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SUBCRITICAL PERCOLATION WITH A LINE OF
DEFECTS

S. FRIEDLI, D. IOFFE AND Y. VELENIK

ABSTRACT. We consider the Bernoulli bond percolation process
P, on the nearest-neighbor edges of Z%, which are open indepen-
dently with probability p < p., except for those lying on the first
coordinate axis, for which this probability is p’. Define

Eppr = — nh_}rr;o n~tlogP, (0 <> ne;),

and &, = &, ,. We show that there exists p, = plL(p,d) such
that &, = & if p' < p, and &,y < &, if p' > pl. Moreover,
pe(p;2) = pe(p,3) = p, and pi(p,d) > p for d > 4. We also
analyze the behavior of &, — &, ,» as p’ | p. in dimensions d =
2,3. Finally, we prove that when p’ > p., the following purely
exponential asymptotics holds,

P, (0 < ney) = hge vr'™ (14 0o(1)),

for some constant g = ¥4(p, p’), uniformly for large values of n.
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1. INTRODUCTION AND RESULTS

We consider bond percolation on E¢, the set of nearest-neighbor edges
of Z¢, d > 2. Let £L C E? be the set of all edges that lie on the
first coordinate axis {se;,s € R}, where e; denotes the unit vector
(1,0,...,0) € R% Let P,, be the probability measure on sets of
configurations of edges w € {0, 1}Ed, under which each edge e € E? is
open independently with probability

p ifecEY\ L =Le
Py (wle) =1) :{ D ifeerl \ (1.1)

When p’ = p, we write P, instead of P,,, and the model coincides
with ordinary homogeneous Bernoulli edge percolation, whose critical
threshold will be denoted p, = p.(d).

As far as we know, the properties of the connectivities under P,
were first studied by Zhang [18], who showed that in d = 2, there is no
percolation under P, (2) v, for all p" < 1. Newman and Wu [16] studied
the same problem in large dimensions as well as related properties,
where the line £ is replaced by higher-dimensional subspaces of Z.

Let ST ! be the unit sphere in R%. It is well-known [2] that in the
homogeneous case, for p < p,,

1
&(n) = — klggo % log P,(0 <> [kn])

defines a function &, : S*~! — (0, 00) which can be extended by positive
homogeneity to a norm on R?. Let (-, -) denote the inner product, and
| - | the Euclidean norm on R?. There exists a convex, compact set
W, C R containing the origin, such that for all z € RY,

&(@) = sup (). (1.2)

teow,

The sharp triangle inequality is also satisfied [§]: there exists a constant
c1 = ¢1(p,d) > 0 such that for all z,y € R,

&) + &) =& +y) > (el + 1yl — |z +yl) . (1.3)
We also have, for any x € Z,
P,(0 ¢ 2) < e 5@, (1.4)

It is also known [0] that the following Ornstein-Zernike asymptotics
holds, uniformly as |z| — oo,

P,(0 ¢ z) = %e_&’m(l +0(1)), (1.5)

where W, is a positive, real analytic function on S
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Let e;, j = 1,...,d, denote the canonical basis of R?. By the sym-
metries of the lattice, {,(e1) = ... = {,(eq), and we define

& = Eyler). (1.6)

In the inhomogeneous case, p’ # p, the central quantity in our anal-
ysis will be the modified inverse correlation length

.1
Epp = — nh_)n;O - log P, /(0 <> ney) . (1.7)

Our goal is to study, for fixed p < p., the effect of the line £ on the
rate of exponential decay ,,,. In particular, for which values of p’ does
& # & Our first main result is the following (see also Figure [1)).

Theorem 1.1. Assume that d > 2, p < pe.
(1) The limit in (L.7) ezists for all 0 < p" < 1. Moreover, p’ +— &,
is Lipschitz continuous and non-increasing on [0, 1], and
gp,p’ > 0, Vp, € [0, 1).

(2) There exists p,, = p.(p,d) € [p,1) such that &,y =&, forp’ < p,
and &,y <&, forp' > p.. On (pl.,1), o' — &, is real analytic
and strictly decreasing.

(3) Whend = 2,3, pl. = p. Moreover, there exist constants ci,cs >
0 such that, as p' | pl. = p,

QW =P <&H—Gu<al —p)? (d=2), (1.8)
e~/ W'=p) < fp - fp:p’ < 6_0;/@/—17) (d - 3)‘ (1'9)
(4) When d >4, p <pl. < 1.

Remark 1.2. Note that for d = 3, rules out the possibility of
continuing p’ — &, ,» analytically across p, to the interval (0,p). It is
an open question whether such analytic continuation is possible in two
dimensions.

gp,p’

FIGURE 1. A qualitative plot of p/ — &, ./, for d = 2, 3.
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Remark 1.3. We make a comment regarding the convexity /concavity
of p' — &,y for dimensions 2 and 3. First, observe that &, diverges
logarithmically as p | 0, and &,y < &,y = |logp’|. Therefore, since in
dimensions 2 and 3 the slope of &, ,, (as a function of p’) at p/ is equal
to zero, there must be an inflection point somewhere on the interval
(pL,1), at least when p is so small that £ > 1. Note also that the
above implies that the Lipschitz constant must diverge at least as fast
as [logpl|, as p L 0 (and at most as fast as 1/p, as the proof shows).

In contrast to the polynomial correction in (|1.5)) for the homogeneous
case, the presence of defects on the line £ leads to a purely exponential
decay of the connectivities, which is the content of our second result:

Theorem 1.4. For all d > 2 and for all p' > p.., there ezists g =
wa(p,p') > 0 such that

P, (0 < ney) = ge *r™ (14 0(1)). (1.10)

As will be seen in Section [6] the absence of a polynomial correction
in (1.10) is due to the fact that when p’ > p’, conditionally on {0 <«
ne; }, the cluster containing 0 and ney, Cy pe,, is pinned on the line L.
Namely, as will be seen in Theorem , Cone, splits into a string of
irreducible components centered on £ and whose sizes have exponential
tails.

The analysis of the effects of a line or a (hyper)plane of defects on
the qualitative statistical properties of polymers or interfaces has been
the subject of a large number of works dating back, at least, to the
late 1970s. However, almost all rigorous studies to date have treated
the framework of effective models, in which the polymer /interface is
modeled by the trajectory of a random walk (or as a random function
from Z? — R in the case of higher-dimensional interfaces), and the
understanding of such models is by now very detailed [10, [I7]. For
example, in the case of a random walk pinned at the origin, one studies
the exponential divergence of the partition function

75 = Erw[e™™ | Xy = 0], (1.11)

where Ly is the local time of the random walk X} at the origin up to
time N, and € > 0 is the pinning parameter (see Appendix .

There is actually one very particular instance in which it has been
possible to investigate these phenomena in a non-effective setting: the
2d Ising model. Indeed, in this case it is sometimes possible to com-
pute explicitly the relevant quantities, see [I] and references therein.
Needless to say, such computations do not convey much understanding
of the underlying physics (the desire to get a better understanding of
these exact results actually triggered the analysis of effective models!).

On the other hand, new techniques developed during the last decade
have lead to a detailed description of structurally one-dimensional ob-
jects in various lattice random fields, such as interfaces in 2d Ising and
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Potts models [7), 8, 12], large subcritical clusters in (FK-)percolation [§],
stretched self-interacting polymers [14], etc.

The effect of a defect line in various systems has recently been the
focus of interest in different areas. In particular, Beffara et al. [4] have
started to investigate the influence of defects in the framework of last
passage percolation.

