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Chern—Simons Invariants of Torus Links
Sébastien Stevan

Abstract. We compute the vacuum expectation values of torus knot
operators in Chern—Simons theory, and we obtain explicit formulae for
all classical gauge groups and for arbitrary representations. We repro-
duce a known formula for the HOMFLY invariants of torus knots and
links, and we obtain an analogous formula for Kauffman invariants. We
also derive a formula for cable knots. We use our results to test a recently
proposed conjecture that relates HOMFLY and Kauffman invariants.

1. Introduction

The idea of using Chern—Simons theory [5] to compute knot invariants goes
back to Witten’s paper [32] in 1989, when he identified the skein relation sat-
isfied by the Jones polynomial [12]. Though the theory is in principle exactly
solvable, the computations are quite challenging in most cases. One convenient
framework to address such problems is the formalism of knot operators [21].
For torus knots, an explicit operator formalism has been constructed by [15],
that successfully reproduces the Jones polynomial for Wilson loops carrying
the fundamental representation of SU(2).

Several further works have generalized the computation to arbitrary rep-
resentations of SU(2) [11], to the fundamental representation of U(N) [16]
and to arbitrary representations of U(N) [17]. There have also been attempts
to compute Kauffman invariants from Chern—Simons theory. With Wilson
loops carrying the fundamental representation of SO(N), Labastida and Pérez
obtained a simple formula for the Kauffman polynomial [20]. For torus knots
of the form (2,2m + 1), there are formulae for arbitrary representations of
SO(N) [1,29], but they are not completely explicit due to the presence of a
generally unknown group-theoretic sign.

Recently, a simple formula for HOMFLY invariants of torus links
has been obtained by using quantum groups methods [22]. For quantum
Kauffman invariants, L. Chen and Q. Chen [4] had derived a similar formula
but published it only after this paper was submitted. These results encouraged



1202 S. Stevan Ann. Henri Poincaré

us to address the computation of torus link invariants from Chern—Simons
point of view. In this paper, we carefully analyze the matrix elements of knot
operators to produce simpler formulae. Our approach uses only group-theoretic
data and is valid for any gauge group. As an application, we compute the poly-
nomial invariants for all classical Lie groups and for arbitrary representations,
and we reproduce the results of [22].

As explicit formulae are available, torus knots represent an useful ground
to test the conjectured relationship between knot invariants and string the-
ory. The equivalence of 1/N expansion of Chern—Simons theory to topolog-
ical string theory [8] implies that the colored HOMFLY polynomial can be
related to Gromov—Witten invariants and thus enjoys highly nontrivial prop-
erties [19,27]. This conjecture has been extensively checked [17,19,22] and
is now proved [24]. The large-N duality of Chern—Simons theory with gauge
group SO(N) or Sp(N) has also been studied [30]. In [3], partial conjectures on
the structure of Kauffman invariants have been formulated. The complete con-
jecture, that also involves HOMFLY invariants for composite representations,
has been stated by Marino [25].

The outline of the paper is as follows: in Sect. 2 we recall some important
properties of Wilson loops. Section 3 is devoted to the matrix elements of torus
knot operators. In Sects. 4, 5 and 6, we deduce explicit formulae for HOMFLY
and Kauffman invariants of cable knots, torus knots and torus links. Finally,
in Sect. 7 we provide some tests of Marifio’s conjecture.

2. Chern—Simons Theory and Wilson Loop Operators

Chern—Simons theory is a topological gauge theory on an orientable, boundar-
iless 3-manifold M with a simple, simply connected, compact, nonabelian Lie
group G and the action
k 2
S(A)—M/Tr{AAdAJr?,A/\AAA, (2.1)
where Tr is the trace in the fundamental representation and k is a real param-
eter. In this expression A is a g-valued 1-form on M, where g is the Lie algebra
of the gauge group G.
In the context of knot invariants, M is usually taken to be S* and the
relevant gauge-invariant observables are Wilson loop operators. Let K C S3

be a knot and V) an irreducible g-module of highest weight A\. The associated
Wilson loop is

WL (A) = Try, Pexp%A ) (2.2)
K

where Pexp is a path-ordered exponential. In other words, W,%(A) is obtained
by taking the trace on V) of the holonomy along /.
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FiGURE 1. Products of Wilson loops with various orientations

As was realized first by Witten [32], the vacuum expectation value (VEV)

[DIA]WLH(A) - WfLL (A)eSA)

i DATSA : (2.3)

W W) -

where the functional integration runs over the gauge orbits of the field, is a
framing-dependent invariant of the link £ =K, U--- UK.

Indeed, W) (K) = (W) reproduces the quantum invariant obtained
from the category of U, (g)-modules. In this paper we shall encounter colored
HOMFLY invariants HY (t,v) corresponding to the group U(N) and colored
Kauffman invariants K (¢, v) corresponding to the groups SO(N) and Sp(N).

The VEV (2.3) can be computed perturbatively or by nonperturbative
methods based on surgery of 3-manifolds. In this paper we consider these later
methods, in particular the formalism of knot operators. Before turning to knot
operators, and restricting to torus knots, we review some properties of Wilson
loops.

2.1. Product of Wilson Loops with the Same Orientation

We provisorily take G to be U(N) for definiteness. Representations that label
Wilson loops are usually polynomial representations (those indexed by par-
titions). When we write WX for a Wilson loop or W, (K) for an invariant,
we implicitly assume that the representation with highest weight A € A‘I;, is
polynomial, so that we can symbolize A by a partition.

