use of subtree
compression.

Combined parallel likelihood and gradient

In these final experiments on the branch-site model the combination of the parallel
likelihood evaluations on shared memory and the parallel gradient approximations on
distributed memory is evaluated. This mixed parallelism was analysed under different
couplings defined first by the number of processors dedicated to the parallel likelihood
evaluations Plik ∈ (1, 2, 4, 8) and then by the number of processors dedicated to parallel
gradient Pgrad ∈ (1, 4, 8, 16, 24, 32, 64, 96, 128) with, however, a limit of 128 to the total
number of processors.

Only one data was selected for this benchmark in order to reduce its computational
cost. The three replicates of the biggest data, the one having 512 taxa and 2000 codons,
were thus used to measure the speedup of this mixed parallelism approach. These
performance gains, as shown in figure 3.7a), scaled with the amount of processors and
were close to the expected speedups represented on the figure by blurred blue and green
line for 1 processor and respectively 4 processors.

These observed speedups were far from linear as the performance model predicted.
However this model also defined that this coupling of parallel approach could prove more
efficient than their independent application. Therefore, the efficiency of this coupling,
defined as

Sp

Plik × Pgrad
,

is illustrated in figure 3.7b). The coupling of Plik = 4 processors for the likelihood
evaluations with Pgrad ≥ 4 processors for the gradient approximations was revealed to
be the most efficient approach and thus confirmed the theoretic predictions. Indeed, the
measured efficiency of parallel likelihood evaluations quickly crashed with the increase of
processors while the one of the parallel gradient approximations remained the best until
16 processors were used and, from this point, started to fall faster than the previously
identified coupling.
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Figure 3.7.: Performance of the mixed likelihood/gradient parallelism. Left figure shows
the speedup in function of Pgrad when both methods are combined. Right
figure illustrates the ratio speedup to processors, know as efficiency, of this
mixed approach in function of the total number of processors used: Plik ×
Pgrad. The blue and green blurred line represents the expected speedup and
efficiency, respectively, based on speedup measures of table 3.1 with β = 2.

Concluding discussion on the branch-site model

In order to conclude these experiments on the branch-site model, the total improvements
over the state-of-the-art implementation FastCodeML is summarized. In chapter 2, the
implementation of PLUs in HOGAN, jointly with some other improvements, were shown
to accelerate the evaluations of likelihoods by upto three orders of magnitude when
compared to FastCodeML. This speedup of the likelihood evaluation was furthermore
identified to grow with the size of the data. On top of this first performance gain, the
use of parallel likelihood evaluations further sped up these computations by, on average,
a threefold factor when 8 processors were used.

In the current chapter, a scheme defining a good schedule for the computation of the
gradient approximation was presented. This scheme optimised the use of PLUs mak-
ing thus the computations of the gradient approximation proportional to the one of the
average likelihood evaluations presented in the previous chapter. Using this scheme, a
heuristic method for the partitioning of gradient approximations for multiple processors
was designed. This method, jointly with the application of parallel likelihood, acceler-
ated the computations of the gradient approximations by a twentyfold factor with 36
processors (50% efficiency) and upto to a thirtyfold factor with 128 processors.

To make this comparison fair, the documented speedups [127] on the likelihood evalu-
ations of FastCodeML are taken into account. With a maximal amount of 12 processors,
FastCodeML was shown to accelerate the likelihood evaluations by a eightfold factor.
Therefore the following projection of the performance gains can be presumed:
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• In a sequential setting, HOGAN was shown to be three order of magnitude faster
than FastCodeML on large data instance thanks to a reduction of the likelihood
evaluation complexity in function of number of taxa S from an initial O(S) to
O(log(S)) in the best-case scenario.

• In a parallel setting and with an equal number of 12 processors bounded by the
implementation in shared memory of FastCodeML, the precedent scale of gain were
preserved.

• When using more than 12 processors, the improved scaling of the mixed parallelism
approach implemented in HOGAN showed additional performance increase. These
gains were shown to further double when using upto 36 processors and triple when
using upto hundredth of processors.

In conclusion, HOGAN was shown to have the potential of speeding up statistical analysis
of the branch-site model by hundredfold to thousandfold factors when compared to the
fastest existing implementation.
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3.5. Summary
In this chapter, means of improving the efficiency of ML methods, more precisely
gradient-based continuous optimization methods such as BFGS or LBFGS, are studied.
Based on the target applications for HOGAN, the choice of the method of finite differences
for the gradient approximation is justified. This method highly benefits from PLUs given
that the gradient is estimated by using univariate perturbations on the parameters.

The formalization, with respect to the PLUs, of this sequence of univariate perturba-
tions leads to two model-generic optimization schemes, a sequential and a parallel one,
that can be used to further improve the efficiency of gradient approximations. Both
strategies are illustrated on the branch-site model detecting positive selection.

Model-generic
Two novel model-generic methods enhancing the efficiency of the gradient approximation
are proposed. The first method results from the study of the sequential approximation
of the gradient:

• Sequences of perturbations are formalised by using the PLUs definition.

• The scheduling of these perturbations is modelled as a permutation problem which
is then identified as an instance of the TSP.

• Estimations of the task cost, as presented in chapter 2, enables the definition of a
strategy providing good perturbation scheduling.

• This scheme is implemented with the help of an existing state-of-the-art heuristic
for the TSP, LKH.

The second method results from a study on the parallel approximation of the gradient:

• An ideal performance model is derived for the parallel estimation of gradients.

• This performance model is proved unrealistic by formalising the joint problem of
partitioning and scheduling the sequence of perturbations.

• A greedy heuristic is proposed for the optimization of this complex combinatorial
problem.

• This heuristic is proved to always result in performance gains when using the
sequential schedule obtained from the first method as starting point.

Model-specific
The potential performance gains of the sequential method are studied on the phylogeny
based likelihoods and an asymptotic theoretic upper bound, with respect to S, is de-
rived. Furthermore, a good model-specific perturbations scheduling is identified for the
phylogeny based model.
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The sequential and parallel methods are validated on the branch-site model detecting
positive selection with a large variety of datasets. The results of the experiments with
the sequential method are the following:

• This method accelerates upto 1.7 times the gradient approximations when com-
pared to a random perturbation scheduling and its additional computational cost
is shown to be quickly compensated.

• The model-specific scheduling obtains similar performance gains when compared
to this method and, conversely to the model-generic approach, does not incur any
additional computational cost.

The study of the parallel method on the branch-site model consists in the following
results:

• The greedy heuristic is studied on a selection of datasets. This method is shown
to significantly improve the scaling of the parallel gradient approximation.

• A joint performance model of the parallel gradient approximation and the parallel
likelihood evaluation is derived.

• This performance model is used to study the combined scaling of these methods
and these theoretic results are compared with empirical results:

– The observed speedup are concordant with the performance model and en-
ables to predict the most efficient assignment of computational resources.

– On a large dataset, twentyfold and thirtyfold speedups are measured by com-
bining the use of 4 processors for parallel likelihood evaluations with 9 and
32 parallel gradient estimators for a total of 4 × 9 = 36 and 4 × 32 = 128
processors, respectively.

This study finalises the experiments on the branch-site model by concluding that, by
combining all the model-generic methods presented in the previous and current chap-
ter, HOGAN has the potential to accelerate ML analysis on this model and synthetic
datasets by upto three order of magnitude when compared to the state-of-the-art soft-
ware FastCodeML.
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Bayesian inference derives the posterior probability distribution of the parameters θ of
a given statistical model after taking into account the observed data X. This distri-
bution is defined as the joint distribution obtained by combining the prior probability
of parameters θ and the likelihood, derived from the model, of observing data X given
parameters θ. The Bayes Theorem determines the posterior probability as

p(θ|X) = p(θ)f(X|θ)∫
p(θ)f(X|θ)dθ , (4.1)

with p(θ) as the prior probability and f(X|θ) as the likelihood function.
While being a powerful tool for inference, this approach is limited by the difficulty

of estimating the posterior distribution. The MCMC method designed by Metropolis et
al. [84] tackled this limitation by making possible the numerical approximation, or sam-
pling, of high-dimensional integrals. Enriched through the years by further theoretical
and computational developments, this method gained in popularity such that nowadays
model inference and hypothesis testing is widely performed using Bayesian inference.
Evolutionary biology particularly benefited from this development, however the design
of more complex and realistic models and the ever growing availability of novel data,
such as genomic data, is pushing the limits of the current use of the MCMC method. In
addition to the expensive computational cost of models, the burden placed on the user
to define adequate parameter moves to efficiently explore the parameter space results
usually in sub-optimal sampling schemes.

Indeed, MCMC methods approximate the posterior distribution by sampling the state
of a Markov chain constructed such as to have this exact distribution as equilibrium dis-
tribution. An important element in this construction is the proposal kernel that suggests
new parameter values that are then judged as fitting, or not, the target distribution.
Therefore, this proposal kernel determines, in function of its closeness or adequacy to
the unknown posterior distribution, the efficiency of a MCMC sampler. Paradoxically,
the complex choice of this proposal kernel depends on the user that must then decide
which form of proposal distribution, as well as its scaling, is adequate for each of the sta-
tistical model parameters. In front of such a daunting task, users usually have no other
choice than to use an arbitrarily scaled univariate proposal that updates parameters one
at a time; choice that results in a suboptimal sampling efficiency.

This chapter begins by giving a short introduction of the MCMC methods and more
particularly of one of its variant, the Metropolis-Hastings algorithm. Then, a parallel
MCMC method built with a novel combination of enhancements designed for the sam-
pling of parameter-rich and complex models is presented. The theoretical definition of
this model-generic method is detailed in a first section that is followed by a second one
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describing the required steps to obtain an efficient implementation of the proposed algo-
rithm. The resulting implementation in HOGAN is then confronted to multiple biological
applications, such as the reconstruction of phylogenetic tree on which it is shown to
outperform a well-known state of the art software for Bayesian inference of phylogeny,
MrBayes, by converging upto twenty times faster to the correct tree distribution. Finally,
the DAG representation of statistical models used in HOGAN again proves its richness by
enabling the automation of a complex task: the choice of parameter blocks to update.

4.1. A short introduction to MCMC methods

This section gives a brief overview, largely inspired from the book Markov Chain Monte
Carlo, Stochastic Simulation for Bayesian Inference [39], of the estimation of posterior
distribution using the MCMC method. The main concept is defined and then some
important considerations regarding the use of this method in practice are discussed.

4.1.1. Definition

Given a statistical model, Bayesian inference consists in analysing the posterior distri-
bution of the model parameters1 θ ∈ Rd defined in equation (4.1), or its unnormalized
density, defined as

π(θ) ∝ p(θ)f(X|θ), (4.2)

after having observed data X. In theory, the posterior distribution is always available,
but in parameter-rich and complex models, the required analytic computations are often
intractable.

MCMC methods are thus employed to approximate the posterior distribution by sam-
pling the state of a Markov chain having π(θ) as stationary distribution. Constructing
a Markov chain that achieves this property is done by considering a reversible Markov
chain whose transition kernel p(θ, φ) satisfies the detailed balance equation

π(θ)p(θ, φ) = π(φ)p(φ, θ) ∀ (θ, φ)

The transition kernel p(θ, φ) consists of two elements: an arbitrary transition kernel
q(θ, φ), also known as proposal kernel, and an acceptance probability α(θ, φ) such that
the probability of leaving the state θ is given by

p(θ, φ) = q(θ, φ)α(θ, φ) with θ 6= φ.

Therefore, the probability of staying in the same state is given by

p(θ, θ) = 1−
∫
q(θ, φ)α(θ, φ)dφ

1For simplicity’s sake, these parameters are considered as being continuous, however it also holds for
discrete parameters.
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Hastings [56] proposed to define the acceptance probability such that its combination
with the proposal kernel ensures the detailed balance equation. The resulting acceptance
probability is commonly defined as

α(θ, φ) = min
(

1, π(φ)q(φ, θ)
π(θ)q(θ, φ)

)
. (4.3)

Whenever the proposal kernel q is symmetrical, this probability simplifies to the original
definition of Metropolis et al. [84],

α(θ, φ) = min
(

1, π(φ)
π(θ)

)
with q(φ, θ) = q(θ, φ).

4.1.2. Practical aspects

Samplers based on the M-H algorithm form an important subset of the MCMC method
and can be readily implemented based on the previous definitions. Indeed, given initial
parameter values θ(0) at step k = 0 and a user defined proposal kernel q, a MCMC
process drawing samples from the distribution π can be obtained by iterating through
the following steps:

1. Increment the iteration counter, k = k + 1.

2. Propose new values φ(k) generated using density q
(
θ(k−1), ·

)
.

3. Evaluate the acceptance probability α
(
θ(k−1), φ(k)

)
according to equation (4.3).

This step requires the evaluation of the posterior probability of parameter φ(k)

according to equation (4.2).

4. Draw a number u ∈ [0, 1] from a independent uniform distribution.

• If α
(
θ(k−1), φ(k)

)
≥ u, accept the move: θ(k) = φ(k).

• Else, reject it: θ(k) = θ(k−1).

This sequence of steps is repeated until the approximation of π(θ) is deemed accurate
enough.

For parameter-rich and complex models, defining a single proposal kernel q that moves
adequately all the parameters at once may prove to be a daunting task. Fortunately,
the parameters θ can also be updated separately [125, 39]. Assuming a set of user
defined univariate proposal kernels {qi : i ∈ (1, .., d)} that each acts on a parameter θi,
the sampling scheme previously described can be adapted by slightly changing steps 2),
3) and 4).

The step 2) must first select a parameter θi. This parameter choice can be random
or based on a fixed predefined order: e.g 1 → 2 → .. → d. The proposal kernel qi is
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then used to suggest a new value for parameter θi. The steps 3) and 4) apply the same
operations using the parameter-wise acceptance probability defined as

αi
(
θ

(k−1)
i , φ

(k)
i

)
= min

1,
π
(
φ

(k)
i

)
q
(
φ

(k)
i , θ

(k−1)
i

)
π
(
θ

(k−1)
i

)
q
(
θ

(k−1)
i , φ

(k)
i

)
 .

While this scheme simplifies the choice of the kernels qi, at least d iterations are
required to propose a move on each of the d parameters and thus as many likelihoods
are evaluated. However, this simplification greatly eases the use of the M-H algorithm
and is widely employed in computational evolutionary biology. For instance, PyRate and
MrBayes use univariate proposal kernels.

The sampling of the posterior distribution π of an independent bivariate normal model,
defined in section 1.3.1, with this algorithm is illustrated in figure 4.1. For such a simple
model, several thousands of iterations, and thus likelihood evaluations, were required to
obtain a good approximation of the distribution. Moreover, the proposal kernels were
chosen to produce an efficient sampling scheme and the starting parameter values θ(0)

were directly drawn from the posterior distribution.
These last considerations lead directly to two important properties of a MCMC process

that play a key role in the number of iterations, and thus time, required to get a correct
approximation of a posterior distribution. The first property is the convergence time
required for the Markov chain to reach its equilibrium distribution; time that is implicitly,
but not exclusively, determined by the starting values θ(0). The second property is the
sampling effectiveness, or mixing, of the MCMC process which is determined by the
mobility of the Markov chain in the parameter space and is thus highly dependent on
the choice of the proposal kernels.

Convergence of the chain

Depending on the starting parameter values θ(0) and as well on the proposal kernel
chosen, the convergence of a chain toward the equilibrium distribution can take a con-
siderable time as illustrated, in figure 4.2. This first phase, known as burn-in phase, is
characterised by observed samples that are not representative of the High Probability
Density (HPD) of the posterior distribution and that are, for that reason, not taken
into account for the approximation of π(θ). Therefore, given that the burn-in phase
represents a waste of computational resources and time, an important properties of a
MCMC algorithm is to have a fast convergence.

In addition of representing a waste of resources, this phase highly limits the perspective
of parallelism for MCMC methods. Indeed, the concept of MCMC algorithm previously
defined is inherently sequential given that each step k depends on the previous state
θ(k−1) of the chain; state that is furthermore defined stochastically. However, in theory,
a simple approach could enable the use of P processors to estimate the posterior distri-
bution. Assuming that several independent chains were run on these P processors, the
samples resulting from each of these chains could be readily concatenated, given that
each sample is considered as independently drawn from the posterior distribution.
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a) b)

c) d)

Figure 4.1.: Illustrations of the state of a M-H algorithm and the obtained samples after
k = {50, 1000, 2000, 35000} iterations when approximating a bivariate inde-
pendent Gaussian distribution. This target distribution is represented as a
color gradient from red (less probable) to blue (more probable), in the cen-
ter of each figure. The observed samples are summarized in the histograms
at the top (θ1) and left (θ2) side of each figure, while the target marginal
distribution is the red dashed line. Figures a) to c) show the trace of the
MCMC as a blue dotted line and figure d) shows the final summary of all
the observed samples.
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a) b)

Figure 4.2.: Illustration of the convergence of a MCMC process. The left figure illustrates
the initial phase of the sampling of a bivariate Gaussian model with a poor
choice of θ(0). The right figure shows the observed trace of the posterior
probability in a similar situation.

The caveat of this approach is that it only holds once the chain has reached its conver-
gence. Using several processors during the burn-in phase would only results in a bigger
waste of computing resources and the speedup ensuing from such approach would be
significantly limited by the portion of time spent during the burn-in phase.

The final hurdle regarding this practical aspect is the difficulty of assessing the con-
vergence of the chain. Indeed, a chain can reach several plateaux of posterior probability
before reaching the HPD, as illustrated by the trace of the chain posterior probability
in figure 4.2b). For instance, chains that samples complex and parameter-rich models
can get stuck for several thousands of iterations, if not more, in place of the parameter
space not included in the HPD of the posterior distribution before moving on. Therefore,
solely monitoring the posterior distribution trace gives a limited insight on the progress
of the burn-in phase.

For that reason, Brooks and Gelman [19] proposed several measures to assess if a
chain, or more accurately, a set of chains has converged. For instance, the multivariate
potential scale reduction factor R̂ is based on the comparison of the within and pooled
variances of all the parameter values observed during multiple MCMC runs. Process-
ing these variances is however a computationally expensive operation that can hardly
be applied during the MCMC runs and is thus seldom used afterwards. Therefore,
tractable approaches for the identification of the convergence remains an open problem
still researched nowadays [45].

Mixing of the chain

The mixing defines how well the MCMC process is evolving in the parameter space and
thus determines the quality of the samples derived from it. This property is inherently

156



4.1. A short introduction to MCMC methods

linked with the proposal kernel q given that it defines the next considered states for
the Markov chain. These proposed states are then kept, or rejected, according to the
acceptance probability defined in equation (4.3).

