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Abstract

We derive ground state eigenfunctions and eigenvalues of various relativistic elliptic integrable models.
The models we discuss appear in computations of superconformal indices of four-dimensional theories
obtained by compactifying six-dimensional models on Riemann surfaces. These include, among others,
the Ruijsenaars-Schneider model and the van Diejen model. The derivation of the eigenfunctions builds
on physical inputs, such as conjectured Lagrangian across dimensions IR dualities and assumptions about
the behavior of the indices in the limit of compactifications on surfaces with large genus/number of punc-
tures/flux.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Elliptic integrable quantum mechanical systems are ubiquitous in the study of supersym-
metric quantum field theories [28,19,45,24,44,13—15]. Typically these systems appear while
accounting for various protected sectors of such theories. It would be thus extremely interesting
to understand the eigenvalues and eigenfunctions of such integrable systems. See for example
[57,35,49,60,38,17,40,2,4,3,47]. In particular, as we will review below, studying the supercon-
formal index of classes of supersymmetric theories in four dimensions, the knowledge of the
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eigenfunctions leads to determination of the index even if a usual Lagrangian definition of a
theory is not known. The way the relations between the eigenfunctions and indices of four di-
mensional theories proceeds is through realizations of the 4d QFTs as compactifications of six
dimensional SCFTs and derivation of the precise map between geometric compactification data
of a six dimensional theories and the four dimensional theories. See [52] for a review.

Many examples of such a map are known when we also have a different, independent, defini-
tion of the four dimensional theory: namely we have across dimensions infrared duality. In this
note we will show how even a limited knowledge of a class of across dimensions dualities can
lead to determination of eigenfunctions of certain elliptic integrable systems. On one hand we
have a definition of the index of a class of theories using the Lagrangian in terms of sequences
of elliptic hypergeometric integrals. On the other hand, under certain assumptions, the same in-
dex admits expansion in terms of eigenfunctions of an elliptic integrable system. Making these
assumptions and elementary arguments from statistical physics we can determine the eigenfunc-
tions. The method is particularly simple to apply to extract the eigenfunction of the ground state
of the system: although the energies depend on complex parameters there is a natural ordering of
the spectrum and a natural notion of the ground state.

We will first outline the general method to determine the eigenfunctions in Section 2. We stress
that the method has a physical input from across dimensional dualities and also relies on certain
mathematical assumptions. Then in Section 3 we discuss several examples of applications of the
method. First, we will consider the A Ruijsenaars-Schneider model. The eigenfunctions of this
model are well known in certain limits of the parameters leading to e.g. Macdonald polynomials.
Here we will see how these can be easily computed perturbatively in parameters without taking
any limits. The consistency of the result, at least in the perturbative expansion, gives evidence for
the validity of our suggested eigenfunctions and the underlying conjectures. We will also discuss
the BC; van Diejen model and two somewhat more esoteric but simple integrable models which
arose in physical contexts: we refer to these systems as the A; and the A3 models. The paper is
supplemented by a Mathematica notebook' detailing all the reported computations.

2. Ground state eigenfunction from large compactifications

We commence with a general discussion. Let us consider the supersymmetric index [34,55,18]
of a compactification of some 6d (1, 0) SCFT Tg; on geometry C (defined by genus of a Riemann
surface, the number and types of punctures, and flux for the 64 symmetry). For an A" =1 SCFT
the superconformal index is defined as,

rank G p
I:Tr§3(—1)qu2’j1+§ pj2+j|+§ l_[ MEQZ . (1)
=1

The trace is computed over the Hilbert space in radial quantization: that is quantization on S3
times the radial direction. Here (i, j») are the two Cartan generators of the su(2) x su(2) isom-
etry of S3; Qy are Cartan generators of the global symmetry G ; and R is the charge under the
superconformal R-symmetry. The index is then a function of the compactification geometry as
well as various parameters,

I[Teq, CI1({x;}, 64, q, p) - (2)

