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Electron-electron scattering effects on the full counting statistics of mesoscopic conductors

S. Pilgram
Département de Physique The´orique, Universite´ de Gene`ve, CH-1211 Gene`ve 4, Switzerland

~Received 14 October 2003; published 15 March 2004!

In the hot electron regime, electron-electron scattering strongly modifies not only the shot noise but also the
full counting statistics. We employ a method based on a stochastic path integral to calculate the counting
statistics of two systems in which noise in the hot electron regime has been experimentally measured. We give
an analytical expression for the counting statistics of a chaotic cavity and find that heating due to electron-
electron scattering renders the distribution of transmitted charge symmetric in the shot noise limit. We also
discuss the frequency dispersion of the third order correlation function and present numerical calculations for
the statistics of diffusive wires in the hot electron regime.
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I. INTRODUCTION

During the last ten years, nonequilibrium noise measure-
ments have become a standard tool in mesoscopic physics,
because they reveal additional information about mesoscopic
conductors beyond linear response.1 Recently, even further
experimental progress has been made: Reulet, Senzier, and
Prober for the first time successfully measured the third mo-
ment of current statistics of a tunnel junction.2 They discov-
ered a surprising temperature dependence of the third mo-
ment which was explained by the backaction of the resistive
measurement device on the junction.3

Nonequilibrium noise and third moment of current fluc-
tuations are part of a more general concept, the full counting
statistics~FCS! which is defined as the probability distribu-
tion of charge that passed an electric conductor during a
measurement. The introduction of FCS into mesoscopic
physics by Levitov and Lesovik4 one decade ago has inspired
a lot of theoretical work. Whereas early work concentrated
mainly on noninteracting systems, recent publications devel-
oped schemes which include effects due to Coulomb interac-
tions. Most of these works consider correlated electron sys-
tems in which intrinsic5–7 or environmental8,9 Coulomb
blockade plays a central role. However, Coulomb interac-
tions are important as well for the FCS of semiclassical sys-
tems: At low temperatures in the hot electron regime,
electron-electron scattering leads to a local thermalization of
the electron gas. Since inelastic electron-phonon scattering is
strongly suppressed, the local electron temperature may be
different from the lattice temperature and is allowed to fluc-
tuate. These temperature fluctuations modify the intensity of
current noise and therefore influence the FCS.

Nonequilibrium noise in the hot electron regime was first
measured in diffusive wires.10 Since heating effects are dif-
ficult to avoid, it only became possible later to extend these
measurements to the cold electron regime in which electron-
electron scattering is absent.11 Similar noise experiments in
the hot electron regime have been carried out in great detail
on chaotic cavities12 and chains of cavities.13

The measured Fano factors in all cited experiments can be
entirely explained by theories based on the semiclassical
Boltzmann-Langevin formalism,14–17 since both Coulomb
blockade and quantum interference were unimportant. Al-

though the third cumulant of FCS of a diffusive wire in the
hot electron regime was obtained quantum mechanically,18 it
is clearly desirable to have a fully semiclassical method to
treat the FCS of semiclassical systems. An important step in
this direction has been undertaken in Ref. 19 where a dia-
grammatic scheme for higher order cumulants has been pro-
posed. A theory for the full charge distribution of FCS based
on a stochastic path integral was then presented in Ref. 20
and extended to time-dependent correlation functions in Ref.
21. It is the aim of this paper to apply the stochastic path
integral approach to systems in the hot electron regime.

This paper is organized as follows: The first geometry
under consideration, the chaotic cavity, is introduced in
Sec. II. The principal tools to obtain the FCS for this system
are discussed in Secs. II B and II C; results are presented
in Secs. II D and II E. In Sec. III, we compare the statistics
of cavity and diffusive wire, and give, in Sec. IV, some esti-
mates which show that our calculations are relevant for
experiments.

II. CHAOTIC CAVITY

A. Model

The system we study in this section is shown in the upper
panel of Fig. 1. A chaotic cavity is a conducting island of
irregular shape. Its properties are essentially defined by two
quantities, the mean spacing of electron levelsD5NF

21 and
the capacitanceCg which describes the Coulomb interaction
of the cavity and its environment represented by a nearby
gate. The island is connected to external leads by two point
contacts. These openings are chosen to be small compared to
the size of the cavity in order to keep motion inside the
cavity chaotic. The leads are assumed to be in local thermal
equilibrium described by Fermi distribution functions
f L,R(«)5$11exp@(«2mL,R)/T#%21 ~here and in the follow-
ing, we set\51, e51, andkB51).

