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Résumé

Dans des domaines tels que la génomique, la finance et la classification d’images,
pour n’en citer que quelques-uns, les exemples sont fréquents où le nombre de pa-
ramètres d’un modèle est considérablement plus important que la taille de l’échan-
tillon. Cela suscite un intérêt grandissant pour l’analyse de données de haute di-
mension. L’estimateur du maximum de vraisemblance n’est plus approprié dans ces
cas et des contraintes additionnelles de régularisation, reflétant des propriétés ou
des suppositions spécifiques au domaine, doivent être introduites.

Dans cette thèse, nous considérons une classe de techniques de régularisation,
dites de seuillage, qui suppose qu’une certaine transformation ξ˚ du vecteur des
paramètres est sparse, ce qui signifie que seules quelques entrées sont différentes
de zero. L’hypothèse de parcimonie est naturelle dans de nombreuses applications
telles que les données sur l’expression génique produites par des puces à ADN où l’on
suppose que seul un petit nombre de gènes sont responsables d’un certain sous-type
de tumeur.

Ces techniques sont indexées par un paramètre de régularisation positif λ qui
gouverne le niveau de sparsité de l’estimé ξ̂λ. Cela soulève la question du choix du
paramètre de seuillage afin de ne retenir que les variables « correctes ».

Nous montrons d’abord que le vecteur des paramètres estimés est identiquement
nul pour de nombreux estimateurs de seuillage lorsque λ est plus grand ou égal à une
certaine statistique, la fonction zero-thresholding, et dérivons une forme explicite.
Cela nous conduit à l’introduction du quantile universal threshold, une méthodo-
logie de sélection du paramètre de seuillage qui suit la même logique dans divers
domaines. Des inégalités oracles de sparsité sont dérivées et une étude de simula-
tion effectuée afin de montrer l’efficacité de notre approche en ce qui concerne la
sélection de modèles et la prédiction pour les modèles linéaires généralisés.

Nous introduisons ensuite une nouvelle classe de procédures de test pour les mo-
dèles linéaires, les tests de seuillage, qui sont basés sur les estimateurs de seuillage.
Une étude comparative de la puissance est conduite pour des alternatives sparses
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2 Résumé

et denses et une procédure de test adaptative est suggérée. De plus, nous montrons
qu’une propriété de screening peut être satisfaite.

Finalement, nous démontrons l’existence de nombreux estimateurs définis comme
un minimiseur de la somme d’une fonction de perte et de pénalité, toutes deux
convexes. Nous dérivons des conditions nécessaires et suffisantes pour l’existence
d’estimateurs régularisés dans les modèles linéaires généralisés lorsque certains pa-
ramètres ne sont pas pénalisés du fait qu’ils sont supposés non nuls. De plus, une
procédure numérique permettant de vérifier l’existence de tels estimateurs en ré-
gression logistique et régression de Poisson est décrite.



Summary

Many real world examples in which the number of features of the model can be
dramatically larger than the sample size have been identified in various domains
such as genomics, finance and image classification, to name a few. This has led
to increased interest in high-dimensional data analysis. The maximum likelihood
principle fails in those instances and additional regularization constraints, reflecting
properties or assumptions specific to the domain, must be introduced.

In this thesis, we consider a class of regularization techniques, called thresholding,
which assumes a certain transform ξ˚ of the parameter vector is sparse, meaning it
has only few nonzero coordinates. The parsimony assumption is natural in many
applications such as in gene expression microarrays where few genes are believed to
be responsible for a particular tumor subtype.

These techniques are indexed by a nonnegative tuning parameter λ which governs
the sparsity level of the estimate ξ̂λ. This raises the question of how to choose the
thresholding parameter in order to select the “right” variables.

We first show that many thresholding estimators set the estimated coefficients
to the null vector for all threshold parameters greater than a certain statistic, the
zero-thresholding function, and derive an explicit formulation. This leads us to
the introduction of the quantile universal threshold, a tuning parameter selection
methodology which follows the same paradigm in various domains. Sparsity oracle
inequalities are derived and a simulation study conducted to show the effectiveness
of our approach in terms of model selection and prediction in generalized linear
models.

We then introduce a new class of testing procedures in linear models, thresholding
tests, which are based on thresholding estimators. A comparative power study is
performed under sparse and dense alternatives and an adaptive testing procedure
is suggested. Moreover, we show that a screening property can be achieved.

Finally, we prove existence of a large class of thresholding estimators defined as
a minimizer of the sum of a loss and a penalty function, both convex. We derive

3



4 Summary

necessary and sufficient conditions for the existence of regularized estimators in
generalized linear models when some parameters are left unpenalized, since they
are assumed a priori to be nonzero. In addition, a numerical procedure to check for
the existence of such estimators in logistic and Poisson regression is described.



Chapter 1
Introduction

Production, storage and processing of massive data sets is now commonplace due
to scientific breakthroughs in various domains such as genomics, finance and image
classification. As a consequence, high-dimensional data analysis is attracting a lot
of attention. This is the study of models where the number of parameters P is larger
than the sample size N . In those instances, the maximum likelihood estimator is no
longer uniquely defined. Even when P ď N with P close to N , it tends to perform
poorly due to its high variance. Motivated by the seminal papers of James and Stein
[1961] and Tikhonov [1963], a considerable amount of literature has concentrated
over the last half-century on parameter estimation using regularization techniques.
In both parametric and nonparametric models, a reasonable prior or constraints
reflecting properties or assumptions specific to a domain are set on the parameters
in order to reduce the variance of the estimator and the complexity of the fitted
model, at the price of a bias increase. A common assumption is that the solution
is sparse. In other words, the response variable depends upon very few nonzero
parameters. This assumption arises naturally for example in DNA microarrays.
Expression levels of thousands of genes are measured simultaneously in a given
cell and it is believed that few genes are responsible for a particular tumor subtype.
Another application is in signal denoising. The function to be estimated is expanded
on a wavelet basis and it is known that many natural signals have sparse basis
coefficients. This sparsity pattern is referred to as coordinate sparsity. Only a few
entries of the parameter vector β˚ are different from zero. Various other sparsity
patterns such as the following are commonly assumed.

• Group sparsity. Given a partition t1, . . . , P u “
ŤM
k“1Gk, only a few vectors

β˚Gk “ pβ
˚
j qjPGk are nonzero. There is a group structure of predictors in several

applications. In linear regression for example, it is customary to represent a
categorical predictor taking on several levels by a group of dummy variables. In

5



6 CHAPTER 1. INTRODUCTION

fMRI analysis, a set of voxels from the same brain areas are naturally related.

• Variation sparsity. The vector ∆β˚ “ pβ˚2 ´ β˚1 , . . . , β
˚
P ´ β˚P´1q is coordi-

nate sparse. This assumption arises when predictors are closely related to
their neighbours, for example when denoising a univariate signal believed to
be piecewise constant.

In this thesis, we consider a class of regularization techniques, called thresholding,
which assumes a certain transform ξ˚ “ gpβ˚q is sparse. These techniques are
indexed by a tuning parameter λ ě 0 and yield a sparse ξ̂λ “ gpβ̂λq.

Thresholding techniques, which include the lasso [Tibshirani, 1996], are employed
in various settings such as linear regression [Donoho and Johnstone, 1994; Tibshi-
rani, 1996], generalized linear models [Park and Hastie, 2007], low-rank matrix
estimation [Shabalin and Nobel, 2013; Donoho and Gavish, 2014], density estima-
tion [Donoho et al., 1996; Sardy and Tseng, 2010], linear inverse problems [Donoho,
1995], compressed sensing [Donoho, 2006; Candès and Romberg, 2007] and time
series [Neto et al., 2012].

In Chapter 2, we review non exhaustively thresholding estimators and show that
for many estimators, the estimated vector of coefficients is set equal to the null vector
for all threshold parameters greater than a certain statistic, the zero-thresholding
function.

There are several goals when using these methods. A first one is to find models
with good predictive accuracy. This could allow for example to classify tumor
subtypes in an early phase of a disease. A second one is to estimate the true
sparsity pattern, that is, the active set of relevant variables, S˚ “ tq | ξ˚q ‰ 0u. It
amounts to selecting basis coefficients in wavelet denoising, or determining the gene
expression signature of a tumor subtype. These goals are quite different and the
threshold aimed at prediction optimality often differs from the optimal threshold
for model identification [Yang, 2005; Leng et al., 2006; Meinshausen and Bühlmann,
2006]. A third one is variable screening which requires that the estimated support
Ŝλ “ tq | ξ̂λ,q ‰ 0u contains S˚ with high probability. Under some assumptions and
for a suitably chosen λ, certain thresholding estimators attain these goals.

To perform effective model selection, the choice of the threshold is crucial since
the latter governs the complexity of the estimated model. A too large λ results in a
simplistic model missing important features whereas a too small λ leads to a model
including unnecessary features. Classical methodologies consist in minimizing a cri-
terion. Examples include cross-validation, AIC [Akaike, 1998], BIC [Schwarz, 1978]
and Stein unbiased risk estimation (SURE) [Stein, 1981]. Because traditional infor-
mation criteria do not adapt well to the high-dimensional setting, generalizations
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such as GIC [Fan and Tang, 2013] and EBIC [Chen and Chen, 2008] have been
suggested.

In Chapter 3, we propose a new threshold selection method, the quantile universal
threshold, based on the idea that if the null model ξ˚ “ 0 is true, it should be
recovered with high probability. As it turns out, this delivers good theoretical
properties, even when ξ˚ ‰ 0.

Significance testing of the parameter β˚, or more generally of a linear transform
of β˚, is of fundamental interest in statistics. In linear regression models, one of
the most popular procedure is Fisher’s F -test which was introduced for the study
of data from agricultural experiments [Fisher, 1973]. It is routinely used in many
instances including classical stepwise model selection procedures which sequentially
add or delete variables.

In Chapter 4, we propose testing procedures in linear models, thresholding tests,
based on thresholding estimators. The null hypothesis ξ˚ “ 0 is rejected if ξ̂λ ‰ 0.
The power of several of these procedures is studied and it is shown they inherit a
screening property.

A large class of thresholding estimators are defined as a minimizer of the sum
of a loss and a penalty function, both convex. Although efficient algorithms exist
to compute the estimated models over a regularization path (see e.g. Friedman
et al. [2010]), no indication of nonexistence of the estimate is given. As a result,
practitioners tend to overlook the problem of nonexistence. Moreover, the statistical
inference based on the result of the algorithm might be incorrect.

In Chapter 5, we prove existence of several classical thresholding estimators and
derive necessary and sufficient conditions for the existence of regularized estima-
tors in generalized linear models. Our approach is related to the behaviour of the
objective function along certain directions.

This thesis is organized as follows. We start in Section 2.1 by reviewing non-
exhaustively thresholding estimators in linear regression, generalized linear models
and low-rank matrix estimation and give a formal definition of such estimators. We
then introduce the key concept of a zero-thresholding function in Section 2.2 and
derive an explicit formulation in many instances.

Chapter 3 adresses the problem of selecting the thresholding parameter. In
Section 3.1, we review existing techniques which set the parameter such that the
null model ξ˚ “ 0 is recovered with high probability and we introduce the null-
thresholding statistic. In Section 3.2, we propose the quantile universal threshold as a
tuning parameter methodology that follows the same paradigm in various domains.
Theoretical properties are then derived. An explicit formulation of the quantile
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universal threshold is given for several examples in Section 3.3 and numerical results
of our methodology applied to the lasso for generalized linear models are contained
in Section 3.4. In particular, we illustrate the effectiveness of our methodology in
terms of model selection and prediction error in Section 3.4.1 and in terms of false
discovery rate and true positive rate in Section 3.4.2. We observe in Section 3.4.3 a
phase transition property and make concluding remarks in Section 3.4.4.

In Chapter 4, we consider hypothesis testing in linear models. Testing procedures
based on thresholding estimators, thresholding tests, are proposed in Section 4.1.
The affine lasso and several variants are introduced in Section 4.2. They allow to
test hypotheses of the form H0 : Aβ˚ “ c for a full row rank matrix A and a
given vector c. Confidence regions are then derived. A comparative power study is
performed under sparse and dense alternatives in Section 4.3 and an adaptive testing
procedure suggested. We show in Section 4.4 that these testing procedures inherit
a screening property. Moreover, we derive a necessary and sufficient condition for a
compatibility condition to hold in balanced analysis of variance (ANOVA) designs.
This condition ensures variable screening is achieved under an additional assumption
on the magnitude of the nonzero entries of β˚.

Chapter 5 adresses the problem of existence of thresholding estimators which
minimize the sum of a loss and a penalty function, both convex. In Section 5.1, we
give sufficient conditions for the existence of such estimators and prove existence
for a large class. In Section 5.2, we consider the special case of estimators in
generalized linear models with convex penalties, allowing some parameters to be
unpenalized. We give necessary and sufficient conditions for their existence. In
addition, a numerical procedure to check for the existence of such estimators in
logistic and Poisson regression is described in Section 5.3.