The first relation to be mentioned is the well-known fusion rule for
Wilson loops. For an oriented link made of two copies of the same knot, with
the same orientation for both components (as in Fig. 1a for instance), one has

(WEWR) = D N{.(WD), (24)
veP

where & is the set of nonempty partitions and NY ,, are the coefficients in the
decomposition of the tensor product
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V@V, =P Ny
ve?
They are called Littlewood-Richardson coefficients for U(N).

Formula (2.4) is extremely useful, since it reduces any product of
Wilson loops that share the same orientation to a sum of Wilson loops. It
only applies to links composed by several copies of the same knot, but this is
not a restriction for torus links.

For other Lie groups the same formula holds with different coefficients.
For SO(N) and Sp(N) they are given by [14,23]

| A v
MY, = > NNk Nj.. (2.5)
a,B,y

Here the sum runs over 22 U {()}.

Remark 1. Formula (2.4) has to be understood as a regularization for the
product of two operators evaluated at the same point. It extends the relation

WX (AW (A) = > NS, WE(A) (2.6)
veP

between the functionals WX (A) to the quantized Wilson loops. We derive
(2.6) by noting that the holonomy Uy is an element of G; hence it is conju-
gate to an element of the maximal torus of G [13]. Furthermore, Try, is the
character of V) as a function of the eigenvalues, and the product of characters
is decomposed as the tensor product of representation.

2.2. Product of Wilson Loops with Different Orientations

The need to consider all rational representations appears when one deals with
both orientations for I (as in Fig. 1b for example). The product of two
Wilson loops W/\’C and W;’C, where —/C denotes K with the opposite ori-
entation, cannot be decomposed as above. In the formalism of the HOMFLY
skein of the annulus [9], one would have to use the basis of the full skein,
indexed by two partitions. In Chern—Simons theory the same role is played by
composite representations.
Composite (or mixed tensor) representations

A 4 I
Ving = 2 (COVING NGV, @ Ve
v,

are the most general irreducible representations of U(N), where the sum runs
over partitions and 7 is the partition conjugate to n (the transpose Young
diagram). More details on composite representations can be found in [10].

It is straightforward to derive a fusion rule for WfW;’C by decomposing
mixed tensor representations. Let Ux be the holonomy along C; then

WIW, % = Try, Ug Try, Ug!
= TI‘VA U)C TTTMUK

= TrVA@W UIC~
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One has the following decomposition of V) ® V# in terms of composite repre-
sentations [14]

V)\ ®v = Z N?i\uNéluV‘[??»C]'
YRS

If we denote by V\/’ff7 < the Wilson loop in the composite representation Vi, ¢,
we get the fusion rule

(WEW, %) = 3 NANE(WE ). (2.7)
n,v,¢

Remark 2. Since V) gy = Vi and Vjg \; = VY, one has
WEg =Wy and Wi, =W~

More generally Wfi by = W[;)CA}

We can as well consider product of Wilson loops carrying composite rep-
resentations and write a fusion rule for them. It is given by [14]

IC IC _ A v 13 ¢ Ic
(WEKaWE) = D D (ZNm nﬁ) (ZNﬁsN?w> N&y Ns(Wig -

a,8,7,6 §,¢ K

2.3. Traces of Powers of the Holomony

As will be illustrated later in this paper, traces of powers of the holonomy
along a given knot play an important in the gauge theory approach to knot
invariants. In fact, such composite observables can be decomposed by a group-
theoretic approach.

Given a knot K, the holonomy Ug is conjugate to an element in the
maximal torus of G and we already mentioned that

Try, Uk = cha(z1, ..., %), (2.8)

where chy is the character of g and z1,..., 2. are the variable eigenvalues of
Uyg (r is the rank of G).
The trace of the n-th power of the holonomy is then given by

Try U = cha(27, ..., 7). (2.9)

Let Aw be the weight lattice and W the Weyl group of G. Equation (2.9) is
obtained from (2.8) by applying the ring homomorphism
U, : Z[Aw]Y — Z[Aw]Y

et Pz

which is called the Adams operation. Since the characters form a Z-basis of
Z[Aw]", there exist integer coefficients cX ,, univocally determined by the
decomposition of ¥, chy with respect to the basis (Chv)ueA;‘V:

U, chy = Z cX.n chy (2.10)

+
I/EAW
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FIGURE 2. Knot lying on a surface (torus knot)

Hence we have obtained the following formula:

TraUp = Y &, Tr, Uk (2.11)
vey

The coefficients ¢, depend on the gauge group, and for clarity we will denote
those by ay ,, for U(N) and by b ,, for SO(N).

Remark 3. In the case of U(N), the above formula is an easy generalization
of

Tr UL = Z XA(C(n))TrV,\ U}C, (2.12)
ANEL,

where x, is the character of the symmetric group Sy in the representation
indexed by the partition A and C(, is the conjugacy class of one n-cycle in Sy .
This formula is precisely (2.11) for the fundamental representation of U(N).
As we will see later, the coefficients af , can be expressed in terms of the
characters of the symmetric group.

3. Knot Operators Formalism

We move towards the study of Wilson loop operators associated with torus
knots. The main result of this section is a formula for the matrix elements
of torus knot operators that is much simpler than the one of Labastida et al.
[15]. Eventually, we will provide a simple formula for the quantum invariants
of torus knots.

3.1. Construction of the Operator Formalism

If a knot K lies on a surface ¥, the Wilson loop associated with I can be
represented by an operator Wf acting on a finite-dimensional Hilbert space
H(Y). For example, the trefoil knot pictured on Fig. 2 lies on the torus T?,
and hence can be represented by an operator on H(T?).