Depending on the conductancesGL,R of the two point
contacts, this system shows, despite its conceptual simplicity,
a rich variety of physical regimes: For low dimensionless
conductanceGL,R!1, the charge transport through the cav-
ity is dominated by Coulomb blockade effects and may ex-
hibit Kondo physics.22 For intermediate conductance 1
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&GL,R, weak Coulomb blockade is still possible if the tem-
perature and applied voltagem5mL2mR are small enough.
Furthermore, the conductance of the cavity is subject to
weak localization corrections.23 In the semiclassical regime
GL,R@1, signatures of the quantum nature of the charge car-
riers disappear completely in measurements of mean cur-
rents. The total conductance of the cavity is now simply
given by Ohm’s law, i.e., by the conductance of the two point
contacts in series@G5GLGR /(GL1GR)#. However, even in
this semiclassical limit, the quantum statistics of the elec-
trons has a strong influence on transport fluctuations, namely
on the shot noise produced by the two point contacts. For
simplicity, we will assume that both contacts are completely
open, i.e., no backreflection is taking place at the point con-
tacts.

In the semiclassical regime, the state of the cavity is char-
acterized by its time-dependent electron occupation function
f C(«2UC) and the electrostatic potentialUC . The chaotic
scattering inside the cavity renders this occupation function
position independent and isotropic.24 Due to the random na-
ture of the currents flowing into the cavity, the occupation
function f C(«2UC) is fluctuating around its meanf C

0 («).
There are four time scales which are important for the dy-
namics of these fluctuations: the electron-electron scattering
time te2e , the inelastic scattering timete2ph , the dwell
time td5RqNF , which is the time an electron spends inside
the cavity, and the rc timet rc5RqCm that describes the re-
laxation of charged fluctuations inside the cavity. HereRq
5(GL1GR)21 denotes the charge relaxation resistance and
Cm

215Cg
211NF

21 is the electrochemical capacitance of the
cavity.25 The mean occupation functionf C

0 («) depends on
the relations between the different time scales: In thecold
electron regime(te2ph@te2e@td), the energy of every
electron passing the cavity is conserved. Particle current con-
servation at each energy impliesf C

0 5Rq(GLf L1GRf R).
Shot noise in this regime has been first characterized by ran-
dom matrix theory26 using the scattering theory of noise27–29

and later by a semiclassical approach.30,31 Higher cumulants
have been calculated quantum mechanically for open point
contacts32 and semiclassically for arbitrary contacts.33 In the
dissipative regime(td@te2ph), electrons entering the cavity
are in thermal equilibrium with the surrounding phonon bath
and only the energy integrated particle current through the
cavity is conserved. Noise for this regime has been calcu-
lated from a voltage probe model30 and recently for low bias
in the framework of circuit theory.7 In the hot electron re-
gime (te2ph@td@te2e), both particle current and total en-
ergy current through the cavity are conserved~for theoretical
predictions of noise see Refs. 12 and 16!. The distribution of
the electrons in the cavity is described by a Fermi function
f C(«)5$11exp@(«2mC)/TC#%21 where both the electro-
chemical potentialmC and local electron temperatureTC are
fluctuating around their mean valuesmC

0 andTC
0 . Notice that

there is no experimental distinction between these three re-
gimes on the level of mean current. Only noise measure-
ments reveal the type of interactions present in the cavity.
From now on, we will focus on the hot electron regime.