1 https://github.com/anedelin/GroundStates.
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The parameters are fugacities for various combinations of symmetries of the theory in 4d. Pa-
rameters ¢ and p are related to superconformal symmetry (as detailed above) and are there for
any A =1 SCFT in 4d. The rest of the parameters correspond to various global symmetries.
They depend on a theory at hand and are typically taken to be phases. For theories arising in
compactifications we can split the global symmetry G r into two kinds: the one coming from
the symmetry, Ggg4, of the 6d theory and the one associated to the punctures. Given the 6d
SCFT the possibilities for the latter symmetry are classified as follows. One first compactifies
the 6d SCFT on a circle (possibly with holonomies for the 64 symmetry) and obtains an effec-
tive 5d description. In some cases the 5d description is in terms of a gauge theory and one could
study boundary conditions in the 5d spacetime. Such boundaries correspond to punctures and the
various symmetries one can obtain are sub-groups of the 5d gauge group Gs,. Punctures with
symmetry G5, are called maximal and these will play a special role for us. For a given 6d SCFT
there might exist different circle compactifications leading to different G5, and thus to different
kinds of maximal punctures. In addition to being maximal or non-maximal, punctures can be
distinguished by other properties. We will collectively refer to maximal punctures with different
defining properties as being of different types. From now on we will only turn parameters in the
definition of the index corresponding to maximal punctures.

Given indices of two compactifications, each with at least two maximal punctures of the same
type, one can compute the index of the compactification on a surface which is obtained by gluing
the two surfaces along the two maximal punctures,

I[Tea, C1 ® C21({X}s,U8,5 W6d> G, P) = 3
ygdx A(x,u64;5 q, p) L[Toq, C11({x}s, U {x}, 064, g, p) X

I[Toa, C21({xj}s, U X'}, W64, ¢, p) -

The parameters x correspond to the Cartan generators of Gs; associated to the glued maximal
punctures. The function A(X,ugg; g, p) is defined by properties of the punctures and is built
from indices of various vector and chiral superfields one needs to introduce when gluing the two
punctures. The integration for each parameter is over the unit circle when we assume to take
lql, Ipl < L.

Finally, given a 6d SCFT and a 5d circle reduction one obtains an elliptic relativistic inte-
grable model defined by a set (elements of which are parametrized by label «) of commuting
Hamiltonians [24],

Ha [Toa, Gsal (X, Usa; g, p)

such that indices corresponding to different compactifications are Kernel functions of these,

Ha [Toa, Gsal (X1, 0645 q, p) - L Tea, C1({X1, X2, - - - }, W6a, ¢, p) = 4
Ho [Toa, Gsal (X2, 9645 q, p) - L Tea, C1({X1,X2, - -+ }, W6a, q, P) .

Here x> correspond to maximal punctures of the same type and have G54 associated to them.
Moreover, the Hamiltonians of the integrable system are self-adjoint under the scalar product de-
fined using the measure A(X, ugs; g, p). The Hamiltonians H,, when acting on the parameters
corresponding to G54, introduce surface defects into the index computation. The surface defects
are labeled by o and the range of values for it depends on the theory at hand. The self-adjointness
property follows from conjectured S-dualities that the underlying theories satisfy: e.g. the surface
defect can be introduced by acting on any of the maximal punctures) [24]. Because of the duality
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property the Hamiltonians for any choice of @ commute. In practice, choosing a particular 6d
theory to perform the computation for, one obtains a set of commuting analytic difference oper-
ators with coefficients being elliptic functions. Often these correspond to well known relativistic
elliptic integrable models (and sometimes more esoteric ones). Thus we will refer to the set of
H, as an elliptic integrable model. See [24,26,50,43,42,41] for concrete examples.

There are various ways to derive the integrable models associated to the 6d theory (with
a given circle compactification). One such way is first to derive, or more precisely conjec-
ture, across dimensions dual of some compactification with enough punctures. This means to
conjecture a 4d Lagrangian theory flowing in the IR to the same fixed point as the 64 SCFT
compactified on a surface. Then using the Lagrangian theory one can compute the corresponding
index and derive the integrable model from its analytical properties [24].”