There are two appendices: Appendix A contains a review of objects in convex
analysis and Appendix B contains a supplementary simulation study to Section 3.4
and considers the problem of variance estimation in linear models.

Finally, our notation in the thesis is as follows. The transpose of a given N ˆ P
matrix X is written X t. We denote by xi and xj its ith row and jth column, respec-
tively. The set I is the complement of the set I. For sets of indices A “ tj1, . . . , jMu

and B “ tk1, . . . , kQu, we let XA “ rxj1 , . . . ,xjM s and

XB
“

»

–

xk1
...

xkQ

fi

fl

denote the NˆM and QˆP submatrices. Similarly, for a vector v “ pv1, . . . , vP q
t P

RP we let vA “ pvj1 , . . . ,vjM q
t. We write CpXq for the column space of X and
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PX for the orthogonal projection matrix onto CpXq. A column vector of ones is
denoted by 1, a column vector of zeros by 0 and an N ˆP matrix of zeros by 0NˆP .
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Chapter 2
The Zero-Thresholding Function

We start in Section 2.1 by reviewing non-exhaustively thresholding estimators in
linear regression, generalized linear models and low-rank matrix estimation. We
then introduce in Section 2.2 the key concept of a zero-thresholding function and
give an explicit formulation in several examples.

2.1 Review of Thresholding Estimators

Thresholding estimators are routinely used in many settings including the following.

Linear regression. Consider the linear model

Y “ Xβ˚ ` ε, ε „ Np0, σ2INq, (2.1)

where X is an N ˆ P matrix of covariates or discretized basis functions and β˚ is
the true unknown coefficient vector.

In wavelet denoising, Donoho and Johnstone [1994] introduced WaveShrink. For
an observed y from (2.1), where X “ W is a wavelet matrix and β˚ is the vector
of wavelet coefficients of the signal to be recovered, they suggest applying a thresh-
olding estimator to θ “ W ty, the vector of wavelet coefficients of y. To obtain an
estimate of the signal, the inverse wavelet transform is then applied . The hard and
soft thresholding functions are defined by

ηHpθi, λq “ θi ¨ 1t|θi| ą λu,

ηSpθi, λq “ signpθiqp|θi| ´ λq ¨ 1t|θi| ą λu,

where 1t¨u is the indicator function. Clearly, sparsity is induced since θi is set to
zero if |θi| ď λ.

11



12 CHAPTER 2. THE ZERO-THRESHOLDING FUNCTION

For an observed y, a large class of estimators, including the hard and soft thresh-
olding functions, is of the form

β̂λ P argmin
β PRP

`ypXβq ` pλpgpβqq, (2.2)

for a certain loss function `y and penalty pλ inducing sparsity in ξ̂λ “ gpβ̂λq.
The element notation “P” indicates the minimizer might not be unique. The lasso
[Tibshirani, 1996]

β̂λ P argmin
β PRP

1

2
}y ´Xβ}22 ` λ}β}1

is amongst the most popular techniques. Other examples include the least absolute
deviation (LAD) lasso [Wang et al., 2007]

β̂λ P argmin
β PRP

}y ´Xβ}1 ` λ}β}1

and the
?
lasso [Belloni et al., 2011]

β̂λ P argmin
β PRP

}y ´Xβ}2 ` λ}β}1.

As an alternative, Candès and Tao [2007] proposed the Dantzig selector

β̂λ P argmin
β : }Xtpy´Xβq}8ďλ

}β}1.

The smoothly clipped absolute deviation (SCAD) estimator [Fan and Peng, 2004]
and the minimax concave penalty (MCP) estimator [Zhang, 2010] suggest using
nonconvex penalty functions.

A more traditional thresholding estimator, which is computationally feasible for
only small values of P , is best subset selection. It minimizes }y ´Xβ}22{2` λ}β}0
where }β}0 “

řP
p“1 1tβp ‰ 0u.

Given a partition t1, . . . , P u “
ŤM
k“1Gk, group sparsity inducing thresholding

estimators were introduced by Yuan and Lin [2006] which define the group lasso as

β̂λ P argmin
β PRP

1

2
}y ´Xβ}22 ` λ

M
ÿ

k“1

}βGk}2,

as well as [Bunea et al., 2014] who proposed the group
?
lasso by substituting the

`2 norm for the squared `2 norm divided by two.
Variation sparsity is induced by one-dimensional total variation [Rudin et al.,

1992]

β̂λ P argmin
β PRP

1

2
}y ´ β}22 ` λ}Dβ}1,
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with

D “

»

—

—

–

´1 1 0 ¨ ¨ ¨ 0 0
0 ´1 1 ¨ ¨ ¨ 0 0

¨ ¨ ¨

0 0 0 ¨ ¨ ¨ ´1 1

fi

ffi

ffi

fl

(2.3)

the pP ´ 1q ˆ P first order difference matrix.
The generalized lasso introduced by Tibshirani and Taylor [2011],

β̂λ P argmin
β PRP

1

2
}y ´Xβ}22 ` λ}Aβ}1

allows more generally for sparsity in Aβ̂λ, for a certain matrix A.
Composite penalties with a two-dimensional tuning parameter have also been

proposed such as the elastic net [Zou and Hastie, 2005] where pλpβq “ λ1}β}1 `

λ2}β}
2
2, and the fused lasso [Tibshirani et al., 2005] with penalty function λ1}β}1`

λ2

řP
p“2 |βp´βp´1| inducing not only coordinate sparsity but also variation sparsity.

Note that although ridge regression [Hoerl and Kennard, 1970], bridge [Fu, 1998]
and smoothing splines [Wahba, 1990] are of the form (2.2), they do not yield a
sparse ξ̂λ.

Generalized linear models (GLMs). GLMs encompass Gaussian linear models,
logistic regression for binary responses and Poisson regression for count data. The
canonical model assumes the negative log-likelihood is of the form

`y pβq “
N
ÿ

n“1

r´ynθn ` b pθnqs with θn “ xnβ, (2.4)

bp¨q a known function and xn denoting the nth row of the design matrix X [Nelder
and Wedderburn, 1972]. As an extension of lasso, Park and Hastie [2007] define

β̂λ P argmin
β PF

`y pβq ` λ}β}1, (2.5)

where F :“
 

β P RP |Xβ P ΘN
(

and Θ :“ tθ P R | bpθq ă 8u. Several other
penalties such as the group lasso penalty [Meier et al., 2008] have been proposed to
regularize GLMs.

Low-rank matrix estimation. In applications such as image denoising and signal
processing, it is customary to consider a model of the form

Y “ X˚
` Z,

where X˚ is an unknown N ˆ P matrix assumed to have low-rank and Z has i.i.d.
normally distributed entries with zero mean and variance σ2. Few singular values
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of X˚ are nonzero since X˚ is assumed to have low-rank. Let Y “
řN
i“1 diuiv

t
i be

the singular value decomposition of Y , where ui P RN and vi P RP for i “ 1, . . . , N

are the left and right singular vectors with singular value di. The classical approach
consists in hard thresholding the singular values so that

X̂λ “

N
ÿ

i“1

ηHpdi, λquiv
t
i.

Inspired by lasso, a more recent estimator solves

argmin
X PRNˆP

1

2
}Y ´X}2F ` λ}X}˚,

where } ¨ }F and } ¨ }˚ respectively denote the Frobenius and trace norm. This
corresponds to soft thresholding the singular values [Mazumder et al., 2010; Cai
et al., 2010].

Motivated by the preceding examples in GLMs and low-rank matrix estimation,
a definition of a thresholding estimator is the following.

Definition 2.1 Assume Y has density fpη˚,β˚q with ξ˚ “ gpβ˚q sparse for a certain
function g. Let β̂λpYq be an estimator indexed by λ ě 0. We call ξ̂λpYq “ g˝β̂λpYq

a thresholding estimator if

Ppξ̂λpYq “ 0q ą 0 for some finite λ.

The parameter η˚ is a nuisance parameter which does not possess any sparsity
structure, such as the variance and the intercept in linear regression.

We will make use of this definition when introducing the zero-thresholding func-
tion in the next section and our threshold selection methodology in Section 3.2. In
Chapter 4, tests based on thresholding estimators will be derived.

2.2 Definition and Derivations

A key property shared by a large class of classical thresholding estimators is to set
the estimated parameters to zero for any threshold parameter greater than a finite
statistic λpYq. This leads to the following definition.

Definition 2.2 A thresholding estimator ξ̂λpYq admits a zero-thresholding function
λpYq if

ξ̂λpYq “ 0 ðñ λ ě λpYq almost everywhere.

The zero-thresholding function is hence determined uniquely up to sets of mea-
sure zero. Note that the equivalence implies equiprobability between setting all
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coefficients to zero and selecting the threshold large enough. As we now show,
a closed form expression can be derived for many of the estimators reviewed in
Section 2.1.

• WaveShrink and the Dantzig selector. It is immediate from the definition of
these estimators that λpyq is respectively given by }W ty}8 withW the wavelet
matrix and }X ty}8.

• SCAD and MCP with orthonormal columns. In this setting, an explicit so-
lution is known (see e.g. Breheny and Huang [2015]) and it follows that
λpyq “ }X ty}8.

• Lasso,
?
lasso and LAD lasso. We consider the Karush-Kuhn-Tucker (KKT)

optimality conditions [Rockafellar, 1970]. For the lasso, they are given by

X t
py ´Xβ̂q “ λγ, (2.6)

γi P

#

tsignpβ̂iqu if β̂i ‰ 0

r´1, 1s if β̂i “ 0
, for i “ 1, . . . , P. (2.7)

The vector γ P RP is a subgradient of fpxq “ }x}1 evaluated at x “ β̂ (see
Appendix A.2). Hence, a necessary and sufficient condition for β̂ to be a
solution to the lasso is that there exists some γ satisfying (2.6) and (2.7). This
leads to λpyq “ }X ty}8. For

?
lasso, β̂ is a solution if and only if there exists

some γ satisfying (2.7) and some u such that

X tu “ λγ,

u P

#

tpy ´Xβ̂q{}y ´Xβ̂}2u if y ´Xβ̂ ‰ 0

tv | }v}2 ď 1u if y ´Xβ̂ “ 0
.

It follows that λpyq “ }X ty}8{}y}2. For LAD lasso, a necessary and sufficient
condition for β̂ to be a solution is that there exists some γ satisfying (2.7) and
some w such that

X tw “ λγ,

wi P

#

tsignpyi ´ xtiβ̂qu if yi ´ xtiβ̂ ‰ 0

r´1, 1s if yi ´ xtiβ̂ “ 0
.

Hence, λpyq “ }X t sgnpyq}8 with sgnp¨q denoting the sign function applied
componentwise.

• Group lasso and group
?
lasso. Let the partition t1, . . . , P u “

ŤM
k“1Gk. From

the KKT optimality conditions, λpyq “ maxk“1,...,M }X
t
Gk
y}2 for the group

lasso and λpyq “ maxk“1,...,M }X
t
Gk
y}2{}y}2 for the group

?
lasso.
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• One-dimensional total variation. Here, gpβ˚q “ pβ˚j`1 ´ β˚j qj“1,...,P´1 so that
gpβ̂q “ 0 is equivalent to β̂ “ c1 for a certain constant c. From the KKT
optimality conditions, such a β̂ is a solution if and only if there exists a vector
v such that

y ´ β̂ “ λDtv,

vi P r´1, 1s, i “ 1, . . . , P ´ 1,

with D defined in (2.3). It can then be shown that λpyq “ }pDDtq´1Dy}8.

• Generalized lasso. In this setting, gpβ˚q “ Aβ˚. Assume A is R ˆ P of full
row rank and let I denote a set of column indices such that AI is invertible.
Letting

Φ “

„

AI AI
0 I



,

we change variables to θ “ pθt1,θ
t
2q
t “ Φβ, so that the generalized lasso

problem becomes

argmin
θ

1

2
}y ´XΦ´1θ}22 ` λ}θ1}1.

Let us write XΦ´1θ “ B1θ1 ` B2θ2, with B1 “ XIA
´1
I and B2 “ XI ´

XIA
´1
I AI . Solutions to the initial problem are then given by β̂ “ Φ´1θ̂, with

θ̂1 P argmin
θ1

1

2
}pI ´ PB2qpy ´B1θ1q}

2
2 ` λ}θ1}1,

and θ̂2 such that B2θ̂2 “ PB2py ´B1θ̂1q. Finally, λpyq “ }Bt
1pI ´ PB2qy}8.

• Best Subset. We first note that for almost all y, β̂ “ 0 is a solution if and only
if

1

2
}y ´ PCpXIqy}

2
2 ` λp ě

1

2
}y}22

for all index sets I Ă t1, . . . , P u of cardinality p such that rankpXIq “ p,
1 ď p ď rankpXq. Let ∆ppyq denote the maximum of }PCpXIqy}

2
2{2 over all

such index sets. Since }y ´ PCpXIqy}
2
2 “ }y}

2
2 ´ }PCpXIqy}

2
2, we obtain

λpyq “ max
1ďpďrankpXq

∆ppyq

p
.