B. Preliminaries

Before we start do describe the calculation of the FCS, we
give a brief summary of definitions we use throughout the
paper. The complete information about the statistics of cur-
rent flow I (t) through a cross section of a conductor is con-
tained in its probability functionalPI@ I (t)#. More general,
the probability functional to find a certain realization of a
stochastic variableA(t) defined on the interval@0,t# can be
written as a Fourier transform

PA@A#5E DxAexpH 2 i E
0

t

xAA1SA@ ixA#J , ~1!

where we introduced the characteristic functionalSA@xA(t)#,
the conjugated fieldxA(t), and a functional integration over
the measureDxA . An analytic continuation ofSA@xA(t)# to
an imaginary fieldixA is used for the Fourier transformation
in Eq. ~1!. Functional derivatives of the characteristic func-
tional yield the irreducible part of any correlation function

^A~ t1! . . . A~ tn!&5
dnSA@xA~ t !#

dxA~ t1! . . . dxA~ tn!
U

xA50

~2!

in a time representation. Often, one is interested in the be-
havior of stationary systems. It is then useful to introduce the
spectral functionCA

n(v1 , . . . ,vn21) which is linked to the
Fourier transform of the correlation function~2! by

^A~v1! . . . A~vn!&

52pd~v11•••1vn!CA
n~v1 , . . . ,vn21!. ~3!

The full counting statistics of charge transfer as defined by
Levitov et al.4 does not keep the entire information con-
tained in the functionalSI@x I # for current fluctuations, but
retains only the probability distribution of the time integrated
current:

FIG. 1. The two geometries under consideration in this paper.
Upper panel: A chaotic cavity in the hot electron regime which is
characterized by a fluctuating effective chemical potentialmC and
an effective temperatureTC . Lower panel: A chain of N cavities
which mimics in the largeN limit a diffusive wire.
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P~Q!5E dxe2 ixQ1S( ix), Q5E
0

t

dtI~ t !. ~4!

The characteristic functionS(x) of the FCS is obtained from
the complete functionalSI@x I # by choosingx I(t)5x. The
counting fieldx is constant in time. The distributionP(Q)
may be connected to the spectral function of the currentCI

n .
In the long-time limit for instance, the cumulants of the FCS
P(Q) turn out to be the spectral functionstCI

n taken at zero
frequency.

C. Calculations

In this section, we discuss the essential steps that are nec-
essary to calculate the transport statistics in the presence of
strong electron-electron scattering. We employ a stochastic
path integral formalism developed in Ref. 20 to study the
FCS of semiclassical mesoscopic conductors. This formalism
is based on the observation that the correlation time of bare
current fluctuations in the point contacts is the shortest time
scale in the problem. This allows us to proceed in two steps:
First, we consider the point contacts as sources of white
noise which obey statistics that depend on external param-
eters such as the occupation functions of the leads and the
cavity. Second, we identify a set of conserved currents which
allow us to determine the adiabatic time evolution of the
external parameters.

To characterize the bare noise of the point contacts we
introduce characteristic functionalsSj@x j ,j j # for the current
fluctuations in each contact@see Eq.~1!#:

Sj@x j ,j j #5E
0

t

H j~x j ,j j ,m j ,Tj ,mC ,TC!dt, j 5L,R.

~5!

The fieldsx j andj j are conjugated to particle currentI j
p(t)

and total energy currentI j
e(t), respectively. The Fourier

transform of exp$Sj% is the probability functionalPi@ I j
p ,I j

e# to
find a certain realization of currents. The white color of the
noise is apparent from the form of Eq.~5! which contains
one single time integration; probabilities at different times
are hence independent. The precise form ofH j must be taken
from a quantum mechanical calculation. With the help of
Ref. 4, one finds, for open point contacts,20,34

H j~x j ,j j !5GjE d« ln@11 f j~«!~ex j 1«j j21!#

1GjE d« ln@11 f C~«!~e2x j 2«j j21!#.

~6!

Since all occupation functions in Eq.~6! are Fermi functions,
the energy integrals over« remain elementary. The generat-
ing functions of the point contacts as a function of tempera-
tureTC and chemical potentialmC of the cavity are given by

H j~l,j,Vj ,VC ,Tj ,TC!

5
p2Gj

6

2Vjl1Tjl
21@~Tj !

21~Vj !
2#j

12Tjj

2
p2Gj

6

2VCl2TCl21@~TC!21~VC!2#j

11TCj
. ~7!

To shorten the expressions, we have rescaled the chemical
potentialsm j5pVj /A3 and the fieldsx j5pl j /A3.

