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Chapter 1

Introduction

The P=W conjecture of De Cataldo, Hausel and Migliorini [CHM] relates two fil-
trations, the “weight” and the “perverse” one, on the cohomology of the moduli
space of Higgs bundles. Such conjecture was proven in [CHM] in the rank 2,
odd-degree case, using geometrical methods; in this thesis, we take the enumer-
ative approach to re-prove a part of this difficult problem. Our starting point is
the theory of equivariant integration developed in [HP] which, along with the
intersection formulas on the moduli space of stable bundles found in [Th1] and
[Z], allows us to write localization formulas on the moduli space of Higgs bun-
dles, which are powerful enough to formulate the enumerative version of P=W
(Theorem 7.0.2).

In Section 2, we briefly survey the basics of intersection theory, in order to set
our notation and, most importantly, to explain what we mean when we say we are
integrating a cohomology (or Chow) class. The Kodaira and Hirzebruch-Riemann-
Roch theorems, which lie at the heart of Witten’s localization formulas developed
as in [Th1] and [Z], are recalled at the end of the section.

In Section 3, the equivariant cohomology theory of a smooth manifold is de-
fined, following the classical text [GS]. After that, we formulate and prove the
basic localization formula for smooth compact manifolds with a torus action, fol-
lowing the proof given in [AB1]. Finally, important applications of such formula
are presented; in particular, the intersection theory of symmetric products of Rie-
mann surfaces will be used when writing the equivariant localization formulas for
the moduli space of Higgs bundles of rank 2.

Section 4 is dedicated to vector bundles and their moduli spaces. We introduce
Chern classes of vector bundles, the notion of slope-stability, and sketch the con-
struction of the moduli space of stable bundles as in [AB]. We introduce Witten’s
notation for expressing the cohomology classes of the moduli space, and explain
Thaddeus” and Zagier’s intersection formulas of [Th1l] and [Z]: they will be the
basis of our equivariant intersection formulas.

In Section 5 we review the definition and basic properties of Higgs bundles of
rank 2 and of their moduli space My. We focus on the equivariant cohomology of
such space with respect to the natural C*-action, and on the compactification Mg
constructed in [Hal]. Then, we review the definition of equivariant integration
as in [HP] and see how, through Kalkman’s formula (Lemma 4), this allows in
particular to compute classical integrals on the infinity divisor of M.



In Section 6 we explain the classical Narasimhan-Seshadri correspondence be-
tween vector bundles over a Riemann surface and representations of the funda-
mental group, and how such correspondence extends to Higgs bundles, yielding
the nonabelian Hodge correspondence. The exposition follows closely [AB] and
[Hil]. We also recall the basic notions of mixed Hodge structures, and formulate
the classical P=W conjecture of [CHM] for rank 2 Higgs bundles.

The new results of the research project are contained in Sections 7 and follow-
ing. Parts of these sections are the topic of the paper [CHSz], written by T. Hausel,
my advisor A. Szenes, and myself.

In Section 7 we compute the equivariant intersection formula on My in terms of
cohomology classes in Witten’s notation. Using Kalkman’s formula, we compute
a localization formula for the integrals on the infinity divisor of Mg. We also
introduce the notion of defect of a cohomology class and relate it to the order of
the pole appearing in the localization formula.

In Section 8 we formulate the enumerative version of P=W, and prove its equiv-
alence with the classical one of [CHM]. We then apply the formulas found in
Section 7 to formulate the matrix problem at top-defect and find the explicit solu-
tion for the classes B¥. For the more general classes 3% "y", we find and prove
determinantal criterion for the existence of a solution.

Finally, in Section 9 we examine the difficulties arising when dealing with the
pairing at lower defects (i.e. finding the higher defects of the solution to P=W).
We address such problem by rationalizing our localization formulas (Proposition
9.2.1); this allows us to find the homogeneous part of the solution to P=W of defect
one higher, in the case of the classes [Sk.
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Chapter 2

Intersection Theory

We can define intersection theory as the branch of algebraic geometry studying
subvarieties of a given variety, and the way they intersect. Actually, one rarely
wants to consider all subvarieties as distinct objects: what must be done is defining
an equivalence relation ~ of subvarieties, which respects intersections:

A’~AandB'~B=A'NB'~ANB. 2.1)

Our definition of intersection theory can thus be refined by saying that it deals
with the properties of the set of equivalence classes [A], for all subvarieties A of
a given variety X. In particular, we will have different theories depending on the
definition of the equivalence relation.

Once the relation has been chosen, one defines F(X) to be the free abelian
group over all subvarieties of X, and R.(X) = F(X)/ ~, where the relation ~ has
been extended to F(X) by Z-linearity. Since (2.1) defines a product on the set of
equivalence relations, namely

[A] - [B] :=[ANBI, (2.2)

we have that R_(X) is a ring.

When it comes to a morphism f : X — Y, we should recall that f does not
respect intersections in general. However, the pre-image f~! does, so that it is
natural to say that the functor X — R_(X) should be contravariant: there exists a
map f* : R_(Y) — R_(X) defined by f*[A] = [f~!(A)] (where we still extend f~! by
Z-linearity to the free abelian group J(Y)); of course, in order for f* to be well-
defined, the equivalence relation ~ must be respected by the morphism f. In this
way, we see that f* is a ring homomorphism.

Arguably the two most important instances of intersection theory come from
considering ~ to be either rational equivalence or (co)-boundary. We will quickly
discuss the former in the following section, while the latter, which brings to (co)-
homology theory, will be the main subject of the present thesis.



21 The Chow ring and Chern classes

Let M be a smooth complex quasi-projective variety of dimension m ! and let
F(M) to be the free abelian group over its subvarieties. We say that a subvariety
' C M x CP! is graph-like if it is not contained in any fiber M x {p}, p € CP!. For a
graph-like I and a point p € CP!, we call Iy =T'N (M x {p}), which has constant
dimension for every p when it is non-empty. Intuitively, we can consider a graph-
like I C M x CP! as defining an algebraic homotopy between T}, and Iy for any
two points p, q € CPL.

Choose two distinct points {0, oo} C CP!: for X and Y subvarieties of M, we
define

X~Y < X=TIpand Y =T, for some graph-like I".

We say that the two subvarieties X and Y are rationally equivalent. We call the quo-
tient A(M) := F(M)/ ~ the Chow group of M. Since rational equivalence respect
dimensions, we see that

AM) =P AuMm 23)

where A((M) is the subgroup consisting of equivalence classes of dimension 1
subvarieties.

Notice that when considering the ring structure (2.2), the direct sum decom-
position (2.3) is not a grading. Indeed, if dimX = k and dimY = 1 we expect, for
general enough X and Y, to have dim X NY = k 4+ 1 —m. Thus we define the Chow
ring to be A(M) as abelian group, but with the grading

A*(M) = P ANM), with A{M) := Ay 1 (M) for L=0,...,m.  (24)
1=0

This is not enough yet to have a well-defined graded ring structure on A(M),
since we did not define what “general enough” means when we intersect two
subvarieties; moreover, we should check whether the intersection of subvarieties
respect rational equivalence.

We say that X and Y are generically transverse if for all p in a Zariski open
subset of XN'Y, we have T, X+ T,Y = T, M. The fundamental ingredient, that can
be considered the heart of intersection theory, is then the following lemma, which
allows us to say that A*(X) is a graded commutative ring, with product defined as
in (2.2). For its proof we refer to Lemma A.1 in [EH], and to the references therein.

Theorem 2.1.1 (Moving Lemma). Let « € AX(M) and B € BY(M). Then there exist
generically transverse subvarieties X and Y € F(M) such that [X] = « and [Y] = p.
Moreover, the class of [X N Y] only depends on « and (3.

The issue of transversality remains when we want to define the pull-back map
f* of a morphism f : M — N. We say that Y C N is generically transverse to f if
f~1(Y) is reduced and codimnY = codimpf~1(Y). It can be shown (Lemma A.2
in [EH]) that this is equivalent to be generically tranverse to a particular finite

1We mention here that the richest part of this theory comes from considering much more general
schemes over a field. However for our exposition this assumption will be enough.



collection of subvarieties of Y. Therefore the Moving Lemma allows us to define
f*: A(N) — A(M) by the following condition:

() = [F~1(Y)] for Y generically transverse to f such that [Y] = o.

It is now easily shown that id* = id and (g o f)* = f* o g* when it makes sense.
In this way, we have a complete definition of the intersection theory on a smooth
quasi-projective variety M, based on rational equivalence.

Remark 2.1.2. Notice that A°(M) = A,,(M) ~ Z since the only dimension m
subvariety is M itself. Oppositely, A™(M) = Ap(M) is the set of points up to ra-
tional equivalence, thus it can be a complicated object. If M is a smooth projective
variety, A1(M) is the set of Weil divisors on M up to linear equivalence, so that
Al(M) ~ Pic(M).

Notice that the Chow group also has a notion of push-forward: for a morphism
f: M — N and a subvariety X C M of dimension 1, we can define f,[X] := [f(X)] €
A1(N); it can be shown this is a map of A*(N)-modules, i.e.

fo(f"B-ax) =P foex, for x € A(M), p € A(N).

If dimM = m and dimN = n, we see that f, : A{(M) — A" ™(N). In
particular, if M = {p} is a point, so that A(M) = A’(M) = Z, we have that
f«lp] € A™(N) is the class of the point f(p) in the Chow ring of N. More interest-
ingly, if f : M — {pt} is the constant map, the push-forward of f defines the degree
map degf :=f,: A"(M) = Z.

The Chow ring satisfies right-exact excision and the Mayer-Vietoris properties:
fori: X = M, Y C M closed embeddings, and j : U = M \ X — M, then we have

AXNY) = AX) B A(Y) = A(XUY) = 0 (2.5)
AX) B AM) S AU =0 (2.6)

Example 1. Let A™ be the affine space of dimension n. If X C A™ is a proper
subvariety and p ¢ X, then letting I' to be the projectivization of the cone of X
centered in p gives a rational equivalence between I'7 = Y and the empty set I,
thus Y ~ 0. This implies that A(A™) = AY(A™M) =Z - [AM].

Example 2. In general, letting U C A™ be a non-empty open subvariety, by the
previous Example and by (2.6) we have that A(U) = A%(U) = Z - [U].

Example 3. Using excision (2.6) and the classical stratification of CP™ by affine
spaces, we see that AX(CP™) = Z - [L,, ] where L,,_y is any (n — k)-dimensional
linear subspace. Moreover, since L,,_y is the transversal intersection of k hyper-
planes, we have [L, ] = (* where { € A}(CP™) is the class of a hyperplane. It is
actually not difficult to show that this gives the full description of the Chow ring

A(CP™) = Z[d)/ (™).

Remark 2.1.3. We used the Moving Lemma as the foundation of intersection the-
ory. It should be mentioned here that although this approach has the advantage



of being intuitive (and, most importantly, of giving the correct results!), it is not
the best in terms of theoretical bases, since there are some controversies on the
proofs of the strong version of it, namely the possibility to construct subvarieties
generically transverse to a morphism f: M — N.

The modern theoretical framework of Fulton and MacPherson [Ful], [FMP]
makes the Moving Lemma unnecessary for the definition of the Chow ring and of
its functorial properties; moreover, it rigorously shows that the classical statements
of the Moving Lemma are indeed correct, so that they can be freely used in our
geometric intuitions.

The importance of the Chow ring in the present thesis relies on the fact that it
is the natural framework to define Chern classes of vector bundles in terms of its
sections.

Definition 2.1.4. Let V be a rank r vector bundle on a smooth variety M, and
let 01,..., 0 be generically independent global sections of V. For k =1,...,1 we
define the k-th Chern class as

ck(V)i=Z(o1 A\ Aorxi1) € A¥(M)
where we denote by Z(o) the subvariety of M in which the section o is zero.

It can be shown (see [EH]) that the class of ¢ (V) in the Chow group A¥(M) is
well-defined, i.e. it does not depend on the particular choice of the sections o; as
long as they are generically independent.

Of course, this does not define Chern classes for vector bundles with not
enough sections. In order to have a comprehensive definition, we use a classi-
cal result (see for example [MSt]) which allows us to extend the construction by
functoriality to all vector bundles. Thus we state, without proof, the following
theorem.

Theorem 2.1.5. [Existence of Chern classes] There is a unique way of assigning to every
vector bundle V of rank v on M and every k € Z a class cy. (V) € A¥(M) such that

1. co(V)=1and c\ (V) =0 for k > .
2. If0 - U — V —= W — 0is a short exact sequence of vector bundles on M, then

k

ck(V) =) cilWex (W)
-0

3. If @ : N = M is a morphism, then for all k
cr(@™V) = @ ck (V).

4. For bundles generated by global sections, ¢\ (V) is as in Definition 2.1.4.

Point (2) is usually called Whitney’s formula; it can be expressed in a compact
form using the total Chern class

c(V) =14+ (V) +...+c+ (V) € A(M)

using which Whitney’s formula simply becomes c(V) = c¢(U)c(W).

10



Example 4. Letting L = O(1) be the line bundle on CP™ corresponding to a hy-
perplane section H, we have c{(L) = [H] = ¢ € A}(CP™"), thus for the tautological
bundle T = L* we will have ¢;(1) = —. Denoting V the trivial (n + 1)-bundle on
CP™ and Q = V/7 the universal quotient bundle, Whitney’s formula gives

c(Q):11C:1+C+C2+...+C“€A(CP“)-

Although the Chow ring is a natural framework for introducing the intersec-
tion theory of a variety, a much coarser concept is sufficient for the scope of the
present thesis. We thus discuss the role of cohomology in the next section, keeping
the possibility of coming back to Chow groups in the (rare) cases it will be needed.

2.2 Cohomology and intersection numbers

For us, the cohomology of an algebraic variety M will be the singular cohomology
with complex coefficients H'(M) = H'(M; C).

Remark 2.2.1. Assuming M is smooth, assigning to subvariety the corresponding
non-compact cycle gives a homomorphism A;(M) — HEM(M; Z), where we are
considering Borel-Moore homology; under Poincaré duality, this gives a homo-
morphism

AY M) = HE(M; Z).

Notice that if M is smooth and projective, then this is an isomorphism for i = 1,
since both objects are isomorphic to Pic(M).

With a slight abuse of notation, we denote the Chern class ci(V) € H2K(M) of
a vector bundle V to be the image, under the homomorphism of Remark 2.2.1, of
ck(V) € A¥(M) as in Definition 2.1.4 and Theorem 2.1.5.

For the rest of this section, we assume M is a smooth compact complex alge-
braic variety of complex dimension n. Then, Poincaré duality allows us to describe
the cohomology of M in terms of intersection data, as follows.

Definition 2.2.2. The integral is the map
J :HY(M) — C
M

which is identically 0 for i # 2n, and for i = 2n sends the class Poincaré-dual to a
point to 1 € C. For a class « € H2" (M), we write [,, « for its integral.

Given a set S = {«y,..., xm} of generators of the cohomology ring H(M), the
intersection numbers of M relative to the generating set S are the complex numbers

of the form
J (xil o o Cxik .
M

Of course, only products of top degree will yield non-zero intersection num-
bers. Enumerative geometry can be described as the study of the structure of such
intersection numbers. Typically, one is brought to consider a generating set of
integral classes oy € HY(M;Z): since Poincaré duality holds at the level of in-
tegral cohomology, such intersection numbers will be integers. However, this is

11



not strictly necessary for the development of the theory, and one can equally well
work with more general, complex intersection numbers.
The following Lemma is of key importance for enumerative geometry.

Lemma 1. A class o € HY(M) is zero if and only if, for all € H2""H(M),

JM ap =0.

Proof. It follows from the fact that the Poincaré duality is a perfect pairing. O

This easy lemma has a striking consequence: assuming we know a set S of gen-
erators of the cohomology ring H(M), knowing the intersection numbers allows
(in principle) to find all the relations, thus describing the ring H(M) completely.
Enumerative geometry allows to transform any problem involving the cohomol-
ogy of a compact smooth variety into one about the combinatorial or analytic
structure of its intersection numbers. This is the point of view we will exploit in
the present thesis.

2.3 The Kodaira vanishing and Hirzebruch-Riemann-Roch
theorems

In the context of intersection theory on moduli spaces, two basic results on com-
plex algebraic variety provide a powerful tool to obtain striking formulas such as
the ones obtained by Witten originally for the moduli space of stable bundles.

We say that a holomorphic line bundle L on a complex manifold M is positive if
the curvature associated to its Chern connection (i.e. the unique connection whose
antiholomorphic part is the d-operator defining the holomorphic structure of L)
—iw where w is a positive definite form. We say that a holomorphic line bundle
is negative if its dual is positive. We refer to [GH] for all these notions, which will
also be surveyed in Section 6.

Theorem 2.3.1 (Kodaira vanishing). Let M be a compact Kihler manifold and L a
negative line bundle. Then for i > 0, we have HY(M;L) =0.

The second result, the Hirzebruch-Riemann-Roch theorem, allows to express the
Euler characteristic
X(M;V) = > (1) dim H'(M; V)
i>0
of a holomorphic vector bundle V as an integral.
The statement of the theorem involves the Chern character ch(V) of the vector
bundle V; this is defined as

ch(V)=eM 4. . +eM

where A4, ..., A, are the Chern roots of V. Moreover, we define the Todd class of a
bundle V as

n
X X2 X4

td(V) == [ [ Q(A), with Q(x) = 1_’;X =14+ 5 st

i=1

12



Theorem 2.3.2 (Hirzebruch-Riemann-Roch). If V is a holomorphic vector bundle over
a compact complex manifold M, then

x(M;V) = JM ch(V)td(M). (2.7)

where ch(V) is the Chern character of V and td(M) is the Todd class of TM.

Notice, in particular, that if V is a line bundle which satisfies the hypotheses
of Kodaira vanishing, then (2.7) provides a formula for the dimension of the space
of sections H’(M; V) as a particular intersection number. This is a crucial step in
finding the intersection formulas developed in [Th1] for the moduli space of stable
bundles, which in turn are the basis for our intersection formulas on moduli spaces
of Higgs bundles.

13



Chapter 3

Equivariant Cohomology and
Localization Formulas

Our moduli spaces are particular quotients of an algebraic variety under the action
of a reductive algebraic group. A fundamental tool to include the group action
into the theory is looking at the equivariant cohomology of the variety. This is an
extension of the usual cohomology theory, the use of which allows to introduce
the celebrated localization formulas of Berline-Vergne [BV] and Atiyah-Bott [AB1];
finding and exploiting such formulas for the moduli space of Higgs bundles will
be one of the goals of the present thesis.

3.1 Group actions on algebraic varieties

In this chapter we let G be a compact algebraic group, and M a compact manifold
of dimension n, on which G acts in an algebraic way, i.e. the action defines an
algebraic morphism G x M — M. We let M€ be the set of fixed points of the
action. If m € MG, then the differential of the action induces an action of G on
TmM, i.e. an algebraic representation of G.

Most of the time, we will concentrate on the case of G = T being a compact
torus of rank r; this implies that we can describe the action of G on the tangent
space to a fixed point T,;, M by its weight decomposition

TM =P Vs
A

where A € A C t* is the weight lattice.