2.1. Index and eigenfunctions

Given the Kernel property of the index (4) it is natural to wonder whether one can expand the
index in terms of some proper set A of eigenfunctions of the integrable model,

Ha [Toa Gsal (X, ¥6d; q, p) - Yo (X) = Eq  Ya(X) . (5)

Because of self-adjointness of the Hamiltonians we can choose these functions to form an or-
thonormal set,

fdx A, U6d; g, p) Yo () Y (X ) =80 (6)
We want to make the following ansatz,
N
I(Tea, CI(1X;}, Wea. 4. P) = Y CalTea. Clusas q. p) [ | wa(x)). (7)
reA j=1

Here we only refine the index with fugacities corresponding to the chosen type of a maximal
puncture (and s is the number of such punctures). If such an ansatz makes sense then the Kernel
property is manifest. Moreover, if we glue two surfaces together then the index of the glued
surface is given by,

IT6a, C1 @ C2)({X} 5,085, W6d» 4, P) = (8)
> [ Toa. C11(Wea: 4. p) €7 [Toa. Coleai q. p) [| va(x)).
rEA JESIUS,

One way for such an expansion to make sense is if there is a natural ordering on A € A,
M=A=A=A3=<---. ©))

We will compute the indices in expansion in the parameters g and p (assuming as before that
these are taken to be inside the unit circle). We note that the index of a superconformal theory is
always regular in such an expansion and starts off as Z = 1 + - - - . We define partial sums,

™ =" Cy,[Toa, Cluea; ¢, ) [ | s (x))- (10)

i=0 j=1

2 See [53,26,39,31,61] for related developments.



B. Nazzal, A. Nedelin and S.S. Razamat Nuclear Physics B 996 (2023) 116364

J1(Xi1, X)) I (X X 1) I (XKig 15 Xi42)

—_— O NV e Y —

{iji-l A(X;_1, Ugg3 45 P) %dxi A(X;, U6 G, p) {)dx,ﬂ A(X;415 U645 G5 D) +dxi+z A(X;12: U643 G5 D)
Fig. 1. Graphical representation of gluing indices of tori with (at least) two maximal punctures to higher genus surfaces.

If we want to reproduce the index up to any given order N in expansion in ¢ and p and there is
a finite value of n(N) such that up to order N, Z(n>n(N)) gre equal, then the ansatz makes sense.
This amounts to the coefficients C;, contributing at non-decreasing orders as we increase i. We
will give evidence in several examples below that this property is in fact true for a wide variety
of setups.

Moreover, we will see that the eigenfunction ;,(x) plays a special role. We will find that
there is a unique eigenfunction which contributes to the index at order N = 0. Thus, in particular
Ao is strictly less than A; for all i > 0. We will refer to this eigenfunction as the ground state of
the integrable system and will denote it by ¥ (x).

2.2. Ground state from large compactifications

Let us assume that we can compute the index using explicit Lagrangian across dimension
dualities for some compactification with at least two maximal punctures. In addition we might
have other punctures, the surface might have some higher genus, and there might be some flux.
We assume that the ansatz for the index of this theory in terms of eigenfunctions (8) is well
defined in the sense discussed above. Then we write the index for this theory as,

Ti(x1,%2) = Y Ca; ¥, (X1) ¥, (x2). (1)

i=0
Next we consider the index obtained by gluing n copies of this theory sequentially along the
maximal punctures (Fig. 1). This can be done iteratively,

Tos1 (x1,%0) = f dx A, us: 4. p) Tn(x1, 0 11 x). (12)

The theory obtained in this way has the number of other punctures, the genus, and the flux,
multiplied by n. The index is given in terms of eigenfunctions by,

o
To(x1.x2) = Y (Ca,)" W, (X1) Y, (x2) . (13)
i=0
We then take the limit of large n. Up to any set order of the expansion of the index in this limit,

starting with some value of n only the ground state will contribute to the index. In particular we
can compute,
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e T (X1, X2)
D= =T “‘”

From here we obtain an explicit expression for the ground state eigenfunction,

Yo(x) = Yo(D) Yo(x) = lim @ Ln(x, 1). (15)
Here we can get rid of 19 (1) factor by normalizing the eigenfunction using the appropriate scalar
product. This gives us a very simple algorithm to compute the ground state eigenfunctions for a
variety of elliptic relativistic integrable models. The algorithm only relies on the physical input
of deriving across dimensions dualities for a two punctured compactification on some surface
satisfying the relevant properties outlined above. In principle one can try and generalize the
algorithm to derive all eigenfunctions of a given model. However the details will cease to be
generic as we might have several A; contributing at the same order of the expansion. Moreover,
it will be technically more involved to implement as it would require computation of indices to
high orders in expansion to derive eigenfunctions up to low orders.