If X has orthogonal columns, then for any index set of cardinality p,
}PCpXIqy}

2
2 ď p∆1pyq from Pythagoras’ theorem and hence λpyq “ ∆1pyq.

• Fused Lasso. Assuming X is orthonormal, from Lemma A.1 in Friedman et al.
[2007]

β̂pλ1,λ2qpyq “ ηSpβ̂p0,λ2qpyq, λ1q
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where, with a slight abuse of notation, ηSp¨, λ1q denotes the soft thresholding
operator applied componentwise. It follows that λ1py;λ2q “ }β̂p0,λ2qpyq}8.

• Elastic Net. As in Lemma 1 of Zou and Hastie [2005], we convert the elastic
net into a lasso problem by artificially augmenting the dataset. More precisely,
letting

X̃ “ p1` λ2q
´1{2

ˆ

X?
λ2I

˙

, ỹ “

ˆ

y
0

˙

,

and θ “
?

1` λ2β, the elastic net becomes

argmin
θ

1

2
}ỹ ´ X̃θ}22 `

λ1
?

1` λ2

}θ}1.

Solutions to the initial problem are then obtained as β̂ “ θ̂{
?

1` λ2. Finally,
λ1py;λ2q “ }X

ty}8 regardless of λ2.

Remark 2.1 It is often the case that some parameters are assumed a priori to be
nonzero. It is then customary to let these parameters unpenalized. The lasso for
example becomes

argmin
pβ0,βq PRP0`P

1

2
}y ´X0β0 ´Xβ}

2
2 ` λ}β}1

with X0 of size N ˆ P0. The parameter β˚0 is a nuisance parameter and the
zero-thresholding function associated to gpβ˚q is obtained by substituting y with
pI ´ PX0qy and X with pI ´ PX0qX in the above formulas. For example, the
zero-thresholding function of lasso is given by }X tpI ´ PX0qy}8 and that of group
lasso by maxk“1,...,M }X

t
Gk
pI ´ PX0qy}2. Moreover, the zero-thresholding function

of
?
lasso is given by }X tpI ´ PX0qy}8{}pI ´ PX0qy}2 and that of group

?
lasso by

maxk“1,...,M }X
t
Gk
pI ´ PX0qy}2{}pI ´ PX0qy}2.

Derivation of the zero-thresholding function of the LAD lasso remains an open
problem when some parameters are unpenalized.

• Lasso and group lasso GLM. We let the parameter β0 unpenalized so that (2.5)
becomes

pβ̂0λ, β̂λq P argmin
pβ0,βq PF

`y pβ0,βq ` λ}β}1, (2.8)

where F :“
 

pβ0,βq P RP0`P |X0β0 `Xβ P ΘN
(

and `y pβ0,βq is defined as
in (2.4) with θn “ xn0β0 ` xnβ. We set β̂λ “ 0 if λ “ `8. Although the lasso
GLM solution might not be unique, its fit is unique.

Lemma 2.1 Assume b is strictly convex on Θ. For any fixed X0, X, y and
λ ě 0, X0β̂0λ `Xβ̂λ is unique.
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Proof It follows from the strict convexity of b on Θ and the convexity of
f pβ0,βq “ }β}1 on F that the objective function in (2.8) is convex on F . The
solution set is thus convex.

Assume there exists two solutions pβ̂p1q0 , β̂p1qq and pβ̂p2q0 , β̂p2qq such that
X0β̂

p1q
0 ` Xβ̂p1q ‰ X0β̂

p2q
0 ` Xβ̂p2q. Because the solution set is convex,

pβ̂
p3q
0 , β̂p3qq :“ δpβ̂

p1q
0 , β̂p1qq ` p1´ δq pβ̂

p2q
0 , β̂p2qq is a solution for any 0 ă δ ă 1.

However,
`y

´

β̂
p3q
0 , β̂p3q

¯

` λ}β̂p3q}1 ă m,

where m denotes the minimum value of the objective function and the strict
inequality follows from the strict convexity of b and the convexity of f pβ0,βq “

}β}1. In other words, pβ̂p3q0 , β̂p3qq is not in the solution set, a contradiction.

From the KKT optimality conditions, pβ̂0,0q is a solution for a fixed finite
λ if and only if there exists some γ P RP such that

$

’

&

’

%

X0β̂0 P ΘN

X0
ty “ X0

tµpβ̂0q

X try ´ µpβ̂0qs “ λγ

,

γi P r´1, 1s, i “ 1, . . . , P,

where µpβ0q “ pb
1px0

1β0q, . . . , b
1px0

Nβ0qq
t. Hence, for a strictly convex b,

λpyq “

#

}X try ´ µpvqs}8 if y P D
`8 otherwise

, (2.9)

with v any vector such that
#

X0v P ΘN

X0
ty “ X0

tµpvq
(2.10)

and D “ ty | Dv P RP0 solution to (2.10)u.
For the group lasso GLM, one obtains similarly

λpyq “

#

maxk“1,...,M }X
t
Gk
ry ´ µpvqs}2 if y P D

`8 otherwise
. (2.11)

Lemma 2.1 implies λpyq does not depend on which solution v to (2.10) is
chosen. The set D is the set of values based on which the maximum likelihood
estimate (MLE) of pβ0,βq with constraint β̂ “ 0 exists. If the response variable
is Gaussian, note that D “ RN . An explicit formulation when the intercept
is unpenalized (X0 “ 1) is given in Table 2.1. For an arbitrary matrix X0, a
characterization appears in Section 5.2 (see Remark 5.1).
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• Low-rank matrix estimation. Since X̂ “ 0NˆP is equivalent to d̂λ “ 0, λpyq “
}d}8, whether soft or hard thresholding is applied to the singular value vector
d of Y .

Table 2.1 – Values of b1pβ˚0 q, D and PpY P Dq when X0 “ 1.

Response distribution µ “ b1pβ˚0 q D PpY P Dq

Gaussian β˚0 RN 1

Poisson exp pβ˚0 q NNz t0u 1´ exp p´Nµq

Bernoulli
exp pβ˚0 q

1` exp pβ˚0 q
t0, 1u

N
z t0,1u 1´ µN ´ p1´ µq

N

Binomial pm, pq {m
exp pβ˚0 q

1` exp pβ˚0 q
t0, 1{m, . . . , 1u

N
z t0,1u 1´ pµqmN ´ p1´ µq

mN
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Chapter 3
Model Selection with the Quantile
Universal Threshold

By setting estimated coefficients to zero, thresholding estimators make it possible to
perform variable selection in high dimensions. Selection of the threshold is crucial
since it governs the complexity of the chosen model. Classical methodologies consist
in minimizing a criterion. In low-rank matrix estimation, Owen and Perry [2009]
and Josse and Husson [2012] employ cross-validation whereas Candès et al. [2013]
and Josse and Sardy [2016] apply SURE. The latter methodology is also used in
regression [Donoho and Johnstone, 1994; Zou et al., 2007; Tibshirani and Taylor,
2012], and reduced rank regression [Mukherjee et al., 2015].

In this chapter, a new threshold selection method is proposed. We motivate
our approach in Section 3.1 before introducing the quantile universal threshold and
deriving theoretical properties in Section 3.2. Some examples for which an explicit
formulation of the proposed threshold exists are considered in Section 3.3. Finally,
we conduct a simulation study in Section 3.4 to illustrate the effectiveness of our
methodology on real and synthetic data in GLMs.

3.1 Thresholding Under the Null

We consider the idea of choosing a threshold based on the null model ξ˚ “ 0. The
methodology selects λ large enough such that ξ˚ is recovered with high probability
under the null model. Such a choice results in good empirical and theoretical prop-
erties even in the case ξ˚ ‰ 0. As we will see, this approach is intimately linked
to the zero-thresholding function. We describe three settings in which this idea has
appeared.

21
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• Wavelet denoising. Donoho and Johnstone [1994] and Donoho et al. [1995] set
the threshold of WaveShrink via soft thresholding as λuniversal

P “ σ
?

2 logP .
Under the null model with wavelet coefficients β˚ “ 0, Ppβ̂λuniversal

P
“ 0qÑ1

as P tends to infinity. It turns out that an oracle inequality and minimax
properties hold with λ “ λuniversal

P over a wide class of functions with β˚ ‰ 0.

• Linear regression. Desirable properties of estimators such as the lasso, group
lasso,

?
lasso, group

?
lasso or the Dantzig selector are satisfied if the tuning

parameter is set to λ “ cλ0 for a certain c ě 1, such that the event tβ̂λ0 “
0 | β˚ “ 0u holds with high probability. More precisely, upper bounds on
the estimation and prediction error, as well as the screening property hold
with high probability assuming certain conditions on the regression matrix,
the support S˚ of the coefficients and their magnitude; see Bühlmann and
van de Geer [2011]; Belloni et al. [2011]; Bunea et al. [2014] and references
therein.

• Low-rank matrix estimation. Gavish and Donoho [2014] and Gavish and Donoho
[2016] derive optimal singular value thresholding operators with threshold pa-
rameter λP for a variety of loss functions which are characterized by the
fact that under the null model X˚ “ 0NˆP with a noise level of 1{

?
N ,

PpX̂λP “ 0NˆP qÑ1 as P tends to infinity.

Going back to Definition 2.2, the events tξ̂λ “ 0u and tλpYq ď λu are equiprob-
able. Consequently, selecting a threshold λ such that tξ̂λ “ 0 | ξ˚ “ 0u holds with
high probability conducts us to the zero-thresholding function under the null model.

Definition 3.1 Assume ξ̂λpYq admits a zero-thresholding function λpYq. The null-
thresholding statistic is

Λ :“ λpY0q (3.1)

with Y0 “d Y under H0 : ξ˚ “ 0, provided Λ is not almost everywhere zero.

3.2 Definition and Theoretical Properties

The following selection rule allows to consider in a unified way the settings reviewed
in the previous section.

Definition 3.2 The quantile universal threshold λQUT is the upper α-quantile of Λ

defined in (3.1).

Remark 3.1 If the distribution of Λ is unknown but the distribution of Y0 known,
one can easily compute λQUT with a Monte Carlo simulation.
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Remark 3.2 For estimators with a two-dimensional parameter λ “ pλ1, λ2q as
elastic net and fused lasso, we define the quantile universal threshold λQUT

1 pλ2q as
the upper α-quantile of Λλ2 :“ λ1pY0;λ2q for any fixed value of λ2. Selection of λ2

can then be performed by cross-validation.

Remark 3.3 In the random design setting, we define the quantile universal thresh-
old as the upper α-quantile of Λ “ λpY0, rX0, Xsq, with rX0, Xs consisting of inde-
pendent identically distributed rows. As before, if the distribution of Λ is unknown,
λQUT is easy to compute with a Monte Carlo simulation which requires bootstrapping
the rows of rX0, Xs.

Before considering the choice of α, some theoretical properties are derived. The
first property concerns the control of the familywise error rate and false discovery
rate. When performing multiple hypothesis tests, the familywise error rate is de-
fined as the probability of incorrectly rejecting at least one null hypothesis. In the
context of variable selection, it is the probability of erroneously selecting at least
one variable. The false discovery rate is the expected proportion of incorrectly se-
lected features among all selected features [Benjamini and Hochberg, 1995]. Under
the overall null hypothesis, it can be shown that both quantities are equal. Hence,
Definition 3.2 implies the following property.

Property 3.1 Any thresholding estimator tuned with λQUT controls the familywise
error rate as well as the false discovery rate at level α in the weak sense, that is,
under the overal null hypothesis H0 : ξ˚ “ 0.

Sparsity oracle inequalities are now derived. These hold under a certain compati-
bility condition which we first review. If there are more covariates than observations
in the linear model

Y “ Xβ˚ ` ε, ε „ Np0, σ2Iq,

the least squares estimate is no longer defined since it requires X tX to be invertible,
which can be written as

min
β PRP :β‰0

}Xβ}2
}β}1

ą 0.

For regularized estimators such as the lasso, Dantzig selector and
?
lasso, a weaker

condition, the pL,S˚q-compatibility condition [Van de Geer, 2007]

φcomppL,S˚q :“ min
β‰0,

}βS˚}1ďL}βS˚}1

?
s˚}Xβ}2
}βS˚}1

ą 0, (3.2)

with S˚ “ ti | β˚i ‰ 0u of cardinality s˚ and a certain L ą 0, ensures nice statistical
properties.
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Property 3.2 The lasso tuned with λ “ λQUT satisfies with probability at least
1´α´Ppλ0 ď Λ ď λq, provided the pL,S˚q-compatibility condition is satisfied with
L “ pλ` λ0q{pλ´ λ0q, for a certain λ0, 0 ă λ0 ă λ,

1. }Xpβ̂λ ´ β˚q}22{2 ď 8pλ` λ0q
2s˚{φ2

comppL,S˚q,

2. }pβ̂λ ´ β˚qS˚}1 ď A, A “ 4pλ` λ0qs
˚{φ2

comppL,S˚q,

3. }pβ̂λqS˚}1 ď 4pλ` λ0q
2s˚{tpλ´ λ0qφ

2
comppL,S˚qu.