Remark 3.1.1. In fact, more is true. Cartan’s lemma states that such an action can be
linearized: for each fixed point m there is an invariant analytic open neighbour-
hood U of m, an embedding G — GL(n;C), and an analytic isomorphism U = C™
which is equivariant under that embedding. In particular, since the fixed locus on
C™ will be a linear subspace, this implies that M€ is smooth.

If the action of G on M is free, then we know that M /G is naturally an algebraic
variety; therefore we can naturally define an equivariant cohomology class to be a
class of H(M/G). However, in many interesting cases the action on M will not be
free, yet we want a cohomology theory which deals with such actions.
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The main idea is that if E is a contractible topological space, the homotopy
type of E x M is the same to the one of M, so all cohomological data of the two
spaces must coincide. The idea is then to find a contractible ! space EG with a free
G-action, and to define the Borel model of M as

Mg = (EG x M)/G

where the G-action on the product is the diagonal one. Notice that this is a quo-
tient of a topological space with a free G-action.

Definition 3.1.2. The equivariant cohomology of M is the singular cohomology of its
Borel model; so we define

Hg(M) = H(Mg,’C).

Remark 3.1.3. Since the classifying space is typically an infinite-dimensional man-
ifold, some care must be exercised in defining the cohomology of M g. We will not
discuss this technicality in detail, since the Weil or Cartan models which we will
describe in the next section provide a good, finite-dimensional way to compute
equivariant cohomology.

Example 5. If the action of G on M is free, then we can show that Mg has the
same homotopy type of M/G, thus Hg(M) = H(M/G). At the other extreme,
consider the case when M = {pt} is a point where G acts trivially. Then we have

Mg ~ EG/G = BG.

Let M and N be two manifolds with a G-action, and let f : M — N be a G-
equivariant map. Then by looking at the Borel models we deduce that there is a
pull-back map

fE : HG(N) — Hg(M)

The space BG of Example 5 is called the classifying space of the group G. Its
cohomology ring H(BG) = Hg(pt) is of fundamental importance in the equivari-
ant theory: indeed, since the constant map M — {pt} is clearly G-equivariant, we
deduce that Hg (M) is always an H(BG)-module.

Remark 3.1.4 (Push-forwards). Let f : N — M be a map of compact complex
manifolds and let dimM — dimN = q. Associated to f there is a push-foward map

f.  H*(N) = H*F9(M),

which can be defined by applying Poincaré duality on both sides and applying
the classical push-forward in homology. In the case f is a fibration, f, corresponds
to integration along the fibers; in the case f is an embedding, then letting @ :
H*~9(N) = H*(M, M\ N) be the Thom isomorphism and j* : H*(M, M\ N) —
H*(M) be the map induced by the inclusion of the pair (M, 0), then f, = j* o @.
In the most general setting, these are the so-called Umkehr maps, an axiomatic
treatment of which can be found in [CK].

More precisely, we only require it to be weakly contractible, i.e. with all homotopy groups
trivial.
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Since all this can be made G-equivariant, we have an analogous notion of equiv-
ariant push-forward, which we still denote by the same symbol

fot HE(N) — HE 9 (M).

It satisfies the same functorial properties of the standard push-forward map: it is
covariant and it is a homomorphism of Hf (N)-modules, i.e.

filof™B) = (fra)B.

It can be shown that, if f : N < M is an embedding and vy is the normal
bundle to N in M, then
.1 = e(vn) (3.1)

the Euler class of vy. Similarly, in the equivariant setting, we have the same
formula involving the equivariant Euler class. Formula (3.1) is at the center of
localization formulas, both in the classical and equivariant setting.

Remark 3.1.5. It can be shown that in the case G = T is a torus of rank r (either
compact or complex), then

H(BT) = Cluy,...,u,.

We will mostly be interested, when talking about the moduli space of Higgs
bundles, in the case T = C*, so that Ht (M) will be a C[u]-algebra.

3.2 The Weil and Cartan models for Equivariant Cohomol-
ogy

Sometimes, computing the equivariant cohomology of G-manifolds by explicitly
finding their Borel model can be difficult. The Weil and the Cartan models allow to
describe the ring Hg (M) in a more direct way. Except for Theorem 3.3.2, we refer
to Chapters 1-4 of [GS] for the proofs of the theorems contained in this section.

Definition 3.2.1. Let G be a compact reductive group and let g be its Lie algebra.
The Weil algebra Wy is defined as

Wg =/\g" ® Sg"

i.e. the tensor product of the exterior and symmetric algebras. We make it a
graded algebra by stating that the elements of Alg* have degree one, and the ones
of S'g* have degree 2.

Fixing a basis {ej, ..., en} of g*, we define the contractions 1o for a =1,...,n
as linear endomorphisms of Wg such that, letting 0* € Alg* and z' € S'g* the
corresponding basis elements,

1,0° = 62, lqz? =0
and extending it to be a degree 1 derivation; i.e.

ta(xy) = ta(x)y + (—=1)*x1a (y), for x,y € Wg*.
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We say that an element x € Wg* is horizontal if 1ox = 0 for all a.
We also make Wg* a differential graded algebra by defining the differential d as

1 ) )
de® =z — Efj“kelek, dz® = —f§}.0)z"

where the Einstein’s sum convention is used, and ¢, are the Lie algebra structure

constants such that [eq, ep,] = S ec.. We extend then the differential to Wg* by

making it a degree 1 derivation just like 1. It is easily shown that dod = 0.
Finally, we define the Lie derivatives Lo fora=1,...,n as

Lo i =tqd +dtg.
It can be shown that L, is a degree 0 derivation, i.e.
La(xy) = La(x)y +xLq(y), for x,y € Wg*.

We say that an element x € Wg* is basic if it is horizontal and Lqx = 0 for all
a. Notice that the subspace of basic elements (Wg* )p,s forms a differential graded
subalgebra; in particular, it is a subcomplex with respect to the differential d, and
its cohomology is

H((W@)pas, d) = (Sg")©

Remark 3.2.2. With these definitions, Wg* is a G*-space in the sense of Guillemin-
Sternberg [GS].

Notice that by standard differential geometry, if M is a manifold with an action
of G, then contractions o and Lie derivatives L, are naturally defined on the space
Q(M) of differential forms. This brings us to the following definition.

Definition 3.2.3. Let M be a manifold with a G-action and let Wg(M) := (M ®
Wg* )pas the basic subcomplex, which we call the Weil model.

Theorem 3.2.4. The cohomology of the Weil model is isomorphic to Hg (M).

In particular, the cohomology of the basic subcomplex (Wg)y,s is the equivari-
ant cohomology of a point, thus the cohomology of the classifying space for the
group G. Thus we have

Ha (pt) = (Sg")¢
where the action of G on g* is the coadjoint one.

The Weil model can be written even more explicitly thanks to the following
definition.

Definition 3.2.5. Let M be a manifold with a G-action, define
Cs(M) := (Sg" ® Q(M))®
where the action on g* is the adjoint one, and make it a differential algebra by
dg=1®dm -2z ® 14

where still we are using the sum convention on repeated indices (it can be verified
that this is indeed a differential). It is easy to see that (Cg(M),dg) defines a
complex, which we call the Cartan model for the G-manifold M.

Theorem 3.2.6. The cohomology of the Cartan model is isomorphic to Hg (M).
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3.3 Localization formulas

From now on, we will concentrate to the case in which G = T is a torus. Also, in
this section, we assume M is a compact complex manifold.

A very useful feature of equivariant cohomology is the existence of localization
formulas which allow to compute the push-forward maps to a point. We call the
integral such push-forward map [,, : Hr(M) — Hr(pt).

Remark 3.3.1. Although we have used the same notation for usual cohomology
and Chow groups, this integral is quite different, in that [,,x for x € Hy(M)
will not be a number in general, but rather an element of the polynomial algebra
Ht(pt) = Cluy, ..., u.l.

The main theorem of the present section is the following.

Theorem 3.3.2. [Localization formula] Let T be a torus acting on a smooth compact
complex manifold M. For each connected component F C MT, let ir : F < M be the
natural embedding, and let vp be the normal bundle to F in M. Then for all ¢ € Hy(M),

we have .
_ Lk P
JM ?= Z L E(vE) (3.2)

FCMT

where the sum runs through all connected components of M.

Proof. This proof is taken from [AB1] and it has a more “algebraic” flavour. Other
proofs can be found in [BV] and [Wi]. Let r be the rank of the torus T, so that

Hy(pt) =Cluy, ..., us] ;=R

Let A be an R-module, and define its support to be

Supp(A) = ﬂ Ve C ¢
f: fFA=0

which is nothing but the variety associated to the torsion elements of A. For f € R
a non-zero polynomial, we denote by Ry the localization of R with respect to the
multiplicative set made by the powers of f

R := {fln reR,n}O}
and Af = A ®g R¢. Notice that Ay = 0 if and only if f is a torsion element; in
particular if Supp(A) C V¢, then A¢ = 0.

By considering A = Hg(M), we see that this is a graded R-module, with
deg(uy) = 2; by considering the C*-action A- h = A29hif h € A9, and A -uy = A2y,
then we see that Supp(A) is C*-invariant, thus it is a cone.

Leti: MT < M be the embedding of the fixed locus for the T action. Then, as
discussed previously, we have

Gl =er(vpyr) = H e1(VE) (3.3)
FCMT
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the equivariant Euler class of the normal bundle to F in M. To compute it, consider
a connected component F of MT and p € F; then the induced action of T on (VE)p
has no fixed directions by definition of the fixed locus, therefore it decomposes into
a direct sum of 2-dimensional nontrivial representations of T (we are considering
the real normal bundle here). After choosing an orientation of F and M, such
representations are described by characters A; : T — U(1), which can be written as

7\1 = exp 2mv/—1 Z 7\1)'u]'

j=1
if we recall that u; € t* are the coordinates of t. Then we have
T
eT(vF) = H Z Aijuj € R.
i =1

Denote the previous polynomial by fr and let f := [[rcpm7fr € R Then, by
definition and by (3.3), the map induced by 1*1, in the localization by f is invertible,
and for all class ¢ € Ht(M), we have

F
o=y i (34

L= eT(vE)

with self-evident notation for tr and (F. Applying the push-forward to a point
7, : Hr(M) — R (which is by definition the integral [,,) to (3.4) we obtain the
result. O

3.4 Examples

We summarize here a few remarkable examples which will be useful in the fol-
lowing sections.

3.4.1 Compact Riemann surfaces

Let M = L4 be a compact Riemann surface of genus g > 0. Then it is well known
that H( L g4) is generated as vector space by cycles a; and b; fori=1,...,g, which
satisfy the intersection properties

aia; = bibj = 0, aib]— = 61/1'(1)

where w € HZ(ZQ) is the Poincaré dual to [Z4] € HO(Zg), so that fzg w =1 by
definition.

Notice that since there is only one generator of even cohomology, namely w,
the Chern class of any complex vector bundle over £y must be an integer multiple
of w. Letting L be a line bundle over gy, we have

¢i(L) = (degL)w,
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so that the Chern character of L is 1 + (deg L)w. It is well-known that the degree
of the tangent bundle TZ4 is x(M) =2 —2g, so that

c1(TZg) = (2—2g)w.

In particular the Todd class of Zg4 is 1+ (1 — g)w. The Hirzebruch-Riemann-Roch
formula then reads

HY(Zg;L) —HY(Zg;L) = J ch()td(M) =degL—g+1,
ZQ

which is the classical Riemann-Roch formula for line bundles on a Riemann sur-
face.

3.4.2 Grassmannians

Consider the Grassmannian manifold Gr(n, k), which is the space of k-dimensional
subspaces of a fixed complex vector space V of dimension n. It is a compact
complex manifold of dimension k(n — k), which comes with two distinguished
vector bundles: the tautological bundle S, whose fiber at a point [H] € Gr(n, k) is
the space H itself, and the trivial bundle V of rank n, of which S is naturally a
subbundle. The quotient bundle Q is the one fitting into the exact sequence

0—-S—>V->0Q—=0. (3.5)
We write the total Chern classes of S and Q as
c(S)=1+s1+...+ sk,

cQ)=1+qg1+...+qn—x,

which are related by c(S)c(Q) = 1, because of (3.5). This allows, recursively, to
compute the qi’s as polynomial expressions in the s;i’s: here are the first ones

2 3
q1 = —S1, q2 =87 —S2, 43 = —S] + 28152 — 3.

Notice that such expressions for q; are completely formal, therefore are valid even
if i > n—k, for which q; = 0 trivially. This gives relations in the cohomology
ring of Gr(n, k), and the main theorem in the study of such ring is that these are a
complete set of relations, i.e.

H* (Gr(n, k)) = C[sll ceey Sk]/(Qn—k+1; sy qTL)

In particular, the cohomology ring of the Grassmannian is generated by the Chern
classes s;i fori=1,...,n—k.

In order to compute geometrically the classes s;, we need to pick generic sec-
tions v1,...,Yk—i+1 of S, and check the locus the subspace they generate is not of
maximal dimension. To do this, let A; for 1 < i < k be integers such that

n—k>A1>...>?\k>O (36)
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and define, for A := (Ay,...,Ax) and for F = (V;)*, an arbitrary complete flag of
V, the locus

Ia(V) ={[H] € Gr(n, k) : dim(Vn_xti—a, NH) >1, foralli> 0}

These loci are called Schubert cells, and their definition can be considered an assign-
ment of incidence conditions of a subspace H against the spaces of the complete
flag . The study of the products of the cohomology classes oy := [Z)(F)] is at
the core of Schubert calculus, one of the first and most important landmark in in-
tersection theory. As for the Chern classes, it can be shown (see for instance [EH])
that

.....

where on the subscript there are i ones (and k — i zeros, which are omitted in the
writing). Similarly, we have q; = o;. Notice that each o) € H?*/(Gr(n,k)), thus

.....

J O(n—k,..n—k) = 1.
Gr(n,k)

Notice that since the cohomology ring of the Grassmannian is generated by the
Chern classes s;, all intersection theory on Gr(n, k) is encoded into the generating
function

Fn,k(tll---/tk) I:J (1—t151—...—tksk)71.
Gr(n,k)
Now we choose n distinct integers
G <ap<...<dan
and let T = C* act on C™ by
z- (Xl, M /XTL) = (Z‘alxll s /Zanxn)/

an action which naturally descends to the Grassmannian Gr(n, k). There are (}:)
fixed points corresponding to the subspaces spanned by v;,,...,v;, where the vi’s
are the vectors of the canonical basis of C™. We want to use the localization for-
mula of Theorem 3.3.2 to deal with the intersection theory on Gr(n, k). Notice that
S and Q are naturally T-equivariant bundles: we will denote the corresponding
equivariant chern classes still by s; and qj.

Then it can be shown as in [Zi] that the localization formula gives

1 Res Hi;éj (zi — Zj)

= > K
k! zizi=00 (1 —tyeg —... —tex) [ [ [ =1 (ai —zj)

Fﬂ,k(tll e /tk)

where e; = ei(zy,...,zx) are the elementary symmetric polynomials. It is rather
surprising that such expression does not depend on the particular choice of the
weights aj. Since we are taking residues at only one point, the order of the
residues will not matter. As mentioned, this formula contains all intersection
numbers for Gr(n, k), and can be used to extract information about its cohomol-
ogy ring. However, the level of difficulty of Schubert calculus suggests that using
the expression of F,,  in practice is not so easy.
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3.4.3 Symmetric products

In our study of the moduli space of Higgs bundles, the symmetric products of
the Riemann surface Ly will play a key role, they being identified with some
connected components of the fixed locus with respect to the natural C*-action.
What follows are the basic results on their cohomology ring, due to Macdonald
[Mac] and also found in [Th1]. For the sake of ease of notation, we will denote the
Riemann surface 4 by X, and its i-th symmetric product by X(}. The generators
of the first cohomology group HY(X;Z) are ai, b; fori =1,...,g. We define the
universal divisor A C X; x X as

A=[(S,p)eXixX: peSleH(XyxX;Z)
which we decompose in Kiinneth components as
A=n+ Z(Ciai —&iby) +1i[X]
j

thus yielding classes 1 € H2(Xi;Z) and &;, ¢ € HY(Xi;Z) which generate the
cohomology ring of X;; we write 05 := &;(; and 0 = ZJ- 0j. Notice that 612 =0,
thus if k > 0, 0*/k! is the k-th elementary symmetric polynomial in the o;’s, which
is a sum of (g) monomials. Now, for any multi-index I without repeats, we have

J nt My =1
Xy

so that for any two formal power series A(x) and B(x),

_y Bm)o* _
in A(M)exp(B(Mm)o) = ,;)in An) =
- A(n)B(n)* d
B kZO (i) Res (Ndﬂ> = Res T]%A(n)(l +1BMm))9. (3.7)

Since the even cohomology of X; is generated by n and o, formula (3.7) encodes
all intersection numbers on Xj. It will be used in a following section to prove the
residue formulas for equivariant integrals on the moduli space of Higgs bundles.
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Chapter 4

Vector Bundles

In this section, we will introduce the main concepts related to vector bundles
which will be used in the present thesis. In particular, the focus will be on the
definition and basic properties of the moduli space of stable bundles over Riemann
surfaces, in the case the rank and the degree are coprime: in this case, the moduli
space will be a smooth compact complex manifold. We will then briefly investigate
the intersection theory on such space through the celebrated Witten’s intersection
formulas, introduced in [Wi] and proved in several different ways in [Wi], [Th1]
and [JK].

4.1 Chern classes

Let V be a rank r vector bundle over a compact smooth manifold M. We have seen
in Definition 2.1.4 and in the following Theorem 2.1.5 that we can associate classes
ci(V) € AY(M) in the Chow ring of M. Through the homomorphism of Remark
2.2.1 we can see that there are corresponding cohomology classes, still called Chern
classes and still denoted by ¢; (V) € H%(M; Z).

If M = L4 is a compact Riemann surface of genus g > 0, we make the following
definition.

Definition 4.1.1. Let V be a vector bundle over a Riemann surface Z4. The degree
of V is defined as
deg(V):=c1(V) e Z

under the isomorphism HZ(Zg, Z) = Z given by the complex structure of Z.

Remark 4.1.2. One can also define the degree more in general, for a vector bundle
over a projective variety. However, the definition above is sufficient for the scope
of the present thesis.

One of the most important feature of a vector bundle is its stability, which tells
us which vector bundles should be considered in the moduli problem.

Definition 4.1.3. Let V be a vector bundle over a Riemann surface Z4. Its slope is
defined as the ratio between the degree and the rank of V:

o deg(V)
mV) =
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We say that V is semi-stable if for all subbundles W C V, we have u(W) < u(V). If
strict inequality holds for all proper subbundles, we say that V is stable.

Stability is essentially a condition about automorphisms of a vector bundle.

Proposition 4.1.4. Let V be a stable vector bundle. Then the only automorphisms of V
are multiplication by a non-zero scalar.

Proof. The essential step is proving that if U and V are semi-stable bundles and
pu(U) > p(V), then there are no nonzero homomorphisms ¢ : U — V. Indeed,
letting W be the image of ¢, by (semi-)stability of V and by definition of slope we
have

r(U) < p(W) < pVv) (4.1)

thus bringing to a contradiction. Assume now that p(U) = u(V); if U is stable then
(4.1) forces ¢ to be an injective, and if V is stable (4.1) forces ¢ to be surjective.
Thus we can conclude that if V is stable, any endomorphism of V is either 0 or an
isomorphism. This means that End(V) is a finite-dimensional division algebra over
C, therefore End(V) = C because C is algebraically closed. O

Lemma 2. Let V be a vector bundle such that deg(V) and tk(V) are coprime. Then V is
semi-stable if and only if it is stable.