Indeed, a proposal kernel producing bad moves will either seldom make the chain
progress by proposing new parameter values far from the HPD that are always rejected
or, conversely, will make the chain progress frequently by proposing conservative param-
eter values that slowly explore the parameter space. A good proposal kernel, exhibiting
a good mixing, will propose new parameter values that fits the form of the posterior
distribution and, therefore, the chain will progress frequently by randomly proposing
parameter values in the HPD.

This important property can be monitored to diagnose poorly defined proposal ker-
nel. The most used measures for that matter is the integrated autocorrelation time
(ACT [39]) that measures the randomness exhibited by a sequence of samples S =(
θ(0), .., θ(i), .., θ(n)

)
. Given a real-valued function f (i) = f(θ(i)), the autocovariance of

lag k is defined as

γk = Cov (fn, fn+k)

with fn =
(
f (0), .., f (n)

)
and fn+k =

(
f (k), .., f (n+k)

)
. Based on the autocovariance, the

autocorrelation can be readily computed, using the variance σ2 = γ0 of fn, as

ρk = γk
σ2 . (4.4)

When considering the variance V arπ = τ2
n/n of the expectation estimator Eπ [f(θ)] of

the chain having produced S, it can be shown [46] that when n→∞ then τn → τ such
that

τ2 = σ2
(

1 + 2
∞∑
k=1

ρk

)
.

The inner parenthesis term is the ACT and defines how many the observed variance
V arπ is impacted by the lag-k autocorrelation, or measured lack of randomness, of the
sequence S. The ACT is then used to define the Effective Sample Size (ESS) as

ness = n

1 + 2
∑∞
k=1 ρk

.

This value gives an insight of the amount of effective samples obtained through the
sampling of the Markov chain in function of its observed randomness.

More intuitively, assuming that f(θ1) would return the observed value of parameter
θ1, then equation (4.4) would give an insight of the correlation between the observed
values of θ1 and the previous values it had k step before. Integrating these values over
k gives the overall correlation expressed by the sampled values for θ1. Therefore, the
measured ACT of a randomly drawn sequence should tend to 1 given that no correlations
would be observed.
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Figure 4.3.: Illustration of the lag-k autocorrelation of three different proposal kernels.
Proposals kernels with a small, adequate and large variance with respect to
the target posterior density are illustrated in figure a), b) and c), respec-
tively.

Figure 4.3 illustrates the lag-k autocorrelation for three different proposal kernels
chosen for the sampling of the bivariate normal model shown (Fig. 4.1). These three
proposals are based on univariate Gaussian distributions and therefore define parameter
moves as

φ
(k)
i = θ

(k−1)
i +N

(
0, σ2

)
with i ∈ {1, 2} .

The proposal shown in figure 4.3a) is characterised by a small σ2, and thus small
moves that are frequently accepted. Its measured ACT is significant given that each
sampled state of the Markov chain is close to the previous one and is thus not random.
Given that the ACT is far greater than 1, only few out of n sampled states are considered
effective.

The opposite case is shown in figure 4.3c) with a proposal having a large σ2. Most
of its proposed parameter values fall out of the HPD and are thus rejected. However,
accepted moves are sparsely distributed on the target distribution and are thus more
stochastic than the one of the previous kernels. The ACT observed for this proposal is
thus smaller than the previous one but, given that the chain stays for several steps in
the same state, a significant amount of autocorrelation is still observed.

The final proposal, illustrated in figure 4.3b), is adequately scaled for the task at
hand. While moves proposed by this kernel are accepted on average 50% of the time,
its measured ACT of 8 remains far from the optimal value of 1. Obtaining ness = 1000
effective sample would then require close to 8000 steps without considering the potential
burn-in phase.
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4.2. A novel parallel Metropolis-Hastings method

The theoretic aspect of the parallel M-H algorithm specifically designed to obtain an
efficient mixing on parameter-rich and complex models is presented in this section. The
need for this novel approach, motivated by nowadays evolutionary biology challenges,
is justified with respect to the current state-of-the-art of the MCMC method in com-
putational statistics. The two components forming this algorithm are then described,
starting with the novel multivariate adaptive proposal that coerces the acceptance rate,
balances the mixing along all parameters and exploits their potential correlations. The
concept of the second component, a parallel MCMC method, known as pre-fetching [18],
is introduced and the theoretic concepts used to achieve synergistic performance gains
from the coupling of the adaptive proposal with this parallel scheme are explained.

4.2.1. Motivations

In evolutionary biology, MCMC methods have been widely used in the last decades for
numerous applications, encompassing phylogenetic reconstructions [106, 77], divergence
time analyses [30], molecular evolution [27], comparative methods [35, 13] or population
genetics [71, 34]. The complex models used in these applications require costly compu-
tational evaluations of their likelihood function and their high-dimensional parameter-
space is usually difficult to explore efficiently. The joint effect of the computational
effort required for the sampling of these models and the ever growing abundance of
novel data has led MCMC samplers to suffer from their inherent sequential nature and
their dependency on user defined proposal kernels.

A wide variety of approaches have been proposed to improve the sampling of some
of these complex models. These solutions range from avoiding the evaluation of the
likelihood function [81, 83] to using sequential Monte Carlo [21, 6] or Hamiltonian Monte
Carlo methods [29]. However, these methods suffer from limitations that make them
less generally applicable. For instances, some of these methods have to be applied on a
model basis, may prove difficult to apply to high-dimensional parameter-spaces or only
consider continuous parameters. These limitations are typical of Bayesian inference in
phylogenetics. Indeed, the computational complexity of tree reconstruction grows with
the length of the sequence data available as well as with the number of taxa, which
also defines the amount of parameters and potential phylogenetic trees to consider [33].
Moreover, it is well known that sampling from this discrete space of phylogenetic trees
is a particularly difficult task [76, 17].

Current approaches to build phylogenetic trees therefore still heavily rely on MCMC
and any enhancement of these methods would be of tremendous use for evolutionary
biologists. Several studies focused on the sampling effectiveness (or mixing) of the
MCMC process and helped to propose theoretical guidelines to specify the optimal size
for proposal kernels based on normal distributions [40, 102]. These guidelines were used
to develop the adaptive Metropolis algorithm [51], which aimed at optimally tuning
a proposal kernel using the observed empirical covariance of the Markov chain. The
adaptive Metropolis method has been further improved by using component-wise scal-
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ing [52], adaptively tuning the proposal size to target an optimal acceptance rate [5] or
exploiting the parameter covariance [105, 128]. Some of these improvements for univari-
ate proposal kernel have been implemented in the main software to build phylogenetic
trees [31, 106, 1].

However, few strategies were explored to improve MCMC efficiency by exploiting
parallel computing [47]. While some of these methods present interesting properties,
they usually suffer from limitations that hinder their general use on applied problems.
For example, prefetching [18] aims at predicting the future states of the Markov chain
to pre-process them in parallel. This method is however limited by the difficulty of
predicting accurately the path of the Markov chain.

The novel parallel algorithm presented here aims to fill this existing need for a gen-
erally applicable parallel MCMC method that would improve the sampling of complex
parameter spaces such as the discrete space of phylogenetic trees.

4.2.2. EMPIR: an efficient multivariate adaptive proposal

The presented M-H algorithm uses its own Efficient and balanced Multivariate adaPtIve
pRoposal kernel, EMPIR, specifically designed to maintain a low computational over-
head while exploiting the potential correlations between parameters in complex and
parameter-rich models.

The original adaptive method presented by Haario et al. [51] defines the proposal as
φ ∼ N (θ, λΣ) with λ being the optimal scaling factor defined by Gelman et al. [40]
and Σ the observed empirical covariance of the Markov chain. Given the sample θ(k)

observed at iteration k of the MCMC process, the parameter mean θ̄ and covariance Σ
are updated using the following recursive formula,

θ̄(k+1) = k − 1
t

θ̄(k) + 1
k
θ(k)

Σ(k+1) = k − 1
t

Σ(k) + 1
k

[
k ·
(
θ̄(k−1) ⊗ θ̄(k−1)

)
−

(k + 1) ·
(
θ̄(k) ⊗ θ̄(k)

)
+
(
θ(k) ⊗ θ(k)

) ]
.

While being exact, this method suffers from an expensive computational cost due to the
three outer products required per iteration. Moreover, effects from parameter values,
that are not representative of the target distribution π(θ), observed during the burn-in
phase have the tendency to require several iterations to be attenuated.

In order to avoid these caveats, EMPIR approximates the covariance matrix Σ using a
more evolved approach proposed by Andrieu and Thoms [5]. Being based on stochastic
approximation, this approach is less perturbed by the burn-in phase, as illustrated in
figure 4.4, and optimizes the mixing by coercing the acceptance rate which is more
robust than relying on λ. Using stochastic approximation, the global scaling factor λ,
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Figure 4.4.: Illustration of the advantage of the stochastic approximation approach
(Robbins-Monro) over the original adaptive method (Recursive). The top
figure shows the aproximated value during a MCMC run of an adaptively
learned parameter, e.g. the global scaling λ. The bottom figure shows the
posterior probability during the same MCMC run.

the parameter mean θ̄ and covariance Σ are updated as follows

θ̄(k+1) = θ̄(k) + γ(k) ·
(
θ(k) − θ̄(k)

)
Σ(k+1) = Σ(k) + γ(k) ·

[(
θ(k) − θ̄(k)

)
⊗
(
θ(k) − θ̄(k)

)
− Σ(k)

]
(4.5)

log
(
λ(k+1)

)
= log

(
λ(k)

)
+ γ(k)

(
ᾱ(k) − α?

)
with α? defining the target acceptance rate that optimizes the mixing [102]. The step
size γ impacts the convergence of the approximation process and must have the following
two properties [101]:

∑∞
k=0 γk =∞ and

∑∞
k=0 γ

2
k <∞.

Coercing the global scaling factor λ guarantees that the overall proposal acceptance
rate is optimal by taking advantage of the information made available by the MCMC
process. However, it does not ensure a balanced mixing over all parameters. Component-
wise scaling is able to solve this problem at the significant cost of d additional likelihood
evaluations [52, 5]. The new component-wise or local scaling factors Λ = diag(λ1, ..., λd),
estimated separately for each parameter, can then be used to scale the proposal over
each dimension (corresponding to a parameter) as follows:

φ ∼ N (θ,Λ1/2ΣΛ1/2) (4.6)
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This approach guarantees a more balanced mixing over all parameters while inducing
a significant increase in computational cost. A second drawback is the loss of control
on the global acceptance rate. Indeed, independent parameters would lead to a global
acceptance rate defined as α =

∏d
i=1 αi. However, in the more frequent case of correlated

parameters, the relation between local acceptance rates αi and the global acceptance rate
α remains undefined.

In order to efficiently balance the mixing along all parameters, EMPIR combines both
local and global scaling variants. This proposal maintains the coercion of the global
acceptance rate by using the global scaling λ, which is updated at each iteration. The
costly component-wise updates are made periodically and the normalized scaling factors
wi = λi/

∑d
k=1 λk form the local scaling matrix W = diag(w1, ..., wd). The proposal

then uses the global scaling to target the overall size of the move while the normalized
local scaling ensures a balanced mixing over all directions.

φ ∼ N (θ, λW 1/2ΣW 1/2) (4.7)

This method is further enhanced by considering the correlations observed between pa-
rameters θ as proposed by Gilks et al. [42]. These correlations are exploited by using the
geometric interpretation of the multivariate normal distribution. Since this distribution
belongs to the family of elliptical distributions, it can be expressed by the directions of
the principal axes of the ellipsoids. The spectral decomposition of the covariance matrix

Σ = QEQ′ = QE1/2(QE1/2)′

gives these directions as the eigenvectors Q = (V1, .., Vd) and their scaling as the eigen-
values E = diag(e1, .., ed). Samples can then be obtained from the distribution

X ∼ N (µ,Σ) ≡ µ+QE1/2N (0, I)

The component-wise scaling factors λ̃i are used in this case to scale the size of the moves
along the direction of the eigenvector Vi and the scaled eigenvectors (λW̃E)1/2 can be
used to build the following proposal

φ ∼ θ +Q(λW̃E)1/2N (0, I) (4.8)

This method however comes at an additional computational cost that grows expo-
nentially with the number of dimensions d. Indeed, the covariance matrix is costly to
learn since it requires linear algebra functions with complexity O(d2). In addition, the
generation of random moves based on multivariate distributions requires the Cholesky
or eigendecomposition of the scaled covariance matrix at a computational cost of O(d3).
Moreover, this decomposition must be updated whenever Σ and Λ change.

4.2.3. P-EMPIR: Securing an optimal pre-fetching with EMPIR

Markov chains are an inherently sequential process due to the dependencies between
states in two subsequent iterations of a chain. Obtaining speed improvements by using
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Figure 4.5.: Markov chain decision tree of height h = 3

parallel computing techniques is therefore an important challenge. Pre-fetching [18]
overcomes this limitation by pre-processing the possible paths that the Markov chain
could take during a set of iterations.

The future path of a MCMC can be represented as a decision tree (Fig. 4.5). Given
that the chain at the beginning of step k is in state θ(k−1), a new state φ(k) is proposed.
This new state is then accepted or rejected with probability α(θ(k−1), φ(k)). Branches of
the tree represent these two possible paths of the MCMC process. Each state, or node,
leads to two subtrees corresponding to either an acceptance or a rejection.

The likelihood computation of the future possible states φ can then be distributed
over multiple processors. Given that several samples are generated during the same
amount of time that it previously took for one, the M-H algorithm is significantly sped
up. However, given the tree structure of the possible paths of the Markov chain, an
exhaustive approach to get D = h samples per iteration would require the computation of
the 2h−1 possible states of the chain and thus, as much processors. This strategy scales
poorly since the number of wasted likelihood computations corresponding to unused
states grows exponentially with D.

Various strategies [123] aiming at determining the most probable path in the decision
tree have been proposed to improve the scaling of this method. One of these strategies
uses the mean observed acceptance rate of the chain ᾱ as a predictor for the most
probable paths. The efficiency of this method is estimated by a performance model that
depends on the acceptance rate and the number P of available processors:

E(α, P ) = E1(α) ·D(α, P ) (4.9)

where E1(α) defines the mixing efficiency for an i.i.d normal distributed proposal with
d → ∞ [104] and D(α, P ) is the expected number of draws per pre-fetching itera-
tion [123].

The expected number of draws D(α, P ) is equal to P and thus optimal for α = 0
or α = 1. With such α, pre-fetching is indeed able to exactly predict the path of the
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Markov chain by considering moves as being always rejected, respectively accepted. Such
a prediction would be represented by the right most, respectively left most, branch in the
decision tree (Fig. 4.5). The expected number of draws D(α, np) reduces as α approaches
0.5, since predictions are less accurate. When α reaches 0.5, any path in the decision
tree is equally probable and thus pre-fetching is back to using the inefficient exhaustive
approach of computing all the possible paths.

On the other hand, the mixing efficiency of a proposal E1(α) peaks at an optimal
α value of 0.234 with d → ∞ [104]. Thereof, the optimal acceptance rate α? for a
given number of processors derived from equation (4.9) expresses the optimal trade-off
between an efficient mixing and accurate predictions for pre-fetching. In other words,
the efficiency of both methods is then controlled by the average acceptance rate α of the
proposals and is optimal for α?.

Therefore, the coupling of pre-fetching with EMPIR is done by coercing the acceptance
rate to the optimal value α? through the global scaling factor λ. The resulting coupling,
later referred as P-EMPIR, ensures that the acceptance rate of the MCMC process is
quickly reaching the vicinity of the target acceptance rate α?. Once this target value
is reached, P-EMPIR optimizes the efficiency of the pre-fetching method by using the
optimal size of the proposal kernel; optimal size defined in function of the number of
available processors and regardless of the model.

In return of providing these optimal conditions for the pre-fetching method, EMPIR also
benefits from this coupling. During a pre-fetching iteration, only a certain number of
predicted states are retained, while the remaining unused ones are discarded. However,
EMPIR takes advantage of these wasted likelihood evaluations. During one iteration, all
the acceptance rates α estimated to predict the chain path in the decision tree offer
usable information that can help the updating of λ. The advantage is that the learning
process becomes more accurate and adapts more quickly to the parameter space, because
λ is adapted more frequently. This results in a better sampling efficiency and reduces
the length of the burn-in phase. These improvements apply equally well, if not better,
to the local scaling factors Λ by processing the d unidimensional moves in parallel and
thus offering a nearly ideal speedup of this costly operation.

4.3. Implementation of EMPIR and P-EMPIR in HOGAN

While the methods presented in the previous section are in theory sound, in practice they
require a careful implementation in order to reveal their full potential. Indeed, EMPIR’s
potential to enhance the mixing of the M-H algorithm is hindered by its computational
cost that exponentially grows with the number of parameters. Therefore, this trade-off
must be adequately dealt with to extract the most of EMPIR.

Similarly, P-EMPIR relies on parallel evaluations of multiple likelihoods to accelerate
the M-H algorithm. However, in the context of HOGAN, likelihood evaluations have vary-
ing computational costs and therefore, distributing these evaluations on P processors
may cause load balancing issues.

Finally, the MCMC method are known to have difficulty to sample multimodal dis-
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tributions. Additional enhancements are thus required for conducting efficiently the
sampling of such distributions. These three practical issues are considered in the imple-
mentation of EMPIR and P-EMPIR in HOGAN. The strategies and enhancements required
to deal with these problems are detailed in this section.

4.3.1. Optimising the efficiency of EMPIR

The efficiency of EMPIR depends on the trade-off between the performance gain coming
from multivariate proposals with support for correlated parameters and the overhead
caused by these methods that comes from the eigendecomposition and the Cholesky
factorization of the covariance matrix Σ. Three strategies used to enforce this trade-off
are here described.

The first one uses several proposal kernels applied to subsets of parameters in order to
reduce the exponential overhead coming from these complex linear algebra operations.
The second one monitors the adaptive process of the proposal kernels and ends it when
the values of λ, Λ and Σ are detected as converging. The final one makes EMPIR evolve
from a simple and costless adaptive kernel to the more evolved and expensive one defined
in equation (4.8) in function of the approximated covariance matrix Σ.