Now that we have solved the problem of charge and en-
ergy transfer statistics through each individual point contact,
we can proceed to determine the more difficult statistics for
two point contacts in series. To this end, we need to find
conservation laws that set the slow dynamics of the two vari-
ablesmC andTC which define the state of the cavity in the
hot electron regime. We therefore combine the conservation
of chargeQC and total energyEC inside the cavity,

Q̇C5I L
p1I R

p , ĖC5I L
e1I R

e ~8!

with expressions that link the conserved quantities to the
chemical potential and temperature:

QC5CmmC , EC5
p2

6
NF~TC!21

1

2
Cm~mC!2. ~9!

These relations include charge screening inside the cavity on
the level of the Thomas-Fermi approximation.25 The conser-
vation laws~8! are conveniently expressed by Lagrange mul-
tipliers xC andjC which are introduced through delta func-
tionals in a Fourier representation. We use

d@ I L
p1I R

p2Q̇C#5E DxCexpH 2 i E
0

t

dtxC~ I L
p1I R

p2Q̇C!J
~10!

for the charge conservation and a similar expression for the
energy conservation. Without incorporating conservation
laws ~8!, the probability to find a certain realization of par-
ticle and energy currents is given by the product
PL@ I L

p ,I L
e#PR@ I R

p ,I R
e #, i.e., the left and right point contacts

are independent. We combine this product with the delta
functional ~10! and construct a conditional probability

P@ I L
p ,I R

p ,I L
e ,I R

e #5E DQCDECd@ I L
p1I R

p2Q̇C#,

d@ I L
e1I R

e2ĖC#PL@ I L
p ,I L

e#PR@ I R
p ,I R

e #, ~11!

which satisfies the current conservation laws. Introducing the
characteristic functionals~5! of the point contacts, we find
that the total characteristic functional for the cavity can be
written as a stochastic path integral20

eS̃I [ ix I ]5E DQCDECDxCDjCeSI [ ix I ,ixC ,i jC ,QC ,EC]

~12!

over the action
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SI@x I ,xC ,jC ,QC ,EC#5E
0

t

dt@2~xCQ̇C1jCĖC!

1HL~xC1x I ,jC!1HR~xC ,jC!#.

~13!

In the semiclassical regime, this path integral may be evalu-
ated in saddle point approximation (S̃I5SI at the saddle
point!. Due to the adiabatic evolution of the chemical poten-
tial mC and the effective temperatureTC of the cavity, Gauss-
ian corrections are small.20 The four saddle point equations
obtain the forms

Q̇C5
]HL

]xC
1

]HR

]xC
, ĖC5

]HL

]jC
1

]HR

]jC
,

ẋC52
]HL

]QC
2

]HR

]QC
, j̇C52

]HL

]EC
2

]HR

]EC
, ~14!

and formally resemble the canonical equations of motion for
position and momentum in mechanics. The first two equa-
tions can be interpreted as continuity equations that express
the change of charge and energy in the cavity in terms of
incoming currents. The right sides of the third and fourth
equations can be understood as forces which prevent the
saddle point solutions from exploring unlikely regions of the
configuration space.

D. Results

In this section, we evaluate Eq.~13! in the zero frequency
limit. In this case, we may set all time derivatives in action
~13! and the saddle point equations~14! to zero. The external
counting field x I(t)5x becomes time independent and is
conjugated to the charge transmitted through the cavity dur-
ing time t; i.e., S(x)5SI@x# generates the FCS@see Eq.
~4!#. We are left with a system of four nonlinear equations
~14! to be solved. It turns out that analytical solutions to this
system exist. After inserting these solutions into Eq.~13! we
arrive at the following result for the generating function of
FCS which is valid in the long-time limit (Gtmax$m,T%
@1):

S~ x̃ !5
p2

3
Gt$Vx̃1~Ah221x̃22h22!

3@TAh221x̃21AT2~h221x̃2!1V212TVx̃ #%.

~15!

The ratioh5AGLGR/(GL1GR) describes the asymmetry of
the cavity and becomes at most 1/2 in the case of a symmet-
ric cavity; G5GLGR /(GL1GR) is the conductance of the
cavity. We remind the reader that we have rescaled the bias
m5pV/A3 and the counting fieldx5px̃/A3. Cumulants of
transmitted chargeQ5*0

tdtI(t) can be obtained from de-
rivatives of Eq. ~15! with respect tox. For the first few
cumulantstCI

n one finds

CI
15Gm, CI

25G~T1TC
0 !,

CI
35

9

p2

G2

GL1GR

Tm

TC
0

, ~16!