It is worthwhile to point out an issue that makes the problem studied
in the present paper substantially more subtle than its effective coun-
terpart (L1.11). Namely, a natural way to compare &,, with &, is to
extract an effective weight for the cluster Cy e, connecting 0 and ne;.
That is,

IED;D,p/<0 < ney) . Z Pp,p’(co,nm = C)

Pp(O g nel) Co{0mer} IP’p(O g nel)
_ Z 1(0) PP(CO,nel - C)
C5{0mer) IP’p(O < nel)
=E,[e/(©r)]0 <5 ney], (1.12)

where
I(C) = |C N L|log & +[0C N L|log 1=,

and OC' denotes the exterior boundary of the cluster C, i.e., the set
of all edges of E?\ C sharing at least one endpoint with some edge of
C'. Now, observe that in spite of the close resemblance of with
, there is one major difference: since log%’ and log% always
have opposite signs, the effective interaction between the cluster and
the line £ has both attractive and repulsive components. This is a
manifestation of the presence of the “phases” that are neglected in
effective models, in which only the polymer/interface is considered and
not its environment.

Our analysis of P, (0 <> ne;) is based on the use of a geometrical
representation of the cluster Cj e, as an effective directed random walk.
To use this representation effectively for the lower bounds of part [2| of
Theorem [I.T], the repulsive interaction of the cluster with £ will be
handled with a suitable use of the Russo formula.

Random walk representations of subcritical clusters have been used
in [5], [6] and [8]. The one used here is taken from [§], and will be
described in Section [3] Standard renewal arguments are also recurrent
in the paper; a reminder of the main ideas can be found in Appendix

Al

1.1. Open problems. Although the picture provided by the present
work is quite extensive, we list here some open problems that we think
would be particularly interesting to investigate.

P1. Properties of &, :
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(a) Analyze the behavior of &, as p’ | p., in dimensions d >
4. In particular, determine whether liminf,,, di”T’,' <0
(which we expect to be true in d > 6, in analogy with the
effective case [10]).

(b) Analyze the behavior of §,,, as a function of both p and p'.
In particular, for (p,p’) close to the critical line p — pL(p).

(c¢) Determine, for all p’ < p!, the sharp asymptotics of the
connectivity function P,/ (0 <> ne;), and the correspond-
ing scaling limit of the cluster Cj e, -

P2. Introduce disorder, in which the occupation probabilities of the
edges e € L are i.i.d. random variables. Study the relevance of
disorder. For analogous considerations in the effective/directed
case, we refer to [3] 10, T1] and references therein.

P3. More general defects:

(a) Allow a defect line not coinciding with a coordinate axis,
which should be amenable to a rather straightforward adap-
tation of our techniques. Or, as in [I6], consider higher-
dimensional defects like hyperplanes of given codimension.

(b) Consider half-space percolation, with the defect line (or
hyperplane) at the boundary of the system. Although less
natural from the percolation point of view, such a setting
is relevant for the analysis of wetting phenomena.

P4. In each of the cases mentioned above, study the connectivity
P, (z <> y) for generic points =,y € Z.

P5. Extension to other models. In particular, a version for FK-
percolation seems feasible and would provide an extension of our
results to Ising/Potts models, which would be very interesting.

We assume throughout the paper that edges outside £ are open
with probability p, where p < p. is fixed. Furthermore, ¢;, 1 = 2,3, ...,
will denote constants that can depend on the dimension d, on p or p/,
but which remains uniformly bounded away from 0 and co for (p,p’)
belonging to compact subsets of (0,p.) x (0, 1).

The line £ will often be identified with Z. We will therefore use the
usual terminology related to the total order on Z (such as “being to
the left of”, or “being the largest among a set of points”). We will
also consider £, without mention, sometimes as a set of edges, and
sometimes as a set of sites.

2. BASIC PROPERTIES OF &,

In this subsection, we prove items and of Theorem , except
for the strict monotonicity and analyticity of &, ,/, which will be proved
respectively in Subsections and [6.3]
> Existence of the limit. The existence of the limit in follows
from the subadditivity of the sequence n — —logP, /(0 <> ne;).
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> Monotonicity in p' of {,,,. This follows from a standard coupling
argument: if p; < py, then P 0 <P, .

> &y =&, for all p/ <p. Since £,y > £, when p’ < p, we only need
to verify that the reverse inequality also holds. Let 0’ := [n®]es and
x' = ne; + [n%|ey, where 1/2 < a < 1. We can realize {0 <> ne;} by
connecting 0 to 0’ and ne; to 2’ by straight segments of open edges,
and by then connecting 0’ to 2’ by an open path: P, (0 <> ne;) >
(p™ )P, (0 <> ). If we characterize the event {0/ <+ 2’} by the
existence of a self-avoiding path 7 : 0" — 2/,

P,y(0 > 2") >P, (3 :0 =2, 7nNL=02)
=P,Fr:0 =2\ 7NL=02)
But by the van den Berg-Kesten (BK) Inequality, (1.5) and the sharp
triangle inequality ,
Py(Fm: 0 & 2/, mNL# @) <Y B0 > u)Py(u < 2')

uel

<3 et w)

uel

< e 37 merllu0 e’ -l —0')

ucl
= e O DP(0 ¢ ney) .

Therefore, P, (0 < ne;) > p** (1 — e P " NP,(0 < ne;), which

implies &,y < &,.
> &, < &, for all p’ close enough to 1. Namely, if p’ > e, then
by opening all the edges of £ between 0 and neq,

P, (0 <> nep) > p'" = elosPHeng=tm > ploer'+5np ()« ney ).
The critical value

Pe = P(p,d) :=sup{p’ € [0, 1] : {0 = &}
thus separates the regime &, ,, = £, from the one in which &, ,, < ¢, .
> &, >0 for all 0 <p’ < 1. Define the slab

Suwi={2€R: (u,e;) < (z,e1) < (v,e1)}.

We divide L,, := £ N Sp e, into blocks of equal lengths R € N: B; :=

Ly, N SjRre, (j+1)Rers With j =0,..., [n/R]. Let also H; = {z:(z,e1) <

jRY, H = {z : (z,e1) > (j + 1)R}. We say that B; is clear if there

exists no path of open edges in £ connecting LNH; to LN H;r We

have

P, (0 <> ne;) <P, (each clear block has at least one open edge) .

(2.1)

We show that when R is large, a positive fraction of blocks is clear

with high probability. For a cluster C' contained in £ let us define
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[(C) and r(C) as, respectively, the left-most and right-most points of
intersections of the vertex set of C' with £. We say that such C' is an
(R,n)-bridge if » — [ > R and the intersection [I,r] N L,, # &. Let
C4,Cy,...Cy be an enumeration of the disjoint (R, n)-bridges. We
set [; = I(C;) and r; = r(C;). By construction, there are disjoint
connections from [; to r; in £% ¢ =1,..., M. If 0 < p < 1, then, using
the BK inequality in the last step,

i Py (M =m; i(r(a) —(Cy) > ,m)

< i S By (v {uénl)

m=1 11,71,..,lm,rm
ri—l; >R,
i (ri=li)>pn

< Z Z prm’(li <£_C> Ti)

m=1 ll,rl,...,lm,rm i=1
ri—l;i >R,
Zzl1(7'i*li)2pn
where it is understood that the points I; (resp. r;) contributing to
the sum are distinct, should in addition satisfy [l;, ;] N L, # &, and

c & y means that x and y are connected by an open path contained
in A. Now, P, (l; & ri) = P,(l; & ;) < el The contribution
coming from segments so large that [l;,7;] D L, is clearly negligible,
and we can restrict our attention to the case when at least one of the
endpoints belongs to £,,. Since, for all £ > 0, 1ix>4 < e!X=a)  this
last sum is bounded by

e—trn 2": Z ﬁ e~ (Ep—)lli—ri| < 026—75971 Z Z ome—(Ep—t)mR

m=1 ll,Tl,...,lm,Tm =1 m=1 ll,...,lm
|li—n‘|>R

< cpe (1 + 26_(£P_t)R)” ,

for all t < §,. By taking t = ¢,/2 and R = a/§, with a large enough,
we get
M

P, < Z |l; —ri| > pn) < cpe P/t

i=1
This implies that

P, (at least [(1 — p)n/2R] blocks are clear) > 1 — cyeP/4,

Then, conditioned on the event that at least [(1 — p)n/2R] blocks are
clear, the probability on the right-hand side of ({2.1]) is bounded above
by > ks 1—pymy2r (1 — (1 — p)E)F < e~en. Altogether, this shows that

