Archive ouverte UNIGE

https://archive-ouverte.unige.ch

Public access

This version of the publication is provided by the author(s) and made available in accordance with the

copyright holder(s).

On some aspects of the behaviour of paths and interfaces in discrete and
continuous models: random-cluster model, self-repelling polymers and
Brownian motion

Smirnova, Daria

How to cite

SMIRNOVA, Daria. On some aspects of the behaviour of paths and interfaces in discrete and
continuous models: random-cluster model, self-repelling polymers and Brownian motion. Doctoral
Thesis, 2018. doi: 10.13097/archive-ouverte/unige:119889

This publication URL: https://archive-ouverte.unige.ch/unige:119889
Publication DOI; 10.13097/archive-ouverte/unige:119889

© This document is protected by copyright. Please refer to copyright holder(s) for terms of use.

Last deposit update in Archive ouverte UNIGE on 15.03.2023 18:26



https://archive-ouverte.unige.ch
https://archive-ouverte.unige.ch/unige:119889
https://doi.org/10.13097/archive-ouverte/unige:119889

UNIVERSITE DE GENEVE FACULTE DES SCIENCES

Section de Mathématiques Professeur Hugo Duminil-Copin

On some aspects of the behaviour
of paths and interfaces in discrete
and continuous models:
random-cluster model,
self-repelling polymers and
Brownian motion

THESE

Présentée a la Faculté des Sciences de I’Université de Geneve
pour obtenir le grade de Docteur des Sciences, mention
Mathématiques

par

Daria SMIRNOVA
de
Moscou (Russie)

These 5289

GENEVE
Atelier d’impression ReproMail
2018






UNIVERSITE
DE GENEVE

FACULTE DES SCIENCES

DOCTORAT ES SCIENCES, MENTION MATHEMATIQUES

Thése de Madame Daria SMIRNOVA
intitulée :

«On some Aspects of the Behaviour of Paths and Interfaces in
Discrete and Continuous Models:
Random-Cluster Model, Self-repelling Polymers
and Brownian Motion»

La Faculté des sciences, sur le préavis de Monsieur H. DUMINIL-COPIN, professeur
ordinaire et directeur de thése (Section de mathématiques), Monsieur A. ALEXEEV,
professeur ordinaire (Section de mathématiques), Monsieur Y. VELENIK, professeur
ordinaire (Section de mathématiques), Monsieur |. MANOLESCU, professeur (Université
de Fribourg, Chemin du Musée 23, 1700 Fribourg, Suisse), autorise I'impression de la

présente thése, sans exprimer d’opinion sur les propositions qui y sont énoncées.

Genéve, le 11 décembre 2018 \

Thése - 5289 - 2 !““me\’\/

Le Doyen

N.B.- Lathése doit porter la déclaration précédente et remplir les conditions énumérées dans les "Informations
relatives aux théses de doctorat a I'Université de Genéve".






Introduction

This work is composed of three self-contained parts, where the different models of
statistical physics are discussed.

In Chapter (1] we discuss the random-cluster model. It plays a key role in studies of
models on lattices, as it is connected to many of them. The results obtained for the
random-cluster model give information about other models, especially the Ising model,
describing the behaviour of ferromagnetic materials. Thus all conclusions made for the
random-cluster model have an impact in statistical physics. In this thesis we present an-
other proof of the well-known fact that for Z? the critical probability of the random-cluster
model p.. is equal to H‘_/aq for ¢ € [1,4]. This proof involves the method of parafermionic
observables applied to exploration paths in boxes and strips of growing size. It was pre-
sented in a joint paper with E. Mukoseeva [MS18§].

In Chapter |3 we study the behaviour of random walks on Z? under self-repelling
polymers measure. It is a generalisation of a model called self-avoiding walks. Both of them
are models to describe the behaviour of polymer chains. Due to the expected universality
of these models the results obtained on Z¢ hold for any discrete lattice, and for the
physical case, which take place in continuous space. We show that, as for self-avoiding
walks, self-repelling polymers are sub-ballistic in Z¢ with d > 2, i.e that the probability
for the walk to go linearly (on the number of steps) far is exponentially small. This result
was presented in [Smil7].

Both these models are discrete and defined on a lattice, here we restrict ourselves to Z?
in both cases. We are interested in limiting behaviour of these models, but the methods we
use are strongly linked to the fact that the models are discrete. The paths defined during
the discussion (self-repelling polymers for Chapter |3| and exploration paths at criticality
for the random-cluster model in Chapter |1|) are believed to be conformally invariant in
the scaling limit. Moreover, both exploration paths for random-cluster model and self-
avoiding walks (an extreme case of self-repelling polymers) are conjectured to converge to
the process called the Schramm-Loewner Evolution SLFE,, although for different values
of a parameter x (for self-avoiding walks, x should be equal to g) In the random-cluster

model, k is related to the parameter ¢ through the equation x = ﬁ’i%@ if ¢ < 4.

There are few cases, when this convergence is proven. It is the case of Bernoulli percolation
with ¢ = 1 and k = 6, and for the Ising model ¢ = 2, and corresponding x = 3. When
q > 4 the behaviour at criticality is completely different and does not converge to the
Schramm-Loewner Evolution.

In the remaining chapter (Chapter the model and the spaces we work with are
continuous. Also we work in three dimensions, while for other chapters the proofs are
based on the planar lattice. Moreover, we are not restricted to the Euclidian space. We
compare the behaviour of the Brownian motion in the Euclidian space R? and in the
spaces of constant non-zero curvature, namely a three-dimensional sphere and a three-
dimensional hyperbolic space. Projections of these distributions under certain moment
maps corresponds to the Duistermaat-Heckmann measure.



Résumé

Cette these est composé de trois parties séparées, ou on discute des trois modéles
different de la physique statistique.

Dans le premier chapitre on discute sur le modéle qui s’appelle le modéle de random
cluster. Il a un role principal dans la théorie des modéles statistiques sur des réseaux, car
il est lié¢ au grand nombre de tels modeéles. Les résultats qu’on peut obtenir & cette base
peuvent étre transmis aux autres modéles, particuliérement au modeéle d’Ising. Alors les
conclusions on peut faire sur le modeéle des clusters aléatoires nous donnent I'information
sur le comportement de matériels ferromagnétiques.

Ici on présente la nouvelle preuve du fait bien connu que la probabilité critique du mod-

¢le des clusters aléatoires a Z? est égale a la probabilité de 'auto-dualité: p..(q) = psa(q) =
Va

T+/q

parafermionique. On étudie les chemins d’exploration dans les boites et des bandes dont

taille converge a l'infini.

pour ¢ € [1,4]. Cette preuve est basée sur la méthode qui s’appelle I'observable

L’autre partie de ce these est aussi consacrée au modeéle défini sur Z2. C’est une mesure
sur les marches aléatoires de longueur fixe, qui s’appelle des polymeéres auto-repoussants.
Elle nous intéresse comme un generalisation des marches auto-évitantes, qui sont des
objets du grand intérét pour des mathématiciens. Ces deux modéles sont utilisés pour
prédire la forme des fibres polymériques. Grace a 'universalité de ces modéles les résultats
obtenus pour Z?2 sont préservés aux autres réseaux planaires, ou méme pour le cas des
objets réels dans I’espace continu.

Dans ce chapitre on montre que le modéle des polymeéres auto-repoussants est (comme
les marches auto-evitantes) sous-balistique sur Z2. C’est & dire que la probabilité d’aller
a la distance linéaire par rapport au nombre de pas est exponentiellement petite. Cela
implique aussi que des polyméres auto-repoussants sont sous-balistiques sur Z¢ pour les
dimensions plus grandes que deux.

Les modéles précédents sont discrétes et définis sur des réseaux, ini on travaille sur
7?2 pour les deux cas. On s’intéresse a la limite avec la taille convergente a 'infini, mais
les méthodes de preuves sont liés & la nature discréte des modeles. Au plus les techniques
appliquées sont sur la base du fait qu’on travaille dans espaces planaires.

Les objets définis ont des autres similarités. On croit que les marches correspondants
aux modeéles (des polymeéres auto-repoussants ils-mémes et des chemins d’exploration
pour le modéle des clusters aléatoires) ont 'invariance conforme dans la limite d’échelle.
Au plus il y a une conjecture que les deux des chemins d’exploration et des marches
auto-évitantes (le cas extreme du modeéle des polymeéres auto-repoussants) convergent au
processus s’appelé 'evolution de Schramm-Loewner SLE,, mais au valeur du parameter
k different. La valeur de x doit étre % pour des marches auto-évitantes, et dans le modéle

des clusters aléatoires k(q) = arccos‘é’i T bour ¢ € [1,4].
2
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D’autre part dans le chapitre substituant le modele est continu et des espaces sont de
trois dimensions. Au plus des espaces sont méme pas strictement Euclidiens. On compare
le mouvement Brownien sur R? et sur l'espaces de la courbure constante non-nulle (la
sphére et I'espace hyperbolique de trois dimensions). Les projections de les distributions
engendrées par ces mouvements Browniens correspondent aux mesures dew Duistermaat-
Heckmann.



Acknowledgements

In the first place I would like to thank my advisor prof. Hugo Duminil-Copin. I am
proud I had a possibility to work under your supervision.

I want to acknowledge prof. Anton Alekseev, who believed in my capabilities and found
me one more way through mathematics to attend.

Everything I learned working with both of you have a big impact on me.

I would like also to thank all past and present members of our research group, and
more generally, all people with whom I had pleasure to work and communicate. It was
indeed a great pleasure. Especially I want to acknowledge prof. loan Manolescu and prof.
Yvan Velenik, who accepted to be the members of my jury.

My life would have been way less pleasant without all my friends, both here in Geneva
and in Russia. You all know how important any of you is for me.

Also T am grateful for the support of my family. They believe in me and help me
through these years.



Chapter 1

Another computation of p. for
random-cluster model with ¢ € |1, 4]

The random-cluster model, or Fortuin-Kasteleyn percolation (FK percolation), is a
probability model on edge configurations of a lattice. It was defined in 1969 by K. Fortuin
and P. Kasteleyn [FK72 [For72al, [For72b| as a two-parametric generalisation of Bernoulli
percolation, one of the most simple and well-known lattice models. Bernoulli percolation
model is described using only the edge parameter p € [0, 1]: edges are open with prob-
ability p independently of each other. For the random-cluster model, the probability of
the configuration also takes into account the number of connected components in it, this
relation being described using a positive weight parameter ¢. In the random-cluster model
there is a general dependence between the state of different edges via the probability of
the configuration depends also of the number of the connected components.

1.1 Definition of a random-cluster configuration

Let us consider a finite graph G = {V (G), E(G)} with defined set of boundary vertices
0G C V. We will work with a subset G of the square lattice Z?, mostly Z?, with naturally
defined 0G.

Similarly to edge Bernoulli percolation, a configuration w € {0,1}*(@ is defined as a
set of "closed” and "open ' labels, associated to each edge e of the graph, that are denoted
by w(e) = 0 and w(e) = 1 correspondingly. Vertices x € V(G) and y € V(G) are called
connected in some particular configuration w if there is a set of open edges that forms a
path from z to y. This event is denoted x <— y. The notation x <F> y stays for the

event that x and y are connected through open edges, that belong to some subgraph G’ of
(G. These definitions are easily extended to connect edges. A connected set of open edges
C' is called a cluster if it is maximal (i.e any e ¢ C' is either closed or not connected to
edges of C'). If no open edges are attached to a vertex, we count it as a cluster without
edges.

The difference between Bernoulli percolation and the random-cluster model lay in the
definition of the probability of each configuration. In Bernoulli percolation the formula is

9



{FKdef}

{FKdef2}

the following:

bap(w) = H pw(e)(l _ p)(lfw(e)) _ po(w)(l _ p>c(W)’
e€E(GQ)

where o(w) and ¢(w) is the number of open and closed edges in the configuration. The
single parameter p € [0, 1] stands for probability of each edge to be open, independently
of the other edges.

In FK percolation one more parameter ¢ > 0 is added. It plugs into the probability
formula the number of clusters in a configuration, denoted K#(w), and

O\W clw £(/.)
¢£G’p’q(w) ~p ( )(1 —p) ( )qK (W) (1.1)

To become a probability measure, this function needs to be normalised. The normalisation
coefficient
Z5Gpq)= > p 1 —p) @@ (1.2)
we{0,1}E(G)

is called a partition function.

The symbol ¢ in — denotes different ways to compute the number of clusters
in a configuration, depending on boundary conditions (see Figure . In the case of
free boundary conditions (¢ = 0) we just compute the number of the clusters in the
configuration. Another widely used case is wired boundary conditions (§ = 1), when all
clusters touching the boundary are counted as one. Another case we would like to mention
takes place for planar graphs (although it can be extended to bigger dimensions). Suppose
we can treat 0G as a simple circuit. For any two vertices a,b € 0G we define Dobrushin
boundary conditions, denoted (a,b), as wired on the boundary arc from a to b clockwise
and free for the rest of 0G. In a general case we can define boundary conditions £ as
a partition of a set OG into subsets which are seen as connected in one cluster. One
more special example called periodic boundary conditions can be defined on a regular
box A4 € Z% by identifying and gluing together vertices on the opposite boundaries.
One-dimensional domain becomes a circle, two-dimensional box becomes a torus, and so
on.

1.2 Properties of the model

1.2.1 Domain Markov property

Let us look at G’ a subgraph of G. Domain Markov property describes the influence
that a configuration outside of G’ has on the probability measure in G’. This property is
crucial in studying of random-cluster model because it allows to decouple events taking
place in the different parts of the graph and treat them as independent.

Say w is a configuration on G, and denote w¢ its restriction to G”. Fix some boundary
conditions &, and let ¢ be some fixed configuration on G\G'.

Let us define boundary conditions on G’ as follows: two clusters linked to 0G’ are
counted as one if they are connected in ¢ (including the connections in ). These boundary

10



a

Figure 1.1: A configuration w with different boundary conditions — free boundary condi-
tions (K°(w) = 12 including ones with no edges), wired boundary conditions (K*'(w) = 3),
and (a,b)-Dobrushin boundary conditions (K (**) (w) = 7). From now on, open edges will
be pictured in thick lines.

]
~ .
- : =

Figure 1.2: Influence of an outer configuration and outer boundary conditions (free in this
case) on a configuration on a subgraph (highlighted in grey).

conditions are called induced by the configuration ¢ with boundary conditions &, and
denoted by (¢, &).
The Domain Markov property states that

05 e |wiare = ¥) = ) (W) (1.3)

for any p € [0,1] and ¢ > 0. The configuration outside the subgraph impacts the inside
only via induced boundary conditions(see Figure .

1.2.2 Finite energy property

This property allows to compare the probability of two configurations if they are
somehow close to each other.

Let us define the Hamming distance between two configurations w and w’ as the number
of edges where these configurations differ:

H(w,w') = {e € E(G) : w(e) # w'(e)}].

11
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{finen}

| 1toclosed}

{FKG}

Fix ¢ > 0 and an interval [e,1 — €] of possible values of p. Then the following relation

holds ¢
cHww) < —¢G’p’q(w) < M) (1.4)
O a(@)

The constant ¢ = ¢(g,q) > 0 does not depend on G, choice of the configurations, choice
of p inside the interval or the boundary conditions &.

Then for a fixed value of p, this property can also be rewritten in the following way.
Let w, (w®) be the configurations obtained from some configuration w by forcing the edge
e to be closed (open). Then,

P < ¢§G,p»q(we> + gbg,p,q(%) < P
al=p) = (b%,p,q(we) ~(1-p)
for any G, p,€ and any ¢ > 1.

(1.5)

1.2.3 FKG inequality

It can be easily seen from (L.I)), that if ¢ = 1, number of clusters does not play any
role, and FK percolation turns into Bernoulli percolation. In fact the value ¢ = 1 is a
crucial border between different behaviour of the model.

Let us call the event A increasing if for any w where A holds, opening any edge in w
cannot break the realisation of A. The examples of such events are:

e the fixed edge e is open

e two vertices are connected, r <— vy

e there is a cluster of a size bigger then some constant
e intersection of any increasing events

e union of any increasing events

Increasing events play the key role in studying of the random-cluster model because
they can be composed together through the following inequality:

Theorem 1.1 (Fortuin-Kasteleyn-Ginibre or FKG inequality, [FKGT1]). If A and B are
two increasing events, and ¢ > 1, then

0% pal AN B) > 65, (A)6 . (B) (1.6)
for any p € [0,1], and any G and boundary conditions &.

This is also called positive association, meaning that for ¢ > 1 random-cluster measures
are positively correlated (see |Gri06] for more details).

We can define decreasing events. In this case, closing an edge will favour an event.
The FKG inequality can be written for this case as well. Many things we can deduce for
increasing events hold for decreasing events as well.

The FKG inequality does not always hold in the case ¢ < 1. Moreover, random-cluster
model with small values of ¢ has some negative correlation properties [Pem04]. Yet, almost
nothing is understood for ¢ < 1. From now on, we work only with the case ¢ > 1.

12



1.2.4 Comparison inequalities

In this subsection, we provide some inequalities allowing to compare the probabilities
of increasing events for different probability measures.

Comparison for different values of ¢ and p

It is somehow natural that bigger edge probability parameter p is, more edges should
be open. This fact can be written as a following inequality.

Statement 1.2 (Comparison in p). For any increasing event A and any 0 < p; < py <1

O pra(A) < By o(A) (1.7)
for any G, any boundary conditions & and any q > 1.

If we allow ¢ to vary as well, we can write two inequalities [For72bl [Gri06], including
a generalisation of the previous one:

o If g > ¢ > 1 and p; < py, then

P (A) S GGy 00(A)
for any GG, any boundary conditions £ and any increasing event A.

L p o> 1 p2
e If g1 > ¢ > 1 and a2 Bl then

B a(A) = 05, o(A)

for any G, any boundary conditions ¢ and any increasing event A.

Different boundary conditions

We can define a partial order on the set of all possible boundary conditions as follows.
For boundary conditions £ and Yy, say that & > x if any two boundary points seen as parts
of one cluster in x have the same property in £. Then, for any increasing A and any G, p
and ¢ > 1,

O pa(A) 2 0% 4 (A)- (1.8)

This inequality, together with the definition of induced boundary conditions, can be used
to compare the measures in different domains. For example, if G’ C G and A is defined
on G', then

66 pq(A) > B0 (A) 2 8 o(A) (1.9)

for any p, any ¢ > 1 and any &.

13
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fmeasleq0}

1.2.5 Pivotal edges

The edge e is called pivotal for some increasing event A in a given configuration w if
A holds for w with e forced to be open and does not hold for w with e forced to be close.
Note that the fact that the edge is pivotal does not depend on the state of this edge in
w. The following inequality holds for any increasing event A, boundary conditions £ and

graph G |Gri06]:

¢£ pq Z ¢qu e is pivotal for A), (1.10)

e€cE(G

where ¢ does not depend on G, A or p.

1.3 Infinite-volume measures

Although the finite case can pose problems, which are non-trivial and useful for math-
ematics, the behaviour of the random-cluster model on infinite graphs attracts a lot more
attention and interest. In a finite domain, the probabilities of all events are expressed
as quotients of some polynomials of p and ¢, therefore change smoothly when these pa-
rameters vary. It is not the case for infinite-volume measures. Some crucial qualitative
properties of the model can change sharply, providing so called phase transitions, which
pose one of the main interest for the researchers.

1.3.1 Construction of infinite-volume measures

Let us restrict ourself to regular infinite graphs, or lattices, especially to Z?. The
generalisation of (L.I)-(1.2) for the infinite case seems to be nontrivial, and there are
different approaches to construct these measures.

First approach is to take a limit of finite graphs of some regularity, for example square
boxes of increasing size. Let us define a box A,, in a trivial way:

A ={r = (z))L, € Z%: Vi |2;| < n},

with a boundary
ON? = {x € A? : 34 such that |z;| = n}.
Later we will omit the indication of the dimension d, if it will be clear.

Let us study the limit of measures gbi"q Aa as 1 goes to infinity. We will first look only

on free and wired boundary conditions, £ € {0,1}. We will define the limit of measures
looking at the convergence of the probabilities of all events (not necessarily increasing)
defined on finite boxes.