In the case of torus knots, an important achievement of [15] is the con-
struction of the operator formalism that was just alluded to. The original
paper treats the case of U(N) and arbitrary gauge groups are addressed in
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Ficure 3. Wilson loop Wg\l’o) around the noncontractible
cycle of T?

[20]. H(T?) is the physical Hilbert space of Chern—Simons theory on R x T?,
which is the finite-dimensional complex vector space with orthonormal basis

(Ip+X): A e A (3.1)

indexed by strongly dominant weights. Each of these states is obtained by
inserting a Wilson loop in the representation A along the noncontractible cycle
of the torus (Fig. 3). The state |p) associated with the Weyl vector p corre-
sponds to the vacuum (no Wilson loop inserted).

To be more rigorous, one should restrict (3.1) to integrable representa-
tions at level k. However, one can show that, provided k is large enough, all
representations that arise from the action of knot operators are integrable.
Hence, we formally work as if k were infinite.

We denote by T7, the (n, m)-torus link. T?, is a knot if and only if n and

m
m are coprime. We denote by Wg\"’m) the corresponding torus knot operator.
The following formula is due to [15] for the group U(N) and to [20] for an
arbitrary gauge group:

W™y 2 9 3.2
) I;:J exp [WkaJréu + 2mig k S g | ). (3.2)
ue€ My

In this formula, M) denotes the set of weights of the irreducible G-module
Vy, y is the Dynkin index of the fundamental representation and ¢ is the
dual Coxeter number of G. The quantization condition requires that 2yk is an
integer.

Expression (3.2) is actually more complicated than it seems, because not
all weights p + nu are of the form p + v for some v € A'JV. Hence, it is very
difficult to get tractable formulae for (WX) from (3.2). To simplify the com-
putation of the invariants, we shall provide simple expressions for the matrix
elements. This result has been established in our master’s thesis [31] for the
group SU(N).
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3.2. Parallel Cabling of the Unknot

To begin with, we consider an n-parallel cabling! of the unknot represented
by the operator Wg\n,o). It may look a bit awkward to consider such an oper-
ator, but if we manage to cope with the exponential factor we can reduce any
W(A"’m) to Wg\n,o). From our considerations on powers of the holonomy, it is

clear that
Wg\’fho): Z CK,nW(uLO)

T
veEAY,

As a result of this operator expansion, and since WE\LO) lp) = |p+ A), we
get the formula

n,0 v
W = ST &) (33)
VEA;rV

This equality can also be proved from the explicit representation of Wg\n’m)

on H(T?). More details are given in Appendix A.

3.3. Matrix Elements of Torus Knot Operators

To deal with the generic torus knot operator Wg\n’m)

operator

, we introduce a diagonal

Dip+ X) = 2™ leix|p 4 ),
where
h, = =p
P 2(2uk + @)
is a conformal weight of the WZW model. The action of Wg\n’m) and Wg\n,o)
on |p + n) differ only by an exponential factor, which is

P O n 2m 1 mmi [( Fp)? — 2]
ok + e T ogk v H| T nayk 1o WP TS TR
It follows immediately that
) 0y —
wim™ — pw(mD-1 (3.4)

)

Using this result and our discussion on Wg\n,o , we obtain a simple formula for

the matrix elements of Wg\n’m):
W) = 37 K E o 4 v, (3.5)

+
veEAY,

Remark 4. This formula contains the same ingredients as Lin and Zheng’s
formula [22] for the colored HOMFLY polynomial. One of our goals was to
reproduce this formula in the framework of Chern—Simons theory.

1 Here parallel cabling is not to be understood in the classical sense. Usually the n-parallel
cable of a knot is a n-component link, which should be represented by the product of oper-
ators (Try, U)™. In our case, the n-parallel cable is the quantum quantity Try, (U™).
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3.4. Fractional Twists

Formula (3.5) resembles a result of Morton and Manchén [26] on cable knots,
to which we shall return in Sect. 4. Following their terminology, we shall refer
to D as a fractional twist. In fact, there are intrinsic reasons in Chern—Simons
theory to refer to D as a fractional twist.

We recall that the mapping class group of the torus is SL(2,Z). It
has two generators, T and S; the former represents a Dehn twist and the
later exchanges the homology cycles. There is an unitary representation
R :SL(2,Z) — GL (H(T?)) [6], and T acts by

R(T)|p) = e>™ (v ¥12)|p)
where
_ 2ykdimg
k4
If we redefine D to act as
D|p) = > (i) ),

formula (3.4) remains true and we can consider D as the -th power of R(T).
Furthermore, SL(2,Z) acts by conjugation

RM)W ™ RM) ! = WM (3.6)

where (n,m)M stands for the natural action by right multiplication.

m
n

If we define T™/™ = (é ! ) and extend R to such elements, then D =
R(T™/™) and formula (3.4) also extends to

R(Tm/n)wg\n,o)R(Tm/n)_l — WE\n,O)Tm’/" _ Wg\n’m).

With this identification it is clear why T™/™ (and its representative D) should
be called a fractional twist. It is, however, less obvious that R extends to T™/™.

Remark 5. Any torus knot can be obtained from the unknot by a complicated
sequence of Dehn twists along both homology cycles. With a fractional twist
we obtain T}, in one step from n-copies of the unknot.

Our computations indicate that fractional twists have simple actions on
Chern—Simons observables (at least on torus knot operators). Hopefully, frac-
tional twists apply to more general knots.