Proof. Assume V is not stable. Then there is a proper U C V such that u(U) =
w(V), which means rk(U) < rk(V) and

deg(U) - rk(V) = deg(V) - rk(U)
which implies that deg(V) and rk(V) have a common factor. O

The set of line bundles of degree 0 over Ly forms a group under the tensor
product; this is a dimension g variety called the Jacobian and denoted by Jac(Xy).
Its importance in our setting lies in the fact that tensorizing a vector bundle E over
Z4 by an element of the Jacobian does not change the rank and degree of E, and
preserves its stability.

4.2 The cohomology of the moduli space

The key result states that the moduli problem for vector bundles is “good”, mean-
ing that there exists a reasonable variety Ng*(n, d) parametrizing all semi-stable
vector bundles over Ly up to isomorphism. The source of the following proof is
[AB], Section 7.

Theorem 4.2.1. There exists a coarse moduli space Ng*(n, d) of semi-stable vector bun-
dles, which is a compact singular complex variety of dimension n?(g — 1) + 1. The moduli
space of stable vector bundles is a smooth subvariety.

Sketch of the proof. Fix a vector bundle E of rank n and degree d on Z4. In order
to describe a holomorphic structure on E, we need to specify the d-operator so
that the holomorphic sections of E will be the ones such that ou = 0. Any such
operator will be of the form

0= 5() +B
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with 9 the anti-holomorphic Cauchy-Riemann operator defined by the complex
structure of £y, and B € QY (End(E)). Therefore, letting C(E) be the space of such
operators, then C(E) is an affine space based on the vector space Q% (End(E)).
The automorphism group Aut(E) acts naturally on C(E): our moduli space will be,
by definition, the quotient of the subset Css(E) corresponding to the semi-stable
bundles with respect to the action of Aut(E).

The last step is to prove that such a quotient is a compact algebraic variety, i.e.
that the conormal bundle to the semistable locus has a well-defined dimension.
First of all, the normal bundle to an orbit of G(E) is Hl():g ;End(E)) (see [AB]);
still for [AB], the conormal bundle to the semistable locus is also Hl(Zg;End( E)).
The complement of Css(E) is a union of locally closed orbits (which form the
Shatz stratification). The dimension is computed with the Hirzebruch-Riemann-
Roch theorem which says

h%(L4;End(E)) —h!(£4; End(E)) = c1(End(E)) + rk(End(E))(1 — g).

For stable bundles, the proof of Proposition 4.1.4 implies that hO(Zg ;End(E)) =1
is given by scalar multiplications, and finally ¢;(End(E)) = ¢1(E* ® E) = 0. Since
the stable locus is an open subset of the semi-stable one, we obtain the dimension
of the statement of the theorem. Still by proposition 4.1.4, the bundles on the stable
locus have no nontrivial automorphisms, thus the isotropy group is constantly C*
on such locus and the quotient will be smooth. O

Since we have showed in Lemma 2 that if (n,d) = 1, then semi-stability and
stability coincide, we immediately have the following corollary.

Corollary 4.2.2. If (n,d) = 1, the moduli space of semi-stable bundles Ng(n,d) is a
smooth compact complex variety.

Actually, when it comes to cohomology, the moduli space Ng(n, d) only de-
pends on the remainder of d modulo n, since we have the following.

Proposition 4.2.3. For any integer m, there is an isomorphism
Ng(n,d) ~Ng(n,d+mn).

Proof. Fixing a line bundle L of degree 1 on Ly, and E € Ng(n, d), then E® L®™
has rank n and degree d + mn, so that tensorizing with L®™ gives the desired
isomorphism. ]

In this thesis, we will concentrate on the case of rank 2, odd-degree vector
bundles over Riemann surfaces and with fixed determinant.

Definition 4.2.4. Fix a line bundle A on Lg of degree 1. We denote by N, the
subvariety of N¢(2,1) whose elements have determinant A.

Notice that Ny is the fiber of the determinant map N¢(2,1) — Pic! (Z4). Propo-
sition 4.2.3 says that there is nothing special about setting d = 1: any odd degree
will yield isomorphic moduli space.

Since Ng(n, d) is a fine moduli space, there exists a universal vector bundle

Eg — Ng(n,d) x g4
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such that for all E € Ng(n,d), (Eg)lex 5, = E Actually, such bundle is not
uniquely defined: letting 7 : Ng(n,d) x £y — Ng(n, d) be the projection, and
letting £ be any line bundle over Ng(n,d), the tensorized Eg ® m*£ is another
universal bundle.

In the case of rank 2 stable bundles, however, we have an explicit way to de-
scribe the generators of the cohomology ring. Indeed, the vector bundle End(E)
is well-defined, and its first Chern class is 0. Letting w € HZ(ZQ) and e; € Hl(Zg)
fori=1,...,2g be a standard basis of the cohomology of the Riemann surface, we
can use the Kiinneth theorem to write

29
@2(End(Eg)) =20@ w+4) i ®ei—B®1eH (Ng) ® H*(Zg). (4.2)

i=1

Then we have the following central theorem, which is a particular case of a
more general

Theorem 4.2.5. The Kiinneth components « € H*(Ng), B € H*(Ng) and ¢ € H3(Ny)
defined in (4.2) generate the cohomology ring of Ng.

This means that there is a surjective map Clx, B] ® ARpi] - H*(Ng). In order to
fully describe the cohomology ring of H*(Ng), one needs then to find the kernel
of such map. The first result in this direction is Mumford’s conjecture, which we
state as in Zagier [Z].

Theorem 4.2.6. Let 7w : Nyg_3 x Zg — Nag_3 be the first projection, then the kernel
of the map Clx, Bl @ Albi] — H*(Ng) is generated by the Chern classes ci(mEsg—3),
written in terms of the «, B and \;, for i > 2g.

Instead of explaining the direct proof of this result, we will link it to the inter-
section theory on the moduli space; this approach is present in [Th1] and [Z].

4.3 Intersection formulas on N

A major breakthrough in the study of the cohomology ring of Ny is found in [Th1],
in which the intersection numbers are obtained by the use of the Verlinde formula.

The Quillen determinant line bundle £ on the space of holomorphic structures
C(E) on a fixed complex vector bundle E — Xg has been introduced in [Q]. Its
fiber at an operator 0 is

Loy = AP (Ker 5)* ® AP (Cokerd) .

It can be shown (see [Th1]) that £®2 passes to the quotient, defining a line bundle
on Ny which we call L.

Theorem 4.3.1 (Verlinde formula). For k even and g > 2, we have

(4.3)

—1 k+1

2 m=1 (Sin%)ngZ'
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Notice that already the fact that the sum in (4.3) gives an integer number is not
so obvious.

It can be shown [N] that the canonical bundle of Ny is negative, therefore the
Hirzebruch-Riemann-Roch formula (2.7), together with Kodaira vanishing theo-
rem 2.3.1, implies that

ho (Ng;Lk/z) :JN ch(L*/2)td (Ny) .
g

Still by [N], we have that ¢ (L) = « and, in the notation of (4.2),
2g—2
1B
sinhl/B

thus eventually, after some straightforward computing (see [Th1] for the details),
we have

td(Ng) = exp(«x) <

|
T 0207 2omogtl _g)p oy (44)

maon _ [ —1
JNg“ S ]

where B; is the i-th Bernoulli number; of course, this formula is valid only if
m +2n = 3g — 3, otherwise the integral is zero for degree reasons.

In order to compute the missing integrals, i.e. the ones involving the {;’s we
introduce the classes y; := Pii; g fori=1,...,gand

g
Yi=-2 Zyi. (4.5)
i=1

The following Proposition, found in Thaddeus [Th1], allows us to compute all
integrals on Nj.

Proposition 4.3.2. All integrals on Ny are zero except the ones of the form
NQ

with m + 2n + 3p = 3g — 3. Moreover,

maon,, ..~ (g_p)' mapmn _ (g_p)' mapn, p—1
J:Ng‘" Povu v, = (—zwg!J;Ng"‘ Biy" = (—2)v—1(g—1)!JNgl°‘ By

where the last equality is valid for g > 3.

Actually, we are interested in a slightly different way to compute integrals on
Ng. More specifically, we want a generating function which produces the integrals
on Ny as a function of g, so that no recursive calculation as the one in Proposition
4.3.2 will be needed.

This was the approach taken by Witten in [Wi] to compute general integrals
over moduli spaces of flat connections. We use the results in [Z] and modify them
in order to comply with the notations we are using, that are fundamentally the
ones of [Th1].
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We need one more piece of notation, which will also be used and re-introduced
in Section 5 when talking about equivariant integrals on the moduli space of Higgs
bundles. Notice that if P € C[y?] is a polynomial, and P € Cly] is such that

P(y) = 5(—y2) then we can write a Kiinneth component decomposition, similar to
the one of (4.2):

P(c2(End(E))) = ®w+ZP j®ei+Pp®leH NG ®H*(C)  (46)

which defines a family of cohomology classes P (3, P(¢,) and P (g for all polyno-

mials P € C[y?]. Formula (4.2) is a particular case of (4.6) in the case P = —y2.

It is easy to see that
—yz/Z](z) =&, [yz}(o) =B, [—y2/4](ei) =1y, [—94/4} (2) = P+ 4y, (4.7)

To show this, note that, for polynomials P, Q € C[y?], we have

[PQl2) =P2)Quo) 2)+ Z ( Qreivg) — P(ewg)Q(ei)) :

Then we obtain (4.7) by setting P =y?/2 and Q = —y?/2 in this formula.

Remark 4.3.3. In general, for any polynomial P € C[y?], we can write the contrac-
tion P(,) in terms of classes «, 3 and v in the following way:

P = ZYB_J%‘BPWE) 2B, 4.8)

To show this, set t = y2. Then by the Leibnitz rule we have

()7 = k(k—1)t* 2 (/)% + ket 1",

Now by substituting (t’)> — —8y, t” — —2«, t — B we deduce that if Q(t) =
P(v/t), then

Py =—2aQ'(B) —8yQ"(B),
where the derivatives of Q are taken with respect to the variable t. The formula
follows from the identities

d_1d & _ 1 (& 1d
dt  2ydy’ dt2 442 \dy? ydy/’
Using the notations just introduced, we can write the final formula for the
integrals on Ny following the results found in [Z]. The following Theorem will be
of fundamental importance for computing the equivariant integrals on the moduli

space of Higgs bundles, of which N is a connected component of the fixed locus
for the natural C*-action.

Theorem 4.3.4. Let T € Cly?] and P € y?Cly?]. Then

_ 22917 ()P (y)9
Jy, T plPe) = Res oo

(4.9)
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Proof. Changing variables via Q(T) = y? in Proposition 2 of [Z], we obtain

WiB)atw(B)y* _ (—4)9 H(y?u(y?)9
ng f(B)e +w(B)y _523 T2 SR W) (4.10)

Observe that substituting y* = o3 —2y in (4.8) 1 one arrives at

Py = —aP"(v/B)+v" (P"(V/B)/B—P'(\/B)/BV/B)

(note that the coefficient of v* is a polynomial since P is divisible by y?). Finally,
performing the substitutions

f(B) =T(V/B), ulp)=—P"(v/B), w(B)=P"(+/B)/B—P'(VB)/BVB
in (4.10), we obtain (4.9). O]

INotice that formula (6) in [Z] matches the one in [Th1] at page 14, but the y’s defined in the two
papers differ by a sign. Therefore, we have to apply the formulas in [Z] by changing the sign of vy
wherever it appears.
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Chapter 5

Higgs Bundles

We now turn our attention onto more complex! objects on a Riemann surface,
namely Higgs bundles, which in some way extend what has been discussed so far
about vector bundles. We let £ be a genus g compact Riemann surface and K be
its canonical line bundle.

Definition 5.0.1. A Higgs bundle (or Higgs pair) of rank n, degree d over Ly is a
pair (E, ®) with E a rank n, degree d holomorphic vector bundle over L4 and a
holomorphic section @ € I'(End(E) ® K), called the Higgs field. A Higgs subbundle
of a Higgs bundle (E, @) is a subbundle F C E such that (F, ®[¢) is a Higgs bundle.

Notice that F C E is a Higgs subbundle if and only if ®(F) C F® K. Similarly to
the notion of stability for a vector bundle, we say that a Higgs bundle is semi-stable
if for all Higgs subbundles F C E, we have u(F) < p(E). If strict inequality holds for
proper subbundles, we say that the Higgs bundle (E, @) is stable. Lemma 2 implies
that if the rank and the degree are coprime, then a Higgs bundle is semistable if
and only if it is stable.

Similarly to the case of vector bundles, we have the following.

Theorem 5.0.2. There exists a coarse moduli space M;s(n, d) of semi-stable rank m,
degree d Higgs bundles over Lgy. It is a complex quasi-projective variety of complex di-
mension 2n?(g — 1) + 2. The smooth locus Mgy(n, d) is the moduli space of stable Higgs
bundles.

Remark 5.0.3. Unlike the moduli space Ng(n, d) of stable bundles, My(n,d) is
not compact ([Hil]). This implies that we cannot use the standard techniques of
intersection theory to investigate the cohomology of such space. However, we will
see in the following sections how, through its equivariant cohomology, we can
develop a suitable intersection theory on My as well.

In the present thesis, we will focus on the case of rank 2, degree 1 Higgs
bundles: we call M4(GL) the corresponding moduli space. By associating to each
Higgs bundle (E, ®) € My4(GL;) the determinant bundle A’E, we obtain a map

Mg(GLz) — PiCl(Zg).

IIn all senses.
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Notice that the fibers of this map are all isomorphic, with isomorphism given by
tensorizing by an appropriate element of Jac(Xy). We fix any line bundle L ¢
Pici(Z4) and we define

Mg(SLa) := {(E, @) € My(GLy)|\’E~L, Tr® =0}

Finally, if A € Jac(Zg4) is such that A®? ~ O, then N2(E® A) ~ A’E. This
defines an action of the group I' of 2-torsion points of Jac(Xgy) on My(SL;): the
main protagonist of what follows will be the quotient space

Mq(PGLy) := Mgy (SLo)/T.

We will denote such space simply by Mg. It is a semi-projective variety of dimen-
sion 6g — 6, with orbifold singularities corresponding to the fixed points for the
action of T' ~ Z39.

Remark 5.0.4. Let E be a stable rank 2, degree 1 bundle. Then any traceless Higgs
field ® € HO(ZQ;Endo(E) ® K) gives a stable Higgs bundle (E, @) € M4(SLy). By
Serre duality, this is canonically an element of the dual of H!(M; Endy(E)), which
is the tangent bundle to Ngy. Therefore, we can see that the cotangent bundle T*Ny
is canonically embedded in My (SLy).

Definition 5.0.5. The Hitchin map is the morphism
h:Mg(SLa) — A = Ho(Z4,K*?)

given by
h(E, @) := det ©.

This map clearly descends to the quotient My: we still call the induced map the
Hitchin map, and we denote it by h as well.

Notice that, by the Riemann-Roch theorem, the dimension of the target of h is
3g — 3, which is exactly half the dimension of My (SL>). This is not a coincidence:
in fact one of the main theorems in the topology of the moduli space of Higgs
bundles, already present in [Hil], states that the Hitchin map displays M (SL;) as
a complete integrable system over A, whose fibers are particular Prym varieties.

5.1 The C*-action and the Bialynicki-Birula decomposition

Any moduli space of Higgs bundles carries a natural action of T := C*, given by
A-(E, @) = (E,\D).

This will be the main ingredient in our study of the equivariant theory of Mg:
the torus action we will consider will be precisely the natural C* action described
above.

In particular, although we have seen that the moduli space My is not compact,
the fixed locus Mg is compact. This will be of fundamental importance in the defi-
nition of the equivariant integral on My and on exploiting its properties. In order
to do this, we need a precise description of the fixed locus.
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Proposition 5.1.1. We have
My ~FoUF ... UFg

where Fo ~ Ng and for 1 <i< g—1, F; ~ $29721(L) is a symmetric product of Zg.

Proof. Clearly, all Higgs bundles of the form (E,0) for E a stable bundle are fixed
for the T action. These give a connected component Fy isomorphic to Ny, which
is compatible with the embedding Ny € T*Ny C My corresponding to the zero
section of the cotangent bundle.

Now consider a bundle of the form E = L& AL~ with 1 < degl < g—1, and
a Higgs field @ such that ®|,;-1 = 0, and @[ is a nonzero map of line bundles
¢ : L = AL7IK. We can thus locally write @ as a lower triangular matrix

0 0
*= (o o)
with ¢ # 0. Given A € C*, we choose one of its square roots p, and define
D, = Diag(p !, u). Then we immediately see that

AD =D, ®D,;’

which means that (E, @) € Mg, since the Higgs bundle A - (E, @) is isomorphic to
(E, @) via the isomorphism induced by D,,.

As the degree of AL 2K is 2g —1—2deg L, such a map gives us a divisor on I,
which is an element of $2972desL=1(5 ) of the corresponding symmetric product
of the curve. Of course, such a section exists if and only if deg(AL2K) > 0, i.e. if
degl < g — 1. Therefore we have found the other components of the fixed locus
as F; = §292-1(C),i=1,...,9g—1.

By looking at the eigenvalues of @, it is clear that if A® is similar to @, then
® must be nilpotent. Therefore, the Higgs bundles we found are the only ones in
the fixed locus. O

The C*-action allows to partition My following the flows with respect to it. For
pE Mg we define
= Ii =
U, ={x ¢ X\Alg})?\x P}

upward flow from p and

D, = X| lim Ax =
p={x€ |;\5{}ox p}

downward flow from p. Then

Mg= |J Up
pem?

is called the Bialinycki-Birula decomposition of M and

c= [J Dy

T
peEMy
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is the Bialinycki-Birula decomposition of € C My, called the core of M. Let MT =
|U; Fi be the decomposition of the fixed point set into connected components as in
Proposition 5.1.1; then
u; = U Up M
peF;
and
Di=|JDycM
pEFR;

are affine bundles over F;.

5.2 The (equivariant) cohomology of the moduli space

From now on, when we talk about the equivariant cohomology of Mg, we use the
T action defined in the previous section. Thus we see that Hy(Mg) is a finitely
generated module over the equivariant cohomology of a point Hy(pt), which we
will identify with the polynomial ring in a single variable u:

Hr(pt) = H*(BT) = C[ul.

It can be seen [HV2] that the Higgs moduli spaces are semi-projective with
respect to the T-action, and this, in particular, implies their formality: additively,
we have a H*(BT) = C[u]-module isomorphism

HE (M) = H* (M) @ H*(BT) = H* (M) [ul. (5.1)

In [HT1] a universal Higgs bundle endowed with a compatible T-action over
M x C was constructed. While the rank-2 vector bundle E is only unique up to
tensoring with a line bundle on M, the rank-4, T-equivariant vector bundle End(E)
is unambiguously defined. Now we fix an appropriate basis of H*(X):

¢ we denote by 1 the canonical generator of HO(Zg) ;
* we denote by w the Poincaré dual of the class of a point in H?(Zg);

* finally, we choose elements ey,...,exg € Hl(Zg), which form a symplectic
basis of H!(Zg), i.e. for i < j, they satisfy eiej = 8i1g—j0 - w.