Theorem 1.3 (Thermodynamic limit [For72bl [Gri06]). For any p € [0,1] and ¢ > 1, the
limits
Opipg = 1M Ogpy  and  Gpa,, = Tm dp (1.11)

14

{difineq}



‘infmeasex}

exst.
Moreover, they are extreme in the sense that for any increasing event A defined in a
finite box

39 g (A) < D5, (A) < B, (A) (1.12)
for any existing limit
(bdeq n—s (bAd,pq (113>

Restrictions on boxes in Theorem [1.3| can be made weaker. The limit does not depend
on the shape and the central points of the boxes, the only things required is for them to
be nested and have not very large boundary.

We should mention one important property of measures .

Theorem 1.4. Measures ¢deq and qb%dpq have translational invariance. Moreover, they
are ergodic [Kre8J], i.e all translational invariant events have probability either 0 or 1.

Also, let us note that all the properties mentioned in Section are preserved for
these measures as well.

The second approach is due to Dobrushin, Lanford and Ruelle [Dob68| [LRG9]. It uses
the definition of induced boundary conditions and . The measure ¢ is called DLR
infinite-volume random cluster measure |Gri06), [Gri95)] for some p € [0, 1] and ¢ > 1 if for
any finite G C Z¢

dwle =1 ‘ w|Zd\G =) = Wé,p,q(n) (1.14)

for any 7 a configuration on G and 1 a configuration on Z?\G. The set of all infinite-
volume measures satisfying (1.14)) is denoted Rz, ,
The relation between these two definitions is the following:

Theorem 1.5 ([Gri95]). Any measure defined as in (1.13)), that has translational invari-
ance and finite energy property, is included in Rya,, [BK89, IBK91). In particular,

0 1
¢Zd,p,q’ gbZd,p,q € R pq

Moreover, ¢),  and ¢%dpq are extreme in the sense as in (1.12]).

P4

1.3.2 Uniqueness of infinite-volume measures
Theorem 1.6 (|Gri06]). If ¢ > 1, for any increasing event A
D o (A) = bpa, o (A) (1.15)
for any p € [0,1] except countably many values of p.
The proof of this theorem is based on differentiability of a quantity called free energy:

1
= lin log Z§
f(pv Q) 1m |E( )‘ 0g An,p,q?

it exists and does not depend on the choice of boundary conditions or sequence of boxes.
The equality (|1.15)) breaks in the points where f(p,q) is not differentiable.

15
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{pcdef}

{contdef}

{sharpdef}

1.3.3 Phase transition
Theorem 1.7. There exists p. € (0,1), such that

e there is almost surely no cluster of infinite size if p < p,
e there exists almost surely a cluster of infinite size if p > p.
Theorem [I.7] is deduced easily from Theorems [1.3], and [1.6] with
pe = inf{p € [0,1] : ¢34, (0 +— 00) > 0}. (1.16)

The fact that p. does not equal to 0 or 1 can be proven via Peierls argument, presented
in [Pei30].

Moreover, due to Theorem|[I.4]and [BK89], there will be almost surely either no infinite
clusters at all, or unique infinite cluster.

Rising questions

Apart of existence of a phase transition, which is expected of be true and is proven to
occur for many models of statistical physics, there are other more complicated questions
to study about it.

The next most natural question is the exact value of p.. Yet it was found only for
two-dimensional case [BDCI2|. In bigger dimension we have nothing more that computer
estimations for some particular cases [Has10)].

Another interesting problem is the behaviour of the model at the critical point, for
example the uniqueness or non-uniqueness of infinite measure, or the existence of the
infinite cluster for this measure (or measures). The similarity of these questions for Z? is
proven in [DCST17]. Another question close to these ones is the continuity of the phase
transition. It is formulated as the verity of the equation

lim ¢, ,(0 — o0) = 0. (1.17)
P \Pe

These questions are solved in two-dimensional case. For ¢ € [1,4] the model is continuous,
the infinite-volume measure at critical point is unique and there is no infinite cluster
almost surely [DCST17]. When ¢ > 4, the phase transition is discontinuous [DGH™16].
The phase transition is called to be sharp if for p < p. the probability for two vertices
to be connected decreases exponentially fast with increase of the distance between them

Gp (2 y) < e 7Y for some C > 0. (1.18)

This property holds for random-cluster model on Z? for ¢ > 1 [DRTT17].

1.4 Connection to other models

The most important property of the random-cluster model is its relation to many other
models of statistical physics via some couplings or limiting convergence. In this section
we will describe some of them.

16



1.4.1 Ising and Potts models

Ising model, defined by Lenz and his student Ising in [Isi25], and its generalisation for
more than two values of spins called Potts model [Pot52], are very important for statistical
physics. They have some fields of applications, like behaviour of ferromagnetic materials
or solid-state physics.

Definition of the model

Let us take G a finite subgraph of Z?. We define a configuration o € {1,...,¢}"V(®
for some ¢ € N. The Ising model corresponds to ¢ = 2, any greater value of ¢ leads to the
Potts model. Note that spin values are defined on vertices. For any vertex z, its spin for
a given configuration is denoted o,. The Hamiltonian of a configuration is defined as

Ho)== Y lp0, (1.19)

(z,y)eB(G)

Note that we look only at the situation with no external magnetic field and with equal
interaction strength between all neighbouring vertices. Then, the probability of a config-

uration o is defined as ]

mapal0) = Zp(G, B,q)

where the partition function Zp(G, f,q) is defined in the same way as in . The
parameter 3 € [0, 00) has the physical interpretation as the inverse of the temperature.

As well as for random-cluster, we can define infinite-volume measures and study values
of B providing a phase transition between different behaviours of the system. Also we can
define the wired measure 7r(1;”87q(c7) in the same way as in (1.20)) with all vertices of G
forced to have the spin equal to 1 (or any other measure 7f; 5, for i € {1,...,q}).

. e7PH(), (1.20)

Edwards-Sokal coupling

The connection between random-cluster and Potts models was observed from the very
beginning of the development of the random-cluster model. There are several ways to
couple them, but the most used is one defined by R. Edwards and A. Sokal [ES8§|. Let
us consider the product space

(w,0) € {0, 1}E(G) x{1,... ,q}V(G),
the measure on it is defined as

,U(wa 0) ~ H ((1 - p) : Hw(e)=0 +p- Hw(e)=1 ’ Hazzay) (1'21)
e=(z,y)€E(G)

with proper normalisation coefficient. Let us note that this measure is nonzero only in
situation when for any edge e = (z,y) which is open in random-cluster configuration, the
spins on the ends of this edge do not differ, i.e

w(z,y) =1= 0, =0,
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Theorem 1.8 (Marginal measures). Let ¢ € N be not smaller than 2, and p € [0,1) admit
the relation

p=1—¢". (1.22)
Then the following statements hold for p(w, o) defined as in ((1.21)

e marginal measure on Potts configurations coincides with Potts measure

e marginal measure on random cluster configurations coincides with random cluster
measure

Also, there is a following link between partition functions of random-cluster and Potts
models

Z%C(vav Q) = 6_B|E(G)‘ZP<Ga ﬁ? q)

Here is an algorithm to construct a random configuration for one model based on a
given configuration for the other model.

Theorem 1.9 (Conditional measures). Let us fix some q,p and B as in Theorem .
Then

e For given w € {0,1}P% the conditional measure (o |w) is obtained by attributing
a uniformly independently taken spin from {1...q} to each cluster

o For given o € {1...q}V % the conditional measure p(w| o) is obtained by forcing
edges (x,y) to be closed if o, # o, and opening them independently with probability
p otherwise

All these constructions and theorems hold for wired boundary conditions as well.

Infinite-volume measures and phase transition

Infinite-volume Ising and Potts measures can be defined in the same way as in Theorem
[1.3] Such limits exist and Edwards-Sokal coupling holds for them as well. Moreover, the
behaviour of these models also admits a phase transition.

Theorem 1.10 ([Pei36] ). There exists such S, € (0,00), that

o forany f < Ber
1
ﬂ-%Q,ﬁ,q(a(O) = ]') > 57

i.e the value of the spin at zero depends on the boundary conditions at infinity.

o for any 5> fer
1
71—%27,341(0-(0) = 1) = 5
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In the case when 8 > [, there is a unique infinite-volume measure 772 g, [Ons44],
but for f < [ this statement clearly does not hold. In the planar case all possible
infinite-volume measures could be obtained as a linear combination of measures 7r227 B4
[Aiz80, [CDCIV14], but this is not true in higher dimensions [Dob73].

Despite the importance of these models, especially the Ising model, in larger dimen-
sions, the exact value of .. was rigorously obtained only in two dimensional case. The
value of S, for Ising model on Z? was conjectured to be equal to %log(l + \/5) in
[KW4Ta, [KW4Th] and then proven in [Onsd4, [ABFS7]. In Z? it is yet estimated only
numerically [Has10|. The critical value for two-dimensional Potts model was found due to
the coupling with random-cluster model [BDCI2].

The continuity property is equal to the verity of the following inequality

W%zﬁcr(q)g(O’O = 1) > 3
The results [DCST17, DGHT16| imply the continuity for planar Ising model and Potts
model with ¢ = 3 or ¢ = 4, and discontinuity for Potts model with bigger ¢q. The phase
transition of the Ising model is continuous for higher dimensions as well [AF86, [ADST5].
The Potts model for higher dimensions is conjectured to be discontinuous, but this is
proven only for big values of ¢ or in large dimensions [KS82 [BC03|.
The sharpness for the Potts model is defined as the exponential decay of correlations,
i.e. the existence of such ¢ = ¢(f) > 0, that

72 8.q [(JO - Wz?,ﬁ,q(ao)) . (Ux — sz,ﬁjq(ax))} < eIl for any z € Z%.

Through [DRT17], Ising and Potts phase transitions are known to be sharp for any 5 < ...

1.4.2 Six-vertex model

The two-dimensional random-cluster model is related to one more statistical model
called siz-vertex or ice-type model. It was introduced by L. Pauling in 1931 to study
properties of ice crystals. Later this model was solved using the method called coordinate
Bethe ansatz [Bet31l, Bax89, DGHT18|. Due to the exact solution and to the relation
between the models, expressed in [TL71], one can obtain some results on planar random-
cluster model, for example, the discontinuity of the phase transition for ¢ > 4 [DGH™16].

The model is defined as follows. Let us look at the regular box A,,, € 7? with
boundary glued together to obtain a torus. We can attribute a direction to all edges (<
and — for horizontal edges and 1 and | for vertical ones) and look at the set of all possible
configurations satisfying the rule called the ice rule, that states that for any vertex of A, ,,
there must be only two arrows coming in and only two arrows going out.

For any configuration we could set the probability of the six-vertex configuration to
be proportional to @™ "2 . pstna . st where n,; is the number of vertices satisfying
the i-th possible arrow configuration. Usually we set the weight parameters a and b to be
equal to one, and ¢ remains to be positive.

For any random-cluster configuration in a box on Z? we can construct a corresponding
loop configuration (see further section, especially Subsection . It can be seen as a
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Figure 1.3: Possible arrow configurations for six-vertex model and their possible splits into
parts of loops.

uniquely determined six-vertex configuration. On the other hand, one six-vertex configu-
ration corresponds to multiple loop ensembles, and thus, random-cluster configurations,
depending on how local arrow configurations are splitted (see Figure [1.3]).

If we fixa =b=1and c=,/2+ ,/q, then the probability of any six-vertex configura-
tion is equal to the sum of the probabilities of the random-cluster configurations leading
to this six-vertex configuration.

1.4.3 Limits when ¢ converges to 0

Let us consider a finite connected graph G and look at limiting measures when ¢
converges to 0. Negative association, which is expected for random-cluster measures with
small ¢, is observed for all this models [GW03| [Pem04].

Uniform spanning tree

Spanning tree is a connected subgraph of G containing no circles and covering all
vertices of G. The uniform measure on the set of all spanning trees is called uniform
spanning tree or UST measure [BLPSO1]. This measure is obtained as a limiting measure

for measures qb%%q with both p, ¢ converging to 0 with a restriction that p decreases slower
than ¢ [H95).

Uniform spanning forest

Spanning forest is a subgraph of G containing no circles and covering all vertices of G.
The difference from spanning tree is that connection property is not needed, graph can
have more than one "tree". USF measure is the uniform measure on the set of all possible
spanning forests. It can be obtained as a limiting measure lim,_, qb%,p:q,q [H95, BLPS01].

Uniform connected graph

Here we look on the uniform measure on the set of all graphs which are just connected,
without any other restrictions. It can be obtained when ¢ decreases to 0 and p is fixed to
be equal to 3 [Gri06].

20



®- —t—-—
| | l I e
| ] | ]
moad - - §- - poays
l | .
| H

i 1 <

| e
L 1.
™ 'J"J"T':
| | e

Secccbecccmocccmecccnt

Figure 1.4: Primal and dual graph, primal and dual configurations. Here an further ev-
erything on the dual lattice will be pictured with dashed lines. Dotted line denotes wired
dual boundary conditions.

1.5 Two-dimensional case

The key method of studying random-cluster model on Z? is through so-called dual
configurations (similar methods can be developed for higher dimensions, see |Gri06]).

Let us define the dual lattice (Z*)* of Z? as follows. Vertices of (Z?)* correspond to faces
of Z? as if they are put in the middle of these faces. Each pair of vertices corresponding
to adjacent faces is connected by an edge. Thus, any edge of (Z*)* intersects one and only
one edge of Z2.

For a finite graph G C Z?, let G* denote the subgraph of (Z?)* with edges correspond-
ing to edges of G and vertices to the endpoints of these edges.

The configuration w* on G* dual to a configuration w on G (in this case w is called
the primal configuration) is defined as follows:

() = 1 - wle),

where e is the edge of the primal lattice intersecting e*. The probability of w* is set to be
the probability of the corresponding primal configuration w.

The event that x is connected to y by an open path in dual configuration is denoted
Ty

The configuration w* can be studied as a random-cluster configuration on G*. It is easy

to observe that if w is distributed according to a measure ¢§G’p’ o> then the distribution of w*

corresponds to the random-cluster measure gbg*7p*7q (see |Gri06, Duml3| for the details).
The parameter ¢ stays the same, and p* satisfies the equation

1_
r __,—2 (1.23)

let us note that (p*)* = p. The boundary conditions should be changed to the opposite
ones. Wired boundary conditions lead to free boundary conditions on the dual graph and
vice versa. The (a, b)-Dobrushin boundary conditions turn to (b, a) (see Figure [1.4)).
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The value satisfying p = p* is called the self-dual point and is denoted pgq,

Vi (1.24)
1+ /4

Later we will often omit the notation ¢ if it is clear.

The uniqueness of the self-dual point leads to the natural conjecture that it is the
point of criticality. Moreover, otherwise one should expect two critical points, that are
dual in the sense as in , because the qualitative change of the behaviour of the dual
model should affects on the primal model.

It was well-known that this conjecture holds for the percolation case ¢ = 1 [Kes80],
for the Ising case ¢ = 2 [Ons44] and if ¢ is large enough, i.e ¢ > 25.72 [LMMS™91]. In the
general case it was not proven until recently.

psd(Q) =

Theorem 1.11 ([BDC12|). On Z?, we have that for every q > 1,

\/a
oy (1.25)

The proof presented in [BDCI12| uses the technique based on the properties of the pla-
nar random-cluster model of criticality called crossing probabilities (see Subsection .
Another proofs of this result follow from [DRT17] and [DCMI6|. Here we will present the
proof, that does not use crossing probabilities, but uses another planar technique called
the parafermionic observable (see Subsection [1.5.2)).

pe(q) = psalq) =

1.5.1 Crossing probabilities

The crossing events play the important role in studying the critical probability mode.
The similarity between primal and dual configuration distributions implies the follow-
ing simple property

Statement 1.12. For any ¢ > 1 and p = psa(q) the box A, with periodic boundary
conditions has a horizontal crossing (i.e the event {0} x [0,n] <— {n} x [0,n] holds) with
probability % for any positive n (see Figure .

However, it is not trivial to prove the more general statement, that holds for rectangles
with different aspect ratio.

Theorem 1.13 (|[BDC12|). For any ¢ > 1, any o > 1 and any m > an > 0 there ezists
¢ = c(a) > 0 such that

c< X (0x]0,n] {om} 0,n]) <1—c. (1.26)

Am,psd»q [0 an}x

This naturally implies the same bound for the wired infinite measure gbl via compar-
ison between boundary conditions ([1.9). The question whether the bound sunllar to (|1.26))
holds for measure qﬁg ,.q 18 strongly hnked with the uniqueness of the infinite measure at
criticality and the existence of infinite cluster at criticality [DCSTI1T].
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Figure 1.5: A primal cluster connecting two boundaries in a box with periodic bound-
ary conditions (i.e a horizontal crossing), and a dual cluster that blocks possible primal
connections and has the same probability as the primal cluster on the first picture.

The construction of the crossings is linked to the idea, first presented for Bernoulli
percolation and known under the name of Russo-Seymour-Welsh theorem or RSW [Rus78,
SWT§|. It bounds the probability of the existence of a circuit that surrounds zero and lies
in Ay, \A, away from 0 and from 1. This circuit is constructed from crossings through
FKG inequality.

1.5.2 Parafermionic observable

Another powerful tool in the planar case is called the parafermionic observable. It was
inspired by physics in [FK80|, and then started to be applied widely after [Smi06l, RC06]

This approach was used in many other lattice models to deduce the critical point (see
[DS12) [Glal4, DGPS17]). For the random-cluster model, this method was used in [BDST5]
in the case ¢ > 4.

Medial lattice, exploration path and loop configurations

Let us follow [Dum17| to define all objects required for the definition of the parafermionic
observable. We work on the so called medial lattice. For Z? the medial lattice is denoted
by (Z?*)° and defined as follows. The set of its vertices corresponds to edges of Z?2, as if we
put a vertex in the middle of every edge. There is an edge between two vertices of (Z?)°
if the corresponding edges have one common end vertex and are adjacent to the same
face. Note that the faces of (Z?)° correspond to V(Z?) UV ((Z?)*). We orient the edges of
(Z?)° counterclockwise around faces corresponding to vertices of Z?, and, thus, clockwise
around faces corresponding to vertices of (Z?)*. Note that the lattice (Z?)° is a rescaled
and rotated version of Z2.

For the finite subgraph G C Z?, the medial graph G° is the subgraph of (Z?)° made
of all faces corresponding to the vertices of G and G*, all edges surrounding these faces
and all vertices incident to these edges (see Figure .
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Figure 1.7: Primal and dual configurations, and the corresponding exploration path be-
tween the primal (dark grey) and the dual (light grey) clusters.

Let v be a connected path on G° and let e and €’ be two edges included in . On each
step from edge to edge this path can turn on § or —7. Then, the winding W, (e, ¢’) is the
total rotation done by v on the way from the middle of e to the middle of ¢’. If e or ¢’ do
not belong to vy, we set W, (e, e') = 0.

Let us pick two vertices a and b on the boundary of G and look at configurations
with Dobrushin boundary conditions (a,b). There is a primal cluster attached to the
wired boundary part and a dual cluster attached to the free boundary part (in the dual
configuration, it corresponds to a wired arc). The curve on the medial lattice going between
these two clusters is called an exploration path (see Figure . Note that it is oriented.
Let us also add two edges e, and ¢, to begin and to end 7 outside of GG, these edges are
oriented according to the orientation rules stated above.

We use slightly similar construction to obtain the coupling between random-cluster
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and six-vertex models. For periodic boundary conditions we can obtain a collection of
oriented loops surrounding and separating all primal and dual clusters, it is called a loop
configuration.

Definition of the parafermionic observable and conjectures for random-cluster
model

Now we are able to define the parafermionic observable itself. Let us pick a finite
subgraph G C Z?, fix (a,b)-Dobrushin boundary conditions, pick some ¢ > 1 and the
corresponding psy. The parafermionic observable is defined on the edges of the medial
lattice e € E(G®) as

A

. a,b i6Wo (e,e
F(e) = FGﬂyby‘Lpsd(e) = ¢G,psd,q(6 g b)HeE'y)v
where v is the exploration path in w and ¢ satisfies the following relation:

cos(%F) = ‘/76.

For ¢ € [1,4] the value ¢ € [0, 1] satisfying the condition sin(%) = \/76 (it is equal to
1 — &) plays the role of a spin. In the case of the Ising model o = %, that corresponds to
the spin of the basic fermion.