Epp > 0.
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> Lipschitz continuity of ¢,,,. The proof will rely on the following
identity, which follows by Russo’s formula, and which will be used also
later in Section [5 (see [13], p. 44, for the proof of a similar claim):

Lemma 2.1. For any increasing event A with support in a finite subset
of E4, and all py,py > 0,
Py Ph (A) /pé 1
—2—— =exp —-E, s[#Piv.(A)|A]ds, (2.2)
Pp,p’l (A) p, S ?
where Pive(A) is the set of pivotal edges e € L for the event A.
Let ng, denote the restriction of P, to the edges E¢ which lie in

the box A, := [—ay,a,)? N Z% Since &,,, > 0 for all p’ < 1, we can
assume that a, > n is chosen sufficiently large so that for all n,

1 Pﬁ; (0 > ney) <Pp,pf2 (0 <> ney) P, (0 <> ney)

2t < <2 f;g? (2.3)
2P, (0 4> ney) ~ Pppg (02 ne) = P (0 45 mey)

when n is large enough. By Lemma [2.1] for any p}, > p| > p./2,

B [#Piv,(0 > ney)|0 < ney|ds. (2.4)

p?'s

IP’S;& (0 <> ney) Py |
N P

7P/1 (O <_> nel>

Given a cluster Cj pe,, let x (resp. y) be the leftmost (resp. rightmost)
site of LN Cype,, and L := |z| + |y — ney|. We have

E;”g [#Piv,(0 <> nep)|0 <> neq]
< 2n 4 e Y " 4 (PUY(0 > mey, L= ().

p7
>n
Since PSY(0 < ney, L = £) < (BPY(0 < (n+ O)e;) < le=5r+0 | we
get, using pl, > p,

(n)
]P)p,pé (O < nel)

< exp(6(py — p1)n/p) , (2.5)
P™, (0 ¢ ne;) (6 =1 )
PP

and thus 0 < &1 — &, < 6(ph — p1)/p -

3. RANDOM WALK REPRESENTATION OF Cj e,

In this section we recall the description of Cj e, in terms of a directed
random walk, following [8]. Since we only consider the direction e,
the representation simplifies in some respects. For instance, the inner
products (y, t) in [8] are replaced by (y, {,e1) = £,(y, e1). The proofs of
the main estimates under P, can be found in [§]. The reader familiar

with [§] can check the representation formulas (3.3)), (3.4) and (3.9)),
and proceed to Section [
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Zj+1

FIGURE 2. The decomposition of Cj e, into irreducible components.

Observe that similar arguments for P, ,, will be developed in Section
0l

Let 0 < a < 1 be small enough so that the cone

V= {y € Z%: (y.gen) = (1 - a)6p(y)} (3.1)

has angular aperture at most 7/2. A point z € Cp e, # @ is called
cone-point if 0 < (z,e1) < n and Cype, C (2 + V7)) U (2 — V7). We
order the cone-points according to their first component: z1, ..., 2,41
By construction, z;11 € z; + Y. The subgraphs

’}/j = CO,nel N Szﬁ

Zj+1)

are called cone-confined irreducible components of Cp e, (see Figure
2). Note that v; C D(z;, 2j41), where

D(z,2") =(z+Y7)Nn (= =Y7). (3.2)

The complement Cp e, \(71 U -+ U 7y,) can contain, at most, two
connected components. If it exists, the component containing 0 (resp.
ne;) is denoted 7° (resp. 7f), and called backward (resp. forward)
irreducible.

Let f(vy;) := z; (vesp. b(v;) := zj11) denote the starting (resp. end-
ing) point of v;, and (%) := 2,,, b(y?) := 2;. Once a set of connected
components v°, vi,...,vm,y" is given, compatible in the sense that
f(1) = b(1°), b(vm) = f(77), and f(y;) = b(j41) it j = 1,...,m — 1,
then these can be concatenated (U denoting the corresponding con-
catenation operation):

YU U... Uy Uy = Cope, -

It can be shown that under P,, up to a term of order e *»"~"1" the
number of cone-confined irreducible components grows linearly with n.
Therefore, the probability P,(0 <+ ne;) can be decomposed as

P,(0 <> ne;) =
Z Z Pp(CO,nel = ’Yb L 7 u...u Tm L ’yf) ) (33)
m217b7717”',7m,7f

compat.
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where we neglected the configurations with less than two cone-points.
One can then define [§] independent events I, I'y, ..., T',,, I'f such that

P,(Cone, = 1 U U. . .UrymUA") = P, (I") ( pr(rj))xpp(rf) . (3.4)

The final step of the construction is to reformulate the rhs of
as the probability of an event involving a directed random walk with
independent increments. This follows a standard scheme in renewal
theory, sketched in Appendix [A]in a simpler situation, which starts by
multiplying by e,

First, we associate weights to the irreducible components 7 and ~F.
By translation invariance, we can consider 7 as fixed at the origin, and
then translate it at ne;. If u € Y~ and v € —)~, define

() = ) Y B, ) = ) Y BT,

~P30: ~fs0:
b(°)=u f(v)=v
(3.5)
These weights satisfy
po(u) < e 2l pe(v) < el (3.6)

where v5 = 15(p) > 0.

Remark 3.1. Since the weights pp and ps have exponentially decaying
tails, the sums over u and v (for instance in the representation formulas
and below) can always fix @ > 0 small and restrict attention
to the terms for which |ul, |v| < n'/2=2.

Consider then the cone-confined components ;. Define the displace-
ment

V(v) = b(y;) — () -
By translation invariance, all components vy; with the same displace-
ment V(7;) =y € Y~ have the same contribution to the sum in (3.3).

We can thus consider only 7; and assume that its starting point is the
origin: for all y € V7,

q(y) == elvéper) Z P,(I).
f(v1)=&15(“f1)=y

By a standard argument (a variant of Appendix |A)), it can be shown
that ¢ defines a probability distribution on )~. Moreover, there exists
v3 = v3(p) > 0 such that

> aly) <eh (3.7)

y:ly|>t
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Therefore, by summing over u € > and v € —)~, such that u; < vy,

er"P, (0 > ne;) = Zpb wpr(v) > Z qug

m>1 7777
yj nel +v u

(As before, we neglected the term with less than two cone-points.)

Let us denote by S = (Sk)r>o the directed random walk on Z® whose
increments Y; = S; — S;_; € Y~ are i.i.d. and have distribution g.
When the walk is started at u, Sy = u, we denote its distribution by
P,. We can thus write as

5P, (0 < ney) Z b (U P.(R(ne; +v)), (3.9)

where
R(z) := {3N > 1 such that Sy = z}. (3.10)

More generally, if A is an event measurable with respect to the po-
sition of the endpoints of the irreducible components of Cy e, , i.€. to
the trajectory of the walk .S, the same procedure leads to

eS"PL (AN {0 < ney}) = Zpb w)pr(V)Pu(ANR(ne; +v)). (3.11)

Let YV; = (Y” Y;+) be the decomposition of Y; into a longitudinal
component YH (Yj,e;) parallel to ey, and a transverse component

Yl 741 perpendlcular to e;. Then

e P,V >1) =1

e P,(|Y1| > t) < e ™ for large t;

e for any z+ € 741, Pu(YlL = zL) = Pu(YIL = —zl).
Since the increments have exponential tails, the following local CLT
asymptotics along the direction ne; hold: Fix a > 0. Then, as n — oo,

P.(R(ne; +v)) =

i (14 0(1)), (3.12)

n 2

for some Constant ¢, > 0, uniformly in |u|, |v] < n'/27% Together
with ( and - this in particular leads to the Ornstein-Zernike

asymptotlcs given in ([1.5) (for z = ney).