The Kiinneth decomposition of the second T-equivariant Chern class of End(E)

29
c2(End(E)) =2a®@ w+4) pi®ei—B®1€HH(Mg)®H*(Lg) (5.2)

i=1

provides us? with well-defined equivariant classes o € H%F(Mg ),y € H%(Mg) and
B e H%T(Mg). It is proved in [HT2] that «,{; and 3 generate the T-equivariant
cohomology ring Hy.(Mg4) as an H*(BT) algebra. Their images in ordinary coho-
mology, in other words, the Kiinneth components of the second non-equivariant

ZNote that the definition of the universal classes in [CHM, (1.2.10)] as well as in [HV1, (5.1)] do
not have the correct scalars. The correct ones are as in (5.2) and as in [HT2, (1.5)]. This discrepancy
in the scalars does not effect the arguments in [CHM, HV1].
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Chern class of the vector bundle End(E), generate H*(Mg). One can use this obser-
vation to give an explicit embedding H*(My) — H}(Mg) yielding (5.1). For this
reason, we will use the same notation «, 3 and 15, for the Kiinneth components of
the second non-equivariant Chern class of End(E) as well.

We are not going to investigate closely the ring structure of Hy (M), however
we have the following classical result, whose proof can be found in [Ki].

Lemma 3. We have a ring isomorphism Hy(Mg)/uH(Mg) ~ H(Mg).

5.3 Compactification of the moduli space

A compactification ﬁg D Mgy was constructed in [Hal]. The construction there
was with symplectic cutting, producing a projective variety Mgy. There is an alge-
braic version of this construction explained in [HV2] for a general semiprojective
variety. This yields the following in our case: My comes with an ample line bun-
dle L € Pic(My) = Z the generator of the Picard group. The T-action can be
linearized, and with an appropriate linearization we can construct the GIT quo-
tient

Z:=Mg//T = (Mg\U;Dy)/T (5.3)

This is a projective orbifold of dimension 6g —7. We can add it as divisor at infinity
to compactify M as follows.

Mg = (Mg x C)//T = (Mg x C\ (U;D;) x {0})/T. (5.4)

Eg is a projective orbifold of dimension 6g — 6, which has the decomposition
Mg = Mg U Z. From the quotient construction, we have the Kirwan map

K HE(Mg) = H (Mg x C) — H* (M) (5.5)

which is surjective [Ki]. Thus H*(Mg) is generated by (o), k(W3), k() and k(u).
By abuse of notation, we will denote these by o € H? (ﬂg)), Py € H3 (Mg)), B e
H*(Mg)), respectively, and the additional new class by 1 = k(u) € H2(Mg)).
We also see that the Hitchin map of Definition (5.0.5) is T-equivariant when
T acts on A with weight 2, and thus we can extend the Hitchin map as follows
[Hal]:
h: Mg — A,

A =P(A x C) is a projective space of dimension 3g — 3.

5.4 Equivariant integrals and residue formulas

We now mimic the localization formula for compact varieties to define equivariant
integrals in our cases. The main idea behind that is the fact that although Mg is
not compact, its fixed locus Mg is (we say that Mg is a circle-compact manifold).

The (formal) equivariant integral of a class x € H}(Mg) is then defined [HP] as
a sum over the fixed-point components

o X|F -1
ivtgx-_ Z JF er(Ng) € Clu,u™] 66

FGT[(](Mg]
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where e (N¥) is the equivariant Euler class of the normal bundle to F € M. The
equivariant integral thus is a functional of degree —2dim My on Hy(Mg), taking
values in Laurent polynomials in u. Sometimes we will allow the class x to be in a
completion of H}(Mg), and in this case, the values will be in Laurent series in u.

With this definition we have the following formula for (usual) integrals over
the compact infinity divisor Z, following from results in [Ka], [Le] and [EG].

Lemma4. Let dz =dimZ =6g—7and x € H%rdz(Jv[g). Then we have

L Kz(x) = _ES% (ivtg x) du, (5.7)

where kz(x) is the composition of the Kirwan map 5.5 with the restriction to Z.

In order to have nicer formulas, we reintroduce Witten’s notation in the context
of My. Our equivariant intersection formulas will be written using this notation.

We recall that we defined in (5.2) universal classes as Kiinneth components of
the second Chern class of the bundle End(E)). More generally, we let the permu-
tation group S, act on Cly] by y — —y and take P € C[y]®?, an even polynomial.
Then there is a polynomial P such that P(y) = P(—y?). We form the class

P(c2(End(E))) € Hj(M x C),

and we introduce the following notation for its Kiinneth components:
29
P(c2(End(E))) =Py ® w+ Y Pe,y® ey + Py ® 1 € HE(M) @ H*(C);
i=1

this defines a family of equivariant cohomology classes P (), P(¢,), P(0) € H}(M).
Similarly to what has been seen in the case of vector bundles in (4.7) and
Remark 4.3.3, we have

[y /2l2) = & W) =B, [y /4(e;) = b1, [—y*/4l (o) = aB + 4y, (5.8)

where ]
y=-2) bibisg (5.9)
i=1
Also, just like in Remark 4.3.3, we have
2y —af , 2y,
Piyy = ———P ——P . 5.10
2 =35 (VB) 3 (v/B) (5.10)

This, in particular, implies that all intersection numbers involving the classes
«, B and vy are encoded in the numbers of the form §Mg T0)exp(Q(2)). Indeed,

we can choose for example Q = —Ay?/2 — Gy*/4, getting any class by subsequent
derivatives with respect to the formal variables A and G. Now, we have the result
analogous to 4.3.2 also in the setting of the moduli space of rank 2 Higgs bundles,
if we add polynomials in the class u too. Because of this, we extend the notation
T(o) by letting T be a polynomial in y? and u; in this case, we mean that 1y = u.
Therefore, all equivariant intersection numbers on M, are encoded in the integral
§Mg T0)exp(Q(2)). In Theorem 7.1.1, we will find a compact formula for such
integral, thus paving the way to the intersection theory on M.
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Chapter 6

Nonabelian Hodge Theory and
P=W

One of the groundbreaking results in the study of the moduli space of vector bun-
dles over a Riemann surface X is the relation it has with the moduli space of flat
connections, which in turn can be described via representations of the fundamen-
tal group of Z: this is the classical Narasimhan-Seshadri theorem 6.1.4.

An analogous statement, the nonabelian Hodge correspondence (NHC), is true for
the Higgs moduli space. The case of rank 2 Higgs bundles, which is the one
we state in Theorem 6.3.1 is already present in [Hil], while the treatment of the
general case can be found in [Si].

The NHC gives a real analytic diffeomorphism between the Higgs moduli
space and the character variety Mg, which is naturally a complex affine manifold.
It can be seen that the NHC does not respect the two algebraic structures (i.e. it is
not an algebraic isomorphism), thus the natural question is how the cohomology
rings of these two varieties are related through the NHC.

It turns out that the cohomology of Mg has a nontrivial mixed Hodge struc-
ture, while the same structure on My is trivial. However, since the NHC gives
an isomorphism between the two cohomologies, there should be some particular
structure on My which reflects the mixed Hodge structure on Mg. It turns out
that the right structure to consider is the so-called perverse filtration on My, which
is closely related to the geometry of the Hitchin map. The link between these two
structures is stated in the P=W theorem, proven for the first time in [CHM] for rank
2 Higgs bundles. In the same article, the precise relationship between the two
structures has been conjectured in all ranks, leading to the P=W conjecture, one of
the most challenging open problems in the study of Higgs moduli spaces.

6.1 Connections and the Narasimhan-Seshadri theorem

We will first examine the case of vector bundles, which gives the Narasimhan-
Seshadri theorem. Let E be a vector bundle of rank r and degree k on a complex
manifold M. As already discussed in Section 4, we can define different holomor-
phic structures on E: loosely speaking, one wants to specify which sections of E are
holomorphic. Notice that if we have specified a set of local sections for a holomor-
phic frame ey, ..., e, on an open set U, and if o; € Ql(U), then we can define the
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operator 0 on E-valued differential forms by defining it locally as

T T
52 o ® e = Zﬁoq ® ej.
i—1 i-1

Indeed, it can be seen that such an operator does not depend on the particular
holomorphic frame chosen: it does define a global operator

3:QY(M;E) - QYT (M E). (6.1)

Conversely, if such an operator is defined, then we can say that a section s is holo-
morphic if d(s) = 0. Therefore, specifying a holomorphic structure on E is equivalent
to defining an operator as in (6.1).

Since M is a complex manifold, we have a Cauchy-Riemann differential oper-
ator 9y on differential forms. It can be shown [AB] that if

9=00+B

then B € Q% (M;End(E)). In order to have the condition 3° = 0, we need B to
satisfy the two equations
3B =0, BAB=0. 6.2)

Notice that if M = % is a compact Riemann surface, the conditions (6.2) are au-
tomatically satisfied, therefore B can be chosen arbitrarily. We collect the remarks
done so far in a Lemma.

Lemma 5. The space C(E) of holomoprhic structures on E is an affine space, with under-
lying vector space Q% (M; End(E)).

Now, the automorphism group Aut(E) acts on C(E) by conjugation of 3. After
specifying the proper stability conditions as in Definition 4.1.3, the moduli space
of semistable bundles is N3%(r, k) = Css(E)/Aut(E).

Closely related to what we discussed is the concept of connection. Let G be
a compact connected Lie group with Lie algebra g, let M be a complex manifold,
and let t: P — M be a principal G-bundle over M. A connection on P is a form

w € Q'(P;g),
i.e. a form with values in the Lie algebra g, such that

1. Letting R4 be the right action of G on P along its fibers, we have the relation
Ryw = Adg-1w, where on the right-hand side we are using the adjoint action
of Gon g.

2. For each & € g, letting £p be the fundamental vector field of & on P induced
by the G-action, we have tg,, w = &.

For such a form, the commutator [w, w] € Q?(P;g) is well defined: its value on a
pair X, Y of vector fields is simply [w(X), w(Y)] € g. We define the curvature of the
connection w by

Flw) :=dw + [w, w].
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We say that a connection is flat if its curvature is zero.
By condition (2) of the definition of a connection, we see that w induces a
splitting of the tangent space of P as

TP = Kerm, & Ker w (6.3)

The section of Ker w are, by definition, vector fields X such that txw = 0: we
call such a vector field horizontal. Similarly, we call the vector fields of Ker m,
vertical: they are simply the ones tangent to the fibers, so that the G-action gives
a natural isomorphism (Kerm,), ~ g for all p € P. Notice that 7, gives an
isomorphism Ker w ~ TM: we define the horizontal lift of a vector field X € X(M)
as the corresponding X € Ker w under such isomorphism.

Now, if G acts on a vector space V, we can define the associated vector bundle

E:PXGV,

so that its sections I'(M; E) can be identified by the G-equivariant maps P — V.
Letting s € I'(M; E) be a section of E, its covariant derivative is defined as

Vs e QUM E): Vs =X - m*s,

i.e. the derivative in the X-direction of the function 7*s = s o 7. In many books
and papers, the definition of a connection on E coincides with what we have called
the covariant derivative V. We denote by A(E) the set of connections on E.
Now assume G = U(r) is the unitary group. Decomposing the covariant
derivative by
vV =vivol

following the Hodge decomposition induced by the complex structure of M, one
can show [GH, §0.5] that V%! induces a holomorphic structure on E. Therefore,
we have a map

A(E) = C(E), Vi V¥ (6.4)

Notice however that since the decomposition of V depends on the metric of M,
the map 6.4 also depends on the particular metric on M.

Now we focus on the case M = I, is a Riemann surface. Assume that a
connection w is flat; it is a classical result [KIN] that that such a connection is
determined by the holonomy, i.e. a homomorphism

m(Le) = G (6.5)

up to conjugation by G. Explicitly, since 7t1(Xg) is generated by 2g elements a;, by
fori=1,...,g with the only relation [ | {q:l [a;, bi] = el, we have that a flat connec-
tion corresponds to a 2g-uple

g
(A, B | € G?9 such that H[Ai/Bi] =1Id.

i=1

In the case G = SU(r), the holonomy is a unitary representation of m(Z4) of
dimension r.

Here we mean the group commutator, i.e. [x,y] = xyx 1y~
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Remark 6.1.1. If the bundle E on the Riemann surface £y admits a flat connection,
then it must have degree 0. Indeed, letting A be a connection with curvature F(A),
let w € Qz(Zg) be such that m*w = F(A) (such form exists since F(A) is basic),
then [AB]

J w = —27icqy(E).

ZQ

Notice in particular that the integral does not depend on the particular connection
A: it is a topological datum of the vector bundle E.

Because of Remark 6.1.1, in order to deal with bundles of different degrees,
we cannot simply consider a homomorphism such as (6.5); this is why we must
introduce central extensions of 7 (Lg4) and the corresponding notion of Yang-Mills
connection.

Definition 6.1.2. Let x be the Hodge star operator induced by the complex struc-
ture on L. A connection A on a principal bundle over L is called Yang-Mills, or
harmonic, if

VaxFA) =0, (6.6)

which are called Yang-Mills equations.

In the same way flat connections are associated to representations of the fun-
damental group as in (6.5), Yang-Mills connections are associated [AB] to repre-
sentations of the fundamental central extension of 711(Xg). This allows to define
a one-to-one correspondence between such representations and stable bundles of
any degree, namely the Narasimhan-Seshadri correspondence.

By the presentation of m;(%g), it follows that there exists a universal central
extension I'r:

0—=+R—=TR —m(Zg) =0

or, quotienting out by Z,
0—=2Z —Tr — U(l) xm(Zg) — 0. (6.7)

Now we fix a U(1)-principal bundle Q — X4 equipped with a fixed harmonic
connection A with curvature —2miw, with w the volume form on M [AB]. Letting
ig — g be the universal covering, then Q xz fg is a U(1) x m(Z4)-bundle,
with a harmonic connection with curvature —2miw. This can in turn seen, via
the morphism of (6.7), as a Ir-principal bundle, with harmonic connection of
curvature —27tiw. Finally, if

p: TR — G

is a representation of I'r, we have an induced G-connection A, on Z4 by pushing
forward along p. It can be shown [AB] that this is a one-to-one correspondence.

Proposition 6.1.3. The correspondence p — A, induces a bijective correspondence be-
tween conjugacy classes of homomorphisms Tk — G and equivalence classes of Yang-Mills
connections on Lg.

Now the main theorem of the present section, due to Narasimhan and Seshadri
[NS], is the following.
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Theorem 6.1.4. Under the correspondence of Proposition 6.1.3, a vector bundle is stable
if and only if it comes from an irreducible representation p : Tr — U(r).

This allows to represent the moduli space of stable bundles via the correspond-
ing character variety, as in the following Proposition, the proof of which can be
found in [AB, §6].

Proposition 6.1.5. For G = U(r) we have a real analytic diffeomorphism

9
Ng*(r, k) ~ {(Ai,Bi)?_l eum? | JJiA.Bil = ez}”‘i/r} /U(r)

i=1
where the action on the right is by diagonal conjugation.

Remark 6.1.6. Notice that the diffeomorphism of Proposition 6.1.5 is real analytic,
but the space on the left is a complex variety. This allows to define a complex
structure on the space on the right.

When we turn to Higgs bundles, we have a parallel of Narasimhan-Seshadri
theorem, called the nonabelian Hodge correspondence. However, since the corre-
sponding character variety is a complex variety in its own, one can compare the
two complex structures.

The NHC is a real analytic diffeomorphism, but since the moduli space of
Higgs bundles is not compact, a real analytic diffeomorphism does not neces-
sarily give an algebraic isomorphism. Actually, this is indeed the case, so that
the resulting diffeomorphism will transform the two mixed Hodge structures (see
Section 6.4) in the two cohomology rings. The precise relation between the two
structures is encoded in the P=W theorem.

6.2 Self-duality equations on Riemann surfaces

When Hitchin first introduced the concept of Higgs bundle in [Hil], he started
with the discussion of self-duality equations on a Riemann surfaces, showing that
the solutions of such equations naturally correspond to stable Higgs bundles.

Let 4 be a compact, genus g > 1 Riemann surface (the condition on the genus
will become clear in what follows), and let P be a principal G-bundle over X4 with
a connection A. We let V = g€ and we let G act on it via the adjoint representation.
The complex vector bundle E = P x g V is called the complexified adjoint bundle as-
sociated to P. Recall that, since the metric on L is set, the (0, 1)-component Vg’l)
of the covariant derivative of the connection A defines a holomorphic structure on
E. A Higgs field is by definition a section ® € Q0(X ;E). Letting F(A) to be the
curvature of A, we say that the pair (A, ®) satisfies the self-duality equations if

F(A) +[@,0*] =0
v o —0

Here ®* is the conjugate transpose in G¢ under some unitary representation of G,
and since @ is a 1-form, we have written

(D, D*] = DO* + O*D.

The first theorem proven in [Hil] is the following.
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Theorem 6.2.1. [Hil] Let G = SO(3), P be a principal G-bundle over L, let E be the
complexified adjoint bundle and assume the pair (A, @) satisfies the self-duality equations.
Then if L C E is a ®-invariant subbundle, we have

deg(V) < %deg(E).

In order to define a moduli space, one needs to specify the notion of auto-
morphism of the objects we want to parametrize. In this case, we define a gauge
transformation to be a smooth section of the bundle of groups P xg G where G
acts on itself by conjugation. A gauge transformation acts in a natural way on
(A, @) by conjugating @ and by classical gauge action [KN] on the connection A;
such action preserves the self-duality equations. We call gauge equivalent two pairs
which differ by a gauge transformation.

Theorem 6.2.2. [Hil, 2.7] If (A1, ®1) and (Az, ©2) are isomorphic via an automorphism
of E which brings V 5, into V a, and @1 to @y, then (A1, ®1) and (Ay, ©;) are gauge-
equivalent.

From this basic ingredient, Hitchin deduces the following.

Theorem 6.2.3. [Hil, 5.7] Let E be a rank 2, odd degree vector bundle over a compact
Riemann surface Ly of genus g > 1, and let Mg be the space of solutions to self-duality
equations on E with fixed induced connection on N*E. Then My is a smooth complex
manifold of dimension 6g — 6.

Therefore, Theorem 6.2.3 provides a way to describe Higgs bundles over a
Riemann surface, in terms of the self-duality equations.

6.3 The nonabelian Hodge correspondence

Notice that Theorem 6.2.1 allows us to use interchangebly the notion of stable
Higgs bundles with fixed determinant, and the one of solutions to self-duality
equations. Therefore, for this section, we are justified to switch back to Higgs
bundles.

The key observation contained in [Hil] is that if (A, ®) is a solution to the
self-duality equations, then the PSL(2; C)-connection

V:i=Va+®+0*

is flat and irreducible. Moreover, if any two such connections are equivalent under
complex gauge transformations, then the original pairs are gauge-equivalent.

The last ingredient is a theorem by Donaldson [D] which states that any irre-
ducible flat connections is complex gauge-equivalent to a connection of the form
A +1 where (A, ) satisfy the self-duality equations.