Let us take a set V' € V(G®) such that any vertex v € V has four incident edges in
E(G®°) U{eq, e} and define its outer boundary

OV ={e € E(G°)U{eq, e}, 0nly one end of e belongs to V}, (1.27)

let us remind that these edges are oriented according to the rules of the medial lattice.
For edge e € 6V, define the function ny(e) to be equal to 1 if e is pointing to a vertex of
V and —1 otherwise. Then, the following property holds

Theorem 1.14 ([DCSTI17]). Choose V' with restrictions as above. Then,

> mv(e)F(e) = 0. (1.28)

ecdV

1.6 Another proof of Theorem [1.11] for ¢ € [1,4] using
the parafermionic observable

1.6.1 Preliminary: the graphs used in the proof

For this proof, we work not only on Z?2, but also on other infinite graphs. The half-plane
{(x,y) € Z* y > 0} is denoted by H (its boundary OH is equal to {(x,0) € Z*}).

We can extend the definition of boxes A,, for H. Free and wired boundary conditions
are defined for H in the same way, as for Z?, as a limit of measures defined for boxes
A,, C H with free (resp. wired) boundary conditions on 9A,, and on JH. Also we work
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with 0\1 boundary conditions, obtained by taking a limiting measure for boxes A,, with
Dobrushin ((0,n), (0,0)) boundary conditions.
The strip of height n in Z? (which can also be seen as a strip in H) is defined as:

Sn=A{(z,y) € Z* 1y € [0,n]}.
Let us call the left and the right parts of its boundary the subsets defined as:

0S8, ={(z,y) € Z* : y € {0,n},z > 0},
0~ S, = {(x,y) € Z* .y € {0,n},z < 0}.

The bottom left part of 0.5, will be denoted by
0, S, = {(z,0) € Z* : x < 0}.

Free, wired or 0\ 1 boundary condition measures on S, are defined as a limit of measures
on rectangles {(z,y) € Z* : © € [-m,m],y € [0,n]} with free, wired or ((0,n), (0,0))
boundary conditions respectively.

For some lemmas, we work on the universal cover of Z*\F, where F; is the face
[0,1] x [~1,0]. The universal cover U is a graph defined as follows:

V(U) ={(z,y,2),z,y,2 € Z} = V(Z?),

(
EU) ={((z,y,2),(z,y + 1,2)) Va,y,2 € Z}
U{((z,y, 2), (x + 1,y, 2))Va,y, 2 € Z such that = # 0}
U{((0,y,2),(1,y,2)) Yy, z € Z such that y > 0}
U{((0,y,2),(1,y,2+ 1)) Vy, z € Z such that y < 0}.

We also introduce the truncated universal cover Uy to be the subgraph of U with vertices
of the type (x,y,z) with |z| < k. Let us define its boundary 90Uy, as {(0,—y, —k),y €
N} U {(07 Y, k)7y € N}

We can define the analogue of a box A,, in Uy as follows:

An,k - {(l‘,y,Z) € Uk : Il'l&X(l(L’|, |y|) < TL},
8An,k = {(x,y,Z) € [Uk : max("x‘? ’y‘) = n}

Free and wired boundary conditions are defined for Uy, in the same way as for Z2. Let
us also note that we can extend the notions of dual and medial graphs to Uy.

1.6.2 Zhang argument

The inequality
DPe Z DPsd (129)

can be easily obtained using so-called Zhang argument, originally appeared in the perco-
lation case. Here we will briefly present it.

Suppose that this inequality does not hold, thus at criticality we have both primal
and dual infinite clusters. For fixed ¢ > 0 we can choose n big enough that the primal
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Figure 1.8: The construction of infinite clusters for Zhang argument.

infinite cluster touches A,, with probability bigger than 1 — ¢. An application of FKG
inequality called the square-root trick bounds from below the probability of the infinite
cluster to touch the upper side of the boundary of the box by 1 — /e. This implies that
with a probability bigger than 1 —4+/z, we will find primal and dual clusters alternatingly
touching the different sides of the boundary of A,, (see Figure . Finite energy property
allows to close all edges of A,, and for sure disconnect two primal infinite clusters.
This contradicts with the fact that the infinite cluster is almost surely unique. Thus, ([1.29))
holds.

1.6.3 The case q € [1, 3]

The proof is simpler when g < 3. We therefore begin by discussing this case.
Let us take a set S such that S C A, C Z2 and 0 € S and define its edge boundary
AS ={(z,y) € E(A,) : x € S,y & S}. Then, define the following auxiliary function:

Ppan(S) = ) 6,400 ¢« . (1.30)
(z,y)EAS
The result is the consequence of the following two lemmas.

Lemma 1.15. Let p > po, ¢ > 1 and n > 1. Then, for any G such that A, C G C Z2,
we have that

& .
ngqu[O +—— 0N, > lTp (S:Oé%chn Opgn(S )) (1-— gprq[O +—— 0OA,)]) (1.31)
where ¢ does not depend on p, G or &.

Proof. In this proof, we follow [DT16, DCT16], see also [Dum17|. The differential inequal-
ity (1.31)) is a consequence of (1.5, (1.10) and the characterisation of pivotal edges:

qupq[O +— OA,)

[e is pivotal for {0 +— OA,} and {0 < OA,}].

eEE
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Let us call S the set {x € A, : = «» JA,}. The event {0 < OA,} can be rewritten as
{0 € S}. Note that, when the event {0 «— 0A,} does not occur, all the pivotal edges
are closed and lie in AS. Then,

(prq[O «— OA,)] Z Z (prq e is pivotal for {0 «— JA,},S = 5]
S 0eSCA, eGE
Z Z Z ¢qu{0<?x}7828]
S 0€SCA, x:(x, y)eAS

S:0€SCAy

where the last inequality follows from the Domain Markov property. Then, we can conclude
that

c .
¢qu[o O] > — ( inf g0p7q7n(5)> B pgl0 € S]

— P \S:0eSCA,
C .
T 1-p (Szole%fc/\n Ppan(S )) (1 (prq[O < OA)).

]

Lemma 1.16. There ezists C' > 0 such that for any n > 1 and S such that 0 € S C A,
Ppaaan(S) > C. (1.32)

Proof. Consider a set S such that 0 € S C A,,.

We can define the graph A/, as a box A, with vertices {(0,%),1 < k < n} removed.
Then, let us denote the connected component of S that contains 0 as Sy and work with
the domain S{, = SyNA/. Let us call (0) the boundary conditions that are free everywhere.
These boundary conditions can be seen as Dobrushin boundary conditions with the wired
arc collapsed to one point (i.e. @ = b = 0). This observation allows to define the exploration
path v for a configuration in this domain. Its beginning edge e, = ((0,3), (—3,0)) is
adjacent to the edge e, = ((3,0),(0,3)), so v forms a loop around 0, which bounds the
open cluster in S that contains 0.

Let us call V' the set of all vertices in V' ((S;)°) that have four incident edges in
E((S)°) U {eq,ep}, then, §V defined as in can be split into three parts: first,
do = {eq, e}, second, the edges adjacent to the slit from the right and from the left (it
can be written as §; = §; Uy, where edges in 67 are of the form ((3 ,k;) (Lk+13)) or
(3,k+1),(1,k+13)) and edges in &; are of the form ((—1,k),(—=1,k+1)) or ((—5, k +
1),(—=1,k+3))), third, other edges neighbouring the boundary of (S})°.

Let us also look at the domain §_deﬁned as the reflection of S with respect to the
y-axis. We can define ?6, V,8V,8],6; and &, in the same way as for S.

Then, (|1.28) can be written as
> mv(e)Esle) +> + Y mv(e)Fge)+ > nle) A*é(e) =0,

e€d2 e€dy e€61Udo e€drUdo
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or

ecdUdg

{lemq3par} | Z T}v(e)ﬁsg)(e) + Z ny(e) AsT)(e)| < |Z 77V(6>F5' ‘—i— ‘Z 76 )l
e€62Udo

e€d2 e€dy

The first term in the right part of ((1.33) is bounded as follows:

1> nv(e)Fge)] <) |Fgle |—Z|¢>(s?pq (7o, )

e€do e€do e€do
0
=Y 0 e =23 6%, 1),
e€da €05y

because any boundary vertex corresponds to two edges from ¢, that do or do not belong to
~ simultaneously. The second term is bounded by the same value because of the symmetry

between S and S:

Do meFge)] <23 6% 0=a) <23 64,0 ).

e€d z€0So x€0So

Together, this gives the following bound on the right part of ([1.33)):

D () Es @)+ nle) Fgg(e)] S 4Y - d%,0(0 ¢ 2) < 4D~ 6%,,,(0 ¢ ).

e€da eeg x€0Sy €Sy

(1.34) {leftc3}

Before writing the inequality for the right part of (1.33]), let us define the vertices of

Si and S} adjacent to the slit:

9 = {(1k), 1 <k <n}uUS, sm ={(1k),1 <k <n}US,
slzt {(7 )1§k§n}USo, slzt {( )1§]€§Tl}US_0

Each of these points corresponds to two edges of 6; or ;. Then, the sums in the left

part of (1.33)) are written as follows:

Y w(OFgle) = (€77 = 1)+ 3 8y, (e e 0)(eT — e 7F)

o €0,
+ Z ¢067p5d7q(;p PAEEEN O)(627ri& i 67;&5777%

measllt
Z v (e) AT)(G) = (ei&%ﬂ —-1)+ Z Cboflp . q(x s 0)(e7T — ¢~F)

0Msd>
e(EIgggLJ§() ac(gé):EZt
» .
! Z gb%é@sd,q(x > 0)(e’™7 — €72,
€I,

slit
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Because of the symmetry of S{ and S_(), these equations can be summed to give

| (@) Fsle)+ D mple)Fgle)] = [2(e7F — 1)

e€d1Udg ccBa080
EY Bl e O E 4 o))
xeaslztuaslzt
= }2 67‘07 — 1) + Z 2¢%6’p5d?q<x VRN 0)<€i&g . wzg) COS( 32 )‘

weaslzt Uas_lzt

= 2[e™ — eif’g{ : }((ewf +14e7%%) — Z ¢067psd7q(x +— 0) cos(o

xeasmuas‘m
:2|ei&g}- ‘ei% 1]+ [(1+2cos(6%) — Z ¢S/pdq(x<—>0)cos(
J;E@smuﬁsfm
=275 — 1 |1+ Va+ D> %, @ 0% (3 —09)]
T€0 ;U0
> 2[e2 — 1|(1 + /q). (1.35)
Together, and conclude the proof with C' = 1|2 — 1|(1 + /7). O

Proof of Theorem for q € [1,3]. Let ustake p’ > psq. By monotonicity, we can extend
the result of Lemma to all values of p in the interval [psg, p']. Thus, for all p € [psq, P'],

(1.31)) takes the form

dgprq[0<—>8An] >Cdp
(1 ngqu[OHaAn])_ L—p

or, written differently,
—dlog(1 qupq[O «— 0A,)]) > —dlog(1 — p)°“. (1.36)
We can integrate ((1.36]) on [psg, p'] to obtain

L= 0 . ql0 < OA] S (1—psd)c
1— ¢4, [0 0N, — \1—p

which gives

Gl e ON] = 1= (1= 6, [0 4 OA,]) (11__;(1) >1- <11__]fd> (1.37)

where ¢ does not depend on G or n. We can send G to Z? and n to infinity to finally
obtain

1—p \°
qngp 000l > 1~ (1 —psd> > 0. (1.38)

The probability to have an infinite cluster is therefore positive for any p’ > py, a fact
which immediately implies that p. < psq. Together with (1.29) it gives Theorem [1.11]
]
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1.6.4 The sketch of the proof for 3 < ¢ <4

The global strategy is almost the same in this case. We work in the strip S,, rather
than in the box A,,. Let us define the event AF = {(0,0) «— m (0,n)} on the dual lattice

and call P* the left-most dual-open path connecting (0,0) to (0,n). We will also call A,
the event complement to A .

We can the set S = {z € S, : * +» 0%S,}. The event A} is equal to the event
{05, C S}.

We define the auxiliary function @, ,,(S) as follows. Let us take a set S such that
0-5, C S C S, and define AS = {(z,y) € E(S,) : x € S,y & S}. Then

Pran(8) = D 85,500 Su x| S=15]. (1.39)
{z,y}€AS

Lemma 1.17. [Proven in Subsection Let p > psg, ¢ > 1 and n > 1. Then, for any
G such that S, C G C Z?, we have that

d
L bl 2 ( inf @,q,nw)) A-¢h A (L40)

1 —p \s:0-5,c5CSn
where ¢ does not depend on p, G or &.

The analogue of Lemma for @, ,,(5) is the key point of the proof and requires
several additional statements. Firstly, we will show the following lemma:

Lemma 1.18. [Proven in Subsection [1.6.6] There exists a constant ¢ > 0 such that for
any n > 1 and for any S € S,, with the properties that 9-S,, C S and 0TS, NS =0, we
have
@p,q,n(s) Z Z QS}S'n,p,q[x — P*] (141)
Z‘eal:Sn

In order to state the other lemma, we work on the truncated universal cover Uy. The
reason why we use the universal cover is the following. In the proof of Subsection [1.6.3
(see ([1.38])), we used that cos(3£6) < 1 to show that the contribution of any slit has the
same sign as the one of e, and ep. In order to extend this property to ¢ > 3, one has
to consider larger opening between strips. Then, the proof is very similar (Lemma .
One key observation will be that there is no infinite cluster in the universal case (Lemma
[1.20). Combining these two facts will lead (with some work, done in Lemma [I.21) to an
estimate on the plane (Lemma This estimate will finally be used to show that the
probability of a certain event decays very fast as p moves away from py4, a fact which is
known to imply a bound in p. (Lemma |l.

This lemma is the analogue of Lemma [I.16] in Uy:

Lemma 1.19. /[Proven in Subsection For any choice of q € (3,4], there exists a
constant C' > 0 and k € N such that for any n > 1 and any set S such that 0 € S C A, i,
we have that

cppsdvq,nvk(s) > C, (1'42)

where Yy 4 nk 15 defined in the same way as in (1.30) for sets included in A, .
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We complement this lemma with the following result.

Lemma 1.20. [Proven in Subsection W For any k > 0, there is almost surely no
infinite cluster in Uy, i.e.
DY, poyq(0 < 00) = 0. (1.43)

Combined together, these lemmas give the following technical estimate on Z?:

Lemma 1.21. [Proven in Subsection For any M > 0, there exists R large enough
such that for every n > R and for any v connecting OA,, and OAg,

Z gbf\n\(ARUv)msd,q[I » Ap U 7] > M,

(—%,—n),i€[0,n]

where & denotes free boundary conditions on A, and wired boundary conditions on Ag U~y

(see Figure[1.9).

Figure 1.9: Boundary point connected to Ag U~ (Lemma |1.21)).

In this figure and the further pictures the free boundary conditions are represented by
the dashed lines and the wired boundary conditions are represented by the bold lines.

We use this lemma to obtain the following result.

Lemma 1.22. [Proven in Subsection Let us fitr e > 0 and R > 0. Then, for any n
large enough, one of the following statements should hold:

Case 1
(q4phiCeql} Z 08, p.1.qlt < 0] > Rlogn. (1.44)
€0, Sn
Case 2
{case2eq} % pogeq(0 > ON,) <n™%0. (1.45)
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For the second case, we can rewrite ({1.45)) using the dual model on the dual lattice to
get:
{T42eq} D5 (poatoyalAn] S B8, iy gl0 = OA] <070 (1.46)

If the first case holds, then combined with Lemma it gives that for any R > 0,

for n large enough

@p,q,n(s) >R lOg n (147) {qg4phiCeq}

for any S € S,, with the properties 9~5,, C S and 95, NS = 0.
The combination of this inequality with Lemma [1.17]implies the following proposition.

Proposition 1.23. [Proven in Subsection Forn such that (1.44)) holds and for any
0 > 0, we have that

¢3S;,(psd+6)*,q[A2] <n~ % (1.48) {T41leq}

The fact that psg > p. for 3 < ¢ < 4 is the immediate consequence of (|1.46)) and ((1.48))
and the following lemma:

Lemma 1.24 ([Duml3]). Suppose p’ < p.. Then, for infinitely many n € N, we have that

Oy qlAn] > 1% (1.49)

1.6.5 Proofs of Lemma and Proposition [1.23|

These proofs use the same strategies as in the case ¢ < 3.

Proof of Lemma[1.17. (see also [DT16, [DCT16]). Let us remind that the event comple-
ment to A, is equal to {075, C S}. Then,

d c
_¢,15'n7p7q [ATL] Z

mp,q[e is pivotal for A,,, A,, does not occur]

c —
= 1-— Z Z ¢k15‘mp,q[a Sn 7 z,8 = 5]
p S:07 S, CSCSy (z,y)EAS
C —
= Z gpp,gyn(s)(b}gn,p,q[s = S]

1—
p S§:07 8, CSCSn

& .
inf
1—p \s:0-s,cscs,

v

a,,,q,n<s>) (1= 6 oA

O

Proof of Proposition|1.25. This proof uses the same method as for the proof given in
Subsection [1.6.3] Fix p’ = pyq + ¢ for some ¢ > 0. By monotonicity, (1.47) holds for any
P € [psa, P']- This together with (|1.40]) gives that

—d (log(1 — ¢, 4[An])) = 1 o logndp > Rlogndp.
H - P
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After integrating we obtain that

¢é,psd+6,q[A”] > 1- n= e,

Let us choose R large enough to have R§ > 20. Then, when G goes to .S,,, we obtain

or, written in the dual model,

50 (paat o) gl An] <70

1.6.6 Proof of Lemmas 1.18 and [1.19.

Proof of Lemma[1.19 This proof uses the same strategy as in Lemma[I.16], but on Uy in-
stead of Z2. Let us look at aset S € A, containing 0 and denote S = {(—x,y, —2), (z,y,2) €
S} its reflection. We are interested in the connected component containing zero, denoted
by So. Let us look at the set A; , = A,;\0U, and study the sets S; = A; , N Sy and

g(/) = A%,k N So.

For boundary conditions (0) defined as before we can define the exploration path both
for S and Sj. Its initial and final edges are of the form e, = ((0, -3, —k)(3,0, —k)) and
ey = ((—%, 0,k)(0, —%, k:)) The sets V, 6V, 0y, 01 = 67 U] and &, (resp. V, 0V, 6, = fuf
and ) are defined as in previous proof.

Then, enables us to write exactly the same equation as in

fengapary | 3 mw(@)Fs )+ 3 ap(e)Fy(e)] < S m(e)Fyy (0] + 3 mele)Eggle)]. (1.50)

e€d1Udo e€61Udg eE€da e€dy
As in ([1.34)), the right-hand side of ([1.50)) is bounded as follows:

{leftC4} Y (e Ese)| + D mle)Egle)] <4d 6%, 4(0 +— ). (1.51)

e€d2 e€dy x€9So
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The left-hand side of ((1.50)) can be written as:
2 , i6(4mk 3T
| D weFs (e + Y mwle)Fgle)] =[2(e7 ) —1)

e€di1Udg GEEUJO
+ Z ¢0(),psdvq($ s 0)(eT0 — ¢mi0F y Ahmi (mio e“’?))‘
x€0T. Uo7

slit slit

— }2 ew(47rk 2”) . 1)

208, (e 0)(eCTRER) — cCRIITE) cog((4rrk + 3) )|

xeaslzt Uaslzt

— 2{ e (2k+1)mic 62‘6(271’](:—&-%))}

4k+1
|1+ Z 2 cos(™5) — Z 20 .0q(T < 0) cos((4k + 3)3)]

zeaslzt Uas_lzt

> 2|(e2 — 1),
The last bound holds if we pick an integer & in such a way that cos(™#5) > 0 for any
integer m € [0, 4k 4 1] and cos((4k + 3)56) < 0. These inequalities give the constraint

2_32_1
ke[Q,Q}

The length of this interval is equal to one so such k£ can always be found.

]

Proof of Lemma[1.18 Look at the exploration path v from (0,0) to (n,0) in the strip
S, with 0\1 boundary conditions. Take S such that 0-5,, C S C S, and its reflection S
from the middle line of the strip. We call V' (correspondingly V') the vertices of S° (cor-
respondingly S°), and 9, ,0; ,0p- and 65+ the medial edges corresponding to the bottom
and top left boundaries of S, and to the paths P* and P*.