In the following section we will implement this algorithm to derive ground state eigenfunc-
tions for a variety of models.

2.3. Universality of large compactifications

Let us next discuss the physical implication of the above. For concreteness let us take the
theory with two punctures to be a genus one compactification with two maximal punctures and no
flux. Then gluing g — 1 such theories together we will obtain a theory corresponding to genus g —
1 compactification and two maximal punctures. Finally we can glue the two punctures together
to obtain a theory corresponding to genus g compactification with no flux and no punctures.
Following the above results the index of this theory in the large g limit is well approximated by,

Ty~ (Co)¥~ ' (16)

By well approximated we mean that the deviation between two sides of the above starts at or-
ders in expansion which grow linearly with g. This universal result hints that there should be a
clean physical interpretation associated with Cy. In fact it was conjectured in [25] that the ex-
pansion (8) has the following meaning. Let us again take for concreteness the case say of genus
g compactification with no flux and no punctures so that (8) takes the form of,

=) . an

AEA

The index counts (with signs) various local operators in the 4d theory. The 4d theory is a com-
pactification of a 6d one. A natural question is whether one can identify the origin of the 4d
operators counted by the index in the 6d theory. The conjecture of [25] is that the Cy captures
local operators in 4d which originate from local operators in 6d properly smeared on the Rie-
mann surface. The smearing (which is the essence of the Riemann-Roch theorem) resonates with
the g — 1 power appearing in the index. For other values of A the local operators in 4d originate
from non-local operators in 6d wrapping the Riemann surface. The label A should be related
to labeling of various such operators in 6d. In the limit of large genus the fact that the index
is dominated by A = Aq indicates then that the non-local operators would acquire large charges
upon compactification and contribute to the tail of the expansion of the index.
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The function C¢ captures directly information about local operators of the 6d theory. Tech-
nically one can view it as contribution to the index in 4d of local operators in 6d in genus two
compactifications. At the more conceptual level the coefficients of various terms in Cy count with
signs dimensions of certain vector spaces one can associate to local operators in 6d [5]. These di-
mensions depend on the quantum numbers of the theory, and in particular also on ones related to
the compactified geometry. Note also that here as we do not have flux and because of the univer-
sality in large genus limit the coefficient Cy should manifest the full symmetry Gg,. This should
be also true for higher coefficients C,. As the coefficient C¢ for compactifications with zero flux
and no punctures will play an important role in understanding the 64 physics, to distinguish it
from other compactifications we will denote it by Co. By a similar logic [25] the eigenfunction
Yo (x) should capture the circle reduction of 5d operators associated to the maximal puncture.

3. Examples
3.1. Elliptic RS model

The first example we will discuss is the elliptic Ruijsenaars-Schneider model of type A;. The
action of the basic Hamiltonian on a function is given by,

Qp(\/gtx_z) . ([mﬂ)

o6 Vvxqg?)+ ——5—

This model arises when compactifying the (2, 0) type A| 6d SCFT to 4d [24]. The symmetry of
the 6d theory is Ggg = SU(2), fugacity for the Cartan generator of which is parametrized here
by ¢. The circle compactification to 5d gives the maximally supersymmetric YM theory with
gauge group SU(2). Thus the maximal puncture symmetry is SU(2) and the fugacity for it is the
parameter (denoted by x above) on which the Hamiltonian acts.

The simple across dimension duality we can use is the compactification on a sphere with two
maximal SU(2) punctures (and a third SU(2) puncture that will play no role). The relevant theory
is just a collection of two free bifundamental chiral fields [22]. The index is given by,

HAS - (x) = Yixg D). (18)

11 2
T ) =T (g pirt @H* o) *) . (19)
The integration measure here is,
fdx A(x,ueq;q,p) - = (20)
@9 p)?g P T (2T ()
2wix Ce(x)e(x72)
We use the followmg definitions,
00 —1_i+1 j+1 00
1—z7"¢""'p/ . i
r = _—, 0 = 1—zpH(1— i+ 21
@ ,-lj__[o g 0@ ,U)( apH(1 =27 p'h @n