Using smaller blocks

In theory, updating all parameters during one step of the M-H algorithm with an ade-
quate proposal kernel offers the best possible mixing [39]. However, in practice, proposal
kernels moving large amount of parameters affect negatively the efficiency and the stabil-
ity of EMPIR. Indeed, its efficiency was already identified to depend on the computational
cost of linear algebraic operations that exponentially grows with the number of param-
eters. In addition to this unpleasant effect, the stability of adaptive proposals suffers
from the difficulty to accurately approximate high-dimensional covariance matrices.

A natural solution addressing these problems is to consider the use of blocks containing
small subsets of the d parameters. Each of these blocks would propose moves on their
parameters according to a proposal kernel dedicated to the block. The resulting M-H
algorithm would thus be identical to the one employed for univariate proposal kernels
that was described in section 4.1. However, to adequately benefit from this readily
applicable solution, several considerations on the composition and size of the blocks
have to be taken into account in the context of P-EMPIR and HOGAN.

Indeed, the target acceptance rate α? defining the efficiency of P-EMPIR decreases
as the number of processors increases (Fig. 4.6). However, a small α? tends to produce
large and bold moves that are difficult to tune reliably when few parameters are updated.
Fortunately, increasing the number of parameters per block tends to limit the boldness
of these moves. Indeed, assuming that the parameters in a block are independent, the
optimal acceptance rate of a block of parameter identified by i is given by

αi? ≈
∏d(i)

j=1
αj (4.10)
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Figure 4.6.: Alpha’s efficiency, representing the average expected samples per prefetching
iteration, in function of the number of parameters per block and processors

where d(i) is the size of the block i and αj stands for the acceptance rate of the univariate
moves along direction j. Therefore, parameter blocks should be big enough to benefit
from the previously identified stability induced by large blocks.

Moreover, the creation of blocks of parameters, or blocking [103], is often used to
decompose the likelihood in smaller sub-likelihoods, if the model permits. These sub-
likelihoods define conditional probabilities that compose the full likelihood and an update
of their assigned parameters enables their sampling at a lower computational cost. This
strategy, called belief propagation, already mentioned in chapter 2, is widely used in
graphical models [95] and is to conditional probability what PLUs are to computational
tasks. Therefore, blocking directly benefits from PLUs due to the reduced computational
cost induced by considering moves on small parameter blocks.

All these considerations affecting the efficiency of the resulting sampler must be taken
into account to define the optimal size of a parameter block. This daunting task is
therefore either avoided by solely considering univariate proposal kernels or delegated to
the end user. For this last option, general guidelines, obtained from empiric experiments
with P-EMPIR, advises users to define block size in the range of 10 to 50 parameters.

Given that such blocks of parameters are not large enough to consider that their size
d(i) tends to infinity, the pre-fetching performance model defined in equation (4.9) has
to be slightly adapted. A small correction on E1(α(i)) is applied to take into account
the block size di as follows

E1(α(i)) ∝ α(i) ·
[
ϕ−1

(
αi
2

)]ρ
with ρ = 2− 1.1e−di/10 and where ϕ stands for the standard normal distribution. This
correction is based on empirical observations made by Roberts et al. [104] and the one
made during the upcoming experiments with P-EMPIR.
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Figure 4.7.: Early convergence detection. Upper figures show examples of learned vari-
ables values and their respective averages while dots represent the detection
of a soft or hard convergence. Distance to convergence are shown with plain
line in lower figures while the red dotted line depicts the tolerance threshold
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Additionally to the block size, one last important aspect regarding the definition of
blocks remains unaddressed: the choice of parameters that must be grouped together.
This choice is an even bigger challenge than the one caused by the block size. Indeed, the
mixing of the MCMC sampler depends directly from this choice given that it determines,
by choosing which parameters to group in blocks, the parameter correlations that can
be exploited. Furthermore, the performance gains resulting from the PLUs, or similar
artifices, is directly defined by the grouping of parameters in chapter 3. While this choice
is also usually delegated to the user or defined empirically on a model-specific basis, a
promising concept is presented in the last section of this chapter.

Convergence detection

The stochastic approximation scheme used to learn the values of λ, Λ and Σ (Eq. (4.5))
is theoretically guaranteed to converge as the number of iterations tends to infinity.
However, continuously refining the approximation of these values has a significant com-
putational cost that may not be worth paying once a certain level of accuracy is reached.
Indeed, in order to achieve an effective proposal kernel, these variables must adequately
approximate the form of the posterior distribution but are not required to exactly match
it. Therefore, in EMPIR, the convergence of these variables is monitored and their learn-
ing phase is stopped once a decent level of stability is reached such as to compromise
between their accuracy and the computational effort spent for their approximation.
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Detecting the convergence of these variables without increasing the computational cost
of the algorithm is challenging given that their approximated value through time may
be highly volatile and sometimes nearly periodic (Fig. 4.7). Therefore the convergence
detection at iteration k is based on multiple measures of stability υ(k)

i on different tem-
poral scales such as the current value, the last l values (sliding window) or the batch of
average values (fixed batch windows). These measures υ(k)

i represent, for instance, the
distance between the current value and the average of the sliding window or the relative
standard deviation of the batch windows.

Using these measures, the hard convergence of the learning phase can be defined as
m⋂
i=1

(υ(k)
i < τi),

with τi being pre-defined convergence thresholds, each associated to one measure υ(k)
i .

However, this condition of convergence may be difficult to achieve given that all the
separate criteria must be fulfilled at the same time. Therefore a softer approach was
designed to accept a small divergence ε on the set of thresholds τi such that[

m∑
i=1

max
(
υ

(k)
i − τi
τi

, 0
)]

< ε.

In addition of being more flexible, this approach enables the relaxation of ε as the
number of iterations k increases and thus offers an interesting leverage to loosen the
convergence criterion. This relaxation defines ε as

ε = β1 · β2 · ε0,

where β1 is the relaxation factor local to each of the learned variables and β2 is the
global relaxation factor that considers the overall state of the learning phase.

The local relaxation factor β1 ensures that after a certain amount of time spent learn-
ing a given variable, ε is gradually relaxed such as to facilitate the convergence detection
for volatile variables. Therefore, β1 is defined as

β1 = max
(

1, k

Klim

)Γ1

,

where Klim defines a threshold of iterations after which the local relaxation should occur
and Γ1 tunes the rate of relaxation increase through time.

The global relaxation factor β2 avoids that the overall adaptive process gets stuck in
the learning phase because of a small amount of non-converging variables. Assuming
that a proportion ρ of the approximated variables has been detected as having converged,
the factor β2 is given as

β2 = max
(

1, ρ

ρlim

)Γ2

,

where ρlim defines the threshold of proportions required to activate the global relaxation
and Γ2 serves the same purpose as Γ1.
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This flexible approach requires a large amount of constant to tune the behaviour of the
convergence detection. Therefore, several pre-settings corresponding to different trade-
offs between the approximation accuracy and the convergence rate are readily available
in HOGAN. Therefore, the setting of these constants can be customised or readily imported
by simply specifying a required rate of convergence such as fast, default or slow.

Automated choice of the most appropriate proposal kernel for EMPIR

The most evolved proposal kernels defined by equation (4.7) and (4.8) have the advantage
of exploiting the observed parameter correlations at the expense of costly linear algebra
operations. Unfortunately, the definition of these proposals is such that these operations
are applied regardless of the amount of correlations observed. Even when insignificant
levels of correlations are observed, this expensive computational cost is paid.

Therefore, EMPIR chooses intelligently the proposal kernels the most appropriate given
the observed covariance matrix Σ. Three different proposals are available for EMPIR to
chose. The first one is a simplification of equation (4.7) based on the assumption that
parameters are uncorrelated such that

φ ∼ N (θ, λW 1/2Σ̃W 1/2), (4.11)

with Σ̃ = diag
(
σ2

1, ..., σ
2
d

)
and thus,

φi ∼ N (θi, λwiσ̃i).

The second and third one are defined by equations (4.7) and (4.8).
The starting proposal chosen by EMPIR is always the first one. The variables λ, Λ and

Σ are approximated until a first convergence of their learning process is detected under
an extra fast setting. Then the amount of correlations expressed in Σ is assessed and
whenever it exceeds a given threshold2 the proposal is switched to either the second or
the third one. The approximated variables are then subject to a final learning phase that
is stopped when the convergence is detected according to the initial setting specified for
the convergence rate.

Therefore, three schemes can be chosen for EMPIR:

• STD that starts with the first proposal and does not evolve.

• MIXED that starts with the first proposal and may evolve into the second proposal
kernel (Eq. (4.7)).

• PCA that starts with first proposal and may evolve into the third proposal kernel
(Eq. (4.8)).

The overall best performing scheme was identified to be the PCA, as later demonstrated,
and is thus the default scheme used for EMPIR.
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Figure 4.8.: Simplified illustration of the major operations during iteration k of P-EMPIR:
A) prediction of the Markov chain path, B) parallel likelihood evaluations,
C) local acceptance probability, D) prediction verification on the main pro-
cessor, and E) adaptive process. After the prediction validation, the main
processor broadcasts the first ith correctly predicted moves. Parameters
identified by a hat, ·̂, identify predicted moves.
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4.3.2. Managing unbalanced likelihood evaluations in P-EMPIR

The key operations applied on P processors during an iteration of P-EMPIR are illustrated
in figure 4.8. Each processor starts by predicting the path of the Markov chain. This
step is straightforward given that the α? derived from the efficiency equation (4.9) leads
to a prediction where all the samples are rejected. Based on this prediction, each proces-
sor evaluates the likelihood and the acceptance probability for its respective predicted
parameters φ. The main process gathers all these acceptance probabilities and assesses
which predictions are proved correct. These correctly predicted moves (θ(k), .., θ(k+i))
are then shared with all the other processors that then update the adaptive proposals
accordingly. Wrongly predicted moves (θ(k+i+1), .., θ(k+P )) are thrown away.

Given that the most expensive step is the likelihood evaluations for complex models,
this approach could, in theory, lead to a linear speedup with respect to P . In reality,
the likelihood evaluations are indeed the time dominant step, however their respective
computational costs are usually highly unbalanced. Two issues are at the root of this
problem and are addressed in this section.

The first reason are the bounds li < θi < ui imposed on the parameters. When a
proposal kernel suggests a move that results by parameter being out of their boundaries,
the likelihood has by default a null value and thus requires no computation. To avoid
this problem. parameters are usually reflected inside the parameter space. However,
reflecting parameters suggested by multivariate proposals that have been rotated (PCA)
is not a trivial task.

The second reason is caused by the use of parameter blocks. While this approach
enables PLUs to reduces the cost of likelihood evaluations induced by moves on these
parameter blocks, it also creates fluctuating computational costs for each parameter
block. For instance, on the task of inferring a large phylogeny, PLUs induced by the
change of evolutionary model parameters are two orders of magnitude slower than PLUs
induced by the update of branch lengths.

Reflection of bounded parameters

The method used to reflect the parameters inside their bounds is detailed in algo-
rithm 8. The main concept is to reflect the vector ~v going from θ to φ in its opposite
direction, for the yet untravelled distance, once the first boundary is encountered as
illustrated in figure 4.9. This operation is repeated until the initial length of ~v has been
travelled. Using always the first encountered boundary along ~v is required to ensure
that the final parameter values end inside their boundaries. Moreover, this ordering also
guarantees that this reflection is reversible given that the reverse move from the reflected
φ along the vector −~v encounters the same boundaries but in reverse order.

Reflections must however be tightly controlled given that they may wrongly mislead
the adaptive process of the proposal kernels. Indeed, if a tightly bounded parameter
always leads to moves that are accepted with a probability α > α?, then the natural
tendency of the adaptive process will be to increase the scaling factor λ to produce bolder

2This threshold is arbitrarily chosen to but can be customised.
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Algorithm 8 Reflection for multivariate normal proposals
// Initial proposal with constraints: l ≤ θ ≤ u
θ′ = θ
~v = N (0, λΣ)
φ′ = θ′ + ~v
repeat

// Find closest intersection with a bound
I = ∅
d =∞
for all θ′i ∈ θ′ do

if θ′i > ui or θ′i < li then
// Define the distance between θ′ and the b along ~v
if θ′i > ui then b = ui else b = li end if

b = ‖~v‖ ·
∣∣∣∣∣ b− θ′iφ′i − θ′i

∣∣∣∣∣
// Keep the smallest distance
if b < d then
d = b
I = {i}

end if
end if

end for
// Move θ′ to the intersection and reflect φ′

if I 6= ∅ then
~u = ~v/‖~v‖
~w = d · ~u
θ′ = θ′ + ~w
~v = −1 · (‖~v‖ − ‖~w‖) · ~u
φ′ = θ′ + ~v

end if
until I = ∅
return φ = φ′
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a) b)

Figure 4.9.: Illustration of a simple reflection. The left figure shows the initial proposed
parameter values, while the right figure shows the resulting effect of the re-
flection. Greyed zones represents unsupported part of the parameter space.

moves that should be less frequently accepted and thus reduce α. Unfortunately, given
that the proposals are reflected the moves will not modify the observed α. This scenario
can cause two unpleasant effects.

The first is the divergence of the scaling λ that may cause overflows and create insta-
bility in the parameter block investigated. The second is closely related given that the
number of reflections required to bring back the parameter in its bounds increases with
the divergence of λ. This form of ping-pong of the parameter between its boundaries may
require a large number of iterations in algorithm 8 and thus a significant computational
cost that could negatively impact the performance of the P-EMPIR.

In order to deal with these issues, P-EMPIR uses a counter that is incremented when
more that r reflections are monitored on the same parameter during one call of algo-
rithm 8. These events are signalled to the adaptive process that then tunes down the
scaling factor λ. Whenever this scheme is repeated many times, the conflicting parameter
is decoupled from its parameter block and its adaptive process is stopped.

Selecting blocks of parameters

Multiples strategies can be used for the selection of the parameter block to update at
each iteration of the M-H algorithm: for instance, blocks can be sequentially or randomly
selected. The MCMC process converges to the target distribution π(θ) as long as the
selection of blocks does not depend on the current parameter values θ or their posterior
probability π(θ) [39].

Assuming that a random selection strategy would be used, for each iteration of
P-EMPIR processors would select randomly a block and then propose a move on it.
This approach results in an unbalanced computational load on the P processors given
that each parameter block would induce a different PLU. Therefore, parameter blocks
producing high variances of likelihood computational times would result with some pro-
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Figure 4.10.: Illustration of the distribution of the computational efforts during an iter-
ation of P-EMPIR with the default random block selection and the opti-
mised one. The steps correspond to the one of figure 4.8 with Step (B)
being the sum of the average times Useful (B) and Wasted (B). The first
represents the effective time spent evaluating likelihoods and the seecond
one the time spent waiting on other processors to finish computing their
likelihoods.

cessors having to wait on others to finish their computation, representing thus a waste of
computational resources. This performance loss is shown in figure 4.10 with illustrative
measures using the random strategy.

A tempting solution to this problem would be to randomly select a unique block that
would be used by each processor. Given that all processors would compute the same
PLU with different values, the load would be perfectly balanced with this approach that
would be equivalent to P consecutive proposed moves on this unique block. Furthermore,
the efficiency equation (4.9) defines that the target α? decreases as P increases. A
gross approximation of this trend gives that P processors would require on average P
consecutive proposed on a block to get an acceptance. Therefore, in addition of levelling
the computational cost this approach would accept, on average, a proposed sample per
P-EMPIR iteration.

While this is true, naively applying such an approach would bias the MCMC sampler
by proposing more or less moves according to the current parameters posterior proba-
bility. Indeed, considering parameters θ′ and θ′′ with π(θ′)� π(θ′′), on which P moves
from the same proposal kernels would be suggested, then, on average, the moves from θ′′

would be more frequently accepted than the ones from θ′ given that θ′′ has more room
for improvement. Since pre-fetching predictions of the Markov chain path are based on
a scenario where each sample is rejected, the average number of correct predictions i′
from θ′ would be higher than the i′′ from θ′′. Given that the wrongly predicted moves,
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occurring after the i correctly predicted, are thrown away: the parameters θ′ having a
better posterior probability would be more frequently sampled given that i′ > i′′.

This dependency between the posterior probability of the current parameter values and
their sampling frequency can be readily negated by ensuring that proposals are always
applied subsequently as many times as required to get P correctly predicted moves.
Assuming that during the first iteration P −m moves are correctly predicted, then m
moves should still be proposed for the current block. For that task, m processors suffice
and thus two possibilities are conceivable for the next iteration: either P −m processors
remain unused or these processors begin to compute the next P moves dedicated to the
next randomly chosen parameter blocks.

This second strategy, referred as optimised, is the one implemented in P-EMPIR with
a default value of (1.2 · P ) consecutive moves per block. Even if two different parame-
ter blocks are frequently sampled at the same time, this approach greatly reduces the
variance of the likelihood computational cost dispatched over the P processors. The
reduction of the computational resources wasted by waiting for the completion of the
likelihood evaluation of other processors is illustrated in figure 4.10.

4.3.3. Dealing with multimodal posterior distributions

The sampling of multimodal posterior distribution is well known to be problematic for
the M-H algorithm [39]. However, this problem can be easily tackled with the use
of the Metropolis-coupled Markov chain Monte Carlo strategy (MC3 [41]) that is no
stranger to computational biology [139, 4]. This method is directly related to the Parallel
Tempering [94] and considers the tempering of the target density π(θ)β0 by defining m
auxiliary distributions with density defined as π(θ)βi with heats βi ∈ [0, 1] and 1 = β0 >
β1 > .. > βm > 0. Given that these auxiliary distributions are flattened versions of the
original density π(θ), the modes are attenuated and thus moves across them should be
facilitated.

The concept is then to sample in parallel the original as well as the auxiliary densities
using MCMC samplers and to periodically exchange the current state of two of the
MCMC processes according to the acceptance probability

α =
(

1, π(θk)βj · π(θj)βk

π(θj)βj · π(θk)βj

)
,

where i, j are arbitrarily chosen subscript and θx stands for the current states of the
chain x having heat βx. This scheme enables the exchange of samples between chains
moving more freely on the parameter space and the original MCMC process sampling
the density π(θ) while guaranteeing the correctness of this process.

This scheme can be interpreted by considering the exchange between two chains as
being suggested by a proposal kernel characterised, or scaled, by its heat βi. Therefore,
the average acceptance probability of this kernel is directly tuned by βi. Therefore, in
most applications, parameters β are thus generally chosen as to guarantee exchange rates
close to 50% between neighbour chains i and i+ 1 (e.g. [4]). However, apart from these
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Figure 4.11.: Organization of the layer of parallelism in the final MCMC sampler. The
first layer represents the sampling of π(θ). The second layer is the adaptive
MC3 that use m processors. The third layer is the m P-EMPIR algorithms
having each P processors. The processor j = 0 of each P-EMPIR manages
the heated chain of the MC3 layer and the processor j = 0 of the heated
chain i = 0 manages the sampling.

general rule of thumb, no guidance is defined for the choice of the values for β that must
then be tuned by the user.