The equation ((1.28)) can be written as

‘ Z nv(e)ﬁ’g(e) + ny-(e) A§(6)| < | Z nv(e)F: ‘ + | Z g . (1.52) {lemg4Spar]

e€8, Us, e€d px eC€opx

The right part of the inequality is written as

1> @) Fs(e)] + 1) nvle)Fsle)| = 2| Y mv(e)Fs(e)]
e€dpx eESpw e€d px
<2 B8 (e €7)

66(5}3*

=4 Z P (e +— 0~ S,)

SniPsd»q
ecP*

—8Z¢0\1 (e «— 0, Sh).

SnsPsd»q
ec P
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due to the symmetry of S and S. Also, because of this symmetry, the left-hand side of
(1.52)) is bounded by

|(ei%&—1+e*i%&— —ing Zd)o\l xHP*)|:£1—e ‘Zqﬁo\l (z <= P*)

Sn:psd7 Snapsd:
r€ED~ Sp r€d— S,
_ o —iZs 0\1 %
\/_’1 e 2 | Z gbsn,Psd,q x P )
x€0, Sn
The combination of these two bounds finishes the proof. n

1.6.7 Proof of Lemma [1.20]

To prove this lemma we introduce new definitions and prove one intermediate lemma.
For every integer r, call £, the axis in U obtained by the rotation of ¢, = {(0,4,0) : y > 0}

by the angle . Let us denote sect;; the part of U between ¢; and ¢; (in particular

Up = sect_o_apakt2)

Let us call the domain 2 C U symmetric if it is invariant under the reflection with
respect to (o, i.e, if (z,y, z) € Q implies that (z, —y, —z) € Q. Let us also call Q simple if
0 € Q and if for any sector sect, ;11 the domain sect; ;1\ is connected.

Lemma 1.25. For any k > 0 and any simple symmetric domain € such that 2 C sect_g
the following is true:

(b0,0\l (61 é (8QQS€CJE,170)) 2

sect g,k \,Psd ¢ sect_1 1

(1.53)

l\')lr—t

where 0,0\1 boundary conditions denote free boundary conditions at infinity, €, and (_y,
free boundary conditions on sect_j o N O and wired boundary conditions on sectg y M OS2.

Proof. The events

Ay ={t, <= (09N sect_10)}
sect—_1,1\Q2

and

= {gilsecﬁ\fgag N SeCt0’1>}

are disjoint. Let us denote 1,0\1 the boundary conditions which are wired at infinity, ¢
and (_y, free at sect_j NI and wired at sect( ;NI Then, by duality and by comparison
between free and wired boundary conditions (which favour primal paths to appear),

0,0\1 10\ 0,0\1
¢sect7k,k\9,psd,q(A1) - (Z§S<3f:1:4€,k\Q,psmq<A2> = (bsectfk,k\ﬂ,psd,q(AQ)'
Let us look at the events

B; = {(89 N SeCtQJ) — OO}

sect_1,1\Q
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Figure 1.10: A domain €2 with corresponding boundary conditions, events A; and As, and
By and Bj (doubled lines). Dual paths are represented by dash-dotted lines.

and

By = {(0Q Nisect_19) «— oo}

sect_1,1\Q
The realisations of As and B; are the only paths blocking the event A; (see Figure [1.10)).
Thus, A, Ay and By N By are disjoint, and moreover, A; U Ay U (B N By) is equal to
the full probability space:
¢0,0\1 (A1) + gz50,0\1

sect _k,k \2,Psd-q sect _k 1 \2,Psd>q

(4a) + 620"

sect_k,k\ﬂvpsdvq

(BiNBy) =1 (1.54)

Let us bound the probability of B; N By. We can compare it to the event

B= {0 5 00,0 +— oo and the dual cluster comes before the primal one

sect_1,1 sect_1,1

on the way from ¢_; to ¢1}.

We can open all edges of 2 M secty; and close all edges of {2 M sect_; o, this connects the

primal cluster from the event B; and the dual cluster from the event B, to zero. Then by

finite energy property there exists a positive constant ¢ depending only on €2, such that
gbo,0\1

sect _ .,k \Q,Psd:q

(B1N Bs) < ¢§mk‘k,psd,q(31 N By N{(QNsect_y ) closed, (2 Nsect_y ) open})

< ¢g€0t—k,k»psd7q(é>'

From now on the proof will require that £ > 3, but it can be easily modified for
ke {1,2}.
Let us look at the probability of the event

C ={0 <+ oo}

secty,3
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conditioned on B, and compare it to the event B itself. The existence of the primal cluster
from 0 to infinity in sect_; ; has less influence on ', than a primal cluster from 0 to infinity
in secty 3 (closer to ¢, than the dual cluster). The free boundary conditions at ¢; are

two Z-turns closer to the dual cluster from C' than the free boundary conditions at £_y

for the dual cluster of B. The comparison between boundary conditions concludes that

0 (C|B) > ¢° (0 <= o0 in B|0 +— oo in B) > ¢ (B),

sect_k k,Psd;q — 7sect_k k,Psd-q sect_k k,Psd;q

and, by comparison between boundary conditions,

~ ~ = N\2
29Ct73,11psd7q(0 N B) Z ¢2€Ct—k,k7psd,Q<C N B) Z( (S)eCt—k,kypsdyq(B)) :
Let us look at the existence of the primal infinite cluster in C' N B conditioned on the
existence of two separated infinite dual clusters (let us call this event (0 +— 00)?). The
probability of this event will not change if the boundaries ¢_; and /3 are glued together to
obtain Z2. The probability for primal infinite cluster to exist increases if we remove two
dual clusters. Thus,
(g2 (BiN By))* < ¢ (C'NB)

sect _ g,k \2,Psd,q sect—3,1,Psd,q

< ¢ (0400 in C'N B|(0 +— 00)” in C N B)

sect—3.1,Psd,
< ey, a(06—00 In C'N B|(0 <+ 0)? in C N B)
S ¢OZ27psdaq(0 OO),

and the last probability is equal to zero because of Zhang’s argument. Combined with

(1.54), this implies the result.
[l

Proof of Lemma[1.20. We are going to prove that, with positive probability, there exists
a dual path in Uy\A,, disconnecting 0 from infinity and that this probability does not
depend on n. This fact implies the statement of the proposition.

Let us look at the event {{_4;_o U<\L> 0_4x—1} not in Uy = sect_sp_2.4512, but in a
k n,k

bigger domain sect_jo;_g k2. The domain = A, 3541 N sect_195_6ak+2 is simple and
symmetric with respect to the symmetry line ¢_4;._5. Putting free boundary conditions on
0_195—¢ and on O N sect_qo5—¢ —ak—2 instead of ¢_,;_o decreases the probability of dual
path to appear. Then, by comparison between boundary conditions

¢‘10Jk,psd,q (€—4k—2 T £—4k—1)

k n,k

2 Qbo (6—4k—2 (L) €_4k_1|Q N Sect_12k_67_4k_2 ClOSGd)

sect 19k —6,4k+2,Psdsq
’ el sect _12k—6,4k42

0,0\1 x L
>0 AN > 1
= ¢56Ct—12k—6,4k+2\97psd7q(£_4k_2 6_4’“_1) = 2

where the last bound is a direct consequence of Lemma [1.25]
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Figure 1.11: Construction of the dual connection between + and ¢, ;.

Suppose now that for some integer r € [—4k — 1,4k + 1] lines {_4;_» and ¢, are already
connected in Ui\A, ; by a dual path 7 (see Figure . Consider ¢, as a symmetry line
and reflect v with respect to it (let us call the result «’). The domain Q' defined as the
area of sect 442 9, +4x+2 bounded by yU~" is a simple symmetric domain. We are going to
work in a sector sect,_,s ,,v, where 1’ = 4k +24|r|. Then Q = (A, 3541 Nsecty sy ) ULY
is also a simple symmetric domain and, using the same strategy as before, we obtain

0 * 0 .
A (2 U<—>k\Ank Crya | v) > ¢seCtT,T/,T+T/7psdaq(£7‘ - i/—: @ lriq ‘ Q N sect,_,, closed)
0,0\1 . )
Z ¢SECtr7r’,r+r’\Q’psdaq<£T €T+1) Z 5

This implies the result since, by iterative conditioning, we find

8k+4
¢%k,psd,q(£—4’f—2 é\* 5 E4k+2) Z(%) ! :
k n,k

1.6.8 Proof of Lemma [1.21]

Proof. Fix k and C' as in Lemma [1.18[so that:

Z ¢?\n,k7psd,q(0 > x)>C.

anAnyk
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Divide the boundary of A,,  into 8(2k+1) pieces by splitting each side of each boundary
layers into two halfs at the midpoint. Then, there exists at least one piece I, ; such that

C
> Psrnaa 06— 0) > . (1.55)
Z’GI",k

By the finite energy property, there exists a constant ¢ = (¢, k, &) > 1 such that for any
j € ZN[—k, k] and for any = € Uy, the following holds:

Dppal® < (0,0.0] _ (1.56)

1
¢ ¢Uk7p,q[x — (0707j)]

Combining ((1.55]) and (|1.56]), we obtain that for some positive constant ¢, independent of
n7

ST 08 paal(0,0,5) ¢ 7] > ¢,

xe[’n,k

where j is the height of I,, ;. Using a bigger domain with 2k layers to centre the j-th layer
and comparing boundary conditions as in ({1.9)), we conclude that

Z ¢%n,2k1psd7q[0 A x] Z C)

xzel,

where I, is the projection of I, ; onto the layer of height 0.
Let us open all edges in a smaller box Ag o for some R € (0, V). Then, we can write
the following inequality

er[’n ¢?\n,2k7psd:q [O x:l
¢%n,2k7psd7q [0 aAR72k]

Z gb?xn’%psd’q[x < ARok|ARg oy is all open] >
xz€el,
c

> .
¢An,2k:psd7q [O aAR:2k]

Also, we can choose any v from dA,, to AR, project it on all layers of Uy as 4 and make
7 open. Then, we obtain

Z ¢§\n,2k\(AR,2k(i’))’psd’q[:C AR’% (:)/)] - Z ¢?\2n,k,P5d,q[:€ AR»2k|AR’2k U7 are open]

IEIn Ieln
C

> .
¢An,2kapsd7q [0 aAR12k]

where Agor(7) is a union of Ag o, and ¥), and £ denotes the boundary conditions wired

on OAg o, and 4 and free on A, 2. Notice that {z : x — I,} can be projected
A 26 \(AR,26U7)

on Z? without multiple projections on one point (if not, an open path between two points
with the same projection would cross 7). Thus, we can conclude that

C

<
> P\ (ArU) paaglt T ArUA] 2 (1.57)

p— 0 .
xzel, ¢An,2k7psdvq [0 aAR72k]
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By Lemma [1.20} for any € > 0, one may choose R large enough that for n large enough

¢?\n,2k7psd7q[0 aAR72k:| < .

Together with ((1.57)), this gives the result.

1.6.9 Proof of Lemma [1.22|

Let us call py,,, = Pmn(C) the probability that the box [—m,m| x [0,Cm] € H with
wired boundary conditions on 0.5, is crossed from top to bottom, i.e.

P = gbgmpsd’q([—m,m] x {0} — [—m,m] x {C'm}). (1.58)

[=m,m]x[0,Cm]

Let us fix C € N and take k,m,n € N such that 2Ckm < n. For ¢ > 0, define the
domains L? and L! as follows:

= [=m,m] x [0, Cm],

=[-m,m] x [n — C’m ,nl,

=LY U (L2 + (—2m,0)) U ([-m,m] x [0,Cm] + (—im,iCm)),
=L U (L + (=2m,0)) U ([-m,m] x [n — Cm,n] + (—im, —iCm)).

For i < k, the domains L! and L? stay in the strip S,, and do not intersect. We are going
to study the events

Al = {[0,m] x {0} — {=(i+1)m} x Z},
Al i =1{10,m] x {n} — {—(i+1)m} x Z}.

Lemma 1.26. For every k,m,n € N such that 2Ckm < n, we have that

%ll,psd,q (AIT)H .k A Am n, k) (1 - pm,n—2Ckm)2(k+1) . (159)

Proof. We prove the estimate by induction. The event A%, is rewritten as follows:

{O.mx {0} | {-m)x[0.Cm])

[=m,m]x][0

Under 0\1 boundary conditions, the events

{l0,m] x {0} «—  ([=m.m] x {Cm}) U ({-m} x [0,Cm]}

[—m,m]x[0,Cm]
and
{[—m, 0] x {0} PN ([=m,m] x {Cm}) U ({m} x [0, C’m])}

[=m,m]x[0,Cm)]

41



{hugoadd}

. Let 7 be the uppermost path from [0, m] x {0} to {—(i + 1)m} x 7, satisfying A?

have the same probability. Since by duality and symmetry at least one of them should
occur in any configuration, we find that

Ogrpoaa[0:m] X {0} = ([=m,m] x {Cm})U ({=m} x [0,Cm])) >

[=m,m]x[0,Cm]

l\'>|'—‘

Adding wired boundary conditions increase the probability to have a vertical crossing of
the box so

0\1
S}vasdyq([_m’ m] X {0} [_mmcm] [_m7m] X {Cm}) S pm,n

which implies that

Sepaaa (M) = 0o g(0m] x {0} {=m} x[0,Cm]) >

Sn,Psd,q \ Tm,n,0 SnPsd; [—m,m]x[0,C'm]

— Pm,n-

N —

The same estimation is true also for A, , ;.

Then, the FKG inequality gives that

1
0\1 2
S}vasdaq(Am n,0 N Am n O) (5 - pm,n) .

Suppose now that for some i,

0\1 '
S>7psdv‘1(Afnﬂ7i N Ain,n,z) > ( — Pmn— ZC’zm) (Z—H).

Let us first notice that p,,, decreases with respect to the second argument because of
the Domain Markov property (narrowing the strip by adding wired boundary conditions
increases the probability to have a crossing in a box inside it). Thus, we can write that

0\1 i
¢S>L Dsds q( m,n,i M Afnnz) Z (% - pm,n—?C(i+1)m)2( +1)~ (160)

Let us look at the event A° , conditioned on the events A® . and A! . (see Figure

m,n,i+ m,mn,i m,mn,i

ng

and 7: be the lowermost path from [0,m] x {n} to {—(i +1)m} x Z satisfying A}, , ;. Let
v, and v, be the reflections of v, and ~; with respect to the line {—(i 4+ 1)m} x Z. Note
that {—(i + 1)m} x Z is an axis of symmetry for L., and L.

Set the boundary conditions to be free on +; and ~; (this can only decrease the prob-
ability of A° ). Then, by the same reasons as for A,,, o, the probability to have an

m,n,i+1
open path from ([0,n] x {O}) U~ to the top or to the left boundary of L, is bigger than
1
5-
The probability for this path to hit the top part of ILY, | (i.e. [—(i+2)m, —im] x {(i+

2)Cm}) is smaller than the probability for [—m,m] x [0,Cm] + (—(i + 1)m, (i + 1)Cm)
to be crossed from top to bottom, which can be bounded above using the comparison
between boundary conditions and the Domain Markov property. If we restrict our strip to
Z x [(i4+1)Cm,n — (i+ 1)Cm] (all the paths will be left outside the strip) and put wired
boundary conditions on its boundary, the probability [—(i + 2)m, —im] x [(i + 1)C'm, (i +
2)C'm] to have a vertical crossing is equal to Pmn—2C(i+1)m- Lhe initial domain is bigger

42



Figure 1.12: Events A® , and A!

mmit1 With corresponding boundary conditions.

m,n,i+

and has smaller boundary conditions, so the probability of this event is smaller in this
context. This leads to
0\l
ngn,psd, ( m,n z+1|Amnz A Ain n z) > % — Pmmn—2C(i+1)m,

and the same bound holds for A! By FKG inequality, we deduce that

m,n,i+1°

0\1
¢\ ( mn1+1mA m,n,(i+1) ’A

2
Snipsd»q m,n,i N Afn M z) = (% - pm,n—QC(i+1)m) .
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Combining it with (1.60)), we deduce that

0\1

b 1 2(i+2)
Snypsd,q(Am,n,i—H N Afn,n,(i—l—l)) > (5 - pm,nf2C(i+1)m) .

Letting ¢ be equal to k gives the result. O]

Corollary 1.27. Let us fit C' > 4 and m,n € N such that
n > 9C?*m. (1.61)

Let us call A% the event that [0,m] x {0} is connected either to {—4Cm —m} x [0,8Cm]
or to [—4Cm — m,m] x {8Cm} in [—4Cm — m,4Cm — m] x [0,8Cm] N L§.
Then,
g (AL) > (3 = P cam) 21D, (1.62)

SnsPsd»q

Proof. The result follows directly from the fact that p,,, is decreasing in the second
variable and from the previous lemma applied to A, , 4c. The built path either ends at
{—=4C'm — m} x [0,8Cm] or leaves the box from the top boundary. O

Lemma 1.28. For any choice of C' > 4 and M > 0, we have that

S G0 (= 0) > M(L = pp o) 20CHD (1.63)

SniPsd»q
z€[—(4C+1)m,—m]x {0}

for m large enough and n € N such that (1.61]) holds.

Proof. Let us choose R according to Lemma [1.21], m > R and n > 9C?m and look at the
square box A = Ayop, + (—m, 4Cm) with the smaller box A° = Az + (—m,4Cm) inside.

Ap

T

a0y 0

Figure 1.13: Connection of a point x to 7 is more probable than its connection to +' U Ay.
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Then, conditioned on A%, let v be the uppermost realisation of the path going from
[0,m] x {0} to the left or upper parts of 94 in the domain described in Corollary
(see Figure [1.13)). Note that 7 lies in the annulus A\A°. Let us choose 7 connecting 9
and A° and going to the right from ~. Then, by Lemma m,

Z ¢OS>L{psd7q(x — ) > Z D) pong(® = A°Uy| A°U7y are open) > M.
z€[—(4C+1)m,—m]x {0} z€[—(4C+1)m,—m|x {0}

Increasing the domain to S, and putting wired boundary conditions on 9+, only in-
creases the probabilities in the sum. Together with Corollary[I.27, this gives the result. O

Let us now fix any € > 0 and define p = p(¢) > 1 and C' = C(p) > 4 large enough that
(C+1) < p” (1.64) {Cro1}

and )
C>2 (;3—1) (1.65) {Cro2}

and look at the set
={k €N,k <log, %=, Ppr1-p)n < 1}-

We will prove that we are either in Case 1 or in Case 2 of Lemma depending on
whether |K,| is large or not.

Lemma 1.29. Fiz R > 0. For any choice of p > 1 and for any n large enough, if
|| > 5 log, 5o, then

> o, (2,00 < 0) > Rlogn.

Sn,Psd>q
z€[—n,0)

Proof Inequahty - ) together with the condition |K,| > 1logp 5= allows to pick

100 log, 5¢= indices k € K, such that the intervals

I, = [=(4C + 1)p*, —p"]

are disjoint. Let us choose M = 20RC42*C+1D and apply Lemma to each I;. Then,

we obtain
0\1 o
Z ¢deq ) ZZ¢deq <_>0)
: [ k x€ly
M n
> co e 08, 5 > Rlogn.
Notice that R is positive and can be picked arbitrary large for n big enough. 0

Lemma 1.30. Take n large enough and suppose that | K, | < %logp &, then

O p.yeg(0 > OA,) <™.

45



{Hamdist}

To prove this theorem we need an additional result. Let us define the Hamming dis-
tancebetween two configurations w and w’ by

Hwo) = Y |w(e) - /(o))
)

ecE(Q2
and the Hamming distance between an event A and a configuration w | by

3 /
Hy(w) = Jlréi;H(w,w ).
Then, we can write an inequality similar to (1.10]) in the terms of the expected Hamming
distance |Gri06]:
d 1
—log ¢, (A) > ———6%  (Ha). 1.66
dp og ¢G,p,q( ) = p(l . p) ¢G,p7q( A) ( )

We now turn to the proof.