CI
45

9

p2

G2

GL1GR
S T2TC

0 1
2T4

~TC
0 !3D .

The mean effective temperature of the cavity is (TC
0 )25T2

1p2h2m2/3. The average currentCI
1 is obtained from

Ohm’s law, the noiseCI
2 has been first calculated in Refs. 12

and 16 and third and fourth cumulant were obtained in a
perturbative manner in Ref. 20. The cumulants are shown as
a function of applied voltage in Fig. 2 and are compared to
the same cumulants in the cold electron regime.35 The asym-
metry is chosen to beh52/5. Several conclusions can be
drawn from Fig. 2 and Eqs.~15! and ~16!.

~i! Whereas even cumulants behave qualitatively similar
in both regimes, odd cumulants are strongly suppressed in
the shot noise limit of the hot electron regime. This can be
immediately seen in Eq.~15!. There are only two terms
which are odd in the counting fieldx̃. The first term is re-
sponsible for the mean current only, and the second term in
the square root is irrelevant for high voltages~shot noise!
and for low voltages~thermal noise!. An asymmetry in the
distribution of transmitted charge thus only appears in an
intermediate regime. Qualitatively, this symmetrization can
be explained by the argument that the hot electron regime is
closer to thermal equilibrium where odd cumulants vanish.

~ii ! In both regimes, the third cumulant carries the same
sign as the first cumulant for low voltage. However, for high
voltages the third cumulant in the cold electron regime
changes sign.~Such a sign change does not exist for two
tunnel junctions in series.! For cold electrons, the sign
change can be understood from the distribution of transmis-
sion eigenvalues. In the hot electron regime, a careful analy-
sis of cascade corrections19,33 shows that positive correla-
tions between electron temperatureTC and charge currents
are at the origin of this sign.

FIG. 2. Comparison of hot and cold electron regime: The cumu-
lants of counting statistics are plotted as a function of the applied
biasm for an asymmetric cavity (h52/5). The biggest difference
appears in the third cumulant which does not change sign in the
presence of electron-electron scattering.
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~iii ! The transition from low to high bias is smoother in
the hot electron regime: The formulas contain square root
laws in contrast to the cold electron regime where the tran-
sition is described by exponential laws.

~iv! Even and odd cumulants close to equilibrium are
linked by a generalized fluctuation-dissipation theorem36

2T
]CI

n21

]m
5CI

n at m50. ~17!

In the long-time limit, the probability distribution of
transmitted charge which is the Fourier transform of Eq.~15!
can be calculated in saddle point approximation. The upper
left panel of Fig. 4 shows the probability distribution for low
bias, high bias, and for an intermediate regime where the
distribution becomes asymmetric. An analytical result is
available in the shot noise limit. We find

P~Q!;expH pQ̄

A3h
F12AQ

Q̄
S 22

Q

Q̄
D G J , ~18!

i.e., the logarithm of the distribution in the long time limit
corresponds to a semicircle drawn around the mean charge
Q̄5Gtm.

E. Frequency dispersion

In this section, we go beyond the FCS and calculate the
frequency dependence of the third order correlation function
~2!. To this end, we solve the saddle point equations~14! for
a time dependent external fieldx I(t). The solution has to be
found in a perturbative manner: First, the response of all
internal fieldsxC ,jC ,mC , andTC to the external fieldx I is
calculated up to quadratic order using the four saddle point
equations~14!. Second, the internal fields are inserted into
action~13!. All terms in the action which are of third order in
the external field will contribute to the desired correlation
function ~for details of the calculation see Ref. 21, where the
same calculation for the cold electron regime is discussed
thoroughly!.

There is a substantial difference between the noise cor-
relator and higher order correlation functions which was first
pointed out in Ref. 21. Dispersion in the noise correlator
appears only at high frequencies given by the inverse rc time
(t rc)21 and is therefore difficult to measure. Higher order
correlators however, exhibit dispersion already on a scale
given by the inverse dwell time (td)21 which is a much
lower frequency in metallic systems. Physically, this disper-
sion is due to slow fluctuations of the electron temperature
TC which do not show up in the noise correlator, but couple
back into higher cumulants. Such charge-neutral temperature
fluctuations cannot be relieved by particle currents. The only
relaxation mechanism for these fluctuations is heat flow
which reacts on the time scaletd .