If, in addition,
min
p PS˚

|β˚p | ą A,

then with the same probability
Ŝλ Ě S˚.

Remark that for FΛ continuous, Ppλ0 ď Λ ď λq can be made arbitrarily small
for a well-chosen λ0 as long as the pL,S˚q-compatibility condition is met.

Property 3.3 Under the pL,S˚q-compatibility condition with L “ 1, the conclu-
sions of Property 3.2 hold when λ0 “ 0 with probability at least 1 ´ α for the
Dantzig selector tuned with λ “ λQUT.

The proof is omitted as it is essentially the same as for Theorem 7.1 in Bickel
et al. [2009] using the fact that Λ “d }X

Tε}8.

Remark 3.4 Similar results can be shown for the
?
lasso as well as the group lasso

and group
?
lasso tuned with our methodology, the latter two requiring a group com-

patibility condition.

Proof [Property 3.2] The proof follows closely that of Theorem 6.1 in Bühlmann
and van de Geer [2011]. We first show that for λQUT “ λ ą λ0 ą 0, on the event
t}X tε}8 ď λ0u, which has probability PpΛ ď λq ´ Ppλ0 ď Λ ď λq ,

}pβ̂λ ´ β
˚
qS˚}1 ď

λ` λ0

λ´ λ0

}pβ̂λ ´ β
˚
qS˚}1. (3.3)

In order to simplify notations in the proof, we omit the subscript of β̂λ and write
S for S˚. From the definition of the lasso estimator,

}Y ´Xβ̂}22{2` λ}β̂}1 “ }Xβ
˚
` ε´Xβ̂}22{2` λ}β̂}1

“ }Xβ˚ ´Xβ̂}22{2` }ε}
2
2{2

´ 2εtXpβ̂ ´ β˚q{2` λ}β̂}1

ď }Y ´Xβ˚}22{2` λ}β
˚
}1

“ }ε}22{2` λ}β
˚
}1,
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which implies

}Xpβ̂ ´ β˚q}22{2` λ}β̂}1 ď ε
tXpβ̂ ´ β˚q ` λ}β˚}1. (3.4)

From Hölder’s inequality,

|εtXpβ̂ ´ β˚q| ď }X tε}8}β̂ ´ β
˚
}1,

and hence
|εtXpβ̂ ´ β˚q| ď λ0}β̂ ´ β

˚
}1.

Since
}β̂}1 “ }β̂S}1 ` }β̂S̄}1 ě }β

˚
S}1 ´ }β̂S ´ β

˚
S}1 ` }β̂S̄}1,

it follows that

}Xpβ̂ ´ β˚q}22{2 ď λ0}β̂ ´ β
˚
}1 ` λ}β

˚
}1 ´ λ}β̂}1 by (3.4),

ď λ0t}β̂S ´ β
˚
S}1 ` }β̂S̄}1u ` λ}β

˚
S}1

´ λ}β˚S}1 ` λ}β̂S ´ β
˚
S}1 ´ λ}β̂S̄}1

“ pλ` λ0q}β̂S ´ β
˚
S}1 ` pλ0 ´ λq}β̂S̄}1 (3.5)

and

pλ´ λ0q}β̂S̄}1 ď }Xpβ̂ ´ β
˚
q}

2
2 ` pλ´ λ0q}β̂S̄}1 ď pλ` λ0q}β̂S ´ β

˚
S}1.

This achieves the proof of (3.3). Then, from (3.5),

}Xpβ̂ ´ β˚q}22{2` pλ´ λ0q}β̂S̄}1

`pλ` λ0q}β̂S ´ β
˚
S}1 ď 2pλ` λ0q}β̂S ´ β

˚
S}1

ď 2pλ` λ0q
?
s˚}Xpβ̂ ´ β˚q}2{φcomp

ď }Xpβ̂ ´ β˚q}22{4` 4pλ` λ0q
2s˚{φ2

comp

with the second and third inequality resulting respectively from the compatibility
condition and the identity 4uv ď u2 ` 4v2 for all real u, v. As a consequence,

}Xpβ̂ ´ β˚q}22{4` pλ´ λ0q}β̂S̄}1 ` pλ` λ0q}β̂S ´ β
˚
S}1 ď 4pλ` λ0q

2s˚{φ2
comp.

The inequalities of the theorem are then immediate. The last assertion follows from
the inequality }v}8 ď }v}1, @v P RP and from the fact that }pβ̂´β˚qS˚}8 ď C for
a certain C ą 0 implies ti | β̂i ‰ 0u Ě ti | |β˚i | ą Cu.

The probability of the previous properties is determined by α; we recommend
α “ 0.05 as Belloni et al. [2011]. An alternative is to set αP tending to zero as the
number P of covariates goes to infinity. Donoho and Johnstone [1994] implicitly
select a rate of convergence of αP “ Op1{

?
logP q (Josse and Sardy [2016] also select

this rate).
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3.3 Derivation of λQUT

In some settings, we derive an explicit formulation of the quantile universal threshold
such that αP is Op1{

?
logP q.

In orthonormal regression with best subset selection, λpyq reduces to }X ty}28{2

and Λ “d }Z}
2
8{2, where Z „ Np0, σ2Iq. Setting λQUT

P “ σ2 logP , PpΛ ą λQUT
P q

is asymptotically equivalent to 1{
?
π logP as we now show. The following result is

classical [Williams, 1991].

Lemma 3.1 For t ě 1,
ˆ

1´
1

t2

˙

φptq

t
ď Φ̄ptq ď

φptq

t
,

where φ and Φ̄ denote respectively the probability density and survival function of a
standard normal variable.

Hence, 1´ 2Φ̄ptq “ 1´ 2φptq{t`Opφptq{t3q when tÑ 8. Setting λ “ λQUT
P ,

Pp2Λ{σ ď λq “ r1´ 2Φp´λqsP

“ r1´ 2φpλq{λ`Opφpλq{λ3
qs
P

“ 1´ 1{
a

π logP `Op1{ logP q,

with the last equality following from p1`xqP “ exppP logp1`xqq and the fact that
logp1`xq “ x`Opx2q and exppxq “ 1`x`Opx2q when xÑ 0. It is then straightfor-
ward to show that PpΛ ą λQUT

P q „ 1{
?
π logP . Note that λQUT

P “ 2λBIC “ σ2 logP .
Generalizations such as GIC and EBIC also select a larger tuning parameter than
BIC which is known to perform poorly in the high-dimensional setting.

In one-dimensional total variation, λpyq “ }pDDtq´1Dy}8 withD defined in (2.3),
and the distribution of pDDtq´1DY0{σ

?
P , Y0 „ Npc1, σ2Iq for a certain constant

c, is that of a discretized Brownian bridge W on an equispaced grid ti “ i{P ,
i “ 1, . . . , P ´ 1, of r0, 1s [Sardy and Tseng, 2004]. Then,

PpΛ ě σ
?
PbP q ď Pp}W } ě bP q

“ 2
8
ÿ

k“1

p´1qk`1 expp´2k2b2
P q,

with }¨} denoting the sup norm and the equality being given in Shorack and Wellner
[1986]. Setting bP “

?
log logP {2, the quantity of interest converges to 0 at the

rate Op1{
?

logP q and λQUT
P “ σ

?
P log logP {2.
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3.4 Numerical Results of Lasso GLM

Our methodology for lasso GLM is implemented in the qut package which is avail-
able from the Comprehensive R Archive Network (CRAN).

Assuming a Gaussian response, the lasso null-thresholding statistic (see Re-
mark 2.1) is ancillary for β˚0 . In contrast,

?
lasso’s null-thresholding statistic is

pivotal with respect to both β˚0 and σ, and LAD lasso’s is pivotal with respect to σ
when P0 “ 0.

In regularized Poisson and logistic regression, the null-thresholding statistic de-
pends on β˚0 which we estimate with the following procedure. First, calculate the
MLE of β0 based on the observed value y with the constraint β̂ “ 0 (it is the
solution to (2.10)). Then, solve lasso GLM with the corresponding quantile univer-
sal threshold. Finally, the estimate is β̂MLE

0 where pβ̂MLE
0 , β̂MLEq denotes the MLE

based on y with covariates selected by the previous procedure. In Appendix B.1,
an empirical investigation of the sensitivity of λQUT to the estimation of β˚0 is con-
ducted.

In the following, QUTlasso and QUT?lasso stand for the quantile universal thresh-
old applied respectively to lasso and

?
lasso. CVmin refers to cross-validation,

CV1se to a conservative variant of CVmin which takes into account the variabil-
ity of the cross-validation error [Breiman et al., 1984], SS to stability selection
[Meinshausen and Bühlmann, 2010] and GIC to the generalized information crite-
rion [Fan and Tang, 2013]. We apply the latter selection rules to the lasso. For
GIC and QUTlasso, the variance is estimated with (B.2) and (B.3) respectively (see
Appendix B.2). The parameter α is set to 0.05.

3.4.1 Real Data

We first briefly describe the four data sets considered to illustrate our approach in
Gaussian and logistic regression.

• riboflavin [Bühlmann et al., 2014]: Riboflavin production rate measurements
from a population of Bacillus subtilis with sample size N “ 71 and expressions
from P “ 4088 genes.

• chemometrics [Sardy, 2008]: Fuel octane level measurements with sample size
N “ 434 and P “ 351 spectrometer measurements.

• leukemia [Golub et al., 1999]: Cancer classification of human acute leukemia
cancer types based on N “ 72 samples of P “ 3571 gene expression microar-
rays.
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• internetAd [Kushmerick, 1999]: Classification of N “ 2359 possible adver-
tisements on internet pages based on P “ 1430 features.

We randomly split one hundred times each data set into a training and a test
set of equal size. Several selection rules are compared including QUT for random
scenario. Except for CV1se, the final model is fitted by MLE with the previously
selected covariates in order to improve prediction. In Figure 3.1, we report the
number of nonzero coefficients selected on the training set, as well as the test set
mean-squared prediction error and correct classification rate.

By selecting a large number of variables CV1se results in efficient prediction,
whereas SS shows poor predictive performance due to the low complexity of the
model. Good predictive performance is achieved by QUTlasso and QUT?lasso as
well as GIC with a median model complexity between SS and CV1se. Moreover,
GIC and QUT?lasso exhibit a larger variability than QUTlasso in terms of number
of nonzero coefficients.
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Figure 3.1 – Monte Carlo simulation based on four data sets: riboflavin (Gaussian),
chemometrics (Gaussian), leukemia (Bernoulli) and internetAd (Bernoulli). We report the
boxplots of the following statistics: the number of nonzero coefficients obtained from the train-
ing sets (top); the test set mean-squared prediction error for Gaussian responses and the correct
classification rate for Bernoulli responses (bottom).

3.4.2 Synthetic Data

Two prominent quality measures of model selection are the true positive rate TPR :“

ErTPrs and the false discovery rate FDR :“ ErFDrs, where TPr :“ |Ŝλ X S˚|{|S˚|,
the proportion of selected nonzero features among all nonzero features, and
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FDr :“ |ŜλXS˚|{|Ŝλ|, the proportion of falsely selected features among all selected
features.

We perform a simulation based on Reid et al. [2014]. Responses are generated
from the linear, logistic and Poisson regression model with a sample size of N “ 100

and P “ 1000 covariates. The intercept is set to one and unit noise variance assumed
in linear regression. The true parameter β˚ and predictor matrix X are obtained
as follows:

• Elements of X are generated randomly as xij „ Np0, 1q with correlation be-
tween columns set to ω.

• The support of β˚ is of cardinality s˚ “ rN θs and selected uniformly at random.
Entries are generated from a Laplacep1q distribution and scaled according to
a certain signal to noise ratio, snr “ β˚tΣωβ

˚{σ2, Σω being the covariance
matrix of a single row of X.

Table 3.1 – Estimated true positive rate/false discovery rate based on the simulation of Sec-
tion 3.4.2.