Proof. Let us study the probability of the following event:
Aj = {[=20"11, =2p%] x {0} +— 20", 29" x {0} in 4, } (1.67)
where Aj is the half-annulus
A = [=20"71, 20" < [0, Cp* (p — DIN[=20",20%] x [0, Cp" " (p — 1)]

(see Figure [1.14)).
The rectangles [—2p" ™, —2p*] x [0, Cp*(p — 1)] and [2p%, 2pF 1] x [0, Cp*(p — 1)] are
crossed in the vertical direction with probability p,x_, each. Inequality (1.65) implies

that A, contains a square of size 4pF*! that is crossed with probability bigger than %

Figure 1.14: Realisation of Ay.
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Altogether, this gives a bound gb}qmps M(Ak) > %pik(lfp). The assumption on the size of
K, implies that ¢  (Ak) > 35 for at least 5 log, 5% values of k. Notice also that for
all these indices, A, lies in A,, and that the Aj are disjoint.

We study this probability for p = psq so Ay implies the existence of dual-open circuit
in H* disconnecting 0 from JA,,. The expected number of such disjoint circuits is bigger
than 6%1 log, &, since the Ay, are disjoint. This number bounds from below the expectation

of the Hamming distance of the event that 0 is connected to JA,, in the dual lattice:

U

¢£(psd)iq(H0<L>aAn> = ¢%7psd7q(H0<—>8A") 2 6L4 logp

Here, we changed to the primal lattice with free boundary conditions using the self-duality
of the model for pyy. We apply (1.66]) to obtain

d 0 1 n

& log ¢y, 4[0 < OA,] > ol log,, Yok

By monotonicity, this inequality extends to every p € [psq — €', psq] for € > 0. Integrating
the previous inequality gives:

Psd

d € n
/ d—plog D pgl0 — 0N, > 6—410gp rol

Psda—¢

or, put differently,
B p.yeql0 > ON,] < (£) 5700

The value of p was chosen close enough to 1 that

c > 20.

64 log p

This concludes the proof. O
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Chapter 2

Brownian motion on three-dimensional
spaces and the behaviour of its
projections

2.1 Definition of Brownian motion

2.1.1 Stochastic processes

A random process X; is a set of random variables, indexed by some set, usually by an
interval ¢ € [0, T, the positive part of the real line ¢ € RT or, in discrete case, t € N. In
these case this index is often called time.

Markov property [Mar54] (compare with Subsection is one of the most wanted
properties for stochastic processes.

A stochastic process X; defined on [0, 7], RT or N is called a Markov process if for any
subset 7 = (¢;)"_, of an index set, that has a strictly increasing order

(X, |1 X0, ) L ((X0)ist). (2.1)

That is, for any time ¢ > ¢, the process X; depends only on the value X;,, and not on the
values for previous moments.
This property is the most important preserved in the definition of Brownian motion.

2.1.2 Definition itself

The standard Brownian motion or the Wiener process is a stochastic process W (or
By) on t € RT with following properties:

e It starts at zero
By=0 (2.2)

(we will sometimes translate B, to start at some other point By = = € R, then this
Brownian motion is not called standard)
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ldef _gauss}

Figure 2.1: Iterative Levy’s construction of a Brownian motion

e all its increments are independent, i.e for any times ¢’ >t and any s < ¢
(Br — B) L B, (2.3)
this property makes Brownian motion a Markov process
e the increments are distributed as Gaussian random variables

(By — By) ~ N(0, |t —t]) (2.4)

e almost surely the path of B; is continuous

Note that property can be made weaker. Suppose all increments (By — By)
are distributed identically with zero mean and variance Var(By — B;) = |[t' — t|, and
independent due to . Then the central limit theorem leads directly to . Moreover,
if we bound any higher moment of distributions of (By — B;), they even do not need to
be identical due to Lyapunov central limit theorem.

2.1.3 Construction of Brownian motion

The definition above has no importance without guaranties that such process exists.
This is the statement of the following theorem.

Theorem 2.1 ([Wie23|). There exists a continuous stochastic process (called Brownian

motion) that satisfies properties (2.2)—(2.4).

The proof is done by constructing Brownian motion on a time interval [0, 1]. Brownian
motion on bigger intervals is built by concatenation (in the sense as in (3.2))) of needed
number of independently sampled Brownian motions on unit intervals. There are several
possible constructions leading to the result:

Levy’s construction

This is step-by-step construction of the values of the process B in dyadic points (see

Figure .

Let us define the set of dyadic points as follows:

D — U D, = U{% for integer k € [0,2"]}
n=0

n=0

20
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and independently attribute a normally distributed random variable Z; ~ N (0, 1) to each
point {t € D}.
For the first step n = 0, set B(0) = 0 and B(1) = Z;. For the further steps define
B(t—2"")+B(t+2™") Z,

B(t) = 5 + ST vt € D,\D, 1.

The process constructed in the following way is indeed well-defined, continuous and
preserves Properties (2.2)—(2.4)) (see [MP10] for the details).

Limit of random walks

Another way to construct a Brownian motion is as a limit of random walks.

The generalisation of the Central Limit Theorem called functional central limit the-
orem or Donsker’s invariance principle [Don52| states that if {X;}2°, are independently
identically distributed with zero mean and variance 1, then the processes B (t) defined
as

nt
B(”)(t) _ Zz’L:lJ Xi
NZD
converge in distribution, and the resulting process possess all properties stated in Subsec-
tion 2.1.2]

The most simple distribution of steps is to take them equal to +1 or —1 with proba-

bility % (compare with Section , but complifications are also possible.

2.1.4 Properties of Brownian motion

Let us mention several properties of Brownian motion that will be useful for further
discussions (let us for example refer to [MP10]).

e It follows from the definition that Brownian paths are continuous almost surely. On
the other hand, they are almost surely non-differentiable at any point.

e It follows from the definition that Brownian motion is a Markov process. Moreover,
this property can be generalised in the following sense. Let us define the stopping
time 7 of a random variable on [0,7] U {co}, such that for any ¢ < T the event
{7 >t} depends only on the process up to time ¢, and not on its further values. It
is usually seen as a rule (called stopping rule) to stop the process if some conditions
are satisfied, for example is the process reaches some fixed value etc.

For Brownian motion the strong Markov property, stated as
(By — B,) L B, Vt'>7,s<7 for any stopping time 7, (2.5)
holds as well.
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{Itoint}

e We will call the transition probability density the probability density of the process
leaving the point = at time ¢ to arrive to the point y = x + Az at time ¢t + At. The
transition probability density of Brownian motion does not depend on the time nor
the point of the departure and is described by the Gaussian law

1 *%X)Q (2 6)
e t )
V21 AL

e Let us define the process M; = ming<s<; B,. Then, the following processes have the
same distribution

plz,y =x+ Az, t,t + At) =

(M, — By) £ |B,]. (2.7)

The process (M; — B;) can be seen as a Brownian motion reflecting from the line
x =0, so is called the reflection principle. Moreover, the set of all times where
Brownian motion reaches its minimum has the same distribution as the set of points
where the value of Brownian motion is zero.

2.1.5 Generalisation to R?

Brownian motion in R? is defined as B = (Bt@)f:l with d independent Brownian mo-
tions Bt(i) (note that for one-dimensional Brownian motion the index d is usually omitted).
This definition is rotational-invariant and does not depend on the choice of orthonormal
basis. Also it preserves all important properties from the previous subsection, such as con-
tinuity, non-differentiability, Markov property etc. The transitional probability density in

this case is
1 _ ey

e 2At
V2w At

where || - || denotes the Euclidian distance on R?.

p(z,y,t,t + At) =

2.2 SDE’s, 1t6 diffusion

2.2.1 Ito6 stochastic integral

We can define the integration with respect to Brownian motion (in It6 sense as an
opposite to Stratonovich definition) as the following limit (see [Ok03| for details). Suppose
that m, = {(tz‘)?:o 0=t <t; < ...<tp1 <t,= t} is a partition of [0,¢] and denote
|m:| = maxj<i<n(t; — t;—1). Then, for any process H; which is right-continuous, locally
bounded and adapted (informally it means that H; cannot depend on anything happening
in the further time ¢ > s). we can define

|7’l’t|—>0

t
/ H,dB,= lim Y H, (B, -B,_,). (2.8)
0 =1

This limit exists in the sense that it converges in probability, the resulting stochastic
process is called It6 stochastic integral.
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Note that the value of H; in the sum (2.8)) is taken in the initial point of the interval
[ti_1,t;], thus it is independent from (B;, — By, ,). Here lies the difference between this
definition and the Stratonovich stochastic integral [Str66].

2.2.2 The definition of It6 process
For given functions p = pu(Xy,t) and 0 = o(Xy,t) an It process is a random process

satisfying
t t

X = Xo+ /M(Xs,s)ds+/a(Xs,s)st. (2.9)
0 0

Its existence and uniqueness is guarantied under some regularity conditions on stochastic
processes (1(X;,t) and o(Xy,t). It is usually written in the shorten form

dXt = /,L(Xt, t)dt + O'(Xt, t)dBt (210)

Here p = u(Xy,t) is called the drift, and o = o(Xy,t) is the diffusion.
If coefficients does not directly depend on time, then (2.10)) is called Ité diffusion

dX; = p(Xy)dt + o(Xy)dB,. (2.11)
In this case the regularities required for 1 and ¢ are Lipschitz continuity condition
3C>0:  |u(@) — ) +lo(@) —oy)| < Clz —y[ Vz,y, (2.12)
and not more than linear growth:
AD >0 : |u(z)|+|o(z)| < D(1+|z|) V. (2.13)

Then the solution of for any initial position X, (either fixed point or random
variable with bounded second moment) exists and is unique [Ito46l, (Wk03].

Later on we will work with It6’s diffusion only.

This definition is naturally generalised to the multidimensional case:

with a drift vector u”(X;) = (1:(X:))%, and a diffusion matrix X(X;) = (X;;(X;))¢

ij=1-
As before there exists a unique solution for this equation, if u”(X;) and 3(X;) satisfy

conditions (2.12)—(2.13).

2.2.3 Properties of 1t6 diffusion

e As Brownian motion, It6 diffusion is a Markov process in the sense as in ([2.3)).
Moreover, the strong Markov property, same as (2.5 holds as well.

The paths of [to diffusion are continuous

e Let us mention one more property we will refer to later.
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Proposition 2.2. Suppose Bgl) and Bt@) are two independent one-dimensional
Brownian motions. Then the process defined as

dX; = p(X,)dt + o1(X;)dBY + o4(X,)dB® (2.15) {dbsum_tem

is an Ito diffusion with drift (X;) and diffusion o(X;) of the form

o(X,) = [o3(X) + 03(X,)

This statement follows from the definition of the stochastic integral in It6 sense,
when the values of diffusion coefficients do not depend on the increments of Brownian
motions. Random variables coming from the sum in thus have the following
distribution:

0-1<Xti71)<B1§i1)_Bt(il,)1)+O’2(Xt¢71>(Bt(i2)_Bt(i2,)1) ~ N(O, [U%<Xt¢71>+U§(Xti71)](ti_tifl))'

Let us emphasise that if (2.15]) is written as

dX, = p(X,)dt + (\/Jf(Xt) + a%(XQ) dB,

the used Brownian motion B; is not independent of Bt(l) nor Bl@.
In the multidimensional case this proposition can be stated as follows.
Proposition 2.3. The d-dimensional process defined as dX; = pu(X,;)dt+%(X,)dBF

with non-square k x d matriz X(X;) and k independent Brownian motions can be
rewritten in the form ([2.14)).

The diffusion matriz depend only on $(X;)XT(X,) the matriz of correlations. Note
that although the correlations between components are preserved, the choice of the
diffusion matrix is not unique.

2.2.4 Infinitesimal generator

Let us take a stochastic process X; and define the infinitesimal generator as

nfgen_def} A(f) = 1}&)1 Ex(f(th) - f(l‘>’

(2.16)

here E* denotes the expectation defined for the process X; starting at x.
If the process X; is defines as ([2.14]), then this limit exists for any compactly-supportable
f:R?— R from C?, and, moreover,
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{AtoSDE} A(f(X)) = Zui(X)a%if(x) + % > (e(X)a" (X))

ihj

F(X). (2.17)
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In the case of the d-dimensional Brownian motion

1 d? 1
- — = ZA 2.1
A 2 — de? 277 (2.18)

here A is the Laplace operator.

This is the core property of Brownian motion. It relates Brownian motion to harmonic
functions and allows to use it for the solution of the Dirichlet problem posed as Af =0
in some bounded (and regular enough) D C R? with values of f given on the boundary
([Kak44b], see [MP10] for further discussion). This is the powerful tool to analyse the
behaviour of Brownian motion, such as the question of whether it is transient (i.e almost
surely lim; ., || By|| = 00) or recurrent (B; returns to any given point or a neighbourhood
of any given point after infinitely big time) [MP10)].

2.2.5 Fokker-Plank equation

Let us look at the probability density of the process defined by or . If
f hold and the diffusion coefficient is non-zero, then at any time ¢ > 0 the
probability density is a well-defined continuous function. Moreover, we can write the
following differential equation describing it.

Theorem 2.4 (Fokker-Plank or Kolmogorov forward equation, [Fok14l [Plal7]). If X, is
an Ité process defined by with Conditions f held, then its probability
density p(z,t) evolves from the given initial probability density po(x) = p(x,0) according
the following equation:

2

(u(az,t)p(x,t)) + %%(UQ(x,t)p(x,t)). (2.19)

0

— ( t)'— _uéi
P\ T T

In the case of several dimensions, this equation is written as

) a "
5P 1) g (X, t)p 28%8% (X, 051X, 1))i; p(X 1))

(2.20)

Although the analytical solution can be found only in a small number of cases, it is
often approximated numerically [RH89]. Also even without solving it the equation of the
type f can give some information about the behaviour of the process.

Let us also mention Kolmogorov backward equation, [Kol31], which is in some sense
dual to the previous theorem. It says that the evolution of the probability density of the
It6 process before it ends up at the given final probability density is described by equation
—2p(X,t) = A(p(X,t)) with A the infinitesimal generator of the process.
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2.2.6 Itd’s lemma

Theorem 2.5 (It6’s lemma). For X, defined as in (2.10) and for a twice differentiable
function f(x,t) the process f(Xy,t) is an Ité process with the following stochastic differ-

ential equation
af of 1 ,0%f af
df(Xs,t)= (= — + —o°—=)dt —dB 2.21
JX0t) = (g + by + 37 gga)dt + 05,45 (2.21)
This formula is obtained by applying to f(X;,t) the Tailor expansion together with
the formal identity (dB;)* = dt.
The equation (2.21)) can be also generalised to the multidimensional case. Let it take

the d-dimensional stochastic It6 diffusion defined as in (2.14)). Suppose f(X,t) : RIxR* —
R (the case of multidimensional is threaten in the same way). We will denote Vx f its
gradient vector and Hessy f its Hessian matrix. Then

df(Xi,t) = (% + (Vx )" p+ %Tr (57 - Hessx f-%))dt + (Vx[)"-$-dBf, (222)

where dB{ is a vector of d independent Brownian increments.

2.2.7 Example: the Bessel process

Consider the d-dimensional Brownian motion Bf and look at the process V¢ = ||B||.
It is called a d-dimensional Bessel process ([McKG60], see also [RY91] for other details).
The process B¢ is an Ito diffusion with zero drift vector x4 and the covariance matrix

5. = I; the unit d-dimensional matrix. The function f(X) = [|X|| = /3%, 2 does not

explicitly depend on time (% = 0), its gradient and Hessian are of the form

d d
V§f = ( d - 1) ) HeSSXf - ( d = 1 d — 3)
(X hon 27)2 i1 Ok xd)r hmi7d)? i1
Then the formula (2.22)) applied to this case, together with Property to reduce the

number of independent Brownian motions, gives the following SDE for the process:

d—11
dy, = 5 ya dt + dB, (2.23)

with one-dimensional Brownian motion B;.

2.3 Differential geometry preliminaries

An n-dimensional manifold is a set such that a small neighbourhood of any of its points
is homeomorphic to an open ball in R", the function ¢,; mapping the neighbourhood of
M into a ball in R" is called a chart. If such neighbourhoods of two different points M, M’
intersect, the function ¢, - ¢X41/ called a transitional map determines the structure of the
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manifold. If all transitional maps are smooth, then the manifold is called smooth as well.
Smooth manifolds allows to define the operation of differentiation, and thus to construct
many other related structures, such that tangent spaces or metric (for the details let us
refer for example to [Hir76l [dR84] Lee09]).

Any smooth n-dimensional manifold M can be embedded into a Euclidian space R
of finite dimension N > n, i.e. M can be seen as a sub-manifold of R" and its inner topol-
ogy coincides with one induced by RY (this statement is called Whitney’s embeddinng
theorem, see [dR84| for further details).

Another construction called Riemann curvature tensor defined in each point of a man-
ifold also arises from the metric. As for more than two-dimensional manifold it is indeed a
tensor, we can define its restriction to any two linearly independent tangent vectors from
the corresponding to = tangent space. This is called the sectional curvature. We will work
with manifolds with constant sectional curvature, that does not depend on the choice of
x or tangent vectors, such manifolds are called space forms. [Spi99]

The natural example of a such manifold is a Euclidian space R" itself. The standard
metric of R" is defined by metric tensor g = I,,, a unit matrix of dimension d. Its curvature
is equal to zero.

A bit less trivial example is an n-dimensional sphere S™ with a positive curvature
(usually for more generality it is taken to be equal to 1). The connected n-dimensional
manifold with the curvature equal to —1 is called H"” the hyperbolic manifold.

First example — S3
The n-dimensional sphere is naturally seen embedded in R"*! as
n+1
S ={z = (z;)1] € R« ||zf| = Y a? =1}

i=1

We will study the 3-dimensional sphere S? C R%.
Also S? is isomorphic to the Lie group of unitary matrices with determinant equal to

o SU(2) = {u = ( _% 2 ) al? + b = 1}. (2.24)

. o \4 3 $1+i$2 ZL’3+7:ZL’4
Each point « = (x;);_, € S® corresponds to ( st iz, Ty — iz )

Let us denote the unit element e = < (1) (1) ) . The tangent space of SU(2) at e can be

seen as a Lie algebra su(2) generated by orthonormal basis (with respect to the product

Ltr(g1g3))
0 i 0 —1 i 0
o= (o) e=(10) w=(0 )

For any other element v € SU(2) its tangent space is generated by {uey, ues, ues}.
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It is sometimes convenient to introduce a Cartesian and polar coordinate systems and
denote
Re(a) = x = cos(f)
Im(a) = y =sin()cos() (2.95)
Re(b) = sin(0)sin(y) cos(¢) '
Re(b) = sin(0)sin(¢y)sin(¢)

In the case of polar coordinates (0,1, ¢) the metric tensor ggs is written as

1 0 0
gss = | 0 sin®(9) 0 : (2.26)
0 0 sin?(6) sin®(v)

or, written in another way, ds? = d#? + sin?(0)dy? + sin?(0) sin?(¢) d¢?.
Later we use these definitions of x,y and 6.

Another example — H?

A good model of H? is the set of positive definite Hermitian matrices of unit determi-
nant:

H3g{h:(% i);a,c€R+,b€C,ac—|b|2=1}- (2.27)

As before, the unit element e = ( L0 ) belongs to H?.

01
Any matrix g € H? has positive eigenvalues A, A~! with A > 1. We denote A = log(A)
We can write an analogue of the polar coordinates ([2.25)) for the case of H? as well

[Cos01]. The entries (2.27)) of a matrix i € H? will be then written as

a = cosh(A) + sinh(A) cos(¢),
b = —sinh(\)sin(¢)e®, (2.28)
= cosh(\) — sinh(\) cos(¢)).

The metric tensor gys in this case is written

1 0 0
g = | 0 sinh?(\) 0 : (2.29)
0 0 sinh?(\) sin?(x)

for the coordinates (\, v, ¢).

2.4  Duistermaat-Heckmann measure. The case of R?

One more construction we can define on a smooth manifold M is called a Poisson
structure |[Lic77|. It is a Lie bracket {-, -} : C°(M) x C*®(M) — C*>°(M) on the space
of all smooth functions C*°(M), that also satisfies the Leibniz rule {f,gh} = {f,g}h +
g{f,h}. Let us remind that Lie brackets satisfy skew symmetry, bi-linearity and Jacobi
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identity. The Poisson bracket determine the foliation of M by symplectic sub-manifolds
called symplectic leaves. As symplectic manifolds, they are equipped with closed non-
degenerate differential 2-form w. (for the details let us refer to [Vai94, [DZ05])

The push-forward of w under a moment map is called the Duistermaat-Heckman mea-
sure. First time it was discussed in [DH82|, and in [BV82] [AB84] it was shown that this
measure is piecewise polynomial on a convex polytope (see [AMWO02, [dS05] for further
discussions).