For the noise correlator in the hot electron regime we find

CI
2~v!5G~T1TC

0 !D2 . ~19!

This is the auto correlation function of currents in the left
lead. The dispersion is described by the expression

D2~v!5S 11
2v2t rc

2

12A124h2D /~11v2t rc
2 ! ~20!

which depends only on the rc timet rc and the asymmetry
parameterh. At low frequencies,CI

2 describes correlated
noise of left and right point contact and reduces to Eq.~16!
for v50. At high frequencies, the statistics of the two point
contacts become independent,CI

2 is then equal to the bare
noise of the left contact.

The general result for the third order correlation function
is too long to be presented here. We only give the experi-
mentally relevant behavior at low frequencies@v1,2
!(t rc)21#

CI ,hot
3 ~v1 ,v2!5

9

p2

G2

GL1GR

Tm

TC
0

D3 . ~21!

The dispersion at low frequencies is independent of the
asymmetry parameterh and given by

D3~v1 ,v2!5
11~v1

21v2
21v1v2!td

2/3

~12 iv1td!~12 iv2td!@11 i ~v11v2!td#
.

~22!

It is important to note that charge pile up inside the cavity is
forbidden on time scales longer than the rc time. Therefore,
these current fluctuations are the same in both point contacts.

For comparison, we also give the third order correlation
function of the cold electron regime~the zero temperature
result has been calculated in Ref. 21 for more general cavi-
ties with backscattering at the point contacts!

CI ,cold
3 ~v1 ,v2!5M1

3G2

GL1GR

T sinh~m/T!2m

cosh~m/T!21
D3 ,

~23!

whereM is a contribution which is independent of the fre-
quency:

M5
G~GL

21GR
2 !~GL2GR!2

~GL1GR!4

3
2m1m cosh~m/T!23T sinh~m/T!

cosh~m/T!21
. ~24!

Note that the low-frequency dispersionD3(v1 ,v2) of the
third order correlation function~22! is the same as in the cold
electron regime. Also the prefactors ofD3(v1 ,v2) are simi-
lar: They both vanish at zero temperature and at zero bias,
i.e. they are proportional to the minimum of temperature and
bias.

III. DIFFUSIVE WIRE

So far we considered heating effects on current statistics
in semiclassical chaotic cavities. It was particularly easy to
introduce the stochastic path integral formalism to the reader
on a geometry which is essentially zero dimensional. More-
over, heating effects on noise in this geometry have been
measured.12 Nevertheless, it is an important question
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whether part of our observations do also apply to other sys-
tems in which electron-electron scattering is strong. In fact,
noise in the hot electron regime was first theoretically
studied14,15 and experimentally verified10,11 in diffusive
wires. It therefore seems natural to extend our theory to dif-
fusive systems and to compare the results to the chaotic cav-
ity.

To derive an action similar to Eq.~13! for a diffusive
wire, we consider first a chain of cavities connected by iden-
tical point contacts~see the lower panel of Fig. 1!. Every
cavity is capacitively coupled to a close gate. Such a chain
has been studied experimentally and theoretically in Ref. 13.
In a second step, we take the continuous limit of a large
numberN of cavities, but keep the total conductance con-
stant. The continuous limit corresponds to a diffusive wire
with short range Coulomb interaction~short screening
length!, since we have neglected capacitances between
neighboring cavities. The action for the chain is given by

S5t (
n50

N21

H~ln112ln ,jn112jn ,Vn ,Vn11 ,Tn ,Tn11!,

~25!

whereH of each point contact is defined by Eq.~7!. Each
cavity (n51 . . .N21) is characterized by its rescaled
chemical potentialVn5A3mn /p and its effective tempera-
ture Tn . The energy and charge in each cavity obey conser-
vation laws that are guaranteed by the fieldsln andjn . The
labelsn50,N belong to the reservoirs. To calculate the char-
acteristic functionS(x) of FCS, we choose the boundary
conditionsj05jN5l050 andlN5A3x/p for the counting
fields, m05m, mN50 for the chemical potentials andT0
5TN5T for the temperature. Action~25! has then to be
varied with respect to all internal fields to obtain 4N24
coupled nonlinear saddle point equations.