4. Invariants of Cable Knots

We extend our analysis to cable knots from the point of view of Chern—Simons
theory. Consider a knot K C S? and its tubular neighborhood 7i. Let @ be
a knot in the standard solid torus 7 and ix : 7 — 7 the embedding of 7
into 7. The satellite K x @ is the knot ix(Q) obtained by placing @ in the
tubular neighborhood of K. In case the pattern @ is a torus knot, the satellite
is called a cable. Figure 4 illustrates a cabling of the trefoil.
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4

Q=T3 K+Q

FIGURE 4. Cabling of the trefoil knot by the (2, 1)-torus knot
pattern

We follow the procedure described in [32], translated in terms of knot
operators. The path integral over the field configuration with support in M "=
S\ 7k gives a state

{(Onr| € H(0Tk)",

since the boundary of M’ is 07 with the opposite orientation, and the path
integral over 7 gives a state

W™ 6r) € H(T?)
when the pattern T} is inserted in the solid torus. The homeomorphism
ixc|Te T? — 97k
is represented by an operator Fx : H(T?) — H(97x). We deduce the formula

(pnr |F1<W§n’m) |oT)
(b |FrcloT)

In particular, when the trivial pattern T} is placed in the neighborhood 7k,
the resulting satellite is /C:

WH(K*Tp) =

(pnmr |FICWg\LO) |oT)

WA(K) =

(om|FicloT)
Using our relation between Wf\n’m) and WE\LO), we deduce the following
formula for the invariant of cable knots:
WAK «Tp) = > aX e > et W, (K) (4.1)
VEA;rV

for U(N) and the same formula with a¥ ,, replaced by b5 ,, for SO(N). This for-
mula has been proved by Morton and Manchén [26] for HOMFLY invariants.
The analogous for Kauffman invariants seems to be new.
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FIGURE 5. Heegaard splitting of S? as two solid tori

5. Quantum Invariants of Torus Knots

In the preceding we have not specified the 3-manifold M onto which the
knots are embedded, but the construction of the operator formalism implicitly
requires M to admit a genus-1 Heegaard splitting. The case of interest, which
is M = S3, admits the decomposition into two solid tori pictured on Fig. 5.
The choice of a homeomorphism to glue both solid tori together
determines Chern—Simons invariants through the following formula [16]:

PIEW ™))

w(Tn,) = | st (5.1)

where F is an operator on H(T?) that represents the homeomorphism. But
this choice also determines a framing w(K) of the knot. We will correct Wy (K)
by the deframing factor e 27w(K)hoix [32] to express the invariants in the
standard framing.

It is common to glue the solid tori along the homeomorphism represented
by S in the mapping class group (the one that exchanges the two homology
cycles of T?). The framing determined by this choice turns out to be mn for the
(n, m)-torus knot. Its action on H(T?) is given by the Kac—Peterson formula [6]

ilA+

Slp’ :7‘ ‘ —gertapw(®’) 5.9
(pISIp") ok 92 A ; we (5.2)

Depending on the choice of the gauge group, several invariants can be
computed. Our results apply to any semisimple Lie group, but we will restrict
ourselves to classical Lie groups. As it turns out, the group U(N) reproduces
the colored HOMFLY invariants, whereas both groups SO(N) and Sp(N)
reproduce the colored Kauffman invariants.
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5.1. Colored HOMFLY Polynomial

The precise relation between colored HOMFLY invariants and Chern—Simons
invariants with gauge group U(N) is the following:

H;\C(t,’l)) _ e—Qﬂiw(lC)hp+>\ W/\(}C)|e’:+7w1i’= (53)

ttN=v

where t = e™~ and v = tV are considered as independent variables. Since
G = U(N) has been fixed, we have replaced ¢ by N and y by 1/2.

We use the notation Hﬁ\"’m) for the HOMFLY invariants of the (n,m)-
torus knot. It is easy to see that e2 ety = t=*2y~ 1M where s, = Zf(:)‘l)()\i —
2i + 1)\’. By using the action of knot operators,

I_I)(\n,m)(t7 U) _ 6727rinmhp+,\ W (T;zl)|

e_kliiN:t,tN:v
= magymriAl Z a¥  tw T w IV, (TY).
veAT,
The invariant of the unknot W, (T}) is called the quantum dimension of Vj.

Using the Kac—Peterson formula (5.2) and the Weyl character formula, one
obtains

(pISlp+ ) 2mi
WA(TY) = S o—F = chy [————p].
0 (p[Sp) k+N
This expression is a function of ¢ and v given by the Schur polynomial
sa(zh, ..., 2V) evaluated at 2° = V=21 We denote this function by s (¢, v).

Finally, by showing that all v € &2 appearing in the sum satisfy |v| = n|A|,
we obtain the following formula:

H{™ (8,0) = gD N gr =R, (¢ v), (5.4)

lvl=n|A|
This formula has already been proved by Lin and Zheng [22] starting from the
rigorous quantum group definition. This formula is much simpler than the one

originally obtained by Labastida and Marino by using knot operators [17].
For actual calculations the following expression is useful:

v 1
axn = Z ;XA(C/L)XV(Cnu)~

ne@y H
It is easily proved using Frobénius formula for the characters of the symmetric
group.