However, Miasojedow et al. [85] recently proposed an adaptive scheme for the MC3

that enables the automated tuning of the β parameters such that the average acceptance
probability of an exchange between two neighbouring chains i and i − 1 targets a user
defined probability. In HOGAN, this adaptive scheme is implemented using the stochastic
approximation method already used for EMPIR (Eq. (4.5)). Therefore, as illustrated in
figure 4.11, the current MCMC algorithm implemented in HOGAN is based on two layer
of parallelism: one based on P-EMPIR and one based on this adaptive MCMC3 method.

4.4. Assessing the performance of EMPIR and P-EMPIR
implementation

In this section, the implementation of P-EMPIR is analysed and validated on several of
the models described in chapter 1. In a first phase, the STD, MIXED and PCA variants
of EMPIR are compared using multivariate normal based models as well as the PyRate
model to highlight the contributions of each enhancement. In addition to these variants,
two M-H algorithms using non-adaptive proposal kernels coupled with the pre-fetching
method are used as reference:

• The PF method emulates user-defined proposal windows by using relevant but sub-
optimal sizes of the proposals.

• The OPPF uses optimal proposal windows that are scaled based on Eq. (4.9) and
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guidelines from [104] to target the optimal acceptance rate α?.

In a second phase, the best variant PCA is challenged on several more complex and
realistic tasks. The first is an analysis of a large plant fossil dataset [116] with the
PyRate model. Then, the performance of P-EMPIR is compared with the state-of-the-art
MrBayes3 software [106] on codon models and on a phylogenetic reconstruction based
on a nucleotide model. The complexity of these models and the fact that MrBayes
already employs univariate adaptive proposal kernels offer an instructive benchmark.
This benchmark ends with an overview of the performance gain brought by P-EMPIR
on the phylogenetic reconstruction of a large dataset never analysed, until now, with
Bayesian inference.

4.4.1. General experimental settings

Three types of measures were used to analyse the different properties of a MCMC sam-
pler:

• The mixing of P-EMPIR was assessed by measuring the ACT and ESS. In an exper-
iment, the average squared distance (ASD) between two samples was measured.
This measure only represents the average travelled distance between iterations
without considering the randomness of the samples.

• The rate of convergence of P-EMPIR on models having solely continuous parameters
was measured by using the multivariate potential scale reduction factor R̂ [19].

• The convergence of P-EMPIR on a phylogenetic tree distribution was diagnosed
using the average standard deviation of split frequencies (ASDSF) as described
in [76]. The split frequency represents the posterior probability of a taxa bipar-
tition. The ASDSF estimates thus the stability of the split frequencies through
iterations.

Using these measures, the overall performance of P-EMPIR was then determined using
the speedup S defined as

S = g(P, M)
t(P, M) ÷

g(1, MR)
t(1, MR) (4.12)

with the g(P, M) being the averaged measures (i.e. ESS or ASD), t(P, M) the averaged
run time for P processors for the method M (e.g. PCA). In most of the cases, the measures
of each method M was compared to the reference method MR being PF with 1 processor.
Under this circumstance, the speedup indicates the gain provided by the increase in
ESS or ASD as well as the overhead caused by EMPIR and P-EMPIR. This overhead thus
includes the cost of the learning phase of EMPIR and the communications between the
processors plus the potential load balancing issues induced by P-EMPIR.

3All measures were made using MrBayes 3.2.5 compiled with SSE support and MPI enabled.
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4.4.2. Validation on multivariate normal based models
Multivariate normal based models were used to validate the theoretical properties of
the three variants STD, MIXED and PCA of EMPIR. Data were simulated using covariance
matrices Σ representing uncorrelated and then correlated parameters such as to validate
the variant of the properties on both types of parameter space. Under these settings
the optimal proposal OPPF could be readily defined using the matrices Σ. Finally, given
that the likelihood evaluations of this family of models can be obtained at nearly no
computational cost and thus does not represent the target applications, the overhead
of EMPIR and P-EMPIR were not taken into account so that only the raw ESS and ACT
were analysed.

Validation against an optimal proposal.

The three variants were more effective than the sub-optimal proposal distributions (PF)
at sampling the parameters θ = (µ, V ) of a simple model formed by independent normal
distributions (Fig. 4.12a). Moreover, they were able to accurately learn the optimal
proposals since their average ESS was comparable to the one of OPPF. The MIXED and PCA
methods showed a similar behaviour than STD on this model since nearly no correlation
were detected to trigger the switch from the adaptive proposal based on independent
parameters (Eq. (4.11)) to the one exploiting correlations (Eqs. (4.7) or (4.8)).
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Figure 4.12.: Averaged results for independent normal models with d = 20, 3×103 itera-
tions and 5 runs. Left figure shows the mean ESS per parameter in function
of the number of processor for each method (error bars represent standard
deviation). Right figure represents the decrease in sampling effectiveness
(top) and increase of the number of samples per iteration (bottom) as the
number of processors increases.

The improvements in ESS as a function of the number of processors was far from
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linear and represents well the limitation defined in the efficiency equation (4.9) of the
pre-fetching method. This equation balances the sampling efficiency E1 (α) and the
estimated amount of samples produced per iteration D (α, P ). The former is optimal for
a set α while the latter depends on α but also on the number of processors P . Indeed,
as the number of processors P grows, the amount of samples D (α, P ) can be increased
by improving the quality of prediction. This is achieved by reducing α which contradicts
the previous statement that α should be constant to optimize E1 (α). This phenomena
is well explained by the slow decay of the optimal target α? as a function of P , which
leads to a rapid loss of sampling information per iteration (inverse of ACT; Fig. 4.12b)
and a steady increase of samples kept per iteration (Fig. 4.12c).

Exploiting parameter correlations.

The PCA method outperformed significantly all other methods when sampling the pa-
rameters θ = (µ) of multivariate normal distributions with several correlations expressed
between parameters (Fig. 4.13a). All the adaptive methods showed comparable or su-
perior average ESS than the OPPF method that performed independent normally dis-
tributed moves with the optimal variances. Since the PF method performed extremely
poorly compared to the other methods, its results were discarded.

Number of processors
4 8 12 16 20 24 28 32

M
e
a
n
p
a
r
a
m
e
t
e
r

E
S
S

x 104

0

1

2

3

4

Number of processors
4 8 12 16 20 24 28 32

-50

0

50

100

150

200

250 OPPF
MIXED

STD
PCA

a) b)

M
e
a
n
 
A
C
T
 
p
e
r
 
p
a
r
a
m
e
t
e
r

Figure 4.13.: Averaged results for a correlated multivariate normal with d = 20, 6× 103

iterations and 5 runs. The figure on the left shows the mean ESS per
parameter as a function of the number of processors for each method. The
figure on the right represents the average ACT per parameter. Error bars
represent the standard deviation.

While the MIXED method obtained slightly better results than OPPF, it underperformed
compared to PCA due to the component-wise scaling of the covariance matrix Σ along
each dimension, which impaired the information about correlations. This behaviour and
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the one of the different methods is well illustrated by the standard deviation of ACT over
the number of processor (Fig. 4.13b). By correctly exploiting the observed correlations,
PCA was the only method to carry out a balanced sampling over all parameters. The
other methods over and under-sampled some of them, which lead to high variance in the
ACT.

4.4.3. Performance gain on PyRate model
The PyRate model was used to assess the performance of P-EMPIR in a controlled context.
Indeed, the computational complexity of this model is growing as O(d) with d being
the number of parameters and thus enables realistic experiments on large datasets to be
achieved in reasonable computational time. The sampling performance on this model was
not directly compared to the original python implementation given that the likelihood
evaluations were measured to be more than 30 times faster in HOGAN.

Datasets

Two datasets were used to examine the performance of P-EMPIR on this model:

• The first is a dataset simulated using the simulator of the PyRate model [115].
Close to 4,000 fossil occurrences, assigned to 203 species, were simulated over a
30 million years (myr) time span. The preservation rate was set to 2.0 while two
different speciation and extinction rates were defined over time. The speciation
rate started at 0.4 from 30 to 20 myr and then reduced to 0.1, while the extinction
rate started at 0.05 from 30 to 15 myr and then augmented to 0.4.

• The second is a dataset of plant fossils [116]. This dataset contains 22,415 fossil
occurrences assigned to 443 plant genera. It spans over a hundred millions of years
divided in 31 predefined epochs, which were defined by the stratigraphic geological
time scale.

The first dataset was used to validate the previous observations made on the multivariate
normal based models and to study the impact of P-EMPIR on the convergence of the
MCMC process. The second dataset was used to challenge P-EMPIR on a realistic and
computationally intensive problem.

Mixing efficiency

Due to the targeted learning, adaptive methods were more efficient at sampling the
PyRate model with simulated data when compared to PF and even surpassed slightly
OPPF (Fig. 4.14). Among adaptive methods, PCA showed the best performance because
of the correlation that existed in the model. Indeed, while this amount of correlation is
rather small, PCA was able to detect and exploit it.

Since the efficiency of the framework not only depends on the performance gain of
P-EMPIR but also on its inherent overheads, the measured performance of P-EMPIR vari-
ants were compared with the reference non-adaptive method OPPF without pre-fetching
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Figure 4.14.: Speedup for PyRate model on simulated data using OPPF with 1 processor
as the reference. The figure shows the ESS, respectively ASD, speedup in
function of the number of processors for each method. Settings for this
simulation were d ≈ 400, 4× 106 iterations and 4 runs.

(see Eq. (4.12)). In this case, OPPF was determined using the average observed variance
of each type of parameters (rates, times). In contrast, PF represented a sub-optimal
choice with mean observed variance wrongly estimated by a tenfold factor.

The overheads due to processor communication and unbalanced loads of P-EMPIR
amounted, on average, to 3% (4 processors) and 10% (32 processors) of the time spent
per iteration. In contrast, the cost of the adaptive phase of EMPIR decreased from 13%
(1 processor) to 6% (32 processors) and this decrease came from the faster convergence
of the chain, the parallel processing of the component-wise scaling factors update and
the added information provided by the adaptive process. This decrease of the adaptive
phase cost directly highlights how the adaptive proposals benefit from being coupled
with the pre-fetching method.

Rate of convergence

The multivariate potential scale reduction R̂ measures highlighted that adaptive methods
were much faster than their non-adaptive counterpart to reach the MCMC convergence
on the PyRate model with simulated data (Fig. 4.15a)). This reduction of the burn-in
phase provided by the adaptive methods is of utmost importance given that it limits
the computational effort wasted at sampling irrelevant parts of the sampling space.
Moreover, empirical observations showed that the convergence of the adaptive process
occurred after the equilibrium was reached. This enables the use of the convergence
of the adaptive process as an indication of the burn-in end and thus the start of the
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Figure 4.15.: The left figure shows the convergence of adaptive versus non-adaptive meth-
ods on the PyRate model by representing the potential scale reduction fac-
tor R̂ based on 5 MCMC runs on simulated data. The black dotted lines
represent the convergence threshold R̂ = 1.1. The right figure illustrates
the evolution of P-EMPIR. The vertical dashed lines represents the conver-
gence detection of the adaptive process.

sampling phase.
Indeed, as illustrated in figure 4.15b, a clear pattern about the learning process

emerged from the large amount of experiments that were performed. During a first
phase, the learned variables (Σ, λ, Λ) varied quickly during the burn-in, which created
wide moves and improved the speed of convergence of the Markov chain. The end of this
phase coincided with the first convergence detection of the learning process where pa-
rameters are assumed to be independent. After having chosen the appropriate proposal
kernel, the learning phase restarted. Once the equilibrium was reached, the covariance
matrix Σ converged to its final values while the scaling factors λ and Λ continued to
be adapted. After some time, the second convergence of the learning process happened
when λ and Λ reached values that maintained the target acceptance rate α? and thus
the learning process ended.

Block size

The size of parameter blocks were previously identified as playing an important role
in the efficiency of EMPIR. These theoretical postulates were confirmed by observations
made during experiments on the PyRate model. On this model the use of blocks of
parameters had a significant influence on the sampling performances. The ESS per
second as a function of the size of blocks indicated that a block should have at least 2
parameters (Fig. 4.16). Indeed, blocks were made such as to group the two parameters
related to the birth and death times of a species. This grouping enabled the strong
correlation between both parameters to be exploited by EMPIR.

A second, less striking, observation could be made from these measures for blocks
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Figure 4.16.: Illustrations of the effect of block size on the PyRate model on simulated
data. This figure shows the averaged effective sample size per second (with
its standard deviation) of the PCA method in function of the number of
parameters per block as well as the number of processors.

having at least two parameters: the optimal blocks size slightly changed with the number
of processors employed (Fig. 4.16). For a low amount of processors, small blocks were
more efficient given that the computational overhead of the adaptive phase was low.
However, as the number of processors increased, larger blocks became more and more
efficient due to the parallel estimation of the component-wise scaling factors that scale
with the number of processors as well as the increased stability of the global scaling
factor (Eq. (4.10)).

A real application.

P-EMPIR was then challenged on the analysis of a large dataset of plant fossils [116]
with the PyRate model. The complex and heterogeneous parameter space of the model
coupled with this empirical dataset highlighted the full potential of P-EMPIR. Adaptive
methods revealed speedups between 2 to over 35 times when compared to the non-
adaptive OPPF method depending on the number of processors used (Fig. 4.17a). Once
again, PCA surpassed the other adaptive methods by exploiting the small amount of
correlation that existed in the model.

In this application, the number of free parameters to estimate was approximately
1, 000, which makes it almost impossible for a user to guess a sensible set of proposal
kernels for this real dataset. Indeed, the variances of the observed Markov chain for
parameters identifying the species birth and death times ranged from 1 to 425 with an
average value of 138 and standard deviation of 110. Using the average variance to define
proposal kernels would result in some parameters being nearly never sampled. Actually
moves configured with the observed average variance would be rejected almost all the
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Figure 4.17.: Result for PyRate model on plant fossils data. The figure on the left shows
the speedup of each method using OPPF with 1 processor as the reference.
The right figure shows the parallel scalability of the framework when com-
pared or combined to a parallel computation of the PyRate likelihood.
Settings for these simulations were d ≈ 1000, 8× 106 iterations and 3 runs.

time when applied to parameters with variance one hundredfold smaller. An arbitrary
size of ≈ 5 was therefore fixed for the proposal kernels of OPPF, which allowed each
parameter to be sampled.

To illustrate the gains of P-EMPIR, the runtime required to sample this model with
an average of 500 ESS per parameter are estimated under various pairs of methods and
resources. Indeed, the runtime of such a task can be estimated by adding the time
TBI spent in the burn-in to the estimated sampling time TS . The former is directly
measurable, while the latter can be estimated based on the desired number NESS of
ESS and the average observed time TESS required to produce one ESS. Therefore, the
time to produce an average of 500 ESS using the OPPF method with one processor would
be given by

TOPPF = TBI + TS = TBI +NESS · TESS
= 1600 + 500 · 47 = 2.35 · 104 seconds

(i.e. seven hours). Switching to the PCA method, it would take only two and a half hours
to reach the same level of ESS on one processor (TBI = 2670, S = 12) and the time
would reduce to 17 minutes if 16 processors (TBI = 230, S = 1.6) would be used.

Beside the differences in computational time, the OPPF method would further produce
a highly uneven sampling of all parameters due to the suboptimal proposal kernels.
This unbalanced sampling was illustrated by the variation of ACT over all parameters
observed during the experiments. An average ACT of 740 with standard deviation of
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877 was obtained for the OPPF method, while the PCA method produced in contrast a
far more reliable quality of sampling that was explained by its ACT variation of only
193± 273 for 1 processor and of 219± 177 for 16 processors.

Comparison with parallel likelihood.

The raw parallel performance gain of P-EMPIR was measured when confronted or com-
bined to the parallel DAG computation available in HOGAN of the PyRate likelihood
(see chapter 2). The performance of the PCA variant of P-EMPIR was compared when
combined with a) a parallel likelihood evaluation, b) pre-fetching and c) both methods.

The variant b, identifying P-EMPIR, clearly surpassed the parallel likelihood one. It
showed a nearly linear speedup up to 8 processors and notable gains up to 48 proces-
sors, while the parallel likelihood (variant a) showed a nearly linear speedup up to 4-6
processors before reaching a plateau with no gain in performance (Fig. 4.17b). The
combination of both methods (variant c) showed the full potential of HOGAN by coupling
several level of parallelism and thus by greatly increasing the parallel scalability and
reaching speedups of ≈ 40 for 64 processors and ≈ 60 for 128 processors.

For these measures, the PCA proposal was used as the reference method in order to
measure the parallel scalability without being biased by the gain induced by the adaptive
proposals. Thus the speedup was measured according to equation (4.12) with MR = PCA
using the PyRate model on the plant fossil dataset.

4.4.4. Performance gain on codon-substitution models

To illustrate the mixing performance of P-EMPIR on methods for molecular evolution [137],
its performance was compared to the one of MrBayes on the model of codon substitu-
tions M2a, which was developed to identify positive selection on protein coding genes.
The computational cost of this model exceeds significantly the cost of the PyRate model
since it requires matrix-matrix operations that depend on the alignment length and the
phylogenetic tree size. It thus offers a completely different sampling challenge than the
one of PyRate.

Particular care was taken to ensure an informative comparison of our implementation
with MrBayes. The simulated phylogenetic tree was used as a fixed tree topology and
the MC3 method was disabled in both implementations. Under this circumstance, our
implementations and MrBayes sampled the same set of parameters and both used adap-
tive proposals. Furthermore, the EMPIR variant closest to the univariate proposal kernel
used in MrBayes was identified as the STD with only one parameter per block.

When comparing both methods under as identical setting as possible, HOGAN like-
lihood evaluations outperformed significantly the one of MrBayes on this model (see
Apx. C.1). Therefore, a new hypothetical reference method MR (Eq. (4.12)), identified
as Hypothetical MrBayes, was defined by using the average reference ESS, g(1,MR),
as the one of MrBayes and the average runtime, t(1,MR), as the one of the STD im-
plementation with one parameter per block. The reference thus represent the effective
sample size of MrBayes normalized by the runtime of our method with settings closest

185



4. Bayesian inference methods

to MrBayes.