In the continuous limitN→`, the difference between
neighboring fieldsn andn11 becomes infinitesimal and the
sum in Eq.~25! may be replaced by an integral. We obtain
the action of a nonlinear field theory

S5tE
0

d

dxH ~l8 j8!ÂS l8

j8
D 1~l8 j8!B̂S V8

T8
D J .

~26!

The first matrix

Â5
p2s

3 S T VT

VT V2T1T3D ~27!

expresses the noise intensity in local equilibrium. The second
matrix

B̂5
p2s

3 S 1 0

V TD . ~28!

is the linear response tensor,s denotes the one-dimensional
conductance~the generalization to higher dimensions is
straightforward!.

At this point, it seems appropriate to discuss the approxi-
mations made in the derivation of Eq.~26!. Since the action

for the diffusive wire was constructed from the continuous
limit of a very specific model, a chain of cavities linked by
open point contacts, one might question the validity of our
‘‘back of the envelope’’ derivation that we employed for sim-
plicity. It turns out that Eq.~26! may be obtained as well
from a detailed microscopic calculation based on the
Boltzmann-Langevin approach,14,15 if we apply the standard
diffusion approximation and assume the conductor to be
quasi-one-dimensional. Even without referring to the Boltz-
mann equation, it can be checked that the continuous limit of
action ~25! does not depend on the details of the chain
~which may as well contain point contacts of arbitrary energy
independent transparency!. In general, the conductances
then becomes coordinate dependent. However, we made an
approximation in neglecting the possible energy dependence
of the transparency of the point contacts. Including such a
dependence adds an off-diagonal elementB̂12Þ0 to the lin-
ear response tensor, i.e., temperature gradients then generate
a particle flow. Such an additional term implies that the
Wiedemann-Franz law is no longer valid and that the Fano
factor of the shot noise becomes nonuniversal.17 Since there
is no trace of such a non-universality in the experiments on
noise in diffusive wires10,11and in the chain of cavities,13 we
disregard this additional term.

Note that action~26! is quadratic in the fieldsl,j, i.e., in
the gradient expansion we lost all informations about higher
order correlators of the elementary noise sources~the point
contacts!. This property is not restricted to the hot electron
regime, but is a consequence of the diffusion approximation
and the assumption that there are no long range interactions
leading to displacement currents. Furthermore, all terms in
action ~26! depend only onx derivativesl8 andj8. There-
fore, the saddle point equations which are obtained from
varying Eq.~26! with respect tol and j take the form of
continuity equations for charge and energy conservation.
Their solutions are easily found for the special boundary
condition x50. We obtain the profiles of mean chemical
potential and mean effective temperature in the wire:

V05VLS 12
x

dD ,

~T0!25T21VL
2S 12

x

dD x

d
. ~29!

The comparison of this result with Refs. 14 and 15 serves as
a check for our calculation. For general counting fieldx
Þ0, the saddle point equations form a set of coupled non-
linear diffusion equations. We have used the discretized ver-
sion of action~25! to solve these equations and to obtain the
FCS numerically.38

Exemplary solutions of the saddle point equations are
plotted in Fig. 3. The interpretation of these plots is as fol-
lows: Each shownm(x) is the most probable profile of the
chemical potential inside the wire under the condition that
the chargeq5Q/(Gmt) is measured after timet. If for
instanceq50, i.e. the mean charge is measured,m(x) has a
linear profile. If the transmitted charge after a measurement
is very small (q520.9), the potential drop occurs mostly in
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the middle of the wire: charges entering from the left there-
fore most likely diffuse back to the reservoir they have come
from, before they follow the gradient of the chemical poten-
tial. If the transmitted charge is large (q52.0), the drop
occurs mostly close the reservoirs. This means that many
charge carriers from the left side are attracted to the middle
of the wire, and escape to the right.

The upper panel of Fig. 4 compares the FCS of a cavity,
of a chain of two cavities, and of a diffusive wire in the hot
electron regime. It shows the distributions of transmitted
chargeP(q) in thermal equilibriumm!T, for high biasm
@T and for an intermediate casem/T52p/A3. For zero
temperature, the distributions are bounded from below and
except for the wire also from above. For finite temperatures,
the distributions acquire exponential tails. The most striking
difference between the zero-dimensional cavity and the one-
dimensional wire appears in the shot noise limit in which the
distribution for the cavity becomes symmetric whereas the
distribution for the wire stays asymmetric.