Ezample 1. Apart from the examples found in [22], we obtained for (3,m)-
torus knots the following results:

HE = gSmybm [ g IS ) 12T 1

H T3 — 1 s (g0 — T s (5)

+t_4m8(5’22) + t_4m8(42_’1) - t_2’m8(4,3,2) + 8(33)]
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H(gam) _ UGm [tflom

H

S6,3) — U " s@,2,0) Tt s618) — 2S5,
+t_4ms(5’22) — 8(5,14) + t_4ms(4z’1) — t_2ms(4’3’2)
+ 15415y + 25(33) — 7" S(32,01) + 1832 18
+t4m3(3,23) - t8m8(3,2,14) - t8m3(24,1) + t10m8(23,13)]
Hé&m) = I [0y — 7 s(32.0,1) + 115 (32,19)
+ 145 (3,00) — 9™ 5(3,2,10) + 253,10

—t8m8(24,1) + t10m8(23713) — t18m8(2717) + t24m8(19)]

Remark 6. For the sake of simplicity, we have restricted our analysis to polyno-
mial representations of U (N); analogous formulae, which will not be presented
there, exist for composite representations. For example, Paul et al. [28] com-
pute such invariants for (2,2m + 1)-torus knots.

5.2. Colored Kauffman Polynomial

Colored Kauffman invariant are obtained from Chern—Simons theory with
gauge group SO(N) by

Kf(t,v) _ e*27‘l’iw(}<)hp+/\W)\(lc)‘ (5.5)

e%;%:t,tlvflzv

For the Lie group SO(N), one has ¢ = N — 2 and y = 1, regardless of parity.
Using the fact that e2™o+x = t=>3¢y~IA the procedure is very similar

to the case of U(N). The quantum dimension of Vy, which is W,(T}), is a

function of ¢ and v that we denote dj(t,v). Thanks to Weyl character formula,

it is given by the character of SO(N); there are explicit expressions in [2].
The final result is the exact analogous of (5.4),

K™ (t0) = trmeogmnM NS gy ey TR, (8 v). (5.6)
[vI<n|A|

This formula had in fact been derived by L. Chen and Q. Chen [4]; the proof
is similar to [22].

The main difference, as compared with (5.4), is that the coefficients b% ,,
are those of SO(N), and they are nonzero also for |v| # n|A|. To express these
coefficients in terms of the af ,, we use relations between characters of SO(N)
and U(N) obtained by Littlewood [23]. There are two formulae that give b

o= DD CDEEENY Y an, > Y (-eiag,

neEP p=p |7|=n|n| fePve?
=2 D (COPENG, S Dy Y NG (5.7)
neEP yeE |T|=n|n| vEP €D

More details, including notations, can be found in Appendix C. In principle
the first formula applies to IV odd and the second to IV even, but they seem
to give the same result. A similar situation occurs for tensor products where
the decomposition does not depend on the parity of N.
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Ezample 2. For (2, m)-torus knots, the colored Kauffman invariants are given
by
K™ = o™ 7m0 ) — 0 d ) + 1]
K™ = ghmotm [ 0my=2md gy — 72 g
(g + 0T () — 0z + 1]
K™ = t74mt ™ [0 d o) — 27072 d 12
ATy + T d ) — 0T d g2y + 1]
G = 12mfm [1 4 g 15my=3mg o — 4= 9my=3my
H Ty ) — T d 5 ) + £ d g
—tE T (g 1) 0T d ) 0T () — 0T d )
Kég"m) =0 [L+ 70T My g) — T g 1) — £ 0T d ey
HET T (g 1) + 0T (g — 0T M d (g2 129
T gy — 40T g )+ 2072 d o
—t2 T (g 12y + 10T d 1) + 2470 M d ) — 20T d (12

KZm) _ p—12m,6m [1 + t3m073md(23) _ t5mv73md(22712)

H

+t9mv73md(2714) — tlvaigmd(le) + tizmd(gz)
7t2m’t}72md(2712) + tGm’U72md(14) + timvimd(g) — tmvimd(p)]

Ezample 3. For (3, m)-torus knots we further obtain

3,m — m
ES™ = o™ [ d(g) — () + 2" d (1)
KE(S[H'TL) — tGmUGm [tflom,ufhnd(ﬁ) _ t*GmU72md(5)1) 4 t72mvf2md(4’12)
+t_2mv_2md(32) — U_de(g’g,l) + t2mv_2md(23) + 1]
3,m —bm _  6m —2m, —2m —2m m,, —2m
KH( ) =46 v° [t Zmgy—2 d(z2y — v 2 d(372’1) + t2my 2 d(g,ls)
+t2m’l)_2md(23) _ t6m’l}_2md(2714) + thmv—de(16) 4 1]
Remark 7. These results are rather simple as compared with formula (5.7) for
the Adams coefficients. We observed important cancellations of terms; thus it
might be possible to simplify (5.7). In particular, Kauffman invariants present

the following recursive structure: K appears in K, K appears in turn in
K, and so on.

6. Quantum Invariants of Torus Links

The formulae for HOMFLY and Kauffman invariants generalizes to links by
using the fusion rule (2.4) and taking into account the framing correction. One
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obtains

(Ln,Lm) __ mnzL, P2 o —mna (n,m)
H>\1’~~7>\L =t ozt T Z N>\1’~~,)\Lt HHH (6'1)
HEP
(L) _ yon SEy s Sl maldal ™ gt gmmne—malul g (nm)
Ay, AL ALy AL iz
nep

for the (Ln, Lm)-torus link. The first formula is equivalent to the formula of
[22] for torus links.