Datasets

Two simulated datasets created using INDELible [36] were used to challenge P-EMPIR
on this model. These datasets represented alignments formed of 100 codons simulated
under mild purifying selection (ω = 0.8) on phylogenetic trees having 16 taxa (Dataset
1) and 32 taxa (Dataset 2).

Mixing on codon-substitution models

First, using the measured ESS, the sequential executions of STD with one parameter
per block were compared with the adaptive MCMC based algorithm implemented in
MrBayes. Under this setting, the average ESS obtained were similar, yet slightly better
for the STD variant (Fig. 4.18a, 4.18c). However, the PCA variant with 12 parameters per
block showed a significant improvement in sampling performances. Indeed, the increase
of average ESS when compared to MrBayes went from more than a twofold factor on a
sequential execution up to a twentyfold factor with 32 processors.
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Figure 4.18.: Result for the ESS and ESS speedup comparison with MrBayes on the M2a
codon substitution model with simulated data. Figures a) and c) show
the average ESS per parameter on the first, respectively second, datasets
for MrBayes, the STD method using single parameter moves and the PCA
method with multiple parameters per block. Figures b) and d) illustrate
the ESS speedup for the same methods on the same datasets using an
hypothetical MrBayes implementation as reference. Simulations were run
for 2 · 105 iterations.
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While accurately representing the mixing efficiency of these methods, the ESS does
not take into account the added computational complexity brought by moving multiple
parameters at once. Indeed, HOGAN benefits from PLUs when few parameters are moved
at once and MrBayes is taking advantage of a similar approach on a model-specific basis4.
Therefore, given that PCA is moving more than one parameter per iteration, using the
ESS speedup defined by Eq. 4.12 is more appropriate given that it encompasses these
increases in computational cost by normalizing the ESS by the execution time.

The obtained ESS speedups (Fig. 4.18b and 4.18d) showed that P-EMPIR was still
outperforming the hypothetical reference method from close to a twofold factor on a
sequential execution and up to approximately a tenfold factor with 32 processors. How-
ever, in the sequential case, the simple STD variant was more efficient than the PCA
variant. This is explained by considering the overhead of more costly partial likelihood
computations and the added cost of learning parameter correlations. However, as soon
as several processors were used, and thus the full potential of P-EMPIR was employed,
the PCA variant was more efficient by proposing bolder moves and using the parallel
resources to learn correlations more accurately and quickly.

4.4.5. Convergence of phylogeny inference

As a final illustration, P-EMPIR was challenged on the estimation of the posterior dis-
tributions of phylogenetic trees with their branch lengths and parameters of a general
time reversible (GTR) model of nucleotide substitution [124]. This substitution model
presents a lesser computational challenge than the codon model M2a. However, the ma-
jor difficulty resides in properly sampling the space of potential phylogenetic trees. For
that matter, two widely used tree proposals were implemented in HOGAN: the Stochastic
Nearest Neighbor Interchange (stNNI) and the Extended Subtree Pruning and Regraft-
ing (eSPR) in our framework.

P-EMPIR performance was compared to the one of MrBayes under two different set-
tings. In the first setting, later referred as Ref MrBayes, only the stNNI and eSPR tree
proposals were enabled to mimic our own implementation. In the second setting, later
referred as Full MrBayes, the default configuration of MrBayes was used. This config-
uration employs several more evolved tree moves that further enhance the sampling of
tree distributions.

Finally, all these different settings, including the ones of P-EMPIR were compared with
and without the MC3. The adaptive MC3 method was disabled in P-EMPIR and a similar
setting was used for the temperature βi of the different auxiliary distributions π(θ)βi .

Datasets

Two empirical DNA datasets used in [76] and available in TreeBASE5 were used for this
experiment:

4In MrBayes partial likelihood updates are hard-coded for update induced by change of a single branch-
lengths of a phylogenetic tree.

5http://www.treebase.org
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• The first one, M2017, with TreeBASE legacy ID M336, has 27 taxa and 1949 sites;

• The second one, M2152, with TreeBase legacy ID M520, has 67 taxa and 1098 sites.

These two phylogenies were selected to present a challenge in term of sampling while
presenting an affordable computational cost.

A third dataset was used to give an insight of P-EMPIR’s potential on a larger dataset
that represents a challenge for state-of-the-art software dedicated to Bayesian inference
for phylogenetic tree. This DNA empirical dataset published by Pyron and Wiens [99]
encompasses over 2800 species of amphibians with more than 10000 sites per aligned
sequences. While phylogenetic trees have already been inferred using ML methods for
this dataset, none have been obtained using Bayesian inference until today.

Convergence on phylogenetic tree distributions

The PCA variant of P-EMPIR with 32 processors was able (Fig. 4.19) to converge towards
the posterior distribution of the phylogenetic tree up to 10-20 times faster than its
equivalent Ref MrBayes. When compared to the default settings of MrBayes (Full
MrBayes) with more advanced tree proposals, P-EMPIR still showed faster convergence
rate as soon as 4 to 8 processors were used. Against this MrBayes setting, the convergence
speedup reached approximately a fourfold factor with 32 processors.

Figures 4.19a and 4.19c illustrate the speedup in ASDSF convergence on datasets
M2017 and M2152, respectively, using Ref MrBayes setting without MC3 as reference.
Indeed, the Ref MrBayes setting showed similar execution time and convergence perfor-
mance as our STD variant with updates on one parameter per iteration (see Apx. C.2).
PCA slightly outperformed Ref MrBayes in the sequential case but was still far from
the performance offered by Full MrBayes. However as the number of processors used
increased, the performance of PCA exceeded both MrBayes settings.

To highlight the versatility of HOGAN, the same experiment was conducted with MC3

enabled on both sofware. Figures 4.19b and 4.19d show the speedup in ASDSF con-
vergence on both datasets with four parallel tempered chains. The trend shown in this
second experiment is consistent with the previous results. The speedup of PCA increased
with the number of processors used and surpassed the performance of Ref MrBayes as
well as Full MrBayes.

The improvement on convergence rates brought by P-EMPIR on this problem is linked
with the difficulty of moving through the phylogenetic tree space. Tree proposals are
usually suffering from a low acceptance rate and are thus frequently rejected. Indeed, in
these experiments the acceptance rates for tree proposals where lower than 0.05. While
such moves are not currently adaptive, they remain easily predictable and therefore
exploitable by the pre-fetching method. This assumption of low acceptance rate on
tree proposals is true for most datasets, but it might falter on some of them. To get
around this limitation, tree proposals could be made adaptive by tuning the extension
probability (e.g. for eSPR) or the proposals on branch lengths that are jointly applied
to tree modifications.
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Figure 4.19.: Results for the ASDSF convergence speedup comparison with MrBayes
when estimating the posterior distribution of the phylogenetic tree and
the nucleotide substitution parameters on empirical datasets (TreeBASE
M2017 and M2152). Figures a) and c) show the ASDSF speedup for the
first, respectively second, datasets for two settings of MrBayes and our PCA
method with multiples parameters per block. Figures b) and d) illustrate
the ASDSF speedup on the same datasets when the previous methods are
augmented with MC3 .

Overview of the potential of P-EMPIR on a large phylogeny

These results suggest that P-EMPIR has a large potential on more challenging datasets.
Indeed, the datasets used in previous experiments were easily analysable using exist-
ing software. The amphibian family dataset represents an actual challenge for both
Full MrBayes and PCA and was thus used to give an insight of P-EMPIR potential. For
this experiment, four separate runs of Full MrBayes using each four tempered chains
were compared with four separate runs of PCA with 4 tempered chains having each 32
processors to their dedicated P-EMPIR.

Full MrBayes took more than five days to approach a likelihood plateau (Fig. 4.20),
while PCA reached it in less than one day. This likelihood plateau did not actually
represent the actual convergence of the MCMC process. Indeed, longer PCA runs showed
that improvements at a smaller likelihood scale were still observable after several days.
Moreover, it is worthwhile to mention that if PCA would be augmented with the advanced
tree proposals present in Full MrBayes, further performance gains would be observed.
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4.5. A step toward an automated block creation
The automated creation of good parameter blocks presents a difficult challenge that is
usually delegated to the user or model developer. In this section, a promising mode-
generic approach aiming to tackle this challenge is proposed by considering the creation
of blocks as an optimization problem. This complex problem is first formalised and then
simplified such as to produce an approachable minimization problem. Based on this
definition of the problem, a heuristic method producing good solutions is proposed as a
proof of concept. Finally, the integration of this method in HOGAN is detailed and then
challenged on the inference of phylogenetic tree.

4.5.1. Formalization as an optimization problem

In section 4.3.1, three different factors were identified to play a key role in the definition
of good parameter blocks. The first factor was identified as the size of the parameter
blocks which directly defines the overhead of the EMPIR method as well as its stability
and effectiveness. The second one was the importance of grouping parameters being
highly correlated so as to reduce their dependency effects. The final one was related
to the efficiency of the likelihoods evaluations, or PLUs, given that their computational
cost highly depends on the parameters grouped together as discussed in chapter 3.

Therefore, the problem at hand consists in finding a good partitioning D of the set of
parameters θ that minimises the multi-objective minimization problem defined as

min
D

(f1(D), f2(D), f3(D)) (4.13)

subject to D =
{
D(i) : i ∈ (1, ..,m)

}
,

∅ 6∈ D,⋃
i∈(1,..,m)

D(i) = θ,

⋂
i∈(1,..,m)

D(i) = ∅.

The function f1 defines the cost of PLUs, f2 the overhead related to the size of blocks
and f3 a penalty of not grouping correlated parameters.

In this form this optimization problem is hardly approachable given that some of its
functions are not entirely definable. Indeed, the function f3 requires the availability of
the exact or approximated full matrix covariance Σ. While the first is generally unknown,
the second was previously defined as being overly expensive to approximate with the help
of the adaptive phase of EMPIR and would be only accurate after the burn-in phase. A
first simplification to the optimization problem is thus to omit the function f3.

Difficulties arise also for the definition of the function f2 and are mainly due to the
overhead of the EMPIR method which is fluctuating during the adaptive phase depen-
dently on the model analysed. Moreover, the exact gain in mixing coming from EMPIR is
hardly assessable during a MCMC run because of the expensive computational cost of
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Figure 4.21.: Illustration of two partitions, D(1) = {A,B} and D(2) = {C,D} on a simple
directed task graph. The symbol 	 defines the symmetric difference of two
sets.

the ACT measure. However, contrary to the previous function this one is too important
to omit. Therefore, f2 is overly simplified such as to maintain the block size close to an
empirically defined value L, such that

f2 (θ,D) =
∑
D(i)∈D

(
L− |D(i)|

)2
.

Fortunately, the function f1 is definable thanks to the DAG representation of likeli-
hoods used in HOGAN. Indeed, the cost of PLUs can be estimated using the same scheme
as in chapter 3. The proof of concept presented in this section for an automated and
model-generic creation of parameter blocks is thus based on the minimization of the
computational cost of PLUs.

Minimising the PLUs cost by adequately choosing parameter blocks

The importance of correctly grouping parameters together is clearly apparent when
considering the partitioning D of the simple directed task graph illustrated in figure 4.21.
The partitioning proposed in the figure results in two partitions: D(1) = {A,B} and
D(2) = {C,D}. Assuming a unit cost for each task, the computational cost of the first
and second partition would present a computational cost of 4 and 7, respectively.

If the partitions chosen would have been D(1) = {A,C} and D(2) = {B,D}, then
the computational cost of PLUs would have been way more expensive. Indeed, the first
partition would require 7 nodes to be recomputed, while the second one would require
10 nodes. Compared to the one presented in the figure, this partitioning would thus be
on average (17/11) times costlier.
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Therefore, minimising the overall PLUs cost is a good starting point for the creation of
parameter block. Based on the definition of chapter 3 the cost of a PLU can be defined
as

C
(
D(i)

)
=

∑
vs∈ΨD(i)

χs (4.14)

with the cost χs of a task vs either representing a unit cost (Eq. (2.13)) or the observed
computational time (Eq. (2.13)). Using this cost C, the function f1 is simply defined as
the sum of each partitions cost such that

f1(D) =
∑
D(i)∈D

C
(
D(i)

)
. (4.15)

Based on the previous definition of f1 and f2, the simplified problem identifying the
creation of blocks presents several similarity with the balanced graph partitioning prob-
lem [20]. This NP-Hard problem focus on the partitioning of vertices V of a graph guar-
anteeing that the partitions sizes fit within a prescribed threshold. Moreover, this par-
titioning must minimize an objective function defined on the edge weights {wi : ei ∈ E}.

The simplified problem of creating blocks falls into this category. Indeed, if each
parameter θi is considered as a as vertex of V then the edges weights can be defined as
the computational distance δ(i, j) separating parameters θi and θj . This computational
distance δ(i, j) represents the difference of the tasks to recompute during PLUs induced
by change of parameters θi and θj , such that

δ(i, j) =
∑

vs∈ΨAi	j

χs with ΨAi	j = Ψ{θi} 	Ψ{θj}, (4.16)

and 	 representing the symmetric difference between two sets.
These distances are illustrated in figure 4.21 for parameters grouped in each partitions.

Parameters A and B have a distance of 2 tasks while parameters C and D have a distance
of 3 tasks. However, the hypothetical partition grouping parameters B and C would have
a distance of 9 tasks identified as

Ψ{B} 	Ψ{C} = {v1, v2, v6, v7} 	 {v1, v3, v4, v5, v8, v9, v10} ,
= {v2, v3, v4, v5, v6, v7, v8, v9, v10} .

Using this definition of the distance, the minimization of the PLUs cost can be reinter-
preted as the minimization of the intra-partition edges weights, or the cost of grouping
parameters, such that

f1(D) =
∑
D(k)∈D

 ∑
θi∈D(k)

 ∑
θj∈D(k)

j>i

δ(i, j)


 . (4.17)

Unfortunately, this objective function is different from the most-widely studied ones that
aim to minimise the scheduling of tasks so as to minimise the communication between
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processors [11]. This problem is equivalent to minimizing the inter-partition edges and
therefore readily available implementation of a such method [66] cannot be used for the
problem at hand.

4.5.2. A hierarchical clustering based heuristic

A custom heuristic based on graph clustering methods [109, 70] was designed to produce
good solutions to the simplified problem. The concept of this heuristic is to first apply
a graph clustering algorithm using the edge weight matrix containing all the parameter
pairwise distances δ(·, ·). Then in a second step, the resulting clusters are reorganised
by either splitting or merging them such as to obtain an adequate partitioning of the
parameters.

The choice of the family of clustering algorithms employed was defined so as to simplify
the second step. Indeed, by using a hierarchical clustering method, the second phase
can heavily rely on the cluster structure expressed in the resulting dendrogram. The
UPGMA algorithm [118] was thus implemented for the graph clustering. Starting from
clusters Bk composed of a single parameter θk, this method iteratively agglomerates the
two clusters of parameters, B′ and B′′, being the closest with respect to their averaged
inter-cluster node distance defined as

1
|B′| · |B′′|

∑
θi∈B′

∑
θj∈B′′

δ(i, j). (4.18)

This agglomeration criterion clearly fits the problem defined in equation (4.17).
Once the dendrogram τ , identifying each parameter with a leaf node, is obtained

using the UPGMA method, algorithm 9 is applied so as to define the partitioning D of the
parameters. This algorithm searches in τ for the subtree having the number of leaf nodes
Ls the closest to L and forms a partition D(i) with them. This subtree is then pruned
and this step is repeated until either no more leaf nodes remain in τ , or the number Ls
is too small compared to L in which case the remaining leaf nodes are distributed among
all the partitions.

An illustrative clustering and partitioning resulting from the application of this heuris-
tic is shown in figure 4.22. This heuristic provides good parameter blocks in regard of
their PLUs cost at a complexity of O(d3) with d being the number of parameters. This
cost is affordable on models having computationally expensive likelihoods or few num-
ber of parameters. However, for very large number of parameters, this approach would
require a significant computational effort.

An experiment on the problem of phylogeny reconstruction

This heuristic method was compared with two others strategies on the task of defining
parameter blocks of size L for phylogenetic inference models analysing the large amphib-
ian dataset [99]. The first strategy represents a blind choice of the parameter blocks and
is thus simulated by randomly formed blocks of the desired size. The second strategy
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Algorithm 9 Definition of the partitioning D with block of size L± (εmax ·L) from the
dendrogram defined as τ = {V, E}.
i = 1
while |V| > 0 do

// Returns the subtree rooted at vs, and its number of
// leaves Ls, with the number of leaves the closest to L
{vs, Ls} = findClosestSubtree(τ, L)

ε = |L− Ls|
L

if ε < εmax then
Form D(i) with leaves of subtree rooted at vs
Prune subtree rooted at vs from τ
i = i+ 1

else
if L− Ls < 0 then

Distribute remaining leaves equally to D(·) ∈ D
V = ∅

else
Relax tolerance: εmax = ε

end if
end if

end while
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Figure 4.22.: Illustration of the hierarchical clustering and then partitioning (L = 12)
of the parameters on a model for phylogenetic inference analysing dataset
M2017. Each color represent a different parameters partition.

is the one that was used during the previous experiments on P-EMPIR. Indeed, a model-
specific block creation strategy, based on the observations of chapter 3, was used for the
phylogenetic tree based model. In order to minimise the cost of PLUs, branch length
parameters were ordered according to a post-order depth-first search traversal and then
partitioned in equally sized subsets, while parameters of the evolutionary model were
grouped in a single block.

However, in addition of being model-specific, this approach was identified during the
current experiment as being problematic for phylogenetic inference models. Indeed,
parameter blocks were initially defined in function of the arbitrarily chosen starting
phylogenetic tree structure. After several iterations and thus several accepted tree moves,
the tree structure was significantly altered and so was the related structure of the DAG
representing the likelihood evaluations. Therefore the, once adequate, parameter blocks
defined in function of the initial DAG structure were then hindering the performance of
the likelihood evaluations.

This phenomena is illustrated in figure 4.23 by showing the average likelihood evalua-
tion time during a MCMC run with the three strategies. The one creating random blocks
was shown as constantly having a poor performance compared to the others. The model-
specific strategy started with good parameter blocks that however quickly deteriorated
as the phylogenetic tree structure evolved. The model-generic heuristic was periodically
applied during the MCMC run such as to re-optimise the blocks as the tree evolved.
This strategy showed the best results on the long run and furthermore the quality of
automatically created blocks were close to the initial quality of the ones obtained with
the model-specific approach.