4. UPPER BOUNDS

We now move on to the proof of the upper bounds of item , and

of item of Theorem [L.1] We use (1.12). Letting € := log(p'/p) > 0,
which is small if p’ — p is small, we get

P, (0 <> ne;)
’ < E, [efIC0nei 0Ll . 4.1
P,(0 <> ne;) — ple | ey (4.1)
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We use the random walk representation described in Section Cone, =
AP U U - U, UAT If S denotes the effective directed random walk
associated to the displacements of the components v;, we have

[Comer N LI =N LI+ NLI+ D N Ll

i=1

<PPnLli+h nLl+ Z |D(Si-1,5:) N L],
i=1

where the diamond D(-,-) was defined in (3.2)). If 4 ends at u, define
pi(u) as in (3.3), with P,(I®)en" 4l in place of P,(I'?). If Af starts at
v, pf(v) is defined in the same way. As can be verified, exponential
decay as in holds for the weights pf and pf, when € is sufficiently
small. Still following Remark [3.1] we will only consider those u, v with
lu|, |v| < n'/2=* (for some 0 < o < 1/2).

Let M :=inf{j > 1:5; = ne; +v}. Using (3.11)), (3.12)) and (L.5)),
B 60 5 ] < ey 3 (upi(0) B [ PS50

u,v

where E, ,[-] = E, [[|R(ne; + v)]. As we said,
3 pi(wi(v) < oo (12)

We further decompose

E,., [eezfil ID(S-1.8NEl] = Xn: B, [T D180l Nf — ]

m=1

Therefore, for all fixed 1 < mg < n,

Eu,v [eezz]'\L |D(Si—1,si)ﬂ£|j| < eenPu,v(M < m[)) +n sup Au,v(m)7

mo<m<n
(4.3)
where,
Ay v<m> =E.. [eE it |D(Si71,5¢)ﬂ£|:|
m k
=>. > Eu [H U (S, 1, Sajﬂ (4.4)

with U, (S; 1, S;) := edPE-15)NLl — 1 and where ¢; > 1, a; = {, +
-+ /;, ap :== 0. Remembering that the cone J~ has an opening angle
of at most 7/2, we have (see Figure [3)

ID(S;_1,S:) N Ll <Y1 (4.5)

{15, 1<y -
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Therefore,
Ny
Ge(Siii, S)) <e sty g

_ ey
= (€ = Dlig oyl

(e — 1)YZ-”66YZ'H 1

IN

{IsL1<vly
(66 - ]‘)B<SzL—17 YZ) )

which yields

Am) €311 Y Euo| [T (S, 1.%a)

where (3.12]) was used again. For all j, by the Markov property and

S Sa;-1

FiGURE 3. The proof of the upper bound: the size of
the intersection of a diamond with £ is bounded above
by the size of its projection on L.

the local limit theorem in dimension d — 1 (see Figure [3| and note that
the upper bound below is trivial whenever a;_; = a; — 1),

I
Eu[B(Sy -1, Ya,)Sa; 15 Ya,] = YA e¥Ps, (1S54 < V1)
I _d-1
< Ya\LeeYajCB(Y;JL)d—lgj 2
Therefore, since Pu(YZl”J > ) < e vt

_d=1 _d=1
Yaj)|Saj—1] SCSthede—VBtej : ECGK‘ : )

t>1

E,[B(Sx

aj—17

with ¢g < 00 if € < v3. This gives A, ,(m) < O(n*z )A(m), where

Am) =Y (eole = 1)) Y He;T. (4.6)
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In dimensions d > 4, we ignore the constraint » ;¢; = m and bound
A(m) uniformly by

A(m) <

{06(66 - 1) Zf_% }k :

1 >1

hE

B
Il

which converges when e > 0 is small enough. Therefore, using (4.3)
with mo = 1, (4.1)) is
E, [edco’"elm ’O — nel} = O(n%)
This shows that &, ,, > &, when p’ — p is small enough. Combined with
&ppr < &p, this implies that pl(p,d) > p in dimensions d > 4.
In dimensions d = 2 and 3, we obtain an upper bound on A(m)

which diverges with m, in a standard way. As in Appendix [A] consider
the generating function

A(s) =) A(m)s™.
m>1
Using ([.0), A(s) = Y451 B(s)* where B(s) := cs(e” —1) s, s
Let ¢(e) > 0 be the unique number for which
B(e ®©) =1. (4.7)

We have A(e2%()) < oo, and therefore A(m) < €2#™ for all large
enough m. Using (4.3)) with mo = ¢zn with ¢; > 0 small enough, and
taking e small enough, (4.1]) is bounded by

E, [ee‘c‘)’”elnﬁl |0 > nel} < cg(l + O(n%)ew(e)")

This shows that &, — &,y < 2¢(¢). Using [10, Theorem A.2] in (4.7)),
the asymptotics of ¢(e) when € | 0 is seen to be

¢(€)_{c962(1+o(1)) (d

— 6—610/6(1—‘,-0(1)) (d

);
).

2
3
5. LOWER BOUNDS

We prove the lower bounds of item (3] of Theorem [L.1] in d = 2, 3,
for p’ > p, with p’ — p small enough. We will need the following rough
estimate on the connectivity under P, -

Lemma 5.1. Set
§, = min &(n)>0. (5.1)

neSd—1
For all p < pe, there exists n = n(p) > 0 such that, for all p < p+n,
Py (z ¢ y) < e~onélv=l,

uniformly in x,y € Z4.
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Proof. Let {(z,y) := |Cy, N L|. Proceeding as in (1.12]),
P

P

Since P,(x <> y; £(x,y) = 1) < e~ 252U the claim follows. O

p(T o y) S B [ef@1sl/p). g o )

Recall that P™ denotes the restriction of P. to the edges E¢ which
lie inside a large box A,, so that by (2.3)

Py (0 <> ney) EIP’;ZB,(O  ney)
Pp(0 < mei) ~ 2P0« ney)

Let P,, denote the collection of self-avoiding nearest-neighbor paths
7 : 0 — ne; contained in A,,. Let 7 = (mg, 71, ..., 7)) € Pp,ie. mp=0
and 7, = ne;. We say that m; is a cone-point of 7 if 0 < (m;,e;) <n
and 7w C (m; — V7)) U (m + 7).

Let 6 > 0, and define

M = {EI an open path m € P, with at least dn cone-points on L'n}.

We emphasize the crucial fact that we do not require that cone-points
of open paths are cone-points of the whole cluster Cjpe,. This en-
sures that M is an increasing event: once a configuration contains
a suitable open path, opening additional edges will never remove this
path (observe also that suitability of an open path only depends on its
geometry, not on the state of other edges in the configuration).

Since {0 <> ne;} D M, we can write

P

P05 ney)  BYV(0 ¢ ney) PV (My)

The terms in the last display are, respectively, the energy gain and the
entropy cost for restricting to the event M. These will be studied
separately. First,

P, (0« ne P, (M Py (M
p,p( n 1) S P ( 5) - p,p( 5)PI()n)(M5|O<—)ne1).