Method Response variable distribution with (θ,ω,snr)
Gaussian Bernoulli Poisson

(0.5,0,1) (0.1,0,1) (0.5,0,10) (0.1,0,10) (0.5,0,1) (0.3,0,1)
lasso
CV1se 0.21/0.26 0.76/0.17 0.25/0.43 0.74/0.37 0.50/0.60 0.82/0.60
QUT 0.08/0.00 0.69/0.00 0.09/0.02 0.62/0.00 0.54/0.69 0.82/0.65

SS 0.11/0.02 0.73/0.01 0.10/0.04 0.64/0.03 0.13/0.02 0.49/0.02
GIC 0.09/0.05 0.74/0.07 0.12/0.14 0.69/0.14 0.56/0.70 0.82/0.61

?
lasso
QUT 0.24/0.26 0.74/0.02

(0.5,0.4,1) (0.5,0,10) (0.5,0.4,10) (0.5,0,20) (0.5,0.4,1) (0.5,0,20)
lasso
CV1se 0.16/0.80 0.73/0.58 0.19/0.80 0.32/0.50 0.39/0.81 0.05/0.56
QUT 0.13/0.72 0.21/0.00 0.14/0.68 0.11/0.02 0.39/0.81 0.63/0.89

SS 0.03/0.03 0.27/0.00 0.03/0.04 0.13/0.03 0.04/0.08 0.02/0.50
GIC 0.06/0.26 0.52/0.20 0.07/0.37 0.17/0.14 0.39/0.81 0.77/0.93

?
lasso
QUT 0.16/0.78 0.32/0.02

Table 3.1 contains estimated TPR and FDR based on one hundred replications.
The high complexity of CV1se and the low complexity of SS are again observed.
Moreover, QUT applied to lasso, GIC and QUT applied to

?
lasso are comparable.
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3.4.3 Phase Transition Property

In this section, we investigate the variable screening property and observe a phase
transition. Given a thresholding estimator, if several tuning parameter values yield
Ŝλ containing the true support S˚, the smallest estimated model can be of interest
since it minimizes the FDr. We call it the optimal inclusive model. This leads to
the definition of the oracle inclusive rate which measures its cardinality relative to
the estimated support.

Definition 3.3 Assume S˚ ‰ H and let smin “ minλ t|Ŝλ| | Ŝλ Ě S˚u if it exists.
Let ŝλ “ |Ŝλ| be the cardinality of Ŝλ. The oracle inclusive rate (OIR) is defined as
ErOIrs, where

OIr :“

$

&

%

smin

ŝλ
if Ŝλ Ě S˚

0 otherwise
.

Models with OIr ‰ 0 have TPr “ 1, whereas those with OIr “ 1 have minimum
FDr amongst all models with TPr “ 1. Moreover, OIR ď PpŜλ Ě S˚q. A small
OIr results from a complex model containing S˚, whereas a null OIr results from
Ŝλ Ğ S˚. The latter could be due to a simplistic model or to the variable screening
property being unachievable, in which case smin does not exist.

To assess the performance of the quantile universal threshold in terms of OIR,
we extend the simulation of Donoho and Tanner [2010] in compressed sensing to
model (2.1) with unit noise variance assumed to be known. The entries of the
N ˆP X matrix are assumed to be i.i.d. standard Gaussian. We set P “ 1600 and
vary the number of rows N P t160, 320, 480, 640, 800, 960, 1120, 1280, 1440u as well
as the cardinality of the support of β˚, s˚ P t1, . . . , Nu. Nonzero entries are set to
ten. One hundred predictor matrices X and responses y are generated for each pair
pN, s˚q.

On the left and middle panel of Figure 3.2, we respectively report the estimated
OIR of the oracle lasso selection rule which retains the optimal inclusive model if it
exists and the estimated OIR of QUT. Values are plotted as a function of δ “ N{P ,
the undersampling factor, and of ρ “ s˚{N , the sparsity factor. The right panel
contains the estimated OIR of various selection rules for a fixed δ “ 0.2. The
following interesting behaviours are observed.

• Phase transition of Oracle and QUT. Two regions can be clearly distinguished:
a high OIR region due to a selected model containing few covariates outside
the optimal model and a zero OIR region in which smin does not exist. The
change between these regions is abrupt, as observed in compressed sensing.
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• Near oracle performance of QUT. Comparing the left and middle panels, the
performance of QUT is nearly as good as that of the oracle selection rule, with
the phase transition occurring at similar values of ρ.

• Low complexity of QUT. Comparing several rules on the right panel, QUT has
a high OIR. Moreover, CVmin has lower OIR than CV1se and is comparable to
SURE. The low OIR of the three latter selection rules is due to the complexity
of their selected model. This goes along the fact they are prediction-based
methodologies whereas QUT aims at a good identification of the parameters.
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Figure 3.2 – Estimated OIR of the oracle lasso selection rule (left) and QUT (middle) as a function
of pδ, ρq “ pN{P, s˚{Nq. The right panel contains the estimated OIR of several selection rules for
a fixed δ “ 0.2.

3.4.4 Conclusion

According to Ockham’s razor, if two selected models yield comparable predictive
performances, the sparsest should be preferred. QUT tends to be in accordance
with this principle. Moreover, a good compromise between high TPR and low FDR
is obtained. Finally, near oracle performance is achieved in terms of OIR.
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Chapter 4
Thresholding Tests

In this chapter, we consider the linear regression model

Y “ Xβ˚ ` ε, ε „ Np0, σ2Iq, (4.1)

and the problem of testing for H0 : Aβ˚ “ c for a given RˆP full row rank matrix
A and vector c. A special case is the classical problem of testing whether a subset
of coordinates have a linear relationship with the response.

We introduce a new class of testing procedures which are based on thresholding
estimators and give examples in Section 4.1. Thresholding estimators are proposed
in Section 4.2 which allow to test hypotheses of the form H0 : Aβ˚ “ c. In addition,
confidence regions for Aβ˚ are derived. A comparative power study is performed in
Section 4.3 under sparse and dense alternatives and an adaptive testing procedure
is suggested. We show in Section 4.4 that the proposed testing procedures inherit
a screening property. Finally, a necessary and sufficient condition is derived for a
compatibility condition to hold in balanced one-way and two-way ANOVA designs.
This condition ensures variable screening is achieved under an additional assumption
on the magnitude of the nonzero entries of β˚.

4.1 Methodology and Examples

We start by introducing the concept of a thresholding test.

Definition 4.1 Assume ξ̂λ “ Aβ̂λ ´ c is a thresholding estimator and consider
testing

H0 : Aβ˚ “ c

for the linear model (4.1), where A is R ˆ P of full row rank. The test whose test

33
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function is given by

φpyq “

#

1 if Aβ̂λ ‰ c

0 else

is called a thresholding test with test-threshold λ.

The following proposition shows how to set the test-threshold to ensure the testing
procedure has level α.

Proposition 4.1 Assume Aβ̂λpYq ´ c admits a pivotal null-thresholding statistic

Λ “ λpY0q,

where Y0 “d Y under H0 : Aβ˚ “ c. Letting λα “ F´1
Λ p1´ αq, the test

φpyq “

#

1 if λpyq ą λα

0 otherwise

is a thresholding test with test-threshold λα of level α.

The proof is immediate from Definition 3.1 of a null-thresholding statistic. Note
that in the terminology of Section 3.2, λα is the quantile universal threshold at level
α.

Remark 4.1 If FΛ is not invertible, we let F´1
Λ p1 ´ αq :“ inf tx P R | FΛpxq ě

1´ αu. In that case, it might be that the test is conservative, that is, the maximum
type I error probability is less than α.

Consider testing for β˚ “ 0 or for β˚A “ 0 with A an index subset of t1, . . . , P u.
Examples of thresholding estimators which admit a pivotal null-thresholding statis-
tic Λ include the

?
lasso and group

?
lasso, as well as the LAD lasso (see Section 2.2

and Remark 2.1). However, the lasso, group lasso and Dantzig selector do not admit
a pivotal Λ with respect to σ. Considering a weighted form of these estimators, that
is, substituting λ for λwpyq, one can pivotize the test statistic. In effect, selecting
the weight such that wpYq ą 0 almost everywhere and wpY0q{σ is pivotal with
respect to σ leads to the pivotal null-thresholding statistic Λ{wpY0q, where Λ is the
null-thresholding statistic of the non-weighted estimator. For example, one can set
wpYq “ }pI ´ PXqY}2{

a

rankpI ´ PXq as long as CpXq Ă RN strictly.

4.2 The Affine Lasso

More generally, to test H0 : Aβ˚ “ c for an arbitrary full row rank matrix A, we
introduce a new thresholding estimator, the affine lasso, defined by

argmin
β PRP

1

2
}y ´Xβ}22 ` λ}Aβ ´ c}1. (4.2)
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If c “ 0, we retrieve the generalized lasso and if additionally A “ I, the lasso.
Similarly, the group affine lasso is defined by

argmin
β PRP

1

2
}y ´Xβ}22 ` λ

řM
k“1 }A

Gkβ ´ cGk}2.

We also introduce the affine
?
lasso as well as the group affine

?
lasso by substituting

the `2 norm for the squared `2 norm divided by two. The resulting estimators of
gpβ˚q “ Aβ˚´c admit a zero-thresholding function which we derive in the following
proposition.

Proposition 4.2 Let β̂λ denote the affine lasso, group affine lasso, affine
?
lasso

or group affine
?
lasso estimator. Then, for any full row rank matrix A, Aβ̂λ ´ c

admits a zero-thresholding function λpyq.

Remark 4.2 An explicit formulation of λpyq can be found in Table 4.1.

Proof Consider the constrained least squares problem

minimize:
1

2
}y ´Xβ}22 subject to: Aβ “ c, (4.3)

and let us denote any solution by β̂H0 . From the Kuhn-Tucker theorem (Corol-
lary 28.3.1 in Rockafellar [1970]), a given vector β is an optimal solution if and only
if there exists a vector z such that

#

Aβ “ c

X tpXβ ´ yq ` Atz “ 0
. (4.4)

Since A has full row rank and the constrained least squares fit Xβ̂H0 is unique,
the vector z is uniquely determined and we let zH0 “ pAAtq´1AX tpy ´ Xβ̂H0q.
Let βKc denote the unique element of kerAK such that AβKc “ c. Then, the
constrained least squares problem (4.3) is equivalent to that of minimizing }y ´
XβKc ´Xβ}

2
2{2 subject to Aβ “ 0. Letting U denote a matrix whose columns span

kerA, the minimum is given by }y ´ XβKc ´ PXUpy ´ XβKc q}
2
2{2. It follows that

Xβ̂H0 “ XβKc ` PXUpy ´Xβ
K
c q. Hence, zH0 “ pAAtq´1AX tpI ´ PXUqpy ´Xβ

K
c q.

From the affine lasso KKT optimality conditions, a given vector β is a solution
to the affine lasso (4.2) such that Aβ “ c if and only if there exists a vector v such
that

#

}v}8 ď 1

X tpXβ ´ yq ` λAtv “ 0
. (4.5)

Now assume the affine lasso admits a solution β̂λ such that Aβ̂λ´ c “ 0. It is easy
to show that β̂λ is also a solution to the constrained least squares problem (4.3)
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and hence both (4.4) and (4.5) hold with β “ β̂λ. Since A is of full row rank, it
follows that λ ě }zH0}8. Conversely, if λ ě }pAAtq´1AX tpy´Xβ̂H0q}8, then there
exists v such that }v}8 ď 1 and λv “ zH0 . Hence, (4.5) holds with β “ β̂H0 and
the affine lasso admits a solution β̂λ such that Aβ̂λ ´ c “ 0.

The proofs for the group affine lasso, affine
?
lasso and group affine

?
lasso cases

are similar and omitted.

Table 4.1 – Zero-thresholding function associated to different thresholding estimators.

Zero-thresholding function λpyq

Affine lasso }pAAtq´1AXtpI ´ PXU qpy ´Xβ
K
c q}8

Group affine lasso max
1ďkďM

}rpAAtq´1AXtpI ´ PXU qpy ´Xβ
K
c qsGk}2

Affine
?
lasso

}pAAtq´1AXtpI ´ PXU qpy ´Xβ
K
c q}8

}pI ´ PXU qpy ´XβKc q}2

Group affine
?
lasso max

1ďkďM

}rpAAtq´1AXtpI ´ PXU qpy ´Xβ
K
c qsGk}2

}pI ´ PXU qpy ´XβKc q}2

As the following lemma shows, the zero-thresholding function of affine lasso and
its variants is pivotal with respect to β˚ under H0. Proposition 4.1 then implies
thresholding test procedures can be derived based on these estimators.

Lemma 4.3 Let U denote a matrix whose columns span kerA and let βKc denote
the unique element of kerAK such that AβKc “ c. Then, pI ´ PXUqpY ´ XβKc q is
pivotal with respect to β˚ under the assumption that Aβ˚ “ c.

Proof Since Aβ˚ “ c, β˚ “ β0
` βKc for a certain β0

P kerA. It follows that
pI ´ PXUqpY ´ XβKc q “ pI ´ PXUqpXβ

0
` εq “ pI ´ PXUqε which concludes the

proof.

As before, one can pivotize the null-thresholding statistic with respect to σ, if
necessary, by substituting λ with λwpyq where wpYq ą 0 almost everywhere and
wpY0q{σ pivotal with respect to σ.

In turns out the classical Fisher F -test is a thresholding test under certain as-
sumptions. We let MSE “ }pI ´ PXqy}22{ rankpI ´ PXq.

Proposition 4.4 The weighted one group affine lasso thresholding test with
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wpyq “
?
R ¨MSE is equivalent to Fisher’s F -test if X is of full column rank and

ApX tXq´1At “ dI

for a certain constant d. If A “ BX for a matrix B, it suffices that

ApX tXq´At “ dI

where pX tXq´ denotes any generalized inverse of X tX.