This experiment highlights the challenge of defining good blocks in general, and even
more so for models having an evolving DAG structure. Furthermore, it gives an insight
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Figure 4.23.: Illustration of the performance of different block creation strategies on the
phylogenetic inference of the large amphibian dataset. These measures are
representing the averaged likelihood evaluations time observed following
the update of each of the parameter blocks. The full line defines this
average time by only taking account of the last 20 likelihood evaluation
times of each block, while the dashed line encompasses the whole history
of likelihood evaluation times.

on the quality of the partitioning D obtained for a complex model having close to 6000
parameters with the proposed heuristic. However, these results mainly serve as a proof
of concept for this approach that would greatly benefit from a more thorough theoret-
ical and practical analysis. For instance, redefining parameter blocks on the fly during
MCMC runs poses a serious challenge with respect to the adaptive proposal kernels and
their approximated covariance matrix Σ and scaling factors λ,Λ and is thus the subject
of the next section.

4.5.3. Adaptive parameter blocks creation

Optimising the parameter blocks during a MCMC runs is a perilous task given that it
may tamper with the adaptive proposal kernels used in P-EMPIR. However, the previous
experiment identified that such an approach could significantly improve the sampling
speed of complex statistical models and thus a strategy was designed to integrate the
automated creation of blocks in the adaptive scheme. The required steps permitting
this integration while guaranteeing the correctness and efficiency of P-EMPIR are now
detailed.

Two issues arise whenever blocks are redefined. The first is concerned with the cor-
rectness of the adaptive process. Indeed, the stochastic approximation method used
in equation (4.5) relies on a sequence of multipliers γk that decreases as the adaptive
process progresses such as to guarantee its convergence. This property is of utmost im-
portance given that it determines if the MCMC process is asymptotically converging to
the target distribution π(θ).
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4. Bayesian inference methods

Therefore, a special care must be taken during the creation of new blocks to guarantee
this convergence. Given that each approximated variable Σ, λ or Λ of a parameter blocks
has a dedicated stochastic approximation process with an internal counter k, the newly
created blocks must insure that the new counters k̂ are at least as big as the previous
one. Assuming a newly created block D̂(j) based on the original ones D(·), then its
counter k̂j for a variable , e.g. λ, has to be defined as

k̂j = max
{
ki : θl ⊆ D(i) ∧ θl ∈ D̂(j)

}
.

The second issue concerns the efficiency of the adaptive process since variables Σ, λ
and Λ learned beforehand could be lost during the creation of new blocks. To minimise
this loss, the variance Σii and the scaling factors λ and Λi of each parameter θi are
summarised and then employed to define the new blocks variables. Unfortunately, the
off-diagonal elements of the covariance matrices Σ are lost in this process. Given that this
information is critical whenever correlations between parameters are observed, parameter
blocks having been detected as having correlations by EMPIR, and thus employing a
multivariate proposal kernels, are preserved.

Algorithm 10 Simplified pseudo-code for the integration of the automated block cre-
ation to P-EMPIR. Signal the convergence of this process the last nMAX attempts failed
to improve D.

// Starting from partitioning D
Remove partitions D(i) detected as correlated from D
if Observed likelihood evaluation times are accurate then
D̂ ← Apply heuristic on θi ∈ D with observed time (Eq. (2.14))

else
D̂ ← Apply heuristic on θi ∈ D with unit node cost (Eq. (2.13))

end if
// Check if the new partitioning D̂ improves the blocks
if C

(
D̂
)
< C

(
D
)

then
Re-factor blocks according to D̂
• Define stochastic approximation counters k̂
• Recycle variables Σii, λ,Λi
nfail = 0

else
nfail = +1

end if
return (nfail = nMAX)

Using the aforementioned recycling scheme of the old blocks, the adaptive creation
of blocks (ACB) can be integrated in HOGAN as defined in the simplified pseudo-code of
algorithm 10. In function of the number of blocks, this algorithm is periodically called
during a MCMC run until the convergence of the parameter blocks has been signalled.
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4.5. A step toward an automated block creation

Experiments on the problem of phylogeny reconstruction (cont.)

The previous experiments on the task of defining parameter blocks of size L for phylo-
genetic inference models was continued in order to assess the performance of the ACB.
However, conversely to the previous experiment, all three datasets previously defined,
the datasets M2017 and M2152 (from TreeBASE) as well as the amphibian dataset, were
employed for this experiment.

Firstly, the convergence of the adaptive proposal kernels designed in P-EMPIR and
thus of the block creations was assessed on the two reasonably sized datasets M2017
and M2152. Multiple runs on both instances proved the convergence of the adaptive
phase to be reached without problems. However, due to the reconstruction of parameter
blocks and thus of the loss of information on the covariance matrix, the adaptive phase
of P-EMPIR took on average 10% more iterations to reach convergence.

Secondly, the improvements coming from the ACB were estimated by measuring its
speedup with respect to the random creation of parameter blocks. The improvements
coming from the model-specific strategy employed for the initial experiments on the
phylogeny reconstruction were also compared to the random strategy. The comparison
of both performance gains coming from the ACB and the model-specific strategies gives
thus an insight on the additional speedups that could be applied to P-EMPIR.

Datasets:
A - M2017
B - M2152
C - Amphibians
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Figure 4.24.: Measures of the speedup with respect to the random strategy of the model
specific and adaptive creation strategies on the phylogenetic inference
model. The left figure shows the speedup of the averaged last 20 likeli-
hood evaluation times. The right figure represents the speedup of the total
execution time of the MCMC runs. Experiments on datasets A and B were
conducted with 1 processor per MCMC run, while the ones on datasets C
used 4 processors for P-EMPIR.

The experimental setting consisted on launching MCMC runs for fixed number of
iterations that were long enough to observe the convergence of the adaptive phase on
TreeBASE datasets. The number of iterations was empirically fixed to 5 · 105 for the
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4. Bayesian inference methods

amphibian dataset. Based on these runs, two different speedups were considered. The
first only took into account the averaged time over all blocks of the last 20 PLUs that were
induced by the update of their parameters. The second measured the total execution
time of the MCMC runs in order to also include the potential overhead incurring from
the adaptive method.

As illustrated in figure 4.24a), the measured speedups over the last likelihood evalu-
ations brought by the ACB strategy showed a significant improvement when compared
to the random and model specific strategies. Indeed, as identified in figure 4.23, the
performance of the model specific strategies declined on these long MCMC runs.

The speedup over the total execution time represented in figure 4.24b) corroborated
these observations and highlighted that the overhead of the ACB method was small com-
pared to the likelihood evaluations cost. Indeed, the time spent applying algorithm 10
was measured on the three datasets and only represented an additional cost of 0.5% of
the total execution time.

Therefore, the small decrease of speedup noticeable for the amphibian dataset on
figure 4.24b) can not be explained by the overhead of the ACB strategy. More thorough
investigations are required to accurately identify the cause of this effect, however two
potential causes are proposed. The first cause could be related with load balancing issues
inherent to P-EMPIR given that this dataset was the only one using P-EMPIR with multiple
processors. The second cause could be associated with the disparity of computational
time between the PLUs induced by branch-length parameter blocks and the one induced
by the evolutionary model parameter block. Indeed, for the two TreeBASE datasets
these times diverged by a twofold factor, while for the amphibian dataset divergence of
two orders of magnitude were measured.

In conclusion, the proof of concept proposed in this section led to performance gains
that could significantly improve the sampling efficiency of P-EMPIR on a model-generic
basis. For instance, the speedups of convergence observed in section 4.4 on the phylo-
genetic reconstruction model could be nearly doubled. However, before hastily drawing
conclusion from these promising gains, more experiments should be conducted to fully
assess the effect on the convergence and sampling efficiency of P-EMPIR when using the
ACB scheme.
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4.6. Summary
In this chapter, means of improving the efficiency of MCMC methods are studied. Two
novel strategies based on existing concepts in computational statistics, adaptive propos-
als and pre-fetching, are proposed and their implementation is discussed. These methods
are thoroughly tested on several models and datasets. Finally, a proof of concept for an
automated parameter blocks creation strategy is presented.

Model-generic
The theoretical aspect of a novel M-H algorithm based on a enhanced adaptive proposal,
EMPIR, and its synergistic coupling with the pre-fetching method, entitled P-EMPIR, are
detailed:

• EMPIR: a family of adaptive proposals that combines local and global scaling factors
to efficiently balance the sampling of continuous parameter blocks.

• P-EMPIR: a parallel M-H method composed of pre-fetching and EMPIR that are cou-
pled by tuning the acceptance rate according to an existing performance model.
This scheme results in an optimal setting for pre-fetching and an increase in effi-
ciency for EMPIR.

The implementation of these methods is then discussed so as to provide an efficient
and practical MCMC sampler by correctly exploiting the PLUs:

• EMPIR efficiency is improved by using parameter blocks, detecting the adaptive
process convergence and automatically choosing the appropriate proposal kernel
in function of the observed parameters correlations.

• P-EMPIR scaling and interaction with PLUs are made efficient by defining a reflec-
tion scheme for multivariate rotated proposals and by defining a strategy for the
load balancing of PLUs.

The complex problem of automatically creating parameter blocks is then addressed:

• The creation of parameter blocks is formalised as a multi-objective optimization
problem and simplified to produce a tractable problem based on the DAG repre-
sentation of likelihoods.

• A greedy heuristic is proposed for the optimization of this constrained combinato-
rial problem.

• This strategy is made adaptive by integrating it in the adaptive phase of P-EMPIR.

The resulting adaptive parameter blocks creation scheme presents a crucial instrument
for evolving models by using the DAG representation to bridge the structure of parameter
blocks with the structure of the model. Evolving models encompass the models for
phylogeny reconstruction that change with tree proposals and more importantly the
models using transdimensional Markov chains [117] that enable model selection within
MCMC methods.
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Model-specific
Several evolutionary biology models were employed to study the behaviour and perfor-
mance of EMPIR and P-EMPIR on synthetic and empiric datasets. An excerpt of the
results are here synthesised:

• P-EMPIR accelerated upto 36 times with 32 processors the sampling of the posterior
distribution of the PyRate model on a large empirical dataset when compared to
a sequential non-adaptive proposal.

• On this same setting, the combination of parallel likelihood evaluations and P-EMPIR
resulted in an unprecedented sixtyfold speedup with 128 processors.

• On codon-substitution site-models detecting positive selection, HOGAN was com-
pared to the state-of-the-art software MrBayes. Likelihood evaluations with HOGAN
were significantly faster (2x) on these models. On top of these gains, P-EMPIR
increased the sampling efficiency by upto a tenfold factor with 32 processors.

• On a model for phylogenetic tree reconstruction, P-EMPIR accelerated the conver-
gence toward the correct tree distribution by upto a twentyfold factor with 32 more
computational resources than the reference software, MrBayes.

• A large empirical dataset counting approximately 3,000 species was used to illus-
trate the potential of P-EMPIR at the task of inferring phylogenetic tree distribu-
tions. P-EMPIR with 32 processors achieved in less than 20 hours the same level of
progress than MrBayes in 8 days.

• The proof of concept of the adaptive parameter blocks creation revealed that the
observed performance gains of previous experiments on the model for phylogeny
inference could be nearly doubled.
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Large scale analyses appear under various forms and can be motivated by the amount
of datasets, the hypotheses challenged, or the statistical method employed. Indeed,
both statistical methods implemented in HOGAN require experiments to be replicated so
as to increase the confidence level in the results obtained. The number of replicas nr
varies as a function of the model analysed as well as the method employed: MCMC
methods usually require rarely more than ten replicates to ensure the convergence of
the process [14], while ML estimation may need up to several hundreds of replicas on
complex models to properly infer confidence values [93].

The amount of replicas hardly justifies the large qualifier in large scale analyses, how-
ever its combination with the number of different hypotheses nh used for model compar-
isons may deserve it. For instance, the branch-site model for the detection of positive
selection always requires two different hypotheses to be compared: the null hypothesis
that does not model positive selection and the alternative one that does.

For a thorough analysis with this model on a given dataset, all the possible com-
binations of branches of the phylogenetic tree would have to be independently tested
for positive selection. In the more realistic case where solely the nb branches of the
tree would be tested separately, the number of independent analyses would amount to
n = (nr × nh × nb).

However, this is not all: the ever growing amount of molecular data must be taken
into account in order to provide the whole picture. Indeed, this richness in data has
motivated the creation of database containing the summary of statistical analysis for
several thousands of molecular datasets [122]. Such is the case of Selectome [98, 87], a
database indexing the results of more than 50,000 independent analyses conducted with
the branch-site model for the detection of positive selection.

These large scale analyses are thus characterised by hundreds to thousands of com-
putational tasks that, if run sequentially, may represent a time-wise insurmountable
computational challenge without even considering the manpower required by such a
laborious project. Fortunately, the large amount of computational resources available
nowadays provides the necessary means to tackle such an enterprise.

The dynamic load balancing algorithm implemented in HOGAN that enables to compute
several independent computational tasks on supercomputers or large clusters while still
benefiting from the previously presented parallel statistical methods is shortly described
in this chapter. Following its description, an overview of the original application for
which this algorithm was implemented, namely the creation of a database of coevolution,
is presented.
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5.1. Dynamic load balancing for HPC

The management of large scale analyses in HOGAN must cohabit with its parallel strate-
gies that enhance statistical methods. These parallel strategies are meant to exploit
heterogeneous computing resources having fast interconnection networks. Therefore,
the solution chosen for the scheduling of large scale analyses has to enable the use of
high-performance computing (HPC) architectures.

While the scheduling of several independent tasks could have been delegated to the job
scheduler of the clusters, the choice was made to integrate it in HOGAN for two reasons:
to enable the design of large analysis within the framework as well as to broaden the
applicability to a wider range of supercomputers. Indeed, this approach enables an entire
large analysis, which is composed, for example, of multiple hypothesis and replicates,
to be defined in HOGAN. It thus removes the responsibility of the laborious management
of several hundreds of jobs from the end-user. Furthermore, it also enables the use of
supercomputers, that enforce a minimum amount of processors to be booked, for the
computation of several small to mid-sized tasks.

The scheduling method to implement was then defined by the nature of the computa-
tional tasks processed in HOGAN. During a run, these tasks identify the statistical analysis
of various datasets with different models. Therefore, their computational cost is hetero-
geneous and more importantly is unidentifiable beforehand since the convergence time of
a statistical analysis with MCMC or ML methods is determined by the unknown shape
of the parameter space. Under these conditions, the use of a dynamic load balancing
algorithm is advocated to ensure that no processor is idle while others are overwhelmed
by their computational load.

Finally, in prevision of the use of several hundreds of processors, the choice was made
to implement an asynchronous and distributed load balancing algorithm. Indeed, a
centralised algorithm, that delegates the scheduling to a single master processing unit,
would lead to a bottleneck situation with the master being overwhelmed by large amounts
of requests and a synchronous algorithm would have induced the processors having small
computational tasks to be hindered by processors having more expensive ones.

5.1.1. A receiver initiated diffusion algorithm

Among the algorithms proposed by Willebeek-LeMair and Reeves [133], the receiver ini-
tiated diffusion (RID) algorithm was selected for its superior performance. The concept
of this algorithm is rather straightforward: whenever a processor p ∈ (1..P ) detects that
its load lp is significantly inferior to the load lq of its neighbour q ∈ ψ(p), with ψ(p) rep-
resenting the set of its neighbours, then processor p asks processor q to share a part of
its load proportional to the load imbalance lq− lp. For that strategy to work, processors
have to communicate periodically their load to their neighbours.

Based on this simple concept this algorithm can be defined by two sets of operations
encapsulating the processing of a task ti. The operations happening on processor p
after computing task ti corresponds to algorithm 11 and begin by the update of the
processor p load. Following this update, messages sent to processors p by its neighbours
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Algorithm 11 Operations applied by processor p after having computed task ti. The
function C(ti) defines the cost of task ti and ε the absolute threshold requiring a processor
to signal that his load has changed.
l′p = lp
Update load lp = lp − C(ti)
if Job requests answered then

Update task queue, local load lp and task request counter jp
end if
Answer pending task requests
for all q ∈ ψ(p) do

if lp � lq then
Send job request to q for a load l ∝ lq − lq
Increment task request: jp = jp + 1

end if
end for
if |lp − l′p|/l′p > ε then

Send load lp to all q ∈ ψ(p)
end if

are processed. Then, this processor diffuses its load according to the potential pending
task requests from its neighbours and, if significant load imbalances are detected in its
neighbourhood, sends job requests to the relevant neighbours. Finally, the resulting load
lp of processor p is signalled to its neighbours whenever it has significantly changed.

The other operations happening on processor p before the computation of a task ti
are detailed in algorithm 12 and mostly deal with the lack of locally available tasks for
computation. In this situation, the processor waits for its emitted task requests to be
answered. If tasks are received, process p updates its load and returns the first received
task. If no tasks were received or no task requests were emitted, processor p signal its
termination and exit the RID algorithm.

Minor modification

The notion of processor neighbourhood plays a fundamental role in this algorithm. It
defines the speed of diffusion of the load across the network of processors and partakes
in the stopping criterion. Indeed, the local completion of a processor p, happening in
algorithm 12, is based on the criterion that no more work can be or has been requested
from any neighbours q ∈ ψp. Unfortunately, this criterion does ensure that a neighbour
processor q will not subsequently receive a significant load afterwards.

Indeed, whenever the task costs are highly variable and the network is large with re-
spect to the neighbourhood, it is most probable to observe a neighbourhood of processors
ψ? to finish locally their tasks while the remaining processors are still significantly loaded
(Fig. 5.1). These overloaded processors may be in the process of computing expensive
tasks and therefore can not answer to pending tasks requests. Thus the inner part of

205



5. Large scale analyses

Algorithm 12 Operation applied by processor p before computing a task ti, if such a
task is available.

if A task ti is locally available then
return ti

end if
while jp > 0 do

Answer pending task requests
wait for a task request to be answered
jp = jp − 1
if Received k new jobs then

Update task queue and lp
return ti

end if
end while
Send done signal to neighbours and exit

Overloaded processors

Underload processors
- Inner
- Outer

Figure 5.1.: Illustration of a problematic load distribution.
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the neighbourhood ψ? could detect that neighbours have no more load to share and their
stopping criterion would then be met. However, when the overloaded processors would
eventually diffuse their load to the outer part of ψ?, the processors having previously
reached the local completion would stand idle.