2.4.1 The case of R?

Let us construct these structures on R3. This space carries the Poisson structure named
after Kirillov, Kostant and Souriau [Kir99, [Sou70].

{x,y}:z, {y,z}:x, {Zax} =Y.

In this case, the symplectic leaves are 2-dimensional spheres centred at the origin. They
carry symplectic forms which are given by formula

w=doNdz, (2.30)

where = + iy = V72 — 22’ and 7 is the radius of the sphere. Note that they are volume
forms and they are rotational invariant.
Its push-forward to the z-axis is the Duistermaat-Heckman measure:

DHT = 27TX[_T’T](Z)dZ. (2.31)

Here x[_,](2) is the characteristic function of the segment [—r,7]. The mass of this mea-
sure is equal to the symplectic volume of the sphere given by Vol(S?,w) = 4mr. The
normalised measure

1 1

——DH, = —x/_ d 2.32
Vol(S2,w) " or X ) (2)dz (2.32)

is a probability measure.

2.4.2 Connection with Brownian motion on R?

Let us look at the Wiener process on R? starting at the origin. We will consider two
projections of this process. One is under the map

r: M= (z,y,2) = ||M|| = \/2? + 3% + 22,

the stochastic differential equation of this process is the following (see Subsection [2.2.7)):

1
dry = dB, + —dt, (2.33)

Tt
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Another projection is the map (z,y, z) +— (7, 2). Under this projection, the process is
also a Markov process described by the following system of stochastic differential equations

dr, = Vg 4 oagp® 4 Ly,

(2.34)
dz = dBY,

where Bt(1’2) are two independent Wiener processes on R. This can also be obtained with
[t6’s lemma .

The following theorem establishes a relation between the system of stochastic differ-
ential equation ([2.34]) and the Duistermaat-Heckman measure.

Theorem 2.6. The conditional probability density for z; for a fized value of ry is given
by the normalized Duistermaat-Heckman measure:

1

pz(zre =)
Proof. Let us note that for r; = 0 the equations (2.34)), as well as the equation (2.33)), do
not satisfy the conditions (2.12)) —(2.13)) that guarantee the existence and the uniqueness
of the solution. Although we are sure the solutions exists and are unique because they are
well-defined projections of a unique and existing process.

Applying Theorem to (2.33) we obtain the equation

d 1 d? 1d 1
== L+ 2p, 2.36
a’ T 2T v art + rzP (2.36)

on the probability density function of r,. The joint probability density for (r, z;) is de-

scribed by
d 1 d? 1 d? 2z d? 2
Dy = Dy =Dy + oDy — Dy 2.37
dtp ’ 2 d2rp et 2 d2,zp et r drdzp ’ r2p ’ ( )
Let us plug in (2.37) the probability density function of the form presuming ([2.49)),
i.e.
pr,z(?", z, t) = pT(T’, t) X %X[,r’r](z), (2_38)

then (2.36]) and (2.37)) coincide. Thus for initial conditions po(r, z) = 0p, () X[=ro,r](2) the
solution of ([2.37)) is indeed of the form ([2.38) with p, the solution of (2.36)). So does hold
when r converges to 0. [

Let us shortly discuss one more relation of the type (2.35)). If we apply the transform
called Pitman transform [Pit75]

P(X) =X, — 20213121: X (2.39)

to one-dimensional Brownian motion, the resulting process is equal in distribution to
three-dimensional Bessel process (compare this result with the reflection principle
for Y;! = |B|). Through the original proof by Pitman, based on approximation of
Brownian motion by discrete random walks (see Subsection [2.1.3), it is also shown that
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the distribution of B, conditioned on a fixed value of P(B); = ry is uniform over the
segment [—7g, 7o].

This approach inspired the studies of the behaviour of Brownian motion in more com-
plicated spaces and under the transform constructed similarly to using reflections
described by a Coxeter group [BBOO05, BBOO0S, Bia09, [LLP10|. There, the analogues of
Theorem [2.0] that relate projections of the distribution of Brownian motion to corre-
sponding Duistermaat-Heckmann measures, were obtained as well.

Later in this chapter we obtain analogues of Theorem for spaces S3 and H?.

2.5 Brownian motion on Riemannian manifolds

2.5.1 General definition

A Riemannian manifold allows to differentiate the functions on it, so it is convenient to
define Brownian motion using its infinitesimal generator [Hsu02|. In Euclidian case we have
A= %A , and for arbitrary Riemannian manufold we replace the Laplace operator
by its more general analogue called the Laplace-Beltrami operator Ayp = div(grad). In
local coordinates it is written as

1 ij
A = m ZX_: oz, <\/det ]z_:g a%) (2.40)

for metric tensor g, here g*/ denotes (i, j)-th element of g~*

2.5.2 Brownian motion on a sphere S°

When we plug the metric tensor (2.26)) into Laplace-Beltrami operator, we obtain the
stochastic equation for Brownian motion on S3

df, = dB" + cot(8,)dt,

dify :?dB(Z sl dt, (2.41)
dgy = —dB(3)

sin?(0) sin?(v)

with three independent Brownian motions Bt(l’Z’?’).

In this work we use another way of the definition. At any point u € SU(2) the diffusion
term is a sum of three independent one-dimension Brownian motions performed in the
directions of three (orthonormal) tangent vectors. The drift term appears to restrict the
process to stay in S®. Thus, we call the process u; Brownian motion if it satisfies the
following stochastic differential equation:

3
o 3
dg; = g4( E eidBt( Z)) — égtdt, (2.42)
i=1

here dB(¢1¢23) denote three independent one-dimensional Brownian motions. The drift
coefficient —32e corresponds to one half of the Casimir element of su(2).
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Written in polar coordinates, the stochastic differential equation (2.42)) coincides with
the definition through Laplace-Beltrami operator ([2.41)).

2.5.3  Definition for H?
As before we plug the metric tensor (2.29)) into (2.40]) to obtain the following evolution:

d\, = dB @4 coth(@t)dt
d¢t = smh2 A) dB 2;:1(:}53%) dt (243)

_ 1 3)
d¢t T sinh?(\) sin?(v) dBt

with three independent Brownian motions Bt(l’Z’?’).

2.6 The analogue of Theorem [2.6| for S*

2.6.1 Duistermaat-Heckman measure in the case of S°

The conjugacy classes on SU(2) are the points e and —e and two-dimensional spheres
of the fixed trace [AMMOS)|

Co ={g € SU(2); Tr(g) = 2cos(0)} VO € [0,7].

They carry canonical volume forms wy similar to , that can be written as d cos(¢)) Adp
in polar coordinates. The total volume of the conjugacy class Cy is equal to Vol(Cyp) =
47 sin(0).

Let us consider projections a : SU(2) — D C C, to the unit disc D, and 0 :
SU(2) — [0, 7], defined as in (2.25)). Then

a(Cy) = {cos O + iy;y € [—sin(P), sin(0)]}.

Furthermore, the Duistermaat-Heckman measure being a push-forward of wy satisfies
the following equation

DHp := a.(wg) = 27T X[ sin(0),sin(0)] Y- (2.44)

We obtain a probability measure from DHy normalising it:

1 1
DH Sln Sln d .
Vol(Cy) = 2sm(9)x[ (6)sin(0)4Y

2.6.2 The behaviour of the projections of Brownian motion on S*

Let us consider BS® Brownian motion on S® defined by (2.42)) and starting at e.
The projections a and 6 defined in the previous subsection have the following proper-
ties:
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Proposition 2.7. The projection 6 of Bf3 15 a Markov process described by the stochastic
differential equation
dﬁt = dBt + COt(et)dt, (24.5)

where By 1s a standard one-dimensional Brownian motion.

Note that the equation ([2.45) coincides with one from (2.41)) obtained from polar
coordinates and Laplace-Beltrami operator.

Proposition 2.8. The projection a = x + 1y of Bfg 15 a Markov process described by the
following system of stochastic differential equations

T 1—2?—y?
dr, = —_x?ﬂ?dBS) + = dB” — 3x,dt,
—x2_q2
s dB 4+ DAY — By,

W = B

where Bt(l’Q) are two independent Brownian motions on R.

Proof. As the process Bfg is described by ([2.24)), the evolution of a; and b; is written in
the following differential equations:

(2.46)

da, = b(idBS + dB) + ia,d B — Sa,dt,

2.47
db, = a(idB — dB{)) — ib,d B — 3bdt. (2.47)

The evolution of z; = Re(a;) is described as follows:
dr, = —Im(b)dB™" + Re(b)dB\™® — Im(a,)dB{™® — dx,dt (2.48)

\/ 1-— x%dBt — %xtdt,

the last equality follows from Proposition [2.2]

Applying It6’s lemma ([2.21]) to this equation with § = arccos(z) we obtain Theorem
27

The system ([2.46)) of equations for x; and y, = I'm(a;) is derived from (2.47)) as well.

. . . 1—a?
The correlation matrix of these two processes is equal to ( 4y Tt ftytyz ) , thus by
tYt —Y;
Proposition [2.3| the equations (2.46)) indeed describe the evolution of (zy,y;).
O

Let us note that similarly to the case of R3, both (2.45)) and (2.46]) do not satisfy the
conditions — that guarantee the existence and the uniqueness of the solution.
These guarantees are provided as these processes are projections of well-defined Brownian
motion on S3.

The following theorem establishes a relation between the system of stochastic differ-
ential equation ([2.46|) and Duistermaat-Heckman measures of conjugacy classes:

Theorem 2.9. The conditional probability density for y, for a fized value of x; is given
by the normalized Duistermaat-Heckman measure:
1

= Vorigyy Dt (2.49)

Py (Yl = cos(0))
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Proof of Theorem [2.9. To prove it, we compare two Fokker-Plank equations (2.19)—(2.20))
on evolution of the probability densities of x; and y;. One derived from ([2.48)) gives

d 1 0? 1 0 1
V7 Pz — = 11— N r — FL A Pz Pz 2.
atPe = 3T V) gaPe ~ 5P T 3P (2:50)
for p, = p.(x,t) the probability density of x;.
One describing the distribution p, , = ps,(z,y,t) for both x and y and derived from

(2.46) is the following:

d
Ep:r,y

92 ik o?
3(1=2%)5maPey + 5(1 = ¥*) 5aDay — TY 505Dy
3,0 _ 349
2L 9z Pry = 2Y gy Py
Equations (2.50) and (2.51)) coincide when p,, is of the form presuming (2.49)), i.e.

1
Poy(®,y,t) = pa(@,t) ¥ NTWX[—@,@](Q% (2.52)

(2.51)

so there is a solution of this form. Let us take the initial condition

po(x,y) = 0 === (@) X 3= X[—eq (¥),

they correspond to (2.52)). Thus together with the equation (2.51]) it gives the unique
solution, and it is of the type (2.52) as well. It holds when ¢ — 0 as well, this lead to
the result. O

2.7 The analogue of Theorem [2.6| for H?

2.7.1 Duistermaat-Heckman measure in the case of H®> and mo-
ment maps in the sense of Lu

The hyperbolic space H? carries a Lu-Weinstein Poisson structure [LW90] and a quasi-
Poisson structure [AMMO9S8|. The leaves determined by both structures are conjugacy
classes under the SU(2)-action. The conjugacy class of the unit matrix e consists of one
point, other leaves are two-dimensional spheres of elements of h € H?® with fixed trace

Cr={h =€ H3Tr(g) =e* + e =2cosh A}, VA e€[0,00).

As in the previous sections, SU(2) conjugacy classes carry canonical volume forms wy,
similar to ones for SU(2). The total volume of C, is equal to Vol(C,) = 4sinh(\).

Let us look at the map (w, ¢) : H? — R? mapping an element h to a pair that consists
of the half of it trace w = ‘ZT*C and of its lower diagonal entry c. Also let us define the map
A HE — R

A(h) = arccosh(%) = arccosh(w).

Then the projection of the leaf under the first map is of the following form:
(w,¢)(Cy) = {(cosh(N), c);c € [e, ]}
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The analogue of the Duistermaat-Heckman measure is given by
DH), = c.(wx) = 2T (e-» erjde. (2.53)

The corresponding normalised measure is of the form

1 1
————DH)\ = ————— X rdcC.
Vol(Cy) 2Sinh()\)x[e 1)

2.7.2 The behaviour of the projections of Brownian motion on H?

Let us consider BFI?’ Brownian motion on H? as in (2.43)).
The maps (w, ¢) and A defined in previous subsection have the following properties:

Proposition 2.10. The projection X of pr 1s a Markov process described by the stochas-
tic differential equation
d)\t = dBt + COth()\t)dt, (254)

where By 1s the standard Brownian motion on R.
This proposition follows immediately from ([2.43)).

Proposition 2.11. The projection (w,c) of BiHIS 1s a Markov process described by the
following system of stochastic differential equations

dw, = /wf—1dB" + 3wdt,
ctwi— 2ciwi—ci—1 2.55
dep = el 0 e e e — dB{ + 3cudt, (2:55)

where Bgl’z) are two independent Brownian motions on R.

The first equation is obtained from @ by It6 lemma applied to w = cosh(\).
The second inequality as well follows from ED, as ¢ = c¢(A, 1) defined in , and we
can plug the evolution of coordinates A and ¢ from into this definition.

The following theorem establishes a relation between the system of stochastic differ-
ential equation (2.55)) and Duistermaat-Heckman measures of conjugacy classes:

Theorem 2.12. The conditional probability density for ¢; for a fized value of w, = cosh(\)
18 given by the normalised Duistermaat-Heckman measure:

1
= DH,.
Vol(Cy)

Proof of Theorem[2.13. We use the same method as for Theorem 2.9 comparing two

Fokker-Plank equations ([2.19)—(2.20]).
One obtained from the first equation of (2.55) and describing the evolution of the

probability density of w; only is the following:

pe,(clwy = cosh(A))

(2.56)

dtpw 2 Gwzpw 2 8wpw

1

- 9,
5Pw: (2.57)
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here p, = py(w,1).
One that includes both w and ¢ via the evolution of py . = pw.(w, ¢, t) for is derived

from (2.55)) as follows:
1.2 02

2 2
L e = %(;fﬂ - 1)%P§u7ca+ 3¢ gabue + (cw = 15w (2.58)
+§w%pw,c + Qcapw,c-

If py . is of the form

1
{FPanz_H} Pwc(w, c,t) = py(w,t) x 2\/mX[wi\/w271’w+\/w271](c), (2.59)

implied by (2.56)), then (2.57) and (2.58) coincide. The existence and the uniqueness of
the solution of j2.57 and (2.58)) is guaranteed as they are the projections of Brownian
motion. The equation (2.58) together with initial conditions

po(@,y) =0 722 (%) X o Xyire—e iz V),

gives rise to the unique solution, it is of the form (2.59)). Thus the solution is of this form
for e — 0 as well, this finishes the proof. m
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Chapter 3

Sub-ballisticity of the model of
self-repelling polymers

3.1 Simple random walks on Z?

Let us start with a short discussion about the simple random walk. As one of the most
simple and natural models it has been studied for many years and it is now considered to
be well known. This model plays a key role in many fields of studies as it converges to the
Brownian motion (see Section [2.1.2)). This allows to make conclusions about the model of
simple random walks based on results for the Brownian motion, sometimes the other way
can be used as well (for example see the discussion in Subsection [2.4.2).

Self-avoiding walks, as well as self-repelling polymers, can be considered as modifica-
tions and complications of simple random walks on a lattice. Thus, to determine when
their behaviour is different is on of the key questions while studying these models.

3.1.1 Nearest neighbour simple random walks on Z

Let us fix a lattice Z¢ of d dimensions (when d is not restricted to be two or three, it
is sometimes called the hypercubic lattice). We will call its basis vectors {e;}¢_;, and its
coordinates {z;}¢,, its first coordinate x; will be usually denoted .

A walk of length n in Z¢ is a sequence v = (v(i)), of n + 1 vertices in Z%, such that
|v(@) — (i — 1)] = 1 for every 0 < i < n (i.e. y(i) and (i — 1) are connected by an edge
of Z9). Let us set v(0) = 0. We denote || the length of a given walk 7.

The set of all walks with a fixed length n is denoted W,, and we will consider the
uniform measure on it (note that the index d is omitted). The random path ~ of length
n distributed according to this measure is called a (nearest neighbour) (simple) random

walk,
1 1

It can be seen as a sequence of steps from (i — 1) to (i), each step chosen randomly
(uniformly and independently on other steps) from the set of 2d possible steps (namely

{+1, -1} x {e:}Ly).
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Later we will study the properties of this distribution for n sufficiently big or even
converging to infinity.

3.1.2 Simple properties of the measure

The property, that holds for simple random walks, and does not hold for further

models, is Markov property (2.1)).
As all steps of a simple random walk are sampled independently, we can say that for

m < n the behaviour of the walk after m-th step does not depend on the first (m — 1)
steps, but only on the position 7,,:

Psrw., (vi)ma1 | (100" fixed) = Psrw, (V)i | m)-

This property can be also rewritten as follows. Consider v; € W,,, and 75 € W,,_,,.
The concatenation v, o 79 of 71 and 75 is the walk from W,, defined by

02 = (((D)ikor (1(m) +72()i5"). (3:2)
It clearly holds that

Wagm = Wo Wi Psrw, (71 0 72) = Psrw,, (1) - Psrw,, .. (72)- (3.3)

Let us look at the behaviour of this measure under the symmetries of the lattice. For
v € W, the reflection of v under the hyperplane {z; = 0} is denoted R, (v). If Z¢ is
invariant under the rotation « (i.e if a is an %F rotation around an axis of Z%), then this
rotation of 7 around the origin is denoted 7,(). It is clear that R, (), ra(y) € W, and

Psrw,, (7) = Psrw,. (R; (7)), Psrw..(7) = Psrw,, (ra(7))- (3.4)

3.1.3 Ballistic assumption

The question we are studying in this chapter is to bound the probability for a walk
to go far enough from the initial point. More precisely, we are interested in the question
of whether the probability model p,, defined on the sets of walks W, is ballistic, meaning
that Jv > 0 such that E, [|z(v,)|] > n for any n. We will in fact prove something stronger,
and therefore introduce the following assumption.

Assumption 3.1 (Weak ballistic assumption). There exists v > 0 such that:

1
limsup —log P, ((v,) > vn) = 0. (3.5)
n—soo N
For any model preserved by the symmetries of the lattice it is equivalent to the state-
ment
limsup £ logP,, (||7a|| > vn) = 0.

n—-ao0

Note that if a model is not weakly ballistic, than it is not ballistic.
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It follows from the central limit theorem (see Subsection [2.1.3)) that as n converges to
infinity, the distribution of z(~, ) converges to N'(0, 377 ). Together with Cramér’s theorem
of the theory of large deviations it leads to the fact that

2d—1

Pspw,, (2(7n) > vn) — /emQTd:c < e O

vn

for some C' > 0.
Thus, the model of simple random walks is sub-ballistic in any dimension.

3.1.4 Spread-out random walk

Here we slightly generalise the model above.

Suppose € is a finite subset of vertices of Z¢ which is preserved under the symmetries
of Z and does not contain zero. We can define a walk « as a set of steps, all of them in €.
As before, the set of walks of length n beginning at 0 with all steps (y(i) —v(i — 1)) €2
is denoted W

In the general case, the probability of each step can be different. This can be formally
written as follows. Let us define the jump-distribution p a probability mass function on
(), restricted to be invariant under the symmetries of the lattice. Then, the weight of a
walk v is defined as a product of the weights of all its steps:

n

o(v) =[] p(v(i) = 7(i - 1)) Vye Wy, (3.6)

i=1

and the probability for a walk is proportional to its weight

a(70)

Vyo € W 3.7
,Yewg 0_(7> Yo n ( )

Psaw, (70) = 5

All the properties mentioned for nearest neighbour simple random walks hold for this
model as well. It is Markov, invariant under symmetries of the lattice and sub-ballistic in
all dimensions.