Proof Let β̂ denote any maximum likelihood estimator and β̂H0 any solution to
the constrained least squares problem (4.3). If X has full column rank, it can be
shown [Seber and Lee, 2003] that

X tXβ̂H0 “ X ty ´ AtrApX tXq´1Ats´1
pAβ̂ ´ cq,

and if A “ BX,

X tXβ̂H0 “ X ty ´ AtrApX tXq´Ats´1
pAβ̂ ´ cq.

The proof then follows from the fact that the weighted one group affine lasso testing
procedure rejects for large values of

}pAAtq´1AX t
py ´Xβ̂H0q}2{

?
R ¨MSE,

whereas Fisher’s testing procedure rejects for large values of

pAβ̂ ´ cqtrApX tXq´1Ats´1
pAβ̂ ´ cq{pR ¨MSEq

if X has full column rank, and for large values of

pAβ̂ ´ cqtrApX tXq´Ats´1
pAβ̂ ´ cq{pR ¨MSEq

if A “ BX.

In particular, the two testing procedures are equivalent when testing for the
significance of the main effect β˚ in a balanced one-way ANOVA design

Yij “ µ˚ ` β˚i ` εij, εij
iid
„ Np0, σ2

q, i “ 1, . . . , T, j “ 1, . . . , R, (4.6)

and when testing for the significance of an interaction effect γ˚, or for the signifi-
cance of a main effect α˚ or β˚, in a balanced two-way ANOVA design

Yijk “ µ˚ ` α˚i ` β
˚
j ` γ

˚
ij ` εijk, εijk

iid
„ Np0, σ2

q, (4.7)

i “ 1, . . . , T1, j “ 1, . . . , T2 and k “ 1, . . . , R.
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We emphasize the fact that contrarily to Fisher’s F -test, the
?
lasso and group

?
lasso tests do not require CpXq Ă RN strictly. This implies testing can be per-

formed even in the high-dimensional case P ą N . However, all procedures require
that the null hypothesis implies EpYq lies in some subspace of CpXq. This is equiv-
alent to CpXUq Ă CpXq strictly, where the columns of U span kerA. As a result,
in the high-dimensional setting with CpXq “ RN , one can test for the significance
of a subset of coordinates of β˚, say β˚A, provided CpXĀq Ă RN .

Remark 4.3 (Confidence Regions) Consider the problem of deriving a confi-
dence region for Aβ˚. The set CRp1´αqpyq is said to be a p1´ αq confidence region
estimator of Aβ˚ if

PpAβ˚ P CRp1´αqpYqq “ 1´ α, @β˚ P RP .

It consists of all the vectors c that would not be rejected by an α level test of Aβ˚ “ c.
Hence, confidence regions can be derived based on thresholding tests. For example,
the affine

?
lasso leads to the rejection region consisting of all the vectors c that

satisfy the inequality

}pAAtq´1AX t
pI ´ PXUqpy ´Xβ

K
c q}8 ď λα}pI ´ PXUqpy ´Xβ

K
c q}2,

where λα “ F´1
Λ p1´ αq and Λ “d }pAA

tq´1AX tZ}8{}Z}2 with Z „ Np0, I ´ PXUq.

4.3 Power Study

In this section, the performance of different testing procedures in terms of power is
investigated when testing for

H0 : β˚ “ 0

against alternatives of the type

Hs,θ
1 : Exactly s entries of β˚ are equal to θ

in two different models. A small value of s corresponds to a sparse alternative,
whereas a large value of s corresponds to a dense alternative.

We first consider a balanced one-way ANOVA model (4.6). For an overall mean
µ “ 0 and variance σ2 “ 1, an explicit formulation of the test-threshold and
power of the one group lasso, lasso and LAD lasso tests is given in Table 4.2.
Rewriting (4.6) as Y “ Bβ˚ ` ε, ε „ Np0, σ2ITRq, we make use of the fact that
BtY „ NpRβ˚, RIT q. For the LAD lasso, we make use of the independence of
pBt

i sgnpYq `Rq{2, i “ 1, . . . , T , which have binomial distribution with parameters
R and 1´ Φp´β˚i q.
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Table 4.2 – Test-threshold and power of different level α testing procedures under Hs,θ
1 -type alter-

natives. Notation: ∆θΦpλ;Rq “ Φppλ´ Rθq{
?
Rq ´ Φpp´λ´ Rθq{

?
Rq, ∆θBpλ;Rq “ Pp´λ`R2 ď

W ď λ`R
2 q with W a binomial random variable with parameters R and ppθq “ 1 ´ Φp´θq and

E “ tR´ 2k | 0 ď k ď tR{2uu.

Test-threshold Powerpθq

One group
lasso λOα “

?
R
b

F´1
χ2
T
p1´ αq 1´ Fχ2

T,Rsθ2
pλOα

2
{Rq

Lasso λ`α “ ´
?
RΦ´1

´

1´p1´αq1{T

2

¯

1´ r∆θΦpλ
`
α ;Rqssr∆0Φpλ`α ;RqsT´s

LAD lasso λNα “ mintλ P E | r∆0Bpλ;RqsT ě 1´ αu 1´ r∆θBpλ
N
α;Rqssr∆0Bpλ

N
α;RqsT´s

In Figure 4.1, the power is reported as a function of θ for different sparsity levels
when T “ 10 and R “ 20. For a highly sparse signal, the lasso test is more powerful
than the group lasso test. As the signal becomes less sparse, the group lasso test
should be preferred. In all settings, the LAD lasso, which is conservative, is the less
powerful procedure.
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Figure 4.1 – Power of the one group lasso (circles), lasso (plus signs), LAD lasso (triangles) and
empirical power of maximum (squares) testing procedures in a balanced one-way ANOVA model
with T “ 10 treatments and R “ 20 replicates under Hs,θ

1 -type alternatives.
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The second model considered is Y “ 1β˚0 ` Xβ˚ ` ε, ε „ Np0, Iq with X a
100ˆ 200 matrix with i.i.d. standard normal entries mean centered and rescaled to
have unit `2 norm columns. The noise variance and β˚0 are assumed to be unknown.
In Figure 4.2, we observe that for a highly sparse signal, the

?
lasso testing procedure

should be preferred. As the signal becomes less sparse, the group
?
lasso is more

powerful.
If one has no prior information to prefer one statistic over the other, we suggest

to consider the maximum testing procedure. More precisely, for a known variance,
the procedure rejects for large values of maxp}Bty}2{λ

O
α , }B

ty}8{λ
`
α q. The stan-

dardization ensures both individual test statistics possess the same rejection region
at level α. In Figure 4.1, we observe this test has power close to the most powerful
procedure across all the sparsity levels. Analogously, for an unknown variance, we
consider the testing procedure which rejects for large values of the maximum of the
?
lasso and group

?
lasso test statistics, each of them standardized such that their

respective rejection region at level α coincide. Again, it exhibits high power in all
the settings of Figure 4.2. In summary, the maximum test is adaptive in the sense
that it achieves high power across all the sparsity levels.

4.4 Screening Property

Let the linear model

Y “ X0β
˚
0 `Xβ

˚
` σε, ε „ Np0, Iq, (4.8)

and consider testing β˚ “ 0. Because the proposed testing procedures are based on
thresholding estimators, the nonzero estimated entries give insight on the support
of β˚, Sβ˚ :“ tp | β˚p ‰ 0u. More formally, having rejected the null hypothesis
H0 : β˚ “ 0, the screening property

Ŝλ Ě Sβ˚ ,

where Ŝλ “ tp | β̂p ‰ 0u, holds with high probability under certain assumptions.
As a generalization of the compatibility condition (3.2), we first introduce the

pL,Sβ˚q-intercept compatibility condition

φintcomppL,Sβ˚q :“ min
β‰0,

}βS
β˚
}1ďL}βS

β˚
}1

?
s˚}pI ´ PX0qXβ}2

}βSβ˚
}1

ą 0,

with Sβ˚ of cardinality s˚ and a certain L ą 0. We let MSE “ }pI ´ PrX0Xsqy}
2
2{

rankpI ´ PrX0Xsq.
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s “ 200
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Figure 4.2 – Empirical power of the one group
?
lasso (circles),

?
lasso (plus signs) and maximum

(squares) testing procedures in a linear model under Hs,θ
1 -type alternatives. The design matrix

is of size 100 ˆ 201 with a first column of ones and all other entries i.i.d. standard normal. The
noise variance as well as the intercept value are assumed to be unknown.

Proposition 4.5 Let λα be the test-threshold at level α associated to the weighted
lasso testing procedure with weight wpyq “

?
MSE for testing H0 : β˚ “ 0 in the

linear model (4.8). Assume the pL,Sβ˚q-intercept compatibility condition is satisfied
with L “ pλα`λ0q{pλα´λ0q, for a certain λ0, 0 ă λ0 ă λα. Assume wpYq ď ω with
probability at least 1´δ. Then, with probability at least 1´α´δ´Prpλ0 ď Λ ď λαq,

Ŝλα Ě Sβ˚

under the beta-min condition

min
p PSβ˚

|β˚p | ą 4pλα ` λ0qs
˚ω{φ2

intcomppL,Sβ˚q.

Proof The proof follows closely that of Property 3.2. It consists in showing that
on the event t}X tpI ´ PX0qε}8{wpYq ď λ0u,

}pβ̂λα ´ β
˚
qSβ˚

}1 ď
λα ` λ0

λα ´ λ0

}pβ̂λα ´ β
˚
qSβ˚

}1.
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The intercept compatibility condition then implies

}pβ̂λα ´ β
˚
qSβ˚

}1 ď 4pλα ` λ0qs
˚wpYq{φ2

intcomppL,Sβ˚q.

Since wpYq “ wpεq, }X tpI ´ PX0qε}8{wpYq ď λ0 has probability 1 ´ α ´ Prpλ0 ď

Λ ď λαq. Moreover, wpYq ď ω has probability at least 1´δ. Hence, with probability
at least 1´ α ´ δ ´ Prpλ0 ď Λ ď λαq,

}pβ̂λα ´ β
˚
qSβ˚

}1 ď 4pλα ` λ0qs
˚ω{φ2

intcomppL,Sβ˚q.

We then use the fact that }pβ̂ ´ β˚qSβ˚
}8 ď C for a certain C ą 0 implies

tp | β̂p ‰ 0u Ě tp | |β˚p | ą Cu.

Remark 4.4 A similar result can be shown for the weighted group lasso. For the
?
lasso and group

?
lasso, we only consider the case where wpYq “ 1 and ω “ 1 and

hence δ “ 0 since the null-thresholding statistic does not need to be pivotized.

The following lemma gives an explicit formulation of ω appearing in Proposition 4.5.

Lemma 4.6 For a given 0 ă δ ă 1, let t “
b

4 logp1{δq
rankpI´P q

`
2 logp1{δq}I´P }

rankpI´P q
, where P

denotes the orthogonal projection matrix onto CprX0Xsq and }¨} denotes the spectral
norm of a matrix. Then,

Pp
?
MSE ď σ

?
1` tq ě 1´ δ.

The proof of this result is a direct application of Proposition 1.1 in Hsu et al. [2012].
Several simple conditions for the compatibility condition to hold are given in

[Bickel et al., 2009]. The following proposition establishes that when testing for
significance of a main effect, in balanced one-way and two-way ANOVA models, the
intercept compatibility reduces to a constraint on the cardinality s˚.

Proposition 4.7 In a balanced one-way ANOVA model (4.6), the pL,Sβ˚q-intercept
compatibility condition is equivalent to |Sβ˚ | ą L|Sβ˚ |, that is, s˚ ă T {pL` 1q.

In a balanced two-way ANOVA model without interaction, the pL,Sα˚q- and
pL,Sβ˚q-intercept compatibility condition hold respectively if and only if
|Sα˚ | ą L|Sα˚ | and |Sβ˚ | ą L|Sβ˚ |.

Proof We reformulate the balanced one-way ANOVA model as Y “ 1µ˚`Bβ˚`ε.
By definition, the pL,Sβ˚q-intercept compatibility condition holds if and only if

kerrpI ´ P1qBs X tβ P RT
zt0u | }βSβ˚

}1 ď L}βSβ˚
}1u “ H.
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Some computations lead to kerrpI ´ P1qBs “ tβ P RT | β1 “ β2 “ . . . “ βT u,
and it is then easy to show that the pL,Sβ˚q-intercept compatibility condition is
equivalent to |Sβ˚ | ą L|Sβ˚ |.

The proof for the balanced two-way ANOVA model is analogous. We refor-
mulate the model as Y “ 1µ˚ ` Aα˚ ` Bβ˚ ` ε, and the result follows from
kerrpI ´ Pr1BsqAs “ tα P RT1 | α1 “ α2 “ . . . “ αT1u and kerrpI ´ Pr1AsqBs “ tβ P

RT2 | β1 “ β2 “ . . . “ βT2u.