3 Note that our choice of parameters is slightly different than the usual one in the literature. For example our ¢ is related

totheonein [24]ast —t (g p) 2.
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@a) =[]0 -z4".

i=0
Using these definitions we readily compute from (14),

3 1 3 1
Co=1+3t4/_pq+(t_2—2+5t2)pq+(3t—t_l)(p7q7 FgIpH . ()

Our procedure gives results as an expansion in parameters g and p. We will quote the results to
the orders we were able to perform actual computations. However, in principle one can compute
to any desired order.*

Using (15) we then obtain,

To) =1+ @G+ x>+x21(qp)? + (23)
(t_l + (54 x2 +x_2)t) (g+p) (g p)% +

(10t2—6—x2—x—2—r—2+t2(x4+x—4+4x2+4x‘2))qp+---.

We verify (in expansion in g and p up to an order we could perform the computation) that the
above is an eigenfunction,

HES - Po(x) = Eo o(x). (24)

and obtain that the ground state energy is,

1 1
Eo=1-p+(+)V/Pq—pq+ 0+ )py/pq—p +-. (25)

Note that 7 parametrizes the Cartan generator of the Ggs = SU(2) and the energy is invariant
under the Weyl group of this symmetry. An additional identity vo(x) has to satisfy [24] is,

4
Yo(),_1=Te (@xz) Te (@x—z) Lo (@) o), (26)

can be also verified to hold for the eigenfunction (23) given here.
We also can consider various limits of the index giving simple known eigenfunctions [21,20].

First let us consider the Schur limit. In our notations this corresponds to taking t = (q/ p)% . Then
the eigenfunctions v, (x) are just the Schur polynomials times 1/ ((q x29)(qx"% 9)(g; q)).

This can be easily verified to hold for (23). Moreover taking first # — 7 (¢ p)~ 2 and then p — 0
we obtain the Macdonald limit of the index with the eigenfunctions expected to be given by
Macdonald polynomials times 1/ ((t xZ; q)(tx_z; q)(t; q)). Again, this can be verified to hold
for (23). The relevant polynomial in both cases is just the constant one. More explicitly,

INGET)) 1
=1 =0 (1q:q) (XS QU9
Finally, in this case by studying the Macdonald limit we know that the labels A in (8) corre-

spond to finite dimensional irreps of SU(2) [21]. From here we deduce that there should be no
degeneracy for A;, and thus (9) should define a strict ordering. From here we define

Yo(x)| 27)

4 Practically, one can take g/p =y and ./gp = X and think of all our expressions as expansions in X. The --- in
the expressions denote higher orders in X. Interested reader can consult a Mathematica notebook (https://github.com/
anedelin/GroundStates) for details of the computation.
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Tns1(x, 1) — (Co)" g (x)

C1=C;, = lim ~ (28)
n=>00  Tn(x, 1) — (Co)*Yo(x)
The explicit computation gives,
1
C1=2(g p)* (Vi =3pqv/i+Gp+3q+2/pgr> +3pqr’? + .- ). (29)

. 1 . .
Note that C; leading term scales as (g p)# whereas for Cy it scales as 1 and that is the reason
why we can separate the two contributions in the limit considered here. From here we obtain an
expression for the first excited state eigenfunction,

~ 1 ~
i) =y Y1) = lim ——— (Zo(x, 1) = (Co)" Yo (x)) - (30)

("

The computation results in,

~ 1 1 1
lpl(x)=2(x+;) <1+p+q—(?—4t)4/pq>+2(x3+)?)t\/ﬁ+~--. (€2))]

In principle we can continue to other eigenfunctions in a similar manner. We can also compute
Cy coefficient which in this case is given by:

Co=1+rq <t2+t_2+4) —-2pa(p+9) <t+t_1)+
pa(p+a) (P +5+072) 4y (14+17") -

20Pa(p* + ) (1+171) + (32)

Note that the term at order g p can be written as xqq;.su(2) () + 3. This looks as a contribution
of a conserved current of global SU(2); symmetry of the 64 (1, 0) theory and we might want to
interpret the +3 as coming from additional rotations in the compactification dimensions. This is
very reminiscent of indices of compactifications on a sphere [30] where the rotations, the SU(2)
isometry of the sphere, become a global symmetry in 4d.