3.2 Self-avoiding walks on Z¢?

Let us now turn to the model of (nearest neighbours) self-avoiding walks. They were
introduced by chemist P. Flory [Flo49] in the middle of the twentieth century to describe
the geometrical shape of polymer chains. Flory conjectured universality of the model and
the independence of the general behaviour of this model from the lattice.

3.2.1 Definition of the model

As for simple random walks, we will work on the set W,, of all walks on length n
equipped with weights attributed to each walk. As it follows from the name of the model,
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the weight of a walk ~ is equal to zero if v intersects itself and is nonzero (let us say it is
equal to one) if v does not, or in other words if it is self-avoiding.

More formally, let
Il

() =) L= (3.8)

denote the number of times v visits the point x € Z9. Then the self-avoiding measure on

W,, is defined as

a(v)
Psaw, (0) = =———— V0 € W,.
Z’YEWTL 0-(7)
It can be also rewritten as
I
Psaw, (70) = ﬁ V9 € SAW,,, (3.9)

here SAW,, is the set of all self-avoiding walks of length n.

This model is clearly invariant under symmetries of Z?, as neither rotations nor re-
flections can change the number of intersections of a path so that if v € SAW,,, then
R (7),ra(y) € SAW,, for all o and ;.

The Markov property does not hold for this model. Two self-avoiding walks v; and 7,
may intersect after concatenation. Thus,

and the sequence {log |[SAW,,|} is sub-additive.

On the other hand the Domain Markov property, defined similarly as in Subsection
[1.2.1], does hold, if we define the domain of all possible steps as the whole lattice except
the part surrounded and occupied by already visited vertices.

3.2.2 Connective constant

The size of the set SAW,, and its behaviour for n converging to infinity is the most
naturally question about the model. It plays very important role in understanding of the
behaviour of self-avoiding walks. Unfortunately, not many results have yet been proven.

Let us define the connective constant . as

pe = lim {/|SAW,,|. (3.11)
n—-—:o0

The existence of this limit was first time shown in [HMb54], it directly follows from (3.10)
and Fekete’s sub-additive lemma [Fek23|. The exact value of the connective constant is

known to be equal to /2 4 v/2 only for two-dimensional hexagonal lattice. This result
was first conjectured from Renormalisation Group Theory in [Nie82], and not long time
ago proven in [DS12| using the method of parafermionic observable (see Subsection .

Also the exact value is known for some particular infinite graphs (see [GL17]). Also in
[GL17] the case of graphs that does not preserve some properties of Riemannian space is
discussed.
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Let us now sum up what is known for hypercubic lattices. It is clear that if a walk in
Z% is composed only of steps from {e;}¢_; (only positive directions can be taken), then it
does not intersect itself. On the other hand for any self-avoiding walk ~ each step is chosen
from {e;, —e;}¢_, barring the direction, that coincides with the previous step. Thus,

d < pe(Z% < (2d—1) < lim {/|W,| = 2d.
n——aoo

For more then one dimension the better bounds were yet obtained only by numerical
methods, such as Monte-Carlo simulations or simple enumeration, or with the use of the
technique called the lace expansion [BS85] (for more details about its application see
[HS92, MS96)).

In two dimensions we know that 2.6256 < u.(Z?) < 2.6792 [Noo00, PT00, [Jen04|. An-
other type of computation gives the approximation u.(Z?) & 2.63815 [Jen03]. For three-
dimensional space we know that p.(Z%) ~ 4.684043 [CLS07]. For higher dimensions we
have u.(Z*) € [6.742945,6.8179], u.(Z°) € [8.828529, 8.8602], 11.(Z°) € [10.874038, 10.8886]
(see [BWT2, [HSS93, [Fin98, Noo00, [PT00]).

When d converges to infinity, we can expand p.(Z%) — (2d — 1) as a power series of 5
[HS91] (see also [Kes64], further discussions and computation of the first eleven coefficients
of the series can be found in [CLS07]).

Let us now discuss some results that we can obtain on [SAW,,| due to the value of ..

Theorem 3.2. The following bounds on the size of SAW,, holds
pt < [SAW,| < ule™V™n e N (3.12)
for some constant k > 0.

The lower bound of follows directly from (3.10), the upper bound is less trivial.
It was shown in [HW62] using the decomposition of a walk by bridges (bridges are defined
Subsection [3.2.5 and the similar proof is presented in Subsection [3.3.2)). For dimensions
d > 3 this result was improved in [Kes63].

In [Kes63] it was as well proven that |S|$XVV\7:|2‘ — p? as n grows to infinity. It naturally
leads to the conjecture that for n converging to infinity we have % — e for

n as well, but yet it is proven only for d > 5 [HS91]. Moreover, even the inequality
ISAW,,11| > |SAW,,| proven in [O’B90] was found to be nontrivial.
We expect that for sufficiently big n the size of the set SAW,, behaves as follows
[MS96]:
ISAW,, | ~ Ap'n" 1, (3.13)

the constants A and + should depend only on the dimension of the lattice.

3.2.3 Different behaviour in different dimensions

Since the model was defined it is believed that its behaviour has no strong dependence
on the shape of the lattice (see discussions in [MS96, BDGS12|). For example in (3.13)
the parameter v is one of the critical exponents and is believed to stay the same for all
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lattices of similar dimension. This property is called universality. It is also conjectured
that if we define the model of self-avoiding walks in spread-out case, as in Subsection
[3.1.4] this behaviour does not change as well.

On the other hand the behaviour of the model differs a lot in different dimensions. In
one dimension the model of self-avoiding walks is trivial. The set SAW,, contains only two
walks, one in positive and one in negative direction. The ballistic assumption holds in this
case for any speed v < 1. The same results hold in the case of spread-out self-avoiding
walks as well.

A famous hypothesis [LSW04] states that the distribution of self-avoiding walks on two-
dimensional lattice converges to Schramm-Loewner Evolution of parameter %. The validity
of this conjecture would imply many properties describing the behavior of self-avoiding
walk when its length tends to infinity. One of the corollaries would be that for any lattice
of dimension at least 2, the mean-squared distance between the beginning and the end of
the self-avoiding walk of length n behaves like n?**°() with v < 1 [MS96, LSW04]. The
latter would imply sub-ballisticity for any self-avoiding walks in two or more dimensions.

In higher dimensions (d > 5) the behaviour of the model is known to behave as
the model of simple random walks [HS91| (note that this implies sub-ballisticity). This
similarity seems natural as simple random walks converge to Brownian motion, and in
d > 5 it almost surely has no points of self-intersection [Kak44a]. The model of self-
avoiding walks in high dimensions converges to Brownian motion as well. The dispersion
coefficient is not equal to 1, as for simple random walks, but is slightly bigger, numerical
estimates in [HS92] bound it by [1.098,1.803].

3.2.4 Sub-ballisticity in Z¢

Recently, H. Duminil-Copin and A. Hammond gave a rigorous proof of sub-ballisticity
for the lattices Z¢ when d > 2.

Theorem 3.3 ([DHIL3]). For the model of self-avoiding walks on Z¢ the following holds
for any positive v:

1
lim —logPsaw, (|7(n)| > vn) < 0.

n—oo M

Later in this chapter we extend this proof to a more general case

3.2.5 DBridges

The following definitions plays a role in the proof of sub-ballisticity presented in
[DHI3].
The walk v € W,, (or W¥) is called a bridge if
z(7(0)) < z(v(i)) < z(y(n)) Vi:1<i<n. (3.14)

We will call the set of all bridges B, € W,, (or B € W¥). Note that in general it is not
restricted to be self-avoiding.
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Suppose that v is a bridge of length n. Then, the number i : 0 < ¢ < n is called a
renewal time of v if x(y(7)) < x(y(k)) for any k > ¢ and z(v(i)) > x(y(k)) for any k < i.
We sometimes say that (i) is a renewal point if ¢ is a renewal time.

The increasing sequence of all renewal times of the bridge v will be denoted R,.

The bridge v is called irreducible if R, = 0. The set of all irreducible bridges of
arbitrary lengths is denoted iB.

A renewal time r splits v into two bridges (v(7))_, and ((7))",. From this point of
view, an irreducible bridge is a bridge that does not admit any decomposition into shorter
bridges.

Let us call SAB,, the set of all self-avoiding bridges of length n and iSAB the set of
irreducible self-avoiding bridges of any length. Then

Theorem 3.4 (Kesten’s Lemma). For . defined as in (3.11)) it holds that
> =1 (3.15)

Y€EISAB

This allows to define the probability measure Pigap(7y) on the set of self-avoiding
irreducible bridges. The proof of this lemma will be in more general case presented in

Subsection [3.3.3]

3.3 Self-repelling polymers on Z?

This model can be seen as an interpolation between simple random walks and self-
avoiding walks. The walk intersecting itself can appear, but is less probable, than a similar
walk with no intersections. The model of self-repelling polymers can be used as a better
approximation for polymer chains, as it can take into account monomer-monomer con-
nections of different length and a possibility that different parts of the chain can have
quite small distance between them. This model can be used as a better approximation
for polymer chains, as it takes into account monomer-monomer connections of different
length and a possibility that different parts of the chain can have quite small distance
between them.

3.3.1 Definition of the model

We will follow [IVO8| to define this measure. Let us work in the general case of spread-
out walks.

Fix some set of steps Q equipped with jump-function p and define W¥! as in Subsection
3.1.4] Consider ¢ : Z, — R, (called the potential) such that for any a, b € Z,

¢(a+0) = ¢(a) + ¢(b) (3.16)

and ¢(0) = ¢(1) = 0 (thus, ¢ is non-decreasing). Let [,() be defined as in (3.8). Then to
any v € W we can associate the weight () defined by

)= (TLe ) (Tt =266 1)) (3.17

rEZd
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As usual, the measure of self-repelling polymers is defined by

Psgp, (70) = ZUA

Vv € Wy, (3.18) {SRPmeas}
yEW, 0-(’7)

The case ¢(a) = 0 for any a > 0 corresponds to the simple random walk (3.7). If
¢(a) = 400 for any a > 2, then no intersection is allowed and coincides with the
measure of self-avoiding walks (3.9). For any intermediate potential, intersections of ~
are allowed but decrease its probability. The case ¢(a) = k- (a — 1), is called weakly
self-avoiding walks [Sla05].

Let A be a subset of W, Introduce the analogue of the size of the set as

Z(A) =) oly). (3.19)
yeEA
If A=W then we simply write Z,. With this notation, for any event A C W,
Z(A)
Zn
Bridges and irreducible bridges are defined as in Subsection [3.2.5. We denote
H,= Y o) (3.21)

YEBR

Psgp, (4) = (3.20)

the weight of the set of all bridges of length n.
Let us now generalise the results of the previous section to the model of self-repelling
polymers. Let us from now on omit the index €2 of the set of all possible steps.

3.3.2 Connective constant
Let us now introduce the analogue of connective constant .. for self-repelling polymers.

Theorem 3.5. The sequence (% log Z,,) converge. Furthermore, Z™ > ", where

1
A= lim —logZ, (3.22)

n—oo N

15 called the connective constant.
In the case of SAW, )\ is the logarithm of the connective constant of the lattice ..

Proof. Any walk v € W,,,,, can be decomposed in a unique way into two walks 7, € W,
and v, € W, so that v = v, 0 75. The definition of the potential implies that

Thus, o(v) < o(y1)o(y2) and

Zptm < Z 0(71)0-('72) = ZnZm- (3'23)

Y1EW,
Y2 ewm
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The sequence (log Z,,) is therefore sub-additive and non-negative. Fekete’s lemma thus
implies the existence of a non-negative limit

Ao = lim %loan

n—aoo

and the inequality Z,, > ™ for any n. O]

Define W(\) = > Z,e ™.
It follows from Cauchy-Hadamard Theorem that W (\) converges for any A > Ay and
diverges for any A\ < \g. Moreover, due to Theorem [3.5] the sum diverges at Ao

> Zpe " = o0 (3.24)
n=0

Theorem 3.6 (The analogue of Theorem [3.2)). There exists a constant C > 0 such that
for anyn € N
ez, < H, < Z,. (3.25)

Proof. The second inequality follows directly from definition the set of bridges H,. To
obtain the first inequality, observe that any walk of length n can be decomposed into
bridges by the following procedure.

Start with the walks that lie in the upper half-space after the first step, i.e.

v e W :={yeW,, x(y(:)) > 0 for any i > 0}.

Find the latest step «; such that (y(i))y* is a bridge and cut the walk ~ at this point:
7 = 71 © 72. Note that value of a; = |y;| can be expressed as follows:

a; = max |7 : z(y(i)) = max (x(v(z)))} (3.26)

Due to , all points of 7 after the «;-th step have a smaller z-coordinate than ~y(ay).
Hence, 7, belongs to the reflection of W'_, and therefore can be decomposed using the
same method. We continue applying this procedure until the remaining walk is itself a
bridge.

We obtain the sequence of bridges related to the initial walk. Their widths h; =
|z(vi(a;)) — 2(7:(0))| are ordered in a strictly decreasing manner and the sum of their
lengths n; is equal to n. Also, the height of the walk is bounded by h; < Dn;, where D is

the size of the set €2 of all possible steps, i.e.

D = max(z(7)). (3.27)

5eQ

(Note that D is fixed by the definition of the model)
Let us denote H,, j the weight of the set of all bridges of length n and width h. The
initial walk is uniquely determined by the set of bridges that composed it. Moreover, any

75

{sumwalks}

{alphal}

{D-nlines}



| ks2walks+}

sumbridges}

set of bridges with decreasing widths corresponds to a walk in W = U,,exW.. Thus, we
can conclude that

k k
zWhH< > J[Hww< D ]Hw <Hn 1. (3.28)
(na)k_, =1 (ni)k_, =1 (ni)i_,
Zf:l ni=n Z?:l ni=n Z§:1 ni=n
hi<ho<...<hg

The last inequality follows from the fact that the composition of brigdes is a bridge and
its weight is a product of weights of the initial bridges. i

It is known that the number of partitions of the integer n is of the order e“vV" for some
constant C' [Ram18]|. This, together with (3.28]), implies

Z(WH) < eCVrH,. (3.29)

To extend the proof from W, to W,,, we cut the walk v € W, at the first point with
minimal x-coordinate, i.e write v = 7, o 5, where

1] = ap = min [i : 2(3(3)) = win (2(1(2))) ] (3.30)
Then, the walk 77 = (71(ao — 7)), is a translation of a walk in W .

The rest of the walk is allowed to visit the initial hyperplane {# = 0} more than
once so to make the decomposition into bridges possible we should add one step at the
beginning of the walk. By the symmetry of the set of all possible steps, there exists at
least one ¥ € Wi and oy, € Wi ;.

Both walks 77 and 4 o 75 admit the decomposition into bridges as above so the final
bound on Z,, is

(n—a+1)> S 62Cﬁz HaHn—a-I—l S ecﬁHn—H- (331)

a=0 a=0

Z, < Z Z(WHZ(W

Since H,, .1 > cH,, the result follows.
n

Corollary 3.7. There exists an analogue of the connective constant defined for bridges
Abridge = 1My, o0 % log H,, and it is equal to \.

Corollary 3.8. The series H(\) = > o H,e™™ converge for any A > X\g. Moreover,
> Hye " = o, (3.32)
n=0

Let us note that these results holds for the model of self-avoiding walks as well.

Proof. The first part of the statement follows directly from the previous corollary. To
prove the second part, one should use the intermediate steps of the proof of Proposition
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. We can use the first inequality of (3.31)) to bound the generating function W(\) as
follows:

Z Zpe 2 < Z Z e)‘” 7,\04) (Z(er—aﬂ)ef)\(niaﬂ))

n=0 a=0

2
{cntocn+} <Z Z(W, _)‘”> (3.33)

Due to the first inequality of (3.28§)), this sum can be rewritten as follows:

i Z(WHe ™" < Z H H, pe

n=0 (nl)l 1
h1<ho<....<hg

= H (1 + i Hn,hie_)‘">

hi<ho<... =0
o0
_ —\n
= exp e ""Hyp,
hi<ho< n=0

= exp ( (Z Hnem)) . (3.34) {cn+tobn}

The divergence of the sum Y >7 / Z,e ™ as A — Ao (by (3.24])) implies the divergence
of the sum > 7 Z(W, )e~*" which itself together with (3.33) and (3.34) implies that
S Hayehon dlverges

]

3.3.3 Kesten’s lemma

Let us now state and proof the analogue of Theorem for the case of self-repelling
polymers.

Theorem 3.9. For Ay defined as in (3.22) the following holds:

Z e Mlg(y) = 1. (3.35) {keslemeq}

v€iB

Proof. Each bridge can be seen as a concatenation of K = |R,| + 1 irreducible bridges
(71)1—;. These bridges have no common point except the points v(R, (i)) where one bridge
begins and another one ends. Therefore, according to the definition of o, we obtain that

= 1ot (3.36)
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Thus, we can rewrite the generating function of bridges in the following way:

1) =30 JI 3 olwe = f—— (337)

-\ :
K=0 k=1~,€iB v€iB 0(7)6 &

From Corollary we obtain that H (M) exists for A > Xy and converges to infinity
when A N\, \g. Comparing this result with (3.37)) gives that

This equality implies the result of the theorem. n

We define a probability measure on the set of irreducible bridges based on Theorem
3.9, For all v € 1B,

Pis(y) = o(y)e” 1. (3.38)
Also, we define the probability measure IP’%N on the set B of semi-infinite random
walks v : Z, — (Zy) x Z%! that begin at zero and lie in the upper-half space after

the first step by considering a concatenation of irreducible bridges chosen independently
according to the probability distribution P, i.e. for any v € B, and 7 € iB,

PE'(3n € BL 1 v =7Fom) =Pis(7). (3.39)

If such v; exists, then the value r1(y) = |7| is called the first renewal time of ~, and
all other renewal times are defined by r41(7) = 76(71). Also we set 79 = 0. The sequence
of all renewal times R, = (74(7)) is infinite almost surely.

Finite random bridges are related to this model in the following way:

Lemma 3.10. The distribution Psgp, s equal to IP’%N( . "yn € RV).

Proof. To prove this lemma, we use almost the same decomposition as in Lemma (3.9 We
have

Hy=Y o=y > JloG)e™

YEB,, K=0 (yieiB)K, =1
") g
2i=1 [V |=n

= IP’%\]IS(HK € N : v, is a K-th renewal point of ’y)
= Pirg (1 € Ry).

For any event A we can write the following equality:

1 PR (1) € A, 1 € R
Py, (4) = Y o(Mhea = ((P;BNE’Y cR) ) — P (A € R,).
i n y

" vEBy
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The probability measure IP’%N can be extended to bi-infinite bridges v : Z — Z¢ with
the restriction that vy = 0 and is a renewal point, i.e.

z(y(—n)) <0 and z(y(n)) >0 Vn e N.

For this type of walks we define the two-sided sequence of renewal points R, =
(rk)72 o similarly as before.

For any renewal point r, € R, define the operation of shift 7(y) that sets v(r;) to
zero: 7(7) = (y(i — r1))2_... By construction, the probability measure P2 is invariant
under 7.

Lemma 3.11. P$Z is ergodic under 7.

Proof. Let A be a shift-invariant measurable event. Then, for any choice of ¢ > 0 we
can pick a positive integer M and an event Ay depending only on (y(:))_,, such that
PRZ (AN Ay) < e. We can express PRL(A) as PEL(AN A) = PSL(A N 7 (A)). This
probability is bounded in the following way:
Pl (A N 7(A) ~Pigp (An N 7Y(Aw)| < Pigi (A N 7 (A) A (Ay 07 (Awr)))

< Pipp(AA Ay )+ Pirp (r*Y(A) AT(An))

< 2¢. (3.40)

All irreducible pieces of v are sampled independently and rqy; > M so the events A,
and 7'M (A,;) depend on the independent collection of irreducible bridges (7,,)¥__,, and
(Ym)3M ., s0 we can write the following estimation:

[PE% (AN 7 Aar) — (P (4))7)] < | (PHE(A)) ™20 (P (4) 22~ (PFa(4))?)
< 3e. (3.41)
The bounds and (| give that
2
P (A) — (Pirp(A4))” | < 5e (3.42)
which is true for any choice of €. This implies that P (A) € {0, 1}. O

3.3.4 Sub-ballisticity of the model

The analogue of Theorem [3.3 holds for the model of self-avoiding polymers as well.