Remark 4.5 Consider the balanced two-way ANOVA model with interaction (4.7)
which we reformulate as Y “ 1µ˚`Aα˚`Bβ˚`Cγ˚`ε. After some derivations,
we obtain

kerrpI ´ Pr1ABsqCs “ tγ P RT1T2 | γij “ γ̄¨j ` γ̄i¨ ´ γ̄..u,

with γ̄¨j “
řT1
i“1 γij{T1, γ̄i¨ “

řT2
j“1 γij{T2 and γ̄.. “

řT1
i“1

řT2
j“1 γij{pT1T2q. The

pL,Sγ˚q-intercept compatibility is then equivalent to

max
γ‰0,
γ PΓ

}γSγ˚
}1

}γ}1
ă

1

L` 1
,

with Γ :“ kerrpI ´ Pr1ABsqCs. If πSγ˚
denotes the linear application defined on

Γ such that πSγ˚
pγq “ γSγ˚

, the pL,Sγ˚q-intercept compatibility reduces to the
compact form }πSγ˚

}1 ă 1{pL` 1q.
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Chapter 5
Existence of Estimates of GLMs with
Convex Penalties

Many of the thresholding estimators we have encountered so far are defined as

argmin
β PRP

`ypβq ` pλpβq,

for a certain loss function `y and penalty function pλ, both convex. This chapter is
concerned with the problem of existence of such estimators.

We start in Section 5.1 by giving sufficient conditions on the loss and penalty
functions for the existence of a solution and show that it is guaranteed for a large
class of estimators. Section 5.2 adresses the case where some parameters are left
unpenalized since they are assumed a priori to be nonzero. It contains necessary and
sufficient conditions for the minimum set to be nonempty when the loss function is
the negative log-likelihood of a canonical GLM. Finally, a numerical procedure to
check for existence of regularized logistic and Poisson regression estimators is given
in Section 5.3. The approach taken is linked to several objects in convex analysis
which are reviewed in Appendix A.

5.1 The Fully Penalized Case

We first consider the case where all parameters are penalized.

Theorem 5.1 Assume `y is a proper closed convex function with nonnegative reces-
sion function `y0` and pλ is a finite closed convex function with positive recession
function pλ0` for all β ‰ 0. Then, the minimum set of

`ypβq ` pλpβq (5.1)

is nonempty.

45
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Proof The objective function is proper and Proposition A.2 implies it is closed and
convex. Moreover, its recession function is positive for any β ‰ 0 since it is given
by `y0`` pλ0

` by Proposition A.4. Hence, the objective function has no directions
of recession and by Theorem A.6 the infimum is attained.

As a consequence, we obtain existence of many classical penalized estimators.
The following lemma establishes that assumptions of Theorem 5.1 reduce to
`y0` ě 0 if `y is the negative log-likelihood of a canonical GLM, that is,

`ypβq “ ´xy, Xβy ` bpXβq,

for β such that Xβ P Θ :“ tθ P RN | bpθq ă 8u. We extend `y to RP by setting
bpXβq “ `8 if Xβ R Θ, so that we consider minimizing (5.1) over RP .

Lemma 5.2 The negative log-likelihood of a canonical GLM takes its values in
q´8,8s, is convex and lower semicontinuous.

Proof From Proposition A.1 and A.2, it suffices to show that

bpθq “ log

ż

exθ,yydµpyq

takes its values in q ´ 8,8s, is convex and lower semicontinuous.
Since exθ,yy ą 0, bpθq is never equal to ´8.
Let θ1 and θ2 such that bpθ1q ă 8 and bpθ2q ă 8. Then, by Hölder’s inequality,

ż

exλθ1`p1´λqθ2,yydµpyq ď

„
ż

exθ1,yydµpyq

λ „ż

exθ2,yydµpyq

1´λ

,

for 0 ă λ ă 1. Hence, the set Θ is convex and the restriction of b to Θ is convex.
Since b is equal to `8 on ΘzC, it is convex on all of RN .

By Fatou’s lemma, if θn converges to θ as n tends to 8,
ż

exθ,yydµpyq ď lim inf
nÑ8

ż

exθn,yydµpyq.

The lower semicontinuity of bpθq then follows from the fact it is the composition of
the logarithmic function with a positive lower semicontinuous function.

We now compute explicitly the recession function of several loss functions using
formula (A.2).

• Squared `2 loss. If `ypβq “ }y ´Xβ}22, then `y0`pβq “ 0 if Xβ “ 0 and `8
otherwise.

• `1 and `2 loss. If `ypβq “ }y ´Xβ}i for i “ 1 or 2, then `y0`pβq “ }Xβ}i.
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• Logistic regression loss. If `ypβq “
řN
i“1´yipx

iβq ` logp1` ex
iβq, then

`y0`pβq “
ř

ti|xiβą0up1´ yiqx
iβ ´

ř

ti|xiβă0u yipx
iβq.

• Poisson regression loss. If `ypβq “
řN
i“1´yipx

iβq ` ex
iβ, then

`y0`pβq “

#

`8 if xiβ ą 0 for at least one i
řN
i“1´yipx

iβq else
.

• Multinomial logistic regression loss. In this setting, each entry of the response
variable G can take on one of K possible values. Letting Y be the N ˆ K

indicator response matrix with elements yik “ 1tgi“ku, and setting

PpGi “ kq “
ex

iβpkq

řK
j“1 e

xiβpjq
,

the negative log-likelihood takes the form

`Y pβ
p1q, . . . ,βpKqq “

řN
i“1

´

řK
k“1´yikpx

iβpkqq ` log
`
řK
k“1 e

xiβpkq
˘

¯

.

One can then show that

`Y 0`pβq “
řN
i“1

´

řK
k“1´yikpx

iβpkqq `max1ďkďK xiβpkq
¯

.

It is easy to show conditions of Theorem 5.1 are met for the squared `2, `1 and `2

losses. The hypotheses are also satisfied for the other loss functions considered which
are the negative log-likelihood of a canonical GLM, since their recession function is
positive.

Penalty functions satisfying the required assumptions include the lasso pλpβq “
λ}β}1, the group lasso pλpβq “ λ

řK
k“1 }βGk}2, the generalized lasso, the affine lasso

and composite penalties such as the elastic net and fused lasso. This follows from
the fact they all satisfy pλ0`pβq “ pλpβq ą 0 for β ‰ 0.

5.2 The Partially Penalized Case

If some parameters are assumed a priori to be nonzero, it is customary to let these
parameters unpenalized. The objective function (5.1) then becomes

`ypβ0,βq ` pλp0,βq. (5.2)

Assume pλ as in Theorem 5.1 such that pλ0`p0,0q “ 0. Then, for the `1, `2 and
squared `2 losses, existence is guaranteed. This follows from Theorem A.6, since
the directions of recession, which are given by tpβ0,0q ‰ 0 | X0β0 “ 0u, are
all directions of constancy. If `y is taken to be the negative log-likelihood of a
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canonical GLM, there exists directions of recession of (5.2) which are not directions
of constancy for certain response distributions.

We now give necessary and sufficient conditions for the existence of a regularized
GLM estimator. As we will see, it is equivalent to the existence of a solution to a
constrained least squares problem. Our treatment is based on that of Geyer [2009]
for the existence of MLEs in GLMs. We denote by π1 : RP0`P Ñ RP0 the projection
onto the first P0 coordinates. The normal cone and tangent cone of a convex set D
in RN at a point x P D are respectively denoted by NDpxq and TDpxq.

Theorem 5.3 Assume the response vector Y “ pY1, . . . , YNq
t has density of the

form
exptxy, X0β0 `Xβy ´ bpX0β0 `Xβq ` cpyqu,

with pβ0,βq such that X0β0 `Xβ P Θ :“ tθ P RN | bpθq ă 8u and let

`ypβ0,βq “ ´xy, X0β0 `Xβy ` bpX0β0 `Xβq and `0
ypβ0q “ `ypβ0,0q.

Let pλ be a finite closed convex function such that pλ0`p0,βq ě 0 with equality if
and only if β “ 0. Moreover, let C denote the smallest closed convex set containing
pX t

0Y, X
tYq with probability one.

Then, for an observed value X t
0y P π1pCq such that `y0` ě 0, the following are

equivalent:

(a) The minimum set of `ypβ0,βq ` pλp0,βq is non-empty.

(b) The minimum set of `0
ypβ0q is non-empty.

(c) Every direction of recession of `ypβ0,βq ` pλp0,βq is a direction of constancy
of `ypβ0,βq ` pλp0,βq.

(d) Every direction of recession of `0
y is a direction of constancy of `0

y.

(e) Nπ1pCqpX
t
0yq is a vector subspace.

(f) Tπ1pCqpX t
0yq is a vector subspace.

Remark 5.1 We obtain a characterization of the set D appearing in lasso and group
lasso GLM zero-thresholding functions in (2.9) and (2.11) since (b) of Theorem 5.3
is equivalent to y belonging to D.

Throughout the proof, we will make use of the following lemma.

Lemma 5.4 Under the assumptions of Theorem 5.3, the directions of recession of
`0
y are given by tφ0 | pφ0,0q is a direction of recession of `yu and its directions of
constancy by tφ0 | pφ0,0q is a direction of constancy of `yu.

Moreover, the directions of recession of gypβ0,βq “ `ypβ0,βq`pλp0,βq are given
by tpφ1,0q | φ1 is a direction of recession of `0

yu and its directions of constancy by
tpφ1,0q | φ1 is a direction of constancy of `0

yu.
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Proof By Theorem A.5, a nonzero vector φ0 is a direction of constancy of `0
y if and

only if `0
ypu ` sφ0q “ `ypu ` sφ0,0q is constant as a function of s, for all u. Since

`0
y and `y are both closed, Theorem A.5 again implies this is in turn equivalent to
`ypu ` sφ0,vq being constant for all u and v and to pφ0,0q being a direction of
constancy of `y.

By Proposition A.4, gy0` is given by `y0` ` pλ0
`. It then follows that for a

nonzero vector φ “ pφ1,φ2q, gy0`pφq ď 0 if and only if φ2 “ 0 and `y0`pφ1, 0q “ 0,
the latter being equivalent to `0

y0`pφ1q “ 0 by the first assertion of the lemma.
The proof concerning directions of recession is analogous.

Proof [Theorem 5.3] We let gypβ0,βq “ `ypβ0,βq ` pλp0,βq. Since gy and `0
y

are proper closed convex functions by Lemma 5.2 and Proposition A.1, (c) and (d)
imply (a) and (b) respectively from Theorem A.6.

By the polarity relationship of tangent and normal cones (see Appendix A.4),
(e) and (f) are equivalent.

Assertion (d) is equivalent to (c) by the second assertion of Lemma 5.4.
Assume there is a direction of recession of `0

y which is not a direction of constancy.
Then, from Lemma 5.4, `y admits a direction of recession of the form pφ0,0q which
is not a direction of constancy. Hence, for all pβ0,βq such that X0β0 ` Xβ P Θ,
`yppβ0,βq ` spφ0,0qq is nonincreasing as a function of s by Theorem A.5, and
strictly convex on the interval where it is finite from Theorem 1 in Geyer [2009]. A
nonincreasing strictly convex function is strictly decreasing where it is finite. Hence,
`ypβ0,βq ą `ypβ0 ` sφ0,βq and `ypβ0,βq ` pλp0,βq ą `ypβ0 ` sφ0,βq ` pλp0,βq

for s ą 0, for all pβ0,βq such that X0β0`Xβ P Θ and the minimum set of both `y
and gy is empty. Moreover, `0

ypβ0q ą `0
ypβ0 ` sφ0q, for all β0 such that X0β0 P Θ

which implies the minimum set of `0
y is empty.

Assertion (d) is equivalent by Lemma 5.4 to the assertion: every direction of
recession of `y of the form pφ0,0q is a direction of constancy. Moreover, it is easy to
show that pφ0,0q P NCppX

t
0y, X

tyqq if and only if φ0 P Nπ1pCqpX
t
0yq. The equiva-

lence between (d) and (e) then follows from (g) of Theorem 1 and (e) of Theorem 3
in Geyer [2009].

5.3 Checking Existence for Poisson and Bernoulli

In this section, the problem of determining whether Tπ1pCqpX t
0yq is a vector sub-

space when the response has a normal or Poisson distribution is considered. Recall
from Theorem 5.3 that a certain regularized GLM estimator exists if and only if
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Tπ1pCqpX
t
0yq is a vector subspace with C denoting the smallest closed convex set

containing pX t
0Y, X

tYq with probability one. We start by computing π1pCq.

Lemma 5.5 Let D be the smallest closed convex set containing Y with probability
one and let A P RMˆN . If kerA “ t0u or if Y is discrete with D polyhedral, AD is
the smallest closed convex set containing AY with probability one.

Proof Assume kerA “ t0u. The fact that AD is convex follows from the fact
that the image by a linear application of a convex set is convex. It is closed as the
image of a closed set by an injective linear application and P pAY P ADq “ 1 since
D contains Y with probability one. Let us assume that there exists a set E Ă AD

closed, convex and containing AY with probability one. Then, its preimage by A
would be closed as the preimage of a closed set by a linear application, convex as
the preimage of a convex set and containing Y with probability one. Moreover, it
would be strictly included in D. A contradiction.