Ezample 4. For (4,2m)-torus links, the colored Kauffman invariants are

KSEP™ = ot [3 4 476m 072 d gy — 47202 g ) o 2072 g
—t2mv*2md(2712) + t6mv*2md(14) + 27" d(g) — 2tmv*md(12)}

K2 = ghmbm [ 10my=3m o My =M g 2SI o
My TG 12y — 26T gy 4 3T TEM g 10y
+t3mv73md(23) - t5mv73md(22712) + 2t76m1}72md(4)
—2t72mv72md(3’1) + 31)72md(22) — thvdmd(z,p)
+O T d ey + AT 0T d ) — A0 d (12) + 3]

Kéjjm) = tAmybm [tif’mvfgmd(zm) — t73m073md(4’12) + t73mv73md(32)
+t3mv_3md(3,1s) + 2t3mv_3md(23) — 2t5mv_3md(22’12)
T g 14y — T )+ 62
—t 72T 1y + 30T P d g2y — 2P0 TP d (9 12)

+t6mv72md(14) + 4timvimd(2) — 4tmvimd(12) + 3]

7. Marino Conjecture for the Kauffman Invariants

Many highly nontrivial properties of the Kauffman invariants as well as their
relation to the HOMFLY invariants might be explained by a conjecture of
Marino [25] that completes the prior partial conjecture of Bouchard et al. [3].
This new conjecture is similar to the Labastida—Marino—Ooguri—Vafa conjec-
ture [19,27] for HOMFLY invariants, but it applies to Kauffman invariants
and HOMFLY invariants with composite representations.

7.1. Statement of the Conjecture

The conjecture contains two distinct statements, one for HOMFLY invariants
including composite representations and one for both Kauffman and HOMFLY
invariants. We first construct the generating functions

ZH(‘C) = Z H[g\l,ul],...,[)\L,ML](tvU)SA1 (X1)8M1 (Xl) T SAL (XL)SHL (XL)

Zi(L)= > Kf 5, (t0)sy (x1) - sx, (x1),
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where all sums run over partitions including the empty one. The reformulated
invariants hy,, . x, (t,v) and gx,,. . (t,v) are defined by

..........

log Zp = Z Do I (0N sn (x7) s, (x])
1 d=1X1,..., AL (7.1)
log Zy — ilogZH = Z Z Irr oo (B 0T sx, (xF) -+ s, (7).

All reformulated invariants can be expressed in terms of the original invari-
ants through computing connected vacuum expectation values, following the
procedure of [18]. We suggest an alternative procedure in Appendix B. For a
knot, the lowest-order invariants are

gD(t’ U) = KE{(t7 U) - H]:[(ta U)
1 1
go(t,v) = Ko(t,v) — iKD(t,v)2 — Hey(t,v) + Ho(t,v)* — iH[D’D] (t,v)

1 1
gE(ta U) - KH(t7 U) - §KD(t7 ,U)Z - HH(ta U) + HD(t7 U)Z - §H[E[,E[] (tv ’U).

More examples can be found in [25]. We now introduce the block-diagonal
matrix My, which is

My, (t) = Z ﬁ —t

vEDP,, i=1

for |A| = || = n and zero otherwise. We finally define

h)\lv---7 Z M)\lp,l M)\_L/,LL (t)huh---JtL (t,’U)

N " B (7.2)

IArs,.., Z M>\1u1 MXLHL( )91 seeespir, (V).
The conjecture states that

E,\hm,,\L € 2L727[2% vt and Grny € 28712z, 0FY,
with z = ¢ — t~'. In other words, there exist integer invariants N N
(¢ =0,1,2) such that
s (50) = 25723 TN g @0 (7:3)

g>0 Q€L

and

-~ _ . L-1 1 2 2 2g+1
Draern (20) = 250N NG a2 00 F N a2 T

g>0QEeZ
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TABLE 1. Integer invariants for the (3, 4)-torus knot

(Mo, o[Q=11]Q=13] Q=15 [Q=17T] Q=19 [Q=21]
g=0 [ —750 [ 3300 | —5590 | 4470 | —1620 | 190
g=1 | —5425 | 27200 | —49845 | 40925 | —14100 | 1245
g=2 | —17325 | 103245 | —208513 | 176489 | —57299 | 3403
g=3 | —32020 | 233835 | —525576 | 457606 | —138841 | 4996
g=4 | —37920 | 348942 | —880083 | 785953 | —221259 | 4367
g=>5 | —30177 | 360999 | —1031637 | 942490 | —244055 | 2380
g=6 | —16472 | 266337 | —873189 | 814080 | —191572 | 816
g=7 | —6175 | 142083 | —543170 | 515506 | —108415 | 171
g=8 | —1561 | 54921 | —250153 | 241067 | —44294 | 20

g=9 | —254 | 15227 | —85099 | 83052 | —12927 1
g=10 | —24 2050 | —21102 | 20801 | —2625

g=11 -1 379 —3707 3681 —352

g=12 29 —437 436 —28

g=13 1 —31 31 -1

g=14 -1 1

7.2. Direct Computations

We now proceed to various tests of the conjecture for torus knots and links
using formulae (5.4) and (5.6). Unfortunately, we cannot test the conjecture
for all torus knots at once, and since the complexity increases rapidly, only the
cases (2,m) and (3,m) are tractable.

In principle the integer invariants can be computed as functions of m
(though they are in infinite number if m is not fixed). In practice, however,
we had to fix m to obtain results in a reasonable amount of time. We have
obtained generic results in a few cases, to which we shall return later on.

For (2, m)-torus knots, we have checked the conjecture for various values
of m and for several low-dimensional representations. Most of these tests had
already been made by [25], using the formulae of [1] for Kauffman invariants.
Recently, analogous tests have also been made for this class of knots with
nontrivial framing [28].

For (3, m)-torus knots, we were able to verify parts of the conjecture. As
an illustration, we have compiled the integer invariants ./\/Dlj 4.0 of the (3,4)-
torus knot in Table 1.