Proposition 5.2. Let d > 2. There exists c13 = c13(p,p’) > 0 such
that, for all p’ > p, p' — p small enough, and all n € N,

> ec136(p'—p)n

Then, we check that M; is not too unlikely under ]P’g,")(-|0 < ney):

Proposition 5.3. There exist c14 = c14(p) > 0 and ¢15 = c15(p) > 0
such that for small enough 6 > 0,

gme1s ¥ (d=2),

(n)
P (M;]0 <> ney) > {6—015 (®/logdhn (g = 3).
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Putting these bounds together, an appropriate choice of § as a func-
tion of p’ — p leads to the lower bounds of item |3| of Theorem [1.1]
Namely,

i {013@/ ~p)/Cew) ind=2,

e—2c15/(c13(p'—p)) ind=3.

5.1. Proof of Proposition [5.2} First, observe that Pivgay, (Ms) D
Pivzaa, (0 <> nep) on the event M. Indeed, let e € Piveag, (0 < ney).
Then e must belong to all paths 7 satisfying the conditions prescribed
in the event Mj (since removing this edge disconnects 0 from ne;).
This shows that e is pivotal for M.

We start by using Lemma[2.1} by the preceding observation and the
fact that M is increasing, we obtain

P(n)/ M '
e e |
Pp (M6) p

P 1
> exp/ —]EI(,”Q [#Pivn, (0 > nep)|Ms] ds
S )
p
1

®w | =

E) [#Pivea, (Ms)|M;] ds

p/
> exp / SE;Q [#Piv,, (0 > nep)|Ms] ds. (5.2)
p

Our goal is thus to bound #Piv., (0 <+ ne;) from below on M.

Let us fix an arbitrary total ordering on P,,. For each m € P,, let
Er C M denote the event on which 7 is the smallest open path having
at least dn cone-points on £,,. Then

E) [#Pive, (0 ¢ nep )| Ms]
= Y B [#Pive, (0 > ney) & PY)(E- M) . (5.3)
TEPn

Let EZ :=EZ\ m. We say that a cone-point 7, € £, is covered if

d

(e = V) &5 (my + V),
uncovered otherwise.
Lemma 5.4. Gwen m € P, and p > 0 define the event
A (p,n) = {A fraction > p of ™’s cone-points on L, are uncovered.}

Let s —p > 0 be sufficiently small. Then there exists p = p(p) > 0 such

that for all m € P,, compatible with Mg,
P (Ar(p,m) | &) > (5.4

Observe that each uncovered cone-point of 7 on £,, has two incident
edges e € L,, which are pivotal for {0 <+ ne;}. Therefore, by (5.4),

1
5

]E(” [#P1V£ (0 +> ney |5 } % X pon,
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FIGURE 4. The event {z; e~ z;}.

which together with (5.2) and (5.3 finishes the proof of Proposition
6.2

Proof of Lemma |5.4: Fix some path 7 realizing Ms. We claim first
that, as probability measures on {0, 1}Egﬂr,

PO €) < BUY(). (5.5)

Indeed, note that if w € &, C {0, 1}E%’", then for every edge e € E‘fm,
the configuration w? defined by

w[)(b) — w(b)v 1f b 7£ €,
0, ifb=e,
belongs to &, as well. In particular, any two configurations w,w’ € &,

are connected via a sequence of bond flips within £,. Furthermore, for
every n € &, and for any edge e € E¢

P (wle) = 1] wleg o) =15 Ex)
40 if e is pivotal for &, in n,
P\ (w(e) =1) otherwise.

Thus, (5.5) follows from a a standard dynamic coupling argument for
two Markov chains on {0, l}Egv’T, which are reversible with respect to
) (+) and Py (-|57r) accordingly.

The event A.(p,n) is E} -measurable and decreasing. Hence, in
order to prove (|5.4)) it would be enough to show that P\ (Ax(p,n)) > 3
for all Ms-compatible paths © € P,,.

Let us fix such a 7, and denote the cone-points of © on L£,,, ordered
from left to right, by 21,...,2p, M > dn. We denote by z; «~ z;
(i < j) the event (see Figure 4))

B
(2 =Y7) 5 (2, +Y7) .

By construction the events z; « z; are Eﬁm—measurable and increasing.
Observe that if 7 has m of its points z; covered, then there must

exist a set of distinct pairs {z;, zk;} CA{z,...,2u}t, j=1,...,q, such
that
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(1) 2250 Ik =k + 1) =m,
(2) {2k, & 2z} oo {zy, o 2}
By the BK Inequality,

q
PO ({2, o 2y} 0+ 0 {a, o 2, }) < [ [P (20, o 200)-
j=1
Now, it follows from Lemma that if s — p is small enough, and
|2k, — Zk;.| > c16/8,
. —(e11€5/2) |2, — 2
POy, o zg) < ) e @AY < epge (& /2l =2
zEzkj—)P
yezk;_+y>

< e—ers(k) =k +1)

On the other hand, if |z, — 2| < c16/&;, then
IPSQ(Z;C]. e Zpr) < ]P’gfs)(zkj is covered) < e~ < eme20k5—kil+1)
Indeed, if Br(z) is the Euclidean ball of radius R centered at z, and

B := {all edges of Bg(z;) are closed} with R = ¢/ with co; > 0
large enough, then

S

1
Plg?g(zkj is not covered) > Pé”)(zkj is covered | B)PZ(;Q(B) > 3 X eenR

Therefore, it follows from (5.5) and the above discussion that with
Ca3 1= C18 N\ C20,

IP](D’:‘S) (a fraction > « of 7w’s cone-points on L,, are covered|87r)
M
M
< 6_623m < €_C24M < 6—024511
<y (m) < oM <
m=aM

once « is close enough to 1. This proves the lemma. U

5.2. Proof of Proposition [5.3] We use the representation of Cype,
in terms of the directed random walk S. Observe that if S hits £,
a cone-point is created. Therefore, let Cs denote the event in which
the trajectory of S hits £,, at least on times after time n = 0. Using
and keeping only configurations with empty boundary clusters,
" =9"=2,
" P, (Ms) > Po(CsNR,),

where R, := R(ne;). Dividing by ¢¥"P{(0 <> ne;) < e P, (0 >
nep) and using and (3.12), we get

P}()n) <M§|0 e nel) > C25P0(C(§|Rn) R (56)

where co5 > 0 doesn’t depend on n. The next step is to express
Po(Cs|R,) in terms of Sl and S*+. Let 7y := 0, and for k& > 1,
T, = inf{m > 7,1 : S, € L}. Using (3.12) we infer that for all
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n and k < n/2, Po(Rn—k)/Po(R,) > co6 for some ¢ > 0, and so by
the strong Markov property,

Po(Cs|R,) = Po(S! < n|R,)

Ton)
=Y r Sﬂw ., = k)Po(Ry-1) /Po(R
k<n/2
> CQGPO(SJ—IL(; g = n/2)

Let 7 := nE[Y]]/4. If N = max{k < n : S,! < n/2} denotes the
number of steps performed by S before leaving the strip Sp e, /2,

Po(Sl < n/2)>Py(Sl  <n/2NI > q)

Tlén) Tlon]

> Po(LY(7) > on, N > 7),

with Lt (n) = # {O <i<n:S+= O}. By an elementary large devi-
) <

ation estimate, Po(N; < I'<n —2 for some co7 > 0. Therefore,

Po(L* () > on, NI > )> Po(L* () > 6n) — e~
= Po(L*(R) > 6,n) — e ™.
where §, = 45/E[Y1H]. The event {L*(72) > 6,7} depends only on the
Z -1

transverse component S+, which lies in . It follows from Corol-
lary in Appendix [B] that

—c62n
L e (d=2),
Po(L™(n) > d.n) > {6—0(5*/|10g5*|)n (d=3).