Assume Y is a discrete random variable with D polyhedral. Let F denote the
smallest set containing Y with probability one. It is countable as Y is a discrete
random variable. Moreover, the smallest set containing AY with probability one is
AF . Hence, D “ coF , the closed convex hull of F , and the smallest closed convex
set containing AY with probability one is given by coAF . It remains to show that
coAF “ AcoF . It follows from the fact that coAF “ AcoF which is closed as the
image by a linear application of a polyhedral set.

In logistic and Poisson regression, the smallest closed convex set containing Y

with probability one, denoted D, is given by co t0, 1uN “ r0, 1sN and coNN “

r0,8rN respectively. Since both sets are polyhedral, Lemma 5.5 implies π1pCq is
given by X t

0D which is again polyhedral. The following theorem shows that one can
determine whether Tπ1pCqpX t

0yq is a vector subspace by solving a linear programming
problem. We first note that for a polyhedral set E, TEpuq is polyhedral for u P E
(Theorem 6.46 in Rockafellar and Wets [1998]). By Theorem A.3, this implies TEpuq
is finitely generated by a certain set V , that is, TEpuq “ coneV .

Theorem 5.6 (Theorem 7 and 10 in [Geyer, 2009] ) Assume E is polyhedral
so that TEpuq “ coneV for a certain set V . Then, TEpuq is a vector subspace if and
only if the optimal value of the following linear programming problem is nonpositive
for all w P V ,

maximize: xw, δy subject to: xv, δy ě 0, @v P V ztwu.

The R function linearity available from the rcdd package [Geyer and Meeden,
2008] solves the linear programming problem, so it remains to determine V such
that Tπ1pCqpX t

0yq “ coneV .
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Let D denote the smallest closed convex set containing Y with probability one.
First (see example 6.10 in Rockafellar and Wets [1998]), TDpyq “ ΠN

i“1Fi, where

Fi “

#

r0,8q if yi “ 0

p´8, 0s if yi “ 1
, for logistic regression,

and

Fi “

#

r0,8q if yi “ 0

p´8,8q if yi P Nzt0u
, for Poisson regression.

It then follows that TDpyq “ cone
ŤN
i“1Ei, where

Ei “

#

teiu if yi “ 0

t´eiu if yi “ 1
, for logistic regression,

and

Ei “

#

teiu if yi “ 0,

tei,´eiu if yi P Nzt0u
, for Poisson regression,

with ei denoting the ith canonical basis vector, i “ 1, . . . , N .
Moreover, it can be shown that for a polyhedral set E, if TEpuq is finitely gen-

erated by a set F , then TAEpAuq is finitely generated by AF , where A denotes
a linear transform (Geyer [2009] and Theorems 6.43 and 6.46 in Rockafellar and
Wets [1998]). Finally, Tπ1pCqpX t

0yq “ TXt
0D
pX t

0yq “ cone
ŤN
i“1X

t
0Ei. Equivalently,

Tπ1pCqpX
t
0yq “ cone

ŤN
i“1Gi, where

Gi “

#

tx0
iu if yi “ 0

t´x0
iu if yi “ 1

, for logistic regression,

and

Gi “

#

tx0
iu if yi “ 0

tx0
i,´x0

iu if yi P Nzt0u
, for Poisson regression,

with x0
i denoting the ith row vector of X0, i “ 1, . . . , N . Hence, we have pro-

vided a numerical procedure to check for existence of penalized logistic and Poisson
regression estimators.
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Appendix A
Convex Analysis

A.1 Convex Sets and Convex Functions

A subset C of RN is said to be convex if p1´ λqx` λy P C whenever x, y P C and
0 ă λ ă 1.

The convex hull of a nonempty set S Ă RN , denoted coS, is the smallest convex
set that includes S. It can equivalently be defined as the intersection of all convex
sets which contain S. It consists of all the convex combinations of elements of S,

coS “ t
řP
i“0 λixi | xi P S, λi ě 0,

řP
i“0 λi “ 1, P ě 0 u.

The closed convex hull of S, denoted coS, is the smallest closed convex set that
includes S. It is the closure of coS, that is, coS “ coS.

A function f from a set S to RYt´8,`8u is defined to be convex if its epigraph

epi f “ t px, µq | x P S, µ P R, µ ě fpxq u

is a convex subset of S ˆ R. A convex function f on S can always be extended to
a convex function on all of RN by setting fpxq “ `8 for x R S.

For a function f from a convex set C to p´8,8s, convexity is equivalent to

fpλx` p1´ λqyq ď λfpxq ` p1´ λqfpyq, 0 ă λ ă 1, (A.1)

for any x, y P C. A real-valued function on a convex set C is said to be strictly
convex if (A.1) is satisfied with strict inequality whenever x ‰ y.

A convex function is said to be proper if it is not identically `8 and fpxq ą ´8
for every x.

For any convex function f on S, the set dom f “ tx | fpxq ă `8u is called the
effective domain of f .
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A.2 Subgradients

A vector v P RN is said to be a subgradient of a convex function f at a point x P RN

if
fpzq ě fpxq ` vtpz´ xq, @z P RN .

The set of all subgradients of f at x is called the subdifferential of f at x and is
denoted by Bfpxq. If Bfpxq is nonempty, f is said to be subdifferentiable at x.

Let f be a convex function and x a point where f is finite. If f is differentiable
at x, then Bfpxq “ t∇fpxqu. Conversely, if f has a unique subgradient at x, then
f is differentiable at x.

For λ ě 0, Bpλfqpxq “ λBfpxq. If A is a linear transformation and hpxq “

fpAx ` bq with f convex finite, then Bhpxq “ AtBfpAx ` bq. Moreover, if fi is
convex finite for i “ 1, . . . ,M and and f “

řM
i“1 fi, then Bfpxq “

řM
i“1 Bfipxq.

A necessary and sufficient condition for a given point x to belong to the minimum
set of a convex function f is that 0 P Bfpxq, i.e. that v “ 0 be a subgradient of f
at x.

A.3 Lower Semicontinuity and Closedness

An extended real-valued function f given on a set S Ă RN is said to be lower
semicontinuous at a point x of S if

fpxq “ lim infyÑx fpyq.

The closure of a convex function which nowhere has the value ´8, denoted cl f ,
is the convex function such that epi cl f “ epi f .

A convex function is said to be closed if cl f “ f . For a proper convex function,
closedness is equivalent to lower semicontinuity.

The following propositions show that convexity and closedness are preserved
under composition with a linear application and under positive linear combination.

Proposition A.1 Let f : RM ÞÑ p´8,8s, let A P RMˆN , and let h : RN ÞÑ

p´8,8s be defined by hpxq “ fpAxq, x P RN . If f is convex, then h is also convex,
while if f is closed, then h is also closed.

Proposition A.2 Let fi : RN ÞÑ p´8,8s, i “ 1, . . . ,M , let γ1, . . . , γM be positive
scalars, and let f : RN ÞÑ p´8,8s be defined by fpxq “

řM
i“1 γifipxq, x P RN . If

f1, . . . , fM are convex, then f is also convex, while if f1, . . . , fM are closed, then f
is also closed.
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A.4 Cones and Polyhedral Sets

A set C Ă RN is said to be polyhedral if there exists A P RMˆN and b P RM such
that C “ tx | Ax ď b u.

We call K Ă RN a cone if 0 P K and λx P K for all x P K and λ ą 0.
The smallest convex cone containing tx1, . . . ,xMu is the set

cone tx1, . . . ,xMu “ t
řM
i“1 λixi | λi ě 0, i “ 1, . . . ,M u.

Such a cone is called finitely generated. The following theorem characterizes these
cones.

Theorem A.3 (Farkas-Minkowski-Weyl theorem) A convex cone is polyhe-
dral if and only if it is finitely generated.

The tangent cone of a convex set C at a point x P C is

TCpxq “ t spw ´ xq | w P C and s ě 0 u.

The normal cone of a convex set C in RN at a point x P C is

NCpxq “ t δ P RN
| xw ´ x, δy ď 0 for all w P C u.

Tangent and normal cones are polars of each other, that is,

NCpxq “ tw P RN
| xw, vy ď 0 for all v P TCpxq u,

and
TCpxq “ tv P RN

| xw, vy ď 0 for all w P NCpxq u.

A.5 Recession Cones and Recession Functions

The recession cone of a nonempty convex set C in RN , denoted by 0`C is the set
of vectors y such that C ` y Ď C.

Let f be a convex function on RN which is not identically `8. The function
whose epigraph is given by 0`pepi fq is called the recession function of f and we
denote it by f0`. By definition, we have epipf0`q “ 0`pepi fq. For a closed proper
convex function f , the recession function takes the form

f0`pxq “ lim
λÓ0

λfpx{λq (A.2)

for every x P dom f . Moreover, if 0 P dom f , this formula actually holds for every
x P RN .

The following proposition allows to compute the recession function of the sum
of functions.
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Proposition A.4 Let fi : RN Ñ p´8,8s, i “ 1, . . . ,M, be closed proper convex
such that f “ f1 ` . . .` fM is proper. Then

f0`pxq “ f10`pxq ` . . .` fM0`pxq, @x P RN .

A.6 Directions of Recession and Constancy

The directions of recession of a convex function f are the nonzero vectors y such
that f0`pyq ď 0, and the directions of constancy are the nonzero vectors y such that
f0`pyq ď 0 and f0`p´yq ď 0. These directions have the following two important
properties.

Theorem A.5 For a proper convex function f , a nonzero vector y is a direction
of recession (respectively constancy) of f if and only if the function

s ÞÑ fpx` syq

is nonincreasing (respectively constant) for every x. When f is closed, this holds
for every x if it holds for even one x P dom f .

Theorem A.6 Let f be a closed proper convex function. If every direction of re-
cession of f is a direction of constancy, the infimum of f is attained.



Appendix B
Supplementary Material to Section 3.4

B.1 Sensitivity Study

As noted in Section 3.4, the null-thresholding statistic and therefore the quantile
universal threshold are functions of the unknown intercept β˚0 in logistic and Poisson
lasso. In Figure B.1, we empirically investigate the sensitivity of our method to the
estimation of β˚0 “ 1 on the Poisson distributed data of Section 3.4.2. On the
top left panel, estimation of β˚0 (dark grey) described in Section 3.4 has low bias.
Moreover we observe the relative median insensitivity of λQUT, TPr and FDr to the
estimate.

B.2 Variance Estimation in Linear Models

When P ą N in the linear model (2.1), constructing a reliable estimator for σ2 is
a challenging task and several estimators have been proposed. Reid et al. [2014]
consider an estimator of the form

σ̂2
CV “

1

N ´ ŝλ
}Y ´Xβ̂λ}

2
2, (B.1)

where β̂λ is the lasso estimator tuned with cross-validation and ŝλ denotes the num-
ber of estimated nonzero entries. Fan et al. [2012] propose refitted cross-validation
(RCV). The data set is split into two equal parts, pXp1q,Yp1qq and pXp2q,Yp2qq. On
each part, a model selection procedure, the lasso tuned with cross-validation, for
example, is applied resulting in two different sets of nonzero indices Ŝ1, Ŝ2 with
respective cardinality ŝp1q and ŝp2q. This allows to compute

σ̂2
1 “

1

N{2´ ŝp1q
}pI ´ P

X
p2q

Ŝ1

qYp2q
}

2
2 and σ̂2

2 “
1

N{2´ ŝp2q
}pI ´ P

X
p1q

Ŝ2

qYp1q
}

2
2,
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Figure B.1 – Estimation of β˚0 “ 1 (top left panel) and its effect on λQUT (top right panel),
TPr (lower left panel) and FDr (lower right panel). White, light grey and dark grey boxplots
correspond respectively to the oracle estimator β̂0 “ 1, initial step and final step of our estimation
procedure.

where P
X
piq

Ŝj

is the orthogonal projection matrix onto the range of the submatrix of

Xpiq with columns indexed by Ŝj. Finally, the RCV estimator is defined as

σ̂2
RCV “

σ̂2
1 ` σ̂

2
2

2
. (B.2)

We propose a new estimator of σ2, refitted QUT, defined as

σ̂2
RQUT “ argmin

σ2ą0

ˇ

ˇσ2
´ σ̂2

RCVpσ
2
q
ˇ

ˇ , (B.3)

where σ̂2
RCVpσ

2q is the RCV estimate with the lasso tuned with λQUTpσ2q. Figure B.2
shows boxplots of the three estimators of variance applied to the Gaussian data of
Section 3.4.1. Refitted QUT has smallest variability and a median comparable to
RCV.
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Figure B.2 – Results of a Monte Carlo simulation based on riboflavin and chemometrics data
of Section 3.4.1 for the estimation of σ with cross-validation (CV) defined in (B.1), refitted cross-
validation (RCV) defined in (B.2) and refitted QUT (RQUT) defined in (B.3).
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