Therefore, by repeating the argument done in the case of stable bundles, we
arrive to the following theorem, which is a generalization of Proposition 6.1.5 in
the case of Higgs bundles.

41



Theorem 6.3.1 (Nonabelian Hodge correspondence). The moduli space of stable SL,-
Higgs bundles of odd degree on a Riemann surface Lg with g > 2, is diffeomorphic to the
moduli space of flat SL(2; C)-connections:

9
Mp = {(Ai,Bi)?_l e SL(2;C)*9 | [ JIA:, B = —Id} /SL(ZC)  (68)

i=1
where the quotient is by the diagonal conjugation action.

This space Mg is called the Betti moduli space, and it is an affine variety. In the
following, we will see that the algebraic structure of Mg is very different from the
one of M. Such a difference will bring naturally to the P=W theorem.

6.4 Mixed Hodge structures on smooth algebraic varieties

The mixed Hodge structure of an algebraic variety is a way to generalize the
concept of Hodge structure to the non-compact or non-smooth cases. Since we
will only be concerned to the mixed Hodge structure of Mg or My, we will just
discuss the smooth, non-compact case.

The first, fundamental theorem is due to Deligne [De]; it states the existence of
mixed Hodge structures for complex algebraic varieties.

Theorem 6.4.1. Let X be a complex algebraic variety. For each j, there exists an increasing
weight filtration

0=W_ 1 CWy CW; C...C Wy = H(X;Q)
and a decreasing Hodge filtration
Hj(X}Q) =F D) F! D...DOFD Fmtl

such that the filtration induced by F on the complexification of the graded pieces of the
weight filtration GrYV = W1 /Wi_q is such that, forall p =0, ...,1, we have

GV = PG}V @ PGV

This means that the Hodge filtration F* endows the graded piece Gr}" with a
pure Hodge structure of weight 1. It is shown in the articles [De] that such structure
is compatible with maps induced by algebraic morphisms f : X — Y, with the
Kiinneth isomorphism and with cup products. As mentioned, we will focus on
the case of smooth complex varieties.

Proposition 6.4.2. Assume X is smooth connected of complex dimension d. Then we have
the following.

* The forgetful map HX(X) — H*(X) is compatible with mixed Hodge structures.
e W;_1H/(X) =0, and the pure part
PH*(X) := e WiH (X) € H¥(X)

is a subring.
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e Ifi:X — Y is a smooth compactification, then Im(i*) = PH*(X).
* The Poincaré duality
H*(X) x H297%(X) — H29(X) = Q(—d)

is compatible with mixed Hodge structures, where Q(—d) is the pure mixed Hodge
structure on Q with weight 2d and Hodge filtration F¢ = Q, F4*1 = 0.

In particular, we have WjHHjC(X) ~ HL(X).

One can apply this theory to the case X = Mz the Betti moduli space of (6.8).
We will not explain in detail the computation of the weight and Hodge filtration
for Mg, and we refer to [HV1] for the following result.

Theorem 6.4.3. The classes &« € H>(Mg), p € H*(Mg) and P; € H3(Mg) have all
homogeneous weight 4. Therefore, v € H®(Mg) has homogeneous weight 8. Moreover,
the pure part of H*(Mg) is generated by f3.

Recall that the classes «, 1; and 3 have been defined in (5.2) on the moduli
space of Higgs bundles M. Since this is diffeomorphic to Mg via the nonabelian
Hodge correspondence of Theorem 6.3.1, they are naturally cohomology classes
of Mg as well.

6.5 The perverse filtration and the P=W theorem

The situation is very different in the case of the moduli space of Higgs bundles M.
Indeed, it is shown in [CM] that the mixed Hodge structure carried by Mg is pure,
ie. H*(Mg4) = PH*(Mg). In particular, « has weight 2, the \{; have weight 3 and
3 has weight 4. This already implies that the nonabelian Hodge correspondence
is not an algebraic isomorphism.

Under the nonabelian Hodge correspondence of Theorem 6.3.1, the weight
filtration of Mg is carried to a filtration in the cohomology ring of M,: the natural
question is to describe geometrically such filtration. The answer to such question
has been given by De Cataldo, Hausel and Migliorini in [CHM] in the case in
exam, and conjectured for the moduli space of Higgs bundles of all ranks in the
same article.

Definition 6.5.1. Let h : My — A ~ C3973 be the Hitchin map of Definition
5.0.5, and for s > 0 let A* C A be a general s-dimensional subspace. The perverse
filtration on the cohomology group H/ (M) is defined as

PoHI (Mg) = Ker {H)(Mg) — HI (h H(AT7P~1))} (6.9)
The main theorem proven in [CHM] is the celebrated P=W in rank 2.

Theorem 6.5.2. Under the isomorphism given by the nonabelian Hodge correspondence,
we have
WorH* (M) = Wo 1 H* (M) = PR H* (M)
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Chapter 7

The Equivariant Localization
Formula on Mg

The main result of the present thesis is a new approach to the P=W theorem,
which does not rely on the geometric properties of the moduli space My, but only
on the structure of the equivariant intersection formulas. We obtain partial results
towards a new proof for the rank 2 case.

The first idea comes from another description of the perverse filtration of Defi-
nition 6.5.1, using the compactification My defined in (5.4) and the corresponding
infinity divisor (5.3). We refer to [CM] and [CHM] for the general definition of the
perverse filtration on an algebraic variety; for us, it is enough to know that there
is a well-defined perverse filtration on the cohomology of the compactification M
as well. The description we are giving in what follows will be enough for our
purposes.

For the sake of notational simplicity, from now on we will drop the index in
My and simply write M.

Proposition 7.0.1. Let i : M — M be the natural embedding. Then x € P (HI (M) if
and only if there exists ay € Py_1(H~2(M)) such that (x +nyn9—277+k = 0.

Proof. From the properties of the perverse truncation functor 1<, [CM], [CHM],
which commutes with the restriction to the open A C A, we have that the embed-
ding i: M — M induces the inclusion

V(Pr(H* (M) € P (H (M). (7.1)

On the other hand, from the (n,L)-decomposition' of [CM, Corollary 2.1.7],

we see that i*(Py (H*(M)) induces a filtration on i*(H*(M)) = H*(M) satisfying a
relative Hard Lefschetz theorem of the same type as the perverse filtration P on
H*(M). It follows from this and (7.1) that actually

V(P (H* (M) = P (H*(M)). (7.2)

INote > that we use the notation 1 =nz for the class L in [CM] while n in [CM] denotes an ample
class on M.
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On the projective M we can use [CM, Proposition 5.2.4.(39)] to deduce® that

3g—2—j+k
PHI(M) = ) imn') Nker(n®9 2717+, (7.3)
1=0

where 1 : H} (M) — HI*2(M) denotes multiplication byn € H2(M) by an abuse of
notation.

Now if 0 # x € HI(M) and x € HI(M) is a lift of x, then X ¢ im(n), since
i1*(n) = 0. It follows then from (7.2) and (7.3) that

x € Pi(H (M) < n29727+kX = 0 for some X € H (M) lift of x.

Considering the composition H*(M) — H3(M) (cf. §5.3) with the Kirwan
map (5.5), it is clear that any lift of x will have the form X = x +ny for some
y € H—2(M). Finally, agam by (7.2) and (7.3), we see that x € Pr(HI (M) if and
only if suchy € Py_1(H~2(M)), and this completes the proof. O

We are ready to formulate the enumerative version of P=W.

Theorem 7.0.2 (Enumerative P=W). The P=W Theorem 6.5.2 holds for G = PGLz if
and only ifforall g > 2,1 > 0and m > 0 there is an extension By™ +mnq(o, B,v,M) of
Bly™ € H*(Z) such that

J (B nd(e By, ) = 0 (7:4)

forall x € H*(Z).

Proof. Notice that for any class v € H* (M), we have J3evn = [, v, and the restric-
tion map H* (M) — H*(Z) is surjective as both rings are generated by the universal
classes and 1. Therefore, Equation (7.4) is equivalent to

JMn39_2_21‘2m([31vm +nq(e, B,v,m)x =0

for all x € H*(M). By Poincaré duality, this is, in turn, equivalent to

n39—2-2=2m(glym oo By, m)) = 0. (7.5)

By Proposition 7.0.1, (7.5) implies that o*BYy™ € Pay 214 am (HZT4HHEM (M) for
all k, 1 and m. Since «, 3 and 'y have weight respectively 2, 2 and 4, Proposition
7.2.1 and Theorem 6.4.3 imply that

PiH* (M) € Wor (M)

for all k > 0. Finally, as in [CHM], this, the relative Hard Lefschetz theorem [CM,
Theorem 2.1.4] and the curious Hard Lefschetz theorem [HV1, Theorem 1.1.5]
imply Theorem 6.5.2 for G = PGLo.

ZProposition 5.2.4 is claimed for a smooth total space, but as explained in [CM, Theorem 2.3.1]
the results hold for non-smooth varieties for intersection cohomology, and thus for orbifolds with
ordinary cohomology.
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Conversely, assuming Theorem 6.5.2 holds, then for all 1 > 0 and m > 0, we
have
BYY™ € Paryam (HH O™ (MD).

Still by Proposition 7.0.1 this implies that there exists a lift y € H2'4™ (M) of gly™
such that yn®9~2721=2m = 0, and by Proposition 7.2.1 below, we can choose such a
lift to be Sp(2g, Z) invariant; therefore, it is of the form y = B'y™ +nq(«, B,v,M)
for some polynomial q. Then, by Poincaré duality on M we have

JMn39“”mmwm gl B,v,m))x = 0

for all x € H*(M). Finally, since fﬁnv = 2V for all v the proof is complete. O

Remark 7.0.3. There is a straightforward generalization of the result above for
PGL,. We have universal generators for H*(M%OI(PGLn)), whose weights on the
character variety side have been computed in [HV1, Sh] and the curious Hard
Lefschetz theorem in H* (Mg(PGLn)) has been proved in [Me].

7.1 Equivariant integrals on M,

From Theorem 7.0.2, it becomes clear that in order to approach the P=W theorem
from an enumerative standpoint, we need to find useful intersection formulas on
Z. Thanks to Lemma 4, this would follow from a formula for the equivariant
integrals on M.

The first foundational result is a useful intersection formula for the equivariant
integrals on Mg, which can be seen as the analogue of the one in Theorem 4.3.4
for Higgs bundles.

Theorem 7.1.1.
jg T0)exp(Q2)) =
M

_ Y e 2717 (Q" = 2w/(w? — y?))9

=T — N — /'LL+H — —

dy

Proof. To calculate the equivariant integral as defined in (5.6), we need to list the
components of the fixed point set MT of the circle action and identify the corre-
sponding normal bundles. This data may be found in [HT2, §4,5,6], and thus we
will only brief it here. There are two sorts of stable T-fixed Higgs bundles (E, ®)
(cf. Proposition 5.1.1):

* Eis stable and @ = 0. This set of Higgs bundles forms a copy N C M of the
moduli of stable bundles, which extends to the embedding T*N C M.

* E=LOAL !, 1< degl < g—1, ®,;1 =0, and ®|; is a nonzero map of
line bundles L — AL™!K. The list of fixed point set of this second type is
Fp=829-2-1(C),i=1,...,g—1.
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We thus have, by (5.6),

Too )
%M T(O) exp(Q(Z)) = L\r exp + Z J Lﬂg (76)

er NN r, er(Ng)

We start by describing a formula for multiplicative characteristic classes on
N. Let B(t) be a formal power series and for a vector bundle V denote by B(V)
the corresponding multiplicative characteristic class of the V: denoting the Chern
roots of V by ti, i =1,...,rank(V), this class is the product [ [; B(t;).

Lemma 6. Let B(t) be a formal power series with B(0) # 1. Then
B(TN) = [B(0)B(y)B(—y)I%, " exp <[§(y) + B(—y)} m) , (7.7)

where ﬁ(t) satisfies %ﬁ(t) = —logB(t).

Proof. Denote by 7 the projection C x N — N and by w the positive integral gen-
erator of the second cohomology of C. Then by [Z] we have, for k > 0,

sk(TN) = ((g — 1) (sk(Ad(U))w — sp1 (Ad(U))/(k+1)). (7.8)

Here sy is the power sum symmetric polynomial (in any number of variables), i.e.
Sk(bl,bz,. ) = b% —I—blz< +

We write B(TN) as exp (}_; log(B(ti))), and then we apply the equality (7.8) to
the sum in the exponential. The result is two terms, the first of which contributes
a factor B(Ad(U))9-1 N1, while the second gives exp(ﬁ(Ad(U.)) Nw), where 1 and
w are, as usual, the positive integral generators of Hyo(C,Z) and H,(C, Z), respec-
tively. The Chern roots of Ad(U) are 0, &y, and using the notation introduced in
Section 4.3, we obtain (7.7). O

Now we can calculate the first term of the (7.6). Observe that ep(T*N) ! is a
multiplicative class of TN corresponding to the function

B(t) = ¥(t) &' 1/(u—1)
Then
. od - d? ~ -1
Y(t) = —(u—t)log(u—t)—t with a‘i’( ) =log(u—t) and a Y(t) = Pp—

and
1 1

1 9-1 ~ ~
er(T"N) w9 1 {(u—y)(wry)} o exp ([‘P(y)w(—y)] (2)>.

We have

9 () + W(—y)) = log(u—y) — log(u+y)

d? -1 -1
ay? (Y(y) +¥(—y)) = yp— + wty
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Now, combining this with (4.9) and (7.7) shows that

J T exp(Qu) _ 1, T-(Q”—2u/(u* —y?)9 ay
N er(T*N) 2y=0q9-1 (eQ’ﬁél;i —e*Q'ﬁ%w Y2972 (u2 —y2)9-1
(7.9)

This calculates the first summand of (7.6) since, being N C M a Lagrangian sub-
variety, we have Ny = T*N.

Now let F; o~ $2972-1(C) for i = 1,..., g be the other components of the fixed
point set. To evaluate

J Tio)exp(Q2))
r er(Ng)

first we compute T(g)lr, and Qy)|f;. For this we define (c.f. [HT2, §5]) universal
classes 1 € H?(F;) and &; € H!(F;) for i = 1...2g by computing the first Chern
class of the universal divisor A C F; x C = $29721-1(C) x C in Kiinneth decompo-
sition:

€ C(u),

29
c1(A) = (29— 2i—Nw+ ) &ei+neH(FixC) =
i=1
= HO(F;) x H2(C) @ H(Fi) x HY(C) @ H2(F;) x HY(C).
We also define 0; = &;&i, g fori=1...gand 0 = Z?Zl 0;. With these notations
we have.

Lemma 7. We have

To)lr = T —u) € HE(Fy) = H* (Fy)[u] (7.10)
and
Qulr, =(1-21)Q" (M —w) —6Q"(n —u) € H(Fi) = H*(F)[u] (7.11)
Proof. Recall from last displayed line of proof of [HT2, (6.1)] that
29

—co(End(E))lr, = (1—20)w+n—u+ )Y &je)
j=1

We get (7.10) immidiately and that

2k 2k—2
) ) (—20)(n — w2

This in turn yields (7.11) O

Yy o)lr, = (1—21)(2k)(n —w)?* ! + (

Next we need a formula for the equivariant Euler class et (NF, ).

Lemma 8. We have

er(Nr) = (Qu—m)9" 2exp ( ) (W9 Hu—m) " 9exp (e)
n—2u n—u
. 0
(1 )21—2+g
=) P <u—n>
— ug—l(_l)g(n _u)Zg—Z(zu_n)g+2i—2 €Xp < 0 > .
n—2u
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Proof. We know that the tangent bundle of M restricted to F; can be computed as

Ad(D

TM|F1 = RlTE* (Endo(E) — ) Endo(E) & Kc> ,

where 7 : F; x C — F; is the projection. To compute this first we have from [HT2,

(6.1)]
chy(Endy(E)) =

2g 29
=1+exp ((1Zi)w+nu+Z£jej) +exp ((Zil)wn +uZ£je]-) .

j=1 j=1

Thus we can compute

chy(Tatlr,) = —chr (Rm (Endo(E) Aﬂq’)Endo(E)@@KC))

= m, (chy(Endp(E)(—1+ exp(u) ch(K¢))td(C))
= m, (chy(Endp(E))(—1+exp(u)+ (g —1)(1+exp(u))o))
= exp(2u)((g—1)exp(-m) +exp(-m)(2i—1—6)
+exp(u)((g —1)(1+exp(—n)) —exp(—m)(21 —1-6)
+((g—1)(1+exp(n)) —exp(n)(2i —1+0)
+exp(—u)((g—1) exp(n) +exp(n)(2i —1+6)
g

= exp(2u)((2i—2) exp(—m) + ) exp(—n —64))
i=1

+exp(u)((g—1) —2iexp(— Zexp —n—0;)
+((g—1) —2iexp(n Zexpn+6))
i=1

+exp(—u)((2i—2) exp(n +Zexpn+9 )).
i=1

The four lines give the contributions from the four weight spaces of the T-action
on Tylr,: weight 2, weight 1, weight 0 and weight —1. The 0 weight space corre-
sponds to the tangent space Tr, < Ty(lr,. Removing it will yield the normal bundle
NE, of Fi in M. Thus

g
chr(Nr,) = exp(2u)((2i—2)exp(—n)+ ) _exp(—n—61))
i=1
+exp(u)((g—1) —2iexp(—)) Zexp —n—04)

+exp(—u)((2i —2) exp(n +Zexpn+9 )).

i=1

Formal computation now gives the Lemma. O
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The final ingredient is the intersection theory on symmetric products, exam-
ined in §3.4.3. For any power series A(x) € C[[x]] and B(x) € C[[x]] we have (cfr.
Formula (3.7))

x=0 x29—21

J A(n) exp(B(n)8) = Res {A(X) (14xB(x)° } o
Fi

So we can proceed to compute withy =x —u

J Ti0)exp(Q(2)) :J Tn—uwexp ((1-21)Q"M—w) —6Q"(n—u))
F F

er(NF,) w91 (=1)9(m —u)292(2u—n)9+2i-2exp (ngu)

— 21 / 1
— ug : J T] u exp((l ZI)Q (n u)) eXp <<_Q//(n_u)+2u_n> e>

n ng Z(Zu n)g—l—Zl 2

(—1)9 T(x—u)exp ((1-21)Q (x —u )(l—i—x( Q”(x—u)+2ul_x))gdx
- u9g—1 5 (x —u)29—2(2u — x)9+21—2x29—2i
- T(y)exp ((1-21)Q'(y)) i 1 1 \?
= RS ey ) I 2y y)e B <Q ( )_u+y_u—y> Y

We note that the right hand side of this expression has no pole at y = —u for
1 > g thus the residue vanishes and so we have

' T exp(Qe)
T exp(Q))
-ZLi er(NF,)
= T(y) exp ((1—20)Q'(y)) ) ! 1 \9
_Zul QyRe_Su{UZQ Z(ue_xg)ngzi;(yQ_'_ﬂ)gZi <Q (U)) }dy
_Zul 9 Res {y T(y) exp ((1-21)Q"(y)) -<Q”(y)— 11 )9}(19

y=—u 29*Z(u—y)gﬁ“z(y +u)o2 u+ty u-—y
. "n_n 2 _.2\\g
= Res Q u/ju v)) dy.
—_— 7 7 U — p—
y=—u  g— 1( Q +g_e Q'ut g)yzg 2(u2 — y2)9—1

Finally we note that the expression in this residue is odd in y and so will give
the same result at y = u. Thus we can conclude that

“J 0 eP(Qa) _

er(NF,)

l\/]

1i=1

1 (2// 2LL LL —y gdy
== E Res / )
= ! — I
2 Y=T 19— 1(eQ Uy _ .-Q u+y)yzg 2(y2 —y2)9-1

Together with (7.9) this completes the proof of the Theorem. O
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7.2 The Sp(2g,Z) action

Note that the orientation preserving index-2 subgroup of the mapping class group
of the Riemann surface underlying C acts on H*(C) via®

L =5p(29,7Z)

acting on H’(C) and H?(C) trivialy and by preserving the symplectic structure on
H!(C) given by the intersection pairing.