We further have proceeded to nontrivial checks of the conjecture for
(2,2m)- and (4,2m)-torus links. For definiteness, we consider here the two-
component trefoil link Tg¢. We have obtained

G = (360° — 18007 + 288v° — 144v3)z + (57v” — 45307 4 9120° — 5160°)23
+(360° — 49407 +12860° —828v°%) 2% + (1007 — 28607 + 10010v° — 72503)27
+(v? = 910" + 4550° — 3650%)2% — (1507 — 1200° + 1050%) 2"
— (0" =170 4+ 160%) 213 4 (v° — v3)21P

)

from which the integer invariants can be read. We have also compiled the
invariants ./\/‘DQH’D; 4,0 Of the same link in Table 2.
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TABLE 2. Integer invariants for the (4,6)-torus link

(VEeg [@=7] @=9 [@=T[Q=T8[@=15]

g=0 | 1512 | —5292 | 6804 | —3780 | 756
g=1 | 10206 | —35847 | 44037 | —22113 | 3717
g=2 | 30177 | —108507 | 127764 | —57204 | 7770
g= 51554 | —193977 | 220023 | —86738 | 9138
g=4 | 56536 | —227868 | 250418 | —85792 | 6706
g= 41817 | —185180 | 198272 | —58102 | 3193
g=6 | 21318 | —106758 | 111925 | —27472 | 987
g= 7505 | —44024 | 45393 | —9065 | 191
g=8 | 1792 | —12902 | 13135 | —2046 21
g= 277 | —2624 | 2647 | —301 1
g=10 25 —352 353 —26

g=11 1 28 28 -1

g=12 -1 1

It is interesting to remark that in the above formula all Ngﬂ; 4.0 vanish.

For torus knots it is the case that NEQ[’ 5.0 = U, because of Labastida—Pérez
relation [20]

1 n.m n,m n,m
5 [KS ™ ) = K (=2,0)| = HE (z,0)
between the HOMFLY and the Kauffman polynomials. But this relation does

not hold in for torus links, and we suggest that an appropriate generalization
is

1 |:K(2n,2m) (2n,2m)
2

55+ Rop ™) - KO RS = HEGTEy + Heilom (14
for two-components torus links, where the bar stands for the substitution
z— — z. More generally, we are led to conjecture that ./\/DQ,_“D;g o = 0 for
any torus link.

We return to the computation of the integer invariants as functions of m.
Formally A \.g.Q 18 a polynomial in m with rational coefficients, enjoying the
following properties: for each m such that ged(n,m) = 1,

(i) NY, o is an integer;
(i) N, o vanishes for large g and large |Q|.
For the (2, m)-torus knot we were able to perform the computation for the

representation m and for g = 0,1, 2. The results are compiled in Table 3. The

fact that these complicated expressions are indeed integers is not completely
trivial: let us show for instance that

L ~ m*(m?* — 1)(2m + 1)(339m? + 296m — 259)
5760

,2,3m —
Let p(m) = 339m? + 296m — 259. We test the divisibility of the numerator by
5760 = 27 - 32 - 5 for m odd.

SV
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TABLE 3. Integer invariants for the (2, m)-torus knot

o] @ ] Ba.Q l
2m %ng—l)(mZ—i-m—&-Zl)
2m + 2 2 (m® + m® +2m — 1)
0|2m+4 2 (m? —1)?
4m 1
2m %(m2 —1)(2m® +3m? —m —5)
1|2m+2 2 (m? — 1)(2m® 4 3m® — 2m — 6)
2m +4 2 (m = 1)(m+1)*(2m* +m — 9)
2m 2 (m” —1)(3m® + 6m™ — 15m® — 31m” + 12m + 33)
2| 2m+2 2 (m? — 1)(m® — 4)(3m® + 6m® — Tm — 12)
2m£4 | 25 (m— 1) (m+ 1)*(m + 3)(3m® — 6m* — 16m — 31)
l 9 [ Q [ EID,g,Q l
2m =+ 1 FZ(m®+m” +3m+1)
2m £ 3 £2(m —1)(m + 1)
0|3m—2 —Z(m+1)(2m+1)
3m m2(2m + 1)
3m+2 —%(m—l)(Qm—}— 1)
2m =+ 1 T2 (m+1)2m" +m® + 12m° —m — 2)
2m £ 3 2 (m —1)(m +2)*(m + 2)(2m — 3)
1]3m-—2 2 (m+1)(2m + 1)(9m> + 6m — 7)
3m 22 (m +1)(2m + 1)(9m — 5)
3m + 2 2(m® — 1)(2m 4+ 1)(9m — 7)
2mE 1| Fa(m®—1)(Bm® + 6m" + 35m” + 48m” — 8m — 8)
2m + 3 + 4 (m — 2)(m — 1)(m +1)*(m + 2)(m? + m — 4)
2| 3m—2 | —z&(m?® — 1)(226m* + 651m> — 247m> — 259m — 149)
3m %.Zu(m2 — 1)(2m + 1)(339m? + 296m — 259)
3m+2 | 25 (m® — 1)(2m + 1)(339m® — 215m” — 635m + 447)
o] @ ] D0 l
2m —m(2m + 1)
0|3m=+1 Fm2(2m + 1)
4m m(2m + 1)
2m +Im(m+1)(2m+1)(2m —1)
1|3m+1 Fogm?(m+1)(9m — 5)
4m tm(m+1)(2m + 1)(2m — 1)
2m —m(m*—1)2m+1)(2m — 1)(2m + 3)
2 [ 3mE1 | F225(m® — 1)(2m + 1)(339m® + 296m> — 259)
4m =(m® —1)(2m+1)(2m — 1)(2m + 3)