3.2. The Ay model

Let us start with the following Hamiltonian defined on A; root system,
1 1

0p(p2Yx2/x3)0,(p2Yx3/X2)
0p(x2/x1)0p(x3/x1)
1 1

Op(p2Yx1/x3)0,(p2Yx3/X1)

W=
=
w
S}
No
+

HA .y (x) = Y(x1973. X2

_2
3

1 1
§’ 9 § 33
6, (1 /x2)0, (¥3/%2) V(x1g3,x29 " 3,x393) + (33)
1 1
ep(pZYXZ/xl)gp(pzYxl/m)lﬂ(mq%,xzq%,X3q_%)-
0p(x1/x3)0p(x2/x3)

Here Y is a general parameter and Hamiltonians with different ¥ commute with each other. The
parameters x; satisfy ]_[;?’:l x; = 1. This Hamiltonian was derived in [50] as corresponding to the
integrable system associated with the 64 SCFT being the so called minimal SU(3) SCFT [59,6]
and the 5d effective theory being pure Chern-Simons SU(3) model with level nine [32]. The
relevant across dimensions duality was derived in [54]. The model was further discussed in [56].

9
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The simple across dimension duality we can use is the compactification on a sphere with two
maximal SU(3) punctures (and two so called empty ones). The relevant theory is just a collection
of three free bifundamental chiral fields with a baryonic superpotential [54]. The index is given
by,

3
: o
L) = [T re(@pisla) . (34)
ij=1

The integration measure here is,

%dx AX, 64,4, p) -+ =

3

(@)% p)* [y dxi 3 1
6 fgzmxiln | Smram (35)

i=1 j=l

Note here Ggg is trivial and thus there are no ugy parameters.
Using these ingredients we readily compute from (14),

Co=1+2pq+2p*q+3p°q+3p*q+3p°q+3p°q +2pq* +
6p2q2 +7p3q2 +9p4q2 + 11qu2 + 3pq3 +7pzq3 +9193q3 +
13p%q> +3pq* +9p°¢* + 13p°q* +3pg” + 11p%¢° +3pg° + - . (36)
Using (15) we then obtain the ground state eigenfunction,
Yo(x) [ LA T R
X) = =+ =+ —= —++—=—-1]x
' a3 g) G T
s, 11 1 1 1 1
@ p+pg+ _6+_6+_6+_3+_3+_3+x1+
Xy Xy X3 X Xy X3
3, .3 2 2 1 1
x2+x3—4)qp + F+_
1

+i_3 > 3
s+ 3 q°p+pq+
x2 x3

1 1 1 4 4 1 1 1
—3+—3+—3—3 G p+pig)+ _6+_6+_6+
Xy X X3 Xy Xy, Xy
x?+x§+x§'—9)(q3p2+p3q2)+--~. (37)

It can be verified that indeed 12;0 (x) is eigenfunctions of (33),

Hy? - Yo(x) = Eo Yo(x) , (38)
and the corresponding ground state energy Ej is given by,
(1= piYH( - piYTd)

Ey T
Qp(p2Y)

(l1—gp-p*>—pqg*—

2q p* —3p’q —2p%¢* + ). (39)

This expression was verified up to fourth order in the expansion in p and g. Finally, we can also
compute the coefficient Cy which is given by,

10
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Co=143qp+4q°p+p*9) +16(g p)> +9¢°p + P’q) +
30(¢°p* + pPa) + 94 p+ pt) + -+ (40)
Note here at the order ¢ p we only have the “geometric” +3 coefficient as there is no global
symmetry in 6d.

3.3. The A3 model

Now let’s move to the A3 model and repeat the same procedure. The Hamiltonian for this
model is defined by,

Ay =
1 1 1
'9p(p7X3/X2)9p(p7X4/X2)9p(p7X3/X4)w(xlq_% xzq% x3q% x4q3¢)+
0p(x2/x1)0p(x3/x1)0p (x4/x1) ’ ’ ’

1 1 1
0,(p2x3/x1)0,(p2x1/x4)0,(P2x3/X4) 1 3 1 1
p(P223/x1)6p (P221/x4)6p (P23 /x4 Y(x1g%,x29 %,Xx3q%,x4q%) +

Op (x1/x2)0p (x3/x2)0p (x4/x2)