We see that £ acts on H3(M) = H!(C), where we identify H?(M) with H!(C)
by mapping ; to e; and letting * act trivially on C[u]. This will also yield an
action of X on H%(M) = H3(M) ® C[u], where the identification is again done by
mapping the equivariant 1; to the non-equivariant one. Finally we will let I act
on H%F(M) and H%F(M) and so on « and {3 trivially.

Proposition 7.2.1. The action defined above induces an action of Z on Hy (M) by Clul-
algebra automorphisms, and on H*(Z) by ring automorphisms. The perverse filtrations on
H*(M) and on H*(Z) are invariant under this action.

Proof. We observe that the equivariant intersection numbers
29
fi; okpt Hl])?“ € C(u)
M i=1

are invariant with respect to this action of £. This follows from the fact that in
(5.6) the expression for the equivariant Euler class er(T*N) coming from (7.8) is
invariant under X. Analogously, the formula in Lemma 8 is Z-invariant.

Thus we deduce that the intersection numbers on N and F; are invariant under
I as the X action on H*(N) and H*(F;) comes from the mapping class group of
C. It follows that the ideal of relations among the universal generators «, 3,1; of
H7} (M) is invariant under X, thus getting an action of £ on H7 (M) by C[u]-algebra
automorphisms extending the one on H%(M) &) H%(M) &) H%F(M) defined above.

In turn, by (5.7) we get that all intersection numbers on Z will be invariant
by Z, which will yield a X-action on H*(Z) by ring automorphisms. Thus, since
| z7X = fﬁ nx, we see that the perverse filtration on H* (M) will be £ invariant, and
finally also the one on H*(M) by Proposition 7.0.1. O

7.3 Integrals on the infinity divisor

The formula in Theorem 7.0.2 is an explicit statement, which ought to follow from
Theorem 7.1.1 thanks to Lemma 4, but this calculation rather difficult to perform.
The main reason is that it involves cancellation of two rather different terms: the
residues of a differential form at y = 0 and at y = u. In this section we mitigate
this problem, and rewrite our statement in a completely local form.

Let us consider expression in Theorem 7.1.1. First we observe that the expres-
sion in parenthesis may be rewritten as follows

LQUTY Uty (u—ytanh(Q’/2))(u—ycoth(Q’/2))
u+y u—y u? —y? ’

3We note that our notation for I" and X are swapped from the notation in [HT2], this is to be more
in line with the notation of I' used in [HT3].
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The equivariant integral thus is the sum of the residues of the expression

2727 (v —y*)Q" —2u)?
w9 sinh(Q')(u —y tanh(Q’/2)) (u —y coth(Q'/2))y?9 2 (w2 — y?)29 2
(7.12)
aty = 0 and y = +u. Let us find all the other poles of this form. The following
statement is an easy consequence of the implicit function theorem. Its proof will
be omitted.

Q(U;U) =

Proposition 7.3.1. a. Let us assume that T(0) = 1 and Q = Ay? + P(y), where A is a
nonzero constant, P is an even polynomial of degree > 2. Then for u sufficiently small,
there is a ¢ > 0 such that the form Q in (7.12) has the following poles inside the unit disc:

e aty =0, of order 2g—1
* aty = fuof order 2g —2
e simple poles at y = +bg, where [bg — Vu/A| < cu? for a constant c.

b. IfP =0, ie. Q = Ay?, then we can describe all remaining poles of Q(w,y): these
are simple poles at y = by, n € Z\ {0}, where |by, —min| < cu.

Remark 7.3.2. When P = 0, the numbers B,, = {b,,, n € Z} are the solutions of
the Bethe ansatz for the Yang-Yang model [YY]. This was a crucial observation
of [MNSh], who also studied a special case of these equivariant integrals in order
to find a reqularized volume of the Higgs moduli. Their formula, obtained using
mathematically nonrigorous methods, is an infinite sum over B,,, and can be easily
recovered by applying the Residue Theorem to Theorem 7.1.1.

The most important part of Proposition 7.3.1 is that for Q = Ay? + P(y), and u
sufficiently small, the only poles of Q(u,y) in the disc {y : |[y| < 2u} are the poles
y =0, —u, u. In this case, we have an integral representation

Res Q(u,y)dy :J Qu,y)dy
y=0,tu lyl=2e

and thus

Res Res Q(u,y)dy du—J J Q(u,y)dydu.
u=0y=0,+u lu|=¢€ Jly|=2¢

To perform the last double integral, we must first fix the magnitude of u to
be equal to €, and then compute the y-residues inside the circle of the y-plane of
radius 2e. However, as the last expression is an integral over a product of circles,
we can apply Fubini’s theorem and write our integral as

J J Q(u,y)dydu—J J Q(uw,y)dudy.
[ul=e Jlyl=2e lyl=2¢ Ju|=¢

Finally, we convert this last integral into residues again. Now we fix a value
of y of magnitude 2e and look for poles of our form inside the circle of radius e
in the u-plane. Again, studying the denominator, we see that we have a pole at
u = 0, but the factor u? — y2 now does not contribute. We have a pole, however, at
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the point u = y tanh(Q’/2), because this is of order u ~ 4€? < e. This leads to the
following residue identity:

R R Qu,y)dy du = Res |Res + Res Qu,y)dudy.
uggyzo?iu (uy) ydau y=0 |:u—0 u—ytanh(Q//Z):| ( U) Y

Combining this with (7.12), we arrive at the following formula for integration
on Z:

J Ty exp(Q(2)) = —Res [Res—k Res ]
z

y=0 [u=0 u=ytanh(Q’/2)
2727 - (2 —y?2)Q” —2u)9 dudy >
<uglsinh(Q’)(uytanh(Q//Z))(uycoth(Q’/2))y292(u2y2)292 '
(7.13)

The second term may be further simplified since the pole of Q(u,y)du at
u = ytanh(Q’/2) is simple, and thus to calculate the residue, we simply perform
the substitution u = y tanh(Q’). Using the identities

-1

. _ 2 ==
sinh(a)(tanh(a/2) —coth(a/2)) = —2, tanh“(a/2)—1 cosh2(a/2)

and sinh(a) = 2sinh(a/2) cosh(a/2), the denominator turns into
—2y-y9 M tanh9 1(Q’/2) - y?92 . y?(2972) Cosh72(2972)(Q'/2),
while the numerator is
27%T(u = ytanh(Q'/2)) cosh™*9(Q"/2)(—y?Q" —y sinh(Q")*.

Canceling the similar factors we arrive at

272T(u = ytanh(Q'/2)) - cosh™*9(Q’/2) - (~y?Q” —ysinh(Q"))9dy _

R
ygg —2y-y9-1 tanhg_l(Q’/Z) Y292 . 2(29-2) cosh2(29-2)
_~—3 _ / . 2g—4 / o " o "\\g
Res —2T(w =y tanh(Q'/2)) - cosh® *(Q/2) - (-yQ" —sinh(Q")%dy 1,y
v=" tanh®1(Q’/2) -9~

Thus formula (7.13) yields the following result:

Proposition 7.3.3. We have the following formula for the intersection numbers of Z:

JZ T0) exp(Q2)) =
—272T - ((u?* —y?)Q” —2u)9 dudy
VSR8 w9 T inh(Q7)(w —y tanh(Q//2)) (1 — y coth(Q"/2) y9 2(u2 — 42292

Res 2 T(w=ytanh(Q'/2)) - cosh®*(Q"/2) - (-yQ" —sinh(Q"))¢ dy
e tanh9 ™1 (Q"/2) -y69-© ’

_l’_

(7.15)

Notice that if the polynomial T is divisible by 1971, then the first residue at
u = 0 vanishes. In particular, if k < g —1, we obtain
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Corollary 7.3.4. Define

: / 2g—2k—2 . ,
oY) = (—1)9273 <Smh(yQ/2)> 9 cosh?2(Q’/2) (Ql!_’_snﬂ’;(Q))g/

then, for1 <k < g—1,

. d
JanQ T T0ep(Qrz2) = Res W%T(u =y-tanh(Q'/2)RG\(y).  (716)

7.4 Defects and the order of the pole

We denote simply by Ry i (y) the function appearing in (7.16) when we set Q =
—Ay?/2 — Gy*/4. Notice that it is a holomorphic function around y = 0. Then
(6.8) and Corollary 7.3.4 tell us that

Jz 29732k xH (4y)) BT exp(Qa)) =

d : .
Res o 1y"04 (26 — %02) (ytanh(Q'/2))" R (y).

Let ﬁg,k = Rgx(y,G = yfzé ): notice that it is still a holomorphic function in y.
Then, since 0g = yzaé, we get

JZ 1’9732l (4y) B Mexp(Q ) =

d i . ~
Res -y 2 210} (0g —0a) (tanh(Q"/2)/y)" Ry x(v)

and in this formula, we are taking the residue of a meromorphic function with a
pole at y = 0 of order 4k —1 —2m — 2n — 2j. Since the order of the pole of the
sum two meromorphic functions is at most the maximum between the orders of
the two poles, we are brought to make the following definition.

Definition 7.4.1. We define the defect of a monomial in «, 3,y and 1 via the as-
signment
def() =0, def(3) = def(y) = def(n) =2

and extending it by multiplicativity. We also define the defect of any polynomial
in «, B,y and n to be the minimum of the defects of its monomials.

Notice that if x is a class in «, 3 and 7, so that it can be seen as a class x €
H'(M), then we immediately verify

def(x) =1 — wt(x)

where wt(x) is the weight of x.
By Theorem 7.0.2 we immediately get the following.

Corollary 7.4.2. If for every x € H*(Z) we can find y € H*(Z) with
J P9~ 3-def(x) (x+ny)r=0, forall r € H*(Z)
z

then P=W holds for M.
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Chapter 8

The matrix problem for the
top-defect pairing

Thanks to Corollary 7.4.2, the proof of P=W reduces to a matrix problem for every
generator of the cohomology of Z, i.e. monomials in «, 3 and the {;. We will
treat here the case of f* at top-defect, and solve the matrix problem. Afterwards,
we will examine the case of the monomials 3% "y" and prove a criterion for
the solvability of the relevant matrix problem. The pairing at lower defects for
the monomials will be examined in §9, in which we will show that the problem
becomes much more involved even for the “simplest” case B*.

8.1 The classes 3

In this section we will prove the following.

Theorem 8.1.1. Let g > 2 and 1 < k < g— 1. There exists a unique class Fr, € H*(Z)
such that, for all P € H*(Z) with def(P) = 2k — 2, we have

| o pe v apop o )

In the entire section, we will always assume that 1 < k < g—1.
In order to prove Theorem 8.1.1, we need to show that the pairing

(F,P) HJ n39-3-2p,
Z

F e H¥*(Z), def(F) =2k, P € H%978(Z), def(P) =2k —2

where we are taking defect-homogeneous F and P, is degenerate; moreover, we
need an element of its kernel to be of the form p* 4+ nFy for some Fy.

To compute the matrix of the pairing, we choose the following basis of the F
classes

. 0<ng <aqy,
Fk/a1,n1 — Balfnl (4,]/)111],]](.701 (kaalfnll Wlth { ~ 1 \< 1
~

a; +ng <Kk,
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and the following basis of the P-classes
Piapm, =B ™ (4y)rmk—lmag39 3" k—a—m with0<ny < ap < k—1.

The coefficients have been chosen in order to make computations easier later.
We then perform a column operation and define the matrix My of the pairing
as follows:

(—2)k—a fz n397372ka,a1,n1Pk,az,nz

(k—a;—ny)ing! [, n397372KF s 0Py apm,

(Mi)ain; =

ag,ng

(8.2)

Therefore Theorem 8.1.1 is equivalent to finding a vector in the kernel of M{
whose coefficient corresponding to the term B* (i.e. the row indexed by (aj,n;) =
(k,0)) is nonzero.

Lemma 9. We have

39—3—a1—n1—a2—n2> <9—T12)

M, 922 —
( k)al’nl k—a;—mnq ny

Proof. We will use the formula of Corollary 7.3.4 choosing the polynomial Q =
—Ay?/2 — Gy*/4. First of all we perform the computations for

Floanmy = BU™ (B + dy) MR er gk ai—n
ﬁk,aZ,nZ = Baz_nz(OCB +4Y)n2nk_1_a20(39_3_k_a2_"2,

Let us write G = Gy?, so that 9g = y?0. Then by Corollary 7.3.4 we have

3g—3—2kT D
J n>9 Fiaim Prapm, =
Z

~ 2k—1—a;—
3393 - Tt R diy tanh(—Ay/2 — Gy/2) aj—az . (A éy)
A G e JT y gk y 9y

where ﬁg,k(A, é;y) = Rg (A, é/lf;y). We see that the form we are taking the
residue of has a simple pole, thus its residue is computed by evaluating at y = 0.

Now B B B B
Rg (A, G;0) =22179(A 4 G)?97 2 2(A +2G)9

and the tanh factor gives (—A/2 — G /2)?k—1—a1=a Therefore we have

3g—3—2kT D
J n 9 Fk,al,nlpk,az,nz =
Z

_ (_1)a1+a2+12—g+a1+aza3Ag—3—Cl]—az—nl—nzagﬁ-nz(A + é)Zg—S—al—az(A + 26)9

(notice that the integral does not depend on k). Then using the classes 4y in the
definitions of Fy o, n, and Py q, n, amounts to change variable B = A + G, so that
the formula becomes

3g—3—2k _
u’d Fk,a1,n1 Pk,azmz -
Z
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(_1)a1+<12+12—9+611+026%9*3*%*‘12*“1*“2aTG11+“2]329—3—a1_a2(B +G)9 =

:(_1)a1+a2+12g+a1+a2(3g_3_a1_a2_n1_n2)!(n1+n2)!< J ),

ni +ny
dividing out and using the coefficients of (8.2) we obtain

3g—3—a;—my—a—ny\ /g—m»
My )%2m2 —
Mg = (90 e (

ng
and the proof is complete.

O]

Lemma 9 allows us to relate the matrix My with a particular evaluation oper-
ator on polynomials in two variables.

Corollary 8.1.2. Let v = (Va;n,)ogn,<a, be a row vector, and let

n+a; <k
3g—3—a1—n—72 —X
pX D= X v (BTN (9
0<mi<a = !
a;+ni<k

Then vMy. = (pv(n2, a2 +12))ocn,<ap<k—1-

We are now ready to find a vector in the kernel of M.
Proposition 8.1.3. Let

VAN . Reg (1)@ (1 4 ¢)978%2(1 4 2t)9 ™ dt
k t=0 ta1—n1+1 ’

<ny <ay, ap+ng <Kk
Then

Z vl(;lltnl (Mk)az,nz _

apng
0<n<ag
aj+ni<k

for all az,mp with 0 < np < ap < k— 1. In particular, the vector vy is in the kernel of
T

Mko

Proof. Define

VX, Zv,w) = (1 —v) 3922 (] 4 )9 X
3g—3—a;—m—Z7Z —X Vg (X, Zvw)dvdw
then we see that (797~ o )(gnl ) = Resy w0 ST, 1 therefore

(M) =

Vg x(n2, az +naz; v, w)dvdw
= Res
anm vw=

0 vk—ai—mi+1yy,mn1+1 ' (83)

Now notice that

2

(1+1)9 % 2(14+2t)9Vy (X, Z; —t, m) =1+ X1 +20)% =K(X, Z;1).

(8.4)
For 0 < ny < a; < k—1, the values of (X,Z) = (ny,ny + a) belong to

Ne={(X,Z2) €eZ?|X>0 2X<Z<X+k—1}.
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Notice that for (X, Z) € I, K(X, Z; t) is a polynomial in t of degree Z —X <k —1;
therefore, by defining

PK(X,Z) = Res U kx,z;y (8.5)

we find that py (X, Z) = 0 on I'c. Then, by takmg the Taylor series of the left hand
side of (8.4), we have

t2

dt
g—k—2 g —
It{eO tk+1(1+t) (1+2t)9Vy (X, Z;— 1+2t)

(1+t)9_k_2(1+2t)9(_t)1 2 “R Vg (X, Z;v,w)dvdw
=0 tk+1 1+2t v,w=0 yltlpyn+l

Vg x (X, Z;v,w)dvdw

Res WS I =pk(X,Z)

v,w=0

(14t)97k2(142t)9 ™
Z Rﬁ th—1—2n+1
1+2n<k

(8.6)
the last equality being formula (8.4). Since px(ng,a; +ny) =0for 0 < ny < az <
k —1, we conclude thanks to Corollary (8.1.2) by substituting | = k —a; —ny in
the sum (8.6). O

From this we can find the solution to Equation (8.1), and show that such solu-
tion is unique.

Theorem 8.1.4 (Lowest defect). The solution to Equation (8.1) is

1 dt
¥ +uhe = pr(g9,3g—k—2) Reg P (14 B)9~F2(1 + 2pt) 921 (% )

Proof. By Proposition 8.1.3 and by (8.2) we have that setting

» _ 1\l g—k—2 g—mn(_n\l4+n
FomRes y ZUULEOT 12092 g
t—

=0 Lk tk—1=2n+1pn11! n
Res (1 +t)9*k*2k(1 +2t)9pkdt 5 1 <2tom)‘ ( —8t2yn )“ _
t=0 thtl o< imso n!l! B B2(1+2t)

= Res SH (14 Bt)9%2(1 4 2pt)9e2nt(x— ki)

then we have |, u39-3-2kF, P = 0 for all P with defect 2k —2. We see that the
coefficient of the term ¥ in Fy is

dt
Pr(g,3g—k—2) = Res 1+4t)97%2(142t)9

k+1 (

which is clearly positive for g > k + 2 since all exponents are, while for g =k +1
we have py(k+1,2k +1) = 2K+ —1, still positive for k > 1. Thus we can in any
case divide out and obtain the result. O
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Remark 8.1.5. Define Dz and Dx 1 to be respectively the operators such that
Dzf(Z) =f(Z+1) —f(Z), Dx,1f(X) =f(X—-1)—f(X)

for any function f. Then we immediately see that

2
1+2t

DzK(X, Z;t) = tK(X/ Z;t), DX,—lK(X/ Z;t) = K(X, Z;t).