This proves Proposition [5.3]

6. PROOF OF THEOREM [ 4]

In this section we prove Theorem : when p’ > pl, P, (0 <> ne)
has a purely exponential decay. The underlying mechanism is that
when &, > &, s, a typical cluster Cp,e, connecting 0 to ne; is pinned
on L,, in the sense that it has a number of cone-points on L, that
grows linearly with n. Cone-points of Cj e, lying on £,, will be called
cone-renewals.

Theorem 6.1. If p' > pl, then there exist 6 = 6(p,p’) > 0 and vy =
vy(p,p’) > 0 such that for any large enough n,

P, (C‘Me1 has less than on cone-renewals‘O <~ nel) <e ™" (6.1)

With this piece of information, irreducible components with both
endpoints on £ can be defined, and a fairly standard renewal argument
leads to the pure exponential decay. (Note, however, that at this point
we don’t even know whether under P,,, the cluster Cp,e, contains
cone-points at all.)
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X

ur U1

Fi1GURE 5. Coarse-graining the excursions of a path 7 :
0 — nej.

The presence of cone-points on £ will also allow to complete the
proof of Theorem : we show in Section that p’ — &, is strictly
decreasing on (p’, 1), and in Section that it is real analytic on the
same interval.

Assume p’ > pl and let

Ti=& & > 0.

To prove Theorem [6.1] we will first show that Cp,e, typically stays
in a vicinity of size [log7|/7 of L£,. This implies, by a finite-energy
argument, that Cj e, is made of many stretches on which cone-renewals
occur with positive probability.

6.1. Excursions away from L. To any realization of {0 < ne;},
we associate the smallest self-avoiding path 7 : 0 — ne; contained
in Cope;, as in Subsection 5.1} © = (mo,7,..., 7z ), With my = 0,
T = nex.

Let K > 1, which will be chosen later as a function of 7. Let also

T (s):=inf{t > s : m; & Bk (ms)} .

We associate to 7 a set of disjoint pairs (ug,v1), ..., (4m, vmy) of points
lying on L, as follows (see Figure . Let to := 0, and set, for 7 > 1,

sj=inf{s>1t;_y : w(s) € L, w[s+1,7x(s)|N L =0},
ti=inf{t >s; : m e L}.

We call the subpath X := 7[s;, ;] an excursion, starting at u; := 7,
and ending at v; := ..

We further coarse-grain each excursion &; on the scale K. Let u? =
u; and, for k > 0,
?+1 = T (uh)-
If m; = max{k : u} € &;}, we call #x&X; := m; the length of the
excursion X (measured by the number of increments of size ). The
set of points (u? = u]-,ujl., o ,u;-nj,vj) is called the skeleton of X;.
Sometimes, u}nj = v;, but in all cases, |u;n] —v;| < K.

u

We denote by {u A~ v} the event in which there exists a path which
is an excursion of length m starting at v and ending at v.
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Lemma 6.2. There exists Ko = Ko(7) and cog = cos(7) > 0 such that
if K > K,

]Pp " (U ;.n\/ U) < e—fp’p/|v—u|—0287—Km'

Proof. Denote by X any excursion occurring in {u ~ v}. That is,
#xX = m. Let (u° ... ,u™) be a skeleton, where for the sake of
simplicity, we assume that v = v. By construction, the event

{X has skeleton (u’,...,u™)}

c

implies that there are disjoint connections u° & ul, . oumt 2 um, By
the BK inequality,

P, (X has skeleton (u°,...,u™)) < HIP’M/ (u'! & u')

If 2 € RY let k € {1,...,d} be such that (ey,2) = maxy |{ey, 2)|.
Then, using (1.2)) and since §,e;, € OW,,

$(2) = sup (t,2) = &plew, 2) = & {er, 2) + 7(ex, 2)

> Epprlier, 2)| + coTl2],

for some constant cyg = co9(d) > 0. Since

m

> lenu' —u ) = v —ul,

i=1
and |u’ — v > K forall i = 1,...,m, we get

P, (X has skeleton (u');—o, m) < e b [v—ul—c2oTKm
When u™ # v, a similar computation leads to the same bound. Since

the number of skeletons with m increments is O((K d-hym d), the con-

clusion follows by taking K > K, with K, large enough in order that

—loifo be sufficiently small compared to 7. 0

Let #xm:=>_ ; #x X; denote the total number of increments in the
excursions of 7.

Proposition 6.3. Let 0 < ¢ < 1. There exists Ky = Ki(7,¢) and
c30 = c30(€) > 0 such that for all K > K,

Py (#xm > en/K |0 45 nep) < e " (6.2)
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Proof. For a collection of triples (uj,v;,m;)iL,, let P((u;,v;, m;)iL,)
denote the event on which there exists a path 7 : 0 — ne; with M
excursions, the j™ excursion X; starting at u; and ending at v;, and
being such that #xX; = m;. The event P((uy, v, m;)}L,) implies the
disjoint occurrence

{U0<—>u1}o{u1 %Ul}O...{UM_l HuM}o{uM%vM}.

Assuming K is larger than the Kj of Lemma [6.2] and by the BK
inequality,

M

Py (P((Ujvvﬁmj)jj‘g)) < H]P)PJJ' (vj—1 <> uj) Py (uy ~ v;)
j=1
M

< | | e ([wi—vj—1l+|vj—u;l) ,—cosTKm;
7j=1

We then sum over the triples (uj,vj,mj)j]‘il. Denote by I D L, the

smallest interval of £ containing all the points w;,v;, j = 1,..., M.
Observe that Zj\ilﬂuj —vj_1|+|v; —u;|) > |I|. We first sum over the
possible positions of I, then over the positions of the M > 1 distinct
points u; in I, then over the m;s satisfying Zj\il m; > en/K, and
finally over the endpoints v;. Since to a given point u; correspond at
most 2K (m; + 1) points v;,

Py (#xm > en/K,0 <> nep) <

Sewn s (3) X TTentm e,

IDL, M>1 mi,...,mpy>1 j=1
2o mj>en/K

We choose K > K large enough so that, for all K > K; and all
m > 1, (2K (m + 1))e s™8m < e=ea1mkm_ Proceeding as on page

M>1 miyemar>1 j=1
2o mjzen/K

Then, notice that there are {—n intervals I D L, of fixed length |I| = /.
Therefore, summing over |I| gives

Pp’pl(#K’ﬂ' Z en/K, 0« nel) S 6_0337—6”6_6%1"” )

Since P, (0 ¢ ne;) = e S 1Ho0m a5 5 00, we get (6.2) once K
is sufficiently large. O

We then turn to the study of the deviations of Cj e, away from its
smallest connecting path m C Cj e, -
Let m be a given path, which we here consider together with its set

of edges. Let Ry := max{|z—0]|:0 b z} and zy € Cp e, be any point
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at which the max is attained. Let 7% be the smallest path realizing
the connection between 0 and zj, disjoint from 7. Inductively, for
s=1,...,|n|, let I := Up<yes7’,

R, := max{|z — | s (72U—1L>)C z},

25 € Cone, be any point at which the max is attained, and 7° be any
path realizing the connection between 7, and z,, disjoint from 7« U I1;.
Proposition 6.4. Let 0 < ¢ < 1. There ezists K3 = K3(p,p',€) and
c3q = C34(p, ', €) > 0 such that if K > K3, then