Theorem 3.12. Consider the self-repelling polymers on Z¢ with a jump-distribution p
mwvariant under the symmetries of the lattice, then for any positive n

lim —logIP’San (|v(n)| > vn) < 0.

n—oo 1

This theorem is proven by contradiction in two steps. In Section |3.4] we show that
it Theorem does not hold (i.e the Ballistic Assumption holds), then the mean
length of an irreducible bridge is finite. In Section [3.5] we show that the mean length of
irreducible bridge is infinite, which altogether with Section [3.4] proves Theorem [3.12]
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3.4 Consequences of Ballistic Assumption

Suppose that Assumption holds an look at the results it can imply.
Let us work only with bridges long enough that they play a role in the ballisticity of
the model:
RB,., = {”y € RB,, : z(yn) > 'Un},

and define on this set the measure Pggg,, ,-
The Ballistic Assumption puts the following restriction on the number of renewal
points.

Theorem 3.13. If (3.5)) holds, then for any increasing sequence of positive integers (u,),
there exists 0 > 0 such that

1
limsup — log Psgg,,, , (| Ry| > du,) = 0. (3.43)

n—-oo n

To prove this theorem, we generalise the idea of renewal points and look at the hy-
perplanes 7,112 = {(z1,%2,...24),21 = 2o + 1/2} that have not many crossings with
segments, corresponding to the steps of v:

RI™ = {:co eN:1<|{i: (906,)76 + 1) N gy # @}‘ < m}

It is easy to see that Rl C Rl;”H for any positive m.
For nearest-neighbor walks there is a bijection between R, and Rl;. It is not true in
the more general case, but nonetheless there exists D > 0 such that

R, <|RL| < DIR,| (3.44)

where D is defined as in (3.27) and depends only on 2.
Define the following subsets of RB,, ,:

RB}', s = {7 € RB,,, : |RIJ'| > én}.

n,w,0

Theorem is a consequence of the following lemma.

Lemma 3.14. If (3.5)) holds, then for any v, 6 > 0 and m > 2 and for any sequence (uy,)
in Z, there exists ' > 0 and a subsequence (t,) of (u,) such that

1 Z(RBI"
lim sup — log <—t"il’6) <0. (3.45)
tn—o0 Un Z(RB:Zﬂ}’(;/)

The proof of this lemma is based on the unfolding operation defined below.
Fix v € RB,,. The pair of integers (7, 7), 0 < i < j < n is called a zigzag of v if

() < o(7) Vk <i,
z(y;) <z(m) < x(%) Vi<k<j,
z(7;) <z(y) VEk > j.
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The set of all zigzags of the walk will be denoted by ZigZag, . Note that all zigzags in
the set ZigZag,, are disjoint.

We can define the unfolding of a zigzag as follows. Suppose that v € RB,, and (i, j) €
ZigZag, . Then, define the new bridge:

Unfi,)(7) = ()0 © R ()izi) © ()i (3.46)
Let us recall some elementary properties of this operation.

Lemma 3.15. The following properties hold for any bridge v € RB,, and for any (i,7) €
Ziglag,:

e o(y) < J(Unf(m-) (7)),
o () < 2((Unfiz (7)),

V(1) € Runi, (> (Unfagy(7))(5) € Ruae, ),

Zlgzag’y\{l7j} - ZigzagUnf(i’j)('yy
e V(i,5), (7,]) € ZigZag, : Unf; ;Unfg;(v) = Unfg; Unf (7).

The last property allows us to define the unfolding of a set of zigzags as a row of
successive unfoldings (the order in which we do the unfolding operations is irrelevant).

Proof of Lemma([3.14 Let usfixm > 2, v > 0,6 > 0 and any sequence of positive integers
(u). Look at the sequence (RB;! | ;)72 At least one of the following propositions must
be true:

e The number of sets where a positive density of renewal points has quite high prob-
ability to occur is infinite:

Case A. There exists 6’ > 0 and a subsequence (t,,) of (uy) such that

Z({y€RB ,5:|R,| > 0't,}) > =Z(RB , ) (3.47) {caseleq}

Wl =

e In any set RB,,, , there is a good probability that the number of zigzags in a walk
is sufficiently small:

Case B. There exists (g,) \( 0 such that

Z({y € RB} s |ZigZag, | < epun}) >

Un, 0,0 *

Z(RB" ). (3.48)

Unp,,V,0

Wl =

e The number of u,, such that a bridge with positive density of zigzags and sufficiently
small number of renewal points has a high probability to occur in RB,,, , is infinite.
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Case C. There ezist ¢ > 0, a sequence (9)) N\, 0 and a subsequence (t,) of (uy)
such that

Z({y € RB .5 : |Ry| < 6ty and |ZigZag, | > 2¢t,}) > = Z(RB} ;). (3.49)

Wl =

Proof in Case[A] Inequality (3.45)) follows directly from (3.47) and the fact that
(R > [RIL] = |R, | for any m by (B44). e

Proof in Case[B. Let us take v € RB} , s satisfying the property |ZigZag, | < e,up.

For each hyperplane m € RIT' that has exactly m crossings with v, there exists at
least one zigzag (j, k) € ZigZag, such that (”y(z))f:] intersects 7. Hence, two other parts
(7(3))_, and (y(i))"", also have at least one crossing with 7. If we unfold this zigzag,
then all points of v after step j will have a larger x-coordinate than in 7. Then, 7 has no
more than m — 2 crossings with Unf(; j)(v). For any other hyperplane in RIZ', there is a
corresponding hyperplane in Rlﬁnfw)( ) with at most the same number of crossings.

Let us repeat this operation and unfold all zigzags in ZigZag,. The resulting walk
¥ = Unfzigzag (7) will satisfy the following property:

|RIZ > |RIT. (3.50)

Now, let us choose a walk 7 € RBZ:J} s and bound the number of walks v that gives ¥ as

aresult of the unfolding operation. The number of v € RB}! , 5 such that |ZigZag, | < €,uy,
and Unfzigzae (7) = 7 is equal to the number of possible ways to pick at most 2¢,,u,, points
of 4 to form all zigzags in . Thus,

2enu
0 € RBE, s Unta, (1) =) < 3 () < ew (2manon (55)). G
Here, we used the bound Y ;" (7) < 2"#©), where ¢ < 1/2 and H(g) = —elogy(e) — (1 —

) log,(1 — ).
For all «y in this set, o(v) < o(5) so

o(7) > 3 o)

1 .
'YERBumn,v,gv UanigZag,Y ("/):"? eXp (QUTLE:TL log (E))

The set of all 4 that have a preimage in RB] , ; is not bigger than RBZ:UI? 5> SO
1Z (RB”
Z (RB])5) > 12 (RBs) . (3.52)
exp (—2un5n log (ﬁ))
This inequality and the fact that (£,) \, 0 implies the statement of Lemma [3.14] [

Proof in Case[(] The idea of this proof is to unfold the necessary number of small zigzags
and obtain some renewal points by this unfolding.
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Let us take a random bridge v € RB}" , ; such that |R,| < d,t, and |ZigZag, | > 2¢t,,.
We can define a set containing all small zigzags of 7:

1
ShortZigZag,, = {(i,j) € Ziglag, 1 j —i < —} : (3.53)
5

The central sections of all zigzags in ZigZag,, are disjoint and the sum of the number of
steps in all central sections is not bigger than ¢,,. Inequality |ZigZag, | > 2¢t, implies that

{y €RB,;: |ZigZag, | > 2¢t,} C {y € RB}",;: |ShortZigZag, | > et,}.  (3.54)
Let us define
RB.={y € RB}" .5 : |R,| < d,t, and [ShortZigZag, | > et,}. (3.55)

It is easy to see that this set contains the set defined on the right-hand side of .

Now, let us take a subset ZZ C ShortZigZag, of size ¢'t,, < et,,. The precise value of
¢’ will be defined later. Then, unfold all zigzags in ZZ. The resulting walk 4 = Unfyz(7)
has at least 2¢'t,, renewal points, i.e.

3 € RB;, , 90r- (3.56)

Different walks can be obtained by the different choice of ZZ. For fixed v the number of
ways to pick ZZ can be estimated as follows:

tn
{7 : 32Z C ShortZigZag,, |2Z| = &'t,, Unfzz(y) = 7}| > Ct > (3.57)

Define the set of all possible pairs (7, ZZ):
BZ ={(v,Z7) : v € RB.,ZZ C ShortZigZag, |Z7Z| = €'t,, }. (3.58)

The number of renewal points of 4 can be bounded from below.

Let us unfold one zigzag (i, j) € ZZ in -y and look at the number of crossings of v and
4 = Unf(; j)(v) with different hyperplanes m,, = {x = xo+1/2}. For any zy < z(v(j)), the
number of crossings is preserved, so for ¥ does not contain any renewal points except the
points that were already presented in R.. For any zq > x((7)), there is a correspondence
between the crossings of v and m,, and between the crossings of v and 7,, and the
crossings of ¥ and 7, 12(z(y(i))—2(v(j)))- This part of 4 will also have no new renewal points.
The remaining middle part of 4 has width 3|z(y(i)) — z(y(j))| that can be bound by
3(j —i)D, where D is defined in (3.27). In this gap there can be maximum 3(j — i)D
renewal points. Note that (7, j) € ShortZigZag, and that j —i < %

This operation can be applied consequentially for all zigzags in ZZ and gives the

following result:

3D
|RUnfzz(’y)| S 5r:ltn + Eltn?- (359)

For each 7, there can be many pairs (v, ZZ) € BZ that gives 7 after unfolding. Their
number can be bounded in the following way.
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The number of possible ways to make €'t,, zigzags to obtain  from ¥ is not bigger
than the number of ways to choose 2¢t,, points from all renewal points of 4. Then, we
can use inequality (3.59)) to obtain the following bound:

St + e’tn%>

ot (3.60)

{(7.22) € BZ: Unfya(y) = 7}| < (

We can use inequalities (3.49), (3.57) and and the bound (%) < (Z) < (%)b

to obtain

{7 :3(v,27) € BZ, Unfzz(y) = 7}

min.epp,

Z(RBt v25’) > Z(RBC)

masens;  {(7.22) € BZ - Uniz(y) = 7}]
{Sp— ()
> gZ( BY v.s) - m
2e’ty
9 'ty
1 e 4 e
> -Z(RB}" — = | =— 3.61
The result of Lemma |3.14] holds when a constant lower bound on ==’ is bigger

(8,+3D<)
than 2. We can choose ¢’ = % and use the fact that ), \, 0 to obtain this bound.
Then,

e2

1 8\ "
Z(RB%n,v,Qa’) Z gZ(RBtn v 5) ( ) )

which implies (3.45]).
[l

This finishes the proof of Lemma [3.14] in the general case. O

Proof of Theorem[3.13. For any v € RB,,,, the number of hyperplanes 7 crossed at least
once is bigger than vn. Thus, at least half of them are crossed less than % times where

D is defined in (3.27). Hence, we deduce that

RB., » RBU’; 0y (3.62)
We can apply Lemma“ 2D times with m chosen decreasingly from 22 to 2. We have

to take 0 = 3 at the first step and set it equal to &' from the previous step afterwards.
Then, we can find ¢’ > 0 and (t,, a subsequence of (u,)) such that

Z(RB!
lim — log M >0

tn—r00 t, Z(RBtz,v,%)
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Corollary 3.16. If the Ballistic Assumption holds, then
{Einf} EiRB(h/D < 0. (363)

Proof. Suppose that Eirg(|y|) = co. This implies that for any choice of C' > 0 and « > 0,
there exists a bound xy(C, ) such that for any z > xo,

C
Pirs (7] 2 @) > -

Let us fix Cy = 8/9 and ag = 1/2 and define M = max(2, z¢(Cy, ay)).
For any positive constant A, we can construct a three point distribution X as follows:

Px (X =0) = Prs(]y] < M),
Px(X = M) = Pre(M < 7] < A),
Px(X = A) = Pri(]7] = A).

The expectation of this distribution is not smaller than M if for a pair (C, «v) satisfying
zo(C,a) < M:

c  Me
<A — .
(@M)* S A" < S o (3.64)

These two inequalities can hold simultaneously if

(20M)t+e
c>-————.
-1 + 21+oz

Let us choose a = 2 and correspondingly C' = 8]\4 3. Then, 1+a = %‘LO implies that
Zo

zo(C, ) < M and allows to choose A accordingly to and obtaln
2

Ex(X) > 2. (3.65)

The size of the set of renewal points can be estimated as follows:

Pre, (|12, > vn) = Pirp Z il <n) <Px ( ZX < ) (3.66)

=1

where random variables X; are independently distributed according to X.

Because of (3.65)), this probability can be estimated by Cramer’s Theorem [Cra38| in
large deviation theory. There exists a positive constant ¢ > 0 such that for any n large
enough

Prs, (|R,| > vn) < Py ( ZX < —> <een, (3.67)

This inequality contradicts the consequence of the Ballistic Assumption proved in Theo-

rem |5.13l
O
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3.5 Expectation of a length of an irreducible bridge is
infinite

The object of this section is to prove the following theorem, which, combined with the
result of the previous section, contradicts the Ballistic Assumption.

Theorem 3.17. The following holds:

Ers(]v]) = oc. (3.68)

Theorem will be proven by contradiction. Let us suppose that there exists a
constant v such that
EiRB(h/D < v < Oo0. (369)

The main tool in this section is the operation of stickbreaking
A renewal time of a bridge (i) € R, is called a diamond time of ~y if all other points
of v lie in the cone

{(z,9) 2> 2(v(0), 2 —2(v(i)) = y —y(y(i)) > —(z — 2(y(i)))} U
{(z,9) 1z <x(y(i), 2(7(i)) — 2 > y — y(y(i))ge — (x(7(i)) — =)} (3.70)
The set of all diamond times of the bridge v put in increasing order will be denoted
by D,.
The set D, has a positive density in R, under the assumptions (3.5) and (3.69).

Lemma 3.18. Suppose that Erp(|y|) < oo. Then, there exists a positive density 6 > 0
such that

limint 220 000 5 (3.71)
n—aoo n

almost surely.

Proof. The probability measure Pigrp is invariant under reflection R,(). Therefore the
expectation of the y-coordinate of the endpoint of v € iRB is equal to zero.
The finite expectation of |y| implies also the fact that

Eip (max [y(1)]) < Eirs (|7]) < co. (3.72)

We can apply the law of large numbers to find that for + distributed accordingly to

IED%%, there exists a constant > 0 such that

(a:(V(?"n))7 y(’V(m))) — (i, 0) almost surely. (3.73)

n n

This result implies that there exists a positive integer K and a non-zero probability pg
for  to lie in a half-cone {(z,y) : (x + K) >y > —(x + K)}. Indeed,

et ({nf () + 6000 2 5§ 0 fiat a00) =y = ~K ) 2 e
(3.74)
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Taking any step from €2 and applying all necessary reflections and turns, we can obtain
a one step walk 4 such that z(3(1)) > y(5(1)) > 0. Then, vy = 7o R, (7) is located in a
cone {x >y > —z} and the end of v, lies on the axes y = 0. The weight of the segment
equivalent to vy will be denoted by oy.

By construction of Pf}?{%, we can add K samples of 7y to the beginning of any infinite
walk 7. If v lies in a cone {(z+ K) > y > —(z+ K)} used in (3.74)), then the result of this
addition will be located in a cone {x > y > —x}. The probability price of this operation
is equal to off.

We can combine this fact with to obtain that

Pig (7(0) € Dy) > 05 pc. (3.75)
The same bound is true for the bi-infinite random bridge:
P5% (7(0) € D) = 8§ > (0 pr)*. (3.76)
By the invariance of P%% under the operation of shift, P55 (v(ry) € D,) = & for any
1, € R,. The estimated density of diamond points is then equal to

D n
hmooEi%ZB (M) = 4.

n—s n
We can use this fact and apply Lemma to the shift-invariant event

D, N {refr_g
n

>0

lim inf
n—oo

to conclude that it has probability equal to 1. O

The definition of the diamond point can be extended to the bridges of finite length.
It is easy to see that if v, € RB,, coincides with the beginning of v, then D, N~, C D,, .
The operation consisting in taking the finite part of the bridge can only add new diamond
points but not destroy the initial ones.

For bridges ~ with at least two diamond points, we can define the operation of stick-
breaking. Suppose that v € RB,, and that there exist two points 7,5 € D, with ¢ < j.
Then, define a new bridge via the formula:

StBrij) (V) = (T)ieo © a2 () es) © ()it

. This operation does not add any crossing to the walk, so the weight does not change:
o(y) = o(StBr (7)) for any choice of diamond points i and j. Also, note that the result
of this operation is not necessary a bridge.

Proof. Let us assume (3.69). From any infinite bridge v € B, we can take a finite
beginning containing the first n irreducible bridges of the walk: v = (v)i,. Let us use
the notation 7 <y to say that there exists a renewal point 7, € R, such that ¥ = ),
Define the width of any finite bridge as follows:
Wi(y) = max (y(v(i)) —y(v(5)))- (3.77)

0<4,5, <]
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Now, fix € > 0 (the exact value of the constant ¢ will be determined later). Look at
the set of infinite bridges starting with not very long and not very wide finite bridges:

— d
RB;(”ag) = {7 < RB;_O : h/(n)| < anw(’y(n)) < éen, |ny(n)’ > g} . (378>

The exact value of the constant ¢ will be determined later.
The irreducible bridges that form v € RBZ are independent and identically distributed
so we can use the law of large numbers and the formula (3.73) to conclude that

lim P (v :r, <vn, W(H™) <en) = 1. (3.79)
n—-ao0

The probability of the condition on the number of diamond points is the result of Lemma

B.I8

: on
nhHmOO P3G <'y: |D | > 7) =1 (3.80)
The combination of these two estimations give us
lim P (RB;(n,g)) ~ 1. (3.81)

We obtain the contradiction with (3.81]) and prove the theorem by constructing the nec-
essary amount of wide bridges using the operation of stickbreaking.
Let us define the set of all appropriate finite opening bridges as follows:

(RBL(n,2))" = {7 : 3y € RBL (n.2), 7 =1} . (3.82)
Then, use Lemma to estimate the probability of this set in the following way:

¢ (RBL(n, &)™) =Pl (RBL(.2)) = > wo(9). (3.83)

FERBL, (n.e))™)

Let us take the bridge ¥ € (RBZ (n,£))™ and the diamond points d;,d; € D5 with
i € [%, 215—.?] and j € [%, 415—5]. The result of the stickbreaking operation ¢ = StBry, 4,(7)
is a bridge if the following conditions hold:

W52, 7Ok > 0. (3:4)
ma, w(6(k) < w(([3]). (3.85)

Inequalities (3.84)) and (3.85) are true if

P() ~ W(GRLy) > 55 —en > 0. (3.56)

To guarantee that the above is valid, choose for example ¢ = %.
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The width of the result can be bound in the following way:

W (StBry, 4,(7)) > 51—8 > en. (3.87)

The number of renewal points of ¢ = StBry, 4,(7) has the following upper bound:

Ryl = |Rs| + |Rs N {d(k) Yy, | — Ry 0 {A(E)H
<n+ W ((G)E,) i~
<n—|—5n—6—<n (3.88)

10 —

We can conclude that any v € B} starting with ¢ does not belong to BZ (n, %) because
W (™) > en.

The length of 4 cannot be bigger than vn. Hence, the number of 4 that can form the
beginning of some fixed v € RB after the stickbreaking with some choice of i and j can
be bounded by the number of ways to choose i and j over vn possibilities

{(50i.d) € RBL(m,2) ™ x (35, 3] x (%, %)+ StBra o, (7) 07} < (). (3.89)

For any fixed choice of ¥ € (RBX (n,¢))™, i € [22, 2] and j € [22 4] [emma [3.10

107 10 10 10
implies that for ¢ = StBry, 4,(7)
P (Fy € RBL : ¢ ay) = e Mllo(g) = e MMg(5). (3.90)

After the summation of (3.90)) over all possible 7,4 and j and plugging in (3.89)), we obtain
that

(%) 5 eAowam:(‘i—g)gpﬁyﬁme»

FE(RBL (n.e))™
(vn)*Pigg (v + 33,4, ) : StBra,q,(7) <)

<
< (vn)* PRp(W (™) > en). (3.91)

This inequality contradicts (3.81]), so the assumption (3.69) has to be rejected.
[
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