This means that we can also prove Proposition 8.1.3 by using the Newton interpo-
lation formula

3g—3+1—-k—Z —X
Y (—1'DYDR 4l x—q pk(x,Z)( J )(9 >=pk(x,2),
l+2n<k Z=3g—k—2 L n

which is true since py is a polynomial of degree k if we set degZ = 1 and degX = 2.
Thus, we find another expression for the vector in the kernel of M|, namely

, K—ay—my yk—aj—
vl = (=) TUTMD MDY ] x—g  pr(X,Z), 0<ny < ag, ap+ny <k
Z=3g—k—2

The last formula tells us that the polynomials py (X, Z) generate the solution to the
equation in Theorem 8.1.1 via subsequent applications of the discrete difference
operators Dz and Dx,_; and evaluations at the point (X,Z) = (g,3g —k —2).

Remark 8.1.6. We immediately verify that
D% ,K(X,Z;t) = —DxK(X, Z; 1),
thus for all k we have
D% _,pk(X,Z) = —Dxpx(X, Z), (8.7)

which has the shape of a heat equation in which both X and Z are discrete. Actu-
ally, it can be shown that for all k > 1, px(X, Z) is the only polynomial solution to
Equation (8.7) with initial condition

pi(0,2) = @

In the following Theorem, we see that the solution found in 8.1.4 is the only
one which solves Equation (8.1) at the top defect.

Theorem 8.1.7. The kernel of M is one-dimensional. Therefore, the lowest defect part
Fx of the solution to the equation in Theorem 8.1.1 is unique.

Proof. Thanks to Remark 8.1.2, we have to show that by letting
Ne={X,2)eZ*|X>0,2X< Z<X+k—-1}
there exists only one (up to multiplication by a constant) polynomial of degree at

most k in X and Z (recall that degZ =1 and degX = 2) which vanishes on T%.
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Letting p(X, Z) be such a polynomial, we can write it as

Lk/2] X
px 2= 3 m(Z)<i>

where deg(pi) < k —2i. Since p(0,Z) = po(Z) vanishes in Z =0,1,..., k—1, we
see that po(Z) = Ag (i) for some constant Ag. Then

/2] ~
@lx,2) = p(%,2)-p0,2) = Y P (YT
i=1

and q1(1,Z) = p1(Z) vanishes in the k — 2 points 2,3, ...,k — 1, therefore pi(Z) =
A (Z*Z). Continuing this way, we see that we can write p(X, Z) as

k—2
[k/2] .
Z—2i\ (X
PXZ)= ) m(k_zi) (1)
i=0
for some constant A;. Now, for 1 <j < |k/2], we have 2j < k < j+ k—1, therefore

o2l
0=p(k =3 7\1@ for 1 <j < [k/2).
1=0

These are |k/2] independent conditions on the A;’s, thus the space of polynomials
of degree at most k in Z and X which vanish on Iy is at most one-dimensional. By
the way, we know that the polynomial py (X, Z) = Res¢—g %(1 + )X (1 +2t)42X
satisfies this condition, therefore the space is exactly one-dimensional. O

8.1.1 Factorization of My

The matrix My defined in (8.2) can be conveniently written as a product of two
matrices My = QxSk, where Sy is a matrix with integer entries and Qy is trian-
gular with 1 on the diagonal. This factorization has some striking consequences
in itself (see Proposition 8.1.8), and will be of key importance in Section 8.1.2,
where it will be used to give the determinantal criterion for P=W at top defect (see
Corollary 8.1.11).

Define the following matrix:

(Quem = (1" Pepim-a-nl8g—2-k3g—1-k,...,3g—3—a—n)

en—m(g—m+1,g—m+2,...,9) (8.8)

where e (xq, ...,X;) is the i-th elementary symmetric polynomial in xy, ..., x;. Here
we adopt the convention that ei(xq,...,%x;) = 0if i < 0 and ei(xq,...,%x;) =1 if
0 <j < i. The indexing of Qy satisfies 0 < n < a <k, a+n < k and the same for
b and m.

Let also Sy be the matrix defined by

(SK)@m2 = nJt(ap 4+ 1y ™™ (8.9)
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where the rows are indexed by the pairs (aj,n1) with0 <ny < a3 <k, ny+a; <k
and the columns by the pairs (az, ny) with 0 < ny < ap < k—1. Here we adopt
the convention that 0° = 1 (hence the last row of Sy is a row of 1’s).

Then a direct computation shows that

My = QxSk (8.10)

and since Qy is invertible (being upper triangular with 1 on the diagonal) we see
that KerMy = KerSy. In particular, although the entries of My are polynomials in
g, its kernel is generated by vectors of Z*(x*1)/2 thus independent from g.

It is easy to write the inverse of Qy as

QoM = (—1)** Phyim—a-n(3g—2—-%k3g—1—X,...,3g—2—b—m)-
‘hn-m(g,g—1,...,g—m) (8.11)

where h.(x1...,xn) is the complete symmetric function of degree r, which is the
sum of all monomials of total degree r in the variables xi, ..., xn; by convention,
h, = 0 for r < 0. The fact that this is indeed the inverse of Qy is a direct conse-
quence of the classical identity

n

Z (_1)Terhn7r = 50,n;
r=0

which is true for any number of variables.
With this we can show that, in the case of the classes B, the perverse filtration
is actually a grading.

Proposition 8.1.8. For all k > 1, we have B* ¢ Py_1(H**(M)).

Proof. Following Proposition 7.0.1 and Theorem 7.0.2, we write the equation
|| o penpp o0

which must be in particular valid for all P with def(P) = 2k. We thus define Mk
to be the matrix of the pairing (F,P) — fz N39~4-2K(F)P with def(F) = 2k — 2,
def(P) = 2k, and with an extra row corresponding to B*. Then it is easy to see
that if we define B

(S)@m2 =nl(ap +np)l ™M™ (8.12)

where the rows are indexed by the pairs (a;,n1) with0 <ny < a3 <k, ny+a; <k
and the columns by the pairs (az, ny) with 0 < np < az <k, then

QiSk = My

with notations as in (8.8). Since Sy is obtained by Si by adding some columns,
and since KerS] is one-dimensional generated by the coefficients of

dt
pr(X, Z) = Reg —— (1+ 0421 +20)%,
e

—0 tk+1

then Kergl = (0) if and only if there exist values of 0 < np < ap < k such that
Pr(n2, ax +ny) # 0. Since pk (0, k) = 1, we can conclude. O
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8.1.2 The classes B Myh

We now consider the general case of the extension problem, namely for 1 < k <
g—land 0 < h<k,

| o g app =0 (8.13)
Z

where we ask for the existence of some F € Clx, 3,v,n] such that (8.13) is satisfied
for all P € Cl«, 3,v,nl.

We shall still consider only the top-defect part of the pairing, namely we look
for an F with def(F) =2k —2 such that Equation (8.13) is satisfied for all P with
def(P) = 2k — 2. Therefore, we see that F is a sum of monomials of the form

. a;—mn ni..k—1—a; , k+h—a;—n
Fk,hlal,nl =p™ 1(4Y) ! T =

n
for 0 < ny < a1 < k=1, and a; +ny < k+ h. Analogously, P is a sum of
monomials of the form

Pk h amy — Bazfnz (4Y)n2nkflfa2 “39737k7h7a27n2,

for0 < ny; < ap < k—1and ap +ny < 3g—3 —h—k. Notice that if we consider
the general case g > k + 1, the condition on a; 4+ n; is not redundant. However,
from ny < as < k—1 we can deduce a; +n, < 2k — 2, so the condition on as + n,
becomes redundant if 2k —2 < 3g —3 —h —k, that is

3g>3k+h+1. (8.14)

Fixing values of 0 < h < k, we call the range of values of g which satisfy (8.14) the
redundancy range. The "smallest" case in which g > k + 1 falls out the redundancy
rangeisk =h =3, g =4.

By Proposition 7.0.1, the top-defect part of the statement of the Enumerative
P=W Conjecture in the redundancy range is the following.

Conjecture 1. Let k > 1 and 0 < h < k be integers. In the redundancy range, there
exists a unique defect-homogeneous F € H*(Z) with def(F) = 2k — 2 such that for every
defect-homogeneous P € H*(Z) with def(P) = 2k — 2, Equation (8.13) is satisfied.

The case h = 0 was proved in last section. We will give an equivalent state-
ment for Conjecture 1 in terms of the non-vanishing of a particular determinant
involving the polynomials py (X, Z) defined in the previous section.

Let 3 3
g—-3—aq—mny—a—ny\/g—n;
M azma __ 815
(Migh)ain; ( k+h—a—ny ) ( n > o

for0 <my < a; <k—1, a; +ny < k+h, plus the extra row (ny, a;) = (h, k), and
O<n2<a2<k—l.
In the redundancy range, the matrix of the pairing

(F,P) HJ 393 2K (nF)P
V4

for defect-homogeneous classes F and P with def(F) = def(P) = 2k —2, is My y,
without the last row (ny, a;) = (h, k). Such row corresponds to multiplication with
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B¥~M(4y)h, therefore Conjecture 1 is equivalent to stating that in the redundancy
range, Ker(M{,h) is one-dimensional, and the entries of its vectors corresponding
to the class p*"y" are nonzero.

Notice that My 1, is a submatrix of My of Definition 8.2. The number of

columns of My , is

k(k+1)
Ck,h = ?

while the number of rows is

(k—h+1)(k—h—3)

h(h+3)
1 —_—

2

Tih = Ckh — L J = Ckt+ho + (8.16)

In particular, if h = k —3, My 1, is a square matrix, if k > h > k-2 then 1y, =
¢k, + 1 and if h < k —4 the number of rows is strictly smaller than the number of
columns.

Definition 8.1.9. For 0 < h <k, let Sy » be the matrix defined as

k+h—a—
(SRS = (ap + mp) Kt

withO< s <a<k—1land 0 <n; <a; <k+h, a; +n; < k+ h; here we are
using the convention 0™ = 0 for all n except 0° = 1.

Lemma 10. The dimension of Ker(S{,h) is (h+1)(h+2)/2. A basis of the kernel is
given by the coefficients of the polynomials

Ipini(X,Z2), 0<j<i<h
where py is the polynomial defined in (8.5).
Proof. Let v = (Va,n,)a;n, be a vector in Ker(S{,h). This means that the polyno-
mial

pv(X/ Z) _ Z Vallnlxn1zk+hfa1*n1

a;,ng

vanishes at integers X and Z with X > 0 and 2X < Z < X+ k —1. All polynomials
of the form .
Z)pk-l—h—i(xr Z)/ 0< ) <i<h

where py is the polynomial defined in (8.5), satisfy this condition. The number of
such polynomials is (h+1)(h +2)/2, so let us show they are linearly independent.
Since the case h = 0 is the content of Theorem 8.1.7, suppose k > h > 1.
We will prove the equivalent statement that the polynomials
Z—h—k+j
j

are linearly independent. To show this, simply form the matrix

pij (X, Z) = ( )Pk+hi(X,Z), 0<j<i<h

(TSSESIS" = pis(h—bh+k—b+a)

and notice that, up to rearranging rows and columns, Ty, is a triangular matrix
with powers of two as diagonal entries, thus it has nonzero determinant. We
deduce that

dimKerSy, , > (h+1)(h+2)/2.
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Conversely, assume p(X, Z) is a polynomial of the form

p(X, Z) — E }\n,axnzk+hfa7n
o<n<a
n+as<k+h

which vanishes on
Ne={(X,2) eZ?*|0<X<k—-12X<Z<X+k—1L

If we define degZ =1 and degX = 2, then p(X, Z) is a polynomial of degree k + h.
By changing basis, we can write it in the following way

[(k+h)/2]

a= 3w}

i=0

where deg(pi) = k+h —2i. We see that po(Z) = p(0,Z) vanisheson Z =0,..., k—

1, thus we must have
" z
Z) = Ao ;
Po(Z) j; O’](k+j>

for some constants Ag ;. Then we consider

1 L(k+h) /2]
X, 2) =5 pX2)-p0,2) = )

pi(Z) (X1
— i (1—1)

and we see that p1(Z) = q1(0,Z) vanisheson Z =2, ...,k —1, so that

. z-2
pi(Z) =) M <k—2+j>'

j=0

We can continue this way up to i = [k/2], deducing that

- Z-2i
pi(Z) =) M (k—21+j>’ for i < |k/2).
j=0

For |k/2| < i < |[(k+h)/2], we do not have any conditions on the vanishing
of the polynomials pi(Z), but we can write anyway

h .
2= Y n( 2570 ferl) <i< k2
j=2ik

which is a general polynomial in Z of degree k +h — 2i. Putting everything to-
gether, we can write

[(k+h)/2] h .
Z—2i X
p(X, Z) = Z | Z Aij (k—21+j> <1>
i=0 j=max(0,2i—k)

64



and p(X, Z) vanishes on 0 < X < |k/2], 2X < Z < k— 1. The vector space of such
polynomials has dimension

[(k+h)/2]
dn = (k2] +D(h+1)+ > (h+k—2i+1).
i=|k/2]+1

We now impose conditions for p(X, Z) to vanish on other points of I'. Similarly
to the proof of Theorem 8.1.7, setting p(l, k) = 0 for 1 < 1 < |k/2], we obtain

1
> @Aw =p(Lk) =0 for1 <1< |k/2],
i=0

which are |k/2] independent conditions on the A;p for 1 < i < |k/2]|. Analo-
gously, we have p(l,k+1) =0 for 2 <1 < |[(k+1)/2], which gives

1
> C) (k+ Ao+ Aia) =0, for2< 1< [(k+1)/2).
i=0

With this we find [ (k +1)/2] —1 independent conditions on the A;1’s for 2 < i <
|(k+1)/2], once the A; g are chosen. Continuing this way, we obtain | (k+j)/2] —j
independent linear conditions on the A; ;’s for all 0 < j < h. We conclude that

h
dimKerS{ 1, < digh — ) _([(k+7)/2] —j) = (h+1)(h +2)/2
j=0

where the last equality is tedious but straightforward to verify, thus completing
the proof. ]

Definition 8.1.10. Let {v1,...,V(h41)(h+2)/2} be independent vectors of Ker(S{/h).

We define Qk,h as the matrix obtained by replacing the last (h +1)(h +2)/2 rows
of the matrix Qxyn(g,3g —3) defined in (8.8) by the vectors v;.

With the same method used to obtain (8.10), we can show that Qk,h satisfies
Qi,n(9,39 —3)Skn = My (8.17)

where I\N/Lk,h is obtained by My, by adding h(h +3)/2 zero rows, and by replacing
the row corresponding to B*~"(4y)™ with a zero row. Analogously, if we define
Qk,h to be Qi4n with the last rows except the one corresponding to pr—hyh
replaced with h(h + 3)/2 independent vectors of KerS{,h, we get

Qi.n(g,3g—3)Skn = /N\lk,h

where /I\Zk,h is obtained by My 1, by adding h(h + 3)/2 zero rows.
Thus, information on Qy n and Qy n would lead to the solution of the matrix
problem. A particularly good result would follow if Qy 1, were invertible.

Lemma 11. Let py (X, Z) be the polynomials defined in (8.5).
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1. Let
Bih(X, Z) = (Zpicsni(X =1, Z—m))PSISESM,

Then we have det@k,h(g,f%g —3) = cx,ndetByx n(g,3g —2 — k) for some nonzero
constants cy n.

2. detQk,h(g, 39 — 3) is the determinant of a first minor of B(g,39 —2 —Xk).

3. Define .
Wicn(X, Z) = det(pi(X —h +1,Z+]))SISh. (8.18)
Then, up to a nonzero constant,
N h
det(Qi,n(9,39—3)) = ] [Wi,i(g,3g —k—1i-2).
i=0

Proof. Let us choose the basis of Ker(S{,h) given by the polynomials Zpy (1 i(X, Z)
with 0 <j <1i< hand let us construct Qx » accordingly.

We consider the matrix Cy = Qk,h(QkJrh)*l, where Q1 is the matrix de-
fined in (8.8). This is a block upper-triangular matrix with a square block of size
(h+1)(h+2)/2 at the bottom-right corner and with all other blocks of size 1, each
containing a 1; thus our determinant is equal to the determinant of the bottom-
right block (up to a sign: it is easy to see that this sign is +, since the bottom-right
minor of size (h+1)(h+2)/2 of Qkr has determinant 1).

To compute it we use (8.11) along with the identity

Z(—l)ima!)!hb_i(x,...,x—i) =(x—a)®

—1i

which is valid for all integers a and b: with this we can take appropriate linear
combinations of the last (h+ 1)(h +2)/2 columns of (Qy n)~! to obtain a ma-
trix whose entry ((a,n),(b,m)) is (y —b—m+ D)*Fh=a"1(x — m)™ in the last
(h+1)(h +2)/2 columns. This amounts to performing column operations on
Qin(Qisin) Y, so this procedure does not change its determinant up to multi-
plying by nonzero constants.

Recalling that the last (h +2)(h +1)/2 rows of Qk,h consist of the coefficients
of ZJpxin_i(X,Z), the determinant is then equal to the one in the statement and
this proves Point 1. Point 2 is shown similarly when the row which is eliminated
corresponds to the polynomial among (ijkﬂl,i)i,j which is not considered, and
the column is the index of Q1 corresponding to the class %" (4y)". To show
Point 3, use repeatedly the identity px(X,Z + 1) —pi(X,Z) = px—_1(X,Z) in the
matrix By n. ]

Point 2. of the previous Lemma immediately yields the following.

Corollary 8.1.11. If Qk,h(g,3g — 3) is invertible, then there exists a vector in KerS{/h
which can be discarded to give an invertible Qk,h(g,fig —3).

Theorem 8.1.12. Assume leh(g,3g — 3) is invertible. Then there exists a unique solu-
tion to Equation (8.13).
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Proof. 1f Qk,h is invertible, then by Corollary 8.1.11 we can choose a leh that is
also invertible. This proves that

rkﬁk,h = I‘kmk,h

since both are equal to rkSy . Now since /N\lk,h is obtained by Mk,h by replacing a
zero row with the row corresponding to B*~"y", we deduce that such row must
be a linear combination of the others, thus giving a solution to (8.13).

Now since KerS{,h has dimension (h +2)(h +1)/2, and since Mk,h has ex-
actly (h+2)(h+1)/2 zero rows, it follows that Kerl\/l{,h must be one-dimensional,
therefore the solution to (8.13) is unique. O

Extensive numerical computations has brought us to state the following.
Conjecture 2. In the redundancy range, Wy n(g,3g —k —h —2) > 0.

Conjecture 2 would imply the existence and uniqueness of the lowest defect
part of the solution to Equation (8.13) in the redundancy range. Here we provide
a proof for h = 1.

Proposition 8.1.13. If g > k+1, then Wi 1(g,3g—k —3) > 0.
Proof. With a simple change of variables, we can rewrite the polynomials py as

dt

Pr(X, Z) = 523 tkﬁ(l +1)X (1 — )X Atk

therefore, we can rewrite the determinants Wy 1 (X, Z) as

dtodt
Res 0=

o (LT to) (1 +t) T (1 —to) 2 (1 — ) 4T 2 (1 — 1),
to,tl:Otg)‘”t}‘“(( +t0)(1+t))" (1 —to) (1—t) (tg—t7)

We decompose it as
1
Wir =Wo =Wy,

accordingly to the terms of the Vandermonde factor t(z) — t%. Then we have the
following

Lemma 12. For all k > 1, we have
(k=W (X, Z) = (k+ D)Wy 1 (X, Z) = 2(X = 1)Wi 11(X—1,Z-2)
Proof of the lemma. We immediately see that
WX, Z) = pi(X =1, Z)pr1(X—1,Z-2),
Wi (X, Z) =pri1(X—1, Z)pr2(X—1,Z - 2).
Moreover we have the easily proven formulas
(k+Dpr+1(X, Z) = Xpe(X =1, Z—=2) + (Z = X = K)p«(X, Z),
P(X=1,Z) =pr1(X—=2,Z-2) +px(X—=2,Z2—-1),
pr(X, Z) =px(X, Z—1) +px1(X, Z—-1).