Il

]Pp,p’ (Z Rsl{RszK} > €en
5=0

Proof. We know from Proposition |6.3| that under P,/ (:|0 <> ne;), the
number of increments of the skeleton of a typical path 7 : 0 — ne; is
at most en/K. We can therefore assume, in particular, that

|7T’ < 035Kd*1n. (65)
For a fixed path m, let F, denote the event in which 7 is the smallest
self-avoiding path connecting 0 to ne;. Arguing as for (5.5), we get
P,y (| Fr) < Pppy(-) on ¢ The event {Z',::lo Rilip,>Ky > en} is

m¢measurable and increasing. Therefore, by the BK inequality and
Lemma 5.1},

0« nel) < g7 n (6.4)

|7l

Pp,p’(ZRS]'{RsZK} Z €n ‘ Fﬂ>
5=0

||

S PP@’(Z Rsl{RSZK} Z E’n)

s=0
S Z ]P)p,p’({ﬂ-o g Zo} o0...0 {W\ﬂ — Z|ﬂ—|})
T1

..... r‘”|: zl,...,z‘ﬂ:
Zs rs>€n, ‘Zs_ﬂ's‘:rs
rs>K

||

d—1_—c11&3r
< E HC%TS e L

T1yeT |t =0
Do Ts>en,
rs>K

The proof then follows the same lines as before: if K is large enough,
then cgerd—le &% < =7 for all r > K. The summation can thus

be done as in (6.3)), and using (6.5]) gives (6.4]). O

Let Tax be the tube containing points whose FEuclidean distance to
L is < 2K, and consider the cone

Vi={x:(r,e) > |xl|}
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For each x € L¢, let z, (resp. z_) denote the largest (resp. smallest)
point of £ such that z € z, — Y (resp. z € z_ + ). The segment
[z_, zy] is called the shade of z. Let S, C £, be the set of points of £,
who lie in the shade of at least one point of C e, N (72x)¢. The points
of R, := L, \ S, are candidates for being cone-renewals.

It is easy to see that

||

S| < C38KZ #rXj + c39 K Z Rl{r.>ky

J s=0

where c3g and c39 depend only on the dimension d. As a corollary of
Propositions and |S,| = O(en). More precisely, for a fixed
0 <n <1, K can be taken large enough so that

Py (R > (1 — n)n‘() < mep) > 1 —e 0, (6.6)
with ¢49 > 0 depending on p, p’ and 7.

Proof of Theorem[0.1: We apply a local surgery under P, , (-|0 <> ney),
to show that £,, contains many cone-renewals (see Figure @ Consider
the partition of 7, into neighboring disjoint blocks B; of lengths 5K,
centered at points z;. If z; € R,, we call z; a pre-renewal. Assume
zj 1s a pre-renewal. Let F}, FjJr denote the two faces of B; which are
orthogonal to £,, and let W, C F; (resp. VV;r C Ff) denote the
points of Cyne, N F; (resp. Cone, N Ff) which are connected to 0
(resp. nep) by a path not intersecting B;. Let ch denote the smallest
point (in lexicographical order) of Fji. Under P, (-lw;, w), 0 <> ney),
independently of the edges living outside B;, w; is connected to wj by
a minimal path going through z;, turning z; into a cone-renewal with
positive probability, bounded below by some p, > 0 depending on K.

FIGURE 6. The local surgery inside the block B;, turn-
ing a pre-renewal z; into a cone-renewal: open a minimal
path (in bold) connecting w; to wj, and close all other
edges of B; (dotted). By the finite energy property, this

event has probability p, = e O&" > 0.
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The variables X; := 1, is a cone-renewal} Can thus be coupled to i.i.d.
Bernoulli variables Y; of parameter p, giving

n/5K n/5K

]P}mp’(Z Xl < pm/(lOK) ‘ 0+ nel) < P(Z Y; < p*n/(loK)> < e—can

i=1 i=1
Together with , this proves the claim. Il

Let us complete the proof of Theorem [I.4] We first define the irre-
ducible components (; of Cp e, , which are cone-confined and which, in
contrast to the 7; of Section [3 have both their endpoints on L,,.

Let us denote by {wy, ..., wmi1} C Cone, the cone-renewals that lie
on L,, ordered according to their first component. By Theorem [6.1], m
is typically of order n. The subgraphs

Cj = CO,nel N Sw]-,wj+17

are called cone-confined irreducible components of Cp ,,e,. The comple-
ment Cj e, \(G1U---UG,) can contain, at most, two connected compo-
nents. If it exists, the component containing 0 (resp. ne;) is denoted ¢®
(resp. ¢f), and called backward (forward) irreducible. Keeping in mind
that we are here working with the cone ) rather than )~ and that the
edges on L are opened with probability p’, all the definitions of Section
extend with almost no changes to the irreducible components (. In
particular, we can define independent events =2, =, ..., =, =f so that

m

]P)pvpl (Co,nel = Cb U Cl u---u Cm U gf) = IP)p7p’ (Eb) (H Pp,p/ (E])> Pp7p’ (Ef) .
7j=1

One can thus define, for u > 1, v < —1,

ph(u) = e Z ]P)p,p’(Eb)? pi(v) i= ebowl Z Pp,p’(Ef)a

¢bs0: ¢fso0:
b(¢?)=u £(¢F)=v
By (6.1]), these weights satisfy the following bounds:
po(u) < el pi(v) < el (6.7)

Moreover, ¢'(£) := %'’ f, with

fo= > Py(E) (6.8)
¢130:
f(¢1)=0,b(¢1)=¢

defines a probability distribution on N. Again, by (6.1)),
fo < e St (6.9)

which implies
q(0) < et (6.10)
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Up to a term of order e™" (compare with (3.8)),

v’ P, (0 < ne;) Zpb Z Z Hq

m>1 l1,..
> Z]—n—l-’u u

(6.11)
As before, due to , the sum in (6.11]) can be restricted to those u, v
that satisfy |u|, [v] < n'/?=®, for some small a > 0. Let thus 7, k > 1,
be an i.i.d. sequence with distribution Q'(m; = ¢) := ¢/(¢). Then, (6.11))

writes

v’ P (0 5 ney) =

Zpb <E|m>1suchthat ij—n+v—u>

7j=1

By (6.10), EQ/ 71] < 0o. Moreover, ¢/(¢) > 0 for all ¢ > 1, and therefore,
by the renewal theorem,

1
Eq[m]

as n — oo, uniformly in |ul, |v| < n'/2~. This proves Theorem [L.4]

Ql<3m2 1 such that iTj :n+v—u> N

J=1

6.2. Strict monotonicity of P = &y Assume pf > ploie €,y <
&p. Consider the measures IP’ ), defined in Sectlon If a,, > n is taken

large enough, then we can erte Epp = limy, oo fp’p,, where

n ]‘ n
f( ) —EloglP’;p),(O > neyp).

Therefore,

df(n) 1y Pz(nz (0 > ney)

dp/ n IP);(),IZ'(O < neyp)

By Theorem , the expected number of cone-renewals under P, ,,(-|0 <>
ne;) grows linearly with n. Since each cone-renewal is adjacent to two
edges which are pivotal for {0 <> ne;}, we can use Russo’s Formula as
before to find a constant ¢4 > 0 such that

13y IP’( ") (0 <> nep)
n P;,g,(o & ney)

(m)
This implies that “’ < —c¢y9, uniformly in n. p' — &, is therefore

> C42.

strictly decreasing on (p., 1), since for all p/, < p| < ph < 1,

o oy [Py _
oy, = Spl = nhnolo(é Pl gp,pfl) = nhjglo . Ay dp’ < —caa(py — p1) -
P
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6.3. Analyticity of p' — &,,. Fix p < p.. Consider f; = fi(p')
defined in . Observe that f, can be put in the form of a polynomial
inp', fi(p)) = Zk 0 Gy, Oyt with a,(f) > 0. It can therefore be continued
as an analytic functlon w |—> fe(w) in the complex plane. Let

)= 3 flw)e

>1

p fp,p Zﬁ ot = Zq'(f) =

>1 1
the analyticity of p/ — &, will follow by solving ®(w,z) = 1 for
z, in a neighbourhood of (p/,¢,,/). To do so, we must verify that
(w, z) +— (ID(w Z) is analytic in a domain of C? containing (p/,&, ),

and that 22|, o 7 0. IfweDi(p) ={weC: |w-p|<d}

Since

| fo(w)] < Z Dk < Z (0" +0)* < (1+6/p) fulp) -

We can therefore choose )= (5 (p p') > 0 small enough to ensure that

su ( ) ‘ < 61/44/3 .
u}EDL; ff( )
We also take € > 0 such that sup,cp e yle*| <e o tra/3E - Remem-

bering the bound for f,(p’) in (6.9)), we thus get

sup sup | fo(w)e™| < oo
>1 weDgs(p') ZEDe(gp’p/)

Therefore, ® defines an analytic function of (w,z) in the polydisc
Ds(p') x D(&,,7). Moreover,
=D Ll

8@
(P &p.pr >1

The conclusion follows by the implicit function theorem.