The lower panel of Fig. 4 illustrates the behavior of the
Fano factors at zero temperatureFn5CI

n/CI
0 of several cu-

mulants as a function ofN, the number of point contacts. The
result forF2 is taken from Ref. 13. The results forF3 andF4
are new, in the diffusive limitN→`, F3 agrees with the
literature.18 The increase ofF3 towards the diffusive limit
describes the growing asymmetry of the charge distribution,
the sign change ofF4 indicates that tails become more im-
portant in the diffusive limit.

IV. CONCLUSIONS

In this paper, we presented a method to calculate the full
counting statistics of semiclassical mesoscopic conductors in
which electron-electron scattering is important. This method
is based on a separation of time scales: The correlation time

of extraneous sources of noise—such as the point contacts
leading into a chaotic cavity or impurity scatterers in diffu-
sive wires—is short compared to the characteristic time
scales for the evolution of the electron distribution function.
This allowed us to employ a stochastic path integral for the
generating function of counting statistics which can be
solved in saddle point approximation.20

We derived a variety of results: For a chaotic cavity in the
hot electron regime, the generating function of full counting
statistics is given analytically. For this system we find that
the thermalization of the electron gas in the cavity tends to
symmetrize the probability distribution of counted charge.
Whereas even cumulants are proportional to the maximum of
external temperature and applied bias, odd cumulants are
proportional to the minimum and vanish therefore in the shot
noise regime. Conversely, for a diffusive wire in the hot elec-
tron regime our numerical calculations show that this sym-
metrization does not exist. Furthermore, we discussed the
frequency dependence of the third order correlation function
and explained its unexpected low-frequency dispersion by
charge-neutral fluctuations of the local electron temperature.

We stress the experimental importance of our findings:
Noise measurements in wires with strong electron-electron
scattering have been carried out with great precision.10,11The
resistances of the samples used in these experiments range
from 1 to 300V. The first successful measurement of a third
cumulant2 was carried out within this range. The third mo-
ment of the FCS for diffusive wires in the hot electron re-
gime should therefore be measurable in a similar setup. The
chaotic cavities used in the experiments12,13had higher resis-
tances and would require a different setup to measure the

FIG. 3. Saddle point solutions to the action~26! of a diffusive
wire in the hot electron regime: The inset shows the probability
distribution P(q) of transmitted charge through a wire in the hot
electron regime in the shot noise limit. The charge is normalized as
q5Q/(Gmt) and the mean charge has been subtracted. For four
selected values ofq, we plot the corresponding saddle point solu-
tion for the mean chemical potentialm(x) inside a wire of lengthd.

FIG. 4. Upper panel:Comparison of counting statistics of cha-
otic cavity, two cavities in series, and diffusive wire in the hot
electron regime. We use the dimensionless variableq
5Q/(G max$m,A3T/p%t) to parametrize the charge. For the inter-
mediate case, we use the ratiom/T52p/A3. The distribution of
charge in the shot noise regime is symmetric for a cavity, but asym-
metric for a wire.Lower panel:Fano factors of second, third, and
fourth cumulants in the shot noise regime as a function ofN, the
number of point contacts in series.
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third moment. The low-frequency dispersion sets in at an
inverse dwell time (td)21 which we estimate from Ref. 12 to
be 1–10 GHz. Dispersion might therefore be of importance,
since the bandwidth used in experiment2 is of the same order.

As a final remark we would like to note that heating ef-
fects due to electron-electron scattering may not only occur
inside a cavity or a diffusive wire, but also inside reservoirs.
Most calculations~including the one presented in this paper!
assume reservoirs to be at local thermal equilibrium. This is
completely justified for the electrochemical potential, since
the electromagnetic signal propagates quickly throughout the
reservoir. However, fluctuations of the electron temperature
can be important at high frequencies, because their relaxation

is much slower. Such temperature fluctuations in the reser-
voirs may couple back into higher order correlation functions
of the electrical signal and may cause a low-frequency dis-
persion similar to the dispersion that we described in this
article. In such cases, the notion of an ideal reservoir at local
thermal equilibrium has to be given up.
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