1 1 1
0,(p2x1/x2)0,(p2x4/x2)0,(p2x1/X4) 1 1 3 1
p(P221/x2)0p (px4/32)0p (P2 31/ x4 Y(x1g?, x2q%, x3g" 1, x4q %) +

0p(x2/x3)0,(x1/x3)0), (x4/x3)

0, (p2x3/x2)0,(p2x1 /220, (p2x3/x1)
0p(x3/x4)0p(x2/x4)0,(x1/x4)

w

tﬁ(mq%,xzq%,mqi,mq_%)-
(41)

where ]_[ _1 xi = 1 parametrize the SU(4) puncture symmetry on which the operator acts. Note
that as opposed to the A case there are no additional parameters that the operator depends on.
This operator was derived in [50] from compactifications of SO(8) minimal conformal matter
and was also discussed later in [56].

Similar to the previous case, the simplest across dimension duality we have here is the com-
pactification on a sphere with two maximal SU(4) punctures and two empty ones (i.e. the
puncture with no symmetry). The relevant theory consists of just two bifundamental chiral fields
and a baryonic superpotential [54]. The superconformal index is given by,

4
L6 = T re (@ miatad) “2)

ij=1

The integration measure here is,

fdx A(X, U459, p) =

(4:9)° (p p)? 1.4 li[ li[
27Tlxz i1 j=itl r, (-xl/x])r (x]/xz) .

(43)

Also here Gy is trivial and thus there are no ugy parameters.
Performing the same computation as above we find from (14),

Co=1+2pg+2p>q+2p3q +2pq® +4p>q> +2pg> + - -- (44)

11
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Then using (15) we find the ground state to be,

4 4
Vo) =1+ |3+ x'x7 | pg+ | 24 _x/x7 | (pa* + p*a+ pa’ + pPg) +

i<j i<j
4 4 4
st es bt + ot | et
i<j i<j i<j
We can act with (41) to verify that this is an eigenfunction of the Hamiltonian. Indeed we find
that the energy is given by,
1 3
Eo=142p2 +2p+4p2 +5p> —pg+--- (46)

3.4. The van Diejen model

Another interesting example of elliptic integrable Hamiltonians is van Diejen integrable model
that was first introduced as deformation of RS model in [16].” The Hamiltonian itself is written
as follows [46],

8
I1 6,((pg)2hnx)

vD _ n=1
= 50, (@)

Y(gx) +

8 1
1_[ Gp((pq)ihnx_l)
n=1 —1
vig x)+Vhx) ¥x). (47
0p(x=2)0,(gx~2) ( )
This operator depends on the octet of 4; parameters. The constant term V (4; x) of van Diejen
Hamiltonian is an elliptic function in x variable with periods 1 and p. Poles of this function in
the fundamental domain are located at

x::tqi%, x:iqi%p%, (48)

and corresponding residues are given by:

Res 12V (h; x) =Fs

xX=sq

24%26, (47) (s )%

8 1
[1 7n°0) (shy)
=1
ReSx:Sq;tl/Zpl/ZV(h;X) =Fs ln 3 , (49)
2¢72p730, (¢71) ()%
where s = £=1. The expression we can write for this constant term is not unique. For our purposes
we will use the following form,

5 See e.g. [8,58,1] for discussions of some of the eigenfunctions of this model.
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8 1 1
0 ( - h‘h»h_7> L
.1'1;11' AT O ((pq)zhi lxil)

0p (a72h7h=172) g, ((pq)—%hih—l/zq—lx:tl>

Jli[i i ((pq)%hjx_l) O ((pQ)%hflhl/zx) Op ((pq)%hf]x_l>

Op ((Pt])%hflhl/qu’l) Op (a7 'x72) 0, (x?)