In order to address this issue, a processor p identifying a RID local completion shifts
to a sender initiated diffusion (SID) state. This requires a modification of algorithm 12
that requires p to memorise its new state and signal it to its neighbours. Once in the
SID state, processor p has to wait for tasks that could be sent by neighbours. Its local
completion is then reached upon reception of the SID state notification from all his
neighbours q ∈ ψp.

Algorithm 11 is modified consequently to specialise its behaviour in function of its
neighbour state. Indeed, processors in RID continues to send tasks requests to overloaded
neighbours in state RID, but pushe tasks to underloaded neighbours in SID state.

This two-phases variant of the original algorithm delays the local completion of a
processor by requiring that all its neighbours q ∈ ψp have no more tasks to share and no
pending tasks requests. This added termination criterion reduces the risk of observing
the problematic scenario previously identified.

5.1.2. Implementation in HOGAN

The enhanced RID algorithm is implemented in HOGAN using the standard MPI and
represents the highest layer of parallelism as illustrated in figure 5.2. Therefore, several
independent tasks identifying ML estimations or MCMC samplings can be managed
within HOGAN to be executed on high performance computers.

Maximum Likelihood Bayesian inference

Figure 5.2.: Illustration of the combined layers of parallelism for ML and Bayesian in-
ference.

In order to fully benefit from these highly parallel architectures, as well as simpler
ones, HOGAN supports multiple kinds of processor neighbourhood that are now described.
Following this description, a small illustrative benchmark is presented where the perfor-
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mance of the enhanced RID is analysed. Finally, the major limitation of the presented
approach is identified and potential solutions to this problem are proposed.

Processor neighbourhood

The diffusion of the load using the RID algorithm is highly dependent of the proces-
sors neighbourhoods considered. Indeed, this neighbourhood defines the worst-case, or
maximal, distance that tasks have to travel from an overloaded processor to some un-
derloaded other processor. Ideally, if the processors were fully connected, this maximal
distance would be of one. However, given the nature of the algorithm, this approach
would cause the network to be overflowed with load status messages and job requests.

In the context of HOGAN, the communication overhead inherent to large neighbour-
hoods should not have a significant impact on the performance given that the compu-
tational cost of tasks is dominant. Therefore, five different torus-based neighbourhoods
are available and can be chosen according to the resources employed for the analysis.
These neighbourhoods are now shortly described and their associated maximal distance
is illustrated for an analysis using P = 8192 processors.

• 1D-torus: each processor has two neighbours and the maximal distance is P/2 =
4096.

• 2D-torus: each processor has four neighbours, two in x and y dimensions that are
chosen to be as close as possible to

√
P . For P = 8192, the torus has x = 128 and

y = 64, therefore the maximum distance is x/2 + y/2 = 96.

• 3D-torus: each processor has six neighbours. The z dimension is defined as the
number of cores on a processor, e.g z = 16, and the x, y dimension are defined as in
the 2D-torus. In this example, there are thus P/z = 512 plans with x = 32, y = 16
processors wich give a maximal distance of x/2 + y/2 + z/2 = 32.

• 5D-torus: this neighbourhood is specifically implemented for the Blue Gene/Q1

supercomputer that has an interconnection network designed as a 5D-torus of
dimension 2 × 4 × 4 × 4 × 4. This network interconnects 16 core processors
that communicate according to a 2D-torus in HOGAN. The coupling of both torus
results in each processor having eleven neighbours and a maximal distance of
1 + 2 + 2 + 2 + 2 + 2 + 2 = 13.

This variety of neighbourhoods enables the use of this algorithm in various settings.
For instance, during the elaboration of a database, hundreds of thousands of tasks using
a single processor would benefit from the 5D-torus on supercomputers such as the Blue
Gene/Q. Conversely, for a thorough analysis with the branch-site model on a large
model, hypotheses would be computed using parallel DAG and gradient computations
and therefore the use of a 2D or 3D-torus would be more appropriate on an ordinary
cluster.

1http://bluegene.epfl.ch/
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Experiments on simulated tasks

A small illustrative experiment was conducted by simulating the execution of synthetic
tasks over P processors. These nt tasks were generated as to present different scenarios of
load imbalance. Each processor generated nt/P tasks having computational costs drawn
from the normal distribution N

(
µp, σ

2
a

)
. The mean µp of each processor distribution

was defined by another normal distribution µp ∼ N
(
µ, σ2

b

)
such that σ2

b controls the
imbalance over processors.

For these experiments, the following values were used

nt = 6400, µ = 100, σ2
a = 15 and σ2

b = {10, 30} .

The fictive computations identified by these parameters were replicated five times and
each of the replica was ran with the original and enhanced RID algorithms on 16, 32
and 64 processors. Furthermore, each of these scenario was tested with 1D-, 2D- and
3D-torus2 neighbourhoods and with two different estimations of the task cost: a task ti
was either approximated as the mean of its generative distribution, C(ti) = µp, or a unit
cost, C(ti) = 1.
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Figure 5.3.: Illustration of the enhanced RID performance on artifical tasks. The blue
line represents the speedup of a run without load balancing, the black dotted
is the ideal speedup and the other lines are runs with RID using different
neighbourhoods. Top and bottom figures had artificial tasks simulated with
σ2
b = 10 and σ2

b = 30, respectively.

2Only 64 processors could benefit from a 3D-torus.
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The results of these experiments is synthesised in figure 5.3. As expected, the per-
formance of the algorithm was highly dependent on the load imbalance defined by σ2

b .
Indeed, when a small imbalance was simulated the speedup was nearly linear, while it
decreased when the imbalance increased. The effect of the imbalance was furthermore
coupled with the decrease of load per processor associated with the increase of the pro-
cessor number P . A lesser load per processor implies that the unbalance affects more
strongly the speedup and that the algorithm takes less time to diffuse the load.

However, even in the worst cases (figure 5.3d), the RID algorithm significantly im-
proved the speedup when compared to an execution without any load balancing. The
performance of the algorithm was positively impacted by the knowledge of good approxi-
mations of the task costs. In the context of HOGAN, such approximations can be obtained
by considering the relative difference of the datasets size that directly impact the task
computational cost. The use of large neighbourhoods also improved the performance of
the RID algorithm. Furthermore, these faint improvements due to the neighbourhood
should increase on executions having several hundreds of processors.

Finally, comparative measures with the original RID algorithm showed that its en-
hanced version was improving the speedup of upto 5% on highly imbalanced scenarios
executed with 64 processors. On the simpler scenarios, no significant difference was
observed.

Limitation

The major limitation residing in this implementation of RID is that the amount of
processors dedicated to each task must be identical. For example, during a ML analysis,
if four processors are dedicated to estimate the gradients in parallel, then all the tasks
have to use four processors for this parallel method.

This approach can be problematic when analyses are conducted on datasets having
huge variation in sizes. Indeed, as discussed in chapters 2 and 3, the efficiency of the
parallel methods depends on the size of the datasets and thus dedicating several pro-
cessors to a small dataset may be a waste of computational resources. Conversely, large
datasets may require several processors to be analysed within the limit of time imparted.

Therefore, in the current state of HOGAN, users are responsible for making a sensible
choice with respect to the parallel settings as well as the datasets analysed. However,
more evolved strategy could be envisioned to tackle this challenge. Using approximation
of an analysis cost, based on the dataset size or on execution times measured on the
DAG, the parallel setting could be automatically adapted to fit the problem at hand.

For instance, depending on the initial distribution of the dataset sizes, the computa-
tional resources could be decomposed so as to provide efficient solvers for each category
of computational tasks. Another approach could be to dynamically adapt the assign-
ment of computational resources during an execution as a function of the measured
execution times of the DAG nodes. Such approaches would require far more complex
and evolved scheduling methods than the RID algorithm and would thus represent a
major challenge that could however significantly improve the performance of HOGAN on
large scale analyses.
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5.2. Building a database of coevolution

Originally, the need for an asynchronous and distributed load balancing algorithm was
motivated by the ambitious project3 of building a large database containing results of
coevolution analyses conducted with the model presented in section 1.3.5. Prior to this
model, analyses of coevolution on molecular data were mainly done using correlation
measures on molecular sequences. By modelling coevolution as an evolutionary process
on a phylogeny, this model enabled the study of this phenomena in a more realistic
context.

However, when compared with correlation analyses, this model has a fairly high com-
putational cost that may prove prohibitive to biologists used to the correlations-based
methods. This expensive computational cost comes from the large amount of distinct
ML estimations that must be conducted to fully analyse a dataset composed of aligned
sequences of size N . Indeed, the Coev model considers subsequently all the N2/2 possi-
ble pairs of positions and this for all the observed profile of coevolution that may amount
to M (Eq. (1.9)) in the worst case. For instance a sequence of 200 nucleotides could
represent, in the worst case, more that M ·N2/2 ≈ 10, 000 ML estimations for the Coev
model and as many for the null model.

Therefore, an effort was made to elaborate a web-service [28] making available the
analyses of Coev to anyone through the infrastructure of the Swiss Institute of Bioin-
formatics. While enabling these analyses on a dataset basis represented a significant
progress, it failed to deliver the required tool to study coevolution signals detected with
this model on a larger biological scale. Therefore, a more significant effort was made to
produce a database of coevolution covering the same dataset as the Selectome [98, 87]
database.

This ongoing adventure, started two years ago, is shortly presented in this section.
The pipeline of software is first presented and followed by a description of one of the
tool designed for its automation. Finally, the current status of this large scale analysis
is summarised.

5.2.1. Pipeline

The pipeline required to build the Coev database is detailed in figure 5.4. The first step
consisted in the extraction and the pre-processing of the datasets from the Selectome
database. After extraction, the two extremes of the dataset size, namely the tiny and
enormous sequences, were filtered as well as the ambiguous positions of the sequences.
The pre-processing also determined the coevolution profiles observable so as to provide
the list of ML estimations to conduct.

This list was transmitted to a dedicated server running an Automated Job Manager
(AJM). The AJM took care of preparing jobs representing a set of ML estimations, or
tasks, that were then periodically submitted on a cluster in order for ML estimations to
be computed using the coupling of an optimised version of the original Coev implemen-

3This work results from a collaboration with the original author of Coev, L. Dib.
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Figure 5.4.: Illustration of the pipeline implemented for populating the Coev database.
The five key operation are detailed in the green boxes numbered in the red
circle.

tation with the RID algorithm. The execution of these jobs were then monitored by the
AJM and, once done, their results were retrieved by the AJM.

After having verified the correct execution of the jobs, the AJM launched the post-
processing of the raw results that consisted in mapping back the analysed positions of
the filtered sequences with their position in the original sequence. These post-processed
results were then archived on a tape-based storage server and inserted in a relational
database installed on a server dedicated for the Coev database.

Automated Job Manager

The AJM was specially designed for the Coev database project and without this soft-
ware the database, or a large part of this thesis, would not be existing today. Indeed,
this software automates the whole lifetime of a job that encompasses numerous steps:
its submission, tracking, retrieval, verification and archiving. Assuming that manually
managing a job would take 15 minutes, the 3, 000 jobs executed over a period of two
years would represent more than 5 months of full-time work. This estimation is further-
more unrealistic since it underestimates the complexity of the task and does not take
into account human-related factor such as vacations, illness or errors.

The AJM was thus conceived4 to provide a safe and stable service that would manage
4The development phase took two weeks and the operational launch took one week.

212



5.2. Building a database of coevolution

a large amount of jobs over a long period of time. For that matter, this solution had to
maintain the current state of this tedious process in persistent memory so as to inform
the end-user and provide the required means of managing the various computational
resources as well as their job assignments.

SQLite Database ClustersArchiveClient terminal

Scheduler

Submitter Retriever

DB Handler

Jobs Assignements Clusters

Cmd Handler

Bash scripts

Cmd line SQL Bash/SSH

C++ core

Figure 5.5.: Illustration of the flow of information in the Automated Job Manager soft-
ware.

To meet these criterion the AJM was conceived using a mixture of C++, SQL and
bash scripts, as illustrated in figure 5.5. The core C++ software manages three key
aspects: the interactions with the user, the persistent data and the execution of jobs.
The persistent data, maintained in a SQLite database, acts as the pivotal element of
the AJM by enabling information to be exchanged between the end-user and the job
scheduler.

The end-user interacts with the software through a command line interface that en-
ables the state of the pending or executed jobs to be queried as well as the registration of
cluster and job assignments. These assignments define at which rate and on which clus-
ters jobs must be submitted. This aspect is critical for the safe use of the computational
resources: strategies had to be employed to ensure that failing jobs or communication
losses with clusters were correctly managed and reported to the end-user.

These strategies are enforced by the scheduler that creates and manages jobs according
to the assignments specified by the user. In function of a job state, the scheduler triggers
the main operations applied to jobs, such as its submission or retrieval. These operations
are performed by bash scripts for two reasons: it enables these operations to be easily
adapted (e.g. pre/post-processing) and it facilitates the interaction with the clusters by
calling simple remote scripts specialised for them.

5.2.2. Current state of Coev database
The presented pipeline was active for the last two years and resulted in a first version of
the Coev database. This enterprise can be synthesised by the following numbers:

• 3 clusters were used: two medium sized clusters periodically and a supercomputer
(BlueGene/Q).

213



5. Large scale analyses

• 20% of the BlueGene/Q was dedicated to Coev during these two years.

• 3,000+ jobs were submitted and monitored 24/7, equating to more than 4 jobs
per days.

• 8,200+ proteins, or aligned sequences, were fully analysed.

• 500,000+ strong signals of coevolution were detected.

• 11 billions of hypotheses testing were conducted, each of them requiring two ML
estimations.

• 1,2 Terabyte of data are required to store the resulting database.

This first version of the database is currently analysed as to extract a summary for
each proteins of the dominant coevolution signal detected. This summary could provide
an insight on the distribution of coevolution signals with respect to their profiles, the
gene functionalities or other available gene annotations. Such information could already
be humanly exploitable and would deserve to be shared. Then a second, more complete,
analysis could be conducted on the whole database using data mining strategies so as
to detect potential relations or anomalies expressed in this unprecedented amount of
information on coevolution.
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5.3. Summary
In this chapter, the problematic of executing large scale analyses is studied. A model-
generic strategy designed to exploit HPC infrastructures and based on an existing load
balancing algorithm is detailed. Finally, a large scale application of this strategy resulting
in the creation of a coevolution database is presented.

Model-generic
The strategy used to profit from HPC infrastructure is based on an existing dynamic,
asynchronous and distributed load balancing algorithm known as RID. This algorithm
is slightly adapted and implemented as follow:

• Enhancement of the RID algorithm to help the diffusion of computational tasks
on supercomputers.

• Implementation of several processor neighbourhoods.

This implementation enables HPC infrastructure to be employed for a broad range of
scenarios going from a large amount of mono-processor analyses and ending with a small
amount of analyses using a large amount of processors. Indeed, the integration of this
load balancing strategy is designed so as to enable the joint use of the other parallel
methods implemented in HOGAN (DAG, ML and MCMC).

Model-specific
A small performance study is presented for the validation of the enhanced RID algorithm.
Then the laborious construction of a large database of coevolution that motivated the
implementation of this load balancing strategy is detailed:

• The pipeline required for the creation of the Coev database is documented.

• A crucial tool developed for the automation of the gigantic amount of operations
inherent to the pipeline is shortly presented.

• The current state of the Coev database, that indexes more than 11 billions results,
and its perspectives are synthesised.
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Statistical inference on nowadays evolutionary biology models is hindered by their in-
creasing complexity as well as the ever growing amount of available data. In chapter 1,
some models encountering such limitations were presented and the numerous existing
model-specific or model-generic software related to such a problematic were listed. From
this state-of-the-art, the need for a generic framework for statistical modelling emerged.

Five properties desirable for such a framework were identified. First, it had to be
modular and flexible to enable the integration of state-of-the-art models and methods.
Then, in order to deal with complex models having computationally expensive likelihood
functions or large datasets or both, the framework had to be efficient and present
support for HPC infrastructure. Finally, given that a tool without users serves no
purpose, it had to be user-friendly for both end-user (e.g. biologists) and model
developers (e.g. bioinformaticians or biostatisticians).

This final chapter assesses if HOGAN incorporates these key features. While several key
algorithms implemented in HOGAN were thoroughly detailed in the previous chapters, this
targeted description fails to give the whole picture of the framework. For that matter,
HOGAN is shortly described from a software engineering point of view so as to provide a
solid support to discuss each of the five properties. Following this discussion, this thesis
part is concluded by an overview of the potential enhancements and future applications
of HOGAN.

6.1. HOGAN in a nutshell
The simplified class diagram shown in figure 6.1 synthesises the key elements of HOGAN
and their relations. The pivotal element of the framework is contained in the Statistical
model package that defines a model having an implementation of the Likelihood inter-
face. The Likelihood class extensively relies on the functionality and classes provided
in the DAG package that encompasses the required elements to define a likelihood as
a directed task graph and schedule its computation. These two packages contain the
implementations of the features discussed in chapter 2.

The ML and Sampler packages contains the implementation of the sequential and
parallel methods described in chapter 3 and 4, respectively. Each of these two packages
have an interface that respectively defines the critical class for the MCMC or the Opti-
miser methods. Furthermore they extensively uses the PLU Utils package that enable
the observed execution time of the DAG to be extracted and exploited to enhance the
method of finite differences or to enable the automated creation of parameter blocks.

The LB RID package enables HOGAN to be used for large scale analyses and was
described in the chapter 5. The coupling of all the different parallel methods that can be
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Figure 6.1.: Simplified UML class diagram of the main components of HOGAN. Important
pure virtual classes (interfaces) are shown in white. Packages, represented
as folders, encompass a set of classes and are named after their functionality.
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Figure 6.2.: Distribution of the 47’000 physical Source Lines Of Code (SLOC) composing
HOGAN. The SLOC was generated using David A. Wheeler’s SLOCCount.

employed in such analyses is managed by classes in the Parallel package. The Topology
class organises the multiple communication layers (CommLayer) such that each processor
knows its exact role and neighbours in each of the parallel methods.

Finally, the Model Implementations and Molecular Evolution packages contains two
crucial elements of HOGAN, yet their existence was solely sporadically discussed during the
previous chapters. These two packages represent a large part of the development effort,
as illustrated in figure 6.2, and contain all the implemented models and evolutionary
biology related functionalities. The Molecular Evolution package encompasses all the
helper functions such as the data loaders for molecular sequences and phylogenetic trees,
the definition of evolutionary models (substitution matrices), the data structures for
phylogenetic trees and their dedicated tree proposals.