APPENDIX A. RENEWALS

Let (ay)n>0 and (by,),>1 be non-negative sequences satisfying ap = 1,
and the renewal equation

ay, = Zakbn_k , foralln>1. (A.1)
Iterating (A.1)) gives

:i Z ﬁbkj, foralln > 1. (A.2)

m=1 ki,....km j=1

J kj=n
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As a consequence, in terms of the generating functions
A(s) = Zans", B(s) = Z by s™,

n>0 n>1
(A.1)) takes the form
1

T 1-B(s)
The following classical result (or variants of it) is used at various places
in the paper.

A(s) (A.3)

Lemma A.1. Assume that the radii of convergence of A and B, de-
noted respectively ry and rg, satisfy rg > ra > 0. Then B(ry) = 1.
In particular, the numbers q, = byrf (k € N) define a probability
distribution on N. Moreover, if by, > 0 for all k > 1, then

rhan = (D ka) (A.4)

k>1

Proof. Since its coefficients are > 0, A(s) is singular at s = ry, and
therefore (A.3) gives B(ry) = 1. Let 71, 7o, ... denote an i.i.d. sequence
with distribution Q(7; = k) := qx. Then (A.2]) becomes

rgan:Q(EIMZL 7'1—1—~~~—|—7'M:n).
By the Renewal Theorem,
- 1
Eq|m] a ZkZI kar’
which proves . O

QEM 2 1: i+ 47y =n) =

APPENDIX B. PINNING FOR A RANDOM WALK

In this section, we consider the pinning problem for a random walk
on Z%. This is a classical problem, see, e.g., the book [10] and references
therein; nevertheless, for the convenience of the reader, we state and
prove the relevant claims. The dimension d of this section corresponds
to dimension d — 1 in the paper, since the walk X introduced below is
associated to the transverse component S+ of the random walk repre-
sentation of Cp e, -

Consider a random walk X = (X,,),>0 on Z% such that (i) X is non-
lattice, (ii) Xo = 0, (iii) the increments X, ; —X; have zero expectation
and exponential tails. We denote the law of X by P. We introduce the
measure P4 defined by

dP?V . €€L(N)1{XN:0}
dp 75 ’
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where L(N) = 32N | 1¢x,—0} is the local time at the origin, ¢ > 0 is
the pinning parameter, and

ZEV = E[egL(N) ]-{XN:O}]

is the normalizing partition function.

The first result shows that in dimensions 1 and 2, and only in those
dimensions, an arbitrary € > 0 leads to an exponential divergence of
ATS

Theorem B.1. For all d > 1, there ezists €. = e.(d) > 0 such that
{: 0 ife<e,

1
= lim —logZ;
us) —o o8 AN >0 ife>e.

N—o0
In dimensions 1 and 2, €.(1) = €.(2) = 0, while e.(d) > 0 for all d > 3.
Moreover, in dimensions 1 and 2, there exist cs3,c44 > 0 such that

C43€2 (1 -+ 0(1)) (d = 1),
f(e) = {6_644/6(1+0(1)) (d _ 2). (Bl)

Proof. We omit the proof of the existence of the free energy f(¢), which
is standard. The existence of €.(d) follows by monotonicity. Let 7o := 0
and, for k > 1, 73, := inf {n >0: X, 0= 0}. It is well-known [9] [15]
that, as k — oo,

g fenk o) (@=1),
Pln="h) = {c46 k' (log k)72 (1+0(1)) (d=2), B

for some constant cs5 and ¢y = 2wV det I', with I' the covariance matrix
of X. Notice now that Z satisfies the following renewal equation:

N
Zy = eP(r =k)Zy .,
k=1
where we have set Z§ := 1. Consider the generating function A(s) :=
> N30 758N whose radius of convergence is given by e~/ (9 < 1. Pro-
ceeding as in Appendix [A]

As) =1/(1 = B(s)), (B.3)

where B(s) := >, s"¢P(r1 = k). Observe that B(s) converges for all
s € [0,1]. Since B is monotone, we have B(s) < B(1) = eP(1; < o0)
for all s < 1.

In dimension d > 3, the walk is transient: P(7; < oo) < 1. Therefore,
if € < €.(d) := |log P(m; < 00)|, we have B(1) < 1, so A(s) converges for
all s <1 and therefore f(€) = 0. Now if € > €., then B(1) = e > 1.
Therefore, B(s) > 1 for s sufficiently close to 1. This implies by
that the radius of convergence of A is strictly smaller than 1, and so

f(e) > 0.
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In dimensions d = 1,2, the walk is recurrent: P(r; < o0) = 1.
Therefore, B(1) = e > 1 for all ¢ > 0, which implies that B(s) > 1
as soon as s < 1 is sufficiently close to 1. As before, this implies that
f(e) > 0. Therefore, €.(1) = €.(2) = 0. Since f(e) is characterized by
the unique number f > 0 for which B(e™/) =1, i.e.

ZeeP(ﬁ = ke /F=1.

k>1
Using (B.2)), an integration by parts in this last sum shows that as
€1 0, f(e) behaves as in (B.1)). O

The second theorem provides some information about the local time
at the origin under P.

Theorem B.2. Assume thatd =1 or 2, and ¢ > 0. Let 7 be an i.i.d.
sequence with distribution Q(7, = k) = eP(r, = k)e /). Then for

allm > 0,
PiV(‘LgifV) N EQl[%l]’ = ”) -0 (B4)

Moreover,
EVIL(N)] = {24—7;56((114-—(‘:(10))(]1\;) Ej Z ;;7 (B.5)

Proof. Notice first that in terms of the variables 7;,

K K 3
. o B Q(Zi:l Ti = N)
R&Z;%Jw_QGKzlzzéﬂZNf

By a standard large deviation estimate,

K
A fi=N) s
1=1

for all K such that | — N/Eg[71]| > nN. Since

K
Q(IK =11 7= N) = 1/Eqlf],
i=1

it thus follows that

S Bl

> 7)> < 5oV

O
Corollary B.3. Assume that d = 1 or d = 2. Then there exist
Cs1, Cs2 > 0 such that, for any small enough 6 > 0, and N large enough,

een N fd=1,
P(L(N) 2 0N) = {6—052 (6/Mogd)N  jf g — 2.
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Proof of Corollary[B.3. Using a well-known inequality [10, (A.13)],
~H( §V|P)+e_1}
PL(L(N) = 6N )

where H(PS |P) denotes the relative entropy of P4 w.r.t. P. We
choose

P(L(N) 2 6N) > Py (L(N) = 6N) exp{

co (d=1),
¢/ [logd| (d=2),
with ¢ chosen in such a way that (remember (B.5]))

EGIL(N)] € (20N,36N).
It then follows from that

PS(L(N) = 6N) = L,
for all N large enough. But for large enough N,
H(PY | P) = eEY[L(N)] — logZy + log P(Xy = 0) < 3edN.

The conclusion follows. O

e=¢€(0) =
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