(x—>x_1):|, (50)

which was derived in [42]. Here h parameter is just a product of all 4;:

8
=[]n- (51)
i=l

This model was shown to arise in the compactifications of the 6d E-string theory down to 4d
[43,42]. The global symmetry of 6d theory here is Eg whose Cartan is parametrized by #4;
parameters. Circle compactification of the E-string theory leads to the SU(2) maximally super-
symmetric Yang-Mills theory. Thus the maximal puncture symmetry in 4d theory is also SU(2)
and van Diejen operator (47) acts on the fugacities of this symmetry. From the point of view
of 4d theory h; parameters play the role of the inverse charges of the SU(2) puncture moment
maps. The moment maps depend on the type of the puncture. In what follows for convenience
reasons we will use such a puncture that all of the parameters of the integrable models above
are identified with moment maps directly. Considering the problem with all parameters turned
on is computationally complicated so we will only analyze it by setting all of the moment maps
charges to be the same and equal to ¢, which at the level of h; parameters is equivalent to,

Vix;hi)=

+

hi=t"',vi=1,..8. (52)

The simplest building blocks we need to run our arguments are two- and three-punctured
spheres with SU(2) punctures. Two-punctured sphere (tube) theory is just a bifundamental chiral
field for two SU(2) symmetries with the flip field and two octets of the fundamental multiplets
corresponding to two sets of the moment map operators [23,33]. In case all moment maps have
the same charges the index reads,

T2 = e (pat*) Te (2575 ) 1 (o ) (53)

Here we define tube theory so that the punctures are of conjugated types. The integration measure
for the resulting eigenfunctions is the following:

%dXA(X,ued;CI,P) cee=

(q; 61)(19 P) 8 " i
?§2mxr (x%2) U ((Pq) X )_

(q CI)(P P) 1 L 1 41 8
$ e e () (54)
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where in the last line we specify measure in our case corresponding to (52). Then using our
algorithm we derive the following expression for Cy:

Co=1=pa(l+p+qu+ (¢ +28(=172)) pa(1 + p+g+p* +47) +
p2q* (IS + 281 +2731* — 512¢% 4+ 456172 — 785) +... (55

Corresponding ground state is then given according to (15) by,

Vo) =1+ \/ﬁ[mt‘ +81 <x + %)] +

-2 1 2 1
pq| 10872 —69+128 (x+ - | — | x°+ 5 | +
X X
1 1
3612 (1 +x2 4 x—zﬂ +/pPqg(p+q) |:16t_l + 8¢ <x + ;)] +oe (56)

Now acting with the van Diejen Hamiltonian (47) on the function above we can check that it is
indeed an eigenfunction of the operator with the corresponding ground state eigenvalue given by

Eo=1—p—q+.. (57)

Finally we can also use an expression for the trinion theory derived in [51] in order to find Co
defined in Section 2.3. The trinion index in the case of equal charges of all moment maps is given
by:

3
(@ )*(p;p)? [ dzun 1
Ty xa i) = 6p : ygzm'lz [—
2 (3)

3

14 1 _1
[]r. ((pq)mxf‘zl') r. ((pq)ﬁt 6x2ﬂzl-)
i=1

11 4 1.1 1\
Fe () 8532 ) T () 7371) (58)
Gluing two such trinions along two pairs of SU(2) punctures we obtain a genus-one tube the-

ory. Using this basic building block we can construct higher genus tori leading to the following
expression for Cp:

. 8 28 56
C0=1+pq(8t3+t—3+28t2+t—2+56t+7+67>+.... (59)

Note that the coefficient of g p is what is expected from decomposition of the adjoint represen-
tation of Eg into irreps SU(8) x U(1) plus 3, namely it is 248g, + 3.

4. Discussion
We have illustrated how using physical input from across dimensions dualities one can gen-
erate eigenfunctions and eigenvalues for a variety of elliptic relativistic integrable models. In

principle for any six dimensional SCFT one can associate an integrable model (most straightfor-
wardly if the SCFT when compactified on a circle admits an effective Lagrangian description).

% For more general constructions see e.g. [10,11,9,12,37,7,36,27,29].
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Thus the method is applicable for this rather large class of models. While we have considered
several examples in this paper there are still plenty of models to be considered. First candidates
for this program are models obtained in the compactifications of the minimal (D, D) conformal
matter and defined on Ay and Cj root systems [43,41] as well as BC,, van Diejen model which
is expected to be related to the compactification of the rank n E-string theory [48,30]. Another
important direction of the future research is going beyond the ground states. It would require
on one hand more model specific methods (e.g. to deal with “degeneracies”) and on the other
hand also to develop more sophisticated computational approaches. It would be also interesting
to understand whether the functions derived here admit an independent all order definition.
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