The Model Implementations package contains the implementations of the models used
to illustrate HOGAN’s functionalities and to conduct other experiments. The following
models have been implemented using the DAG-based representation in HOGAN:

• Two variants of the PyRate model [114].

• Several model for the detection of the positive selection on protein coding genes:
– Five variants of the codon-substitutions site model [137].
– The codon-substitution branch-site model [138].
– The Random Effect Lineage (REL) branch-site model [97].
– The stochastic branch-site model [49].
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• The model for the phylogenetic tree inference with simple nucleotide and codons-
substitution models [33, 76].

Furthermore, to ease the use of all these models, Helper classes are readily available and
provide initial configuration for the Parameter and Prior objects as well as the crucial
model-specific ordering of the parameters and default parameter blocks discussed in
chapter 3 and 4.

Flexibility and modularity

The flexibility and modularity of the framework can be directly assessed from the class
diagram (Fig. 6.1). Any statistical models implementing the Likelihood interface and
using the directed task graph representation described in the DAG package are able to
benefit from all the functionalities of the framework.

In addition of being model-generic, HOGAN is also method-generic. Indeed, several in-
terfaces enable the addition of new DAG schedulers or new MCMC and optimization
methods. If such new functionalities would be based on parallel algorithms, their inte-
gration in the parallel hierarchy were readily specifiable using the Manager interface.

This design enforced by the use of clear interfaces ensures that any existing func-
tionalities or models will benefit, or be beneficial, to novel additions in the framework.
Therefore, this modular design enables HOGAN to provide a flexible framework having the
power of integrating the next generation of models and methods.

Efficiency

The efficiency of the methods designed and implemented in HOGAN have been detailed in
length in their respective chapter as well as summarised at their end. These methods
can be outlined by first considering the likelihood evaluations that are advantageously
represented as directed task graphs such as to benefit from PLUs and parallel DAG
scheduling.

ML methods benefit from this DAG representation since it permits the novel ap-
proach of optimising the gradient computation in sequential and parallel by using an
existing state-of-the-art heuristic for the widely studied Traveller Salesman Problem.
These model-generic strategies were applied to the branch-site model identifying pos-
itive selection and outperformed a state-of-the-art software FastCodeML [127] by upto
three orders of magnitude.

Bayesian inference benefits from the design and implementation of a novel family of
adaptive proposals, EMPIR, and their synergistic coupling with a parallel M-H algorithm,
entitled P-EMPIR. These innovative model-generic approaches significantly improved the
sampling efficiency of the highly dimensional posterior distribution of several complex
models. When compared to MrBayes [106], a widely used state-of-the-art software for
Bayesian inference of phylogeny, HOGAN was shown to be upto 20 times more efficient;
results that was furthermore identified as having the potential to be doubled by the
automated creation of parameter blocks.
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Therefore, while being model-generic, HOGAN proved to be more efficient than two
model-specific state-of-the-art implementations. The magnitude of the performance
gains observed during the experiments conducted opens the way for novel analyses of
molecular data that were deemed intractable until now. Finally, on top of these model-
generic approaches, model-specific strategies optimising the ordering of gradient compu-
tations as well as the creation of parameter blocks, were derived for the phylogeny based
models. These inexpensive approaches enabled good solutions to be found for these
complex combinatorial problems at an insignificant cost, and thus further augmented
the efficiency of HOGAN.

HPC support

Large scale analyses, such as the creation of the Coev database presented in chapter 5,
are possible in HOGAN thanks to its implementation of a asynchronous and distributed
load balancing algorithm. The application of statistical analyses to a large amount of
datasets does not represent the only potential use of HPC architecture for HOGAN. Indeed,
by combining several layers of parallelism, HOGAN can take advantage of supercomputers
having several hundreds of processors for the analysis of a single dataset.

For instance, Bayesian inference on a large dataset could be conducted with more than
2,000 processors by combining the replication of 4 independent samplers using each
4 parallel MC3 processes, themselves having each P-EMPIR running with 32 parallel
likelihood evaluators with 4 dedicated processors. Similarly, ML-based inference could
use more than 1,000 processors by replicating 5 analyses of 2 hypotheses. These 10
independent ML estimations could be conducted using 32 parallel gradient estimators
each evaluating the likelihood using 4 processors.

User friendliness

Two categories of potential users were identified: end-users and developers. The first
category, end-users, can readily configure runs of HOGAN through the XML configuration
files (package Config. XML) that could as well provide an advantageous interface for a
graphical user interface. While some fields of these files are mandatory, several default
values can be automatically loaded by Helper classes and thus, users are not obligated to
set everything by themselves. For Bayesian inference, end-users benefit from the auto-
tuning of proposals that P-EMPIR provides as well as a checkpoint system that enables
the restart of the MCMC sampler with the adapted proposals.

Developers can readily augment the framework with models or methods that imple-
ment the existing interfaces. A significant effort was dedicated to ease the implementa-
tion of models and to provide the necessary means to easily design efficient likelihood
computations. This part is ensured by the data structures and tools provided in the
DAG package. Furthermore, developers of phylogenetic based models dispose of several
key functionalities that are provided in the Molecular Evolution package. The overview
of the development effort in code line (Fig. 6.2) reveals that the effort dedicated to
the implementation of a model remains fairly small compared to the large amount of
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functionalities made available to the model-developer.
In conclusion, both categories of users have at their disposal several tools that facilitate

their interaction with HOGAN. Therefore, the framework has the potential to be user
friendly; however it is only through the practice that this property will be duly assessed
and subsequently refined.

6.2. Future perspectives

In conclusion, HOGAN is a promising candidate for filling the existing need, at least in
evolutionary biology, for a generic framework for statistical modelling and is already
exploitable for the study of large datasets deemed intractable until now. Existing models
not yet implemented, such as the relaxed molecular clock models [79] used to date
branching events on phylogenetic trees and known for their highly correlated parameters,
would also benefit from the efficient sampling and advanced proposals implemented in
P-EMPIR. More importantly, the next generation of models in evolutionary biology is
predicted to rely on the integration of several levels of macro-evolutionary processes [78]
which would imply to delegate the selection of models to the MCMC sampler by using
transdimensional Markov chains [117]. The augmented parameter space induced by these
approaches would further justify the need of advanced samplers such as HOGAN.

Indeed, novel functionalities such as the automated and adaptive creation of parameter
blocks would play a crucial role in making such complex models tractable. Change in the
model structure, and thus in the directed task graph representing the likelihood, induced
by transdimensional moves could be reflected in parameter blocks and proposals. These
adaptations would enable a significant improvement in the sampling efficiency of these
model posterior distributions. However, some aspects of HOGAN remain to be polished to
reach the level of maturity required for such models. Indeed, the automated creation of
blocks would benefit from the integration of the parameter correlations observed in the
partial covariance matrices and from a more detailed performance model defining the
impact of parameter block size. Another refinable functionality is the strategy employed
for large scale analyses which lacks flexibility with respect to tasks having highly uneven
computational costs and thus could benefit from a more evolved approach that would
allocate intelligently the computational resources.

Both of these problems, as well as the scheduling of parallel likelihood evaluations and
the scheduling of gradient approximation, can be formalised as complex combinatorial
or multi-objective optimization problems. Solutions for these problems were obtained
using several different sequential heuristic methods and, apart for the sequential schedul-
ing of gradient approximations that used a state-of-the-art method [57], these heuristics
have significant room for improvement. Instead of improving them separately, a more
ambitious approach would be to consider the integration of a parallel metaheuristic
method [16, 3] that could produce high-quality solutions for all these optimization prob-
lems and benefit from the inherent parallelism of HOGAN. Furthermore, this approach
would have several added advantages: the reduction of the reliance of HOGAN on external
libraries, a readily available tool for additional optimization opportunities and an effi-
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cient strategy to define good starting parameter values prior to an analysis with ML or
MCMC method.

In addition to these improvements on the core of HOGAN, recent advances in computa-
tional statistics could prove to be invaluable. Indeed, while HOGAN enables the analyses
of large datasets, even larger ones are existing or being assembled [58, 122] and therefore,
HOGAN could create a bridge between these practical challenges and the ongoing research
efforts to provide Bayesian inference strategies for Big Data [111, 132]. Ongoing efforts to
provide more powerful proposal kernels that explore complex parameter spaces, such as
the Langevin diffusion-based kernels [9, 43] for continuous parameters or the phylogenetic
tree based proposals [17, 2] could also serve as a solid basis for further developments of
EMPIR and P-EMPIR. Lastly, approximation of the posterior distribution obtained trough
the adaptive phase of EMPIR could be coupled to delayed-acceptance scheme so as to
avoid the evaluation of presumably unlikely parameter values [53] or could be coupled
with more advanced approximation techniques [113] derived from machine learning.

In conclusion, HOGAN and the numerous strategies designed to improve its efficiency
provide a significant improvement when compared to the existing software of statistical
inference in evolutionary biology. Moreover, this flexible and HPC-ready framework
may prove a timely incubator for the next generation of evolutionary biology models
and statistical methods by enabling them to meet on a common ground.
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A. Algorithms

A.1. Dynamic load balancing

Algorithm 13 Dynamic load balancing: evaluate likelihood - processor p
// Global node buffer C = ∅, traversed = false
// Init thread local node buffer with ready nodes
Bp = init(p)
// getNextNode(·) is defined in Algo. 14
while (vp = getNextNode(Bp)) 6= ∅ do
process(v)
if ν(vp) 6= ∅ then

// updateDAG(·) is defined in Algo. 15
updateDAG(vp,Bp)

else
traversed = true
signalAll(EmptyNodes)

end if
end while

Algorithm 14 Dynamic load balancing: get next node - processor p
vp = ∅
if Bp 6= ∅ then
vp = pop(Bp)

else
lock(GlobalLock)
while C = ∅ ∧ ¬traversed do
wait(EmptyNodes)

end while
if C 6= ∅ then
vp = pop(C)

end if
unlock(GlobalLock)

end if
return vp
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A. Algorithms

Algorithm 15 Dynamic load balancing: update DAG - processor p
Btmp = ∅
// Signal that dependencies is fulfilled to parents
for vi ∈ ν(vp) do
lock(getLockFromPool(vi))
signalProcessed(vi, vp)
if ready(vi) then

if empty(Bp) then
// Add first ready parent to local buffer
Bp = vi

else
// Add other ready parent to temp. buffer
Btmp = Btmp ∪ vi

end if
end if
unlock(getLockFromPool(vi))

end for

// Add ready nodes to C
lock(GlobalLock)
for vi ∈ Btmp do
C = B ∪ vi
signal(EmptyNodes)

end for
unlock(GlobalLock)
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B. Theorems

B.1. Proof of strict triangle inequality for the scheduling of
gradient approximations

Some definitions based on the content of chapters 2 and 3 are introduced prior to the
theorem and its proof.

Definition 1. A change in value of a parameter θi always induces computations, there-
fore

∀i ∈ (1..m) , Ψθi
6= ∅

The notation Ψθi
is equivalent to Ψ{θi}.

Definition 2. The set of vertices ΨA is equivalent to the union of the set of vertices
induced by change of single parameter such that

ΨA =
⋃

i∈A
Ψθi

Definition 3. The cost function C acts as a form of weighted count of the set ΨA in
function of vertex weights χv > 0 : v ∈ ΨA, as

C (ΨA) =
∑
v∈ΨA

χv → C (ΨA) > 0.

By extension this counting function follows the principle of inclusion-exclusion, implying
that for the cost of a set A = {a, b} can be decomposed as

C (ΨA) = C
(
Ψ{a,b}

)
= C (Ψa ∪Ψb) = C (Ψa) + C (Ψb)− C (Ψa ∩Ψb) .

Definition 4. Given that (Ψa ∩Ψb) ⊆ Ψb, the cost C of the intersection of two sets
cannot exceed the cost of one of the sets, such that

C (Ψa ∩Ψb) ≤ C (Ψb) .

Theorem 5. The distance, or cost C, between a pair of perturbations used to define the
instance of the travelling salesman problem (Eq. (3.10) and (3.11)) is subject to the strict
triangle inequality defining that

C
(
Ψ{θa,θc}

)
< C

(
Ψ{θa,θb}

)
+ C

(
Ψ{θb,θc}

)
with a, b, c representing the index i ∈ (1..m) of the perturbations eiε and Ψθi

represent-
ing the set of vertices in the directed task graph that must be recomputed following a
perturbation of parameter θi.
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B. Theorems

Proof. Starting from the strict triangle inequality defined as

C
(
Ψ{θa,θc}

)
< C

(
Ψ{θa,θb}

)
+ C

(
Ψ{θb,θc}

)
.

The cost function can be decomposed in function of the inclusion-exclusion principle as,

C (Ψa) + C (Ψc)− C (Ψa ∩Ψc) < C (Ψa) + C (Ψb)− C (Ψa ∩Ψb)
+C (Ψb) + C (Ψc)− C (Ψb ∩Ψc) , (B.1)

−C (Ψa ∩Ψc) < 2× C (Ψb)− [C (Ψa ∩Ψb) + C (Ψb ∩Ψc)] , (B.2)
C (Ψa ∩Ψb) + C (Ψb ∩Ψc) < 2× C (Ψb) + C (Ψa ∩Ψc) . (B.3)

Given that C (·) ≥ 0 and C (Ψb) > 0 (Def. 1), the left hand side must at least be equal
to 2× C (Ψb) to prove that the strict triangular inequality does not hold. Furthermore,
the costs related to the set intersection (Ψa ∩Ψb) or (Ψb ∩Ψc) cannot exceed this cost
C (Ψb) as defined in condition 4. Therefore two cases are identified.

Case 1. At least one of the intersections (Ψa ∩Ψb) or (Ψb ∩Ψc) is strictly included in
Ψb, such that

C (Ψa ∩Ψb) < C (Ψb) or C (Ψb ∩Ψc) < C (Ψb)
⇓
C (Ψa ∩Ψb) + C (Ψb ∩Ψc) < 2× C (Ψb) .

Therefore equation B.3 holds and the strict triangle inequality is proven even if

C (Ψa ∩Ψc) = 0.

Case 2. Both sets of intersections (Ψa ∩Ψb) and (Ψb ∩Ψc) are equal to Ψb, such that
C (Ψa ∩Ψb) = C (Ψb ∩Ψc) = C (Ψb) . Therefore equation B.3 can be reformulated as

2× C (Ψb) < 2× C (Ψb) + C (Ψa ∩Ψc) ,
0 < C (Ψa ∩Ψc) .

Given that Ψb ⊆ Ψa and Ψb ⊆ Ψc, then Ψb ⊆ (Ψa ∩Ψc) such that

0 < C (Ψb) ≤ C (Ψa ∩Ψc) .

Therefore, in this second case the strict triangular inequality also holds.
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C. Detailed MCMC experiments

All presented analysis were done on a dedicated cluster partition of 8 Intel Xeon X5650
(2.67GHz) nodes with 64GB of RAM at the University of Geneva. MrBayes measures
were done with the version 3.2.5 compiled with SSE support and MPI enabled.

C.1. Codon-substitution models
C.1.1. Settings
Two different evolutionary trees were simulated using INDELible : the first one Dataset
1 had 16 taxa and the second one Dataset 2 had 32 taxa. For each evolutionary tree,
two separate alignments of 100 codons were simulated under mild purifying selection
(ω = 0.8).

Each method was run 4 times per simulated alignments with different starting random
seed for 200 · 103 iterations. Therefore each dataset consisted of 8 independent MCMC
runs. Measures were applied on the obtained samples after removing a burn-in phase of
40 · 103 samples (20%). The presented ESS and run time on each dataset correspond to
the average measures over all respective dataset runs.

C.1.2. Measures
Detailed measures for these experiments are shown in table C.1 and C.2

Table C.1.: Detailed results for Dataset 1

MrBayes
Nb. Proc. 1 4 8 16 32
Avg. ESS 446.69 - - - -
Avg. Time [s] 2189.93 - - - -

Default 1PPB
Nb. Proc. 1 4 8 16 32
Avg. ESS 692.82 1010.42 913.94 900.73 801.78
Avg. Time [s] 971.72 891.84 839.13 795.98 859.40

PCA 12PPB
Nb. Proc. 1 4 8 16 32
Avg. ESS 1006.67 3329.60 4972.90 6446.45 7574.92
Avg. Time [s] 2008.97 1967.85 1871.64 1950.95 2009.62
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C. Detailed MCMC experiments

Table C.2.: Detailed results for Dataset 2

MrBayes
Nb. Proc. 1 4 8 16 32
Avg. ESS 212.84 - - - -
Avg. Time [s] 3676.83 - - - -

Default 1PPB
Nb. Proc. 1 4 8 16 32
Avg. ESS 356.85 479.40 432.09 371.37 334.15
Avg. Time [s] 1196.94 1090.12 980.53 915.22 980.07

PCA 12PPB
Nb. Proc. 1 4 8 16 32
Avg. ESS 556.51 1860.64 2743.32 3494.99 4021.09
Avg. Time [s] 2556.18 2405.78 2274.70 2191.97 2393.21

C.2. Convergence on phylogeny inference
C.2.1. Settings
Twenty runs with different seeds were simulated for each different methods for ≈ 6 · 106

iterations for M2017 and ≈ 4 ·106 iterations for M2152. These runs started from the same
initial random tree (generated by MrBayes). For each method, we found sufficient to
drop the top three worst runs in order to remove run failing to reach convergence.

The average standard deviation of split frequency was measured according to the
following protocol :

1. we ensured that the split frequencies were the same for long MCMC run of MrBayes
and our own implementation:

2. these reference split frequencies were then used to define the pairwise ASDSF of
each run of the experiment.

The pairwise ASDSF was computed using tree log files resulting from MrBayes and our
implementation by a tool made for the occasion in order to ensure comparable results.

C.2.2. Measures
Detailed measures for these experiments are shown in figure C.1 for empirical dataset
M2017 and figure C.3 for empirical dataset M2152. Each figure has four plots representing
in descending order :

1. the number of sample required to reach the threshold of 0.05 ASDSF;

2. the number of samples per iterations (gain from prefetching);
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C.2. Convergence on phylogeny inference

3. the time required to compute one iteration (total number of iterations divided by
total run time);

4. the time required to reach threshold of 0.05 ASDSF.

The red squares represent the average while red lines represent the median.
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C. Detailed MCMC experiments

Figure C.1.: Detailed measures for empiric dataset M2017

(a) Without MC3 (b) With MC3
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C.2. Convergence on phylogeny inference

Figure C.3.: Detailed measures for empiric dataset M2152

(a) Without MC3 (b) With MC3
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