Applying in order the first, second and third formula to the statement, we get the
result. O
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Now we can prove the Proposition 8.1.13 by induction on k. Assume that we
found the domain where (X —1)Wy_11(X—1,Z—2) > 0, then

Wi, (X, Z) _ k=1

< <1
W]'QJ(X,Z) k+1

if W%l (X, Z) > 0, thus yielding the domain for Wy ; by the Lemma.
From the expression of \/\/]'i,1 given in the proof of the Lemma, we easily find

X >k,
WA 1(X,Z) > 0 for
’ L>2X+k—-1
Now since W1 1 (X, Z) = Z, we find
X =k,
Wi 1(X,Z) > 0 for
’ Z>2X+k—-1

Finally, if g > k+ 1, we have 3g —k —3 > g+ k — 1 and the proof is complete. [

Remark 8.1.14. We also managed to prove that Wy 1(g,3g —k—h —2) > 0 for
g = k+ h +2. The proof will be provided in a forthcoming work.

Remark 8.1.15. Notice that, in any case, Wi 1(g,3g —k —h —2) is a nonzero poly-
nomial in g with positive leading term. Therefore, existence and uniqueness of the
solution to Equation (8.13) is assured for g big enough (depending on k and h).

Remark 8.1.16. If g > k + 1 is outside the redundancy range, then the matrix of the
pairing (F,P) — |, u3973-2K(1F)P can still be defined with the same formula (and
the same rows and columns range) as in Definition 8.15: it is indeed easily shown
that if 3k +3 < 3g < 3k + h, then the extra columns in My}, are automatically
zero. Thus, the solution to Equation (8.13), even outside the redundancy range,
is given by an element of Kerl\/l{,h whose entry corresponding to XM (4y)M is
nonzero.

However, in this range, computer calculations have shown that, although a so-
lution to Equation (8.13) still exists, we have deték,h = 0 and the solution is never
unique at the level of polynomials in «, 3, Yy and n. By considering the difference
of two such solutions, we have noticed that they come from the relations in H* (M)
described in [HT2]. Therefore, we conjecture that the solution to Equation (8.13)
is in any case unique in cohomology.
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Chapter 9

The matrix problem at lower
defects

In order to find a full solution to Equation (8.1), one needs to deal with the case
when the pairing

(F,P) J U932 (UF)P = (F,P)g x
ZQ

is not at top-defect. Indeed, assume we have found FY with defect 2k — 2 such that,
for all defect-homogeneous P of defect 2k —2, we have (FO, P)gx = 0. The next
step would then to find a polynomial F! such that for all P! of defect 2k — 4, one
has

(FO+FLPh x =0. (9.1)
We can assume the defect of F! to be 2k, so that Equation (9.6) will hold for

P of defect 2k —2 as well. Inductively, the full solution of (8.1) will be a sum
F=F +F 4...+ F ! such that

(FO+Fl . +F L P g =0

for all P, and with defect-homogeneous F' with defect 2k +2i — 2.

For the solution of (9.1), we notice that the pairing (F!,P)gx for P of ho-
mogeneous defect 2k — 4 is still a top-defect pairing. Moreover, recalling that
deg F;,k =2k —1and degP =3g —4, F;,k and P must be sums of the monomials

lel/nl = BuTmyMmykraigkolma with 0<ny < a, a1+ 1y <k—1
sz,nz — PO N2y k27 a24392— e with 0 < np < ap < k—2.

Therefore, the pairing at these defects is described exactly by the matrix My_; and
Equation 9.6 is equivalent to the following.

Theorem 9.0.1. Let FO be the solution to Equation (8.1) at top-defect, define the vector
Waym, = (F, P%lz,n2>g,kr with0 <ny <ay <k—2.

Then solving Equation (9.6) is equivalent to finding a vector v! such that

\)1 Mk,1 = W.
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Notice that the entries of vector w of the statement of Theorem 9.0.1 are the
result of pairings of defect two less than the top one. In order to make such a
pairing more tractable, we perform a change of variables for F and P.

9.1 Rationalizing the generating function

Recall that in searching for a solution to Equation (8.1), we adopted the intersection
formula of Corollary 7.3.4 by choosing the polynomial Q = —Ay?/2 — Cy*/4.
However, the formula is valid for any polynomial multiple of y?, with any number
of formal variables. We will use a polynomial which will yield a rational generating
function.

In particular, we choose

QF =2 J arctanh(Ay + Cy3)dy

Qf =2 J arctanh(Ey + Hy®)dy.

This amounts to a change of basis for the spaces of polynomials F and P.
Definition 9.1.1. Define © : Cl«, 3,v,u] — Cl«, 3,7V, u] via the following rules

o @ is C[B,ul-linear;

o ®(aty)) = (-2)"tI+10% |, % |._, Jarctanh(Ay + Cy?)dy.
Proposition 9.1.2. Let Q € Cle, 3,7, u] be any class, then

o(Q)=0+06

with def(®) > def(Q).
Proof. Write

A3 +3C A5 +5A2C
< yt+ G Yo +.

Q= 2Jarctanh(Ay + Cy?)dy = Ay +

=) Pn(A Q™"
n=1

where the Py’s are polynomials with rational coefficients in A and C. Therefore
we have

o0

Qe =2 n((n—2)ap—(n—1)y)p" 2Pn = —2aA —2yC+r

n=1

with r = r(«, 3,77, A, C) with defect 4.
Thus we can write exp(Q (2)) = exp(—2(xA +vC))exp(r) so that

aRaEeXP(Q(z)Hé
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— Z (m) (ﬁ)a}\ajcexp(—Z(ocA—i-yC))aECiag_jexp(r)‘;\_o.
o<icm N v/ N c=0

0<j<n

Now we have that

defa}’\l_iagfjexp(r)};\ 0=2(m+n—1i—j)
Cc=0

and 9% ajCexp(—Z(ch +vC)) ]ézg = (—2)"Y aly). This completes the proof for the

classes of the form o«™y™, the term x™y™ corresponding to the term (i,j) = (m,n)
in the above sum, and O being the remaining terms. The proof for monomials
which contain u and 3 follows immediately, as long as the proof for any class, by
CI[B, ul-linearity. O

By ordering the monomials in Clx, 3,v,u] in any way such that Q; < Q, if
def Q; < def Q,, we have by Proposition 9.1.2 that ® = Id + T where T is a strictly
lower triangular endomorphism of C[«, 3,7y, u] so we have the following.

Corollary 9.1.3. The endomorphism ®@ is a C[3, ul]-isomorphism.

So if we find some F € Cla, 3,7V, u] such that ®(F) satisfies Theorem 8.1.1, the
theorem itself would follow. Notice that the lowest defect part of ®(F) and the
one of F are equal, so the effects of such a change of basis is only seen at higher
defects.

After substituting the power series QF and QF in (7.16), we make the change
of variables B = A + Cy? and ] = E + Hy?, to obtain

L W93 2kexp(Qhy) + Qhy)) = (9.2)

o (B4 (B+]+ (C+Hy?— (B2H+J>C)y*)9(1+ BJy?)?2
Ty (1—B2y?)(1— J2y?))0 2 '

= yREg Rg,k(Bz C/ II sz)

up to some non-zero constant depending only on g. When multiplying the inte-
grand by T(), the substitution rule becomes

(B+J)y?

2
By, u— 1B

Notice that in this way, the generating function in (9.2) has become rational.

9.2 The general matrix pairing

We now write the most general matrix pairing, valid for F and P of any defect, in
the basis obtained by the automorphism ®. We let F to be double homogeneous of
degree 2k — 1 and defect 2k +-2(e —1), and P to be double homogeneous of degree
3g —4 and defect 2k —2(d +1).
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Then uF must be a linear combination of the terms

0<n <ay,
Flec,allnl = Bal—nlynluk—al—i—eka—a1—n1—e, with a; +mny < k—
0<eg<k—1

Notice that for e = k, the only possible class is u?*, which gives automatically zero
when multiplied by w3932k 55 we do not consider such case.
Similarly, P must be a linear combination of the terms

ny < azgk—l—d,
d<k-1

NN

0
d . a,—mp Ny, k—1—a—d .,3g—3—a;—ny+d :
PL apm, = B2 M2y 27 %9 2724 with {0

Notice that all the monomials in P with perverse degree at least k will give
zero after being multiplied by an F of perverse degree k, so they can be safely
discarded. Then thanks to Formula (9.2) we have

L w3932k (Ffain,)@ (PE ) = (9.3)

3—3g—k—d+e+a;+ n n 3g—3—axy—my+d k—a;—mj—e
— (_2) g e+aj azaC1|CZOaH2|H:OaIQ 2— N2 ]:OaB 1 1 |B:0‘

'ES(S)UZ(GH_GZ—H]_TLZ) ( Rg,k(B/ C, ]/H,y)

1+ BJy?

We then perform a column operation and ignore the powers of —2 for the
moment: we define the relevant matrix My as follows:

(B + ])y2)2k1a1a2+ed

(M k)d 02,12 . 1 IZ u39*3*2k(p(]:‘e< ai Tll)q)(})]C<1 (12,“2) (9 4)
gRleam T ylk—e—ny—ap)! [, w32k (FL, _ ol ) T

Therefore Theorem 8.1.1 is equivalent to finding a vector in the kernel of M;’k

whose coefficient corresponding to the term B* is nonzero. We now perform a
change of variables to simplify the formula further.

Proposition 9.2.1. Let

(1—-v(1—q)) 9" X+2(1+w(1—q))9*
(1—q)2972(1 —v)29-X=2(1 + qv)9~!

vg,k(X/ Z/ q/ vlw) -

Then we have

(Mgi)&@m2 = Res Vi (n, az + ny — e)dqdvdw

€,a1,m qv,w=0 qd—e+1vk—a1—n1—e+lwn1+1 (95)

Proof. We have to perform some algebraic manipulations of (9.3). Notice that

(B + ])2](717(117a2+67dy2(2k717]’117ﬂ2+67d) R
(1+BJy2)2kT-ai—axte—d gk

akfalfnlfe

¢ lc=00} ¢ lH=00g lB=0 ngg

is a monomial in ] of degree 3g —3 — a; —ny + d, which is precisely the order of
J-derivative we are going to take. Therefore, the effect of the J-derivative is the
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same as setting ] = 1 and multiply by (3g —3 — a; —ny + d)!, which is a factor
only depending on ay, ny and d, which will be simplified out in the ratio (9.4), so
it can be discarded.

Then notice that applying 91|—o amounts to multiplying by y?(1 + B?y?) and
lowering by 1 the exponent of the factor (B +1+ (C + H)y? — (B*H + C)y*), and
eventually setting H = 0.

After these manipulations we are left with

d,armn, _ k—aj—mq—
(Mgi)eaims = 0¢'lc=0dg ™ “lp—o-

Res BT 1)2973aimamdre(g 4 14 Cy? — Cy*)9 ™ (1 + By?)raatd—et
y=0 my!(k—a; —ng —e)ly2(d—etn)+1(] - B2y2)29-m2-2(] —y2)29-2

—  Res (B +1)29737a1*az*d+e(B +1+Cy —Cy2)9*“2(1 +By)a1+a2+d*e*1

= B,C,y=0 Cn1+1Bk—a1—n1—e+1y d—e+n1+1(1 _ BZy)Zg—nz—Z(]_ _y)29_2

in which we also changed variable y? ~ y (the ratio in formula (9.4) is implic-
itly taken here since the corresponding denominator is easily seen to be 1). By
rearranging the factors, we find

d,ayn; _
(Mg i)eain; =

C Res < B+1 )k—a1—n1—e+1< B+1 >TL1+1( 1+By )d—e+1
~ B,Cy=0 \ B(1+ By) Cy(1+ By) y(B+1)

(B+1)29 k—4~@+e(B 414 Cy— Cy?)9 ™2(1 + By)k—e*+%2ydBdCdy
(1—B2y)29—m2=2(1 —y)292

Thus we perform the change of variable

_y(B+1) v_B(l—i—By) W_Cy(l—i—By)
~ 1+By’  B+1 = B+1

which after some computations and substituting X = n,, Z = a; +n; exactly gives
Formula (9.5). O

Remark 9.2.2. Notice that the V, (X, Z;v,w) in the proof of Proposition 8.1.3 is
just the one of Proposition 9.2.1 when setting q = 0.

Motivated by Proposition 9.2.1, we consider the map
evi : C[X, Z] — C*FHD/2 - evy (p) = (p(n, a +1))ocncack_1,
then the full statement for Bk, at all perversities, is the following.

Conjecture 3. Let k > 1. Then there exist complex numbers Alf,n,e fore=0,...,k—1

and 1+ 2n < k — e such that, for all d =0,...,k —1, we have

Ln,e PEETS eSS € Ker(evk_q).

vow=0
e=0l+2n<k—e av.w

We will see how, through this formalism, we can find the next term F! of the
solution to Equation (8.1).
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9.3 The second term

We let
(x Z;t):= (1+ )4 21 +20)X

so that py (X, Z) = Resi—g tk L Ho(X, Z; t) are the polynomials of (8.5). Recall that
the key relation was

t2

)9 2142009V, ( X,Z,0,—t, ——
(1+) (+ ) k</ 10/ /1+2t

> = KO(XI Z; t)

so that the coefficients of F¥ are the ones of (1 +1t)97%2(1 + 2t)9 multiplied by

different powers of the factors (—t) and namely

+2
1+2t’

Ak Res dt (—t)t t n(1+t)9_k_2(1—|—2t)9
b0 R ket 1+2t '

Thanks to Proposition 9.2.1, we see that our goal is to find }‘]f,n,l such that

Vi (X, Z; q,v,w)dqdvdw
k k

D Mno Res EvlFlwn+l T
14+2n<k

+ Z )\]l(nl Res vk—l(X/Z;O,V,W)dVdW

WES PP € Ker(evy_1).

l+2n<k—1

For the next term, we are interested in 94 Vi, so we compute (we omit X and Z
for notational convenience):

d
Res " 3 Vi(4,v,w) = 3glq=oVi(q,v,w) =

= —v0, Vi (0,v,w) — (w— v(ll_—{—vw)> 0w Vi (0, v, w)+
. (2(19 —0_v+v) v —(g—1)(2 —V)V) Vi (0,v, W)
—v 1—v 1—v

and after some straightforward simplifications we have

Reg C(:gvk(x, Z;q,v,w)=(1 —v)&39Fk=1(1 4 )9 X
q:

The following Lemma is proven by an explicit computation and induction on
k.

Lemma 13. For polynomials p and q in X and Z and k > 1, write p =y q meaning that
evi(p —q) = 0. Then we have

dt o t2 dt3g+2Zt—k—2 t?
=11 Res Vi(X,Z;0, —t, ——
Res gy X 20—t o) S Res oy 1+t ( 1+2t)
dt 9 t2 dt g—X t?
Vi 1(X, Z; )=, Res V(X Z;0,—t, — ).
Res T gy k11X 20—t ) S Res 15— 2(141)2 (X, 20—t 7777
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Actually we can get an explicit solution from the expression of 0y |,—9 and
from the equivalences just stated, together with the obvious Vi =y, , 0.

Proposition 9.3.1. Let

Hl(X,Z,t) =
_ —2 3g+Zt—k-2 t2
=1+ X14+200% (g—1-9 —X
A+07 71 +207 g t11 vt TN

and let dt
X = —Res —H;(X, Z;t).
pk,l( /Z) tgg tk 1( /Z )

Then the entries of the vector

. 1
Vi1 = (DzDX _1]z259-x—1PKk1(X, Z))112n <1
X=g

are the coefficients of the solution F* to Equation (9.1).
Proof. Recall from Remark 8.1.5 that letting
dt
1) e z-2X X — .
then if we define
Vo = (D%D§,71|Z:§(gfk72pk(xrZ))l+2n<k
=9

then vy oMy o = 0. Now, the statement of the Proposition is that
Vi oMy1 + Vi 1My 10 = 0. (9.6)

To prove Equation (9.6) we notice that

tH—Zn

W(HMX, Z;t)+ (n+DHo(X, Z; 1))

DYDY Hi(X, Z;t) =
and that degpy 1 = k —1 where degZ = 1 and deg X = 2. Therefore vy 1My_1y,

when writing out the definition, is the (values in X and Z) of the Taylor expansion
of 2
"1+2t
t2 t2 t2
Lo 1o Ve 20t

)+ (9.7)

dt
Res tfk(Hl(Q,39 —k=L Vi 1(X, Z;0, -t

_HO(QI 39 - k_ 1; t) (tavkal (X/ Zr 0/ _t/

On the other side, since
tl+2n

DLDL Ho(X, Z;t) = ———
2Dx,1Hol ) (1+2t)n

Ho(X, Z; t)

we have that vy oMy 1 is the Taylor expansion of

du 2

dt
R -
= 142t

t,u=0 tk+1
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but now we notice that

d t?
—Res Ho(g,39 —k—2;t)Vi (X, Z;u, —t, 1+2t)+

t2
tH —k—1,t)\Vik1(X,Z,0,—t, ———
+ 1(9/39 s ) k 1( v 10/ 1+2t)+

t2
_tHO(g/ 39 —k— 1/ t) (tavvk—l (X/ Zr O/ _tz @ )+

2 2
X, Z; _
1+2ta wVie1(X, 2,0, — 1+2t))

=1+t X1 +20)%Q2+g(t—2)+t(Z—X))
and it is easy to see that
Res dt
t=0

1+t XA +20)0%2+g(t—2)+t(Z—X)) =0
tk—l—l

for X > 0, Z > 2X and Z — X < k —2. Noticing that vi oMy 1 +vi,1My_1, is just
the vector of the values in the region just considered, this completes the proof. [

9.4 Conclusions

In order to find the full solution to Equation (8.1), one needs to find the coefficients

Aty o of Conjecture 3 for all e < k—1. We have not been able to find the higher
generating functions He, though the key to deal with higher g-derivatives of Vi
seems to be the following relation

v w v(14+w(1—q)) B

O T Cer B i) LA
B ( 2(g—1) _ v(l+v) vz—(g—l)(Z—v)v> v
S \1=q)1=v)(1+qv) (1—q)1—v)(1+qv) (1—=v)(1+qv) b

satisfied by Vi.. With this, we can hope to find the lower defects of the solution for
B¥ in a similar way to the one used in the proof of Proposition 9.3.1. For the more
general classes B*~"y", already the problem at top-defect seems to be much more
complicated, and we have not been able to find any higher-defect solution.

Notice also that the higher-defect part of the solution is not unique, since we
can simply multiply the lowest-defect part of the solution for k —1 by u to get a
class which vanishes when multiplied by a class P of defect k — 2. Eventually, the
space of solutions to (8.1) will be an affine space of dimension k.
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