(i) Divisibility by 5: since p(m) = 4m? + m + 1 (mod 5), we see that
{m,m —1,2m + 1,p(m), m + 1} always contains a multiple of 5.
(ii) Divisibility by 32: we observe that p(m) = 2m + 2 (mod 3), hence both
sets {m,2m + 1,p(m)} and {m,m — 1, m + 1} contain a multiple of 3.
(iii) Divisibility by 27: one has to consider classes modulo 16, in particular
p(m) = 3m? 4+ 8m + 13 (mod 16). For m = 1 (mod 8), we have two
multiples of 8 (m — 1 and p(m)). Similarly for m =7 (mod 8). In both
cases there is an additional even factor (m+1 resp. m—1). If now m = 3
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(mod 8), then p(m) is a multiple of 16. Also m +1 is a multiple of 4 and
m — 1 is even. Similarly for m =5 (mod 8).
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Appendix A. Action of the Knot Operators on H (T?)

This appendix is devoted to the proof of formula (3.3) for the action of Wg\n,o)
on |p). Though it can be deduced from generic considerations on Wilson loops,
we provide an alternative derivation starting from the action of torus knot
operators on H(T?).

Our considerations are based on the following remark: the basis elements
of H(T?) are anti-symmetrized sums over the Weyl group

p) = Y (=1, (A1)
wew

where f? is some complex function that admits a Fourier series expansion [15].
Hence we can work with the formal anti-symmetric elements

A= 3 (-1
wew

in Z[Aw] and translate the results to H(T?).
We derive the required formula

Slptnpy= > &, (A2)
ne My vEAW

from simple properties of the Weyl group and of the weight lattice.
Lemma 1. The following equality holds in Z[Aw]:

D Aptne = Y KnAotw,
pne My vEAW
where cX ,, are the coefficients of the Adams operation (2.10).

Proof. Using the fact that the set of weights is just permuted by the Weyl
group, we immediately obtain

Z Apinp = Z Z ywewlptnun) — Z et Z (—1)wew()

pneMy neEMy wew ne My wew
= (¥, chy)A E cxnch, A,
vEAW

and the conclusion follows from Weyl character formula. g
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Some further properties of Wilson loops can be checked explicitly for
torus knot operators using similar arguments [31].

Appendix B. Computation of the Reformulated Invariants

In this appendix we give explicit formulae for the reformulated invariants
ha(t,v) and gy (¢,v). Since we shall be dealing with finite collections of all differ-
ent partitions, it is convenient to introduce the set N[#] of finitely-supported
functions & — N. If we use elementary functions

ex: Z — N
,LL'—)(S)\/J.7

each A € N[Z] can be written as
A= Z nA(A)G)\,
AeZ

where ny = (na(A)),cp is @ sequence with finite support. Let also |n| =
> e Na(N) and

1Al =" na(V)A-
re
We introduce the following combinatoric object: N is defined as
H chnA(A) Z N ch,,
Az nez?

Clearly, the above sum is finite and only runs on elements such that |n| = [|A]|.
Because of composite representations, we also need two-variables poly-
nomials N[Z, &]. Introducing the elementary functions

exp: x¥ — N
(Oé, 6) _ 5>\o<6p[37
we can write A € N[P H] as
A= Z na (A, p)ex .
ANUEP

We define as before

1Al = > (na(A\ p) +nalu, ) A

AN UEDP
and NJ by
H (chy chy,)maw) = Z N} ch,
AUEDL nep

We write d|\ if d divides |A|, and we let p(d) be the Mébius function.
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By expanding the logarithm in series, we obtained the following formulae:

=D SENCTED SRR D SIDS

d|X n€EP|\|/d K1,k € P AEN[2?] TeN[P, 2]
[Iall=ls1l [ITlI=]r2]

nal ()Pl
2 ~ 7 000000000

[nal + |nr|

% <|nA| + |nr|>NXI foz H Ha(td,vd)n"(a) H H[ﬁw] (tdyvd)nr(ﬁw)

n n
A r aEP BNEP
and

—1)al=1 finy d dyna(a
O ST S (LB I R
odd d|A

naA na
n€EP |\ d lAll=]n] Al =

Z %d) Z am Z Ni,ws Z Z

odd d|A nEP |5 a K1,k2€ P AEN[P] TeN[2,P]
IAll=]r1l IT]=lr2]

nal-1( ma|+ [nr| K1 AR d dyna(a d d\nr(8,
w2/nal ( N o NFINE2 H Ho (%, v%) Ala) H H[B,w](t 09 r(6,7)
A r ace P ByyeZP

(_1)\HA\+|HF\+1

[na[ + [nr|

Appendix C. Characters of SO(N)

The characters of SO(2r + 1) and SO(2r) can be represented by symmetric
polynomials in Z[xy, ..., 2y, mfl, ..., 1], whose explicit expression are given
in [7]. They can be expressed as linear combination of Schur functions in 2r
variables. The relations are [23]

50(2r+1 \u —r(u A
=2 2 (DT NG,

neEP p=pn (C.l)
50(2r Z Z |7|/2N’\
neP ye€
and the reciprocals
sy = Z Z \f\/QNA h50(27+1)
neP e 2U{0} (0'2)

Sy = Z Z Ngfn chf7°(2r).

neP o€

In these formulae, &z is the partition conjugate to u, r(p) is the rank of u, €
is the set of partitions of the form (by + 1,b9 + 1,...]b1,ba,...) in Frobénius
notation and & is the set of partitions into even parts only. Both sets include
the empty partition, and so does the sum over self-conjugate partitions.
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